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Îò ðåäàêöèè

Â òðåòüåì íîìåðå 16-ãî òîìà ïóáëèêóþòñÿ ðàáîòû âåäóùèõ ó÷åíûõ è ìîëî-

äûõ èññëåäîâàòåëåé, ìíîãèå èç êîòîðûõ ÿâëÿþòñÿ ïîñòîÿííûìè ó÷àñòíèêàìè

ìåæäóíàðîäíûõ íàó÷íûõ êîíôåðåíöèé ïî äèôôåðåíöèàëüíûì óðàâíåíèÿì

è èõ ïðèëîæåíèÿì â ìàòåìàòè÷åñêîì ìîäåëèðîâàíèè, ïðîâîäèìûõ Ñðåäíå-

âîëæñêèì ìàòåìàòè÷åñêèì îáùåñòâîì è ÔÃÁÎÓ ÂÏÎ ¾ÌÃÓ èì. Í. Ï. Îãà-

ð¼âà¿ ïðè ïîääåðæêå ÐÔÔÈ.

Âñå ñòàòüè èìåþò ïîëîæèòåëüíûå ðåöåíçèè è äîñòóïíû â ñåòè Internet

íà ñàéòå Elibrary.ru. Ñàì æóðíàë âõîäèò â îáúåäèíåííûé êàòàëîã ¾Ïðåññà

Ðîññèè¿.

Ðåäàêöèÿ æóðíàëà èñêðåííå æåëàåò àâòîðàì êðåïêîãî çäîðîâüÿ è òâîð÷å-

ñêèõ óñïåõîâ!



Òåîðåìà Ãàìèëüòîíà-Êýëè äëÿ äâóõ âàðèàíòîâ ìàòðè÷íûõ ñïåêòðàëüíûõ . . . 7

ÓÄÊ 512.831

Òåîðåìà Ãàìèëüòîíà-Êýëè äëÿ äâóõ âàðèàíòîâ

ìàòðè÷íûõ ñïåêòðàëüíûõ çàäà÷ ïî Ý.Øìèäòó è

ðàçâåðòûâàíèå õàðàêòåðèñòè÷åñêîãî ìíîãî÷ëåíà.

c⃝ À. Í. Êóâøèíîâà1, Á. Â. Ëîãèíîâ2

Àííîòàöèÿ. Â íà÷àëå ïðîøëîãî ñòîëåòèÿ Ý.Øìèäò ââåë äëÿ èíòåãðàëüíûõ îïåðàòîðîâ ñè-
ñòåìó ñîáñòâåííûõ ÷èñåë {λk} , çàñ÷èòûâàåìûõ ñ èõ êðàòíîñòüþ, è íàáîðû ñîáñòâåííûõ ýëå-
ìåíòîâ {φk}∞1 , {ψk}∞1 , äëÿ êîòîðûõ Aφk = λkψk, A

∗ψk = λkφk . Â ðàáîòå ðàññìàòðèâàþòñÿ
îáîáùåííûå ìàòðè÷íûå ñïåêòðàëüíûå çàäà÷è, ïîëèíîìèàëüíî çàâèñÿùèå îò ñïåêòðàëüíîãî
ïàðàìåòðà Øìèäòà. È.Ñ.Àðæàíûõ â 1951 ãîäó äîêàçàë îáîáùåííóþ òåîðåìó Ãàìèëüòîíà-
Êýëè äëÿ ïîëèíîìèàëüíûõ ìàòðèö ñ åäèíè÷íîé ìàòðèöåé ïðè ñòàðøåé ñòåïåíè ñïåêòðàëüíî-
ãî ïàðàìåòðà ñ öåëüþ ïðèìåíåíèÿ â ÷èñëåííûõ ìåòîäàõ ëèíåéíîé àëãåáðû. Íèæå äàíî ðàñ-
ïðîñòðàíåíèå òåîðåìû Ãàìèëüòîíà-Êýëè äëÿ ìàòðè÷íûõ ñïåêòðàëüíûõ çàäà÷ ïî Ý.Øìèäòó,
ïîëèíîìèàëüíî çàâèñÿùèõ îò ñïåêòðàëüíîãî ïàðàìåòðà ñ åäèíè÷íîé ìàòðèöåé ïðè ñòàðøåé
ñòåïåíè ïàðàìåòðà (ï.2), à òàêæå åäèíè÷íîé (îáðàòèìîé) ìàòðèöåé ïðè íóëåâîé ñòåïåíè ïà-
ðàìåòðà (ï.3). Â öåëÿõ äàëüíåéøèõ èññëåäîâàíèé íà îñíîâå ïðåäëîæåííîãî [11-13] È.Ñ. Àð-
æàíûõ ïðèåìà [6, 7] âûïîëíåíî ðàçâåðòûâàíèå ñîîòâåòñòâóþùåãî (1.1) õàðàêòåðèñòè÷åñêîãî
ìíîãî÷ëåíà ïî ñòåïåíÿì ñïåêòðàëüíîãî ïàðàìåòðà Øìèäòà (ï.5).

Êëþ÷åâûå ñëîâà: ñïåêòð Øìèäòà, ñîáñòâåííûå ÷èñëà Øìèäòà, ïîëèíîìèàëüíûå ìàòðèöû
ïî ñïåêòðàëüíîìó ïàðàìåòðó Øìèäòà, òåîðåìà Ãàìèëüòîíà-Êýëè, ðàçâåðòûâàíèå õàðàêòåðè-
ñòè÷åñêîãî ìíîãî÷ëåíà

1. Ââåäåíèå

Â öèêëå ðàáîò íà÷àëà äâàäöàòîãî ñòîëåòèÿ ïî ëèíåéíûì è íåëèíåéíûì èíòåãðàëüíûì
óðàâíåíèÿì [1] Ý. Øìèäò ââåë ñèñòåìû ñîáñòâåííûõ ÷èñåë λk , çàñ÷èòûâàåìûõ ñ èõ êðàò-
íîñòÿìè â ãèëüáåðòîâîì ïðîñòðàíñòâå Í, è ñîáñòâåííûõ ýëåìåíòîâ {φk}∞1 , {ψk}∞1 , óäî-
âëåòâîðÿþùèõ ñîîòíîøåíèÿì Bφk = λkψk, B

∗ψk = λkφk è ïîçâîëèâøèõ ðàñïðîñòðàíèòü
òåîðèþ Ãèëüáåðòà-Øìèäòà íà íåñàìîñîïðÿæåííûå âïîëíå íåïðåðûâíûå îïåðàòîðû â àá-
ñòðàêòíîì ñåïàðàáåëüíîì ãèëüáåðòîâîì ïðîñòðàíñòâå Í [2], [3]. Ïîä íàçâàíèåì s-÷èñåë ýòà
ñèñòåìà íàøëà ìíîãèå ïðèìåíåíèÿ â âû÷èñëèòåëüíîé ìàòåìàòèêå, òåîðèè íåêîððåêòíî ïî-
ñòàâëåííûõ çàäà÷. Ïîñêîëüêó íèêòî èç ïðèìåíÿâøèõ s-÷èñëà íå äàåò ññûëîê íà Ý.Øìèäòà,
äëÿ âîññòàíîâëåíèÿ ñïðàâåäëèâîñòè â íàøèõ ðàáîòàõ ìû ãîâîðèì î ñïåêòðàëüíûõ çàäà÷àõ
ïî Ý. Øìèäòó.

Â ðàáîòàõ È.Ñ.Àðæàíûõ [4], [5], ñîâìåñòíûõ åãî ñòàòüÿõ ñ Â.È. Ãóãíèíîé [6], [7] è äèñ-
ñåðòàöèè Â.È. Ãóãíèíîé [8] äîêàçàíû âàðèàíòû òåîðåìû Ãàìèëüòîíà-Êýëè äëÿ ìàòðèö
ïîëèíîìèàëüíî çàâèñÿùèõ îò ñïåêòðàëüíîãî ïàðàìåòðà ñ åäèíè÷íîé ìàòðèöåé ïðè ñòàð-
øåé åãî ñòåïåíè, ñ öåëÿìè ïðèëîæåíèé ê âû÷èñëèòåëüíûì ìåòîäàì ëèíåéíîé àëãåáðû
(ðàñïðîñòðàíåíèå ìåòîäîâ Êðûëîâà, Ëåâåððüå è Ôàääååâà äëÿ âû÷èñëåíèÿ ñîáñòâåííûõ
çíà÷åíèé), à òàêæå ê òåîðèè óñòîé÷èâîñòè ðåøåíèé ÎÄÓ [9], [10].

Â ñòàòüå [11] äîêàçàíà îáîáùåííàÿ òåîðåìà Ãàìèëüòîíà-Êýëè äëÿ ïîëèíîìèàëüíûõ
ìàòðèö ñ åäèíè÷íîé ìàòðèöåé ïðè íóëåâîé ñòåïåíè ïàðàìåòðà.

1 Àñïèðàíò êàôåäðû ¾Âûñøàÿ ìàòåìàòèêà¿, Óëüÿíîâñêèé ãîñóäàðñòâåííûé òåõíè÷åñêèé óíèâåðñèòåò,
ã. Óëüÿíîâñê; erasya7@rambler.ru.

2 Ïðîôåññîð êàôåäðû âûñøåé ìàòåìàòèêè, Óëüÿíîâñêèé ãîñóäàðñòâåííûé òåõíè÷åñêèé óíèâåðñèòåò,
ã. Óëüÿíîâñê; bvllbv@yandex.ru.
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Â ýòîé ðàáîòå äàíî ðàñïðîñòðàíåíèå òåîðåìû Ãàìèëüòîíà-Êýëè íà ìàòðè÷íûå îáîá-
ùåííûå ñïåêòðàëüíûå çàäà÷è ïî Ý.Øìèäòó âèäà:

(As + λAs−1 + λ2As−2 + ...+ λs−1A1)φ = λsψ

(A∗
s + λA∗

s−1 + λ2A∗
s−2

+ ...+ λs−1A∗
1)ψ = λsφ (1.1)

è
(λsA∗

s + λs−1A∗
s−1 + ...+ λ2A∗

2 + λA∗
1)φ = ψ

(λsAs + λs−1As−1 + ...+ λ2A2 + λA1)ψ = φ. (1.2)

Â îáùèõ ñëó÷àÿõ îáðàòèìûõ ìàòðèö ïåðåõîä ê ñïåêòðàëüíûì çàäà÷àì âèäà (1.1) è (1.2)
âûïîëíÿåòñÿ îáðàùåíèåì ñîîòâåòñòâóþùèõ ìàòðèö. Äàëåå óäîáíî èñïîëüçîâàòü ìàòðè÷-
íûå îáîçíà÷åíèÿ, ò.å. çàïèñàòü îáîáùåííûå çàäà÷è íà ñîáñòâåííûå çíà÷åíèÿ ïî Ý.Øìèäòó
â âèäå óðàâíåíèé

Φ(λ)

(
φ
ψ

)
≡
[
λs
(

0 I
I 0

)
− λs−1

(
A1 0
0 A∗

1

)
− ...−

(
As 0
0 A∗

s

)](
φ
ψ

)
=

=

[
λsI−

∑
1≤k≤s

λs−kak

](
φ
ψ

)
= 0 (1.3)

Φ(λ)

(
φ
ψ

)
≡
[(

0 I
I 0

)
− λ

(
A∗

1 0
0 A1

)
− ...− λs

(
A∗
s 0
0 As

)](
φ
ψ

)
=

=

[
I−

∑
1≤k<s

λs−kbk

](
φ
ψ

)
= 0,

(
0 I
I 0

)
= I (1.4)

ñîîòâåòñòâåííî ñ ìàòðèöåé I ïðè ñòàðøåé è ìëàäøåé ñòåïåíè λ .
Ïðè ïðîäîëæåíèè íàøèõ èññëåäîâàíèé ïî ìíîãîïàðàìåòðè÷åñêèì ìàòðè÷íûì ñïåê-

òðàëüíûì çàäà÷àì Ý.Øìèäòà [11-13] âîçíèêëà íåîáõîäèìîñòü ðàçâåðòûâàíèÿ ñîîòâåòñòâó-
þùåãî õàðàêòåðèñòè÷åñêîãî ìíîãî÷ëåíà ïî ñòåïåíÿì ñïåêòðàëüíîãî ïàðàìåòðà. Â äàííîé
ñòàòüå ýòà çàäà÷à ðåøàåòñÿ íà îñíîâå ñóùåñòâåííîãî èñïîëüçîâàíèÿ ýôôåêòèâíîãî ïðèåìà,
ïðèíàäëåæàùåãî È.Ñ. Àðæàíûõ [6, 7].

Â äèññåðòàöèè [14] ïðèíÿòà äðóãàÿ ìàòðè÷íàÿ çàïèñü çàäà÷è (1.1):[
λs
(
I 0
0 I

)
−
(

0 As
A∗
s 0

)
− λ

(
0 As−1

A∗
s−1 0

)
− ...− λs−1

(
0 A1

A∗
1 0

)](
φ
ψ

)
= 0.

(1.5)
Ñëåäóåò çàìåòèòü, ÷òî ñèñòåìà (1.2) ïðè ïåðåõîäå ê õàðàêòåðèñòè÷åñêèì ÷èñëàì (äå-

ëåíèåì íà λs è çàìåíîé φ íà ψ , à ψ íà φ ) ñâîäèòñÿ ê ñèñòåìå (1.1).

2. Îáîáùåííàÿ òåîðåìà Ãàìèëüòîíà-Êýëè çàäà÷è íà ñîáñòâåííûå
çíà÷åíèÿ ñ ìàòðèöåé I ïðè ñòàðøåé ñòåïåíè λ

Ñëåäóÿ [6] ââåäåì ñèìâîëè÷åñêèå ñòåïåíè ìàòðè÷íûõ îïåðàòîðîâ: a·0 =

(
0 I
I 0

)
= I,

a·(−k) = 0, a·t =
∑

0<m≤t

(
0 I
I 0

)
am
[
a·t−m

]
+

(
0 I
I 0

)
ata

·0, t > 0, a·tr =
∑

r≤m≤s

ama
·t−(m−r),
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0 < r ≤ s, t > 0 . Ïîëîæèì òàêæå φt(a
·) = a·t +

∑
0<m≤t

αta
·t−m , ãäå αt - êîýôôè-

öèåíòû õàðàêòåðèñòè÷åñêîãî ïîëèíîìà ñîîòâåòñòâóþùåãî Φ(λ) , ò.å. detΦ(λ) = λ2ns +∑
0<t≤2ns

αtλ
2ns−t.

Ò å î ð å ì à 2.1. (Îáîáùåííàÿ òåîðåìà Ãàìèëüòîíà-Êýëè). Ìàòðèöû ar , 0 <
r ≤ s óäîâëåòâîðÿþò óðàâíåíèÿì:

a1φ(2n−1)s(a
·) + a2φ(2n−1)s−1(a

·) + ...+ asφ(2n−2)s+1(a
·) + Iα(2n−1)s+1 = 0

asφ(2n−1)s(a
·) + a3φ(2n−1)s−1(a

·) + ...+ asφ(2n−2)s+2(a
·) + Iα(2n−1)s+2 = 0

............................................................................ (2.1)

as−1φ(2n−1)s(a
·) + as−1φ(2n−1)s−1(a

·) + Iα2ns−1 = 0

asφ(2n−1)s(a
·) + Iα2ns = 0, I =

(
I 0
0 I

)
.

Ä î ê à ç à ò å ë ü ñ ò â î. Ïóñòü Ψ(λ) - ìàòðèöà, ïðèñîåäèíåííàÿ ê ìàòðèöå Φ(λ) ,

Φ(λ) ·Ψ(λ) = IdetΦ(λ), (2.2)

ãäå, î÷åâèäíî, ÷òî Ψ(λ)

(
φ
ψ

)
=

[
λ(2n−1)s

(
0 I
I 0

)
+ λ(2n−1)s−1

(
B

(1)
11 B

(1)
12

B
(1)
21 B

(1)
22

)
+ ...+

+ λ

(
B

((2n−1)s−1)
11 B

((2n−1)s−1)
12

B
((2n−1)s−1)
21 B

((2n−1)s−1)
22

)
+

(
B

((2n−1)s)
11 B

((2n−1)s)
12

B
((2n−1)s)
21 B

((2n−1)s)
22

)](
φ
ψ

)
.

Ìåòîä íåîïðåäåëåííûõ êîýôôèöèåíòîâ ïðèâîäèò ê ñëåäóþùèì òðåì ãðóïïàì ðàâåíñòâ,
íà÷èíàÿ ñî ñòàðøåé ñòåïåíè ïàðàìåòðà λ , è çàêàí÷èâàÿ ïåðâîé ñòåïåíüþ (ïðè íóëåâîé
ñòåïåíè λ èìååì I2 = I) :

I ãðóïïà( 1 < t ≤ s ):(
B

(1)
11 B

(1)
12

B
(1)
21 B

(1)
22

)
=

(
0 I
I 0

)(
A1 0
0 A∗

1

)(
0 I
I 0

)
+ α1

(
0 I
I 0

)
⇒ B(1) = Ia1I+ α1I

(
B

(2)
11 B

(2)
12

B
(2)
21 B

(2)
22

)
=

(
0 I
I 0

)(
A1 0
0 A∗

1

)(
B

(1)
11 B

(1)
12

B
(1)
21 B

(1)
22

)
+

(
0 I
I 0

)(
A2 0
0 A∗

2

)
×

×
(

0 I
I 0

)
+ α2

(
0 I
I 0

)
⇒ B(2) = Ia1B

(1) + Ia2I+ α2I

............................................................................(
B

(k)
11 B

(k)
12

B
(k)
21 B

(k)
22

)
=

(
0 I
I 0

)(
A1 0
0 A∗

1

)(
B

(k−1)
11 B

(k−1)
12

B
(k−1)
21 B

(k−1)
22

)
+

(
0 I
I 0

)(
A2 0
0 A∗

2

)
×

×

(
B

(k−2)
11 B

(k−2)
12

B
(k−2)
21 B

(k−2)
22

)
+ ...+

(
0 I
I 0

)(
Ak 0
0 A∗

k

)(
0 I
I 0

)
+ αk

(
0 I
I 0

)
⇒

⇒ B(k) = Ia1B
(k−1) + Ia2B

(k−2) + ...+ Iak−1B
1 + IakI+ αkI

............................................................................
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(
B

(s)
11 B

(s)
12

B
(s)
21 B

(s)
22

)
=

(
0 I
I 0

)(
A1 0
0 A∗

1

)(
B

(s−1)
11 B

(s−1)
12

B
(s−1)
21 B

(s−1)
22

)
+

(
0 I
I 0

)(
A2 0
0 A∗

2

)
×

×

(
B

(s−2)
11 B

(s−2)
12

B
(s−2)
21 B

(s−2)
22

)
+ ...+

(
0 I
I 0

)(
As 0
0 A∗

s

)(
0 I
I 0

)
+ αk

(
0 I
I 0

)
⇒

⇒ B(s) = Ia1B
(s−1) + Ia2B

(s−2) + ...+ Ias−1B
1 + IasI+ αsI

II ãðóïïà ( s < t ≤ (2n− 1)s ):

B(s+1) = Ia1B
(s) + Ia2B

(s−1) + ...+ IasB
(1) + αs+1I

B(s+2) = Ia1B
(s+1) + Ia2B

(s) + ...+ IasB
(2) + αs+2I

............................................................................

B((2n−1)s−r) = Ia1B
((2n−1)s−r−1) + Ia2B

((2n−1)s−r−2) + ...+ IasB
((2n−2)s−r) + α(2n−1)s−rI

............................................................................

B((2n−1)s) = Ia1B
((2n−1)s−1) + Ia2B

((2n−1)s−2) + ...+ IasB
((2n−2)s) + α(2n−1)s

III ãðóïïà ( (2n− 1)s+ r < t ≤ 2ns, 0 < r ≤ s ):

−a1B
((2n−1)s) − a2B

((2n−1)s−1) − ...− as−1B
((2n−2)s+2) − asB

((2n−2)s+1) = Iα(2n−1)s+1

−a2B
((2n−1)s) − a3B

((2n−1)s−1) − ...− as−1B
((2n−2)s+3) − asB

((2n−2)s+2) = Iα(2n−1)s+2

............................................................................

−as−1B
((2n−1)s) − asB

((2n−1)s−1) = Iα2ns−1

−asB
((2n−1)s) = Iα2ns

Ïåðâûå äâå ãðóïïû ðàâåíñòâ îïðåäåëÿþò ìàòðèöû B(t), 1 < t ≤ (2n− 1)s :

B(1) = Ia1I+ α1I = a·1 + α1a
·0 = φ1(a

·)

B(2) = Ia1B
(1) + Ia2I+ α2I = {Ia1}2 I+ Ia1Iα1 + Ia2I+ Iα2 =

= a·2 + α1a
·1 + α2a

·0 = φ2(a
·)

............................................................................

B(k) = Ia1B
(k−1) + Ia2B

(k−2) + ...+ αkI =

= a·k + α1a
·k−1 + α2a

·k−2 + ...+ αk−1a
·1 + αka

·0 = φk(a
·)

............................................................................

B(s−1) = Ia1B
(s−2) + Ia2B

(s−3) + ...+ αs−1I =

= a·s−1 + α1a
·s−2 + α2a

·s−3 + ...+ αs−2a
·1 + αs−1a

·0 = φs−1(a
·)

B(s) = Ia1B
(s−1) + Ia2B

(s−2) + ...+ αsI =

= a·s + α1a
·s−1 + α2a

·s−2 + ...+ αs−1a
·1 + αsa

·0 = φs(a
·)

B(s+1) = Ia1B
(s) + Ia2B

(s−1) + ...+ IasB
(1) + αs+1I =

= a·s+1 + α1a
·s + α2a

·s−1 + ...+ αsa
·1 + αs+1a

·0 = φs+1(a
·)

B(s+2) = Ia1B
(s+1) + Ia2B

(s) + ...+ IasB
(2) + αs+2I =
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= a·s+2 + α1a
·s+1 + α2a

·s + ...+ αs+1a
·1 + αs+2a

·0 = φs+2(a
·)

............................................................................

B((2n−1)s) = Ia1B
((2n−1)s−1) + Ia2B

((2n−1)s−2) + ...+ IasB
((2n−2)s) + α(2n−1)sI =

= a·(2n−1)s + α1a
·(2n−1)s−1 + α2a

·(2n−1)s−2 + ...+ α(2n−1)s−1a
·1 + α(2n−1)sa

·0 = φ(2n−1)s(a
·)

Ïîäñòàíîâêà B(1) = φ1(a
·) , B(2) = φ2(a

·) , B(3) = φ3(a
·), ...,B((2n−1)s) = φ(2n−1)s(a

·) â
òðåòüþ ãðóïïó ôîðìóë äàåò ðàâåíñòâà (2.1), ò.å. îáîáùåííóþ òåîðåìó Ãàìèëüòîíà-Êýëè.�

Ñ ë å ä ñ ò â è å 2.1. (ßâíûé âèä òåîðåìû Ãàìèëüòîíà-Êýëè.) Ìàòðèöû ar , 0 <
r ≤ s óäîâëåòâîðÿþò óðàâíåíèÿì:

a
·(2n−1)s
1 + α1a

·(2n−1)s−1
1 + α2a

·(2n−1)s−2
1 + ...+ α(2n−1)s−1a

·1
1 + Iα(2n−1)s+1 = 0

a
·(2n−1)s
2 + α1a

·(2n−1)s−1
2 + α2a

·(2n−1)s−2
2 + ...+ α(2n−1)s−1a

·1
2 + Iα(2n−1)s+2 = 0

............................................................................

a
·(2n−1)s
s−1 + α1a

·(2n−1)s−1
s−1 + α2a

·(2n−1)s−2
s−1 + ...+ α(2n−1)s−1a

·1
s−1 + Iα2ns−1 = 0

a·(2n−1)s
s + α1a

·(2n−1)s−1
s + α2a

·(2n−1)s−2
s + ...+ α(2n−1)s−1a

·1
s + Iα2ns = 0. (2.3)

Ä î ê à ç à ò å ë ü ñ ò â î. Äëÿ 0 < r ≤ s èìååì:

0 = a1B
((2n−1)s) + a2B

((2n−1)s−1) + ...+ as−1B
((2n−2)s+2) + asB

((2n−2)s+1) + Iα(2n−1)s+1 =

= a1
[
a·(2n−1)s + α1a

·(2n−1)s−1 + α2a
·(2n−1)s−2 + ...+ α(2n−1)s−1a

·1 + α(2n−1)sa
·0]+

+a2
[
a·(2n−1)s−1 + α1a

·(2n−1)s−2 + α2a
·(2n−1)s−3 + ...+ α(2n−1)s−2a

·1 + α(2n−1)s−1a
·0]+

+...+ as
[
a·(2n−2)s+1 + α1a

·(2n−2)s + ...+ α(2n−2)sa
·1 + α(2n−1)s+1a

·0]+ Iα(2n−1)s+1 =

=
[
a1a

·(2n−1)s + a2a
·(2n−1)s−1 + ...+ as−1a

·(2n−2)s+2 + asa
·(2n−2)s+1

]
+

+α1

[
a1a

·(2n−1)s−1 + a2a
·(2n−1)s−2 + ...+ as−1a

·(2n−2)s+1 + asa
·(2n−2)s

]
+

+α2

[
a1a

·(2n−1)s−2 + a2a
·(2n−1)s−3 + ...+ as−1a

·(2n−2)s + asa
·(2n−2)s−1

]
+ ...+

+α(2n−1)s−1

[
a1a

·1 + a2a
·0]+ Iα(2n−1)s+1 =

= I
[
a1a

·(2n−1)s + a2a
·(2n−1)s−1 + ...+ as−1a

·(2n−2)s+2 + asa
·(2n−2)s+1

]
+

+Iα1

[
a1a

·(2n−1)s−1 + a2a
·(2n−1)s−2 + ...+ as−1a

·(2n−2)s+1 + asa
·(2n−2)s

]
+

+...+ Iα(2n−1)s−1

[
a1a

·1 + a2a
·0]+ Iα(2n−1)s+1 =

= a
·(2n−1)s
1 + α1a

·(2n−1)s−1
1 + α2a

·(2n−1)s−2
1 + ...+ α(2n−1)s−1a

·1
1 + Iα(2n−1)s+1

0 = a2B
((2n−1)s) + a3B

((2n−1)s−1) + ...+ as−1B
((2n−2)s+3) + asB

((2n−2)s+2) + Iα(2n−1)s+2 =

= a2
[
a·(2n−1)s + α1a

·(2n−1)s−1 + α2a
·(2n−1)s−2 + ...+ α(2n−1)s−1a

·1 + α(2n−1)sa
·0]+

+a3
[
a·(2n−1)s−1 + α1a

·(2n−1)s−2 + α2a
·(2n−1)s−3 + ...+ α(2n−1)s−2a

·1 + α(2n−1)s−1a
·0]+

+...+ as
[
a·(2n−2)s+2 + α1a

·(2n−2)s+1 + ...+ α(2n−2)s+1a
·1 + α(2n−2)s+2a

·0]+ Iα(2n−1)s+2 =

=
[
a2a

·(2n−1)s + a3a
·(2n−1)s−1 + ...+ as−1a

·(2n−2)s+3 + asa
·(2n−2)s+2

]
+
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+α1

[
a2a

·(2n−1)s−1 + a3a
·(2n−1)s−2 + ...+ as−1a

·(2n−2)s+2 + asa
·(2n−2)s+1

]
+ ...+

+α(2n−1)s−1

[
a2a

·1 + a3a
·0]+ Iα(2n−1)s+2 =

= I
[
a2a

·(2n−1)s + a3a
·(2n−1)s−1 + ...+ as−1a

·(2n−2)s+3 + asa
·(2n−2)s+2

]
+

+Iα1

[
a2a

·(2n−1)s−1 + a3a
·(2n−1)s−2 + ...+ as−1a

·(2n−2)s+2 + asa
·(2n−2)s+1

]
+

+...+ Iα(2n−1)s−1

[
a2a

·1 + a3a
·0]+ Iα(2n−1)s+2 =

= a
·(2n−1)s
2 + α1a

·(2n−1)s−1
2 + α2a

·(2n−1)s−2
2 + ...+ α(2n−1)s−1a

·1
2 + Iα(2n−1)s+2

............................................................................

0 = asB
((2n−1)s) + Iα2ns =

= as
[
a·(2n−1)s + α1a

·(2n−1)s−1 + α2a
·(2n−1)s−2 + ...+ α(2n−1)s−1a

·1 + α(2n−1)sa
·]+

+Iα2ns = asa
·(2n−1)s + α1asa

·(2n−1)s−1 + ...+ α(2n−1)s−1asa
·1 + Iα2ns =

= Iasa
·(2n−1)s + Iα1asa

·(2n−1)s−1 + ...+ Iα(2n−1)s−1asa
·1 + Iα2ns =

= a·(2n−1)s
s + α1a

·(2n−1)s−1
s + α2a

·(2n−1)s−2
s + ...+ α(2n−1)s−1a

·1
s + Iα2ns. �

Ç à ì å ÷ à í è å 2.1. Âìåñòî òîæäåñòâà (2.2) ìîæíî èñïîëüçîâàòü òîæäå-
ñòâî

Ψ(λ)Φ(λ) = IdetΦ(λ) (2.4)

Íà ýòîì ïóòè âîçíèêàþò ñèìâîëè÷åñêèå ñòåïåíè ìàòðèö ·a0 =

(
0 I
I 0

)
= I , ·a(−t) =

0, ·a(t) =
∑

0<m≤t

·a(t−m)amI + ·a0atI, t > 0, ·atr =
∑

r≤m≤s

·a
t−(m−r)
r am, 0 < r ≤ s, t > 0 ,

ïîçâîëÿþùèå ñôîðìóëèðîâàòü àíàëîãè òåîðåìû 2.1. è ñëåäñòâèÿ 2.1.

Ò å î ð å ì à 2.2. Ìàòðèöû ar , 0 < r ≤ s óäîâëåòâîðÿþò óðàâíåíèÿì:

a1φ(2n−1)s(
·a) + a2φ(2n−1)s−1(

·a) + ...+ asφ(2n−2)s+1(
·a) + Iα(2n−1)s+1 = 0

asφ(2n−1)s(
·a) + a3φ(2n−1)s−1(

·a) + ...+ asφ(2n−2)s+2(
·a) + Iα(2n−1)s+2 = 0

............................................................................ (2.5)

as−1φ(2n−1)s(
·a) + as−1φ(2n−1)s−1(

·a) + Iα2ns−1 = 0

asφ(2n−1)s(
·a) + Iα2ns = 0.

Ñ ë å ä ñ ò â è å 2.1. Ìàòðèöû ar , 0 < r ≤ s óäîâëåòâîðÿþò óðàâíåíèÿì:

·a
(2n−1)s
1 + α1

·a
(2n−1)s−1
1 + α2

·a
(2n−1)s−2
1 + ...+ α(2n−1)s−1

·a11 + Iα(2n−1)s+1 = 0

·a
(2n−1)s
2 + α1

·a
(2n−1)s−1
2 + α2

·a
(2n−1)s−2
2 + ...+ α(2n−1)s−1

·a12 + Iα(2n−1)s+2 = 0

............................................................................

·a
(2n−1)s
s−1 + α1

·a
(2n−1)s−1
s−1 + α2

·a
(2n−1)s−2
s−1 + ...+ α(2n−1)s−1

·a1s−1 + Iα2ns−1 = 0

·a(2n−1)s
s + α1

·a(2n−1)s−1
s + α2

·a(2n−1)s−2
s + ...+ α(2n−1)s−1

·a1s + Iα2ns = 0. (2.6)
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3. Îáîáùåííàÿ òåîðåìà Ãàìèëüòîíà-Êýëè çàäà÷è íà ñîáñòâåííûå
çíà÷åíèÿ ñ ìàòðèöåé I ïðè ìëàäøåé ñòåïåíè λ

Ïîäîáíî ï.2 ââîäÿ ñèìâîëè÷åñêèå ñòåïåíè ìàòðè÷íûõ îïåðàòîðîâ a·0 = b·0, bt =(
A∗
t 0
0 At

)
, b·(−k) = 0, b·t =

∑
0<m≤t

Ibmb
·t−m+Ibtb

·0, t > 0, b·tr =
∑

r≤m≤s
bmb

·t−(m−r), 0 < r ≤

s, t > 0 , è ìàòðèöó Ψ(λ) ïðèñîåäèíåííóþ ê ìàòðèöå Φ(λ) ïðè èñïîëüçîâàíèè òîæäåñòâà
(1.4), äîêàçûâàåòñÿ òåîðåìà 3.1.

Ò å î ð å ì à 3.1. Ìàòðèöû br , 0 < r ≤ s óäîâëåòâîðÿþò óðàâíåíèÿì:

b1φ(2n−1)s(b
·) + b2φ(2n−1)s−1(b

·) + ...+ bsφ(2n−2)s+1(b
·) + Iα(2n−1)s+1 = 0

bsφ(2n−1)s(b
·) + b3φ(2n−1)s−1(b

·) + ...+ bsφ(2n−2)s+2(b
·) + Iα(2n−1)s+2 = 0

............................................................................ (3.1)

bs−1φ(2n−1)s(b
·) + bs−1φ(2n−1)s−1(b

·) + Iα2ns−1 = 0

bsφ(2n−1)s(b
·) + Iα2ns = 0.

Ä î ê à ç à ò å ë ü ñ ò â î. Â òîæäåñòâå (2.2) ìàòðèöà Ψ(λ) è detΦ(λ) èìåþò âèä:

Ψ(λ)

(
φ
ψ

)
=

[(
0 I
I 0

)
+ λ

(
B

(1)
11 B

(1)
12

B
(1)
21 B

(1)
22

)
+ λ2

(
B

(2)
11 B

(2)
12

B
(2)
21 B

(2)
22

)
+ ...+

+ λ(2n−1)s−1

(
B

((2n−1)s−1)
11 B

((2n−1)s−1)
12

B
((2n−1)s−1)
21 B

((2n−1)s−1)
22

)
+ λ(2n−1)s

(
B

((2n−1)s)
11 B

((2n−1)s)
12

B
((2n−1)s)
21 B

((2n−1)s)
22

)](
φ
ψ

)
detΦ(λ) = 1 + α1λ+ α2λ

2 + ...+ α2ns−1λ
2ns−1 + α2nsλ

2ns.

Ìåòîä íåîïðåäåëåííûõ êîýôôèöèåíòîâ äàåò òðè ãðóïïû ðàâåíñòâ ñîîòâåò-
ñòâåííî îò ïåðâîé ñòåïåíè äî ñòåïåíè 2ns ïàðàìåòðà λ . Ïðè ýòîì ìàòðèöû
B(1),B(2), ...,B(s),B(s+1), ...,B((2n−1)s) ïðåäñòàâëÿþòñÿ òåìè æå ñàìûìè ôîðìóëàìè
ï.2, ãäå at ñëåäóåò çàìåíèòü íà bt . Èõ ïîäñòàíîâêà â òðåòüþ ãðóïïó ôîðìóë äîêàçûâàåò
òåîðåìó 3.1.

Ñ ë å ä ñ ò â è å 3.1. (ßâíûé âèä òåîðåìû Ãàìèëüòîíà-Êýëè.) Ìàòðèöû br , 0 <
r ≤ s óäîâëåòâîðÿþò óðàâíåíèÿì:

b
·(2n−1)s
1 + α1b

·(2n−1)s−1
1 + α2b

·(2n−1)s−2
1 + ...+ α(2n−1)s−1b

·1
1 + Iα(2n−1)s+1 = 0

b
·(2n−1)s
2 + α1b

·(2n−1)s−1
2 + α2b

·(2n−1)s−2
2 + ...+ α(2n−1)s−1b

·1
2 + Iα(2n−1)s+2 = 0

............................................................................

b
·(2n−1)s
s−1 + α1b

·(2n−1)s−1
s−1 + α2b

·(2n−1)s−2
s−1 + ...+ α(2n−1)s−1b

·1
s−1 + Iα2ns−1 = 0

b·(2n−1)s
s + α1b

·(2n−1)s−1
s + α2b

·(2n−1)s−2
s + ...+ α(2n−1)s−1b

·1
s + Iα2ns = 0. (3.2)

Ç à ì å ÷ à í è å 3.1. Ïðè èñïîëüçîâàíèè ðàâåíñòâà Ψ(λ)Φ(λ) = IdetΦ(λ) ïî-
ëó÷àåì ÿâíûé âèä òåîðåìû Ãàìèëüòîíà-Êýëè ñ ñèìâîëè÷åñêèìè ñòåïåíÿìè âèäà:

·b0 =

(
0 I
I 0

)
= I , ·b(−t) = 0, ·b(t) =

∑
0<m≤t

·b(t−m)bmI + ·b0btI, t > 0, ·btr =∑
r≤m≤s

·b
t−(m−r)
r bm, 0 < r ≤ s, t > 0 .
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4. Âû÷èñëåíèå èíâàðèàíòíûõ êîýôôèöèåíòîâ õàðàêòåðèñòè÷å-
ñêîãî óðàâíåíèÿ ïðè ëèíåéíîé çàâèñèìîñòè îò ñïåêòðàëüíîãî
ïàðàìåòðà

4.1. Ñïåêòðàëüíàÿ çàäà÷à A− λI

Âû÷èñëåíèå êîýôôèöèåíòîâ (èíâàðèàíòîâ) ik îòíîñèòåëüíî çàìåíû áàçèñà â n -
ìåðíîì ïðîñòðàíñòâå En õàðàêòåðèñòè÷åñêîãî óðàâíåíèÿ det(A − λI) = 0 ïðèâîäèòñÿ
çäåñü ñ öåëüþ ðàññìîòðåíèÿ ïðîñòåéøèõ çàäà÷ íà ñïåêòðØìèäòà âèäà: (a−λI)(φ, ψ)T = 0
è (b− λI)(φ, ψ)T = 0 . Ïðè ýòîì ñóùåñòâåííî èñïîëüçóþòñÿ ðåçóëüòàòû ðàáîòû [15], îñíî-
âàííûå íà ñëåäóþùåì óòâåðæäåíèè.

Ë å ì ì à 4.1. Äëÿ ëþáîãî ìàòðè÷íîãî ìíîãî÷ëåíà F (λ) ñòåïåíè n ñïðàâåäëèâî
ðàâåíñòâî

d

dλ
detF (λ) = detF (λ)tr

[
F−1(λ)F ′(λ)

]
(4.1)

Ïðèìåíÿÿ ëåììó 4.1. ê F (λ) = A−λI, F ′(λ) = −I, detF (λ) = (−1)nλn+
n∑
k=1

(−1)n−kikλ
n−k ,

ìîæíî çàïèñàòü

d

dλ
detF (λ) = −(detF (λ))tr

[
(A− λI)−1] = −(detF (λ))tr

[
(−λ)(I− λ−1A)

]−1
=

=
1

λ
detF (λ)tr

[(
I− λ−1A

)−1
]
.

Òàêèì îáðàçîì

λ
d

dλ
detF (λ) = (−1)nnλn + (−1)n−1(n− 1)i1λ

n−1 + ...+ (−1)22in−2λ
2 − in−1λ =

=
[
(−1)nλn + (−1)n−1i1λ

n−1 + ...+ (−1)n−kikλ
n−k + ...+ (−1)2in−2λ

2 − in−1λ+ in
]
×

×
[
n+ λ−1trA+ λ−2trA2 + ...+ λ−strAs + ...

]
. (4.2)

Ìåòîä íåîïðåäåëåííûõ êîýôôèöèåíòîâ ïðèâîäèò ê ñëåäóþùåé ãðóïïå ôîðìóë:

(−1)nn = (−1)nn

(−1)n−1(n− 1)i1 = (−1)ntrA+ (−1)n−1i1n

(−1)n−2(n− 2)i2 = (−1)ntrA2 + (−1)n−1i1trA+ (−1)n−2i2n

............................................................................

(−1)n−k(n− k)ik = (−1)ntrAk + (−1)n−1i1trA
k−1 + ...+ (−1)n−k+1ik−1trA+ (−1)n−kikn

............................................................................ (4.3)

(−1)22in−2 = (−1)ntrAn−2 + (−1)n−1i1trA
n−3 + ...+ (−1)3in−3trA+ (−1)2in−2n

−in−1 = (−1)ntrAn−1 + (−1)n−1i1trA
n−2 + ...+ (−1)2in−2trA− in−1n

0 = (−1)ntrAn + (−1)n−1i1trA
n−1 + ...− in−1trA+ inn,

èç êîòîðîé îïðåäåëÿþòñÿ èíâàðèàíòû i1, i2, ..., i8, ... :

i1 = trA
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i2 =
1

2!
i21 −

1

2
trA2

i3 =
1

3!
i31 −

1

2
i1trA

2 +
1

3
trA3

i4 =
1

4!
i41 −

1

22
i21trA

2 +
1

3
i1trA

3 +
1

23
(
trA2

)2 − 1

4
trA4

i5 =
1

5!
i51 −

1

22 · 3
i31trA

2 +
1

23
i1
(
trA2

)2
+

1

2 · 3
i21trA

3 − 1

22
i1trA

4 − 1

2 · 3
trA2trA3 +

1

5
trA5

i6 =
1

6!
i61 −

1

24 · 3
i41trA

2 +
1

24
i21
(
trA2

)2
+

1

2 · 32
i31trA

3 − 1

23
i21trA

4 +
1

5
i1trA

5 +
1

23
trA2trA4−

− 1

2 · 3
i1trA

2trA3 − 1

24 · 3
(
trA2

)3
+

1

2 · 32
(
trA3

)2 − 1

2 · 3
trA6

i7 =
1

7!
i71 −

1

24 · 3 · 5
i51trA

2 +
1

24 · 3
i31
(
trA2

)2
+

1

23 · 32
i41trA

3 − 1

23 · 3
i31trA

4 +
1

2 · 5
i21trA

5+

+
1

23
i1trA

2trA4 − 1

22 · 3
i21trA

2trA3 − 1

24 · 3
i1
(
trA2

)3
+

1

2 · 32
i1
(
trA3

)2 − 1

2 · 3
i1trA

6−

− 1

2 · 5
trA2trA5 − 1

22 · 3
trA3trA4 +

1

23 · 3
(
trA2

)2
trA3 − 1

7
trA7

i8 =
1

8!
i81 −

1

25 · 32 · 5
i61trA

2 +
1

26 · 3
i41
(
trA2

)2
+

1

23 · 32 · 5
i51trA

3 − 1

25 · 3
i41trA

4 +
1

2 · 3 · 5
i31trA

5

+
1

24
i21trA

2trA4 − 1

22 · 32
i31trA

2trA3 − 1

25 · 3
i21
(
trA2

)3
+

1

22 · 32
i21
(
trA3

)2 − 1

22 · 3
i21trA

6+

+
1

23 · 3
i1
(
trA2

)2
trA3 − 1

2 · 5
i1trA

2trA5 − 1

22 · 3
i1trA

3trA4 +
1

7
i1trA

7 − 1

25
(
trA2

)2
trA4+

+
1

27 · 3
(
trA2

)4 − 1

22 · 32
trA2

(
trA3

)2
+

1

22 · 3
trA2trA6 +

1

3 · 5
trA3trA5 +

1

25
(
trA4

)2 − 1

8
trA8

............................................................................

Îäíàêî ïîëó÷èòü ôîðìóëó îáùåãî âèäà èíâàðèàíòîâ íà ýòîì ïóòè íå óäàëîñü. Òåì íå
ìåíåå, ôîðìóëû (4.2) ìîãóò ñëóæèòü îñíîâîé êîìïüþòåðíîãî ìîäåëèðîâàíèÿ ïî âû÷èñëå-
íèþ êîýôôèöèåíòîâ detF (λ) - èíâàðèàíòîâ ik .

5. Îïðåäåëåíèå êîýôôèöèåíòîâ õàðàêòåðèñòè÷åñêîãî ìíîãî÷ëåíà

Ðàññìàòðèâàåòñÿ ìàòðè÷íàÿ îáîáùåííàÿ ñïåêòðàëüíàÿ çàäà÷à ïî Ý. Øìèäòó (1.1), êî-
òîðóþ äëÿ ïîëó÷åíèÿ ñòàíäàðòíîé çàïèñè õàðàêòåðèñòè÷åñêîãî óðàâíåíèÿ óäîáíî çàïè-
ñàòü â ìàòðè÷íîì âèäå

λs
(
I 0
0 I

)(
φ
ψ

)
=

(
0 A∗

s

As 0

)(
φ
ψ

)
+ λ

(
0 A∗

s−1

As−1 0

)(
φ
ψ

)
+ ...+

+λs−1

(
0 A∗

1

A1 0

)(
φ
ψ

)
. (5.1)
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Â íåêîòîðîì áàçèñå {ek}n1 n -ìåðíîãî âåùåñòâåííîãî (êîìïëåêñíîãî) ïðîñòðàíñòâà φ =
n∑
k=1

ckek, ψ =
n∑
k=1

dkek è (5.1) çàïèñûâàåòñÿ â âèäå ñèñòåìû
λsck = λs−1

n∑
i=1

1
aikdi + ...+ λ

n∑
i=1

s−1
a ikdi +

n∑
i=1

s
aikdi

λsdk = λs−1
n∑
j=1

1
akjcj + ...+ λ

n∑
j=1

s−1
a kjcj +

n∑
j=1

s
akjcj.

k = 1, n. (5.2)

Íàøåé çàäà÷åé ÿâëÿåòñÿ ïðåäñòàâëåíèå â ÿâíîì âèäå ñîîòâåòñâóþùåãî (5.1) õàðàêòå-
ðèñòè÷åñêîãî óðàâíåíèÿ

det

[
λs
(
I 0
0 I

)
− λs−1

(
0 A∗

1

A1 0

)
− ...− λ

(
0 A∗

s−1

As−1 0

)
−
(

0 A∗
s

As 0

)]
≡

≡ λ2sn + α1λ
2sn−1 + ...+ α2sn−1λ+ α2sn = 0, (5.3)

ò.å. âû÷èñëåíèå êîýôôèöèåíòîâ α1, α2, ..., α2sn−1, α2sn .
Ñëåäóÿ [7] ñîñòàâèì ñèñòåìó:

λs+1ck =
n∑
i=1

1
aikλ

sdi + λs−1
n∑
i=1

2
aikdi + ...+ λ2

n∑
i=1

s−1
a ikdi + λ

n∑
i=1

s
aikdi =

=
n∑
i=1

1
aik

[
λs−1

n∑
j=1

1
aijcj + ...+ λ

n∑
j=1

s−1
a ijcj +

n∑
j=1

s
aijcj

]
+ λs−1

n∑
i=1

2
aikdi+

+...+ λ2
n∑
i=1

s−1
a ikdi + λ

n∑
i=1

s
aikdi = λs−1

n∑
j=1

(
1(2)
a kjcj +

2
ajkdj

)
+ ...+

+λ2
n∑
j=1

(
s−2(2)
a kjcj +

s−1
a jkdj

)
+ λ

n∑
j=1

(
s−1(2)
a kjcj +

s
ajkdj

)
+

n∑
j=1

s(2)
a kjcj

λs+1dk =
n∑
j=1

1
akjλ

scj + λs−1
n∑
j=1

2
akjcj + ...+ λ2

n∑
j=1

s−1
a kjcj + λ

n∑
j=1

s
akjcj =

=
n∑
j=1

1
akj

[
λs−1

n∑
i=1

1
aijdi + ...+ λ

n∑
i=1

s−1
a ijdi +

n∑
i=1

s
aijdi

]
+ λs−1

n∑
j=1

2
akjcj+

+...+ λ2
n∑
j=1

s−1
a kjcj + λ

n∑
j=1

s
akjcj = λs−1

n∑
i=1

(
1(2)
a kidi +

2
akici

)
+ ...+

+λ2
n∑
i=1

(
s−2(2)
a kidi +

s−1
a kici

)
+ λ

n∑
i=1

(
s−1(2)
a kidi +

s
akici

)
+

n∑
i=1

s(2)
a kidi.

(5.4)

Äàëåå, óìíîæàÿ (5.4) íà λ è èñïîëüçóÿ (5.2), âû÷èñëÿåì λs+2ck è λs+2dk , ... , λ2snck è
λ2sndk .

Âîçüìåì ïåðâûå óðàâíåíèÿ èç êàæäîé ñèñòåìû, óìíîæåííûå, ñîîòâåòñòâåííî, íà
α2sn−s, α2sn−s−1, ..., α1, 1, è âû÷èñëèì ñóììó c1(λ

2sn + α1λ
2sn−1 + ...+ +α2sn−s−1λ

s+1 +
α2sn−sλ

s) , ñëîæèâ ñîîòâåòñâóþùèå ïðàâûå ÷àñòè. Ñïðàâà âîçíèêàþò ñëàãàåìûå, ñîîòâåò-
ñòâåííî, ñ ìíîæèòåëÿìè c1, c2, ..., cn, d1, d2, ..., dn, âíóòðè êîòîðûõ âûïîëíÿåòñÿ ãðóïïè-
ðîâêà ïî ñòåïåíÿì λ . Äëÿ âûïîëíåíèÿ ïîëó÷åííîãî ðàâåíñòâà íåîáõîäèìî ïðèðàâíÿòü
êîýôôèöèåíòû ïðè c2, ..., cn, d1, d2, ..., dn ê íóëþ. Èç âîçíèêàþùåé ñèñòåìû îïðåäåëÿþòñÿ
α1, α2, ..., α2sn−s , êîòîðûå â ðåçóëüòàòå ïîäñòàíîâêè â êîýôôèöèåíòû ïðè c1 â ïðàâîé ÷àñòè
äàäóò, ñîîòâåòñòâåííî, α2sn−s+1 , êàê êîýôôèöèåíò ïðè λs−1 , α2sn−s+2 , êàê êîýôôèöèåíò
ïðè λs−2 ,..., α2sn , êàê êîýôôèöèåíò ïðè íóëåâîé ñòåïåíè λ .

Èçëîæåííûé ïðèåì ïîçâîëÿåò îïðåäåëèòü âñå êîýôôèöèåíòû õàðàêòåðèñòè÷åñêîãî

ìíîãî÷ëåíà. Â äàííîì ñëó÷àå êîýôôèöèåíò α1 òàêæå èçâåñòåí: α1 = Sp

(
0 A∗

1

A1 0

)
= 0 .

Â òî æå âðåìÿ îí îïðåäåëÿåòñÿ èç ñèñòåìû α1, α2, ..., α2sn−s .
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Ïðèâåäåì âû÷èñëåíèå êîýôôèöèåíòîâ õàðàêòåðèñòè÷åñêîãî óðàâíåíèÿ íà êîíêðåòíîì
ïðèìåðå. Ïóñòü s = 3, n = 2 . Ïðåäñòàâèì â ÿâíîì âèäå ñëåäóþùåå óðàâíåíèå ñòåïåíè
2sn = 12 :

det

[
λ3
(
I 0
0 I

)
− λ2

(
0 A∗

1

A1 0

)
− λ

(
0 A∗

2

A2 0

)
−
(

0 A∗
3

A3 0

)]
= 0, (5.5)

ãäå A1 =

(
1 1
0 0

)
, A2 =

(
1 0
1 0

)
, A3 =

(
−1 0
0 1

)
, I =

(
1 0
0 1

)
. Äëÿ ýòîãî âîçüìåì

ñîîòâåòñòâóþùóþ (5.5) ñèñòåìó
λ3c1 = λ2d1 + λ(d1 + d2)− d1
λ3c2 = λ2d1 + d2
λ3d1 = λ2(c1 + c2) + λc1 − c1
λ3d2 = λc1 + c2

(5.6)

è ïî íåé ñîñòàâèì
λ4c1 = λ2(c1 + c2 + d1 + d2) + λ(c1 − d1)− c1
λ4c2 = λ2(c1 + c2) + λ(c1 + d2)− c1
λ4d1 = λ2(2d1 + c1) + λ(−c1 + d1 + d2) + (−d1 + d2)
λ4d2 = λ2c1 + λc2.

Ïðîäîëæàÿ ïðîöåññ óìíîæåíèÿ íà λ è èñïîëüçóÿ (5.5), âûïèøåì òîëüêî ïåðâûå óðàâ-
íåíèÿ ïîëó÷àþùèõñÿ ñèñòåì:

λ5c1 = λ2(2c1 + c2 + d1) + λ(c1 + d1 + d2) + (−c1 + c2 − d1 + d2)

λ6c1 = λ2(2c1 + c2 + 4d1 + d2) + λ(c2 + d1 + 3d2) + (−c1 − 2d1 + d2)

λ7c1 = λ2(4c1 + 5c2 + 4d1 + 3d2) + λ(4c1 + 3d2) + (−4c1 + c2 − 2d1 + d2)

λ8c1 = λ2(8c1 + 4c2 + 9d1 + 3d2) + λ(3c1 + c2 + 2d1 + 5d2) + (−4c1 + 3c2 − 4d1 + 5d2)

λ9c1 = λ2(12c1 + 10c2 + 14d1 + 5d2) + λ(8c1 + 3c2 + 4d1 + 13d2) + (−9c1 + 3c2 − 8d1 + 4d2)

λ10c1 = λ2(22c1 + 17c2 + 26d1 + 13d2) + λ(10c1 + 3c2 + 4d1 + 16d2)+

+(−14c1 + 5c2 − 12d1 + 10d2)

λ11c1 = λ2(36c1 + 29c2 + 43d1 + 16d2) + λ(25c1 + 5c2 + 10d1 + 32d2)

+(−26c1 + 13c2 − 22d1 + 17d2)

λ12c1 = λ2(68c1 + 48c2 + 85d1 + 32d2) + λ(33c1 + 13c2 + 14d1 + 53d2)

+(−43c1 + 16c2 − 36d1 + 29d2).

Óìíîæàÿ ïîëó÷åííûå ðàâåíñòà íà α9, α8, ..., α1, 1 è ñêëàäûâàÿ ðåçóëüòàòû, ïîëó÷èì

c1(λ
12 + α1λ

11 + α2λ
10 + α3λ

9 + α4λ
8 + α5λ

7 + α6λ
6 + α7λ

5 + α8λ
4 + α9λ

3) =

= c1
[
λ2(68 + 36α1 + 22α2 + 12α3 + 8α4 + 4α5 + 2α6 + 2α7 + α8)+

+λ(33 + 25α1 + 10α2 + 8α3 + 3α4 + 4α5 + α7 + α8)+

+ (−43− 26α1 − 14α2 − 9α3 − 4α4 − 4α5 − α6 − α7 − α8)] +

+c2
[
λ2(48 + 29α1 + 17α2 + 10α3 + 4α4 + 5α5 + α6 + α7 + α8)+
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+λ(13 + 5α1 + 3α2 + 3α3 + α4 + α6) + (16 + 13α1 + 5α2 + 3α3 + 3α4 + α5 + α7)] +

+d1
[
λ2(85 + 43α1 + 26α2 + 14α3 + 9α4 + 4α5 + 4α6 + α7 + α8 + α9)+

+λ(14 + 10α1 + 4α2 + 4α3 + 2α4 + α6 + α7 − α8 + α9)+

+ (−36− 22α1 − 12α2 − 8α3 − 4α4 − 2α5 − 2α6 − α7 − α9)] +

+d2
[
λ2(32 + 16α1 + 13α2 + 5α3 + 3α4 + 3α5 + α6 + α8)+

+λ(53 + 32α1 + 16α2 + 13α3 + 5α4 + 3α5 + 3α6 + α7 + α9)+

+ (29 + 17α1 + 10α2 + 4α3 + 5α4 + α5 + α6 + α7)] .

Ïðèðàâíÿâ êîýôôèöèåíòû ïðè c2, d1 è d2 ê íóëþ, ïîëó÷èì:

α1 = 0, α2 = −2, α3 = −2, α4 = 0, α5 = 2, α6 = −1, α7 = −2, α8 = −1, α9 = 4.

Ïîäñòàâèâ ïîëó÷åííûå çíà÷åíèÿ α â ðàâåíñòâî

λ12 + α1λ
11 + α2λ

10 + α3λ
9 + α4λ

8 + α5λ
7 + α6λ

6 + α7λ
5 + α8λ

4 + α9λ
3 =

= λ2(68 + 36α1 + 22α2 + 12α3 + 8α4 + 4α5 + 2α6 + 2α7 + α8)+

+λ(33 + 25α1 + 10α2 + 8α3 + 3α4 + 4α5 + α7 + α8)+

+(−43− 26α1 − 14α2 − 9α3 − 4α4 − 4α5 − α6 − α7 − α8),

íàéäåì α10 = −1, α11 = −2, α12 = 1. Òàêèì îáðàçîì, õàðàêòåðèñòè÷åñêîå óðàâíåíèå (5.5)
â ÿâíîì âèäå ñëåäóþùåå:

λ12 − 2λ10 − 2λ9 + 2λ7 − λ6 − 2λ5 − λ4 + 4λ3 − λ2 − 2λ+ 1 = 0.

Íåïîñðåäñòâåííîå âû÷èñëåíèå õàðàêòåðèñòè÷åñêîãî óðàâíåíèÿ ïîäòâåðæäàåò ïîëó÷åí-
íûé ðåçóëüòàò.

Ç à ì å ÷ à í è å 5.1. Ïîäîáíî [12] äëÿ ìàòðè÷íîãî ïîëèíîìà âèäà (5.1) òàêæå
ìîæåò áûòü ñôîðìóëèðîâàíà è äîêàçàíà òåîðåìà Ãàìèëüòîíà-Êýëè.
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Cayley-Hamilton theorem for two variants of matrix

spectral problems on E.Shmidt and development of

characteristic polynomial.

c⃝ A. N. Kuvshinova3, B. V. Loginov4

Abstract. At the beginning of previous century E.Schmidt had introduced for integral operators
eigenvalue systems {λk} , counting with their multiplicities and relevant sets of eigenelements
{φk}∞1 , {ψk}∞1 , such that Aφk = λkψk, A

∗ψk = λkφk . In this article generalized matrix spectral
problems polynomially depending on Schmidt's spectral parameter are considered. I.S. Arjanykh
(1951) has proved the generalized Hamilton-Cayley theorem for polynomial matrices with identity
matrix at the parameter highest degree with the aim of application to numerical methods of linear
algebra. Below it is given the extension of Hamilton-Cayley theorem on matrix E.Schmidt spectral
problems polynomially depending on spectral parameter with identity matrix at the highest degree
of spectral parameter (s.2) and also with identity (invertible) matrix at the parameter zero degree
(s.3). With the aimes of further investigations [11-13] on the base of the suggested by I.S.Arzhanykh
[6, 7] approach the development of characteristic polynomial on Schmidt spectral parameter degrees
is made.
Key Words: E.Schmidt spectrum; E.Shmidt eigenvalues; polynomial matrices on E.Shmidt
spectral parameter; Hamilton-Cayley theorem; development of characteristic polynomial.

3 Post-graduate student of Higher Mathematics Chair, Ulyanovsk State Technical University, Ulyanovsk;
erasya7@rambler.ru.

4 Professor of Higher Mathematics Chair, Ulyanovsk State Technical University, Ulyanovsk;
bvllbv@yandex.ru.
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ÓÄÊ 550.83

Ïðèáëèæåííûå ìåòîäû îäíîâðåìåííîãî âîññòàíîâëåíèÿ

ôîðìû òåëà è åãî ïëîòíîñòè â îáðàòíîé çàäà÷å òåîðèè

ïîòåíöèàëà

c⃝ È. Â. Áîéêîâ1, Â. À. Ðÿçàíöåâ2

Àííîòàöèÿ. Ïîñòðîåíû èòåðàöèîííûå ìåòîäû îäíîâðåìåííîãî âîññòàíîâëåíèÿ ôîðìû òåëà
è åãî ïëîòíîñòè â îáðàòíîé çàäà÷å òåîðèè ïîòåíöèàëà.

Êëþ÷åâûå ñëîâà: ëîãàðèôìè÷åñêèé ïîòåíöèàë, íüþòîíîâñêèé ïîòåíöèàë, îáðàòíàÿ çàäà÷à,
îäíîâðåìåííîå âîññòàíîâëåíèå

1. Ââåäåíèå

Ïðîáëåìà âîññòàíîâëåíèÿ ôîðìû òåëà ïî ñîçäàâàåìîìó èì íà ïîâåðõíîñòè Çåìëè
ïîëþ ñèëû òÿæåñòè èëè ïîëþ ïîòåíöèàëà ñèëû òÿæåñòè, ÿâëÿåòñÿ êëàññè÷åñêîé â ãðà-
âèðàçâåäêå. Ââåäåì äåêàðòîâó ñèñòåìó êîîðäèíàò, íàïðàâèâ îñü Oz âåðòèêàëüíî âíèç. Â
ñëó÷àå, åñëè òåëî ïðîñòèðàåòñÿ â áåñêîíå÷íîñòü ïî îäíîìó èç íàïðàâëåíèé è ðàñïîëîæåíî
ìåæäó ïîâåðõíîñòÿìè z = +H , z = +H − ϕ(x) , ãäå ϕ(x) � íåîòðèöàòåëüíàÿ ôóíêöèÿ
ñ ôèíèòíûì íîñèòåëåì [a, b] , ýòà çàäà÷à îïèñûâàåòñÿ óðàâíåíèåì ëîãàðèôìè÷åñêîãî ïî-
òåíöèàëà

G

b∫
a

σ(s) ln

[
(x− s)2 +H2

(x− s)2 +
(
H − ϕ(s)

)2
]
ds = f(x), a ≤ x ≤ b, (1.1)

ãäå ϕ(s) � ôîðìà ïîâåðõíîñòè òåëà; H � ãëóáèíà çàëåãàíèÿ; σ(s) � ïëîòíîñòü òåëà,
G � ãðàâèòàöèîííàÿ ïîñòîÿííàÿ. Ëèíåàðèçàöèÿ óðàâíåíèÿ (1.1) îïèñûâàåòñÿ ëèíåéíûì
èíòåãðàëüíûì óðàâíåíèåì

2GH

b∫
a

σ(s)φ(s)

(x− s)2 +H2
ds = f(x). (1.2)

Ïðèáëèæåííîìó ðåøåíèþ óðàâíåíèé (1.1)-(1.2) ïîñâÿùåíî áîëüøîå ÷èñëî ðàáîò [1], [2],
[3], [4], [5], [6], [7], [8], [9] â êîòîðûõ ðàçëè÷íûìè ìåòîäàìè îïðåäåëÿåòñÿ ãðàíèöà òåëà ïðè
èçâåñòíîé åãî ïëîòíîñòè èëè ïëîòíîñòü òåëà ïðè èçâåñòíîé ãðàíèöå. Íàñêîëüêî àâòîðàì
èçâåñòíî, â íàñòîÿùåå âðåìÿ ìåòîäû îäíîâðåìåííîãî âîññòàíîâëåíèÿ ôîðìû òåëà è åãî
ïëîòíîñòè â çàäà÷å ëîãàðèôìè÷åñêîãî ïîòåíöèàëà îòñóòñòâóþò.

Ðàññìîòðèì ñëó÷àé íüþòîíîâñêîãî ïîòåíöèàëà. Ïóñòü ðóäíîå òåëî çàëåãàåò íà ãëóáèíå
H , ïðè÷åì åãî íèæíÿÿ ïîâåðõíîñòü ñîâïàäàåò ñ ïëîñêîñòüþ z = H , à âåðõíÿÿ ïîâåðõíîñòü
îïèñûâàåòñÿ ôóíêöèåé z(x, y) = H − ϕ(x, y) ñ íåîòðèöàòåëüíîé ôóíêöèåé ϕ(x, y) , óäî-
âëåòâîðÿþùåé óñëîâèþ maxϕ(x, y) < H . Òîãäà ãðàâèòàöèîííîå ïîëå íàä ïîâåðõíîñòüþ

1 Çàâåäóþùèé êàôåäðîé âûñøåé è ïðèêëàäíîé ìàòåìàòèêè, Ïåíçåíñêèé ãîñóäàðñòâåííûé óíèâåðñèòåò,
ã. Ïåíçà; boikov@pnzgu.ru.

2 Àñïèðàíò êàôåäðû âûñøåé è ïðèêëàäíîé ìàòåìàòèêè, Ïåíçåíñêèé ãîñóäàðñòâåííûé óíèâåðñèòåò, ã.
Ïåíçà; ryazantsevv@mail.ru.
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Çåìëè îïèñûâàåòñÿ óðàâíåíèåì

G

∞∫
−∞

∞∫
−∞

H∫
H−ϕ(ζ,η)

σ(ζ, η, ξ)(ξ − z)(
(x− ζ)2 + (y − η)2 + (ξ − z)2

)3/2 dζ dη dξ = f(x, y, z), (1.3)

ãäå G � ãðàâèòàöèîííàÿ ïîñòîÿííàÿ, σ(ξ, η, ζ) � ïëîòíîñòü ãðàâèòèðóþùåãî òåëà.
Ëèíåàðèçàöèÿ óðàâíåíèÿ (1.3) ïðèâîäèò ê óðàâíåíèþ

G

∞∫
−∞

∞∫
−∞

σ(ζ, η)

[
Hϕ(ζ, η)(

(x− ξ)2 + (y − η)2 +H2
)3/2

]
dζ dη = f(x, y, 0).

Â ðàáîòàõ [10], [11], [12], [8], [9] ïðåäëîæåíû àëãîðèòìû îïðåäåëåíèÿ ôîðìû òåëà ϕ(ζ, η)
ïðè èçâåñòíîé ïëîòíîñòè è ïëîòíîñòè òåëà ïðè èçâåñòíîé ôîðìå. Ìåòîäû îäíîâðåìåííîãî
âîññòàíîâëåíèÿ ôîðìû òåëà è åãî ïëîòíîñòè àâòîðàì íåèçâåñòíû.

Íèæå, â ðàçäåëàõ 2, 3 ïðåäëàãàåòñÿ ìåòîä îäíîâðåìåííîãî âîññòàíîâëåíèÿ ôîðìû òåëà
è åãî ïëîòíîñòè â çàäà÷å ëîãàðèôìè÷åñêîãî ïîòåíöèàëà è îáðàòíîé òðåõìåðíîé çàäà÷å
íüþòîíîâñêîãî ïîòåíöèàëà.

2. Ëîãàðèôìè÷åñêèé ïîòåíöèàë

Àïïðîêñèìèðóåì óðàâíåíèå (1.1) áîëåå ïðîñòûì íåëèíåéíûì óðàâíåíèåì

G

b∫
a

σ(s)
2Hφ(s)− φ2(s)

(x− s)2 +H2
ds = f(x), (2.1)

êîòîðîå ïîëó÷àåòñÿ èç óðàâíåíèÿ (1.1) ïðè ó÷åòå âòîðîé ñòåïåíè u ïðè ðàçëîæåíèè
ôóíêöèè ln(1 + u) , u = 2Hϕ−ϕ2

(x−s)2+
(
H−ϕ(s)

)2 â ðÿä Òåéëîðà è àïïðîêñèìàöèè ôóíêöèè

2Hϕ(s)−ϕ2(s)

(x−s)2+
(
H−ϕ(s)

)2 ôóíêöèåé 2Hϕ(s)−ϕ2(s)
(x−s)2+H2 .

Ïðåäïîëîæèì, ÷òî íàðÿäó ñ èçìåðåíèÿìè íà ïîâåðõíîñòè Çåìëè, èçìåðåíèÿ ïðîâîäÿò-
ñÿ íà âûñîòå −h , è ðåçóëüòàòîì ýòèõ èçìåðåíèé ÿâÿåòñÿ ôóíêöèÿ f1(x) . Î÷åâèäíî, ýòà
ôóíêöèÿ îêàçûâàåòñÿ ñâÿçàííîé ñ ôóíêöèÿìè ϕ(s) è σ(s) óðàâíåíèåì

G

b∫
a

σ(s)
2(H + h)ϕ(s)− ϕ2(s)

(x− s)2 + (H + h)2
ds = f1(x). (2.2)

Ðàññìîòðèì ñèñòåìó óðàâíåíèé (2.1)-(2.2). Ââåäåì íåèçâåñòíûå ôóíêöèè u1(s) =
σ(s)ϕ(s) è u2(s) = σ(s)ϕ2(s) . Â ðåçóëüòàòå ïðèõîäèì ê ñèñòåìå óðàâíåíèé:

G

b∫
a

2Hu1(s)− u2(s)

(x− s)2 +H2
ds = f(x),

G

b∫
a

2(H + h)u1(s)− u2(s)

(x− s)2 + (H + h)2
ds = f1(x),

(2.3)
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Îïðåäåëèâ èç ñèñòåìû (2.3) íåèçâåñòíûå ôóíêöèè u1(s) è u2(s) , íàõîäèì ϕ(s) = u2(s)
u1(s)

è σ(s) = u1(s)
ϕ(s)

.
Ñèñòåìó (2.3) ìîæíî ðåøàòü ðàçëè÷íûìè ìåòîäàìè. Ïðåæäå âñåãî ðàññìîòðèì ìåòîä

èíòåãðàëüíûõ ïðåîáðàçîâàíèé. Áóäåì ñ÷èòàòü, ÷òî f(x) è f1(x) � ôèíèòíûå ôóíêöèè
ñ íîñèòåëåì [a, b] . Â òåðìèíàõ ãðàâèìåòðèè ýòî îçíà÷àåò, ÷òî âëèÿíèå ãðàâèòèðóþùåãî
òåëà ðàñïðîñòðàíÿåòñÿ òîëüêî íà ýòîò ïðîìåæóòîê. Ïðîäîëæèì ôóíêöèè f(x) è f1(x)
íóëåì íà ìíîæåñòâî (−∞,∞) \ [a, b] è ïîëó÷åííûå â ðåçóëüòàòå ôóíêöèè ïî-ïðåæíåìó
îáîçíà÷èì ÷åðåç f(x) è f1(x) . Ïîëîæèâ G = 1 , ðàññìîòðèì ñèñòåìó óðàâíåíèé

1√
2π

∞∫
−∞

2Hu1(s)− u2(s)

(x− s)2 +H2
ds =

1√
2π
f(x), −∞ < x <∞,

1√
2π

∞∫
−∞

2(H + h)u1(s)− u2(s)

(x− s)2 + (H + h)2
ds =

1√
2π
f1(x), −∞ < x <∞.

(2.4)

Èçâåñòíî [3], ÷òî ïðåîáðàçîâàíèåì Ôóðüå ôóíêöèè
√

2
π

H
x2+H2 ÿâëÿåòñÿ ôóíêöèÿ e−H|ω| .

Ïðèìåíèì ê ñèñòåìå óðàâíåíèé (2.4) ïðåîáðàçîâàíèå Ôóðüå. Â ðåçóëüòàòå èìååì:
√
2πe−H|ω|U1(ω)−

√
π

2

1

H
e−H|ω|U2(ω) =

1√
2π
F (ω),

√
2πe−(H+h)|ω|U1(ω)−

√
π

2

1

H + h
e−(H+h)|ω|U2(ω) =

1√
2π
F1(ω),

(2.5)

ãäå U1(ω) , U2(ω) , F (ω) , F1(ω) � ïðåîáðàçîâàíèÿ Ôóðüå ôóíêöèé u1(s) , u2(s) , f(s) ,
f1(s) . Ñèñòåìà óðàâíåíèé (2.5) èìååò ðåøåíèå â ÿâíîì âèäå:

U1(ω) =
1

2π
F (ω)eH|ω| +

1

2H
U2(ω),

U2(ω) =
H(H + h)

πh

(
e(H+h)|ω|F1(ω)− eH|ω|F (ω)

)
.

(2.6)

Ïðèìåíÿÿ ê ôóíêöèÿì U1(ω) è U2(ω) îáðàòíîå ïðåîáðàçîâàíèå Ôóðüå, íàõîäèì ôóíê-
öèè u1(s) è u2(s) . Äëÿ âû÷èñëåíèÿ îáðàòíîãî ïðåîáðàçîâàíèÿ Ôóðüå ìîæíî ïðèìåíèòü
êâàäðàòóðíûå ôîðìóëû [14].

Çàäà÷à âû÷èñëåíèÿ îáðàòíîãî ïðåîáðàçîâàíèÿ Ôóðüå ôóíêöèé U1(ω) è U2(ω) ìîæåò
îêàçàòüñÿ íåêîððåêòíîé, ò. ê. èç-çà âû÷èñëèòåëüíûõ îøèáîê ïðîèçâåäåíèÿ F (ω)eH|ω| è
F1(ω)e

(H+h)|ω| ìîãóò íå ñòðåìèòüñÿ ê íóëþ ïðè |ω| → ∞ . Â ýòîì ñëó÷àå ê ðåøåíèþ ñèñòå-
ìû óðàâíåíèé (2.6) åñòåñòâåííî ïðèìåíèòü èòåðàöèîííûå ìåòîäû.

Ïóñòü A è B � äîñòàòî÷íî áîëüøèå ïîëîæèòåëüíûå ÷èñëà. Ââåäåì ñåòêè óçëîâ sk =
−A+ 2k A

N1
, k = 0, 1, . . . , N1 , ωk = −B + 2k B

N2
, k = 0, 1, . . . , N2 .

Ñèñòåìó óðàâíåíèé (2.6) àïïðîêñèìèðóåì N2 ñèñòåìàìè àëãåáðàè÷åñêèõ óðàâíåíèé
√
2πe−H|ωk|U1

(
ωk
)
−
√
π

2

1

H
e−H|ωk|U2

(
ωk
)
=

1√
2π
F
(
ωk
)
,

√
2πe−(H+h)|ωk|U1

(
ωk
)
−
√
π

2

1

H + h
e−(H+h)|ωk|U2

(
ωk
)
=

1√
2π
F1

(
ωk
)
,

k = 0, N2 − 1

êîòîðûå çàïèøåì â îïåðàòîðíîé ôîðìå

A(k)Y (k) = F (k), k = 0, N2 − 1 (2.7)
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ãäå Y (k) =
(
U1

(
ωk
)
, U2

(
ωk
))
, F (k) =

(
F
(
ωk
)
, F1

(
ωk
))
; ïîñòðîåíèå ìàòðèöû A(k) î÷åâèä-

íî, à çíà÷åíèÿ F (ωk) ðàññ÷èòûâàþòñÿ ïî êâàäðàòóðíûì ôîðìóëàì âû÷èñëåíèÿ ïðÿìîãî
ïðåîáðàçîâàíèÿ Ôóðüå íà ñåòêå sk .

Äëÿ ðåøåíèÿ ñèñòåì óðàâíåíèé (2.7) âîñïîëüçóåìñÿ èòåðàöèîííûì ìåòîäîì

Ym+1(k) = αYm(k) + (1− α)
(
Ym(k)− βk(A

∗(k)A(k)Ym(k)− A∗(k)F (k))
)
, (2.8)

ãäå k = 0, N2 − 1 , m = 0, 1, . . . , βk = 1
2∥A∗(k)A(k)∥ â ìåòðèêå l2 , 0 < α < 1 . Çíà÷åíèÿ u1(sl) ,

u2(sl) , l = 0, N1 − 1 âû÷èñëÿþòñÿ ïî êâàäðàòóðíûì ôîðìóëàì îáðàòíîãî ïðåîáðàçîâàíèÿ
Ôóðüå íà ñåòêå ωk .

Ï ð è ì å ð 2.1. Íàéòè íåèçâåñòíûå ôóíêöèè σ(s) , ϕ(s) èç ñèñòåìû óðàâíåíèé:

∞∫
−∞

σ(s)
10ϕ(s)− ϕ2(s)

(x− s)2 + 25
ds =

π

10
· 113x2 + 5628

x4 + 85x2 + 1764
,

∞∫
−∞

σ(s)
12ϕ(s)− ϕ2(s)

(x− s)2 + 36
ds =

10π

3
· 4x2 + 259

x4 + 113x2 + 3136
.

(2.9)

Ðåøåíèåì äàííîé ñèñòåìû ÿâëÿþòñÿ ôóíêöèè

σ(s) =
s2 + 4

s4 + 2s2 + 1
, ϕ(s) =

s2 + 1

s2 + 4
. (2.10)

Ïàðà ôóíêöèé ϕ(s) , σ(s) ñâÿçàíû ñ ôóíêöèÿìè u1(s) , u2(s) ôîðìóëàìè ϕ(s) = u2(s)
u1(s)

,

σ(s) = u1(s)
ϕ(s)

. Ôóíêöèè u1(s) , u2(s) ÿâëÿþòñÿ ïðîîáðàçàìè ôóíêöèé U1(ω) , U2(ω) , êîòî-
ðûå îïðåäåëÿþòñÿ èç ñèñòåìû:

√
2πe−5|ω|U1(ω)−

√
π

50
e−5|ω|U2(ω) =

π

20

(
20e−6|ω| − e−7|ω|),

√
2πe−6|ω|U1(ω)−

√
π

72
e−6|ω|U2(ω) =

π

24

(
24e−7|ω| − e−8|ω|).

Ôóíêöèè U1(ω) , U2(ω) íàõîäèì ïî ôîðìóëàì (2.6):

U1(ω) =

√
π

2
e−|ω|, U2(ω) =

√
π

8
e−2|ω|.

Ïðèìåíÿÿ ê íàéäåííûì ôóíêöèÿì îáðàòíîå ïðåîáðàçîâàíèå Ôóðüå, èìååì u1(s) =
1

s2+1
, u2(s) = 1

s2+4
, îòêóäà ïî ôîðìóëàì ϕ(s) = u2(s)

u1(s)
, σ(s) = u1(s)

ϕ(s)
íàõîäèì ðåøåíèå

(2.10) èñõîäíîé ñèñòåìû (2.9). Ñèñòåìà óðàâíåíèé (2.9) ðåøàëàñü òàêæå îïèñàííûì
âûøå ÷èñëåííûì ìåòîäîì. Ðåçóëüòàòû âû÷èñëåíèé ïðèâåäåíû íà ðèñ. 2.1, 2.2.
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Ð è ñ ó í î ê 2.1

Ð è ñ ó í î ê 2.2

Çäåñü èñïîëüçîâàíû ñëåäóþùèå îáîçíà÷åíèÿ: [−A,A] � ñåãìåíò, íà êîòîðîì îïðåäå-
ëåíû ôóíêöèè ϕ(s) , σ(s) , f(s) ; [−B,B] � ñåãìåíò, íà êîòîðîì âû÷èñëåíû ïðåîáðàçî-
âàíèÿ Ôóðüå ôóíêöèé U1(ω) , U2(ω) , F (ω) ; N1 ÷èñëî óçëîâ ñåòêè sj = −A + 2A j

N1
,

j = 0, 1, . . . , N1 ; N2 � ÷èñëî óçëîâ ñåòêè ωk = −B + 2B k
N2

, k = 0, 1, . . . , N2 ; M � ÷èñ-
ëî èòåðàöèé ïðè ðåàëèçàöèè ìåòîäà (2.8). Ñèìâîëîì ϵϕ ( ϵσ ) îáîçíà÷åíà àáñîëþòíàÿ
ïîãðåøíîñòü âîññòàíîâëåíèÿ ôóíêöèè ϕ (σ ).

3. Îáðàòíàÿ ïðîñòðàíñòâåííàÿ çàäà÷à òåîðèè ïîòåíöèàëà

Ââåäåì äåêàðòîâó ïðÿìîóãîëüíóþ ñèñòåìó êîîðäèíàò, íàïðàâèâ îñü Oz âíèç. Åñëè
ðóäíîå òåëî çàëåãàåò íà ãëóáèíå H , ïðè÷åì åãî íèæíÿÿ ïîâåðõíîñòü ñîâïàäàåò ñ ïëîñ-
êîñòüþ z = H , à âåðõíÿÿ ïîâåðõíîñòü îïèñûâàåòñÿ ôóíêöèåé z(x, y) = H − ϕ(x, y) ñ
íåîòðèöàòåëüíîé ôóíêöèåé ϕ(x, y) è maxϕ(x, y) < H , òî ãðàâèòàöèîííîå ïîëå íàä ïî-
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âåðõíîñòüþ Çåìëè îïèñûâàåòñÿ óðàâíåíèåì

G

∞∫
−∞

∞∫
−∞

H∫
H−ϕ(ζ,η)

σ(ζ, η, ξ)(ξ − η) dζ dη dξ(
(x− ζ)2 + (y − η)2 + (ξ − z)2

)3/2 = f(x, y, z), (3.1)

ãäå G � ãðàâèòàöèîííàÿ ïîñòîÿííàÿ; σ(ζ, η, ξ) � ïëîòíîñòü òåëà. Ïðåäïîëàãàåòñÿ, ÷òî,
âî-ïåðâûõ, ïëîòíîñòü σ(ζ, η, ξ) ≡ 0 âíå òåëà; âî-âòîðûõ, ïëîòíîñòü äèôôåðåíöèðóåìà ïî
ξ ; â-òðåòüèõ, ãðàäèåíò íàïðÿæåííîñòè ãðàâèòàöèîííîãî ïîëÿ èçâåñòåí ïðè z ≤ 0 .

Íà ïîâåðõíîñòè Çåìëè óðàâíåíèå (3.1) èìååò âèä

G

∞∫
−∞

∞∫
−∞

H∫
H−ϕ(ζ,η)

σ(ζ, η, ξ)ξ dξ dη dζ(
(x− ζ)2 + (y − η)2 + ξ2

)3/2 = f(x, y, 0).

Âû÷èñëèâ ïî ÷àñòÿì èíòåãðàë â ëåâîé ÷àñòè ïðåäûäóùåãî óðàâíåíèÿ, èìååì

G

∞∫
−∞

∞∫
−∞

σ(ζ, η, ξ) dζ dη(
(x− ζ)2 + (y − η)2 + (H − ϕ(ζ, η))2

)1/2−G
∞∫

−∞

∞∫
−∞

σ(ζ, η, ξ) dζ dη(
(x− ζ)2 + (y − η)2 +H2

)1/2+
+G

∞∫
−∞

∞∫
−∞

H∫
H−φ(ζ,η)

σ′
ξ(ζ, η, ξ) dζ dη dξ(

(x− ζ)2 + (y − η)2 + ξ2
)3/2 = f(x, y, 0).

Äëÿ óïðîùåíèÿ äàëüíåéøèõ âûêëàäîê ïðåäïîëîæèì, ÷òî ïëîòíîñòü íå çàâèñèò îò ξ .
Òîãäà ïðèõîäèì ê óðàâíåíèþ

G

∞∫
−∞

∞∫
−∞

σ(ζ, η)

[
1(

(x− ζ)2 + (y − η)2 + (H − ϕ(ζ, η))2
)1/2−

− 1(
(x− ζ)2 + (y − η)2 +H2

)1/2
]
dζ dη = f(x, y, 0). (3.2)

Ïîëîæèì u = ϕ2(ζ,η)−2Hϕ(ζ,η)
(x−ζ)2+(y−η)2+H2 . Â ïðåäïîëîæåíèè, ÷òî |u| < 1 , ôóíêöèþ (1 + u)−1/2

ðàçëàãàåì â ðÿä
1

(1 + u)1/2
= 1 +

∞∑
n=1

(−1)n
(2n− 1)!!

2nn!
un.

Òîãäà óðàâíåíèå (3.2) èìååò âèä

G
∞∑
n=1

(−1)n
(2n− 1)!!

2nn!

∞∫
−∞

∞∫
−∞

σ(ζ, η)
(
ϕ2(ζ, η)− 2Hϕ(ζ, η)

)n
dζ dη(

(x− ζ)2 + (y − η)2 +H2
)n+1/2

= f(x, y, 0).

Îãðàíè÷èâàÿñü ïåðâûì ñëàãàåìûì â ëåâîé ÷àñòè, ïðèõîäèì ê óðàâíåíèþ:

−G
2

∞∫
−∞

∞∫
−∞

σ(ζ, η)
(
ϕ2(ζ, η)− 2Hϕ(ζ, η)

)
dζ dη(

(x− ζ)2 + (y − η)2 +H2
)3/2 = f(x, y, 0). (3.3)
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Ïðîâåäÿ èçìåðåíèÿ íà âûñîòå h íàä ïîâåðõíîñòüþ Çåìëè, ïðèõîäèì ê óðàâíåíèþ:

−G
2

∞∫
−∞

∞∫
−∞

σ(ζ, η)
(
ϕ2(ζ, η)− 2(H + h)ϕ(ζ, η)

)
dζ dη(

(x− ζ)2 + (y − η)2 + (H + h)2
)3/2 = f(x, y,−h). (3.4)

Îïðåäåëèì ôóíêöèè σ(ζ, η) è ϕ(ζ, η) èç ðåøåíèÿ ñècòåìû (3.3)-(3.4). Ââåäåì ôóíêöèè
u1(ζ, η) = σ(ζ, η)ϕ(ζ, η) è u2(ζ, η) = σ(ζ, η)ϕ2(ζ, η) . Òîãäà ñèñòåìà óðàâíåíèé (3.3)-(3.4)
ïðèìåò âèä

G

2

∞∫
−∞

∞∫
−∞

2Hu1(ζ, η)− u2(ζ, η)(
(x− ζ)2 + (y − η)2 +H2

)3/2 dζ dη = f(x, y, 0),

G

2

∞∫
−∞

∞∫
−∞

2(H + h)u1(ζ, η)− u2(ζ, η)(
(x− ζ)2 + (y − η)2 + (H + h)2

)3/2 dζ dη = f(x, y,−h).
(3.5)

Ïðèìåíèì ê óðàâíåíèÿì ñèñòåìû (3.5) ïðåîáðàçîâàíèå Ôóðüå. Èçâåñòíî [3], ÷òî ïðå-

îáðàçîâàíèå Ôóðüå ôóíêöèè H(
x2+y2+H2

)3/2 ðàâíî e−H
√
ω2
1+ω

2
2 . Â ðåçóëüòàòå ïðèõîäèì ê

ñèñòåìå:
2πGe−H

√
ω2
1+ω

2
2U1(ω1, ω2)−

πG

H
e−H

√
ω2
1+ω

2
2U2(ω1, ω2) = F (ω1, ω2, 0),

2πGe−(H+h)
√
ω2
1+ω

2
2U1(ω1, ω2)−

πG

H + h
e−(H+h)

√
ω2
1+ω

2
2U2(ω1, ω2) = F (ω1, ω2,−h),

(3.6)

ãäå U1(ω1, ω2) , U2(ω1, ω2) , F (ω1, ω2, 0) , F (ω1, ω2,−h) � ïðåîáðàçîâàíèÿ Ôóðüå ôóíêöèé
u1(ζ, η) , u2(ζ, η) , f(x, y, 0) , f(x, y,−h) .

Ñèñòåìà (3.6) èìååò ðåøåíèå â àíàëèòè÷åñêîé ôîðìå:
U1(ω1, ω2) =

eH
√
ω2
1+ω

2
2

2πG
F (ω1, ω2, 0) +

1

2H
U2(ω1, ω2),

U2(ω1, ω2) =
(H + h)H

πGh

(
e(H+h)

√
ω2
1+ω

2
2F (ω1, ω2,−h)− eH

√
ω2
1+ω

2
2F (ω1, ω2, 0)

)
.

(3.7)

Ïðèìåíèâ ê ôóíêöèÿì U1(ω1, ω2) è U2(ω1, ω2) îáðàòíîå ïðåîáðàçîâàíèå Ôóðüå, íàõî-
äèì u1(ζ, η) è u2(ζ, η) , ïîñëå ÷åãî âû÷èñëÿåì èñêîìûå ôóíêöèè σ(ζ, η) è ϕ(ζ, η) :

ϕ(ζ, η) =
u2(ζ, η)

u1(ζ, η)
, σ(ζ, η) =

u1(ζ, η)

ϕ(ζ, η)
. (3.8)

Ï ð è ì å ð 3.1. Íàéäåì ôóíêöèè σ(ξ, η) , ϕ(ξ, η) èç ñèñòåìû

∞∫
−∞

∞∫
−∞

σ(ζ, η)
(
6ϕ(ζ, η)− ϕ2(ζ, η)

)(
(x− ζ)2 + (y − η)2 + 9

)3/2 dζ dη =
16π(

x2 + y2 + 16
)3/2 − 5π/3

x2 + y2 + 25
,

∞∫
−∞

∞∫
−∞

σ(ζ, η)
(
8ϕ(ζ, η)− ϕ2(ζ, η)

)(
(x− ζ)2 + (y − η)2 + 16

)3/2 dζ dη =
20π(

x2 + y2 + 25
)3/2 − 3π/2(

x2 + y2 + 36
)3/2 .

(3.9)
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Ââåäÿ çàìåíó íåèçâåñòíûõ ôóíêöèé u1 = σ(ζ, η)ϕ(ζ, η) , u2 = σ(ζ, η)ϕ2(ζ, η) , ïåðåõî-
äèì îò ñèñòåìû (3.9) ê ñèñòåìå

∞∫
−∞

∞∫
−∞

6u1(ζ, η)− u2(ζ, η)(
(x− ζ)2 + (y − η)2 + 9

)3/2 dζ dη =
16π(

x2 + y2 + 16
)3/2 − 5π/3

x2 + y2 + 25
,

∞∫
−∞

∞∫
−∞

8u1(ζ, η)− u2(ζ, η)(
(x− ζ)2 + (y − η)2 + 16

)3/2 dζ dη =
20π(

x2 + y2 + 25
)3/2 − 3π/2(

x2 + y2 + 36
)3/2 .

(3.10)
Ïðèìåíèì ê ñèñòåìå (3.10) ïðåîáðàçîâàíèå Ôóðüå, â ðåçóëüòàòå ÷åãî ïîëó÷èì ñëåäó-

þùóþ ñèñòåìó â ñïåêòðàëüíîé îáëàñòè:4πe−3
√
ω2
1+ω

2
2U1(ω1, ω2)−

2π

3
e−3

√
ω2
1+ω

2
2U2(ω1, ω2) =

π

3

[
12e−4

√
ω2
1+ω

2
2 − e−5

√
ω2
1+ω

2
2

]
,

4πe−4
√
ω2
1+ω

2
2U1(ω1, ω2)−

π

2
e−4

√
ω2
1+ω

2
2U2(ω1, ω2) =

π

4

[
16e−5

√
ω2
1+ω

2
2 − e−6

√
ω2
1+ω

2
2

]
.

Ðåøåíèå ýòîé ñèñòåìû (ïðè G = 1 ):U1(ω1, ω2) = e−
√
ω2
1+ω

2
2 ,

U2(ω1, ω2) =
1

2
e−2

√
ω2
1+ω

2
2 .

(3.11)

Ïðèìåíèâ ê (3.11) îáðàòíîå ïðåîáðàçîâàíèå Ôóðüå, ïîëó÷àåì òî÷íîå ðåøåíèå ñèñòå-
ìû (3.9)

u1(ζ, η) =
(
x2 + y2 + 1

)−3/2
, u2(ζ, η) =

(
x2 + y2 + 4

)−3/2

Èñïîëüçóÿ ñîîòíîøåíèÿ (3.8), âûðàæàåì íåèçâåñòíûå ôóíêöèè σ(ζ, η) , ϕ(ζ, η) , îïðå-
äåëÿþùèå òî÷íîå ðåøåíèå èñõîäíîé ñèñòåìû (3.9).

σ(ξ, η) =

(
x2 + y2 + 4(
x2 + y2 + 1

)2
)3/2

, ϕ(ξ, η) =

(
x2 + y2 + 1

x2 + y2 + 4

)3/2

.

Èç-çà ðàçëè÷íîãî ðîäà ïîãðåøíîñòåé (â ÷àñòíîñòè, âû÷èñëèòåëüíûõ) ïðîèçâåäåíèÿ

eH
√
ω2
1+ω

2
2F (ω1, ω2, 0) è e(H+h)

√
ω2
1+ω

2
2F (ω1, ω2,−h) ìîãóò íå ñòðåìèòüñÿ ê íóëþ ïðè

∣∣ω1| →
∞ ,

∣∣ω2

∣∣→ ∞ . Ïîýòîìó ê ôóíêöèÿì U1

(
ω1, ω2

)
, U2

(
ω1, ω2

)
ìîæåò îêàçàòüñÿ íåïðèìåíè-

ìûì îáðàòíîå ïðåîáðàçîâàíèå Ôóðüå. Â ýòîì ñëó÷àå äëÿ âû÷èñëåíèÿ ôóíêöèé u1(ζ, η) è
u2(ζ, η) íåîáõîäèìî ïðèìåíèòü ìåòîäû ðåãóëÿðèçàöèè. Â ÷àñòíîñòè, ìîæíî ââåñòè ðåãó-
ëÿðèçèðóþùèå ìíîæèòåëè, ïîäîáíûå ïðèâåäåííûì â îäíîìåðíîì ñëó÷àå â [2].

Áîëåå ýôôåêòèâíûì ÿâëÿåòñÿ èòåðàöèîííûé ìåòîä. Ïóñòü A è B � äîñòàòî÷íî áîëü-
øèå ïîëîæèòåëüíûå ÷èñëà, òàê ÷òî ïðÿìîå ïðåîáðàçîâàíèå Ôóðüå âû÷èñëÿåòñÿ â êâàäðà-
òå [−A,A]2 , à îáðàòíîå ïðåîáðàçîâàíèå Ôóðüå âû÷èñëÿåòñÿ â êâàäðàòå [−B,B]2 . Ïóñòü
ωk = −B+2k B

N
, k = 0, 1, . . . , N . Ââåäåì ñåòêó óçëîâ wkl =

{
ωk, ωl

}
, k, l = 0, 1, . . . , N − 1 .

Ñèñòåìå óðàâíåíèé (3.6) ïîñòàâèì â ñîîòâåòñòâèå N2 ñèñòåì óðàâíåíèé
2πGe−H

√
ω2
k+ω

2
l U1

(
ωk, ωl

)
− πG

H
e−H

√
ω2
k+ω

2
l U2

(
ωk, ωl

)
= F

(
ωk, ωl, 0

)
,

2πGe−(H+h)
√
ω2
k+ω

2
l U1

(
ωk, ωl

)
− πG

H + h
e−(H+h)

√
ω2
k+ω

2
l U2

(
ωk, ωl

)
= F

(
ωk, ωl,−h),

(3.12)

ãäå k, l = 0, 1, . . . , N − 1 .
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Ïðåäñòàâèì ñèñòåìû (3.12) â ìàòðè÷íîì âèäå

A(k, l)Y (k, l) = F (k, l), k, l = 0, 1, . . . , N − 1, (3.13)

ãäå F (k, l) =
(
F
(
ωk, ωl, 0

)
, F
(
ωk, ωl,−h

))
, ïîñòðîåíèå ìàòðèö A(k, l) î÷åâèäíî.

Ïðèáëèæåííîå ðåøåíèå ñèñòåì óðàâíåíèé (3.13) èùåòñÿ èòåðàöèîííûì ìåòîäîì:

Ym+1(k, l) = αYm(k, l)+(1−α)
(
Ym(k, l)−βkl

(
A∗(k, l)A(k, l)Ym(k, l)−A∗(k, l)F (k, l)

)
, (3.14)

ãäå m = 0, 1, . . . , k, l = 0, 1, . . . , 2N − 1 , 0 < α < 1 .
Ïàðàìåòð βkl âûáèðàåòñÿ èç òðåáîâàíèÿ, ÷òîáû βkl =

1
2∥A∗(k,l)A(k,l)∥ . Îáîñíîâàíèå ñõî-

äèìîñòè ïîñëåäîâàòåëüíîñòè (3.14) â l2 ïðîâîäèòñÿ íà îñíîâå óòâåðæäåíèé ðàáîò [13], [15].
Çíà÷åíèÿ ôóíêöèé u1 è u2 íàõîäÿòñÿ ïî êóáàòóðíûì ôîðìóëàì îáðàòíîãî ïðåîáðàçîâà-
íèÿ Ôóðüå.

Ï ð è ì å ð 3.2. Íàéòè ðåøåíèå ñèñòåìû óðàâíåíèé (3.9) èòåðàöèîííûì ìåòî-
äîì (3.13)-(3.14).

Ðåçóëüòàòû ðåøåíèÿ ïðåäñòàâëåíû íà ðèñóíêàõ 3.1 è 3.2 . Çäåñü Ω1 =
[−A,A]2 � îáëàñòü îïðåäåëåíèÿ ôóíêöèé u1(x, y) , u2(x, y) , f(x, y) ; Ω2 = [−B,B]2

� îáëàñòü îïðåäåëåíèÿ ôóíêöèè U1(ω1, ω2) , U2(ω1, ω2) , F (ω1, ω2) . Ïóñòü
{
xi, xj

}
� óçëû ïîñòðîåííîé â Ω1 ðàâíîìåðíîé ñåòêè, ãäå xi = −A + 2i A

N1
, i =

0, 1, . . . , N1 . Ïóñòü
{
ωk, ωl

}
� óçëû ïîñòðîåííîé â Ω2 ðàâíîìåðíîé ñåòêè, ãäå

ωk = −B + 2k B
N2

, k = 0, 1, . . . , N2 . Îáîçíà÷èì ÷åðåç M ÷èñëî èòåðàöèé ìåòîäà
(3.14), ÷åðåç ϵφ ( ϵσ ) � àáñîëþòíóþ ïîãðåøíîñòü âîññòàíîâëåíèÿ ôóíêöèè ϕ (σ ).

Ð è ñ ó í î ê 3.1
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Â Ñðåäíåâîëæñêîì ìàòåìàòè÷åñêîì îáùåñòâå

ÓÄÊ 517.9

Ïîñòðîåíèå ìàòåìàòè÷åñêîé ìîäåëè ïðîöåññà

äåãèäðèðîâàíèÿ ìåòèëáóòåíîâ â èçîïðåí ñ ó÷åòîì

äåçàêòèâàöèè êàòàëèçàòîðà

c⃝ Ä. Â. Áåðçèíà1, Ñ. À. Ìóñòàôèíà2

Àííîòàöèÿ. Ïîñòðîåíà ìàòåìàòè÷åñêàÿ êâàçèñòàöèîíàðíàÿ íåèçîòåðìè÷åñêàÿ ìîäåëü ïðî-
öåññà äåãèäðèðîâàíèÿ ìåòèëáóòåíîâ â èçîïðåí äëÿ àäèàáàòè÷åñêîãî ðåàêòîðà ñ íåïîäâèæíûì
ñëîåì êàòàëèçàòîðà, êîòîðàÿ ó÷èòûâàåò èçìåíåíèå ÷èñëà ìîëåé â ãàçîâîé ôàçå è äåçàêòèâà-
öèþ êàòàëèçàòîðà.

Êëþ÷åâûå ñëîâà: ñèíòåòè÷åñêèé êàó÷óê, äåãèäðèðîâàíèå ìåòèëáóòåíîâ, êèíåòè÷åñêàÿ ìî-
äåëü, êâàçèñòàöèîíàðíàÿ ìîäåëü, äåçàêòèâàöèÿ

1. Ââåäåíèå

Ïðîöåññ äåãèäðèðîâàíèÿ óãëåâîäîðîäîâ C5H10 ñîñòîèò â ïîñëåäîâàòåëüíîì ïðåâðàùå-
íèè èçîïåíòàíà â ìåòèëáóòåíû è ñìåñè ïîñëåäíèõ � â èçîïðåí â ïðèñóòñòâèè îêñèäíûõ
æåëåçîêàëèåâûõ êàòàëèçàòîðîâ. Ïðè ýêñïëóàòàöèè â òå÷åíèå íåñêîëüêèõ òûñÿ÷ ÷àñîâ â
ïðîìûøëåííîì ðåàêòîðå æåëåçîêàëèåâûé êàòàëèçàòîð ïîñòåïåííî òåðÿåò àêòèâíîñòü è
÷àñòè÷íî ðàçðóøàåòñÿ. Â ïðîìûøëåííîé ýêñïëóàòàöèè êàòàëèçàòîð ïåðèîäè÷åñêè àêòè-
âèðóþò ïóòåì òåðìîîáðàáîòêè â ñðåäå âîäÿíîãî ïàðà, îäíàêî ÷àñòûå ðåãåíåðàöèè íåæå-
ëàòåëüíû, òàê êàê ïðèâîäÿò ê ïîñòåïåííîìó èçìåíåíèþ ôàçîâîãî ñîñòàâà êàòàëèçàòîðà
â öèêëå: ðåàêöèÿ � ðåãåíåðàöèÿ [1]. Ïîýòîìó àêòóàëüíûì ÿâëÿåòñÿ ñîâåðøåíñòâîâàíèå
ñóùåñòâóþùèõ ïðîöåññîâ ïðîèçâîäñòâà èçîïðåíîâ íà îñíîâå äîñòóïíîãî óãëåâîäîðîäíîãî
ñûðüÿ, â ÷àñòíîñòè ïîñòðîåíèå íîâûõ ìàòåìàòè÷åñêèõ ìîäåëåé, ïîçâîëÿþùèõ ïðîãíîçè-
ðîâàòü ñâîéñòâà ïîëó÷àåìûõ ïðîäóêòîâ.

Ïðè îáðàáîòêå ýêñïåðèìåíòàëüíûõ äàííûõ ïî èññëåäóåìîìó ïðîöåññó èçîìåðû ïåíòàíà
îáúåäèíÿëè â ãðóïïîâîé êîìïîíåíò i − C5H12 , ìåòèëáóòåíû � â êîìïîíåíò i − C5H10 ,
èçîìåðû èçîïðåíà � â êîìïîíåíò i− C5H8 , ïðîäóêòû êðåêèíãà � â êîìïîíåíò ÏÊ.

Íà îñíîâå àíàëèçà äàííûõ ýêñïåðèìåíòà è ëèòåðàòóðû [2] áûëà ïðåäëîæåíà ÷åòû-
ðåõñòàäèéíàÿ ñõåìà ïðåâðàùåíèé ïðîöåññà äåãèäðèðîâàíèÿ óãëåâîäîðîäîâ C5 . Ñõåìà è
ñîîòâåòñòâóþùèå åé êèíåòè÷åñêèå óðàâíåíèÿ ñêîðîñòåé èìåþò ñëåäóþùèé âèä:

i− C5H12 ↔ i− C5H12 +H2, (1.1)

i− C5H10 ↔ i− C5H8 +H2, (1.2)

i− C5H8 → ν1{KOKC}+ ν2H2 + ν3, (1.3)

1 Ñòàðøèé ïðåïîäàâàòåëü êàôåäðû ìàòåìàòè÷åñêîãî ìîäåëèðîâàíèÿ, Ñòåðëèòàìàêñêèé ôèëèàë Áàø-
êèðñêîãî ãîñóäàðñòâåííîãî óíèâåðñèòåòà, ã. Ñòåðëèòàìàê.

2 Çàâåäóùèé êàôåäðîé ìàòåìàòè÷åñêîãî ìîäåëèðîâàíèÿ, Ñòåðëèòàìàêñêèé ôèëèàë Áàøêèðñêîãî ãî-
ñóäàðñòâåííîãî óíèâåðñèòåòà, ã. Ñòåðëèòàìàê.

Æóðíàë ÑÂÌÎ. 2014. Ò. 16, � 3



Ïîñòðîåíèå ìàòåìàòè÷åñêîé ìîäåëè ïðîöåññà äåãèäðèðîâàíèÿ ìåòèëáóòåíîâ . . . 33

1

2
C{KOKC}+H2O → 1

2
CO2 +H2, (1.4)

Íà ñâåæåì êàòàëèçàòîðå ñêîðîñòü ðåàêöèè çàïèñûâàåòñÿ ïî èçâåñòíûì ïðàâèëàì, îñíî-
âàííûì íà òåîðèè ñòàöèîíàðíûõ ðåàêöèé, ò.å. â ñòàöèîíàðíîì ðåæèìå ñêîðîñòü ðåàêöèè
r0 ðàâíà ñêîðîñòè ëþáîé èç ñòàäèé ìåõàíèçìà r0j . Òîãäà äëÿ ðåàêöèé, ïðîòåêàþùèõ ïî ëè-
íåéíûì ìåõàíèçìàì, ñêîðîñòü ðåàêöèè, ñîïðîâîæäàþùàÿñÿ äåçàêòèâàöèåé, çàïèñûâàåòñÿ
â âèäå ñèñòåìû óðàâíåíèé:

r = r0a(t), (1.5)

−da
dt

=
r0

wj
wPa+ wR(1− a), (1.6)

ãäå wj � âåñ âûáðàííîé ñòàäèè, a � îòíîñèòåëüíàÿ àêòèâíîñòü, wP - âåñ ñòàäèè äåçàêòè-
âàöèè, wR - âåñ ñòàäèè ñàìîðåãåíåðàöèè.

2. Ïîñòðîåíèå ìàòåìàòè÷åñêîé ìîäåëè

Ïðèíÿâ äëÿ ðåàêöèé ñèñòåìû (1.1)-(1.4) â êà÷åñòâå ëèìèòèðóþùèõ ñòàäèé ïîâåðõíîñò-
íûå ðåàêöèè, ïîëó÷èì êèíåòè÷åñêèå óðàâíåíèÿ ñêîðîñòåé õèìè÷åñêèõ ðåàêöèé íà ñâåæåì
êàòàëèçàòîðå â âèäå ñèñòåìû:

r01 =
k+1C1 − k−1C2C4

(1 + b11C1 + b12C2 + b13C3)2
, (2.1)

r02 =
k+2C2 − k−2C3C4

(1 + b21C2 + b22C3 + b23C4)2
, (2.2)

r03 =
k3C3

1 + b3C4

, (2.3)

r04 =
k4

1 + b4C4

, (2.4)

ãäå Ci � êîíöåíòðàöèè êîìïîíåíòîâ (ìîëü/ë), èíäåêñàöèÿ êîìïîíåíòîâ ïî i : 1 � èçîïåí-
òàí, 2 � ìåòèëáóòåíû, 3 � èçîïðåí, 4 � âîäîðîä, 5 � ïðîäóêòû ñêåëåòíûõ ïðåâðàùåíèé (èëè
ïðîäóêòû êðåêèíãà � ÏÊ), 6 � äèîêñèä óãëåðîäà; r0j � ñêîðîñòè õèìè÷åñêèõ ðåàêöèé â ñòà-
öèîíàðíîì ðåæèìå (êìîëü/ì 3 ÷); ki � êîíñòàíòû ñêîðîñòåé ðåàêöèé; bi � êîýôôèöèåíòû
àäñîðáöèè (ì 3 /êìîëü).

Äëÿ ïðåäñòàâëåííîé ñõåìû (1.1)-(1.4) ñîãëàñíî (1.6) óðàâíåíèå äåçàêòèâàöèè áóäåò
èìåòü âèä:

−da
dt

=
k3C3

1 + b3C4

a− k4(1− a). (2.5)

Òàêèì îáðàçîì, êèíåòè÷åñêóþ ìîäåëü ïðîöåññà äåãèäðèðîâàíèÿ ìåòèëáóòåíîâ â èçî-
ïðåí ñ ó÷åòîì äåçàêòèâàöèè êàòàëèçàòîðà ìîæíî ïðåäñòàâèòü ñèñòåìîé óðàâíåíèé:

r1 =
k+1C1 − k−1C2C4

(1 + b11C1 + b12C2 + b13C3)2
a, (2.6)

r2 =
k+2C2 − k−2C3C4

(1 + b21C2 + b22C3 + b23C4)2
a, (2.7)
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r3 =
k3C3

1 + b3C4

a, (2.8)

r4 =
k4

1 + b4C4

a, (2.9)

−da
dt

=
k3C3

1 + b3C4

a− k4(1− a). (2.10)

Äëÿ èçó÷åíèÿ çàêîíîìåðíîñòåé äåãèäðèðîâàíèÿ ìåòèëáóòåíîâîé ôðàêöèè â ðåàêöè-
îííîé ñèñòåìå ãàç-òâåðäûé êàòàëèçàòîð ïîñòðîèì ìàòåìàòè÷åñêóþ ìîäåëü, êîòîðàÿ áóäåò
ó÷èòûâàòü óâåëè÷åíèå ÷èñëà ìîëåé â ãàçîâîé ôàçå è äåçàêòèâàöèþ êàòàëèçàòîðà. Ìàòåìà-
òè÷åñêîå îïèñàíèå íåèçîòåðìè÷åñêîãî ïðîöåññà äåãèäðèðîâàíèÿ ìåòèëáóòåíîâ â àäèàáàòè-
÷åñêîì ðåàêòîðå ñ íåïîäâèæíûì ñëîåì êàòàëèçàòîðà ïðåäñòàâëÿåòñÿ ñèñòåìîé óðàâíåíèé
ìàòåðèàëüíîãî è òåïëîâîãî áàëàíñîâ.

Ìàòåðèàëüíûé áàëàíñ äåãèäðèðîâàíèÿ óãëåâîäîðîäîâ C5 â èçîòåðìè÷åñêîì ðåàêòîðå
èäåàëüíîãî âûòåñíåíèÿ îïèñûâàåòñÿ ñèñòåìîé äèôôåðåíöèàëüíûõ óðàâíåíèé:

dxi
dξ

=
Fi − xiFN

N
, i = 1, 6, Fi =

∑
νijωj, j = 1, 4, (2.11)

dN

dξ
= FN =

∑
δjωj, j = 1, 4, δj =

∑
νij, i = 1, 6, (2.12)

ñ ãðàíè÷íûìè óñëîâèÿìè ïðè ξ = 0 : xi = x0i , N = 1 , ãäå ξ = V
VP

� áåçðàçìåðíûé îáúåì
ðåàêòîðà, VP - ðåàêöèîííûé îáúåì, ì 3 , N = N

N0
� îòíîñèòåëüíîå èçìåíåíèå ÷èñëà ìîëåé

ðåàêöèîííîé ñðåäû, ωj = rj
VP
N0

.
Òåïëîâîé áàëàíñ ïðîöåññà äåãèäðèðîâàíèÿ îïðåäåëÿåòñÿ óðàâíåíèåì:

dT

dξ
=

1

CP

∑
Qjωj, (2.13)

ãäå CP � ìîëüíàÿ ïëîòíîñòü ðåàêöèîííîé ñìåñè (Äæ/ìîëü Ê), Qj � òåïëîâûå ýôôåêòû
ðåàêöèé (êÄæ/ìîëü).

Îáåçðàçìåðèâàÿ V è N , ïîëó÷èì ñëåäóþùèå óðàâíåíèÿ äëÿ êèíåòè÷åñêèõ ñêîðîñòåé
ðåàêöèé:

−da
dt

=
k3τkz3

1 + b3C0z4
a− k4(1− a), (2.14)

ω1 =
k+1τkz1 − k−1τkz2z4C0

(1 + b11C0z1 + b12C0z3 + b13C0z4)2
a, (2.15)

ω2 =
k+2τkz2 − k−2τkz3z4C0

(1 + b21C0z1 + b22C0z3 + b23C0z4)2
a, (2.16)

ω3 =
k3τkz3

1 + b3C0z4
a, (2.17)

ω4 =
k4τk

1 + b4C0z4
a, (2.18)

ãäå

zi = xiN, (i = 1, 4), τk =
VPρc10

3

ρ0U0(1 + n 18∑
x0iMi

)
, (2.19)
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ãäå VP � ðåàêöèîííûé îáúåì (ì 3 ), ρc � ïëîòíîñòü ñìåñè íà âõîäå â ðåàêòîð (êã/ì 3 ), ρ0
� ïëîòíîñòü ñûðüÿ (êã/ì 3 ), U0 � ñêîðîñòü ïîäà÷è ñûðüÿ (ì 3 /÷), 1 : n � ñîîòíîøåíèå
ñûðüÿ è âîäÿíîãî ïàðà â ñìåñè, Mi � ìîëåêóëÿðíàÿ ìàññà i -ãî âåùåñòâà.

Íà îñíîâàíèè çàâèñèìîñòåé (2.11)-(2.14) äëÿ èçó÷åíèÿ çàêîíîìåðíîñòåé ïðîöåññà äå-
ãèäðèðîâàíèÿ ìåòèëáóòåíîâ â àäèàáàòè÷åñêîì ðåàêòîðå ñ íåïîäâèæíûì ñëîåì êàòàëèçà-
òîðà ðàçðàáîòàíà ìàòåìàòè÷åñêàÿ êâàçèñòàöèîíàðíàÿ íåèçîòåðìè÷åñêàÿ ìîäåëü, êîòîðàÿ
ó÷èòûâàåò èçìåíåíèå ÷èñëà ìîëåé â ãàçîâîé ôàçå è äåçàêòèâàöèþ êàòàëèçàòîðà çà ñ÷åò
ðåàêöèé (1.1)-(1.4).
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The mathematical model of the process of dehydrogenation

of methylbutanol in isoprene taking into account

deactivation of the catalyst.

c⃝ D. V. Berzina3, S. A. Musta�na4

Abstract. The mathematical quasistationary not isothermal model of process of dehydrogenation
of methylbutenes in an isoprene for the adiabatic reactor with a nekpodvizhny layer of the catalyst
which considers change of number of moths in a gas phase and catalyst deactivation is constructed.

Key Words: synthetic rubber, dehydrogenation of methylbutenes, kinetic model, quasistationary
model, deactivation.
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ÓÄÊ 517.9

Î òîïîëîãè÷åñêîé êëàññèôèêàöèè ïîòîêîâ

Ìîðñà-Ñìåéëà íà ïîâåðõíîñòÿõ ïðè ïîìîùè ôóíêöèè

Ëÿïóíîâà

c⃝ Å. ß. Ãóðåâè÷1, Å.Ä. Êóðåíêîâ2

Àííîòàöèÿ. Äëÿ ïîòîêîâ Ìîðñà-Ñìåéëà íà ïîâåðõíîñòÿõ ââîäèòñÿ ïîíÿòèå ñîãëàñîâàííîé
ýêâèâàëåíòíîñòè ξ -ôóíêöèé Ìåéåðà (ÿâëÿþùèõñÿ ôóíêöèÿìè Ëÿïóíîâà) è äîêàçûâàåòñÿ,
÷òî ñîãëàñîâàííàÿ ýêâèâàëåíòíîñòü ξ -ôóíêöèé ÿâëÿåòñÿ íåîáõîäèìûì è äîñòàòî÷íûì óñëî-
âèåì òîïîëîãè÷åñêîé ýêâèâàëåíòíîñòè òàêèõ ïîòîêîâ. Ïðåäëàãàåìûé ðåçóëüòàò óñòðàíÿåò
íåòî÷íîñòü â äîêàçàòåëüñòâå àíàëîãè÷íîãî ôàêòà Ê. Ìåéåðîì.

Êëþ÷åâûå ñëîâà: ñòðóêòóðíî-óñòîé÷èâûå ïîòîêè íà ïîâåðõíîñòÿõ, ïîòîêè Ìîðñà-Ñìåéëà,
òîïîëîãè÷åñêàÿ êëàññèôèêàöèÿ, ôóíêöèÿ Ëÿïóíîâà

Ââåäåíèå

A.Ì. Ëÿïóíîâ ðàçðàáîòàë ìåòîä èññëåäîâàíèÿ óñòîé÷èâîñòè ðåøåíèé ñèñòåì äèôôå-
ðåíöèàëüíûõ óðàâíåíèé, îñíîâàííûé íà èñïîëüçîâàíèè ëîêàëüíîé ôóíêöèè, óáûâàþùåé
âäîëü òðàåêòîðèé ïîòîêà, è ïîëó÷èâøåé íàçâàíèå ôóíêöèè Ëÿïóíîâà. Îáîáùåíèåì ýòîé
ôóíêöèè ÿâëÿåòñÿ ãëîáàëüíàÿ ôóíêöèÿ Ëÿïóíîâà, îïðåäåëÿåìàÿ äëÿ ñòðóêòóðíî óñòîé÷è-
âîãî ïîòîêà f t , çàäàííîãî íà çàìêíóòîì ãëàäêîì n -ìíîãîîáðàçèè Mn ñëåäóþùèì îáðà-
çîì.

Î ï ð å ä å ë å í è å 1.1. Íåïðåðûâíàÿ ôóíêöèÿ φ : Mn → R íàçûâàåòñÿ ôóíê-
öèåé Ëÿïóíîâà ïîòîêà f t íà Mn , åñëè îíà óäîâëåòâîðÿåò ñëåäóþùèì óñëîâèÿì:

1. φ(f t(x)) < φ(x) äëÿ ëþáîé áëóæäàþùåé òî÷êè x ∈Mn è ëþáîãî t > 0 .

2. φ(f t(x)) = φ(x) äëÿ ëþáîé íåáëóæäàþùåé òî÷êè x ∈Mn .

Èç ðàáîòû [2] ×. Êîíëè ñëåäóåò, ÷òî ôóíêöèÿ Ëÿïóíîâà ñóùåñòâóåò äëÿ ëþáîãî
ñòðóêòóðíî-óñòîé÷èâîãî ïîòîêà. Èç ðàáîòû[9] Â. Âèëüñîíà è Äæ. Éîðêå ñëåäóåò, ÷òî ëþáîé
ñòðóêòóðíî-óñòîé÷èâûé ïîòîê îáëàäàåò ýíåðãåòè÷åñêîé ôóíêöèåé, òî åñòü ãëàäêîé ôóíê-
öèåé Ëÿïóíîâà, ìíîæåñòâî êðèòè÷åñêèõ òî÷åê êîòîðîé ñîâïàäàåò ñ íåáëóæäàþùèì ìíî-
æåñòâîì ñèñòåìû. Äëÿ ïîòîêîâ Ìîðñà-Ñìåéëà óäàåòñÿ óòî÷íèòü ñâîéñòâà ýíåðãåòè÷åñêîé
ôóíêöèè è èñïîëüçîâàòü åå êàê òîïîëîãè÷åñêèé èíâàðèàíò. Äëÿ òî÷íûõ ôîðìóëèðîâîê
íàïîìíèì íåêîòîðûå îïðåäåëåíèÿ.

Òî÷êà p ∈ Mn íàçûâàåòñÿ êðèòè÷åñêîé òî÷êîé C2 -ãëàäêîé ôóíêöèè φ : Mn → R ,
åñëè ∂φ

∂xi
|p = 0 äëÿ ëþáîãî i ∈ 1, ..., n â ëîêàëüíûõ êîîðäèíàòàõ x1, ..., xn â îêðåñòíîñòè

òî÷êè p .
Îáîçíà÷èì ÷åðåç ∆ ìíîæåñòâî âñåõ êðèòè÷åñêèõ òî÷åê ýòîé ôóíêöèè è ÷åðåç ∆i ⊂ ∆

� ìíîæåñòâî êðèòè÷åñêèõ òî÷åê ôóíêöèè φ , â êîòîðûõ ãåññèàí ôóíêöèè φ èìååò ðîâíî
i ñîáñòâåííûõ çíà÷åíèé, ðàâíûõ íóëþ.

1 Äîöåíò êàôåäðû ôóíäàìåíòàëüíîé ìàòåìàòèêè Íàöèîíàëüíîãî èññëåäîâàòåëüñêîãî óíèâåðñèòåòà
Âûñøàÿ øêîëà ýêîíîìèêè; elena _ gurevich@list.ru.

2 Ñòóäåíò ôàêóëüòåòà ýêîíîìèêè Íàöèîíàëüíîãî èññëåäîâàòåëüñêîãî óíèâåðñèòåòà Âûñøàÿ øêîëà ýêî-
íîìèêè; eugene2402@mail.ru.
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Èç ëåììû Ìîðñà ñëåäóåò, ÷òî ∆0 ïðåäñòàâëÿåò ñîáîé êîíå÷íîå ìíîæåñòâî òî÷åê (íà-
çûâàåìûõ íåâûðîæäåííûìè), ïðè÷åì äëÿ êàæäîé òî÷êè p ∈ ∆0 ñóùåñòâóåò îêðåñòíîñòü
Np è ãîìåîìîðôèçì hp : Np → Rn òàêèå, ÷òî

φ ◦ h−1
p = φ(p) +Q(x),

ãäå Q � íåâûðîæäåííàÿ êâàäðàòè÷íàÿ ôîðìà â êîîðäèíàòàõ (x1, ..., xn) ⊂ Rn , èíäåêñ
êîòîðîé ñîâïàäàåò ñ èíäåêñîì ìàòðèöû Ãåññå ôóíêöèè φ â òî÷êå p 3.

Ôóíêöèÿ φ : Mn → R íàçûâàåòñÿ ôóíêöèåé Ìîðñà, åñëè ∆ = ∆0 (òî åñòü âñå åå
êðèòè÷åñêèå òî÷êè íåâûðîæäåíû).

K. Ìåéåð â ðàáîòå [4] îáîáùèë ïîíÿòèå ôóíêöèè Ìîðñà, îïðåäåëèâ ξ -ôóíêöèþ ñëåäó-
þùèì îáðàçîì.

Î ï ð å ä å ë å í è å 1.2. Ôóíêöèÿ φ : Mn → R íàçûâàåòñÿ ξ -ôóíêöèåé, åñëè φ
óäîâëåòâîðÿåò ñëåäóþùèì óñëîâèÿì:

1. ∆ = ∆0 ∪∆1 .

2. Míîæåñòâî ∆1 ÿâëÿåòñÿ îáúåäèíåíèåì êîíå÷íîãî ìíîæåñòâà çàìêíóòûõ äóã
( ãîìåîìîðôíûõ îáðàçîâ îêðóæíîñòè ) , è äëÿ ëþáîé äóãè γ ∈ ∆1 èíäåêñû ìàòðèöû
Ãåññå â ïðîèçâîëüíûõ òî÷êàõ p, q ∈ γ ñîâïàäàþò.

3. Äëÿ ëþáîé äóãè γ ∈ ∆1 ñóùåñòâóåò îêðåñòíîñòü Nγ è äèôôåîìîðôèçì hγ èç
Nγ íà ëîêàëüíî-òðèâèàëüíîå ðàññëîåíèå íàä îêðóæíîñòüþ S1 ñî ñëîåì äèñê Bn−1

( åñëè Nγ îðèåíòèðóåìà, òî hγ(Nγ) = Bn−1×S1) , òàêèå, ÷òî φ◦h−1
γ = φ(γ)+Q(y) ,

ãäå Q(y) ïðåäñòàâëÿåò ñîáîé íåâûðîæäåííóþ êâàäðàòè÷íóþ ôîðìó îò ïåðåìåí-
íûõ y1, y2, . . . , yn−1 ( êîîðäèíàòû â Bn−1) è ïåðèîäè÷åñêóþ ôóíêöèþ ïåðåìåííîé ym
( êîîðäèíàòà â S1) . Êðîìå òîãî, â ëþáîé òî÷êå S1 èíäåêñ êâàäðàòè÷íîé ôîðìû Q
ñîâïàäàåò ñ èíäåêñîì ìàòðèöû Ãåññå ôóíêöèè φ íà ìíîæåñòâå γ .

Íàïîìíèì, ÷òî ãëàäêèé ïîòîê f t íà ìíîãîîáðàçèè Mn íàçûâàåòñÿ ïîòîêîì Ìîðñà-
Ñìåéëà, åñëè åãî íåáëóæäàþùåå ìíîæåñòâî Ω(f t) ñîñòîèò èç êîíå÷íîãî ÷èñëà ãèïåðáîëè-
÷åñêèõ ñîñòîÿíèé ðàâíîâåñèÿ è êîíå÷íîãî ÷èñëà ãèïåðáîëè÷åñêèõ çàìêíóòûõ òðàåêòîðèé,
à óñòîé÷èâûå è íåóñòîé÷èâûå ìíîãîîáðàçèÿ ðàçëè÷íûõ ñîñòîÿíèé ðàâíîâåñèÿ è ïåðèîäè-
÷åñêèõ ðåøåíèé ïåðåñåêàþòñÿ òðàíñâåðñàëüíî. Ïîòîê Ìîðñà-Ñìåéëà áåç çàìêíóòûõ òðà-
åêòîðèé íàçûâàåòñÿ ãðàäèåíòíî-ïîäîáíûì ïîòîêîì.

Èç ðàáîòû [7] Ñ. Ñìåéëà (Th B) ñëåäóåò, ÷òî äëÿ ëþáîãî ãðàäèåíòíî-ïîäîáíîãî ïî-
òîêà f t íà Mn ñóùåñòâóåò ýíåðãåòè÷åñêàÿ ôóíêöèÿ φ : Mn → [0, n] ñî ñëåäóþùèìè
ñâîéñòâàìè:

1. Ôóíêöèÿ φ ÿâëÿåòñÿ ôóíêöèåé Ìîðñà.

2. φ(p) = dim W u
p äëÿ ëþáîãî p ∈ Ω(f t) .

K. Ìåéåð â ðàáîòå [4] äîêàçàë, ÷òî äëÿ ïðîèçâîëüíîãî ïîòîêà Ìîðñà-Ñìåéëà f t íà Mn

ñóùåñòâóåò C∞ -ãëàäêàÿ ýíåðãåòè÷åñêàÿ ôóíêöèÿ φ :Mn → [0, n] ñëåäóþùèìè ñâîéñòâà-
ìè:

3 Èíäåêñîì êâàäðàòè÷íîé ôîðìû Q =
n∑

j=1

αjx
2
j íàçûâàåòñÿ ÷èñëî îòðèöàòåëüíûõ ýëåìåíòîâ èç ìíî-

æåñòâà êîýôôèöèåíòîâ {α1, ..., αn} . Èíäåêñîì ìàòðèöû Ãåññå íàçûâàåòñÿ ÷èñëî å¼ îòðèöàòåëüíûõ ñîá-
ñòâåííûõ ÷èñåë.
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1. Ôóíêöèÿ φ ÿâëÿåòñÿ ξ -ôóíêöèåé.

2. Ìíîæåñòâî ∆0 ñîâïàäàåò ñ ìíîæåñòâîì âñåõ íåïîäâèæíûõ òî÷åê ïîòîêà f t , ìíî-
æåñòâî ∆1 ñîâïàäàåò ñ ìíîæåñòâîì ïðåäåëüíûõ öèêëîâ.

3. Ñóùåñòâóåò êîíñòàíòà κ > 0 òàêàÿ, ÷òî â ëþáîé îêðåñòíîñòè Nδ , δ ∈ ∆ , ïðîèç-
âîäíàÿ ∂φ

∂l

∣∣
x
ïî íàïðàâëåíèþ, çàäàâàåìîìó ïîòîêîì â ïðîèçâîëüíîé òî÷êå x ∈ Nδ ,

óäîâëåòâîðÿåò íåðàâåíñòâó

−∂φ
∂l

∣∣∣∣
x

≥ κd(x, δ)2,

ãäå d(x, δ) � åâêëèäîâà ìåòðèêà â ëîêàëüíûõ êîîðäèíàòàõ.

4. φ(x) = dim W u
x äëÿ ëþáîé òî÷êè x ∈ Ωf .

Áóäåì íàçûâàòü òàêóþ ôóíêöèþ ýíåðãåòè÷åñêîé ξ -ôóíêöèåé ïîòîêà Ìîðñà-Ñìåéëà.
Äëÿ ïðèâëå÷åíèÿ ýíåðãåòè÷åñêîé ξ -ôóíêöèè ê ðåøåíèþ ïðîáëåìû òîïîëîãè÷åñêîé

êëàññèôèêàöèè ïîòîêîâ Ìîðñà-Ñìåéëà íàïîìíèì ñëåäóþùèå îïðåäåëåíèÿ.

Î ï ð å ä å ë å í è å 1.3. Ïîòîêè f t, f ′t íà ìíîãîîáðàçèè Mn íàçûâàþòñÿ òî-
ïîëîãè÷åñêè ýêâèâàëåíòíûìè, åñëè ñóùåñòâóåò ãîìåîìîðôèçì h : Mn → Mn , ïåðåâî-
äÿùèé òðàåêòîðèè ïîòîêà f t â òðàåêòîðèè ïîòîêà f ′t ñ ñîõðàíåíèåì îðèåíòàöèè íà
òðàåêòîðèÿõ.

Î ï ð å ä å ë å í è å 1.4. Äâå ãëàäêèå ôóíêöèè φ : Mn → R è φ′ : Mn → R íà-
çûâàþòñÿ òîïîëîãè÷åñêè ýêâèâàëåíòíûìè, åñëè ñóùåñòâóþò ñîõðàíÿþùèå îðèåíòàöèþ
ãîìåîìîðôèçìû H :Mn →Mn è χ : R → R òàêèå, ÷òî φ′H = χ φ.

Â ðàáîòå [4] (proposition) äîêàçàíî, ÷òî òîïîëîãè÷åñêè ýêâèâàëåíòíûå ïîòîêè Ìîðñà-
Ñìåéëà èìåþò òîïîëîãè÷åñêè ýêâèâàëåíòíûå ýíåðãåòè÷åñêèå ξ - ôóíêöèè. Äëÿ ñëó÷àÿ
n = 2 óòâåðæäàëîñü, ÷òî âåðíî è îáðàòíîå óòâåðæäåíèå. À.À. Îøåìêîâ è Â.Â. Øàð-
êî â ðàáîòå [5] ïðèâåëè ïðèìåð òîïîëîãè÷åñêè íåýêâèâàëåíòíûõ ïîòîêîâ Ìîðñà-Ñìåéëà
íà òîðå, èìåþùèõ ýêâèâàëåíòíûå ýíåðãåòè÷åñêèå ôóíêöèè, è îòìåòèëè, ÷òî ðåçóëüòàò
Ìåéåðà îñòàåòñÿ âåðíûì òîëüêî äëÿ ãðàäèåíòíî-ïîäîáíûõ ïîòîêîâ. À.À. Îøåìêîâó è
Â.Â. Øàðêî ïðèíàäëåæèò çàâåðøàþùèé ðåçóëüòàò ïî ïîëíîé òîïîëîãè÷åñêîé êëàññèôè-
êàöèè ïîòîêîâ Ìîðñà-Ñìåéëà íà ïîâåðõíîñòÿõ. Â ðàçëè÷íûõ ïðåäïîëîæåíèÿõ îáùíîñòè
ýòà ïðîáëåìà ðåøàëàñü À.À. Àíäðîíîâûì, Å.À. Ëåîíòîâè÷, À.Ã. Ìàéåðîì è Ì. Ïåéøîòî,
à òàêæå Äæ. Ôëåéòàñîì (ñì. ðàáîòû [1], [3], [6], [8]). Âî âñåõ ïåðå÷èñëåííûõ ðàáîòàõ äëÿ
ðåøåíèÿ ïðîáëåìû òîïîëîãè÷åñêîé êëàññèôèêàöèè èñïîëüçîâàëèñü êîìáèíàòîðíûå èíâà-
ðèàíòû, îïèñûâàþùèå âçàèìíîå ðàñïîëîæåíèå îñîáûõ òðàåêòîðèé (ñåïàðàòðèñ ñåäëîâûõ
ïåðèîäè÷åñêèõ òî÷åê è ïðåäåëüíûõ öèêëîâ) â ôàçîâîì ïðîñòðàíñòâå.

Ìåæäó òåì, â ïðèêëàäíûõ çàäà÷àõ ôóíêöèÿ Ëÿïóíîâà ñòðóêòóðíî-óñòîé÷èâîãî ïîòîêà
÷àñòî èçâåñòíà èç ôèçè÷åñêèõ ñîîáðàæåíèé, è òîãäà å¼ ïðèâëå÷åíèå ê ðåøåíèþ çàäà÷è òî-
ïîëîãè÷åñêîé êëàññèôèêàöèè ïðåäñòàâëÿåòñÿ áîëåå åñòåñòâåííûì, íåæåëè èñïîëüçîâàíèå
êîìáèíàòîðíûõ èíâàðèàíòîâ.

Öåëü íàñòîÿùåé ñòàòüè ñîñòîèò â óòî÷íåíèè ðåçóëüòàòà Ìåéåðà è ïîëó÷åíèè êðèòå-
ðèÿ òîïîëîãè÷åñêîé ñîïðÿæåííîñòè ïîòîêîâ Ìîðñà-Ñìåéëà â òåðìèíàõ ýíåðãåòè÷åñêèõ
ξ -ôóíêöèé.

Æóðíàë ÑÂÌÎ. 2014. Ò. 16, � 3



39

2. Ôîðìóëèðîâêà ðåçóëüòàòà

Ïóñòü γ � ïðåäåëüíûé öèêë ïîòîêà f t ïåðèîäà τγ , x0 ∈ γ � ïðîèçâîëüíàÿ òî÷êà,
x1 = f t1(x0), x2 = f t2(x0) , 0 < t1 < t2 < τγ . Òî÷êè x0, x1, x2 çàäàþò îðèåíòàöèþ ïðå-
äåëüíîãî öèêëà γ , êîòîðóþ áóäåì íàçûâàòü îðèåíòàöèåé, èíäóöèðîâàííîé ïîòîêîì f t .
Ïóñòü γ′ � ïðåäåëüíûé öèêë ïîòîêà f ′t , íà êîòîðîì îïðåäåëåíà îðèåíòàöèÿ, èíäóöè-
ðîâàííàÿ ïîòîêîì f ′t . Áóäåì ãîâîðèòü, ÷òî ãîìåîìîðôèçì h : γ → γ′ ÿâëÿåòñÿ ñîõðà-
íÿþùèì îðèåíòàöèþ, åñëè îðèåíòàöèÿ íà ïðåäåëüíîì öèêëå γ′ , îïðåäåëåííàÿ òî÷êàìè
h(x0), h(x1), h(x2) , ñîâïàäàåò ñ îðèåíòàöèåé, èíäóöèðîâàííîé ïîòîêîì f ′t .

Î ï ð å ä å ë å í è å 2.1. Ïóñòü f t , f ′t � ïîòîêè Ìîðñà-Ñìåéëà, φ , φ′ � ýíåð-
ãåòè÷åñêèå ξ -ôóíêöèè ïîòîêîâ f t è f ′t ñîîòâåòñòâåííî. Ôóíêöèè φ , φ′ íàçûâàþò-
ñÿ ñîãëàñîâàííî ýêâèâàëåíòíûìè, åñëè ñóùåñòâóþò ãîìåîìîðôèçìû H : Mn → Mn è
χ : R → R òàêèå, ÷òî f ′H = χ f , è äëÿ ëþáîãî ïðåäåëüíîãî öèêëà γ ∈ ∆1 îãðàíè÷åíèå
H|γ ãîìåîìîðôèçìà H íà γ ÿâëÿåòñÿ ñîõðàíÿþùèì îðèåíòàöèþ.

Îñíîâíîé ðåçóëüòàò ðàáîòû çàêëþ÷àåòñÿ â ñëåäóþùåé òåîðåìå.

Ò å î ð å ì à 2.1. Äëÿ òîãî, ÷òîáû äâà ïîòîêà Ìîðñà-Ñìåéëà f t è f ′t , çàäàííûå
íà îðèåíòèðóåìîì ìíîãîîáðàçèè M2 , áûëè òîïîëîãè÷åñêè ýêâèâàëåíòíûìè, íåîáõîäèìî
è äîñòàòî÷íî, ÷òîáû èõ ýíåðãåòè÷åñêèå ξ -ôóíêöèè φ è φ′ áûëè ñîãëàñîâàííî ýêâèâà-
ëåíòíûìè.

Áëàãîäàðíîñòè. Ðàáîòà âûïîëíåíà ïðè ôèíàíñîâîé ïîääåðæêå ãðàíòîâ ÐÔÔÈ � 13-
01-12452-îôè-ì è 12-01-00672-a.
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ÓÄÊ 517.4

Àíàëèç ìàòåìàòè÷åñêèõ ìîäåëåé äëÿ ðàñ÷åòà

ãåîìåõàíè÷åñêèõ ïàðàìåòðîâ áóðåíèÿ

c⃝ Î. Þ. Çàáåéâîðîòà1, È. Ì. Ãóáàéäóëëèí2

Àííîòàöèÿ. Ïðè ðàçðàáîòêå íåôòÿíûõ ìåñòîðîæäåíèé íàèáîëåå òî÷íîå çíàíèå ïðî÷íîñòè
ïîðîäû íåîáõîäèìî äëÿ ãðàìîòíîãî îïðåäåëåíèÿ íàïðÿæåíèÿ íà ìåñòå çàëåãàíèÿ, àíàëèçà
ñòàáèëüíîñòè ñòâîëà ñêâàæèíû è äðóãèõ ïàðàìåòðîâ, íåîáõîäèìûõ ïðè áóðåíèè. Äîáû÷à,
áóðåíèå èçìåíÿþò íàïðÿæåíèå â ïëàñòàõ. Åñëè íå ó÷èòûâàòü ýòè èçìåíåíèÿ, òî âîçíèêàåò
ðÿä ïðîáëåì ïðè ýêñïëóàòàöèè ìåñòîðîæäåíèÿ. Ãåîìåõàíè÷åñêèå õàðàêòåðèñòèêè íàïðÿæå-
íèÿ ïîçâîëÿþò ïðåäñêàçûâàòü îñëîæíåíèÿ, êîòîðûå ìîãóò âîçíèêíóòü âî âðåìÿ ðàçðàáîòêè
ìåñòîðîæäåíèÿ.

Êëþ÷åâûå ñëîâà: íàïðÿæåíèå, äàâëåíèå, ïðî÷íîñòíûé ðàñ÷åò, áóðåíèå ñêâàæèí, áóðîâîé
ðàñòâîð

1. Ââåäåíèå

Îñíîâíàÿ öåëü ïðîâåäåíèÿ ïðî÷íîñòíûõ ðàñ÷åòîâ ñòåíîê ñêâàæèíû ïðè áóðåíèè íåô-
òÿíûõ ñêâàæèí � îïðåäåëåíèå äîïóñòèìûõ äàâëåíèé ïðè ïðîãíîçèðîâàíèè è ðàçðàáîòêå
ìåð ïðåäóïðåæäåíèÿ ðÿäà îñëîæíåíèé [1]. Ýòè ïðîáëåìû ìîãóò ñíèçèòü ñêîðîñòü ïðîõîä-
êè ñêâàæèí, ÷òî ïðèâåäåò ê áîëüøèì çàòðàòàì ïî âðåìåíè è ñðåäñòâàì ïðè óñòðàíåíèè
íåïîëàäîê. Çàäà÷àì ïðåäóïðåæäåíèÿ ïîäîáíûõ îñëîæíåíèé óäåëÿåòñÿ îñîáîå âíèìàíèå.
Äàííàÿ ïðîáëåìà àêòóàëüíà íå òîëüêî â íàøåé ñòðàíå, íî è çà ðóáåæîì.

Ïðè ðàçðàáîòêå íåôòÿíûõ ìåñòîðîæäåíèé çíàíèå ïðî÷íîñòè ïîðîäû íåîáõîäèìî äëÿ
ãðàìîòíîãî îïðåäåëåíèÿ íàïðÿæåíèÿ íà ìåñòå çàëåãàíèÿ, àíàëèçà ñòàáèëüíîñòè ñòâîëà
ñêâàæèíû è äðóãèõ ïàðàìåòðîâ, íåîáõîäèìûõ ïðè ôîðìèðîâàíèè ñêâàæèíû è äàëüíåéøåé
åå ýêñïëóàòàöèè. Âñêðûòèå ïëàñòà, äîáû÷à, áóðåíèå èçìåíÿþò íàïðÿæåíèå.

Îñíîâíûå âèäû îñëîæíåíèé:

• îáâàëû, îñûïè, ïëàñòè÷åñêîå äåôîðìèðîâàíèå íåçàêðåïëåííûõ ñòåíîê ñêâàæèíû;

• ðàñêðûòèå ïîãëîùåíèÿ áóðîâîãî ðàñòâîðà;

• ïðèòîê ïëàñòîâûõ ôëþèäîâ.

Íàðóøåíèå óñòîé÷èâîñòè ñòâîëà ñêâàæèí, îáóñëîâëåííîå íàëè÷èåì â ðàçðåçå âûñî-
êîêîëëîèäàëüíûõ ãëèí, ÿâëÿåòñÿ îñíîâîïîëàãàþùåé ïðè÷èíîé îñëîæíåíèé è àâàðèé êàê
ýêñïëóàòàöèîííîãî, òàê è ðàçâåäî÷íîãî áóðåíèÿ [2]. Äàííàÿ ïðîáëåìà ÷àñòî óñóãóáëÿåòñÿ
âñêðûòèåì çîí òåêòîíè÷åñêîé ïåðåìÿòîñòè è áîëüøèì óãëîì çàëåãàíèÿ ãîðíûõ ïîðîä.

Êðîìå òîãî, ïðîáëåìà íå ÿâëÿåòñÿ ðåøåííîé â ïîëíîé ìåðå, òàê êàê è ïî ñåé äåíü âîçíè-
êàþò îáâàëû è îñûïè. Íåîáõîäèìà ðàçðàáîòêà ìåòîäèê ïî ïðîãíîçèðîâàíèþ âîçìîæíîãî
âîçíèêíîâåíèÿ îñëîæíåíèé.

1 Ìàãèñòðàíò ïåðâîãî ãîäà îáó÷åíèÿ, Áàøêèðñêèé ãîñóäàðñòâåííûé óíèâåðñèòåò, ã. Óôà;
zabeivorota.olga@gmail.com.

2 Ñòàðøèé íàó÷íûé ñîòðóäíèê ëàáîðàòîðèè ìàòåìàòè÷åñêîé õèìèè, Èíñòèòóò íåôòåõèìèè è êàòàëèçà,
ã. Óôà; IrekMars@mail.ru.
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2. Àíàëèç íåêîòîðûõ ñóùåñòâóþùèõ ìåòîäèê

Íà íà÷àëüíîì ýòàïå ðàáîòû áûë ïðîâåäåí îáçîð ñóùåñòâóþùèõ ìåòîäîâ ìîäåëèðîâà-
íèÿ, ðàñ÷åòà îñíîâíûõ ãåîìåõàíè÷åñêèõ ïàðàìåòðîâ.

Â îñíîâå ñóùåñòâóþùèõ ìåòîäèê ëåæèò ó÷åò ñâîéñòâ ãîðíîé ïîðîäû (íåêîíòðîëèðóå-
ìûå ïàðàìåòðû) íàïðÿæåíèå, ãîðíîå è ïîðîâîå äàâëåíèå, ïðî÷íîñòü ïîðîäû. Òàêæå ó÷è-
òûâàþòñÿ ñâîéñòâà áóðîâîãî ðàñòâîðà (êîíòðîëèðóåìûå ïàðàìåòðû): äàâëåíèå æèäêîñòè,
ñîñòàâ è ñâîéñòâà ðàñòâîðà, ãèäðîäèíàìè÷åñêèé ïåðåïàä äàâëåíèÿ. Êðîìå òîãî, íåîáõîäè-
ìî ó÷èòûâàòü èçìåíåíèå ôèçèêî-ìåõàíè÷åñêèõ è ôèçèêî-õèìè÷åñêèõ ñâîéñòâ ãëèíèñòîé
ïîðîäû ïðè âçàèìîäåéñòâèè ñ áóðîâûì ðàñòâîðîì.

Ìåòîäèêà, îïèñàííàÿ â îáçîðå Â.Ñ. Íîâèêîâà [3], îñíîâûâàåòñÿ íà òåîðèè òðåùèí. Ìè-
íèìàëüíî äîïóñòèìîå äàâëåíèå â ñêâàæèíå, ïðè êîòîðîì îáåñïå÷èâàåòñÿ óñòîé÷èâîñòü
ãîðíûõ ïîðîä, ñîîòâåòñòâóåò ïîðîâîìó (Pc = Pn) , òî åñòü îáîñíîâàíà íèæíÿÿ ãðàíèöà
óñòîé÷èâîñòè. Îäíàêî, â ýòîì ñëó÷àå êîìïåíñèðóåòñÿ òîëüêî ïîðîâîå äàâëåíèå è íå ó÷è-
òûâàåòñÿ, â êàêîì ñîñòîÿíèè è ñîîòíîøåíèè ñ ãîðíûì äàâëåíèåì íàõîäèòñÿ ãëèíèñòàÿ
ïîðîäà. Â ñëó÷àå ðàâåíñòâà ãèäðîñòàòè÷åñêîãî è ïîðîâîãî äàâëåíèé ìîæåò áûòü ïðåâû-
øåíà ìåõàíè÷åñêàÿ ïðî÷íîñòü, ÷òî ïðèâåäåò ê îáðóøåíèþ ãîðíîé ïîðîäû.

Îáëàñòü äîïóñòèìûõ çíà÷åíèé ïëîòíîñòè áóðîâîãî ðàñòâîðà ïðè áóðåíèè â óïðóãî âÿç-
êèõ ãîðíûõ ïîðîäàõ, ñêëîííûõ ê õðóïêîìó ðàçðóøåíèþ, îïðåäåëÿþòñÿ íåðàâåíñòâàìè:

0, 5 · ρg · ϕ(t) ≤ ρp ≤
10(6)·σp
qL

+ ρg[ϕ1(t)−K(1− µ0)]

1 + µ0 ·K
(2.1)

ρg[ϕ1(t) + µ0 − 1]

1 + µ0

≤ ρp ≤ 0, 5 · ρgϕ(t) (2.2)

K · ρg(1− µ0)−
10(6) · σ0

qL
≤ ρp (2.3)

K · ρgϕ(t)− 10(6)·σ0
qL

1 +K
≤ ρp ≤ [ϕ1(t) + (µ− 1)] · ρg (2.4)

ãäå ρg , ρp - ïëîòíîñòü ãîðíîé ïîðîäû è ðàñòâîðà (ã/cì3); σp - ïðåäåë ïðî÷íîñòè íà ðàñ-
òÿæåíèå (ÌÏà); σ0 - íàïðÿæåíèå ñæàòèÿ, ïðè êîòîðîì ïîðîäà ïåðåõîäèò â ïëàñòè÷åñêîå
ñîñòîÿíèå (ÌÏà); τnr - ïðåäåë ïðî÷íîñòè ãîðíîé ïîðîäû íà ñäâèã â ïëàñòè÷åñêîì ñîñòî-
ÿíèè (ÌÏà); µ0 - êîýôôèöèåíò, ó÷èòûâàþùèé ñíèæåíèå îñåâûõ íàïðÿæåíèé íà ñòåíêàõ
ñêâàæèíû, âûðàæàåòñÿ ÷åðåç êîýôôèöèåíò Ïóàññîíà:

µ0 =
0, 4 · √µ3

1− µ
(2.5)

µ3 - êîýôôèöèåíò Ïóàññîíà ïðè ìèíèìàëüíîì çíà÷åíèè ãëàâíûõ íàïðÿæåíèé; ϕ1(t) -
âðåìåííàÿ ôóíêöèÿ, çàâèñÿùàÿ îò ïàðàìåòðîâ ïîëçó÷åñòè α è β , ìîäóëÿ óïðóãîñòè E ,
êîýôôèöèåíòà Ïóàññîíà µ .

K =
σp + σ0 − τnr
σ0 + τnr

(2.6)

Äàííûé ìåòîä ïîçâîëÿåò ðàññ÷èòûâàòü êðàòêîâðåìåííóþ, äëèòåëüíóþ óñòîé÷èâîñòü
ãîðíûõ ïîðîä. Îäíàêî, ïðåäëîæåííàÿ ìåòîäèêà ðàñ÷åòà íå ïîçâîëÿåò äîñòàòî÷íî äîñòîâåð-
íî âûáðàòü îïòèìàëüíóþ ïëîòíîñòü ðàñòâîðà. Â äàííîé ìîäåëè íå ó÷èòûâàþòñÿ ôèçèêî-
õèìè÷åñêèå ôàêòîðû âçàèìîäåéñòâèÿ ãëèíèñòîé ïîðîäû ñ áóðîâûì ðàñòâîðîì.
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Ìåòîäèêà, ïðåäëîæåííàÿ À.Í. Ïîïîâûì [4], îñíîâûâàåòñÿ íà òåîðèè ïðî÷íîñòè Ìîðà-
Êóëîíà. Äëÿ ïðèíÿòèÿ ðåøåíèÿ î äàâëåíèè áóðîâîãî ðàñòâîðà è âûáîðå åãî ïëîòíîñòè
èñïîëüçóåòñÿ ÷åòûðå çíà÷åíèÿ ïðåäåëüíûõ äàâëåíèé áóðîâîãî ðàñòâîðà, â äèàïàçîíå êî-
òîðûõ ñòåíêè ñêâàæèíû áóäóò íàõîäèòüñÿ â óïðóãîì ñîñòîÿíèè:

psn < pc < psb (2.7)

pcc < pc < pgr (2.8)

ãäå psn - îãðàíè÷åíèå äàâëåíèÿ áóðîâîãî ðàñòâîðà ñíèçó (íèæíÿÿ ãðàíèöà óñòîé÷èâî-
ñòè)(ÌÏà); ps � îãðàíè÷åíèå äàâëåíèÿ áóðîâîãî ðàñòâîðà ñâåðõó (âåðõíÿÿ ãðàíèöà óñòîé-
÷èâîñòè)(ÌÏà); pgr � äàâëåíèå ãèäðîðàçðûâà (ÌÏà); pc � äàâëåíèå áóðîâîãî ðàñòâîðà
â ñêâàæèíå(ÌÏà); pcc � ñòàòè÷åñêîå äàâëåíèå â ñêâàæèíå (âûáèðàåòñÿ â çàâèñèìîñòè îò
ðàñ÷åòíîé ãëóáèíû ñêâàæèíû).

Â äàííîì ðàñ÷åòå âñå çíà÷åíèÿ äàâëåíèÿ ïðèâîäÿòñÿ ê ñòàòè÷åñêîìó áåçðàçìåðíîìó
âèäó ïóòåì äåëåíèÿ âñåõ äàâëåíèé íà äàâëåíèå ñòîëáà âîäû íà ðàññìàòðèâàåìîé ãëóáèíå.

Ïðè ïðèâèäåíèè äàâëåíèé ê áåçðàçìåðíîìó âèäó íåîáõîäèìî ââåñòè ïîïðàâêó ±∆p íà
ìàêñèìàëüíûå êîëåáàíèÿ ãèäðîäèíàìè÷åñêîãî äàâëåíèÿ â ñêâàæèíå îòíîñèòåëüíî ñòàòè-
÷åñêîãî ïðè ðàçëè÷íûõ òåõíîëîãè÷åñêèõ îïåðàöèÿõ.

Ïðåäåëüíûå âåëè÷èíû äëÿ ïëîòíîñòè áóðîâîãî ðàñòâîðà:

ρ0v =
(psb −∆p)

pcyrv
(2.9)

ρ0n =
(psn +∆p)

pcyrv
(2.10)

ρ0gr =
(pgr −∆p)

pcyrv
(2.11)

ρ0c =
pcc
pcyrv

(2.12)

ρ0n < ρ0 < ρ0v (2.13)

ρ0c < p0 < p0gr (2.14)

ρ = ρ0 · ρv (2.15)

ãäå ρ - èñêîìîå çíà÷åíèå ïëîòíîñòè (ã/ì3).
Äàííàÿ ìåòîäèêà õîðîøî ñîãëàñóåòñÿ ñ ýêñïåðèìåíòàëüíûìè äàííûìè, åñëè âñå êîìïî-

íåíòû ãëàâíûõ íîðìàëüíûõ íàïðÿæåíèé ñæèìàþùèå. Îäíàêî, åå íå ðåêîìåíäóåòñÿ ïðè-
ìåíÿòü ïðè íàëè÷èè ðàñòÿãèâàþùèõ íàïðÿæåíèé.

Ïðè âûâîäå ðàñ÷åòíûõ ôîðìóë ðàññìîòðåíû ñëó÷àè ïîëíîé êîëüìàòàöèè è îòñóòñòâèÿ
êîëüìàòàöèè ñòåíîê ñêâàæèíû. Íàèáîëåå àäåêâàòíûìè ÿâëÿþòñÿ äàííûå äëÿ ïîðèñòûõ
ãîðíûõ ïîðîä.

Ðàññìîòðåííûé ìåòîä íå îõâàòûâàåò âñåãî ìíîãîîáðàçèÿ ñëó÷àåâ, âîçìîæíûõ ïðè áó-
ðåíèè ñêâàæèíû. Êðîìå òîãî, ìåòîäèêà À.Í. Ïîïîâà èìååò ðÿä ïîãðåøíîñòåé ïðè ðàñ÷åòå
â ñëó÷àå ãîðèçîíòàëüíîé ñòåíêè ñêâàæèíû.
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3. Çàêëþ÷åíèå

Äëÿ íà÷àëüíîãî ýòàïà ðàçðàáîòêè ïðîãðàììû áûëà âûáðàíà ìåòîäèêà À.Í.Ïîïîâà. Èñ-
ïîëüçîâàíû ñëåäóþùèå ïðîãðàììíûå ñðåäñòâà: Visual Studio, îáúåêòíî-îðèåíòèðîâàííûé
ÿçûê Ñ# . Â äàëüíåéøåì ïëàíèðóåòñÿ ïðèìåíèòü êîìáèíèðîâàííûå ìåòîäèêè ðàñ÷åòà,
ó÷èòûâàÿ ðåçóëüòàòû èññëåäîâàíèé Â.Ñ. Íîâèêîâà è äðóãèõ îáçîðîâ äàííîé îáëàñòè.
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Analysis of mathematical models for the calculation of

geomechanical drilling parameters

c⃝ O. Y. Zabeivorota3, I. M. Gubaidullin4

Abstract. In the oil �elds developing it is necessary to know the strength of the rock for competent
voltage detection in situ, the analysis of wellbore stability and other parameters. Knowing these
parameters is required for the formation of the well and further operations such as mining and
drilling voltage change in formations. There are several types of complications: landslides, debris,
disclosure of drilling mud, �uid in�ow. The main reason for such manifestations is the excess
pressure in the reservoir relative to the borehole. When opening, a hole space is replaced with a
washing liquid, which changes the thermal stress.

Key Words: stress, pressure, strength calculations, drilling, drilling mud
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ÓÄÊ 517.929

Íîâûé ìåòîä âû÷èñëåíèÿ ðàíãà ìàòðèöû

c⃝ Â. È. Çóáîâ 1, È. Â. Çóáîâ 2, À. Ô. Çóáîâà 3

Àííîòàöèÿ. Â ðàáîòå ïðåäëàãàþòñÿ íîâûå ìåòîäû ïîñòðîåíèÿ ðåøåíèé è ïñåâäîðåøåíèé
ñèñòåì ëèíåéíûõ àëãåáðàè÷åñêèõ óðàâíåíèé ñ âûðîæäåííîé ìàòðèöåé. Ýòè ìåòîäû ïîçâî-
ëÿþò äëÿ ñîâìåñòíûõ è íåñîâìåñòíûõ ñèñòåì ëèíåéíûõ àëãåáðàè÷åñêèõ óðàâíåíèé íàõîäèòü
ðåøåíèÿ èëè ïñåâäîðåøåíèÿ ýòèõ ñèñòåì â ïðåäåëàõ òî÷íîñòè ïðåäñòàâëåíèÿ ÷èñåë â êîì-
ïüþòåðå è ñâîáîäíû îò îøèáîê îêðóãëåíèÿ. Ïðåäëàãàåòñÿ òàêæå íîâûé ìåòîä âû÷èñëåíèÿ
ðàíãà ìàòðèöû.

Êëþ÷åâûå ñëîâà: âåêòîð, ìàòðèöà, êîýôôèöèåíò, ïîëîæåíèå ðàâíîâåñèÿ, ïîäïðîñòðàíñòâî,
èòåðàöèîííûé ïðîöåññ, ëèíåéíàÿ íåçàâèñèìîñòü

Ðàññìîòðèì ñèñòåìó ëèíåéíûõ àëãåáðàè÷åñêèõ óðàâíåíèé

Ax = B, (1.1)

ãäå ìàòðèöà A ðàçìåðà n×m (m ≤ n ) è âåêòîð B ðàçìåðà n× 1 , ÿâëÿþòñÿ âåùåñòâåí-
íûìè è ïîñòîÿííûìè.

Íåòðóäíî âèäåòü, ÷òî åñëè ðàíã ìàòðèöû A ðàâåí m , òî ìàòðèöà ATA ÿâëÿåòñÿ
ïîëîæèòåëüíî îïðåäåëåííîé. Ýòî âûòåêàåò èç î÷åâèäíûõ ñîîòíîøåíèé:

∀X ̸= 0 AX = C ̸= 0 → CTC = XTATAX = ∥C∥2 > 0 → ATA > 0.

Ðàññìîòðèì ëèíåéíóþ ñèñòåìó îáûêíîâåííûõ äèôôåðåíöèàëüíûõ óðàâíåíèé ñ ïîñòî-
ÿííûìè êîýôôèöèåíòàìè, ãäå ìàòðèöà A èìååò ðàíã ðàâíûé m

Ẋ = −ATAX + ATB. (1.2)

Ñïðàâåäëèâà òåîðåìà.

Ò å î ð å ì à 1.1. Ïîëîæåíèå ðàâíîâåñèÿ ñèñòåìû (1.2) ÿâëÿåòñÿ ðåøåíèåì ñè-
ñòåìû (1.1) èëè åå ïñåâäîðåøåíèåì.

Ä î ê à ç à ò å ë ü ñ ò â î. Òàê êàê ìàòðèöà −ATAX - îòðèöàòåëüíî îïðåäåëåííàÿ, òî
ëþáîå ðåøåíèå ýòîãî óðàâíåíèÿ àñèìïòîòè÷åñêè ñòðåìèòñÿ ê ïîëîæåíèþ ðàâíîâåñèÿ ýòîé
ñèñòåìû X = C , êîòîðîå óäîâëåòâîðÿåò ñîîòíîøåíèþ:

−ATAC + ATB = 0 èëèC = (ATA)−1ATB. (1.3)

Îòñþäà âûòåêàåò, ÷òî åñëè AC = B , òî ðåøåíèå óðàâíåíèÿ (1.1) ïîëó÷åíî.
Äîïóñòèì òåïåðü, ÷òî AC ̸= B . Ïðåäñòàâèì âåêòîð B â âèäå ðàçëîæåíèÿ ïî ïîä-

ïðîñòðàíñòâàì, îäíî èç êîòîðûõ L1 , ÿâëÿåòñÿ ëèíåéíîé îáîëî÷êîé íàòÿíóòîé íà ñòîëáöû
ìàòðèöû A , à âòîðîå L2 , ÿâëÿåòñÿ îðòîãîíàëüíûì äîïîëíåíèåì ïåðâîãî, ò. å. B = B1+B2 ,
B1 ∈ L1 , B2 ∈ L2 , L1⊥L2 . Òîãäà óðàâíåíèå (1.3) ïðèìåò âèä:

−ATAC − AT (B1 +B2) = −ATAC + ATB1 = 0

èëè
1 Àñïèðàíò êàôåäðû òåîðèè óïðàâëåíèÿ; ÑÏáÃÓ, ã. Ñàíêò-Ïåòåðáóðã; ddemidova@mail.ru
2 Ïðîôåññîð êàôåäðû òåîðèè óïðàâëåíèÿ; ÑÏáÃÓ, ã. Ñàíêò-Ïåòåðáóðã; ddemidova@mail.ru
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C = (ATA)−1ATB1 = (ATA)−1ATB. (1.4)

Ïîêàæåì, ÷òî íàéäåííàÿ âåëè÷èíà C , ÿâëÿåòñÿ ïñåâäîðåøåíèåì óðàâíåíèÿ (1.1), ò. å.
èìååò ìåñòî íåðàâåíñòâî

∥AC −B∥ < ∥AX −B∥, X ̸= C,

ãäå ∥ ∥ - åâêëèäîâà íîðìà. Ýòî áóäåò è îçíà÷àòü, ÷òî êâàäðàòè÷íîå îòêëîíåíèå ∥AX−B∥
ïðè X = C ïðèíèìàåò íàèìåíüøåå çíà÷åíèå [1]. Ââåäåì îáîçíà÷åíèÿ:

U = B − AC, V = AC − AX, U + V = B − AX,

òîãäà

∥U + V ∥2 = UTV + V TU + ∥U∥2 + ∥V ∥2

V TU = UTV = (C −X)TAT (B − AC) = (C −X)T (ATB − ATAC) = 0

Îòñþäà âûòåêàåò ðàâåíñòâî:

∥B − AX∥2 = ∥B − AC∥2 + ∥A(X − C)∥2

Î÷åâèäíî, ÷òî ïðè X = C âåëè÷èíà ∥B − AX∥ èìååò íàèìåíüøåå çíà÷åíèå, ò. å. âåêòîð
C = (ATA)−1ATB ÿâëÿåòñÿ ïñåâäîðåøåíèåì.

Äëÿ òîãî, ÷òîáû èçáåæàòü âû÷èñëåíèÿ âåëè÷èíû C = (ATA−1)ATB äîñòàòî÷íî íàé-
òè ñòàöèîíàðíóþ òî÷êó óðàâíåíèÿ (1.1) ïðîèçâîëüíûì ÷èñëåííûì ìåòîäîì, ê ïðèìåðó,
ìåòîäîì Ýéëåðà

Xk+1 = (E − hATA)Xk + hATB, (1.5)

ãäå h < ∥ATA∥ . Ýòîò ìåòîä ïîèñêà ðåøåíèÿ (ïñåâäîðåøåíèÿ) óðàâíåíèÿ (1.1) ñâîáîäåí
îò îøèáîê îêðóãëåíèÿ è èìååò òî÷íîñòü â ïðåäåëàõ òî÷íîñòè ïðåäñòàâëåíèÿ òî÷íîñòè
÷èñåë â êîìïüþòåðå. Äëÿ òîãî, ÷òîáû â ýòîì óáåäèòüñÿ ìîæíî ââåñòè îáîçíà÷åíèå α =
∥E − hATA∥ < 1 , òîãäà ñïðàâåäëèâû ñòàíäàðòíûå îöåíêè

∥Xk − C∥ ≤ α

1− α
∥Xk+1 −Xk∥

∥Xk+1 −Xk∥ ≤ αk∥X1 −X0∥, k = 1, 2, . . . .

Äëÿ ñèñòåì áîëüøîãî ïîðÿäêà èòåðàöèîííûé ïðîöåññ (1.5) áóäåò çàíèìàòü ìåíüøåå êî-
ëè÷åñòâî îïåðàöèé, ÷åì îáðàùåíèå ìàòðèöû ATA ìåòîäîì Ãàóññà è âû÷èñëåíèå âåëè÷èíû
(ATA)−1ATB .

Îòìåòèì åùå ðàç, ÷òî ìåòîä íàõîæäåíèÿ ðåøåíèÿ (ïñåâäîðåøåíèÿ) óðàâíåíèÿ (1.1) ñ
ïîìîùüþ ÷èñëåííîãî ðåøåíèÿ ñèñòåìû äèôôåðåíöèàëüíûõ óðàâíåíèé (1.2) íå äàåò îøè-
áîê îêðóãëåíèÿ, à ïîëó÷åííûé ðåçóëüòàò ëåæèò â ïðåäåëàõ òî÷íîñòè êîìïüþòåðà. Èñïîëü-
çîâàíèå ÷èñëåííûõ ìåòîäîâ áîëüøåãî ïîðÿäêà (Ðóíãå - Êóòòà è ò.ä.) íå ÿâëÿåòñÿ íåîáõî-
äèìûì, ò. ê. îíè èñïîëüçóþòñÿ ïðè ïîñòðîåíèè ðåøåíèé (òðàåêòîðèé) äèôôåðåíöèàëüíûõ
óðàâíåíèé, ÷òîáû ìèíèìèçèðîâàòü ñóììàðíûå îøèáêè îêðóãëåíèÿ [2].

Ðàññìîòðèì òåïåðü ñëó÷àé, êîãäà ñòîëáöû ìàòðèöû A - ëèíåéíî çàâèñèìû. Äëÿ òîãî,
÷òîáû íàéòè ðåøåíèå (ïñåâäîðåøåíèå) óðàâíåíèÿ (1.1) äîñòàòî÷íî íàéòè ëèíåéíî íåçàâè-
ñèìûå ñòîëáöû ìàòðèöû A è èñïîëüçîâàòü ïðîöåäóðó ïðåäëîæåííóþ âûøå.
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Äëÿ ýòîãî îáîçíà÷èì ñòîëáöû ìàòðèöû A ÷åðåç A1, A2, . . . , Am è ðàññìîòðèì äâóõ-
ñòîëáöîâóþ ìàòðèöó (A1, A2) . Åñëè ìàòðèöà (A1, A2)

T (A1, A2) > 0 , òî òîãäà âåêòîðû
ëèíåéíî íåçàâèñèìû. Â ïðîòèâíîì ñëó÷àå ïðîâåðèì ìàòðèöó (A1A3)

T (A1A3) è ò.ä.
Äîïóñòèì ñòîëáöû A1 è A2 ëèíåéíî íåçàâèñèìû. Äàëåå áóäåì ðàññìàòðèâàòü ìàò-

ðèöó (A1, A2, A3)
T (A1, A2, A3) è ïðîâåðÿòü åå ïîëîæèòåëüíóþ îïðåäåëåííîñòü. Äåéñòâóÿ

òàêèì æå îáðàçîì, â êîíöå êîíöîâ, íàéäåì âñå ëèíåéíî íåçàâèñèìûå ñòîëáöû ìàòðèöû
A : Ai1 , . . . , Aik è äëÿ ìàòðèöû (Ai1 , . . . , Aik) = Ā áóäåì èñêàòü ðåøåíèå (ïñåâäîðåøåíèå)
óðàâíåíèÿ

ĀX = B, (1.6)

êîòîðîå è áóäåò îäíèì èç ðåøåíèé (ïñåâäîðåøåíèé) óðàâíåíèÿ (1.1).

Ò å î ð å ì à 1.2. Ðàíã ìàòðèöû A ðàçìåðà n×m ðàâåí ðàíãó íåîòðèöàòåëüíîé
ìàòðèöû ATA , ò. å. ñîâïàäàåò ñ ÷èñëîì åå ïîëîæèòåëüíûõ ñîáñòâåííûõ ÷èñåë.

Äîêàçàòåëüñòâî. Ïóñòü ðàíã ìàòðèöû A ðàâåí r , òîãäà ñîãëàñíî ôîðìóëå Áèíå -
Êîøè [1] rankATA ≤ r . Íåòðóäíî âèäåòü, ÷òî ìàòðèöà ATA - íåîòðèöàòåëüíàÿ, ò. ê.

∀x ̸= 0 AX = C → CTC = XTATAX = ∥C∥2 ≥ 0 → ATA ≥ 0.

Îòñþäà âûòåêàåò, ÷òî âñå ñîáñòâåííûå ÷èñëà ìàòðèöû ATA - íåîòðèöàòåëüíûå.
Îáîçíà÷èì ìàòðèöó, îáðàçîâàííóþ r− ëèíåéíî íåçàâèñèìûìè ñòîëáöàìè ìàòðèöû

A ñ íîìåðàìè i1, . . . , ir , êàê ìàòðèöó B . Òîãäà, êàê áûëî ïîêàçàíî âûøå BTB > 0 è,
ñëåäîâàòåëüíî, åå ðàíã ðàâåí r .

Òàê êàê ìàòðèöà BTB ñòîèò íà ïåðåñå÷åíèè i1, . . . , ir ñòðîê è i1, . . . , ir ñòîëáöîâ ìàò-
ðèöû ATA , rankATA ≥ rankBTB = r . Ýòî îçíà÷àåò, ÷òî r = rankATA . Òàê êàê ìàòðèöà
ATA íåîòðèöàòåëüíà, òî r åå ñîáñòâåííûõ ÷èñåë ïîëîæèòåëüíû, à îñòàëüíûå ðàâíû íóëþ.

Ñ ë å ä ñ ò â è å 1.1. Èç òåîðåìû 1.1. âûòåêàåò íîâûé âû÷èñëèòåëüíûé ìå-
òîä îïðåäåëåíèÿ ðàíãà ìàòðèöû A . Äîñòàòî÷íî ïîñòðîèòü ñèììåòðè÷íóþ ìàòðèöó
ATA ≥ 0 è ìåòîäîì Ëàãðàíæà è ßêîáè ïðèâåñòè ê êàíîíè÷åñêîìó âèäó QTATAQ = Λ ,
Λ = diag(λ1, λ2, . . . , λn) . Â ñèëó çàêîíà èíåðöèè êâàäðàòè÷íûõ ôîðì Λ ≥ 0 , à åå ðàíã
ðàâåí ÷èñëó ïîëîæèòåëüíûõ äèàãîíàëüíûõ ýëåìåíòîâ è ðàâåí ðàíãó ìàòðèöû ATA è
ñîîòâåòñòâåííî, ìàòðèöû A .

Ðàáîòà âûïîëíåíà ïðè ôèíàíñîâîé ïîääåðæêå ÐÔÔÈ (ïð. ℵ 10-08-00624).
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The new method of calculating rank of matrix

c⃝ V. I. Zubov 4, I. V. Zubov 5, A. F. Zubova 6

Abstract. In work is supposes the new methods of building the solutions and pseudo solutions
of systems linear algebraic equations with born matrix. This methods is allows for joint and
unjoint systems linear algebraic equations is �nds the solutions or pseudo solutions this systems in
limits exactness presentation the numbers in computer and is free from mistakes of districtness. Is
supposes also new method of calculating of rank matrix.
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ÓÄÊ 517.929

Ñïîñîá ïðèâåäåíèÿ òðåõìåðíîé êâàäðàòè÷íîé ñèñòåìû

ê îäíîìó óðàâíåíèþ âòîðîãî ïîðÿäêà

c⃝ A. Ô. Çóáîâà1, Â. È. Çóáîâ2, È. Â. Çóáîâ3, Ñ. À. Ñòðåêîïûòîâ4

Àííîòàöèÿ. Â äàííîé ñòàòüå ðàññìîòðåí ñïîñîá ïðèâåäåíèÿ òðåõìåðíîé ñèñòåìû äèôôåðåí-
öèàëüíûõ óðàâíåíèé ê îäíîìó óðàâíåíèþ âòîðîãî ïîðÿäêà. Ïðîâåäåíî èññëåäîâàíèå ïðîñòûõ
ïî ñòðóêòóðå äèôôåðåíöèàëüíûõ óðàâíåíèé, ðàçðàáîòàíà òåõíîëîãèÿ ïîñòðîåíèÿ ïðîñòûõ
êâàäðàòè÷íûõ ñèñòåì, îáëàäàþùèõ çàäàííûìè ïðåäåëüíûìè ñâîéñòâàìè, âàæíûìè â çàäà-
÷àõ óïðàâëåíèÿ.

Êëþ÷åâûå ñëîâà: íåëèíåéíûå ñèñòåìû îáûêíîâåííûõ äèôôåðåíöèàëüíûõ óðàâíåíèé,
÷àñòíûé èíòåãðàë, óïðàâëÿåìûå ñèñòåìû

Íåîáõîäèìûì ìàòåìàòè÷åñêèì àïïàðàòîì îïèñàíèÿ äèíàìè÷åñêèõ ïðîöåññîâ ÿâëÿþòñÿ
ñèñòåìû äèôôåðåíöèàëüíûõ óðàâíåíèé. Ïîýòîìó çàäà÷è ñîâðåìåííîé àâòîìàòèêè, òî åñòü
çàäà÷è ñîçäàíèÿ íîâûõ ýôôåêòèâíûõ ñèñòåì óïðàâëåíèÿ ðàçëè÷íûìè òåõíîëîãè÷åñêèìè
êîìïëåêñàìè è òåõíè÷åñêèìè îáúåêòàìè, îáóñëîâëèâàþò ðàçâèòèå ìåòîäîâ èññëåäîâàíèÿ
ëèíåéíûõ è íåëèíåéíûõ ñèñòåì îáûêíîâåííûõ è â ÷àñòíûõ ïðîèçâîäíûõ äèôôåðåíöè-
àëüíûõ óðàâíåíèé, îïèñûâàþùèõ äèíàìèêó ôóíêöèîíèðîâàíèÿ ñèñòåì àâòîìàòè÷åñêîãî
óïðàâëåíèÿ. Çàäà÷è óïðàâëåíèÿ íà ïðîòÿæåíèè ïîñëåäíèõ äåñÿòèëåòèé áûëè îñíîâíûìè
¾ïîòðåáèòåëÿìè¿ äîñòèæåíèé êà÷åñòâåííîé òåîðèè äèôôåðåíöèàëüíûõ óðàâíåíèé, òåî-
ðèè óñòîé÷èâîñòè, òåîðèè íåëèíåéíûõ êîëåáàíèé. Çàäà÷à ïðîãíîçèðîâàíèÿ ïîâåäåíèÿ ìî-
äåëèðóåìûõ ñèñòåì â êîëè÷åñòâåííîì ïëàíå ñâîäèòñÿ ê ÷èñëåííîìó èíòåãðèðîâàíèþ óðàâ-
íåíèé äèíàìèêè. Â êà÷åñòâåííîì ïëàíå - ê àíàëèòè÷åñêîìó èññëåäîâàíèþ ñèñòåìû äëÿ
óñòàíîâëåíèÿ ñòðóêòóðíûõ îñîáåííîñòåé ìîäåëèðóåìîé ñèñòåìû - íàëè÷èÿ èíâàðèàíòíûõ
ìíîæåñòâ, õàðàêòåðà ïðåäåëüíîãî ïîâåäåíèÿ ðåøåíèé.

1. Ïîñòàíîâêà çàäà÷è

Ðàññìîòðèì ñèñòåìó äèôôåðåíöèàëüíûõ óðàâíåíèé

ẋ = y,
ẏ = x+ z + xz,

ż = xy.
(1.1)

Ýòà ñèñòåìà èìååò ñåìåéñòâî èíòåãðàëîâ z = 1
2
x2 + C , ãäå C = const . Â ñâÿçèñ ýòèì

ñèñòåìó (1.1) ìîæíî ïðèâåñòè ê îäíîìó óðàâíåíèþ âòîðîãî ïîðÿäêà

˙̇x = C + (1 + C)x+
1

2
x2 +

1

2
x3. (1.2)

Óìíîæèì îáå ÷àñòè (1.2) íà ẋ è ïðîèíòåãðèðóåì â ïðåäåëàõ îò 0 äî t . Ïîëó÷èì

1

2
ẋ2 = C1 + Cx+

1

2
(1 + C)x2 +

1

6
x3 +

1

8
x4 (C1 = const). (1.3)

1 Ïðîôåññîð êàôåäðû òåîðèè óïðàâëåíèÿ; ÑÏáÃÓ, ã. Ñàíêò-Ïåòåðáóðã; ddemidova@mail.ru
2 Àñïèðàíò êàôåäðû òåîðèè óïðàâëåíèÿ; ÑÏáÃÓ, ã. Ñàíêò-Ïåòåðáóðã; ddemidova@mail.ru
3 Ïðîôåññîð êàôåäðû òåîðèè óïðàâëåíèÿ; ÑÏáÃÓ, ã. Ñàíêò-Ïåòåðáóðã; ddemidova@mail.ru
4 Äîöåíò êàôåäðû òåîðèè óïðàâëåíèÿ; ÑÏáÃÓ, ã. Ñàíêò-Ïåòåðáóðã; ddemidova@mail.ru
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Èçâëå÷åì êâàäðàòíûé êîðåíü è ïðîèíòåãðèðóåì ñíîâà; ïîëó÷èì∫
4√

2C1 + 2Cx+ (1 + C)x2 + x3/3 + x4/4
= t+ C2 (C2 = const). (1.4)

Èíòåãðàë, ñòîÿùèé â ëåâîé ÷àñòè (1.4), ÿâëÿåòñÿ ãèïåðýëëèïòè÷åñêèì [1]. Ãèïåðýëëèïòè-
÷åñêèå ôóíêöèè, ïîÿâëÿþùèåñÿ ïðè îáðàùåíèè ýòîãî èíòåãðàëà, êîãäà ìû õîòèì ÿâíî
âûïèñàòü ðåøåíèå x(t) ñèñòåìû (1.1), õàðàêòåðèçóþòñÿ íàëè÷èåì íåñêîëüêèõ ïåðèîäîâ,
êîòîðûå çàâèñÿò îò íà÷àëüíûõ äàííûõ. Ðàññìîòðèì åùå îäíó ñèñòåìó

ẋ = y,
ẏ = xz + a,
ż = 4xy + 1.

(1.5)

Ýòà ñèñòåìà èìååò ñåìåéñòâî èíòåãðàëîâ z = 2x2 + t + c , ÷òî ïîçâîëÿåò ïðèâåñòè (1.5) ê
îäíîìó óðàâíåíèþ âòîðîãî ïîðÿäêà

ẍ = 2x3 + (t+ C)x+ a. (1.6)

Ñ ïîìîùüþ ïîäñòàíîâêè x = λη(ξ) , ξ = µ(t+C) ýòî óðàâíåíèå ïðèâîäèòñÿ ê íîðìàëüíîìó
âèäó Ïåíëåâå [2]

η′
′
= 2η3 + ξη + α. (1.7)

Ïåíëåâå ïîêàçàë, ÷òî ðåøåíèÿ óðàâíåíèÿ (1.7) îïèñûâàþòñÿ ïðèíöèïèàëüíî íîâûìè
òðàíñöåíäåíòíûìè ôóíêöèÿìè, êîòîðûå íå ñâîäÿòñÿ ê ðàíåå èçó÷åííûì ôóíêöèÿì è êî-
òîðûå ñòàëè íàçûâàòü òðàíñöåíäåíòíûìè ôóíêöèÿìè Ïåíëåâå [3]. Ó÷åíèê Ïåíëåâå Æ.
Øàçè (1882-1955) èçó÷àë, â ÷àñòíîñòè, óðàâíåíèå

y′
′′
= 2yy′

′ − 3y′
2
, (1.8)

ê êîòîðîìó ïðèâîäèòñÿ êâàäðàòè÷íàÿ ñèñòåìà

ẋ = y, ẏ = z, ż = 2xz − 3y2.

Øàçè óñòàíîâèë, ÷òî èíòåãðàë ñòîëü ïðîñòîãî ïî âèäó óðàâíåíèÿ èìååò âåñüìà ñëîæíûå
îñîáåííîñòè è ñâÿçàí ñ èíòåãðàëàìè ãèïåðãåîìåòðè÷åñêîãî óðàâíåíèÿ è ôóíêöèÿìèØâàð-
öà. Ïðèâåäåííûå ïðèìåðû ïîêàçûâàþò, ÷òî ðåøåíèÿ ñèñòåì äèôôåðåíöèàëüíûõ óðàâíå-
íèé ïðîñòîé ñòðóêòóðû ìîãóò èìåòü ÷ðåçâû÷àéíî ñëîæíóþ àíàëèòè÷åñêóþ ïðèðîäó. "Ïðî-
ñòîòà"ñòðóêòóðû êâàäðàòè÷íûõ ñèñòåì, îïèñûâàþùèõ ñèñòåìû ñî ñòðàííûìè àòòðàêòîðà-
ìè, òàêæå óêàçûâàþò íà ýòî. Â ïðàêòè÷åñêèõ çàäà÷àõ ïîñòðîåíèÿ óðàâíåíèé óïðàâëÿåìîãî
äâèæåíèÿ íàèáîëåå âàæíûì ÿâëÿåòñÿ òðåáîâàíèå èõ àíàëèòè÷åñêîé ïðîñòîòû. Ýòî ñâÿçà-
íî ñ âîçìîæíîñòüþ èõ èíæåíåðíîé ðåàëèçàöèè. Ïîýòîìó âàæíîé ïðåäñòàâëÿåòñÿ ðàçðà-
áîòêà òåõíîëîãèè ïîñòðîåíèÿ ¾ïðîñòûõ¿ (íàïðèìåð, êâàäðàòè÷íûõ) ñèñòåì, îáëàäàþùèõ
çàäàííûìè ïðåäåëüíûìè ñâîéñòâàìè, âàæíûìè â çàäà÷àõ óïðàâëåíèÿ. Âàæíåéøèì òàêèì
ñâîéñòâîì ÿâëÿåòñÿ íàëè÷èå àâòîêîëåáàíèÿ èëè ñîâîêóïíîñòè àâòîêîëåáàíèé (àòòðàêòî-
ðà), èìåþùèõ çàäàííûé èëè æåëàåìûé äèàìåòð. Ïðàêòè÷åñêè ýòî áóäåò îçíà÷àòü, ÷òî
ïîñòðîåííàÿ óïðàâëÿåìàÿ ñèñòåìà áóäåò èìåòü ïðåäåëüíûé ðåæèì ñ çàäàííîé ãåîìåòðè-
÷åñêîé õàðàêòåðèñòèêîé, ò.å. ôàçîâûå ïåðåìåííûå áóäóò íàõîäèòüñÿ â æåëàåìûõ ïðåäåëàõ.
Êàê îñóùåñòâèòü òàêîå ïîñòðîåíèå? Îñíîâíûì ïîäõîäîì â òåîðèè óïðàâëÿåìûõ ñèñòåì ÿâ-
ëÿåòñÿ ðåøåíèå îáðàòíîé çàäà÷è ìåõàíèêè, êîãäà ïî çàäàííûì êèíåìàòè÷åñêèì ýëåìåíòàì
äâèæåíèÿ ñòðîÿòñÿ óðàâíåíèÿ äèíàìèêè ñèñòåìû. Òàêèìè êèíåìàòè÷åñêèìè ýëåìåíòàìè
ìîãóò áûòü çàäàííàÿ òðàåêòîðèÿ èëè çàäàííàÿ ñîâîêóïíîñòü òðàåêòîðèé (èíâàðèàíòíîå
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ìíîæåñòâî). Ðåøåíèå îáðàòíîé çàäà÷è ìåõàíèêè â ïîëíîì îáúåìå, ïî-âèäèìîìó, âïåðâûå
áûëî îñóùåñòâëåíî È. Íüþòîíîì ïðè îòêðûòèè çàêîíà âñåìèðíîãî òÿãîòåíèÿ. Í.Ï. Åðó-
ãèí ðåøèë ýòó çàäà÷ó â ñëó÷àå çàäàííîé èíòåãðàëüíîé êðèâîé èëè çàäàííîãî ïåðâîãî èëè
÷àñòíîãî èíòåãðàëà.

Ò å î ð å ì à 1.1. (Åðóãèí). Äëÿ òîãî ÷òîáû ñèñòåìà äèôôåðåíöèàëüíûõ óðàâíå-
íèé

Ẋ = F (X) (1.9)

èìåëà ÷àñòíûé èíòåãðàë V (X) = 0 , íåîáõîäèìî è äîñòàòî÷íî, ÷òîáû ïðàâàÿ ÷àñòü
ñèñòåìû (1.9) èìåëà ñëåäóþùèé âèä:

F = ∇V ·M(V,X) +N(X),

ãäå (∇V,N(X)) = 0 , M(0, X) ≡ 0 . Ïðè÷åì, åñëè ïîâåðõíîòü V (X) = 0 íå èìååò òî-
÷åê ïîêîÿ, òî âåêòîðíàÿ ôóíêöèÿ N(X) íå äîëæíà îáðàùàòüñÿ â íóëü-âåêòîð íà ýòîé
ïîâåðõíîñòè.

Ìîæíî çàäàòü æåëàåìîå ïðåäåëüíîå ìíîæåñòâî â âèäå çàìêíóòîé ãëàäêîé êîìïàêòíîé ïî-
âåðõíîñòè è ïîñòðîèòü ñåìåéñòâî äèôôåðåíöèàëüíûõ óðàâíåíèé, èìåþùèõ åå â êà÷åñòâå
èíòåãðàëüíîé. Ìîæíî ïîñòðîèòü è òàêèå ñèñòåìû, äëÿ êîòîðûõ äàííàÿ èíòåãðàëüíàÿ ïî-
âåðõíîñòü áóäåò àñèìïòîòè÷åñêè óñòîé÷èâûì è óñòîé÷èâûì ïî Ëÿïóíîâó èíâàðèàíòíûì
ìíîæåñòâîì. Äðóãîé âîïðîñ ñîñòîèò â òîì, íàñêîëüêî áóäóò ïðîñòû ïîëó÷àåìûå óðàâíå-
íèÿ? Âåäü äàæå çàäàâàÿ ïîâåðõíîñòü â âèäå ýëëèïñîèäà, ïîëó÷àåì óðàâíåíèÿ, íå ÿâëÿ-
þùèåñÿ ïðîñòûìè. Êðîìå òîãî, äàííûé êëàññ óðàâíåíèé îãðàíè÷åí èíòåãðèðóåìûì ïî
îïðåäåëåíèþ ñëó÷àåì. Ïîýòîìó âîçíèêàåò æåëàíèå èñïîëüçîâàòü è íåèíòåãðèðóåìûå ñè-
ñòåìû äëÿ ïîñòðîåíèÿ êîìïàêòíûõ, ïðîñòûõ äëÿ èíæåíåðíîé ðåàëèçàöèè óïðàâëÿåìûõ
ñèñòåì, êîòîðûå áóäóò èìåòü çàäàííûå ãåîìåòðè÷åñêèå õàðàêòåðèñòèêè ïðåäåëüíîãî ðå-
æèìà. Õîòÿ àíàëèòè÷åñêàÿ ïðèðîäà ðåøåíèé òàêîé ñèñòåìû ìîæåò áûòü âåñüìà ñëîæíîé.
Ïóñòü V (X) , W (X) - ïîëîæèòåëüíî îïðåäåëåííûå ôóíêöèè, îáëàäàþùèå ñâîéñòâàìè

V (X1) = 0, W (X2) = 0, V,W → ∞

ïðè ∥X∥ → ∞ . Ïóñòü íà ðåøåíèÿõ íåêîòîðîé ãèïîòåòè÷åñêîé ñèñòåìû äèôôåðåíöèàëü-
íûõ óðàâíåíèé, èìåþùåé ïðîäîëæàåìûå ðåøåíèÿ, à òàêæå íóëåâîå ðåøåíèå

Ẋ = F (X), (1.10)

âûïîëíåíî ñîîòíîøåíèå
V̇ = −W. (1.11)

Òîãäà èç òåîðåìû Ëÿïóíîâà îá óñòîé÷èâîñòè ñëåäóåò, ÷òî ñèñòåìà (1.10) èìååò àñèìïòî-
òè÷åñêè óñòîé÷èâîå â öåëîì ïîëîæåíèå ðàâíîâåñèÿ X = 0 . Ïóñòü V,W ñóòü çàäàííûå
ôóíêöèè ñ âûøåóïîìÿíóòûìè ñâîéñòâàìè. Ðàññìîòðèì óðàâíåíèå

∇V · F =W. (1.12)

Ýòî óðàâíåíèå îïðåäåëÿåò êëàññ ñèñòåì (1.10), íà ðåøåíèÿõ êîòîðûõ âûïîëíåíî ñîîò-
íîøåíèå (1.11). ×àñòü ðåøåíèé ýòîãî óðàâíåíèÿ îïðåäåëÿþò ñèñòåìû ñ ïðîäîëæàåìûìè
ðåøåíèÿìè. Èìåííî ýòè ðåøåíèÿ è ÿâëÿþòñÿ èíòåðåñíûìè â ïðàêòè÷åñêîì, èíæåíåðíîì
ñìûñëå. Âûáèðàÿ èç ýòèõ ðåøåíèé ñèñòåìû â íåêîòîðîì ñìûñëå "ïðîñòîãî"âèäà, ìû ïî-
ëó÷àåì ìíîæåñòâî èíòåðåñóþùèõ íàñ ñèñòåì. Ðàññìîòðèì òåïåðü, ñëåäóþùåå óðàâíåíèå,
âûïîëíåííîå íà ðåøåíèÿõ ãèïîòåòè÷åñêîé ñèñòåìû (1.10):

V̇ = −W + C (C = const). (1.13)
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Ïîñêîëüêó âñå ðåøåíèÿ (1.10) ïðîäîëæàåìû, òî íåîáõîäèìî, ÷òîáû âûïîëíÿëîñü óñëîâèå
C ≥ 0 . Ñèñòåìà (1.10) áóäåò â ýòîì ñëó÷àå ðàâíîìåðíî äèññèïàòèâíîé è áóäåò èìåòü êîì-
ïàêòíûé ïðåäåëüíûé ðåæèì - àâòîêîëåáàíèå èëè ñîâîêóïíîñòü àâòîêîëåáàíèé (àòòðàê-
òîð). Ïî óðàâíåíèþ (1.13) ïðè çàäàííûõ ôóíêöèÿõ V,W è êîíòàêòå C ìîæíî ïîñòðîèòü
âñå äèôôåðåíöèàëüíûå ñèñòåìû, íà ðåøåíèÿõ êîòîðûõ âûïîëíÿåòñÿ ýòî ñîîòíîøåíèå.
Ðàññìîòðèì ñèñòåìó äèôôåðåíöèàëüíûõ óðàâíåíèé 3-ãî ïîðÿäêà

ẋ = f(x, y, z),
ẏ = g(x, y, z),
ż = h(x, y, z).

(1.14)

Ïðåäïîëîæèì, ÷òî ó ñèñòåìû (1.14) ñóùåñòâóåò ñòàöèîíàðíûé èíòåãðàë:

v(x, y, z) = c, (1.15)

ãäå c = const . Ôóíêöèÿ (1.15) óäîâëåòâîðÿåò îäíîðîäíîìó ëèíåéíîìó äèôôåðåíöèàëüíî-
ìó óðàâíåíèþ â ÷àñòíûõ ïðîèçâîäíûõ

vxf + vyg + vzh = 0.

Èíûìè ñëîâàìè, âåêòîð grad(v) = (vx, vy, vz) = ∇v îðòîãîíàëåí âåêòîðó (f, g, h) . Ñëåäî-
âàòåëüíî, âåêòîð ∇v ëåæèò â ïîäïðîñòðàíñòâå, îðòîãîíàëüíîì âåêòîðó f = (f, g, h) . Â
êà÷åñòâå áàçèñà ýòîãî ïîäïðîñòðàíñòâà ìîæíî âçÿòü, íàïðèìåð, òàêèå âåêòîðû:

g1 = (g − h, h− f, f − g),

g2 = (g(f − g)− h(h− f), h(g − h)− f(f − g), f(h− f)− g(g − h)).

Èìååì
(f, g1) = 0, (f, g2) = 0, (g1, g2) = 0, g2 = f × g1.

Ïî íàøåìó ïðåäïîëîæåíèþ èìååì

∇v = µ1g1 + µ2g2,

ãäå µ1, µ2 - ñêàëÿðíûå ôóíêöèè íåçàâèñèìûõ ïåðåìåííûõ x, y, z . Åñëè ôóíêöèÿ v ïðåä-
ñòàâèìà â âèäå v = v1 + v2 , òàê ÷òî âûïîëíåíî ñîîòíîøåíèå ∇v = ∇v1 +∇v2 , à âåêòîðû
∇v1 , ∇v2 êîëëèíåàðíû ñîîòâåòñòâåííî âåêòîðàì g1, g2 , òî ñïðàâåäëèâû ïîñëåäóþùèå ðàñ-
ñóæäåíèÿ. Ïî íàøåìó ïðåäïîëîæåíèþ ôóíêöèÿ (1.15) ñóùåñòâóåò, ñëåäîâàòåëüíî, õîòÿ áû
ïðè îäíîì i = 1, 2 èìååò íåòðèâèàëüíîå ðåøåíèå ñèñòåìà óðàâíåíèé

∇vi = µgi, (1.16)

ãäå µ = µ(x, y, z) - íåêîòîðàÿ ñêàëÿðíàÿ ôóíêöèÿ. Âûïèøåì óñëîâèÿ èíòåãðèðóåìîñòè
óðàâíåíèé (1.16) äëÿ i = 1 :

µy(g − h) + µ(gy − hy) = µx(h− f) + µ(hx − fx),

µz(g − h) + µ(gz − hz) = µx(f − g) + µ(fx − gx),

µz(h− f) + µ(hz − fz) = µy(f − g) + µ(fy − gy).

Ïîñëåäíþþ ñèñòåìó ìîæíî çàïèñàòü â ìàòðè÷íî-âåêòîðíîé ôîðìå:

A1∇µ = µF1. (1.17)
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Ìàòðèöà A1 è âåêòîð F1 â âûðàæåíèÿõ (1.17) îïðåäåëåíû âïîëíå:

A1 =

− (h− f) g − h 0
−(f − g) 0 g − h

0 −(f − g) h− f

 , F1 =

hx − fx − (gy − hy)
fx − gx − (gz − hz)
fy − gy − (hz − fz)

 .

Çàìåòèì, ÷òî ìàòðèöà A1 â ñèëó ñâîåé ñòðóêòóðû ÿâëÿåòñÿ âûðîæäåííîé ïðè ëþáûõ
f, g, h . Îòñþäà ñëåäóåò, ÷òî íåòðèâèàëüíîå ðåøåíèå óðàâíåíèÿ (1.17) âîçìîæíî ëèøü òî-
ãäà, êîãäà âåêòîð F ëåæèò â ïîäïðîñòðàíñòâå, íàòÿíóòîì íà ñòîëáöû ìàòðèöû A :

rank(A) = rank(A,F ).

Íåòðèâèàëüíûì ðåøåíèåì äëÿ íàñ áóäåò òàêæå ñèòóàöèÿ, êîãäà F1 = 0 , ïðè ýòîì ïîëó-
÷àåòñÿ µ(x, y, z) = const . Ïðè i = 2 ïîëó÷àåì ñëåäóþùèå çíà÷åíèÿ äëÿ ìàòðèöû A è
âåêòîðà F :

A2 =

− h(g − h) + f(f − g) g(f − g)− h(h− f) 0
−f(h− f) + g(g − h) 0 g(f − g)− h(h− f)

0 −f(h− f) + g(g − h) g(f − g)− f(f − g)

 ,

F2[1] = fx(g − 3f)− fy(g + h) + gx(h+ f)− gy(f − 2g) + hx(g − 2h) + hy(2h− f),

F2[2] = fx(h− 2f)− fz(g + h) + gx(h− 2g) + gz(2g − f) + hx(f + g) + hz(2h− f),

F3[3] = fz(2f − g) + fy(h− 2f)− gz(h+ f)− gy(2g − 2h) + hz(2h− g) + hy(f + g).

Ìàòðèöà A2 òàêæå âûðîæäåííàÿ, è ðåøåíèå âîçìîæíî òîæå íå âñåãäà. Òàêèì îáðàçîì,
â íåâûðîæäåííûõ ñëó÷àÿõ ñèñòåìà äèôôåðåíöèàëüíûõ óðàâíåíèé äëÿ ôóíêöèé µ1 , µ2

âûãëÿäèò ñëåäóþùèì îáðàçîì:

A1∇µ1 + A2∇µ2 = µ1F1 + µ2F2. (1.18)

Ýòî - ñèñòåìà òðåõ ëèíåéíûõ äèôôåðåíöèàëüíûõ óðàâíåíèé â ÷àñòíûõ ïðîèçâîäíûõ äëÿ
äâóõ íåèçâåñòíûõ ôóíêöèé. Äëÿ åå èññëåäîâàíèÿ çàìåòèì ñíà÷àëà, ÷òî, ïîñêîëüêó ìàòðè-
öû A1, A2 âûðîæäåííûå, óðàâíåíèÿ (1.18) íå ìîãóò áûòü ðàçðåøåíû îòíîñèòåëüíî âñåõ
òðåõ ïðîèçâîäíûõ µ1x , µ1y , µ1z èëè µ2x , µ2y , µ2z , íî â îáùåì ñëó÷àå ñèñòåìà (1.18)
ìîæåò áûòü ðàçðåøåíà îòíîñèòåëüíî äâóõ ïðîèçâîäíûõ, íàïðèìåð, ïî x, y :

∂µ1
∂x

= a(x, y, z)µ1 + A(x, y, z, µ2, µ2x , µ2y , µ2z),
∂µ1
∂y

= b(x, y, z)µ1 +B(x, y, z, µ2, µ2x , µ2y , µ2z).
(1.19)

Çäåñü A,B - ëèíåéíûå ôóíêöèè ïî µ2 , µ2x , µ2y , µ2z . Äèôôåðåíöèðóÿ ïåðâîå óðàâíåíèå
ïî y , à âòîðîå ïî x , ïîëó÷àåì

(ay − bx)µ1 = L[µ2], (1.20)

ãäå

L[µ2] = −(aB − bA+
dA

dx
− dB

dy
)

- äèôôåðåíöèàëüíûé îïåðàòîð âòîðîãî ïîðÿäêà. Ð. Êóðàíò [5] ïîêàçàë, ÷òî â àíàëèòè÷å-
ñêîì ñëó÷àå óñëîâèå

ay = bx (1.21)

ÿâëÿåòñÿ íåîáõîäèìûì è äîñòàòî÷íûì äëÿ ðàçðåøèìîñòè ñèñòåìû. Òàêèì îáðàçîì, ñïðà-
âåäëèâà ñëåäóþùàÿ òåîðåìà.
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Ò å î ð å ì à 1.2. Íåîáõîäèìûì óñëîâèåì ñóùåñòâîâàíèÿ ñòàöèîíàðíîãî èíòå-
ãðàëà äëÿ ñèñòåìû (1.18) ÿâëÿåòñÿ âûïîëíåíèå óñëîâèé (1.21).

Â ñàìîì îáùåì ñëó÷àå, ïðèâåäåì ñèñòåìó (1.9) ê ñëåäóþùåìó âèäó: ÷ëåíû, ñîäåðæàùèå
âåëè÷èíû µ2 , µ2x , µ2y , µ2z , ïåðåíåñåì â ïðàâóþ ÷àñòü, ñîäåðæàùèå âåëè÷èíû µ1 , µ1x ,
µ1y , µ1z - â ëåâóþ. Ââåäåì íîâûå íåèçâåñòíûå âåëè÷èíû α1(x, y, z) , α2(x, y, z) , α3(x, y, z) .
Ïîëó÷èì ñîîòíîøåíèÿ

A1[1, 1]µ1x + A1[1, 2]µ1y + F1[1]µ1 = α1,
A1[2, 1]µ1x + A1[2, 3]µ1z + F1[2]µ1 = α2,
A1[3, 2]µ1y + A1[3, 3]µ1z + F1[3]µ1 = α3,
A2[1, 1]µ2x + A2[1, 2]µ2y + F2[1]µ2 = α1,
A2[2, 1]µ2x + A2[2, 3]µ2z + F2[2]µ2 = α2,
A2[3, 2]µ2y + A1[3, 3]µ2z + F1[3]µ2 = α3.

(1.22)

Ìû ïîëó÷èëè äâå ãðóïïû óðàâíåíèé, ïåðâóþ èç êîòîðûõ - äëÿ íåèçâåñòíîé ôóíêöèè µ1 ,
âòîðóþ - îò µ2 . Â òåîðèè äèôôåðåíöèàëüíûõ óðàâíåíèé â ÷àñòíûõ ïðîèçâîäíûõ ïåðâîãî
ïîðÿäêà òàêèå óðàâíåíèÿ íàçûâàþòñÿ îáùèìè ëèíåéíûìè [4] èëè ëèíåéíûìè íåîäíîðîä-
íûìè [3]. Íå îãðàíè÷èâàÿ îáùíîñòè, ðàññìîòðèì ïåðâûå òðè óðàâíåíèÿ (1.22):

X1(µ1) = A1[1, 1]µ1x + A1[1, 2]µ1y + F1[1]µ1 − α1 = 0,
X2(µ1) = A1[2, 1]µ1x + A1[2, 3]µ1z + F1[2]µ1 − α2 = 0,
X3(µ1) = A1[3, 2]µ1y + A1[3, 3]µ1z + F1[3]µ1 − α3 = 0.

(1.23)

Ââåäåì îáîçíà÷åíèÿ
X̄1(µ1) = A1[1, 1]µ1x + A1[1, 2]µ1y ,

X̄2(µ2) = A1[2, 1]µ1x + A1[2, 3]µ1z ,

X̄3(µ1) = A1[3, 2]µ1y + A1[3, 3]µ1z .

Ïîñêîëüêó ìàòðèöà A1 âûðîæäåííàÿ, èç ñèñòåìû (1.23) íåâîçìîæíî íàéòè âåëè÷èíû µ1x ,
µ1y , µ1z . Ïðèâåäåì ñèñòåìó (1.23) ê çàìêíóòîé ôîðìå. Â îáùåì ñëó÷àå ìîæíî âçÿòü äâà
ëèíåéíî íåçàâèñèìûõ ïî µ1x , µ1y , µ1z óðàâíåíèÿ, íàïðèìåð, X1 , X2 , è ñîñòàâèòü ñêîáêó
ßêîáè:

[X1, X2] = A1[1, 1](
∂X2

∂x
+ µ1xF1[2])− A1[2, 1](

∂X1

∂x
+ µ1F1[1])+

+A1[1, 2](
∂X2

∂y
+ µ1yF1[2])− A1[2, 3](

∂X1

∂z
+ µ1zF1[2]).

Èçâåñòíî [1, 2], ÷òî [X1, X2] = X̄1(X2(µ1)) − X̄2(X1(µ1)) . Ìîæåò îêàçàòüñÿ òàê, ÷òî ïî-
ëó÷èâøèåñÿ óðàâíåíèå ëèíåéíî íåçàâèñèìî ñ óðàâíåíèÿìè X1, X2 , òîãäà ïîëó÷èâøóþñÿ
ñèñòåìê ìîæíî ðàçðåøèòü îòíîñèòåëüíî µ1 .

2. Çàêëþ÷åíèå

Èíòóèòèâíî î÷åâèäíî, ÷òî ñèñòåìû ñ ïðîñòîé ñòðóêòóðîé ëåã÷å ðåàëèçóþòñÿ â èíæå-
íåðíîì ñìûñëå. Êîíå÷íî, ïîíÿòèå ïðîñòîòû âåñüìà îòíîñèòåëüíî, íî, ñêàæåì, êâàäðàòè÷-
íûå ñèñòåìû âûçîâóò ïðåäïî÷òåíèå ó ëþáîãî êîíñòðóêòîðà ïåðåä ñèñòåìàìè, âêëþ÷àþ-
ùèìè áîëåå ñëîæíûå íåëèíåéíîñòè. Ðàññìîòðåíèå íåëèíåéíûõ ñèñòåì ñ ïðîñòîé ñòðóê-
òóðîé, èìåþùèõ íåñêîëüêî íåóñòîé÷èâûõ ïîëîæåíèé ðàâíîâåñèÿ, íî èìåþùèõ çàäàííûì
îáðàçîì ãåîìåòðè÷åñêè ëîêàëèçîâàííîå îãðàíè÷åííîå èíâàðèàíòíîå ìíîæåñòâî, ê òîìó
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æå ãëîáàëüíî àñèìïòîòè÷åñêè óñòîé÷èâîå, ïîçâîëÿåò ñîçäàâàòü âåñüìà ýôôåêòèâíûå ñè-
ñòåìû óïðàâëåíèÿ. Ïî ñóòè ýòî ïðåäåëüíîå ìíîæåñòâî ÿâëÿåòñÿ àíàëîãîì óñòîé÷èâîãî
ïîëîæåíèÿ ðàâíîâåñèÿ äëÿ ëèíåéíûõ è ëèíåàðèçîâàííûõ ñèñòåì. Íî â äàííîì ñëó÷àå àë-
ãåáðàè÷åñêèå êðèòåðèè óñòîé÷èâîñòè, îñíîâàííûå íà àíàëèçå ñîáñòâåííûõ ÷èñåë ìàòðèöû
ëèíåéíîãî ïðèáëèæåíèÿ, áåñïîìîùíû. Ýòî ñâÿçàíî ñ òåì, ÷òî àíàëèòè÷åñêàÿ ïðèðîäà ýòèõ
ïðåäåëüíûõ ìíîæåñòâ, êàê ïðàâèëî, âåñüìà ñëîæíà. Äëÿ ñîñòàâëåíèÿ âîçìóùåííîé ñèñòå-
ìû òðåáóåòñÿ èíòåãðèðîâàíèå óðàâíåíèé äâèæåíèÿ, ÷òî â îáùåì ñëó÷àå íåîñóùåñòâèìî.

Ðàáîòà âûïîëíåíà ïðè ôèíàíñîâîé ïîääåðæêå ÐÔÔÈ (ïð. � 10-08-000624).
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The method of bring third measures quadrate systems

from one equation of second order
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Abstract. In giving article is looks the way of bring third quadrate system of di�erential equations
ti one equation of second order. Is bring investigation simple on structure di�erential equations,
is works technology of building simple quadrate systems, is possesses giving limiting measures,
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Ýíåðãåòè÷åñêàÿ ôóíêöèÿ êàê ïîëíûé òîïîëîãè÷åñêèé

èíâàðèàíò ãðàäèåíòíî-ïîäîáíûõ êàñêàäîâ íà

ïîâåðõíîñòÿõ

c⃝ Â. Å. Êðóãëîâ1,Î. Â. Ïî÷èíêà2

Àííîòàöèÿ. Â íàñòîÿùåé ðàáîòå ðàññìàòðèâàþòñÿ äèíàìè÷åñêèå ñèñòåìû ñ äèñêðåòíûì
âðåìåíåì, ïîðîæäåííûå èòåðàöèÿìè ãðàäèåíòíî-ïîäîáíîãî äèôôåîìîðôèçìà ïîâåðõíîñòè,
íåáëóæäàþùåå ìíîæåñòâî êîòîðîãî ñîñòîèò èç íåïîäâèæíûõ òî÷åê ïîëîæèòåëüíîãî òèïà
îðèåíòàöèè. Äîêàçûâàåòñÿ, ÷òî êëàññ òîïîëîãè÷åñêîé ñîïðÿæåííîñòè òàêîé ñèñòåìû ïîëíî-
ñòüþ îïðåäåëÿåòñÿ êëàññîì ýêâèâàëåíòíîñòè åå ýíåðãåòè÷åñêîé ôóíêöèè Ìîðñà.

Êëþ÷åâûå ñëîâà: ýíåðãåòè÷åñêàÿ ôóíêöèÿ, ãðàäèåíòíî-ïîäîáíûé äèôôåîìîðôèçì

1. Ââåäåíèå

Â 1978 Ê. Êîíëè [1] äîêàçàë ñóùåñòâîâàíèå ôóíêöèè Ëÿïóíîâà äëÿ ëþáîãî ïîòî-
êà (êàñêàäà), çàäàííîãî íà ãëàäêîì çàìêíóòîì îðèåíòèðóåìîì n -ìíîãîîáðàçèè M , òî
åñòü íåïðåðûâíîé ôóíêöèè, êîòîðàÿ ñòðîãî óáûâàåò âäîëü îðáèò âíå öåïíî ðåêóððåíòíîãî
ìíîæåñòâà è ïîñòîÿííà íà êîìïîíåíòàõ ýòîãî ìíîæåñòâà. Äëÿ äèôôåîìîðôèçìîâ Ìîðñà-
Ñìåéëà3 öåïíî ðåêóððåíòíîå ìíîæåñòâî ñîâïàäàåò ñ ìíîæåñòâîì ïåðèîäè÷åñêèõ îðáèò,
òàê ÷òî â ýòîì ñëó÷àå ïðåäñòàâëÿåòñÿ åñòåñòâåííûì èñêàòü ôóíêöèþ Ëÿïóíîâà â êëàññå
ôóíêöèé Ìîðñà. Â 1977 ãîäó Ä. Ïèêñòîí [4] îïðåäåëèë ôóíêöèþ Ëÿïóíîâà äëÿ äèôôåî-
ìîðôèçìà Ìîðñà-Ñìåéëà f êàê ôóíêöèþ Ìîðñà φ :M → R òàêóþ, ÷òî φ(f(x)) < φ(x) ,
åñëè x � áëóæäàþùàÿ òî÷êà, è φ(f(x)) = φ(x) , åñëè x � ïåðèîäè÷åñêàÿ òî÷êà. Òàêàÿ
ôóíêöèÿ ìîæåò áûòü ïîñòðîåíà, â ÷àñòíîñòè, ñ ïîìîùüþ ïåðåõîäà ê ïîòîêó, ÿâëÿþùåìóñÿ
íàäñòðîéêîé íàä çàäàííûì äèôôåîìîðôèçìîì Ìîðñà-Ñìåéëà è äàëüíåéøèì ïðèìåíåíè-
åì ðåçóëüòàòîâ ðàáîòû Ê. Ìåéåðà [3].

Åñëè φ � ôóíêöèÿ Ëÿïóíîâà äëÿ äèôôåîìîðôèçìà Ìîðñà-Ñìåéëà f : M → M ,
òî ëþáàÿ ïåðèîäè÷åñêàÿ òî÷êà p ÿâëÿåòñÿ ìàêñèìóìîì îãðàíè÷åíèÿ φ íà íåóñòîé÷èâîå
ìíîãîîáðàçèå W u

p è ìèíèìóìîì îãðàíè÷åíèÿ φ íà óñòîé÷èâîå ìíîãîîáðàçèå W s
p . Åñ-

ëè ýòè ýêñòðåìóìû ÿâëÿþòñÿ íåâûðîæäåííûìè, òî èíâàðèàíòíûå ìíîãîîáðàçèÿ òî÷êè p
òðàíñâåðñàëüíû âñåì ðåãóëÿðíûì ìíîæåñòâàì óðîâíÿ φ â íåêîòîðîé îêðåñòíîñòè Up òî÷-
êè p . Ôóíêöèÿ Ëÿïóíîâà φ : M → R äëÿ äèôôåîìîðôèçìà Ìîðñà-Ñìåéëà f : M → M
íàçûâàåòñÿ ôóíêöèåé Ìîðñà-Ëÿïóíîâà, åñëè ëþáàÿ ïåðèîäè÷åñêàÿ òî÷êà p ÿâëÿåòñÿ íåâû-
ðîæäåííûì ìàêñèìóìîì (ìèíèìóìîì) îãðàíè÷åíèÿ φ íà íåóñòîé÷èâîå (óñòîé÷èâîå) ìíî-
ãîîáðàçèå W u

p (W s
p ) . Èç ðàáîòû Â.Ç. Ãðèíåñà, Ô. Ëàóäåíáàõà, Î.Â. Ïî÷èíêè [2] ñëåäóåò,

÷òî ñðåäè ôóíêöèé Ëÿïóíîâà äëÿ äèôôåîìîðôèçìà Ìîðñà-Ñìåéëà f ôóíêöèè Ìîðñà-
Ëÿïóíîâà îáðàçóþò îòêðûòîå âñþäó ïëîòíîå â C∞ -òîïîëîãèè ìíîæåñòâî.

Åñëè p � êðèòè÷åñêàÿ òî÷êà ôóíêöèè Ìîðñà φ : M → R , òî, ñîãëàñíî ëåììå Ìîðñà
(ñì., íàïðèìåð, [8]), â íåêîòîðîé îêðåñòíîñòè V (p) òî÷êè p ñóùåñòâóåò ëîêàëüíàÿ ñèñòåìà
êîîðäèíàò x1, . . . , xn , íàçûâàåìàÿ êîîðäèíàòàìè Ìîðñà, òàêàÿ, ÷òî xj(p) = 0 äëÿ êàæäîãî

1 Ñòóäåíò Íèæåãîðîäñêîãî ãîñóäàðñòâåííîãî óíèâåðñèòåòà èì. Í. È. Ëîáà÷åâñêîãî
2 Ïðîôåññîð êàôåäðû ôóíäàìåíòàëüíîé ìàòåìàòèêè, Íàöèîíàëüíîãî èññëåäîâàòåëüñêîãî óíèâåðñèòå-

òà Âûñøàÿ øêîëà ýêîíîìèêè
3 Äèôôåîìîðôèçì f : M → M íàçûâàåòñÿ äèôôåîìîðôèçìîì Ìîðñà-Ñìåéëà, åñëè åãî íåáëóæäàþ-

ùåå ìíîæåñòâî NW (f) ñîñòîèò èç êîíå÷íîãî ÷èñëà ãèïåðáîëè÷åñêèõ ïåðèîäè÷åñêèõ òî÷åê (NW (f) =
Per(f) ), èíâàðèàíòíûå ìíîãîîáðàçèÿ êîòîðûõ ïåðåñåêàþòñÿ òðàíñâåðñàëüíî.
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j = 1, n è φ èìååò âèä φ(x) = φ(p) − x21 − · · · − x2b + x2b+1 + · · · + x2n , ãäå b = ind(p) �
èíäåêñ4 òî÷êè p .

Åñëè φ � ôóíêöèÿ Ëÿïóíîâà äëÿ äèôôåîìîðôèçìà Ìîðñà-Ñìåéëà f , òî, â ñèëó
[4], ëþáàÿ ïåðèîäè÷åñêàÿ òî÷êà äèôôåîìîðôèçìà f ÿâëÿåòñÿ êðèòè÷åñêîé òî÷êîé ôóíê-
öèè φ è ind(p) = dim W u

p . Îáðàòíîå, âîîáùå ãîâîðÿ, íåâåðíî: ôóíêöèÿ Ëÿïóíîâà ìîæåò
èìåòü êðèòè÷åñêèå òî÷êè, êîòîðûå íå ÿâëÿþòñÿ ïåðèîäè÷åñêèìè òî÷êàìè äëÿ f . Ä. Ïèêñ-
òîí [4] îïðåäåëèë ýíåðãåòè÷åñêóþ ôóíêöèþ äëÿ äèôôåîìîðôèçìà Ìîðñà-Ñìåéëà f êàê
ôóíêöèþ Ìîðñà-Ëÿïóíîâà φ , ìíîæåñòâî êðèòè÷åñêèõ òî÷åê êîòîðîé ñîâïàäàåò ñ ìíîæå-
ñòâîì ïåðèîäè÷åñêèõ òî÷åê äèôôåìîðôèçìà f . Îí äîêàçàë, ÷òî ëþáîé äèôôåîìîðôèçì
Ìîðñà-Ñìåéëà, çàäàííûé íà ïîâåðõíîñòè (çàìêíóòîì äâóìåðíîì ìíîãîîáðàçèè), îáëàäàåò
ýíåðãåòè÷åñêîé ôóíêöèåé, îäíàêî ñóùåñòâóåò ïðèìåð äèôôåîìîðôèçìà Ìîðñà-Ñìåéëà íà
òðåõìåðíîé ñôåðå S3 , íå èìåþùåãî ýíåðãåòè÷åñêîé ôóíêöèè.

Ñëåäóþùåå îïðåäåëåíèå âûäåëÿåò äëÿ ãðàäèåíòíî-ïîäîáíûõ äèôôåîìîðôèçìîâ5

êëàññ ôóíêöèé Ìîðñà-Ëÿïóíîâà ñ äîïîëíèòåëüíûìè ñâîéñòâàìè, àíàëîãè÷íûìè ñâîé-
ñòâàì ôóíêöèé, ââåäåííûõ Ñ. Ñìåéëîì [5] äëÿ ãðàäèåíòíî-ïîäîáíûõ âåêòîðíûõ ïîëåé.

Ôóíêöèÿ Ìîðñà-Ëÿïóíîâà φ íàçûâàåòñÿ ñàìîèíäåêñèðóþùåéñÿ ýíåðãåòè÷åñêîé ôóíê-
öèåé, åñëè âûïîëíÿþòñÿ ñëåäóþùèå óñëîâèÿ:

1) ìíîæåñòâî êðèòè÷åñêèõ òî÷åê ôóíêöèè φ ñîâïàäàåò ñ ìíîæåñòâîì Per(f) ïåðèî-
äè÷åñêèõ òî÷åê äèôôåîìîðôèçìà f ;

2) φ(p) = dim W u
p äëÿ ëþáîé òî÷êè p ∈ Per(f) .

Ð. Òîì [6] â 1962 ãîäó ââåë ïîíÿòèå òîïîëîãè÷åñêîé ýêâèâàëåíòíîñòè ôóíêöèé. Ôóíêöèè
φ, φ′ : M → R íàçûâàþòñÿ òîïîëîãè÷åñêè ýêâèâàëåíòíûìè, åñëè ñóùåñòâóþò ãîìåîìîð-
ôèçìû ψ :M →M è g : R → R òàêèå, ÷òî ñëåäóþùàÿ äèàãðàììà êîììóòàòèâíà

M
φ→ R

ψ ↓↑ ψ−1 g−1 ↓↑ g

M →
φ′

R

Íåòðóäíî óáåäèòüñÿ, ÷òî ãîìåîìîðôèçì ψ ïåðåâîäèò ìíîæåñòâî óðîâíÿ φ−1(c) â ìíî-
æåñòâî óðîâíÿ φ′−1(g(c)) . Êðîìå òîãî, åñëè φ, φ′ � ñàìîèíäåêñèðóþùèåñÿ ôóíêöèè, òî
ãîìåîìîðôèçì g ìîæíî ñ÷èòàòü òîæäåñòâåííûì è òîïîëîãè÷åñêàÿ ýêâèâàëåíòíîñòü òàêèõ
ôóíêöèé îïðåäåëÿåòñÿ ñóùåñòâîâàíèåì ãîìåîìîðôèçìà ψ :M →M òàêîãî, ÷òî

φ = φ′ψ è φ′ = φψ−1.

Ïóñòü S çàìêíóòàÿ îðèåíòèðóåìàÿ ïîâåðõíîñòü. Äèôôåîìîðôèçì Ìîðñà-Ñìåéëà f :
S → S íàçûâàåòñÿ ãðàäèåíòíî-ïîäîáíûì, åñëè èíâàðèàíòíûå ìíîãîîáðàçèÿ åãî ðàçëè÷-
íûõ ñåäëîâûõ òî÷åê íå ïåðåñåêàþòñÿ. Îáîçíà÷èì ÷åðåç G êëàññ ãðàäèåíòíî-ïîäîáíûõ
äèôôåîìîðôèçìîâ, íåáëóæäàþùåå ìíîæåñòâî êîòîðûõ ñîñòîèò èç íåïîäâèæíûõ òî÷åê
ïîëîæèòåëüíîãî òèïà îðèåíòàöèè6. Ñóùåñòâîâàíèå ñàìîèíäåêñèðóþùåéñÿ ýíåðãåòè÷åñêîé
ôóíêöèè ó ëþáîãî äèôôåîìîðôèçìà èç êëàññà G ñëåäóåò èç ðàáîòû [4].

Îñíîâíûì ðåçóëüòàòîì ðàáîòû ÿâëÿåòñÿ ñëåäóþùàÿ òåîðåìà.

4 Èíäåêñîì êðèòè÷åñêîé òî÷êè p íàçûâàåòñÿ ÷èñëî îòðèöàòåëüíûõ ñîáñòâåííûõ çíà÷åíèé ìàòðèöû
∂2φ

∂xi∂xj
(p) .

5 Äèôôåîìîðôèçì Ìîðñà-Ñìåéëà f : M → M íàçûâàåòñÿ ãðàäèåíòíî-ïîäîáíûì, åñëè äëÿ ëþáîé
ïàðû ïåðèîäè÷åñêèõ òî÷åê p , q ( p ̸= q ) èç óñëîâèÿ Wu

p ∩W s
q ̸= ∅ ñëåäóåò, ÷òî dimW s

p < dimW s
q .

6 Ãîâîðÿò, ÷òî íåïîäâèæíàÿ òî÷êà p äèôôåîìîðôèçìà Ìîðñà-Ñìåéëà f èìååò ïîëîæèòåëüíûé òèï
îðèåíòàöèè, åñëè îòîáðàæåíèå f |Wu

p
ñîõðàíÿåò îðèåíòàöèþ. Â ïðîòèâíîì ñëó÷àå, òèï îðèåíòàöèè òî÷êè

p íàçûâàþò îòðèöàòåëüíûì.
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Ò å î ð å ì à 1.1. Äèôôåîìîðôèçìû êëàññà G òîïîëîãè÷åñêè ñîïðÿæåíû òîãäà è
òîëüêî òîãäà, êîãäà èõ ñàìîèíäåêñèðóþùèåñÿ ýíåðãåòè÷åñêèå ôóíêöèè òîïîëîãè÷åñêè
ýêâèâàëåíòíû.

Áëàãîäàðíîñòè. Ðàáîòà âûïîëíåíà ïðè ôèíàíñîâîé ïîääåðæêå ãðàíòîâ ÐÔÔÈ 13-01-
12452-îôè-ì, 12-01-00672-a.

2. Äîêàçàòåëüñòâî òåîðåìû

Ïóñòü f ∈ G è φ : S → [0, 2] � ñàìîèíäåêñèðóþùàÿñÿ ýíåðãåòè÷åñêàÿ ôóíêöèÿ
Ìîðñà-Ëÿïóíîâà äëÿ f . Òîãäà Ω0

f = φ−1(0), Ω1
f = φ−1(1), Ω2

f = φ−1(2) � ìíîæåñòâî âñåõ
ñòîêîâ, ñåäåë, èñòî÷íèêîâ, ñîîòâåòñòâåííî, äèôôåîìîðôèçìà f . Ïîêàæåì, ÷òî äèôôåî-
ìîðôèçìû f, f ′ ∈ G òîïîëîãè÷åñêè ñîïðÿæåíû òîãäà è òîëüêî òîãäà, êîãäà ôóíêöèè φ, φ′

òîïîëîãè÷åñêè ýêâèâàëåíòíû.
Äëÿ êàæäîãî ñòîêà ω (ω′ ) äèôôåîìîðôèçìà f ( f ′ ) îáîçíà÷èì ÷åðåç Lω (L′

ω′ ) ìíî-
æåñòâî íåóñòîé÷èâûõ ñåïàðàòðèñ ℓ ( ℓ′ ) ñåäëîâûõ òî÷åê σ (σ′ ) ãîìåîìîðôèçìà f ( f ′ )
òàêèõ, ÷òî cl(ℓ) = ℓ ∪ σ ∪ ω ( cl(ℓ′) = ℓ′ ∪ σ′ ∪ ω′ ). Îáîçíà÷èì ïîòîê, ïîðîæä¼ííûé âåê-
òîðíûì ïîëåì grad φ (grad φ′) ÷åðåç X (X ′ ). Èñõîäÿ èç òîãî, ÷òî ïîä ýíåðãåòè÷åñêîé
ôóíêöèåé φ (φ′ ) ìû ïîíèìàåì ôóíêöèþ Ìîðñà-Ëÿïóíîâà, äëÿ ëþáîé ñåäëîâîé òî÷êè
σ (σ′ ) ñóùåñòâóåò îêðåñòíîñòü Vσ (Vσ′ ) òàêàÿ, ÷òî âíóòðè Vσ (Vσ′ ) èíâàðèàíòíûå ìíî-
ãîîáðàçèÿ òî÷êè σ êàê íåïîäâèæíîé òî÷êè äèôôåîìîðôèçìà f ( f ′ ) è ïîòîêà X (X ′ )
ñîâïàäàþò. Âûáåðåì ε > 0 òàê, ÷òî ëèíèÿ óðîâíÿ φ−1(1−ε) (φ′−1(1−ε) ) ïåðåñåêàåò êàæ-
äóþ íåóñòîé÷èâóþ ñåïàðàòðèñó êàæäîé ñåäëîâîé òî÷êè σ ( σ′ ) â îêðåñòíîñòè Vσ (Vσ′ ).
Ïîëîæèì Γ = φ−1(1− ε) (Γ′ = φ′−1(1− ε) ) è B = φ−1([0, 1− ε]) (B′ = φ′−1([0, 1− ε]) ).

Íåîáõîäèìîñòü. Ïóñòü äèôôåîìîðôèçìû f, f ′ ∈ G òîïîëîãè÷åñêè ñîïðÿæåíû ïîñðåä-
ñòâîì ãîìåîìîðôèçìà h : S → S . Îòñþäà äëÿ ëþáîãî ñòîêà ω , ñåäëîâîé òî÷êè σ è
ìíîæåñòâà Lω äèôôåîìîðôèçìà f ñóùåñòâóþò åäèíñòâåííûå ñîîòâåòñòâóþùèå îáúåêòû
äèôôåîìîðôèçìà f ′ , à èìåííî ω′ = h(ω) , σ′ = h(σ) è L′

ω′ = h(Lω) . Âîñïîëüçîâàâøèñü
ëåììîé 3.2.1. èç ðàáîòû [7], äëÿ êàæäîãî ñòîêà ω âûáåðåì äèñê Dω ⊂ int B , ñîäåð-
æàùèé ω òàê, ÷òî ëþáàÿ ñåïàðàòðèñà ℓ ∈ Lω ïåðåñåêàåò ∂Dω â åäèíñòâåííîé òî÷êå
è D′

ω′ = h(Dω) ⊂ int B′ . Òàêæå äëÿ ëþáîãî ω (ω′ ) ñóùåñòâóåò êîìïîíåíòà ñâÿçíî-
ñòè Bω (B′

ω′ ) ìíîæåñòâà B (B′ ), ëåæàùàÿ â W s
ω (W s

ω′ ). Ïîëîæèì Hω = cl (Bω \ Dω)
(H ′

ω′ = cl (B′
ω′ \D′

ω′) ) è ñâÿçíîñòè Γω = ∂Bω (Γ′
ω′ = ∂B′

ω′ ).
Ïî óñëîâèþ f è f ′ òîïîëîãè÷åñêè ñîïðÿæåíû, ñëåäîâàòåëüíî ãîìåîìîðôèçì h ïå-

ðåâîäèò íåóñòîé÷èâûå ñåïàðàòðèñû f â íåóñòîé÷èâûå ñåïàðàòðèñû f ′ . Èñõîäÿ èç ýòîãî,
çàäàäèì ãîìåîìîðôèçì hΓω : Γω → Γ′

ω′ ñëåäóþùèì îáðàçîì: ∂Dω ïîñðåäñòâîì h ãîìåî-
ìîðôíî ∂D′

ω′ , òàêæå ãîìåîìîðôíû ìåæäó ñîáîé ïîñðåäñòâîì h íåóñòîé÷èâûå ñåïàðàòðè-
ñû Lω è L′

ω′ . Òîãäà ñóùåñòâóåò ãîìåîìîðôèçì ψLω∩Hω : Lω∩Hω → h(Lω)∩H ′
ω′ òàêîé, ÷òî

ℓ ∩Hω 7→ h(ℓ) ∩H ′
ω′ è ψLω∩Hω |(Lω∩∂Dω) = h|(Lω∩∂Dω) . Ñ åãî ïîìîùüþ ìû îòîáðàçèëè â òîì

÷èñëå òî÷êè Lω ∩ Γω â òî÷êè L′
ω′ ∩ Γ′

ω . Ïîñòðîèì ãîìåîìîðôèçì ψΓω : Γω → Γ′
ω′ , ïðîäîë-

æàÿ îòîáðàæåíèå ψLω∩Hω ñ òî÷åê Lω ∩ Γω íà äóãè ìåæäó íèìè òàê, ÷òî ïîëîæèòåëüíîå
íàïðàâëåíèå îáõîäà7 íà êðèâîé Γω = ∂Bω è ãîìåîìîðôèçì ψΓω èíäóöèðóþò íà êðè-
âîé Γ′

ω′ = ∂B′
ω′ òàêîå æå (ïîëîæèòåëüíîå èëè îòðèöàòåëüíîå) íàïðàâëåíèå îáõîäà, êàêîå

èíäóöèðóåò íà êðèâîé ∂D′
ω′ ïîëîæèòåëüíîå íàïðàâëåíèå îáõîäà íà êðèâîé ∂Dω è ãîìåî-

ìîðôèçì h . Îáîçíà÷èì ÷åðåç ψΓ : Γ → Γ′ ãîìåîìîðôèçì, ñîñòàâëåííûé èç îòîáðàæåíèé
ψΓω , ω ∈ Ω0

f .

7 Ïóñòü d íåêîòîðûé äâóìåðíûé äèñê. Íàïðàâëåíèå îáõîäà åãî ãðàíèöû c = ∂d ïîëîæèòåëüíûì
(îòðèöàòåëüíûì), åñëè ïðè äâèæåíèè âäîëü c â ýòîì íàïðàâëåíèè äèñê d îñòàåòñÿ ñëåâà (ñïðàâà).
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Òàêèì îáðàçîì, ìû ïîñòðîèëè ãîìåîìîðôèçì, ïåðåâîäÿùèé ëèíèþ óðîâíÿ Γ äèôôåî-
ìîðôèçìà f â ëèíèþ óðîâíÿ Γ′ äèôôåîìîðôèçìà f ′ .

Îáîçíà÷èì ÷åðåç gx (g′x′) òðàåêòîðèþ ïîòîêà X (X ′ ), ïðîõîäÿùóþ ÷åðåç x ∈ Γ (x′ ∈
Γ′) . Ïîëîæèì Q =

∪
x∈Γ

gx, Q
′ =

∪
x′∈Γ′

g′x′ . Îïðåäåëèì ãîìåîìîðôèçì ψQ : Q → Q′ ïî

ôîðìóëå: äëÿ y ∈ gx ïîëîæèì ψQ(y) = y′ , ãäå y′ ∈ g′ψΓ(x)
è φ(y) = φ′(y′) . Ïî ïîñòðîå-

íèþ ëèíèè óðîâíÿ, êîòîðûì ïðèíàäëåæàò y è y′ , ñâÿçàíû ãîìåîìîðôèçìîì ψQ . Òàê êàê
W s
σ (W s

σ′ ), êàê óñòîé÷èâîå ìíîãîîáðàçèå ñåäëîâîé òî÷êè σ (σ′ ) ïîòîêà X (X ′ ), òðàíñ-
âåðñàëüíî ëèíèÿì óðîâíÿ φ (φ′ ) äëÿ ëþáîé ñåäëîâîé òî÷êè σ (σ′ ), òî ãîìåîìîðôèçì
ψQ ïðîäîëæàåòñÿ äî èñêîìîãî ãîìåîìîðôèçìà ψ : S → S ïî íåïðåðûâíîñòè. Òàêèì îá-
ðàçîì, ìû ïðåîáðàçîâàëè ñîïðÿãàþùèé ãîìåîìîðôèçì h â ãîìåîìîðôèçì ψ òàêîé, ÷òî
âûïîëíÿþòñÿ ñîîòíîøåíèÿ φ = φ′ψ è φ′ = φψ−1 , ýòî îçíà÷àåò, ÷òî ôóíêöèè φ è φ′

òîïîëîãè÷åñêè ýêâèâàëåíòû.
Äîñòàòî÷íîñòü. Ïóñòü ôóíêöèè φ è φ′ òîïîëîãè÷åñêè ýêâèâàëåíòíû, ò.å. φ = φ′ψ

è φ′ = φψ−1 äëÿ íåêîòîðîãî ãîìåîìîðôèçìà ψ : S → S . Ïîëîæèì C = φ−1(1) (C ′ =
φ′−1(1) ). Çàìåòèì, ÷òî êàæäàÿ êîìïîíåíòà ñâÿçíîñòè B ñîäåðæèò â òî÷íîñòè îäèí ñòîê
äèôôåîìîðôèçìà f . Òàê êàê φ � ôóíêöèÿ Ëÿïóíîâà, òî f(B) ⊂ intB . Ïîëîæèì K =
B \ int f(B) (K ′ = B′ \ int f ′(B′) ). Îáîçíà÷èì ÷åðåç gx ( g′x′ ) òðàåêòîðèþ ïîòîêà X
(X ′ ), ïðîõîäÿùóþ ÷åðåç òî÷êó x ∈ C ( x′ ∈ C ′ ). Çàìåòèì, ÷òî ψ(C) = C ′ , ÷òî ñëåäóåò èç
òîïîëîãè÷åñêîé ýêâèâàëåíòíîñòè φ è φ′ . Îïðåäåëèì ãîìåîìîðôèçì hΓ\Wu

Ω1
f

: Γ\W u
Ω1

f
→

Γ′\W u
Ω1

f ′
ïî ôîðìóëå: äëÿ y = gx ∩Γ ïîëîæèì hΓ\Wu

Ω1
f

(y) = y′ , ãäå y′ = g′ψ(x) ∩Γ′ , êîòîðûé

ïðîäîëæàåòñÿ ïî íåïðåðûâíîñòè äî hΓ : Γ → Γ′ òàê, ÷òî äëÿ ëþáîé ñåäëîâîé ñåïàðàòðèñû
l ïîòîêà X âûïîëíÿåòñÿ ðàâåíñòâî hΓ(l ∩ Γ) = ψ(l) ∩ Γ′ .

Ïîëîæèì hf(Γ) = f ′hΓf
−1 : f(Γ) → f ′(Γ′) . Òîãäà ñóùåñòâóåò ãîìåîìîðôèçì hK : K →

K ′ òàêîé, ÷òî hK |Γ = hΓ , hK |f(Γ) = hf(Γ) è hK(W
u
Ω1

f
∩K) = W u

Ω1
f ′
∩K ′ . Îïðåäåëèì ãîìåî-

ìîðôèçì h0 : W s
Ω0

f
\ Ω0

f → W s
Ω0

f ′
\ Ω0

f ′ ôîðìóëîé h0(x) = f ′−k(hK(f
k(x))) , ãäå fk(x) ∈ K

(ò.å. äàííûé ãîìåîìîðôèçì îòîáðàæàåò áàññåéíû ñòîêîâ äèôôåîìîðôèçìà f â áàññåé-
íû ñòîêîâ äèôôåîìîðôèçìà f ′ ). Ïî íåïðåðûâíîñòè ýòîò ãîìåîìîðôèçì ïðîäîëæàåòñÿ íà
Ω0
f . Îñòàëîñü åãî ïðîäîëæèòü íà cl (W s

Ω1
f
) .

Ïóñòü σ ∈ Ω1
f è σ′ � ñåäëî èç Ω1

f ′ òàêîå, ÷òî h0(W
u
σ \ σ) = W u

σ′ \ σ′ .
Â ñèëó òåîðåìû 1.1.2 èç [7], ñóùåñòâóåò îêðåñòíîñòü Uσ òî÷êè σ äèôôåîìîðôèçìà f

è ãîìåîìîðôèçì Fσ : Uσ → U , ñîïðÿãàþùèé äèôôåîìîðôèçì f |Uσ c äèôôåîìîðôèçìîì
b|U , ãäå U = {(x1, x2) ∈ R2 : |x1x2| ≤ 1} è b(x1, x2) = (2x1,

x2
2
) . Òàêæå ñóùåñòâóåò îêðåñò-

íîñòü Uσ′ òî÷êè σ′ òàêàÿ, ÷òî h0(Uσ\W s
σ) ⊂ Uσ′ äèôôåîìîðôèçìà f ′ è ãîìåîìîðôèçì

F ′
σ′ : Uσ′ → U , ñîïðÿãàþùèé äèôôåîìîðôèçì f ′|U ′

σ′ c äèôôåîìîðôèçìîì b|U . Ïîëîæèì
U ′
σ′ = h0(Uσ\W s

σ) ∪W s
σ′ , U ′ = F ′

σ′(U ′
σ′) , L = ∂U è L′ = ∂U ′ .

Ïîëîæèì U t = {(x1, x2) ∈ R2 : |x1x2| ≤ t} äëÿ t ∈ (0, 1) è Lt = ∂U t . Çàôèê-
ñèðóåì çíà÷åíèå τ ∈ (0, 1) òàê, ÷òî F ′−1

σ′ (U τ ) ⊂ U ′
σ′ . Ìû óñòàíîâèëè ãîìåîìîðôíîñòü

ïîñðåäñòâîì îòîáðàæåíèÿ h̃0 = F ′
σ′h0F

−1
σ îáëàñòåé U è U ′ . Ïîëîæèì Q = U\U τ è

Q′ = U ′\U τ . Ïî ïîñòðîåíèþ êàæäàÿ êîìïîíåíòà ñâÿçíîñòè ìíîæåñòâ Q,Q′ ãîìåîìîðôíà
ïîëîñå [0, 1] × R . Íå óìåíüøàÿ îáùíîñòè ìîæíî ñ÷èòàòü, ÷òî, åñëè Y1, Y2 � êîìïîíåí-
òû ñâÿçíîñòè ãðàíèöû êîìïîíåíòû ñâÿçíîñòè ìíîæåñòâà Q , òî h̃0(Y1), Y2 � êîìïîíåíòû
ñâÿçíîñòè ãðàíèöû êîìïîíåíòû ñâÿçíîñòè ìíîæåñòâà Q′ (â ïðîòèâíîì ñëó÷àå ãîìåîìîð-
ôèçì Fσ íóæíî çàìåíèòü íà ãîìåîìîðôèçì jFσ , j(x1, x2) = (−x1,−x2) ). Îáîçíà÷èì
÷åðåç Q̂ = Q/b, Q̂′ = Q′/b ïðîñòðàíñòâà îðáèò äåéñòâèÿ äèôôåîìîðôèçìà b íà Q,Q′ ,
ñîîòâåòñòâåííî, è ÷åðåç p : Q → Q̂, p′ : Q′ → Q̂′ åñòåñòâåííóþ ïðîåêöèþ. Òîãäà êàæ-
äàÿ êîìïîíåíòà ñâÿçíîñòè ìíîæåñòâ Q̂, Q̂′ ãîìåîìîðôíà êîëüöó [0, 1] × S1 . Ïîñêîëüêó
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L̂τ = Lτ/b îáùàÿ ãðàíèöà êîëåö Q̂ è Q̂′ , òî ñóùåñòâóåò ãîìåîìîðôèçì ĥQ̂ : Q̂ → Q̂′ ,
ÿâëÿþùèéñÿ òîæäåñòâåííûì íà îäíîé êîìïîíåíòå ñâÿçíîñòè ãðàíèöû êàæäîãî êîëüöà èç
Q̂ è ñîâïàäàþùèé ñ ãîìåîìîðôèçìîì p′h̃0p

−1 íà äðóãîé.
Îáîçíà÷èì ÷åðåç h̃Q : Q → Q′ ïîäíÿòèå ãîìåîìîðôèçìà ĥQ̂ . Èç ïîëó÷åííîãî ñòðîèì

ãîìåîìîðôèçì h̃U : U → U ′ , òîæäåñòâåííûé íà U τ è ñîâïàäàþùèé ñ h̃Q íà Q . Ïîëó÷à-
åì, ÷òî Uσ ãîìåîìîðôíî U ′

σ′ ïîñðåäñòâîì hUσ = F ′−1
σ′ h̃UFσ è âûïîëíåíî hUσ(W

s
σ) = W s

σ′ .
Ïîëîæèì UΩ1

f
=

∪
σ∈Ω1

f

Uσ , UΩ1
f ′

=
∪

σ′∈Ω1
f ′

Uσ′ è îáîçíà÷èì ÷åðåç h1 : UΩ1
f
→ UΩ1

f ′
ãîìåî-

ìîðôèçì, ñîñòàâëåííûé èç hUσ , σ ∈ Ω1
f . Ïîñêîëüêó h0|∂U

Ω1
f

= h1|∂U
Ω1
f

, òî îòîáðàæåíèå

h2 : S \ Ω2
f → S \ Ω2

f ′ , îïðåäåëåííîå ôîðìóëîé h2(x) =

{
h1(x), åñëè x ∈ UΩ1

f
;

h0(x), èíà÷å;
Ãîìåîìîðôèçì h2 åäèíñòâåííûì îáðàçîì ïðîäîëæàåòñÿ íà ìíîæåñòâî Ω2

f äî èñêîìîãî
ãîìåîìîðôèçìà h : S → S òàê, ÷òî h(α) = α′ , ãäå h2(W u

α \ α) = W u
α′ \ α′ .

Òåîðåìà äîêàçàíà.
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Energy function as a complete topological invariant for

gradient-like cascades on surfaces

c⃝ V. E. Kruglov8, O. V. Pochinka9

Abstract. In this paper we consider dynamical systems with discrete time generated by iterations
of a gradient-like di�eomorphism of a surface whose non-wandering set consists of �xed points of
positive type orientation. We prove that the class of topological conjugacy of such a system is
completely determined by equivalence class of its energy Morse function.
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ÓÄÊ 517.9

Îáîáùåíèå ìîäåëè îòáîðà ïîâåäåíèÿ â

ñîöèàëüíî-ýêîíîìè÷åñêèõ ñèñòåìàõ

c⃝ Î. À. Êóçåíêîâ1, Å. À. Ðÿáîâà2

Àííîòàöèÿ. Â ñòàòüå ðàññìàòðèâàåòñÿ ðÿä îáîáùåíèé ìîäåëè âûáîðà ïîâåäåíèÿ â ñîöèàëüíî-
ýêîíîìè÷åñêîé ñèñòåìå, ïðåäëîæåííîé È.Ã. Ïîñïåëîâûì. Â îòëè÷èå îò ìîäåëè È.Ã. Ïîñïåëîâà
ðàññìàòðèâàåòñÿ ïðîöåññ â íåïðåðûâíîì âðåìåíè. Ïðåäëîæåííûå ìîäåëè îïèñûâàþòñÿ ñèñòå-
ìàìè ñ íàñëåäîâàíèåì. Ïðîâåäåíî èõ èññëåäîâàíèå íà îñíîâå ìàòåìàòè÷åñêîé òåîðèè îòáî-
ðà. Ïðåäëîæåí àëãîðèòì ïîâåäåíèÿ, îáåñïå÷èâàþùèé ïðè ëþáûõ íà÷àëüíûõ óñëîâèÿõ îòáîð
ñòðàòåãèè ñ íàèëó÷øèìè õàðàêòåðèñòèêàìè.

Êëþ÷åâûå ñëîâà: ñîöèàëüíî-ýêîíîìè÷åñêèå ñèñòåìû, ñàìîâîñïðîèçâîäÿùèåñÿ ñèñòåìû,
îòáîð ñòðàòåãèè

Ââåäåíèå

Ïðîáëåìà èçó÷åíèÿ ìîòèâàöèè ïîâåäåíèÿ ëþäåé ÿâëÿåòñÿ âàæíåéøåé íå òîëüêî â ñî-
öèîëîãè÷åñêèõ èññëåäîâàíèÿõ. Èçó÷åíèå ïîâåäåíèÿ ÷åëîâåêà êàê ñóáúåêòà ýêîíîìè÷åñêèõ
îòíîøåíèé � îäíà èç îñíîâíûõ ïðîáëåì ýêîíîìè÷åñêîé òåîðèè [1]�[3].

Äèíàìèêó ïîâåäåíèÿ â áîëüøèõ îäíîðîäíûõ ñîöèàëüíûõ ãðóïïàõ îïèñûâàþò ìîäåëè
àäàïòèâíî-ïîäðàæàòåëüíîãî ïîâåäåíèÿ [4], [5]. Â ïîñëåäíèå äåñÿòèëåòèÿ èññëåäîâàíèåì
òàêèõ ìîäåëåé çàíèìàåòñÿ ýâîëþöèîííàÿ òåîðèÿ èãð [6], [7], êîòîðàÿ èçó÷àåò âûáîð ñòðà-
òåãèè ïîâåäåíèÿ ñóáúåêòàìè ñîöèàëüíîé ãðóïïû â òèïè÷íûõ, ìíîãîêðàòíî ïîâòîðÿþùèõ-
ñÿ êîíôëèêòíûõ ñèòóàöèÿõ è ïûòàåòñÿ ïðåäñêàçàòü, êàêîãî ïîâåäåíèÿ ñëåäóåò îæèäàòü.
Ïðè ýòîì ôóíêöèÿ âûèãðûøà õàðàêòåðèçóåò óñïåõ îòäåëüíûõ ñòðàòåãèé, à íå îòäåëüíûõ
ó÷àñòíèêîâ âçàèìîäåéñòâèÿ.

Ýòîò ïîäõîä ìîæíî ïðèìåíèòü è ê ìîäåëèðîâàíèþ ýêîíîìè÷åñêèõ ïðîöåññîâ, ïîñêîëü-
êó ëþáîå êîíêðåòíîå ðåøåíèå î ïðîèçâîäñòâå, ïîòðåáëåíèè è ðàñïðåäåëåíèè ïðèíèìàåòñÿ
îòäåëüíûìè ñóáúåêòàìè (èíäèâèäóóìàìè èëè îðãàíèçàöèÿìè), îáëàäàþùèìè îãðàíè÷åí-
íîé èíôîðìàöèåé î ñîñòîÿíèè è áóäóùåì ðàçâèòèè âñåé ñèñòåìû. Òàêèå öåíòðû ïðèíÿòèÿ
ðåøåíèé â ýêîíîìèêå íàçûâàþò ðîëÿìè [2]. Òèïè÷íûìè ðîëÿìè ÿâëÿþòñÿ, íàïðèìåð, ðîëü
óïðàâëÿþùåãî ïðåäïðèÿòèåì, ïðèíèìàþùåãî ðåøåíèÿ, ÷òî, êîãäà è êàê ïðîèçâîäèòü, ðîëü
ïîòðåáèòåëÿ, ðåøàþùåãî, êàêèå òîâàðû ïðèîáðåòàòü, ðîëü ðàáî÷åãî íà ðûíêå òðóäà, ðåøà-
þùåãî, ãäå è íà êàêèõ óñëîâèÿõ ðàáîòàòü è ò. ï. Èñïîëíÿÿ ðîëü, ñóáúåêò ìîæåò èçîáðåñòè
êàêèå-òî íîâûå âèäû è ñïîñîáû äåéñòâèÿ â ýòîé ðîëè. Ïðè ýòîì ñðåäñòâà è ñèñòåìà ðîëåé
ïåðåñòðàèâàþòñÿ, àäàïòèðóÿñü ê íîâûì âîçìîæíîñòÿì.

Íî ñèñòåìà ðîëåé íå ìîæåò áûòü ïðîèçâîëüíîé, îíà îáÿçàíà, ïî êðàéíåé ìåðå, óäîâëå-
òâîðÿòü óñëîâèþ ñîîòâåòñòâèÿ ðîëåé è èíòåðåñîâ (ìîòèâîâ). Â ìîäåëÿõ ýêîíîìèêè òàêîå
ñîãëàñîâàíèå îáû÷íî ïðèíèìàåòñÿ êàê î÷åâèäíîå: ïðîèçâîäèòåëü ìàêñèìèçèðóåò ïðèáûëü
(èëè ñòðåìèòñÿ âûïîëíèòü ïëàí), ïîòðåáèòåëü ìàêñèìèçèðóåò ïîëåçíîñòü ñâîåãî ïîòðåá-
ëåíèÿ è ò. ï.. Ìåõàíèçìîì, ïîääåðæèâàþùèì îïðåäåëåííîå ñîãëàñîâàíèå èíòåðåñîâ, ÿâ-
ëÿåòñÿ, íàïðèìåð, íàêàçàíèå çà ¾íåïðàâèëüíîå ïîâåäåíèå¿, âêëþ÷àþùåå àäìèíèñòðàòèâ-
íûå âçûñêàíèÿ, ôèíàíñîâîå ðàçîðåíèå, ìîðàëüíûå ñàíêöèè. Ñóáúåêò, ïîäïàäàþùèé ïîä

1 Äîöåíò êàôåäðû ÷èñëåííîãî è ôóíêöèîíàëüíîãî àíàëèçà ÍÍÃÓ èì. Í.È. Ëîáà÷åâñêîãî;
kuzenkov_o@mail.ru

2 Ñòàðøèé ïðåïîäàâàòåëü êàôåäðû ÷èñëåííîãî è ôóíêöèîíàëüíîãî àíàëèçà ÍÍÃÓ èì. Í.È. Ëîáà÷åâ-
ñêîãî; riabova-ea@rambler.ru
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èõ äåéñòâèå, âûíóæäåí ïðåêðàòèòü èñïîëíÿòü äàííóþ ðîëü èëè èçìåíèòü ñâîé ñïîñîá
äåéñòâèé. Â ðàáîòå [2] È.Ã. Ïîñïåëîâà ïðåäëîæåíà àáñòðàêòíàÿ äèñêðåòíàÿ ìîäåëü, ïîç-
âîëÿþùàÿ èçó÷èòü âîïðîñ îá ýôôåêòèâíîñòè òàêèõ ìåõàíèçìîâ ðåãóëèðîâàíèÿ (îòáîðà)
ïîâåäåíèÿ è îïèñàòü ðåçóëüòàò èõ äåéñòâèÿ íà ÿçûêå ìîòèâàöèè ñóáúåêòà. Ìåõàíèçìû
ðåãóëèðîâàíèÿ ïîâåäåíèÿ â ìîäåëè õàðàêòåðèçóåò íàáîð ïîñòîÿííûõ ¾÷àñòîò íåóäà÷¿.

Öåëüþ äàííîé ðàáîòû ÿâëÿåòñÿ, âî-ïåðâûõ, îáîáùåíèå äèñêðåòíîé ìîäåëè, ïðåäëî-
æåííîé â [2], íà íåïðåðûâíûé ñëó÷àé, ÷òî ïîçâîëÿåò ïðèìåíèòü ê èññëåäîâàíèþ ìåòîäû
ìàòåìàòè÷åñêîé òåîðèè îòáîðà [8]�[10]. Âî-âòîðûõ, ìîäèôèêàöèÿ ìîäåëè ñ ó÷åòîì èçìå-
íÿþùèõñÿ ¾÷àñòîò íåóäà÷¿, õàðàêòåðèçóþùèõ âíåøíåå âîçäåéñòâèå íà ñèñòåìó, â ñëó÷àå,
êîãäà ñóáúåêò ïðè âûáîðå ñòðàòåãèè ðóêîâîäñòâóåòñÿ èñêëþ÷èòåëüíî åå ïîïóëÿðíîñòüþ
(ò. å. ïðîñòî ïîäðàæàåò äðóãèì ñóáúåêòàì). Ïðè ýòîì íàñ áóäåò èíòåðåñîâàòü âîçìîæ-
íîñòü îòáîðà îäíîé îáúåêòèâíî öåííîé ñòðàòåãèè ïðè èñïîëíåíèè ñóáúåêòàìè ñâîåé ðî-
ëè [11], [12].

1. Áàçîâàÿ ìîäåëü îòáîðà ñòðàòåãèè ïîâåäåíèÿ

Ïóñòü M = {v1, . . . , vn} � êîíå÷íîå ìíîæåñòâî ñòðàòåãèé, êîòîðûå ñóáúåêò ìîæåò èñ-
ïîëüçîâàòü ïðè èñïîëíåíèè ñâîåé ðîëè; S � êîíå÷íîå ìíîæåñòâî ñóáúåêòîâ, ïàðàëëåëüíî
èñïîëíÿþùèõ îäíó è òó æå ðîëü, èñïîëüçóÿ ðàçëè÷íûå ñòðàòåãèè, ìîùíîñòü ýòîãî ìíîæå-
ñòâà ðàâíà |S| ; si(t) � ÷èñëî ñóáúåêòîâ, èñïîëüçóþùèõ ñòðàòåãèþ vi â ìîìåíò âðåìåíè
t , vi ∈M . Ðàñïðåäåëåíèå ñóáúåêòîâ ïî ñòðàòåãèÿì

s(t) = {(s1(t), . . . , sn(t)) : si(t) ≥ 0, i = 1, n,
n∑
i=1

si(t) ≡ |S|} (1.1)

õàðàêòåðèçóåò ñîñòîÿíèå ðàññìàòðèâàåìîé ñèñòåìû.
Ïóñòü xi(t) = si(t)/|S| � óäåëüíàÿ äîëÿ ÷èñëà ñóáúåêòîâ, îñóùåñòâëÿþùèõ âûáîð ñòðà-

òåãèè vi â ìîìåíò âðåìåíè t , � òàê íàçûâàåìàÿ ïîïóëÿðíîñòü èëè ÷àñòîòà èñïîëüçîâàíèÿ
ñòðàòåãèè vi ∈ M . Î÷åâèäíî, ÷òî â êàæäûé ìîìåíò âðåìåíè t âåêòîð x = (x1, . . . , xn)
ïðèíàäëåæèò ñòàíäàðòíîìó n -ìåðíîìó ñèìïëåêñó

Sn = {(x1, . . . , xn) : xi ≥ 0, i = 1, n,
n∑
i=1

xi = 1}. (1.2)

Ïðåäïîëàãàåòñÿ, ÷òî â òå÷åíèå ìàëîãî ïðîìåæóòêà âðåìåíè (t, t + ∆t) ñóáúåêò, èñ-
ïîëüçóþùèé ñòðàòåãèþ vi , íåçàâèñèìî îò ïðåäûñòîðèè è äåéñòâèé äðóãèõ ñóáúåêòîâ ñ
âåðîÿòíîñòüþ ωi∆t + o(∆t) ïîäïàäàåò ïîä äåéñòâèå ìåõàíèçìà îòáîðà ïîâåäåíèÿ è îêà-
çûâàåòñÿ âûíóæäåííûì ñìåíèòü ñâîþ ñòðàòåãèþ. Íàáîð ïîñòîÿííûõ ω = (ω1, . . . , ωn) ,
íàçûâàåìûõ ¾÷àñòîòû íåóäà÷¿, õàðàêòåðèçóåò â ìîäåëè ñðåäó, â êîòîðîé ñóáúåêòû èñ-
ïîëíÿþò ñâîþ ðîëü. Ýòà ãèïîòåçà îçíà÷àåò, ÷òî ñ òî÷íîñòüþ äî áåñêîíå÷íî ìàëîé o(∆t)
âåðîÿòíîñòü èçìåíåíèÿ ñòðàòåãèè vi ïðîïîðöèîíàëüíà âðåìåíè ∆t åå èñïîëüçîâàíèÿ (÷åì
äîëüøå èñïîëüçóåòñÿ îïðåäåëåííàÿ ñòðàòåãèÿ, òåì âûøå âåðîÿòíîñòü ïåðåõîäà ê äðóãèì
âàðèàíòàì ïîâåäåíèÿ). Ïðåäïîëàãàåòñÿ, ÷òî ñóáúåêòû íå îñîçíàþò ñâÿçü ìåæäó ñòðàòå-
ãèåé è ÷àñòîòîé íåóäà÷è èëè èãíîðèðóþò åå. Ñóáúåêò, èçìåíÿþùèé ñâîþ ñòðàòåãèþ vi ,

âûáèðàåò íîâóþ ñòðàòåãèþ vj ∈ M ñ âåðîÿòíîñòüþ pj(t) ( pj(t) ≥ 0 ,
n∑
j=1

pj(t) ≡ 1 ). Ýòîò

âûáîð ìîæåò çàâèñåòü îò ñîñòîÿíèÿ s(t) , íî íå çàâèñèò îò ïðåäûñòîðèè ïðîöåññà. Ìîæ-
íî òàêæå, ñ÷èòàòü, ÷òî ñóáúåêò, ïîòåðïåâøèé íåóäà÷ó, ¾âûáûâàåò èç èãðû¿, è åãî ìåñòî
çàíèìàåò íîâûé, âûáèðàþùèé ñòðàòåãèþ vi ñ âåðîÿòíîñòüþ pi(t) .

Ñ ó÷åòîì ýòèõ ïðåäïîëîæåíèé ïðèìåì ñëåäóþùèå ãèïîòåçû.
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1. Ñóáúåêò â ìîìåíò âðåìåíè t ðåàëèçóåò òîëüêî îäíó ñòðàòåãèþ.

2. Åñëè â íåêîòîðûé ìîìåíò âðåìåíè t ñóáúåêò ðåàëèçóåò ñòðàòåãèþ vi , òî âåðîÿòíîñòü
òîãî, ÷òî çà âðåìÿ (t, t+∆t) îí ïåðåéäåò ê ðåàëèçàöèè äðóãîé ñòðàòåãèè vj , ðàâíà
pj(t)(ωi∆t+ o(∆t)) (j ̸= i) . Êðîìå òîãî, äàæå ïîïàâ ïîä äåéñòâèå ìåõàíèçìà îòáîðà
ïîâåäåíèÿ, ñóáúåêò ìîæåò ïðîäîëæèòü ðåàëèçàöèþ ñòðàòåãèè vi ñ âåðîÿòíîñòüþ

1−
n∑
j=1
j ̸=i

pj(t)ωi∆t+ o(∆t).

3. Âåðîÿòíîñòü òîãî, ÷òî çà âðåìÿ (t, t+∆t) ñóáúåêò îñóùåñòâëÿåò áîëåå îäíîãî èçìå-
íåíèÿ ñòðàòåãèè ïîâåäåíèÿ, èìååò ïîðÿäîê ìàëîñòè áîëåå âûñîêèé, ÷åì ∆t.

Ýòè ãèïîòåçû îïðåäåëÿþò äèíàìèêó èñïîëüçîâàíèÿ ñòðàòåãèè êàê ñëó÷àíûé ïðîöåññ.
Ïðè ýòîì ìàòðèöà ïåðåõîäîâ, îïèñûâàþùàÿ âåðîÿòíîñòü èçìåíåíèÿ ñòðàòåãèè, èìååò âèä:

Π(t,∆t) =



1−
n∑
j=2

pj(t)ω1∆t+ o(∆t) . . . pn(t)ω1∆t+ o(∆t)

p1(t)ω2∆t+ o(∆t)
. . . pn(t)ω2∆t+ o(∆t)

...
...

p1(t)ωn∆t+ o(∆t) · · · 1−
n−1∑
j=1

pj(t)ωn∆t+ o(∆t)


.

Âåêòîðû x(t) è x(t+∆t) ñâÿçàíû ñîîòíîøåíèåì x(t+∆t) = x(t)Π(t,∆t). Â ÷àñòíîñòè,

∆xi=xi(t+∆t)−xi(t)=xi(t)

1−
n∑
j=1
j ̸=i

pj(t)ωi∆t

+
n∑
j=1
j ̸=i

xjpi(t)ωj∆t+o(∆t), i = 1, n.

Îòñþäà íåòðóäíî âûâåñòè äèôôåðåíöèàëüíîå óðàâíåíèå èçìåíåíèÿ ÷àñòîòû èñïîëüçîâà-
íèÿ i -é ñòðàòåãèè:

ẋi = −ωixi + pi(t)
n∑
j=1

ωjxj, i = 1, n. (1.3)

Íåòðóäíî âèäåòü, ÷òî ñóììà ïðàâûõ ÷àñòåé äàííûõ óðàâíåíèé ðàâíà íóëþ, ñëåäîâàòåëüíî,
ñèñòåìà (1.3) ÿâëÿåòñÿ ñèñòåìîé íà ñòàíäàðòíîì ñèìïëåêñå [9].

2. Ñðàâíåíèå ñòðàòåãèé

Íà ìíîæåñòâå M ðàçëè÷íûõ ñòðàòåãèé ìîæíî ââåñòè îòíîøåíèå ïîðÿäêà àíàëîãè÷íî
òîìó, êàê ýòî áûëî ñäåëàíî â ðàáîòàõ [13], [14].

Î ï ð å ä å ë å í è å 2.1. Áóäåì ãîâîðèòü, ÷òî ñòðàòåãèÿ vi ëó÷øå ñòðàòå-
ãèè vj , è îáîçíà÷àòü ýòî vi ≻ vj , åñëè ïðåäåë îòíîøåíèÿ ÷àñòîòû èñïîëüçîâàíèÿ j -é
ñòðàòåãèè ê ÷àñòîòå èñïîëüçîâàíèÿ i -é ñòðàòåãèè ñòðåìèòñÿ ê íóëþ ïðè ñòðåìëåíèè

âðåìåíè ê áåñêîíå÷íîñòè: lim
t→∞

xj
xi

= 0 .
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Òàêèì îáðàçîì, íà ìíîæåñòâå M ðàçëè÷íûõ âàðèàíòîâ ïîâåäåíèÿ óñòàíàâëèâàåòñÿ
ïîðÿäîê ïðåäïî÷òèòåëüíîñòè. Ïðè ýòîì ñóáúåêòû ñ i -ì âàðèàíòîì ïîâåäåíèÿ âûòåñíÿþò

ñóáúåêòîâ, ðåàëèçóþùèõ ñòðàòåãèþ vj . Ïîñêîëüêó ñïðàâåäëèâî ðàâåíñòâî
n∑
i=1

si(t) = |S| ,

ãäå |S| � ïîñòîÿííîå êîëè÷åñòâî ñóáúåêòîâ, è vi ≻ vj , òî êîëè÷åñòâî ñóáúåêòîâ, îñóùåñòâ-
ëÿþùèõ j -é âàðèàíò ïîâåäåíèÿ ñòðåìèòñÿ ê íóëþ ñ òå÷åíèåì âðåìåíè. Äåéñòâèòåëüíî, òàê
êàê sj =

sisj
si

≤ |S|sj
si

= |S|xj
xi
, òî lim

t→∞
sj = 0 . Ñëåäîâàòåëüíî, ñòðàòåãèÿ vj ïîñòåïåííî ïå-

ðåñòàåò èñïîëüçîâàòüñÿ. Íåîãðàíè÷åíî äîëãî ìîæåò èñïîëüçîâàòüñÿ òîëüêî òà ñòðàòåãèÿ,
êîòîðîé ïîä÷èíåíû âñå îñòàëüíûå âàðèàíòû ïîâåäåíèÿ îòíîñèòåëüíî ââåäåííîãî ïîðÿäêà.

Öåëåñîîáðàçíî âûðàçèòü ââåäåííûé ïîðÿäîê ïðåäïî÷òèòåëüíîñòè ÷åðåç ñðàâíåíèå âå-
ëè÷èí, õàðàêòåðèçóþùèõ ÷àñòîòó èñïîëüçîâàíèÿ òîé èëè èíîé ñòðàòåãèè.

Ïóñòü Fi(x, t) åñòü ñêîðîñòü èçìåíåíèÿ ÷àñòîòû èñïîëüçîâàíèÿ ñòðàòåãèè vi :

ẋi = Fi(x, t), i = 1, n, (2.1)

òîãäà ôóíêöèÿ Fi(x, t)/xi íàçûâàåòñÿ îòíîñèòåëüíîé ñêîðîñòüþ èçìåíåíèÿ ÷àñòîòû èñ-
ïîëüçîâàíèÿ ñòðàòåãèè vi èëè êîýôôèöèåíòîì âîñïðîèçâîäñòâà ñòðàòåãèè vi . Ñïðàâåä-
ëèâû ñëåäóþùèå óòâåðæäåíèÿ.

Ò å î ð å ì à 2.1. Ñòðàòåãèÿ vi ëó÷øå ñòðàòåãèè vj (vi ≻ vj) òîãäà è òîëüêî
òîãäà, êîãäà èìååò ìåñòî ïðåäåëüíîå ðàâåíñòâî

lim
t→∞

∫ t

t0

(
Fi
xi

− Fj
xj

)
dt = +∞. (2.2)

Äëÿ òîãî ÷òîáû ñòðàòåãèÿ vi áûëà íàèëó÷øåé èç âîçìîæíûõ, ò. å. vi ≻ vj äëÿ âñåõ
vj ∈ M \ {vi}, íåîáõîäèìî è äîñòàòî÷íî îäíîâðåìåííîãî âûïîëíåíèÿ ïðåäåëüíûõ ðà-
âåíñòâ (2.2) äëÿ âñåõ j = 1, n , j ̸= i.

Î ï ð å ä å ë å í è å 2.2. Ïóñòü ξ(t) � íåïðåðûâíàÿ ôóíêöèÿ. Åñëè ïðåäåë

lim
t→∞

1

t

t∫
t0

ξ(τ)dτ ñóùåñòâóåò, òî âåëè÷èíà ⟨ξ⟩ = lim
t→∞

1

t

t∫
t0

ξ(τ)dτ íàçûâàåòñÿ âðåìåííûì

ñðåäíèì çíà÷åíèåì ôóíêöèè ξ(t) .

Ç à ì å ÷ à í è å 2.1. Åñëè íåïðåðûâíàÿ ôóíêöèÿ ξ(t) èìååò ïðåäåë ïðè t → ∞ ,
òî åå âðåìåííîå ñðåäíåå çíà÷åíèå ðàâíî ýòîìó ïðåäåëó.

Äåéñòâèòåëüíî, ⟨ξ⟩ = lim
t→∞

t∫
t0

ξ(τ)dτ

t
= lim

t→∞
ξ(t), êàê ñëåäóåò èç ïðàâèëà Ëîïèòàëÿ.

Ñ ë å ä ñ ò â è å 2.1. Ïóñòü ñóùåñòâóþò ðàçëè÷íûå âðåìåííûå ñðåäíèå çíà÷åíèÿ
⟨Fi/xi⟩ , ⟨Fj/xj⟩ êîýôôèöèåíòîâ âîñïðîèçâîäñòâà ñòðàòåãèé vi è vj (⟨Fi/xi⟩ ̸= ⟨Fj/xj⟩) .
Äëÿ ñïðàâåäëèâîñòè ñîîòíîøåíèÿ vi ≻ vj íåîáõîäèìî è äîñòàòî÷íî âûïîëíåíèÿ íåðà-
âåíñòâà

⟨Fi/xi⟩ > ⟨Fj/xj⟩ . (2.3)

Äëÿ òîãî ÷òîáû ñòðàòåãèÿ vi áûëà íàèëó÷øåé èç âîçìîæíûõ, íåîáõîäèìî è äîñòàòî÷-
íî îäíîâðåìåííîãî âûïîëíåíèÿ íåðàâåíñòâ (2.3) äëÿ âñåõ j = 1, n , j ̸= i.
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Ñêîðîñòü èçìåíåíèÿ ÷àñòîòû èñïîëüçîâàíèÿ ñòðàòåãèè vi ìîæåò çàäàâàòüñÿ óðàâíåíèåì

ẋi = Φi(x, t)− xi

n∑
j=1

Φj(x, t), i = 1, n. (2.4)

Ýòî, òàê íàçûâàåìîå, ðåïëèêàòîðíîå óðàâíåíèå, ëåæàùåå â îñíîâå ýâîëþöèîííîé äèíàìè-
êè [15]�[19]. Ñòàíäàðòíûé ñèìïëåêñ (1.2) ÿâëÿåòñÿ èíâàðèàíòíûì îòíîñèòåëüíî äèôôåðåí-
öèàëüíîãî ïðåîáðàçîâàíèÿ, çàäàâàåìîãî ðåïëèêàòîðíûì óðàâíåíèåì (2.4): íà÷èíàþùàÿñÿ
íà ñòàíäàðòíîì ñèìïëåêñå òðàåêòîðèÿ, ñîîòâåòñòâóþùàÿ ðåøåíèþ ðåïëèêàòîðíîãî óðàâ-
íåíèÿ, íèêîãäà åãî íå ïîêèíåò.

Ñ ë å ä ñ ò â è å 2.2. Ïóñòü ñóùåñòâóþò âðåìåííûå ñðåäíèå ⟨Φi/xi⟩ , ⟨Fi/xi⟩ è

⟨Φi/xi⟩ ̸= ⟨Φj/xj⟩ . (2.5)

Ñòðàòåãèÿ vi ëó÷øå ñòðàòåãèè vj òîãäà è òîëüêî òîãäà, êîãäà

⟨Φi/xi⟩ > ⟨Φj/xj⟩ . (2.6)

Ñòðàòåãèÿ vi áóäåò íàèëó÷øåé èç âîçìîæíûõ òîãäà è òîëüêî òîãäà, êîãäà ñîîòíîøå-
íèÿ (2.5), (2.6) âûïîëíÿþòñÿ äëÿ âñåõ j = 1, n , j ̸= i .

3. Èññëåäîâàíèå áàçîâîé ìîäåëè îòáîðà ñòðàòåãèè

3.1. Íåèçìåíÿåìîñòü àïðèîðíûõ ïðåäñòàâëåíèé î ñòðàòåãèè

Ïóñòü ñóáúåêòû èìåþò î ñòðàòåãèè vi àïðèîðíûå ïðåäñòàâëåíèÿ θi . Åñëè â ïðîöåññå
èñïîëüçîâàíèÿ ñòðàòåãèè ñóáúåêòû íå èçâëåêàþò îïûòà èç îñóùåñòâëåíèÿ äàííîãî âàðè-
àíòà ïîâåäåíèÿ, òî êàæäûé ðàç âåðîÿòíîñòü âûáîðà òîé èëè èíîé ñòðàòåãèè îáóñëîâëåíà
ëèøü àïðèîðíûìè ïðåäñòàâëåíèÿìè î íåé, êîòîðûå íå èçìåíÿþòñÿ ñ òå÷åíèåì âðåìåíè.
Òàêèì îáðàçîì, âåðîÿòíîñòü pi(t) âûáîðà íîâîé ñòðàòåãèè vi ÿâëÿåòñÿ ïîñòîÿííîé âåëè-
÷èíîé: pi(t) ≡ θi. Â ýòîì ñëó÷àå ñèñòåìà (1.3) ÿâëÿåòñÿ ëèíåéíîé è ÷àñòîòà èñïîëüçîâàíèÿ
ñòðàòåãèè vi åñòü âåëè÷èíà ïîñòîÿííàÿ:

xi(t) =
θi/ωi
n∑
j=1

θj/ωj

,

îáóñëîâëåííàÿ íàáîðîì ïîñòîÿííûõ ¾÷àñòîò íåóäà÷¿ ω è íå èçìåíÿþùèìèñÿ àïðèîðíûìè
ïðåäñòàâëåíèÿìè î ñòðàòåãèÿõ θ = (θ1, . . . , θn) . Òàêèì îáðàçîì, âûðàáîòêè îïðåäåëåííîãî
ïîâåäåíèÿ â ñèñòåìå íå ïðîèñõîäèò.

3.2. Êîððåêòèðîâêà àïðèîðíûõ ïðåäñòàâëåíèé

Ïðåäïîëîæèì, ÷òî ïðè âûáîðå ñòðàòåãèè vi ñóáúåêò ðóêîâîäñòâóåòñÿ ñ âåðîÿòíîñòüþ
ε∗ (0 ≤ ε∗ < 1) ñâîèìè àïðèîðíûìè ïðåäñòàâëåíèÿìè θi î íåé, à ñ âåðîÿòíîñòüþ 1− ε∗ �
ïîïóëÿðíîñòüþ äàííîé ñòðàòåãèè ñðåäè äðóãèõ ñóáúåêòîâ (ïîäðàæàåò äðóãèì ñóáúåêòàì):

pi(t) = ε∗θi + (1− ε∗)xi(t). (3.1)

Ïðè ìàëîì ôèêñèðîâàííîì ε∗ ñèñòåìà (1.3), (3.1) ÿâëÿåòñÿ áëèçêîé ê ñèñòåìå îòáî-
ðà [9], ò. å. âûðàáîòêè îïðåäåëåííîãî ïîâåäåíèÿ â ñèñòåìå íå ïðîèñõîäèò, íî ñòðàòåãèÿ ñ
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íàèìåíüøåé ¾÷àñòîòîé íåóäà÷¿ ñòàíîâèòñÿ çàìåòíî ïîïóëÿðíåå äðóãèõ. Ðåçóëüòàòû ÷èñ-
ëåííîãî ðåøåíèÿ ñèñòåìû (1.3), (3.1) ïðè n = 3 ïðèâåäåíû íà ðèñ. 3.1.

Ð è ñ ó í î ê 3.1
Ôàçîâûé ïîðòðåò ñèñòåìû (1.3), (3.1)

3.3. Ïîäðàæàíèå ïðè îòñóòñòâèè àïðèîðíûõ ïðåäñòàâëåíèé

Åñëè ïðè âûáîðå ñòðàòåãèè vi ñóáúåêò ðóêîâîäñòâóåòñÿ èñêëþ÷èòåëüíî ïîïóëÿðíî-
ñòüþ ñòðàòåãèè ñðåäè äðóãèõ ñóáúåêòîâ, ò. å. ïðîñòî ïîäðàæàåò äðóãèì ñóáúåêòàì, òî
ε∗ = 0 â ôîðìóëå (3.1) è pi(t) = xi(t). Â ýòîì ñëó÷àå ñèñòåìà (1.3) èìååò âèä

ẋi = −ωixi − xi

n∑
j=1

(−ωjxj), i = 1, n. (3.2)

Òàêèå ñèñòåìû âèäà (2.4) ïîäðîáíî èçó÷àëèñü â ðàáîòå [9]. Áûëî äîêàçàíî, íàïðèìåð, ÷òî
åñëè ω1 < min

j=2,n
ωj , òî íåçàâèñèìî îò íà÷àëüíûõ óñëîâèé, ïðèíàäëåæàùèõ ñòàíäàðòíîìó

ñèìïëåêñó (1.2), x1(t) → 1 ïðè t→ ∞ , â òî âðåìÿ, êàê xj → 0 , j = 2, n . Òàêèì îáðàçîì,
âíå çàâèñèìîñòè îò íà÷àëüíûõ óñëîâèé ñî âðåìåíåì ñóáúåêòû èñïîëüçóþò òîëüêî ñòðàòå-
ãèþ v1 , ñîîòâåòñòâóþùóþ ìèíèìàëüíîé ¾÷àñòîòå íåóäà÷è¿ ω1 , ò. å. â ñèñòåìå ïðîèñõîäèò
âûðàáîòêà îïðåäåëåííîãî ïîâåäåíèÿ ïðè èñïîëíåíèè ðîëè â äàííûõ óñëîâèÿõ.

4. Ìîäèôèêàöèÿ áàçîâîé ìîäåëè

4.1. Âàðèàöèÿ ¾÷àñòîò íåóäà÷¿

Ìîäèôèöèðóåì ìîäåëü (1.3). Ðàññìîòðèì ñëó÷àé ïóíêòà 3.3., íî â ïðåäïîëîæåíèè,
÷òî ¾÷àñòîòû íåóäà÷¿ ωi ÿâëÿþòñÿ ôóíêöèÿìè âðåìåíè, i = 1, n . Îáîçíà÷èì ai(t) = −ωi
â ñèñòåìå (1.3), i = 1, n . Òîãäà ôóíêöèÿ ai(t) áóäåò èìåòü ñìûñë ¾÷àñòîòû óäà÷è¿ è
âûðàæàòü ñóáúåêòèâíóþ îöåíêó ýôôåêòèâíîñòè i -ãî âàðèàíòà ïîâåäåíèÿ, ìåíÿþùóþñÿ ñ
òå÷åíèåì âðåìåíè. Ñèñòåìà (3.2) ïðè ýòîì ïðìèåò âèä

ẋi = ai(t)xi − xi

n∑
j=1

aj(t)xj, i = 1, n. (4.1)

Ïóñòü îáúåêòèâíàÿ öåííîñòü i -ãî âàðèàíòà ïîâåäåíèÿ âûðàæàåòñÿ êîíñòàíòîé bi , òî-
ãäà ðàçíîñòü bi − ai èìååò ñìûñë ðåçåðâà íåó÷òåííîé èíôîðìàöèè ïðè èçó÷åíèè ñóáúåê-
òàìè âàðèàíòà ïîâåäåíèÿ vi ∈M . Ïîëîæèì, ÷òî ñ òå÷åíèåì âðåìåíè ïî ìåðå íàêîïëåíèÿ
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èíôîðìàöèè î âàðèàíòå ïîâåäåíèÿ åãî ñóáúåêòèâíàÿ îöåíêà ýôôåêòèâíîñòè ïðèáëèæà-
åòñÿ ê îáúåêòèâíîé öåííîñòè, ïðè÷åì ñêîðîñòü èçìåíåíèÿ îöåíêè ýôôåêòèâíîñòè ïðî-
ïîðöèîíàëüíà óäåëüíîé äîëå ñóáúåêòîâ, èñïîëüçóþùèõ ýòó ñòðàòåãèþ, ñ êîýôôèöèåíòîì
ïðîïîðöèîíàëüíîñòè, ðàâíîì ðåçåðâó íåó÷òåííîé èíôîðìàöèè. Â ýòîì ñëó÷àå ôóíêöèè
ai(t) ïîä÷èíÿþòñÿ ñëåäóþùåé ñèñòåìå óðàâíåíèé:

ȧi = (bi − ai)xi, i = 1, n. (4.2)

Êðîìå ýòîãî, íà èçìåíåíèå ñóáúåêòèâíîé îöåíêè ýôôåêòèâíîñòè i -é ñòðàòåãèè ïî-
âåäåíèÿ ìîæåò âëèÿòü êîñâåííîå ïðèîáðåòåíèå èíôîðìàöèè î íåé ïðè èçó÷åíèè äðóãèõ
âàðèàíòîâ ïîâåäåíèÿ. Òîãäà ôóíêöèè ai(t) áóäóò óäîâëåòâîðÿòü ñèñòåìå óðàâíåíèé

ȧi = (bi − ai)(xi + ε∗), i = 1, n, (4.3)

ãäå ìàëàÿ ïîëîæèòåëüíàÿ êîíñòàíòà ε∗ îòðàæàåò êîñâåííîå ïðèîáðåòåíèå èíôîðìàöèè î
ñòðàòåãèè vi çà ñ÷åò èçó÷åíèÿ äðóãèõ âàðèàíòîâ ïîâåäåíèÿ.

Ò å î ð å ì à 4.1. Åñëè äèíàìèêà èñïîëüçîâàíèÿ ñòðàòåãèé èç ìíîæåñòâà M
îïèñûâàåòñÿ ñèñòåìîé (4.1), (4.3) è b1 > max

j=2,n
bj , òî ñòðàòåãèÿ v1 ÿâëÿåòñÿ íàèëó÷-

øåé èç âîçìîæíûõ âíå çàâèñèìîñòè îò íà÷àëüíûõ óñëîâèé.

Ä î ê à ç à ò å ë ü ñ ò â î. Äîêàæåì ñíà÷àëà ðàâåíñòâî ⟨ai⟩ = bi . Íåòðóäíî âèäåòü,
÷òî óðàâíåíèå (4.3) ðàâíîñèëüíî ñëåäóþùåìó äèôôåðåíöèàëüíîìó óðàâíåíèþ

d(ai − bi)

ai − bi
= −(xi + ε∗) dt.

Òîãäà ai − bi = (ai(t0) − bi) exp

(
−

t∫
t0

(xi + ε∗) dt

)
, ãäå

t∫
t0

(xi + ε∗) dt ≥
t∫
t0

ε∗ dt → +∞ ïðè

t→ ∞ , è lim
t→∞

exp

(
−

t∫
t0

(xi + ε∗) dt

)
= 0. Òàêèì îáðàçîì, lim

t→∞
ai = bi, ÷òî îçíà÷àåò ñòðåì-

ëåíèå ñ òå÷åíèåì âðåìåíè ñóáúåêòèâíîé îöåíêè ýôôåêòèâíîñòè i -ãî âàðèàíòà ïîâåäåíèÿ
ê îáúåêòèâíîé öåííîñòè ýòîé ñòðàòåãèè. Ñîãëàñíî çàìå÷àíèþ 2.1. ñïðàâåäëèâî ðàâåíñòâî
⟨ai⟩ = bi . Ïîñêîëüêó ïî óñëîâèþ òåîðåìû ⟨a1⟩ > ⟨aj⟩ äëÿ âñåõ j = 2, n , òî â ñèëó ñëåä-
ñòâèÿ 2.2. ñòðàòåãèÿ v1 ÿâëÿåòñÿ íàèëó÷øåé èç âîçìîæíûõ, ÷òî è òðåáîâàëîñü äîêàçàòü.
Ä î ê à ç à ò å ë ü ñ ò â î ç à ê î í ÷ å í î.

Ò å î ð å ì à 4.2. Åñëè äèíàìèêà èñïîëüçîâàíèÿ ñòðàòåãèé èç ìíîæåñòâà M
îïèñûâàåòñÿ ñèñòåìîé (4.1), (4.2) è b1 > max

j=2,n
bj , òî âàðèàíò âûðàáîòàííîãî ïîâåäåíèÿ

ïðè èñïîëíåíèè ðîëè çàâèñèò îò íà÷àëüíûõ óñëîâèé.

Ä î ê à ç à ò å ë ü ñ ò â î. Ðàññìîòðèì ìîäåëü (4.1), (4.2) ïðè n = 2 . Ñ ó÷åòîì òîãî,
÷òî x2 = 1− x1 , ïîëó÷èì ñèñòåìó

ẋ1 = x1(1− x1)(a1 − a2),
ȧ1 = x1(b1 − a1),
ȧ2 = (1− x1)(b2 − a2),

(4.4)
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Äàííàÿ ñèñòåìà èìååò èíâàðèàíòíóþ ïëîñêîñòü a2 = b2 . Äåéñòâèòåëüíî, â ýòîì ñëó÷àå
ïîñëåäíåå óðàâíåíèå â ñèñòåìå (4.4) îáðàùàåòñÿ â òîæäåñòâî. Íà èíâàðèàíòíîé ïëîñêîñòè
a2 = b2 ñèñòåìà (4.4) ñâîäèòñÿ ê âèäó{

ẋ1 = x1(1− x1)(a1 − b2),
ȧ1 = x1(b1 − a1).

(4.5)

Íåòðóäíî âèäåòü, ÷òî òî÷êè ñ êîîðäèíàòîé x1 = 0 , è òî÷êà ñ êîîðäèíàòàìè x1 = 1 , a1 = b1
ÿâëÿþòñÿ ñîñòîÿíèÿìè ðàâíîâåñèÿ ñèñòåìû (4.5). Ñîñòîÿíèÿ ðàâíîâåñèÿ íà ïðÿìîé x1 = 0
óñòîé÷èâû ïðè a1 < b2 è íå óñòîé÷èâû ïðè a1 > b2 . Ôàçîâûå òðàåêòîðèè íà èíâàðèàíòíîé
ïëîñêîñòè ìîãóò áûòü ïîñòðîåíû ñ ïîìîùüþ ìåòîäà èçîêëèí (ðèñ. 4.1).

Ð è ñ ó í î ê 4.1
Ôàçîâûå òðàåêòîðèè ñèñòåìû (4.4) íà èíâàðèàíòíîé ïëîñêîñòè a2 = b2

Êàê âèäíî èç ðèñ. 4.1, â ðåçóëüòàòå òàêîãî ïðîöåññà ïðè ëþáûõ íà÷àëüíûõ óñëîâèÿõ
â ñèñòåìå îáÿçàòåëüíî ïðîèñõîäèò âûðàáîòêà (îòáîð) îïðåäåëåííîãî ïîâåäåíèÿ. Òåì
íå ìåíåå, ðåçóëüòàò ýòîãî îòáîðà çàâèñèò îò èñõîäíîãî ñîñòîÿíèÿ. Êàêàÿ èç ñòðàòåãèé
áóäåò íàèëó÷øåé çàâèñèò îò íà÷àëüíûõ óñëîâèé. Íåñìîòðÿ íà òî, ÷òî îáúåêòèâíàÿ öåí-
íîñòü ñòðàòåãèè v1 âûøå ñòðàòåãèè v2 (b1 > b2), ïðè îïðåäåëåííûõ íà÷àëüíûõ óñëî-
âèÿõ x1(t0) ñòðàòåãèÿ v1 ïåðåñòàåò èñïîëüçîâàòüñÿ, âñå ñóáúåêòû ñ òå÷åíèåì âðåìåíè
ïðèíèìàþò ñòðàòåãèþ v2 . Ýòî ïðîèñõîäèò èç-çà òîãî, ÷òî â íà÷àëüíûé ìîìåíò âðåìåíè
áîëüøåå êîëè÷åñòâî ñóáúåêòîâ èñïîëüçóåò ñòðàòåãèþ v2 è ñóáúåêòàì íå õâàòàåò âðåìåíè
äëÿ äîñòàòî÷íîãî èçó÷åíèÿ âàðèàíòîâ ïîâåäåíèÿ.
Ä î ê à ç à ò å ë ü ñ ò â î ç à ê î í ÷ å í î.

4.2. Çàìåäëåíèå ïðîöåññà ñìåíû ñòðàòåãèè

Â áàçîâîé ìîäåëè ïðåäïîëàãàëîñü, ÷òî â òå÷åíèå ïðîìåæóòêà âðåìåíè (t, t+∆t) ñóáú-
åêò, èñïîëüçóþùèé ñòðàòåãèþ vi , íåçàâèñèìî îò ïðåäûñòîðèè è äåéñòâèé äðóãèõ ñóáúåê-
òîâ ñ âåðîÿòíîñòüþ ωi∆t + o(∆t) ïîäïàäàåò ïîä äåéñòâèå ìåõàíèçìà îòáîðà ïîâåäåíèÿ
è îêàçûâàåòñÿ âûíóæäåííûì ñìåíèòü ñâîþ ñòðàòåãèþ. Çàìåäëèì ýòîò ïðîöåññ, ñ÷èòàÿ,
÷òî ñìåíà ñòðàòåãèè ïî íåçàâèñÿùèì îò ñóáúåêòîâ ïðè÷èíàì ïðîèñõîäèò ñ âåðîÿòíîñòüþ
ωi

t
∆t + o(∆t) , t > 1 . Ïðè ýòîì, òàê æå êàê è â ïðåäûäóùåì ñëó÷àå, áóäåì âàðüèðî-

âàòü ωi = −ai(t) ïî çàêîíó (4.2). Â ýòîì ñëó÷àå ìîäåëü (1.3) ïðèíèìàåò âèäẋi =
ai
t
xi − xi

n∑
j=1

aj
t
xj, i = 1, n

ȧi = xi(bi − ai), i = 1, n, t ≥ t0 = 1.

(4.6)

Òîãäà ñïðàâåäëèâî ñëåäóþùåå óòâåðæäåíèå.
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Ò å î ð å ì à 4.3. Åñëè äèíàìèêà èñïîëüçîâàíèÿ ñòðàòåãèé èç ìíîæåñòâà M
îïèñûâàåòñÿ ñèñòåìîé (4.6), ãäå b1 > max

j=2,n
bj , è íàéäåòñÿ ÷èñëî ε ∈ (0, 1) òàêîå, ÷òî

èìåþò ìåñòî ñëåäóþùèå íåðàâåíñòâà |a01−a0j | < 1− ε , |b1− bj| < 1− ε , |a01− bj| < 1− ε ,
|a0j − b1| < 1− ε , òî ñòðàòåãèÿ v1 ÿâëÿåòñÿ íàèëó÷øåé èç âîçìîæíûõ âíå çàâèñèìîñòè
îò íà÷àëüíûõ óñëîâèé.

Çàêëþ÷åíèå

Â ñòàòüå ðàññìîòðåíû ìîäåëè ñîöèî-ýêîíîìè÷åñêîãî ïîâåäåíèÿ. Ïðîâåäåíî èõ èññëå-
äîâàíèå íà îñíîâå ìàòåìàòè÷åñêîé òåîðèè îòáîðà. Ïðåäëîæåí àëãîðèòì ïîâåäåíèÿ, îáåñ-
ïå÷èâàþùèé ïðè ëþáûõ íà÷àëüíûõ óñëîâèÿõ óñòîé÷èâûé îòáîð ñòðàòåãèè ñ íàèëó÷øèìè
õàðàêòåðèñòèêàìè.

Áëàãîäàðíîñòè. Èññëåäîâàíèå âûïîëíåíî ïðè ôèíàíñîâîé ïîääåðæêå ÐÔÔÈ â ðàìêàõ
íàó÷íîãî ïðîåêòà � 13-01-12452 îôè_ì2.
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Generalization of the behavior selection model in

socio-economic systems

c⃝ O. A. Kuzenkov3, E. A. Ryabova4

Abstract. In this article row of generalizations of behavior selection model in socio-economic
system suggested by I.G. Pospelov is considered. In contrast to I.G. Pospelov's model process is
considered in continuous time. Proposed models are described by systems with inheritance. They
are analyzed basing on the mathematical theory of selection. Algorithm of behavior, which provides
strategy selection with the best characteristics for any initial conditions, is proposed.
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ÓÄÊ 517.9

Ñèíòåç ñòàáèëèçèðóþùåãî óïðàâëåíèÿ â äèñêðåòíûõ

ñèñòåìàõ áåç âûõîäîâ

c⃝ Å. À. Êóäàøîâà1

Àííîòàöèÿ. Â ðàáîòå ïðåäëàãàåòñÿ ðåøåíèå çàäà÷è ñòàáèëèçàöèè êëàññà íåñòàöèîíàðíûõ
íåëèíåéíûõ äèñêðåòíûõ ñèñòåì áåç âûõîäîâ. Ðåøåíèå çàäà÷è ñòàáèëèçàöèè ïðîäåìîíñòðèðî-
âàíî íà ñèñòåìàõ âòîðîãî è òðåòüåãî ïîðÿäêîâ.

Êëþ÷åâûå ñëîâà: ñòàáèëèçàöèÿ, äèñêðåòíûå ñèñòåìû, ñèíòåç óïðàâëåíèÿ, ôóíêöèè Ëÿïó-
íîâà.

1. Ââåäåíèå

Â íàñòîÿùåé ðàáîòå ðàññìàòðèâàþòñÿ âîïðîñû ÷èñëåííîãî êîíñòðóèðîâàíèÿ ñòàáèëè-
çèðóþùåãî óïðàâëåíèÿ íà îñíîâå òåîðåì îá àñèìïòîòè÷åñêîé óñòîé÷èâîñòè íóëåâîãî ðå-
øåíèÿ íåàâòîíîìíîé ñèñòåìû.[1]

2. Ïîñòàíîâêà çàäà÷è

Ðàññìîòðèì çàäà÷ó ãëîáàëüíîé ñòàáèëèçàöèè íåàâòîíîìíûõ íåëèíåéíûõ ñèñòåìû áåç
âûõîäîâ âèäà

x(n+ 1) = f(n, x(n)) + g(n, x(n))u(n), (2.1)

Ïðè÷åì ðàññìàòðèâàåìàÿ ñèñòåìà áóäåò ñèñòåìîé áåç ïîòåðü ñ ïîëîæèòåëüíî îïðåäå-
ëåííîé ôóíêöèåé Ëÿïóíîâà V (n, x) : Z+ × Rm → R+ è îáðàòíîé ñâÿçüþ α(n, x(n)) :
Z+ × Rm → Rm , òàêîé ÷òî âûõîäíîå îòîáðàæåíèå y = y(n, x(n), u(n)) : Z+ × Rm × Rk →
Rm ÿâëÿåòñÿ ëèíåéíûì ïî u = u(n) .

Îïðåäåëèì

Ω̂α =
{
x ∈ Rm : V (n0 + i+ 1, f i+1

αn0
(x))− V (n0 + i, f iαn0

(x)) = 0 ∀i, n0 ∈ Z+

}

Sα =

{
x ∈ Rm :

∂V (n0 = i+ 1, θ)

∂θ

∣∣∣∣
θ=f i+1

αn0
(x)

g(n0 + i, f iαn0
(x)) = 0 ∀i, n0 ∈ Z+

}

ãäå fa(n, x) = f(n, x) + g(n, x)α(n, x) .

Ò å î ð å ì à 2.1. Ïðåäïîëîæèì, ÷òî äëÿ ñèñòåìû (2.1) ñóùåñòâóåò çàêîí îáðàò-
íîé ñâÿçè α(n, x) , α(n, 0) ≡ 0 , äâàæäû íåïðåðûâíî äèôôåðåíöèðóåìàÿ ïîëîæèòåëüíî
îïðåäåëåííàÿ, äîïóñêàþùàÿ áåñêîíå÷íî ìàëûé âåðõíèé ïðåäåë ôóíêöèÿ Ëÿïóíîâà òàêàÿ,
÷òî V (n+ 1, fα(n, x))− V (n, x) ≤ 0 , âûïîëíåíû óñëîâèÿ:

1 Àñïèðàíòêà êàôåäðû èíôîðìàöèîîíîé áåçîïàñíîñòè è òåîðèè óïðàâëåíèÿ, Óëüÿíîâñêèé ãîñóäàð-
ñòâåííûé óíèâåðñèòåò, ã. Óëüÿíîâñê; katherine.kudashova@yandex.ru
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1) V (n+ 1, f(n, x) + g(n, x)u) êâàäðàòè÷íà ïî u

2) V (n, x) âûïóêëà è ∂2V (n+1,θ)
∂θ2

∣∣∣
θ=fα(n,x)

≥ 0

3) Sα ∩ Ω̂α = {0} äëÿ èñõîäíûõ è ïðåäåëüíûõ ôóíêöèé
òî ñèñòåìà (3.1) ãëîáàëüíî ñòàáèëèçèðóåìà ïîñðåäñòâîì îáðàòíîé ñâÿçè:

u(n) = α(n, x(n))−
(
I + 1

2
gT (n, x(n)) ∂2V (n+1,β)

∂β2

∣∣∣
β=fα(n,x(n))

g(n, x(n))

)−1

×

×
(

∂V (n+1,β)
∂β

∣∣∣
β=fα(n,x(n))

g(n, x(n))

)T
Ñ ë å ä ñ ò â è å 2.1. Ðàññìîòðèì ñèñòåìó âèäà

x(n+ 1) = A(n)x(n) + g(n, x(n))u(n) (2.2)

Ïðåäïîëîæèì, ÷òî ñóùåñòâóåò ïîëîæèòåëüíî îïðåäåëåííàÿ îãðàíè÷åííàÿ ìàòðèöà
P (n) ∈ Rm×m : AT (n)P (n+1)A(n)−P (n) ≤ 0 . Ïóñòü SA è ΩA îáîçíà÷àþò ìíîæåñòâà:

SA =

x ∈ Rm : xT

(
n0+i+1∏
n=n0

A(n)

)T

P (n0 + i+ 1)g

(
n0 + i,

n0+i∏
n=n0

A(n)x

)
= 0 ∀i, n0 ∈ Z+


ΩA =

{
x ∈ Rm :

(∏n0+i
n=n0

A(n)x
)T

(AT (n0 + i)P (n0 + i+ 1)A(n0 + i)−

−P (n0 + i))
∏n0+i

n=n0
A(n)x = 0 ∀i, n0 ∈ Z+

}
Åñëè SA ∩ ΩA = {0} äëÿ èñõîäíûõ è ïðåäåëüíûõ ìàòðèö, òî ñèñòåìà (2.2) ãëîáàëüíî

ñòàáèëèçèðóåìà ïîñðåäñòâîì îáðàòíîé ñâÿçè

u(n) = −
(
I +

1

2
gT (n, x(n))P (n+ 1)g(n, x(n))

)−1

gT (n, x(n))P (n+ 1)A(n)x(n) (2.3)

3. Ïðèìåíåíèå ìåòîäèêè íà ïðèìåðàõ

Ï ð è ì å ð 3.1. Ðàññìîòðèì ñèñòåìó âòîðîãî ïîðÿäêà ñî ñêàëÿðíûì óïðàâëåíèåì{
x1(n+ 1) = −x2(n) + 2(

√
1 + x21(n)− 1)u(n),

x2(n+ 1) = x1(n)−
√
2x2(n)

(3.1)

Î÷åâèäíî, ìàòðèöû ëèíåéíîãî ïðèáëèæåíèÿ èìåþò âèä:

A =

(
0 −1

1 −
√
2

)
, B =

(
0
0

)
Òàêèì îáðàçîì, íè÷åãî íåëüçÿ ñêàçàòü èç ëèíåéíîãî ïðèáëèæåíèÿ, òàê êàê çäåñü ïðî-

áëåìà ñòàáèëèçàöèè ÿâëÿåòñÿ êðèòè÷åñêîé. Áîëåå òîãî, ìîæíî çàìåòèòü, ÷òî ê ýòîé
ñèñòåìå íå ìîæåò áûòü ïðèìåíåí ïðèíöèï ñæèìàþùèõ îòîáðàæåíèé.
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Ñ äðóãîé ñòîðîíû, ðàññìàòðèâàÿ ôóíêöèþ Ëÿïóíîâà V (x) = 1
2
xTPx , ãäå P =(

1 − 1√
2

− 1√
2

1

)
- ïîëîæèòåëüíî îïðåäåëåííàÿ, îãðàíè÷åííàÿ ìàòðèöà, äëÿ êîòîðîé âû-

ïîëíÿåòñÿ AT (n)P (n+ 1)A(n)− P (n) ≤ 0 .
Ìîæíî âèäåòü, ÷òî

V (Ax) = V (x) , V (Ax) = = 1
2
(Ax)TP (Ax) = 1

2
xTATPAx .

Íàéäåì ìíîæåñòâî SA , ñîñòîÿùåå èç xòàêèõ, ÷òî xTA(n)TP (n+1)g (n,A(n)x) = 0
è xòàêèõ, ÷òî xT (A(n+ 1))TP (n+ 1)g (n,A(n)x) = 0

Ïðîâåäåì íåïîñðåäñòâåííûå âû÷èñëåíèÿ. Ñîãëàñíî ñëåäñòâèþ 2.2 ïîëó÷èì:

(Ax)TPg(x) = 0 ⇒
((

0 −1

1 −
√
2

)(
x1
x2

))T
·

(
1 − 1√

2

− 1√
2

1

)
·
(

2
√

1 + x21 − 2
0

)
=

=
(
−x2 x1 −

√
2x2

)
·
(

1
− 1√

2

)
· 2
(√

1 + x21 − 1
)
=
(
−x2 − x1√

2
+

√
2x2√
2

)
· 2
(√

1 + x21 − 1
)
=

= −2x1√
2

(√
1 + x21 − 1

)
= 0

,

÷òî âëå÷åòx1 = 0 è

0 = (A2x)TPg(Ax) ⇒ 0 =

((
−1

√
2

−
√
2 1

)(
x1
x2

))T (
1

− 1√
2

)
2
(√

1 + x22 − 1
)
=

=
(
−x1 +

√
2x2 x2 −

√
2x1

)( 1
− 1√

2

)
2
(√

1 + x22 − 1
) ,

÷òî âëå÷åò x2 = 0 .
Ñëåäîâàòåëüíî ìíîæåñòâî SA = {0} . Ïî ñëåäñòâèþ 2.2 ñèñòåìà (3.1) ãëîáàëüíî ðàâíî-
ìåðíî ñòàáèëèçèðóåìà ïîñðåäñòâîì óïðàâëåíèÿ âèäà (2.3) ñ íåïîëíîé îáðàòíîé ñâÿçüþ,
áåç âêëþ÷åíèÿ â óïðàâëåíèå êîìïîíåíòû x2(n) ôàçîâîãî âåêòîðà:

u(n) =

√
2x1(n)

(√
1+x22(n)−1

)
5+2x21(n)−4

√
1+x21(n)

.

Ï ð è ì å ð 3.2. Ðàññìîòðèì íåëèíåéíóþ äèñêðåòíóþ ñèñòåìó òðåòüåãî ïîðÿäêà
ñ âåêòîðíûì óïðàâëåíèåì

x1(n+ 1) = x1(n)x3(n) +
x2(n)

1+x21(n)
+
(
1 + 1

n+1

)
x3(n)u1(n),

x2(n+ 1) = x1(n) sin x2(n)− x23(n) + u2,
x3(n+ 1) = −x3(n) sin x1(n).

(3.2)

Ñîãëàñíî òåîðåìå 2.1 âûáåðåì çàêîí îáðàòíîé ñâÿçè, èñêëþ÷àþùèé êîìïîíåíòó x3 â
ïåðâûõ äâóõ óðàâíåíèÿõ

α(n, x) =

 −x1(n)
(
1− 1

n+2

)
x23
0

 , α(n, 0) ≡ 0,

Òîãäà óïðàâëåíèå â èñõîäíîé ñèñòåìå ìîæíî ïðåäñòàâèòü êàê

u(n, x) = α(n, x) + ũ(n, x)

À ñàìà ñèñòåìà ïðèìåä âèä
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
x1(n+ 1) = x2(n)

1+x21(n)
+ x3(n)ũ1(n),

x2(n+ 1) = x1(n) sin x2(n) + ũ2,
x3(n+ 1) = −x3(n) sin x1(n).

Â ýòîì ñëó÷àå, ïðåîáðàçîâàííàÿ ñèñòåìà (3.2) áóäåò èìåòü âèä:

x(n+ 1) = fα(x(n)) + g(x(n))ũ(n),

Ãäå fα(x) =

 x2
1+x21

x1 sin x2
−x3 sin x1

 , g(x) =

 x3 0
0 1
0 0


Èç òåîðåìû îá àñèìïòîòè÷åñêîé óñòîé÷èâîñòè ïî ïåðâîìó ïðèáëèæåíèþ ñëåäóåò,

÷òî ñèñòåìà (3.2) ëîêàëüíî ñòàáèëèçèðóåìà. Ïîêàæåì, ÷òî ñèñòåìà (3.2) ìîæåò áûòü
íå òîëüêî ëîêàëüíî, íî è ãëîáàëüíî ñòàáèëèçèðóåìà.

Ðàññìîòðèì ôóíêöèþ Ëÿïóíîâà V (x) = 1
2
(x21 + x22 + x23) . Ïîëàãàÿ V (fα(x)) = V (x) ,

èìååì

x22
1+x21

+ x21 sin
2 x2 + x23 sin

2 x1 = x21 + x22 + x23

1)x2 = 0 ⇒ x1 = 0 ⇒ x3 = 0 èëè
2)x1 = 0 ⇒ (x3 = 0 è x2 ∈ R) .
Â ïåðâîì ñëó÷àå âñå î÷åâèäíî. Ðàññìîòðèì ïîäðîáíåå âòîðîé ñëó÷àé. Çàìåòèì, ÷òî

â ýòîì ñëó÷àå ∂V
∂θ

∣∣
θ=fα

g(x) = 0 èìååò âèä

(
x22

1+x21
+ x21 sin

2 x2 + x23 sin
2 x1)

 x3 0
0 1
0 0

 = 0, ÷òî âëå÷åò

{ x2x3
1+x21

= 0,

x1 sin x2 = 0

×òî äàåò òå æå ñàìûå ðåøåíèÿ x1 = 0, x3 = 0, x2 ∈ R . Íåïîñðåäñòâåííûå âû÷èñ-
ëåíèÿ ïîêàçûâàþò, ÷òî

f 2
α(x) = fα(fα(x)) =


x1 sinx2

1+
x22

(1+x21)
2

x2
1+x21

sin(x1 sin x2)

x3 sin x1 sin
x2

1+x21

 , g(fα(x)) =

 −x3 sin x1 0
0 1
0 0



x21 cos
2 x2 + x23 cos

2 x1 + x22(
1

1 + x21
) = 0

Èñïîëüçóÿ ñîîòíîøåíèå V (f 2
α(x)) = V (fα(x)) = V (x) , ïîëó÷àåì

èëè

x22

(
1− sin2(x1 sinx2)

(1 + x21)
2

)
= 0.

Òàê êàê x1 = 0 x3 = 0, òî ýòî âëå÷åò x2 = 0 . Ñëåäîâàòåëüíî, â ëþáîì ñëó-
÷àå èìååì Sα ∩ Ω̂α = {0} . Èòàê, ñèñòåìà (3.2) ìîæåò áûòü ãëîáàëüíî ñòàáèëèçèðóåìà
(ðåøåíèå x = 0 ðàâíîìåðíî àñèìïòîòè÷åñêè óñòîé÷èâî) ïîñðåäñòâîì ñëåäóþùåãî íåïðå-
ðûâíî äèôôåðåíöèðóåìîãî ïî ïåðåìåííûì ñîñòîÿíèÿ âåêòîðíîãî óïðàâëåíèÿ ñ îáðàòíîé
ñâÿçüþ:

Æóðíàë ÑÂÌÎ. 2014. Ò. 16, � 3



76

u(n, x(n)) = α(n, x(n))−
(
I + 1

2
gT (n, x(n))g(n, x(n))

)−1
gT (n, x(n))fα(n, x(n)) =

=

(
−x1(n)

(
1− 1

n+2

)
− 2x2(n)x3(n)

(x23(n)+2)(x21(n)+1)

x23(n)− 2
3
x1(n) sin x2(n)

)

4. Çàêëþ÷åíèå

Ðàçâèòèå ìåòîäèêè äëÿ àâòîíîìíûõ ñèñòåì â íåïðåðûâíîì âðåìåíè äàíî â ñòàòüå [2].
Ïðåäñòàâëåííûå ðåçóëüòàòû äëÿ äèñêðåòíû÷ íåñòàöèîíàðíû÷ íåëèíåéíû÷ ñèñòåì íåïî-
ñðåäñòâåííî ïðèìûêàþò ê ðåçóëüòàòàì ðàáîò [1],[2]. Îäíàêî, ïåðñïåêòèâíûì ïðåäìåòîì
èññëåäîâàíèÿ ÿâëÿåòñÿ ïîëó÷åíèå àíàëîãè÷íûõ ðåçóëüòàòîâ äëÿ íåïðåðûâíûõ ñèñòåì.
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Äîêàçàòåëüñòâî ðåãóëÿðíîé ëîêàëüíîé ðàçðåøèìîñòè

çàäà÷è Êîøè äëÿ äèôôåðåíöèàëüíîãî óðàâíåíèÿ â

÷àñòíûõ ïðîèçâîäíûõ ïåðâîãî ïîðÿäêà ñ íà÷àëüíûìè

äàííûìè â äåêàðòîâûõ êîîðäèíàòàõ íà ëèíèè

áåñêîíå÷íîé äëèíû

c⃝ Ë. E. Ïëàòîíîâà1

Àííîòàöèÿ. Ðàññìîòðåíî êâàçèëèíåéíîå óðàâíåíèå â ÷àñòíûõ ïðîèçâîäíûõ ïåðâîãî ïîðÿäêà
ñ íà÷àëüíûìè óñëîâèÿìè, çàäàííûìè â äåêàðòîâûõ êîîðäèíàòàõ. Äîêàçàíà òåîðåìà, â êîòîðîé
ñôîðìóëèðîâàíû óñëîâèÿ ëîêàëüíîé ðàçðåøèìîñòè è ïîêàçàíî, ÷òî ðåøåíèå èìååò òó æå
ãëàäêîñòü, ÷òî è íà÷àëüíàÿ ôóíêöèÿ.

Êëþ÷åâûå ñëîâà: êâàçèëèíåéíîå äèôôåðåíöèàëüíîå óðàâíåíèå ïåðâîãî ïîðÿäêà, çàäà÷à
Êîøè, ìåòîä äîïîëíèòåëüíîãî àðãóìåíòà

Îñíîâíûì îáúåêòîì èññëåäîâàíèÿ â äàííîé ðàáîòå ÿâëÿåòñÿ êâàçèëèíåéíîå óðàâ-
íåíèå â ÷àñòíûõ ïðîèçâîäíûõ ïåðâîãî ïîðÿäêà

∂x2u+ u∂x1u = −U(x1, x2, u)u, (1.1)

ãäå ∂iu = ∂u
∂xi
, i = 1, 2, U(x1, x2, u) ∈ C

2,1,2
. Ðåøåíèå èùåòñÿ â îêðåñòíîñòè íåêîòîðîé

ëèíèè L , êîòîðàÿ çàäàåòñÿ óðàâíåíèåì x2 = ϕ(x1), −∞ < x1 < +∞ . Ñîîòâåòñòâåííî,
çàäà÷à Êîøè ñòàâèòñÿ ñëåäóþùèì îáðàçîì:

u(x1, x2)|L = γ(x1), x1 ∈ (−∞; +∞). (1.2)

Ôóíêöèè ϕ(x1) , γ(x1) ∈ C
2
(−∞; +∞) , ãäå C

2
(−∞; +∞) � ìíîæåñòâî äâàæäû íåïðåðûâ-

íî äèôôåðåíöèðóåìûõ ôóíêöèé, îãðàíè÷åííûõ âìåñòå ñî ñâîèìè 1-îé è 2-îé ïðîèçâîäíû-
ìè íà (−∞; +∞) . Ïóñòü Nγ = max

(−∞;+∞)
|γ(x1)| . Â îáùèõ ÷åðòàõ ñõåìà ïðèìåíåíèÿ ìåòîäà

äîïîëíèòåëüíîãî àðãóìåíòà (äàëåå ÌÄÀ) ê çàäà÷å Êîøè âèäà (1.1), (1.2) áûëà íàìå÷åíà
â [3].

Â ðàìêàõ äàííîé ðàáîòû ðàññìîòðåí ñëó÷àé, êîãäà ëèíèÿ L è îáëàñòü îïðåäåëåíèÿ
íåèçâåñòíîé ôóíêöèè u(x1, x2) ñîäåðæèòñÿ âî ìíîæåñòâå

Ωβ =

{
(x1, x2) : −∞ < x1 < +∞, min

(−∞;+∞)
(ϕ(x1)− β0) 6 x2 6 max

(−∞;+∞)
(ϕ(x1) + β0)

}
, β0 ∈ R.

Ïðèíöèïèàëüíàÿ îñîáåííîñòü èçó÷àåìîé çàäà÷è ñîñòîèò â òîì, ÷òî íàðÿäó ñ ïîèñêîì
íåèçâåñòíîé ôóíêöèè u(x1, x2) èùåòñÿ è îáëàñòü îïðåäåëåíèÿ ðåøåíèÿ. Ñîîòâåòñòâåí-
íî, ïîñòîÿííàÿ β0 äîëæíà áûòü äîñòàòî÷íî âåëèêà, ÷òîáû èñêîìàÿ îáëàñòü îïðåäåëåíèÿ
u(x1, x2) âõîäèëà â Ωβ . Îáîçíà÷èì ýòó çàðàíåå íåèçâåñòíóþ îáëàñòü îïðåäåëåíèÿ ðåøå-
íèÿ çàäà÷è (1.1), (1.2) ÷åðåç Q = {(x1, x2, u) : (x1, x2) ∈ Ωβ, |u| 6 10Nγ} . Òàê êàê â äàííîé
ñòàòüå ðå÷ü èäåò î ëîêàëüíîé ðàçðåøèìîñòè, òî îáëàñòü Q ïðåäñòàâëÿåò ñîáîé íåêîòîðóþ
îêðåñòíîñòü êðèâîé L .

1 Ñòàðøèé ïðåïîäàâàòåëü êàôåäðû ìàòåìàòèêè è ìàòåìàòè÷åñêîãî îáðàçîâàíèÿ, Íèæåãîðîäñêèé ãîñó-
äàðñòâåííûé ïåäàãîãè÷åñêèé óíèâåðñèòåò èìåíè Ê.Ìèíèíà, ã. Í.Íîâãîðîä; �u�13@yandex.ru
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Â ðàáîòàõ [1], [2] ñ ïîìîùüþ ìåòîäà äîïîëíèòåëüíîãî àðãóìåíòà áûëè óñòàíîâëåíû
óñëîâèÿ ëîêàëüíîé ðàçðåøèìîñòè â èñõîäíûõ êîîðäèíàòàõ "îäíîîñíîé"çàäà÷è Êîøè:

a(x, y, z)∂1z + b(x, y, z)∂2z = f(x, y, z),

z|x=0 = ϕ(y), y ∈ (−∞; +∞), x ∈ [0;X]

áåç èñïîëüçîâàíèÿ ïðåäïîëîæåíèé î ïîâåäåíèè õàðàêòåðèñòèê. Â [4], [5] áûë ðàññìîòðåí
ñëó÷àé, êîãäà ëèíèÿ L , íåñóùàÿ äàííûå Êîøè, çàäàåòñÿ ïàðàìåòðè÷åñêèìè óðàâíåíèÿìè
x = α(t), y = β(t), 0 6 τ 6 T , â ñâÿçè ñ ÷åì çàäà÷à Êîøè ñòàâèëàñü ñëåäóþùèì îáðàçîì:
z|L = γ(t) . Â ðàáîòàõ [9], [10] ðàññìîòðåíà çàäà÷à:

a1(x1, x2, z)∂1z + a2(x1, x2, z)∂2z = f(x1, x2, z),

z|L = γ(x1), x1 ∈ (−∞; +∞).

Â íåêîòîðûõ èç ñòàòåé [1] � [10] ïðè äîêàçàòåëüñòâå ëîêàëüíîé ðàçðåøèìîñòè çàäà÷è Êî-
øè íå óäàåòñÿ äîñòè÷ü òîãî, ÷òîáû ãëàäêîñòü ïîëó÷åííîãî ðåøåíèÿ áûëà íå íèæå, ÷åì
ãëàäêîñòü íà÷àëüíîé ôóíêöèè. Ïðè èññëåäîâàíèè çàäà÷è (1.1) � (1.2) òàêàÿ ãëàäêîñòü
áûëà ïîëó÷åíà. Áóäåì íàçûâàòü ëîêàëüíóþ ðàçðåøèìîñòü çàäà÷è Êîøè, â êîòîðîé ïîëó-
÷åííîå ðåøåíèå èìååò ãëàäêîñòü íå íèæå, ÷åì ãëàäêîñòü íà÷àëüíîé ôóíêöèè ðåãóëÿðíîé
ëîêàëüíîé ðàçðåøèìîñòüþ çàäà÷è Êîøè.

Ïðîäèôôåðåíöèðóåì óðàâíåíèå (1.1) ïî x1 :

∂2x1x2u+ u∂2x1x1u+ (∂x1u)
2 = −U(x1, x2, u)∂x1u− ∂x1U(x1, x2, u) · u− ∂uU(x1, x2, u) · u · ∂x1u.

Ââåäåì îáîçíà÷åíèÿ:
q = ∂x1u, U1 = ∂x1U, U2 = ∂uU. (1.3)

Òîãäà ïðåäûäóùåå óðàâíåíèå ïåðåïèøåòñÿ â âèäå:

∂x2q + u∂x1q = −q2 − U(x1, x2, u)q − U1(x1, x2, u) · u− U2(x1, x2, u) · u · q, (1.4)

Ñ ó÷åòîì (1.3) çàäàäèì íà÷àëüíîå óñëîâèå äëÿ ôóíêöèè q(x1, x2) :

q(x1, x2)|L = γ′(x1). (1.5)

Ââåäåì îáîçíà÷åíèå:

A (x1, x2, ) = U (x1, x2, u) + U2 (x1, x2, u) · u.

Òîãäà óðàâíåíèå (1.4) ïðèìåò âèä:

∂x2q + u∂x1q = −q2 − A(x1, x2, u)q − U1(x1, x2, u) · u. (1.6)

Â ðàìêàõ ìåòîäà äîïîëíèòåëüíîãî àðãóìåíòà [3] çàïèøåì äëÿ çàäà÷è (1.1),(1.2),(1.5),(1.6)
ðàñøèðåííóþ õàðàêòåðèñòè÷åñêóþ ñèñòåìó:

dη1
ds

= V, (1.7)

dη2
ds

= 1, (1.8)

dV

ds
= −U (η1, η2, V ) · V (1.9)
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dW

ds
= −W 2 − A(η1, η2, V ) ·W − U1(η1, η2, V ) · V (1.10)

ñ íà÷àëüíûìè äàííûìè

η1|s=ω(x1,x2) = x1, η2|s=ω(x1,x2) = x2, V |L = γ(η1(0, x1, x2)),W |L = γ′(η1(0, x1, x2)). (1.11)

Çäåñü ω(x1, x2), η1(s, x1, x2), η2(s, x1, x2), V (s, x1, x2), W (s, x1, x2) � íîâûå íåèçâåñòíûå
ôóíêöèè, íåïðåðûâíî äèôôåðåíöèðóåìûå ïî âñåì ïåðåìåííûì, s � äîïîëíèòåëüíûé àð-
ãóìåíò, 0 6 s 6 ω(x1, x2) .

Çíà÷åíèå ω íà êðèâîé, çàäàííîé óðàâíåíèåì x2 = ϕ(x1) ïîëàãàåì ðàâíîé íóëþ, òî
åñòü ω(x1, ϕ(x1)) = 0 .

Äëÿ ïîëó÷åíèÿ ðåøåíèÿ â èñõîäíûõ êîîðäèíàòàõ ðåøåíèÿ óðàâíåíèé (1.7), (1.8) äîëæ-
íû èìåòü âîçìîæíîñòü áûòü ïðåäñòàâëåííûìè â âèäå:

η1 = x1 −
ω(x1,x2)∫
s

V (δ, x1, x2)dδ,

η2 = x2 − ω(x1, x2) + s.

(1.12)

Ïðåäñòàâëåíèå (1.12) îïðàâäàíî, åñëè ìîæíî îïðåäåëèòü íîâóþ çàðàíåå íåèçâåñòíóþ
ôóíêöèþ θ(x1, x2) , äëÿ êîòîðîé â íåêîòîðîé îáëàñòè èçìåíåíèÿ åå àðãóìåíòîâ áûëè áû
ñïðàâåäëèâû ñîîòíîøåíèÿ:

θ (x1, x2) = x1 −
ω(x1,x2)∫

0

V (δ, x1, x2)dδ,

φ (θ (x1, x2)) = x2 − ω (x1, x2) .

(1.13)

Èç ñîîòíîøåíèé (1.9)�(1.11) ïðè äîïóñòèìîñòè (1.12):

V (s, x1, x2) = γ(θ(x1, x2))−
s∫

0

U(η1(δ, x1, x2), η2(δ, x1, x2), V (δ, x1, x2))V (δ, x1, x2)dδ. (1.14)

À èç ñîîòíîøåíèé (1.10)�(1.11) ïðè äîïóñòèìîñòè (1.12):

W (s, x1, x2) = γ′(θ(x1, x2))−
s∫

0

(
W 2 + A(η1, η2, V ) ·W + U1(η1, η2, V ) · V

)
dδ. (1.15)

Ë å ì ì à 1.1. Íåïðåðûâíî äèôôåðåíöèðóåìîå ðåøåíèå ñèñòåìû èíòåãðàëüíûõ
óðàâíåíèé (1.12), (1.14), (1.15), (1.11) äàåò ðåøåíèå çàäà÷è Êîøè (1.1)�(1.2).

Àíàëîãè÷íàÿ ëåììà äîêàçûâàåòñÿ â ðàáîòå [4]. Â íåé áûëî âûâåäåíî îñíîâíîå óñëîâèå
ðàçðåøèìîñòè. Ïîëó÷èì òàêîå óñëîâèå äëÿ íàøåé çàäà÷è. Äëÿ âûâîäà ýòîãî óñëîâèÿ ïðî-
âåäåì ñëåäóþùèå âûêëàäêè: ïðîäèôôåðåíöèðóåì ïåðâîå è âòîðîå óðàâíåíèå (1.13) ïî x1
è x2 . Ïîëó÷èì:

∂θ

∂x1
= 1− V (ω, x1, x2)

∂ω

∂x1
−

ω(x1,x2)∫
0

∂V

∂x1
dδ,

∂θ

∂x2
= −V (ω, x1, x2)

∂ω

∂x2
−

ω(x1,x2)∫
0

∂V

∂x2
dδ.

(1.16)
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ϕ′ ∂θ

∂x1
= − ∂ω

∂x1
,

ϕ′ ∂θ

∂x2
= 1− ∂ω

∂x2
.

(1.17)

Óìíîæèì ïåðâîå óðàâíåíèå ñèñòåìû (1.16) íà u(x1, x2) = V (ω, x1, x2) è ñëîæèì ñî âòîðûì.
Áóäåì èìåòü:

∂θ

∂x2
+ u

∂θ

∂x1
= u − V (ω, x1, x2)

(
∂ω

∂x2
+ u

∂ω

∂x1

)
−

ω(x1,x2)∫
0

(
∂V

∂x2
+ u

∂V

∂x1

)
dδ. (1.18)

Óìíîæèì ïåðâîå óðàâíåíèå ñèñòåìû (1.17) íà u(x1, x2) = V (ω, x1, x2) è ñëîæèì ñî âòîðûì.
Ïîëó÷èì:

ϕ′
(
∂θ

∂x2
+ u

∂θ

∂x1

)
= 1−

(
∂ω

∂x2
+ u

∂ω

∂x1

)
. (1.19)

Îáîçíà÷èì

ζ =
∂ζ

∂x2
+ u

∂ζ

∂x1
.

Ìû ïîëó÷èì ñëåäóþùóþ ñèñòåìó:

θ + u (ω − 1) = −
ω(x1,x2)∫

0

V dδ,

ϕ′θ + (ω − 1) = 0.

(1.20)

Ñèñòåìà (1.20) ðàçðåøèìà, êîãäà

J =

∣∣∣∣ 1 u
ϕ′ 1

∣∣∣∣ ̸= 0. (1.21)

Äîêàçàíî, ÷òî ðåøåíèå çàäà÷è (1.1)�(1.2) äàåò ðåøåíèå ñèñòåìû óðàâíåíèé (1.14)�(1.15)
è íàîáîðîò, ÷òî íåïðåðûâíî äèôôåðåíöèðóåìîå ðåøåíèå çàäà÷è (1.14)�(1.15) ïðè s =
= ω(x1, x2) áóäåò ðåøåíèåì çàäà÷è (1.1)�(1.2).

Ë å ì ì à 1.2. Ïóñòü γ ∈ C
2
(R1), U(ξ1, ξ2, ξ3) ∈ C

0,2,2
(R(ΩβK)) , ïðè÷åì |ω| è K

ïîäîáðàíû òàêèì îáðàçîì, ÷òî âûïîëíÿåòñÿ íåðàâåíñòâî

Nγ + |ω|M(K) 6 K.

Òîãäà ïðè 0 6 |ω| 6 ω∗ , ãäå ω∗ = min {l(K)l1; l(K)M4(K)} ñèñòåìà óðàâíåíèé (1.14) �
(1.15) èìååò åäèíñòâåííîå ðåøåíèå V (s, x1, x2), W (s, x1, x2) ∈ C(Q) .

Íàìåòèì îñíîâíûå ýòàïû äîêàçàòåëüñòâà. ×òîáû äîêàçàòü ñóùåñòâîâàíèå ðåøåíèÿ ñè-
ñòåìû (1.14)�(1.15), âîñïîëüçóåìñÿ ìåòîäîì ïîñëåäîâàòåëüíûõ ïðèáëèæåíèé. Çà íà÷àëü-
íûå óñëîâèÿ ïðèíÿòû ôóíêöèè µ0

1(s, x1, x2) = 0, µ0
2(s, x1, x2) = 0, V 0(s, x1, x2) = γ(x1),

W 0(s, x1, x2) = γ′(x1) , à îñòàëüíûå îïðåäåëåíû èç ðåêóððåíòíîé ñèñòåìû:

V n(s, x1, x2) = γ(θn(x1, x2))−

−
s∫

0

U(x1 − µn−1
1 (δ, x1, x2), x2 − µn−1

2 (δ, x1, x2), V
n−1(δ, x1, x2))V

n−1(δ, x1, x2)dδ, (1.22)
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W n(s, x1, x2) = γ′(θn(x1, x2))−
s∫

0

(
(W n−1)2 + A(x1 − µn−1

1 , x2 − µn−1
2 , V n−1) ·W n−1+

+ U1(x1 − µn−1
1 , x2 − µn−1

2 , V n−1) · V n−1
)
dδ, (1.23)

θn (x1, x2) = x1 −
x2−φ(θn(x1,x2))∫

0

V n−1(δ, x1, x2)dδ, (1.24)

ωn(x1, x2) = x2 − φ(θn(x1, x2)), (1.25)

µn1 (s, x1, x2) =

ωn(x1,x2)∫
s

V n−1(δ, x1, x2)dδ, (1.26)

µn2 (s, x1, x2) = ωn(x1, x2)− s, (1.27)

ãäå µn1 = x1 − ηn1 , µ
n
2 = x2 − ηn2 .

Äîêàçàíà îãðàíè÷åííîñòü ïîñëåäîâàòåëüíûõ ïðèáëèæåíèé (1.22). ×òîáû äîêàçàòü ñõîäè-
ìîñòü ïîñëåäîâàòåëüíûõ ïðèáëèæåíèé (1.22), ðàññìîòðèì ðàçíîñòè n+1 �ãî è n �ãî ïðè-
áëèæåíèé. Òàê êàê â ïðàâîé ÷àñòè óðàâíåíèÿ (1.22) â àðãóìåíòå ôóíêöèè γ ñîäåðæèòñÿ
ôóíêöèÿ θn , à â àðãóìåíòå ôóíêöèè U ñîäåðæàòüñÿ ôóíêöèè µn−1

1 , µn−1
2 , íàì ïðèäåòñÿ

òàê æå ðàññìîòðåòü ðàçíîñòè n + 1 �ãî è n �ãî ïðèáëèæåíèé äëÿ ôóíêöèé θn, µn1 , µ
n
2 .

Îöåíèâ ïîëó÷åííûå âûðàæåíèÿ, ñëîæèâ èõ è ââåäÿ îáîçíà÷åíèÿ:

Ṽ n = colon
(
µn1 , µ

n
2 , V

n
)
,
∥∥∥Ṽ n+1 − Ṽ n

∥∥∥ =
∥∥µn+1

1 − µn1
∥∥+ ∥∥µn+1

2 − µn2
∥∥+ ∥∥V n+1 − V n

∥∥ ,
l1 = max

{
M1(K), M2(K),

M3(K)(1−NϕK) +Nγ +Nϕ + 1

1−NϕK

}
, l(K) =

K −Nγ

M(K)

áóäåì èìåòü: ∥∥∥Ṽ n+1 − Ṽ n
∥∥∥ 6 l(K)l1

∥∥∥Ṽ n − Ṽ n−1
∥∥∥ , (1.28)

ãäå l(K)l1 < 1 , à M(K), M1(K), M2(K), M3(K), Nϕ, Nγ � ïîëîæèòåëüíûå êîíñòàíòû.
Ââåäåì îáîçíà÷åíèÿ: I1 = ∥(µ0

1, µ
0
2, V

0)∥ , I2 = ∥(µ1
1, µ

1
2, V

1)∥ , òîãäà∥∥∥Ṽ 0
∥∥∥ 6 I1, . . . ,

∥∥∥Ṽ i − Ṽ i−1
∥∥∥ 6 (l(K)l1)

i−1 I2, 1 6 i 6 n.

Èìååì äëÿ ðÿäà Ṽ 0 + Ṽ 1 − Ṽ 0 + Ṽ 2 − Ṽ 1 + . . . + Ṽ n − Ṽ n−1 + . . . îöåíêó åãî ÷àñòè÷íîé
ñóììû:∥∥∥Ṽ n

∥∥∥ 6
∥∥∥Ṽ 0

∥∥∥+ ∥∥∥Ṽ 1 − Ṽ 0
∥∥∥+ ∥∥∥Ṽ 2 − Ṽ 1

∥∥∥+ ...+
∥∥∥Ṽ n − Ṽ n−1

∥∥∥ 6

6 I1 + I2
(
1 + l(K)l1 + (l(K)l1)

2 + . . .+ (l(K)l1)
n−1) ,∥∥∥Ṽ n
∥∥∥ 6 I1 +

I2
1− l(K)l1

.

Ýòî çíà÷èò, ÷àñòè÷íàÿ ñóììà
∞∑
i=0

Ṽ i ñõîäèòñÿ ê ôóíêöèè ψ1 ∈ C(Q) ïî íîðìå ýòîãî ïðî-

ñòðàíñòâà.
Ïåðåõîäÿ ê ïðåäåëó ïðè n → ∞ â ðàâåíñòâå (1.22), ïîëó÷èì, ÷òî ôóíêöèÿ V (s, x1, x2)
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áóäåò óäîâëåòâîðÿòü óðàâíåíèþ (1.14). Åäèíñòâåííîñòü ñëåäóåò èç òîãî ôàêòà, ÷òî äëÿ
ðàçíîñòè äâóõ âîçìîæíûõ ðåøåíèé VI è VII áóäåò âûïîëíÿòüñÿ íåðàâåíñòâî âèäà (1.28),
òî åñòü ∥VII − VI∥ 6 l(K)l1 ∥VII − VI∥ , ãäå l(K)l1 < 1 .
Àíàëîãè÷íî äîêàçûâàåòñÿ ñóùåñòâîâàíèå óðàâíåíèÿ (1.15).

Ë å ì ì à 1.3. Ïðè âûïîëíåíèè óñëîâèé ëåììû 2 V (s, x1, x2) ∈ C
1,2,1

(Q),

W (s, x1, x2) ∈ C
1,1,1

(Q) .
Íàìåòèì îñíîâíûå ýòàïû äîêàçàòåëüñòâà. ×òîáû äîêàçàòü ñóùåñòâîâàíèå, íåïðåðûâ-

íîñòü è îãðàíè÷åííîñòü ÷àñòíîé ïðîèçâîäíîé ïî x2 ó ôóíêöèè V (s, x1, x2) , ïðîäèôôå-
ðåíöèðóåì ïî x2 ñîîòíîøåíèå (1.22), îïðåäåëÿþùåå ïîñëåäîâàòåëüíûå ïðèáëèæåíèÿ äëÿ
V (s, x1, x2) . Òàê êàê â àðãóìåíòàõ ôóíêöèé, ñîäåðæàùèõñÿ â ïðàâîé ÷àñòè óðàâíåíèÿ
(1.22), ïðèñóòñòâóþò ôóíêöèè θn(x1, x2), µ

n−1
1 , µn−1

2 , ïðîäèôôåðåíöèðóåì òàê æå ïî x2
ñîîòíîøåíèÿ (1.24), (1.26), (1.27) ñ ó÷åòîì (1.25). Îöåíèâ âûðàæåíèÿ äëÿ ∂µn1

∂x2
,
∂µn2
∂x2

, ∂V
n

∂x2
,

ñëîæèâ èõ è ââåäÿ îáîçíà÷åíèÿ:

ˆ̂
V n =

∥∥∥∥∂µn1∂x2

∥∥∥∥+ ∥∥∥∥1− ∂µn2
∂x2

∥∥∥∥+ ∥∥∥∥∂V n

∂x2

∥∥∥∥ , N1 =
K(Nγ +Nφ + 1)

1−NφK
,

áóäåì èìåòü: ˆ̂V n 6 N1 + l(K)l1
ˆ̂
V n−1.

Â ñèëó òîãî, ÷òî ∂µ01
∂x2

= 0, 1− ∂µ02
∂x2

= 1, ∂V
0

∂x2
= 0 , òî ˆ̂

V 0 = 1 , ïîýòîìó

ˆ̂
V 1 6 N1 + l(K)l1,

. . .

ˆ̂
V n 6 N1

(
1 + l(K)l1 + (l(K)l1)

2 + . . .+ (l(K)l1)
n−1)+ (l(K)l1)

n .

Èç ïîñëåäíåãî íåðàâåíñòâà áóäåì èìåòü: ˆ̂V n 6 N1

1− l(K)l1
+ (l(K)l1)

n .

Òàê êàê l(K)l1 < 1 , òî è (l(K)l1)
n < 1 . Ýòèì ìû ïîëó÷èëè, ÷òî ˆ̂

V n � îãðàíè÷åíà, à,

ñëåäîâàòåëüíî, îãðàíè÷åíû è
∥∥∥∂µn1∂x2

∥∥∥ , ∥∥∥1− ∂µn2
∂x2

∥∥∥ , ∥∥∥∂V n

∂x2

∥∥∥ .
×òîáû äîêàçàòü ñõîäèìîñòü ∂V n

∂x2
ê ∂V

∂x2
, ðàññìîòðèì ëèíåéíûå èíòåãðàëüíûå óðàâíåíèÿ

îòíîñèòåëüíî íåèçâåñòíûõ ôóíêöèé E1(s, x1, x2), E2(s, x1, x2), E3(s, x1, x2), E4(x1, x2) :

E1(s, x1, x2) = γ′(θ) · E4 −
s∫

0

(
⟨U(x1 − µ1, x2 − µ2, V )V ⟩1 · E2+

+ ⟨U(x1 − µ1, x2 − µ2, V )V ⟩2 · E3 + ⟨U(x1 − µ1, x2 − µ2, V )V ⟩3 · E1

)
dδ, (1.29)

E4(x1, x2) = −V (x2 − φ(θ), x1, x2) · (1− φ′(θ) · E4)−
x2−φ(θ)∫

0

E1dδ, (1.30)

E3(s, x1, x2) = φ′(θ) · E4, (1.31)

E2(s, x1, x2) = −V (x2 − φ(θ), x1, x2) · (1− φ′(θ) · E4)−
x2−φ(θ)∫
s

E1dδ. (1.32)

Ñ ïîìîùüþ ìåòîäà ïîñëåäîâàòåëüíûõ ïðèáëèæåíèé äîêàçûâàåòñÿ, ÷òî óðàâíåíèå (1.29),
à, ñëåäîâàòåëüíî è óðàâíåíèÿ (1.30)�(1.32) èìååò ðåøåíèå, ïðèíàäëåæàùåå ïðîñòðàíñòâó
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C(Q) . Îöåíèâ ðàçíîñòè E1 − ∂V n

∂x2
, E2 − (−∂µn1

∂x2
), E1 − (1 − ∂µn2

∂x2
), E4 − ∂θn

∂x2
è, ïîäñòàâèâ

âûðàæåíèå äëÿ E4 − ∂θn

∂x2
â E1 − ∂V n

∂x2
, E2 − (−∂µn1

∂x2
), E1 − (1 − ∂µn2

∂x2
) , ñëîæèì îñòàâøèåñÿ

âûðàæåíèÿ è ââåäåì îáîçíà÷åíèÿ: ν = colon (E2, E3, E1) , ν
n = colon

(
∂µn1
∂x2

, 1− ∂µn2
∂x2

, ∂V
n

∂x2

)
,

áóäåì èìåòü:
∥ν − νn∥ 6 l(K)l1

∥∥ν − νn−1
∥∥+ En.

Â ñèëó îãðàíè÷åííîñòè ∂V n

∂x2
, ∂θn

∂x2
,
∂µn1
∂x2

, 1 − ∂µn2
∂x2

, ñõîäèìîñòè V n → V, θn → θ, µn1 → µ1,
µn2 → µ2 ïðè âñåõ n ∀ϵ > 0 ∃N òàêîå, ÷òî ∀n > N ∥En∥ < ϵ .
Ïðåäûäóùåå íåðàâåíñòâî ïðèìåò âèä:

∥ν − νn∥ 6 l(K)l1
∥∥ν − νn−1

∥∥+ ϵ.

Òàê êàê l(K)l1 < 1 , òî äëÿ ëþáîãî p > 0 áóäåì èìåòü:∥∥ν − νn+p
∥∥ 6 (l(K)l1)

p+1
∥∥ν − νn−1

∥∥+ ϵ

1− l(K)l1
.

Ïåðåõîäÿ ê ïðåäåëó, áóäåì èìåòü: ∥ν − νn+p∥ 6 ϵ

1− l(K)l1
. Â ñèëó òîãî, ÷òî l(K)l1 < 1

∀σ > 0 ∃Ñ ∀p > Ñ áóäåò ∥ν − νn+p∥ 6 σ , ãäå σ =
ϵ

1− l(K)l1
.

Ýòèì ìû äîêàçàëè, ÷òî ∂V n

∂x2
→ E1 ïðè n → ∞ . Àíàëîãè÷íî äîêàçûâàåòñÿ, ÷òî ∂V n

∂x1
ñõîäèòñÿ ê íåêîòîðîé ôóíêöèè e1 ∈ C(Q) .
Â ðåçóëüòàòå äëÿ ïîñëåäîâàòåëüíîñòè V n óñòàíîâëåíû ñëåäóþùèå ñâîéñòâà:

V n → V,
∂V n

∂x2
→ E1,

∂V n

∂x1
→ e1 ïðèn→ ∞.

Èìååì, ÷òî V n ∈ C1,1,1(Q) ïðè ëþáîì n ñõîäÿòñÿ ïî íîðìå ýòîãî ïðîñòðàíñòâà. Â ñèëó
ïîëíîòû è çàìêíóòîñòè C1,1,1(Q) èìååì, ÷òî V ∈ C1,1,1(Q) , à, çíà÷èò, îáëàäàåò ÷àñòíûìè
ïðîèçâîäíûìè ïî s, x1, x2 , ïðè÷åì ∂V n

∂x2
→ ∂V

∂x2
≡ E1,

∂V n

∂x1
→ ∂V

∂x1
≡ e1 .

Òàêæå ìû äîêàçàëè, ÷òî µn1 , µ
n
2 ∈ C1,1,1(Q) ïðè ëþáîì n ñõîäÿòñÿ ïî íîðìå ýòîãî ïðî-

ñòðàíñòâà. Â ñèëó ïîëíîòû è çàìêíóòîñòè C1,1,1(Q) èìååì, ÷òî µ1, µ2 ∈ C1,1,1(Q) , à, çíà-
÷èò, îáëàäàþò ÷àñòíûìè ïðîèçâîäíûìè ïî s, x1, x2 , ïðè÷åì −∂µn1

∂x2
→ −∂µ1

∂x2
≡ E2, 1− ∂µn1

∂x1
→

→ 1− ∂µ1
∂x1

≡ e2, 1− ∂µn2
∂x2

→ 1− ∂µ2
∂x2

≡ E3, − ∂µn2
∂x1

→ −∂µ2
∂x1

≡ e3 .
Àíàëîãè÷íûå ðàññóæäåíèÿ ïðîâîäÿòñÿ ïðè äîêàçàòåëüñòâå ñóùåñòâîâàíèÿ, íåïðåðûâíî-
ñòè, îãðàíè÷åííîñòè ÷àñòíûõ ïðîèçâîäíûõ ñíà÷àëà ïî x2 , à ïîòîì è ïî x1 äëÿ ôóíê-
öèè W (s, x1, x2) . Â õîäå äîêàçàòåëüñòâà óñòàíîâëåíà ñõîäèìîñòü ∂Wn

∂x2
ê ∂W

∂x2
è ∂Wn

∂x1
ê

∂W
∂x1

. Ôóíêöèè ∂Wn

∂x2
è ∂Wn

∂x1
ïîëó÷åíû äèôôåðåíöèðîâàíèåì (1.15) ïî x2 è ïî x1 . ×òîáû

íåñêîëüêî îáëåã÷èòü äîêàçàòåëüñòâî ñõîäèìîñòè, ðàññìàòðèâàþòñÿ ëèíåéíûå èíòåãðàëü-
íûå óðàâíåíèÿ:

G(s, x1, x2) = γ′′(θ(x1, x2)) · E4 −
s∫

0

(
2W ·G+ ⟨A(x1 − µ1, x2 − µ2, V ) ·W ⟩1 · E2+

+ ⟨A(x1 − µ1, x2 − µ2, V ) ·W ⟩2 · E3 + ⟨A(x1 − µ1, x2 − µ2, V ) ·W ⟩3 · E1+

+ A(x1 − µ1, x2 − µ2, V ) ·G+ ⟨U1(x1 − µ1, x2 − µ2, V ) · V ⟩1 · E2+

+ ⟨U1(x1 − µ1, x2 − µ2, V ) · V ⟩2 · E3 + ⟨U1(x1 − µ1, x2 − µ2, V ) · V ⟩3 · E1

)
dδ,
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g(s, x1, x2) = γ′′(θ(x1, x2)) · e4 −
∫ s

0

(
2W · g + ⟨A(x1 − µ1, x2 − µ2, V ) ·W ⟩1 · e2+

+ ⟨A(x1 − µ1, x2 − µ2, V ) ·W ⟩2 · e3 + ⟨A(x1 − µ1, x2 − µ2, V ) ·W ⟩3 · e1+
+ A(x1 − µ1, x2 − µ2, V ) · g + ⟨U1(x1 − µ1, x2 − µ2, V ) · V ⟩1 · e2+

+ ⟨U1(x1 − µ1, x2 − µ2, V ) · V ⟩2 · e3 + ⟨U1(x1 − µ1, x2 − µ2, V ) · V ⟩3 · e1
)
dδ.

Äëÿ ïîñëåäîâàòåëüíîñòè {W n} óñòàíîâëåíû ñëåäóþùèå ñâîéñòâà:

W n → W,
∂W n

∂x2
→ G,

∂W n

∂x1
→ g ïðèn→ ∞.

Äîêàçàíî, ÷òî W n ∈ C1,1,1(Q) ïðè ëþáîì n ñõîäèòñÿ ïî íîðìå ýòîãî ïðîñòðàíñòâà. Â ñèëó
ïîëíîòû è çàìêíóòîñòè C1,1,1(Q) èìååì, ÷òî W ∈ C1,1,1(Q) , à, çíà÷èò, îáëàäàåò ÷àñòíûìè
ïðîèçâîäíûìè ïî s, x1, x2 , ïðè÷åì ∂Wn

∂x2
→ ∂W

∂x2
≡ G, ∂Wn

∂x1
→ ∂W

∂x1
≡ g .

Òàêèì îáðàçîì äëÿ âñåõ 0 6 s 6 ω 6 ω∗, −∞ < x1 < +∞ :

|V (s, x1, x2)| 6 K, |W (s, x1, x2)| 6 K,

∣∣∣∣∂V (s, x1, x2)

∂x2

∣∣∣∣ 6 Nx2
V ,

∣∣∣∣∂V (s, x1, x2)

∂x1

∣∣∣∣ 6 Nx1
V ,∣∣∣∣∂W (s, x1, x2)

∂x2

∣∣∣∣ 6 N2

1− l(K)M4(K)
,

∣∣∣∣∂W (s, x1, x2)

∂x1

∣∣∣∣ 6 N4

1− l(K)M4(K)
.

Ôóíêöèÿ u(x1, x2) = V (ω(x1, x2), x1, x2) áóäåò èñêîìûì ðåøåíèåì çàäà÷è Êîøè (1.1)�(1.2),
à ôóíêöèÿ q(x1, x2) = W (ω(x1, x2), x1, x2) áóäåò óäîâëåòâîðÿòü çàäà÷å Êîøè (1.4)�(1.5) ⇔
⇔ (1.6)�(1.5). À òàêæå

|u(x1, x2)| = |V (ω(x1, x2), x1, x2)| = |V (x2 − φ(θ), x1, x2)| 6 K,

|q(x1, x2)| = |W (ω(x1, x2), x1, x2)| = |W (x2 − φ(θ), x1, x2)| 6 K,∣∣∣∣∂u(x1, x2)∂x2

∣∣∣∣ = ∣∣∣∣∂V (ω(x1, x2), x1, x2)

∂x2

∣∣∣∣ 6 Nx2
V ,

∣∣∣∣∂u(x1, x2)∂x1

∣∣∣∣ = ∣∣∣∣∂V (ω(x1, x2), x1, x2)

∂x1

∣∣∣∣ 6 Nx1
V ,∣∣∣∣∂q(x1, x2)∂x2

∣∣∣∣ = ∣∣∣∣∂W (ω(x1, x2), x1, x2)

∂x2

∣∣∣∣ 6 N2

1− l(K)M4(K)
,∣∣∣∣∂q(x1, x2)∂x1

∣∣∣∣ = ∣∣∣∣∂W (ω(x1, x2), x1, x2)

∂x1

∣∣∣∣ 6 N4

1− l(K)M4(K)

äëÿ âñåõ (x1, x2) ∈ Ω0 ãäå Ω0 = {(x1, x2) : 0 6 ω 6 ω∗, −∞ < x1 < +∞} . Ó÷èòûâàÿ, ÷òî
ω = x2 − φ(θ) , áóäåì èìåòü: Ω0 = {(x1, x2) : φ(θ) 6 x2 6 φ(θ) + ω∗, −∞ < x1 < +∞} , ãäå
ω∗ = min {l(K)l1; l(K)M4(K)} .
Òàêèì îáðàçîì, ìû ïîëó÷èëè, ÷òî u ∈ C

1,1
(Ω0), q ∈ C

1,1
(Ω0) . Ñëåäóþùèì ýòàïîì ÿâëÿåòñÿ

äîêàçàòåëüñòâî ÷òî ñóùåñòâóþò ∂2x1x1u è ∂2x1x2u , íî íà γ(x1) íå èñïîëüçóåòñÿ áîëüøå, ÷åì

γ ∈ C
2
(R) .Äîêàçàòåëüñòâî îñíîâàíî íà ìåòîäå ïîñëåäîâàòåëüíûõ ïðèáëèæåíèé. Äîêàçàíà

îãðàíè÷åííîñòü
∂2V n

∂x21
,
∂2V n

∂x1x2
. Óñòàíîâëåíî, ÷òî

∂2V n

∂x21
ñõîäèòñÿ ê íåêîòîðîé ôóíêöèè

Y1 , à
∂2V n

∂x1x2
ê y1 . Â ðåçóëüòàòå, ïîëó÷åíî,

∂2V n

∂x21
→ ∂2V

∂x21
≡ Y1,

∂2V n

∂x1x2
→ ∂2V

∂x1x2
≡ y1 è

∂2V

∂x21
=
∂2u

∂x21
,
∂2V

∂x1x2
=

∂2u

∂x1x2
.
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Äîêàæåì, ÷òî ∂x2u = q .Äëÿ ýòîãî ïðîäèôôåðåíöèðóåì óðàâíåíèå (1.1) ïî x1 :

∂2x1x2u+(∂x1u)
2+u∂2x1x1u = −∂x1U(x1, x2, u) ·u−∂uU(x1, x2, u) ·∂x1u ·u−U(x1, x2, u)∂x1u.

(1.33)

Âçÿâ ðàçíîñòü (1.33) è (1.4) è îáîçíà÷èâ ∂x1u = c, c − q = z, H = −c − q − U(x1, x2, u) −
−u · U2(x1, x2, u) äëÿ ôóíêöèè z ïîëó÷èì ñèñòåìó:{

∂x2z + u∂x1z = Hz,

z|L = 0.

Èç ïîëó÷åííîé ñèñòåìû íàéäåì, ÷òî ôóíêöèÿ z = c − q ≡ 0 , à, ñëåäîâàòåëüíî, c = q .
Òàêèì îáðàçîì, äîêàçàíî, ÷òî ∂x1u = q . Òàê êàê c = q, ∂x1c = ∂x1q , òî ∂2x1x1u = ∂x1q .
Äîêàçàíà òåîðåìà.

Ò å î ð å ì à 1.1. Ïóñòü γ (x1) ∈ C
2
(−∞,+∞) , U(ξ1, ξ2, ξ3) ∈ C

2,1,2
(R(ΩβK)) , ãäå

R(ΩβK) = Ωβ × [K;K], K = 10Nγ - ïðîèçâîëüíî çàôèêñèðîâàííîå ïîëîæèòåëüíîå ÷èñëî;
L � îäíîíàïðàâëåíî ðåãóëÿðíàÿ êðèâàÿ x2 = ϕ(x1) ; âûïîëíåíî îñíîâíîå óñëîâèå ðàçðåøè-
ìîñòè |J | ≥ KJ , ãäå J = 1− ϕ′u .Òîãäà ïðè 0 6 |ω| 6 ω∗ , ãäå
ω∗ = min {l(K)l1; l(K)M4(K); l(K)l3} , ãäå

l1 = max

{
M1(K),M2(K),

1 +M3(K)(1−NφK) +Nϕ +Nγ

(1−NϕK)

}
,

l3 = max

{
P1(K), P2(K),

Nγ +Nφ + 1 + P3(K)(1−NϕK)

1−NϕK

}
,

çàäà÷à Êîøè (1.1) � (1.2) èìååò åäèíñòâåííîå ðåøåíèå u (x1, x2) ∈ C
2,1

(Q) , êîòîðîå ïðè
s = ω ñîâïàäàåò ñ ôóíêöèåé V (s, x1, x2) , îïðåäåëÿåìîé èç ñèñòåìû (1.12), (1.14), (1.15),
(1.11).
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Proof of regular local solvability of the Cauchy problem for

di�erential equations in partial derivatives of the �rst

order with initial data in Cartesian coordinates on line

in�nite length

c⃝ L. E. Platonova2

Abstract. The Cauchy problem for a quasi-linear �rst order partial di�erential equation is studied
in case when initial data is given on an in�nite length smooth line with non-vertical gradient. A
system of integral equations, a solution of which gives a solution of the considered Cauchy problem
in original coordinates and the solution has the same smoothness that the initial function, is
constructed. Local solvability conditions, which do not include in itself assumptions about behavior
of the characteristic lines, are presented in a theorem which proved here.

Key Words: quasi-linear �rst order partial di�erential equation, Cauchy problem, method of an
additional argument

2 The senior lecturer of the mathematics and mathematical education chair, Nizhniy Novgorod State
Pedagogical University, Nizhniy Novgorod; �u�13@yandex.ru
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ÓÄÊ 517.95

Îáðàòíàÿ çàäà÷à äëÿ ýëëèïòè÷åñêîãî

èíòåãðî-äèôôåðåíöèàëüíîãî óðàâíåíèÿ Ôðåäãîëüìà

c⃝ Ò. Ê. Þëäàøåâ 1 À. Ã. Ëîñêóòîâà2

Àííîòàöèÿ. Â äàííîé ðàáîòå èçó÷àåòñÿ îäíîçíà÷íàÿ ðàçðåøèìîñòü íåëèíåéíîé îáðàòíîé
çàäà÷è äëÿ ýëëèïòè÷åñêîãî èíòåãðî-äèôôåðåíöèàëüíîãî óðàâíåíèÿ Ôðåäãîëüìà. Ìîäèôèöè-
ðóåòñÿ ìåòîä âûðîæäåííîãî ÿäðà, ðàçðàáîòàííîãî äëÿ èíòåãðàëüíîãî óðàâíåíèÿ Ôðåäãîëüìà
âòîðîãî ðîäà. Ïîëó÷àåòñÿ íåëèíåéíîå èíòåãðàëüíîå óðàâíåíèå ïåðâîãî ðîäà, êîòîðîå ñ ïîìî-
ùüþ ñïåöèàëüíîãî íåêëàññè÷åñêîãî èíòåãðàëüíîãî ïðåîáðàçîâàíèÿ ñâîäèòñÿ ê íåëèíåéíîìó
èíòåãðàëüíîìó óðàâíåíèþ âòîðîãî ðîäà. Èñïîëüçóåòñÿ ìåòîä ïîñëåäîâàòåëüíûõ ïðèáëèæåíèé
â ñî÷åòàíèè åãî ñ ìåòîäîì ñæèìàþùèõ îòîáðàæåíèé.

Êëþ÷åâûå ñëîâà: íåëèíåéíàÿ îáðàòíàÿ çàäà÷à, óðàâíåíèå ýëëèïòè÷åñêîãî òèïà, èíòåãðî-
äèôôåðåíöèàëüíîå óðàâíåíèå, èíòåãðàëüíîå ïðåîáðàçîâàíèå, ìåòîä ïîñëåäîâàòåëüíûõ ïðè-
áëèæåíèé

1. Ïîñòàíîâêà çàäà÷è

Â îáëàñòè Ω ≡ ΩT ×R ðàññìàòðèâàåòñÿ èíòåãðî-äèôôåðåíöèàëüíîå óðàâíåíèå Ôðåä-
ãîëüìà âèäà

∂ 2 u(t, x)

∂ t 2
+

T∫
0

K(t, s)
∂ 2u(s, x)

∂ x2
ds = f(t, x, σ(t)) (1.1)

ñ íà÷àëüíûìè óñëîâèÿìè

u(0, x) = ϕ1(x), ut(0, x) = ϕ2(x), x ∈ R, (1.2)

u(t, 0) = ϕ1(0) + ϕ2(0)t−N1

t∫
0

(t− s)a(s)ds+

t∫
0

(t− s)f(s, 0, σ(s))ds, (1.3)

ux(t, 0) = ϕ′
1(0) + ϕ′

2(0)t−N2

t∫
0

(t− s)a(s)ds+

t∫
0

(t− s)fx(s, 0, σ(s))ds (1.4)

è äîïîëíèòåëüíûìè óñëîâèÿìè

u(t, x0) = ψ(t), t ∈ ΩT , x0 ̸= 0, (1.5)

σ(0) = σ0 = const ̸= 0, (1.6)

ãäå f(t, x, σ(t)) ∈ C 0,2,0(Ω × ΩT ) , ϕi(x) ∈ C 2(R) , K(t, s) = a(t)b(s) , a(t), b(s) ∈ C(ΩT ) ,
σ(t) � âîññòàíàâëèâàåìàÿ ôóíêöèÿ, Ni � çàäàííûå ïîñòîÿííûå, i = 1, 2 , ΩT ≡ [0, T ] ,
0 < T <∞ , R ≡ (−∞,∞) .

Îòìåòèì, ÷òî èçó÷åíèþ äèôôåðåíöèàëüíûõ óðàâíåíèé ýëëèïòè÷åñêîãî òèïà ïîñâÿ-
ùåíî ìíîãî ðàáîò. Íî, èçó÷åíèþ èíòåãðî-äèôôåðåíöèàëüíûõ óðàâíåíèé ýëëèïòè÷åñêîãî

1 Äîöåíò êàôåäðû âûñøåé ìàòåìàòèêè, Ñèáèðñêèé ãîñóäàðñòâåííûé àýðîêîñìè÷åñêèé óíèâåðñèòåò
èìåíè àêàäåìèêà Ì. Ô. Ðåøåòíåâà, ã. Êðàñíîÿðñê, tursunbay@rambler.ru;

2 Ñòóäåíòêà ôàêóëüòåòà ìàøèíîâåäåíèÿ è ìåõàòðîíèêè, Ñèáèðñêèé ãîñóäàðñòâåííûé àýðîêîñìè÷åñêèé
óíèâåðñèòåò èìåíè àêàäåìèêà Ì. Ô. Ðåøåòíåâà, ã. Êðàñíîÿðñê

Æóðíàë ÑÂÌÎ. 2014. Ò. 16, � 3



88 Ò. Ê. Þëäàøåâ, À. Ã. Ëîñêóòîâà

òèïà ïîñâÿùåíî ñðàâíèòåëüíî ìåíüøå. Èíòåãðî-äèôôåðåíöèàëüíûå óðàâíåíèÿ èìåþò îñî-
áåííîñòåé â âîïðîñå îäíîçíà÷íîé ðàçðåøèìîñòè [1], [2]. Èçó÷åíèþ ðàçðåøèìîñòè îáðàò-
íûõ çàäà÷ äëÿ ëèíåéíûõ äèôôåðåíöèàëüíûõ óðàâíåíèé â ÷àñòíûõ ïðîèçâîäíûõ ïîñâÿ-
ùåíî áîëüøîå êîëè÷åñòâî ðàáîò. Áèáëèîãðàôèþ ìíîãèõ ïóáëèêàöèé, ïîñâÿùåííûõ òåîðèè
ëèíåéíûõ îáðàòíûõ çàäà÷, ìîæíî íàéòè, íàïðèìåð â [3] - [5].

Â íàñòîÿùåé ðàáîòå èçó÷àåòñÿ îáðàòíàÿ çàäà÷à, ãäå âîññòàíàâëèâàåìàÿ ôóíêöèÿ σ(t)
íåëèíåéíî âõîäèò â óðàâíåíèå. Çàäàíèå óñëîâèÿ (1.6) ïðè èíòåãðàëüíîì ïðåîáðàçîâàíèè
îáåñïå÷èâàåò åäèíñòâåííîñòü ðåøåíèÿ íåëèíåéíîãî èíòåãðàëüíîãî óðàâíåíèÿ ïåðâîãî ðîäà
è îïðåäåëÿåò çíà÷åíèå íåèçâåñòíîé ôóíêöèè â íà÷àëüíîé òî÷êå t = 0 .

Î ï ð å ä å ë å í è å 1.1. Ðåøåíèåì îáðàòíîé çàäà÷è (1.1)-(1.6) íàçûâàåòñÿ ïàðà
ôóíêöèé

{
u(t, x) ∈ C 2,2(Ω), σ(t) ∈ C(ΩT )

}
, óäîâëåòâîðÿþùàÿ óðàâíåíèþ (1.1) è óñëîâèÿì

(1.2)-(1.6).

2. Íà÷àëüíàÿ çàäà÷à (1.1)-(1.4)

Èñïîëüçóåòñÿ ìåòîä èíòåãðàëüíûõ óðàâíåíèé Ôðåäãîëüìà ñ âûðîæäåííûì ÿäðîì [6].
Ïðè ïîìîùè îáîçíà÷åíèÿ

c(x) =

T∫
0

b(s)
∂ 2u(s, x)

∂ x2
ds (2.1)

èíòåãðî-äèôôåðåíöèàëüíîå óðàâíåíèå Ôðåäãîëüìà (1.1) ïåðåïèøåòñÿ â âèäå

∂ 2 u(t, x)

∂ t2
+ a(t)c(x) = f(t, x, σ(t)).

Ñ ó÷åòîì óñëîâèÿ (1.2) äâóêðàòíîå èíòåãðèðîâàíèå ïîñëåäíåãî ðàâåíñòâà ïî t äàåò

u(t, x) = ϕ1(x) + ϕ2(x)t− c(x)

t∫
0

(t− s)a(s)ds+

t∫
0

(t− s)f(s, x, σ(s))ds. (2.2)

Äèôôåðåíöèðóåì (2.2) äâà ðàçà ïî x :

ux(t, x) = ϕ′
1(x) + ϕ′

2(x)t− c′(x)

t∫
0

(t− s)a(s)ds+

t∫
0

(t− s)fx(s, x, σ(s))ds, (2.3)

uxx(t, x) = ϕ′′
1(x) + ϕ′′

2(x)t− c′′(x)

t∫
0

(t− s)a(s)ds+

t∫
0

(t− s)fxx(s, x, σ(s))ds. (2.4)

Ïîäñòàâëÿÿ (2.4) â (2.1), èìååì

c(x) =

T∫
0

b(s)
[
ϕ′′
1(x) + ϕ′′

2(x)s− c′′(x)

s∫
0

(s− θ)a(θ)dθ +

s∫
0

(s− θ)fxx(θ, x, σ(θ))dθ
]
ds. (2.5)

Ïóñòü

A =

T∫
0

b(s)q(s)ds > 0, (2.6)
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ãäå q(t) =
t∫
0

(t− s)a(s)ds .

Òîãäà äëÿ îïðåäåëåíèÿ c(x) â (2.1) ïîëó÷àåì èç (2.5) ñëåäóþùåå äèôôåðåíöèàëüíîå
óðàâíåíèå

c′′(x) + Bc(x) = F (x), (2.7)

ãäå B = A−1, F (x) = BF0(x) ,

F0(x) =
T∫
0

b(s)
[
ϕ′′
1(x) + ϕ′′

2(x)s
]
ds+

T∫
0

b(s)
s∫
0

(s− θ)fxx(θ, x, σ(θ))dθds .

Ðåøàÿ äèôôåðåíöèàëüíîå óðàâíåíèå (2.7) ìåòîäîì âàðèàöèè ïðîèçâîëüíûõ ïîñòîÿí-
íûõ, ïîëó÷àåì

c(x) = D1 cos νx+D2 sin νx+
1

ν

x∫
0

F (y)Q(x, y)dy, (2.8)

ãäå Q(x, y) = sin ν(x− y), ν =
√
B , êîýôôèöèåíòû Di ïîäëåæàò îïðåäåëåíèþ, i = 1, 2 .

Èç (2.8) èìååì
c(0) = D1, c

′(0) = νD2. (2.9)

Ñ ó÷åòîì (2.9) èç (2.2) è (2.3) ïîëó÷àåì, ÷òî

u(t, 0) = ϕ1(0) + ϕ2(0)t−D1

t∫
0

(t− s)a(s)ds+

t∫
0

(t− s)f(s, 0, σ(s))ds, (2.10)

ux(t, 0) = ϕ′
1(0) + ϕ′

2(0)t− νD2

t∫
0

(t− s)a(s)ds+

t∫
0

(t− s)f(s, 0, σ(s))ds. (2.11)

Ñðàâíåíèå ñîîòíîøåíèé (2.10) è (2.11) ñ çàäàííûìè óñëîâèÿìè (1.3) è (1.4) äàåò D1 =
N1, D2 =

N2

ν
.

Òîãäà (2.8) ïðèíèìàåò âèä

c(x) = N1 cos νx+
N2

ν
sin νx+

1

ν

x∫
0

F (y)Q(x, y)dy. (2.12)

Ïîäñòàíîâêà (2.12) â (2.2) äàåò

u(t, x) = ϕ1(x) + ϕ2(x)t+

t∫
0

(t− s)f(s, x, σ(s))ds−

−q(t)
{
N1 cos νx+

N2

ν
sin νx+ ν

T∫
0

b(s)

x∫
0

Q(x, y)
[
ϕ′′
1(y) + ϕ′′

2(y)s
]
dsdy+

+ν

x∫
0

Q(x, y)

T∫
0

b(s)

s∫
0

(s− θ)f yy(θ, y, σ(θ))dθdsdy
}
. (2.13)
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3. Âîññòàíàâëèâàåìàÿ ôóíêöèÿ

Â ñèëó óñëîâèÿ (1.5), èç (2.13) ïîëó÷àåì

t∫
0

(t− s)f(s, x0, σ(s))ds = g(t)−

−νq(t)
x0∫
0

Q(x0, y)

T∫
0

b(s)

s∫
0

(s− θ)f yy(θ, y, σ(θ))dθdsdy, (3.1)

ãäå

g(t) = ψ(t) + ϕ1(x0) + ϕ2(x0)t+ q(t)
[
N1 cos νx0 +

N2

ν
sin νx0+

+ν

T∫
0

b(s)

x0∫
0

Q(x0, y)
(
ϕ′′
1(y) + ϕ′′

2(y)s
)
dsdy

]
.

Íåëèíåéíîå èíòåãðàëüíîå óðàâíåíèå ïåðâîãî ðîäà (3.1) ïðè íà÷àëüíîì óñëîâèè
(1.6)ýêâèâàëåíòíî ñëåäóþùåìó èíòåãðàëüíîìó óðàâíåíèþ âòîðîãî ðîäà (ñì., íàïð. [7]
- [9]) :

σ(t) ≡ Θ(t; σ(t)) =
[
σ(t) +

t∫
0

G(s)σ(s)ds−
t∫

0

(t− s)f(s, x0, σ(s))ds−

−νq(t)
x0∫
0

Q(x0, y)

T∫
0

b(s)

s∫
0

(s− θ)f yy(θ, y, σ(θ))dθdsdy + g(t)
]
e−µ(t)+

+

t∫
0

G(s)e−µ(t−s)
[
σ(t)− σ(s) +

t∫
0

G(s)σ(s)ds−
s∫

0

G(θ)σ(θ)dθ−

−
t∫

0

(t− s)f(s, x0, σ(s))ds+

s∫
0

(s− θ)f(θ, x0, σ(θ))dθ−

−νq(t)
x0∫
0

Q(x0, y)

T∫
0

b(s)

s∫
0

(s− θ)f yy(θ, y, σ(θ))dθdsdy+

+νq(s)

x0∫
0

Q(x0, y)

T∫
0

b(θ)

θ∫
0

(θ − ξ)f yy(ξ, y, σ(ξ))dξdθdy + g(t)− g(s)
]
ds, (3.2)

ãäå µ(t) =
t∫
0

G(s)ds > 0 òàêàÿ, ÷òî

e−µ(t) ≪ 1; 2

t∫
0

G(s)e−µ(t−s)ds≪ 1.
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Ò å î ð å ì à 3.1. Ïóñòü âûïîëíÿþòñÿ ñëåäóþùèå óñëîâèÿ:
1. max

{
|g(t)| : t ∈ ΩT

}
≤ δ <∞ ;

2. max
{
|f(t, x, σ(t))|; |fxx(t, x, σ(t))|

}
≤ ∆ <∞ ;

3. f(t, x, σ) ∈ Lip{L1|σ} , 0 < L1 = const <∞ ;
4. fxx(t, x, σ) ∈ Lip{L2|σ} , 0 < L2 = const <∞ ;

5. ρ =
[
1 + µ0 + L1

T 2

2
+ νq0L2

x0∫
0

Q(x0, y)
T∫
0

s2

2
b(s)dsdy

]
P (T ) < 1 , ãäå

µ0 = max
{
µ(t) : t ∈ ΩT

}
, q0 = max

{
|q(t)| : t ∈ ΩT

}
, P (t) = e−µ(t) + 2

t∫
0

G(s)e−µ(t−s)ds.

Òîãäà íåëèíåéíîå èíòåãðàëüíîå óðàâíåíèå (3.2) èìååò åäèíñòâåííîå ðåøåíèå íà îò-
ðåçêå ΩT .

Ä î ê à ç à ò å ë ü ñ ò â î. Èñïîëüçóåì ìåòîä ïîñëåäîâàòåëüíûõ ïðèáëèæåíèé. Ðàñ-
ñìîòðèì ñëåäóþùèé èòåðàöèîííûé ïðîöåññ Ïèêàðà:

σ0(t) = 0, σ1(t) =
[
−

t∫
0

(t− s)f(s, x0, 0)ds−

−νq(t)
x0∫
0

Q(x0, y)

T∫
0

b(s)

s∫
0

(s− θ)f yy(θ, y, 0)dθdsdy + g(t)
]
e−µ(t)+

+

t∫
0

G(s)e−µ(t−s)
[ t∫
0

(t− s)f(s, x0, 0)ds−
s∫

0

(s− θ)f(θ, x0, 0)dθ−

−νq(t)
x0∫
0

Q(x0, y)

T∫
0

b(s)

s∫
0

(s− θ)f yy(θ, y, 0)dθdsdy+

+νq(s)

x0∫
0

Q(x0, y)

T∫
0

b(θ)

θ∫
0

(θ − ξ)f yy(ξ, y, 0)dξdθdy + g(t)− g(s)
]
ds, (3.3)

σk(t) = Θ(t; σk−1), k = 2, 3, 4, . . . . (3.4)

Â ñèëó óñëîâèé òåîðåìû, èç ïîñëåäîâàòåëüíûõ ïðèáëèæåíèé (3.3) è (3.4) ïîëó÷àåì

∥σ1(t)− σ0(t)∥ ≤
[
∆
T 2

2
+ νq0∆

x0∫
0

Q(x0, y)

T∫
0

s2

2
b(s)dsdy + δ

]
P (T ); (3.5)

∥σk(t)− σk−1(t)∥ ≤
[
1 + µ0 + L1

T 2

2
+ νq0L2

x0∫
0

Q(x0, y)

T∫
0

s2

2
b(s)dsdy

]
×

×P (T )∥σk−1(t)− σk−1(t)∥. (3.6)

Èç îöåíîê (3.5) è (3.6) ñëåäóåò, ÷òî îïåðàòîð â ïðàâîé ÷àñòè (3.2) ÿâëÿåòñÿ ñæèìàþùèì.
Ñëåäîâàòåëüíî, èíòåãðàëüíîå óðàâíåíèå (3.2) èìååò åäèíñòâåííîå ðåøåíèå íà îòðåçêå ΩT .
Ä î ê à ç à ò å ë ü ñ ò â î ç à ê î í ÷ å í î.
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4. Ðàçðåøèìîñòü îáðàòíîé çàäà÷è (1.1) � (1.6)

Ò å î ð å ì à 4.1. Ïóñòü:
1. Âûïîëíÿþòñÿ (2.6) è óñëîâèÿ òåîðåìû 3.1.;
2. max

{
|ϕi(x)|

}
<∞, i = 1, 2 ;

3.
∣∣∣ x∫
0

Q(x, y)
(
φ′′
1(y) + φ′′

2(y)s
)
dy
∣∣∣ <∞ ;

4.
∣∣∣ x∫
0

Q(x, y)f yy(t, y, σ(t))dy
∣∣∣ <∞ .

Òîãäà â îáëàñòè Ω ñóùåñòâóåò åäèíñòâåííîå ðåøåíèå íà÷àëüíîé çàäà÷è (1.1)-(1.4).
Äîêàçàòåëüñòâî òåîðåìû 4.1. ñëåäóåò èç òîãî, ÷òî ïîäñòàâëÿÿ â (2.13) ðåøåíèå èíòå-

ãðàëüíîãî óðàâíåíèÿ (3.2), ïîëó÷àåì èñêîìóþ ôóíêöèþ u(t, x) .
Èç ñïðàâåäëèâîñòè ïðèâåäåííûõ âûøå äâóõ òåîðåì ñëåäóåò, ÷òî ñïðàâåäëèâà

Ò å î ð å ì à 4.2. Ïóñòü âûïîëíÿþòñÿ âñå óñëîâèÿ òåîðåìû 4.1. Òîãäà ñóùåñòâó-
åò åäèíñòâåííàÿ ïàðà ðåøåíèé

{
u(t, x) ∈ C 2,2(Ω), σ(t) ∈ C(ΩT )

}
îáðàòíîé çàäà÷è (1.1)-

(1.6).
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Inverse problem for elliptic Fredholm integro-di�erential

equation

c⃝ T. K. Yuldashev3A. G. Loskutova4

Abstract. It is studied the one value solvability of the nonlinear inverse problem for an elliptic
Fredholm integro-di�erential equation. It is modi�ed the method of degenerate kernel designed
for Fredholm integral equations of the second kind. It is obtained nonlinear integral equation of
the �rst kind, which with the aid of special non-classical integral transformation is reduced to a
nonlinear integral equation of the second kind. It is used the method of successive approximations,
combined it with the method of compressing maps.

Key Words: nonlinear inverse problem, equation of elliptic type, integro-di�erential equation,
integral transformation, method of successive approximation
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94 À. Â. Çóáîâ, À. Ô. Çóáîâà, Ì. Â. Ñòðåêîïûòîâà

Êðàòêèå ñîîáùåíèÿ

ÓÄÊ 517.929

Ìåòîäû ïîñòðîåíèÿ âûïóêëûõ ìíîæåñòâ

êîýôôèöèåíòîâ óñòîé÷èâîãî ïîëèíîìà

c⃝ À. Â. Çóáîâ 1, À. Ô. Çóáîâà 2, Ì. Â. Ñòðåêîïûòîâà 3

Àííîòàöèÿ. Â òåîðèè ðîáàñòíîé óñòîé÷èâîñòè âàæíîå ìåñòî çàíèìàåò ðàçðàáîòêà êðèòåðè-
åâ ñóùåñòâîâàíèÿ è ïîèñê ìåòîäîâ ïîñòðîåíèÿ âûïóêëûõ ìíîæåñòâ êîýôôèöèåíòîâ óñòîé÷è-
âûõ ïîëèíîìîâ [1, 2]. Íå ìåíåå âàæíîé ïðîáëåìîé ÿâëÿåòñÿ ðåøåíèå ýòîé æå çàäà÷è è äëÿ
íåóñòîé÷èâûõ ïîëèíîìîâ. Â äàííîé ðàáîòå ïðåäëîæåíû êðèòåðèè ñóùåñòâîâàíèÿ âûïóêëûõ
ìíîæåñòâ íåóñòîé÷èâûõ ïîëèíîìîâ, ïðèíàäëåæàùèõ îäíîìó îïðåäåëåííîìó êëàññó íåóñòîé-
÷èâîñòè. Ýòè êðèòåðèè ïîçâîëÿþò ïóòåì ïðîâåðêè êîíå÷íîãî ÷èñëà óñëîâèé, íàëàãàåìûõ íà
ïîëèíîìû, îáðàçóþùèå ýòî ñåìåéñòâî, óñòàíîâèòü ñâîéñòâà âñåãî ýòîãî ñåìåéñòâà ïîëèíîìîâ.

Êëþ÷åâûå ñëîâà: ïîëèíîì, ñòåïåíü, âåùåñòâåííûé êîýôôèöèåíò, êîðåíü, êëàññ ýêâèâà-
ëåíòíîñòè, ïðÿìîóãîëüíèê, ðàäèóñ - âåêòîð, êîìïëåêñíàÿ ïëîñêîñòü, ïàðàëëåëüíàÿ îñü, ÷àñî-
âàÿ ñòðåëêà, âåùåñòâåííàÿ è ìíèìàÿ ÷àñòè, àðãóìåíò, êîëëèíåàðíîñòü, ñêàëÿðíîå ïðîèçâåäå-
íèå

Î ï ð å ä å ë å í è å 1.1. [4] Áóäåì ãîâîðèòü, ÷òî ïîëèíîìû ñòåïåíè n ñ âåùå-
ñòâåííûìè êîýôôèöèåíòàìè

f(z) = a0 + a1z + . . .+ anz
n

ïðèíàäëåæàò êëàññó (n, k) - ýêâèâàëåíòíîñòè, åñëè îíè íå èìåþò íóëåâûõ è ÷èñòî
ìíèìûõ êîðíåé, à ÷èñëî êîðíåé ëåæàùèõ â ïðàâîé ïîëóïëîñêîñòè, ó÷èòûâàÿ èõ êðàò-
íîñòè, ó âñåõ ïîëèíîìîâ îäèíàêîâî è ðàâíî k ( 0 ≤ k ≤ n ).

Î÷åâèäíî, èç îïðåäåëåíèÿ ñëåäóåò, ÷òî a0 ̸= 0 , an ̸= 0 .
Ñïðàâåäëèâû òåîðåìû.

Ò å î ð å ì à 1.1. Ñåìåéñòâî ïîëèíîìîâ

p∑
m=1

αmfm(z),

p∑
m=1

αm = 1, αm ≥ 0 (1.1)

ïðèíàäëåæàò êëàññó (n, k) - ýêâèâàëåíòíîñòè, òîãäà è òîëüêî òîãäà, êîãäà ýòîìó êëàñ-
ñó ïðèíàäëåæàò âñå ïîëèíîìû âèäà:

αf1(z) + (1− α)fj(z), α ∈ [0, 1], l.j = 1, 2, . . . , p. (1.2)

Ä î ê à ç à ò å ë ü ñ ò â î.
Íåîáõîäèìîñòü. Ïóñòü âñå ïîëèíîìû ñåìåéñòâà (1.1) ïðèíàäëåæàò êëàññó (n, k) -

ýêâèâàëåíòíîñòè. Òîãäà, ïîëàãàÿ â ôîðìóëå (1.1) αl = α , αj = 1−α , α ∈ [0, 1] , ïîëó÷èì,

1 Ïðîôåññîð êàôåäðû òåîðèè óïðàâëåíèÿ; ÑÏáÃÓ, ã. Ñàíêò-Ïåòåðáóðã; ddemidova@mail.ru
2 Ïðîôåññîð êàôåäðû òåîðèè óïðàâëåíèÿ; ÑÏáÃÓ, ã. Ñàíêò-Ïåòåðáóðã; ddemidova@mail.ru
3 Äîöåíò êàôåäðû òåîðèè óïðàâëåíèÿ; ÑÏáÃÓ, ã. Ñàíêò-Ïåòåðáóðã; ddemidova@mail.ru
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÷òî ëþáîé ïîëèíîì ñåìåéñòâà (1.2) ÿâëÿåòñÿ ïîëèíîìîì ñåìåéñòâà (1.1), ò. å. ïðíàäëåæàò
êëàññó (n, k) - ýêâèâàëåíòíîñòè.

Äîñòàòî÷íîñòü. Áóäåì äàëåå ðàññìàòðèâàòü ðàäèóñ - âåêòîðû, ñîîòâåòñòâóþùèå òî÷-
êàì fm(iω) = gm(ω)+ihm(ω) , m = 1, p êîìïëåêñíîé ïëîñêîñòè, îáðàçîâàííûìè ïîëèíîìà-
ìè fm(z) ïðè ïîäñòàíîâêå â íèõ z = iω , ò. å. êîíöû ýòèõ ðàäèóñ - âåêòîðîâ ïðè èçìåíåíèè
ω îò 0 äî +∞ îáðàçóþò ãîäîãðàôû Ìèõàéëîâà [3] ýòèõ ïîëèíîìîâ.

Ïóñòü âñå ïîëèíîìû ñåìåéñòâà (1.2) ïðèíàäëåæàò êëàññó (n, k) - ýêâèâàëåíòíîñòè. Ýòî
îçíà÷àåò, ÷òî äëÿ ëþáûõ l, j = 1, p ðàäèóñ - âåêòîðû fl(iω) è fj(iω) ïðè èçìåíåíèè ω îò
0 äî +∞ íå ìîãóò áûòü ïðîòèâîïîëîæíî íàïðàâëåíû.

Äåéñòâèòåëüíî, åñëè äëÿ íåêîòîðîãî ÷èñëà ω0 ∈ [0,+∞) ýòîò ôàêò èìååò ìåñòî, òî
ñóùåñòâóåò ÷èñëî α ∈ [0, 1] , è ïàðà ðàäèóñ - âåêòîðîâ ñ íîìåðàìè l, j òàêèõ, ÷òî αfl(iω0)+
(1−α)fj(iω0) = 0 , à ýòî îçíà÷àåò, ÷òî ïîëèíîì αfl(z)+(1−α)fj(z) èìååò ìíèìûé êîðåíü
iω0 , ÷òî ïðîòèâîðå÷èò åãî ïðèíàäëåæíîñòè êëàññó (n, k) - ýêâèâàëåíòíîñòè.

Èòàê, ìû ïîêàçàëè, ÷òî óãîë ìåæäó ðàäèóñ - âåêòîðàìè fl(iω) è fj(iω) , ïðè èçìåíåíèè
ω îò 0 äî +∞ âñåãäà îñòàåòñÿ ìåíüøå π . Çàìåòèì òàêæå, ÷òî ýòè ðàäèóñ - âåêòîðû íå
ÿâëÿþòñÿ íóëåâûìè, ò. ê. ïîðîæäåíû ïîëèíîìàìè, íå èìåþùèìè ìíèìûõ êîðíåé. Îòñþäà
è èç ãåîìåòðè÷åñêèõ ñîîáðàæåíèé (ïðàâèëà ïàðàëëåëîãðàììà) âûòåêàåò, ÷òî ðàäèóñ - âåê-
òîð

∑p
m=1 αmfm(iω) ïðè

∑p
m=1 αm = 1 , αm ≥ 0 íå îáðàùàåòñÿ â íîëü ïðè ω ∈ [0,+∞) .

Äëÿ ýòîãî äîñòàòî÷íî çàìåòèòü, ÷òî ñóììèðîâàíèå íåíóëåâûõ ðàäèóñ - âåêòîðîâ fm(iω) ñ
íåîòðèöàòåëüíûìè êîýôôèöèåíòàìè αm , óãîë ìåæäó êîòîðûìè ìåíüøå π , è, ïî êðàéíåé
ìåðå, îäèí èç ýòèõ êîýôôèöèåíòîâ áîëüøå íóëÿ äàåò â ðåçóëüòàòå íåíóëåâîé âåêòîð.

Òàê êàê ðàäèóñ - âåêòîðû fm(iω) îáðàçîâàíû ïîëèíîìàìè fm(z) , ïðèíàäëåæàùèìè
êëàññó (n, k) - ýêâèâàëåíòíîñòè, òî, ñîãëàñíî ïðèíöèïó àðãóìåíòà, âñå îíè ïîâîðà÷èâà-
þòñÿ ïðîòèâ õîäà ÷àñîâîé ñòðåëêè ïðè èçìåíåíèè ω îò 0 äî +∞ íà óãîë π

2
(n− 2k) , ò. å.

âûïîëíÿþòñÿ ñîîòíîøåíèÿ

Arg fm(iω) →
π

2
(n− 2k) ïðè ω → +∞, m = 1, p.

Îòñþäà ñëåäóåò, ÷òî âñå ðàäèóñ - âåêòîðû
∑p

m=1 αmfm(iω) ïðè
∑p

m=1 αm = 1 , αm ≥ 0 íå
îáðàùàÿñü â íîëü, òàêæå ïîâîðÿ÷èâàþòñÿ ïðîòèâ õîäà ÷àñîâîé ñòðåëêè, ïðè èçìåíåíèè ω
îò 0 äî +∞ íà óãîë π

2
(n− 2k) . Òàê êàê êîíöû ýòèõ ðàäèóñ - âåêòîðîâ ïðè èçìåíåíèè ω

îò 0 äî +∞ îáðàçóþò ãîäîãðàôû Ìèõàéëîâà ýòèõ ïîëèíîìîâ, òî èç ïðèíöèïà àðãóìåíòà
âûòåêàåò, ÷òî ñåìåéñòâî ïîëèíîìîâ (1.2) ïðèíàäëåæèò êëàññó (n, k) - ýêâèâàëåíòíîñòè.
Ä î ê à ç à ò å ë ü ñ ò â î ç à ê î í ÷ å í î.

Ò å î ð å ì à 1.2. Ñåìåéñòâî ïîëèíîìîâ (1.1) ( (1.2)) ïðèíàäëåæèò êëàññó (n, k)
- ýêâèâàëåíòíîñòè â òîì è òîëüêî â òîì ñëó÷àå, êîãäà ïîëèíîìû fm(z) , m = 1, p ïðè-
íàäëåæàò êëàññó (n, k) - ýêâèâàëåíòíîñòè è äëÿ âñåõ âåùåñòâåííûõ êîðíåé óðàâíåíèÿ

hj(w)gl(w)− hl(w)gj(w) = 0, l ̸= j, j = 1, p, l = 1, p. (1.3)

ñïðàâåäëèâî íåðàâåíñòâî

gl(w)gj(w) + hl(w)hj(w) > 0, l ̸= j, j = 1, p, l = 1, p, (1.4)

ãäå gm(w) è hm(w) ñîîòâåòñòâåííî âåùåñòâåííàÿ è ìíèìàÿ ÷àñòü ãîäîãðàôà Ìèõàé-
ëîâà ïîëèíîìà fm(z) , m = 1, 2, . . . , p .

Ä î ê à ç à ò å ë ü ñ ò â î.
Äîñòàòî÷íîñòü. Ïóñòü ïîëèíîìû fm(z) , m = 1, p ïðèíàäëåæàò êëàññó (n, k) - ýêâè-

âàëåíòíîñòè, è äëÿ íèõ âûïîëíÿþòñÿ óñëîâèÿ (1.3) è (1.4). Òîãäà ðàäèóñ - âåêòîðû fl(iω)
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è fj(iω) , îòâå÷àþùèå ýòèì ïîëèíîìàì, íå îáðàùàÿñü â íóëü ïðè èçìåíåíèè ω îò 0 äî
+∞ è, ñîãëàñíî ïðèíöèïó àðãóìåíòà, ïîâîðà÷èâàþòñÿ ïðîòèâ õîäà ÷àñîâîé ñòðåëêè íà
óãîë π

2
(n− 2k) .

Î÷åâèäíî, ÷òî âûïîëíåíèå óñëîâèé (1.3) îçíà÷àåò êîëëèíåàðíîñòü ýòèõ ðàäèóñ-
âåêòîðîâ, à âûïîëíåíèå óñëîâèé (1.4) îçíà÷àåò, ÷òî óãîë ìåæäó ýòèìè âåêòîðàìè íàõî-
äèòñÿ â ïðîìåæóòêå (−π

2
,+π

2
) , ò. ê. èõ ñêàëÿðíîå ïðîèçâåäåíèå ïîëîæèòåëüíî. Îòñþäà

âûòåêàåò, ÷òî ïðè îäíîâðåìåííîì âûïîëíåíèè óñëîâèé (1.3) è (1.4) ýòè ðàäèóñ-âåêòîðû
íå ìîãóò áûòü ïðîòèâîïîëîæíî íàïðàâëåíû ïðè ëþáîì ω ∈ [0,+∞) . Ýòî îçíà÷àåò, ÷òî
ðàäèóñ - âåêòîðû αfl(iω) + (1 − α)fj(iω) ïðè α ∈ [0, 1] íå ïðèíèìàþò íóëåâûõ çíà÷åíèé
ïðè èçìåíåíèè ω îò 0 äî +∞ è, ñîãëàñíî ïðèíöèïó àðãóìåíòà, êàê ðàäèóñ - âåêòîðû,
ëåæàùèå ìåæäó ðàäèóñ - âåêòîðàìè fl(iω) è fj(iω) , ïîâîðà÷èâàþòñÿ âìåñòå ñ íèìè ïðî-
òèâ õîäà ÷àñîâîé ñòðåëêè íà óãîë π

2
(n − 2k) . Òàêèì îáðàçîì, ïîëèíîìû fm(z) , m = 1, p

ïðèíàäëåæàò ñåìåéñòâó (1.2), à ïî òåîðåìå 1 è ñåìåéñòâó (1.1).
Íåîáõîäèìîñòü. Ïóñòü ïîëèíîìû fm(z) , m = 1, p ïðèíàäëåæàò ñåìåéñòâó (1.2). Òî-

ãäà, êàê áûëî ïîêàçàíî ïðè äîêàçàòåëüñòâå äîñòàòî÷íîñòè â òåîðåìå 1 óãîë ìåæäó ðàäèóñ
- âåêòîðàìè fl(iω) è fj(iω) ïðè èçìåíåíèè ω îò 0 äî +∞ âñåãäà îñòàåòñÿ ìåíüøå π ,
ò. å. îíè íå ìîãó áûòü ïðîòèâîïîëîæíî íàïðàâëåíû, à ýòî è îçíà÷àåò, ÷òî ïðè èõ êîë-
ëèíåàðíîñòè (âûïîëíåíèè óñëîâèé (1.3)) èõ ñêàëÿðíîå ïðîèçâåäåíèå ìîæåò áûòü òîëüêî
ïîëîæèòåëüíî (âûïîëíåíèå óñëîâèé (1.4)).
Ä î ê à ç à ò å ë ü ñ ò â î ç à ê î í ÷ å í î.

Ç à ì å ÷ à í è å 1.1. Òåîðåìà 2 äàåò íåîáõîäèìûå è äîñòàòî÷íûå óñëîâèÿ òîãî,
÷òî ñåìåéñòâî ïîëèíîìîâ (1.1) ïðåäñòàâëÿåò ñîáîé âûïóêëîå ìíîæåñòâî îäíîðîäíûõ
íåóñòîé÷èâûõ ïîëèíîìîâ, ïðèíàäëåæàùèõ êëàññó (n, k) - ýêâèâàëåíòíîñòè, ïðè÷åì ïî-
ëèíîìû fm(z) , ÿâëÿþòñÿ óãëîâûìè òî÷êàìè ýòîãî ìíîæåñòâà.
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The methods of building convex multitudes of coe�cients

stability polynom

c⃝ A. V. Zubov 4, A. F. Zubova 5, M. V. Strecopitova 6

Abstract. In theory robust stability important place is employs working of criterias of existing
and researches of methods to building convex multitudes coe�cients stability polynomials [1,2].
Isn't important problem appears the solution this task and for instability polynomials. In giving
work is supposes criterias of existing convex multitudes instability polynomials is belongs to one
de�nite class of instability. This criteries is allows of way checking limit number of conditions,
imposing on polynomials, organizes this family, is installs measures of all this family polynomial.

Key Words: polynomial, degree, material coe�cient, root, class of equivalent, rectangle,
radius - vector, integrated plane, parallel axis, hands of a clock, material and mystics parts,
argument,collinearity secularity production
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Ïðàâèëà îôîðìëåíèÿ ðóêîïèñåé

äëÿ ïóáëèêàöèè â æóðíàëå ¾Æóðíàë ÑÂÌÎ¿

Îáðàùàåì Âàøå âíèìàíèå íà òî, ÷òî óêàçàííûå íèæå ïðàâèëà äîëæíû âûïîëíÿòüñÿ
àáñîëþòíî òî÷íî. Â ñëó÷àå, åñëè ïðàâèëà îôîðìëåíèÿ ðóêîïèñè íå áóäóò âûïîëíåíû,
Âàøà ñòàòüÿ íå áóäåò îïóáëèêîâàíà.

Òåêñò äîêëàäà äîëæåí áûòü íàáðàí â èçäàòåëüñêîé ñèñòåìå TEX (èëè îäíîì èç åå
êëîíîâ). Äëÿ âåðñòêè ðóêîïèñè ñëåäóåò èñïîëüçîâàòü ïðåàìáóëó, êîòîðóþ ìîæíî ïîëó÷èòü
íà ñàéòå http://www.svmo.ru.

Îáúåì ñòàòüè íå äîëæåí ïðåâûøàòü 10 ñòðàíèö. Òåêñò ñòàòüè äîëæåí áûòü ïîìåùåí
â ôàéë ñ èìåíåì <ôàìèëèÿ àâòîðà>.tex (êîòîðûé âêëþ÷àåòñÿ êîìàíäîé \input â ïðåàì-
áóëå). Íàïðèìåð,

\input{voskresensky.tex}

Ñîäåðæàíèå ïðåàìáóëû èçìåíÿòü íåëüçÿ. Îïðåäåëåíèå íîâûõ êîìàíä àâòîðîì ñòàòüè
íå äîïóñêàåòñÿ äëÿ ïðåäóïðåæäåíèÿ êîíôëèêòîâ èìåí ñ êîìàíäàìè, êîòîðûå ìîãëè áû
áûòü îïðåäåëåíû â ñòàòüÿõ äðóãèõ àâòîðîâ.

Äëÿ îôîðìëåíèÿ çàãîëîâêà ñòàòüè íà ðóññêîì ÿçûêå ñëåäóåò èñïîëüçîâàòü êîìàíäó
\headerRus. Ýòà êîìàíäà èìååò ñëåäóþùèå àðãóìåíòû:

\headerRus{ÓÄÊ}{íàçâàíèå ñòàòüè}{àâòîð(û)}{Àâòîð1\ footnote { Äîëæ-
íîñòü, ìåñòî ðàáîòû, ãîðîä; e-mail.}, Àâòîð2\ footnote {Äîëæíîñòü, ìåñòî ðà-
áîòû, ãîðîä; e-mail.}}{Àííîòàöèÿ}{Êëþ÷åâûå ñëîâà}

Äëÿ îôîðìëåíèÿ çàãîëîâêà ñòàòüè íà àíãëèéñêîì ÿçûêå ñëåäóåò èñïîëüçîâàòü êî-
ìàíäó \headerEn. Ýòà êîìàíäà èìååò ñëåäóþùèå àðãóìåíòû:

\headerEn{íàçâàíèå ñòàòüè} {Àâòîð1\footnote{Äîëæíîñòü, ìåñòî ðàáî-
òû, ãîðîä; e-mail.}, Àâòîð2\footnote{Äîëæíîñòü, ìåñòî ðàáîòû, ãîðîä; e-
mail.}}{Àííîòàöèÿ}{Êëþ÷åâûå ñëîâà}

Åñëè ñòàòüÿ íà àíãëèéñêîì ÿçûêå, òî äëÿ îôîðìëåíèÿ çàãîëîâêà ñòàòüè íåîáõîäèìî
èñïîëüçîâàòü êîìàíäó \headerFirstEn ñ òàêèìè æå ïàðàìåòðàìè, êàê äëÿ êîìàíäû
\headerRus.

Ñòàòüÿ ìîæåò ñîäåðæàòü ïîäçàãîëîâêè ëþáîé âëîæåííîñòè. Ïîäçàãîëîâêè ñàìîãî âåðõ-
íåãî óðîâíÿ ââîäÿòñÿ ïðè ïîìîùè êîìàíäû \sect ñ îäíèì ïàðàìåòðîì:

\sect{Çàãîëîâîê}

Ïîäçàãîëîâêè áîëåå íèçêèõ óðîâíåé ââîäÿòñÿ êàê îáû÷íî êîìàíäàìè \subsection,
\subsubsection è \paragraph.

Ñëåäóåò èìåòü â âèäó, ÷òî âíå çàâèñèìîñòè îò óðîâíÿ âëîæåííîñòè ïîäçàãîëîâêîâ â
Âàøåé ñòàòüå, íóìåðàöèÿ îáúåêòîâ (ôîðìóë, òåîðåì, ëåìì è ò.ä.) âñåãäà áóäåò äâîéíîé è
áóäåò ïîä÷èíåíà ïîäçàãîëîâêàì ñàìîãî âåðõíåãî óðîâíÿ.

Äëÿ îôîðìëåíèÿ òåîðåì, ëåìì, ïðåäëîæåíèé, ñëåäñòâèé, îïðåäåëåíèé, çàìå÷àíèé è
ïðèìåðîâ ñëåäóåò èñïîëüçîâàòü ñîîòâåòñòâåííî îêðóæåíèÿ Th, Lemm, Prop, Cor, De�n,
NB è Example. Åñëè â Âàøåé ñòàòüå ïðèâîäÿòñÿ äîêàçàòåëüñòâà óòâåðæäåíèé, èõ ñëåäó-
åò îêðóæèòü êîìàíäàìè \proof è \proofend (äëÿ ïîëó÷åíèÿ ñòðîê 'Äîêàçàòåëüñòâî.' è
'Äîêàçàòåëüñòâî çàêîí÷åíî.' ñîîòâåòñòâåííî).
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Äëÿ îáîçíà÷åíèÿ ïðîñòðàíñòâ ñëåäóåò èñïîëüçîâàòü êîìàíäû \R, \Rn, \C, \Z, \N è
ò.ä.

Äëÿ âñòàâîê áóêâ ϕ è ϵ íåîáõîäèìî èñïîëüçîâàòü êîìàíäû \phi, \epsilon ñîîòâåò-
ñòâåííî. Ñèìâîëû ÷àñòíûõ ïðîèçâîäíûõ ∂

∂xi
è ∂u

∂xi
âñòàâëÿþòñÿ êîìàíäàìè \px{i} è

\pxtog{u}{i}.
Äëÿ âñòàâîê áóêâ êèðèëëèöû â ôîðìóëû ñëåäóåò èñïîëüçîâàòü êîìàíäû \textrm,

\textit. Íàïðèìåð, äëÿ âñòàâîê ôîðìóë Ãi , Äi â òåêñò ñòàòüè íåîáõîäèìî íàáðàòü êî-
ìàíäû \textrm{Ã}_i, \textit{Ä}_i.

Äëÿ íóìåðîâàíèÿ ôîðìóë è ñîçäàíèÿ ïîñëåäóþùèõ ññûëîê íà ýòè ôîðìóëû íåîáõîäèìî
èñïîëüçîâàòü ñîîòâåòñòâåííî êîìàíäû \label{ìåòêà} è \eqref{ìåòêà}, ãäå â êà÷åñòâå
ìåòêè íóæíî èñïîëüçîâàòü ñòðîêó ñëåäóþùåãî âèäà: 'Ôàìèëèÿ ÀâòîðàÍîìåð Ôîðìóëû'.
Íàïðèìåð, ôîðìóëó (14) â ñòàòüå Èâàíîâà íóæíî ïîìåòèòü \label{ivanov14}, òåîðåìó
5 èç ýòîé ñòàòüè � \label{ivanovt5} è ò.ï. (Äëÿ ññûëîê íà òåîðåìû, ëåììû è äðóãèå
îáúåêòû, îòëè÷íûå îò ôîðìóë, íóæíî èñïîëüçîâàòü êîìàíäó \ref{ìåòêà}).

Äëÿ âñòàâêè â òåêñò ñòàòüè ðèñóíêîâ íåîáõîäèìî ïîëüçîâàòüñÿ ñëåäóþùèìè êîìàíäà-
ìè:

à) âñòàâêà çàíóìåðîâàííîãî ðèñóíêà áåç ïîäïèñè è ñ óêàçàíèåì ñòåïåíè ñæàòîñòè

\insertpicture{ìåòêà}{èìÿ_ôàéëà.eps}{ñòåïåíü_ñæàòèÿ}

ãäå ñòåïåíü_ñæàòèÿ ÷èñëî îò 0 äî 1.

á) âñòàâêà çàíóìåðîâàííîãî ðèñóíêà ñ ïîäïèñüþ

\insertpicturewcap{ìåòêà}{èìÿ_ôàéëà.eps}{ïîäïèñü_ïîä_ðè-ñóíêîì}

â) âñòàâêà çàíóìåðîâàííîãî ðèñóíêà ñ ïîäïèñüþ è ñ óêàçàíèåì ñòåïåíè ñæàòîñòè

\insertpicturecapscale{ìåòêà}{èìÿ_ôàéëà.eps}{ñòåïåíü_ñæàòèÿ} {ïîä-
ïèñü_ïîä_ðèñóíêîì}

ã) âñòàâêà ðèñóíêà áåç íîìåðà ïîä ðèñóíêîì, íî ñ ïîäïèñüþ èëè íåò

\insertpicturenonum{èìÿ_ôàéëà.eps}{ñòåïåíü_ñæàòèÿ} {ïîä-
ïèñü_ïîä_ðèñóíêîì}

Âñå âñòàâëÿåìûå êàðòèíêè äîëæíû íàõîäèòüñÿ â ôàéëàõ â ôîðìàòå EPS (Encapsulated
PostScript).

Âíèìàíèå! Íîâûå ïðàâèëà. Äëÿ îôîðìëåíèÿ ñïèñêà ëèòåðàòóðû íà ðóññêîì ÿçû-
êå ñëåäóåò èñïîëüçîâàòü îêðóæåíèå thebibliography. Ñïèñîê öèòèðóåìîé ëèòåðàòó-
ðû äîëæåí áûòü îôîðìëåí â ôîðìàòå AMSBIB. Ïîäðîáíîñòè ñìîòðèòå â ïðèëàãàåìîì
ôàéëå amsbib.pdf. Äëÿ ïðàâèëüíîé ðàáîòû äàííîãî ñòèëÿ îôîðìëåíèÿ ëèòåðàòóðû íåîá-
õîäèìî èñïîëüçîâàòü ñòèëåâîé ôàéë svmobib.sty (ïðèëàãàåòñÿ).

Ñïèñîê ëèòåðàòóðû íà àíãëèéñêîì ÿçûêå îôîðìëÿòü íå íóæíî.
Ñïèñîê ëèòåðàòóðû íà ðóññêîì ÿçûêå îôîðìëÿåòñÿ â âèäå ïîñëåäîâàòåëüíîñòè êîìàíä

\RBibitem{ìåòêà äëÿ ññûëêè íà èñòî÷íèê}.

Äëÿ ïðèâåäåííîãî âûøå ïðèìåðà â êà÷åñòâå ìåòêè äëÿ ïóíêòà 7 â ñïèñêå ëèòåðàòó-
ðû íóæíî èñïîëüçîâàòü ñòðîêó 'ivanovb7'. Äëÿ ññûëîê íà ýëåìåíòû ñïèñêà ëèòåðàòóðû
íåîáõîäèìî èñïîëüçîâàòü êîìàíäó \cite èëè \pgcite (ïàðàìåòðû ñì. â ïðåàìáóëå).

Ìåòêè âñåõ îáúåêòîâ ñòàòüè äîëæíû áûòü óíèêàëüíûìè.
Êîìïèëÿöèÿ æóðíàëà ïðîèçâîäèòñÿ ïðè ïîìîùè MiKTEX 2.9, äèñòðèáóòèâ êîòîðîãî

ìîæíî ïîëó÷èòü íà ñàéòå http://www.miktex.org.
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Àëôàâèòíûé óêàçàòåëü

Áåðçèíà Ä. Â. 32

Áîéêîâ È. Â. 21

Ëîãèíîâ Á. Â. 7

Ãóáàéäóëëèí È. Ì. 41

Ãóðåâè÷ Å.ß. 36

Çàáåéâîðîòà Î. Þ. 41

Çóáîâ À. Â. 94

Çóáîâ Â. È. 45, 49

Çóáîâ È. Â. 45, 49

Çóáîâà À. Ô. 45, 49, 94

Êðóãëîâ Â. Å. 57

Êóâøèíîâà À. Í. 7

Êóäàøîâà Å. À. 72

Êóçåíêîâ Î. À. 62

Êóðåíêîâ Å.Ä. 36

Ëîñêóòîâà À. Ã. 87

Ìóñòàôèíà Ñ. À. 32

Ïëàòîíîâà Ë. Å. 77

Ïî÷èíêà Î. Â. 57

Ðÿáîâà Å. À. 62

Ðÿçàíöåâ Â. À. 21

Ñòðåêîïûòîâ Ñ. À. 49

Ñòðåêîïûòîâà Ì. Â. 94

Þëäàøåâ Ò. Ê. 87
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Â 2008 ã. íà XVI Ìåæäóíàðîäíîé ïðîôåññèîíàëüíîé
âûñòàâêå ¾Ïðåññà¿ æóðíàë ¾Òðóäû Ñðåäíåâîëæñêîãî
ìàòåìàòè÷åñêîãî îáùåñòâà¿ óäîñòîåí Çíàêà îòëè÷èÿ
¾Çîëîòîé ôîíä ïðåññû-2008¿ â íîìèíàöèè ¾Íàóêà, òåõ-
íèêà, íàó÷íî-ïîïóëÿðíàÿ ïðåññà¿.

Ñ 2009 ãîäà æóðíàë íîñèò íàçâàíèå ¾Æóðíàë Ñðåäíå-
âîëæñêîãî ìàòåìàòè÷åñêîãî îáùåñòâà¿.

Óâàæàåìûå ÷èòàòåëè è ïîäïèñ÷èêè!

Ïîäïèñêà íà æóðíàë ¾Æóðíàë Ñðåäíåâîëæñêîãî ìàòåìàòè÷å-
ñêîãî îáùåñòâà¿ îñóùåñòâëÿåòñÿ ÷åðåç îòäåëåíèÿ ïî÷òîâîé ñâÿçè
¾Ïî÷òà Ðîññèè¿ íà âñåé òåððèòîðèè Ðîññèéñêîé Ôåäåðàöèè.

Ïîäïèñíîé èíäåêñ æóðíàëà â Îáúåäèíåííîì êàòàëîãå ¾Ïðåññà
Ðîññèè¿ � 94016.
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Äëÿ çàìåòîê
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