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ÏÈ � ÔÑ77-71362 îò 17 îêòÿáðÿ 2017 ã.
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Æóðíàë âõîäèò â ìåæäóíàðîäíóþ ðåôåðàòèâíóþ áàçó äàííûõ Zentralblatt MATH
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ó÷åíûõ � Ðîññèéñêèé èíäåêñ íàó÷íîãî öèòèðîâàíèÿ (ÐÈÍÖ).

Ïîäïèñêà íà æóðíàë îñóùåñòâëÿåòñÿ â ëþáîì îòäåëåíèè ïî÷òîâîé ñâÿçè íà òåððèòî-
ðèè Ðîññèéñêîé Ôåäåðàöèè. Ïîäïèñíîé èíäåêñ èçäàíèÿ â Îáúåäèíåííîì êàòàëîãå ¾Ïðåññà
Ðîññèè¿ � 94016.

Ìàòåðèàëû æóðíàëà ¾Æóðíàë Ñðåäíåâîëæñêîãî ìàòåìàòè÷åñêîãî îáùåñòâà¿ äîñòóï-
íû ïî ëèöåíçèè Creative Commons ¾Attribution¿ (¾Àòðèáóöèÿ¿) 4.0 Âñåìèðíàÿ.
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äàðñòâåííûé óíèâåðñèòåò èì. Í. Ï. Îãàðåâà¿ (430005, Ðîññèÿ, ã. Ñàðàíñê, óë. Áîëüøåâèñòñêàÿ, ä. 68).
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Î íåïðåðûâíîì àíàëîãå ìåòîäà Çåéäåëÿ

c⃝ È.Â. Áîéêîâ1, À.È. Áîéêîâà2

Àííîòàöèÿ. Ðàáîòà ïîñâÿùåíà ïîñòðîåíèþ è èññëåäîâàíèþ ñõîäèìîñòè íåïðåðûâíîãî ìå-
òîäà Çåéäåëÿ ðåøåíèÿ ñèñòåì ëèíåéíûõ è íåëèíåéíûõ àëãåáðàè÷åñêèõ óðàâíåíèé. Ñîãëàñíî
íåïðåðûâíîìó ìåòîäó Çåéäåëÿ, ðåøåíèå ñèñòåìû ëèíåéíûõ è íåëèíåéíûõ àëãåáðàè÷åñêèõ
óðàâíåíèé ñâîäèòñÿ ê ðåøåíèþ ñèñòåì ëèíåéíûõ è íåëèíåéíûõ îáûêíîâåííûõ äèôôåðåí-
öèàëüíûõ óðàâíåíèé. Ýòî ïîçâîëÿåò ïðèâëå÷ü áîãàòûé àðñåíàë ÷èñëåííûõ ìåòîäîâ ðåøå-
íèÿ ñèñòåì îáûêíîâåííûõ äèôôåðåíöèàëüíûõ óðàâíåíèé ê ðåøåíèþ ñèñòåì àëãåáðàè÷åñêèõ
óðàâíåíèé. Îñíîâíûì äîñòîèíñòâîì íåïðåðûâíîãî àíàëîãà ìåòîäà Çåéäåëÿ ïî ñðàâíåíèþ ñ
êëàññè÷åñêèì ìåòîäîì ÿâëÿåòñÿ òî îáñòîÿòåëüñòâî, ÷òî, ïðè ñâîåé ðåàëèçàöèè äëÿ ðåøåíèÿ
ñèñòåì ëèíåéíûõ àëãåáðàè÷åñêèõ óðàâíåíèé, îí íå òðåáóåò, ÷òîáû âñå ýëåìåíòû äèàãîíàëüíîé
ìàòðèöû áûëè îòëè÷íû îò íóëÿ. Àíàëîãè÷íûì ïðåèìóùåñòâîì íåïðåðûâíûé àíàëîã ìåòîäà
Çåéäåëÿ îáëàäàåò è ïðè ðåøåíèè ñèñòåì íåëèíåéíûõ óðàâíåíèé.

Êëþ÷åâûå ñëîâà: ñèñòåìû àëãåáðàè÷åñêèõ óðàâíåíèé, ìåòîä Çåéäåëÿ, ñèñòåìû îáûêíîâåí-
íûõ äèôôåðåíöèàëüíûõ óðàâíåíèé, çàïàçäûâàíèå

1. Ââåäåíèå

Ðàññìîòðèì ñèñòåìó ëèíåéíûõ àëãåáðàè÷åñêèõ óðàâíåíèé

n∑
j=1

aijxj = bi, i = 1, 2, . . . , n. (1.1)

Äëÿ ðåøåíèÿ ñèñòåì óðàâíåíèé âèäà (1.1) ÷àñòî ïðèìåíÿåòñÿ ìåòîä Çåéäåëÿ [1]�[4],
êîòîðûé çàêëþ÷àåòñÿ â ñëåäóþùåì.

Ñèñòåìà óðàâíåíèé (1.1) ïåðåïèñûâàåòñÿ â âèäå

i∑
j=1

aijxj = bi −
n∑

j=i+1

aijxj, i = 1, 2, . . . , n. (1.2)

Ïîñëåäîâàòåëüíûå ïðèáëèæåíèÿ x(k) = (x
(k)
1 , . . . , x

(k)
n ) íàõîäÿòñÿ èç ðåøåíèÿ ñèñòåìû

óðàâíåíèé
i∑

j=1

aijx
(k+1)
j = bi −

n∑
j=i+1

aijx
(k)
j , i = 1, . . . , n, k = 0, 1, . . . . (1.3)

1Áîéêîâ Èëüÿ Âëàäèìèðîâè÷, çàâåäóþùèé êàôåäðîé âûñøåé è ïðèêëàäíîé ìàòåìàòèêè, ÔÃÁÎÓ
ÂÎ ¾Ïåíçåíñêèé ãîñóäàðñòâåííûé óíèâåðñèòåò¿ (440026, Ðîññèÿ, ã. Ïåíçà, óë. Êðàñíàÿ, ä. 40), äîêòîð
ôèçèêî-ìàòåìàòè÷åñêèõ íàóê, ORCID: http://orcid.org/0000-0002-6980-933X, i.v.boykov@gmail.com
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Î÷åâèäíî, ÷òî äëÿ ðàçðåøèìîñòè ñèñòåìû (1.3) äèñêðåòíûì ìåòîäîì Çåéäåëÿ íåîá-
õîäèìî, ÷òîáû aii ̸= 0, i = 1, 2, . . . , n. Ýòî ÿâëÿåòñÿ ñóùåñòâåííûì íåäîñòàòêîì ìåòîäà,
ïîñêîëüêó ïðè ðåøåíèè áîëüøèõ ñèñòåì óðàâíåíèé òðåáóåòñÿ çíà÷èòåëüíîå âðåìÿ (âîç-
ìîæíî, ñîïîñòàâèìîå ñî âðåìåíåì ðåøåíèÿ çàäà÷è) äëÿ ïðèâåäåíèÿ ñèñòåìû ê êàíîíè÷å-
ñêîìó âèäó (â êîòîðîì âñå äèàãîíàëüíûå ýëåìåíòû îòëè÷íû îò íóëÿ).

Ìåòîä Çåéäåëÿ äëÿ ðåøåíèÿ ñèñòåì íåëèíåéíûõ óðàâíåíèé çàêëþ÷àåòñÿ â ñëåäóþùåì.
Ðàññìîòðèì ñèñòåìó íåëèíåéíûõ óðàâíåíèé

fi(x1, . . . , xn) = 0, i = 1, 2, . . . , n. (1.4)

Ñèñòåìà (1.4) ðåøàåòñÿ èòåðàöèîííûì ìåòîäîì:

x
(k+1)
i = x

(k+1)
i + γifi(x

(k+1)
1 , . . . , x

(k+1)
i , x

(k)
i+1, . . . , x

k
n), i = 1, 2, . . . , n, (1.5)

ãäå k = 0, 1, . . ., γi, i = 1, 2, . . . ;n � ïàðàìåòð, ïîäáèðàåìûé èç óñëîâèÿ ñõîäèìîñòè èòåðàöèé
(1.5).

Âîïðîñû ñõîäèìîñòè ìåòîäà Çåéäåëÿ èññëåäîâàëèñü äëÿ ñèñòåì àëãåáðàè÷åñêèõ óðàâ-
íåíèé â ðàáîòàõ [1]� [3] , à äëÿ îïåðàòîðíûõ óðàâíåíèé â áàíàõîâûõ ïðîñòðàíñòâàõ� â
ðàáîòå [4].

Ïðèâåäåì íåîáõîäèìûå è äîñòàòî÷íûå óñëîâèÿ ñõîäèìîñòè ìåòîäà Çåéäåëÿ.
Ñèñòåìó óðàâíåíèé (1.1) çàïèøåì â âèäå

Bx+ Cx = f,

ãäå B = {bij}, i, j = 1, 2, . . . , n; bij = aij ïðè j ≤ i, i = 1, 2, . . . , n; bij = 0 ïðè j > i; C = {cij},
i, j = 1, 2, . . . , n; cij = 0 ïðè j ≤ i; cij = aij ïðè j > i.

Èçâåñòíî [2, ñ.364], ñëåäóþùåå óòâåðæäåíèå.

Ò å î ð å ì à 1.1 [2]. Äëÿ ñõîäèìîñòè ìåòîäà Çåéäåëÿ íåîáõîäèìî è äîñòàòî÷íî,
÷òîáû âñå êîðíè óðàâíåíèÿ

det


a11λ a12 a13 . . . a1n
a21λ a22λ a23 . . . a2n
. . . . . . . . . . . . . . .
an1λ an2λ an3λ . . . annλ

 = 0

áûëè ïî ìîäóëþ ìåíüøå 1.

Áîëåå óäîáíîå äëÿ ïðîâåðêè äîñòàòî÷íîå óñëîâèå ñõîäèìîñòè ìåòîäà Çåéäåëÿ èìååò
ñëåäóþùèé âèä.

Ò å î ð å ì à 1.2 [2]. Ïóñòü ïðè âñåõ i

n∑
j ̸=i

|aij| ≤ q|aii|, q < 1.

Òîãäà
∥xn+1 − x∗∥3 ≤ q∥xn − x∗∥3,

ãäå x∗ � ðåøåíèå ñèñòåìû óðàâíåíèé (1.1). Çäåñü ∥x∥3 = max
1≤k≤n

|xk|.
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Â ïîñëåäíåå âðåìÿ ïðè ðåøåíèè ðàçëè÷íûõ âû÷èñëèòåëüíûõ çàäà÷ èñïîëüçóåòñÿ íåïðå-
ðûâíûé îïåðàòîðíûé ìåòîä [5]. Åãî ýôôåêòèâíîñòü ïðè ðåøåíèè íåëèíåéíûõ ãèïåðñèí-
ãóëÿðíûõ èíòåãðàëüíûõ óðàâíåíèé ïðîäåìîíñòðèðîâàíà â ðàáîòå [6].

Ïðåäñòàâëÿåò íåñîìíåííûé èíòåðåñ ðàñïðîñòðàíåíèå ïîäõîäà, èñïîëüçóåìîãî â íåïðå-
ðûâíîì îïåðàòîðíîì ìåòîäå, íà ìåòîä Çåéäåëÿ. Âàæíûì ïðåèìóùåñòâîì íåïðåðûâíîé
ìîäèôèêàöèè ìåòîäà Çåéäåëÿ ÿâëÿåòñÿ îòñóòñòâèå òðåáîâàíèÿ îòëè÷èÿ îò íóëÿ âñåõ äèà-
ãîíàëüíûõ ýëåìåíòîâ (â ëèíåéíîì ñëó÷àå) è îòñóòñòâèå òðåáîâàíèÿ ñóùåñòâîâàíèÿ îò-

ëè÷íûõ îò íóëÿ ïðîèçâîäíûõ
∂fi(x1, . . . , xn)

∂xi
, i = 1, 2, . . . , n â îêðåñòíîñòè ðåøåíèÿ (â

íåëèíåéíîì ñëó÷àå).
Íàïîìíèì îñíîâíûå ìîìåíòû íåïðåðûâíîãî îïåðàòîðíîãî ìåòîäà.

2. Íåïðåðûâíûé îïåðàòîðíûé ìåòîä

Ðàññìîòðèì óðàâíåíèå
A(x)− f = 0, (2.1)

ãäå A(x) � íåëèíåéíûé îïåðàòîð, äåéñòâóþùèé èç áàíàõîâà ïðîñòðàíñòâà X â X. Îáîçíà-
÷èì ÷åðåç x∗ ðåøåíèå óðàâíåíèÿ (2.1).

Â ðàáîòå [5] óñòàíîâëåíà ñâÿçü ìåæäó óñòîé÷èâîñòüþ ðåøåíèé îïåðàòîðíûõ äèôôå-
ðåíöèàëüíûõ óðàâíåíèé â áàíàõîâûõ ïðîñòðàíñòâàõ è ðàçðåøèìîñòüþ îïåðàòîðíûõ óðàâ-
íåíèé âèäà (2.1).

Ïðèâåäåì íåîáõîäèìûå îáîçíà÷åíèÿ:

B(a, r) = {z ∈ B : ∥z − a∥ ≤ r}, S(a, r) = {z ∈ B : ∥z − a∥ = r},

ReK = KR = (K +K∗)/2, Λ(K) = lim
h↓0

(∥I + hK∥ − 1)/h.

Çäåñü B � áàíàõîâî ïðîñòðàíñòâî; a, z ∈ B; K � ëèíåéíûé îïåðàòîð, äåéñòâóþùèé èç
B â B; Λ(K) � ëîãàðèôìè÷åñêàÿ íîðìà [7] îïåðàòîðà K; I � òîæäåñòâåííûé îïåðàòîð.

Äëÿ íàèáîëåå óïîòðåáèòåëüñêèõ ïðîñòðàíñòâ ëîãàðèôìè÷åñêèå íîðìû èçâåñòíû.
Ïóñòü äàíà âåùåñòâåííàÿ ìàòðèöà A = {aij}, i, j = 1, 2, . . . , n, â n-ìåðíîì ïðîñòðàíñòâå

Rn âåêòîðîâ x = (x1, . . . , xn) ñ íîðìîé ∥x∥1 =
n∑

k=1

|xk|, ∥x∥2 = [
n∑

k=1

|xk|2]1/2, ∥x∥3 = max
1≤k≤n

|xk|

Ëîãàðèôìè÷åñêàÿ íîðìà ìàòðèöû A ðàâíà [8]:

Λ1(A) = max
j

(ajj +
n∑

i=1,i ̸=j

|aij|),

Λ2(A) = λmax

(
A+ AT

2

)
,

Λ3(A) = max
i

(aii +
n∑

j=1,j ̸=i

|aij|).

Çäåñü λmax((A+ AT )/2) � íàèáîëüøåå ñîáñòâåííîå çíà÷åíèå ìàòðèöû (A+ AT )/2.
Óðàâíåíèþ (2.1) ïîñòàâèì â ñîîòâåòñòâèå çàäà÷ó Êîøè:

dx(t)

dt
= A(x(t))− f, (2.2)

x(0) = x0. (2.3)
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Ò å î ð å ì à 2.1 [5]. Ïóñòü óðàâíåíèå (2.1) èìååò ðåøåíèå x∗, è íà ëþáîé äèô-
ôåðåíöèðóåìîé êðèâîé g(t), ðàñïîëîæåííîé â áàíàõîâîì ïðîñòðàíñòâå B, ñïðàâåäëèâî
íåðàâåíñòâî

lim
t→∞

1

t

t∫
0

Λ(A′(g(τ))dτ ≤ −α, α > 0. (2.4)

Òîãäà ðåøåíèå çàäà÷è Êîøè (2.2)� (2.3) ñõîäèòñÿ ê ðåøåíèþ x∗ óðàâíåíèÿ (2.1) ïðè
ëþáîì íà÷àëüíîì ïðèáëèæåíèè.

Ò å î ð å ì à 2.2 [5]. Ïóñòü óðàâíåíèå (2.1) èìååò ðåøåíèå x∗, è íà ëþáîé äèôôå-
ðåíöèðóåìîé êðèâîé g(t), ðàñïîëîæåííîé â øàðå R(x∗, r), âûïîëíÿþòñÿ ñëåäóþùèå óñëî-
âèÿ:

1) ïðè ëþáîì t(t > 0) âûïîëíÿåòñÿ íåðàâåíñòâî

t∫
0

Λ(A′(g(τ))dτ ≤ 0; (2.5)

2) ñïðàâåäëèâî íåðàâåíñòâî (2.4).
Òîãäà ðåøåíèå çàäà÷è Êîøè (2.3) ñõîäèòñÿ ê ðåøåíèþ óðàâíåíèÿ (2.1).

Ç à ì å ÷ à í è å 2.1 Â íåðàâåíñòâå (2.4) ìîæíî ñ÷èòàòü, ÷òî êàæäîé äèôôå-
ðåíöèðóåìîé êðèâîé g(t) îòâå÷àåò ñâîÿ êîíñòàíòà αg > 0.

Ç à ì å ÷ à í è å 2.2 Èç íåðàâåíñòâ (2.4)�(2.5) ñëåäóåò, ÷òî ëîãàðèôìè÷åñêàÿ
íîðìà Λ(A′(g(τ)) ìîæåò áûòü ïîëîæèòåëüíîé ïðè íåêîòîðûõ çíà÷åíèÿõ τ ; ò. å. ïðî-
èçâîäíàÿ Ôðåøå A′(g(τ)) ìîæåò âûðîæäàòüñÿ â îïåðàòîð, òîæäåñòâåííî ðàâíûé íó-
ëåâîìó.

Ç à ì å ÷ à í è å 2.3 Ðåøåíèå ìîäåëüíîãî ïðèìåðà (ïðèáëèæåííîå ðåøåíèå íåëè-
íåéíîãî ãèïåðñèíãóëÿðíîãî èíòåãðàëüíîãî óðàâíåíèÿ) [6] ïðîäåìîíñòðèðîâàëî ñõîäè-
ìîñòü èòåðàöèîííîãî ïðîöåññà, îñíîâàííîãî íà íåïðåðûâíîì îïåðàòîðíîì ìåòîäå, ïðè
îáðàòèìîñòè â íóëü ïðîèçâîäíîé Ôðåøå íà íà÷àëüíîì ïðèáëèæåíèè.

3. Íåïðåðûâíûé àíàëîã ìåòîäà Çåéäåëÿ äëÿ ëèíåéíûõ àëãåáðàè-

÷åñêèõ óðàâíåíèé

Ïîñòàâèì ñèñòåìå àëãåáðàè÷åñêèõ óðàâíåíèé (2.1) â ñîîòâåòñòâèå ñèñòåìó îáûêíîâåí-
íûõ äèôôåðåíöèàëüíûõ óðàâíåíèé:

dxi(t)

dt
=

i∑
j=1

aijxj(t) +
n∑

j=i+1

aijxj(t− h)− bi, i = 1, 2, . . . , n, (3.1)

â êîòîðóþ ââåäåí ïàðàìåòð çàïàçäûâàíèÿ h; h � äîñòàòî÷íî ìàëåíüêîå ïîëîæèòåëüíîå
÷èñëî.

Ïóñòü ñèñòåìà óðàâíåíèé (3.1) èìååò åäèíñòâåííîå ðåøåíèå x∗ = (x∗1, . . . , x
∗
n).

Íàéäåì äîñòàòî÷íûå óñëîâèÿ, ïðè êîòîðûõ ðåøåíèå ñèñòåìû óðàâíåíèé (3.1) ñõîäèòñÿ
ê ðåøåíèþ ñèñòåìû óðàâíåíèé (2.1) ïðè ëþáîì íà÷àëüíîì çíà÷åíèè.

Èññëåäîâàíèå áóäåì ïðîâîäèòü â ìåòðèêå ïðîñòðàíñòâà ∥x∥3 = max
1≤k≤n

|xk|.
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Ñäåëàåì çàìåíó ïåðåìåííûõ xj = uj + x∗j , j = 1, 2, . . . , n.
Òîãäà ñèñòåìà óðàâíåíèé (3.1) ïðåîáðàçóåòñÿ ê âèäó

dui(t)

dt
=

i∑
j=1

aijuj(t) +
n∑

j=i+1

aijuj(t− h), i = 1, 2 . . . , n. (3.2)

Ââåäåì ìàòðèöû B = {bij} è C = {cij}, i, j = 1, 2, . . . , n.
Çäåñü bij = aij ïðè j = 1, 2, . . . , i, i = 1, 2, . . . , n, è bij = 0 ïðè îñòàëüíûõ çíà÷åíèÿõ i, j;

cij = aij ïðè j = i+ 1, . . . , n, i = 1, 2, . . . , n, è cij = 0 ïðè îñòàëüíûõ çíà÷åíèÿõ i, j.
Â îïåðàòîðíîì âèäå ñèñòåìà óðàâíåíèé (3.2) èìååò âèä

du

dt
= Bu(t) + Cu(t− h), (3.3)

ãäå u(t) = (u1(t), . . . , un(t)).
Ïóñòü

u(t) = 0, t ∈ [t0 − h, t0); u(t0) = u0 −− (3.4)

� íà÷àëüíîå çíà÷åíèå äëÿ óðàâíåíèÿ (3.3).
Ðåøåíèå çàäà÷è Êîøè (3.3)�(3.4) ïðè t ≥ t0 ìîæíî çàïèñàòü â âèäå

u(t) = eB(t−t0)u(t0) +

t∫
t0

eB(t−s)Cu(s− h) ds. (3.5)

Ïóñòü âûïîëíåíû óñëîâèÿ:
1) Λ(B) ≤ −χ, χ > 0;
2) −χ+ ∥C∥ < −χ1, χ1 > 0.
Âíà÷àëå äîêàæåì óñòîé÷èâîñòü ñèñòåìû (3.3) ïðè ëþáîì íà÷àëüíîì óñëîâèè.
Ïóñòü ∥u(t0)∥ = δ, δ > 0. Ïîêàæåì, ÷òî ïðè t ≥ t0 ñïðàâåäëèâî íåðàâåíñòâî

∥u(t)∥ ≤ e−χ1(t−t0)∥u(t0)∥. (3.6)

Äîêàçàòåëüñòâî ïðîâåäåì îò ïðîòèâíîãî. Ïóñòü â ìîìåíò âðåìåíè T , T ≥ t0, íåðàâåí-
ñòâî (3.6) íàðóøàåòñÿ. Òîãäà ∥u(T )∥ = e−χ1(T−t0)∥u(t0)∥ è ∥u(t)∥ > e−χ1(T−t0)∥u(t0)∥ ïðè
t > T . Äëÿ îïðåäåëåííîñòè áóäåì ñ÷èòàòü, ÷òî |u1(T )| = ∥u(T )∥.

Ïðåäñòàâèì ñèñòåìó óðàâíåíèé (3.2) â ñëåäóþùåì âèäå:

dui(t)

dt
=

i∑
j=1

aijuj(t) +
n∑

j=i+1

aij
uj(T − h)

u1(T )
u1(t)+

+
n∑

j=i+1

aij

(
uj(t− h)− uj(T − h)

u1(T )
u1(t)

)
, i = 1, . . . , n. (3.7)

Ñèñòåìó (3.7) çàïèøåì â âèäå

dui(t)

dt
=

i∑
j=1

dijuj(t) + g1(t, u(t− h), u1(t)), i = 1, . . . , n, (3.8)

ãäå di1 = ai1 +
n∑

j=i+1

aij
uj(T − h)

u1(T )
, i = 1, 2, . . . , n; dij = aij, j = 2, . . . , i, i = 1, 2, . . . , n; dij = 0,

j = i + 1, . . . , n, i = 1, 2, . . . , n; ïîñòðîåíèå ôóíêöèé gi(t, u(t − h), u1(t)), i = 1, 2, . . . , n,
î÷åâèäíî.
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Ðåøåíèå ñèñòåìû óðàâíåíèé (3.8) ïðè t ≥ T èìååò âèä

u(t) = eD(t−T )u(T ) +

t∫
T

eD(t−s)g(s, u(s− h), u(s)) ds, (3.9)

ãäå
g(s, u(s− h), u1(s)) = (g1(s, u(s− h), u1(s)), . . . , gn(s, u(s− h), u1(s))).

Ïåðåõîäÿ ê íîðìàì, èìååì

∥u(t)∥ ≤ eΛ(D)(t−T )∥u(T )∥+
t∫

T

eΛ(D)(t−s)∥g(s, u(s− h), u1(s))∥ ds. (3.10)

Ââåäåì ìàòðèöó D̃ = {d̃ij}, i, j = 1, 2, . . . , n, ãäå

d̃i1 = ai1 +
n∑

j=i+1

|aij|, i = 1, 2, . . . , n;

d̃ij = aij, j = 2, . . . , i, i = 1, 2, . . . , n;

d̃ij = 0, j = i+ 1, . . . , n, i = 1, 2, . . . , n.

Íåòðóäíî âèäåòü, ÷òî Λ(D) ≤ Λ(D̃) ≤ Λ(A), ãäå A = {aij}, i, j = 1, 2, . . . , n.
Ñëåäîâàòåëüíî, íåðàâåíñòâî (3.10) ìîæíî óñèëèòü:

∥u(t)∥ ≤ eΛ(A)(t−T )∥u(T )∥+
t∫

T

eΛ(A)(t−s)∥g(s, u(s− h), u1(s))∥ ds. (3.11)

Èç ñòðóêòóðû âåêòîð-ôóíêöèè g(s, u(s−h), u1(s)) ñëåäóåò, ÷òî ñóùåñòâóåò òàêîé ïðîìå-
æóòîê âðåìåíè [T, T+∆T ], â òå÷åíèå êîòîðîãî ∥g(s, u(s−h), u1(s))∥ ≤ ε∥u(s)∥, ε+Λ(A) < 0.

Óñèëèâàÿ íåðàâåíñòâî (3.11), èìååì

∥u(t)∥ ≤ eΛ(A)(t−T )∥u(T )∥+
t∫

T

eΛ(A)(t−s)ε∥u(s)∥ ds. (3.12)

Èç (3.12) ñòàíäàðòíûì ïðèåìîì [7]; [9] ïðèõîäèì ê îöåíêå

∥u(t)∥ ≤ e(Λ(A)+ε)(t−T )∥x(T )∥, (3.13)

ãäå ε > 0� ïðîèçâîëüíîå ÷èñëî, òàêîå, ÷òî Λ(A) + ε < 0. Ïîñêîëüêó Λ(A) + ε < 0, òî èç
(3.13) ñëåäóåò, ÷òî â èíòåðâàëå (T, T +∆T ]

∥x(t)∥ < ∥x(T )∥.

Ïîëó÷åíî ïðîòèâîðå÷èå, èç êîòîðîãî ñëåäóåò, ÷òî ïðè t > t0 âûïîëíÿåòñÿ íåðàâåíñòâî
(3.6).

Îòñþäà âûòåêàåò óñòîé÷èâîñòü ñèñòåìû óðàâíåíèé (3.3)â öåëîì, èç êîòîðîé ñëåäóåò
ñõîäèìîñòü ñèñòåìû óðàâíåíèé (2.2)� (2.3) ê ðåøåíèþ x∗ ñèñòåìû óðàâíåíèé (1.1).

Òàêèì îáðàçîì, äîêàçàíî ñëåäóþùåå óòâåðæäåíèå.
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Ò å î ð å ì à 3.1 Ïóñòü Λ(A) ≤ −χ, χ > 0. Òîãäà ñèñòåìà óðàâíåíèé (1.1) èìååò
åäèíñòâåííîå ðåøåíèå, ê êîòîðîìó ñõîäèòñÿ íåïðåðûâíûé àíàëîã ìåòîäà Çåéäåëÿ (3.2).

Ç à ì å ÷ à í è å 3.1 Â ñèëó âûáðàííîé â ðàáîòå ìåòðèêè Λ(B) + ∥C∥ = Λ(A).

Ç à ì å ÷ à í è å 3.2 Âåëè÷èíà çàäåðæêè h âëèÿåò íà ñêîðîñòü ñõîäèìîñòè ðå-
øåíèÿ ñèñòåìû óðàâíåíèé (3.2) ê ðåøåíèþ x∗; ïîýòîìó çàäåðæêó ñëåäóåò âûáèðàòü
äîñòàòî÷íî ìàëîé.

Ç à ì å ÷ à í è å 3.3 Ïðåèìóùåñòâî íåïðåðûâíîãî àíàëîãà ìåòîäà Çåéäåëÿ ïî
ñðàâíåíèþ ñ íåïðåðûâíûì îïåðàòîðíûì ìåòîäîì çàêëþ÷àåòñÿ â òîì, ÷òî ôàêòè÷å-
ñêè äîñòàòî÷íûå óñëîâèÿ óñòîé÷èâîñòè â öåëîì ñèñòåìû äèôôåðåíöèàëüíûõ óðàâíåíèé
(3.2) îáóñëîâëåíû íåðàâåíñòâîì Λ(D) < 0, à íå Λ(A) < 0, ïðè÷åì Λ(D) ≤ Λ(A) < 0.

Ïîñëåäíåå íåðàâåíñòâî ãàðàíòèðóåò ïðèìåíèìîñòü ìåòîäà Çåéäåëÿ äëÿ áîëåå øèðîêîãî
êëàññà ñèñòåì ïî ñðàâíåíèþ ñ íåïðåðûâíûì îïåðàòîðíûì ìåòîäîì.

Ïðåäñòàâëÿåò èíòåðåñ ñêîðîñòü ñõîäèìîñòè íåïðåðûâíîãî ìåòîäà ê ðåøåíèþ x∗ ñèñòå-
ìû óðàâíåíèé (2.1).

Çàôèêñèðóåì ïðîèçâîëüíîå äîñòàòî÷íî ìàëîå ÷èñëî ε∗ òàêîå, ÷òî Λ(A) + ε∗ < 0, è
ïîêàæåì, ÷òî ïðè t ∈ [t0,∞)

∥u(t)∥ ≤ e(Λ(A)+ε∗)(t−t0)∥u(t0)∥. (3.14)

Äîêàçàòåëüñòâî ïðîâåäåì îò ïðîòèâíîãî. Ïóñòü â ìîìåíò âðåìåíè T1, T1 ≥ t0 íåðà-
âåíñòâî (3.14) íàðóøàåòñÿ. Äëÿ îïðåäåëåííîñòè ïîëîæèì |u1(T1)| = exp{(Λ(A) + ε∗)(T1 −
t0)∥u(t0)∥.

Ïðåäñòàâèì ïðè t ≥ T1 ñèñòåìó óðàâíåíèé (3.2) â âèäå (3.9). Ïåðåõîäÿ ê íîðìàì, ïîëó-
÷èì íåðàâåíñòâî (3.10), ìàæîðèðóÿ êîòîðîå, ïðèõîäèì ê íåðàâåíñòâó (3.11). Â âûðàæåíèÿõ
(3.9) � (3.11) çíà÷åíèå T çàìåíÿåì íà T1.

Èç ñòðóêòóðû âåêòîð-ôóíêöèè g(s, u(s− h), u1(s)) ñëåäóåò, ÷òî ñóùåñòâóåò òàêîé ïðî-
ìåæóòîê âðåìåíè [T1, T1+∆T1], ÷òî ïðè t ∈ [T1, T1+∆T1] ∥g(s, u(s−h), u1(s))∥ ≤ ε∗∥u(s)∥.

Óñèëèâàÿ íåðàâåíñòâî (3.11), ïðèõîäèì ê íåðàâåíñòâó

∥u(t)∥ ≤ eΛ(A)(t−T1)∥u(T1)∥+ ε∗
t∫

T

eΛ(A)(t−s)∥u(s)∥ ds,

èç êîòîðîãî ñòàíäàðòíûìè ðàññóæäåíèÿìè ïðèõîäèì ê íåðàâåíñòâó

∥u(t)∥ ≤ e(Λ(A)+ε∗)(t−T1)∥u(T1)∥.

Òàêèì îáðàçîì, ïîëó÷åíî ïðîòèâîðå÷èå è, ñëåäîâàòåëüíî, äîêàçàíà ñïðàâåäëèâîñòü
íåðàâåíñòâà (3.14) ïðè t ≥ t0.

Èç íåðàâåíñòâà (3.14) ñëåäóåò àñèìïòîòè÷åñêàÿ óñòîé÷èâîñòü ðåøåíèÿ ñèñòåìû óðàâ-
íåíèé (3.2) è îöåíêà ñêîðîñòè ñõîäèìîñòè

∥x(t)− x∗∥ ≤ exp{(Λ(A) + ε∗)(t− t0)}∥x(t0)∥,

ãäå ε∗ � êàê óãîäíî ìàëîå ïîëîæèòåëüíîå ÷èñëî.
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4. Íåïðåðûâíûé àíàëîã ìåòîäà Çåéäåëÿ äëÿ íåëèíåéíûõ óðàâíå-

íèé

Ðàññìîòðèì ñèñòåìó íåëèíåéíûõ àëãåáðàè÷åñêèõ óðàâíåíèé

ai(x1, . . . , xn) = bi, i = 1, 2, . . . , n. (4.1)

Áóäåì ñ÷èòàòü, ÷òî ôóíêöèè ai(x1, . . . , xn), i = 1, 2, . . . , n èìåþò íåïðåðûâíûå ÷àñòíûå
ïðîèçâîäíûå, óäîâëåòâîðÿþùèå óñëîâèþ Ëèïøèöà ñ êîýôôèöèåíòîì A:

|Djai(x
∗
1, ..., x

∗
n)−Djai(y

∗
1, ..., y

∗
n)| ≤ A(|x∗1 − y∗1|+ ...+ |x∗n − y∗n|), j = 1, . . . , n. (4.2)

Çäåñü
Dkai(x1, . . . , xn) = ∂ai(x1, . . . , xn)/∂xk, k = 1, 2. . . . , n.

Àíàëîã ìåòîäà Çåéäåëÿ äëÿ ðåøåíèÿ ñèñòåìû óðàâíåíèé (4.1) èìååò âèä

ai(x
(k+1)
1 , . . . , x

(k+1)
i , x

(k)
i+1, . . . , x

(k)
n ) = bi, i = 1, 2, . . . , n, (4.3)

ãäå k = 0, 1, . . ..
Äëÿ ðåøåíèÿ ñèñòåìû (4.3) íà êàæäîì øàãå èòåðàöèîííîãî ïðîöåññà ìîæíî èñïîëüçî-

âàòü ñòàíäàðòíûå ìåòîäû âû÷èñëèòåëüíîé ìàòåìàòèêè.
Ïðåèìóùåñòâî ìåòîäà Çåéäåëÿ â ñëó÷àå ðåøåíèÿ ñèñòåìû (4.2) ïåðåä ìåòîäîì

Íüþòîíà-Êàíòîðîâè÷à [10] çàêëþ÷àåòñÿ â òîì, ÷òî ïðîèçâîäíàÿ Ôðåøå ëåâîé ÷àñòè ñè-

ñòåìû óðàâíåíèé (4.2) ïî ïåðåìåííûì x
(k+1)
j , j = 1, 2, . . . , i èìååò âèä äèàãîíàëüíîé ìàò-

ðèöû. (Èìååòñÿ â âèäó, ÷òî â j-ñòðîêå ëåâîé ÷àñòè ñèñòåìû óðàâíåíèé (4.2) çíà÷åíèå

x
(k+1)
1 , . . . , x

(k+1)
j−1 , x

(k)
j+1, . . . , x

(k)
n èçâåñòíû.)

Íåïðåðûâíûé àíàëîã ìåòîäà Çåéäåëÿ äëÿ ñèñòåìû óðàâíåíèé (4.1) èìååò âèä

dxi(t)

dt
= ai(x1(t), . . . , xi(t), xi+1(t− h), . . . , xn(t− h))− bi, i = 1, 2, . . . , n, (4.4)

ãäå h � äîñòàòî÷íî ìàëåíüêîå ïîëîæèòåëüíîå ÷èñëî.
Â êà÷åñòâå ïðåäûñòîðèè ïðè ðåøåíèè ñèñòåìû äèôôåðåíöèàëüíûõ óðàâíåíèé (4.4)

åñòåñòâåííî ïîëîæèòü
xi(t) = 0, t ∈ [−h, 0], i = 1, 2, . . . , n. (4.5)

Â ñëó÷àå, åñëè èçâåñòíî äîñòàòî÷íî õîðîøåå íà÷àëüíîå ïðèáëèæåíèå ê ðåøåíèþ ñè-
ñòåìû óðàâíåíèé (4.1), åãî ìîæíî âçÿòü â êà÷åñòâå íà÷àëüíûõ óñëîâèé.

Ïóñòü ñèñòåìà óðàâíåíèé (4.1) èìååò ðåøåíèå x∗ = (x∗1, . . . , x
∗
n).Òîãäà

dx∗i (t)

dt
= ai(x

∗
1(t), . . . , x

∗
i (t), x

∗
i+1(t− h), . . . , x∗n(t− h))− bi, i = 1, 2, . . . , n. (4.6)

Äëÿ åäèíîîáðàçèÿ â îáîçíà÷åíèÿõ ïðè ïðîâåäåíèè äàëüíåéøèõ âûêëàäîê ïîëàãàåì
x∗i (t) ≡ x∗i , t ∈ [t0,∞), i = 1, 2, . . . , n.

Ââåäåì ôóíêöèè ui(t) = xi(t)− x∗i (t), i = 1, 2, . . . , n. Òîãäà

dui(t)

dt
=

= ai(x
∗
1(t) + u1(t), . . . , x

∗
i (t) + ui(t), x

∗
i+1(t− h) + ui+1(t− h), . . . , x∗n(t− h) + un(t− h))−

−ai(x∗1(t), . . . , x∗i (t), x∗i+1(t− h), . . . , x∗n(t− h)), (4.7)
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i = 1, 2, . . . , n.
Âîñïîëüçîâàâøèñü ôîðìóëîé Òåéëîðà, ïîëó÷èì ñèñòåìó óðàâíåíèé

dui(t)

dt
=

i∑
k=1

Dkai(x
∗
1, . . . , x

∗
n)uk(t) +

n∑
k=i+1

Dkai(x
∗
1, . . . , x

∗
n)uk(t− h)]+

+gi(t; x1(t), . . . , xi(t);x
∗
1, . . . , x

∗
i ; xi+1(t− h), . . . , xn(t− h); x∗i+1, . . . , x

∗
n), (4.8)

i = 1, 2, . . . , n.
Îòìåòèì, ÷òî ôóíêöèè

gi(t; x1(t), . . . , xi(t);x
∗
1, . . . , x

∗
i ; xi+1(t− h), . . . , xn(t− h); x∗i+1, . . . , x

∗
n),

i = 1, . . . , n èìåþò ñëîæíûé âèä. Îíè âûïèñàíû â ðàáîòå [11].
Â ñëó÷àå, åñëè òðèâèàëüíîå ðåøåíèå ñèñòåìû óðàâíåíèé (4.7)�(4.8) óñòîé÷èâî, òî

lim
t→∞

(x1(t), . . . , xn(t)) = (x∗1, . . . , x
∗
n), ò. å. ðåøåíèå ñèñòåìû óðàâíåíèé (4.7) ñõîäèòñÿ ê ðå-

øåíèþ ñèñòåìû óðàâíåíèé (4.1).
Äîñòàòî÷íûå óñëîâèÿ óñòîé÷èâîñòè ñèñòåì íåëèíåéíûõ äèôôåðåíöèàëüíûõ óðàâíåíèé

ñ çàïàçäûâàíèåì èññëåäîâàíû â ðàáîòå [11]. Ïîâòîðÿÿ ðàññóæäåíèÿ, ïðèâåäåííûå â [11],
ïðèäåì ê ñëåäóþùåìó óòâåðæäåíèþ.

Ò å î ð å ì à 4.1 Ïóñòü ôóíêöèè ai(x1, . . . , xn), i = 1, 2, . . . , n èìåþò íåïðåðûâíûå
÷àñòíûå ïðîèçâîäíûå ïî ïåðåìåííûì xi, i = 1, . . . , n, óäîâëåòâîðÿþùèå óñëîâèþ Ëèï-
øèöà (4.2). Ïóñòü ñèñòåìà óðàâíåíèé (4.1) èìååò ðåøåíèå x∗ = (x∗1, . . . , x

∗
n). Ïóñòü

âûïîëíÿåòñÿ íåðàâåíñòâî

Diai(x
∗
1(t), ..., x

∗
n(t)) +

i−1∑
j=1

|Djai(x
∗
1(t), . . . , x

∗
n(t))|+

+
n∑

j=i+1

|Djai(x
∗
1(t− h(t)), ..., x∗n(t− h(t)))| < −χ < 0, i = 1, 2, . . . , n.

Òîãäà ðåøåíèå ñèñòåìû óðàâíåíèé (4.4) ñõîäèòñÿ ê ðåøåíèþ ñèñòåìû óðàâíåíèé
(4.1).

5. Ìîäåëüíûå ïðèìåðû

Ïðèâåäåì ïðèìåðû, èëëþñòðèðóþùèå ýôôåêòèâíîñòü íåïðåðûâíîãî àíàëîãà ìåòîäà
Çåéäåëÿ â ñëó÷àÿõ, êîãäà ñòàíäàðòíûé ìåòîä Çåéäåëÿ íå ïðèìåíèì.

Ï ð è ì å ð 5.1 Ðàññìîòðèì ñèñòåìó ëèíåéíûõ àëãåáðàè÷åñêèõ óðàâíåíèé
−2x1 + x2 − 0.5x3 + 0.1x4 = −2.1,

2x1 − 5x2 − x3 + 0.5x4 = −7,

0.5x1 + 2x2 + 3x3 + 0.1x4 = −17.65,

−0.3x1 − 0.4x2 + 0.2x3 + 0 · x4 = 0.25.

(5.1)

Òî÷íîå ðåøåíèå ñèñòåìû: x1 = 0.5, x2 = 1, x3 = 5, x4 = 4.
Ðåøåíèå ñèñòåìû (5.1) êëàññè÷åñêèì ìåòîäîì Çåéäåëÿ íåâîçìîæíî, ò. ê. a44 = 0.
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Ñèñòåìà (5.1) ìîäåëèðîâàëàñü ñèñòåìîé îáûêíîâåííûõ äèôôåðåíöèàëüíûõ óðàâíåíèé

dx1(t)

dt
= −2x1(t) + x2(t− h0)− 0, 5x3(t− h0) + 0, 1x4(t− h0) + 2.1,

dx2(t)

dt
= 2x1(t)− 5x2(t)− x3(t− h0) + 0, 5x4(t− h0) + 7,

dx3(t)

dt
= −0, 5x1(t)− 2x2(t)− 3x3(t)− 0, 1x4(t− h0) + 17.65,

dx4(t)

dt
= −0, 3x1(t)− 0, 4x2(t) + 0, 2x3(t)− 0.25.

(5.2)

Ñèñòåìà (5.2) ïðè h0 = 0, 3 ðåøàëàñü ìåòîäîì Ýéëåðà ñ øàãîì h = 0, 3 è íà÷àëüíûìè
çíà÷åíèÿìè xi(0) = 0, i = 1, 2, 3, 4.

Ðåçóëüòàò ðåøåíèÿ ñèñòåìû óðàâíåíèé (5.1) íåïðåðûâíûì àíàëîãîì ìåòîäà Çåéäåëÿ
ïðèâåäåí íà Ðèñ. 5.1.

Ð è ñ ó í î ê 5.1

Ï ð è ì å ð 5.2 Ðàññìîòðèì ñèñòåìó íåëèíåéíûõ àëãåáðàè÷åñêèõ óðàâíåíèé:
−5x21 + x22 − 0.5x23 + 0.1x24 = −1.134,

2x21 − 5x23 − x23 + 1.5x24 = −0.375,

−0.5x21 − 2x22 + 0 · x23 − 0.1x24 = −0.446,

−0.3x21 − 0.4x22 + 0.2x23 + 0 · x24 = −0.121.

(5.3)

Òî÷íîå ðåøåíèå ñèñòåìû: x1 = 0.5, x2 = 0.4, x3 = 0.3, x4 = 0.1.
Ðåøåíèå ñèñòåìû (5.3) êëàññè÷åñêèì ìåòîäîì Çåéäåëÿ íåâîçìîæíî, ò. ê. a33 = 0, a44 =

0.
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Ñèñòåìà (5.3) ìîäåëèðîâàëàñü ñèñòåìîé îáûêíîâåííûõ äèôôåðåíöèàëüíûõ óðàâíåíèé

dx1(t)

dt
= −5x21(t) + x22(t− h0)− 0.5x23(t− h0) + 0.1x24(t− h0) + 1.134,

dx2(t)

dt
= 2x21(t)− 5x22(t)− x23(t− h0) + 1.5x24(t− h0) + 0.375,

dx3(t)

dt
= −0.5x21(t)− 2x22(t) + 0 · x23(t)− 0.1x24(t− h0) + 0.446,

dx4(t)

dt
= −0.3x21(t)− 0.4x22(t) + 0.2x23(t) + 0 · x24(t) + 0.121.

(5.4)

Ñèñòåìà (5.4) ïðè h0 = 0, 2 ðåøàëàñü ìåòîäîì Ýéëåðà ñ øàãîì h = 0.2 è ñ íà÷àëüíûìè
óñëîâèÿìè xi(0) = 0, i = 1, . . . , 4.

Ðåçóëüòàòû ðåøåíèÿ ñèñòåìû (5.3) íåïðåðûâíûì ìåòîäîì Çåéäåëÿ ïðèâåäåíû íà Ðèñ.
5.2.

Ð è ñ ó í î ê 5.2

Áëàãîäàðíîñòè: Ðàáîòà âûïîëíåíà ïðè ôèíàíñîâîé ïîääåðæêå ÐÔÔÈ. Ãðàíò 16-01-
00594.
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On the continuous analogue of the Seidel method

c⃝ I. V. Boikov1, A. I. Boikova2

Abstract. Continuous Seidel method for solving systems of linear and nonlinear algebraic
equations is constructed in the article, and the convergence of this method is investigated. According
to the method discussed, solving a system of algebraic equations is reduced to solving systems of
ordinary di�erential equations with delay. This allows to use rich arsenal of numerical ODE solution
methods while solving systems of algebraic equations. The main advantage of the continuous
analogue of the Seidel method compared to the classical one is that it does not require all the
elements of the diagonal matrix to be non-zero while solving linear algebraic equations' systems.
The continuous analogue has the similar advantage when solving systems of nonlinear equations.

Key Words: systems of algebraic equations, Seidel method, systems of ordinary di�erential
equations, delay
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ÓÄÊ 517.9

Î âëîæåíèè èíâàðèàíòíûõ ìíîãîîáðàçèé ïðîñòåéøèõ

ïîòîêîâ Ìîðñà-Ñìåéëà ñ ãåòåðîêëèíè÷åñêèìè

ïåðåñå÷åíèÿìè

c⃝ Å.ß. Ãóðåâè÷1, Ä.À. Ïàâëîâà2

Àííîòàöèÿ. Â ðàáîòå èçó÷àåòñÿ ñòðóêòóðà ðàçáèåíèÿ ÷åòûðåõìåðíîãî ôàçîâîãî ïðîñòðàí-
ñòâà íà òðàåêòîðèè ïîòîêîâ Ìîðñà-Ñìåéëà, äîïóñêàþùèõ ãåòåðîêëèíè÷åñêèå ïåðåñå÷åíèÿ. À
èìåííî, ðàññìàòðèâàåòñÿ êëàññ G(S4) ïîòîêîâ Ìîðñà-Ñìåéëà íà ñôåðå S4 òàêèõ, ÷òî íåáëóæ-
äàþùåå ìíîæåñòâî ëþáîãî ïîòîêà f ∈ G(S4) ñîñòîèò â òî÷íîñòè èç ÷åòûðåõ ñîñòîÿíèé ðàâ-
íîâåñèÿ: èñòî÷íèêà, ñòîêà è äâóõ ñåäåë. Áëóæäàþùåå ìíîæåñòâî òàêèõ ïîòîêîâ ñîäåðæèò
êîíå÷íîå ÷èñëî ãåòåðîêëèíè÷åñêèõ êðèâûõ, ëåæàùèõ â ïåðåñå÷åíèè èíâàðèàíòíûõ ìíîãîîá-
ðàçèé ñåäëîâûõ ñîñòîÿíèé ðàâíîâåñèÿ. Â ðàáîòå îïèñûâàåòñÿ òîïîëîãèÿ âëîæåíèÿ èíâàðè-
àíòûõ ìíîãîîáðàçèé ñåäëîâûõ ñîñòîÿíèé ðàâíîâåñèÿ òàêèõ ïîòîêîâ, ÷òî ÿâëÿåòñÿ ïåðâûì
øàãîì â ðåøåíèè ïðîáëåìû òîïîëîãè÷åñêîé êëàññèôèêàöèè. Â ÷àñòíîñòè, äîêàçûâàåòñÿ, ÷òî
çàìûêàíèÿ èíâàðèàíòíûõ ìíîãîîáðàçèé ñåäëîâûõ ñîñòîÿíèé ðàâíîâåñèÿ, íå ó÷àñòâóþùèõ â
ãåòåðîêëèíè÷åñêèõ ïåðåñå÷åíèÿõ, ÿâëÿþòñÿ ðó÷íûìè 2-ñôåðîé è äóãîé. Ýòè ìíîãîîáðàçèÿ
ÿâëÿþòñÿ àòòðàêòîðîì è ðåïåëëåðîì ïîòîêà. Â ìíîæåñòâå îðáèò, ïðèíàäëåæàùèõ îáëàñòè
ïðèòÿæåíèÿ àòòðàêòîðà (îòòàëêèâàíèÿ ðåïåëëåðà) ñòðîèòñÿ ñåêóùàÿ, ÿâëÿþùàÿñÿ ìíîãîîá-
ðàçèåì, ãîìåîìîðôíûì ïðÿìîìó ïðîèçâåäåíèþ S2 × S1. Èçó÷àåòñÿ òîïîëîãèÿ ïåðåñå÷åíèÿ
èíâàðèàíòíûõ ìíîãîîáðàçèé ñåäëîâûõ ñîñòîÿíèé ðàâíîâåñèÿ ñ ýòîé ñåêóùåé.

Êëþ÷åâûå ñëîâà: òîïîëîãè÷åñêàÿ ýêâèâàëåíòíîñòü, ïîòîêè Ìîðñà-Ñìåéëà, ãåòåðîêëèíè÷å-
ñêèå êðèâûå

1. Ââåäåíèå è ôîðìóëèðîâêà ðåçóëüòàòîâ

Ãëàäêèé ïîòîê f t :Mn →Mn, çàäàííûé íà çàìêíóòîì ãëàäêîì ìíîãîîáðàçèè Mn ðàç-
ìåðíîñòè n, íàçûâàåòñÿ ïîòîêîì Ìîðñà-Ñìåéëà, åñëè âûïîëíÿþòñÿ ñëåäóþùèå óñëîâèÿ:

• íåáëóæäàþùåå ìíîæåñòâî Ωf t ïîòîêà f t ñîñòîèò èç êîíå÷íîãî ÷èñëà ãèïåðáîëè÷åñêèõ
ñîñòîÿíèé ðàâíîâåñèÿ è çàìêíóòûõ òðàåêòîðèé;

• èíâàðèàíòíûå ìíîãîîáðàçèÿ ñîñòîÿíèé ðàâíîâåñèÿ è çàìêíóòûõ òðàåêòîðèé ïåðåñå-
êàþòñÿ òðàíñâåðñàëüíî3.

Ïóñòü G(S4) � êëàññ ïîòîêîâ Ìîðñà-Ñìåéëà íà ñôåðå S4 òàêèõ, ÷òî íåáëóæäàþùåå
ìíîæåñòâî ëþáîãî ïîòîêà f ∈ G(S4) ñîñòîèò â òî÷íîñòè èç ÷åòûðåõ ñîñòîÿíèé ðàâíîâåñèÿ:
èñòî÷íèêà α, ñòîêà ω è äâóõ ñåäåë σi, σj èíäåêñîâ Ìîðñà i, j ∈ {1, 2, 3} ñîîòâåòñòâåííî.

1Ãóðåâè÷ Åëåíà ßêîâëåâíà, äîöåíò êàôåäðû ôóíäàìåíòàëüíîé ìàòåìàòèêè, ÍÈÓ ÂØÝ (603155,
Ðîññèÿ, ã. Íèæíèé Íîâãîðîä, óë. Áîëüøàÿ Ïå÷åðñêàÿ, ä. 25/12), êàíäèäàò ôèçèêî-ìàòåìàòè÷åñêèõ íàóê,
ORCID: http://orcid.org/0000-0003-1815-3120, egurevich@hse.ru

2Ïàâëîâà Äàðüÿ Àëåêñàíäðîâíà, ñòóäåíòêà ÍÈÓ ÂØÝ (603155, Ðîññèÿ, ã. Íèæíèé Íîâãîðîä, óë.
Áîëüøàÿ Ïå÷åðñêàÿ, ä. 25/12), ORCID: http://orcid.org/0000-0001-8634-4143, dapavlova_1@mail.ru

3Íàïîìíèì, ÷òî ãëàäêèå ïîäìíîãîîáðàçèÿ L,N ìíîãîîáðàçèÿ Mn ïåðåñåêàþòñÿ òðàíñâåðàëüíî, åñëè
ëèáî L∩N = ∅, ëèáî â êàæäîé òî÷êå ïåðåñå÷åíèÿ x ∈ L∩N êàñàòåëüíûå ïðîñòðàíñòâà ê L,N ïîðîæäàþò
êàñàòåëüíîå ïðîñòðàíñòâî ê Mn.

Å.ß. Ãóðåâè÷, Ä.À. Ïàâëîâà. Î âëîæåíèè èíâàðèàíòíûõ ìíîãîîáðàçèé . . .
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Èç ôîðìóëû Ïóàíêàðå-Õîïôà ñëåäóåò, ÷òî (−1)i + (−1)j = 0, ïîýòîìó èíäåêñ Ìîðñà
îäíîãî èç ñåäåë ðàâåí 2, à âòîðîãî � 1 èëè 3. Åñëè gt ∈ G(S4) � ïîòîê, äëÿ êîòîðîãî
èíäåêñû Ìîðñà ñåäåë ðàâíû 2, 3, òî äëÿ íåãî íàéäåòñÿ ïîòîê f t ∈ G(S4), èìåþùèé ñåäëà
èíäåêñîâ Ìîðñà 1 è 2 è òàêîé, ÷òî f t = g−t. Ïîýòîìó â äàëüíåéøåì áóäåì ñ÷èòàòü, ÷òî äëÿ
ïðîèçâîëüíîãî ïîòîêà f t ∈ G(S4) èíäåêñû Ìîðñà ñåäëîâûõ ñîñòîÿíèé ðàâíîâåñèÿ ðàâíû
1 è 2.

Èç òðàíñâåðñàëüíîñòè ïåðåñå÷åíèÿ èíâàðèàíòíûõ ìíîãîîáðàçèé ñëåäóåò, ÷òî ïåðåñå÷å-
íèå W u

σ1
∩W s

σ2
ïóñòî. Èç ðàáîò [1�2] ñëåäóåò, ÷òî ïåðåñå÷åíèå W s

σ1
∩W u

σ2
íåïóñòî è ñîñòîèò

èç êîíå÷íîãî ÷èñëà êðèâûõ, êîòîðûå áóäåì íàçûâàòü ãåòåðîêëèíè÷åñêèìè.
Èç òåîðåìû Ñ. Ñìåéëà (ñì. [3], Theorem 2.3) ñëåäóåò, ÷òî çàìûêàíèå cl W u

σ1
(cl W s

σ2
)

ìíîãîîáðàçèÿ W u
σ1
(W s

σ2
) ñîäåðæèò, êðîìå ñàìîãî ìíîãîîáðàçèÿ W u

σ1
(W s

σ2
), åäèíñòâåííóþ

òî÷êó ω (α). Òàêèì îáðàçîì, ìíîæåñòâî Af t = cl W u
σ1
(Rf t = cl W s

σ2
) ÿâëÿåòñÿ ñôåðîé ðàç-

ìåðíîñòè 1 (2), âëîæåííîé â S4 ãëàäêî âî âñåõ òî÷êàõ, êðîìå òî÷êè ω (α). Ìû äîêàçûâàåì
ñëåäóþùèå ôàêòû.

Ò å î ð å ì à 1.1 Ñôåðû Af t, Rf t ÿâëÿþòñÿ ëîêàëüíî ïëîñêèìè â êàæäîé òî÷êå4.

Ðåçóëüòàò ïðåäëîæåíèÿ 1.1 êîíòðàñòèðóåò ñ òåîðåìîé 6 ðàáîòû [4], ãäå óòâåðæäàåòñÿ,
÷òî ñóùåñòâóþò ìíîãîîáðàçèÿ ðàçìåðíîñòè 4 è âûøå, äîïóñêàþùèå ãðàäèåíòíî-ïîäîáíûå
ïîòîêè ñ íåáëóæäàþùèì ìíîæåñòâîì, ñîñòîÿùèì â òî÷íîñòè èç ÷åòûðåõ ñîñòîÿíèé ðàâíî-
âåñèÿ: äâóõ óçëîâ è äâóõ ñåäåë, òàêèå, ÷òî çàìûêàíèå èíâàðèàíòíîãî ìíîãîáðàçèÿ ñåäëîâîé
òî÷êè êîðàçìåðíîñòè 2 ÿâëÿåòñÿ äèêî âëîæåííîé ñôåðîé.

Ïîëîæèì Vf t = S4 \ (Af t ∪Rf t).

Ò å î ð å ì à 1.2 Ñóùåñòâóåò ãèïåðïîâåðõíîñòü áåç êîíòàêòà Σf t ⊂ Vf t òàêàÿ,
÷òî:

1. Σf t ãîìåîìîðôíî ïðÿìîìó ïðîèçâåäåíèþ S2 × S1;

2. ìíîæåñòâî Vf t ãîìåîìîðôíî ïðÿìîìó ïðîèçâåäåíèþ Σf t × R;

3. îãðàíè÷åíèå ïîòîêà f t íà ìíîæåñòâî Vf t òîïîëîãè÷åñêè ýêâèâàëåíòíî ïîòîêó
f t
0(s, r) = (s, r + t), ãäå s ∈ Σf t , r ∈ R;

4. ìíîæåñòâî W s
σi
∩ Σf t ÿâëÿåòñÿ ãëàäêîé ñôåðîé S2

f t, íå îãðàíè÷èâàþùåé øàð â Σf t,

ìíîæåñòâî W u
σj

∩ Σf t ÿâëÿåòñÿ ãëàäêîé çàìêíóòîé äóãîé S1
f t, èíäåêñ ïåðåñå÷åíèÿ

êîòîðîé ñî ñôåðîé S2
f t ðàâåí 1.

2. Ðàçëîæåíèå ñôåðû S4 íà ðó÷êè, èíäóöèðîâàííîå ïîòîêîì f t ∈
G(S4), è òîïîëîãèÿ âëîæåíèÿ åãî èíâàðèàíòíûõ ìíãîîáðàçèé

Íàïîìíèì, ÷òî ìíîãîîáðàçèå M ðàçìåðíîñòè n ïîëó÷åíî èç ìíîãîîáðàçèÿ N c êðàåì
∂N ïðèêëåèâàíèåì k-ðó÷êè Hk = Bk × Bn−k, åñëè ñóùåñòâóåò âëîæåíèå φ : Sk−1 × Bn−1 →
∂N òàêîå, ÷òî M ïîëó÷åíî èç äèçúþíêòíîãî îáúåäèíåíèÿ N ∪Hk îòîæäåñòâëåíèåì òî÷åê
x ∈ Sk−1 × Bn−1 è φ(x).

Ïóñòü K ⊂ S3 � ãëàäêî âëîæåííàÿ ïðîñòàÿ çàìêíóòàÿ äóãà (óçåë), N(K) � åå òðóá÷à-
òàÿ îêðåñòíîñòü, N = B2 × S2 è ψ : ∂ N(K) → ∂N � äèôôåîìîðôèçì. Òîãäà ãîâîðÿò, ÷òî

4Çàìêíóòîå ìíîãîîáðàçèå X ⊂ Mn ðàçìåðíîñòè m íàçûâàåòñÿ ëîêàëüíî ïëîñêèì â Mn â òî÷êå x ∈ X,
åñëè ñóùåñòâóåò îêðåñòíîñòü Ux ⊂ Mn òî÷êè x è ãîìåîìîðôèçì h : Ux → Rn òàêîé, ÷òî h(X∩Rn ÿâëÿåòñÿ
êîîðäèíàòíîé ãèïåðïëîñêîñòüþ Rm ⊂ Rn)
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ìíîãîîáðàçèå M3, ïîëó÷åííîå èç îáúåäèíåíèÿ S3 \ intN(K) è N îòîæäåñòâëåíèåì òî÷åê
x ∈ ∂ N(K) è ψ(x) ∈ N , ïîëó÷åíî õèðóðãè÷åñêîé îïåðàöèåé Äýíà âäîëü óçëà K.

Íàïîìíèì, ÷òî äâàæäû äèôôåðåíöèðóåìàÿ ôóíêöèÿ φ : Mn → R íà ãëàäêîì çàì-
êíóòîì îðèåíòèðóåìîì ìíîãîîáðàçèè Mn íàçûâàåòñÿ ôóíêöèåé Ìîðñà, åñëè âñå åå êðè-
òè÷åñêèå òî÷êè íåâûðîæäåíû, òî åñòü äëÿ ëþáîé êðèòè÷åñêîé òî÷êè p ∈ Mn îïðåäåëè-

òåëü ìàòðèöû Ãåññå

(
∂2φ

∂xi∂xj

)
|p â ýòîé òî÷êå îòëè÷åí îò íóëÿ. Ñîãëàñíî ëåììå Ìîðñà, â

íåêîòîðîé îêðåñòíîñòè íåâûðîæäåííîé êðèòè÷åñêîé òî÷êè p ñóùåñòâóþò ëîêàëüíûå êî-
îðäèíàòû y1, . . . , yn íàçûâàåìûå êîîðäèíàòàìè Ìîðñà, â êîòîðûõ ôóíêöèÿ φ èìååò âèä
φ(y1, . . . , yn) = φ(p)−y21−· · ·−y2k+y2k+1+· · ·+y2n. ×èñëî k ∈ {0, . . . , n} íå çàâèñèò îò âûáîðà
ëîêàëüíûõ êîîðäèíàò è íàçûâàåòñÿ èíäåêñîì òî÷êè p. Áóäåì îáîçíà÷àòü èíäåêñ êðèòè÷å-
ñêîé òî÷êè ÷åðåç ind(p). Ãëàäêèé ïîòîê, èíäóöèðîâàííûé âåêòîðíûì ïîëåì X = −gradφ,
íàçûâàåòñÿ ãðàäèåíòíûì ïîòîêîì.

Èç ðàáîòû [5] âûòåêàåò ñëåäóþùåå óòâåðæäåíèå:

Ï ð å ä ë î æ å í è å 2.1 Äëÿ ïîòîêà f t ∈ G(S4) ñóùåñòâóåò ñàìîèíäåêñèðóþ-
ùàÿñÿ ýíåðãåòè÷åñêàÿ ôóíêöèÿ � òàêàÿ ôóíêöèÿ φ : S4 → [0, 4], ÷òî:

1. ôóíêöèÿ φ ÿâëÿåòñÿ ôóíêöèåé Ìîðñà;

2. ìíîæåñòâî êðèòè÷åñêèõ òî÷åê ôóíêöèè φ ñîâïàäàåò ñ íåáëóæäàþùèì ìíîæå-
ñòâîì Ω(f t) ïîòîêà f t;

3. φ(f t(x)) < φ(x) äëÿ ëþáîé òî÷êè x ̸∈ Ω(f t) è ëþáîãî t > 0;

4. φ(p) = ind(p) äëÿ ëþáîãî p ∈ Ω(f t).

Íåïîñðåäñòâåííî èç îïðåäåëåíèÿ ôóíêöèè φ ñëåäóåò, ÷òî äëÿ ëþáîé òî÷êè p ∈ Ω(f t)
÷èñëî ind(p) òàêæå ñîâïàäàåò ñ èíäåêñîì Ìîðñà òî÷êè p, ðàâíûì ðàçìåðíîñòè åå íåóñòîé-
÷èâîãî ìíîãîîáðàçèÿ.

Äîêàçàòåëüñòâî òåîðåìû 1.1. Â ñèëó [3] (Theorem 2.3) äëÿ ëþáîãî ñîñòîÿíèÿ ðàâ-
íîâåñèÿ p ïîòîêà Ìîðñà-Ñìåéëà åãî óñòîé÷èâîå (íåóñòîé÷èâîå) ìíîãîîáðàçèå ÿâëÿåòñÿ
ãëàäêèì ïîäìíîãîîáðàçèåì. Ïîýòîìó äóãà Af t = cl W u

σ1
=W u

σ1
∪ ω è ñôåðà Rf t = cl W s

σ2
=

=W s
σ2

∪ α ÿâëÿþòñÿ ãëàäêî âëîæåííûìè è, ñëåäîâàòåëüíî, ëîêàëüíî-ïëîñêèìè âî âñåõ
òî÷êàõ, êðîìå òî÷åê ω, α. Èç ðàáîòû [6] ñëåäóåò, ÷òî çàìêíóòàÿ äóãà â S4 ëèáî ÿâëÿåòñÿ
ëîêàëüíî ïëîñêîé âî âñåõ ñâîèõ òî÷êàõ, ëèáî èìååò áîëåå ÷åì ñ÷åòíîå ìíîæåñòâî òî÷åê, â
êîòîðûõ íàðóøàåòñÿ óñëîâèå ëîêàëüíîé ïëîñêîñòíîñòè. Èç ýòîãî ñëåäóåò, ÷òî çàìêíóòàÿ
äóãà Af t ÿâëÿåòñÿ ëîêàëüíî ïëîñêîé è â òî÷êå ω.

Ïîêàæåì, ÷òî äâóìåðíàÿ ñôåðà Rf t ÿâëÿåòñÿ ëîêàëüíî-ïëîñêîé â òî÷êå α.
Ïóñòü ε ∈ (0; 1). Ïîëîæèì M0 = φ−1[0; 1 − ε];M1 = φ−1[0; 1 + ε];M2 = φ−1[0; 2 + ε],

M4 = S4, Σi = ∂Mi. Èç òåîðèè Ìîðñà (ñì., íàïðèìåð, [7], òåîðåìû 3.1, 3.2) ñëåäóåò, ÷òî
ìíîãîîáðàçèåM0 ÿâëÿåòñÿ çàìêíóòûì øàðîì, ìíîãîîáðàçèåMk ïðè k ∈ {1, 2} ïîëó÷àåòñÿ
ïðèêëåèâàíèåì k-ðó÷êè ê Mk−1, ìíîãîîáðàçèå M4 ïîëó÷àåòñÿ ïðèêëåèâàíèåì 4-ðó÷êè ê
M2.

Èç ýòîãî ñëåäóåò, ÷òî ìíîãîîáðàçèÿ Σ0,Σ2 ÿâëÿþòñÿ 3-ñôåðàìè, à Σ1 äèôôåîìîðôíî
S2 × S1. Èç òåîðåìû 3.2 èç [7], ïðèìåíåííîé ê ôóíêöèè φ−1, ñëåäóåò, ÷òî ìíîãîîáðàçèå
M4 \ int M1 ïîëó÷åíî èç M4 \ int M2 ïðèêëåèâàíèåì 2-ðó÷êè è ìíîãîîáðàçèå Σ1 = ∂M1 =
= ∂M4\int M1 ïîëó÷åíî èç ñôåðû Σ2 = ∂M4\int M2 ïðè ïîìîùè õèðóðãè÷åñêîé îïåðàöèè
Äýíà âäîëü çàìêíóòîé êðèâîé c = Σ2 ∩ W s

σ2
. Èç [8] (òåîðåìà 3) ñëåäóåò, ÷òî êðèâàÿ c

òðèâèàëüíî âëîæåíà â S3 (òî åñòü îãðàíè÷èâàåò 2-äèñê).
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Ïóñòü at � ïîòîê â ïðîñòðàíñòâå R4, çàäàííûé ôîðìóëîé at(x1, . . . , x4) =

= ((
1

2
)tx1, . . . , (

1

2
)tx4), S3

r = {(x1, . . . , x4) ⊂ R4| x21 + · · · + x24 = r2}, S1 = {(x1, . . . , x4) ⊂
R4| x21 + x22 = 1, x3 = x4 = 0}. Èç [8] (òåîðåìà 1) ñëåäóåò, ÷òî ñóùåñòâóåò ãîìåîìîðôèçì
h : Σ2 → S3

1 òàêîé, ÷òî h(Σ2 ∩W s
σ2
) = S1. Äëÿ êàæäîé òî÷êè x ∈ Σ2 îáîçíà÷èì ÷åðåç lx åå

òðàåêòîðèþ è äëÿ ëþáîé òî÷êè y ∈ lx ïîëîæèì ty = tg
π(2 + ε− φ(y)

2
+1, H(y) = aty(h(x)).

Ãîìåîìîðôèçì H : W u
α \ α→ R4 \ {O} ïåðåâîäèò òðàåêòîðèè ïîòîêà f t|Wu

α \α â òðàåêòîðèè
ïîòîêà at|{R4 \ {O} ñ ñîõðàíåíèåì îðèåíòàöèè íà òðàåêòîðèÿõ, ìíîæåñòâî W s

σ2
\ σ2 � íà

ìíîæåñòâî Ox1x2 \ {O} è ïðîäîëæàåòñÿ ïî íåïðåðûâíîñòè íà òî÷êó α. Ñëåäîâàòåëüíî,
ñôåðà Rf t =W s

σ2
∪ α âëîæåíà ëîêàëüíî ïëîñêî â òî÷êå α.

Äîêàçàòåëüñòâî òåîðåìû 1.2. Ïåðâûå òðè óòâåðæäåíèÿ ëåììû ÿâëÿþòñÿ íåïî-
ñðåäñòâåííûìè ñëåäñòâèÿìè óòâåðæäåíèÿ 2.1. Äåéñòâèòåëüíî, åñëè φ : S4 → [0, 4] �
ñàìîèíäåêñèðóþùàÿñÿ ýíåðãåòè÷åñêàÿ ôóíêöèÿ äëÿ ïîòîêà f t, òî äîñòàòî÷íî ïîëîæèòü
Σf t = φ−1(1, 5).

Ïåðåñå÷åíèå W s
σ1

∩ Σf t ÿâëÿåòñÿ ïîâåðõíîñòüþ áåç êîíòàêòà äëÿ îãðàíè÷åíèÿ ïîòî-
êà f t íà ìíîæåñòâî W s

σ1
\ σ1, ïîýòîìó W s

σ1
\ σ1 äèôôåîìîðôíî ïðÿìîìó ïðîèçâåäåíèþ

(W s
σ1
∩Σf t)×R, è (W s

σ1
∩Σf t) � äåôîðìàöèîííûé ðåòðàêò äëÿ W s

σ1
\σ. Ïîñêîëüêó W s

σ1
\σ1

ãîìåîìîðôíî R3 \ {O} è, ñëåäîâàòåëüíî, îäíîñâÿçíî, òî W s
σ1

∩ Σf t òàêæå îäíîñâÿçíî. Òî-
ãäà W s

σ1
∩ Σf t ãîìåìîðôíî ëèáî ïëîñêîñòè R2, ëèáî äâóìåðíîé ñôåðå. Â ïåðâîì ñëó÷àå

ìíîæåñòâî W s
σ1

\ σ1 ãîìåîìîðôíî R3, ÷òî íåâîçìîæíî, ïîýòîìó W s
σ1

∩ Σf t ãîìåîìîôíî
ñôåðå.

Ïîëîæèì S2
f t = W s

σ1
∩ Σf t . Ñôåðà S2

f t îãðàíè÷èâàåò øàð B3 ⊂ W s
σ1

òàêîé, ÷òî σ1 ∈
int B3. Ñëåäîâàòåëüíî, êîýôôèöèåíò çàöåïëåíèÿ ñôåðû S2

f t è äóãè Af t ðàâåí åäèíèöå.

Ïîýòîìó ñôåðà S2 íå îãðàíè÷èâàåò íèêàêîãî øàðà â Σf t (ò. ê. â ýòîì ñëó÷àå êîýôôèöèåíò
çàöåïëåíèÿ ñôåð S2 è Af t áûë áû ðàâåí íóëþ).

Àíàëîãè÷íî äîêàçûâàåòñÿ, ÷òî ìíîæåñòâî W u
σ2

∩ Σf t ÿâëÿåòñÿ çàìêíóòîé äóãîé S1
f t ,

èìåþùåé ñ 2-ñôåðîé Rf t êîýôôèöèåíò çàöåïëåíèÿ, ðàâíûé åäèíèöå. Ïóñòü N ⊂ Σf t �
çàìêíóòàÿ òðóá÷àòàÿ îêðåñòíîñòü äóãè S1

f t . Ïîòîê f t èíäóöèðóåò ãîìåîìîðôèçì ψ : Σf t \
int N → Σ2 \ int Ñ , ãäå Σ2 = φ−1(2, 5), Ñ ⊂ Σ2 � íåêîòîðàÿ çàìêíóòàÿ îêðåñòíîñòü äóãè

W s
σ2
∩Σ2. Ïî äîêàçàííîìó âûøå Σ2\ int Ñ ÿâëÿåòñÿ ïîëíîòîðèåì, ñëåäîâàòåëüíî, Σf t \

∫
N

òàêæå ÿâëÿåòñÿ ïîëíîòîðèåì, è ñóùåñòâóåò ãîìåîìîôèçì h : Σf t → Sn−1 × S1 òàêîé, ÷òî
h(S1

f t) = {x} × S1, x ∈ Sn−1. Òàê êàê ñôåðà h(S2
f t) ãîìîëîãè÷íà ñôåðå S2 × {s}, s ∈ S1, è

èíäåêñ ïåðåñå÷åíèÿ ÿâëÿåòñÿ ãîìîëîãè÷åñêèì è òîïîëîãè÷åñêèì èíâàðèàíòîì, òî èíäåêñ
ïåðåñå÷åíèÿ ñôåðû h(S2

f t) è äóãè {x} × S1, à òàêæå èíäåêñ ïåðåñå÷åíèÿ ñôåðû S2
f t è äóãè

S1
f t ðàâåí åäèíèöå.
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On embedding of invariant manifolds of the simplest

Morse-Smale �ows with heteroclinical intersections

c⃝ E. Y. Gurevich1, D. A. Pavlova2

Abstract. We study a structure of four-dimensional phase space decomposition on trajectories
of Morse-Smale �ows admitting heteroclinical intersections. More precisely, we consider a class
G(S4) of Morse-Smale �ows on the sphere S4 such that for any �ow f ∈ G(S4) its non-wandering
set consists of exactly four equilibria: source, sink and two saddles. Wandering set of such �ows
contains �nite number of heteroclinical curves that belong to intersection of invariant manifolds of
saddle equilibria. We describe a topology of embedding of saddle equilibria's invariant manifolds;
that is the �rst step in the solution of topological classi�cation problem. In particular, we prove
that the closures of invariant manifolds of saddle equlibria that do not contain heteroclinical curves
are locally �at 2-sphere and closed curve. These manifolds are attractor and repeller of the �ow.
In set of orbits that belong to the basin of attraction or repulsion we construct a section that
is homeomoprhic to the direct product S2 × S1. We study a topology of intersection of saddle
equlibria's invariant manifolds with this section.

Key Words: topological equivalence, Morse-Smale �ows, heteroclinic curves
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Óñëîâèÿ íåëîêàëüíîé ðàçðåøèìîñòè ñèñòåìû

êâàçèëèíåéíûõ óðàâíåíèé ïåðâîãî ïîðÿäêà ñ ïðàâûìè

÷àñòÿìè ñïåöèàëüíîãî âèäà

c⃝ Ì.Â. Äîíöîâà1

Àííîòàöèÿ. Ðàññìîòðåíà çàäà÷à Êîøè äëÿ ñèñòåìû êâàçèëèíåéíûõ óðàâíåíèé ïåðâîãî ïî-
ðÿäêà ñ ïðàâûìè ÷àñòÿìè ñïåöèàëüíîãî âèäà. Èññëåäîâàíèå ðàçðåøèìîñòè ýòîé çàäà÷è â
èñõîäíûõ êîîðäèíàòàõ îñíîâàíî íà ìåòîäå äîïîëíèòåëüíîãî àðãóìåíòà. Äîêàçàíî ñóùåñòâî-
âàíèå ëîêàëüíîãî ðåøåíèÿ çàäà÷è Êîøè äëÿ ñèñòåìû êâàçèëèíåéíûõ óðàâíåíèé ïåðâîãî ïî-
ðÿäêà ñ ïðàâûìè ÷àñòÿìè ñïåöèàëüíîãî âèäà, ãëàäêîñòü êîòîðîãî íå íèæå, ÷åì ãëàäêîñòè
íà÷àëüíûõ óñëîâèé. Îïðåäåëåíû äîñòàòî÷íûå óñëîâèÿ ñóùåñòâîâàíèÿ íåëîêàëüíîãî ðåøåíèÿ
çàäà÷è Êîøè äëÿ ñèñòåìû êâàçèëèíåéíûõ óðàâíåíèé ïåðâîãî ïîðÿäêà ñ ïðàâûìè ÷àñòÿìè
ñïåöèàëüíîãî âèäà, ïðîäîëæåííîãî êîíå÷íûì ÷èñëîì øàãîâ èç ëîêàëüíîãî ðåøåíèÿ. Äîêà-
çàòåëüñòâî íåëîêàëüíîé ðàçðåøèìîñòè çàäà÷è Êîøè äëÿ ñèñòåìû êâàçèëèíåéíûõ óðàâíåíèé
ïåðâîãî ïîðÿäêà ñ ïðàâûìè ÷àñòÿìè ñïåöèàëüíîãî âèäà îïèðàåòñÿ íà ãëîáàëüíûå îöåíêè.

Êëþ÷åâûå ñëîâà: ìåòîä äîïîëíèòåëüíîãî àðãóìåíòà, ãëîáàëüíûå îöåíêè, çàäà÷à Êîøè,
óðàâíåíèÿ ñ ÷àñòíûìè ïðîèçâîäíûìè ïåðâîãî ïîðÿäêà

1. Ââåäåíèå

Ðàññìîòðèì ñèñòåìó âèäà{
∂tu(t, x) + (a1(t)u(t, x) + b1(t)v(t, x))∂xu(t, x) = a2u(t, x) + b2(t)v(t, x),

∂tv(t, x) + (c1(t)u(t, x) + g1(t)v(t, x))∂xv(t, x) = g2v(t, x),
(1.1)

ãäå u(t, x), v(t, x) � íåèçâåñòíûå ôóíêöèè; a1(t), b1(t), b2(t), c1(t), g1(t) � èçâåñòíûå ôóíê-
öèè; a2, g2 � èçâåñòíûå êîíñòàíòû.

Äëÿ ñèñòåìû óðàâíåíèé (1.1) îïðåäåëèì íà÷àëüíûå óñëîâèÿ:

u(0, x) = φ1(x), v(0, x) = φ2(x). (1.2)

Çàäà÷à (1.1)�(1.2) îïðåäåëåíà íà

ΩT = {(t, x) |0 ≤ t ≤ T, x ∈ (−∞,+∞), T > 0}.

Â ñòàòüå [1] îïðåäåëåíû äîñòàòî÷íûå óñëîâèÿ íåëîêàëüíîé ðàçðåøèìîñòè çàäà÷è Êîøè
äëÿ ñèñòåìû (1.1), ãäå u(t, x), v(t, x) � íåèçâåñòíûå ôóíêöèè,

a1(t) = a1, b1(t) = b1, b2(t) = b2, c1(t) = c1, g1(t) = g1;

a1, bi, c1, g1, i = 1, 2 � èçâåñòíûå ïîëîæèòåëüíûå êîíñòàíòû, a2, g2 � èçâåñòíûå êîíñòàíòû,
(t, x) ∈ ΩT ñ íà÷àëüíûìè óñëîâèÿìè (1.2).

1Äîíöîâà Ìàðèíà Âëàäèìèðîâíà, àññèñòåíò êàôåäðû äèôôåðåíöèàëüíûõ óðàâíåíèé, ìàòåìà-
òè÷åñêîãî è ÷èñëåííîãî àíàëèçà, ÔÃÀÎÓ ÂÎ ¾Íàöèîíàëüíûé èññëåäîâàòåëüñêèé Íèæåãîðîäñêèé ãî-
ñóäàðñòâåííûé óíèâåðñèòåò èì. Í. È. Ëîáà÷åâñêîãî¿ (603950, Ðîññèÿ, ã. Íèæíèé Íîâãîðîä, ïð-ò Ãà-
ãàðèíà, ä. 23), êàíäèäàò ôèçèêî-ìàòåìàòè÷åñêèõ íàóê, ORCID: http://orcid.org/0000-0003-2915-0881,
dontsowa.marina2011@yandex.ru
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Â äàííîé ðàáîòå îïðåäåëåíû äîñòàòî÷íûå óñëîâèÿ ñóùåñòâîâàíèÿ è åäèíñòâåííîñòè
ëîêàëüíîãî ðåøåíèÿ çàäà÷è Êîøè (1.1)�(1.2), ïðè êîòîðûõ ðåøåíèå èìååò òàêóþ æå ãëàä-
êîñòü ïî x, êàê è íà÷àëüíûå ôóíêöèè çàäà÷è Êîøè è äîñòàòî÷íûå óñëîâèÿ íåëîêàëüíîé
ðàçðåøèìîñòè çàäà÷è Êîøè (1.1)�(1.2) ñ ïîìîùüþ ìåòîäà äîïîëíèòåëüíîãî àðãóìåíòà.

2. Ñóùåñòâîâàíèå ëîêàëüíîãî ðåøåíèÿ

Ñ ïîìîùüþ ìåòîäà äîïîëíèòåëüíî àðãóìåíòà è ïðåîáðàçîâàíèé ïîëó÷åíà ñëåäóþùàÿ
ñèñòåìà èíòåãðàëüíûõ óðàâíåíèé [1�12]:

η1(s, t, x) = x−
t

∫
s
(a1(τ)w1 + b1(τ)w3)dτ, (2.1)

η2(s, t, x) = x−
t

∫
s
(c1(τ)w4 + g1(τ)w2)dτ, (2.2)

w1(s, t, x) = φ1(η1(0, t, x)) +
s

∫
0
(a2w1 + b2(τ)w3)dτ, (2.3)

w2(s, t, x) = φ2(η2(0, t, x)) +
s

∫
0
g2w2dτ, (2.4)

w3(s, t, x) = w2(s, s, η1), (2.5)

w4(s, t, x) = w1(s, s, η2). (2.6)

Ïîäñòàâèì (2.1)�(2.2) â (2.3)�(2.6), ïîëó÷èì ñëåäóþùóþ ñèñòåìó:

w1(s, t, x) = φ1(x−
t∫

0

(a1(τ)w1 + b1(τ)w3)dτ) +

s∫
0

(a2w1(τ, t, x) + b2(τ)w3(τ, t, x))dτ, (2.7)

w2(s, t, x) = φ2(x−
t∫

0

(c1(τ)w4(τ, t, x) + g1(τ)w2(τ, t, x))dτ) +

s∫
0

g2w2(τ, t, x)dτ, (2.8)

w3(s, t, x) = w2(s, s, x−
t∫

s

(a1(τ)w1 + b1(τ)w3)dτ), (2.9)

w4(s, t, x) = w1(s, s, x−
t∫

s

(c1(τ)w4 + g1(τ)w2)dτ). (2.10)

Îáîçíà÷èì ÃT = {(s, t, x)| 0 ≤ s ≤ t ≤ T, x ∈ (−∞,+∞), T > 0},

Cφ = max{sup
R

∣∣∣φ(l)
i

∣∣∣ ∣∣i = 1, 2, l = 0, 2},

l = max{sup
[0,T ]

a1(t), sup
[0,T ]

b1(t), sup
[0,T ]

b2(t), sup
[0,T ]

c1(t), sup
[0,T ]

g1(t), |a2|, |g2|},

∥U∥ = sup
ΓT

|U(s, t, x)| , ∥f∥ = sup
ΩT

|f(t, x)|,

C̄1,2,2(ΩT ) � ïðîñòðàíñòâî ôóíêöèé îäèí ðàç äèôôåðåíöèðóåìûõ ïî ïåðåìåííîé t, äâàæäû
äèôôåðåíöèðóåìûõ ïî ïåðåìåííîé x, èìåþùèõ ñìåøàííûå ïðîèçâîäíûå âòîðîãî ïîðÿäêà

Ì.Â. Äîíöîâà. Óñëîâèÿ íåëîêàëüíîé ðàçðåøèìîñòè ñèñòåìû êâàçèëèíåéíûõ . . .



386 Æóðíàë ÑÂÌÎ. 2018. Òîì 20, � 4

è îãðàíè÷åííûå âìåñòå ñî ñâîèìè ïðîèçâîäíûìè íà ΩT ; C̄
2(R) � ïðîñòðàíñòâî ôóíêöèé,

îïðåäåëåííûõ, íåïðåðûâíûõ è îãðàíè÷åííûõ âìåñòå ñî ñâîèìè ïðîèçâîäíûìè ïåðâîãî è
âòîðîãî ïîðÿäêà íà R; C([0, T ]) � ïðîñòðàíñòâî ôóíêöèé, îïðåäåëåííûõ è íåïðåðûâíûõ
íà îòðåçêå [0, T ].

Ââåäåì óñëîâèÿ

a1(t) > 0, b1(t) < 0, b2(t) < 0, c1(t) > 0, g1(t) < 0, t ∈ [0, T ],

φ′
1(x) ≥ 0, φ′

2(x) ≤ 0, x ∈ R.
(2.11)

Ñïðàâåäëèâà ñëåäóþùàÿ òåîðåìà, â êîòîðîé ñôîðìóëèðîâàíû óñëîâèÿ ñóùåñòâîâàíèÿ ëî-
êàëüíîãî ðåøåíèÿ çàäà÷è Êîøè (1.1)�(1.2), èìåþùåãî òàêóþ æå ãëàäêîñòü ïî x, êàê è
íà÷àëüíûå ôóíêöèè.

Ò å î ð å ì à 2.1 Ïóñòü

φ1(x), φ2(x) ∈ C̄2(R), a1(t), b1(t), b2(t), c1(t), g1(t) ∈ C([0, T ])

è âûïîëíÿþòñÿ óñëîâèÿ (2.11). Òîãäà äëÿ ëþáîãî T 6 min

(
1

25Cφl
,
1

10l

)
çàäà÷à Êîøè

(1.1), (1.2) èìååò åäèíñòâåííîå ðåøåíèå u(t, x), v(t, x) ∈ C̄1,2,2(ΩT ), êîòîðîå îïðåäåëÿåòñÿ
èç ñèñòåìû èíòåãðàëüíûõ óðàâíåíèé (2.7 )�(2.10).

Òåîðåìà ñëåäóåò èç âûïîëíåíèÿ óñëîâèé òðåõ ëåìì.

Ë å ì ì à 2.1 Åñëè ôóíêöèè wj(s, t, x), j = 1, 4 óäîâëåòâîðÿþò ñèñòåìå èí-
òåãðàëüíûõ óðàâíåíèé (2.7 )�(2.10) è ÿâëÿþòñÿ íåïðåðûâíî äèôôåðåíöèðóåìûìè è
îãðàíè÷åííûìè âìåñòå ñî ñâîèìè ïåðâûìè ïðîèçâîäíûìè, òî ôóíêöèè u(t, x) =
w1(t, t, x), v(t, x) = w2(t, t, x) áóäóò ðåøåíèåì çàäà÷è Êîøè (1.1)�(1.2) íà ΩT0, T0 ≤ T ,
ãäå T0 � êîíñòàíòà, îïðåäåëÿåìàÿ ÷åðåç èñõîäíûå äàííûå.

Óòâåðæäåíèå äîêàçûâàåòñÿ àíàëîãè÷íî óòâåðæäåíèþ èç ðàáîò [2�8].

Ë å ì ì à 2.2 Ïðè âûïîëíåíèè óñëîâèé

φ1(x), φ2(x) ∈ C̄2(R), a1(t), b1(t), b2(t), c1(t), g1(t) ∈ C([0, T ]),

a1(t) > 0, b1(t) < 0, b2(t) < 0, c1(t) > 0, g1(t) < 0, t ∈ [0, T ]

è

T 6 min

(
1

25Cφl
,
1

10l

)
(2.12)

ñèñòåìà èíòåãðàëüíûõ óðàâíåíèé (2.7)�(2.10) èìååò åäèíñòâåííîå ðåøåíèå

wj ∈ C1,1,1(ΓT ).

Ä î ê à ç à ò å ë ü ñ ò â î. Äîêàçàòåëüñòâî ýòîé ëåììû ïðîâîäèòñÿ ïî ñõåìå, èçëîæåí-
íîé â [2]. Íóëåâîå ïðèáëèæåíèå ê ðåøåíèþ ñèñòåìû èíòåãðàëüíûõ óðàâíåíèé (2.7)�(2.10)
çàäàäèì ðàâåíñòâàìè w10(s, t, x) = φ1(x), w20(s, t, x) = φ2(x).

Ïåðâîå è ïîñëåäóþùèå ïðèáëèæåíèÿ ñèñòåìû óðàâíåíèé (2.7)�(2.10) îïðåäåëèì ïðè
ïîìîùè ðåêóððåíòíîé ïîñëåäîâàòåëüíîñòè ñèñòåì óðàâíåíèé (n = 1, 2, . . .)

w1n(s, t, x) = φ1(x−
t∫

0

(a1(τ)w1n + b1(τ)w3n)dτ) +
s

∫
0
(a2w1n + b2(τ)w3n)dτ, (2.13)
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w2n(s, t, x) = φ2(x−
t∫

0

(c1(τ)w4n(τ, t, x) + g1(τ)w2n(τ, t, x))dτ) +
s

∫
0
g2w2n(τ, t, x)dτ, (2.14)

w3n(s, t, x) = w2(n−1)(s, s, x−
t∫

s

(a1(τ)w1n + b1(τ)w3n)dτ), (2.15)

w4n(s, t, x) = w1(n−1)(s, s, x−
t∫

s

(c1(τ)w4n + g1(τ)w2n)dτ). (2.16)

Äîêàæåì ñóùåñòâîâàíèå ðåøåíèÿ ñ ïîìîùüþ ìåòîäà ïîñëåäîâàòåëüíûõ ïðèáëèæåíèé
äëÿ êàæäîãî ôèêñèðîâàííîãî n. Íóëåâîå ïðèáëèæåíèå (ïðè ôèêñèðîâàííîì n) îïðåäåëèì
ðàâåíñòâàìè: w0

jn = wj(n−1), j = 1, 4. Äëÿ ñèñòåìû óðàâíåíèé (2.13)�(2.16) ïåðâîå è âñå
ïîñëåäóþùèå ïðèáëèæåíèÿ îïðåäåëèì íà îñíîâå ñîîòíîøåíèé

wk+1
1n (s, t, x) = φ1(x−

t

∫
0
(a1(τ)w

k
1n + b1(τ)w

k
3n)dτ) +

s∫
0

(a2w
k
1n + b2(τ)w

k
3n)dτ, (2.17)

wk+1
2n (s, t, x) = φ2(x−

t∫
0

(c1(τ)w
k
4n(τ, t, x) + g1(τ)w

k
2n(τ, t, x))dτ) +

s∫
0

g2w
k
2n(τ, t, x)dτ, (2.18)

wk+1
3n (s, t, x) = w2(n−1)(s, s, x−

t∫
s

(a1(τ)w
k
1n + b1(τ)w

k
3n)dτ), (2.19)

wk+1
4n (s, t, x) = w1(n−1)(s, s, x−

t∫
s

(c1(τ)w
k
4n + g1(τ)w

k
2n)dτ). (2.20)

Òàê æå, êàê â [2], óñòàíàâëèâàåòñÿ, ÷òî ïðè âûïîëíåíèè óñëîâèÿ

T 6 min

(
1

20Cφl
,
1

4l

)
(2.21)

ïîñëåäîâàòåëüíûå ïðèáëèæåíèÿ (2.17)�(2.20) ñõîäÿòñÿ ê íåïðåðûâíîìó è îãðàíè÷åííîìó
ðåøåíèþ ñèñòåìû (2.13)�(2.16), äëÿ êîòîðîãî âûïîëíÿåòñÿ ∥wjn∥ ≤ 2Cφ, j = 1, 4.

Ïðè âûïîëíåíèè óñëîâèÿ (2.21) ñïðàâåäëèâû îöåíêè

||wk+1
1nx || ≤ 4Cφ, ||wk+1

2nx || ≤ 4Cφ, ||wk+1
3nx || ≤ 6Cφ, ||wk+1

4nx || ≤ 6Cφ.

Ïðè âûïîëíåíèè óñëîâèÿ (2.21) ïîñëåäîâàòåëüíûå ïðèáëèæåíèÿ wk
jnx, j = 1, 4, ñõîäÿòñÿ

ïðè k → ∞, à çíà÷èò, ñóùåñòâóþò ïðîèçâîäíûå wjnx, j = 1, 4 è ñïðàâåäëèâû îöåíêè

∥∂xw1n∥ ≤ 4Cφ, ∥∂xw2n∥ ≤ 4Cφ, ∥∂xw3n∥ ≤ 6Cφ, ∥∂xw4n∥ ≤ 6Cφ.

Ïðè âûïîëíåíèè óñëîâèÿ (2.21) ïîñëåäîâàòåëüíûå ïðèáëèæåíèÿ, îïðåäåëÿåìûå èç ñè-
ñòåìû (2.13)�(2.16), ñõîäÿòñÿ ê íåïðåðûâíîìó ðåøåíèþ ñèñòåìû (2.7)�(2.10), äëÿ êîòîðîãî
ñïðàâåäëèâû îöåíêè ∥wj∥ ≤ 2Cφ, j = 1, 4.

Ïðè âûïîëíåíèè óñëîâèÿ (2.12) wjnx → wjx = ∂xwj, j = 1, 4, ãäå ôóíêöèè ∂xwj ÿâëÿ-
þòñÿ íåïðåðûâíûìè ïî âñåì ñâîèì àðãóìåíòàì íà ΓT . Ñïðàâåäëèâû îöåíêè

∥∂xwi∥ ≤ 4Cφ, i = 1, 2, ∥∂xw3∥ ≤ 6Cφ, ∥∂xw4∥ ≤ 6Cφ.
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Àíàëîãè÷íî äîêàçûâàåòñÿ, ÷òî wj, j = 1, 4 èìåþò íåïðåðûâíûå è îãðàíè÷åííûå ïðîèçâîä-
íûå ïî ïåðåìåííîé t íà ΓT . Åäèíñòâåííîñòü ðåøåíèÿ äîêàçûâàåòñÿ òàê æå, êàê â ñòàòüå
[2].

Ë å ì ì à 2.3 Ïóñòü φ1(x), φ2(x) ∈ C̄2(R), a1(t), b1(t), b2(t), c1(t), g1(t) ∈ C([0, T ]),
òîãäà ïðè âûïîëíåíèè óñëîâèé (2.11), (2.12) ôóíêöèè wj, j = 1, 4, ïðåäñòàâëÿþùèå ñîáîé
ðåøåíèå ñèñòåìû óðàâíåíèé (2.7)�(2.10), èìåþò íåïðåðûâíûå è îãðàíè÷åííûå ïðîèçâîä-

íûå
∂2wj

∂x2
,
∂2wj

∂x∂t
, j = 1, 4 íà ΓT , ãäå T 6 min

(
1

25Cφl
,
1

10l

)
.

Ä î ê à ç à ò å ë ü ñ ò â î.
Äâàæäû ïðîäèôôåðåíöèðóåì ïîñëåäîâàòåëüíûå ïðèáëèæåíèÿ (2.13)�(2.16) ïî x. Îáî-

çíà÷èì ωn
j = wjnxx, j = 1, 4, ïîëó÷èì ñèñòåìó óðàâíåíèé

ωn
1 = −φ′

1

t∫
0

(a1(τ)ω
n
1 + b1(τ)ω

n
3 )dτ +

s∫
0

(a2ω
n
1 + b2(τ)ω

n
3 )dτ+

+φ′′
1 · (1−

t∫
0

(a1(τ)w1nx + b1(τ)w3nx)dτ)
2,

(2.22)

ωn
2 = −φ′

2

t∫
0

(c1(τ)ω
n
4 + g1(τ)ω

n
2 )dτ +

s∫
0

g2ω
n
2 dτ+

+φ′′
2 · (1−

t∫
0

(c1(τ)w4nx + g1(τ)w2nx)dτ)
2,

(2.23)

ωn
3 = ωn−1

2 · (1−
t∫

s

(a1(τ)w1nx + b1(τ)w3nx)dτ)
2−

−w2(n−1)x

t∫
s

(a1(τ)ω
n
1 + b1(τ)ω

n
3 )dτ,

(2.24)

ωn
4 = ωn−1

1 · (1−
t∫

s

(c1(τ)w4nx + g1(τ)w2nx)dτ)
2−

−w1(n−1)x

t∫
s

(c1(τ)ω
n
4 + g1(τ)ω

n
2 )dτ.

(2.25)

Ïðè âûïîëíåíèè óñëîâèÿ (2.12) ñ ó÷åòîì óñòàíîâëåííûõ âûøå îöåíîê ∥wjn∥ ≤ 2Cφ,

j = 1, 4 ïîëó÷èì |
t∫
s

(a1(τ)w1n + b1(τ)w3n)dτ | ≤ tl(||w1n|| + ||w3n||) ≤ 4tlCφ ≤ 4lCφ

25lCφ

≤ 0.16,

|
t∫
s

(c1(τ)w4n + g1(τ)w2n)dτ | ≤ tl(||w4n||+ ||w2n||) ≤ 4tlCφ ≤ 4lCφ

25lCφ

≤ 0.16.

Çàôèêñèðóåì òî÷êó x0 ∈ R1. Ðàññìîòðèì ìíîæåñòâî

Ωx0 = {x |x0 − 0.16 ≤ x ≤ x0 + 0.16}.

Âîçüìåì x1, x2 ∈ Ωx0 .
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Ïðè âûïîëíåíèè óñëîâèé (2.11)�(2.12) óñòàíîâëåíî, ÷òî ñïðàâåäëèâû íåðàâåíñòâà:
|η1n (s, t, x1)− η1n (s, t, x2) | ≤ |x1 − x2|, |η2n (s, t, x1)− η2n (s, t, x2) | ≤ |x1 − x2|, ãäå

η1n(s, t, x) = x−
t∫

s

(a1(τ)w1n(τ, t, x) + b1(τ)w3n(τ, t, x))dτ,

η2n(s, t, x) = x−
t∫

s

(c1(τ)w4n(τ, t, x) + g1(τ)w2n(τ, t, x))dτ.

Óñòàíîâëåíà ðàâíîñòåïåííàÿ íåïðåðûâíîñòü ôóíêöèé ωn
1 , ω

n
2 ïî x ïðè x ∈ Ωx0 , èç êîòî-

ðîé ñëåäóåò ðàâíîñòåïåííàÿ íåïðåðûâíîñòü ôóíêöèé ωn
1 , ω

n
2 ïî x â âûáðàííîé, ïðîèçâîëü-

íîé òî÷êå x0, ò. å. íà R. Ðàâíîñòåïåííàÿ íåïðåðûâíîñòü ôóíêöèé ω
n
1 , ω

n
2 ïî x èñïîëüçóåòñÿ

äëÿ äîêàçàòåëüñòâà ñõîäèìîñòè ïîñëåäîâàòåëüíûõ ïðèáëèæåíèé ωn
j , j = 1, 4.

Ðàññìîòðèì ñèñòåìó óðàâíåíèé

ω̃n
1 = −φ′

1(η1(0, t, x))

t∫
0

(a1(τ)ω̃
n
1 + b1(τ)ω̃

n
3 )dτ +

s∫
0

(a2ω̃
n
1 + b2(τ)ω̃

n
3 )dτ+

+φ′′
1 · (1−

t∫
0

(a1(τ)w1x + b1(τ)w3x)dτ)
2,

ω̃n
2 = −φ′

2(η2(0, t, x))

t∫
0

(c1(τ)ω̃
n
4 + g1(τ)ω̃

n
2 )dτ +

s∫
0

g2ω̃
n
2 dτ+

+φ′′
2 · (1−

t∫
0

(c1(τ)w4x + g1(τ)w2x)dτ)
2,

ω̃n
3 = ω̃n−1

2 · (1−
t∫

s

(a1(τ)w1x + b1(τ)w3x)dτ)
2 − w2x(s, s, η1(s, t, x))

t∫
s

(a1(τ)ω̃
n
1 + b1(τ)ω̃

n
3 )dτ,

ω̃n
4 = ω̃n−1

1 · (1−
t∫

s

(c1(τ)w4x + g1(τ)w2x)dτ)
2 − w1x(s, s, η2(s, t, x))

t∫
s

(c1(τ)ω̃
n
4 + g1(τ)ω̃

n
2 )dτ.

Äîêàæåì, ÷òî ïðè âûïîëíåíèè óñëîâèé (2.11)�(2.12) ω̃n
j → ω̃j, j = 1, 4 ñïðàâåäëèâû îöåíêè

∥ω̃1∥ ≤ 2Cφ, ∥ω̃2∥ ≤ 2Cφ, ∥ω̃3∥ ≤ 3Cφ, ∥ω̃4∥ ≤ 3Cφ.

Äàëåå äîêàæåì, ÷òî ïîñëåäîâàòåëüíûå ïðèáëèæåíèÿ ωn
j ñõîäÿòñÿ ê ôóíêöèÿì ω̃j, j =

1, 4 ïðè n→ ∞.

Ïîëó÷èì, ÷òî wjnxx → wjxx = ω̃j, ãäå ôóíêöèè
∂2wj

∂x2
, j = 1, 4 íåïðåðûâíû è îãðàíè÷åíû

íà ΓT ïðè âûïîëíåíèè óñëîâèé (2.11)�(2.12).
Àíàëîãè÷íî óñòàíîâèì, ÷òî ñóùåñòâóþò íåïðåðûâíûå è îãðàíè÷åííûå ïðîèçâîäíûå

∂2wj

∂x∂t
, j = 1, 4 íà ΓT ïðè âûïîëíåíèè óñëîâèé (2.11)�(2.12).
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3. Ñóùåñòâîâàíèå íåëîêàëüíîãî ðåøåíèÿ

Ò å î ð å ì à 3.1 Ïóñòü

φ1(x), φ2(x) ∈ C̄2(R), a1(t), b1(t), b2(t), c1(t), g1(t) ∈ C([0, T ])

è âûïîëíÿþòñÿ óñëîâèÿ (2.11). Òîãäà äëÿ ëþáîãî T > 0 çàäà÷à Êîøè (1.1)�(1.2) èìå-
åò åäèíñòâåííîå ðåøåíèå u(t, x), v(t, x) ∈ C̄1,2,2(ΩT ), êîòîðîå îïðåäåëÿåòñÿ èç ñèñòåìû
èíòåãðàëüíûõ óðàâíåíèé (2.7)�(2.10).

Ä î ê à ç à ò å ë ü ñ ò â î. Ïðîäèôôåðåíöèðóåì ñèñòåìó óðàâíåíèé (1.1) ïî x. Îáîçíà÷èì
p(t, x) = ∂xu(t, x), q(t, x) = ∂xv(t, x), ïîëó÷èì

∂tp+ (a1(t)u(t, x) + b1(t)v(t, x))∂xp = −a1(t)p2 − b1(t)pq + a2p+ b2(t)q,

∂tq + (c1(t)u(t, x) + g1(t)v(t, x))∂xq = −g1(t)q2 − c1(t)pq + g2q.

p(0, x) = φ′
1(x), q(0, x) = φ′

2(x).

(3.1)

Äîáàâèì ê ñèñòåìå óðàâíåíèé (2.1)�(2.6) äâà óðàâíåíèÿ
dγ1(s, t, x)

ds
= −a1(s)γ21 − b1(s)γ1γ2(s, s, η1) + a2γ1 + b2(s)γ2(s, s, η1),

dγ2(s, t, x)

ds
= −g1(s)γ22 − c1(s)γ1(s, s, η2)γ2 + g2γ2.

(3.2)

ñ íà÷àëüíûìè óñëîâèÿìè

γ1(0, t, x) = φ′
1(η1), γ2(0, t, x) = φ′

2(η2). (3.3)

Ïåðåïèøåì ñèñòåìó óðàâíåíèé (3.2) â ñëåäóþùåì âèäå:
γ1(s, t, x) = φ′

1(η1) +
s∫
0

[−a1(τ)γ21 + (b2(τ)− b1(τ)γ1)γ2(τ, τ, η1) + a2γ1]dτ,

γ2(s, t, x) = φ′
2(η2) +

s∫
0

[−g1(τ)γ22 − c1(τ)γ1(τ, τ, η2)γ2 + g2γ2]dτ.
(3.4)

Àíàëîãè÷íî òîìó, êàê ýòî âûïîëíåíî â [1; 5�7] äîêàçûâàåòñÿ ñóùåñòâîâàíèå íåïðåðûâíî
äèôôåðåíöèðóåìîãî ðåøåíèÿ çàäà÷è (3.4). Ñëåäîâàòåëüíî,

γ1(t, t, x) = p(t, x) =
∂u

∂x
, γ2(t, t, x) = q(t, x) =

∂v

∂x
.

Òàê æå, êàê â ñòàòüå [1], óñòàíîâëåíî, ÷òî ñïðàâåäëèâû îöåíêè

∥v∥ ≤ Cφ exp(|g2|T ), ∥u∥ ≤ Cφ exp(|a2|T )(1 + T l exp(|g2|T )). (3.5)

Äàëåå, èç (3.2) èìååì:

γ1(s, t, x) = φ′
1(η1) exp(−

s∫
0

(a1(τ)γ1 + b1(τ)γ2(τ, τ, η1)− a2)dτ)+

+
s∫
0

b2(τ)γ2(τ, τ, η1) exp(−
s∫
τ

(a1(τ)γ1 + b1(τ)γ2(ν, ν, η1)− a2)dν)dτ,

γ2(s, t, x) = φ′
2(η2) exp(−

s∫
0

(g1(τ)γ2 + c1(τ)γ1(τ ,τ ,η2)− g2)dτ).

(3.6)

Ì.Â. Äîíöîâà. Óñëîâèÿ íåëîêàëüíîé ðàçðåøèìîñòè ñèñòåìû êâàçèëèíåéíûõ . . .



Æóðíàë ÑÂÌÎ. 2018. Òîì 20, � 4 391

Èç (3.6) ïðè âûïîëíåíèè óñëîâèé

a1(t) > 0, b1(t) < 0, b2(t) < 0, c1(t) > 0, g1(t) < 0, t ∈ [0, T ], φ′
1(x) ≥ 0, φ′

2(x) ≤ 0, x ∈ R

ïîëó÷èì, ÷òî γ1 > 0, γ2 6 0, íà ΓT , çíà÷èò,

∥γ2∥ ≤ Cφ exp(|g2|T ), ∥γ1∥ ≤ Cφ exp(|a2|T )(1 + T l exp(|g2|T )),

ñëåäîâàòåëüíî,

∥∂xv∥ ≤ Cφ exp(|g2|T ), ∥∂xu∥ ≤ Cφ exp(|a2|T )(1 + T l exp(|g2|T )). (3.7)

Äàëåå, òàê æå, êàê â [5�7], âûâåäåì, ÷òî ïðè âñåõ t è x ñïðàâåäëèâû îöåíêè

∣∣∂2x2u
∣∣ ≤ E11 ch(T

√
C12C21) + E21

√
C12

C21

sh(T
√
C12C21), (3.8)

∣∣∂2x2v
∣∣ ≤ E21 ch(T

√
C12C21) + E11

√
C21

C12

sh(T
√
C12C21), (3.9)

ãäå E11, E21, C12, C21 � ïîñòîÿííûå, îïðåäåëÿåìûå ÷åðåç èñõîäíûå äàííûå.
Ïîëó÷åííûå ãëîáàëüíûå îöåíêè äëÿ u, v, ∂xu, ∂xv, ∂

2
x2u, ∂2x2v ((3.5), (3.7)�(3.9)) äàþò

âîçìîæíîñòü ïðîäîëæèòü ðåøåíèå íà ëþáîé çàäàííûé ïðîìåæóòîê [0, T ].
Âçÿâ â êà÷åñòâå íà÷àëüíûõ çíà÷åíèé u(T0, x), v(T0, x), ïðîäëèì ðåøåíèå íà ïðîìå-

æóòîê [T0, T1] , à çàòåì, âûáèðàÿ íà÷àëüíûå çíà÷åíèÿ u(T1, x), v(T1, x), � íà ïðîìåæóòîê
[T1, T2]. Äëèíà ïðîìåæóòêà ðàçðåøèìîñòè íå áóäåò óìåíüøàòüñÿ, ïîñêîëüêó îïðåäåëÿåòñÿ
âåëè÷èíàìè ∥∂xu∥ , ∥∂xv∥ , êîòîðûå â ñèëó ãëîáàëüíûõ îöåíîê (3.7) îãðàíè÷åíû çíà÷åíè-
ÿìè Cφ exp(|a2|T )(1 + T l exp(|g2|T )), Cφ exp(|g2|T ) íà ëþáîì ïðîìåæóòêå ðàçðåøèìîñòè.
Â ÷àñòíîñòè, íà÷àëüíûå çíà÷åíèÿ u(Tk, x), v(Tk, x) ∈ C̄2(R),

|u(Tk, x)| 6 Cφ exp(|a2|T )(1 + T l exp(|g2|T )), |v(Tk, x)| 6 Cφ exp(|g2|T ).

|∂xu(Tk, x)| 6 Cφ exp(|a2|T )(1 + T l exp(|g2|T )), |∂xv(Tk, x)| 6 Cφ exp(|g2|T ).

Äëÿ âòîðûõ ïðîèçâîäíûõ ñïðàâåäëèâû îöåíêè (3.8)�(3.9), ãäå â êà÷åñòâå t ìîæíî âçÿòü
T. Â ðåçóëüòàòå çà êîíå÷íîå ÷èñëî øàãîâ ðåøåíèå ìîæåò áûòü ïðîäëåíî íà ëþáîé çàäàí-
íûé ïðîìåæóòîê [0, T ].

Åäèíñòâåííîñòü ðåøåíèÿ äîêàçûâàåòñÿ ïðèìåíåíèåì àíàëîãè÷íûõ îöåíîê, êîòîðûå
ïîçâîëèëè óñòàíîâèòü ñõîäèìîñòü ïîñëåäîâàòåëüíûõ ïðèáëèæåíèé.

Áëàãîäàðíîñòè. Èññëåäîâàíèå âûïîëíåíî ïðè ôèíàíñîâîé ïîääåðæêå ÐÔÔÈ â ðàì-
êàõ íàó÷íîãî ïðîåêòà � 18-31-00125 ìîë_à
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Ñòðóêòóðà ðèìàíîâûõ ñëîåíèé ñî ñâÿçíîñòüþ Ýðåñìàíà

c⃝ Í. È. Æóêîâà1

Àííîòàöèÿ. Ïîêàçàíî, ÷òî ñòðóêòóðíàÿ òåîðèÿ Ìîëèíî äëÿ ðèìàíîâûõ ñëîåíèé íà êîìïàêò-
íûõ ìíîãîîáðàçèÿõ è íà ïîëíûõ ðèìàíîâûõ ìíîãîîáðàçèÿõ îáîáùàåòñÿ íà ðèìàíîâû ñëîåíèÿ
ñî ñâÿçíîñòÿìè Ýðåñìàíà. Ïðè ýòîì íèêàêèõ îãðàíè÷åíèé íà êîðàçìåðíîñòü ñëîåíèÿ è ðàçìåð-
íîñòü ìíîãîîáðàçèÿ íå íàêëàäûâàåòñÿ. Äëÿ ëþáîãî ðèìàíîâà ñëîåíèÿ (M,F ), äîïóñêàþùåãî
ñâÿçíîñòü Ýðåñìàíà, äîêàçàíî, ÷òî çàìûêàíèå ëþáîãî ñëîÿ îáðàçóåò ìèíèìàëüíîå ìíîæå-
ñòâî, à ìíîæåñòâî âñåõ òàêèõ çàìûêàíèé îáðàçóåò ðèìàíîâî ñëîåíèå ñ îñîáåííîñòÿìè (M,F ),
ïðè÷åì â M ñóùåñòâóåò ñâÿçíîå îòêðûòîå âñþäó ïëîòíîå F -íàñûùåííîå ïîäìíîæåñòâî M0,
íà êîòîðîì èíäóöèðîâàííîå ñëîåíèå (M0, F |M0) îáðàçîâàíî ñëîÿìè ëîêàëüíî òðèâèàëüíîãî
ðàññëîåíèÿ íàä íåêîòîðûì õàóñäîðôîâûì ãëàäêèì ìíîãîîáðàçèåì. Äîêàçàíà òàêæå ýêâèâà-
ëåíòíîñòü ðÿäà ñâîéñòâ äëÿ ðèìàíîâûõ ñëîåíèé (M,F ), äîïóñêàþùèõ ñâÿçíîñòü Ýðåñìàíà.
Â ÷àñòíîñòè, äîêàçàíî, ÷òî ðàâåíñòâî íóëþ ñòðóêòóðíîé àëãåáðû Ëè ñëîåíèÿ (M,F ) ýêâèâà-
ëåíòíî òîìó, ÷òî ïðîñòðàíñòâî ñëîåâ åñòåñòâåííûì îáðàçîì íàäåëÿåòñÿ ñòðóêòóðîé ãëàäêîãî
îðáèôîëäà. Ïðîñòðîåíû ïðèìåðû, ïîêàçûâàþùèå, ÷òî äëÿ ñëîåíèé ñ òðàíñâåðñàëüíîé ëèíåé-
íîé ñâÿçíîñòüþ è êîíôîðìíûõ ñëîåíèé àíàëîãè÷íûå óòâåðæäåíèÿ, âîîáùå ãîâîðÿ, íå âåðíû.

Êëþ÷åâûå ñëîâà: ðèìàíîâî ñëîåíèå, ñâÿçíîñòü Ýðåñìàíà äëÿ ñëîåíèÿ, ëîêàëüíàÿ óñòîé÷è-
âîñòü ñëîÿ, ìèíèìàëüíîå ìíîæåñòâî

1. Ââåäåíèå

Èññëåäîâàíèþ ðèìàíîâûõ ñëîåíèé ïîñâÿùåíû ìíîãî÷èñëåííûå ñòàòüè è ìîíîãðà-
ôèè ðÿäà àâòîðîâ. Ïðåæäå âñåãî, ñëåäóåò îòìåòèòü ðàáîòû Ð. Ãåðìàíà [1], Á. Ðåéíõàðòà [2],
À. Õåôëèãåðà [3], Ï. Ìîëèíî [4] è Ô. Òîíäåóðà (Ph. Tondeuer). Òåîðåìû î ñòàáèëüíîñòè
â ñìûñëå Ðèáà è Ýðåñìàíà íåêîìïàêòíûõ ñëîåâ ðèìàíîâûõ ñëîåíèé, â òîì ÷èñëå äëÿ
ñëîåíèé ñ îñîáåííîñòÿìè, äîêàçàíû â ðàáîòàõ àâòîðà [5] è [6].

Âî âñåõ ïåðå÷èñëåííûõ âûøå ðàáîòàõ î ðèìàíîâûõ ñëîåíèÿõ (M,F ) ïðåäïîëàãàåòñÿ
ëèáî êîìïàêòíîñòü ìíîãîîáðàçèÿ M , ëèáî ïîëíîòà àññîöèèðîâàííîé òðàíñâåðñàëüíî ïðî-
åêòèðóåìîé ðèìàíîâîé ìåòðèêè g íà M , íàçûâàåìîé Á. Ðåéíõàðäòîì ìåòðèêîé, ïîäîáíîé
ðàññëàèâàþùåéñÿ (¾bundle like metric¿) [2], ëèáî (êàê ìèíèìóì) òðàíñâåðñàëüíàÿ ïîëíîòà
ñëîåíèÿ, îçíà÷àþùàÿ, ÷òî íàòóðàëüíûé ïàðàìåòð íà êàæäîé ìàêñèìàëüíîé ãåîäåçè÷åñêîé,
îðòîãîíàëüíîé ñëîåíèþ, èçìåíÿåòñÿ íà âñåé ÷èñëîâîé ïðÿìîé.

Ð. À. Áëþ÷åíòàëü è Äæ. Õåáäà ââåëè ïîíÿòèå ñâÿçíîñòè Ýðåñìàíà äëÿ ãëàäêîãî ñëîåíèÿ
(M,F ) êîðàçìåðíîñòè q íà n-ìåðíîì ãëàäêîì ìíîãîîáðàçèèM , ãäå 0 < q < n. Ñâÿçíîñòüþ
Ýðåñìàíà äëÿ (M,F ) íàçûâàåòñÿ òàêîå q-ìåðíîå ðàñïðåäåëåíèå íà M , òðàíñâåðñàëüíîå
ýòîìó ñëîåíèþ, äëÿ êîòîðîãî îïðåäåëåíû ïåðåíîñû åãî èíòåãðàëüíûõ êðèâûõ âäîëü ëþáûõ
ñëîåâûõ êóñî÷íî ãëàäêèõ êðèâûõ (ñòðîãîå îïðåäåëåíèå äàíî â ïàðàãðàôå 2.3.),

Öåëü äàííîé ðàáîòû � ïîêàçàòü, ÷òî ñòðóêòóðíàÿ òåîðèÿ Ìîëèíî äëÿ ðèìàíîâûõ ñëî-
åíèé íà êîìïàêòíûõ ìíîãîîáðàçèÿõ [4] è íà ïîëíûõ ðèìâíîâûõ ìíîãîîáðàçèÿõ ([3] è [7])
îáîáùàåòñÿ íà ðèìàíîâû ñëîåíèÿ ñî ñâÿçíîñòüþ Ýðåñìàíà, à òàêæå äîêàçàòü ýêâèâàëåíò-
íîñòü ðÿäà ñâîéñòâ äëÿ ðèìàíîâûõ ñëîåíèé, äîïóñêàþùèõ ñâÿçíîñòü Ýðåñìàíà.

1Æóêîâà Íèíà Èâàíîâíà, ïðîôåññîð êàôåäðû ôóíäàìåíòàëüíîé ìàòåìàòèêè, ÍÈÓ ÂØÝ (603155
Ðîññèÿ, ã. Íèæíèé Íîâãîðîä, óë. Áîëüøàÿ Ïå÷åðñêàÿ, ä. 25/12), äîêòîð ôèçèêî-ìàòåìàòè÷åñêèõ íàóê,
ORCID: http://orcid.org/0000-0002-4553-559X, nzhukova@hse.ru
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Ïîä÷åðêíåì, ÷òî ëþáîå òðàíñâåðñàëüíî ïîëíîå ðèìàíîâî ñëîåíèå, êàê è ðèìàíîâî ñëî-
åíèå íà ïîëíîì ðèìàíîâîì ìíîãîîáðàçèè (M, g) c àññîöèèðîâàííîé ìåòðèêîé g, äîïóñêàåò
â êà÷åñòâå ñâÿçíîñòè Ýðåñìàíà îðòîãîíàëüíîå ðàñïðåäåëåíèå M ðàçìåðíîñòè q, ðàâíîé
êîðàçìåðíîñòè ñëîåíèÿ. Îáðàòíîå óòâåðæäåíèå íåâåðíî, êàê ïîêàçûâàåò Ïðèìåð 1.

Òàêèì îáðàçîì, ïðåèìóùåñòâî ïðèìåíåíèÿ ñâÿçíîñòè Ýðåñìàíà ñîñòîèò íå òîëüêî â
áîëüøåé îáùíîñòè ïî ñðàâíåíèþ ñ óêàçàííûìè òðåáîâàíèÿìè ïîëíîòû, íî è â òîì, ÷òî
ñâÿçíîñòü Ýðåñìàíà íîñèò äèôôåðåíöèàëüíî-òîïîëîãè÷åñêèé õàðàêòåð, â îòëè÷èå îò ïîë-
íîòû, è íå çàâèñèò îò òðàíñâåðñàëüíîé ðèìàíîâîé ìåòðèêè, ôèãóðèðóþùåé â îïðåäåëåíèè
ðèìàíîâà ñëîåíèÿ.

Â ïàðàãðàôå 2.3. ìû ïðèâîäèì îïðåäåëåíèå è ñâîéñòâà ñëîåíîãî ðàññëîåíèÿ ñ ïîäíÿòûì
e-ñëîåíèåì (R,F) íàä ðèìàíîâûì ñëîåíèåì (M,F ) è åãî ñâîéñòâà.

Ïðèìåíÿÿ ìåòîäû èññëåäîâàíèÿ òðàíñâåðñàëüíî îäíîðîäíûõ ñëîåíèé â ñìûñëå [8], à
òàêæå ìåòîä ïñåâäîãðóïï ãîëîíîìèè è ðåçóëüòàòû ðàáîò [3], [7] è [9], äîêàæåì ñëåäóþùóþ
òåîðåìó.

Ò å î ð å ì à 1.1 Ïóñòü (M,F ) � ðèìàíîâî ñëîåíèå, äîïóñêàþùåå ñâÿçíîñòü Ýðå-
ñìàíà M, è (R,F) � åãî ïîäíÿòîå e-ñëîåíèå. Òîãäà

1) çàìûêàíèÿ ñëîåâ ñëîåíèÿ (R,F) ÿâëÿþòñÿ ñëîÿìè íåêîòîðîãî ëîêàëüíî òðèâèàëü-
íîãî ðàññëîåíèÿ πb : R → W íàä ãëàäêèì ìíîãîîáðàçèåì W ;

2) ñëîåíèå (L,F|L), èíäóöèðîâàííîå íà çàìûêàíèè L ñëîÿ L ∈ F , ÿâëÿåòñÿ ñëîåíèåì
Ëè ñ âñþäó ïëîòíûìè ñëîÿìè.

Ñëåäóþùåå îïðåäåëåíèå êîððåêòíî, òî åñòü íå çàâèñèò îò âûáîðà ñëîÿ L ∈ F .

Î ï ð å ä å ë å í è å 1.1 Ñòðóêòóðíàÿ àëãåáðà g0 ñëîåíèÿ Ëè ñ âñþäó ïëîòíûìè
ñëîÿìè (L,FL) íàçûâàåòñÿ ñòðóêòóðíîé àëãåáðîé ðèìàíîâà ñëîåíèÿ (M,F ) ñî ñâÿçíî-
ñòüþ M è îáîçíà÷àåòñÿ ÷åðåç g0 = g0(M,F ).

Ïîä÷åðêíåì, ÷òî äëÿ êîìïàêòíûõ ìíîãîîáðàçèé M äàííîå îïðåäåëåíèå ñòðóêòóðíîé
àëãåáðÿ Ëè ðèìàíîâà ñëîåíèÿ ñî ñâÿçíîñòüþ Ýðåñìàíà ñîâïàäàåò ñ îïðåäåëåíèåì ñòðóê-
òóðíîé àëãåáðÿ Ëè, äàííûì Ï. Ìîëèíî [4].

Íàïîìíèì, ÷òî ïîäìíîæåñòâî ìíîãîîáðàçèÿ M ñî ñëîåíèåì (M,F ) íàçûâàåòñÿ F -
íàñûùåííûì, åñëè åãî ìîæíî ïðåäñòàâèòü êàê îáúåäèíåíèå íåêîòîðûõ ñëîåâ ñëîåíèÿ.
Íåïóñòîå çàìêíóòîå íàñûùåííîå ïîäìíîæåñòâî M ìíîãîîáðàçèÿ M íàçûâàåòñÿ ìèíè-
ìàëüíûì ìíîæåñòâîì ñëîåíèÿ (M,F ), åñëè ëþáîé ñëîé èç M âñþäó ïëîòåí â M.

Ïðèìåíÿÿ Òåîðåìó 1.1 è ðåçóëüòàòû ðàáîòû [10], äîêàæåì ñëåäóþùóþ ñòðóêòóðíóþ
òåîðåìó.

Ò å î ð å ì à 1.2 Åñëè ðèìàíîâî ñëîåíèå (M,F ) äîïóñêàåò ñâÿçíîñòü Ýðåñíàíà,
òî çàìûêàíèå L êàæäîãî åãî ñëîÿ L ÿâëÿåòñÿ ìèíèìàëüíûì ìíîæåñòâîì è âëîæåííûì
ïîäìíîãîîáðàçèåì â M , à ñîâîêóïíîñòü âñåõ çàìûêàíèé ñëîåâ îáðàçóåò ðèìàíîâî ñëîåíèå
ñ îñîáåííîñòÿìè (M,F ). Ñóùåñòâóåò ñâÿçíîå îòêðûòîå F -íàñûùåííîå âñþäó ïëîòíîå
ïîäìíîæåñòâî M0 â M òàêîå, ÷òî ñëîåíèå (M0, FM0) îáðàçîâàíî ñëîÿìè ëîêàëüíî òðè-
âèàëüíîãî ðàññëîåíèÿ ñ ïðîåêöèåé p :M0 → B íà õàóñäîðôîâî ãëàäêîå ìíîãîîáðàçèå B.

Ïîíÿòèå óñòîé÷èâîñòè ñëîåâ ñëîåíèé ââåäåíû îñíîâàòåëÿìè òåîðèè ñëîåíèé Ýðåñìàíîì
è åãî ó÷åíèêîì Ðèáîì.

Ñëîé ñëîåíèÿ (M,F ) íàçûâàåòñÿ ñîáñòâåííûì, åñëè îí � âëîæåííîå ïîäìíîãîîáðàçèå
â M . Ñëîåíèå, âñå ñëîè êîòîðîãî ñîáñòâåííûå, íàçûâàåòñÿ ñîáñòâåííûì. Cëîé L ñëîåíèÿ
(M,F ) íàçûâàåòñÿ çàìêíóòûì, åñëè L � çàìêíóòîå ïîäìíîæåñòâî â M . Êàê èçâåñòíî,
ëþáîé çàìêíóòûé è, â ÷àñòíîñòè, êîìïàêòíûé ñëîé ÿâëÿåòñÿ ñîáñòâåííûì.
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Î ï ð å ä å ë å í è å 1.2 Ñëîé L ñëîåíèÿ (M,F ) êîðàçìåðíîñòè q íàçûâàåòñÿ ëî-
êàëüíî óñòîé÷èâûì (â ñìûñëå Ýðåñìàíà è Ðèáà), åñëè ñóùåñòâóåò ñåìåéñòâî íàñûùåí-
íûõ îêðåñòíîñòåé {Wk|k ∈ N}, îáëàäàþùåå ñëåäóþùèìè ñâîéñòâàìè:

1) ñóùåñòâóåò òàêàÿ ñóáìåðñèÿ f1 : W1 → L, ÷òî äëÿ ëþáîãî k ∈ N òðîéêà
(Wk, fk, L), ãäå fk = f 1|Wk

� ëîêàëüíî òðèâèàëüíîå ðàññëîåíèå ñî ñòàíäàðòíûì ñëî-
åì q-ìåðíûì äèñêîì Dq, ïðè÷åì ñëîè ýòîãî ðàññëîåíèÿ òðàíñâåðñàëüíû ñëîÿì ñëîåíèÿ
(Wk, F |Wk

);
2) äëÿ ïðîèçâîëüíîé òî÷êè x ∈ L, ìíîæåñòâî {Wk

∩
f−1
1 (x) | k ∈ N} � áàçà òîïîëîãèè

ñëîÿ f−1
1 (x) â òî÷êå x.

Ñîãëàñíî èçâåñòíîé òåîðåìå Ðèáà [11], ëþáîé êîìïàêòíûé ñëîé ñëîåíèÿ ñ êîíå÷íîé
ãðóïïîé ãîëîíîìèè ëîêàëüíî óñòîé÷èâ.

Ñëåäóþùèé êðèòåðèé ëîêàëüíîé óñòîé÷èâîñòè ñîáñòâåííîãî ñëîÿ äëÿ ðèìàíîâûõ ñëî-
åíèé ñî ñâÿçíîñòüþ Ýðåñìàíà äîêàçàí íàìè â [6], Òåîðåìà 1.

Ò å î ð å ì à 1.3 Ïóñòü L � ñëîé ðèìàíîâà ñëîåíèÿ (M,F ), äîïóñêàþùåãî ñâÿç-
íîñòü Ýðåñíàíà. Òîãäà ñëåäóþùèå òðè óñëîâèÿ ýêâèâàëåíòíû:

(i) ñëîé L � ñîáñòâåííûé;

(ii) ñëîé L � çàìêíóòûé;

(iii) ñëîé L ëîêàëüíî óñòîé÷èâ.

Ñëåäóþùåå óòâåðæäåíèå óêàçûâàåò ðÿä ñïåöèôè÷åñêèõ ñâîéñòâ ðèìàíîâûõ ñëîåíèé ñî
ñâÿçíîñòüþ Ýðåñìàíà.

Ò å î ð å ì à 1.4 Ïóñòü (M,F ) � ðèìàíîâî ñëîåíèå, äîïóñêàþùåå ñâÿçíîñòü Ýðåñ-
íàíà. Òîãäà ñëåäóþùèå óñëîâèÿ ýêâèâàëåíòíû:

(i) ñòðóêòóðíàÿ àëãåáðà Ëè g0(M,F ) ðàâíà íóëþ;

(ii) âñå ñëîè ñëîåíèÿ (M,F ) çàìêíóòû â M ;

(iii) ñëîåíèå (M,F ) � ñîáñòâåííîå;

(iv) êàæäûé ñëîé ñëîåíèÿ (M,F ) ëîêàëüíî óñòîé÷èâ â ñìûñëå Ðèáà è Ýðåñìàíà;

(v) ñóùåñòâóåò ñîáñòâåííûé ñëîé ñ êîíå÷íîé (ðîñòêîâîé) ãðóïïîé ãîëîíîìèè;

(vi) ïðîñòðàíñòâî ñëîåâ M/F åñòåñòâåííûì îáðàçîì íàäåëÿåòñÿ ñòðóêòóðîé ãëàäêîãî
q-ìåðíîãî îðáèôîëäà, ïðè÷åì ôàêòîð-îòîáðàæåíèå f : M → M/F ÿâëÿåòñÿ ñóá-
ìåðñèåé îðáèôîëäîâ.

Ç à ì å ÷ à í è å 1.1 Îòìåòèì, ÷òî åñëè ïðîñòðàíñòâî ñëîåâ M/F ñëîåíèÿ
(M,F ), äîïóñêàþùåãî ñâÿçíîñòü Ýðåñìàíà, åñòåñòâåííûì îáðàçîì íàäåëÿåòñÿ ñòðóê-
òóðîé ãëàäêîãî q-ìåðíîãî îðáèôîëäà, ïðè÷åì ôàêòîð-îòîáðàæåíèå M →M/F ÿâëÿåòñÿ
ñóáìåðñèåé îðáèôîëäîâ, òî ýòî ñëîåíèå � ðèìàíîâî, âñå åãî ñëîè çàìêíóòû è ëîêàëüíî
óñòîé÷èâû, à ãðóïïû ãîëîíîìèè � êîíå÷íû.

Ç à ì å ÷ à í è å 1.2 Ð. Ãåðìàí [1] ïåðâûì äîêàçàë, ÷òî ïðîñòðàíñòâî ñëîåâ ðè-
ìàíîâà ñëîåíèÿ, âñå ñëîè êîòîðîãî çàìêíóòû, íà ïîëíîì ðèìàíîâîì ìíîãîîáðàçèè õàó-
ñäîðôîâî è åñòåñòâåííûì îáðàçîì íàäåëÿåòñÿ ñòðóêòóðîé ìåòðè÷åñêîãî ïðîñòðàíñòâà.
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2. Îáîçíà÷åíèÿ è îñíîâíûå ïîíÿòèÿ

2.1. Îáîçíà÷åíèÿ

Çàìåòèì, ÷òî äëÿ ïðîñòîòû ïîä ãëàäêîñòüþ ìû ïîíèìàåì ãëàäêîñòü êëàññà C∞, õîòÿ
ôàêòè÷åñêè ðåçóëüòàòû âåðíû ïðè ãëàäêîñòè êëàññà Cr, r ≥ 2.

×åðåç Fol îáîçíà÷àåòñÿ êàòåãîðèÿ ñëîåíèé, â êîòîðîé ìîðôèçìàìè ÿâëÿþòñÿ ãëàäêèå
îòîáðàæåíèÿ, ïåðåâîäÿùèå ñëîè îäíîãî ñëîåíèÿ â ñëîè äðóãîãî ñëîåíèÿ. ×åðåç A(M,F )
îáîçíà÷àåòñÿ ãðóïïà àâòîìîðôèçìîâ ñëîåíèÿ (M,F ) â êàòåãîðèè Fol.

Àëãåáðà ãëàäêèõ ôóíêöèé íà ìíîãîîáðàçèè M îáîçíà÷àåòñÿ F(M). Ãëàäêàÿ ôóíêöèÿ
íàçûâàåòñÿ áàçèñíîé, åñëè îíà ïîñòîÿííà íà ñëîÿõ ñëîåíèÿ. ×åðåç Ω0

b(M,F ) îáîçíà÷àåòñÿ
ïîäàëãåáðà áàçèñíûõ ôóíêöèé àëãåáðû F(M).

Ìîäóëü âåêòîðíûõ ïîëåé íà ìíîãîîáðàçèè M îáîçíà÷àåòñÿ ÷åðåç X(M), à ìíîæåñòâî
âåêòîðíûõ ïîëåé, êàñàòåëüíûõ ê ðàñïðåäåëåíèþ M íà M , � ÷åðåç XM(M). Åñëè M = TF
� ðàñïðåäåëåíèå, êàñàòåëüíîå ê ñëîåíèþ (M,F ), òî XM(M) îáîçíà÷àåòñÿ òàêæå ÷åðåç
XF (M). Ñóæåíèå ñëîåíèÿ (M,F ) íà îòêðûòîå ïîäìíîæåñòâî U ⊂ M îáîçíà÷àåòñÿ FU .
Ïóñòü k : N → M � ñþðúåêòèâíàÿ ñóáìåðñèÿ, ïðè÷åì íà M çàäàíî ðàñïðåäåëåíèå M.
Òîãäà íà N èíäóöèðîâàíî ðàñïðåäåëåíèå N = {Nu | u ∈ N}, ãäå Nu := {Y ∈ TuN | k(Y ) ∈
Mk(u)}, êîòîðîå áóäåì îáîçíà÷àòü k∗M.

Ñèìâîë ∼= îáîçíà÷àåò èçîìîðôíîñòü îáúåêòîâ â ñîîòâåòñòâóþùåé êàòåãîðèè.

2.2. Ðèìàíîâû ñëîåíèÿ

Ïóñòü N � ãëàäêîå q-ìåðíîå ìíîãîîáðàçèå, ñâÿçíîñòü êîòîðîãî íå ïðåäïîëàãàåòñÿ.
Ïóñòü (M,F ) � ãëàäêîå ñëîåíèå ïðîèçâîëüíîé êîðàçìåðíîñòè q íà n-ìåðíîì ìíîãîîá-
ðàçèè M , ãäå 0 < q < n, çàäàííîå N -êîöèêëîì ξ = {Ui, fi, {γij}}i,j∈J . Ýòî îçíà÷àåò, ÷òî:

1) {Ui | i ∈ J} � îòêðûòîå ïîêðûòèå ìíîãîîáðàçèÿ M ;
2) fi : Ui → N � ñóáìåðñèè â N ñî ñâÿçíûìè ñëîÿìè, ïðèíàäëåæàùèìè ñëîÿì ñëîåíèÿ;
3) åñëè Ui ∩ Uj ̸= ∅, òî ñóùåñòâóåò äèôôåîìîðôèçì γij : fj(Ui ∩ Uj) → fi(Ui ∩ Uj),

óäîâëåòâîðÿþùèé ðàâåíñòâó: fi = γij ◦ fj íà ïåðåñå÷åíèè Ui ∩ Uj.
Áóäåì ñ÷èòàòü, ÷òî η = {Vi |Vi = fi(Ui), i ∈ J} � ïîêðûòèå N . Ïîñêîëüêó ñóáìåðñèè

ÿâëÿþòñÿ îòêðûòûìè îòîáðàæåíèÿìè, η � îòêðûòîå ïîêðûòèå.
Åñëè íà ìíîãîîáðàçèè N ñóùåñòâóåò òàêàÿ ðèìàíîâà ìåòðèêà gN , ÷òî âñå ïðåîáðàçî-

âàíèÿ γij ÿâëÿþòñÿ èçîìåòðèÿìè ñîîòâåòñòâóþùèõ îòêðûòûõ ïîäìíîæåñòâ â (N, gN), òî
(M,F ) íàçûâàåòñÿ ðèìàíîâûì ñëîåíèåì, çàäàííûì (N, gN)-êîöèêëîì ξ.

Íàïîìíèì, ÷òî q-ìåðíîå ìíîãîîáðàçèå N íàçûâàåòñÿ ïàðàëëåëèçóåìûì, åñëè ñóùåñòâó-
åò q ãëàäêèõ âåêòîðíûõ ïîëåé Y1, ..., Yq íà N , îáðàçóþùèõ áàçèñ êàñàòåëüíîãî âåêòîðíîãî
ïðîñòðàíñòâà TxN â êàæäîé òî÷êå x ∈ N . Âåêòîðíûå ïîëÿ Y1, ..., Yq íàçûâàþòñÿ ïàðàëëå-
ëèçàöèåé N .

Åñëè ñóùåñòâóåò ïàðàëëåëèçàöèÿ Y1, ..., Yq ìíîãîîáðàçèÿ N òàêàÿ, ÷òî äèôôåðåíöèàë
γij∗ êàæäîãî ïðåîáðàçîâàíèÿ γij èç N -êîöèêëà ξ = {Ui, fi, {γij}}i,j∈J , çàäàþùåãî ñëîåíèå
(M,F ), ñîõðàíÿþò ýòó ïàðàëëåëèçàöèþ, òî (M,F ) íàçûâàåòñÿ òðàíñâåðñàëüíî ïàðàëëåëè-
çóåìûì, èëè e-ñëîåíèåì. Ïîä÷åðêíåì, ÷òî ëþáîå e-ñëîåíèå ÿâëÿåòñÿ ðèìàíîâûì.

Ðèìàíîâà ìåòðèêà g íà M íàçûâàåòñÿ òðàíñâåðñàëüíî ïðîåêòèðóåìîé îòíîñèòåëüíî
ñëîåíèÿ (M,F ), åñëè LXg = 0, ãäå LXg � ïðîèçâîäíàÿ Ëè îò g âäîëü ïðîèçâîëüíîãî
âåêòîðíîãî ïîëÿ X ∈ XF (M).

Êàê èçâåñòíî, èìååò ìåñòî ñëåäóþùàÿ õàðàêòåðèçàöèÿ ðèìàíîâà ñëîåíèÿ.
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Ï ð å ä ë î æ å í è å 2.1 Ñëîåíèå (M,F ) ÿâëÿåòñÿ ðèìàíîâûì òîãäà è òîëüêî
òîãäà, êîãäà íà M ñóùåñòâóåò òðàíñâåðñàëüíî ïðîåêòèðóåìàÿ îòíîñèòåëüíî (M,F )
ðèìàíîâà ìåòðèêà.

Ç à ì å ÷ à í è å 2.1 Ðèìàíîâî ñëîåíèå (M,F ) ÿâëÿåòñÿ òðàíñâåðñàëüíî ïîëíûì
â ñìûñëå Îïðåäåëåíèÿ 1.1 òîãäà è òîëüêî òîãäà, êîãäà îíî, ðàññìàòðèâàåìîå êàê êàðòà-
íîâî ñëîåíèå, ÿâëÿåòñÿ ïîëíûì â ñìûñëå [10].

2.3. Ñëîåíîå ðàññëîåíèå íàä ðèìàíîâûì ñëîåíèåì

Äëÿ ïðîèçâîëüíîãî ðèìàíîâà ñëîåíèÿ (M,F ) êîðàçìåðíîñòè q íà n-ìåðíîì ìíîãîîá-
ðàçèè M îïðåäåëåíî ðàññëîåíèå π : R → M òðàíñâåðñàëüíûõ îðòîãîíàëüíûõ ðåïåðîâ,
êîòîðîå ïðåäñòàâëÿåò ñîáîé ãëàâíîå H-ðàññëîåíèå, H = O(q), ñ èíäóöèðîâàííûì ñëîåíè-
åì (R,F), ñëîè êîòîðîãî ïîñðåäñòâîì π íàêðûâàþò ñîîòâåòñòâóþùèå ñëîè ñëîåíèÿ (M,F )
(ñì., íàïðèìåð [10]). Ïðåäïîëàãàåòñÿ, ÷òî ãðóïïà H äåéñòâóåò íà R ñïðàâà, è ÷åðåç Ra îáî-
çíà÷àåòñÿ äåéñòâèå ýëåìåíòà a ∈ H íà R.

Ïóñòü G = H n Rq � ïîëóïðÿìîå ïðîèçâåäåíèå ïîäãðóïïû H è íîðìàëüíîãî äåëèòåëÿ
Rq. ×åðåç h è g îáîçíà÷èì àëãåáðû Ëè ãðóïï Ëè H è G ñîîòâåðñòâåííî. Íà ìíîãîîáðàçèè
R îïðåäåëåíà òàêæå g-çíà÷íàÿ 1-ôîðìà ω̃, ïðè÷åì âûïîëíÿþòñÿ óñëîâèÿ:

(i) ω̃(A∗) = A äëÿ ëþáîãî A ∈ h;

(ii) R∗
aω̃ = AdG(a

−1)ω̃ äëÿ âñåõ a ∈ H;

(iii) îòîáðàæåíèå ω̃u : Tu(R) → g ∀u ∈ R ñþðúåêòèâíî, ïðè÷åì ker ω̃u = TuF ;

(iv) ñëîåíèå (R,F) ÿâëÿåòñÿ òðàíñâåðñàëüíî ïàðàëëåëèçóåìûì.

Ñëîåíèå (R,F) íàçûâàåòñÿ ïîäíÿòûì.

2.4. Ñâÿçíîñòü Ýðåñìàíà äëÿ ñëîåíèÿ

Ïîíÿòèå ñâÿçíîñòè Ýðåñìàíà ââåäåíî Áëþìåíòàëåì è Õåáäîé â [12].
Íàïîìíèì òåðìèíîëîãèþ, èñïîëüçóåìóþ íàìè â [10]. Ïóñòü (M,F ) � ãëàäêîå ñëîåíèå

êîðàçìåðíîñòè q ≥ 1, è M � q-ìåðíîå òðàíñâåðñàëüíîå ðàñïðåäåëåíèå.
Âñå ðàññìàòðèâàåìûå êðèâûå ïðåäïîëàãàþòñÿ êóñî÷íî ãëàäêèìè. Êðèâàÿ íàçûâàåòñÿ

âåðòèêàëüíîé, åñëè îíà ëåæèò â îäíîì ñëîå ñëîåíèÿ (M,F ). Êðèâàÿ íàçûâàåòñÿ ãîðè-
çîíòàëüíîé, åñëè âñå åå êàñàòåëüíûå âåêòîðà ïðèíàäëåæàò ðàñïðåäåëåíèþ M. Äðóãèìè
ñëîâàìè, êóñî÷íî ãëàäêàÿ êðèâàÿ ÿâëÿåòñÿ ãîðèçîíòàëüíîé, åñëè êàæäûé åå ãëàäêèé êó-
ñîê, � èíòåãðàëüíàÿ êðèâàÿ ðàñïðåäåëåíèÿ M.

Âåðòèêàëüíî-ãîðèçîíòàëüíîé ãîìîòîïèåé íàçûâàåòñÿ êóñî÷íî ãëàäêîå îòîáðàæåíèå
H : I1 × I2 → M, ãäå I1 = [a, b], I2 = [c, d], äëÿ êîòîðîãî ñóæåíèå H|I1×{t}, t ∈ I2, �
ãîðèçîíòàëüíàÿ êðèâàÿ, à ñóæåíèå H|{s}×I2 , s ∈ I1 � âåðòèêàëüíàÿ êðèâàÿ. Ïàðà ïóòåé
(H|I1×{0}, H|{0}×I2) ñ îáùèì íà÷àëîì íàçûâàåòñÿ áàçîé âåðòèêàëüíî-ãîðèçîíòàëüíîé ãîìî-
òîïèè H. Ïàðà ïóòåé (σ, h) ãäå σ : I1 →M � ãîðèçîíòàëüíàÿ, à h : I2 →M � âåðòèêàëüíàÿ
êðèâàÿ, íàçûâàåòñÿ äîïóñòèìîé äëÿ âåðòèêàëüíî-ãîðèçîíòàëüíîé ãîìîòîïèè.

Ðàñïðåäåëåíèå M íàçûâàåòñÿ ñâÿçíîñòüþ Ýðåñìàíà äëÿ ñëîåíèÿ (M,F ), åñëè äëÿ ëþ-
áîé äîïóñòèìîé ïàðû ïóòåé (σ, h) ñóùåñòâóåò âåðòèêàëüíî-ãîðèçîíòàëüíàÿ ãîìîòîïèÿ ñ
áàçîé (σ, h). Åñëè ñóùåñòâóåò âåðòèêàëüíî-ãîðèçîíòàëüíàÿ ãîìîòîïèÿ H ñ áàçîé (σ, h), òî
òàêàÿ ãîìîòîïèÿ � åäèíñòâåííàÿ.
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Ïóòü σ̃ := H|I1×{1} íàçûâàåòñÿ ïåðåíîñîì ïóòè σ âäîëü h è îáîçíà÷àåòñÿ σ
σ→> σ̃.

Àíàëîãè÷íî, ïóòü h̃ := H|{1}×I2 íàçûâàåòñÿ ïåðåíîñîì ïóòè h âäîëü σ è îáîçíà÷àåòñÿ ÷åðåç

σ
h→> h̃.

Ç à ì å ÷ à í è å 2.2 Ñîãëàñíî Çàìå÷àíèþ 2.1, òðàíñâåðñàëüíî ïîëíîå ðèìàíîâî
ñëîåíèå (M,F ) ìîæíî ðàññìàòðèâàòü êàê ïîëíîå êàðòàíîâî ñëîåíèå, ïîýòîìó èç [10]
(Ïðåäëîæåíèå 3) âûòåêàåò, ÷òî äîïîëíèòåëüíîå ïî îðòîãîíàëüíîñòè ðàñïðåäåëåíèå M
íà ìíîãîîáðàçèè (M, g) ñ àäàïòèðîâàííîé ðèìàíîâîé ìåòðèêîé ÿâëÿåòñÿ ñâÿçíîñòüþ
Ýðåñìàíà äëÿ ñëîåíèÿ (M,F ).

2.5. Ñëîåíûå è òðàíñâåðñàëüíûå âåêòîðíûå ïîëÿ

Ïóñòü (M,F ) � ñëîåíèå ñî ñâÿçíîñòüþ Ýðåñìàíà M. Íàïîìíèì, ÷òî âåêòîðíîå ïî-
ëå X ∈ X(M) íàçûâàåòñÿ ñëîåíûì, åñëè [X, Y ] ∈ XF (M) äëÿ ëþáîãî âåêòîðíîãî ïîëÿ
Y ∈ XF (M). Òàê êàê TxM = Mx ⊕ TxF, òî ëþáîå âåêòîðíîå ïîëå X ∈ X(M) îäíîçíà÷-
íî ïðåäñòàâèìî â âèäå ñóììû X = XM + XF , ãäå XM ∈ XM(M), XF ∈ XF (M). Åñëè
X ∈ X(M) � ñëîåíîå âåêòîðíîå ïîëå, òî åãî ïðîåêöèÿ XM ∈ XM(M) íàçûâàåòñÿ òðàíñ-
âåðñàëüíûì âåêòîðíûì ïîëåì. Ìîäóëü òðàíñâåðñàëüíûõ âåêòîðíûõ ïîëåé îáîçíà÷àåòñÿ
÷åðåç l(M,F ) [4].

3. Äîêàçàòåëüñòâà òåîðåì

3.1. Òðàíñâåðñàëüíî ïàðàëëåëèçóåìûå ñëîåíèÿ ñî ñâÿçíîñòüþ Ýðåñìàíà

Ñëîåíèå (M,F ) íàçûâàåòñÿ îäíîðîäíûì [8], åñëè ãðóïïà àâòîìîðôèçìîâ A(M,F ) â êà-
òåãîðèè ñëîåíèé Fol äåéñòâóåò òðàíçèòèâíî íàM . Êàê èçâåñòíî, òðàíçèòèâíîñòü äåéñòâèÿ
A(M,F ) íà êàæäîì ñëîå ñëîåíèÿ âñåãäà èìååò ìåñòî.

Íàïîìíèì, ÷òî ïîäìíîæåñòâî ìíîãîîáðàçèÿ ñî ñëîåíèåì íàçâàåòñÿ íàñûùåííûì, åñëè
åãî ìîæíî ïðåäñòàâèòü â âèäå îáúåäèíåíèÿ íåêîòîðûõ ñëîåâ ýòîãî ñëîåíèÿ. Íàñûùåíèåì
N(V ) ïîäìíîæåñòâà V íàçûâàåòñÿ îáúåäèíåíèå âñåõ ñëîåâ, ïåðåñåêàþùèõ V .

Ñíà÷àëà äîêàæåì ñëåäóþùóþ òåîðåìó.

Ò å î ð å ì à 3.1 Ïóñòü (M,F ) � òðàíñâåðñàëüíî ïàðàëëåëèçóåìîå ñëîåíèå ñî
ñâÿçíîñòüþ Ýðåñìàíà íà n-ìåðíîì ìíîãîîáðàçèè M è q = codim(M,F ). Òîãäà:

(i) ñëîåíèå (M,F ) � òðàíñâåðñàëüíî îäíîðîäíîå;

(ii) çàìûêàíèÿ ñëîåâ ñëîåíèÿ (M,F ) îáðàçóþò ìèíèìàëüíûå ìíîæåñòâà ñëîåíèÿ
(M,F ) è ÿâëÿþòñÿ ñëîÿìè ñóáìåðñèè πb : M → W íà íåêîòîðîå qb-ìåðíîå ãëàä-
êîå ìíîãîîáðàçèåì W, ãäå 0 ≤ qb ≤ q;

(iii) ñóáìåðñèÿ πb : M → W ÿâëÿåòñÿ ïðîåêöèåé ëîêàëüíî òðèâèàëüíîãî ðàññëîåíèÿ;

(iv) ñëîåíèå (L, F |L), èíäóöèðîâàííîå íà çàìûêàíèè L ñëîÿ L ∈ F, ÿâëÿåòñÿ ñëîåíèåì
Ëè ñî âñþäó ïëîòíûìè ñëîÿìè.

Ä î ê à ç à ò å ë ü ñ ò â î. Ïóñòü (M,F ) � òðàíñâåðñàëüíî ïàðàëëåëèçóåìîå ñëîåíèå
êîðàçìåðíîñòè q íà n-ìåðíîì ìíîãîîáðàçèè M ñî ñâÿçíîñòüþ Ýðåñìàíà M. Ïîñêîëüêó
òðàíñâåðñàëüíî ïàðàëëåëèçóåìîå ñëîåíèå ÿâëÿåòñÿ ðèìàíîâûì ñëîåíèåì, íà M îïðåäå-
ëåíà òðàíñâåðñàëüíî ïðîåêòèðóåìàÿ ìåòðèêà g, îòíîñèòåëüíî êîòîðîé ðàñïðåäåëåíèå M
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îðòîãîíàëüíî ñëîÿì. Êàê ïîêàçàíî Ðåéíõàðòîì â [2], M � âïîëíå ãåîäåçè÷åñêîå ðàñïðå-
äåëåíèå íà ðèìàíîâîì ìíîãîîáðàçèè (M, g).

(i). Ïðåäïîëîæèì, ÷òî âåêòîðíûå ïîëÿ Xi ∈ XM(M), i = 1, ..., q, îáðàçóþò òðàíñâåð-
ñàëüíóþ ïàðàëëåëèçàöèþ ñëîåíèÿ (M,F ). Ïîñêîëüêó ìû íå ïðåäïîëàãàåì èõ ïîëíûìè, â
îêðåñòíîñòè U ëþáîé òî÷êè x0 ∈M, àäàïòèðîâàííîé ê (M,F ), îíè îïðåäåëÿþò ëîêàëüíûå
1-ïàðàìåòðè÷åñêèå ãðóïïû ëîêàëüíûõ äèôôåîìîðôèçìîâ φXi

t . Óìåíüøàÿ â ñëó÷àå íåîá-
õîäèìîñòè U , íå íàðóøàÿ îáùíîñòè, ìîæíî ñ÷èòàòü, ÷òî φXi

t îïðåäåëåíû íà U ïðè ëþáîì
t ∈ (−ε, ε) äëÿ âñåõ i = 1, ..., q è ïîðîæäàþò âìåñòå ñ A(M,F ) ãðóïïó àâòîìîðôèçìîâ
Â(M,F ), òðàíçèòèâíî äåéñòâóþùóþ íà U .

Èç ñóùåñòâîâàíèÿ ñâÿçíîñòè Ýðåñìàíà äëÿ (M,F ) âûòåêàåò, ÷òî 1-ïàðàìåòðè÷åñêèå
ãðóïïû ëîêàëüíûõ äèôôåîìîðôèçìîâ φXi

t îïðåäåëåíû â íàñûùåíèè N(U) îêðåñòíîñòè U
ïðè t ∈ (−ε, ε). Îòñþäà ñëåäóåò, ÷òî ãðóïïà àâòîìîðôèçìîâ A(M,F ) òðàíçèòèâíî äåéñòâó-
åò íà N(U). Ñëåäîâàòåëüíî, êàæäàÿ îðáèòà ãðóïïû A(M,F ) ïðåäñòàâëÿåò ñîáîé îòêðûòîå
ïîäìíîæåñòâî âM . Ïîýòîìó äîïîëíåíèå îðáèòû ãðóïïû A(M,F ) ñîñòîèò èç îòêðûòûõ îð-
áèò è òàêæå îòêðûòî â M . Òàêèì îáðàçîì, êàæäàÿ îðáèòà ãðóïïû A(M,F ) åñòü îòêðûòî-
çàìêíóòîå ïîäìíîæåñòâî âM . Áëàãîäàðÿ ñâÿçíîñòèM , ìíîãîîáðàçèåM ñîñòîèò èç îäíîé
îðáèòû ãðóïïû A(M,F ), è (M,F ) � òðàíñâåðñàëüíî îäíîðîäíîå ñëîåíèå â ñìûñëå [8].

(ii). ×åðåç XF (M) îáîçíà÷àåòñÿ ïîäàëãåáðà àëãåáðû Ëè âåêòîðíûõ ïîëåé, êàñàòåëüíûõ
ê ñëîÿì ñëîåíèÿ (M,F ). Ïîä÷åðêíåì, ÷òî åñëè X ∈ XF (M), òî X(f) = 0 äëÿ ëþáîé
ôóíêöèè f ∈ Ω0

b(M,F ), ò. å. ãëàäêîé ôóíêöèè íà M , ïîñòîÿííîé íà ñëîÿõ ñëîåíèÿ (M,F ).
Ðàññìîòðèì ìíîæåñòâî âåêòîðíûõ ïîëåé

Xb
F (M) := {X ∈ X(M) |X(f) = 0 ∀f ∈ Ω0

b(M,F )}.

Ïðè ýòîì XF (M) ⊂ Xb
F (M).

Ñîõðàíÿÿ îáîçíà÷åíèÿ èç [8], ïîëîæèì ïî îïðåäåëåíèþ

E := {Ex | x ∈M}, Ex = {X ∈ Xb
F (M)}.

Îäíîðîäíîñòü ñëîåíèÿ (M,F ) âëå÷åò ïîñòîÿíñòâî ðàçìåðíîñòè Ex, x ∈ M. Òàêèì îá-
ðàçîì, E � ãëàäêîå ðàñïðåäåëåíèå íà M . Ïîñêîëüêó E èíâàðèàíòíî îòíîñèòåëüíî ñêîáêè
Ëè âåêòîðíûõ ïîëåé, ñîãëàñíî òåîðåìå Ôðîáåíèóñà, E èíòåãðèðóåìî è îïðåäåëÿåò ñëîå-
íèå, êîòîðîå îáîçíà÷àåòñÿ ÷åðåç (M,Fb) è íàçûâàåòñÿ áàçèñíûì. Ïðè ýòîì E = TFb. Ïóñòü
qb = codim(Fb) � êîðàçìåðíîñòü (M,Fb). Êðîìå òîãî, XFb

(M) = Xb
F (M), ñëåäîâàòåëü-

íî, êàæäûé ñëîé ñëîåíèÿ (M,F ) ñîäåðæèòñÿ â íåêîòîðîì ñëîå ñëîåíèÿ (M,Fb), ïîýòîìó
0 ≤ qb ≤ q.

Èñïîëüçóÿ òå æå àðãóìåíòû, ÷òî è ïðè äîêàçàòåëüñòâå Òåîðåìû 4.3 â [8], ìû ïîëó÷èì,
÷òî A(M,F ) ⊂ A(M,Fb) è, ñëåäîâàòåëüíî, (M,Fb) � òàêæå îäíîðîäíîå ñëîåíèå. Ñëåäîâà-
òåëüíî âñå åãî ñëîè äèôôåîìîðôíû. Êðîìå òîãî, ïðîñòðàíñòâî ñëîåâM/Fb � õàóñäîðôîâî
ãëàäêîå qb-ìåðíîå ìíîãîîáðàçèå, êîòîðîå îáîçíà÷àåòñÿ ÷åðåç W è íàçûâàåòñÿ áàçîâûì, à
ôàêòîð-îòîáðàæåíèå πb : M → M/Fb = W ÿâëÿåòñÿ ñóáìåðñèåé, ñëîè êîòîðîé ñîâïàäàþò
ñî ñëîÿìè ñëîåíèÿ (M,Fb). Îòñþäà âûòåêàåò òðèâèàëüíîñòü ãðóïï ãîëîíîìèè âñåõ ñëîåâ
ñëîåíèÿ (M,Fb).

Ïîñêîëüêó (M,F ) � ðèìàíîâî ñëîåíèå ñî ñâÿçíîñòüþ Ýðåñìàíà, òî ñîãëàñíî Ïðåä-
ëîæåíèþ 2, äîêàçàííîìó íàìè â [9], ïñåâäîãðóïïà ãîëîíîìèè H(M,F ) ÿâëÿåòñÿ ïîëíîé
ïñåâäîãðóïïîé ëîêàëüíûõ èçîìåòðèé ìíîãîîáðàçèÿ (N, gN). Áëàãîäàðÿ ýòîìó ê (M,F )
ìîæíî ïðèìåíèòü ðåçóëüòàòû À. Õåôëèãåðà [3] è Å. Ñàëåì [7], èç êîòîðûõ ñëåäóåò, ÷òî
áàçèñíîå ñëîåíèå (M,Fb) îáðàçîâàíî çàìûêàíèÿìè ñëîåâ ñëîåíèÿ (M,F ), ïðè÷åì êàæäûé
ñëîé L ñëîåíèÿ (M,F ) âñþäó ïëîòåí â ñîäåðæàùåì åãî ñëîå L ñëîåíèÿ (M,Fb). Ñëåäîâà-
òåëüíî, L = L � ìèíèìàëüíîå ìíîæåñòâî ñëîåíèÿ (M,F ). Ýòî çàâåðøàåò äîêàçàòåëüñòâî
óòâåðæäåíèÿ (ii).
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(iii). Â êàæäîé òî÷êå x ∈M ñóùåñòâóåò êîîðäèíàòíàÿ îêðåñòíîñòü U , àäàïòèðîâàííàÿ
ê îáîèì ñëîåíèÿì (M,F ) è (M,Fb). Ñóùåñòâóþò qb áàçèñíûõ ôóíêöèé f1, ..., fqb , äèôôå-
ðåíöèàëû êîòîðûõ ëèíåéíî íåçàâèñèìû íà U . Ïðè ýòîì

Ex = ∩qb
i=1Ker(dfi)x

äëÿ x ∈ U. Îòñþäà âûòåêàåò, ÷òî ñëîåíèå (U,Fb|U) îáðàçîâàíî ñëîÿìè ñóáìåðñèè s : U →
Rqb , ãäå s(y) = (f1(y), ..., fqb(y)), y ∈ U . Ïîñêîëüêó ôóíêöèè f1, ..., fqb ïîñòîÿííû íà êàæäîì
ñëîå ñëîåíèÿ (M,Fb), òî ëþáîé ñëîé ýòîãî ñëîåíèÿ, ïåðåñåêàþùèé U , ïåðåñåêàåò U ñòðîãî
ïî îäíîìó ëîêàëüíîìó ñëîþ. Ðàññìîòðèì íàñûùåíèå N(U) îêðåñòíîñòè U ñëîÿìè ñëîåíèÿ
(M,Fb), òîãäà ïðîñòðàíñòâî ñëîåâ V := N(U)/Fb = U/Fb

∼= Rqb . Îáîçíà÷èì ÷åðåç k :
N(U) → N(U)/Fb = V ôàêòîð-îòáðàæåíèå íà ïðîñòðàíñòâî ñëîåâ.

Ïóñòü Z1, ..., Zqb � ãëàäêèå âåêòîðíûå ïîëÿ íà ìíîãîîáðàçèè V, îáðàçóþùèå ãëîáàëüíûé
áàçèñ TV. Çàìåòèì, ÷òî ñóùåñòâóþò ãëàäêèå âåêòîðíûå ïîëÿ Z1, ..., Zqb ∈ l(N(U), Fb|N(U))
òàêèå, ÷òî Z1, ..., Zqb ∈ l(N(U), Fb|N(U)) è k∗(Z i) = Zi, 1 ≤ i ≤ qb. Ïðè ýòîì îïðåäåëåíî
ãëàäêîå qb-ìåðíîå ðàñïðåäåëåíèå Mb íà N(U) ñ ãëîáàëüíûì áàçèñîì Z i, 1 ≤ i ≤ qb.

Èñïîëüçóÿ òî, ÷òî M � ñâÿçíîñòü Ýðåñìàíà äëÿ (M,F ), ïðè÷åì êàæäûé ñëîé áàçèñ-
íîãî ñëîåíèÿ ÿâëÿåòñÿ ìèíèìàëüíûì ìíîæåñòâîì ñëîåíèÿ (M,F ), äîêàæåì, ÷òî Mb �
ñâÿçíîñòü Ýðåñìàíà äëÿ ñëîåíèÿ (N(U), Fb|N(U)). Ïðèìåíÿÿ Òåîðåìó 1.3 ê ðèìàíîâó ñëîå-
íèþ áåç ãîëîíîìèè (N(U), Fb|N(U)) ñî ñâÿçíîñòüþ Ýðåñìàíà, ìû âèäèì, ÷òî îíî îáðàçîâàíî
ñëîÿìè ëîêàëüíî òðèâèàëüíîãî ðàññëîåíèÿ ñ ïðîåêöèåé s : N(U) → V. Èç ýòîãî ñëåäóåò,
÷òî èñõîäíîå ñëîåíèå (M,Fb) îáðàçîâàíî ñëîÿìè ëîêàëüíî òðèâèàëüíîãî ðàññëîåíèÿ ñ ïðî-
åêöèåé πb :M →W íà íåêîòîðîå qb-ìåðíîå ìíîãîîáðàçèå W .

(iv). Ó÷èòûâàÿ äîêàçàííîå âûøå, óòâåðæäåíèå (iv) äîêàçûâàåòñÿ àíàëîãè÷íî Òåîðå-
ìå 4.9 â [8]. Äîêàçàòåëüñòâî çàâåðøåíî.

3.2. Äîêàçàòåëüñòâî Òåîðåìû 1.1

Ïóñòü (M,F ) � ðèìàíîâî ñëîåíèå ñî ñâÿçíîñòüþ Ýðåñìàíà M. Ðàññìîòðèì ñëîåíîå
ðàññëîåíèå π : R →M íàä (M,F ) ñ ïîäíÿòûì ñëîåíèåì (R,F). Íåòðóäíî ïðîâåðèòü, ÷òî
èíäóöèðîâàííîå ðàñïðåäåëåíèå N := π∗M � ñâÿçíîñòü Ýðåñìàíà äëÿ ñëîåíèÿ (R,F).

Òàêèì îáðàçîì, ïîäíÿòîå ñëîåíèå ÿâëÿåòñÿ òðàíñâåðñàëüíî ïàðàëëåëèçóåìûì ñëîåíèåì
ñî ñâÿçíîñòüþ Ýðåñìàíà, ïîýòîìó âñå óòâåðæäåíèÿ Òåîðåìû 1.1 âûòåêàþò èç äîêàçàííîé
âûøå Òåîðåìû 3.1. Äîêàçàòåëüñòâî çàâåðøåíî.

3.3. Äîêàçàòåëüñòâî Òåîðåìû 1.2

Ïóñòü (M,F ) � ðèìàíîâî ñëîåíèå, äîïóñêàþùåå ñâÿçíîñòü Ýðåñìàíà M. Äëÿ òîãî
÷òîáû ïðèìåíèòü ðåçóëüòàòû èç [10], áóäåì ðàññìàòðèâàòü (M,F ) êàê êàðòàíîâî ñëîåíèå
òèïà (G,H), ãäå, êàê è âûøå, H = O(q), G = H nRq.

Ñîãëàñíî Òåîðåìå 1.1, çàìûêàíèÿ Lα ñëîåâ Lα ïîäíÿòîãî ñëîåíèÿ îáðàçóþò ëîêàëüíî
òðèâèàëüíîå ðàññëîåíèå π : R → W íàä íåêîòîðûì áàçîâûì ìíîãîîáðàçèåì W . Ïî àíà-
ëîãèè ñ Òåîðåìîé 2 èç [10] M äîêàæåì, ÷òî îïðåäåëåíî ãëàäêîå ñëîåíèå ñ îñîáåííîñòÿìè
(M,O), îáðàçîâàííîå îáðàçàìè π(L) çàìûêàíèé ñëîåâ L ïîäíÿòîãî ñëîåíèÿ (R,F). Ïðî-
äîëæàÿ òåðìèíîëîãèþ èç [10], áóäåì íàçûâàòü ýòî ñëîåíèå îðåîëüíûì. Òàê æå, êàê â [10],
äîêàæåì, ÷òî ëþáîé åãî ñëîé O(L)� F -íàñûùåííîå ìíîæåñòâî, ïðè÷åì êàæäûé ñëîé Lα

ñëîåíèÿ (M,F ), ïðèíàäëåæàùèé O(L), âñþäó ïëîòåí â O(L). Êðîìå òîãî, ïðîñòðàíñòâî
ñëîåâ M/O ãîìåîìîðôíî ïðîñòðàíñòâó îðáèò W/H èíäóöèðîâàííîãî äåéñòâèÿ ãðóïïû
H = O(q) íà áàçîâîì ìíîãîîáðàçèè W , ïîýòîìó ìîæíî îòîæäåñòâèòü M/O ñ W/H. Îòñþ-
äà âûòåêàåò, ÷òî ïðîñòðàíñòâî ñëîåâ M/O, êàê è ïðîñòðàíñòâî îðáèò êîìïàêòíîé ãðóïïû
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ËèW/H, ÿâëÿåòñÿ õàóñäîðôîâûì. Ñëåäîâàòåëüíî, êàæäûé îðåîë çàìêíóò âM è ÿâëÿåòñÿ
ìèíèìàëüíûì ìíîæåñòâîì ñëîåíèÿ (M,F ).

Òàêèì îáðàçîì, äëÿ ðèìàíîâà ñëîåíèÿ ñî ñâÿçíîñòüþ Ýðåñìàíà âûïîëíÿåòñÿ ðàâåíñòâî
O(L) = L.

Èç òåîðèè êîìïàêòíûõ ãðóïï ïðåîáðàçîâàíèé èçâåñòíî, ÷òî â ïðîñòðàíñòâå îðáèò
W/H ñóùåñòâóåò îòêðûòîå âñþäó ïëîòíîå ñâÿçíîå ïîäìíîæåñòâî V0, ÿâëÿþùååñÿ ãëàä-
êèì ìíîãîîáðàçèåì. Ïóñòü f : M → M/O � ïðîåêöèÿ íà ïðîñòðàíñòâî ñëîåâ. Òîãäà
M0 := f−1(V0) � ñâÿçíîå îòêðûòîå âñþäó ïëîòíîå F -íàñûùåííîå ïîäìíîæåñòâî â M .
Ïîñêîëüêó ñóæåíèå (M0, FM0) � ðèìàíîâî ñëîåíèå, âñå ãðóïïû ãîëîíîìèè êîòîðîãî òðè-
âèàëüíû, à êàæäûé ñëîé ÿâëÿåòñÿ ìèíèìàëüíûì ìíîæåñòâîì ñëîåíèÿ ñî ñâÿçíîñòüþ Ýðå-
ñìàíà, òî òå æå àðãóìåíòû, ÷òî è ïðè äîêàçàòåëüñòâå Òåîðåìû 3.1, ïîçâîëÿþò óòâåðæäàòü,
÷òî ñëîåíèå (M0, FM0) îáðàçîâàíî ñëîÿìè ëîêàëüíî òðèâèàëüíîãî ðàññëîåíèÿ ñ ïðîåêöèåé
f |M0 :M0 →M0/O = V0. Äîêàçàòåëüñòâî çàâåðøåíî.

3.4. Äîêàçàòåëüñòâî Òåîðåìû 1.4

Ïóñòü (M,F ) � ðèìàíîâî ñëîåíèå, äîïóñêàþùåå ñâÿçíîñòü Ýðåñìàíà M.
Ïðåäïîëîæèì, ÷òî ñòðóêòóðíàÿ àëãåáðà ýòîãî ñëîåíèÿ ðàâíà íóëþ: g0(M,F ) = 0. Òîãäà

èç Òåîðåìû 1.1 âûòåêàåò, ÷òî âñå ñëîè ïîäíÿòîãî ñëîåíèÿ (R,F) çàìêíóòû.
Òàêèì îáðàçîì, (1) ⇒ (2).
Èç Òåîðåìû 1.2 ñëåäóåò ýêâèâàëåíòíîñòü óñëîâèé (2) ⇔ (3) ⇔ (4).
Êàê èçâåñòíî, ëþáîå ãëàäêîå ñëîåíèå èìååò ñëîè ñ òðèâèàëüíîé ãðóïïîé ãîëîíîìèè,

ïîýòîìó (4) ⇒ (5).
Ïðåäïîëîæèì òåïåðü, ÷òî âûïîëíÿåòñÿ (5), ò. å. ñóùåñòâóåò ñîáñòâåííûé ñëîé ñ êîíå÷-

íîé ãðóïïîé ãîëîíîìèè. Òîãäà ñîãëàñíî òåîðåìå î ãëîáàëüíîé óñòîé÷èâîñòè, äîêàçàííîé
íàìè â [6] (Òåîðåìà 2), âñå ñëîè ýòîãî ñëîåíèÿ çàìêíóòû è èìåþò êîíå÷íóþ ãðóïïó ãîëî-
íîìèè, à ïðîñòðàíñòâî ñëîåâ ñëîåíèÿ M/F åñòåñòâåííûì îáðàçîì íàäåëÿåòñÿ ñòðóêòóðîé
ãëàäêîãî q-ìåðíîãî îðáèôîëäà. Çàìåòèì, ÷òî ïðîåêöèÿ íà ïðîñòðàíñòâî ñëîåâ ñòàíîâèòñÿ
ñóáìåðñèåé îðáèôîëäîâ. Ýòî îçíà÷àåò, ÷òî (5) ⇒ (6).

Ïóñòü âûïîëíÿåòñÿ (6), ò. å. ïðîñòðàíñòâî ñëîåâ ñëîåíèÿM/F � ãëàäêèé îðáèôîëä. Èç
õàóñäîðôîâîñòè îðáèôîëäà âûòåêàåò, ÷òî âñå ñëîè ñëîåíèÿ (M,F ) çàìêíóòû è, ñëåäîâà-
òåëüíî, ñîáñòâåííûå. Ïóñòü L � ñëîé ñ òðèâèàëüíîé ãðóïïîé ãîëîíîìèè. Òîãäà ëþáîé ñëîé
L ïîäíÿòîãî ñëîåíèÿ (R,F), ëåæàùèé íàä L, òàêæå ñîáñòâåííûé. Òàêèì îáðàçîì, ðèìàíî-
âî ñëîåíèå (R,F), äîïóñêàþùåå ñâÿçíîñòü Ýðåñìàíà, èìååò ñîáñòâåííûé ñëîé ñ òðèâèàëü-
íîé ãðóïïîé ãîëîíîìèè. Êàê îòìå÷åíî âûøå, ñîãëàñíî òåîðåìå î ãëîáàëüíîé óñòîé÷èâîñòè
([6], Òåîðåìà 2), âñå ñëîè ýòîãî ñëîåíèÿ çàìêíóòû, ñëåäîâàòåëüíî, ñòðóêòóðíàÿ àëãåáðà
Ëè g0(M,F ) ñëîåíèÿ (M,F ) ðàâíà íóëþ. Òàêèì îáðàçîì, (6) ⇒ (1). �

4. Ïðèìåðû

Ï ð è ì å ð 4.1 Ïóñòü M = E1 × (E3 \ {0}), òîãäà M � ÷åòûðåõìåðíîå îäíîñâÿç-
íîå ìíîãîîáðàçèå, ïðåäñòàâëÿþùåå ñîáîé ðèìàíîâî ïðîèçâåäåíèå åâêëèäîâîé ïðÿìîé E1 è
îòêðûòîãî ïîäìíîãîîáðàçèÿ E3 \ {0} åâêëèäîâà ïðîñòðàíñòâà E3. Ïîä÷åðêíåì, ÷òî M �
íåïîëíîå ëîêàëüíîå åâêëèäîâî ìíîãîîáðàçèå. Ïðè ýòîì F = {E1 × {z} | z ∈ E3 \ {0}} �
ðèìàíîâî ñëîåíèå, íå ÿâëÿþùååñÿ òðàíñâåðñàëüíî ïîëíûì. Îäíàêî ðàñïðåäåëåíèå M, êà-
ñàòåëüíîå ê îðòîãîíàëüíîìó ñëîåíèþ F⊥ êîðàçìåðíîñòè îäèí, ÿâëÿåòñÿ èíòåãðèðóåìîé
ñâÿçíîñòüþ Ýðåñìàíà äëÿ ñëîåíèÿ (M,F ).
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Ýòîò ïðèìåð ïîêàçûâàåò, ÷òî ñóùåñòâîâàíèå ñâÿçíîñòè Ýðåñìàíà äëÿ ðèìàíîâà
ñëîåíèÿ ÿâëÿåòñÿ áîëåå ñëàáûì óñëîâèåì, ÷åì åãî ïîëíîòà.

Ï ð è ì å ð 4.2 Îïðåäåëèì äåéñòâèå ãðóïïû öåëûõ ÷èñåë Z íà ïëîñêîñòè R2 ñëå-
äóþùèì îáðàçîì:

Φ : Z× R2 → R2, Φ(n, (x, y)) = (x+ n,
1

3n
y), n ∈ Z, (x, y) ∈ R2.

Ïîñêîëüêó ãðóïïà Z äåéñòâóåò íà R2 ñâîáîäíî è ñîáñòâåííî ðàçðûâíî, òî îïðåäåëåíî
ôàêòîð-ìíîãîîáðàçèåM = R2/Z ñ ïðîåêöèåé k : R2 →M. ÍàM èíäóöèðîâàíû äâà ñëîåíèÿ
F := {k(R1 × {y}) | y ∈ R1} è F⊥ := {k({x} × R1) | x ∈ R1}, ïðè÷åì êàñàòåëüíîå ðàñïðåäå-
ëåíèå M = TF⊥ � èíòåãðèðóåìàÿ ñâÿçíîñòü Ýðåñìàíà äëÿ ñëîåíèÿ (M,F ). Ïîä÷åðêíåì,
÷òî åäèíñòâåííûé êîìïàêòíûé ñëîé ýòîãî ñëîåíèÿ, äèôôåîìîðôíûé îêðóæíîñòè, íå
ëîêàëüíî óñòîé÷èâ â ñìûñëå Ðèáà è Ýðåñìàíà.

Çàìåòèì, ÷òî ñëîåíèå (M,F ) � òðàíñâåðñàëüíî ïîäîáíîå, ïîýòîìó îíî ÿâëÿåòñÿ
ñëîåíèåì ñ òðàíñâåðñàëüíîé ëèíåéíîé ñâÿçíîñòüþ. Ýòî ñëîåíèå ñîáñòâåííîå è èìååò
íóëåâóþ ñòðóêòóðíóþ àëãåáðó Ëè [10], îäíàêî íå âñå åãî ñëîè ÿâëÿþòñÿ çàìêíóòûìè,
ïîýòîìó òåîðåìà, àíàëîãè÷íàÿ Òåîðåìå 1.4, äëÿ íåãî íå âûïîëíÿåòñÿ, êàê è Òåîðåìà 1.3

Ýòîò ïðèìåð ïîêàçûâàåò, â ÷àñòíîñòè, ÷òî äëÿ ñëîåíèé ñ òðàíñâåðñàëüíîé ëèíåé-
íîé ñâÿçíîñòüþ ïðîñòðàíñòâî ñëîåâ ñîáñòâåííîãî ñëîåíèÿ íå ÿâëÿåòñÿ îðáèôîëäîì, è íå
âñå ñëîè ëîêàëüíî óñòîé÷èâû.

Ï ð è ì å ð 4.3 Ýòîò ïðèìåð èñïîëüçóåò êîíñòðóêöèþ íàäñòðîéêè, ïîäðîáíîå
èçëîæåíèå êîòîðîé ìîæíî íàéòè, íàïðèìåð, â [9].

Ïóñòü Bk � ãëàäêîå çàìêíóòîå òðåõìåðíîå ìíîãîîáðàçèå, ãîìåîìîðôíîå ñâÿçíîé ñóì-
ìå ♯ki=1S1 × S2 k ýêçåìïëÿðîâ ïðîèçâåäåíèÿ S1 × S2. Òîãäà π1(Bk, b) =< g1, . . . , gk > �
ñâîáîäíàÿ ãðóïïà ðàíãà k. ×åðåç Conf(Sq) áóäåì îáîçíà÷àòü ãðóïïó Ëè âñåõ êîíôîðìíûõ
ïðåîáðàçîâàíèé q-ìåðíîé ñôåðû Sq.

Ïóñòü çàäàíî êîíå÷íîå ìíîæåñòâî íåïåðåñåêàþùèõñÿ çàìêíóòûõ øàðîâ B+
1 , . . . ,

B+
k , B−

1 , . . . ,B−
k â ñôåðå Sq è òàêîå êîíôîðìíîå ïðåîáðàçîâàíèå ψi ∈ Conf(Sq), ÷òî

ψi(int(B+
i )) = ext(B−

i ). Ïðåäïîëàãàåòñÿ, ÷òî äëÿ ëþáûõ B+
i è B−

i ñóùåñòâóåò äèôôåî-
ìîðôèçì ñôåðû Sq, ïåðåâîäÿùèé ýòè øàðû â êðóãëûå øàðû. Ãðóïïà Ψ ñ îáðàçóþùèìè
ψ1, . . . , ψk íàçûâàåòñÿ ãðóïïîé Øîòòêè. Êàê èçâåñòíî, ãðóïïà Øîòòêè Ψ ÿâëÿåòñÿ
ñâîáîäíîé ãðóïïîé ðàíãà k, ò. å. Ψ =< ψ1, . . . , ψk >, è èìååò ìèíèìàëüíîå ìíîæåñòâî
Λ(Ψ), ãîìåîìîðôíîå êàíòîðîâó ïîäìíîæåñòâó îòðåçêà [0, 1]. Ñëåäîâàòåëüíî, òîïîëîãè-
÷åñêàÿ ðàçìåðíîñòü Λ(Ψ) ðàâíà íóëþ.

Îïðåäåëèì èçîìîðôèçì ãðóïï ρk : π1(Bk, b) → Ψ, ïîëàãàÿ ρk(gi) = ψi, i = 1, k. Íàä-
ñòðîå÷íîå ñëîåíèå (Mk, Fk) = Sus(Sq, Bk, ρk), ïîëó÷åííîå íàäñòðîéêîé ãîìîìîðôèçìà

ρk : π1(Bk, b) → Conf(Sq),

ÿâëÿåòñÿ ïîëíûì êîíôîðìíûì ñëîåíèåì è èìååò ãëîáàëüíûé àòòðàêòîð, ïðåäñòàâëÿ-
þùèé ñîáîé èñêëþ÷èòåëüíîå ìèíèìàëüíîå ìíîæåñòâî [9].

Äèñêðåòíîñòü ãðóïïû Øîòêè Ψ â ãðóïïå Ëè Conf(Sq) âëå÷åò ðàâåíñòâî íóëþ ñòðóê-
òóðíîé àëãåáðû Ëè g0(M,F ).

Ýòîò ïðèìåð ïîêàçûâàåò, â ÷àñòíîñòè, ÷òî äëÿ êîíôîðìíûõ ñëîåíèé, äîïóñêàþùèõ
ñâÿçíîñòü Ýðåñìàíà ñ íóëåâîé ñòðóêòóðíîé àëãåáðîé Ëè, ïðîñòðàíñòâî ñëîåâ íå õàó-
ñäîðôîâî, è íå ñóùåñòâóåò àíàëîãîâ Òåîðåì 1.3 è 1.4.

Áëàãîäàðíîñòè: Èññëåäîâàíèå âûïîëíåíî ïðè ôèíàíñîâîé ïîääåðæêå Ðîññèéñêîãî
íàó÷íîãî ôîíäà (ïðîåêò � 17-11-01041).
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Riemannian foliations with Ehresmann connection

c⃝ N. I. Zhukova1

Abstract. It is shown that the structural theory of Molino for Riemannian foliations on compact
manifolds and complete Riemannian manifolds may be generalized to a Riemannian foliations with
Ehresmann connection. Within this generalization there are no restrictions on the codimension of
the foliation and on the dimension of the foliated manifold. For a Riemannian foliation (M,F ) with
Ehresmann connection it is proved that the closure of any leaf forms a minimal set, the family of
all such closures forms a singular Riemannian foliation (M,F ). It is shown that in M there exists a
connected open dense F -saturated subset M0 such that the induced foliation (M0, F |M0) is formed
by �bers of a locally trivial bundle over some smooth Hausdor� manifold. The equivalence of some
properties of Riemannian foliations (M,F ) with Ehresmann connection is proved. In particular, it
is shown that the structural Lie algebra of (M,F ) is equal to zero if and only if the leaf space of
(M,F ) is naturally endowed with a smooth orbifold structure. Constructed examples show that for
foliations with transversally linear connection and for conformal foliations the similar statements
are not true in general.

Key Words: Riemannian foliation, Ehresmann connection, local stability of a leaf, minimal set
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Ñîâðåìåííîå èçëîæåíèå êëàññèôèêàöèè ãðóáûõ

ïðåîáðàçîâàíèé îêðóæíîñòè

c⃝ A.Å. Êîëîáÿíèíà1, Å. Â. Íîçäðèíîâà2, Î. Â. Ïî÷èíêà3

Àííîòàöèÿ. Â íàñòîÿùåé ðàáîòå àâòîðû èçëàãàþò ðåøåíèå ïðîáëåìû òîïîëîãè÷åñêîé êëàñ-
ñèôèêàöèè ãðóáûõ ïðåîáðàçîâàíèé îêðóæíîñòè â êàíîíè÷åñêîé ïîñòàíîâêå ñ èñïîëüçîâàíè-
åì ñîâðåìåííûõ ìåòîäîâ è ïîäõîäîâ. Ñîâðåìåííàÿ òåîðèÿ äèíàìè÷åñêèõ ñèñòåì ïîä ïîëíîé
òîïîëîãè÷åñêîé êëàññèôèêàöèåé ïîíèìàåò íàõîæäåíèå òîïîëîãè÷åñêèõ èíâàpèàíòîâ, äîêàçà-
òåëüñòâî ïîëíîòû ìíîæåñòâà íàéäåííûõ èíâàðèàíòîâ è ïîñòðîåíèå ïî çàäàííîìó ìíîæåñòâó
òîïîëîãè÷åñêèõ èíâàðèàíòîâ ñòàíäàðòíîãî ïðåäñòàâèòåëÿ. Èìåííî, â ïåðâîé òåîðåìå äàííîé
ðàáîòû óñòàíàâëèâàåòñÿ òèï ïåðèîäè÷åñêèõ äàííûõ ãðóáûõ ïðåîáðàçîâàíèé îêðóæíîñòè, âî
âòîðîé òåîðåìå � íåîáõîäèìûå è äîñòàòî÷íûå óñëîâèÿ èõ ñîïðÿæåííîñòè, ñîñòîÿùèå â ñîâ-
ïàäåíèè ïåðèîäè÷åñêèõ äàííûõ è ÷èñåë âðàùåíèÿ, â òðåòüåé òåîðåìå äîïóñòèìûé íàáîð ïà-
ðàìåòðîâ ðåàëèçóåòñÿ ãðóáûì ïðåîáðàçîâàíèåì îêðóæíîñòè. Ïðè äîêàçàòåëüñòâå òåîðåì ìû
ïðåäïîëàãàåì èçâåñòíûìè ðåçóëüòàòû ïî ëîêàëüíîé òîïîëîãè÷åñêîé êëàññèôèêàöèè ãèïåðáî-
ëè÷åñêèõ ïåðèîäè÷åñêèõ òî÷åê, à òàêæå ðåçóëüòàòû î ãëîáàëüíîì ïðåäñòàâëåíèè îáúåìëþ-
ùåãî ìíîãîîáðàçèÿ â âèäå îáúåäèíåíèÿ èíâàðèàíòíûõ ìíîãîîáðàçèé ïåðèîäè÷åñêèõ òî÷åê.

Êëþ÷åâûå ñëîâà: ãðóáûå ïðåîáðàçîâàíèÿ îêðóæíîñòè, òîïîëîãè÷åñêàÿ êëàññèôèêàöèÿ

1. Ââåäåíèå

Íèæíèé Íîâãîðîä (ðàíåå-Ãîðüêèé) ïî ïðàâó ìîæíî ñ÷èòàòü ìåñòîì ðîæäåíèÿ ãèïåð-
áîëè÷åñêîé òåîðèè. Â 1937 ã. À. À. Àíäðîíîâ è Ë. Ñ. Ïîíòðÿãèí [1] ââåëè ïîíÿòèå ãðóáîé
ñèñòåìû äèôôåðåíöèàëüíûõ óðàâíåíèé íà ïëîñêîñòè. Ïî îïðåäåëåíèþ â òàêèõ ñèñòåìàõ
ðåøåíèÿ íå ìåíÿþò êà÷åñòâåííîãî ïîâåäåíèÿ ïðè C1 ìàëûõ èçìåíåíèÿõ ïðàâûõ ÷àñòåé
óðàâíåíèé. Îêàçàëîñü, ÷òî ãðóáûå ñèñòåìû èìåþò âåñüìà ëàêîíè÷íîå îïèñàíèå: ñîñòîÿ-
íèÿ ðàâíîâåñèÿ è ïðåäåëüíûå öèêëû ÿâëÿþòñÿ ãèïåðáîëè÷åñêèìè, èõ ÷èñëî êîíå÷íî, è
íåò òðàåêòîðèé, èäóùèõ èç ñåäëà â ñåäëî. Ïðåäñòàâèòåëåì ãîðüêîâñêîé øêîëû À. Ã. Ìàé-
åðîì [2] áûëî ââåäåíî ïîíÿòèå ãðóáîñòè äëÿ äèíàìè÷åñêèõ ñèñòåì ñ äèñêðåòíûì âðåìåíåì
(êàñêàäîâ) íà îêðóæíîñòè. Èç åãî ðåçóëüòàòîâ ñëåäóåò, ÷òî ãðóáûå êàñêàäû íà îêðóæíî-
ñòè, êàê è ïîòîêè íà ïëîñêîñòè, òèïè÷íû è èìåþò äîñòàòî÷íî ÿñíóþ äèíàìèêó. À èìåííî,
ãðóáûé êàñêàä èìååò òîëüêî êîíå÷íîå ÷èñëî ïåðèîäè÷åñêèõ òî÷åê, ïðè÷åì êàæäàÿ òàêàÿ
òî÷êà ÿâëÿåòñÿ ãèïåðáîëè÷åñêîé.

Â 1959 ã. Ì. Ïåéøîòî [3] ðàñïðîñòðàíèë ðåçóëüòàòû À. À. Àíäðîíîâà è Ë. Ñ. Ïîíò-
ðÿãèíà íà ïðîèçâîëüíûå îðèåíòèðóåìûå çàìêíóòûå ïîâåðõíîñòè. Ïðè ýòîì Ì. Ïåéøîòî
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â äèíàìèêå, ÔÃÀÎÓ ÂÎ "Íàöèîíàëüíûé èññëåäîâàòåëüñêèé óíèâåðñèòåò "Âûñøàÿ øêîëà ýêîíîìèêè
(603155, Ðîññèÿ, ã. Íèæíèé Íîâãîðîä, óë. Áîëüøàÿ Ïå÷¼ðñêàÿ, ä. 25/12), ORCID: http://orcid.org/0000-
0001-5209-377Õ, maati@mail.ru

3Ïî÷èíêà Îëüãà Âèòàëüåâíà, çàâåäóþùàÿ ëàáîðàòîðèåé Òîïîëîãè÷åñêèõ ìåòîäîâ â äèíàìèêå, ÔÃÀ-
ÎÓ ÂÎ "Íàöèîíàëüíûé èññëåäîâàòåëüñêèé óíèâåðñèòåò "Âûñøàÿ øêîëà ýêîíîìèêè (603155, Ðîññèÿ,
ã. Íèæíèé Íîâãîðîä, óë. Áîëüøàÿ Ïå÷¼ðñêàÿ, ä. 25/12), ORCID: http://orcid.org/0000-0002-6587-5305,
olga-pochinka@yandex.ru

A.Å. Êîëîáÿíèíà, Å.Â. Íîçäðèíîâà, Î.Â. Ïî÷èíêà. Ñîâðåìåííîå èçëîæåíèå . . .



Æóðíàë ÑÂÌÎ. 2018. Òîì 20, � 4 409

ìîäèôèöèðîâàë ïîíÿòèå ãðóáîñòè, îïóñòèâ òðåáîâàíèå áëèçîñòè ê òîæäåñòâåííîìó îòîá-
ðàæåíèþ äëÿ ãîìåîìîðôèçìà, ñîïðÿãàþùåãî äèíàìèêó áëèçêèõ ñèñòåì. Íîâîå ïîíÿòèå
�ñòðóêòóðíàÿ óñòîé÷èâîñòü� ñòàëî áîëåå óïîòðåáèìûì â òåîðèè äèíàìè÷åñêèõ ñèñòåì.
Ðåçóëüòàò Ì. Ïåéøîòî ïî ñâîåé ôîðìóëèðîâêå äîñëîâíî ïîâòîðÿåò êðèòåðèé ãðóáîñòè
Àíäðîíîâà-Ïîíòðÿãèíà. Îòìåòèì, ÷òî Ì. Ïåéøîòî ïåðåäîêàçàë ÷àñòü ðåçóëüòàòîâ À.Ã.
Ìàéåðà, íå çíàÿ î åãî ðàáîòå.

Äåéñòâèòåëüíî, ñòàòüÿ [2] áûëà íàïå÷àòàíà â ìàëîäîñòóïíîì æóðíàëå "Çàïèñêè ãîðü-
êîâñêîãî ãîñóäàðñòâåííîãî óíèâåðñèòåòà"è äî ñèõ ïîð ìíîãèå îòå÷åñòâåííûå è çàðóáåæíûå
ìàòåìàòèêè íå çíàþò î åå ñóùåñòâîâàíèè, à òàêæå î òîì, ÷òî À. Ã. Ìàéåð áûë ïåðâûì, êòî
êëàññèôèöèðîâàë ãðóáûå äèôôåîìîðôèçìû íà îêðóæíîñòè. Ýòî áûëà îäíà èç ïèîíåðñêèõ
ðàáîò ïî òîïîëîãè÷åñêîé êëàññèôèêàöèè äèíàìè÷åñêèõ ñèñòåì.

Ñ òåõ ïîð ãèïåðáîëè÷åñêàÿ òåîðèÿ ïîëó÷èëà êîëîññàëüíîå ðàçâèòèå. Â ÷àñòíîñòè, ×.
Ìàíå [4] è Ê. Ðîáèíñîíîì [5] ïîëó÷åí êðèòåðèé ñòðóêòóðíîé óñòîé÷èâîñòè äëÿ ïðîèçâîëü-
íûõ äèôôåîìîðôèçìîâ íà ìíîãîîáðàçèÿõ. Ñ. Ñìåéëîì, Äæ. Ïàëèñîì, Â. äè Ìåëó [6], [7],
[8], [9] áûëà ñòðîéíàÿ òåîðèÿ ïðîñòåéøèõ ñòðóêòóðíî óñòîé÷èâûõ ñèñòåì, òàê íàçûâàåìûõ
ñèñòåì Ìîðñà-Ñìåéëà, âêëþ÷àþùàÿ è âîïðîñû èõ êëàññèôèêàöèè (ñì. òàêæå [10] äëÿ
ñèñòåìàòèçèðîâàííîãî èçëîæåíèÿ).

Ñîâðåìåííàÿ òåîðèÿ äèíàìè÷åñêèõ ñèñòåì ïîä ïîëíîé òîïîëîãè÷åñêîé êëàññèôèêàöèåé
íåêîòîðîãî êëàññà G äèíàìè÷åñêèõ ñèñòåì ïîíèìàåòñÿ ðåøåíèå ñëåäóþùèõ çàäà÷:

• íàõîæäåíèå òîïîëîãè÷åñêèõ èíâàpèàíòîâ äèíàìè÷åñêèõ ñèñòåì èç êëàññà G;

• äîêàçàòåëüñòâî ïîëíîòû ìíîæåñòâà íàéäåííûõ èíâàðèàíòîâ, òî åñòü äîêàçàòåëüñòâî
òîãî, ÷òî ñîâïàäåíèå ìíîæåñòâ òîïîëîãè÷åñêèõ èíâàðèàíòîâ ÿâëÿåòñÿ íåîáõîäèìûì
è äîñòàòî÷íûì óñëîâèåì òîïîëîãè÷åñêîé ýêâèâàëåíòíîñòè (ñîïðÿæåííîñòè) äâóõ äè-
íàìè÷åñêèõ ñèñòåì èç G;

• ðåàëèçàöèÿ, òî åñòü ïîñòðîåíèå ïî çàäàííîìó ìíîæåñòâó òîïîëîãè÷åñêèõ èíâàðèàí-
òîâ ñòàíäàðòíîãî ïðåäñòàâèòåëÿ, ïðèíàäëåæàùåãî G.

Çàìåòèì, ÷òî êëàññèôèêàöèîííûå ðåçóëüòàòû â ðàáîòå À. Ã. Ìàéåðà ÿâíî íå
âûäåëÿëèñü- îíè áûëè ÷àñòüþ äîêàçàòåëüñòâà ãðóáîñòè è òèïè÷íîñòè äèôôåîìîðôèçìîâ
Ìîðñà-Ñìåéëà íà îêðóæíîñòè; íå ðåøàëàñü è çàäà÷à ðåàëèçàöèè. Â íàñòîÿùåé ðàáîòå àâ-
òîðàì õîòåëîñü áû èçëîæèòü ðåøåíèå ïðîáëåìû òîïîëîãè÷åñêîé êëàññèôèêàöèè ãðóáûõ
ïðåîáðàçîâàíèé îêðóæíîñòè èìåííî â òàêîé, êàíîíè÷åñêîé, ïîñòàíîâêå ñ èñïîëüçîâàíèåì
ñîâðåìåííûõ ìåòîäîâ è ïîäõîäîâ.

2. Ïåðèîäè÷åñêèå äàííûå ãðóáûõ ïðåîáðàçîâàíèé îêðóæíîñòè

Ïðåæäå âñåãî íàïîìíèì, ÷òî îêðóæíîñòü S1 ÿâëÿåòñÿ åäèíñòâåííûì çàìêíóòûì (êîì-
ïàêòíûì áåç êðàÿ) îäíîìåðíûì ìíîãîîáðàçèåì è ãîìåîìîðôíà ñòàíäàðíîé åäèíè÷íîé
îêðóæíîñòè

S1 = {(x, y) : x2 + y2 = 1}.

Íàñ áóäóò èíòåðåñîâàòü êëàññû ýêâèâàëåíòíîñòè äèôôåîìîðôèçìîâ f : S1 → S1 îòíî-
ñèòåëüíî îòíîøåíèÿ òîïîëîãè÷åñêîé ñîïðÿæåííîñòè: äèôôåîìîðôèçìû f, f ′ : S1 → S1

íàçûâàþòñÿ òîïîëîãè÷åñêè ñîïðÿæåííûìè, åñëè ñóùåñòâóåò ãîìåîìîðôèçì h : S1 → S1

òàêîé, ÷òî hf = f ′h. Áîëåå òîãî, ìû áóäåì èçó÷àòü ãðóáûå (ñòðóêòóðíî óñòîé÷èâûå) äèô-
ôåîìîðôèçìû, òî åñòü òå, äëÿ êîòîðûõ C1�áëèçêèå (ïîêîîðäèíàòíî è ïî ïðîèçâîäíîé) ê
íèì äèôôåîìîðôèçìû ïðèíàäëåæàò îäíîìó è òîìó æå êëàññó ýêâèâàëåíòíîñòè.
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À. Ã. Ìàéåð [2]ïðèøåë ê âûâîäó, ÷òî ãðóáûå äèôôåîìîðôèçìû (îáîçíà÷èì èõ ìíîæå-
ñòâî ÷åðåç G) èìåþò î÷åíü ïðîñòóþ äèíàìèêó, êîòîðàÿ ñ ñîâðåìåííîé òî÷êè çðåíèÿ ìîæåò
áûòü îïèñàíà ñëåäóþùèì ïðåäëîæåíèåì (ñì., íàïðèìåð, [10]).

Ï ð å ä ë î æ å í è å 2.1 Ïóñòü f ∈ G.Òîãäà
1) f èìååò êîíå÷íîå (íå ìåíüøåå äâóõ) ÷èñëî ïåðèîäè÷åñêèõ òî÷åê p, òî åñòü òî÷åê,

äëÿ êîòîðûõ ñóùåñòâóåò íàòóðàëüíîå ÷èñëî mp òàêîå, ÷òî f
mp(p) = p è f j(p) ̸= p äëÿ

ëþáîãî öåëîãî 0 < j < mp (îáîçíà÷èì ÷åðåç Per(f) ìíîæåñòâî ïåðèîäè÷åñêèõ òî÷åê
äèôôåîìîðôèçìà f);

2) â îêðåñòíîñòè Up òî÷êè p, ÿâëÿþùåéñÿ êîìïîíåíòîé ñâÿçíîñòè ìíîæåñòâà S1 \
(Per(f) \ p), äèôôåîìîðôèçì fmp òîïîëîãè÷åñêè ñîïðÿæåí ëèáî ñ ðàñòÿæåíèåì

a±(x) = ±2x : R1 → R1

(â ýòîì ñëó÷àå òî÷êà p íàçûâàåòñÿ èñòî÷íèêîì, à îêðåñòíîñòü Up � eãî íåóñòîé÷èâûì
ìíîãîîáðàçèåì W u

p ), ëèáî ñî ñæàòèåì

a−1
± (x) = ±x/2 : R1 → R1

(â ýòîì ñëó÷àå òî÷êà p íàçûâàåòñÿ ñòîêîì, à îêðåñòíîñòü Up � eãî óñòîé÷èâûì ìíî-
ãîîáðàçèåì W s

p ).

Íåïîñðåäñòâåííûì ñëåäñòâèåì òàêîãî îïèñàíèÿ ãðóáîãî ïðåîáðàçîâàíèÿ îêðóæíîñòè
f ÿâëÿåòñÿ òîò ôàêò, ÷òî ìíîæåñòâî Per(f) ñîäåðæèò îäèíàêîâîå ÷èñëî (îáîçíà÷èì åãî
÷åðåç r) èñòî÷íèêîâ è ñòîêîâ, êîòîðûå ÷åðåäóþòñÿ íà îêðóæíîñòè, à ôàçîâûé ïîðòðåò
f ñ òî÷íîñòüþ äî ïåðèîäè÷íîñòè èìååò âèä, èçîáðàæåííûé íà ðèñ. 2.1, ãäå ω1, . . . , ωr �
ñòîêè; α1, . . . , αr � èñòî÷íèêè. Êîìïîíåíòû ñâÿçíîñòè ìíîæåñòâà W s

ωi
\ ωi íàçûâàþòñÿ

óñòîé÷èâûìè ñåïàðàòðèñàìè ñòîêà ωi, à êîìïîíåíòû ñâÿçíîñòè ìíîæåñòâà W u
αi

\ αi �
íåóñòîé÷èâûìè ñåïàðàòðèñàìè èñòî÷íèêà αi.

r

Ð è ñ ó í î ê 2.1

Ôàçîâûé ïîðòðåò ãðóáîãî ïðåîáðàçîâàíèÿ îêðóæíîñòè

Áóäåì ñ÷èòàòü îêðóæíîñòü îðèåíòèðîâàííîé ïî õîäó ÷àñîâîé ñòðåëêè è íàçûâàòü îðè-
åíòàöèþ íà äóãå γ ⊂ S1 ïîëîæèòåëüíîé (îòðèöàòåëüíîé), åñëè îíà ñîâïàäàåò (íå ñîâïà-
äàåò) ñ îðèåíòàöèåé îêðóæíîñòè.

Íàïîìíèì, ÷òî ãîìåîìîðôèçì g : S1 → S1 íàçûâàåòñÿ ñîõðàíÿþùèì (ìåíÿþùèì) îðè-
åíòàöèþ, åñëè äëÿ ëþáûõ òî÷åê a, b, c ∈ S1 òàêèõ, ÷òî òî÷êà b ëåæèò íà ïîëîæèòåëüíî
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îðèåíòèðîâàííîé äóãå [a, c] ⊂ S1 ,ñëåäóåò, ÷òî òî÷êà g(b) ëåæèò íà ïîëîæèòåëüíî (îòðè-
öàòåëüíî) îðèåíòèðîâàííîé äóãå [g(a), g(c)]).

Ðàçîáüåì ìíîæåñòâî G íà äâà ïîäêëàññà G+ è G−, ñîñòîÿùèõ èç ñîõðàíÿþùèõ îðèåí-
òàöèþ è ìåíÿþùèõ îðèåíòàöèþ äèôôåîìîðôèçìîâ ñîîòâåòñòâåííî.

Íåïîñðåäñòâåííûì ñëåäñòâèåì îïðåäåëåíèÿ îðèåíòèðóåìîñòè îòîáðàæåíèÿ è ïðåäëî-
æåíèÿ 2.1 ÿâëÿþòñÿ ñëåäóþùèå ôàêòû.

Ñ ë å ä ñ ò â è å 2.1
1. Ëþáîé äèôôåîìîðôèçì f ∈ G− èìååò íåïîäâèæíóþ òî÷êó.
2. Ëþáîé äèôôåîìîðôèçì f ∈ G+ (f ∈ G−) íà ìíîãîîáðàçèè W

s
ωi
òîïîëîãè÷åñêè ñîïðÿ-

æåí ïîñðåäñòâîì íåêîòîðîãî ãîìåîìîðôèçìà hωi
: W s

ωi
→ R äèôôåîìîðôèçìó a−1

+ (a−1
− ) è

íà ìíîãîîáðàçèè W u
αi

òîïîëîãè÷åñêè ñîïðÿæåí ïîñðåäñòâîì íåêîòîðîãî ãîìåîìîðôèçìà
hαi

: W u
αi

→ R äèôôåîìîðôèçìó a+ (a−).

Â ñëåäóþùåé òåîðåìå óòî÷íÿåòñÿ ñòðóêòóðà ïåðèîäè÷åñêèõ äàííûõ äèôôåîìîðôèçìîâ
êëàññà G.

Ò å î ð å ì à 2.1
1. Äëÿ êàæäîãî äèôôåîìîðôèçìà f ∈ G+ ìíîæåñòâî Per(f) ñîñòîèò èç 2n, n ∈ N

ïåðèîäè÷åñêèõ îðáèò, êàæäàÿ èç êîòîðûõ èìååò ïåðèîä k.
2. Äëÿ êàæäîãî äèôôåîìîðôèçìà f ∈ G− ìíîæåñòâî Per(f) ñîñòîèò èç 2q, q ∈ N

ïåðèîäè÷åñêèõ òî÷åê, äâå èç êîòîðûõ ÿâëÿþòñÿ íåïîäâèæíûìè, à äðóãèå èìåþò ïåðèîä
2.

Ä î ê à ç à ò å ë ü ñ ò â î. Ïóñòü f ∈ G è ïåðèîäè÷åñêèå òî÷êè äèôôåîìîðôèçìà
f çàíóìåðîâàíû, êàê íà ðèñ. 2.1. Ïðîèíäåêñèðóåì ñåïàðàòðèñû äèôôåîìîðôèçìà f ñëå-
äóþùèì îáðàçîì: îáîçíà÷èì ñåïàðàòðèñó, îãðàíè÷åííóþ òî÷êàìè ωi è αi ,÷åðåç ℓ2i−1, à
ñåïàðàòðèñó, îãðàíè÷åííóþ òî÷êàìè αi è ωi+1, ÷åðåç ℓ2i (ñì. ðèñ. 2.2).

Äàëåå ðàññìîòðèì äâà ñëó÷àÿ a) äèôôåîìîðôèçì f èìååò õîòÿ áû îäíó íåïîäâèæíóþ
òî÷êó, b) âñå ïåðèîäè÷åñêèå òî÷êè äèôôåîìîðôèçìà f èìåþò ïåðèîä, áîëüøèé åäèíèöû.

Â ñëó÷àå a) ïîëîæèì äëÿ îïðåäåëåííîñòè, ÷òî íåïîäâèæíîé ÿâëÿåòñÿ òî÷êà ω1 (ýòîãî
âñåãäà ìîæíî äîáèòüñÿ ïåðåíóìåðàöèåé òî÷åê èëè ïåðåõîäîì ê äèôôåîìîðôèçìó f−1). Â
ñèëó ñëåäñòâèÿ 2.1 âîçìîæíû äâà ïîäñëó÷àÿ: a+) äèôôåîìîðôèçì f |W s

ω1
òîïîëîãè÷åñêè

ñîïðÿæåí äèôôåîìîðôèçìó a−1
+ è f ∈ G+; ëèáî a�) äèôôåîìîðôèçì f |W s

ω1
òîïîëîãè÷åñêè

ñîïðÿæåí äèôôåîìîðôèçìó a−1
− è f ∈ G−.

Â ñëó÷àå a+) ñåïàðàòðèñà ℓ1 íåïîäâèæíà è, èç óñëîâèÿ, íåïîäâèæíîé ÿâëÿåòñÿ òî÷-
êà α1. Àíàëîãè÷íûå ðàññóæäåíèÿ â îêðåñòíîñòè α1 ïðèâîäÿò ê òîìó, ÷òî íåïîäâèæíîé
ÿâëÿåòñÿ òî÷êà ω2, è ò. ä. Ñëåäîâàòåëüíî, âñå ïåðèîäè÷åñêèå òî÷êè äèôôåîìîðôèçìà f
ÿâëÿþòñÿ íåïîäâèæíûìè.

Â ñëó÷àå a�) ñåïàðàòðèñà ℓ1 èìååò ïåðèîä 2. Òîãäà òî÷êà α1 ëèáî íåïîäâèæíà, è â
ýòîì ñëó÷àå f � ìåíÿþùèé îðèåíòàöèþ äèôôåîìîðôèçì "èñòî÷íèê-ñòîê ëèáî èìååò ïå-
ðèîä 2 è f(α1) = αr. Ïðîäîëæàÿ ðàññóæäåíèÿ â ïîñëåäíåì ñëó÷àå, ïîëó÷èì, ÷òî òî÷êà
ω2 ëèáî íåïîäâèæíàÿ, ëèáî èìååò ïåðèîä 2, è ò. ä. Ïîñêîëüêó íà îðèåíòèðîâàííîé äóãå
[α1, αn] ⊂ S1 ìåíÿþùèé îðèåíòàöèþ äèôôåîìîðôèçì f èìååò â òî÷íîñòè îäíó íåïîäâèæ-
íóþ òî÷êó, òî, ëèáî ñòîê ωq, q > 1, ëèáî èñòî÷íèê αq îêàæóòñÿ íåïîäâèæíûìè, à âñå
îñòàëüíûå ïåðèîäè÷åñêèå òî÷êè, êðîìå ω1, áóäóò èìåòü ïåðèîä 2.

Â ñëó÷àå b), ñîãëàñíî ñëåäñòâèþ 2.1, f ∈ G+. Ïî ïðåäïîëîæåíèþ, âñå ïåðèîäè÷åñêèå
òî÷êè f èìåþò ïåðèîä, áîëüøèé åäèíèöû. Îáîçíà÷èì ÷åðåç k íàèìåíüøèé èç ýòèõ ïå-
ðèîäîâ. Ïîëîæèì äëÿ îïðåäåëåííîñòè, ÷òî òî÷êà ω1 èìååò ïåðèîä k (ýòîãî âñåãäà ìîæíî
äîáèòüñÿ ïåðåíóìåðàöèåé òî÷åê èëè ïåðåõîäîì ê äèôôåîìîðôèçìó f−1). Ïîëîæèì g = fk.
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Òîãäà g ∈ G+, è òî÷êà ω1 ÿâëÿåòñÿ íåïîäâèæíîé òî÷êîé äèôôåîìîðôèçìà g. Ïðèìåíÿÿ
ðàññóæäåíèÿ ïóíêòà a+), ïîëó÷èì, ÷òî âñå ïåðèîäè÷åñêèå òî÷êè äèôôåîìîðôèçìà g ÿâëÿ-
þòñÿ íåïîäâèæíûìè. Èç óñëîâèÿ ìèíèìàëüíîñòè ïåðèîäà k ñëåäóåò, ÷òî âñå ïåðèîäè÷åñêèå
òî÷êè äèôôåîìîðôèçìà f èìåþò ïåðèîä k.

l2

l3

l2r
r

l1

Ð è ñ ó í î ê 2.2

Íóìåðàöèÿ ñåïàðàòðèñ äèôôåîìîðôèçìà f ∈ G

3. Íåîáõîäèìûå è äîñòàòî÷íûå óñëîâèÿ òîïîëîãè÷åñêîé ñîïðÿ-

æåííîñòè ãðóáûõ ïðåîáðàçîâàíèé îêðóæíîñòè

Ïóñòü f ∈ G+. Ïðîíóìåðóåì ïåðèîäè÷åñêèå òî÷êè ìíîæåñòâà Per(f):
p0, p1, . . . , p2nk−1, p2nk = p0 íà÷èíàÿ ñ ïðîèçâîëüíîé ïåðèîäè÷åñêîé òî÷êè p0 ïî ÷àñî-
âîé ñòðåëêå, òîãäà ñóùåñòâóåò öåëîå ÷èñëî l òàêîå, ÷òî f(p0) = p2nl, ïðè÷åì l = 0 äëÿ
k = 1, l ∈ {1, . . . , k − 1} äëÿ k > 1, è ÷èñëà (k, l) ÿâëÿþòñÿ âçàèìíî ïðîñòûìè. Çàìåòèì,
÷òî l íå çàâèñèò îò âûáîðà òî÷êè p0 (ñì. ðèñ. 3.1 (A)).

Äëÿ f ∈ G− ïîëîæèì ν = −1; ν = 0; ν = +1,åñëè åãî íåïîäâèæíûå òî÷êè ÿâëÿþòñÿ
èñòî÷íèêàìè; ñòîêîì è èñòî÷íèêîì; ñòîêàìè ñîîòâåòñòâåííî. Çàìåòèì, ÷òî ν = 0, åñëè q�
íå÷åòíîå è ν = ±1, åñëè q� ÷åòíîå (ñì. ðèñ. 3.1 (B)).
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n=1

q=2

n=-1

q=4

(A) (B)

f f

f f

Ð è ñ ó í î ê 3.1

(A) äèôôåîìîðôèçì èç êëàññà G+; (B) äèôôåîìîðôèçì èç êëàññà G−

Ñëåäóþùèé ðåçóëüòàò ïîçâîëÿåò ïîëó÷èòü íåîáõîäèìûå è äîñòàòî÷íûå óñëîâèÿ òîïî-
ëîãè÷åñêîé ñîïðÿæåííîñòè äèôôåîìîðôèçìîâ êëàññà G.

Ò å î ð å ì à 3.1
1. Äèôôåîìîðôèçìû f ; f ′ ∈ G+ ñ ïàðàìåòðàìè n, k, l;n′, k′, l′ òîïîëîãè÷åñêè ñîïðÿæå-

íû òîãäà è òîëüêî òîãäà, êîãäà n = n′, k = k′ è âåðíî îäíî èç ñëåäóþùèõ óòâåðæäåíèé:
• l = l′ (ïðè ýòîì åñëè l ̸= 0, òî ñîïðÿãàþùèé ãîìåîìîðôèçì ñîõðàíÿåò îðèåíòà-
öèþ),
• l = k′ − l′ (ïðè ýòîì ñîïðÿãàþùèé ãîìåîìîðôèçì ìåíÿåò îðèåíòàöèþ).

2. Äèôôåîìîðôèçìû f ; f ′ ∈ G− ñ ïàðàìåòðàìè q, ν; q′, ν ′ òîïîëîãè÷åñêè ñîïðÿæåíû
òîãäà è òîëüêî òîãäà, êîãäà q = q′ è ν = ν ′4.

Ä î ê à ç à ò å ë ü ñ ò â î. Íåîáõîäèìîñòü óñëîâèé òåîðåìû 3.1 ÿâëÿåòñÿ íåïîñðåäñòâåí-
íûì ñëåäñòâèåì ñâîéñòâà ñîïðÿãàþùåãî ãîìåîìîðôèçìà ñîõðàíÿòü óñòîé÷èâûå è íåóñòîé-
÷èâûå ìíîãîîáðàçèÿ ïåðèîäè÷åñêèõ òî÷åê è èõ ïåðèîä. Äîêàæåì äîñòàòî÷íîñòü îòäåëüíî
â êàæäîì êëàññå G+ è G−.

Ïóñòü f, f ′ ∈ G+, n = n′, k = k′ è âåðíî îäíî èç ñëåäóþùèõ óòâåðæäåíèé:
• l = l′,
• l = k′ − l′.

Îáîçíà÷èì ÷åðåç I çàìûêàíèå êîìïîíåíòû ñâÿçíîñòè ìíîæåñòâà S1 \ (
k−1∪
j=0

f j(ω1)), ÿâëÿþ-

ùååñÿ îðèåíòèðîâàííîé äóãîé ñ íà÷àëüíîé òî÷êîé ω1. Êîíåö ýòîé äóãè ñîâïàäàåò ñ òî÷êîé
f i(ω1) äëÿ íåêîòîðîãî i ∈ {0, . . . , k − 1}. Âíóòðåííîñòè èíòåðâàëîâ I, f(I), . . . , fk−1(I) ïî-

ïàðíî íå ïåðåñåêàþòñÿ è S1 =
k−1∪
j=0

f j(I). Òàêèì îáðàçîì, ïîëóèíòåðâàë İ = I \ f i(ω1)

ñîäåðæèò ðîâíî 2n ïåðèîäè÷åñêèõ òî÷åê, ïî îäíîé èç êàæäîé îðáèòû (ñì. ðèñ. 3.2).

4Èìåííî â òàêîì âèäå íåîáõîäèìûå è äîñòàòî÷íûå óñëîâèÿ òîïîëîãè÷åñêîé ñîïðÿæåííîñòè äèôôåî-
ìîðôèçìîâ êëàññà G áûëè âïåðâûå ñôîðìóëèðîâàíû (áåç äîêàçàòåëüñòâà) â ðàáîòå [11].
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Ð è ñ ó í î ê 3.2

Èëëþñòðàöèÿ ê ïîñòðîåíèþ ñîïðÿãàþùåãî ãîìåîìîðôèçìà

Â ñëó÷àå l = l′ îòðåçîê I ′ äëÿ äèôôåîìîðôèçìà f ′ ñòðîèòñÿ àíàëîãè÷íûì îáðàçîì, à â
ïðîòèâíîì ñëó÷àå òàê, ÷òî ω1 ÿâëÿåòñÿ åãî êîíå÷íîé òî÷êîé. Äàëåå áóäåì ïðåäïîëàãàòü,
÷òî l = l′; â ïðîòèâíîì ñëó÷àå ðàññóæäåíèÿ àíàëîãè÷íû.

Ïîñòðîèì ãîìåîìîðôèçì hİ : İ → İ ′, ñîïðÿãàþùèé äèôôåîìîðôèçìû fk|İ è f ′k|İ′ . Ñ
ýòîé öåëüþ, äëÿ i ∈ {1, . . . , n} ïîëîæèì

hℓ2i−1
= h−1

ω′
i
hωi

: ℓ2i−1 → ℓ′2i−1, hℓ2i = h−1
ω′
i+1
hωi+1

: ℓ2i → ℓ′2i.

Òîãäà ãîìåîìîðôèçì hİ ñîâïàäàåò ñ hℓ2i−1
íà ℓ2i−1, ñ hℓ2i �íà ℓ2i ,è h(ωi) = ω′

i, h(αi) = α′
i.

Ïðîäîëæèì ãîìåîìîðôèçì h íà âñþ îêðóæíîñòü ñëåäóþùèì îáðàçîì: äëÿ y ∈ f j(I), j ∈
{0, . . . , k − 1} ïîëîæèì

h(y) = f ′j(hI(f
−j(y))).

Ïóñòü òåïåðü f, f ′ ∈ G−, q = q′ è ν = ν ′. Â ýòîì ñëó÷àå îòðåçîê I îãðàíè÷åí äâóìÿ
íåïîäâèæíûìè òî÷êàìè, ãîìåîìîðôèçì hI ñòðîèòñÿ àíàëîãè÷íî ñîõðàíÿþùåìó îðèåíòà-
öèþ ñëó÷àþ, ñîïðÿãàåò äèôôåîìîðôèçìû f 2|İ è f ′2|İ′ è ïðîäîëæàåòñÿ íà âñþ îêðóæíîñòü
ôîðìóëîé h(y) = f ′(hI(f

−1(y))) äëÿ y ∈ S1 \ İ.

4. Ðåàëèçàöèÿ ãðóáûõ ïðåîáðàçîâàíèé îêðóæíîñòè

Ñëåäóþùàÿ òåîðåìà ðåàëèçàöèè ÿâëÿåòñÿ çàêëþ÷èòåëüíûì ýòàïîì òîïîëîãè÷åñêîé
êëàññèôèêàöèè è ãàðàíòèðóåò ñóùåñòâîâàíèå ãðóáîãî äèôôåîìîðôèçìà îêðóæíîñòè ñ
ëþáûì äîïóñòèìûì íàáîðîì ïàðàìåòðîâ.

Ò å î ð å ì à 4.1
1. Äëÿ ëþáîé òðîéêè öåëûõ ÷èñåë n, k, l òàêîé, ÷òî n, k ∈ N, l = 0 äëÿ k = 1,

l ∈ {1, . . . , k− 1} è ÿâëÿåòñÿ âçàèìíî ïðîñòûì ñ k äëÿ k > 1, ñóùåñòâóåò ãðóáûé ñîõðà-
íÿþùèé îðèåíòàöèþ äèôôåîìîðôèçì îêðóæíîñòè ñ çàäàííûìè ïàðàìåòðàìè.

2. Äëÿ ëþáîé ïàðû öåëûõ ÷èñåë q, ν òàêîé, ÷òî ν = 0, åñëè q� íå÷åòíîå; è ν = ±1,
åñëè q � ÷åòíîå, ñóùåñòâóåò ãðóáûé ìåíÿþùèé îðèåíòàöèþ äèôôåîìîðôèçì îêðóæíî-
ñòè ñ çàäàííûìè ïàðàìåòðàìè.

A.Å. Êîëîáÿíèíà, Å.Â. Íîçäðèíîâà, Î.Â. Ïî÷èíêà. Ñîâðåìåííîå èçëîæåíèå . . .



Æóðíàë ÑÂÌÎ. 2018. Òîì 20, � 4 415

Ä î ê à ç à ò å ë ü ñ ò â î. Äëÿ ïîñòðîåíèÿ äèôôåîìîðôèçìîâ îêðóæíîñòè ñ çàäàííûìè
ïåðèîäè÷åñêèìè äàííûìè èñïîëüçóåì óíèâåðñàëüíîå íàêðûòèå îêðóæíîñòè ïðÿìîé:

p(x) = e2πix : R → S1.

Çàìåòèì, ÷òî äëÿ ëþáîãî r ∈ N äèôôåîìîðôèçì

Gr(x) = x+
1

4πr
sin(2πrx) : R1 → R1

ïîñðåäñòâîì p ïðîåêòèðóåòñÿ íà îêðóæíîñòü äèôôåîìîðôèçìîì gr : S1 → S1, èìåþùèì
ðîâíî 2r íåïîäâèæíûõ òî÷åê, ïîëîâèíà èç êîòîðûõ ÿâëÿåòñÿ ñòîêàìè, à äðóãàÿ ïîëîâèíà
� èñòî÷íèêàìè. Äëÿ ëþáîãî θ ∈ R äèôôåîìîðôèçì

Ψθ(x) = x+ θ : R1 → R1

ïîñðåäñòâîì p ïðîåêòèðóåòñÿ íà îêðóæíîñòü äèôôåîìîðôèçìîì ψθ : S1 → S1, ÿâëÿþùèì-
ñÿ ïîâîðîòîì íà óãîë 2πθ. Íàêîíåö, äèôôåîìîðôèçì

W (x) = −x : R1 → R1

ïîñðåäñòâîì p ïðîåêòèðóåòñÿ íà îêðóæíîñòü äèôôåîìîðôèçìîì w : S1 → S1, ÿâëÿþùèìñÿ
îòðàæåíèåì îòíîñèòåëüíî îñè OX.

Òîãäà äèôôåîìîðôèçì f ∈ G+ ñ ïàðàìåòðàìè n, k, l ðåàëèçóåòñÿ êîìïîçèöèåé ψ l
k
◦gnk,

òî åñòü ÿâëÿåòñÿ ïðîåêöèåé â ñèëó p äèôôåîìîðôèçìà

F (x) = x+
1

4πnk
sin(2πnkx) +

l

k
.

Äèôôåîìîðôèçì f ∈ G− ñ ïàðàìåòðàìè q,−1 èëè q, 0 ðåàëèçóåòñÿ êîìïîçèöèåé w ◦ gq, òî
åñòü ÿâëÿåòñÿ ïðîåêöèåé â ñèëó p äèôôåîìîðôèçìà

F (x) = −x− 1

4πq
sin(2πqx).

Äèôôåîìîðôèçì f ∈ G− ñ ïàðàìåòðàìè q,+1 ÿâëÿåòñÿ ïðîåêöèåé â ñèëó p äèôôåîìîð-
ôèçìà

F (x) = −x+ 1

4πq
sin(2πqx).

Áëàãîäàðíîñòè. Ðàáîòà âûïîëíåíà ïðè ïîääåðæêå ãðàíòà ÐÔÔÈ 18-31-00022, â ðàìêàõ
ïðîåêòà ÖÔÈ ÍÈÓ ÂØÝ â 2018 ã.
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Classi�cation of rough transformations of a circle from a

modern point of view

c⃝ A. E. Kolobyanina1, E. V. Nozdrinova2, O. V. Pochinka3

Abstract. In this paper the authors use modern methods and approaches to present a solution
to the problem of the topological classi�cation of circle's rough transformations in canonical
formulation. In the modern theory of dynamical systems such problems are understood as the
complete topological classi�cation: �nding topological invariants, proving the completeness of the
set of invariants found and constructing a standard representative from a given set of topological
invariants. Namely, in the �rst theorem of this paper the type of periodic data of circle's rough
transformations is established. In the second theorem necessary and su�cient conditions of their
conjugacy are proved. These conditions mean coincidence of periodic data and rotation numbers. In
the third theorem the admissible set of parameters is implemented by a rough transformation of a
circle. While proving the theorems, we assume that the results on the local topological classi�cation
of hyperbolic periodic points, as well as the results on the global representation of the ambient
manifold as a union of invariant manifolds of periodic points, are known.

Key Words: rough transformations of a circle, topological classi�cation
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Î ÷èñëå ìîäóëåé ãðàäèåíòíûõ ïîòîêîâ ôóíêöèè âûñîòû

ïîâåðõíîñòè

c⃝ Â.Å. Êðóãëîâ1

Àííîòàöèÿ. Â 1978 ã. Æ. Ïàëèñîì áûëî îòêðûòî íàëè÷èå êîíòèíóóìà òîïîëîãè÷åñêè íå
ñîïðÿæåííûõ ïîòîêîâ (êàñêàäîâ) â îêðåñòíîñòè ñèñòåìû ñ ãåòåðîêëèíè÷åñêèì êàñàíèåì �
íàëè÷èå ìîäóëåé. Â. Äè Ìåëó è Ñ. Âàí Ñòðèí â 1987 ã. îõàðàêòåðèçîâàëè êëàññ äèôôåîìîð-
ôèçìîâ ïîâåðõíîñòåé ñ êîíå÷íûì ÷èñëîì ìîäóëåé. Îêàçàëîñü, ÷òî óñëîâèå êîíå÷íîñòè ìî-
äóëåé íàêëàäûâàåò îãðàíè÷åíèå íà äëèíó öåïî÷êè ñåäåë, ó÷àñòâóþùèõ â ãåòåðîêëèíè÷åñêîì
êàñàíèè: òàêèõ ñåäåë íå ìîæåò áûòü áîëüøå òðåõ. Óäèâèòåëüíûì îáðàçîì ïîäîáíîãî ýôôåêòà
íå îáíàðóæèâàåòñÿ äëÿ íåïðåðûâíûõ äèíàìè÷åñêèõ ñèñòåì. Â íàñòîÿùåé ðàáîòå ðàññìàòðè-
âàþòñÿ ãðàäèåíòíûå ïîòîêè ôóíêöèè âûñîòû âåðòèêàëüíîé îðèåíòèðóåìîé ïîâåðõíîñòè ðîäà
g > 0. Òàêèå ïîòîêè îáëàäàþò öåïî÷êîé, ñîñòîÿùåé èç 2g ñåäëîâûõ òî÷åê. Â íàñòîÿùåé ðàáî-
òå óñòàíàâëèâàåòñÿ, ÷òî ÷èñëî ìîäóëåé òàêèõ ïîòîêîâ ðàâíî 2g − 1. Ýòîò ðåçóëüòàò ÿâëÿåòñÿ
íåïîñðåäñòâåííûì ñëåäñòâèåì äîñòàòî÷íûõ óñëîâèé òîïîëîãè÷åñêîé ñîïðÿæåííîñòè ïîòîêîâ
â îêðåñòíîñòè òàêèõ ñèñòåì, óñòàíîâëåííûõ â äàííîé ñòàòüå. Ïîëíûì òîïîëîãè÷åñêèì èíâà-
ðèàíòîì òîïîëîãè÷åñêîé ýêâèâàëåíòíîñòè äëÿ òàêèõ ñèñòåì ÿâëÿåòñÿ ÷åòûðåõöâåòíûé ãðàô,
íåñóùèé èíôîðìàöèþ î âçàèìíîì ðàñïîëîæåíèè ÿ÷ååê. Îñíàùåíèå ðåáåð ãðàôà àíàëèòè-
÷åñêèìè ïàðàìåòðàìè � ìîäóëÿìè, ñâÿçàííûìè ñ ñåäëîâûìè ñâÿçêàìè- äàåò äîñòàòî÷íûå
óñëîâèÿ òîïîëîãè÷åñêîé ñîïðÿæåííîñòè ïîòîêîâ ðàññìàòðèâàåìîãî êëàññà

Êëþ÷åâûå ñëîâà: ìîäóëü óñòîé÷èâîñòè, ãðàäèåíòíûé ïîòîê, òîïîëîãè÷åñêàÿ ñîïðÿæåí-
íîñòü, ÷åòûðåõöâåòíûé ãðàô, òîïîëîãè÷åñêèé èíâàðèàíò.

1. Ââåäåíèå è ôîðìóëèðîâêà ðåçóëüòàòîâ

Òîïîëîãè÷åñêàÿ ñîïðÿæåííîñòü äâóõ äèíàìè÷åñêèõ ñèñòåì îçíà÷àåò ñóùåñòâîâàíèå
ãîìåîìîðôèçìà, ïåðåâîäÿùåãî òðàåêòîðèè îäíîé ñèñòåìû â òðàåêòîðèè äðóãîé ñ ñîõðàíå-
íèåì íàïðàâëåíèÿ è âðåìåíè äâèæåíèÿ. Äëÿ íåïðåðûâíûõ ñèñòåì (ïîòîêîâ) ýòî îòíîøåíèå
îòëè÷àåòñÿ îò òîïîëîãè÷åñêîé ýêâèâàëåíòíîñòè, êîòîðàÿ íå òðåáóåò ñîõðàíåíèÿ âðåìåíè.

Â 1978 ã. Æ. Ïàëèñîì [1] áûëî îòêðûòî íàëè÷èå êîíòèíóóìà òîïîëîãè÷åñêè íå ñîïðÿ-
æåííûõ äèíàìè÷åñêèõ ñèñòåì â îêðåñòíîñòè ñèñòåìû ñ ãåòåðîêëèíè÷åñêèì êàñàíèåì íà
ïîâåðõíîñòè. Èìåííî îí ðàññìîòðåë îêðåñòíîñòü îðáèòû ãåòåðîêëèíè÷åñêîãî êàñàíèÿ è
ïîêàçàë, ÷òî äëÿ òîïîëîãè÷åñêîé ñîïðÿæåííîñòè ñèñòåì â äâóõ òàêèõ îêðåñòíîñòÿõ íåîá-
õîäèìî ñîâïàäåíèå ïàðàìåòðîâ, âûðàæàþùèõñÿ ÷åðåç ñîáñòâåííûå çíà÷åíèÿ ñåäåë, ñåïà-
ðàòðèñû êîòîðûõ êàñàþòñÿ. Òàêèì îáðàçîì, ëþáàÿ îêðåñòíîñòü ñèñòåìû ñ êàñàíèåì â
ïðîñòðàíñòâå äèíàìè÷åñêèõ ñèñòåì ñîäåðæèò áåñêîíå÷íîå ìíîæåñòâî ïîïàðíî ðàçëè÷íûõ
êëàññîâ òîïîëîãè÷åñêîé ñîïðÿæåííîñòè. Ïàðàìåòðû, ñ ïîìîùüþ êîòîðûõ îïèñûâàþòñÿ
êëàññû â íåêîòîðîé òàêîé îêðåñòíîñòè, íàçûâàþòñÿ ìîäóëÿìè òîïîëîãè÷åñêîé ñîïðÿæåí-
íîñòè.

Â. Äè Ìåëó è Ñ. Âàí Ñòðèí [2] â 1987 ã. îõàðàêòåðèçîâàëè êëàññ äèôôåîìîðôèçìîâ
ïîâåðõíîñòåé ñ êîíå÷íûì ÷èñëîì ìîäóëåé. Îêàçàëîñü, ÷òî óñëîâèå êîíå÷íîñòè ìîäóëåé

1Êðóãëîâ Âëàäèñëàâ Åâãåíüåâè÷, àñïèðàíò êàôåäðû ôóíäàìåíòàëüíîé ìàòåìàòèêè, ñòàæåð-
èññëåäîâàòåëü ëàáîðàòîðèè ¾Òîïîëîãè÷åñêèå ìåòîäû â äèíàìèêå¿, ÍÈÓ ÂØÝ, (603155, Ðîññèÿ,
ã. Íèæíèé Íîâãîðîä, óë. Áîëüøàÿ Ïå÷åðñêàÿ, ä.25/12), ORCID: http://orcid.org/ 0000-0003-4661-0288,
kruglovslava21@mail.ru
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íàêëàäûâàåò îãðàíè÷åíèå íà äëèíó öåïî÷êè ñåäåë, ó÷àñòâóþùèõ â ãåòåðîêëèíè÷åñêîì êà-
ñàíèè: òàêèõ ñåäåë íå ìîæåò áûòü áîëüøå òðåõ. Óäèâèòåëüíûì îáðàçîì ïîäîáíîãî ýôôåêòà
íå îáíàðóæèâàåòñÿ äëÿ íåïðåðûâíûõ äèíàìè÷åñêèõ ñèñòåì.

Â íàñòîÿùåé ðàáîòå ðå÷ü ïîéäåò î êëàññå G ãðàäèåíòíûõ ïîòîêîâ f t : Sg → Sg êëàññà
ãëàäêîñòè C2, ïîðîæäåííûõ ãðàäèåíòíûì âåêòîðíûì ïîëåì ôóíêöèè âûñîòû âåðòèêàëü-
íîé îðèåíòèðóåìîé ïîâåðõíîñòè Sg ðîäà g > 0. Íåáëóæäàþùåå ìíîæåñòâî òàêèõ ñèñòåì
ñîñòîèò èç êîíå÷íîãî ÷èñëà ãèïåðáîëè÷åñêèõ íåïîäâèæíûõ òî÷åê: îäíîãî èñòî÷íèêà, îäíî-
ãî ñòîêà è 2g ñåäëîâûõ òî÷åê, îáðàçóþùèõ öåïî÷êó, êàæäûé ýëåìåíò êîòîðîé ñîåäèíÿåòñÿ
ñî ñëåäóþùèì äâóìÿ ñåäëîâûìè ñåïàðàòðèñàìè (ñì. Ðèñ. 1.1).

Ð è ñ ó í î ê 1.1

Ãðàäèåíòíûå ïîòîêè ôóíêöèè âûñîòû

Îñíîâíûì ðåçóëüòàòîì íàñòîÿùåé ðàáîòû ÿâëÿåòñÿ ñëåäóþùàÿ òåîðåìà.

Ò å î ð å ì à 1.1 Ëþáîé ïîòîê f t : Sg → Sg èç êëàññà G èìååò â òî÷íîñòè 2g− 1
ìîäóëåé.

2. Òîïîëîãè÷åñêàÿ ýêâèâàëåíòíîñòü Ω-óñòîé÷èâûõ ïîòîêîâ ïî-

âåðõíîñòè

Â äàííîì ðàçäåëå ïðèâîäÿòñÿ íåîáõîäèìûå äëÿ äàëüíåéøåãî èçëîæåíèÿ ðåçóëüòàòû
ïî òîïîëîãè÷åñêîé êëàññèôèêàöèè (îòíîñèòåëüíî òîïîëîãè÷åñêîé ýêâèâàëåíòíîñòè) Ω-
óñòîé÷èâûõ ïîòîêîâ f t, çàäàííûõ íà çàìêíóòîé ïîâåðõíîñòè S.

Ñîãëàñíî ðàáîòå Ê. Ïüþ èÌ.Øóáà [3], íåáëóæäàþùåå ìíîæåñòâî Ωf t ïîòîêà f t ñîñòîèò
èç êîíå÷íîãî ÷èñëà ãèïåðáîëè÷åñêèõ íåïîäâèæíûõ òî÷åê, êîòîðûå íå îáðàçóþò öèêëîâ, òî
åñòü ìíîæåñòâ íåïîäâèæíûõ òî÷åê q1, q2, . . . , qk, qk+1 = q1 ñî ñâîéñòâîì W u

qi
∩W s

qi+1
̸= ∅, i =

1, . . . , k, ãäåW s
qi
èW u

qi
� óñòîé÷èâîå è íåóñòîé÷èâîå ìíîãîîáðàçèÿ òî÷êè qi ñîîòâåòñòâåííî.

Îáîçíà÷èì ÷åðåç Ω0
f t , Ω1

f t , Ω2
f t ìíîæåñòâà íåïîäâèæíûõ òî÷åê ïîòîêà f t, èìåþùèõ ðàç-

ìåðíîñòü íåóñòîé÷èâîãî ìíîãîîáðàçèÿ 0, 1, 2, ò. å. ñòîêîâ, ñåäåë, èñòî÷íèêîâ ñîîòâåòñòâåí-
íî. Âåçäå äàëåå áóäåì ïðåäïîëàãàòü, ÷òî ìíîæåñòâî Ω1

f t íå ïóñòî, ïîñêîëüêó â ïðîòèâíîì
ñëó÷àå âñå ïîòîêè ïðèíàäëåæàò îäíîìó êëàññó òîïîëîãè÷åñêîé ñîïðÿæåííîñòè.

Íàçîâåì êîìïîíåíòó ñâÿçíîñòè ìíîæåñòâà S̃ = S\

 ∪
p∈Ω1

ft

(clW u
p ∪ clW s

p )

 ÿ÷åéêîé. Ñî-

ãëàñíî [4], ëþáàÿ ÿ÷åéêà J ïîòîêà f t ñîäåðæèò åäèíñòâåííûé ñòîê ω è èñòî÷íèê α â
çàìûêàíèè.

Âûáåðåì â êàæäîé ÿ÷åéêå J t-êðèâóþ, ò. å. òðàåêòîðèþ, ñîåäèíÿþùóþ èñòî÷íèê ñî
ñòîêîì. Îáîçíà÷èì ÷åðåç T îáúåäèíåíèå t-êðèâûõ ïîòîêà f t. Áóäåì íàçûâàòü c-êðèâîé
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ñâÿçêó, s-êðèâîé è u-êðèâîé óñòîé÷èâóþ è íåóñòîé÷èâóþ ñåäëîâóþ ñåïàðàòðèñó, íå ÿâ-
ëÿþùóþñÿ ñâÿçêîé, ñîîòâåòñòâåííî. Íàçîâåì êîìïîíåíòó ñâÿçíîñòè ìíîæåñòâà Ŝ = S̃\T
ìíîãîóãîëüíîé îáëàñòüþ. Ñîãëàñíî [4], ëþáàÿ ìíîãîóãîëüíàÿ îáëàñòü b ïîòîêà f t ãîìåî-
ìîðôíà îòêðûòîìó äèñêó, è åå ãðàíèöà ñîñòîèò èç çàìûêàíèé îäíîé t-êðèâîé, îäíîé u-
êðèâîé, îäíîé s-êðèâîé è êîíå÷íîãî (âîçìîæíî, ïóñòîãî) ìíîæåñòâà c-êðèâûõ (ñì. Ðèñ.
2.1). Áóäåì íàçûâàòü ýòè êðèâûå öâåòíûìè êðèâûìè è ñòîðîíàìè ìíîãîóãîëüíîé îáëà-
ñòè. Êàæäàÿ c-êðèâàÿ ïðèíàäëåæèò ãðàíèöàì â òî÷íîñòè äâóõ ìíîãîóãîëüíûõ îáëàñòåé b,
ïîýòîìó åé ïðèïèñûâàåòñÿ ïàðà åå ïîðÿäêîâûõ íîìåðîâ â ýòèõ îáëàñòÿõ, ñîîòâåòñòâåííî.

b

t

s

c

u

c1n
b

Ð è ñ ó í î ê 2.1

Ìíîãîóãîëüíàÿ îáëàñòü

Ãðàô Γf t ñ ðåáðàìè öâåòîâ u, s, t è c íàçûâàåòñÿ ÷åòûð¼õöâåòíûì ãðàôîì ïîòîêà f t,
åñëè:

• êàæäîé ìíîãîóãîëüíîé îáëàñòè b ïîòîêà f t ñîîòâåòñòâóåò âåðøèíà b ãðàôà Γf t ;

• êàæäîé öâåòíîé êðèâîé îáëàñòè b ñîîòâåòñòâóåò öâåòíîå ðåáðî ãðàôà Γf t òàêîãî æå
öâåòà;

• âñå c-ðåáðà ãðàôà Γf t èìåþò òó æå ïàðó íîìåðîâ, ÷òî è ñîîòâåòñòâóþùèå èì c-êðèâûå
(ñì. Ðèñ. 2.2).
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Ð è ñ ó í î ê 2.2

Ïîòîê èç êëàññà G è åãî ÷åòûðåõöâåòíûé ãðàô

Ï ð å ä ë î æ å í è å 2.1 ([4], òåîðåìà 1) Ω-óñòîé÷èâûå ïîòîêè ïîâåðõíîñòè
òîïîëîãè÷åñêè ýêâèâàëåíòíû òîãäà è òîëüêî òîãäà, êîãäà èõ ÷åòûðåõöâåòíûå ãðàôû
èçîìîðôíû ïîñðåäñòâîì èçîìîðôèçìà, ñîõðàíÿþùåãî öâåòíîñòü è íóìåðàöèþ ðåáåð.
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3. Àíàëèòè÷åñêèå èíâàðèàíòû ïîòîêà èç êëàññà G

Â ýòîì ðàçäåëå ðàññìàòðèâàåòñÿ êëàññ G ãðàäèåíòíûõ ïîòîêîâ f t : Sg → Sg êëàññà
ãëàäêîñòè C2, ïîðîæäåííûõ ãðàäèåíòíûì âåêòîðíûì ïîëåì ôóíêöèè âûñîòû âåðòèêàëü-
íîé îðèåíòèðóåìîé ïîâåðõíîñòè Sg ðîäà g > 0. Íåáëóæäàþùåå ìíîæåñòâî òàêèõ ñèñòåì
ñîñòîèò èç êîíå÷íîãî ÷èñëà ãèïåðáîëè÷åñêèõ íåïîäâèæíûõ òî÷åê: îäíîãî èñòî÷íèêà α,
îäíîãî ñòîêà ω è 2g ñåäëîâûõ òî÷åê σ1, . . . , σ2g òàêèõ, ÷òî

W s
σi
\ σi = W u

σi+1
\ σi+1, i = 1, . . . , 2g − 1.

Îáîçíà÷èì ci êîìïîíåíòó ñâÿçíîñòè ìíîæåñòâà W
s
σi
\ σi.

Ïîòîê f t íå èìååò öèêëîâ è, ñëåäîâàòåëüíî, ÿâëÿåòñÿ Ω-óñòîé÷èâûì. Èç ðåçóëüòàòîâ
ïðåäûäóùåãî ðàçäåëà ñëåäóåò, ÷òî ïîòîê f t èìååò äâå ÿ÷åéêè è ÷åòûðå ìíîãîóãîëüíûå
îáëàñòè, åãî ÷åòûðåõöâåòíûé ãðàô èçîáðàæåí íà Ðèñ. 3.1.
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Ð è ñ ó í î ê 3.1

Ïîòîê èç êëàññà G è åãî ÷åòûðåõöâåòíûé ãðàô

Òàêèì îáðàçîì, ïîòîêè f t, f ′t : Sg → Sg èç êëàññà G èìåþò èçîìîðôíûå ãðàôû è, ñëå-
äîâàòåëüíî, ÿâëÿþòñÿ òîïîëîãè÷åñêè ýêâèâàëåíòíûìè. Îäíàêî èç ðåçóëüòàòîâ Æ. Ïàëèñà
[1] ñëåäóåò, ÷òî îíè íå ÿâëÿþòñÿ òîïîëîãè÷åñêè ñîïðÿæåííûìè. Áîëåå äåòàëüíî.

Ïóñòü µi � ïîëîæèòåëüíîå ñîáñòâåííîå çíà÷åíèå è λi � îòðèöàòåëüíîå ñîáñòâåííîå
çíà÷åíèå ñåäëîâîé òî÷êè σi (ñì. Ðèñ. 3.2). Ïîëîæèì

θi =
λi+1

µi

, i = 1, . . . , 2g − 1.

c ii+1 i

Ð è ñ ó í î ê 3.2

Ñâÿçêà ci, åå ñåäëà è ñîáñòâåííûå çíà÷åíèÿ
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Ââåäåì àíàëîãè÷íûå îáîçíà÷åíèÿ äëÿ ïîòîêà f ′t. Ïîêàæåì, ÷òî ñîâïàäåíèå ïàðàìåòðîâ
θi, θ

′
i ÿâëÿåòñÿ íåîáõîäèìûì óñëîâèåì òîïîëîãè÷åñêîé ñîïðÿæåííîñòè ïîòîêîâ f

t, f ′t : Sg →
Sg, îòêóäà áóäåò ñëåäîâàòü, ÷òî ÷èñëî ìîäóëåé ïîòîêà êëàññà G íå ìåíåå 2g − 1.

Îáîçíà÷èì ÷åðåç F t
µi,λi

: R2 → R2, ãäå µi > 0, λi < 0 � ïîòîê íà ïëîñêîñòè, îïðåäåëÿåìûé
ñèñòåìîé {

ẋ = µix,

ẏ = λiy,

Çàìåòèì, ÷òî uµi,λi
= {(x, y) ∈ R2 : |x||y|−

µi
λi < 1} � èíâàðèàíòíàÿ îêðåñòíîñòü åãî ñåäëîâîé

òî÷êè O(0, 0).

Ï ð å ä ë î æ å í è å 3.1 ([5], ëåììà 2.2) Ïóñòü σi � ñåäëîâàÿ òî÷êà ïîòîêà
f t ∈ G ñ ñîáñòâåííûìè çíà÷åíèÿìè λi < 0, µi > 0. Òîãäà ñóùåñòâóåò èíâàðèàíòíàÿ
îêðåñòíîñòü Ui ñåäëà σi è äèôôåîìîðôèçì ζi : Ui → uµi,λi

, òîïîëîãè÷åñêè ñîïðÿãàþùèé
ïîòîêè f t|Ui

è F t
µi,λi

|uµi,λi
.

Îêðåñòíîñòü Ui èç ïðåäëîæåíèÿ 3.1 íàçûâàåòñÿ ëèíåàðèçóþùåé îêðåñòíîñòüþ òî÷êè
σi.

Îáîçíà÷èì ÷åðåç (xi, yi) êîîðäèíàòû â îêðåñòíîñòè uµi,λi
. Ïîëîæèì V s

i = ζi(Ui ∩ Ui+1)
è V u

i+1 = ζi+1(Ui ∩ Ui+1). Òîãäà (ñì. ðèñ. 3.3) îòîáðàæåíèå ïåðåõîäà

gi = ζi+1ζ
−1
i : V s

i → V u
i+1

âî ââåäåííûõ êîîðäèíàòàõ èìååò âèä

gi(xi, yi) = (δi(xi, yi), γi(xi, yi)) = (xi+1, yi+1).

Íå óìåíüøàÿ îáùíîñòè, áóäåì ñ÷èòàòü, ÷òî ëèíåàðèçóþùèå îêðåñòíîñòè âûáðàíû òàê, ÷òî

xi+1 = δi(xi, yi) = y
µi+1
λi

i .

Ýòîãî âñåãäà ìîæíî äîáèòüñÿ ïîäõîäÿùåé çàìåíîé êîîðäèíàò.

Ë å ì ì à 3.1 2 Äëÿ ëþáîé òî÷êè (0, y0i ) ∈ V s
i âåðíî, ÷òî

∂γi
∂yi

(0, y0i ) = 0,
∂γi
∂xi

(0, y0i ) ̸= 0.

Ä î ê à ç à ò å ë ü ñ ò â î.Ïî îïðåäåëåíèþ gi(Oxi) = Oyi+1 è, çíà÷èò, γi(Oxi) ≡ 0, îòêóäà
∂γi
∂xi

(x0i , 0) = 0. Ïîñêîëüêó gi � äèôôåîìîðôèçì, òî åãî ÿêîáèàí íå ðàâåí íóëþ. Ïîñêîëüêó

∂γi
∂xi

(x0i , 0) = 0, òî
∂γi
∂yi

(x0i , 0) ̸= 0.

Ä î ê à ç à ò å ë ü ñ ò â î ç à ê î í ÷ å í î.
Ïîëîæèì

ki =
∂γi
∂xi

(0, y0i ).

Ë å ì ì à 3.2 Ïóñòü (xji , y
j
i ) ⊂ V s

i � ïîñëåäîâàòåëüíîñòü òî÷åê, ñõîäÿùàÿñÿ ê

(0, y0i ) ïðè j → ∞ òàêàÿ, ÷òî xji ̸= 0 (ñì. Ðèñ. 3.3). Òîãäà lim
j→∞

yji+1

xji
= ki.

2Àíàëîãè÷íûå ïðèâåäåííûì â ýòîì ðàçäåëå óòâåðæäåíèÿ äëÿ äèôôåîìîðôèçìîâ ìîæíî íàéòè, íàïðè-
ìåð, â ðàçäåëå 2 ðàáîòû [6] (ïðåäëîæåíèÿ 2.4 (ïóíêò 1) è 2.5 (ïóíêò 1)).
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Ä î ê à ç à ò å ë ü ñ ò â î.Èñïîëüçóÿ ôîðìóëó êîíå÷íûõ ïðèðàùåíèé è òîò

ôàêò, ÷òî γi(0, y
0
i ) = 0, ïîëó÷èì lim

j→∞

yji+1

xji
= lim

j→∞

γi(x
j
i , y

j
i )

xji
= lim

j→∞

γi(x
j
i , y

j
i )− γi(0, y

j
i )

xji
=

= lim
j→∞

∂γi
∂xi

(ν·xj
i , y

j
i )x

j
i

xj
i

= lim
j→∞

∂γi
∂xi

(ν · xji , y
j
i ) =

∂γi
∂xi

(0, y0i ) = ki.

Ä î ê à ç à ò å ë ü ñ ò â î ç à ê î í ÷ å í î.
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Ð è ñ ó í î ê 3.3

Îòîáðàæåíèå ïåðåõîäà

Ï ð å ä ë î æ å í è å 3.2 Ïóñòü ïîòîêè f t, f ′t : Sg → Sg ∈ G òîïîëîãè÷åñêè
ñîïðÿæåíû. Òîãäà θi = θ′i.

Ä î ê à ç à ò å ë ü ñ ò â î.Èç òîïîëîãè÷åñêîé ñîïðÿæåííîñòè ïîòîêîâ f t, f ′t ñëåäóåò
ñóùåñòâîâàíèå ãîìåîìîðôèçìà h : Sg → Sg òàêîãî, ÷òî h ◦ f t = f ′t ◦ h äëÿ ëþáîãî t ∈ R.
Âûáåðåì ïîñëåäîâàòåëüíîñòü (xji+1, y

j
i+1) ⊂ V u

i , êàê â ëåììå 3.2. Ïîëîæèì äëÿ îïðåäåëåí-

íîñòè yji+1, x
j
i+1 > 0, xji > 0, yji > 0. Çàôèêñèðóåì y0i+1 > 0, x0i > 0 (ñì. Ðèñ. 3.3) è âûáåðåì

âðåìåíà tji+1, t
j
i òàêèìè, ÷òî

y0i+1 = yji+1 · e−λi+1·tji+1 , x0i = xji · eµi·tji .

Òîãäà x0i = y0i+1 · eλi+1·tji+1 · kji · eµi·tji , ãäå kji =
xji
yji+1

. Îòêóäà λi+1 · tji+1 + µi · tji = ln
xji

yji+1 · k
j
i

è, ñëåäîâàòåëüíî,

tji
tji+1

=
ln

xj
i

yji+1·k
j
i

µi · tji+1

− λi+1

µi

.

Â ñèëó ëåìì 3.1, 3.2 è òîãî, ÷òî lim
j→∞

ti+1
j = ∞, ïîëó÷èì:

lim
j→∞

tji
tji+1

= lim
j→∞

ln
x0i

y0i+1 · ki
µi · tji+1

− λi+1

µi

= −λi+1

µi

= −θi.
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Ïîëîæèì hi = ζ ′ihζ
−1
i , (x′ji+1, y

′j
i+1) = hi+1(x

j
i+1, y

j
i+1), (0, y

′0
i+1) = hi+1(0, y

0
i+1), (x

′0
i , 0) =

hi(x
0
i , 0) (ñì. Ðèñ. 3.3). Ïîñêîëüêó h � ñîïðÿãàþùèé ãîìåîìîðôèçì, èìåþò ìåñòî ñëåäóþ-

ùèå ðàâåíñòâà:

y′0i+1 = y′ji+1 · e−λ′
i+1·t

j
i+1 , x′0i = x′ji · eµ′

i·t
j
i .

Èç ðàññóæäåíèé, àíàëîãè÷íûõ âûøåïðèâåäåííûì, ïîëó÷èì, ÷òî lim
j→∞

tji
tji+1

= −θ′i. Òàêèì

îáðàçîì, θi = θ′i.
Ä î ê à ç à ò å ë ü ñ ò â î ç à ê î í ÷ å í î.

4. Òîïîëîãè÷åñêàÿ ñîïðÿæåííîñòü ïîòîêîâ â îêðåñòíîñòè ñèñòåìû

èç êëàññà G

Â íàñòîÿùåì ðàçäåëå ïîêàçûâàåòñÿ, ÷òî äëÿ äâóõ ïîòîêîâ â îêðåñòíîñòè ñèñòåìû èç
êëàññà G äîñòàòî÷íûìè óñëîâèÿìè èõ òîïîëîãè÷åñêîé ñîïðÿæåííîñòè ÿâëÿþòñÿ èçîìîðô-
íîñòü èõ öâåòíûõ ãðàôîâ è ñîâïàäåíèå àíàëèòè÷åñêèõ èíâàðèàíòîâ, èç ÷åãî ñëåäóåò, ÷òî
÷èñëî ìîäóëåé ïîòîêà êëàññà G íå áîëåå 2g − 1. Ðàññìîòðèì äàííîå óòâåðæäåíèå áîëåå
äåòàëüíî.

Â ñèëó Ω-óñòîé÷èâîñòè ïîòîêà f t : Sg → Sg èç êëàññà G ëþáîé ïîòîê ϕt â íåêîòî-
ðîé îêðåñòíîñòè U(f t) ïîòîêà f t èìååò òàêîå æå, êàê è f t, íåáëóæäàþùåå ìíîæåñòâî, ïî
òèïó è êîëè÷åñòâó âõîäÿùèõ â íåáëóæäàþùåå ìíîæåñòâî òî÷åê, ïîýòîìó ìû ñîõðàíèì
îáîçíà÷åíèÿ ýòèõ òî÷åê. Êàæäûé òàêîé ïîòîê ϕt ïîëó÷àåòñÿ èç ïîòîêà f t ðàçðóøåíèåì
êîíå÷íîãî ÷èñëà ñâÿçîê (ñì. Ðèñ. 4.1) è, ñîîòâåòñòâåííî, ÿâëÿåòñÿ Ω-óñòîé÷èâûì ïîòî-
êîì. Òàêèì îáðàçîì, äëÿ íåãî êîððåòíî îïðåäåëåí ÷åòûðåõöâåòíûé ãðàô Γϕt è ïàðàìåòðû
θi, i = 1, . . . , 2g − 1.

1

2

3

4

2g-1

2g

Ð è ñ ó í î ê 4.1

Ïîòîê èç îêðåñòíîñòè ñèñòåìû èç êëàññà G

Ë å ì ì à 4.1 Ïóñòü ϕt, ϕ′t ∈ U(f t). Åñëè ãðàôû Γϕt, Γϕ′t èçîìîðôíû è θi = θ′i äëÿ
âñåõ i = 1, . . . , 2g − 1, òî ïîòîêè ϕt è ϕ′t òîïîëîãè÷åñêè ñîïðÿæåíû.

Ä î ê à ç à ò å ë ü ñ ò â î.Ñîãëàñíî ïðåäëîæåíèþ 2.1, èç èçîìîðôíîñòè ãðàôîâ Γϕt è Γϕ′t

ñëåäóåò, ÷òî ïîòîêè òîïîëîãè÷åñêè ýêâèâàëåíòíû ïîñðåäñòâîì íåêîòîðîãî ãîìåîìîðôèçìà
h : Sg → Sg. Ïîëîæèì p′ = h(p) äëÿ ëþáîé òî÷êè p ∈ Ωf t è c′i = h(ci) äëÿ ëþáîé ci-
êðèâîé. Ïîêàæåì, êàê ìîäèôèöèðîâàòü ãîìåîìîðôèçì h äî ãîìåîìîðôèçìà H : Sg →

Â.Å. Êðóãëîâ. Î ÷èñëå ìîäóëåé ãðàäèåíòíûõ ïîòîêîâ ôóíêöèè âûñîòû ïîâåðõíîñòè
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Sg, îñóùåñòâëÿþùåãî òîïîëîãè÷åñêóþ ñîïðÿæåííîñòü. Âåçäå äàëåå áóäåì èñïîëüçîâàòü
îáîçíà÷åíèÿ ïðåäûäóùåãî ðàçäåëà.
Øàã 1. Ïîëîæèì h̄i = ζ ′ihζ

−1
i : uµi,λi

→ uµ′
i,λ

′
i
. Íå óìåíüøàÿ îáùíîñòè, áóäåì ïîëàãàòü, ÷òî

h̄i ñîõðàíÿåò îðèåíòàöèþ êîîðäèíàòíûõ îñåé Ox,Oy (â ïðîòèâíîì ñëó÷àå ìîæíî ëèíåà-
ðèçóþùèé ãîìåîìîðôèçì çàìåíèòü íà åãî êîìïîçèöèþ ñ îòîáðàæåíèåì ñèììåòðèè îòíî-
ñèòåëüíî îñè). Ïîëîæèì

ρi =
µ′
i

µi

, βi =
λ′i
λi
.

Îïðåäåëèì ãîìåîìîðôèçì H̄i : uµi,λi
→ uµ′

i,λ
′
i

ôîðìóëîé H̄i(±x,±y) =
=
(
±Aix

ρi ,±Biy
βi
)
, ãäå x ≥ 0, y ≥ 0, Ai, Bi � íåêîòîðûå ïîëîæèòåëüíûå êîíñòàíòû.

Íåïîñðåäñòâåííî ïðîâåðÿåòñÿ, ÷òî ïðè ëþáîì âûáîðå êîýôôèöèåíòîâ ãîìåîìîðôèçì H̄i

ñîïðÿãàåò ïîòîêè F t
µi,λi

è F t
µ′
i,λ

′
i
. Âûáåðåì êîíñòàíòû Ai, Bi ïî ñëåäóþùåìó ïðàâèëó:

1. A1 = B1 = 1;

2. Ai+1 = B

µ′
i+1
λi

i ;

3. Bi+1 = Ai ·
k′i
kρii

, åñëè õîòÿ áû îäíà èç íåóñòîé÷èâûõ ñåïàðàòðèñ ñåäëà σi+1 ÿâëÿåòñÿ

ñâÿçêîé, è Bi+1 = 1 â ïðîòèâíîì ñëó÷àå.
Ïîëîæèì Hi = ζ ′−1

i hζi : Ui → U ′
i . Èç óñëîâèÿ θi = θ′i (ñëåäîâàòåëüíî, βi+1 = ρi) è

ëåììû 3.2 ñëåäóåò, ÷òî ïîñòðîåííûå îòîáðàæåíèÿ ñîâïàäàþò íà ïåðåñå÷åíèÿõ ëèíåàðè-
çóþùèõ îêðåñòíîñòåé. Îáîçíà÷èì ÷åðåç hV ãîìåîìîðôèçì, ïîñòðîåííûé íà îáúåäèíåíèè
ñåäëîâûõ ëèíåàðèçóþùèõ îêðåñòíîñòåé è ÷åðåç V , V ′ ñàìî ýòî îáúåäèíåíèå ó ïîòîêà f t,
f ′t ñîîòâåòñòâåííî.
Øàã 2. Ïîñòðîèì ãîìåîìîðôèçì â îñòàâøèõñÿ ÷àñòÿõ ïîâåðõíîñòè. Ðàññóæäåíèÿ àíàëî-
ãè÷íû äîêàçàòåëüñòâó îñíîâíîé òåîðåìû â [7]. Îáîçíà÷èì Vb = V ∩ cl(b) îáëàñòü â b, ãäå
óæå ïîñòðîåí hV (ñì. Ðèñ. 4.2). Çàìåòèì, ÷òî hV ìîæåò áûòü î÷åâèäíî ïðîäîëæåí íà cl(Vb)
â ñèëó íåïðåðûâíîñòè.

b b1 2
b b1 2

‘

‘‘

‘

‘

‘‘

T T T T ‘V V

v
0

v1

v
0

v1l l ‘
h v( )

h v( )

0

1V

lt
‘

lt

ltJ
T

J
T

J
T ‘

Ð è ñ ó í î ê 4.2

Ïîñòðîåíèå ãîìåîìîðôèçìà â îáëàñòè T

Îáîçíà÷èì T = cl(b)\Vb. Àíàëîãè÷íî- T ′. Ïîñòðîèì ãîìåîìîðôèçì hT : T → T ′.
Ïóñòü ℓ è ℓ′ � äâå èçìåðèìûå çàìêíóòûå êðèâûå áåç êîíòàêòà, ÿâëÿþùèåñÿ ãðàíèöåé

íåêîòîðûõ îêðåñòíîñòåé ñòîêîâ ω è ω′ ñîîòâåòñòâåííî (èõ ñóùåñòâîâàíèå ñëåäóåò èç ãè-
ïåðáîëè÷íîñòè ñòîêîâ), è, î÷åâèäíî, îáùèå äëÿ âñåõ îáëàñòåé ñ ω, ω′ ñîîòâåòñòâåííî â
ãðàíèöå.
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Îáîçíà÷èì t-êðèâóþ îáëàñòè b ÷åðåç lt è îáëàñòè b′ ÷åðåç l′t. Ïóñòü {v0} = ℓ ∩ lt è
{ṽ0} = ℓ′ ∩ l′t. Ïîñòðîèì ñîïðÿãàþùèé ãîìåîìîðôèçì hlt : lt → l′t òàê, ÷òî åñëè z = f tz(v0),
òî z′ = hlt(z) ïðè z

′ = f ′tz(ṽ0) (ñì. ðèñ. 4.2).
Ïóñòü JT = ℓ ∩ T è ïóñòü v0, v1 � êîíöû äóãè JT , ïðè ýòîì v1 ∈ ∂Vb. Àíàëîãè÷íî äóãà

J̃T ′ = ℓ′∩T ′ îãðàíè÷åíà òî÷êàìè ṽ0, ṽ1, ïðèíàäëåæàùèìè l
′
t, ∂Vb′ ñîîòâåòñòâåííî. Ïîëîæèì

t0, t1 ∈ R òàêèìè, ÷òî f ′t0(ṽ0) = hlt(v0), f
′t1(ṽ1) = hV (v1) è ïîëîæèì ρ : J̃T ′ → [0, 1] �

ãîìåîìîðôèçì òàêîé, ÷òî ρ(ṽj) = j, j = 0, 1. Ïóñòü

JT ′ = {f ′tz(z̃) | z̃ ∈ J̃T ′ , tz = t0 + (t1 − t0)ρ(z̃)}.

Çàäàäèì ïðîèçâîëüíûé ãîìåîìîðôèçì hJ : JT → JT ′ òàê, ÷òî hJ(v0) = hlt(v0) è
hJ(v1) = hV (v1). Òîãäà ëþáàÿ òî÷êà z èç T îïðåäåëÿåòñÿ åäèíñòâåííûì îáðàçîì òî÷êîé
z0 òàêîé, ÷òî {z0} = Oz ∩ JT è çíà÷åíèåì âðåìåíè tz ∈ R òàêèì, ÷òî f tz(z0) = z. Îïðåäå-
ëèì ãîìåîìîðôèçì hT : T → T ′ ôîðìóëîé hT (f

tz(z0)) = f ′tz(hJ(z0)). Ïîñòðîèì èòîãîâûé
ãîìåîìîðôèçì hb : cl(b) → cl(b) òàê, ÷òî hb|cl(V ) = hV è hb|T = hT . Îí, î÷åâèäíî, ñîâïàäàåò
ñ ãîìåîìîðôèçìàìè íà ñîñåäíèõ îáëàñòÿõ.

Òàêèì îáðàçîì, H : Sg → Sg çàäàåòñÿ ôîðìóëîé H(x) = hb ïðè x ∈ b.
Ä î ê à ç à ò å ë ü ñ ò â î ç à ê î í ÷ å í î.
Áëàãîäàðíîñòè. Àâòîð áëàãîäàðèò Ïî÷èíêó Îëüãó Âèòàëüåâíó çà âíèìàòåëüíîå ïðî÷òåíèå
ðóêîïèñè. Èññëåäîâàíèå âûïîëíåíî ïðè ôèíàíñîâîé ïîääåðæêå ÐÔÔÈ â ðàìêàõ íàó÷íîãî
ïðîåêòà � 18-31-00022 ìîë à, êðîìå íåîáõîäèìîãî óñëîâèÿ îñíîâíîé òåîðåìû, êîòîðîå
äîêàçàíî êàê ðåçóëüòàò èññëåäîâàòåëüñêîãî ïðîåêòà ¾Òîïîëîãèÿ è õàîñ â äèíàìèêå ñèñòåì,
ñëîåíèé è äåôîðìàöèè àëãåáð Ëè (2018)¿ â ÍÈÓ ÂØÝ.
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On number of moduli for gradient surface height function

�ows

c⃝ V.E. Kruglov1

Abstract. In 1978 J. Palis invented continuum topologically non-conjugate systems in a
neighbourhood of a system with a heteroclinic contact; in other words, he invented so-called moduli.
W. de Melo and Ñ. van Strien in 1987 described a di�eomorphism class with a �nite number of
moduli. They discovered that a chain of saddles taking part in the heteroclinic contact of such
di�eomorphism includes not more than three saddles. Surprisingly, such e�ect does not happen
in �ows. Here we consider gradient �ows of the height function for an orientable surface of genus
g > 0. Such �ows have a chain of 2g saddles. We found that the number of moduli for such �ows
is 2g − 1 which is the straight consequence of the su�cient topological conjugacy conditions for
such systems given in our paper. A complete topological equivalence invariant for such systems is
four-colour graph carrying the information about its cells relative position. Equipping the graph's
edges with the analytical parameters � moduli, connected with the saddle connections, gives the
su�cient conditions of the �ows topological conjugacy.

Key Words: modulus of stability, gradient �ow, topological conjugacy, four-colour graph,
topological invariant
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Àïïðîêñèìàöèÿ ñìåøàííîé êðàåâîé çàäà÷è

c⃝ Ô.Â. Ëóáûøåâ1, Ì.Ý. Ôàéðóçîâ2

Àííîòàöèÿ. Ðàññìàòðèâàåòñÿ ñìåøàííàÿ êðàåâàÿ çàäà÷à äëÿ óðàâíåíèÿ ýëëèïòè÷åñêîãî òè-
ïà äèâåðãåíòíîãî âèäà ñ ïåðåìåííûìè êîýôôèöèåíòàìè. Ïðåäïîëàãàåòñÿ, ÷òî îáëàñòü èí-
òåãðèðîâàíèÿ èìååò äîñòàòî÷íî ãëàäêóþ ãðàíèöó, ïðè÷åì ãðàíèöà îáëàñòè èíòåãðèðîâàíèÿ
åñòü îáúåäèíåíèå äâóõ íåïåðåñåêàþùèõñÿ êóñêîâ, íà îäíîì èç êîòîðûõ çàäàíî ãðàíè÷íîå
óñëîâèå Äèðèõëå, à íà äðóãîì çàäàíî ãðàíè÷íîå óñëîâèå Íåéìàíà. Ïîñòàâëåííàÿ çàäà÷à �
ýòî çàäà÷à ñ ðàçðûâíûì ãðàíè÷íûì óñëîâèåì. Ïîäîáíûå çàäà÷è ñî ñìåøàííûìè óñëîâèÿìè
íà ãðàíèöå íàèáîëåå ÷àñòî âñòðå÷àþòñÿ íà ïðàêòèêå ïðè ìîäåëèðîâàíèè ïðîöåññîâ è ïðåä-
ñòàâëÿþò çíà÷èòåëüíûé èíòåðåñ äëÿ ðàçðàáîòêè ìåòîäîâ èõ ðåøåíèÿ. Â ÷àñòíîñòè, ðÿä çàäà÷
òåîðèè óïðóãîñòè, òåîðèè äèôôóçèè, ôèëüòðàöèè, ãåîôèçèêè, ðÿä çàäà÷ ðàñ÷åòà è îïòèìè-
çàöèè ïðîöåññîâ ýëåêòðî-òåïëî-ìàññîïåðåíîñà â ñëîæíûõ ìíîãîýëåêòðîäíûõ ýëåêòðîõèìè÷å-
ñêèõ ñèñòåìàõ ñâîäÿòñÿ ê êðàåâûì çàäà÷àì óêàçàííîãî òèïà. Â íàñòîÿùåé ðàáîòå ïðåäëîæåíà
àïïðîêñèìàöèÿ èñõîäíîé ñìåøàííîé êðàåâîé çàäà÷è òðåòüåé êðàåâîé çàäà÷åé ñ ïàðàìåòðîì.
Èññëåäóåòñÿ ñõîäèìîñòü ïðåäëîæåííûõ àïïðîêñèìàöèé. Óñòàíîâëåíû îöåíêè ñêîðîñòè ñõîäè-
ìîñòè ïðåäëîæåííûõ àïïðîêñèìàöèé â Ñîáîëåâñêèõ íîðìàõ.

Êëþ÷åâûå ñëîâà: ýëëèïòè÷åñêîå óðàâíåíèå, ñìåøàííàÿ êðàåâàÿ çàäà÷à, Ñîáîëåâñêîå ïðî-
ñòðàíñòâî, òåîðåìà âëîæåíèÿ, àïïðîêñèìàöèÿ, ñõîäèìîñòü àïïðîêñèìàöèé

1. Ïîñòàíîâêà ñìåøàííîé êðàåâîé çàäà÷è

Ïóñòü Ω ⊂ R2 � îãðàíè÷åííàÿ îáëàñòü ñ äîñòàòî÷íî ãëàäêîé ãðàíèöåé Γ ≡ ∂Ω.
Ïðåäïîëàãàåòñÿ, ÷òî Γ1 è Γ2 � íåïóñòûå îòêðûòûå ïîäìíîæåñòâà ∂Ω = Γ ñ äîñòàòî÷íî
ãëàäêèìè ãðàíèöàìè, ïðè÷åì Γ1 ∩ Γ2 = ∅, Γ1 ∪ Γ2 = Γ = ∂Ω.

Ðàññìàòðèâàåòñÿ ñëåäóþùàÿ ñìåøàííàÿ ãðàíè÷íàÿ çàäà÷à:

Lu(x) = −
2∑

α=1

∂

∂xα

(
kα(x)

∂u

∂xα

)
= f(x), x ∈ Ω ⊂ R2, (1.1)

u(x) = µ1(x), x ∈ Γ1, (1.2)

∂u

∂N
(x) = µ2(x), x ∈ Γ2. (1.3)

Çäåñü

∂u

∂N
=

2∑
α=1

kα(x)
∂u

∂xα
cos(ν̂, xα) =

2∑
α=1

kα(x)
∂u

∂xα
(x)να(x), x ∈ Γ2,
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� êîíîðìàëüíàÿ ïðîèçâîäíàÿ; να(x); α = 1, 2 � íàïðàâëÿþùèå êîñèíóñû âåêòîðà âíåøíåé
íîðìàëè:

ν =
(
ν1(x), ν2(x)

)
=
(
cos(ν, x1), cos(ν, x2)

)
,

ïðè÷åì kα(x), f(x), µ1(x), µ2(x) � çàäàííûå ôóíêöèè; kα(x) ∈ L∞(Ω),f(x) ∈ L2(Ω),µ1(s) ∈
L2(Γ1),µ2(s) ∈ L2(Γ2),0 < ν0 ≤ kα(x) ≤ ν0,α = 1, 2.

Çàäà÷è òàêîãî òèïà ñî ñìåøàííûìè óñëîâèÿìè íà ãðàíèöå Γ, ñîîòâåòñòâóþùèìè ðàç-
ëè÷íîìó õàðàêòåðó âçàèìîäåéñòâèÿ ðàññìàòðèâàåìîé ñðåäû Ω íà ðàçëè÷íûõ ó÷àñòêàõ
∂Ωi = Γi åå ãðàíèöû Γ = ∂Ω, ÿâëÿþòñÿ íàèáîëåå ÷àñòî âñòðå÷àþùèìèñÿ íà ïðàêòèêå (íà
Γ = ∂Ω çàäàþòñÿ óñëîâèÿ ðàçíûõ òèïîâ).

Ñìåøàííûå êðàåâûå óñëîâèÿ (1.2)�(1.3) ñîîòâåòñòâóþò, íàïðèìåð, çàäàííîìó ðàñïðå-
äåëåíèþ òåìïåðàòóðû íà ó÷àñòêå Γ1 = ∂Ω1 ãðàíèöû Γ = ∂Ω è çàäàííîìó ïîòîêó òåïëà íà
ó÷àñòêå Γ2 = ∂Ω2 ⊂ Γ.

Çàäà÷è òàêîãî òèïà ïðåäñòàâëÿþò çíà÷èòåëüíûé èíòåðåñ äëÿ ïðèëîæåíèé è ðàçðàáîò-
êè ìåòîäîâ èõ èññëåäîâàíèÿ [1]�[23]. Â ÷àñòíîñòè, ðÿä çàäà÷ òåîðèè óïðóãîñòè, òåîðèè
äèôôóçèè, ôèëüòðàöèè, ãåîôèçèêè, ðÿä çàäà÷ ðàñ÷åòà è îïòèìèçàöèè ïðîöåññîâ ýëåêòðî-
òåïëî-ìàññîïåðåíîñà â ñëîæíûõ ìíîãîýëåêòðîäíûõ ýëåêòðîõèìè÷åñêèõ ñèñòåìàõ ñâîäÿòñÿ
ê çàäà÷àì òèïà (1.1)�(1.3)

Êðàåâàÿ çàäà÷à (1.1)�(1.3) ýòî çàäà÷à ñ ðàçðûâíûì ãðàíè÷íûì óñëîâèåì. Âîïðîñû ñó-
ùåñòâîâàíèÿ è åäèíñòâåííîñòè ðåøåíèÿ çàäà÷è òèïà (1.1)�(1.3) èçó÷àëèñü, íàïðèìåð, â
ðàáîòå [21]. Çàäà÷à òèïà (1.1)�(1.3) èññëåäîâàëàñü åùå Çàðåìáîé [21].

Ïîä ðåøåíèåì çàäà÷è (1.1)�(1.3) áóäåì ïîíèìàòü ñëàáîå ðåøåíèå, à èìåííî êîòîðîå
íàõîäèòñÿ ñëåäóþùèì îáðàçîì. Ïóñòü Φ(x) ∈ W 1

2 (Ω) òàêàÿ, ÷òî µ1(s) ∈ L2(Γ1) � ñëåä
ýòîé ôóíêöèè íà Γ1 êàê ýëåìåíò ïðîñòðàíñòâà L2(Γ1) (ò.å. µ1(s) ∈ L2(Γ1) è ôóíêöèÿ
Φ(x) ∈ W 1

2 (Ω) óäîâëåòâîðÿþò ñîîòíîøåíèÿì: Φ(x)|Γ1
= µ(s) íà Γ1 â ñìûñëå òåîðèè ñëåäîâ

[8]� [9]; [11]; [13]; [20]; [22]). Ïóñòü µ2(s) ∈ L2(Γ2), f(x) ∈ L2(Ω), è ïóñòü

V =
{
v(x) ∈ W 1

2 (Ω) : v = 0 íà Γ1 â ñìûñëå òåîðèè ñëåäîâ
}
=

◦
W 1

2 (Ω,Γ1).

Ôóíêöèþ u(x) ∈ W 1
2 (Ω) íàçîâåì ñëàáûì ðåøåíèåì çàäà÷è (1.1)�(1.3), åñëè îíà óäîâëå-

òâîðÿåò ñëåäóþùèì óñëîâèÿì:
1) z = u− Φ ∈ V, (1.4)

2) A(u, v) =

∫
Ω

2∑
α=1

kα(x)
∂u

∂xα

∂v

∂xα
dΩ =

∫
Γ2

µ2(s)v(s) ds+

∫
Ω

f(x)v(x) dΩ (1.5)

äëÿ ëþáîãî v ∈ V .

Ç à ì å ÷ à í è å 1.1 Êðàåâóþ çàäà÷ó (1.1)�(1.3) ñëåäóåò îòíåñòè ê çàäà÷å ñ ðàç-
ðûâíûì ãðàíè÷íûì óñëîâèåì.

Ç à ì å ÷ à í è å 1.2 Íåîäíîðîäíîå ãðàíè÷íîå óñëîâèå (1.2) çäåñü îïðåäåëÿåòñÿ
(âûðàæåíî) ôóíêöèåé Φ(x) ∈ W 1

2 (Ω), äëÿ êîòîðîé

Φ = µ1(s) íà Γ1 â ñìûñëå òåîðèè ñëåäîâ.

Òàêèì îáðàçîì, âûïîëíåíèå ãðàíè÷íîãî óñëîâèÿ (1.2) â äàííîì ñëó÷àå îáåñïå÷èâàåòñÿ
óñëîâèåì (1.4) (çäåñü Φ(x) ∈ W 1

2 (Ω) ýòî ôóíêöèÿ, îïèñûâàþùàÿ íåîðäíîðîäíîå ãðàíè÷-
íîå óñëîâèå (1.2)). Ïîä ñëåäîì ôóíêöèè u(x) ∈ W 1

2 (Ω) íà Γ1 ⊂ Γ = ∂Ω íàäî ïîíèìàòü
îãðàíè÷åíèå ñëåäà (ôóíêöèè) u(s) ∈ L2(Γ). Ñëåäîâàòåëüíî, ðàññìàòðèâàåòñÿ ëèøü òà
¾÷àñòü¿ ôóíêöèè u(s), êîòîðàÿ ¾ïðèíàäëåæè¿ Γ1. Çäåñü ÷åðåç s îáîçíà÷åí ïàðàìåòð
äëèíû äóãè íà Γ.
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Ñïðàâåäëèâà ñëåäóþùàÿ [13]

Ë å ì ì à 1.1 Ñìåøàííàÿ êðàåâàÿ çàäà÷à (1.1)-(1.3) èìååò îäíî(è òîëüêî îäíî)
ñëàáîå ðåøåíèå u(x) ∈ W 1

2 (Ω); ñóùåñòâóåò òàêàÿ ïîñòîÿííàÿ C > 0, íåçàâèñÿùàÿ îò
ôóíêöèé f , Φ, µ2, äëÿ êîòîðîé âûïîëíÿåòñÿ ñîîòíîøåíèå

∥u(x)∥W 1
2 (Ω) ≤ C

[
∥µ2∥L2(Γ2) + ∥Φ∥W 1

2 (Ω) + ∥f∥L2(Ω)

]
. (1.6)

Ç à ì å ÷ à í è å 1.3 Ïðè ðàññìîòðåíèè ñëó÷àÿ, êîãäà ãðàíè÷íîå óñëîâèå (1.2) ÿâ-
ëÿåòñÿ îäíîðîäíûì, íàäî ïîëîæèòü â îïðåäåëåíèè ñëàáîãî ðåøåíèÿ çàäà÷è (1.1)�(1.3):
Φ(x) = 0 â W 1

2 (Ω), òàê ÷òî Φ(x) � íóëåâàÿ ôóíêöèÿ â äàííîé ñèòóàöèè.

Ç à ì å ÷ à í è å 1.4 Íàïîìíèì íåêîòîðûå ôàêòû. Èçâåñòíî, ÷òî â ñëó÷àå, êî-
ãäà ãðàíèöà Γ = ∂Ω îáëàñòè Ω îãðàíè÷åíà è äîñòàòî÷íî ðåãóëÿðíà, ìîæíî îïðåäåëèòü
åäèíñòâåííûì îáðàçîì ñëåä ôóíêöèè u ∈ W 1

2 (Ω) íà Γ = ∂Ω, êîòîðûé îáîçíà÷èì ÷åðåç
γu = u|Γ. Ïðè ýòîì γu = u|Γ ∈ L2(Γ), ò. å. ñëåä ôóíêöèè u ∈ W 1

2 (Ω) îïðåäåëåí íà Γ = ∂Ω

êàê ýëåìåíò L2(Γ) [13]; [22]; [23] (è äàæåW
1/2
2 (Γ) ñì. äàëåå), è îòîáðàæåíèå u→ γu = u|Γ

ÿâëÿåòñÿ ëèíåéíûì è íåïðåðûâíûì îòîáðàæåíèåì èç W 1
2 (Ω) â L2(Γ) (W

1
2 (Ω) → L2(Γ)).

Îäíàêî äàííîå óòâåðæäåíèå äàëåêî íå ëó÷øèé âîçìîæíûé ðåçóëüòàò â òîì ñìûñëå,
÷òî îòîáðàæåíèå u→ γu = u|Γ íå ñþðüåêòèâíî èç W 1

2 (Ω) â L2(Γ) [23].

Ìîæíî óñèëèòü ýòîò ðåçóëüòàò ââåäåíèåì ïðîñòðàíñòâà ñ äðîáíûì èíäåêñîì W
1/2
2 (Γ):

îáðàçW 1
2 (Ω) ïðè îòîáðàæåíèè γ óæå, ÷åì L2(Γ), è ñîâïàäàåò ñW

1/2
2 (Γ). Îêàçûâàåòñÿ, îòîá-

ðàæåíèå u→ γu = u|Γ ÿâëÿåòñÿ ëèíåéíûì, íåïðåðûâíûì è ñþðüåêòèâíûì îòîáðàæåíèåì

W 1
2 (Ω) → W

1/2
2 (Γ) [14]; [23].

Òàê ÷òî ñïðàâåäëèâà ñëåäóþùàÿ [11]

Ë å ì ì à 1.2 Åñëè Φ ∈ W 1
2 (Ω), òî ñëåä v = Φ|Γ ïðèíàäëåæèò ïðîñòðàíñòâó

W
1/2
2 (Γ), è âûïîëíÿåòñÿ îöåíêà

∥v∥
W

1/2
2 (Γ)

≤ C∥Φ∥W 1
2 (Ω).

Îáðàòíî: äëÿ êàæäîé ôóíêöèè v ∈ W
1/2
2 (Γ) ñóùåñòâóåò ôóíêöèÿ Φ ∈ W 1

2 (Ω) òàêàÿ, ÷òî

Φ|Γ = v(s), s ∈ Γ.

è ñïðàâåäëèâà îöåíêà
∥Φ∥W 1

2 (Ω) ≤ C∗∥v∥W 1/2
2 (Γ)

. (1.7)

Íèæå ìû âîñïîëüçóåìñÿ òåì, ÷òî îòîáðàæåíèå v → Φ ÿâëÿåòñÿ ëèíåéíûì è íåïðå-
ðûâíûì îòîáðàæåíèåì èç W

1/2
2 (Γ) â W 1

2 (Ω) (W
1/2
2 (Γ) → W 1

2 (Ω)). Çäåñü è âûøå [14]; [19]

êëàññ W
1/2
2 (Γ) ïðåäñòàâëÿåò ñîáîé ïðîñòðàíñòâî ñ äðîáíûì èíäåêñîì è ñîñòîèò èç ôóíê-

öèé v(s), s ∈ Γ, ÿâëÿþùèõñÿ ñëåäîì íà Γ äëÿ ôóíêöèé Φ êëàññà W 1
2 (Ω): v(s) = Φ|Γ ñ

íîðìîé â W
1/2
2 (Γ), îïðåäåëÿåìîé ðàâåíñòâîì

∥v∥
W

1/2
2 (Γ)

= inf
Φ∈W1

2 (Ω)

γΦ=v

∥Φ∥W 1
2 (Ω),

ïðè÷åì íèæíÿÿ ãðàíü áåðåòñÿ ïî âñåì òåì ôóíêöèÿì Φ(x) ∈ W 1
2 (Ω), äëÿ êîòîðûõ

Φ(s) = v(s), s ∈ Γ.
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Ïðîñòðàíñòâî W
1/2
2 (Γ) � îáðàç ïðîñòðàíñòâà W 1

2 (Ω) ïðè îòîáðàæåíèè γ, ò. å. W
1/2
2 (Γ) =

= γ[W 1
2 (Ω)] [14].

Êëàññ ôóíêöèé W
1/2
2 (Γ) ÿâëÿåòñÿ ïîäïðîñòðàíñòâîì ïðîñòðàíñòâà L2(Γ).

Òàêèì îáðàçîì, ïðîñòðàíñòâî ôóíêöèé ñ äðîáíîé ïðîèçâîäíîéW
1/2
2 (Γ) ïîçâîëÿåò ïðî-

èçâåñòè áîëåå óãëóáëåííûé àíàëèç ïðîáëåìû ñëåäîâ.
Ïðåîáðàçóåì îöåíêó (1.6). Âûáèðàÿ â ëåììå 1.2 â êà÷åñòâå v(s) ∈ W

1/2
2 (Γ1) ãðàíè÷íóþ

ôóíêöèþ µ1(s) ∈ W
1/2
2 (Γ1) çàäà÷è (1.1)�(1.3):

v(s) = µ1(s), s ∈ Γ1, (1.8)

çàìåòèì, ÷òî (1.7) ïðèìåò âèä (â ñèëó âëîæåíèÿ W
1/2
2 (Γ1) ⊂ W 1

2 (Ω)):

∥Φ∥W 1
2 (Ω) ≤ C∗∥µ1∥W 1/2

2 (Γ1)
. (1.9)

Ñëåäîâàòåëüíî, èç îöåíêè (1.6) íàéäåì àïðèîðíóþ îöåíêó âèäà

∥u∥W 1
2 (Ω) ≤ C∗∗

[
∥µ2∥L2(Γ2) + ∥µ1∥W 1/2

2 (Γ1)
+ ∥f∥L2(Ω)

]
. (1.10)

Ç à ì å ÷ à í è å 1.5 Ñïðàâåäëèâî óòâåðæäåíèå [11]; [19]: åñëè u ∈ W 2
2 (Ω), òî äëÿ

ýòîé ôóíêöèè èìååò ñìûñë ïðîèçâîäíàÿ ïî íîðìàëè
∂u

∂n
, ïðè÷åì ñïðàâåäëèâà îöåíêà∥∥∥∥∂u∂n

∥∥∥∥
W

1/2
2 (∂Ω)

≤ Ĉ∥u∥W 2
2 (Ω), Ĉ > 0. (1.11)

Ç à ì å ÷ à í è å 1.6 Èç îïðåäåëåíèÿ W s
2 (Ω) � ïðîñòðàíñòâ ñ äðîáíûì èíäåêñîì

[11]; [19]� âûòåêàåò íåðàâåíñòâî

∥u∥W γ
2 (Ω) ≤ C∥u∥W s

2 (Ω) ïðè s > γ, (1.12)

ò. å. åñëè ôóíêöèÿ u ∈ W s
2 (Ω), òî îíà ÿâëÿåòñÿ òàêæå ýëåìåíòîì èç W γ

2 (Ω), è ñïðàâåä-
ëèâî (1.12). Ñîîòíîøåíèå, àíàëîãè÷íîå (1.12), ñïðàâåäëèâî è äëÿ ïðîñòðàíñòâ W s

2 (∂Ω).
Çàïèøåì òàêæå íåðàâåíñòâî∥∥∥∥∂u∂n

∥∥∥∥
L2(∂Ω)

≤ C∥u∥W 2
2 (Ω), C > 0. (1.13)

2. Àïïðîêñèìàöèÿ ñìåøàííîé êðàåâîé çàäà÷è òðåòüåé êðàåâîé çà-

äà÷åé. Ñõîäèìîñòü àïïðîêñèìàöèé

Äëÿ ðåøåíèÿ çàäà÷è (1.1)�(1.3) ðàññìîòðèì ìåòîä, çàêëþ÷àþùèéñÿ â ïðèáëèæåí-
íîé çàìåíå ñìåøàííîé çàäà÷è (1.1)�(1.3) òðåòüåé êðàåâîé çàäà÷åé ñ ïàðàìåòðîì ε > 0:

−
2∑

α=1

∂

∂xα

(
kα(x)

∂uε
∂xα

)
= f(x), x ∈ Ω ⊂ R2, (2.14)

∂uε
∂N

+ ε(s)uε = g(s), s ∈ Γ = Γ1 ∪ Γ2, (2.15)

ãäå

ε(s) =

{
ε, s ∈ Γ1,
0, s ∈ Γ2,

g(s) =

{
εµ1(s), s ∈ Γ1,
µ2(s), s ∈ Γ2,

ε = const > 0. (2.16)
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Áóäåì ñ÷èòàòü, ÷òî ïðè ε → +∞ ðåøåíèå çàäà÷è (2.14)�(2.16) ñòðåìèòñÿ ê ðåøåíèþ
èñõîäíîé ñìåøàííîé êðàåâîé çàäà÷è (1.1)�(1.3).

Îáîáùåííûì ðåøåíèåì êðàåâîé çàäà÷è (2.14)�(2.16) íàçûâàåòñÿ ôóíêöèÿ uε(x) ∈
W 1

2 (Ω), óäîâëåòâîðÿþùàÿ èíòåãðàëüíîìó òîæäåñòâó

A1(uε, v) =
∫
Ω

−
2∑

α=1

kα(x)
∂uε

∂xα

∂v
∂xα

dΩ + ε
∫
Γ1

uε(s)v(s) ds =

= ε
∫
Γ1

µ1(s)v(s) ds+
∫
Γ2

µ2(s)v(s) ds+
∫
Ω

f(x)v(x) dΩ = lε(v),
(2.17)

äëÿ âñåõ v(x) ∈ W 1
2 (Ω).

Ñïðàâåäëèâà ñëåäóþùàÿ

Ë å ì ì à 2.1 Çàäà÷à (2.14)�(2.16) îäíîçíà÷íî ðàçðåøèìà â êëàññå W 1
2 (Ω).

Äîêàçàòåëüñòâî ëåììû ìîæåò áûòü ïðîèçâåäåíî íà îñíîâå ëåììû Ëàêñà-Ìèëüãðàììà
[5]; [9]; [13].

Ò å î ð å ì à 2.1 Ïðè ε → +∞ ðåøåíèå çàäà÷è (2.14)�(2.16) ñõîäèòñÿ ïî íîðìå
W 1

2 (Ω) ê ðåøåíèþ çàäà÷è (1.1)�(1.3).

Ä î ê à ç à ò å ë ü ñ ò â î.Ââåäåì ôóíêöèþ ωε(x) = uε(x)− u(x). Ïîêàæåì, ÷òî

uε(x) → u(x) ïðè ε→ +∞ â íîðìå W 1
2 (Ω). (2.18)

Íåòðóäíî óáåäèòüñÿ, ÷òî ôóíêöèÿ ωε(x) ðåøàåò çàäà÷ó:

Lωε(x) = −
2∑

α=1

∂

∂xα

(
kα(x)

∂ωε

∂xα

)
= 0, x ∈ Ω ⊂ R2, (2.19)

∂ωε

∂N
+ ε(s)ωε = − ∂u

∂N
(s), s ∈ Γ1, (2.20)

∂ωε

∂N
= 0, s ∈ Γ2. (2.21)

Óìíîæèì (2.19) íà ωε(x) è ïðîèíòåãðèðóåì ïî Ω. Èñïîëüçóÿ ôîðìóëó Ãðèíà [13], ïî-
ëó÷èì: ∫

Ω2

Lωε(x)ωε(x) dΩ =
∫
Ω

2∑
α=1

kα(x)
∂ωε

∂xα

∂ωε

∂xα
dΩ−

∫
Γ

∂ωε

∂N
(s)ωε(s) ds =

=
∫
Ω

2∑
α=1

kα(x)
(

∂ωε

∂xα

)2
dΩ−

∫
Γ1

∂ωε

∂N
(s)ωε(s) ds−

∫
Γ2

∂ωε

∂N
(s)ωε(s) ds = 0.

(2.22)

Èòàê, ïîëó÷èì ñîîòíîøåíèå∫
Ω

2∑
α=1

kα(x)

(
∂ωε

∂xα

)2

dΩ + ε

∫
Γ1

ω2
ε(s) ds = −

∫
Γ1

∂u

∂N
(s)ωε(s) ds.

Ñëåäîâàòåëüíî,

ν0

∫
Ω

2∑
α=1

(
∂ωε

∂xα

)2

dΩ + ε

∫
Γ1

ω2
ε(s) ds ≤ −

∫
Γ1

∂u

∂N
(s)ωε(s) ds. (2.23)
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Èç (2.23) ïîëó÷èì

ε∥ω∥2L2(Γ1)
≤
∥∥∥∥ ∂u∂N

∥∥∥∥
L2(Γ1)

· ∥ωε∥L2(Γ1), (2.24)

ò. å. íàõîäèì îöåíêó:

∥ωε∥L2(Γ1) ≤
1

ε

∥∥∥∥ ∂u∂N
∥∥∥∥
L2(Γ1).

(2.25)

Äàëåå èç (2.23) çàïèøåì:

ν0

∫
Ω

2∑
α=1

(
∂ωε

∂xα

)2

dΩ ≤
∥∥∥∥ ∂u∂N

∥∥∥∥
L2(Γ1)

· ∥ωε∥L2(Γ1). (2.26)

Ïðèíèìàÿ âî âíèìàíèå îöåíêó (2.25), èç (2.26) ïîëó÷èì:

ν0

∫
Ω

2∑
α=1

(
∂ωε

∂xα

)2

dΩ ≤ 1

ε

∥∥∥∥ ∂u∂N
∥∥∥∥2
L2(Γ1)

. (2.27)

Èòàê, èìååì îöåíêó:∫
Ω

2∑
α=1

(
∂ωε

∂xα

)2

dΩ =

∫
Ω

|∇ωε|2dΩ ≤ 1

ν0ε

∥∥∥∥ ∂u∂N
∥∥∥∥2
L2(Γ1)

. (2.28)

Íàïîìíèì îáîçíà÷åíèÿ:

∇u = gradu =
(

∂u
∂x1
, ∂u
∂x2
, ..., ∂u

∂xn

)
,

|∇u| =
(

n∑
α=1

(
∂u
∂xα

)2)1/2

,

|∇u|2 =
n∑

α=1

∣∣∣ ∂u
∂xα

∣∣∣2 ,∫
Ω

|∇u|2dx =
∫
Ω

n∑
α=1

(
∂u
∂xα

)2
dx,

∥∇u∥L2(Ω) =

(∫
Ω

|∇u|2dx
)1/2

=

(∫
Ω

n∑
α=1

(
∂u
∂xα

)2
dx

)1/2

.

(2.29)

Îöåíêó (2.28) çàïèøåì â âèäå

∥∇ωϵ∥2L2(Ω) =

∫
Ω

|∇ωε|2dx =

∫
Ω

n∑
α=1

(
∂ωε

∂xα

)2

dx ≤ 1

ν0ϵ

∥∥∥∥ ∂u∂N
∥∥∥∥2
L2(Γ1)

. (2.30)

Èç îöåíîê (2.25), (2.30) ïîëó÷èì:

lim
ε→+∞

∥∇ωε∥2L2(Ω) = 0, lim
ε→+∞

∥ωε∥2L2(Γ1)
= 0. (2.31)

Äàëåå, ñïðàâåäëèâî íåðàâåíñòâî [13]

∥ωε∥2L2(Ω) ≤ C0

(
∥∇ωε∥2L2(Ω) + ∥ωε∥2L2(Γ1)

)
=

= C0

{(∫
Ω

n∑
α=1

(
∂ωε

∂xα

)2
dx

)1/2

+

(∫
Γ1

ω2
εds

)1/2}
=

= C0

{(∫
Ω

|∇ωε|2dx
)1/2

+

(∫
Γ1

ω2
εds

)1/2}
,

(2.32)
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ãäå êîíñòàíòà C0 > 0 çàâèñèò ëèøü îò Ω è Γ1.
Èç îöåíîê (2.31)� (2.32) ñëåäóåò, ÷òî

lim
ε→+∞

∥ωε∥L2(Ω) = 0. (2.33)

Èç îöåíîê (2.31)�(2.33) ñëåäóåò, ÷òî

lim
ε→+∞

∥ωε∥W 1
2 (Ω) = 0. (2.34)

Äàëåå èç (2.25) è (2.30) â ñèëó (2.32) ïîëó÷èì

∥ωε∥L2(Ω) ≤ C0

[
1√

ν0
√
ε

∥∥ ∂u
∂N

∥∥
L2(Γ1)

+ 1
ε

∥∥ ∂u
∂N

∥∥
L2(Γ1)

]
=

= C0
1√
ε

(
1√
ν0

+ 1√
ε

)∥∥ ∂u
∂N

∥∥
L2(Γ1)

.
(2.35)

Ïîýòîìó èç (2.25), (2.30), (2.35) ïîëó÷èì

∥ωε∥2W 1
2 (Ω)

=
∫
Ω

[
n∑

α=1

(
∂ωε

∂xα

)2
+ ω2

ε

]
dx = ∥∇ωε∥2L2(Ω) + ∥ωε∥2L2(Ω) ≤

≤ 1
ν0ε

∥∥ ∂u
∂N

∥∥2
L2(Γ1)

+
C2

0

ε

(
1√
ν0

+ 1√
ε

)2 ∥∥ ∂u
∂N

∥∥2
L2(Γ1)

=

=

[
1
ν0

+

(
1

ν
1/2
0

+ 1
ε1/2

)2

C2
0

]
1
ε

∥∥ ∂u
∂N

∥∥2
L2(Γ1)

.

Òàêèì îáðàçîì, óñòàíîâëåíà òàêæå îöåíêà ñêîðîñòè ñõîäèìîñòè:

∥ωε∥W 1
2 (Ω) ≤ θε

1

ε1/2

∥∥∥∥ ∂u∂N
∥∥∥∥
L2(Γ1)

, (2.36)

ãäå

θε =

[
1

ν0
+

(
1

ν
1/2
0

+
1

ε1/2

)2

C2
0

]1/2
→ 1

ν
1/2
0

(1 + C2
0)

1/2 = C1 ïðè ε→ +∞.

Ä î ê à ç à ò å ë ü ñ ò â î ç à ê î í ÷ å í î.

Ç à ì å ÷ à í è å 2.1 Ïóñòü ðåøåíèå u(x) çàäà÷è (1.1)�(1.3) ïðèíàäëåæèò ïðî-
ñòðàíñòâó W 2

2 (Ω), òîãäà, ïðèíèìàÿ âî âíèìàíèå îöåíêó∥∥∥∥ ∂u∂N
∥∥∥∥
L2(Γ1)

≤ C2∥u∥W 2
2 (Ω), (2.37)

óñòàíîâèì ñëåäóþùóþ îöåíêó âåëè÷èíû ∥ωε∥W 1
2 (Ω):

∥ωε∥W 1
2 (Ω) ≤ θε

C2

ε1/2
∥u∥W 2

2 (Ω). (2.38)

Çäåñü ωε(x) = uε(x)− u(x).
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Approximation of a mixed boundary value problem

c⃝ F.V. Lubyshev 1, M. E. Fairuzov 2

Abstract. The mixed boundary value problem for the divergent-type elliptic equation with variable
coe�cients is considered. It is assumed that the integration domain has a su�ciently smooth
boundary that is the union of two disjoint pieces. The Dirichlet boundary condition is given on the
�rst piece, and the Neumann boundary condition is given on the other one. So the problem has
discontinuous boundary condition. Such problems with mixed boundary conditions are the most
common in practice when modeling processes and are of considerable interest in the development
of methods for their solution. In particular, a number of problems in the theory of elasticity, theory
of di�usion, �ltration, geophysics, a number of problems of optimization in electro-heat and mass
transfer in complex multielectrode electrochemical systems are reduced to the boundary value
problems of this type. In this paper, we propose an approximation of the original mixed boundary
value problem by the third boundary value problem with a parameter. The convergence of the
proposed approximations is investigated. Estimates of the approximations' convergence rate in
Sobolev norms are established.
Key Words: Elliptic equations, mixed boundary value problem, Sobolev spaces, embedding
theorems, approximation, convergence of approximations
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Êëàññ óïðàâëÿåìûõ ñèñòåì äèôôåðåíöèàëüíûõ

óðàâíåíèé çà áåñêîíå÷íîå âðåìÿ

c⃝ À.Þ. Ïàâëîâ1

Àííîòàöèÿ. Â ñòàòüå ïîëó÷åíû íåîáõîäèìûå óñëîâèÿ óïðàâëÿåìîñòè ñèñòåì íåëèíåé-
íûõ äèôôåðåíöèàëüíûõ óðàâíåíèé çà áåñêîíå÷íîå âðåìÿ áåç ïðåäïîëîæåíèÿ ñóùåñòâîâàíèÿ
àñèìïòîòè÷åñêîãî ðàâíîâåñèÿ ó ñèñòåìû ëèíåéíîãî ïðèáëèæåíèÿ. Ýòî ïîçâîëÿåò îïðåäåëèòü
íîâûé êëàññ óïðàâëÿåìûõ ñèñòåì äèôôåðåíöèàëüíûõ óðàâíåíèé. Ðåøåíèå çàäà÷è îá óïðàâ-
ëÿåìîñòè çà áåñêîíå÷íîå âðåìÿ ñâîäèòñÿ ê ïîñòðîåíèþ îïåðàòîðà, çàâèñÿùåãî îò âûáðàííîãî
óïðàâëåíèÿ, êîòîðîå, â ñâîþ î÷åðåäü, çàâèñèò îò ïåðåâîäèìîé òî÷êè, è äîêàçàòåëüñòâó ñóùå-
ñòâîâàíèÿ åãî íåïîäâèæíîé òî÷êè. Ïîêàçàíî, ÷òî óñëîâèå ñóùåñòâîâàíèÿ àñèìïòîòè÷åñêîãî
ðàâíîâåñèÿ íå ÿâëÿåòñÿ â îáùåì ñëó÷àå íåîáõîäèìûì äëÿ óïðàâëÿåìîñòè ñèñòåì çà áåñêîíå÷-
íîå âðåìÿ. Ïðèâåäåí ïðèìåð, èëëþñòðèðóþùèé ïðèìåíåíèå òåîðåìû îá óïðàâëÿåìîñòè çà
áåñêîíå÷íîå âðåìÿ. Äàëåå â ñòàòüå ïðèâåäåíà òåîðåìà, îáîáùàþùàÿ íåðàâåíñòâî Âàæåâñêîãî.
Äîêàçàòåëüñòâî òåîðåìû îñíîâàíî íà íåðàâåíñòâå Êîøè-Áóíÿêîâñêîãî. Ñäåëàíî çàìå÷àíèå
î âåðíîñòè òåîðåìû äëÿ ñëó÷àÿ, åñëè ìàòðèöà è âåêòîð-ôóíêöèè, ñòîÿùèå â ïðàâîé ÷àñòè
íåëèíåéíîãî äèôôåðåíöèàëüíîãî óðàâíåíèÿ, ÿâëÿþòñÿ êîìïëåêñíûìè, à x � âåêòîð ñ êîì-
ïëåêñíûìè êîìïîíåíòàìè. Íà îñíîâàíèè ëåâîé ÷àñòè íåðàâåíñòâà èç òåîðåìû îá îáîáùåíèè
íåðàâåíñòâà Âàæåâñêîãî ïîëó÷åíû íåîáõîäèìûå óñëîâèÿ óïðàâëÿåìîñòè çà áåñêîíå÷íîå âðå-
ìÿ. Ýòè óñëîâèÿ ïðîâåðåíû íà òîì æå ïðèìåðå ñêàëÿðíîãî óðàâíåíèÿ.

Êëþ÷åâûå ñëîâà: íåëèíåéíûå ñèñòåìû îáûêíîâåííûõ äèôôåðåíöèàëüíûõ óðàâíåíèé,
óïðàâëÿåìîñòü çà êîíå÷íîå âðåìÿ, óïðàâëÿåìîñòü çà áåñêîíå÷íîå âðåìÿ, íåðàâåíñòâî Âàæåâ-
ñêîãî, àñèìïòîòè÷åñêîå ðàâíîâåñèå.

1. Ââåäåíèå

Â ìàòåìàòè÷åñêîé òåîðèè óïðàâëåíèÿ áîëüøîå çíà÷åíèå èìåþò çàäà÷è îá óïðàâ-
ëÿåìîñòè ñèñòåì äèôôåðåíöèàëüíûõ óðàâíåíèé çà áåñêîíå÷íîå âðåìÿ [1�4]. Çàäà÷à îá
óïðàâëÿåìîñòè çà áåñêîíå÷íîå âðåìÿ çàêëþ÷àåòñÿ â ïåðåâîäå ïðîèçâîëüíîé ôèêñèðîâàí-
íîé òî÷êè â ñêîëü óãîäíî ìàëóþ îêðåñòíîñòü äðóãîé òî÷êè. Ïðè÷åì â äàëüíåéøåì èç ýòîé
îêðåñòíîñòè ïåðåâîäèìàÿ òî÷êà íå âûõîäèò. Èçâåñòíî, ÷òî â òåîðåìàõ îá óïðàâëÿåìîñòè
òðåáóåòñÿ ñóùåñòâîâàíèå àñèìïòîòè÷åñêîãî ðàâíîâåñèÿ ó ñèñòåìû ïåðâîãî ïðèáëèæåíèÿ.

Â ðàáîòå [1] Å.Â. Âîñêðåñåíñêèì ðàññìîòðåí âîïðîñ îá óïðàâëÿåìîñòè çà áåñêîíå÷íîå
âðåìÿ ñèñòåìû, èìåþùåé âèä

dx

dt
= A(t)x+B(t)u+ f(t, x, u) + F (t) (1.1)

â îïðåäåëåííîì êëàññå äîïóñòèìûõ óïðàâëåíèé K. Äàííàÿ çàäà÷à ðåøàåòñÿ ìåòîäîì ñðàâ-
íåíèÿ [5]. Â êà÷åñòâå óðàâíåíèÿ ñðàâíåíèÿ èñïîëüçóåòñÿ

dy

dt
= A(t) y +B(t)u+ F (t). (1.2)

1Ïàâëîâ Àíäðåé Þðüåâè÷, äîöåíò êàôåäðû ïðèêëàäíîé ìàòåìàòèêè, äèôôåðåíöèàëüíûõ óðàâíå-
íèé è òåîðåòè÷åñêîé ìåõàíèêè, ÔÃÁÎÓ ÂÎ ¾ÌÃÓ èì. Í. Ï. Îãàð¼âà¿ (430005, Ðîññèÿ, ã. Ñàðàíñê, óë.
Áîëüøåâèñòñêàÿ, ä. 68), êàíäèäàò ôèçèêî-ìàòåìàòè÷åñêèõ íàóê, ORCID: https://orcid.org/0000-0003-1664-
898X, pavlovayu18@yandex.ru
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.
Çàäà÷à îá óïðàâëÿåìîñòè çà áåñêîíå÷íîå âðåìÿ ñâîäèòñÿ ê òîìó, ÷òîáû ïîäîáðàòü îïå-

ðàòîð P , çàâèñÿùèé îò âûáðàííîãî óïðàâëåíèÿ u, êîòîðîå, â ñâîþ î÷åðåäü, çàâèñèò îò
ïåðåâîäèìîé òî÷êè y0 = Pux0. È äîêàçàòü ñóùåñòâîâàíèå ó îïåðàòîðà íåïîäâèæíîé òî÷-
êè.

Òåîðåìû èç ðàáîòû [1] îáúåäèíÿåò òî, ÷òî â êàæäîé èç íèõ òðåáóåòñÿ ñóùåñòâîâàíèå
àñèìïòîòè÷åñêîãî ðàâíîâåñèÿ, êîòîðîå ââ¼ë Ë. ×åçàðè â ðàáîòå [6], ó ñèñòåìû ïåðâîãî
ïðèáëèæåíèÿ äëÿ ñèñòåìû (1.1)

dy

dt
= A(t) y. (1.3)

Ïîíÿòèå àñèìïòîòè÷åñêîãî ðàâíîâåñèÿ ðàññìîòðåíî Å.Â. Âîñêðåñåíñêèì â ðàáîòå [7].
Îäíàêî ìîæíî ïîêàçàòü, ÷òî ýòî óñëîâèå íå ÿâëÿåòñÿ â îáùåì ñëó÷àå íåîáõîäèìûì äëÿ
óïðàâëÿåìîñòè ñèñòåìû (1.1) çà áåñêîíå÷íîå âðåìÿ.

Â ðàáîòå [8] ïðèâåäåí ïðèìåð ñêàëÿðíîãî óðàâíåíèÿ

dx

dt
= −x+ u. (1.4)

Ïîêàçàíî, ÷òî äàííàÿ ñèñòåìà ÿâëÿåòñÿ óïðàâëÿåìîé çà áåñêîíå÷íîå âðåìÿ, õîòÿ óðàâ-
íåíèå ïåðâîãî ïðèáëèæåíèÿ íå èìååò àñèìïòîòè÷åñêîãî ðàâíîâåñèÿ. Äàëåå áûëà ïîëó÷åíà
òåîðåìà 1.2 îá óïðàâëÿåìîñòè çà áåñêîíå÷íîå âðåìÿ áåç ïðåäïîëîæåíèÿ ñóùåñòâîâàíèÿ
àñèìïòîòè÷åñêîãî ðàâíîâåñèÿ ó ñèñòåìû ïåðâîãî ïðèáëèæåíèÿ.

2. Ïðèìåð ñèñòåìû, óïðàâëÿåìîé çà áåñêîíå÷íîå âðåìÿ, óðàâíå-

íèå ïåðâîãî ïðèáëèæåíèÿ êîòîðîãî íå èìååò àñèìïòîòè÷åñêîãî

ðàâíîâåñèÿ.

Ï ð è ì å ð 2.1 Âíîâü ðàññìîòðèì óðàâíåíèå (1.4) èç ïðèìåðà 1.1 ðàáîòû [8]

dx

dt
= −x+ u.

Ïîêàæåì, ÷òî ýòî óðàâíåíèå ïðè íåêîòîðûõ u, ïðîèçâîëüíûõ x0, x1 ∈ R óäîâëåòâî-
ðÿåò òåîðåìå 1.2 èç ðàáîòû [8].

Ïðåäñòàâèì óðàâíåíèå (1.4) â âèäå:

ẋ = −3

4
x− 1

4
x+ u

Â îáîçíà÷åíèÿõ òåîðåì ìîæíî ïîëîæèòü

A(t) = Λ(t) = −3

4
, f(t, x, u) = −1

4
x+ u(t), ϕ(t) = −3

4
x1

Òîãäà |f(t, y+x1, u)+A(t)x1| = |− 1
4
y− 1

4
x1+u− 3

4
x1| ≤ 1

4
|y|+|u(t)−x1|, è, ñëåäîâàòåëüíî,

ψ(t) ≡ 1
4
, η(t) = |u(t)− x1|. Äàëåå

+∞∫
t0

(Λ(s) + Ψ(s))ds =

+∞∫
t0

(−3

4
+

1

4
)ds = −

+∞∫
t0

1

2
ds = −∞,

lim
t→+∞

η(t, u(t))

Λ(t) + Ψ(t)
= lim

t→+∞

|u(t)− x1|
−1

2

.
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Ïóñòü u(t) = x1 +
1

t
. Òîãäà ïîñëåäíèé ïðåäåë ðàâåí íóëþ è

+∞∫
t0

η(l, u(l))exp(

t0∫
l

(Λ(s) + Ψ(s))ds)dl =

+∞∫
t0

1

l
exp(−

t0∫
l

1

2
ds)dl = +∞.

Òàêèì îáðàçîì, ïðè u(t) = x1 +
1

t
âûïîëíÿþòñÿ âñå óñëîâèÿ òåîðåìû 1.2 ðàáîòû [8].

3. Îáîáùåíèå íåðàâåíñòâà Âàæåâñêîãî

Äëÿ ïîëó÷åíèÿ åùå îäíîãî êëàññà óïðàâëÿåìûõ ñèñòåì ïðèâåäåì îáîáùåíèå íåðà-
âåíñòâà Âàæåâñêîãî.

Ò å î ð å ì à 3.1 Äëÿ ëþáîãî ðåøåíèÿ äèôôåðåíöèàëüíîé ñèñòåìû

dx

dt
= A(t)x+ f(t, x) + ϕ(t), (3.1)

ãäå A(t) = (aij(t))n×n, aij ∈ C([t0; +∞);R), f ∈ C([t0; +∞) × Rn;Rn), ϕ ∈ C([t0; +∞];Rn),
ïðè t0 ≤ t < +∞ ñïðàâåäëèâî íåðàâåíñòâî

t∫
t0

η(l)exp(

t∫
l

(λ(s)− ψ(s))ds)dl + ||x(t0)||exp((
t∫

t0

(λ(s)− ψ(s))ds) ≤

≤ ||x(t)|| ≤

≤
t∫

t0

η(l)exp(

t∫
l

(Λ(s) + ψ(s))ds)dl + ||x(t0)||exp((
t∫

t0

(Λ(s) + ψ(s))ds), (3.2)

ãäå λ(t) è Λ(t) � íàèìåíüøèé è íàèáîëüøèé õàðàêòåðèñòè÷åñêèå êîðíè ñèììåòðèçîâàí-

íîé ìàòðèöû AH(t) =
1

2
[A(t) + AT (t)] ñîîòâåòñòâåííî; ôóíêöèè f è ϕ óäîâëåòâîðÿþò

íåðàâåíñòâó ||f(t, x) + ϕ(t)|| ≤ ψ(t)||x||+ η(t), ψ, η ∈ C([t0; +∞);R).
Ä î ê à ç à ò å ë ü ñ ò â î.Ïóñòü x = (x1, . . . , xn)

T � íåòðèâèàëüíîå ðåøåíèå ñèñòåìû

(3.1). Î÷åâèäíî, ||x||2 = xTx. Â ñèëó ñèñòåìû (3.1) è ó÷èòûâàÿ, ÷òî
dxT

dt
= (

dx

dt
)T =

xTAT (t) + fT (t, x) + ϕT (t), ïîëó÷èì

d
dt
(||x||2) = xT dx

dt
+ dxT

dt
x =

= xT (A(t)x+ f(t, x) + ϕ(t)) + (xTAT (t) + fT (t, x) + ϕT (t))x =

= xT (A(t)x+ AT (t))x+ xTf(t, x) + fT (t, x)x+ xTϕ(t) + ϕT (t)x =

= 2xTAH(t)x+ xTf(t, x) + fT (t, x)x+ xTϕ(t) + ϕT (t)x.

(3.3)

Ïîñêîëüêó ìàòðèöà AH(t) ñèììåòðè÷íà, òî [9, ñ.34] ∀t ∈ [t0; +∞) áóäåì èìåòü

λ(t)xTx ≤ xTAH(t)x ≤ Λ(t)xTx,
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ãäå λ(t) è Λ(t) � íàèìåíüøèé è íàèáîëüøèé êîðíè óðàâíåíèÿ det(AH − λE) = 0. Ïîýòîìó
íà îñíîâàíèè ôîðìóëû (3.3) íàéäåì

2λ(t)||x||2 + xTf(t, x) + fT (t, x)x+ xTϕ(t) + ϕT (t)x ≤

≤ d

dt
(||x||2) ≤

≤ 2Λ(t)||x||2 + xTf(t, x) + fT (t, x)x+ xTϕ(t) + ϕT (t)x;

2λ(t)||x||2 − |xT (f(t, x) + ϕ(t))| − |(fT (t, x) + ϕT (t))x| ≤

≤ d

dt
(||x||2) ≤

≤ 2Λ(t)||x||2 + |xT (f(t, x) + ϕ(t))|+ |(fT (t, x) + ϕT (t))x|. (3.4)

Ïðèìåíÿÿ íåðàâåíñòâî Êîøè-Áóíÿêîâñêîãî, ïîëó÷èì

2λ(t)||x||2 − 2||x|| ||f(t, x) + ϕ(t)|| ≤

≤ d

dt
(||x||2) ≤

≤ 2Λ(t)||x||2 + 2||x|| ||f(t, x) + ϕ(t)||;

2λ(t)||x||2 − 2||x|| ||f(t, x) + ϕ(t)|| ≤

≤ 2||x|| d
dt
(||x||) ≤

≤ 2Λ(t)||x||2 + 2||x|| ||f(t, x) + ϕ(t)||;

λ(t)||x|| − ||f(t, x) + ϕ(t)|| ≤ d

dt
(||x||) ≤ Λ(t)||x|| + ||f(t, x) + ϕ(t)||.

Ïîñêîëüêó ||f(t, x) + ϕ(t)|| ≤ ψ(t)||x||+ η(t), òî

(λ(t)− ψ(t))||x|| − η(t) ≤ d

dt
(||x||) ≤ (Λ(t) + ψ(t))||x||+ η(t). (3.5)

Ïóñòü y(t) = ||x(t)||. Ðàññìîòðèì äèôôåðåíöèàëüíîå óðàâíåíèå

dy

dt
= (Λ(t) + ψ(t))y + η(t).

×àñòíîå ðåøåíèå ýòîãî óðàâíåíèÿ, ïðîõîäÿùåå ÷åðåç òî÷êó (t0; ||x(t0)||), èìååò âèä

y(t) = c(t) exp

 t∫
t0

(Λ(s) + ψ(s))ds

 ,

ãäå c(t) =
t∫

t0

η(l)exp(−
l∫

t0

(Λ(s) + ψ(s))ds)dl + ||x(t0)||.

À.Þ. Ïàâëîâ. Êëàññ óïðàâëÿåìûõ ñèñòåì äèôôåðåíöèàëüíûõ óðàâíåíèé çà . . .



Æóðíàë ÑÂÌÎ. 2018. Òîì 20, � 4 443

Ïîýòîìó èç (3.5) íà îñíîâàíèè òåîðåìû èç [10, ñ.40] ñëåäóåò, ÷òî

||x(t)|| = y(t) ≤
t∫

t0

η(l)exp

 t∫
l

(Λ(s) + ψ(s))ds

 dl+||x(t0)||exp

 t∫
t0

(Λ(s) + ψ(s))ds

 . (3.6)

Àíàëîãè÷íî íà îñíîâàíèè çàìå÷àíèÿ èç [10, ñ.40] äîêàçûâàåòñÿ ëåâàÿ ÷àñòü íåðàâåíñòâà
â ôîðìóëå (3.2).
Ä î ê à ç à ò å ë ü ñ ò â î ç à ê î í ÷ å í î.

Ç à ì å ÷ à í è å 3.1 Äîêàçàííàÿ òåîðåìà îñòàåòñÿ âåðíîé, åñëè A(t) � êîì-
ïëåêñíàÿ ìàòðèöà, f(t,x) è ϕ(t) - êîìïëåêñíûå âåêòîð-ôóíêöèè, à x � âåêòîð ñ êîì-
ïëåêñíûìè êîìïîíåíòàìè. Â ýòîì ñëó÷àå âìåñòî îïåðàöèè òðàíñïîíèðîâàíèÿ â òåîðå-
ìå íóæíî âûïîëíÿòü îïåðàöèþ ýðìèòîâà ñîïðÿæåíèÿ; ìàòðèöà AH(t) â ýòîì ñëó÷àå
áóäåò ýðìèòîâî-ñèììåòðè÷íîé.

4. Íîâûé êëàññ óïðàâëÿåìûõ ñèñòåì çà áåñêîíå÷íîå âðåìÿ

Âíîâü ðàññìîòðèì ñèñòåìó (1.6) èç ðàáîòû [8]
dx

dt
= A(t)x+ f(t, x, u)

x(t0) = x0, x(+∞) = x1,

(4.1)

ãäå x(t) ∈ Rn, u(t) ∈ Rm, T ≤ t < +∞, A(·) : [T,+∞) 7→ Hom(Rn, Rn) � íåïðåðûâíîå
îòîáðàæåíèå, a ∈ C([T,+∞)×Rn ×Rm, Rn).

Íåîáõîäèìî ïåðåâåñòè òî÷êó x0 â òî÷êó x1 ïî òðàåêòîðèè óðàâíåíèÿ (4.1) çà áåñêîíå÷-
íîå âðåìÿ.

Ïîëó÷èì íà îñíîâàíèè ëåâîé ÷àñòè íåðàâåíñòâà (3.2) íåîáõîäèìîå óñëîâèå óïðàâëÿå-
ìîñòè çà áåñêîíå÷íîå âðåìÿ ñèñòåìû (4.1).

Ïîëîæèì y = x− x1. Òîãäà ïåðåïèøåì ñèñòåìó (4.1)â âèäå [8]:
dy

dt
= A(t)y + A(t)x1 + f(t, y + x1, u),

y(t0) = x0 − x1, y(+∞) = 0.
(4.2)

Äëÿ ñèñòåìû (4.2) ïî òåîðåìå 3.1 áóäåì èìåòü

||y(t)|| ≥ −
t∫

t0

η(l, u(l))exp
( t∫

l

(λ(s)− ψ(s))ds
)
dl + ||x0 − x1||exp

( t∫
t0

(λ(s)− ψ(s))ds
)
=

= exp
( t∫

t0

(λ(s)− ψ(s))ds
)[

||x0 − x1|| −
t∫

t0

η(l, u(l))×

× exp
[ t∫

l

(λ(s)− ψ(s))ds−
t∫

t0

(λ(s)− ψ(s))ds
]
dl
]
=

= exp
( t∫

t0

(λ(s)− ψ(s))ds
)[

||x0 − x1|| −
t∫

t0

η(l, u(l))× exp
[ t0∫

l

(λ(s)− ψ(s))ds
]
dl
]
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Ïîñëåäíåå âûðàæåíèå ïðè t → +∞ äîëæíî ñòðåìèòüñÿ ê íåïîëîæèòåëüíîìó ÷èñëó.
Ðàññìîòðèì

lim
t→+∞

||x0 − x1|| −
t∫

t0

η(l, u(l))exp(
t0∫
l

(λ(s)− ψ(s))ds)dl

exp(
t∫

t0

(ψ(s)− λ(s))ds)

.

Ïðåäïîëîæèì, ÷òî âûïîëíÿåòñÿ îäíà èç ñëåäóþùèõ àëüòåðíàòèâ:

1.
+∞∫
t0

(ψ(s)− λ(s))ds = +∞,
+∞∫
t0

η(l, u(l))exp
( t0∫

l

(λ(s)− ψ(s))ds
)
dl = ∞,

2.
+∞∫
t0

(ψ(s)− λ(s))ds = −∞, ||x0 − x1|| −
+∞∫
t0

η(l, u(l))exp
( t0∫

l

(λ(s)− ψ(s))ds
)
dl = 0,

à ôóíêöèÿ u(t) òàêîâà, ÷òî ê ïðåäåëó ìîæíî ïðèìåíèòü ïðàâèëî Ëîïèòàëÿ. Òîãäà ïîñëåä-
íèé ïðåäåë ðàâåí

lim
t→+∞

−η(t, u(t))exp
( t0∫

t

(λ(s)− ψ(s))ds
)

exp
( t∫
t0

(ψ(s)− λ(s))ds
)
(ψ(t)− λ(t))

= lim
t→+∞

η(t, u(t))

λ(t)− ψ(t)
.

Òàêèì îáðàçîì äîêàçàíà ñëåäóþùàÿ

Ò å î ð å ì à 4.1 Åñëè ñèñòåìà (4.1) óïðàâëÿåìà çà áåñêîíå÷íîå âðåìÿ è âûïîëíÿ-
åòñÿ îäíà èç ñëåäóþùèõ àëüòåðíàòèâ

1)

+∞∫
t0

(ψ(s)− λ(s))ds = +∞,

+∞∫
t0

η(l, u(l))exp
( t0∫

l

(λ(s)− ψ(s))ds
)
dl = ∞, (4.3)

2)

+∞∫
t0

(ψ(s)− λ(s))ds = −∞,

||x0 − x1|| −
+∞∫
t0

η(l, u(l))exp
( t0∫

l

(λ(s)− ψ(s))ds
)
dl = 0, (4.4)

òî

lim
t→+∞

η(t, u(t))

λ(t)− ψ(t)
≤ 0 (4.5)

Ï ð è ì å ð 4.1 Ðàññìîòðèì óðàâíåíèå èç ïðèìåðà 1.1 ðàáîòû [8]:

ẋ = −x+ u. (4.6)

Ïîêàæåì, ÷òî äàííîå óðàâíåíèå ïðè íåêîòîðûõ u óäîâëåòâîðÿåò òåîðåìå (1.3).
Äëÿ ýòîãî âíîâü ïðåäñòàâèì óðàâíåíèå (1.4) â âèäå

ẋ = −3

4
x− 1

4
x+ u. (4.7)
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Â îáîçíà÷åíèÿõ òåîðåìû (1.3) ìîæíî ïîëîæèòü

A(t) = λ(t) ≡ −3

4
, f(t, x, u) = −1

4
x+ u(t), ϕ(t) = −3

4
x1.

Òàê êàê |f(t, y + x1, u) + A(t)x1| = | − 1

4
y − 1

4
x1 + u − 3

4
x1| ≤

1

4
|y| + |u(t) − x1|, òî

ψ(t) ≡ 1

4
, η(t) = |u(t)− x1|. Ñëåäîâàòåëüíî

+∞∫
t0

(Ψ(s)− λ(s))ds =

+∞∫
t0

(
1

4
+

3

4

)
ds =

+∞∫
t0

ds = +∞, (4.8)

lim
t→+∞

η(t, u(t))

λ(t)−Ψ(t)
= lim

t→+∞

|u(t)− x1|
−1

. (4.9)

Êðîìå òîãî, äîëæíî âûïîëíÿòüñÿ óñëîâèå

+∞∫
t0

η(l, u(l))exp

 t0∫
l

(λ(s)− ψ(s))ds

 dl =

+∞∫
t0

|u(l)− x1| exp(l − t0)dl = ∞ (4.10)

Òàêèì îáðàçîì, äëÿ óïðàâëÿåìîñòè óðàâíåíèÿ (1.4) íåîáõîäèìî, ÷òîáû u(t) áûëà
íåïðåðûâíîé ôóíêöèåé òàêîé, ÷òî

lim
t→+∞

|u(t)− x1| ≥ 0.

Äðóãèìè ñëîâàìè, íåîáõîäèìî ñóùåñòâîâàíèå êîíå÷íîãî ïðåäåëà lim
t→+∞

|u(t)| è âûïîë-

íåíèå óñëîâèÿ (4.10). Óïðàâëåíèå u(t) = x1 +
1

t
èç ïðèìåðà (1.4) óäîâëåòâîðÿåò ýòèì

òðåáîâàíèÿì.
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Class of controllable systems of di�erential equations for

in�nite time

c⃝ A.Yu. Pavlov1

Abstract. In the article necessary conditions for a controllability of systems of nonlinear di�erential
equations in an in�nite time are obtained without assuming the existence of an asymptotic
equilibrium for the system of linear approximation. Thus, a new class of controlled systems of
di�erential equations is presented. The problem of controllability for an in�nite time (i.e. the
transfer of an arbitrary point into an arbitrary small domain of another point) comes down to
choosing an operator depending on the selected control, which in turn depends on the point being
transferred. Then one is to prove the existence of a �xed point for this operator. It is known
that the theorems on controllability require existence of an asymptotic equilibrium for system of
the �rst approximation. It is shown in the paper that in general case the condition of asymptotic
equilibrium's existence is not necessary for controllability of systems in an in�nite time. An example
on the theorem on controllability for an in�nite time is given. The theorem generalizing Vazhevsky
inequality is proved by implementation of Cauchy-Bunyakovsky inequality. A remark is made about
the theorem's validity for the case when the matrix and vector from the right-hand side of nonlinear
di�erential equation are complex and x is vector with complex components. Basing on the left-hand
side of the inequality in the theorem generalizing Vazhevsky inequality, the necessary conditions for
controllability in an in�nite time are obtained. These conditions are veri�ed on the same example
of a scalar equation that was mentioned before.

Key Words: nonlinear systems of ordinary di�erential equations, controllability in �nite and
in�nite time, Vazhevsky inequality, asymptotic equilibrium
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Ïîñòðîåíèå ïàðàëëåëüíîãî âû÷èñëèòåëüíîãî àëãîðèòìà

íà îñíîâå ðàçðûâíîãî ìåòîäà Ãàëåðêèíà äëÿ ðåøåíèÿ

çàäà÷ êîíâåêòèâíîãî òåïëîîáìåíà íà ðàçíåñåííûõ

íåñòðóêòóðèðîâàííûõ ñåòêàõ

c⃝ Ð.Â. Æàëíèí1, Â.Ô. Ìàñÿãèí2, Å. Å. Ïåñêîâà3

Àííîòàöèÿ. Íàñòîÿùàÿ ðàáîòà ïîñâÿùåíà ïîñòðîåíèþ ïàðàëëåëüíîãî âû÷èñëèòåëüíîãî àë-
ãîðèòìà äëÿ ðåøåíèÿ çàäà÷ êîíâåêòèâíîãî òåïëîîáìåíà ñ èñïîëüçîâàíèåì ìåòîäà Ãàëåðêèíà ñ
ðàçðûâíûìè áàçèñíûìè ôóíêöèÿìè íà íåñòðóêòóðèðîâàííûõ ðàçíåñåííûõ ñåòêàõ. Âû÷èñëè-
òåëüíûé àëãîðèòì ðåàëèçîâàí íà îñíîâå òåõíîëîãèè ïàðàëëåëüíûõ âû÷èñëåíèé MPI. Îñîáåí-
íîñòüþ àëãîðèòìà ÿâëÿåòñÿ òî, ÷òî â ìåæïðîöåññîðíîì îáìåíå íå ó÷àñòâóþò âñïîìîãàòåëüíûå
ïåðåìåííûå, âîçíèêàþùèå ïðè àïïðîêñèìàöèè äèôôóçèîííûõ ÷ëåíîâ ñ ïîìîùüþ ðàçðûâíîãî
ìåòîäà Ãàëåðêèíà. Ðàçðàáîòàííûé ïàðàëëåëüíûé àëãîðèòì ïðèìåíåí äëÿ ðåøåíèÿ çàäà÷è î
ðàñïðåäåëåíèè òåìïåðàòóðû â íåôòÿíîì ïëàñòå ñ òðåùèíîé ãèäðîðàçðûâà è âåðòèêàëüíîé íà-
ãíåòàòåëüíîé ñêâàæèíîé. Â ðàáîòå ïðåäñòàâëåíû ðåçóëüòàòû âû÷èñëèòåëüíîãî ýêñïåðèìåíòà
è ïðèâåäåíû îöåíêè ýôôåêòèâíîñòè ïàðàëëåëüíîãî àëãîðèòìà.

Êëþ÷åâûå ñëîâà: ìåòîä Ãàëåðêèíà ñ ðàçðûâíûìè áàçèñíûìè ôóíêöèÿìè, âåðòèêàëüíàÿ
íàãíåòàòåëüíàÿ ñêâàæèíà, ãèäðàâëè÷åñêèé ðàçðûâ ïëàñòà, óðàâíåíèå êîíâåêòèâíîãî òåïëî-
îáìåíà, ðàçíåñåííûå ñåòêè, ïàðàëëåëüíûå âû÷èñëåíèÿ, òåõíîëîãèÿ MPI

1. Ââåäåíèå

Ðàáîòà ïîñâÿùåíà ïîñòðîåíèþ ïàðàëëåëüíîãî ÷èñëåííîãî àëãîðèòìà äëÿ ðåøåíèÿ
óðàâíåíèé êîíâåêöèè-äèôôóçèè ñ ïîìîùüþ ìåòîäà Ãàëåðêèíà ñ ðàçðûâíûìè áàçèñíûìè
ôóíêöèÿìè (DG). Ìåòîä DG øèðîêî èñïîëüçóåòñÿ äëÿ ðåøåíèÿ óðàâíåíèé êîíâåêöèè-
äèôôóçèè [1�3]. Â ïîñëåäíåå âðåìÿ àêòèâíî ðàçâèâàþòñÿ ìîäèôèêàöèè DG íà ðàçíåñåí-
íûõ ñåòêàõ, êîòîðûå ïîëó÷èëè íàçâàíèå Staggered Discontinuous Galerkin Method. Ïðèìå-
íåíèå äàííûõ ìîäèôèêàöèé ê ðåøåíèþ ðàçëè÷íûõ çàäà÷ ïîêàçûâàåò õîðîøèå ðåçóëüòàòû
[4�8]. Äàííûé ïîäõîä ïîçâîëÿåò ñî÷åòàòü â ñåáå ïðåèìóùåñòâà DG è ìåòîäîâ íà ðàçíåñåí-
íûõ ñåòêàõ.
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2Ìàñÿãèí Âèêòîð Ôåäîðîâè÷, ñòàðøèé íàó÷íûé ñîòðóäíèê, ÔÃÁÎÓ ÂÎ ¾ÌÃÓ èì. Í. Ï. Îãàð¼âà¿
(430005, Ðîññèÿ, ã. Ñàðàíñê, óë. Áîëüøåâèñòñêàÿ, ä. 68/1), êàíäèäàò ôèçèêî-ìàòåìàòè÷åñêèõ íàóê, ORCID:
http://orcid.org/0000-0001-6738-8183, vmasyagin@gmail.com

3Ïåñêîâà Åëèçàâåòà Åâãåíüåâíà, ìëàäøèé íàó÷íûé ñîòðóäíèê, ÔÃÁÎÓ ÂÎ ¾ÌÃÓ èì. Í. Ï. Îãà-
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Ðàíåå àâòîðàìè áûëà ïðåäëîæåíà îðèãèíàëüíàÿ ìîäèôèêàöèÿ ìåòîäà Ãàëåðêèíà ñ ðàç-
ðûâíûìè áàçèñíûìè ôóíêöèÿìè äëÿ ðåøåíèÿ óðàâíåíèé äèôôóçèîííîãî òèïà íà íåñòðóê-
òóðèðîâàííûõ ðàçíåñåííûõ ñåòêàõ [13�17]. Â äàííîì ïîäõîäå âñïîìîãàòåëüíûå âåëè÷èíû,
âîçíèêàþùèå ïðè àïïðîêñèìàöèè èñõîäíûõ óðàâíåíèé ñ ïîìîùüþ DG, èùóòñÿ íà äâîé-
ñòâåííîé ñåòêå, ÿ÷åéêè êîòîðîé ïðåäñòàâëÿþò ñîáîé ìåäèàííûå êîíòðîëüíûå îáúåìû âî-
êðóã óçëîâ îñíîâíîé ñåòêè.

Íåñìîòðÿ íà î÷åâèäíûå äîñòîèíñòâà ìåòîäà, åãî ðåàëèçàöèÿ òðåáóåò çíà÷èòåëüíûõ âû-
÷èñëèòåëüíûõ çàòðàò. Íàñòîÿùàÿ ðàáîòà ïîñâÿùåíà ïîñòðîåíèþ è ðåàëèçàöèè ïàðàëëåëü-
íîãî àëãîðèòìà íà îñíîâå ìåòîäà Ãàëåêðêèíà ñ ðàçðûâíûìè áàçèñíûìè ôóíêöèÿìè äëÿ
ðåøåíèÿ çàäà÷ êîíâåêòèâíîãî òåïëîîáìåíà íà íåñòðóêòóðèðîâàííûõ ðàçíåñåííûõ ñåòêàõ.

2. Ìåòîä Ãàëåðêèíà ñ ðàçðûâíûìè áàçèñíûìè ôóíêöèÿìè

Ðàññìîòðåíèå ÷èñëåííîãî àëãîðèòìà äëÿ ìåòîäà Ãàëåðêèíà ñ ðàçðûâíûìè áàçèñíûìè
ôóíêöèÿìè ïðîâåäåì íà ïðèìåðå ñëåäóþùåé íà÷àëüíî-êðàåâîé çàäà÷è äëÿ ïåðåíîñà òåïëà:

∂T

∂t
=

∂

∂x

(
λ
∂T

∂x

)
+

∂

∂y

(
λ
∂T

∂y

)
−
(
Vx
∂T

∂x
+ Vy

∂T

∂y

)
, (x, y) ∈ D, 0 < t ≤ T, (2.1)

Çàäàþòñÿ íà÷àëüíûå è ãðàíè÷íûå óñëîâèÿ:

T (x, y, t) = g(x, y, t), (x, y) ∈ ∂D,

T (x, y, 0) = T0(x, y), (x, y) ∈ D,

ãäå λ � êîýôôèöèåíò òåïëîïðîâîäíîñòè; Vx, Vy � êîìïîíåíòû âåêòîðà ñêîðîñòè äâèæå-
íèÿ òåïëîíîñèòåëÿ; g � òåìïåðàòóðà íà ãðàíèöå îáëàñòè; T0 � òåìïåðàòóðà â íà÷àëüíûé
ìîìåíò âðåìåíè.

Ïðîèçâîäíûå âòîðîãî ïîðÿäêà íå ìîãóò áûòü ñîãëàñîâàíû íàïðÿìóþ â ñëàáîé âàðèà-
öèîííîé ôîðìóëèðîâêå ñ èñïîëüçîâàíèåì ïðîñòðàíñòâà ðàçðûâíûõ ôóíêöèé. Ïîýòîìó îò-
äåëüíî ðàññìàòðèâàþòñÿ ïîòîêîâûå ïåðåìåííûå êàê âñïîìîãàòåëüíûå íåèçâåñòíûå óðàâ-
íåíèÿ òåïëîïðîâîäíîñòè. Èñõîäíîå óðàâíåíèå ïåðåôîðìóëèðóåòñÿ â ñëåäóþùóþ ñîïðÿ-
æåííóþ ñèñòåìó: 

∂T

∂t
=

∂

∂x
ωx +

∂

∂y
ωy −

(
Vx
∂T

∂x
+ Vy

∂T

∂y

)
,

ωx = λ
∂T

∂x
,

ωy = λ
∂T

∂y
.

(2.2)

Äëÿ ïðèìåíåíèÿ ìåòîäà Ãàëåðêèíà ñ ðàçðûâíûìè áàçèñíûìè ôóíêöèÿìè îáëàñòüD, íà
êîòîðîé èùåòñÿ ðåøåíèå, ïîêðûâàåòñÿ òðåóãîëüíîé ñåòêîé, óäîâëåòâîðÿþùåé êðèòåðèþ
Äåëîíå. Òàêæå ââîäèòñÿ â ðàññìîòðåíèå ñåòêà, ïîñòðîåííàÿ èç ìåäèàííûõ êîíòðîëüíûõ
îáúåìîâ Dj, ïîñòðîåííûõ îòíîñèòåëüíî âåðøèí îñíîâíîé òðåóãîëüíîé ñåòêè. Íà êàæäîì
òðåóãîëüíîì ýëåìåíòåKj òåìïåðàòóðà èùåòñÿ â âèäå ïðîåêöèè íà ïðîñòðàíñòâî ïîëèíîìîâ
P (x, y) ñòåïåíè st â áàçèñå

{
ϕj
i (x, y)

}
ñ çàâèñÿùèìè îò âðåìåíè êîýôôèöèåíòàìè:

Tj (x, y, t) =
st∑

k=0

Tkj(t)ϕ
j
k(x, y).
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Íà êàæäîì ýëåìåíòå Dj ïîòîêîâûå ïåðåìåííûå èùóòñÿ â âèäå ïðîåêöèè íà ïðîñòðàí-
ñòâî ïîëèíîìîâ P (x, y) ñòåïåíè st â áàçèñå

{
ψj
i (x, y)

}
ñ çàâèñÿùèìè îò âðåìåíè êîýôôè-

öèåíòàìè:
ωxj (x, y, t) =

st∑
k=0

ωxkj(t)ψ
j
k(x, y),

ωyj (x, y, t) =
st∑

k=0

ωykj(t)ψ
j
k(x, y).

Â ðàáîòå â êà÷åñòâå ïðîáíûõ (áàçèñíûõ) ôóíêöèé íà òðåóãîëüíèêàõ èñïîëüçóåòñÿ áàçèñ
Òåéëîðà:

ϕj
0 = 1, ϕj

1 =
x− xcj
∆xj

, ϕj
2 =

y − ycj
∆yj

,

ãäå (xcj, ycj) � êîîðäèíàòû öåíòðà ìàññ òðåóãîëüíèêà Kj; ∆xj, ∆yj � ïðîåêöèè òðåóãîëü-
íèêà Kj íà ñîîòâåòñòâóþùèå îñè êîîðäèíàò.

Â êà÷åñòâå ïðîáíûõ (áàçèñíûõ) ôóíêöèé íà ÿ÷åéêàõ äâîéñòâåííîé ñåòêè òàêæå èñ-
ïîëüçóåòñÿ áàçèñ Òåéëîðà:

ψj
0 = 1, ψj

1 =
x− x

′
cj

∆x
′
j

, ψj
2 =

y − y
′
cj

∆y
′
j

,

ãäå (x
′
c, y

′
c) � êîîðäèíàòû öåíòðà ìàññ ñîîòâåòñòâóþùåé ÿ÷åéêè äâîéñòâåííîé ñåòêè ∆x

′
,

∆y
′
� ïðîåêöèè ÿ÷åéêè Dj äâîéñòâåííîé ñåòêè íà ñîîòâåòñòâóþùèå îñè êîîðäèíàò.
Ïðèáëèæåííîå ðåøåíèå ñèñòåìû (2.2) â ðàçðûâíîì ìåòîäå Ãàëåðêèíà èùåòñÿ êàê ðå-

øåíèå ñëåäóþùèõ ñèñòåì:

2∑
i=0

∂Tij
∂t

∫
Kj

ϕj
iϕ

j
k dS =

∮
∂Kj

nxω
Ã

xϕ
j
k dl +

∮
∂Kj

nyω
Ã

yϕ
j
k dl −

∫
Kj

ωx
∂ϕj

k

∂x
dS −

∫
Kj

ωy
∂ϕj

k

∂y
dS−

(2.3)

−

(∮
∂Kj

VxT
Ãnxϕ

j
k dl +

∮
∂Kj

VyT
Ãnyϕ

j
k dl

)
+

+

(∫
Kj

Tj
∂
(
Vxϕ

j
k

)
∂x

dS +

∫
Kj

Tj
∂
(
Vyϕ

j
k

)
∂y

dS

)
, ∀ϕj

k(x, y), k = 0 . . . 2,

2∑
i=0

ωxij

∫
Dj

ψj
iψ

j
k dS =

∮
∂Dj

nxλT
Ãψj

k dl +

∮
∂Dj

nyλT
Ãψj

k dl− (2.4)

−
∫
Dj

Tλ
∂ψj

k

∂x
dS −

∫
Dj

Tλ
∂ψj

k

∂y
dS, ∀ψj

k(x, y), k = 0 . . . 2,

2∑
i=0

ωyij

∫
Dj

ψiψk dS =

∮
∂Dj

nxλT
Ãψj

k dl +

∮
∂Dj

nyλT
Ãψj

i dl− (2.5)

−
∫
Dj

Tλ
∂ψj

k

∂x
dS −

∫
Dj

Tλ
∂ψj

k

∂y
dS, ∀ψj

k(x, y), k = 0 . . . 2,
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Â ñèñòåìå (2.3) çíà÷åíèÿ ïîòîêîâûõ âåëè÷èí T Ã â êîíâåêòèâíûõ ÷ëåíàõ íà ðåáðàõ òðå-
óãîëüíèêîâ âûáèðàþòñÿ â çàâèñèìîñòè îò íàïðàâëåíèÿ âåêòîðà ñêîðîñòè ïîäîáíî òîìó,
êàê ýòî ñäåëàíî äëÿ óðàâíåíèé ãàçîâîé äèíàìèêè â ðàáîòå [9]. Äëÿ âû÷èñëåíèÿ ïîòîêîâûõ
âåëè÷èí â äèôôóçèîííûõ ÷ëåíàõ íà ãðàíèöå ýëåìåíòîâ èñïîëüçóþòñÿ ñòàáèëèçèðóþùèå
äîáàâêè ïîäîáíî òîìó, êàê ýòî ñäåëàíî â ðàáîòå [10]. Äëÿ âû÷èñëåíèÿ èíòåãðàëîâ â ñèñòå-
ìàõ (2.3)�(2.5) èñïîëüçóþòñÿ êâàäðàòóðíûå ôîðìóëû Ãàóññà íåîáõîäèìîé òî÷íîñòè [11].
Ïðèìåíÿåòñÿ äâóõòî÷å÷íûé øàáëîí äëÿ âû÷èñëåíèÿ èíòåãðàëîâ ïî êîíòóðó è òðåõòî÷å÷-
íûé � äëÿ âû÷èñëåíèÿ èíòåãðàëîâ ïî ýëåìåíòàì. Äëÿ îáåñïå÷åíèÿ ìîíîòîííîñòè ðåøåíèÿ
ïðèìåíÿåòñÿ TVD-îãðàíè÷èòåëü íà êàæäîì øàãå ïî âðåìåíè [12]. Äëÿ àïïðîêñèìàöèè ïî
âðåìåíè èñïîëüçóåòñÿ ÿâíàÿ ñõåìà Ýéëåðà.

3. Ïàðàëëåëüíûé âû÷èñëèòåëüíûé àëãîðèòì

Ïîñòðîåíèå ïàðàëëåëüíîãî âû÷èñëèòåëüíîãî àëãîðèòìà îñíîâàíî íà òåõíîëîãèè MPI.
Ñ ïîìîùüþ ïàêåòà METIS ïðîâåäåíî ãåîìåòðè÷åñêîå ðàçáèåíèå ðàñ÷åòíîé îáëàñòè íà
ìíîæåñòâî ñâÿçíûõ ïîäîáëàñòåé ïî êîëè÷åñòâó èñïîëüçóåìûõ ïðîöåññîðîâ (ðèñ. 3.1), íà
êàæäîé èç êîòîðûõ âû÷èñëÿþòñÿ çíà÷åíèÿ òåìïåðàòóðíîãî ïîëÿ ñ èñïîëüçîâàíèåì èç-
âåñòíûõ íà÷àëüíûõ è ãðàíè÷íûõ óñëîâèé. Íà Ðèñ. 3.2 ïðåäñòàâëåí ôðàãìåíò ðàñ÷åòíîé
ñåòêè âîçëå òðåùèíû ãèäðîðàçðûâà, ãäå ãåíåðèðóåòñÿ ïîäðîáíàÿ ñåòêà, ïîñêîëüêó èìåííî
â ýòîé îáëàñòè íàáëþäàåòñÿ âûñîêèé ãðàäèåíò òåìïåðàòóðû. Ïðè òàêîì ðàçáèåíèè â ñåòêå
ìîãóò ïðèñóòñòâîâàòü ñèëüíî âûòÿíóòûå ÿ÷åéêè, íà êîòîðûõ âîçíèêàþò ïðîáëåìû ñ âû-
÷èñëåíèåì ïîòîêîâûõ ïåðåìåííûõ. Ìåòîäèêà íà îñíîâå ìåòîäà Ãàëåðêèíà ñ ðàçðûâíûìè
áàçèñíûìè ôóíêöèÿìè[13�17] ëèøåíà ýòîãî íåäîñòàòêà çà ñ÷åò ðàññìîòðåíèÿ ïîòîêîâûõ
ïåðåìåííûõ íà ìåäèàííûõ êîíòðîëüíûõ îáúåìàõ [18]. Â äðóãèõ îáëàñòÿõ ãåíåðèðóåòñÿ
ìåíåå ïîäðîáíàÿ ñåòêà äëÿ ñîêðàùåíèÿ âðåìåíè âû÷èñëåíèé.

Íà êàæäîé èç ïîäîáëàñòåé äîïîëíèòåëüíî õðàíèòñÿ èíôîðìàöèÿ î ñîñåäÿõ ïåðâîãî
(ñîñåäè ïî ðåáðó) è âòîðîãî (ñîñåäè ïî âåðøèíå, èñêëþ÷àÿ ñîñåäåé ïåðâîãî óðîâíÿ) óðîâ-
íåé. Äëÿ îïðåäåëåíèÿ ãðàíè÷íûõ óñëîâèé ìåæäó ñîñåäíèìè ïîäîáëàñòÿìè îðãàíèçîâàí
ìåæïðîöåññîðíûé îáìåí, äëÿ êîòîðîãî èñïîëüçîâàëèñü êîìàíäû áèáëèîòåêè MPICH. Îí
óñòðîåí òàêèì îáðàçîì, ÷òî ñîñåäíèå ïîäîáëàñòè îáìåíèâàþòñÿ òîëüêî èñêîìûìè ôóíê-
öèÿìè Tj, ïðè ýòîì ïîòîêîâûå âåëè÷èíû ωxj, ωyj íå ó÷àñòâóþò â îáìåíå çà ñ÷åò òîãî, ÷òî
âñÿ íåîáõîäèìàÿ èíôîðìàöèÿ äëÿ èõ âû÷èñëåíèÿ õðàíèòñÿ íà êàæäîì ïðîöåññîðå. Òàêîé
ïîäõîä ñóùåñòâåííî ñíèæàåò îáúåì ïåðåäàâàåìûõ äàííûõ. Äëÿ îòïðàâêè è ïîëó÷åíèÿ
äàííûõ ïðèìåíÿþòñÿ ïàðíûå áëîêèðóþùèå ôóíêöèè MPI_Send(), MPI_Recv(), âûáîð
êîòîðûõ îáóñëîâëåí íàëè÷èåì â ïàðàëëåëüíîì àëãîðèòìå òîëüêî îáìåíîâ ìåæäó äâóìÿ
ïðîöåññîðàìè.

Â îáùåì âèäå âû÷èñëèòåëüíûé àëãîðèòì îïèñûâàåòñÿ ñëåäóþùèì îáðàçîì:

1. íà÷àëüíàÿ èíèöèàëèçàöèÿ äàííûõ;

2. ìåæïðîöåññîðíûé îáìåí äàííûìè îñíîâíîé ñåòêè;

3. âû÷èñëåíèå âñïîìîãàòåëüíûõ ïîòîêîâûõ âåëè÷èí íà ÿ÷åéêàõ äâîéñòâåííîé ñåòêè íà
òåêóùåì øàãå ïî âðåìåíè ñ èñïîëüçîâàíèåì çíà÷åíèé òåìïåðàòóðû íà ïðåäûäóùåì
øàãå ïî âðåìåíè èëè íà÷àëüíîå çíà÷åíèå äëÿ âñåõ âíóòðåííèõ è ãðàíè÷íûõ óçëîâ
ïðîöåññîðà, ñîãëàñíî ñèñòåìàì (2.4)�(2.5);

4. âû÷èñëåíèå òåìïåðàòóðû ñîãëàñíî ñèñòåìå (2.3):

(a) âû÷èñëåíèå êîíâåêòèâíûõ ÷ëåíîâ â ïðàâîé ÷àñòè ñèñòåìû;
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(b) âû÷èñëåíèå äèôôóçèîííûõ ÷ëåíîâ â ïðàâîé ÷àñòè ñèñòåìû;

(c) âû÷èñëåíèå òåìïåðàòóðû íà òåêóùåì øàãå ïî âðåìåíè;

5. âûâîä ïðîìåæóòî÷íûõ ðåçóëüòàòîâ ðàñ÷åòà, åñëè ÷èñëî øàãîâ êðàòíî çíà÷åíèþ ñïå-
öèàëüíîé íàñòðîéêè;

6. óâåëè÷åíèå ¾ñ÷åò÷èêà¿ âðåìåíè;

7. åñëè íå äîñòèãíóòî êîíå÷íîå çíà÷åíèå âðåìåíè, ïåðåõîä ê ï. 2;

8. çàâåðøåíèå ðàáîòû ïðîãðàììû.

Ð è ñ ó í î ê 3.1

Äåêîìïîçèöèÿ ðàñ÷åòíîé îáëàñòè

Ð è ñ ó í î ê 3.2

Ðàñ÷åòíàÿ ñåòêà âîçëå òðåùèíû

Èññëåäîâàíèå ýôôåêòèâíîñòè ïàðàëëåëüíîãî àëãîðèòìà îñóùåñòâëÿëîñü ïîñðåäñòâîì
îöåíêè âðåìåíè âûïîëíåíèÿ ïðîãðàììû íà îäíîì ïðîöåññîðå è íà íåñêîëüêèõ ïðîöåññî-
ðàõ. Ïðè îöåíêå èñïîëüçîâàëèñü ñëåäóþùèå õàðàêòåðèñòèêè � óñêîðåíèå:

Sp =
Tp
T1
, (3.1)

ãäå T1 � âðåìÿ âûïîëíåíèÿ íà îäíîì ïðîöåññîðå; Tp � âðåìÿ âûïîëíåíèÿ íà p ïðîöåññîðàõ;
ýôôåêòèâíîñòü:

Ep =
Sp

p
. (3.2)
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Òàáëèöà 1: Óñêîðåíèå è ýôôåêòèâíîñòü ðàáîòû ïàðàëëåëüíîãî àëãîðèòìà, 60 169 ÿ÷ååê

×èñëî ïðîöåññîðîâ Âðåìÿ ðàáîòû Óñêîðåíèå Ýôôåêòèâíîñòü
ïðîãðàììû, ñ

1 168 � �
2 83 2.024 1.012
4 42 4.000 1.000
8 22 7.636 0.955
16 12 14.000 0.875

Òàáëèöà 2: Óñêîðåíèå è ýôôåêòèâíîñòü ðàáîòû ïàðàëëåëüíîãî àëãîðèòìà, 125 052 ÿ÷ååê

×èñëî ïðîöåññîðîâ Âðåìÿ ðàáîòû Óñêîðåíèå Ýôôåêòèâíîñòü
ïðîãðàììû, ñ

1 354 � �
2 174 2.034 1.017
4 89 3.978 0.994
8 45 7.867 0.983
16 24 14.750 0.922

Â òàáëèöàõ 1 è 2 ïîêàçàíî âðåìÿ âûïîëíåíèÿ ïðîãðàììû â çàâèñèìîñòè îò ÷èñëà èñ-
ïîëüçóåìûõ â ðàñ÷åòàõ ïðîöåññîðîâ ñ êîëè÷åñòâîì ðàñ÷åòíûõ ÿ÷ååê 60 169 è 125 052 ñîîò-
âåòñòâåííî. Ðàñ÷åò ïðîâîäèëñÿ äëÿ 100 øàãîâ ïî âðåìåíè. Èç òàáëèö âèäíî, ÷òî ðàçðàáî-
òàííûé ïàðàëëåëüíûé àëãîðèòì äîñòàòî÷íî ýôôåêòèâåí è äàåò çíà÷èòåëüíîå óñêîðåíèå
ïðè óâåëè÷åíèè ÷èñëà ïðîöåññîðîâ.

Âñå ðàñ÷åòû äëÿ çàäà÷è, îïèñàííîé â ñëåäóþùåì ðàçäåëå,ïðîâîäèëèñü íà êëàñòåðå ñ
âû÷èñëèòåëüíûìè ÿäðàìè CPU Intel Xeon.

4. Ìàòåìàòè÷åñêîå ìîäåëèðîâàíèå ðàñïðîñòðàíåíèÿ òåìïåðàòóðû

â ïëàñòå ñ òðåùèíîé ãèäðîðàçðûâà è âåðòèêàëüíîé íàãíåòà-

òåëüíîé ñêâàæèíîé

Ñ ïîìîùüþ ðàçðàáîòàííîãî ïàðàëëåëüíîãî àëãîðèòìà ïðîâåäåíî ìàòåìàòè÷åñêîå ìî-
äåëèðîâàíèå äèíàìèêè ðàñïðîñòðàíåíèÿ òåìïåðàòóðû â íåôòÿíîì ïëàñòå ñ òðåùèíîé è
âåðòèêàëüíîé íàãíåòàòåëüíîé ñêâàæèíîé [14].

Íà Ðèñ. 4.1�4.4 ïðåäñòàâëåíî ðàñïðîñòðàíåíèå òåìïåðàòóðíîãî ôðîíòà ïî ïëàñòó â ðàç-
ëè÷íûå ìîìåíòû âðåìåíè. Ââèäó ñèììåòðèè ðàññìàòðèâàåìîé îáëàñòè è ãðàíè÷íûõ óñëî-
âèé äîñòàòî÷íî ðàññìàòðèâàòü òîëüêî ÷åòâåðòü ðàñ÷åòíîé îáëàñòè. Èç ðèñóíêîâ âèäíî,
êàê âî âðåìÿ ðàáîòû íàãíåòàòåëüíîé ñêâàæèíû õîëîäíàÿ çàêà÷èâàåìàÿ æèäêîñòü îõëà-
æäàåò ïëàñò. Çíà÷èòåëüíûå èçìåíåíèÿ òåìïåðàòóðû íàáëþäàþòñÿ âáëèçè ñêâàæèíû è
âäîëü ðàñïðîñòðàíåíèÿ òðåùèíû, â ÷àñòíîñòè, íà ñòâîðêàõ òðåùèíû.
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Ð è ñ ó í î ê 4.1

Ðàñïðåäåëåíèå òåìïåðàòóðû íà ìîìåíò âðåìåíè t = 1.0, 60 169 ÿ÷ååê

Ð è ñ ó í î ê 4.2

Ðàñïðåäåëåíèå òåìïåðàòóðû íà ìîìåíò âðåìåíè t = 3.0, 60 169 ÿ÷ååê

Ð è ñ ó í î ê 4.3

Ðàñïðåäåëåíèå òåìïåðàòóðû íà ìîìåíò âðåìåíè t = 5.0, 60 169 ÿ÷ååê
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Ð è ñ ó í î ê 4.4

Ðàñïðåäåëåíèå òåìïåðàòóðû íà ìîìåíò âðåìåíè t = 8.0, 60 169 ÿ÷ååê

Äëÿ âåðèôèêàöèè ðàáîòû ïàðàëëåëüíîãî àëãîðèòìà ïðîâåäåíî ñðàâíåíèå ÷èñëåííûõ
ðåçóëüòàòîâ ïîñëåäîâàòåëüíîé è ïàðàëëåëüíîé âåðñèé ïðîãðàììû íà ðàçíîì êîëè÷åñòâå
ïðîöåññîðîâ ñ èñïîëüçîâàíèåì ñåòîê ðàçëè÷íîé ðàçìåðíîñòè. Ñîâïàäåíèå ðåçóëüòàòîâ ïî-
ëó÷åíî âî âñåõ ñëó÷àÿõ, ÷òî ïîçâîëÿåò ñäåëàòü âûâîä î ïðàâèëüíîñòè ïîñòðîåííîãî ïàðàë-
ëåëüíîãî àëãîðèòìà.

Òàêèì îáðàçîì, ðàçðàáîòàí è ðåàëèçîâàí ýôôåêòèâíûé ïàðàëëåëüíûé àëãîðèòì íà
îñíîâå ìåòîäà Ãàëåðêèíà ñ ðàçðûâíûìè áàçèñíûìè ôóíêöèÿìè äëÿ ðåøåíèÿ óðàâíåíèé
ïåðåíîñà òåïëà íà íåñòðóêòóðèðîâàííûõ ðàçíåñåííûõ ñåòêàõ. Ñ ïîìîùüþ ðàçðàáîòàííîãî
ïðîãðàììíîãî êîìïëåêñà áûëî ïðîâåäåíî èññëåäîâàíèå òåìïåðàòóðíîãî ïîëÿ â íåôòÿíîì
ïëàñòå ñ òðåùèíîé ãèäðîðàçðûâà è âåðòèêàëüíîé íàãíåòàòåëüíîé ñêâàæèíîé. Ïîëó÷åííûå
ðåçóëüòàòû âû÷èñëèòåëüíîãî ýêñïåðèìåíòà õîðîøî ñîãëàñóþòñÿ ñ ïîëó÷åííûìè ðàíåå ðå-
çóëüòàòàìè ñ ïîìîùüþ ìåòîäà êîíå÷íûõ îáúåìîâ íà àäàïòèâíûõ ñåòêàõ [15] è ñ ïîìîùüþ
ìåòîäà Ãàëåðêèíà ñ ðàçðûâíûìè áàçèñíûìè ôóíêöèÿìè áåç èñïîëüçîâàíèÿ ïàðàëëåëüíûõ
òåõíîëîãèé [14].

Áëàãîäàðíîñòè. Ðàáîòà âûïîëíåíà ïðè ïîääåðæêå Ìèíîáðíàóêè ÐÔ
(� 1.6958.2017/8.9), ÐÔÔÈ (ïðîåêò 18-31-00102) è ãðàíòà Ïðåçèäåíòà ÐÔ äëÿ ìî-
ëîäûõ ðîññèéñêèõ ó÷åíûõ � êàíäèäàòîâ íàóê (ÌÊ-2007.2018.1).
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on the Galerkin discontinuous method for solving

convective heat transfer problems on unstructured

staggered grids
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Abstract. The present paper is devoted to the construction of a parallel computational algorithm
for solving convective heat transfer problems using the discontinuous Galerkin method on
unstructured staggered grids. The computational algorithm is implemented on the basis of MPI
parallel computing technology. A special feature of the algorithm is that auxiliary variables that
occur when the di�usion terms are approximated by the discontinuous Galerkin method are not
involved in interprocessor exchange. The developed parallel algorithm is applied to modelling of
temperature dynamics in formation with a vertical injection well and hydraulic fracturing. The
paper presents the results of a computational experiment and estimates the e�ectiveness of a
parallel algorithm.

Key Words: discontinuous Galerkin method, vertical injection well, hydraulic fracturing,
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Ìîäåëèðîâàíèå âçàèìîäåéñòâèÿ ðàçíîðàçìåðíûõ

îáúåêòîâ, ïîìåùåííûõ â ñëàáûé ýëåêòðîëèò

c⃝ À. Î. Ñûðîìÿñîâ1

Àííîòàöèÿ. Ðåøàþòñÿ çàäà÷è î âçàèìîäåéñòâèè äâóõ ñôåðè÷åñêèõ ÷àñòèö ðàçíûõ ðàäèóñîâ,
à òàêæå ñôåðè÷åñêîé ÷àñòèöû è ïëîñêîñòè, ïîìåùåííûõ â ýëåêòðîëèò. Òîëùèíà äâîéíîãî
ýëåêòðè÷åñêîãî ñëîÿ ïðåäïîëàãàåòñÿ áîëüøîé, òàê ÷òî óðàâíåíèå Ïóàññîíà�Áîëüöìàíà, îïè-
ñûâàþùåå ðàñïðåäåëåíèå ýëåêòðè÷åñêîãî ïîòåíöèàëà, ëèíåàðèçóåòñÿ. Ïîñòàâëåííûå çàäà÷è
ðåøàþòñÿ ìåòîäîì ìóëüòèïîëüíîãî ðàçëîæåíèÿ; ïëîñêîñòü ìîäåëèðóåòñÿ ôèêòèâíîé ÷àñòè-
öåé. Äëÿ êîýôôèöèåíòîâ ðàçëîæåíèÿ ïîëó÷åíû àñèìïòîòè÷åñêèå ïðåäñòàâëåíèÿ. Âû÷èñëåíû
ñèëû âçàèìîäåéñòâèÿ ìåæäó òåëàìè, íàõîäÿùèìèñÿ â ýëåêòðîëèòå. Ðàññìîòðåí ïðåäåëüíûé
ñëó÷àé, â êîòîðîì ðàäèóñ îäíîé ñôåðû çíà÷èòåëüíî ïðåâûøàåò ðàäèóñ äðóãîé. Ïîêàçàíî, ÷òî
îí íå ñâîäèòñÿ ê îïèñàíèþ ÷àñòèöû è ïëîñêîñòè. Íåîæèäàííûì ðåçóëüòàòîì ðàñ÷åòîâ ñëóæèò
òî, ÷òî ïðè íåêîòîðûõ óñëîâèÿõ ïëîñêîñòü ìîæåò ïðèòÿãèâàòü ê ñåáå ñôåðó, èìåþùóþ ïîòåí-
öèàë òîãî æå çíàêà, â òî âðåìÿ êàê ìåæäó äâóìÿ ñôåðàìè ñ îäíîèìåííûìè ïîòåíöèàëàìè íà
ïîâåðõíîñòÿõ âñåãäà âîçíèêàåò îòòàëêèâàíèå.

Êëþ÷åâûå ñëîâà: ñëàáûé ýëåêòðîëèò, ëèíåàðèçîâàííîå óðàâíåíèå Ïóàññîíà�Áîëüöìàíà,
äâîéíîé ýëåêòðè÷åñêèé ñëîé, ìóëüòèïîëüíîå ðàçëîæåíèå, àñèìïòîòè÷åñêèå ìåòîäû, ôèêòèâ-
íàÿ ÷àñòèöà

1. Ââåäåíèå

Ðàñ÷åò ýëåêòðè÷åñêîãî ïîëÿ â æèäêîì ýëåêòðîëèòå, ñîäåðæàùåì âçâåøåííûå ÷àñòè-
öû, � çàäà÷à íå íîâàÿ, íî ïî-ïðåæíåìó àêòóàëüíàÿ. Â ïîñëåäíèå äåñÿòèëåòèÿ èíòåðåñ
ê ýòîé òåìå âîçðàñòàåò â ñâÿçè ñ òåì, ÷òî ïðîìûøëåííîñòü òðåáóåò ðàçðàáîòêè íîâûõ
ìàòåðèàëîâ, à ñîâðåìåííûå òåõíîëîãèè ïîçâîëÿþò íàáëþäàòü íåïîñðåäñòâåííî çà ìèêðî-
÷àñòèöàìè âçâåñè, èçìåðÿòü èíòåíñèâíîñòü èõ âçàèìîäåéñòâèÿ è äàæå ìàíèïóëèðîâàòü
èìè [1].

Õîòÿ æèäêîñòü â öåëîì íåéòðàëüíà, âîêðóã ïîìåùåííûõ â íåå èíîðîäíûõ òåë îáðà-
çóþòñÿ äâîéíûå ýëåêòðè÷åñêèå ñëîè (ÄÝÑ) ñ ïîâûøåííîé êîíöåíòðàöèåé èîíîâ îäíîãî
çíàêà. Èõ ïåðåêðûòèå ïðèâîäèò ê èñêàæåíèþ ýëåêòðè÷åñêîãî ïîëÿ è âçàèìîäåéñòâèþ òåë.
Â çàâèñèìîñòè îò äàëüíîñòè è èíòåíñèâíîñòè âçàèìîäåéñòâèÿ ðåçóëüòàòîì òàêîãî ïåðå-
êðûòèÿ ìîæåò ñëóæèòü îáðàçîâàíèå â ýëåêòðîëèòå ïåðèîäè÷åñêèõ ñòðóêòóð [2�3].

Ìàòåìàòè÷åñêîé ìîäåëüþ ýëåêòðè÷åñêîãî ïîëÿ â ýëåêòðîëèòå ñëóæèò óðàâíåíèå
Ïóàññîíà�Áîëüöìàíà [4], êîòîðîå ìîæåò áûòü ëèíåàðèçîâàíî â ñëó÷àå øèðîêèõ ÄÝÑ [5].

1Ñûðîìÿñîâ Àëåêñåé Îëåãîâè÷, äîöåíò êàôåäðû ïðèêëàäíîé ìàòåìàòèêè, äèôôåðåíöèàëüíûõ
óðàâíåíèé è òåîðåòè÷åñêîé ìåõàíèêè, ÔÃÁÎÓ ÂÎ ¾ÌÃÓ èì. Í. Ï. Îãàð¼âà¿ (430005, Ðîññèÿ, ã. Ñàðàíñê,
óë. Áîëüøåâèñòñêàÿ, ä. 68/1), êàíäèäàò ôèçèêî-ìàòåìàòè÷åñêèõ íàóê, ORCID: http://orcid.org/0000-0001-
6520-0204, syal1@yandex.ru
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Â áîëüøèíñòâå ñëó÷àåâ ïðåäïîëàãàåòñÿ, ÷òî èíîðîäíûå òåëà â æèäêîñòè ÿâëÿþòñÿ
ñôåðàìè ðàâíîãî ðàäèóñà [6]. Îäíàêî ñëåäóåò ðàññìàòðèâàòü òàêæå âçàèìîäåéñòâèå ðàç-
íîðàçìåðíûõ ÷àñòèö, ïîñêîëüêó íåñóùàÿ æèäêîñòü ìîæåò ñîäåðæàòü ïðèìåñè íåñêîëüêèõ
ñîðòîâ. Îñîáûé èíòåðåñ ïðåäñòàâëÿåò ñëó÷àé, êîãäà ðàçìåðû ÷àñòèö îòëè÷àþòñÿ âî ìíîãî
ðàç.

Åùå îäèí êëàññ çàäà÷, âîçíèêàþùèé ïðè èçó÷åíèè äèñïåðñíûõ ñèñòåì è òåñíî ñâÿ-
çàííûé ñ ïðåäûäóùèì, � ìîäåëèðîâàíèå âçàèìîäåéñòâèÿ òåëà è áåñêîíå÷íîé ïîâåðõíîñòè
(íàïðèìåð, ïëîñêîñòè èëè êðóãëîãî öèëèíäðà). Ïîäîáíûå ïðîáëåìû ïîÿâëÿþòñÿ, â ÷àñò-
íîñòè, ïðè îïèñàíèè ëåâèòàöèè ÷àñòèö âáëèçè ýëåêòðîäà [7] èëè ôèëüòðàöèè æèäêîñòè ñ
ïðèìåñÿìè ÷åðåç ôèëüòðû, ïðåäñòàâëÿþùèå ñîáîé ñîâîêóïíîñòü çàðÿæåííûõ òðóáîê [8].

Ïîäõîäû, ïðèìåíÿåìûå ïðè ìàòåìàòè÷åñêîì ìîäåëèðîâàíèè âçàèìîäåéñòâèé âèäà ¾÷à-
ñòèöà + ÷àñòèöà â ýëåêòðîëèòå¿ è ¾÷àñòèöà + ïëîñêîñòü â ýëåêòðîëèòå¿ (óæå óïîìÿíóòûå
ðàáîòû [7�8], à òàêæå [9] è ò. ä.), îáëàäàþò ñëåäóþùèìè îáùèìè ÷åðòàìè.

• Ïðåäïîëîæåíèå î òîì, ÷òî ÄÝÑ óçêè ïî ñðàâíåíèþ ñ ðàçìåðàìè âçàèìîäåéñòâóþùèõ
òåë. Àíàëîãè÷íî ïðèáëèæåíèþ òåîðèè ñìàçêè äëÿ âÿçêîé æèäêîñòè, ýòî ïîçâîëÿåò
ïåðåéòè îò òðåõìåðíîé ãåîìåòðèè çàäà÷è ê îäíîìåðíîé. Ñ äðóãîé ñòîðîíû, ïîäîá-
íàÿ ãèïîòåçà, ñïðàâåäëèâàÿ äëÿ ñèëüíûõ ýëåêòðîëèòîâ, èñêëþ÷àåò èç ðàññìîòðåíèÿ
îðãàíè÷åñêèå âåùåñòâà. Êðîìå òîãî, ñèëû, âîçíèêàþùèå ìåæäó ÷àñòèöàìè âçâåñè,
ïðè âûïîëíåíèè òàêîé ãèïîòåçû îêàçûâàþòñÿ âåñüìà êîðîòêîäåéñòâóþùèìè.

• Èñïîëüçîâàíèå ñïåöèàëüíûõ ñèñòåì êîîðäèíàò � áèñôåðè÷åñêîé, áèöèëèíäðè÷åñêîé
è ò. ä. Ýòî ïîçâîëÿåò ðàçäåëèòü ïåðåìåííûå â óðàâíåíèè Ïóàññîíà�Áîëüöìàíà. Îä-
íàêî óêàçàííûå ñèñòåìû íå ìîãóò áûòü ýôôåêòèâíî ïðèìåíåíû â ñëó÷àÿõ, êîãäà
òðåáóåòñÿ îïèñàòü âçàèìîäåéñòâèå áîëüøåãî ÷èñëà òåë.

Òàêèì îáðàçîì, öåëåñîîáðàçíî ïðåäëîæèòü èíîé ìåòîä ðàñ÷åòà ýëåêòðè÷åñêèõ ïîëåé,
êîòîðûé áû ïîçâîëÿë ìîäåëèðîâàòü ïåðåêðûòèå øèðîêèõ ÄÝÑ è ó÷èòûâàòü íàëè÷èå â
æèäêîñòè ìíîãèõ òåë îäíîâðåìåííî. Â íàñòîÿùåé ñòàòüå òàêîé ìåòîä ïðèìåíÿåòñÿ ê ìî-
äåëèðîâàíèþ âçàèìîäåéñòâèÿ äâóõ ñôåð ðàçíûõ ðàçìåðîâ, à òàêæå ñôåðû è ïëîñêîñòè;
æèäêîñòü, ñîäåðæàùàÿ èíîðîäíûå òåëà, ñ÷èòàåòñÿ íåïîäâèæíîé.

2. Äâå ñôåðû ðàçíûõ ðàäèóñîâ â ñëàáîì ýëåêòðîëèòå

Ðàññìîòðèì ÷àñòèöû Ω(1) è Ω(2) ðàäèóñîâ a1 è a2, ñîîòâåòñòâåííî; öåíòðû Ω(1) è Ω(2)
ñîåäèíÿþòñÿ âåêòîðîì r⃗ äëèíû r. Ââåäåì ïðÿìîóãîëüíóþ ñèñòåìó êîîðäèíàò Ox1x2x3 òàê,
÷òîáû åå íà÷àëî ñîâïàäàëî ñ öåíòðîì ïåðâîé ñôåðû, à öåíòð âòîðîé ñôåðû ëåæàë íà îñè
Ox3; òîãäà r⃗ = (0, 0, r). Âåêòîð x⃗ = (x1, x2, x3) çàäàåò ïîëîæåíèå ïðîèçâîëüíîé òî÷êè
îòíîñèòåëüíî íà÷àëà êîîðäèíàò (Ðèñ. 2.1).
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Ð è ñ ó í î ê 2.1

Ãåîìåòðèÿ çàäà÷è î äâóõ ñôåðàõ

Áóäåì ïðåäïîëàãàòü, ÷òî ÷àñòèöû ÿâëÿþòñÿ òâåðäûìè è íå ïåðåêðûâàþòñÿ:

r ≥ a1 + a2.

Ïîòåíöèàë ïîëÿ ψ âíå ÷àñòèö óäîâëåòâîðÿåò ëèíåàðèçîâàííîìó óðàâíåíèþ Ïóàññîíà�
Áîëüöìàíà:

∆ψ = κ2ψ. (2.1)

Çäåñü è äàëåå ∆ � îïåðàòîð Ëàïëàñà; κ−1 � õàðàêòåðèñòè÷åñêàÿ òîëùèíà ÄÝÑ.
Íà ïîâåðõíîñòè êàæäîé èç ÷àñòèö ïîòåíöèàë ïîñòîÿíåí:

ψ = ψa1, |x⃗| = a1,
(2.2)

ψ = ψa2, |x⃗− r⃗| = a2.

Íàêîíåö, íà áîëüøîì óäàëåíèè îò íà÷àëà êîîðäèíàò âîçìóùåíèÿ, âíîñèìûå èíîðîäíûìè
òåëàìè â ðàñïðåäåëåíèå ïîòåíöèàëà, ïðåíåáðåæèìî ìàëû:

ψ → 0, |x⃗| → ∞. (2.3)

Äëÿ ðåøåíèÿ çàäà÷è (2.1)�(2.3) èñïîëüçóåòñÿ ìåòîä, îïèñàííûé ðàíåå â [10] ïðèìåíè-
òåëüíî ê äâóì èäåíòè÷íûì ñôåðè÷åñêèì ÷àñòèöàì. Ïðîñòåéøèì ðåøåíèåì (2.1), èìåþùèì
ñôåðè÷åñêóþ ñèììåòðèþ è çàòóõàþùèì íà áåñêîíå÷íîñòè, ñëóæèò

Λ0(x⃗) =
e−κ|x⃗|

|x⃗|
.

Â ñèëó ëèíåéíîñòè óêàçàííîãî óðàâíåíèÿ ëþáîå åãî ðåøåíèå, óäîâëåòâîðÿþùåå (2.3), ìîæ-
íî ïðåäñòàâèòü êàê ëèíåéíóþ êîìáèíàöèþ ìóëüòèïîëåé � ÷àñòíûõ ïðîèçâîäíûõ Λ0:

Lj···k(x⃗) =
∂

∂xj
· · · ∂

∂xk
Λ0(x⃗). (2.4)

Ñòðóêòóðà òåíçîðíûõ êîýôôèöèåíòîâ ïåðåä ìóëüòèïîëÿìè îïðåäåëÿåòñÿ ñ ïîìîùüþ òåî-
ðèè íåëèíåéíûõ òåíçîðíûõ ôóíêöèé òåíçîðíîãî àðãóìåíòà [11].

Äëÿ ðàññìàòðèâàåìîé êîíôèãóðàöèèOx3 ñëóæèò îñüþ ñèììåòðèè, à ïëîñêîñòèOx1x3 è
Ox2x3 � çåðêàëüíûìè ïëîñêîñòÿìè, à çíà÷èò, çàäà÷à èìååò ãðóïïó ñèììåòðèè 3·m. Èç ýòîãî

À. Î. Ñûðîìÿñîâ. Ìîäåëèðîâàíèå âçàèìîäåéñòâèÿ ðàçíîðàçìåðíûõ îáúåêòîâ, . . .
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ïîñëå íåêîòîðûõ ýëåìåíòàðíûõ óïðîùåíèé ñëåäóåò, ÷òî ïîòåíöèàë ìîæíî ïðåäñòàâèòü â
âèäå:

ψ = C0(1)Λ0(x⃗) + CB(1)Λ3(x⃗) + CC(1)Λ33(x⃗) + CD(1)Λ333(x⃗) + . . .+
(2.5)

+C0(2)Λ0(x⃗− r⃗) + CB(2)Λ3(x⃗− r⃗) + CC(2)Λ33(x⃗− r⃗) + CD(2)Λ333(x⃗− r⃗) + . . .

Íîìåðà 1 è 2 ñîîòâåòñòâóþò ìóëüòèïîëÿì, çàâèñÿùèì îò ðàäèóñ-âåêòîðîâ x⃗ è x⃗− r⃗ îòíî-
ñèòåëüíî öåíòðîâ Ω(1) è Ω(2).

Îñòàþùèåñÿ íåèçâåñòíûìè êîýôôèöèåíòû C0(1), CB(1),... ïðåäñòàâëÿþòñÿ â âèäå ðàç-
ëîæåíèÿ ïî ñòåïåíÿì äâóõ ìàëûõ ïàðàìåòðîâ

ε =
a1
r
, δ = κr (2.6)

è íàõîäÿòñÿ ïîäñòàíîâêîé (2.4)�(2.5) â ãðàíè÷íûå óñëîâèÿ (2.2).
Åñëè ε è δ èìåþò îäèíàêîâûé ïîðÿäîê ìàëîñòè, òî ñ òî÷íîñòüþ äî ñóììàðíîé ÷åòâåðòîé

ñòåïåíè ïàðàìåòðîâ èñêîìûå êîýôôèöèåíòû èìåþò âèä:

C0(1) = Ψ1

{
1− εβ + εδβ − 1

2
εδ2β +

1

6
εδ3β + ε2α− ε2δ(2α+ β) +

+ε2δ2(2α + β)− ε3αβ + ε3δ[α2 + α(1 + 3β)] + ε4(α2 + α3)
}
,

CB(1) = Ψ1a1

(
ε2β − 1

2
ε2δ2β − ε3α + ε3δα + ε4αβ

)
, (2.7)

CC(1) = Ψ1a
2
1

(
− 1

2
ε3β +

1

2
ε4α
)
,

CD(1) = −1

6
Ψ1a

3
1ε

4β,

ãäå ââåäåíû îáîçíà÷åíèÿ

Ψ1 = a1ψa1e
κa1 , Ψ2 = a2ψa2e

κa2 , α =
a2
a1
, β =

Ψ2

Ψ1

.

×òîáû íàéòè C0(2), CB(2), CC(2), CD(2), ñëåäóåò â ïîëó÷åííûõ ôîðìóëàõ çàìåíèòü ε íà
a1/r, ïîñëå ÷åãî ïîìåíÿòü ìåñòàìè a1 è a2, Ψ1 è Ψ2 ñîîòâåòñòâåííî, à òàêæå ïîìåíÿòü
çíàêè ó CB(2) è CD(2) íà ïðîòèâîïîëîæíûå.

Ïî èçâåñòíîìó ðàñïðåäåëåíèþ ïîòåíöèàëà ìîæíî âû÷èñëèòü nfr;t ñèëó F⃗ , äåéñòâóþ-
ùóþ íà êàæäóþ èç ÷àñòèö. Äëÿ ïðîèçâîëüíîãî òåëà Ω ñ ïîâåðõíîñòüþ ∂Ω ïðîåêöèÿ ýòîãî
âåêòîðà íà îñü Oxi ðàâíà

Fi =

∮
∂Ω

pijnjdS, (2.8)

ãäå n⃗ � åäèíè÷íûé âåêòîð âíåøíåé íîðìàëè ê ∂Ω; ïî ïîâòîðÿþùèìñÿ èíäåêñàì ïðîèçâî-
äèòñÿ ñóììèðîâàíèå; pij � êîìïîíåíòû òåíçîðà íàïðÿæåíèé:

pij = −εF
8π

∂ψ

∂xs

∂ψ

∂xs
δij +

εF
4π

∂ψ

∂xs

∂ψ

∂xs
. (2.9)

Çäåñü εF = const � äèýëåêòðè÷åñêàÿ ïðîíèöàåìîñòü ñðåäû; âûðàæåíèå (2.9) çàïèñàíî â
ñèñòåìå CGSE [12].

Ïîäñòàíîâêà (2.4)�(2.5), (2.7) â (2.8)�(2.9) äàåò äëÿ ÷àñòèöû Ω(1) ñ öåíòðîì â íà÷àëå
êîîðäèíàò:

F3 =
εF ε

2Ψ1Ψ2

a21

[
− 1 +

1

2
δ2 + ε

(
β +

α

β

)
− εδ

(
β +

α

β

)
− 3ε2α

]
. (2.10)
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Êîìïîíåíòû F1 è F2 ðàâíû íóëþ; ýòî î÷åâèäíî è èç ñîîáðàæåíèé ñèììåòðèè.
Ïðè ε→ 0, ÷òî ñîîòâåòñòâóåò äàëåêî ðàñïîëîæåííûì è ïîòîìó íå âçàèìîäåéñòâóþùèì

÷àñòèöàì, âûðàæåíèÿ (2.7) ïåðåõîäÿò â õîðîøî èçâåñòíîå ðåøåíèå çàäà÷è î ðàñïðåäåëåíèè
ïîòåíöèàëà âîêðóã îäèíî÷íîé ñôåðû:

C0(1) = Ψ1, C0(2) = Ψ2,

îñòàëüíûå ìíîæèòåëè ðàâíû íóëþ. Ïðè ýòîì ñèëà, äåéñòâóþùàÿ íà ñôåðó, òàêæå ñòðå-
ìèòñÿ ê íóëþ.

Åñëè îñòàâèòü â (2.10) ñëàãàåìûå íàèáîëåå íèçêîãî ïîðÿäêà ìàëîñòè, F3 ïðèìåò âèä

F3 = −εF ε
2Ψ1Ψ2

a21
. (2.11)

Ïîëüçóÿñü òåì, ÷òî ïîâåðõíîñòíàÿ ïëîòíîñòü çàðÿäà íà ïîâåðõíîñòè òåëà Ω ðàâíà

−εF
4π

∂ψ

∂n
,

â òîì æå ¾ãëàâíîì¿ ïðèáëèæåíèè ïîëó÷èì, ÷òî ñôåðû Ω(1) è Ω(2) èìåþò çàðÿäû

Q(1) = εFa1ψa1, Q(2) = εFa2ψa2. (2.12)

Ñðàâíèâàÿ (2.11) è (2.12), ëåãêî ïðèéòè ê âûâîäó, ÷òî â ïðåäåëå, êîãäà ñôåðû ðàñïî-
ëîæåíû äàëåêî äðóã îò äðóãà, îíè âçàèìîäåéñòâóþò êàê òî÷å÷íûå çàðÿäû Q(1) è Q(2),
ðàñïîëîæåííûå íà ðàññòîÿíèè r äðóã îò äðóãà. Â ÷àñòíîñòè, åñëè ψa1 è ψa2 èìåþò îäèíà-
êîâûå çíàêè, òî ñèëà, äåéñòâóþùàÿ ìåæäó ÷àñòèöàìè, â ñâîåì ¾ãëàâíîì¿ ïðèáëèæåíèè
ÿâëÿåòñÿ ñèëîé îòòàëêèâàíèÿ.

Â ñëó÷àå, êîãäà a1 = a2, ψa1 = ψa2, à çíà÷èò, è Ψ1 = Ψ2, âûðàæåíèÿ (2.7) ïðåîáðàçóþòñÿ
â ôîðìóëû, îïèñûâàþùèå ðàñïðåäåëåíèå ïîòåíöèàëà âîêðóã äâóõ îäèíàêîâûõ ÷àñòèö [10],
à âûðàæåíèå (2.10) � â ñîîòâåòñòâóþùóþ ôîðìóëó äëÿ ñèëû âçàèìîäåéñòâèÿ ìåæäó äâóìÿ
ñôåðàìè.

3. Âçàèìîäåéñòâèå ñôåðè÷åñêîé ÷àñòèöû è ïëîñêîñòè

Ïóñòü öåíòð ñôåðè÷åñêîé ÷àñòèöû Ω, èìåþùåé ðàäèóñ a, ðàñïîëîæåí íà ðàññòîÿíèè h
îò ïëîñêîñòè S. Ìîæíî ñ÷èòàòü, ÷òî ýëåêòðîëèò, êóäà ïîìåùåíà ÷àñòèöà âçâåñè, çàíèìàåò
ïîëóáåñêîíå÷íîå ïðîñòðàíñòâî, îãðàíè÷åííîå óêàçàííîé ïëîñêîñòüþ.

Äëÿ ìîäåëèðîâàíèÿ âçàèìîäåéñòâèÿ Ω è S ñèñòåìà êîîðäèíàò Ox1x2x3 ââîäèòñÿ òàê,
÷òî ïëîñêîñòü Ox1x2 ñîâïàäàåò ñ S, à öåíòð ÷àñòèöû èìååò ðàäèóñ-âåêòîð h⃗ = (0, 0, h).
Êàê è ðàíåå, ïîëîæåíèå ïðîèçâîëüíîé òî÷êè îòíîñèòåëüíî íà÷àëà êîîðäèíàò çàäàåòñÿ
âåêòîðîì x⃗ = (x1, x2, x3) (Ðèñ. 3.1).
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Ð è ñ ó í î ê 3.1

Ãåîìåòðèÿ çàäà÷è î ñôåðå è ïëîñêîñòè

Â äàëüíåéøåì ðàçìåð ÷àñòèöû ñ÷èòàåòñÿ ìàëûì ïî ñðàâíåíèþ ñ äèñòàíöèåé îò åå
öåíòðà äî ïëîñêîñòè; â ñâîþ î÷åðåäü, ýòî ðàññòîÿíèå íàìíîãî ìåíüøå õàðàêòåðíîé øèðèíû
ÄÝÑ, ïîýòîìó

ε =
a

h
, δ = κh

ÿâëÿþòñÿ áåçðàçìåðíûìè ìàëûìè ïàðàìåòðàìè îäíîãî ïîðÿäêà.
Äëÿ ïîòåíöèàëà ψ ïî-ïðåæíåìó ñïðàâåäëèâî (2.1), íî ãðàíè÷íûå óñëîâèÿ, ïðèñîåäè-

íÿåìûå ê ýòîìó óðàâíåíèþ, áóäóò íåñêîëüêî èíûìè, ÷åì â ïðåäûäóùåì ðàçäåëå.
Áóäåì ïðåäïîëàãàòü, ÷òî íà ïîâåðõíîñòè ñôåðû è íà ïëîñêîñòè ψ ïðèíèìàåò ïîñòîÿí-

íûå çíà÷åíèÿ:

ψ = ψs, x3 = 0,
(3.1)

ψ = ψa, |x⃗− h⃗| = a.

Äàëåêî îò S è Ω îí ñòðåìèòñÿ ê íóëþ:

ψ → 0, x3 → ∞ ∨ |x⃗− h⃗| → ∞. (3.2)

Ïðèáëèæåííîå ðåøåíèå çàäà÷è (2.1), (3.1)�(3.2) èçëîæåíî â [13�14]. Îäíàêî â ýòèõ
ðàáîòàõ ñôåðà çàìåíÿëàñü òî÷å÷íûì çàðÿäîì, òàê ÷òî âòîðîå èç óñëîâèé (3.1) çàâåäîìî
íå âûïîëíÿëîñü. Ðàñïðåäåëåíèå ïîòåíöèàëà îòûñêèâàëîñü â öèëèíäðè÷åñêèõ êîîðäèíàòàõ
è áûëî çàïèñàíî â âèäå íåñîáñòâåííîãî èíòåãðàëà îò âûðàæåíèÿ, ñîäåðæàùåãî ôóíêöèþ
Áåññåëÿ J0. Òàêàÿ ôîðìà ïðåäñòàâëåíèÿ äåëàåò âû÷èñëåíèå ψ íåóäîáíûì: J0 èìååò ðàçíûå
àñèìïòîòèêè ïðè ìàëûõ è áîëüøèõ çíà÷åíèÿõ àðãóìåíòà. Êðîìå òîãî, èç-çà èñïîëüçîâàíèÿ
ñïåöèôè÷íîé ñèñòåìû êîîðäèíàò óêàçàííîå ðåøåíèå íåëüçÿ ðàñïðîñòðàíèòü íà ñëó÷àé
íåñêîëüêèõ ÷àñòèö, íàõîäÿùèõñÿ â ïîëóáåñêîíå÷íîé îáëàñòè.

Áîëåå îáùèì ïîäõîäîì, òåîðåòè÷åñêè ïîçâîëÿþùèì îïèñàòü âçàèìîäåéñòâèå ïðîèç-
âîëüíîãî êîëè÷åñòâà òåë ëþáîé ôîðìû, ÿâëÿåòñÿ ìåòîä îòðàæåíèé. Òðàäèöèîííî îí ïðè-
ìåíÿåòñÿ ïðè ðåøåíèè çàäà÷ ãèäðîäèíàìèêè [15�16]. Åãî íåäîñòàòêîì ñëóæèò òî, ÷òî
ãðàíè÷íûå óñëîâèÿ ñîîòâåòñòâóþùåé çàäà÷è óäîâëåòâîðÿþòñÿ ëèøü ïðèáëèæåííî. Â [17]
ïðåäëàãàåòñÿ áîëåå ñîâåðøåííûé ìåòîä. Âìåñòî âçàèìîäåéñòâèÿ êàæäîé èç ÷àñòèö ñ ïëîñ-
êîñòüþ ðàññìàòðèâàåòñÿ âçàèìîäåéñòâèå ðåàëüíîé è ôèêòèâíîé çåðêàëüíî ðàñïîëîæåííîé
÷àñòèöû, ïðè÷åì ãðàíè÷íûå óñëîâèÿ íà ïîâåðõíîñòè ôèêòèâíûõ ÷àñòèö ïîäáèðàþòñÿ òàê,
÷òîáû èçíà÷àëüíî çàäàííûå ñîîòíîøåíèÿ íà ïëîñêîñòè âûïîëíÿëèñü òî÷íî. Íèæå ìû â
îáùèõ ÷åðòàõ áóäåì ñëåäîâàòü ýòîìó ìåòîäó.
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Ïðåäñòàâèì èñêîìûé ïîòåíöèàë â âèäå

ψ = ψ∞ + ψ′, (3.3)

ãäå ψ∞ � ðåøåíèå çàäà÷è îá ýëåêòðîëèòå, îãðàíè÷åííîì ëèøü ïëîñêîñòüþ S, áåç ó÷åòà
ñôåðû Ω, à ψ′ � âîçìóùåíèå, âíîñèìîå Ω. Òîãäà ψ∞ óäîâëåòâîðÿåò ñèñòåìå ñîîòíîøåíèé

∆ψ∞ = κ2ψ∞; ψ∞

∣∣∣
x3=0

= ψs; lim
x3→∞

ψ∞ = 0,

îòêóäà
ψ∞ = ψse

−κx3 . (3.4)

Èç (2.1), (3.1)�(3.3) ñëåäóåò, ÷òî äëÿ ψ′ ñïðàâåäëèâû ðàâåíñòâà

∆ψ′ = κ2ψ′,

ψ′ → 0, |x⃗− h⃗| → ∞,
(3.5)

ψ′ = 0, x3 = 0,

ψ′ + ψ∞ = ψa, |x⃗− h⃗| = a.

Âìåñòî ñèñòåìû ¾ñôåðà Ω+ ïëîñêîñòü S¿ áóäåì èçó÷àòü èíóþ � ¾ñôåðà Ω+ôèêòèâíàÿ
ñôåðà M¿. Ðàñïîëîæèì ÷àñòèöó M çåðêàëüíî ñèììåòðè÷íî Ω îòíîñèòåëüíî S, ÷òîáû åå
öåíòð íàõîäèëñÿ â òî÷êå ñ ðàäèóñ-âåêòîðîì −h⃗ (Ðèñ. 3.2).

Ð è ñ ó í î ê 3.2

Ïîëîæåíèå çåðêàëüíîé ÷àñòèöû

Àíàëîãè÷íî (2.5), ïðåäñòàâèì ψ′ â âèäå ñóïåðïîçèöèè âîçìóùåíèé, ïðèõîäÿùèõ îò äâóõ
ñôåð:

ψ′ = C0(Ω)Λ0(x⃗− h⃗) + CB(Ω)Λ3(x⃗− h⃗) + CC(Ω)Λ33(x⃗− h⃗) + CD(Ω)Λ333(x⃗− h⃗) + . . .

+C0(M)Λ0(x⃗+ h⃗) + CB(M)Λ3(x⃗+ h⃗) + CC(M)Λ33(x⃗+ h⃗) + CD(M)Λ333(x⃗+ h⃗) + . . .

Èç îïðåäåëåíèÿ (2.4) ñëåäóåò, ÷òî ïðè x3 = 0 ìóëüòèïîëè ÷åòíîãî ïîðÿäêà Λ0(x⃗ ± h⃗),

Λ33(x⃗ ± h⃗),. . . ÷åòíû ïî h⃗ = (0, 0, h), à ìóëüòèïîëè Λ3(x⃗ ± h⃗), Λ333(x⃗ ± h⃗),. . . , èìåþùèå
íå÷åòíûé ïîðÿäîê, íå÷åòíû. Ïîýòîìó ïðè

C0(M) = −C0(Ω), CB(M) = CB(Ω), CC(M) = −CC(Ω), CD(M) = CD(Ω), . . .

áóäóò âûïîëíåíû âñå óñëîâèÿ çàäà÷è (3.5), êðîìå ïîñëåäíåãî. Èòàê,

ψ′ = C0[Λ0(x⃗− h⃗)− Λ0(x⃗+ h⃗)] + CB[Λ3(x⃗− h⃗) + Λ3(x⃗+ h⃗)] +
(3.6)

+CC[Λ33(x⃗− h⃗)− Λ33(x⃗+ h⃗)] + CD[Λ333(x⃗− h⃗) + Λ333(x⃗+ h⃗)] + . . .
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Ñêàëÿðíûå êîýôôèöèåíòû C0, CB, CC, CD,. . . íàõîäÿòñÿ ïîäñòàíîâêîé (3.6) â ãðàíè÷-
íîå óñëîâèå íà ïîâåðõíîñòè Ω è ïðåäñòàâëÿþòñÿ ðàçëîæåíèåì ïî ñòåïåíÿì ε è δ, óïîìÿ-
íóòûì âûøå â äàííîì ðàçäåëå. Îáîçíà÷èâ

ΨA = aψae
κa, ΨS = aψse

κa,

ïîëó÷èì ñ òî÷íîñòüþ äî ÷åòâåðòîé ñòåïåíè ìàëûõ ïàðàìåòðîâ:

C0 = (ΨA −ΨS)
(
1 +

1

2
ε+

1

4
ε2 +

1

8
ε3 +

1

8
ε4
)
+ΨS

(
δ − 1

2
δ2 +

1

6
δ3 − 1

24
δ4
)
+

+
(
−ΨA +

3

2
ΨS

)
εδ +

(
ΨA − 9

4
ΨS

)
εδ2 +

(
− 2

3
ΨA +

9

4
ΨS

)
εδ3 +

+
(
− 1

2
ΨA +

3

4
ΨS

)
ε2δ +

(
ΨA − 43

24
ΨS

)
ε2δ2 +

(
− 1

4
ΨA +

1

8
ΨS

)
ε3δ,

CB = aε
[
ΨS

(
− δ + δ2 − 1

2
δ3
)
+ (ΨA −ΨS)

(1
4
ε+

1

8
ε2 +

1

16
ε3
)
+

1

4
ΨSεδ + (3.7)

+
(
− 1

2
ΨA +

11

8
ΨS

)
εδ2 +

(
− 1

4
ΨA +

3

8
ΨS

)
ε2δ
]

CC = a2ε3
[
ΨS

(
− 1

6
δ2 +

1

16
εδ
)
+ (ΨA −ΨS)

( 1

16
ε+

1

32
ε2
)]
,

CD =
1

96
a3ε4(ΨA −ΨS).

Íà Ðèñ. 3.3 ïîêàçàíû ýêâèïîòåíöèàëüíûå ëèíèè ψ â ïëîñêîñòè Ox1x3, ïîëó÷åííûå
ïîñëå ïîäñòàíîâêè (3.4), (3.6)�(3.7) â (3.3). Ïðè ðàñ÷åòàõ ïàðàìåòðàì áûëè ïðèäàíû ñëå-
äóþùèå êîíêðåòíûå çíà÷åíèÿ: a = 1, ψa = ψs = 1, ε = 1/4, δ = 1/3.

Ð è ñ ó í î ê 3.3

Ðàñïðåäåëåíèå ïîòåíöèàëà âîçëå ÷àñòèöû è ïëîñêîñòè

Ëåãêî âèäåòü, ÷òî ïðè ΨA = 0 ðåøåíèå (3.6)�(3.7) íå ïðèíèìàåò âèä (3.4), à ïðè ΨS = 0
� íå ñòàíîâèòñÿ ðåøåíèåì çàäà÷è îá îäèíî÷íîé ñôåðå âèäà

ψ = C0Λ0. (3.8)

Ýòî ïðîèñõîäèò ïîòîìó, ÷òî ïîâåðõíîñòü |x⃗ − h⃗| = a íå ÿâëÿåòñÿ ýêâèïîòåíöèàëüíîé äëÿ
ψ∞, à ïëîñêîñòü S � äëÿ ôóíêöèè (3.8).
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Ïðè ε→ 0, δ → 0 (3.6)�(3.7) ïåðåõîäÿò â (3.8), â êîòîðîì C0 = ΨA−ΨS. Òàêèì îáðàçîì,
ðàñïðåäåëåíèå ψ â íà÷àëüíîì ïðèáëèæåíèè ïðîïîðöèîíàëüíî ðàçíîñòè ïîòåíöèàëîâ íà
ïîâåðõíîñòè ÷àñòèöû Ω è íà ïëîñêîñòè.

Ñèëó, äåéñòâóþùóþ íà ñôåðó ñî ñòîðîíû ïëîñêîñòè, ìîæíî âû÷èñëèòü, ïîäñòàâèâ
(3.3)�(3.4), (3.6)�(3.7) â (2.8)�(2.9). Î÷åâèäíî, F1 = F2 = 0; F3 èìååò âòîðîé ïîðÿäîê
ìàëîñòè è ñ âûáðàííîé òî÷íîñòüþ ïðèíèìàåò çíà÷åíèå

F3 =
εF
a2

[
Ψ2

A

(
− 1

4
ε2 +

1

2
ε2δ2 − 1

4
ε3 +

1

2
ε3δ − 3

16
ε4
)
+ΨAΨS

(
εδ − εδ2 +

1

2
εδ3 +

1

2
ε2 −

−13

4
ε2δ2 +

1

2
ε3 − 5

4
ε3δ +

3

8
ε4
)
+Ψ2

S

(
− εδ + 2εδ2 − 2εδ3 − 1

4
ε2 + 3ε2δ2 − (3.9)

−1

4
ε3 +

3

4
ε3δ − 3

16
ε4
)]
.

Â ¾ãëàâíîì¿ ïðèáëèæåíèè ýòà ñèëà ðàâíà

F3 =
εF
a2

[
− 1

4
ε2
(
ΨA −ΨS

)2
+ΨS(ΨA −ΨS)εδ

]
,

÷òî ìîæåò âåñòè ê íåîæèäàííîìó ðåçóëüòàòó: ïðè îïðåäåëåííîì ñîîòíîøåíèè íà ε è δ
ìåæäó ïëîñêîñòüþ è ÷àñòèöåé, èìåþùèìè ïîòåíöèàëû îäíîãî è òîãî æå çíàêà (ΨAΨS ≥ 0),
âîçíèêàåò íå îòòàëêèâàíèå, à ïðèòÿæåíèå. Ýòî âûðàæàåòñÿ â òîì, ÷òî F3 < 0, à çíà÷èò,
âåêòîð F⃗ íàïðàâëåí â ñòîðîíó ïëîñêîñòè, à íå îò íåå.

Â îòñóòñòâèå ðàçíîñòè ïîòåíöèàëîâ ìåæäó Ω è S èõ âçàèìîäåéñòâèå îæèäàåìî ñëàáååò,
ïîñêîëüêó ïðè ΨA = ΨS âåëè÷èíà (3.9) èìååò óæå òðåòèé ïîðÿäîê ìàëîñòè.

Íàêîíåö, ïðè ΨS = 0 âûðàæåíèå (3.9) ïåðåõîäèò â

F3 ≈ −εF ε
2

4a2
Ψ2

A = − εF
(2h)2

Ψ2
A;

ýòî ñîîòâåòñòâóåò ïðèòÿæåíèþ äâóõ ïðîòèâîïîëîæíûõ òî÷å÷íûõ çàðÿäîâ, ðàñïîëîæåííûõ
íà òîì æå ðàññòîÿíèè 2h äðóã îò äðóãà, ÷òî è öåíòðû Ω è M . Ñàìè çàðÿäû âû÷èñëÿþòñÿ
àíàëîãè÷íî (2.12). Ðàçíèöà çíàêîâ ó ðåàëüíîãî è ôèêòèâíîãî çàðÿäîâ íåïîñðåäñòâåííî

âûòåêàåò èç (3.6): çà ýòîò çíàê ¾îòâå÷àåò¿ âåëè÷èíà C0, à ìíîæèòåëè ïåðåä Λ0(x⃗ − h⃗) è

Λ0(x⃗+ h⃗) ïðîòèâîïîëîæíû.

4. Âçàèìîäåéñòâèå ñôåð ñ ñèëüíî ðàçëè÷àþùèìèñÿ ðàäèóñàìè

Ðàññìîòðèì ñëó÷àé, êîãäà ðàäèóñû Ω(1) è Ω(2) îòëè÷àþòñÿ âî ìíîãî ðàç, è âûÿñíèì,
ñâîäèòñÿ ëè îí ê âçàèìîäåéñòâèþ ñôåðû è ïëîñêîñòè. Äîïîëíèòåëüíî ïðåäïîëîæèì, ÷òî
ïîòåíöèàëû íà ïîâåðõíîñòÿõ ñôåð � âåëè÷èíû îäíîãî ïîðÿäêà: ψa2 ∼ ψa1. Äëÿ îïðåäåëåí-
íîñòè áóäåì èçó÷àòü äåéñòâèå Ω(2) íà Ω(1).

Ïðè a2 ≪ a1 (èçó÷àåòñÿ äåéñòâèå ìàëåíüêîé ñôåðû íà áîëüøóþ) ïàðàìåòðû (2.6) ìîæ-
íî ñ÷èòàòü ìàëûìè, íî ïðîèçâîëüíûìè. Îòíîøåíèÿ α è β òàêæå ìàëû, ïðè÷åì èç-çà áëè-
çîñòè exp(κa1) è exp(κa2) ê 1 èõ ìîæíî ñ÷èòàòü âåëè÷èíàìè îäíîãî ïîðÿäêà. Çàôèêñèðîâàâ
ε, δ, Ψ1 è óñòðåìëÿÿ α è β ê íóëþ â (2.7) è (2.10), ïîëó÷èì

C0(1) → Ψ1, CB(1) → 0, CC(1) → 0, CD(1) → 0, F3 → 0,

ò. å. áîëüøàÿ ÷àñòèöà ¾íå ÷óâñòâóåò¿ âîçäåéñòâèé ñî ñòîðîíû ìàëåíüêîé, à ðàñïðåäåëåíèå
ψ â öåëîì ñîâïàäàåò ñ ðàñïðåäåëåíèåì âîêðóã îäèíî÷íîé ñôåðû Ω(1).
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Ïðè a2 ≫ a1 (áîëüøàÿ ñôåðà äåéñòâóåò íà ìàëåíüêóþ) ïàðàìåòðû α è β ìíîãî áîëüøå
1, è îíè ïî-ïðåæíåìó îäíîãî ïîðÿäêà. Ïðè ýòîì â ñèëó íåðàâåíñòâà a1+a2 ≤ r âûïîëíåíû
ñîîòíîøåíèÿ εα ≤ 1, εβ ≤ 1. Ïîýòîìó íåëüçÿ ñ÷èòàòü, ÷òî ε ìåíÿåòñÿ ïðîèçâîëüíî (â
îòëè÷èå îò δ). Óñòðåìëÿÿ α è β â ôîðìóëàõ (2.7) è (2.10) ê áåñêîíå÷íîñòè, à ε è δ � ê
íóëþ, ó÷èòûâàÿ îãðàíè÷åíèÿ íà ε, íàéäåì, ÷òî

C0(1) → Ψ1(1− εβ), CB(1) → 0, CC(1) → 0, CD(1) → 0, F3 →
εFΨ

2
2

a22

(α
β

)2
ε2(−β + εβ2).

Àñèìïòîòèêà C0(1) ïîêàçûâàåò, ÷òî áîëüøàÿ ñôåðà ñèëüíî èñêàæàåò ïîëå âáëèçè ìà-
ëåíüêîé, òîëüêî åñëè èõ ïîâåðõíîñòè î÷åíü áëèçêè: εβ → 1. Íî äàæå ïðè ýòîì óñëîâèè
F3 → 0. Ïîñëåäíèé ðåçóëüòàò ìîæíî îáúÿñíèòü òåì, ÷òî äåéñòâóþùàÿ íà ÷àñòèöó ñèëà
îáóñëîâëåíà ðàçíûìè çíà÷åíèÿìè ïîòåíöèàëà â ðàçíûõ òî÷êàõ åå ïîâåðõíîñòè. Â ñëó÷àå,
êîãäà ðàäèóñ ñôåðû Ω(1) ìàë, ãëàâíûé âêëàä â ðàñïðåäåëåíèå ïîòåíöèàëà âíîñèò âîç-
ìóùåíèå, ñîçäàâàåìîå Ω(2), à îíî íå óñïåâàåò ñèëüíî èçìåíèòüñÿ íà ðàññòîÿíèè, ðàâíîì
äèàìåòðó ìàëåíüêîé ÷àñòèöû.

Íàêîíåö, èçó÷èì âîïðîñ î âîçìîæíîñòè ïðåäåëüíîãî ïåðåõîäà îò çàäà÷è î äâóõ ñôåðàõ
ðàçíîãî ðàäèóñà ê çàäà÷å î ñôåðå è ïëîñêîñòè. Ïóñòü ïî-ïðåæíåìó a2 ≫ a1, à çíà÷èò, ðîëü
¾ïëîñêîñòè¿ áóäåò èãðàòü ïîâåðõíîñòü ñôåðû Ω(2). Ñ ôîðìàëüíîé òî÷êè çðåíèÿ äàëåå
òðåáóåòñÿ â ôîðìóëàõ (2.6)�(2.7) çàìåíèòü ε = a1/r íà âûðàæåíèå a1/(h+ a2), ïîñëå ÷åãî
óñòðåìèòü a2 ê áåñêîíå÷íîñòè.

Îäíàêî òàêîé ïîäõîä ïðèâîäèò ê íåóñòðàíèìîìó ïðîòèâîðå÷èþ. Ïðè ðàññìîòðåíèè
äâóõ ñôåð âûïîëíÿëèñü íåðàâåíñòâà r ≥ a1 + a2 è δ = κr ≪ 1, îòêóäà ñëåäîâàëî, ÷òî è
κa2 ≪ 1. Îäíàêî øèðèíà ÄÝÑ κ−1 åñòü âåëè÷èíà, ôèêñèðîâàííàÿ äëÿ çàäàííîãî ýëåê-
òðîëèòà, à ïîòîìó ïðè a2 → ∞ íåðàâåíñòâî κa2 ≪ 1 ïðèíöèïèàëüíî íå ìîæåò áûòü
âûïîëíåíî. Ñëåäîâàòåëüíî, è ïåðåõîä ê çàäà÷å ¾÷àñòèöà + ïëîñêîñòü¿ íåâîçìîæåí.

5. Çàêëþ÷åíèå

Â íàñòîÿùåé ðàáîòå çàäà÷è î ðàñïðåäåëåíèè ýëåêòðè÷åñêîãî ïîòåíöèàëà â ñèñòåìàõ
ñ ðàçíîé ãåîìåòðèåé ðåøåíû îäíèì è òåì æå ìåòîäîì ìóëüòèïîëüíîãî ðàçëîæåíèÿ; òåì
ñàìûì ïîêàçàíà ïðèãîäíîñòü ýòîãî ïîäõîäà ê äîñòàòî÷íî øèðîêîìó êðóãó çàäà÷. Íà îñ-
íîâå ýòîãî ðåøåíèÿ íàéäåíû ñèëû, äåéñòâóþùèå íà ñôåðè÷åñêèå ÷àñòèöû, ïîìåùåííûå
â ýëåêòðîëèò. Ïðè ýòîì ïîëó÷åíî, ÷òî ñôåðè÷åñêèå ÷àñòèöû, ïîâåðõíîñòè êîòîðûõ èìå-
þò ïîòåíöèàëû îäíîãî çíàêà, âñåãäà îòòàëêèâàþòñÿ, à ìåæäó ñôåðîé è ïëîñêîñòüþ ïðè
îïðåäåëåííûõ ãåîìåòðè÷åñêèõ ïàðàìåòðàõ ñèñòåìû ìîæåò âîçíèêàòü ïðèòÿæåíèå.

Èçó÷åíî âçàèìîäåéñòâèå ñôåð, ðàäèóñû êîòîðûõ îòëè÷àþòñÿ âî ìíîãî ðàç; âûâåäåíî
óñëîâèå, ïðè êîòîðîì áîëüøàÿ ÷àñòèöà ñèëüíî èñêàæàåò ðàñïðåäåëåíèå ïîòåíöèàëà âáëèçè
ìåíüøåé. Ïîêàçàíî, ÷òî âçàèìîäåéñòâèå äâóõ ñôåðè÷åñêèõ ÷àñòèö â ðàìêàõ ðàññìàòðè-
âàåìîãî ïðèáëèæåíèÿ íå ìîæåò áûòü ñâåäåíî ê âçàèìîäåéñòâèþ ñôåðû è ïëîñêîñòè: ó
ýòèõ ñèñòåì ðàçíûå ãåîìåòðèè, è áåñêîíå÷íîå óâåëè÷åíèå ðàäèóñà îäíîé èç ñôåð âåäåò ê
íåîáõîäèìîñòè ñîîòâåòñòâåííîãî óâåëè÷åíèÿ øèðèíû ÄÝÑ, ÷òî äëÿ ôèêñèðîâàííîãî ýëåê-
òðîëèòà íåâîçìîæíî.
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Modeling of interaction of di�erent-sized objects immersed

in weal electrolyte

c⃝ A. O. Syromyasov1

Abstract. Author solves problems about interaction of two spherical particles with di�erent radii
and also about interaction of a sphere and a plane that are immersed in electrolyte. Double electric
layer near the objects' surfaces is supposed to be wide, so Poisson � Boltzmann equation describing
the distribution of electric potential in the medium may be linearized. The problems stated are
solved by multipole expansion method; the plane is modelled by a dummy particle. Asymptotic
expressions are obtained for the coe�cients of the expansion. Basing on this solution, forces acting
between bodies in electrolyte are found. The particular case when the size of one sphere is much
larger than the size of another particle is examined. Author shows that this case can't transform
to interaction of a sphere and a plane. The unexpected result of calculation is that under certain
conditions the plane may attract spherical particle which has potential of the same sign on its
surface, while the interaction between two spheres having potentials of the same sign is always
repulsion.

Key Words: weak electrolyte, linearized Poisson-Boltzmann equation, double electric layer,
multipole expansion, asymptotic methods, dummy particle
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Ïðàâèëà îôîðìëåíèÿ ðóêîïèñåé â æóðíàë

¾Æóðíàë Ñðåäíåâîëæñêîãî ìàòåìàòè÷åñêîãî
îáùåñòâà¿

Ê ðàññìîòðåíèþ ïðèíèìàþòñÿ ðóêîïèñè íà ðóññêîì ÿçûêå, íå îïóáëèêîâàííûå è íå
ïðåäíàçíà÷åííûå ê ïóáëèêàöèè â äðóãîì èçäàíèè.

Òåêñò ñòàòüè íåîáõîäèìî ïîäãîòîâèòü â èçäàòåëüñêîé ñèñòåìå TeX ñ èñïîëüçîâàíèåì
ìàêðîðàñøèðåíèÿ LaTeX.

Â ðåäàêöèþ ñëåäóåò íàïðàâëÿòü èñõîäíûé òåêñò ñòàòüè (ôîðìàò LaTeX), ôàéëû ñ
ðèñóíêàìè (ôîðìàò EPS) è îòêîìïèëèðîâàííûé âàðèàíò ñòàòüè (ôîðìàò PDF).

Ñòàòüÿ äîëæíà ñîäåðæàòü ñëåäóþùèå ðàçäåëû íà ðóññêîì è àíãëèéñêîì ÿçûêàõ:
� êîäû ÓÄÊ è MSC 2010;
� íàçâàíèå ñòàòüè;
� èíôîðìàöèÿ î êàæäîì èç àâòîðîâ: ÔÈÎ - ïîëíîñòüþ, äîëæíîñòü, ìåñòî ðàáîòû,

àäðåñ îðãàíèçàöèè, ó÷åíàÿ ñòåïåíü, ORCID, e-mail;
� àííîòàöèÿ;
� êëþ÷åâûå ñëîâà;
� òåêñò ñòàòüè (òîëüêî íà ðóññêîì);
� ñïèñîê ëèòåðàòóðû.
Èíäåêñ ïðåäìåòíîé êëàññèôèêàöèè (MSC 2010) ïî AMS èñïîëüçóåòñÿ äëÿ òåìàòè÷å-

ñêîãî ðàçäåëåíèÿ ññûëîê â äâóõ ðåôåðàòèâíûõ áàçàõ � Mathematical Reviews (MR) Àìå-
ðèêàíñêîãî ìàòåìàòè÷åñêîãî îáùåñòâà (American Mathematical Society, AMS) è Åâðîïåé-
ñêîãî ìàòåìàòè÷åñêîãî ñîþçà (Zentralblatt MATH, zbMATH). Ñïðàâî÷íèêè êîäîâ ÓÄÊ è
MSC 2010 ìîæíî ñêà÷àòü èç ðàçäåëà Ïîëåçíûå ìàòåðèàëû ìåíþ Äëÿ àâòîðà íà ñàéòå
æóðíàëà.

Àííîòàöèÿ äîëæíà áûòü ÷åòêî ñòðóêòóðèðîâàíà, èçëîæåíèå ìàòåðèàëà äîëæíî ñëå-
äîâàòü ëîãèêå îïèñàíèÿ ðåçóëüòàòîâ â ñòàòüå. Òåêñò äîëæåí áûòü ëàêîíè÷åí è ÷åòîê,
ñâîáîäåí îò âòîðîñòåïåííîé èíôîðìàöèè, îòëè÷àòüñÿ óáåäèòåëüíîñòüþ ôîðìóëèðîâîê.

Ðåêîìåíäóåòñÿ âêëþ÷àòü â àííîòàöèþ ñëåäóþùèå àñïåêòû ñîäåðæàíèÿ ñòàòüè: ïðåä-
ìåò, öåëü ðàáîòû, ìåòîä èëè ìåòîäîëîãèþ ïðîâåäåíèÿ ðàáîòû, ðåçóëüòàòû ðàáîòû, îáëàñòü
ïðèìåíåíèÿ ðåçóëüòàòîâ, âûâîäû.

Ïðåäìåò è öåëü ðàáîòû óêàçûâàþòñÿ â òîì ñëó÷àå, åñëè îíè íå ÿñíû èç çàãëàâèÿ ñòàòüè;
ìåòîä èëè ìåòîäîëîãèþ ïðîâåäåíèÿ ðàáîòû öåëåñîîáðàçíî îïèñûâàòü â òîì ñëó÷àå, åñëè
îíè îòëè÷àþòñÿ íîâèçíîé èëè ïðåäñòàâëÿþò èíòåðåñ ñ òî÷êè çðåíèÿ äàííîé ðàáîòû.

Ðåçóëüòàòû ðàáîòû îïèñûâàþòñÿ ïðåäåëüíî òî÷íî è èíôîðìàòèâíî. Ïðèâîäÿòñÿ îñíîâ-
íûå òåîðåòè÷åñêèå è ýêñïåðèìåíòàëüíûå ðåçóëüòàòû, ôàêòè÷åñêèå äàííûå, îáíàðóæåííûå
âçàèìîñâÿçè è çàêîíîìåðíîñòè. Ïðè ýòîì îòäàåòñÿ ïðåäïî÷òåíèå íîâûì ðåçóëüòàòàì è
äàííûì äîëãîñðî÷íîãî çíà÷åíèÿ, âàæíûì îòêðûòèÿì, âûâîäàì, êîòîðûå îïðîâåðãàþò ñó-
ùåñòâóþùèå òåîðèè, à òàêæå äàííûì, êîòîðûå, ïî ìíåíèþ àâòîðà, èìåþò ïðàêòè÷åñêîå
çíà÷åíèå.

Âûâîäû ìîãóò ñîïðîâîæäàòüñÿ ðåêîìåíäàöèÿìè, îöåíêàìè, ïðåäëîæåíèÿìè, ãèïîòåçà-
ìè, îïèñàííûìè â ñòàòüå.

Ñâåäåíèÿ, ñîäåðæàùèåñÿ â çàãëàâèè ñòàòüè, íå äîëæíû ïîâòîðÿòüñÿ â òåêñòå àâòîðñêî-
ãî ðåçþìå.

Ñëåäóåò èçáåãàòü ëèøíèõ ââîäíûõ ôðàç (íàïðèìåð, ¾àâòîð ñòàòüè ðàññìàòðèâàåò...¿).
Èñòîðè÷åñêèå ñïðàâêè, åñëè îíè íå ñîñòàâëÿþò îñíîâíîå ñîäåðæàíèå äîêóìåíòà, îïèñàíèå
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ðàíåå îïóáëèêîâàííûõ ðàáîò è îáùåèçâåñòíûå ïîëîæåíèÿ â àâòîðñêîì ðåçþìå íå ïðèâî-
äÿòñÿ.

Â òåêñòå àâòîðñêîãî ðåçþìå ñëåäóåò óïîòðåáëÿòü ñèíòàêñè÷åñêèå êîíñòðóêöèè, ñâîé-
ñòâåííûå ÿçûêó íàó÷íûõ è òåõíè÷åñêèõ äîêóìåíòîâ, èçáåãàòü ñëîæíûõ ãðàììàòè÷åñêèõ
êîíñòðóêöèé.

Â òåêñòå àííîòàöèè ñëåäóåò ïðèìåíÿòü çíà÷èìûå ñëîâà èç òåêñòà ñòàòüè.
Ñîêðàùåíèÿ è óñëîâíûå îáîçíà÷åíèÿ, êðîìå îáùåóïîòðåáèòåëüíûõ (â òîì ÷èñëå â àí-

ãëîÿçû÷íûõ ñïåöèàëüíûõ òåêñòàõ), ïðèìåíÿþò â èñêëþ÷èòåëüíûõ ñëó÷àÿõ èëè äàþò èõ
îïðåäåëåíèÿ ïðè ïåðâîì óïîòðåáëåíèè.

Åäèíèöû ôèçè÷åñêèõ âåëè÷èí ñëåäóåò ïðèâîäèòü â ìåæäóíàðîäíîé ñèñòåìå ÑÈ. Äî-
ïóñêàåòñÿ ïðèâîäèòü â êðóãëûõ ñêîáêàõ ðÿäîì ñ âåëè÷èíîé â ñèñòåìå ÑÈ çíà÷åíèå âåëè-
÷èíû â ñèñòåìå åäèíèö, èñïîëüçîâàííîé â èñõîäíîì äîêóìåíòå.

Â àííîòàöèè íå äåëàþòñÿ ññûëêè íà íîìåð ïóáëèêàöèè â ñïèñêå ëèòåðàòóðû ê ñòàòüå.
Ïðè íàïèñàíèè àííîòàöèè íåîáõîäèìî ïîìíèòü ñëåäóþùèå ìîìåíòû:
� íåîáõîäèìî ñëåäîâàòü õðîíîëîãèè ñòàòüè è èñïîëüçîâàòü åå çàãîëîâêè â êà÷åñòâå

ðóêîâîäñòâà;
� íå âêëþ÷àòü íåñóùåñòâåííûå äåòàëè;
� èñïîëüçîâàòü òåõíè÷åñêóþ (ñïåöèàëüíóþ) òåðìèíîëîãèþ âàøåé äèñöèïëèíû, ÷åòêî

èçëàãàÿ ñâîå ìíåíèå è èìåÿ òàêæå â âèäó, ÷òî âû ïèøåòå äëÿ ìåæäóíàðîäíîé àóäèòîðèè;
� òåêñò äîëæåí áûòü ñâÿçíûì ñ èñïîëüçîâàíèåì ñëîâ ¾ñëåäîâàòåëüíî¿, ¾áîëåå òîãî¿,

¾íàïðèìåð¿, ¾â ðåçóëüòàòå¿ è ò.ä. (¾consequently¿, ¾moreover¿, ¾for example¿, ¾the bene�ts
of this study¿, ¾as a result¿ etc.), ëèáî ðàçðîçíåííûå èçëàãàåìûå ïîëîæåíèÿ äîëæíû ëî-
ãè÷íî âûòåêàòü îäíî èç äðóãîãî;

� íåîáõîäèìî èñïîëüçîâàòü àêòèâíûé, à íå ïàññèâíûé çàëîã, ò. å. ¾The study tested¿,
íî íå ¾It was tested in this study¿.

Â òåêñòå ðåôåðàòà íà àíãëèéñêîì ÿçûêå ñëåäóåò ïðèìåíÿòü òåðìèíîëîãèþ, õàðàêòåð-
íóþ äëÿ èíîñòðàííûõ ñïåöèàëüíûõ òåêñòîâ. Ñëåäóåò èçáåãàòü óïîòðåáëåíèÿ òåðìèíîâ,
ÿâëÿþùèõñÿ ïðÿìîé êàëüêîé ðóññêîÿçû÷íûõ òåðìèíîâ. Íåîáõîäèìî ñîáëþäàòü åäèíñòâî
òåðìèíîëîãèè â ïðåäåëàõ ðåôåðàòà.

Ïåðå÷èñëèì îáÿçàòåëüíûå êà÷åñòâà àííîòàöèé íà àíãëèéñêîì ÿçûêå ê ðóññêîÿçû÷íûì
ñòàòüÿì. Àííîòàöèè äîëæíû áûòü:

- èíôîðìàòèâíûìè (íå ñîäåðæàòü îáùèõ ñëîâ);
- îðèãèíàëüíûìè (íå áûòü êàëüêîé ðóññêîÿçû÷íîé àííîòàöèè);
- ñîäåðæàòåëüíûìè (îòðàæàòü îñíîâíîå ñîäåðæàíèå ñòàòüè è ðåçóëüòàòû èññëåäîâà-

íèé);
- ñòðóêòóðèðîâàííûìè (ñëåäîâàòü ëîãèêå îïèñàíèÿ ðåçóëüòàòîâ â ñòàòüå);
- "àíãëîÿçû÷íûìè"(íàïèñàíû êà÷åñòâåííûì àíãëèéñêèì ÿçûêîì).
Îáúåì àííîòàöèé íà ðóññêîì è àíãëèéñêîì ÿçûêàõ äîëæíû áûòü â ñðåäíåì îò 100 äî

250 ñëîâ.
Êëþ÷åâûå ñëîâà äîëæíû îòðàæàòü îñíîâíîå ñîäåðæàíèå ñòàòüè, ïî âîçìîæíîñòè íå

ïîâòîðÿòü òåðìèíû çàãëàâèÿ è àííîòàöèè, èñïîëüçîâàòü òåðìèíû èç òåêñòà ñòàòüè, à òàêæå
òåðìèíû, îïðåäåëÿþùèå ïðåäìåòíóþ îáëàñòü è âêëþ÷àþùèå äðóãèå âàæíûå ïîíÿòèÿ,
êîòîðûå ïîçâîëÿò îáëåã÷èòü è ðàñøèðèòü âîçìîæíîñòè íàõîæäåíèÿ ñòàòüè ñðåäñòâàìè
èíôîðìàöèîííî-ïîèñêîâîé ñèñòåìû. Ðàçäåë Êëþ÷åâûå ñëîâà äîëæåí ñîäåðæàòü îò 5 äî
15 ñëîâ.

Òåêñò ñòàòüè. Ïðè èçëîæåíèè òåêñòà ñòàòüè íåîáõîäèìî ïðèäåðæèâàòüñÿ ñëåäóþùåé
ñòðóêòóðû:

� ââåäåíèå � êðàòêîå èçëîæåíèå ñîñòîÿíèÿ ðàññìàòðèâàåìîãî âîïðîñà è ïîñòàíîâêè
çàäà÷è, ðåøàåìîé â ñòàòüå;
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� ìàòåðèàëû è ìåòîäû ðåøåíèÿ çàäà÷è è ïðèíÿòûå äîïóùåíèÿ;
� ðåçóëüòàòû - îñíîâíîå ñîäåðæàíèå ñòàòüè;
� îáñóæäåíèå è àíàëèç ïîëó÷åííûõ ðåçóëüòàòîâ è ñîïîñòàâëåíèå èõ ñ ðàíåå èçâåñòíû-

ìè;
� çàêëþ÷åíèå � âûâîäû è ðåêîìåíäàöèè.
Ñïèñîê ëèòåðàòóðû äîëæåí ñîäåðæàòü òîëüêî òå èñòî÷íèêè, íà êîòîðûå èìåþòñÿ

ññûëêè â òåêñòå ðàáîòû. Èñòî÷íèêè ðàñïîëàãàþòñÿ â ïîðÿäêå èõ óïîìèíàíèÿ â ñòàòüå è
èõ êîëè÷åñòâî íå äîëæíî ïðåâûøàòü 20.

Îïèñàíèå ñõåì áèáëèîãðàôè÷åñêèõ ññûëîê äëÿ ðàçäåëà References.
Ñòàòüè â æóðíàëå íà ðóññêîì ÿçûêå:
� Àâòîð(û) (òðàíñëèòåðàöèÿ);
� Ïåðåâîä çàãëàâèÿ ñòàòüè íà àíãëèéñêèé ÿçûê;
� Íàçâàíèå ðóññêîÿçû÷íîãî èñòî÷íèêà (òðàíñëèòåðàöèÿ);
� [Ïåðåâîä íàçâàíèÿ èñòî÷íèêà íà àíãëèéñêèé ÿçûê � ïàðàôðàç (äëÿ æóðíàëîâ ìîæíî

íå äåëàòü)];
� Âûõîäíûå äàííûå ñ îáîçíà÷åíèÿìè íà àíãëèéñêîì ÿçûêå, ëèáî òîëüêî öèôðîâûå

(ïîñëåäíåå, â çàâèñèìîñòè îò ïðèìåíÿåìîãî ñòàíäàðòà îïèñàíèÿ);
� Óêàçàíèå íà ÿçûê ñòàòüè (in Russ.) ïîñëå îïèñàíèÿ ñòàòüè.
Êíèãè (ìîíîãðàôèè è ñáîðíèêè) íà ðóññêîì ÿçûêå:
� Àâòîð(û) (òðàíñëèòåðàöèÿ);
� íàçâàíèå êíèãè (òðàíñëèòåðàöèÿ);
� [Ïåðåâîä íàçâàíèÿ êíèãè â êâàäðàòíûõ ñêîáêàõ];
� Âûõîäíûå äàííûå: ìåñòî èçäàíèÿ íà àíãëèéñêîì ÿçûêå - Moscow, St. Petersburg; èç-

äàòåëüñòâî íà àíãëèéñêîì ÿçûêå, åñëè ýòî îðãàíèçàöèÿ (Moscow St. Univ. Publ.) è òðàíñ-
ëèòåðàöèÿ, åñëè èçäàòåëüñòâî èìååò ñîáñòâåííîå íàçâàíèå ñ óêàçàíèåì íà àíãëèéñêîì, ÷òî
ýòî èçäàòåëüñòâî: Nauka Publ.;

� Êîëè÷åñòâî ñòðàíèö â èçäàíèè (250 p.);
� Óêàçàíèå íà ÿçûê (in Russ.) ïîñëå îïèñàíèÿ êíèãè.
Ñïèñîê ëèòåðàòóðû íà ðóññêîì è àíãëèéñêîì ÿçûêàõ îôîðìëÿåòñÿ ñîãëàñíî ñòèëþ

öèòèðîâàíèÿ, ïðèíÿòîìó äëÿ èñïîëüçîâàíèÿ â îáëàñòè ìàòåìàòèêè Àìåðèêàíñêèì ìàòå-
ìàòè÷åñêèì îáùåñòâîì (American Mathematical Society, AMS) è Åâðîïåéñêèì ìàòåìàòè-
÷åñêèì ñîþçîì (Zentralblatt MATH, zbMATH). Äëÿ ýòîãî èñïîëüçóåòñÿ ôîðìàò AMSBIB,
ðåàëèçîâàííûé â ñòèëåâîì ïàêåòå svmobib.sty.

Äëÿ òðàíñëèòåðàöèè ðóññêîãî àëôàâèòà ëàòèíèöåé íåîáõîäèìî èñïîëüçîâàòü ñèñòåìó
BGN (Board of Geographic Names). Íà ñàéòå http://translit.net/ru/bgn/ ìîæíî áåñïëàòíî
âîñïîëüçîâàòüñÿ ïðîãðàììîé òðàíñëèòåðàöèè ðóññêîãî àëôàâèòà â ëàòèíèöó.

Ñïèñîê ëèòåðàòóðû íà ðóññêîì ÿçûêå â òåêñòîâîì ôîðìàòå, îôîðìëåííûé â ñîîò-
âåòñòâèè ñ òðåáîâàíèÿìè ÃÎÑÒ P 7.0.5.-2008 Áèáëèîãðàôè÷åñêàÿ ññûëêà, ðàñïî-
ëàãàòüñÿ çà ñïèñêîì öèòèðóåìîé ëèòåðàòóðû íà ðóññêîì ÿçûêå è äîëæåí áûòü çàêîì-
ìåíòèðîâàí. Ýòîò ñïèñîê ëèòåðàòóðû áóäåò èñïîëüçîâàòüñÿ ïðè çàãðóçêå ýëåêòðîííîé
âåðñèè æóðíàëà íà ñàéò elibrary.ru. ÃÎÑÒ P 7.0.5.-2008 Áèáëèîãðàôè÷åñêàÿ ññûë-

êà ìîæíî ñêà÷àòü èç ðàçäåëà Ïîëåçíûå ìàòåðèàëû ìåíþ Äëÿ àâòîðà íà ñàéòå
æóðíàëà.

Ïîäðîáíûå òåõíè÷åñêèå èíñòðóêöèè ïî îôîðìëåíèþ ðóêîïèñåé ñîäåðæàòñÿ â ìàòåðè-
àëå Ïðàâèëà âåðñòêè ðóêîïèñåé â ñèñòåìå LaTex.
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Ïðèìåðû îôîðìëåíèÿ áèáëèîãðàôè÷åñêèõ ññûëîê äëÿ ðàçäåëà
References .

Ñòàòüè â æóðíàëàõ íà ðóññêîì ÿçûêå:
P.A. Shamanaev, �[On the local reducibility of systems of di�erential equations with

perturbation in the form of homogeneous vector polynomials]�, Trudy Srednevolzhskogo
matematicheskogo obshchestva, 5:1 (2003), 145�151 (In Russ.).

P.A. Shamanaev, �[The branching of periodic solutions of inhomogeneous linear di�erential
equations with a the perturbation in the form of small linear term with delay]�, Zhurnal
Srednevolzhskogo matematicheskogo obshchestva, 18:3 (2016), 61�69 (In Russ.).

Ñòàòüè â æóðíàëàõ íà àíãëèéñêîì ÿçûêå:
M.J. Berger, J. Oliger, "Adaptive mesh re�nement for hyperbolic partial di�erential

equations Journal of Computational Physics, 53 (1984), 484�512.
Ñòàòüè â ýëåêòðîííîì æóðíàëå íà ðóññêîì ÿçûêå:
M.S. Chelyshov, P.A. Shamanaev, �[An algorithm for solving the problem of minimizing a

quadratic functional with nonlinear constraints by the method of orthogonal cyclic reduction]�,
Ogarev-online, 20 (2016) (In Russ.), Available at: http://journal.mrsu.ru/arts/algoritm-
resheniya-zadachi-minimizacii-kvadratichnogo-funkcionala-s-nelinejnymi-ogranicheniyami-s-
ispolzovaniem-metoda-ortogonalnoj-ciklicheskoj-redukcii

Ñòàòüè â ñáîðíèêàõ íà ðóññêîì ÿçûêå:
A.V. Ankilov, P.A. Velmisov, A.V. Korneev, �[Investigation of pipeline dynamics for

delay of external in�uences] Prikladnaya matematika i mekhanika [Applied Mathematics and
Mechanics], 10, UlGTU Publ., Ulyanovsk, 2014, 4-13 (In Russ.).

Êíèãè (ìîíîãðàôèè è ñáîðíèêè) íà ðóññêîì ÿçûêå:
B.F. Bylov, R. E. Vinograd, D.M. Grobman, V.V. Nemyitskiy, Teoriya pokazateley

Lyapunova i ee prilozheniya k voprosam ustoychivosti [The theory of Lyapunov exponents
and its applications to stability problems], Nauka Publ., Moscow, 1966 (In Russ.), 576 p.

Ìàòåðèàëû êîíôåðåíöèé íà ðóññêîì ÿçûêå:
A.A. Kyashkin, B.V. Loginov, P.A. Shamanaev, [On the branching of periodic solutions
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Voskresenskogo s mezhdunarodnym uchastiem [Proceeding of the VII All-Russian Scienti�c
Youth School-Seminar "Mathematical Modeling, Numerical Methods and Program Complexes"
named after E.V. Voskresensky with international participation] (Saransk, 12-15 July 2016),
SVMO Publ., 105-107 (In Russ.)

P.A. Shamanaev, A.A. Kyashkin, B.V. Loginov, [Branching of solutions of linear
inhomogeneous di�erential equations with a small perturbation in the derivative], Tezisy
dokladov �Mezhdunarodnoy konferentsii po di�erentsial'nym uravneniyam i dinamicheskim
sistemam� [Proceeding of the �International Conference on Di�erential Equations and
Dynamical Systems�] (Saransk, 12-15 July 2016), 231-233 (In Russ.).

Äèññåðòàöèè íà ðóññêîì ÿçûêå:
P. A. Shamanaev, Lyapunovskie preobrazovaniya i ustoychivost' dvizheniya [Lyapunov
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sci. diss.], Saransk, 1997 (In Russ), 145 p.
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Ïðàâèëà âåðñòêè ðóêîïèñåé

â ñèñòåìå LaTex

Îáðàùàåì Âàøå âíèìàíèå íà òî, ÷òî óêàçàííûå íèæå ïðàâèëà äîëæíû âûïîëíÿòüñÿ
àáñîëþòíî òî÷íî. Â ñëó÷àå, åñëè ïðàâèëà îôîðìëåíèÿ ðóêîïèñè íå áóäóò âûïîëíåíû,
Âàøà ñòàòüÿ áóäåò âîçâðàùåíà íà äîðàáîòêó.

Êîìïèëÿöèþ ñòàòüè íåîáõîäèìî ïðîèçâîäèòü ñ ïîìîùüþ ïàêåòà MiKTeX, äèñòðèáóòèâ
êîòîðîãî ìîæíî ïîëó÷èòü íà îôèöèàëüíîì ñàéòå � http://www.miktex.org.

Äëÿ âåðñòêè ðóêîïèñè èñïîëüçóþòñÿ äâà ôàéëà: ôàéë-ïðåàìáóëà è ôàéë-øàáëîí. Èõ
ìîæíî ïîëó÷èòü íà ñàéòå æóðíàëà â ðàçäåëå Ïðàâèëà îôîðìëåíèÿ ðóêîïèñåé. Àäðåñ
äîñòóïà: http://www.journal.svmo.ru/page/rules.

Òåêñò ñòàòüè äîëæåí áûòü ïîìåùåí â ôàéë-øàáëîí ñ èìåíåì <Ôàìèëèÿ-
ÈÎ>.tex (êîòîðûé âêëþ÷àåòñÿ êîìàíäîé \input â ôàéë-ïðåàìáóëó). Íàïðèìåð,
\input{shamanaev.tex}

Ñîäåðæàíèå ïðåàìáóëû èçìåíÿòü íåëüçÿ. Îïðåäåëåíèå íîâûõ êîìàíä àâòîðîì ñòàòüè
íå äîïóñêàåòñÿ äëÿ ïðåäóïðåæäåíèÿ êîíôëèêòîâ èìåí ñ êîìàíäàìè, êîòîðûå ìîãëè áû
áûòü îïðåäåëåíû â ñòàòüÿõ äðóãèõ àâòîðîâ.

Îôîðìëåíèå çàãîëîâêîâ ñòàòüè. Äëÿ îôîðìëåíèÿ çàãîëîâêîâ ñòàòüè íà ðóññêîì
è àíãëèéñêîì ÿçûêàõ ñëåäóåò èñïîëüçîâàòü êîìàíäû \headerRus è \headerEn, ñîîòâåò-
ñòâåííî.

Êîìàíäà \headerRus èìååò ñëåäóþùèå àðãóìåíòû: {ÓÄÊ} {Íàçâàíèå ñòàòüè} {Àâ-
òîð(û)} {Àâòîð1\footnote {Ôàìèëèÿ Èìÿ Îò÷åñòâî, Äîëæíîñòü, ìåñòî ðàáîòû, àäðåñ îð-
ãàíèçàöèè, ó÷åíàÿ ñòåïåíü, ORCID, e-mail.}, Àâòîð2\footnote {Ôàìèëèÿ Èìÿ Îò÷åñòâî,
Äîëæíîñòü, ìåñòî ðàáîòû, àäðåñ îðãàíèçàöèè, ó÷åíàÿ ñòåïåíü, ORCID, e-mail.} } {Àííîòà-
öèÿ} {Êëþ÷åâûå ñëîâà} {Íàçâàíèå ñòàòüè íà àíãëèéñêîì ÿçûêå} {Àâòîð(û) íà àíãëèéñêîì
ÿçûêå}

Êîìàíäà \headerEn èìååò ñëåäóþùèå àðãóìåíòû: {MSC 2010} {Íàçâàíèå ñòàòüè}
{Àâòîð(û)} {Àâòîð1\footnote {Ôàìèëèÿ Èìÿ Îò÷åñòâî, Äîëæíîñòü, ìåñòî ðàáîòû, àäðåñ
îðãàíèçàöèè, ó÷åíàÿ ñòåïåíü, ORCID, e-mail.}, Àâòîð2\footnote {Ôàìèëèÿ Èìÿ Îò÷åñòâî,
Äîëæíîñòü, ìåñòî ðàáîòû, àäðåñ îðãàíèçàöèè, ó÷åíàÿ ñòåïåíü, ORCID, e-mail.} } {Àííî-
òàöèÿ} {Êëþ÷åâûå ñëîâà}

Îôîðìëåíèå òåêñòà ñòàòüè. Ñòàòüÿ ìîæåò ñîäåðæàòü ïîäçàãîëîâêè ëþáîé âëîæåí-
íîñòè. Ïîäçàãîëîâêè ñàìîãî âåðõíåãî óðîâíÿ ââîäÿòñÿ ïðè ïîìîùè êîìàíäû \sect ñ îäíèì
ïàðàìåòðîì: \sect{Çàãîëîâîê}

Ïîäçàãîëîâêè áîëåå íèçêèõ óðîâíåé ââîäÿòñÿ êàê îáû÷íî êîìàíäàìè \subsection,
\subsubsection è \paragraph.

Ñëåäóåò èìåòü â âèäó, ÷òî âíå çàâèñèìîñòè îò óðîâíÿ âëîæåííîñòè ïîäçàãîëîâêîâ â
Âàøåé ñòàòüå, íóìåðàöèÿ îáúåêòîâ (ôîðìóë, òåîðåì, ëåìì è ò.ä.) âñåãäà áóäåò äâîéíîé è
áóäåò ïîä÷èíåíà ïîäçàãîëîâêàì ñàìîãî âåðõíåãî óðîâíÿ.

Äëÿ îôîðìëåíèÿ çàíóìåðîâàííûõ ôîðìóë ñëåäóåò èñïîëüçîâàòü îêðóæåíèå equation.
Íóìåðîâàòü íóæíî òîëüêî òå ôîðìóëû, íà êîòîðûå åñòü ññûëêè â òåêñòå ñòàòüè. Äëÿ
îñòàëüíûõ ôîðìóë ñëåäóåò èñïîëüçîâàòü îêðóæåíèå equation*.

Äëÿ îôîðìëåíèÿ òåîðåì, ëåìì, ïðåäëîæåíèé, ñëåäñòâèé, îïðåäåëåíèé, çàìå÷àíèé è
ïðèìåðîâ ñëåäóåò èñïîëüçîâàòü ñîîòâåòñòâåííî îêðóæåíèÿ Th, Lemm, Prop, Cor, De�n,
NB è Example. Åñëè â Âàøåé ñòàòüå ïðèâîäÿòñÿ äîêàçàòåëüñòâà óòâåðæäåíèé, èõ ñëåäó-
åò îêðóæèòü êîìàíäàìè \proof è \proofend (äëÿ ïîëó÷åíèÿ ñòðîê 'Äîêàçàòåëüñòâî.' è
'Äîêàçàòåëüñòâî çàêîí÷åíî.' ñîîòâåòñòâåííî).
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478 Æóðíàë ÑÂÌÎ. 2018. Òîì 20, � 4

Äëÿ îáîçíà÷åíèÿ ïðîñòðàíñòâ ñëåäóåò èñïîëüçîâàòü êîìàíäû \R, \Rn, \C, \Z, \N è
ò. ä.

Äëÿ âñòàâîê áóêâ ϕ è ϵ íåîáõîäèìî èñïîëüçîâàòü êîìàíäû \phi, \epsilon ñîîòâåò-
ñòâåííî. Ñèìâîëû ÷àñòíûõ ïðîèçâîäíûõ ∂

∂xi
è ∂u

∂xi
âñòàâëÿþòñÿ êîìàíäàìè \px{i} è

\pxtog{u}{i}.
Äëÿ âñòàâîê áóêâ êèðèëëèöû â ôîðìóëû ñëåäóåò èñïîëüçîâàòü êîìàíäû \textrm,

\textit. Íàïðèìåð, äëÿ âñòàâîê ôîðìóë Ãi, Äi â òåêñò ñòàòüè íåîáõîäèìî íàáðàòü êîìàíäû
\textrm{Ã}_i, \textit{Ä}_i.

Äëÿ íóìåðîâàíèÿ ôîðìóë è ñîçäàíèÿ ïîñëåäóþùèõ ññûëîê íà ýòè ôîðìóëû íåîáõîäèìî
èñïîëüçîâàòü ñîîòâåòñòâåííî êîìàíäû \label{ìåòêà} è \eqref{ìåòêà}, ãäå â êà÷åñòâå
ìåòêè íóæíî èñïîëüçîâàòü ñòðîêó ñëåäóþùåãî âèäà: 'Ôàìèëèÿ ÀâòîðàÍîìåð Ôîðìóëû'.
Íàïðèìåð, ôîðìóëó (14) â ñòàòüå Èâàíîâà íóæíî ïîìåòèòü \label{ivanov14}, òåîðåìó
5 èç ýòîé ñòàòüè � \label{ivanovt5} è ò. ï. (Äëÿ ññûëîê íà òåîðåìû, ëåììû è äðóãèå
îáúåêòû, îòëè÷íûå îò ôîðìóë, íóæíî èñïîëüçîâàòü êîìàíäó \ref{ìåòêà}).

Îôîðìëåíèå ðèñóíêîâ. Äëÿ âñòàâêè â òåêñò ñòàòüè ðèñóíêîâ íåîáõîäèìî ïîëüçî-
âàòüñÿ ñëåäóþùèìè êîìàíäàìè:

à) âñòàâêà çàíóìåðîâàííîãî ðèñóíêà áåç ïîäïèñè è ñ óêàçàíèåì ñòåïåíè ñæàòîñòè

\insertpicture{ìåòêà}{èìÿ_ôàéëà.eps}{ñòåïåíü_ñæàòèÿ}

ãäå ñòåïåíü_ñæàòèÿ ÷èñëî îò 0 äî 1.

á) âñòàâêà çàíóìåðîâàííîãî ðèñóíêà ñ ïîäïèñüþ

\insertpicturewcap{ìåòêà}{èìÿ_ôàéëà.eps}{ïîäïèñü_ïîä_ðèñóíêîì}

â) âñòàâêà çàíóìåðîâàííîãî ðèñóíêà ñ ïîäïèñüþ è ñ óêàçàíèåì ñòåïåíè ñæàòîñòè

\insertpicturecapscale{ìåòêà}{èìÿ_ôàéëà.eps}{ñòåïåíü_ñæàòèÿ} {ïîäïèñü}

ã) âñòàâêà ðèñóíêà áåç íîìåðà ïîä ðèñóíêîì, íî ñ ïîäïèñüþ èëè íåò

\insertpicturenonum{èìÿ_ôàéëà.eps}{ñòåïåíü_ñæàòèÿ} {ïîäïèñü_ïîä_ðèñ}

Âñå âñòàâëÿåìûå êàðòèíêè äîëæíû íàõîäèòüñÿ â ôàéëàõ â ôîðìàòå EPS (Encapsulated
PostScript).

Îôîðìëåíèå ñïèñêîâ ëèòåðàòóðû. Äëÿ îôîðìëåíèÿ ñïèñêîâ ëèòåðàòóðû íà
ðóññêîì è àíãëèéñêîì ÿçûêàõ ñëåäóåò èñïîëüçîâàòü îêðóæåíèÿ thebibliography è
thebibliographyEn, ñîîòâåòñòâåííî.

Êàæäàÿ ðóññêîÿçû÷íàÿ áèáëèîãðàôè÷åñêàÿ ññûëêà îôîðìëÿåòñÿ êîìàíäîé
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