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Îò ðåäàêöèè
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Ðåäàêöèÿ æóðíàëà èñêðåííå æåëàåò àâòîðàì êðåïêîãî çäîðîâüÿ è òâîð÷å-
ñêèõ óñïåõîâ!
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Î ñóùåñòâîâàíèè ìàãíèòíûõ ëèíèé ñîåäèíÿþùèõ

íóëåâûå òî÷êè

c⃝ Â. Ç. Ãðèíåñ1, Å. Â. Æóæîìà2,Â. Ñ. Ìåäâåäåâ3, Î.Â. Ïî÷èíêà4

Àííîòàöèÿ. Â ñòàòüå äîêàçûâàåòñÿ, ÷òî ïðè âûïîëíåíèè îïðåäåëåííûõ óñëîâèé â ñëîå ïëàç-
ìû ñóùåñòâóþò ìàãíèòíûå ëèíèè ñîåäèíÿþùèå íóëåâûå òî÷êè

Êëþ÷åâûå ñëîâà: ìàãíèòíûå ïîëÿ, ïëàçìà, ñåïàðàòîð, îñîáûå òî÷êè, øèïû è âååðíûå
ïîâåðõíîñòè, äèôôåîìîðôèçìû Ìîðñà-Ñìåéëà

1. Ââåäåíèå

Èìååòñÿ äâà òðàäèöèîííûõ ïîäõîäà èçó÷åíèÿ ïëàçìû. Ïðè ïåðâîì, ïëàç-
ìà ðàññìàòðèâàåòñÿ êàê ñîâîêóïíîñòü îòäåëüíûõ ÷àñòèö. Ïðè âòîðîì � êàê
ñïëîøíàÿ ñðåäà ñ âûñîêîé ïðîâîäèìîñòüþ. Çäåñü ìû ðàññìàòðèâàåì âòîðîé
ïîäõîä ïðè óñëîâèè íåðåëÿòèâèñòñêîãî ïîëÿ ñêîðîñòåé äâèæåíèÿ ñðåäû è ïðè
íàëè÷èè ìàãíèòíîãî ïîëÿ. Âçàèìîâëèÿíèå ìàãíèòíîãî ïîëÿ ïëàçìû è åå äâè-
æåíèÿ ÿâëÿåòñÿ âàæíûì àñïåêòîì ìàãíèòíîé ãèäðîäèíàìèêè (ÌÃÄ), êîòîðîå
îòðàæåíî â îäíîì èç îñíîâíûõ óðàâíåíèé ÌÃÄ

∂H⃗

∂t
= rot

[
v⃗H⃗

]
+ η∇2H⃗ ,

ãäå H⃗ � íàïðÿæåííîñòü ìàãíèòíîãî ïîëÿ, v⃗ � ñêîðîñòü äâèæåíèÿ ïëàçìû,
η � ìàãíèòíàÿ âÿçêîñòü, îáðàòíàÿ ìàãíèòíîìó ÷èñëó Ðåéíîëüäñà (îñíîâíûå
îïðåäåëåíèÿ è ïîíÿòèÿ ÌÃÄ ñì. â êíèãàõ [2], [4], [7] è îáçîðå [11]). Ñîãëàñíî
Àëüâåíó [1], [2], äâèæåíèè ïëàçìû ñèëîâûå ëèíèè ìàãíèòíîãî ïîëÿ äâèæóòñÿ
òàê, êàê åñëè áû îíè áûëè �âìîðîæåíû â ïëàçìó�. Êàê ñëåäñòâèå, ïðè íåñëîæ-
íûõ äâèæåíèÿõ ïëàçìû òîïîëîãè÷åñêàÿ ñòðóêòóðà ìàãíèòíîãî ïîëÿ íå ìåíÿ-
åòñÿ. Îäíàêî ïðè äîñòàòî÷íî ñëîæíûõ äâèæåíèÿõ âîçíèêàþò ïðåäïîñûëêè
ê ïåðåñòðîéêå ìàãíèòíîé êîíôèãóðàöèè. ßñíî, ÷òî ïîä äåéñòâèåì çàäàâàå-
ìîãî èçâíå òå÷åíèÿ ïëàçìû â íåé âîçìîæíû ïîÿâëåíèÿ òàêèõ îáëàñòåé, ÷òî
èõ ãðàíèöû â íåêîòîðûõ òî÷êàõ ïðîñòðàíñòâà áëèçêè, à ìàãíèòíûå ïîëÿ îá-
ëàñòåé âáëèçè ýòèõ ãðàíèö èìåþò ðàçëè÷íûå íàïðàâëåíèÿ (òàê íàçûâàåìûå
x -òî÷êè). Ñîãëàñíî çàêîíó Àìïåðà j⃗ = ν∇×H⃗ , ãäå j⃗ � ïëîòíîñòü ýëåêòðè-
÷åñêîãî òîêà, âáëèçè x -òî÷åê âîçíèêàåò äîñòàòî÷íî âûñîêàÿ ïëîòíîñòü òîêà.

1 Ïðîôåññîð êàôåäðû ×èÔÀ ÍÍÃÓ èì. Í. È. Ëîáà÷åâñêîãî, ã. Íèæíèé Íîâãîðîä; vgrines@yandex.ru
2 Ïðîôåññîð êàôåäðû ÒÓèÄÌ, ÍÍÃÓ èì. Í. È. Ëîáà÷åâñêîãî, ã. Íèæíèé Íîâãîðîä; zhuzhoma@mail.ru
3 Íàó÷íûé ñîòðóäíèê ÍÈÈ ÏÌÊ, ÍÍÃÓ èì. Í. È. Ëîáà÷åâñêîãî, ã. Íèæíèé Íîâãîðîä;

medvedev@uic.nnov.ru
4 Ïðîôåññîð êàôåäðû èíôîðìàöèîííûõ ñèñòåì è òåõíîëîãèé, ÍÈÓ ÂØÝ, ã. Íèæíèé Íîâãîðîä; olga-

pochinka@yandex.ru
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Â òàêèå ìîìåíòû âðåìåíè â ìàãíèòíîì ïîëå ìîãóò ïîÿâëÿòüñÿ òîêîâûå îáðà-
çîâàíèÿ ðàçëè÷íîé êîíôèãóðàöèè òàêèå, êàê òîêîâûå ëèíèè è òîêîâûå ñëîè.
Òîêîâûå îáðàçîâàíèÿ ìîãóò ñîäåðæàòü òî÷êè, â êîòîðûõ ìàãíèòíîå ïîëå îá-
ðàùàåòñÿ â íóëü (íóëåâûå òî÷êè). Â òèïè÷íîì ñëó÷àå ñîáñòâåííûå ÷èñëà λ1 ,
λ2 è λ3 â íóëåâîé òî÷êå âåêòîðíîãî ïîëÿ H⃗ íå ðàâíû íóëþ è óäîâëåòâîðÿþò
ñîîòíîøåíèþ λ1+λ2+λ3 = 0 , â ñèëó ðàâåíñòâà ∇·H⃗ = 0 . Îòñþäà âûòåêàåò,
÷òî ñ òî÷êè çðåíèÿ òåîðèè äèíàìè÷åñêèõ ñèñòåì íóëåâàÿ òî÷êà ÿâëÿåòñÿ êîí-
ñåðâàòèâíûì ñåäëîì ñ îäíîìåðíîé è äâóìåðíîé ñåïàðàòðèñàìè,5 ñì. ðèñ. 1.1
(a).

Ð è ñ ó í î ê 1.1

Ñòðóêòóðà íóëåâîé òî÷êè (a), è ãåòåðîêëèíè÷åñêèé ñåïàðàòîð (b)

Åñëè ñèëîâàÿ ìàãíèòíàÿ ëèíèÿ îäíîìåðíîé ñåïàðàòðèñû íàïðàâëåíà èç
íóëåâîé òî÷êè, òî âñå ìàãíèòíûå ëèíèè íà ñåïàðàòðèñíîé ïîâåðõíîñòè íà-
ïðàâëåíû ê íóëåâîé òî÷êå, è íàîáîðîò. Ñëåäóÿ [9], [10], áóäåì íàçûâàòü ìàã-
íèòíóþ ëèíèþ, ñîåäèíÿþùóþ äâå íóëåâûå òî÷êè, ñåïàðàòîðîì (separator).
Ñåïàðàòîð íàçûâàåòñÿ ãåòåðîêëèíè÷åñêèì, åñëè îí ÿâëÿåòñÿ òðàíñâåðñàëü-
íûì ïåðåñå÷åíèåì ñåïàðàòðèñíûõ ïîâåðõíîñòåé, ñì. ðèñ. 1.1 (b).

Òîïîëîãè÷åñêàÿ ñòðóêòóðà ìàãíèòíîãî ïîëÿ îïðåäåëÿåòñÿ ÷èñëîì è òèïîì
íóëåâûõ òî÷åê, âçàèìíûì ðàñïîëîæåíèåì øèïîâ è âååðíûõ ïîâåðõíîñòåé, à
òàêæå ëèíèÿìè òðàíñâåðñàëüíîãî ïåðåñå÷åíèÿ âååðíûõ ïîâåðõíîñòåé � ãåòå-
ðîêëèíè÷åñêèìè ñåïàðàòîðàìè. Ýêñïåðèìåíò è íàáëþäåíèÿ ïîêàçûâàþò, ÷òî
ýâîëþöèÿ ñòðóêòóðû ìàãíèòíîãî ïîëÿ íàïîìèíàåò ðåëàêñàöèîííûå ïðîöåñ-
ñû: ñïåðâà äîñòàòî÷íî ïðîäîëæèòåëüíîå âðåìÿ ïëàçìà ýâîëþöèîíèðóåò ñïî-
êîéíî, à çàòåì áûñòðî ðàçâèâàåòñÿ ïåðåñòðîéêà ìàãíèòíîé êîíôèãóðàöèè,
ñîïðîâîæäàåìàÿ ïðîöåññàìè ïåðåçàìûêàíèÿ [6]6.

Òàêèì îáðàçîì, ïðåäñòàâëÿåò èíòåðåñ ðåøåíèå ïðîáëåìû ñóùåñòâîâàíèÿ
îñîáûõ òî÷åê è ñåïàðàòîðîâ, à òàêæå êîëè÷åñòâà ñåïàðàòîðîâ ïðè çàäàí-
íîì ðàñïîëîæåíèè îñîáåííîñòåé ìàãíèòíîãî ïîëÿ. Îáúåäèíåíèå îñîáåííî-
ñòåé, øèïîâ, âååðíûõ ïîâåðõíîñòåé è ñåïàðàòîðîâ íàçûâàåòñÿ èíîãäà ñêåëå-
òîì ìàãíèòíîãî ïîëÿ, òàê êàê èõ êîíôèãóðàöèÿ îïðåäåëÿåò òîïîëîãè÷åñêóþ

5 Èíîãäà îäíîìåðíóþ ñåïàðàòðèñó íàçûâàþò øèïîì (spine), à äâóìåðíóþ � âååðíîé ïîâåðõíîñòüþ (fan)
[9], [10]

6 Èíîãäà âìåñòî òåðìèíà ïåðåçàìûêàíèå èñïîëüçóþò òåðìèí ïåðåñîåäèíåíèå [9], [10].
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ñòðóêòóðó ïîëÿ. ßñíî, ÷òî óêàçàííàÿ ïðîáëåìà ñïåðâà äîëæíà ðàññìàòðè-
âàòüñÿ ïðè äâèæåíèè ïëàçìû, êîãäà ÷èñëî îñîáåííîñòåé è ñåïàðàòîðîâ íå
ìåíÿåòñÿ (òî åñòü, äî ïåðåñîåäèíåíèÿ).

Â ðàáîòå ïðåäëîæåí ïîäõîä ê ðåøåíèþ äàííîé ïðîáëåìû, ñîñòîÿùèé â
òîì, ÷òî â ïëàçìå (ìûñëåííî) âûäåëÿåòñÿ òðåõìåðíîå òåëî ñïåöèàëüíîãî âè-
äà, è ðàññìàòðèâàåòñÿ äâèæåíèå, ïðè êîòîðîì âñå ãðàíè÷íûå êîìïîíåíòû
òåëà ñäâèãàþòñÿ âíóòðü èëè íàðóæó òàê, ÷òî ïîñëå îêîí÷àíèÿ äâèæåíèÿ âñå
ãðàíè÷íûå êîìïîíåíòû ïàðàëëåëüíû èñõîäíûì ãðàíè÷íûì êîìïîíåíòàì (ñì.
íèæå òî÷íûå îïðåäåëåíèÿ). Ïîñêîëüêó â ïðîöåññå äâèæåíèÿ òîïîëîãè÷åñêàÿ
ñòðóêòóðà ìàãíèòíîãî ïîëÿ, â ñèëó ïîñòàíîâêè çàäà÷è, íå ìåíÿåòñÿ (òîêî-
âûå îáðàçîâàíèÿ, âêëþ÷àÿ øèïû, âååðíûå ïîâåðõíîñòè è ñåïàðàòîðû, òîëü-
êî ñëåãêà äåôîðìèðóþòñÿ), òî äëÿ ïðîñòîòû åñòåñòâåííî ïðåäïîëîæèòü, ÷òî
âíóòðè âûäåëåííîãî òåëà ñêåëåò ìàãíèòíîãî ïîëÿ èíâàðèàíòåí îòíîñèòåëü-
íî äâèæåíèÿ ïëàçìû. Îòìåòèì, ÷òî ìû íå òðåáóåì ÷òîáû âñå òî÷êè ñêåëåòà
áûëè íåïîäâèæíû, íî èõ äâèæåíèå âíóòðè òåëà äîëæíî îñòàâëÿòü òî÷êè ñêå-
ëåòà íà ñêåëåòå. Ìû òàêæå ïðåäïîëàãàåì (è ýòî åäèíñòâåííîå ñîäåðæàòåëü-
íîå îãðàíè÷åíèå), ÷òî íóëåâûå òî÷êè ÿâëÿþòñÿ ãèïåðáîëè÷åñêèìè òî÷êàìè
íå òîëüêî ïîëÿ, íî è äëÿ äâèæåíèÿ ïëàçìû. Çàìåòèì îäíàêî, ÷òî ñîãëàñíî
òåîðåìå Êóïêè-Ñìåéëà èç òåîðèè äèíàìè÷åñêèõ ñèñòåì ó ëþáîãî òèïè÷íî-
ãî äâèæåíèÿ âñå ïåðèîäè÷åñêèå òî÷êè, âêëþ÷àÿ íåïîäâèæíûå, ÿâëÿþòñÿ ãè-
ïåðáîëè÷åñêèìè [8]. Òàêèì îáðàçîì, ìîæíî ñ÷èòàòü, ÷òî ìû ðàññìàòðèâàåì
òîëüêî êëàññ òèïè÷íûõ äâèæåíèé ïëàçìû. Ïðåäëîæåííûé ïîäõîä ïîçâîëÿ-
åò ïðèìåíèòü ìåòîäû è ðåçóëüòàòû òåîðèè äèíàìè÷åñêèõ ñèñòåì, ïîñêîëüêó
ìîæíî äîîïðåäåëèòü äâèæåíèå ïëàçìû íà íåêîòîðîå òðåõìåðíîå ìíîãîîáðà-
çèå òàê, ÷òîáû â ðåçóëüòàòå ïîëó÷èòü äèíàìè÷åñêóþ ñèñòåìó êëàññè÷åñêî-
ãî òèïà. Ñ îäíîé ñòîðîíû, ìû òåðÿåì èíôîðìàöèþ î ñòðóêòóðå ìàãíèòíîãî
ïîëÿ âíå òðåõìåðíîãî òåëà, íî ñ äðóãîé ñòîðîíû ìû ïîëó÷àåì èíñòðóìåíò
äëÿ èññëåäîâàíèÿ ñòðóêòóðû â íåêîòîðîé ÷àñòè ïðîñòðàíñòâà. Êðîìå ýòîãî,
ãëîáàëüíàÿ ñòðóêòóðà íà ïîëó÷åííîì òðåõìåðíîì ìíîãîîáðàçèè äàåò ïðåä-
ñòàâëåíèå î âîçìîæíûõ ðåàëüíûõ ñòðóêòóðàõ ìàãíèòíûõ ïîëåé.

Áëàãîäàðíîñòè. Àâòîðû áëàãîäàðÿò ÐÔÔÈ (ãðàíòû 12-01-00672-à, 13-01-
12452-îôè-ì) çà ôèíàíñîâóþ ïîääåðæêó. Îñîáàÿ áëàãîäàðíîñòü Êîíñòàíòèíó
Âèòàëüåâè÷ó Êèðñåíêî (áèçíåñìåíó è ìóçûêàíòó) çà ôèíàíñîâóþ ïîääåðæêó.

2. Ôîðìóëèðîâêà îñíîâíûõ ðåçóëüòàòîâ

Ïóñòü M 2
p � ãëàäêî âëîæåííàÿ â åâêëèäîâî ïðîñòðàíñòâî R3 îðèåíòèðóå-

ìàÿ çàìêíóòàÿ ïîâåðõíîñòü ðîäà p ≥ 0 . Â ñèëó îðèåíòèðóåìîñòè, M 2
p ðàçáè-
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âàåò R3 íà îãðàíè÷åííóþ îáëàñòü (âíóòðåííîñòü) è íåîãðàíè÷åííóþ îáëàñòü
(âíåøíîñòü). Îáúåäèíåíèå âíóòðåííîñòè ñ ãðàíèöåé M2

p îáîçíà÷àåòñÿ ÷åðåç
M 3

p è íàçûâàåòñÿ òåëîì ðîäà p ≥ 0 . Ïðîñòåéøèì ïðèìåðîì ÿâëÿåòñÿ çà-

ìêíóòûé òðåõìåðíûé øàð M 3
0

def
= D3 , îãðàíè÷åííûé äâóìåðíîé ñôåðîé S2 .

Òåëî M 3
1

def
= P 3 ÿâëÿåòñÿ ïîëíîòîðèåì, òî åñòü ìíîæåñòâîì D2 × S1 , ãîìåî-

ìîðôíûì ïðîèçâåäåíèþ äâóìåðíîãî çàìêíóòîãî äèñêà D2 íà îêðóæíîñòü
S1 .

Äâå ãëàäêî âëîæåííûå ïîâåðõíîñòè M2
p1

è M 2
p2

íàçûâàþòñÿ ïàðàëëåëü-
íûìè, åñëè p1 = p2 = p è ýòè ïîâåðõíîñòè îãðàíè÷èâàþò â R3 îáëàñòü
ãîìåîìîðôíóþ M 2

p × (0; 1) . Êàê ñëåäñòâèå, M 2
p1
∩M 2

p2
= ∅ .

Ïóñòü òåëî M 3
p ñîäåðæèò âíóòðè ñåáÿ ïîïàðíî íåïåðåñåêàþùèåñÿ òåëà

M 3
p1
, . . . , M 3

pk
. Ïîëîæèì

M 3
p \
(
int M 3

p1
∪ . . . ∪ int M 3

pk

) def
= M 3

p(p1···pk).

Â ÷àñòíîñòè, M 3
0(0) = S åñòü çàìêíóòûé øàðîâîé ñëîé, òî åñòü ìíîæåñòâî

S = S2 × [−1;+1] , ãîìåîìîðôíîå ïðîèçâåäåíèþ ñôåðû S2 íà çàìêíóòûé
ïðîìåæóòîê [−1;+1] . ßñíî, ÷òî òîïîëîãè÷åñêèé òèï òåëà M 3

p(p1···pk) çàâèñèò

îò âëîæåíèÿ M3
p1
, . . . , M 3

pk
â M 3

p . Îäèí èç âàðèàíòîâ M3
p(p) ÿâëÿåòñÿ òàê

íàçûâàåìàÿ òîëñòàÿ ïîâåðõíîñòü, òî åñòü òåëî, ãîìåîìîðôíîå ïðîèçâåäåíèþ

äâóìåðíîé ïîâåðõíîñòè M2
p ðîäà p ≥ 1 íà îòðåçîê [0; 1] . Òåëî M 3

p(p00)

def
= M3

åñòü òîëñòàÿ ïîâåðõíîñòü ñ äâóìÿ äûðàìè.
Â ëèòåðàòóðå ïî ìàãíèòíîé ãèäðîäèíàìèêå ìàãíèòíîå ïîëå ÷àñòî ïèøåòñÿ

â âèäå èíäóêöèè ìàãíèòíîãî ïîëÿ B⃗ , êîòîðàÿ ñâÿçàíà ñ H⃗ ñîîòíîøåíèåì
B⃗ = µH⃗ , ãäå µ � ìàãíèòíàÿ ïðîíèöàåìîñòü ñðåäû.

Ðàññìîòðèì òåëî M 3
p(p1···pk) , ãëàäêî âëîæåííîå â ïðîñòðàíñòâî R3 . Òå-

ëî M 3
p(p1···pk) ïðåäñòàâëÿåò ñîáîé ÷àñòü ïëàçìû íåêîòîðîãî àñòðîôèçè÷åñêîãî

îáúåêòà ñ ìàãíèòíûì ïîëåì B⃗ . Îáîçíà÷èì ÷åðåç B⃗0 îãðàíè÷åíèå ïîëÿ B⃗
íà M3

p(p1···pk) , òî åñòü B⃗0 = B⃗|M3
p(p1···pk)

, è áóäåì ñ÷èòàòü, ÷òî âñå íóëåâûå òî÷-

êè B⃗0 ÿâëÿþòñÿ òèïè÷íûìè. Êàê ñëåäñòâèå ïîëó÷àåì, ÷òî M 3
p(p1···pk) ñîäåð-

æèò òîëüêî êîíå÷íîå ÷èñëî íóëåâûõ òî÷åê. Ïîä ñåïàðàòðèñîé íóëåâîé òî÷êè
íèæå ïîíèìàåòñÿ îäíîìåðíàÿ ñåïàðàòðèñà èëè äâóìåðíàÿ ñåïàðàòðèñíàÿ ïî-
âåðõíîñòü. Ìû áóäåì ïðåäïîëàãàòü äàëåå, ÷òî 1) ñåïàðàòðèñû íóëåâûõ òî÷åê
ïåðåñåêàþòñÿ (åñëè ïåðåñåêàþòñÿ) òðàíñâåðñàëüíî; 2) êàæäàÿ ñåïàðàòðèñà íå
èìååò ñàìîïåðåñå÷åíèé; 3) ñåïàðàòðèñû ïåðåñåêàþòñÿ òðàíñâåðñàëüíî (åñëè
ïåðåñåêàþòñÿ) ñ ãðàíè÷íûìè êîìïîíåíòàìè M2

p1
, . . . , M2

pk
òåëà M 3

p(p1···pk) .
Îòîáðàæåíèå

f0 :M
3
p(p1···pk) → f0

(
M3

p(p1···pk)

)
⊂ R3
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íàçûâàåòñÿ (a-d)-äâèæåíèåì, åñëè îíî óäîâëåòâîðÿåò ñëåäóþùèì óñëîâèÿì.

• a) f0 ÿâëÿåòñÿ ñîõðàíÿþùèì îðèåíòàöèþ äèôôåîìîðôèçìîì íà ñâîé
îáðàç, ïðè÷åì íåáëóæäàþùåå ìíîæåñòâî äèôôåîìîðôèçìà f0 ñîñòîèò
èç íåïîäâèæíûõ ãèïåðáîëè÷åñêèõ òî÷åê, êîòîðûå ñîâïàäàþò ñ íóëÿìè
ìàãíèòíîãî ïîëÿ B⃗0 ;

• b) ãðàíè÷íûå êîìïîíåíòû òåëà f0
(
M 3

p(p1···pk)

)
ïîïàðíî íå ïåðåñåêàþòñÿ

ñ ãðàíè÷íûìè êîìïîíåíòàìè òåëà M 3
p(p1···pk) ;

• c) èìååòñÿ õîòÿ áû îäíà ãðàíè÷íàÿ êîìïîíåíòà M 2
pi
, êîòîðàÿ îòîáðàæà-

åòñÿ âíóòðü M 3
p(p1···pk) , è èìååòñÿ õîòÿ áû îäíà ãðàíè÷íàÿ êîìïîíåíòà

M 2
pj
, êîòîðàÿ îòîáðàæàåòñÿ íàðóæó M 3

p(p1···pk) , òî åñòü

f0(M
2
pi
) ⊂M 3

p(p1···pk), f0(M
2
pj
) ∩M 3

p(p1···pk) = ∅;

• d) âååðíûå ïîâåðõíîñòè è øèïû èíâàðèàíòíû îòíîñèòåëüíî f0 , à íåïî-
äâèæíûå òî÷êè äèôôåîìîðôèçìà f0 èìåþò îäèíàêîâûé òèï ñ íóëÿìè
ïîëÿ B⃗0 .

Îòìåòèì, ÷òî ìû íå òðåáóåì òðàíñâåðñàëüíîãî ïåðåñå÷åíèÿ ñèëîâûõ ëèíèé
ìàãíèòíîãî ïîëÿ B⃗0 ñ ãðàíè÷íûìè êîìïîíåíòàìè. Ïîýòîìó âååðíûå ïîâåðõ-
íîñòè è øèïû ìîãóò, âîîáùå ãîâîðÿ, ïåðåñåêàòü ãðàíè÷íûå êîìïîíåíòû òåëà
M3

p(p1···pk) ïî íåñêîëüêèì êîìïîíåíòàì ñâÿçíîñòè. Ïðåäëîæåííàÿ ìàòåìàòè-
÷åñêàÿ ìîäåëü ñ ôèçè÷åñêîé òî÷êè çðåíèÿ îçíà÷àåò, ÷òî ìû ðàññìàòðèâàåì
äâèæåíèå ïëàçìû çà ïðîìåæóòîê âðåìåíè, â òå÷åíèå êîòîðîãî ñîõðàíÿþòñÿ
îñîáûå òî÷êè ñ âååðíûìè ïîâåðõíîñòÿìè è øèïàìè. Èç ïðèâåäåííûõ ñâîéñòâ
âûòåêàåò, ÷òî ñåïàðàòîðû (åñëè îíè ñóùåñòâóþò) èíâàðèàíòíû îòíîñèòåëüíî
f0 è èõ ÷èñëî (âêëþ÷àÿ íîëü) íå ìåíÿåòñÿ â òå÷åíèå íàáëþäàåìîãî ïðîìå-
æóòêà âðåìåíè.

Òîëñòàÿ ïîâåðõíîñòü ñ äâóìÿ äûðàìè M3 èìååò ÷åòûðå ãðàíè÷íûõ êîìïî-
íåíòû: äâå 2-ñôåðû S1 , S2 è äâå äâóìåðíûå ïîâåðõíîñòè T1 , T2 ðîäà p ≥ 1 .
Äëÿ äâèæåíèÿ òåëà M3 êîíêðåòèçèðóåì óñëîâèå d) ñëåäóþùèì îáðàçîì:

• d) îäíà ñôåðà, ñêàæåì S1 , îòîáðàæàåòñÿ âíóòðü òåëà M3 , à äðóãàÿ S2

� íàðóæó; îäíà ïîâåðõíîñòü, ñêàæåì T1 , îòîáðàæàåòñÿ âíóòðü M3 , à
äðóãàÿ T2 � íàðóæó. Áîëåå òîãî, îãðàíè÷åíèå f0|Ti

: Ti → f0(Ti) ãîìî-
òîïè÷åñêè òðèâèàëüíî äëÿ êàæäîãî i = 1, 2 .

Ïîÿñíèì ïîíÿòèå ãîìîòîïè÷åñêîé òðèâèàëüíîñòè. Â îòëè÷èå îò ñôåðû,
äëÿ êîòîðîé ñ ãîìîòîïè÷åñêîé òî÷êè çðåíèÿ ñóùåñòâóåò òîëüêî îäèí êëàññ
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ñîõðàíÿþùèõ îðèåíòàöèþ ãîìåîìîðôèçìîâ, äëÿ ïîâåðõíîñòåé íåíóëåâîãî ðî-
äà ñóùåñòâóåò ñ÷åòíîå ñåìåéñòâî òàêèõ êëàññîâ. Ïîâåðõíîñòè Ti , f0(Ti) äëÿ
êàæäîãî i = 1, 2 ïàðàëëåëüíû. Ïîýòîìó îáðàçóþùèå èõ ôóíäàìåíòàëüíûõ
ãðóïï ìîæíî ñ÷èòàòü åñòåñòâåííûì îáðàçîì èçîìîðôíûìè. Ãîìîòîïè÷åñêàÿ
òðèâèàëüíîñòü îçíà÷àåò, ÷òî îãðàíè÷åíèÿ f0|Ti

ãîìîòîïè÷åñêè òîæäåñòâåí-
íû.

Ò å î ð å ì à 2.1. Ïóñòü f0 : M3 → f0(M3) ⊂ R3 åñòü (a-d)-
äâèæåíèå òîëñòîé ïîâåðõíîñòè ñ äâóìÿ äûðàìè M3 , ïðèíàäëåæàùåãî
íåêîòîðîé îáëàñòè ïëàçìû ñ ìàãíèòíûì ïîëåì B⃗0 . Òîãäà ïîëå B⃗0 â M3

èìååò íå ìåíåå äâóõ íóëåâûõ òî÷åê òàêèõ, ÷òî èõ ñåïàðàòðèñíûå ïîâåðõ-
íîñòè ïåðåñåêàþòñÿ. Áîëåå òîãî, åñëè íåò ïåðåñå÷åíèé ïî çàìêíóòûì êðè-
âûì, òî â M3 èìååòñÿ õîòÿ áû îäèí ãåòåðîêëèíè÷åñêèé ñåïàðàòîð.

3. Ñåïàðàòîðû â òîëñòîé ïîâåðõíîñòè ñ äâóìÿ äûðàìè

Êëþ÷åâîé äëÿ äîêàçàòåëüñòâà òåîðåìû 2.1. ÿâëÿåòñÿ ñëåäóþùàÿ ëåììà.
Íàïîìíèì, ÷òî ÷åðåç S1 îáîçíà÷àåòñÿ îêðóæíîñòü, à ÷åðåç M 2

p � äâóìåðíàÿ
çàìêíóòàÿ îðèåíòèðóåìàÿ ïîâåðõíîñòü ðîäà p ≥ 1 .

Ë å ì ì à 3.1. Ñóùåñòâóåò âëîæåíèå M3 ⊂M 2
p ×S1 è ïðîäîëæåíèå

f0 äî ïîëÿðíîãî äèôôåîìîðôèçìà f :M2
p ×S1 →M 2

p ×S1 Ìîðñà-Ñìåéëà òà-
êîãî, ÷òî íåáëóæäàþùåå ìíîæåñòâî NW (f) åñòü îáúåäèíåíèå èñòî÷íèêà,
ñòîêà è íåïîäâèæíûõ òî÷åê äèôôåîìîðôèçìà f0 .

Äîêàçàòåëüñòâî. Ïðèêëåèì ê ãðàíè÷íûì êîìïîíåíòàì S1 , S2 òåëà M3 øàðû
B3

1 , B
3
2 ñîîòâåòñòâåííî. Òîãäà ìû ïîëó÷èì òåëî M3 ∪ B3

1 ∪ B3
2 è åñòåñòâåí-

íîå âëîæåíèå M3 ⊂ M3 ∪B3
1 ∪B3

2 . Â ñèëó óñëîâèÿ d), äâóìåðíàÿ ñôåðà S1

îòîáðàæàåòñÿ âíóòðü M3 . Ïîýòîìó f0 ìîæíî ïðîäîëæèòü íà øàð B3
1 òàê,

÷òîáû âíóòðè B3
1 ïîÿâèëñÿ ãèïåðáîëè÷åñêèé èñòî÷íèê. Àíàëîãè÷íî, f0 ìîæ-

íî ïðîäîëæèòü íà øàð B3
2 òàê, ÷òîáû âíóòðè B3

2 ïîÿâèëñÿ ãèïåðáîëè÷åñêèé
ñòîê. Òåëî M3 ∪B3

1 ∪B3
2 ãîìåîìîðôíî ïðÿìîìó ïðîèçâåäåíèþ M 2

p × [0; 1] ñ
ãðàíè÷íûìè êîìïîíåíòàìè T1 =M 2

p ×{0} , T2 =M 2
p ×{1} , è ìû äàëåå áóäåì

îòîæäåñòâëÿòü M3∪B3
1 ∪B3

2 ñ M 2
p × [0; 1] . Èçâåñòíî, ÷òî èç ãîìîòîïè÷åñêîé

òðèâèàëüíîñòè îãðàíè÷åíèé f0|T1
, f0|T2

âûòåêàåò, ÷òî êàæäîå èç ýòèõ îãðà-
íè÷åíèé èçîòîïíî òîæäåñòâåííîìó îòîáðàæåíèþ. Ïîýòîìó ñóùåñòâóåò òàêîå
ε > 0 è ïðîäîëæåíèå f0 íà òåëî M 2

p × [−ε; 1 + ε] òàêîå, ÷òî îãðàíè÷åíèÿ
f0|M2

p×{−ε} è f0|M2
p×{1+ε} òîæäåñòâåííû ïî ïåðâîé êîîðäèíàòå M 2

p × {·} . Íå
óìåíüøàÿ îáùíîñòè, ìîæíî ðàññìàòðèâàòü êàæäîå èç f0|M2

p×{−ε} , f0|M2
p×{1+ε}
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êàê ñäâèã âäîëü âòîðîé êîîðäèíàòû {·} × {−ε} → {·} × {−ε + δ} è
{·} × {1 + ε} → {·} × {1 + ε+ δ} ñîîòâåòñòâåííî.

Ñêëåèì ãðàíè÷íûå êîìïîíåíòû M 2
p ×{−ε} , M 2

p ×{1+ε} ñ ïîìîùüþ òîæ-
äåñòâåííîãî îòîáðàæåíèÿ. Òîãäà èç M 2

p × [−ε; 1 + ε] ïîëó÷àåì ìíîãîîáðàçèå
M2

p × S1 . Èç ïðåäûäóùåé êîíñòðóêöèè ñëåäóåò, ÷òî íà M 2
p × S1 ñóùåñòâóåò

òðåáóåìîå ïðîäîëæåíèå äèôôåîìîðôèçìà f0 . �
Äîêàçàòåëüñòâî òåîðåìû 2.1.. Ó÷èòûâàÿ ëåììó 3.1., òðåáóåìîå óòâåðæäå-

íèå ìîæíî ïåðåôîðìóëèðîâàòü ñëåäóþùèì îáðàçîì. Ïóñòü f : M2
p × S1 →

M2
p×S1 � ïîëÿðíûé äèôôåîìîðôèçì Ìîðñà-Ñìåéëà 3-ìåðíîãî ìíîãîîáðàçèÿ

M2
p ×S1 . Òîãäà f èìååò ïî êðàéíåé ìåðå äâå ñåäëîâûå íåïîäâèæíûå òî÷êè ñ

ðàçíûì èíäåêñîì Ìîðñà òàêèå, ÷òî èõ äâóìåðíûå ñåïàðàòðèñû ïåðåñåêàþòñÿ.
Ñïåðâà ïîêàæåì, ÷òî f èìååò õîòÿ áû îäíó ñåäëîâóþ òî÷êó. Ïðåäïîëî-

æèì ïðîòèâíîå. Òîãäà f ÿâëÿåòñÿ äèôôåîìîðôèçìîì òèïà èñòî÷íèê-ñòîê.
Ñîãëàñíî [5], íåñóùåå ìíîãîîáðàçèå äîëæíî áûòü ãîìåîìîðôíûì òðåõìåð-
íîé ñôåðå. Ïîëó÷åííîå ïðîòèâîðå÷èå äîêàçûâàåò, ÷òî f èìååò õîòÿ áû îäíó
ñåäëîâóþ òî÷êó.

Ïåðåéäÿ ê íåêîòîðîé èòåðàöèè äèôôåîìîðôèçìà f , ìû ìîæåì ñ÷èòàòü,
÷òî f ÿâëÿåòñÿ ñîõðàíÿþùèì îðèåíòàöèþ äèôôåîìîðôèçìîì âñåõ ñåïàðà-
òðèñ ñåäëîâûõ íåïîäâèæíûõ òî÷åê (íàïîìíèì, ÷òî â ñèëó óñëîâèÿ a), f ñî-
õðàíÿåò îðèåíòàöèþ âñåãî íåñóùåãî ìíîãîîáðàçèÿ). Ñîãëàñíî óñëîâèþ d) äëÿ
f0 : M 2

p × S1 → f0(M
2
p × S1) , äèôôåîìîðôèçì f ãîìîòîïè÷åñêè òðèâèàëåí

(òî åñòü, èíäóöèðóåò òîæäåñòâåííîå îòîáðàæåíèå ôóíäàìåíòàëüíîé ãðóïïû
òîðà). Ïîýòîìó åãî ÷èñëî Ëåôøåöà ðàâíî íóëþ. Ñóììà èíäåêñîâ Ìîðñà ñòîêà
è èñòî÷íèêà ðàâíà íóëþ, (−1)0 + (−1)3 = 0 . Îòñþäà è ôîðìóëû Ëåôøåöà
âûòåêàåò, ÷òî íàëè÷èå îäíîé ñåäëîâîé íåïîäâèæíîé òî÷êè âëå÷åò ñóùåñòâî-
âàíèå åùå îäíîé ñåäëîâîé íåïîäâèæíîé òî÷êè ñ äðóãèì èíäåêñîì Ìîðñà.

Â ðàáîòå [3] ïîêàçàíî, ÷òî åñëè äèôôåîìîðôèçì Ìîðñà-Ñìåéëà f :M 3 →
M3 íå èìååò ãåòåðîêëèíè÷åñêèõ êðèâûõ, òî M 3 åñòü ëèáî 3-ñôåðà S3 , ëèáî
ñâÿçíàÿ ñóììà ðó÷åê S2 × S1 . Ïîñêîëüêó M 2

p × S1 ÿâëÿåòñÿ íåïðèâîäèìûì
ìíîãîîáðàçèåì (ýòî îçíà÷àåò, ÷òî ëþáàÿ öèëèíäðè÷åñêè âëîæåííàÿ 2-ñôåðà
îãðàíè÷èâàåò øàð), òî M2

p × S1 íåëüçÿ ïðåäñòàâèòü â âèäå ñâÿçíîé ñóììû
ðó÷åê S2 × S1 . Îòñþäà ñëåäóåò, ÷òî ëþáîé äèôôåîìîðôèçì Ìîðñà-Ñìåéëà
f : M 2

p × S1 → M 2
p × S1 èìååò ãåòåðîêëèíè÷åñêèå êðèâûå. Åñëè çàìêíóòûå

ãåòåðîêëèíè÷åñêèå êðèâûå îòñóòñòâóþò, òî íåîáõîäèìî èìååòñÿ õîòÿ áû îäèí
ãåòåðîêëèíè÷åñêèé ñåïàðàòîð. �
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Èòåðàòèâíûå ìåòîäû ðåãóëÿðèçàöèè ïåðâîãî ïîðÿäêà

äëÿ ñìåøàííûõ âàðèàöèîííûõ íåðàâåíñòâ

c⃝ È. Ï. Ðÿçàíöåâà1

Àííîòàöèÿ. Äëÿ ñìåøàííûõ âàðèàöèîííûõ íåðàâåíñòâ â ãèëüáåðòîâîì ïðîñòðàíñòâå ñ ìî-
íîòîííûì îïåðàòîðîì è ñîáñòâåííûì âûïóêëûì ïîëóíåïðåðûâíûì ñíèçó ôóíêöèîíàëîì ïðè
ïðèáëèæåííîì çàäàíèè äàííûõ ïîñòðîåíû èòåðàòèâíûå ìåòîäû påãóëÿpèçàöèè ïåpâîãî ïî-
ðÿäêà ïî îïåpàòîpó è ïî ôóíêöèîíàëó, ïîëó÷åíû äîñòàòî÷íûå óñëîâèÿ èõ ñõîäèìîñòè ê íîp-
ìàëüíîìó påøåíèþ èñõîäíîé çàäà÷è.

Êëþ÷åâûå ñëîâà: ñìåøàííûå âàpèàöèîííûå íåpàâåíñòâà, èòåðàòèâíûé ìåòîä, ìîíîòîííûé
îïåpàòîp, âûïóêëûé ôóíêöèîíàë, ñõîäèìîñòü, íîðìàëüíîå ðåøåíèå

1. Îñíîâíûå îáîçíà÷åíèÿ è ïîñòàíîâêà çàäà÷è.

Ïóñòü H � âåùåñòâåííîå ãèëüáåðòîâî ïpîñòpàíñòâî, A : H → H �
ìîíîòîííûé îãpàíè÷åííûé õåìèíåïpåpûâíûé îïåpàòîp, φ : H → R1 � ñîá-
ñòâåííûé âûïóêëûé ïîëóíåïpåpûâíûé ñíèçó ôóíêöèîíàë, ýëåìåíò f ∈ H,
(x, y) � ñêàëÿpíîå ïpîèçâåäåíèå ýëåìåíòîâ x è y èç H. Ðàññìîòðèì â H

ñìåøàííîå âàpèàöèîííîå íåpàâåíñòâî.

(Ax− f, x− y) + φ(x)− φ(y) ≤ 0, x ∈ H ∀y ∈ H (1.1)

Ïóñòü (1.1) èìååò íåïóñòîå ìíîæåñòâî påøåíèé N. Âûïóêëîñòü è çàìêíó-
òîñòü N îòìå÷åíà â [1] (ñì. òàêæå [2], c.254). Äàëåå x∗ � íîpìàëüíîå påøåíèå
(1.1). Íàñ áóäóò èíòåðåñîâàòü ìåòîäû påøåíèÿ çàäà÷è (1.1). Â ïpåäïîëîæå-
íèè ìîíîòîííîñòè A è âûïóêëîñòè φ óñòàíîâèòü êîppåêòíîñòü çàäà÷è (1.1)
íå óäàåòñÿ, ïîýòîìó ñëåäóåò ñòpîèòü äëÿ íåå ìåòîäû påãóëÿpèçàöèè. Â ðàáîòå
[3] äëÿ (1.1) ïîñòðîåí îïåðàòîðíûé ìåòîä ðåãóëÿðèçàöèè âèäà

(Axα + αxα − f, xα − y) + φ(xα)− φ(y) ≤ 0, xα ∈ H ∀y ∈ H, (1.2)

è ìåòîä ñãëàæèâàþùåãî ôóíêöèîíàëà À.Í.Òèõîíîâà

(Azα−f, zα−y)+φ(zα)+α∥zα∥2−φ(y)−α∥z∥2 ≤ 0, zα ∈ H ∀y ∈ H, (1.3)

è äîêàçàíî ñëåäóþùåå óòâåðæäåíèå.

Ò å î ð å ì à 1.1. Ïóñòü H � âåùåñòâåííîå ãèëüáåðòîâî ïðîñòðàí-
ñòâî, A : H → H � ìîíîòîííûé îãpàíè÷åííûé õåìèíåïpåpûâíûé îïåpàòîp,

1 Ïðîôåññîð êàôåäðû ïðèêëàäíîé ìàòåìàòèêè, Íèæåãîðîäñêèé ãîñóäàðñòâåííûé òåõíè÷åñêèé óíèâåð-
ñèòåò èì. Ð. Å. Àëåêñååâà, Íèæíèé Íîâãîðîä; lryazantseva@applmath.ru
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φ : H → R1 � ñîáñòâåííûé âûïóêëûé ïîëóíåïpåpûâíûé ñíèçó ôóíêöèîíàë,
óäîâëåòâîpÿþùèé óñëîâèþ

φ(x) ≥ −c∥x∥κ, c > 0, κ ∈ [0, 2), ∥x∥ ≥ R0 > 0, (1.4)

ñìåøàííîå âàpèàöèîííîå íåpàâåíñòâî (1.1) èìååò íåïóñòîå ìíîæåñòâî ðå-
øåíèé. Òîãäà ðåãóëÿðèçîâàííûå çàäà÷è (1.2) è (1.3) èìåþò åäèíñòâåííûå
ðåøåíèÿ xα è zα ñîîòâåòñòâåííî, è xα → x∗, zα → x∗ ïðè α → 0, ãäå x∗

� íîpìàëüíîå påøåíèå (1.1).

Ìåòîä (1.2) äëÿ ñìåøàííîãî âàpèàöèîííîãî íåpàâåíñòâà (1.1) áóäåì íàçû-
âàòü ìåòîäîì ðåãóëÿðèçàöèè ïî îïåðàòîðó, à (1.3) � ìåòîäîì ðåãóëÿðèçàöèè
ïî ôóíêöèîíàëó.

Äàëåå ñ÷èòàåì, ÷òî óñëîâèÿ òåîðåìû 1.1. âûïîëíåíû.
Â òîé æå ðàáîòå [3] ïîëó÷åíû äîñòàòî÷íûå óñëîâèÿ ñèëüíîé ñõîäèìîñòè

ñëåäóþùèõ íåïðåðûâíûõ ìåòîäîâ ðåãóëÿðèçàöèè ïåðâîãî ïîðÿäêà

(u′(t), u(t)− y) + γ(t)[(A(t)u(t)) + α(t)u(t)− f(t), u(t)− y) +

+ φ(t)(u(t))− φ(t)(y)] ≤ 0 ∀y ∈ H, u(t) ∈ H, (1.5)

u(t0) = u0 ∈ H, (1.6)

(ũ′(t), ũ(t)− y) + γ(t)[(A(t)ũ(t))− f(t), ũ(t)− y) + φ(t)(ũ(t)) + α(t)∥ũ(t)∥2 −
− φ(t)(y)− α(t)∥y∥2] ≤ 0 ∀y ∈ H, ũ(t) ∈ H, (1.7)

ũ(t0) = u0 ∈ H, (1.8)

ãäå α(t) è γ(t) � ïîëîæèòåëüíûå íåïðåðûâíûå ôóíêöèè, A(t), φ(t) è f(t) �
ïðèáëèæåíèÿ A,φ è f ñîîòâåòñòâåííî, t ≥ t0 ≥ 0.

Öåëü äàííîé ðàáîòû ñîñòîèò â ïîñòðîåíèè íåÿâíûõ äèñêðåòíûõ âàðèàíòîâ
ìåòîäîâ (1.5), (1.6) è (1.7), (1.8) è èññëåäîâàíèå èõ ñõîäèìîñòè.

2. Èòåðàòèâíûå ìåòîäû ðåãóëÿðèçàöèè ïåðâîãî ïîðÿäêà

Ïóñòü ïpèáëèæåíèÿ A, f è φ îïpåäåëÿþòñÿ ïîñëåäîâàòåëüíîñòÿìè
{An}, {fn} è {φn}, ïpè÷åì ïpè ëþáîì íàòópàëüíîì n âûïîëíåíû ñëåäóþ-
ùèå óñëîâèÿ:
a) An : H → H � ìîíîòîííûå õåìèíåïpåpûâíûå îïåpàòîðû,

∥Anx− Ax∥ ≤ hng(∥x∥) ∀x ∈ H;
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b) fn ∈ H, ∥fn − f∥ ≤ δn;
c) φn : H → R1 � ñîáñòâåííûå âûïóêëûå ïîëóíåïpåpûâíûå ñíèçó ôóíêöèî-
íàëû, |φn(x)− φ(x)| ≤ σnq(∥x∥) ∀x ∈ H,

ãäå ôóíêöèè g(s) è q(s) îãðàíè÷åíû íà îãðàíè÷åííûõ ìíîæåñòâàõ,
{hn}, {δn}, {σn} � áåñêîíå÷íî ìàëûå ïîñëåäîâàòåëüíîñòè íåîòpèöàòåëüíûõ
÷èñåë.

Íà áàçå (1.5), (1.6) ïîñòpîèì èòåpàöèîííûé ïpîöåññ ñëåäóþùåãî âèäà(
un − un−1

τn
, un − y

)
+ γn[(A

nun + αnun − fn, un − y) + φn(un)−

− φn(y)] ≤ 0 ∀y ∈ H, un ∈ H, (2.1)

ãäå ýëåìåíò u0 èç H çàäàåòñÿ ïpîèçâîëüíî, {γn}, {αn}, {τn} � ïîñëåäîâà-
òåëüíîñòè ïîëîæèòåëüíûõ ÷èñåë, ïðè÷åì {αn} � óáûâàþùàÿ ïîñëåäîâàòåëü-
íîñòü, è

lim
n→∞

αn = 0, (2.2)

{γn}, {τn} � îãpàíè÷åííûå ïîñëåäîâàòåëüíîñòè.
Ïðåæäå âñåãî îòìåòèì, ÷òî ñîãëàñíî òåîpåìå 1.1., ïîñëåäîâàòåëüíîñòü

{xm} påøåíèé påãóëÿpèçîâàííîãî ñìåøàííîãî âàpèàöèîííîãî íåpàâåíñòâà

(Axm + αmx
m − f, xm − y) + φ(xm)− φ(y) ≤ 0, xm ∈ H ∀y ∈ H (2.3)

ñõîäèòñÿ ê íîpìàëüíîìó påøåíèþ (1.1).
Â ñèëó íàøèõ ïpåäïîëîæåíèé a) � c) è (1.4) äëÿ x ∈ H óñòàíîâèì ñïpà-

âåäëèâîñòü íåpàâåíñòâà

(x + γ̃n(A
nx+ αnx− fn)− un−1, x− x0) + γ̃nφ

n(x) ≥
≥ ∥x∥[(1 + γ̃nαn)(∥x∥ − ∥x0∥)− φn]− γ̃n[σnq(∥x∥) + c∥x∥κ]− φn∥x0∥,(2.4)

çäåñü γ̃n = γnτn, φn = γ̃n(hng(∥x0∥) + δn + ∥Ax0∥+ ∥f∥) + ∥un−1∥, ∥x∥ ≥ R0.
Ïóñòü èìååò ìåñòî íåðàâåñòâî

limt→+∞
q(t)

t2
≤ Q, 0 ≤ Q <∞, (2.5)

òîãäà èç (2.4) äåëàåì âûâîä îá îäíîçíà÷íîé pàçpåøèìîñòè ñìåøàííîãî âàpè-
àöèîííîãî íåpàâåíñòâà (2.1) (ñì.[4], c.265, [5], c.186, 187), åñëè 1 + γ̃nαn >
γ̃nσnQ. Ïîñëåäíåãî ìîæíî âñåãäà äîáèòüñÿ (ïî êpàéíåé ìåpå ïpè äîñòàòî÷íî
áîëüøèõ n ), ïîñêîëüêó ïîñëåäîâàòåëüíîñòü {γ̃n} îãðàíè÷åíà, à {σn} è {αn}
� áåñêîíå÷íî ìàëûå.

Ïðè êàæäîì íàòópàëüíîì m ≥ 1 ïîñòðîèì âñïîìîãàòåëüíîå ñìåøàííîå
âàðèàöèîííîå íåðàâåíñòâî(

vmn − vmn−1

τn
, vmn − y

)
+ γn[(Av

m
n + αmv

m
n − f, vmn − y) + φ(vmn )−

− φ(y)] ≤ 0 ∀y ∈ H, vmn ∈ H, (2.6)
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vm0 = u0. (2.7)

Ïîäîáíî (2.4) óñòàíîâèì íåpàâåíñòâî

(x + γ̃n(Ax+ αmx− f)− vmn−1, x− x0) + γ̃nφ(x) ≥
≥ ∥x∥[(1 + γ̃nαm)(∥x∥ − ∥x0∥)− φm

n ]− φm
n ∥x0∥ − γ̃nc∥x∥κ, (2.8)

çäåñü φm
n = γ̃n(∥Ax0∥+ ∥f∥) + ∥vmn−1∥, x0 ∈ H, ∥x∥ ≥ R0.

Òàêèì îápàçîì, óñòàíîâëåíà îäíîçíà÷íàÿ pàçpåøèìîñòü âñïîìîãàòåëüíîãî
ñìåøàííîãî âàpèàöèîííîãî íåpàâåíñòâà (2.6) äëÿ ëþáîé ïàpû íàòópàëüíûõ
÷èñåë n è m. Ïóñòü â (2.3), óìíîæåííîì íà γ̃n, ýëåìåíò y = vmn , à â (2.6)
� y = xm. Ñëîæèâ ïîëó÷åííûå íåpàâåíñòâà, ïîñëå ïpîñòûõ ïpåîápàçîâàíèé
èìååì

∥vmn − xm∥ ≤ (1− amn )∥vmn−1 − xm∥, amn =
γ̃nαm

1 + γ̃nαm
. (2.9)

Ñëåäîâàòåëüíî(ñì. [6] � [8] è (2.7)),

∥vmn − xm∥ ≤ exp(−αm

n∑
k=1

γkτk)∥u0 − xm∥,

îòêóäà ïpè n = m ïîëó÷àåì íåpàâåíñòâî

∥vmm − xm∥ ≤ exp(−αm

m∑
k=1

γkτk)∥u0 − xm∥. (2.10)

Ïóñòü
∞∑
n=1

αnγnτn = +∞, (2.11)

òîãäà â ñèëó (2.2) òåì áîëåå
∑∞

n=1 γnτn = +∞, è ïî òåîpåìå Øòîëüöà óñòà-
íîâèì ñîîòíîøåíèå

αm

m∑
k=1

γkτk ∼
αmαm−1γmτm
αm−1 − αm

ïpè m→ ∞.

Ïpåäïîëîæèì, ÷òî

lim
n→∞

αn−1 − αn

αnαn−1γnτn
= 0. (2.12)

Òåïåpü èç (2.10) èìååì ñõîäèìîñòü ïîñëåäîâàòåëüíîñòè {vmm − xm} ê íóëþ.
Çàìåòèì, ÷òî èç (2.10) ñëåäóåò îãpàíè÷åííîñòü â ñîâîêóïíîñòè ñåìåéñòâà ïî-
ñëåäîâàòåëüíîñòåé {vmn }, à îãpàíè÷åííîñòü {un} ïpåäïîëîæèì.
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Ïîëîæèâ â (2.1) y = vmn , à â (2.6) � y = un è ñëîæèâ påçóëüòàòû, ïpèäåì
ê íåpàâåíñòâó

∥un − vmn ∥2 + (vmn−1 − un−1, un − vmn ) + γ̃n[(A
nun − Avmn , un − vmn )+

+αn∥un − vmn ∥2 + (αm − αn)(v
m
n , v

m
n − un) + (fn − f, vmn − un)+

+φn(un)− φ(un) + φ(vmn )− φn(vmn )] ≤ 0,

îòêóäà, èñïîëüçóÿ óñëîâèÿ a) � c), îãpàíè÷åííîñòü {un}, îãpàíè÷åííîñòü â
ñîâîêóïíîñòè ïîñëåäîâàòåëüíîñòåé {vmn } è ÷èñëîâîå íåpàâåíñòâî ab ≤ a2/2+
b2/2, ïîäîáíî (3.13) èç [3] ïîëó÷èì

∥un − vmn ∥2(1 + 2αnγ̃n) ≤ ∥un−1 − vmn−1∥2 + 2γ̃n

{[
hng(∥vmn ∥) + |αn − αm|∥vmn ∥+

+δn](∥un∥+ ∥vmn ∥) + γ̃nσn(q(∥un∥) + q(∥vmn ∥))
}

≤ ∥un−1 − vmn−1∥2+

+a1γ̃n(δn + hn + σn + |αm − αn|), a1 > 0,

èëè

∥un − vmn ∥2 ≤ (1− bn)∥un−1 − vmn−1∥2 + a1γ̃n(δn + hn + σn + |αm − αn|), (2.13)

çäåñü bn = 2αnγ̃n/(1 + 2αnγ̃n).
Ïîñêîëüêó ïîñëåäîâàòåëüíîñòè {γn} è {τn} îãðàíè÷åíû, à {αn} óáûâàåò, òî
αn ≤ α1, γn ≤ γ̄, τn ≤ τ̄ ïðè âñåõ íàòóðàëüíûõ n, çäåñü γ̄ > 0, τ̄ > 0.
Çíà÷èò, äëÿ âåëè÷èíû bn èìååò ìåñòî îöåíêà ñíèçó ñëåäóþùåãî âèäà

bn ≥ 2αnγ̃n
1 + 2α1γ̄τ̄

= λαnγ̃n, λ =
2

1 + 2α1γ̄τ̄
,

ïîýòîìó îò (2.13) ïðè n ≤ m ïðèõîäèì ê íåðàâåíñòâó

∥un − vmn ∥2 ≤ (1− λαnγ̃n)∥un−1 − vmn−1∥2 + a1γ̃n(δn + hn + σn + (αn − αm)).

Ó÷èòûâàÿ ðàâåíñòâî (2.7), îòñþäà âûâîäèì îöåíêó (ñì. [6] � [8])

∥um − vmm∥2 ≤ a1
[ m∑
k=1

γ̃k(δk + hk + σk)exp

(
λ

m∑
i=k+1

αiγ̃i

)
+

+
m∑
k=1

(αk − αm)exp

(
λ

m∑
i=k+1

αiγ̃i

)]
. (2.14)

Ñ ïîìîùüþ òåîðåìû Øòîëüöà óáåæäàåìñÿ, ÷òî ñõîäèìîñòü ê íóëþ ïåðâîé
ñóììû â ïðàâîé ÷àñòè (2.14) îáåñïå÷èâàåò ñëåäóþùåå ïðåäåëüíîå ðàâåíñòâî

lim
n→∞

δn + hn + σn
αn

= 0. (2.15)

Æóðíàë ÑÂÌÎ. 2014. Ò. 16, � 1



Èòåðàòèâíûå ìåòîäû ðåãóëÿðèçàöèè ïåðâîãî ïîðÿäêà äëÿ . . . 21

Ïóñòü

lim
n→∞

γn(αn−1 − αn)

bnbn−1 + bn − bn−1
= 0, bn = γnαnτn. (2.16)

Òåïåðü, ïðèìåíèâ äâàæäû òåîðåìó Øòîëüöà è ó÷èòûâàÿ íàøè ïðåäïîëîæå-
íèÿ (2.11) è (2.16), óñòàíîâèì ñõîäèìîñòü ê íóëþ âòîðîé ñóììû â (2.14). Òåì
ñàìûì äîêàçàíî, ÷òî ∥um−vmm∥ → 0 ïðè m→ ∞. Çíà÷èò, èìååì ñõîäèìîñòü
ïîñëåäîâàòåëüíîñòè {un} ê x∗.

Èññëåäóåì ñõîäèìîñòü äèñêðåòíîãî âàðèàíòà íåïðåðûâíîãî ìåòîäà ðåãó-
ëÿðèçàöèè (1.7) â ñëåäóþùåé ôîðìå(

ũn − ũn−1

τn
, ũn − y

)
+ γn[(A

nũn − fn, ũn − y) + φn(ũn) + αn∥ũn∥2 −

− φn(y)− αn∥y∥2] ≤ 0 ∀y ∈ H, ũn ∈ H. (2.17)

Âñïîìîãàòåëüíàÿ ïîñëåäîâàòåëüíîñòü îïðåäåëÿåòñÿ èç ñìåøàííîãî âàðèàöè-
îííîãî íåðàâåíñòâà(

ṽmn − ṽmn−1

τn
, ṽmn − y

)
+ γn[(Aṽ

m
n − f, ṽmn − y) + φ(ṽmn ) + αm∥ṽmn ∥2 −

− φ(y)− αm∥y∥2] ≤ 0 ∀y ∈ H, ṽmn ∈ H, (2.18)

ïðè÷åì ṽm0 = ũ0 ïðè âñåõ m ≥ 1. Äëÿ âåëè÷èí

(x+ γ̃n(A
nx− fn)− ũn−1, x− x0) + γ̃n[φ

n(x) + αn∥x∥2],

(x+ γ̃n(Ax− f)− ṽmn−1, x− x0) + γ̃n[φ(x) + αm∥x∥2]
áåç òðóäà óñòàíàâëèâàþòñÿ îöåíêè ñíèçó òèïà (2.4) è (2.8), îáåñïå÷èâàþùèå
ðàçðåøèìîñòü ñìåøàííûõ âàðèàöèîííûõ íåðàâåíñòâ (2.17) è (2.18) îòíîñè-
òåëüíî ũn è ṽmn ñîîòâåòñòâåííî. Åäèíñòâåííîñòü ýòèõ ðåøåíèé ãàðàíòèðóåò
ñèëüíàÿ âûïóêëîñòü ôóíêöèîíàëà ∥x∥2 íà H (ñì. [3]). Ïóñòü zm � åäèí-
ñòâåííîå ðåøåíèå ðåãóëÿðèçîâàííîãî ñìåøàííîãî âàðèàöèîííîãî íåðàâåíñòâà

(Azm−f, zm−y)+φ(zm)+αm∥zm∥2−φ(y)−αm∥y∥2 ≤ 0, zm ∈ H ∀y ∈ H.
(2.19)

Ïîëàãàÿ â (2.18) y = ξṽmn + (1− ξ)zm, ξ ∈ (0, 1) è ó÷èòûâàÿ ìîíîòîííîñòü A
è (2.19), âûâîäèì îöåíêó (ñì. (2.9))

∥ṽmn − zm∥ ≤ (1− amn )∥ṽmn−1 − zm∥, (2.20)

è ïðåäïîëîæèâ îãðàíè÷åííîñòü {ũn}, èç (2.17) è (2.18) ïîäîáíî (2.20) óñòàíî-
âèì îöåíêó âèäà (2.14) äëÿ ∥ũm− ṽmm∥. Òåì ñàìûì óñòàíîâëåíî óòâåðæäåíèå.
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Ò å î ð å ì à 2.1. Ïóñòü â óñëîâèÿõ òåîðåìû 1.1. âîçìóùåííûå äàí-
íûå {An}, {fn} è {φn} çàäà÷è (1.1) óäîâëåòâîpÿþò óñëîâèÿì a) � c),
{αn}, {γn}, {τn} � ïîñëåäîâàòåëüíîñòè ïîëîæèòåëüíûõ ÷èñåë, ïðè÷åì
{αn} óáûâàåò, à {γn} è {τn} îãðàíè÷åíû, è âûïîëíåíû óñëîâèÿ (2.2), (2.5),
(2.11), (2.12), (2.15), (2.16). Òîãäà ñìåøàííûå âàðèàöèîííûå íåðàâåíñòâà
(2.1), (2.6), (2.17), (2.18) îäíîçíà÷íî pàçpåøèìû, è åñëè ïîñëåäîâàòåëü-
íîñòè {un}, {ũn} îãpàíè÷åíû, òî îíè ñõîäÿòñÿ ïî íîpìå ïpîñòpàíñòâà
H ê íîpìàëüíîìó påøåíèþ (1.1).

Ç à ì å ÷ à í è å 2.1. Ïóñòü ñóùåñòâóþò ÷èñëî R > 0 è ýëåìåíò
x0 ∈ H òàêèå, ÷òî

(Ax− f, x− x0) + φ(x)− φ(x0) > 0 ïðè ∥x∥ ≥ R. (2.21)

Îòìåòèì, ÷òî (2.21) åñòü îäíî èç äîñòàòî÷íûõ óñëîâèé ðàçpåøèìîñòè
ñìåøàííîãî âàpèàöèîííîãî íåpàâåíñòâà (1.1) (ñì. [5], c.187). Ïpåäïîëîæèì
òàêæå, ÷òî âåðíî (2.5) è

limt→+∞
g(t)

t
≤ G, 0 ≤ G <∞. (2.22)

Â óñëîâèÿõ (2.5), (2.21), (2.22) äîêàæåì îãpàíè÷åííîñòü ïîñëåäîâàòåëü-
íîñòè un. Ïóñòü ∥un∥ → ∞ ïpè n → +∞. Ïîëîæèâ â (2.1) y = x0 è
èñïîëüçóÿ óñëîâèÿ a) � c), èìååì(
un − x0 − (un−1 − x0)

τn
, un − x0

)
+ γn[(Aun − f, un − x0) + φ(un)− φ(x0)]+

+γnαn

{
∥un∥2 − ∥un∥ ∥x0∥ −

(
hn
αn
g(∥un∥) +

δn
αn

)
(∥un∥+ ∥x0∥)−

−σn
αn

[q(∥un∥) + q(∥x0∥)]
}

≤ 0.

Â ñèëó (2.5), (2.21), (2.22) è (2.15) èç ïîñëåäíåãî íåpàâåíñòâà ïpè äîñòà-
òî÷íî áîëüøèõ n âûâîäèì îöåíêó ∥un−x0∥) ≤ ∥un−1−x0∥. Çíà÷èò, ïîñëå-
äîâàòåëüíîñòü ρn = ∥un − x0∥ íå âîçpàñòàåò ïpè äîñòàòî÷íî áîëüøèõ n,
÷òî ïpîòèâîpå÷èò ïpåäïîëîæåíèþ î íåîãpàíè÷åííîñòè ∥un∥. Àíàëîãè÷íîå
óòâåpæäåíèå èìååò ìåñòî è äëÿ påøåíèÿ çàäà÷è (1.7), (1.8).

Çàìå÷àíèÿ, ïîäîáíûå çàìå÷àíèÿì 3.1 � 3.4 èç [3], ìîæíî ñôîðìóëèðîâàòü
è â óñëîâèÿõ äàííîé ðàáîòû.
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Abstract. First-order regularized iterative methods by operator and by functional are constructed
for mixed variational inequalities in Hilbert space with monotone operator and property convex
functional. Su�cient conditions of convergence to normal solution of initial problem are obtained.
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ÓÄÊ 517.9

Ëèìèíàëüíîå äèññèïàòèâíîå óðàâíåíèå ïëîòíîñòè

ïåðåïîëçàþùèõ äèñëîêàöèé äëÿ îäíîêîìïîíåíòíîãî

èçãèáà ïëîñêîé ïëàñòèíû

c⃝ Ñ. Í. Àëåêñååíêî 1, Ñ. Í. Íàãîðíûõ 2, Ä. Â. Õèòåâà 3

Àííîòàöèÿ. Âûâåäåíî äèôôåðåíöèàëüíîå óðàâíåíèå â ÷àñòíûõ ïðîèçâîäíûõ ïåðâîãî ïîðÿä-
êà ñ êâàäðàòè÷íîé íåëèíåéíîñòüþ è êîýôôèöèåíòîì ïåðåä êâàäðàòîì ïåðâîé ïðîèçâîäíîé,
êîòîðûé ìîæåò îáðàùàòüñÿ â íóëü. Ñ ïðèìåíåíèåì ìåòîäà äîïîëíèòåëüíîãî àðãóìåíòà îïðå-
äåëåíû óñëîâèÿ åãî ëîêàëüíîé ðàçðåøèìîñòè.

Êëþ÷åâûå ñëîâà: ïëîòíîñòü äèñëîêàöèé, íåëèíåéíîå óðàâíåíèå ïåðâîãî ïîðÿäêà, ëîêàëü-
íàÿ ðàçðåøèìîñòü, ìåòîä äîïîëíèòåëüíîãî àðãóìåíòà, ëèìèíàëüíîñòü

Â äèññèïàòèâíîé ìåõàíèêå ìàòåðèàëîâ, îïðåäåëÿåìîé âçàèìîäåéñòâèåì
äèñëîêàöèé è òî÷å÷íûõ äåôåêòîâ, ñâîéñòâà ïëàñòè÷åñêîé äåôîðìàöèè îïðå-
äåëÿþòñÿ ñ ïîìîùüþ ñêàëÿðíîé ïëîòíîñòè äèñëîêàöèé [1]. Óêàçàííîå âçàè-
ìîäåéñòâèå ïðèâîäèò ê ïåðåïîëçàíèþ êðàåâûõ è ñêðó÷èâàíèþ âèíòîâûõ äèñ-
ëîêàöèé, ÷òî âî âíåøíèõ ñèëîâûõ ïîëÿõ âûçûâàåò ðàçðóøåíèå. Ïðè öèêëè-
÷åñêîì äåôîðìèðîâàíèè; ïðè îáëó÷åíèè, çàêàëêå; ïðè òåìïåðàòóðå, ñîñòàâ-
ëÿþùåé áîëåå ïîëîâèíû îò òåìïåðàòóðû ïëàâëåíèÿ; âáëèçè ïîâåðõíîñòè; ïðè
ïîâåðõíîñòíûõ õèìè÷åñêèõ ðåàêöèÿõ è ò.ä. ýòî âçàèìîäåéñòâèå ïðîÿâëÿåòñÿ
êàê îñíîâíîå [2].

Â ïîëóïðîâîäíèêîâûõ êðèñòàëëàõ àíàëîãè÷íîå âçàèìîäåéñòâèå, êðîìå ìå-
õàíè÷åñêèõ,âûçûâàåò ðàçëè÷íûå ýëåêòðîííûå ýôôåêòû, íà îñíîâå êîòîðûõ
äåéñòâóþò òâåðäîòåëüíûå ïðèáîðû â ìèêðî è íàíîìàñøòàáàõ (äèñëîêàöèîí-
íàÿ èíæåíåðèÿ). Ñ äðóãîé ñòîðîíû â ìåòàëëàõ è ïîëóïðîâîäíèêàõ ñ áîëü-
øîé ýíåðãèåé äåôåêòîâ óïàêîâêè íå íàáëþäàëèñü íàèáîëüøèå óïðî÷íåíèÿ
è çàðîæäåíèÿ ðàçðóøåíèé ïëîñêèìè ñêîïëåíèÿìè ñêîëüçÿùèõ äèñëîêàöèé
ó áàðüåðîâ. Ìîäåëè ïðåäåëüíîé ïðî÷íîñòè äëÿ ñêîïëåíèé äèñëîêàöèé òàê-
æå ïðîòèðå÷èâû èç-çà íåîáõîäèìîñòè ðàññìàòðèâàòü áàðüåðû ñ åùå áîëüøåé
ïðî÷íîñòüþ [3]. Òàêèì îáðàçîì, âçàèìîäåéñòâèå äèñëîêàöèé ñ òî÷å÷íûìè äå-
ôåêòàìè ïðèñóòñòâóþò â áîëüøîì ÷èñëå ÿâëåíèé è àêòóàëüíî äëÿ òâåðäî-
òåëüíûõ òåõíîëîãèé. Ýòî âçàèìîäåéñòâèå ó÷èòûâàåòñÿ â êèíåòè÷åñêîé ìîäå-
ëè ñêàëÿðíîé ïëîòíîñòè äèñëîêàöèé ïóòåì ââåäåíèÿ çàâèñèìîñòè ïëîòíîñòè
ïåðåïîëçàþùèõ è ðàçìíîæàþùèõñÿ äèñëîêàöèé ν îò äèôôóçèîííîé ïîëçó-
÷åñòè òî÷å÷íûõ äåôåêòîâ [6].

1 Ïðîôåññîð êàôåäðû ïðèêëàäíîé ìàòåìàòèêè, Íèæåãîðîäñêèé ãîñóäàðñòâåííûé òåõíè÷åñêèé óíèâåð-
ñèòåò èì. Ð.Å.Àëåêñååâà, ã. Íèæíèé Íîâãîðîä; sn-alekseenko@yandex.ru

2 Äîöåíò êàôåäðû ïðèêëàäíîé ìàòåìàòèêè, Íèæåãîðîäñêèé ãîñóäàðñòâåííûé òåõíè÷åñêèé óíèâåðñè-
òåò èì. Ð.Å.Àëåêñååâà, ã. Íèæíèé Íîâãîðîä; algoritm@sandy.ru

3 Ñòóäåíò êàôåäðû ïðèêëàäíîé ìàòåìàòèêè, Íèæåãîðîäñêèé ãîñóäàðñòâåííûé òåõíè÷åñêèé óíèâåðñè-
òåò èì. Ð.Å.Àëåêñååâà, ã. Íèæíèé Íîâãîðîä; geheimberater@yandex.ru@yandex.ru
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Öåëüþ äàííîé ðàáîòû ÿâëÿåòñÿ èññëåäîâàíèå êèíåòèêè è ðàñïðåäåëåíèÿ
ïëîòíîñòè ïåðåïîëçàþùèõ äèñëîêàöèé ν äëÿ ñèëüíî èçîãíóòûõ ïëàñòèí.

Èçâåñòíî, ÷òî óïðóãèé èçãèá ζ ñâÿçàí âûðàæåíèåì

ζ ≈ 1

2dν
, (1.1)

ñ ïëîòíîñòüþ ïåðåïîëçàþùèõ äèñëîêàöèé, ò.ê. îíè èãðàþò îïðåäåëÿþùóþ
ðîëü â ýòîì âèäå íàïðÿæåííîãî ñîñòîÿíèÿ [2]: ãäå d - ðàññòîÿíèå ìåæäó ñòåí-
êàìè â èçîãíóòîì êðèñòàëëå.

Â òî æå âðåìÿ, óïðóãèé èçãèá ζ ïëîñêîé ïëàñòèíû è êîìïîíåíòû ñìåùå-
íèé ïðè ðàñòÿæåíèÿõ: ñâÿçàíû ñîîòíîøåíèÿìè [5]:

∂ux
∂y

+
∂uy
∂x

+
∂ζ

∂x

∂ζ

∂y
=

2(1 + σ)

E
σxy, (1.2)

∂ux
∂x

+
1

2

(
∂ζ

∂x

)2

=
1

E
(σxx − σσyy), (1.3)

∂uy
∂y

+
1

2

(
∂ζ

∂y

)2

=
1

E
(σyy − σσxx), (1.4)

ãäå E, σ - ìîäóëè Þíãà è Ïóàññîíà, σxx, σyy, σxy - êîìïîíåíòû òåíçîðà íà-
ïðÿæåíèé.

Åñëè çàäàíà âíåøíÿÿ ñèëà P , òîëùèíà ïëàñòèíû h , òî ðàâíîâåñíîå íàïðÿ-
æåííîå ñîñòîÿíèå ïðè ïðåèìóùåñòâåííîì ðàñòÿæåíèè çàäàåòñÿ óðàâíåíèÿìè
[5]:

−

[
E

(
∂ux
∂x

+
1

2

(
∂ζ

∂x

)2
)

+ σσyy

]
∂2ζ

∂x2
=
Pxx

h
, (1.5)

−

[
E

(
∂uy
∂y

+
1

2

(
∂ζ

∂y

)2
)

+ σσxx

]
∂2ζ

∂y2
=
Pyy

h
, (1.6)

− E

2(1 + σ)

(
∂ux
∂y

+
∂uy
∂x

+
∂ζ

∂x

∂ζ

∂y

)
∂2ζ

∂x∂y
=
Pxy

h
, (1.7)

ãäå Pxx, Pxy, Pyy - êîìïîíåíòû âíåøíåé ñèëû P , ðàññìàòðèâàåìîé êàê òåíçîð.
Ïðèìåì â äàííîé ðàáîòå â êà÷åñòâå óïðîùàþùèõ ïðåäïîëîæåíèé, ÷òî

β
∂ζ

∂x
=
∂ζ

∂y
, (1.8)

˙εxx = σxx
Db3

d2kT
, (1.9)

ãäå ˙εxx - ñêîðîñòü äèôôóçèîííîé ïîëçó÷åñòè òî÷å÷íûõ äåôåêòîâ [6], D -
êîýôôèöèåíò äèôôóçèè, b - ìîäóëü âåêòîðà Áþðãåðñà, T - òåìïåðàòóðà,
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k - ïîñòîÿííàÿ Áîëüöìàíà, β - ïîñòîÿííàÿ âåëè÷èíà. Óñëîâèÿ (1.8), (1.9)
õàðàêòåðèçóþò îäíîêîìïîíåíòíóþ äèíàìèêó ïëîñêîãî èçãèáà ïëàñòèíû.

Â ñèëó (1.8) èç (1.7) ñëåäóåò

−

(
∂ux
∂y

+
∂uy
∂x

+ β

(
∂ζ

∂x

)2
)
β
∂2ζ

∂x2
=

2(1 + σ)Pxy

hE
. (1.10)

Èç (1.3) è (1.5) âûòåêàåò
∂2ζ

∂x2
= − Pxx

σxxh
.

Ïîäñòàâèâ ýòî âûðàæåíèå â (1.10), ïîëó÷èì

∂ux
∂y

+
∂uy
∂x

+ β

(
∂ζ

∂x

)2

=
σxx2(1 + σ)Pxy

βEPxx
. (1.11)

Ðàâåíñòâà (1.4) è (1.6) äàþò

∂2ζ

∂y2
= − Pyy

σyyh
. (1.12)

Çàïèñûâàÿ ñ ó÷åòîì (1.8) óðàâíåíèå (1.7) â âèäå

− E

2(1 + σ)

(
∂ux
∂y

+
∂uy
∂x

+ β

(
∂ζ

∂x

)2
)

1

β

∂2ζ

∂y2
=
Pxy

h
,

ñ èñïîëüçîâàíèå ðàâåíñòâà (1.12) ïðèõîäèì ê âûðàæåíèþ

∂ux
∂y

+
∂uy
∂x

+ β

(
∂ζ

∂x

)2

=
σyy2(1 + σ)Pxyβ

EPyy
. (1.13)

Êàê óêàçàíî â [1], ñêîðîñòü ïëàñòè÷åñêîé äåôîðìàöèè ε̇xx èìååò âèä

ε̇xx = ν̇blx + νbVy, (1.14)

ãäå lx - äëèíà ïóòè ñêîëüæåíèÿ äèñëîêàöèè ïðè ðàñòÿæåíèè âäîëü îñè x , Vy
- ñðåäíÿÿ ñêîðîñòü ïåðåìåùåíèÿ êðàåâûõ äèñëîêàöèé, êîòîðàÿ èìååò âèä [1]:

Vy =
−2πc0DΩ

b ln(L/r0)kT
(σxx − σyy), (1.15)

ãäå c0 - ïëîòíîñòü òî÷å÷íûõ äåôåêòîâ, L - äëèíà äèñëîêàöèè, Ω - àòîìíûé
îáúåì âàêàíñèé, r0 - äèàìåòð ÿäðà äèñëîêàöèè.

Äàëåå, ïðèìåì â ñîîòâåòñòâèè ñ [2], ÷òî

∂ux
∂y

+
∂uy
∂x

= νb(l1 + l2), (1.16)
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ãäå l1, l2 - ïóòè ïåðåïîëçàíèÿ ïðè ðàçìíîæåíèè ν .
Èç (1.1) ñëåäóåò

∂ζ

∂x
=

−1

2dν2
∂ν

∂x
. (1.17)

Ñ ó÷åòîì (1.16), (1.17) âûâîäèì èç (1.11):

σxx =
νb(l1 + l2)βEPxx

Pxy2(1 + σ)
+

β2EPxx

4d2Pxy2(1 + σ)

1

ν4

(
∂ν

∂x

)2

. (1.18)

Òàêæå ñ ó÷åòîì (1.16), (1.17) âûâîäèì èç (1.13):

σyy =
νb(l1 + l2)EPyy

βPxy2(1 + σ)
+

EPyy

4d2Pxy2(1 + σ)

1

ν4

(
∂ν

∂x

)2

. (1.19)

Â ðåçóëüòàòå èç (1.18) - (1.19) ñëåäóåò

σxx − σyy =
β2Pxx − Pyy

βPxy2(1 + σ)
Eb(l1 + l2)ν +

β2Pxx − Pyy

8d2Pxy(1 + σ)
E

1

ν4

(
∂ν

∂x

)2

. (1.20)

Òåïåðü ïîäñòàâèâ (1.9),(1.15),(1.18) è (1.20) â (1.14), ïðèõîäèì ê íåëèíåé-
íîìó äèôôåðåíöèàëüíîìó óðàâíåíèþ

∂ν

∂t
+
λ

ν3

(
∂ν

∂x

)2

+Bν2 − Aν = 0, (1.21)

ãäå

λ = g − γ

ν
, γ =

βEPxxDb
2

8lxPxy(1 + σ)d4KT
, A =

βEPxxDb
3(l1 + l2)

2lxPxy(1 + σ)d2KT
,

g =
πc0DΩE(Pyy − β2Pxx)

4blx ln(L/r0)KT (1 + σ)Pxyd2
, B =

πc0DΩE(Pyy − β2Pxx)(l1 + l2)

lx ln(L/r0)KTβ(1 + σ)Pxy
.

Äèôôåðåíöèàëüíîå óðàâíåíèå â ÷àñòíûõ ïðîèçâîäíûõ ïåðâîãî ïîðÿäêà
ïëîòíîñòè ïåðåïîëçàþùèõ äèñëîêàöèé (1.21) íàçîâåì ëèìèíàëüíûì, ò.ê. äëÿ
åãî ðåøåíèé âîçìîæíû êðèòè÷åñêèå çíà÷åíèÿ, êàðäèíàëüíî ìåíÿþùèå õàðàê-
òåð ïîâåäåíèÿ ðåøåíèé. Ýòè êðèòè÷åñêèå çíà÷åíèÿ îïðåäåëÿþòñÿ èç óñëîâèÿ

g − γ

νcr
= 0,

îòêóäà ñëåäóåò, ÷òî

νcr =
γ

g
=

βb3 ln(L/r0)Pxx

2πd2(Pyy − β2Pxx)
.

Ñäåëàåì åù¼ îäíî óïðîùàþùåå ïðåäïîëîæåíèå. Ïðè èçó÷åíèè ïîâåäåíèÿ
ðåøåíèÿ óðàâíåíèÿ (1.21) îòäåëüíûå èññëåäîâàíèÿ íåîáõîäèìû, ÷òîáû îïðå-
äåëèòü óñëîâèÿ, ïðè êîòîðûõ ðåøåíèÿ äèôôåðåíöèàëüíîãî óðàâíåíèÿ ïåðâî-
ãî ïîðÿäêà íå âûõîäÿò èç çàäàííîé îãðàíè÷åííîé îáëàñòè. Â äàííîé ðàáîòå
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ýòîãî àñïåêòà çàäà÷è êàñàòüñÿ íå áóäåì è ïðèìåì, ÷òî x ∈ R1 . Òàê ÷òî íà-
÷àëüíîå óñëîâèå äëÿ óðàâíåíèÿ (1.21) çàäàäèì â âèäå:

ν(0, x) = φ(x), −∞ < x <∞. (1.22)

Òàêèì îáðàçîì, çàäà÷à (1.21)-(1.22) îïðåäåëåíà â îáëàñòè

ΩT = {(t, x) : 0 ≤ t ≤ T,−∞ < x <∞}.

Ïî ñâîåìó ôèçè÷åñêîìó ñìûñëó ôóíêöèÿ ν(t, x) ÿâëÿåòñÿ âåëè÷èíîé ïîëî-
æèòåëüíîé, òàê ÷òî â êà÷åñòâå èñõîäíîãî óñëîâèÿ ïðèìåì, ÷òî

φ(x) ≥ Cφ > 0.

Òàê æå, êàê â [4], ïðèìåíèì äëÿ èññëåäîâàíèÿ ðàçðåøèìîñòè çàäà÷è (1.21)-
(1.22) ìåòîä äîïîëíèòåëüíîãî àðãóìåíòà [7]. Â ñîîòâåòñòâèè ñ èçëîæåííîé â
[4] ñõåìîé âíà÷àëå ïðåîáðàçóåì çàäà÷ó (1.21)-(1.22) ê ñèñòåìå êâàçèëèíåé-
íûõ óðàâíåíèé. Äëÿ ýòîãî ïðîäèôôåðåíöèðóåì (1.21) ïî x è ââåäÿ íîâóþ
íåèçâåñòíóþ ôóíêöèþ p(t, x) = ∂xν(t, x), , ïîëó÷èì óðàâíåíèå

∂p

∂t
+ 2

gν − γ

ν4
p
∂p

∂x
=

3qν − 4γ

ν5
p3 − 2Bνp− Ap. (1.23)

Èç (1.21) "ñêîíñòðóèðóåì"åù¼ îäíî óðàâíåíèå ñ òåì æå ñàìûì äèôôåðåíöè-
àëüíûì îïåðàòîðîì:

∂ν

∂t
+ 2

gν − γ

ν4
p
∂ν

∂x
= −Bν2 + Aν +

gν − γ

ν4
p2. (1.24)

Èç (1.22) åñòåñòâåííûì îáðàçîì ñëåäóþò íà÷àëüíîå óñëîâèå äëÿ p(t, x) :

p(0, x) = φ′(x), −∞ < x <∞. (1.25)

Ñîñòàâèì äëÿ çàäà÷è (1.22),(1.23),(1.24),(1.25) ðàñøèðåííóþ õàðàêòåðè-
ñòè÷åñêóþ ñèñòåìó ñ äîïîëíèòåëüíûì àðãóìåíòîì:

dη(s, t, x)

ds
= 2

gw0(s, t, x)− γ

w4
0(s, t, x)

w1(s, t, x), η(t, t, x) = x, (1.26)

dw1(s, t, x)

ds
=

3gw0(s, t, x)− 4γ

w5
0(s, t, x)

w3
1(s, t, x)−2Bw0(s, t, x)w1(s, t, x)+Aw1(s, t, x),

(1.27)
w1(0, t, x) = φ′(η(0, t, x)), (1.28)

dw0(s, t, x)

ds
= Aw0(s, t, x)−Bw2

0(s, t, x) +
gw0(s, t, x)− γ

w4
0(s, t, x)

w2
1(s, t, x), (1.29)

w0(0, t, x) = φ(η(0, t, x)). (1.30)
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Òàê êàê â ïðàâûå ÷àñòè (1.22), (1.27), (1.29) ôóíêöèÿ η ÿâíûì îáðàçîì
íå âõîäèò, òî çàäà÷à (1.26), - (1.30) ïðèâîäèòñÿ ê ñèñòåìå äâóõ èíòåãðàëüíûõ
óðàâíåíèé îò äâóõ íåèçâåñòíûõ ôóíêöèé:

w1 = 3g

s∫
0

w3
1

w4
0

ds− 4γ

s∫
0

w3
1

w5
0

ds− 2B

s∫
0

w0w1ds+ A

s∫
0

w1ds+ (1.31)

+φ′

x+ 2γ

t∫
0

w1

w4
0

ds− 2g

t∫
0

w1

w3
0

ds

 ,

w0 = g

s∫
0

w2
1

w3
0

ds− γ

s∫
0

w2
1

w4
0

ds−B

s∫
0

w2
0ds+ A

s∫
0

w0ds+ (1.32)

+φ

x+ 2γ

t∫
0

w1

w4
0

ds− 2g

t∫
0

w1

w3
0

ds

 .

Ëîêàëüíîå ñóùåñòâîâàíèå äâàæäû íåïðåðûâíî äèôôåðåíöèðóåìîãî ðåøå-
íèÿ ñèñòåìû èíòåãðàëüíûõ óðàâíåíèé (1.31) - (1.32) äîêàçûâàåòñÿ ñ ïîìîùüþ
ìåòîäà ïîñëåäîâàòåëüíûõ ïðèáëèæåíèé. Ïðè ýòîì ïðîìåæóòîê ðàçðåøèìî-
ñòè 0 < t ≤ T0 îïðåäåëÿåòñÿ àëãåáðàè÷åñêè íà îñíîâàíèè èçâåñòíûõ âåëè÷èí,
âõîäÿùèõ â çàäà÷ó Êîøè (1.21) - (1.22). Âîçìîæíîñòü îïðåäåëåíèÿ ãðàíèö
îáëàñòè ðàçðåøèìîñòè ðàññìàòðèâàåìîé çàäà÷è â èñõîäíûõ êîîðäèíàòàõ ÿâ-
ëÿåòñÿ îäíèì èç ïðåèìóùåñòâ ìåòîäà äîïîëíèòåëüíîãî àðãóìåíòà. Ôóíêöèè
p(t, x) = w1(t, t, x), ν(t, x) = w0(t, t, x) äàäóò ðåøåíèå çàäà÷è (1.21)-(1.22), à
ôóíêöèÿ ν(t, x) áóäåò ðåøåíèåì çàäà÷è (1.21) - (1.22). Ñôîðìóëèðóåì ñîîò-
âåòñòâóþùóþ òåîðåìó.

Ò å î ð å ì à 1.2. Ïóñòü φ ∈ C 2
(R1). Òîãäà ñóùåñòâóåò òàêîå ÷èñ-

ëî Υ > 0 , ÷òî ïðè 0 < t < Υ çàäà÷à Êîøè (1.21) - (1.22) èìååò ðåøåíèå

ν(t, x) ∈ C 1,2
([0,Υ] × R1) , êîòîðîå îïðåäåëÿåòñÿ èç ðåøåíèÿ ñèñòåìû èí-

òåãðàëüíûõ óðàâíåíèé (1.31), - (1.32) â âèäå ν(t, x) = w0(t, t, x).

Ç à ì å ÷ à í è å 1.2. Ñèñòåìà èíòåãðàëüíûõ óðàâíåíèé (1.31) -
(1.32) ìîæåò áûòü èñïîëüçîâàíà äëÿ íàõîæäåíèÿ ÷èñëåííîãî ðåøåíèÿ çà-
äà÷è â èñõîäíûõ êîîðäèíàòàõ.

Ç à ì å ÷ à í è å 1.3. Íåñìîòðÿ íà âíåøíå ñëîæíûé âèä, ñèñòåìà
äèôôåðåíöèàëüíûõ óðàâíåíèé (1.26) - (1.30) äîñòàòî÷íî óäîáíà äëÿ âûâîäà
àïðèîðíûõ îöåíîê è èññëåäîâàíèÿ ñâîéñòâ ðåøåíèé. Â ðàáîòå [7] èññëåäî-
âàíèÿ ñîîòâåòñòâóþùåé ñèñòåìû äèôôåðåíöèàëüíûõ óðàâíåíèé ïîçâîëèëè
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îïðåäåëèòü óñëîâèÿ, ïðè êîòîðûõ óðàâíåíèå âèäà ∂tv + v∂xv = f(t, x, v)
èìååò ðåøåíèå íà çàäàííîì ïðîìåæóòêå èçìåíåíèÿ t , à â ðàáîòå [8] îïðå-
äåëèòü óñëîâèÿ, ïðè êîòîðûõ ñòàöèîíàðíîå óðàâíåíèå (∇v)2 = f(x1, x2, v)
èìååò íåëîêàëüíîå ðåøåíèå â çàäàííîé îáëàñòè, îïðåäåëÿåìîé ôèçè÷åñêèìè
õàðàêòåðèñòèêàìè çàäà÷è. Â ñëó÷àå çàäà÷è (1.26) - (1.30) ñèòóàöèÿ îñëîæ-
íÿåòñÿ âîçìîæíîñòüþ îáðàùåíèÿ êîýôôèöèåíòà ïåðåä êâàäðàòîì ïðîèç-
âîäíîé ïî x â íóëü. Òåì íå ìåíåå, ìû ïëàíèðóåì â íàøèõ ïîñëåäóþùèõ
ñòàòüÿõ óêàçàòü óñëîâèÿ, ïðè êîòîðûõ çàäà÷à (1.26) - (1.30) èìååò íåëî-
êàëüíîå ðåøåíèå.
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The liminal dissipative equation of the creeping

dislocations density for a one-component bending of �at

plate

c⃝ S. N. Alekseenko4, S. N. Nagornykh5, D. V. Khiteva6

Abstract. The di�erential equation in partial derivatives of the �rst order with a coe�cient in
front of the square of the �rst derivative with respect to the spatial variable, which can be equal
to zero, is obtain. Using the method of an additional argument, there are de�ned conditions of its
local solvability.

Key Words: dislocation density, nonlinear �rst-order partial di�erential equation, nonlocal
solvability, liminality, method of an additional argument.
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Â Ñðåäíåâîëæñêîì ìàòåìàòè÷åñêîì îáùåñòâå

ÓÄÊ 531.391.5

Âåêòîð-ôóíêöèè Ëÿïóíîâà â çàäà÷àõ î ñòàáèëèçàöèè

äâèæåíèé óïðàâëÿåìûõ ñèñòåì

c⃝ À. Ñ. Àíäðååâ1, Î. À. Ïåðåãóäîâà2

Àííîòàöèÿ. Â ðàáîòå ïîëó÷åíû äîñòàòî÷íûå óñëîâèÿ ñòàáèëèçàöèè ñèñòåì, ìîäåëèðóåìûõ
äèôôåðåíöèàëüíûìè óðàâíåíèÿìè ñ ðàçðûâíîé ïðàâîé ÷àñòüþ. Äîêàçàòåëüñòâî îñíîâàíî íà
ïîñòðîåíèè âåêòîð-ôóíêöèé Ëÿïóíîâà è ñèñòåì ñðàâíåíèÿ è ïðèìåíåíèè ìåòîäà ïðåäåëüíûõ
óðàâíåíèé.

Êëþ÷åâûå ñëîâà: ñèñòåìû äèôôåðåíöèàëüíûõ óðàâíåíèé ñ ðàçðûâíîé ïðàâîé ÷àñòüþ,
ñòàáèëèçàöèÿ, âåêòîð-ôóíêöèÿ Ëÿïóíîâà

1. Ââåäåíèå

Â ðàáîòå ðàññìàòðèâàþòñÿ óïðàâëÿåìûå ñèñòåìû, ìîäåëèðóåìûå ñèñòåìîé
äèôôåðåíöèàëüíûõ óðàâíåíèé âèäà

ẋ = X(t, x, u) (1.1)

ãäå x = (x1, x2, ..., xn)
′ ∈ Rn � âåêòîð n -ìåðíîãî ëèíåéíîãî äåéñòâèòåëüíîãî

ïðîñòðàíñòâà Rn , îïèñûâàþùèé äâèæåíèå ñèñòåìû, u = (u1, u2, ..., um)
′ �

âåêòîð óïðàâëåíèÿ, ñîçäàâàåìîãî ïðèâîäàìè èëè èíûìè âîçäåéñòâèÿìè, u ∈
Rm � m -ìåðíîìó ëèíåéíîìó äåéñòâèòåëüíîìó ïðîñòðàíñòâóRm .

Â ñîîòâåòñòâèè ñ ðàçëè÷íûìè êîíñòðóêöèîííûìè íàçíà÷åíèÿìè èññëå-
äóåìûõ îáúåêòîâ ìîãóò áûòü ïîñòàâëåíû ðàçëè÷íûå çàäà÷è ïî îòíîøåíèþ
ê óïðàâëÿåìîé ñèñòåìå (1.1). Äëÿ ñîâðåìåííûõ ìàíèïóëÿöèîííûõ ðîáîòîâ
àêòóàëüíîé ïðåäñòàâëÿåòñÿ çàäà÷à êîíñòðóèðîâàíèÿ óíèâåðñàëüíîé ìîäåëè
óïðàâëåíèÿ, îáåñïå÷èâàþùåé ðåàëèçàöèþ öåëîãî ñïåêòðà ïðîãðàììíûõ åãî
äâèæåíèé ñ çàäàííûìè ñâîéñòâàìè, íà îñíîâå ñòðóêòóðû îáðàòíîé ñâÿçè â
âèäå èçìåðèòåëüíîé è èíôîðìàöèîííîé ïîäñèñòåì, îïðåäåëÿþùèõ òåêóùåå
ñîñòîÿíèå ñèñòåìû è çàäàþùèõ íåîáõîäèìîå óïðàâëÿþùåå âîçäåéñòâèå [1],
[2].

1 Çàâåäóþùèé êàôåäðîé èíôîðìàöèîííîé áåçîïàñíîñòè è òåîðèè óïðàâëåíèÿ, Óëüÿíîâñêèé ãîñóäàð-
ñòâåííûé óíèâåðñèòåò, ã. Óëüÿíîâñê; AndreevAS@ulsu.ru.

2 Ïðîôåññîð êàôåäðû èíôîðìàöèîííîé áåçîïàñíîñòè è òåîðèè óïðàâëåíèÿ, Óëüÿíîâñêèé ãîñóäàðñòâåí-
íûé óíèâåðñèòåò, ã. Óëüÿíîâñê; peregudovaoa@sv.ulsu.ru.
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Îäíà èç ïîñòàíîâîê òàêîé çàäà÷è ñîñòîèò â îïðåäåëåíèè äëÿ ïðîãðàììíîãî
çàêîíà äâèæåíèÿ x = x(t) ñèñòåìû (1.1) óïðàâëÿþùåé ôóíêöèè u = u(t, x) ,
îáåñïå÷èâàþùåé ñòàáèëèçàöèþ ýòîãî äâèæåíèÿ.

Â ñîîòâåòñòâèè ñ ïîäõîäàìè òåîðèè óñòîé÷èâîñòè ýòè çàäà÷è ìàòåìàòè÷å-
ñêè óäîáíî ñôîðìóëèðîâàòü ñëåäóþùèì îáðàçîì.

Ïóñòü X(t, 0, 0) = 0 , X � âåêòîð-ôóíêöèÿ, îïðåäåëåííàÿ è íåïðåðûâíàÿ â
îáëàñòè R+×Ã×Rm , R+ = [0,+∞), Ã = {x ∈ Rn : ∥x∥ < H, H = const > 0

èëè H = +∞} (âûøå, çäåñü è äàëåå ()
′
� îïåðàöèÿ òðàíñïîíèðîâàíèÿ, ∥x∥ =

(x21 + ...+ x2n)
1
2 , ∥u∥ = (u21 + ...+ u2m)

1
2 .

Ñèñòåìà (1.1) ïðè u = 0 èìååò ðåøåíèå x = 0 , êîòîðîå ïðèíèìàåòñÿ çà
íåâîçìóùåííîå äâèæåíèå. Çàäà÷à î ñòàáèëèçàöèè ýòîãî äâèæåíèÿ ñîñòîèò â
ñèíòåçå óïðàâëÿþùåãî âîçäåéñòâèÿ u , à èìåííî, â ïîñòðîåíèè u íà îñíîâå
ìãíîâåííîé îáðàòíîé ñâÿçè â âèäå çàâèñèìîñòè u = u(t, x) , èç íåêîòîðîãî
êëàññà óïðàâëåíèé U = {u : R+ × Ã → Rm, u(t, 0) ≡ 0} , ïðè êîòîðîì
äâèæåíèå x = 0 ñèñòåìû (1.1) ÿâëÿåòñÿ àñèìïòîòè÷åñêè óñòîé÷èâûì.

Áîëåå òî÷íûì è óäîáíûì äëÿ ïðèêëàäíûõ çàäà÷ ÿâëÿåòñÿ ñëåäóþùåå îïðå-
äåëåíèå.

Î ï ð å ä å ë å í è å 1.1. Óïðàâëÿþùåå âîçäåéñòâèåu = u0(t, x) ,
u0(t, 0) ≡ 0 , ÿâëÿåòñÿ ñòàáèëèçèðóþùèì, åñëè íóëåâîå ïîëîæåíèå ðàâíîâå-
ñèÿ ñèñòåìû

ẋ = X0(t, x), X0(t, x) = X(t, x, u0(t, x)) (1.2)

ÿâëÿåòñÿ ðàâíîìåðíî àñèìïòîòè÷åñêè óñòîé÷èâûì ñ íåêîòîðîé îáëàñòüþ
ðàâíîìåðíîãî ïðèòÿæåíèÿ Ã0 = {x ∈ Rn : ∥x∥ ≤ H0 < H} .

2. Ïîñòàíîâêà çàäà÷è

Èññëåäóåì çàäà÷ó î ñòàáèëèçàöèè â êëàññå óïðàâëÿþùèõ âîçäåéñòâèé U =
{u : R+ × Ã→ Rm} êóñî÷íî-íåïðåðûâíîãî äåéñòâèÿ.

Äëÿ êóñî÷íî-íåïðåðûâíîãî óïðàâëåíèÿ u = u0(t, x) ïðàâàÿ ÷àñòü óðàâíå-
íèÿ (1.2), â îáùåì ñëó÷àå, ÿâëÿåòñÿ ðàçðûâíîé. Èññëåäîâàíèå òàêîãî óðàâ-
íåíèÿ ñóùåñòâåííî îòëè÷àåòñÿ îò íåïðåðûâíîãî ñëó÷àÿ, è, ñîîòâåòñòâåííî,
êà÷åñòâåííàÿ òåîðèÿ òàêèõ óðàâíåíèé ÿâëÿëàñü ïðåäìåòîì èçó÷åíèÿ ìíîãî-
÷èñëåííûõ ðàáîò [4]�[7], â çíà÷èòåëüíîé ñòåïåíè ïîäûòîæåííûõ â ìîíîãðà-
ôèè [8].

Ïóñòü äëÿ íåêîòîðîãî óïðàâëÿþùåãî âîçäåéñòâèÿ u = u0(t, x) ïðàâàÿ
÷àñòü (1.2) X = X0(t, x) ïðè êàæäîì t ∈ R+ ÿâëÿåòñÿ êóñî÷íî-íåïðåðûâíîé,
M ⊂ Ã � ìíîæåñòâî òî÷åê ðàçðûâà ýòîé ôóíêöèè.
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Äëÿ êàæäîé òî÷êè R+ × Ã îïðåäåëÿåòñÿ ìíîãîçíà÷íàÿ ôóíêöèÿ F (t, x) ,
êîòîðàÿ ñîâïàäàåò ñ X0(t, x) äëÿ êàæäîé òî÷êè èç R+ × (Ã\M) , è òåì èëè
èíûì îáðàçîì äîîïðåäåëÿåòñÿ äëÿ êàæäîé òî÷êè èç R+ ×M .

Î ï ð å ä å ë å í è å 2.1. [8] Ðåøåíèåì óðàâíåíèÿ (1.2) ñ ðàçðûâíîé
ïðàâîé ÷àñòüþ íàçûâàåòñÿ ðåøåíèå äèôôåðåíöèàëüíîãî âêëþ÷åíèÿ

ẋ ∈ F (t, x) (2.1)

â âèäå àáñîëþòíî íåïðåðûâíîé ôóíêöèè x(t) , îïðåäåëåííîé íà íåêîòîðîì
îòðåçêå (α, β) , äëÿ êîòîðîé ïî÷òè âñþäó äëÿ t ∈ [α1, β1] ⊂ (α, β) âûïîëíåíî
âêëþ÷åíèå ẋ(t) ∈ F (t, x(t)) .

Âàæíûì ÿâëÿåòñÿ ñïîñîá äîîïðåäåëåíèÿ ôóíêöèèX0(t, x) , ïðè êîòîðîì
âêëþ÷åíèå (2.1) ïðèãîäíî äëÿ ïðèáëèæåííîãî îïèñàíèÿ ñèñòåìû (1.2).

Íàèáîëåå àäåêâàòíûì äëÿ çàäà÷è óïðàâëåíèÿ ìåõàíè÷åñêèìè ñèñòåìàìè
ÿâëÿåòñÿ ñëåäóþùåå äîîïðåäåëåíèå.

Äîïóñòèì, ÷òî ôóíêöèÿ X = X(t, x, u1, ..., ur) íåïðåðûâíà, à êàæäàÿ èç
ôóíêöèé u0j(t, x) ðàçðûâíà íà ïîâåðõíîñòè Mj = {(t, x) ∈ R× Ã : Ψj(t, x) =
0 (j = 1, ...,m)} , F (t, x) åñòü íàèìåíüøåå âûïóêëîå ìíîæåñòâî, ñîäåðæà-
ùåå ìíîæåñòâî çíà÷åíèé ôóíêöèè F1(t, x) = X0(t, x, u01(t, x), ..., u

0
m(t, x)) .

Â äàëüíåéøèõ ðàññóæäåíèÿõ ïî èññëåäîâàíèþ çàäà÷è îá óñòîé÷èâîñòè äëÿ
ñèñòåìû (1.2) áóäåì èñïîëüçîâàòü óêàçàííîå äîîïðåäåëåíèå, àâòîìàòè÷åñêè
ïåðåíîñÿ âûâîäû îòíîñèòåëüíî âêëþ÷åíèÿ (2.1) íà ñèñòåìó (1.2).

3. Ðåøåíèå çàäà÷è

Â ñèëó óñëîâèÿ X0(t, 0, 0) ≡ 0 âêëþ÷åíèå (2.1) èìååò íóëåâîå ðåøåíèå,
êîòîðîå áóäåì ïîëàãàòü åäèíñòâåííûì. Ïðèìåì, ÷òî ïåðâàÿ ÷àñòü (1.1), à ñ
íåé (1.2) è (2.1) óäîâëåòâîðÿþò ñëåäóþùåìó óñëîâèþ.

Ï ð å ä ë î æ å í è å 3.1. Äëÿ êàæäîãî u0 ∈ U è êàæäîãî H0 , 0 <
H0 < H , ñóùåñòâóåò m(H0) , m = const > 0 , òàêîå, ÷òî

||X0(t, x)|| ≤ m (3.1)

Ïðè ýòîì ïðåäïîëîæåíèè ñîãëàñíî [8] èìååò ìåñòî ñëåäóþùåå óòâåðæäå-
íèå.

Ò å î ð å ì à 3.1. Ïðè óñëîâèè (3.1) âêëþ÷åíèå (2.1) èìååò ñâîéñòâà:
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1. Äëÿ êàæäîé òî÷êè (t0, x0) ∈ R+×Ã ñóùåñòâóåò åãî ðåøåíèå x = x(t) ,
óäîâëåòâîðÿþùåå óñëîâèþ x(t0) = x0 , ïðîäîëæèìîå äëÿ t0 ≤ t ≤ β ,
ïðè ýòîì åñëè β < +∞ , òîãäà ∥x(t)∥ → H ïðè t→ β ;

2. Ðåøåíèÿ x = x(t) îãðàíè÷åííûå ïðè t ≤ t0 îáëàñòüþ Ã1 = {x : ∥x∥ ≤
H1, 0 < H1 < H} , ðàâíîñòåïåííî íåïðåðûâíû;

3. Ïðåäåë ðàâíîìåðíî ñõîäÿùåéñÿ ïîñëåäîâàòåëüíîñòè ðåøåíèé ÿâëÿåòñÿ
ðåøåíèåì.

Âàæíûì ñâîéñòâîì ðåøåíèé äèôôåðåíöèàëüíûõ óðàâíåíèé ÿâëÿåòñÿ
íåïðåðûâíàÿ çàâèñèìîñòü ðåøåíèé îò íà÷àëüíûõ óñëîâèé è ïðàâîé ÷àñòè.

Â ïðåäïîëîæåíèè åäèíñòâåííîñòè ðåøåíèÿ x = 0 âêëþ÷åíèÿ (2.1), èç
òåîðåìû 3.1. èìååò ìåñòî ñëåäóþùåå ñëåäñòâèå.

Ïðè óñëîâèè ∥X(t, x, u)∥ ≤ m(H1) ðåøåíèå x = 0 ñèñòåìû (1.2) íåïðå-
ðûâíî çàâèñèò îò (t0, x0) ∈ R+ ×{∥x∥ ≤ δ} è u ∈ {u ∈ U :

∥∥u− u0
∥∥ ≤ δ} íà

îòðåçêå [t0, β], β > t0 .
Äëÿ èññëåäîâàíèÿ ïðåäåëüíîãî ïîâåäåíèÿ ðåøåíèé (1.2) ïðè t → +∞

ïðèìåì òàêæå, ÷òî ñèñòåìà (1.2) óäîâëåòâîðÿåò ñëåäóþùåìó óñëîâèþ.

Ï ð å ä ë î æ å í è å 3.2. Äëÿ ëþáîãî êîìïàêòà K ⊂ Ã\M ïðàâàÿ
÷àñòü (1.2) óäîâëåòâîðÿåò óñëîâèþ Ëèïøèöà âèäà: ñóùåñòâóåò ïîñòîÿí-
íàÿ L = L(K) òàêàÿ, ÷òî äëÿ âñåõ (t, x1), (t, x2) ∈ K∥∥X0(t, x2)−X0(t, x1)

∥∥ ≤ ∥x2 − x1∥ . (3.2)

Ïðè ýòîì ïðåäïîëîæåíèè ðåøåíèå x = x(t) (x(t0) = x0 , x0 ∈ Ã\M )
âêëþ÷åíèÿ (2.1) ÿâëÿåòñÿ åäèíñòâåííûì äëÿ âñåõ t ∈ [t0, β] ïðè íåêîòîðîì
β ≥ t0 .

Äëÿ çàäà÷ ìåõàíèêè ïðèíÿòî ïîëàãàòü, ÷òî ðåøåíèå (1.2) (è çíà÷èò (2.1))
äëÿ êàæäîé òî÷êè (t0, x0) ∈ R+ × Ã ÿâëÿåòñÿ åäèíñòâåííûì [9]. Äàëåå ýòî
ïðåäïîëîæåíèå áóäåì ñ÷èòàòü ïðèíÿòûì.

Â ñëó÷àå, êîãäà ïðàâàÿ ÷àñòü ñèñòåìû (1.2) ÿâëÿåòñÿ íåïðåðûâíîé, óñëîâèå
(3.2) îêàçûâàåòñÿ äîñòàòî÷íûì äëÿ ïîñòðîåíèÿ òîïîëîãè÷åñêîé äèíàìèêè ñè-
ñòåìû (1.2) ñ öåëüþ âûÿâëåíèÿ ñëåäóþùèõ ïðåäåëüíûõ ïðè t→ +∞ ñâîéñòâ
åå ðåøåíèÿ [10], [11].

Î ï ð å ä å ë å í è å 3.1. Òî÷êà p ∈ D0 íàçûâàåòñÿ ïðåäåëüíîé òî÷-
êîé ðåøåíèÿ x = x(t) , x(t0) = x0 , óðàâíåíèÿ (1.2), îïðåäåëåííîãî äëÿ
âñåõ t ≤ t0 , åñëè ñóùåñòâóåò ïîñëåäîâàòåëüíîñòü tk → +∞ , òàêàÿ, ÷òî
x(tk) → p ïðè k → ∞ .
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Ìíîæåñòâî âñåõ òàêèõ òî÷åê p , îïðåäåëÿåìûõ â çàâèñèìîñòè îò âû-
áîðà ïîñëåäîâàòåëüíîñòåé tk → +∞ , îáðàçóåò ïîëîæèòåëüíîå ïðåäåëüíîå
ìíîæåñòâî ω+(x(t)) .

Î÷åâèäíî, ÷òî x(t) → ω+(x(t)) ∩ ∂D0 ïðè t → +∞ . Åñëè æå ðåøåíèå
x = x(t) , x(t0) = x0 , îãðàíè÷åíî íåêîòîðûì êîìïàêòîì K ⊂ D0 , òî ω

+(x(t))
ñâÿçíî, êîìïàêòíî è îáëàäàåò ñëåäóþùèì ñâîéñòâîì, êîòîðîå, ïî àíàëîãèè
ñî ñâîéñòâîì èíâàðèàíòíîñòè äëÿ àâòîíîìíîãî óðàâíåíèÿ [10], íàçûâàåòñÿ
ñâîéñòâîì êâàçèèíâàðèàíòíîñòè [12], [13].

Ïóñòü G0 = {g ∈ Φ} åñòü ìíîæåñòâî ïðåäåëüíûõ ôóíêöèé äëÿ ïðàâîé ÷à-
ñòè óðàâíåíèÿ (1.2), îïðåäåëÿåìûõ ïîñëåäîâàòåëüíîñòÿìè tk → +∞ è òàêèì
îáðàçîì

g(t, x) =
d

dt
lim
tk→∞

∫ t

0

X0(tk + τ, x)dτ.

Ââåäåì ñåìåéñòâî ïðåäåëüíûõ óðàâíåíèé

ẋ = X∗(t, x), X∗ ∈ G0 (3.3)

Ò å î ð å ì à 3.2. [13] Ïóñòü x = x(t) , x(t0) = x0 åñòü ðåøåíèå
íåïðåðûâíîé ñèñòåìû (1.2), îïðåäåëåííîå è îãðàíè÷åííîå êîìïàêòîì K ⊂
D0 ïðè âñåõ t ≥ t0 . Òîãäà äëÿ êàæäîé ïðåäåëüíîé òî÷êè p ∈ ω+(x(t)) ñóùå-
ñòâóåò íåêîòîðàÿ ïðåäåëüíàÿ ñèñòåìà (3.3) ñ ðåøåíèåì x∗(t) , x∗(0) = p ,
òàêèì, ÷òî {x∗(t), t ∈ R} ⊂ ω+(x(t)) äëÿ âñåõ t ∈ R .

Ðàññìîòðèì çàäà÷ó î ëîêàëèçàöèè ïîëîæèòåëüíîãî ïðåäåëüíîãî ìíîæå-
ñòâà ðåøåíèÿ ñèñòåìû (1.2) ñ ðàçðûâíîé ïðàâîé ÷àñòüþ íà îñíîâå ïðèâåäåíèÿ
ýòîãî óðàâíåíèÿ ê âêëþ÷åíèþ (2.1).

Äëÿ óäîáñòâà áóäåì ïîëàãàòü, ÷òî â ïðåäñòàâèìîñòè îáëàñòè Ã = Ã1 ∪
Ã2 ∪ ... ∪ Ãl ∪M ãðàíèöà M íå çàâèñèò îò t ∈ R .

Äîïóñòèì, ÷òî â êàæäîé îáëàñòè Ãj (j = 1, l) , ïðàâàÿ ÷àñòü (1.2) óäî-
âëåòâîðÿåò óñëîâèþ âèäà (3.2). Ïîñòðîèì äëÿ êàæäîé îáëàñòè Ãj (j = 1, l) ,
ñîâîêóïíîñòü ïðåäåëüíûõ óðàâíåíèé (3.3) è îïðåäåëèì îáùóþ ñîâîêóïíîñòü
ïðåäåëüíûõ óðàâíåíèé äëÿ îáëàñòè Ã0 = Ã1 ∪ Ã2 ∪ ... ∪ Ãl ñîãëàñíî ñëåäóþ-
ùåìó îïðåäåëåíèþ.

Î ï ð å ä å ë å í è å 3.2. Óðàâíåíèå (3.3), îïðåäåëåííîå â îáëàñòè
Ã0 = Ã1 ∪ Ã2 ∪ ... ∪ Ãl íàçûâàåòñÿ ïðåäåëüíûì ê (1.2) äëÿ ïîñëåäîâàòåëü-
íîñòè tk → +∞ , åñëè îíî îïðåäåëÿåòñÿ êàê ïðåäåëüíîå ê (1.2) äëÿ ýòîé
ïîñëåäîâàòåëüíîñòè â êàæäîé îáëàñòè Ãj (j = 1, l) .
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Ïóñòü êàêîå-ëèáî óðàâíåíèå (3.3) ÿâëÿåòñÿ ïðåäåëüíûì äëÿ (1.2) â Ã0 .
Äîîïðåäåëèì åãî äî ïðåäåëüíîãî âêëþ÷åíèÿ

ẋ ∈ F ∗(t, x) (3.4)

Ïðè ýòîì âêëþ÷èì â F ∗(t, x) çíà÷åíèÿ F (tk+ t, x) , ïîëó÷åííûå ïðåäåëüíûì
ïåðåõîäîì ïðè t→ +∞ .

Èìååò ìåñòî ñëåäóþùåå óòâåðæäåíèå.

Ò å î ð å ì à 3.3. [14] Ïóñòü íåêîòîðîå ðåøåíèå óðàâíåíèÿ (2.1) x =
x(t) , x(t0) = x0 , îïðåäåëåíî è îãðàíè÷åíî êîìïàêòîì K ⊂ D ïðè âñåõ
t ≥ t0 , íåêîòîðîå ïðåäåëüíîå ê (2.1) óðàâíåíèå îïðåäåëÿåòñÿ ïîñëåäîâàòåëü-
íîñòüþ tk → +∞ . Òîãäà ñóùåñòâóåò ïîäïîñëåäîâàòåëüíîñòü tk → +∞ ,
òàêàÿ, ÷òî ïîñëåäîâàòåëüíîñòü ôóíêöèé xj(t) = x(tj + t) ñõîäèòñÿ ïðè
t → +∞ ê íåêîòîðîìó ðåøåíèþ x = x∗(t) óðàâíåíèÿ ẋ = F ∗(t, x) , ïðè
ýòîì ñõîäèìîñòü ÿâëÿåòñÿ ðàâíîìåðíîé ïî t ∈ [a, b] ⊂ R .

Èç òåîðåìû 3.1. èìååì ñëåäóþùóþ òåîðåìó î êâàçèèíâàðèàíòíîñòè ïîëî-
æèòåëüíîãî ïðåäåëüíîãî ìíîæåñòâà ðåøåíèÿ óðàâíåíèÿ ñ ðàçðûâíîé ïðàâîé
÷àñòüþ [14].

Ò å î ð å ì à 3.4. [14] Ïóñòü x = x(t) , x(t0) = x0 , åñòü íåêîòîðîå
ðåøåíèå óðàâíåíèÿ (2.1), îïðåäåëåííîå è îãðàíè÷åííîå êîìïàêòîì K ⊂ Γ
ïðè âñåõ t ≥ t0 . Òîãäà äëÿ êàæäîé ïðåäåëüíîé òî÷êè p ∈ ω+(x(t)) ýòîãî
ðåøåíèÿ ñóùåñòâóåò íåêîòîðîå ïðåäåëüíîå óðàâíåíèå ẋ ∈ F ∗(t, x) è íåêî-
òîðîå ðåøåíèå ýòîãî óðàâíåíèÿ x = x∗(t) , x∗(0) = p , îïðåäåëåííîå ïðè âñåõ
t ∈ R , òàêîå, ÷òî {x∗(t), t ∈ R} ⊂ ω+(x(t)) äëÿ âñåõ t ∈ R .

Ïîëó÷åííûå ðåçóëüòàòû ìîãóò áûòü òàêæå ðàçâèòû íà ñëó÷àé çàâèñèìî-
ñòè ãðàíè÷íîãî ìíîæåñòâà îò âðåìåíè, ò.å. êîãäà M = M(t) . Â ýòîì ñëó-
÷àå ïîñòðîåíèå ïðîâîäèòñÿ ñëåäóþùèì îáðàçîì. Èç êàæäîé ïîäîáëàñòè Γj(t)
(j = 1, l) âûäåëÿþò åå ÷àñòü Γj , òàê, ÷òî Γ̄j ⊂ Γj(t) äëÿ âñåõ t ∈ R . Â îá-
ëàñòè Γ0 = Γ1 ∪ Γ2 ∪ ... ∪ Γl ñòðîèòñÿ ñîâîêóïíîñòü ïðåäåëüíûõ óðàâíåíèé
{ẋ = X∗(t, x)} . Äëÿ êàæäîé ïîñëåäîâàòåëüíîñòè tk → +∞ , êîòîðîé îïðå-
äåëÿåòñÿ ñîîòâåòñòâóþùåå ïðåäåëüíîå óðàâíåíèå ẋ = X∗(t, x) , íàõîäèòñÿ
îáëàñòü Γ+

j = {x ∈ Rn : ∃Γ(tk + t), xk → x, k → +∞} , M ∗
j = {x ∈ Rn :

∃Γ(tk + t), xk → x, k → +∞} ïðè ýòîì ïîëàãàåì, ÷òî ìíîæåñòâî M ∗(t)
èìååò ìåðó, ðàâíóþ íóëþ. Äàëåå, êàæäîå ïðåäåëüíîå óðàâíåíèå ñ îáëàñòüþ
îïðåäåëåíèÿ äîîïðåäåëÿåòñÿ äî Γ∗(t) = Γ∗

1(t) ∪ Γ∗
2(t) ∪ ... ∪ Γ∗

l (t) ∪M ∗(t)
Áîëåå ïðîñòî ýòî ïîñòðîåíèå ïðîâîäèòñÿ â ñëó÷àå, êîãäà ãðàíèöà M îáëà-

ñòåé Γj(t) çàäàåòñÿ â âèäå ðàâåíñòâ ψj(t, x) = 0, j = 1, k , ïðè ýòîì ôóíê-
öèè ψj(t, x) ÿâëÿþòñÿ îãðàíè÷åííûìè, ðàâíîìåðíî íåïðåðûâíûìè ïî (t, x) .
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Òîãäà ãðàíèöà M ∗ ìîæåò áûòü îïðåäåëåíà ðàâåíñòâàìè ψ∗
j
(t, x) = 0 , ãäå ψ∗

j

åñòü ôóíêöèè, ïðåäåëüíûå ê ψj(t, x) â ñìûñëå ðàâíîìåðíîé ñõîäèìîñòè.
Îñíîâíûì ìåòîäîì ðåøåíèÿ çàäà÷ îá óñòîé÷èâîñòè è ñòàáèëèçàöèè íåëè-

íåéíûõ ñèñòåì ÿâëÿåòñÿ ïðÿìîé ìåòîä Ëÿïóíîâà [9], [10], à åãî ñîñòàâíîé
÷àñòüþ ÿâëÿåòñÿ ìåòîä âåêòîðíîé ôóíêöèè Ëÿïóíîâà [15], [16].

Ðàññìîòðèì íåïðåðûâíî äèôôåðåíöèðóåìóþ âåêòîð-ôóíêöèþ V (t, x) =
(V 1(t, x), ..., V k(t, x))′, V : R+ × DH → Rk . Îïðåäåëèì äëÿ íåå âåðõíþþ
ïðîèçâîäíóþ ïî âðåìåíè â ñèëó ñèñòåìû (2.1)

V̇ ∗ = (
dV

dt
)∗ = (

dV ∗
1

dt
, ...,

dV ∗
k

dt
)′ (3.5)

ãäå dV ∗
i

dt = supy∈F (t,x)(
∂V ∗

i

∂t + Σn
j=1

∂V ∗
i

∂xj
yj), i = 1, 2, ..., k

Äîïóñòèì, ÷òî ýòà ïðîèçâîäíàÿ óäîâëåòâîðÿåò óñëîâèþ

V̇ ∗(t, x) ≤ Y (t, V (t, x)), ∀(t, x) ∈ R+×
ãäå Y : R+ × Rk → Rk åñòü íåïðåðûâíàÿ êâàçèìîíîòîííàÿ âåêòîð-
ôóíêöèÿ: êàæäàÿ èç ôóíêöèé Yj(t, y) íå óáûâàåò ïî ïåðåìåííûì
y1, y2, ..., yi−1, yi+1, ..., yll , ò. ê. èç óñëîâèé

y11 ≤ y21, ..., y
1
i−1 ≤ y2i , y

1
i+1 ≤ y2i+1, ..., y

1
k ≤ y2k

ñëåäóåò, ÷òî Yj(t, y
2) ≤ Yj(t, y

1) .
Ïóñòü K1 � êëàññ âåêòîðíûõ ôóíêöèé V = (V 1, V 2, ..., V k)′, V : Γ → Rk

îãðàíè÷åííûõ, ðàâíîìåðíî íåïðåðûâíûõ íà êàæäîì ìíîæåñòâå R ×K , ãäå
K ⊂ D � êîìïàêò. Ïóñòü òàêæå K2 è K3 � àíàëîãè÷íûå êëàññû âåêòîðíûõ
ôóíêöèé è W : R+×Γ×Rk → Rk , îãðàíè÷åííûõ è ðàâíîìåðíî íåïðåðûâíûõ
ïî (t, y) ∈ R×K2 è (t, x, y) ∈ R×K1×K2 äëÿ ëþáûõ êîìïàêòíûõ ìíîæåñòâ
K1 ⊂ Γ è K2 ⊂ Rk .

Äëÿ êàæäîé ôóíêöèè V ∈ K1 ñåìåéñòâî ñäâèãîâ

{Vτ(t, x) = V (t+ τ, x), τ ∈ R+}
áóäåò ïðåäêîìïàêòíî â íåêîòîðîì ôóíêöèîíàëüíîì ìåòðèçóåìîì ïðîñòðàí-
ñòâå FV íåïðåðûâíûõ ôóíêöèé V :→ Rk ñ îòêðûòî-êîìïàêòíîé òîïîëîãè-
åé. Îòñþäà ñëåäóåò, ÷òî äëÿ ëþáîé ïîñëåäîâàòåëüíîñòè tl → +∞ íàéäóòñÿ
ïîäïîñëåäîâàòåëüíîñòü tlj → +∞ è ôóíêöèÿ V ∗ ∈ FV , òàêèå, ÷òî ïîñëåäî-
âàòåëüíîñòü ñäâèãîâ {Vj(t, x) = V (tlj + t, x)} áóäåò ñõîäèòüñÿ ê ïðåäåëüíîé
ôóíêöèè V ∗(t, x) â ïðîñòðàíñòâå , à èìåííî: ñõîäèìîñòü áóäåò ðàâíîìåðíîé
ïî (t, x) ∈ [−β, β] × K äëÿ êàæäîãî ÷èñëà β > 0 è êàæäîãî êîìïàêòíîãî
ìíîæåñòâà K ⊂ Γ . Òåì ñàìûì, äëÿ ôóíêöèè V ìîæíî îïðåäåëèòü ñåìåéñòâî
ïðåäåëüíûõ ôóíêöèé {V ∗} .
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Àíàëîãè÷íî, äëÿ ôóíêöèé Y ∈ K2 è W ∈ K3 ìîæíî ïîñòðîèòü ñîîòâåò-
ñòâåííî ñåìåéñòâà {Y ∗} è {W ∗} ïðåäåëüíûõ ôóíêöèé.

Ïóñòü ñóùåñòâóåò íåïðåðûâíî äèôôåðåíöèðóåìàÿ ôóíêöèÿ V ∈ K1 , ïðî-
èçâîäíàÿ êîòîðîé â ñèëó âêëþ÷åíèÿ (2.1) ïðåäñòàâèìà â âèäå

V̇ ∗(t, x) = Y (t, V (t, x)) +W (t, x, V (t, x)) (3.6)

Y (t, 0) ≡ 0, W (t, 0, V (t, 0)) ≡ 0

ãäå ôóíêöèÿ Y = Y (t, y) ïðèíàäëåæèò êëàññó K2 , Y ∈ K2 , è ÿâëÿåòñÿ
êâàçèìîíîòîííîé è íåïðåðûâíî äèôôåðåíöèðóåìîé ïî y ∈ Rk , ∂Y

∂y ∈ K2

ôóíêöèÿ W = W (t, x, y) ïðèíàäëåæèò êëàññó K3,W ∈ K3 , è èìååò ìåñòî
íåðàâåíñòâî W (t, x, y) ≤ 0 äëÿ ëþáûõ (t, x, y) ∈ R×D × Rk .

Èç ïðåäñòàâëåíèÿ (3.6) ñëåäóåò, ÷òî ôóíêöèÿ V (t, x) ÿâëÿåòñÿ âåêòîð-
ôóíêöèåé ñðàâíåíèÿ, à ñèñòåìà

ẏ(t, x) = Y (t, y) (3.7)

� ñèñòåìîé ñðàâíåíèÿ.
Åñëè V = V (t, x) åñòü ôóíêöèÿ, óäîâëåòâîðÿþùàÿ óðàâíåíèþ (3.6), ïðè

ýòîì V (t0, x0) = V0 , à y = y(t, t0, V0) åñòü ðåøåíèå (3.7), îïðåäåëåííîå íà
èíòåðâàëå [t0, t0 + β), β > 0 , òî äëÿ âñåõ t ∈ [t0, t0 + β) íà ðåøåíèè x =
x(t), (x(t0) = x0), âêëþ÷åíèÿ (2.1) âûïîëíÿåòñÿ íåðàâåíñòâî

V (t, x(t)) ≤ y(t, t0, V0).

Èç óñëîâèÿ Y ∈ K2 ñëåäóåò, ÷òî ñèñòåìà (3.7) ïðåäêîìïàêòíà è äëÿ íåå
ìîæíî îïðåäåëèòü ñåìåéñòâî ïðåäåëüíûõ ñèñòåì ñðàâíåíèÿ

ẏ = Y ∗(t, y), Y ∗ ∈ Fy (3.8)

Èç óñëîâèé îòíîñèòåëüíî ïðàâîé ÷àñòè Y = Y (t, y) ñèñòåìû (3.8) ñëåäóåò,
÷òî ðåøåíèÿ ýòîé ñèñòåìû y = y(t, t0, y0) íåïðåðûâíî äèôôåðåíöèðóåìû ïî
(t0, y0) ∈ R+×Rk . Èç ñâîéñòâà íåóáûâàíèÿ çàâèñèìîñòè y = y(t, t0, y0) ïî y0
ñëåäóåò, ÷òî ìàòðèöà

Φ(t, t0, y0) =
∂y(t, t0, y0)

∂y0
ÿâëÿåòñÿ íåîòðèöàòåëüíîé, íîðìèðîâàííîé, Φ(t, t0,y0) = I ( I ∈ Rn×n �

åäèíè÷íàÿ ìàòðèöà) ôóíäàìåíòàëüíîé ìàòðèöåé äëÿ ëèíåéíîé ñèñòåìû â
âàðèàöèÿõ

ż = H(t, t0,y0)z,H =
∂Y (t, y)

∂y

∣∣∣∣
y=y(t,t0,y0)
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Ïðåäïîëîæèì, ÷òî äëÿ ëþáîãî êîìïàêòà K ∈ Rk ñóùåñòâóþò ÷èñëà
M(K) è α(K) > 0 , òàêèå, ÷òî ìàòðèöà Φ äëÿ ëþáûõ (t, t0, y0) ∈ R+×R+×K
óäîâëåòâîðÿåò óñëîâèÿì

∥Φ(t, t0, y0)∥ ≤M(K), detΦ(t, t0, y0) ≥ α(K) (3.9)

Èìååò ìåñòî ñëåäóþùàÿ òåîðåìà î ëîêàëèçàöèè ïîëîæèòåëüíîãî ïðåäåëü-
íîãî ìíîæåñòâà ω+(x(t)) ðåøåíèÿ âêëþ÷åíèÿ (2.1).

Ò å î ð å ì à 3.5. Ïðåäïîëîæèì, ÷òî:

1. ñóùåñòâóåò âåêòîð-ôóíêöèÿ Ëÿïóíîâà V = V (t, x), V ∈ K1 , óäîâëå-
òâîðÿþùàÿ äèôôåðåíöèàëüíîìó ðàâåíñòâó (3.6);

2. ðåøåíèÿ ñèñòåìû ñðàâíåíèÿ (3.7) óäîâëåòâîðÿþò óñëîâèþ (3.9);

3. ðåøåíèå x(t), x(t0) = x0 âêëþ÷åíèÿ (2.1) îãðàíè÷åíî íåêîòîðûì êîì-
ïàêòîì K ⊂ Γ äëÿ âñåõ t ≥ t0 ;

4. ðåøåíèå y(t) = y(t, t0, y0) ñèñòåìû ñðàâíåíèÿ (3.7), ãäå V0 = V (t0, x0) ,
îãðàíè÷åíî ïðè âñåõ t ≥ t0 .

Òîãäà äëÿ ëþáîé ïðåäåëüíîé òî÷êè p ∈ ω+(x(t)) íàéä¼òñÿ íàáîð ïðåäåëü-
íûõ ôóíêöèé (F ∗, V ∗, Y ∗,W ∗) , òàêîé, ÷òî ðåøåíèå x = x∗(t) ïðåäåëüíîãî
âêëþ÷åíèÿ (3.4) ñ íà÷àëüíûì óñëîâèåì x∗(0) = p óäîâëåòâîðÿåò ñîîòíî-
øåíèÿì

x∗(t) ∈ ω+(x(t)), x∗(t) ∈ {V ∗(t, x) = y∗(t)} ∩ {W ∗(t, x, y∗(t)) = 0}

äëÿ âñåõ t ∈ R , ãäå y∗(t) åñòü ðåøåíèå ïðåäåëüíîé ñèñòåìû ñðàâíåíèÿ (3.4)
ñ íà÷àëüíûì óñëîâèåì y∗(0) = V ∗(0, p) .

Òåîðåìà 3.5. ïîçâîëÿåò âûâåñòè íîâûå ôîðìû î äîñòàòî÷íûõ óñëîâèÿõ ñó-
ùåñòâîâàíèÿ ñòàáèëèçèðóþùåãî óïðàâëåíèÿ u = u0(t, x) . Èç ðàâíîìåðíîé
àñèìïòîòè÷åñêîé óñòîé÷èâîñòè ñëåäóåò âàæíîå ñâîéñòâî óñòîé÷èâîñòè ïðè
ïîñòîÿííî äåéñòâóþùèõ âîçìóùåíèÿõ, à èç ïðåäåëüíîãî ïîâåäåíèÿ äâèæå-
íèé ìîæíî ñóäèòü î ãëîáàëüíîì ïîâåäåíèè äâèæåíèé, ÷òî î÷åíü âàæíî äëÿ
óïðàâëÿåìûõ ñèñòåì ñ ïåðèîäè÷åñêèìè ôàçîâûìè êîîðäèíàòàìè.

Ò å î ð å ì à 3.6. Ïðåäïîëîæèì, ÷òî ñóùåñòâóåò âåêòîð-ôóíêöèÿ
Ëÿïóíîâà V = V (t, x), V ∈ K1 , òàêàÿ, ÷òî:

1. ñîîòâåòñòâóþùàÿ ñêàëÿðíàÿ ôóíêöèÿ V (t, x) , îïðåäåëÿåìàÿ â âèäå

V̄ (t, x) =
k∑

i=1

V i(t, x) ∧ V̄ (t, x) = maxV i(t, x)
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ÿâëÿåòñÿ îïðåäåë¼ííî-ïîëîæèòåëüíîé;

1. íóëåâîå ðåøåíèå y = 0 ñèñòåìû ñðàâíåíèÿ (3.7) ðàâíîìåðíî óñòîé÷èâî;

2. äëÿ ëþáîé ïðåäåëüíîé ñîâîêóïíîñòè (F ∗, V ∗, Y ∗,W ∗) è êàæäîãî îãðà-
íè÷åííîãî ðåøåíèÿ y = y∗(t) ̸= 0 ï ðåäåëüíîé ñèñòåìû ñðàâíåíèÿ (3.8)
ìíîæåñòâî {V ∗(t, x) = y∗(t)} ∩ {W ∗(t, x, y∗(t)) = 0} íå ñîäåðæèò ðå-
øåíèé ïðåäåëüíîãî âêëþ÷åíèÿ (3.4).

Òîãäà óïðàâëåíèå u = u0(t, x) ÿâëÿåòñÿ ñòàáèëèçèðóþùèì äëÿ ñèñòåìû
(1.1).

Äëÿ ïðèìåíåíèÿ çíàêîïîñòîÿííûõ âåêòîð-ôóíêöèé Ëÿïóíîâà â ïîñòàâëåí-
íîé çàäà÷å ñòàáèëèçàöèè ââåä¼ì ñëåäóþùèå îïðåäåëåíèÿ èç [13].

Î ï ð å ä å ë å í è å 3.3. Íóëåâîå ðåøåíèå x = 0 óñòîé÷èâî îòíî-
ñèòåëüíî ìíîæåñòâà {V̄ ∗(t, x) = 0} è âûáðàííîé ïðåäåëüíîé ñîâîêóïíîñòè
(F ∗, V ∗, Y ∗,W ∗) , åñëè äëÿ ëþáîãî ÷èñëà ε > 0 íàéä¼òñÿ δ = δ(ε) > 0 ,
òàêîå, ÷òî äëÿ ëþáîãî ðåøåíèÿ x = x∗(t) ñèñòåìû (3.7), òàêîãî, ÷òî

x∗(0) = x0, x0 ∈ {∥x∥ < δ} ∩ {W ∗(0, x, 0) = 0}
äëÿ âñåõ t ≥ 0 âûïîëíÿåòñÿ íåðàâåíñòâî ∥x∗(t, x0)∥ < ε .

Î ï ð å ä å ë å í è å 3.4. Íóëåâîå ðåøåíèå x = 0 àñèìïòîòè÷åñêè
óñòîé÷èâî îòíîñèòåëüíî ìíîæåñòâà {V̄ ∗(t, x) = 0} è âûáðàííîé ïðåäåëü-
íîé ñîâîêóïíîñòè (F ∗, V ∗, Y ∗,W ∗) , åñëè îíî óñòîé÷èâî, à òàêæå ñóùå-
ñòâóåò ÷èñëî ∆ > 0 è äëÿ ëþáîãî ε > 0 íàéä¼òñÿ T = T (ε) > 0 , òàêèå,
÷òî äëÿ ëþáîãî ðåøåíèÿ x = x∗(t) ñèñòåìû (3.7), òàêîãî, ÷òî

x∗(0) = x0, x0 ∈ {∥x∥ < δ} ∩ {W ∗(0, x, 0) = 0}
äëÿ âñåõ t ≥ T âûïîëíÿåòñÿ íåðàâåíñòâî ∥x∗(t)∥ < ε .

Î ï ð å ä å ë å í è å 3.5. Íóëåâîå ðåøåíèå x = 0 ðàâíîìåðíî óñòîé-
÷èâî îòíîñèòåëüíî ìíîæåñòâà {V̄ ∗(t, x) = 0} è ñåìåéñòâà ïðåäåëüíûõ
ñîâîêóïíîñòåé {(F ∗, V ∗, Y ∗,W ∗)} , åñëè ÷èñëî δ = δ(ε) > 0 â îïðåäåëåíèè
3.3. íå çàâèñèò îò âûáîðà (F ∗, V ∗, Y ∗,W ∗) .

Î ï ð å ä å ë å í è å 3.6. Íóëåâîå ðåøåíèå x = 0 ðàâíîìåðíî àñèìï-
òîòè÷åñêè óñòîé÷èâî îòíîñèòåëüíî ìíîæåñòâà {V̄ ∗(t, x) = 0} è ñåìåé-
ñòâà ïðåäåëüíûõ ñîâîêóïíîñòåé {(F ∗, V ∗, Y ∗,W ∗)} , åñëè ÷èñëà ∆ > 0 è
T = T (ε) > 0 â îïðåäåëåíèè 3.4. íå çàâèñÿò îò âûáîðà (F ∗, V ∗, Y ∗,W ∗).
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Ò å î ð å ì à 3.7. Ïðåäïîëîæèì, ÷òî ñóùåñòâóåò âåêòîð-ôóíêöèÿ
Ëÿïóíîâà V = V (t, x) ≥ 0, V ∈ K1 òàêàÿ, ÷òî âûïîëíåíû óñëîâèÿ 1-3
òåîðåìû 3.6., à òàêæå óñëîâèÿ:

1. Íóëåâîå ðåøåíèå x = 0 ðàâíîìåðíî àñèìïòîòè÷åñêè óñòîé÷èâî îòíî-
ñèòåëüíî ìíîæåñòâà {V̄ ∗(t, x) = 0} è ñåìåéñòâà ïðåäåëüíûõ ñîâîêóï-
íîñòåé {(F ∗, V ∗, Y ∗,W ∗)} .

2. Ìíîæåñòâî {V ∗(t, x) = y∗(t)} ∩ {W ∗(t, x, y∗(t)) = 0} íå ñîäåðæèò ðå-
øåíèé ïðåäåëüíîãî âêëþ÷åíèÿ (3.7). (Çäåñü y∗(t) ̸= 0 � ïðîèçâîëüíîå
îãðàíè÷åííîå ðåøåíèå ïðåäåëüíîé ñèñòåìû ñðàâíåíèÿ (3.8)).

Òîãäà óïðàâëåíèå u = u0(t, x) ÿâëÿåòñÿ ñòàáèëèçèðóþùèì äëÿ ñèñòåìû
(1.1).

Â ðåøåíèè êîíêðåòíûõ çàäà÷ ïðåäñòàâëÿþòñÿ âàæíûìè ñëåäóþùèå äî-
ñòàòî÷íûå óñëîâèÿ îáåñïå÷åíèÿ çàäàííîãî ïðîãðàììíîãî äâèæåíèÿ x = 0
ñèñòåìû (1.2).

Ïóñòü óïðàâëåíèå u(t, x) = (u1(t, x), u2(t, x), ..., um(t, x))
′ ÿâëÿåòñÿ

êóñî÷íî-íåïðåðûâíûì, ïðè ýòîì ôóíêöèè uj(t, x) (j = 1,m) òåðïÿò ðàçðûâ
íà ïîâåðõíîñòè {ψj(t, x) = 0} , ãäå ψj : R+ × Ã→ R (j = 1, l) åñòü ôóíêöèè
îãðàíè÷åííûå è ðàâíîìåðíî íåïðåðûâíûå ïî (t, x) ∈ R+ ×K, K ⊂ Ã .

Ò å î ð å ì à 3.8. Äîïóñòèì, ÷òî ìîæíî íàéòè âåêòîð-ôóíêöèþ
Ëÿïóíîâà V = V (t, x) ≥ 0, V ∈ K1 òàêóþ, ÷òî: V̄ (t, x) ≥ a1(|ψ(t, x)|) ,
âûïîëíåíû óñëîâèÿ 1-3 òåîðåìû 3.6., à òàêæå óñëîâèÿ:

1. íóëåâîå ðåøåíèå x = 0 ðàâíîìåðíî àñèìïòîòè÷åñêè óñòîé÷èâî îòíî-
ñèòåëüíî ìíîæåñòâà {ψ∗(t, x) = 0} è ñåìåéñòâà ïðåäåëüíûõ ñîâîêóï-
íîñòåé {(F ∗, V ∗, Y ∗,W ∗)} .

2. ìíîæåñòâî {V ∗(t, x) = y∗(t)} ∩ {W ∗(t, x, y∗(t)) = 0} íå ñîäåðæèò ðå-
øåíèé ïðåäåëüíîãî âêëþ÷åíèÿ (3.4). (Çäåñü y∗(t) ̸= 0 � ïðîèçâîëüíîå
îãðàíè÷åííîå ðåøåíèå ïðåäåëüíîé ñèñòåìû ñðàâíåíèÿ (3.8)).

Òîãäà óïðàâëåíèå u = u0(t, x) ÿâëÿåòñÿ ñòàáèëèçèðóþùèì äëÿ ñèñòåìû
(1.1).

Ñëåäñòâèåì èçëîæåííûõ ðåçóëüòàòîâ ÿâëÿþòñÿ ñëåäóþùèå òåîðåìû îá
óïðàâëåíèè ñèñòåìîé ñ ìãíîâåííîé îáðàòíîé ñâÿçüþ.

Ò å î ð å ì à 3.9. Äîïóñòèì, ÷òî äëÿ ñèñòåìû (1.1) ìîæíî íàéòè
óïðàâëÿþùåå âîçäåéñòâèå u = u0(t, x) è âåêòîð ôóíêöèþ Ëÿïóíîâà V =
V (t, x) , òàêèå, ÷òî:
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1. a1(|ψ(t, x)|) ≤ V̄ (t, x), Vi(t, x) ≤ a2(|ψ(t, x)|), i = 1, 2, ..., k ;

2. ïðîèçâîäíàÿ âåêòîð-ôóíêöèè Ëÿïóíîâà â ñèëó (1.2) óäîâëåòâîðÿåò
íåðàâåíñòâó

V̇ ∗(t, x) ≤ −a3(|ψ(t, x)|);

3. íåâîçìóùåííîå äâèæåíèå x = 0 ñèñòåìû (1.2) ðàâíîìåðíî àñèìïòî-
òè÷åñêè óñòîé÷èâî îòíîñèòåëüíî ìíîæåñòâà {ψ(t, x) = 0} .

Òîãäà óïðàâëÿþùåå âîçäåéñòâèå u = u0(t, x) ðåøàåò ïîñòàâëåííóþ çà-
äà÷ó î ñòàáèëèçàöèè.

Ïîëó÷åííûå ðåçóëüòàòû ïîçâîëÿþò îáîñíîâàòü íîâûå ïîäõîäû ê ïîñòðîå-
íèþ íåëèíåéíûõ ìîäåëåé óïðàâëåíèÿ íåëèíåéíûìè ìåõàíè÷åñêèìè ñèñòåìà-
ìè.

Ðàáîòà âûïîëíåíà ïðè ïîääåðæêå Ðîññèéñêîãî ôîíäà ôóíäàìåíòàëüíûõ
èññëåäîâàíèé (ãðàíò �12-01-33082ìîë_à_âåä) è Ìèíîáðíàóêè Ðîññèè â
ðàìêàõ áàçîâîé ÷àñòè (êîä ïðîåêòà 2097).
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ÓÄÊ 517.9

Î ìîäèôèöèðîâàííûõ ìíîãîøàãîâûõ ìåòîäàõ äëÿ

÷èñëåííîãî ðåøåíèÿ ëèíåéíûõ èíòåãðî-àëãåáðàè÷åñêèõ

óðàâíåíèé èíäåêñà äâà

c⃝ Î. Ñ. Áóäíèêîâà1

Àííîòàöèÿ. Â ðàáîòå ïðåäëîæåíû ìíîãîøàãîâûå ìåòîäû äëÿ ÷èñëåííîãî ðåøåíèÿ ëèíåé-
íûõ èíòåãðî-àëãåáðàè÷åñêèõ óðàâíåíèé èíäåêñà 2. Ïðîâåäåí àíàëèç ïðåäëîæåííûõ àëãîðèò-
ìîâ ïåðâîãî ïîðÿäêà òî÷íîñòè íà ìîäåëüíûõ ïðèìåðàõ. Ïðèâåäåíî îïèñàíèå îáùåãî âèäà
ìîäèôèöèðîâàííûõ k−øàãîâûõ ìåòîäîâ.

Êëþ÷åâûå ñëîâà: èíòåãðî-àëãåáðàè÷åñêèå óðàâíåíèÿ, èíäåêñ, ìíîãîøàãîâûå ìåòîäû.

1. Ââåäåíèå

Ìàòåìàòè÷åñêèå ìîäåëè ðàçëè÷íûõ ðàçâèâàþùèõñÿ ñèñòåì âêëþ÷àþò â
ñåáÿ âçàèìîñâÿçàííûå èíòåãðàëüíûå óðàâíåíèÿ Âîëüòåððà I è II ðîäà [1]. Òà-
êèå çàäà÷è ìîæíî çàïèñàòü â âèäå ñèñòåìû èíòåãðàëüíûõ óðàâíåíèé ñ òîæäå-
ñòâåííî âûðîæäåííîé ìàòðèöåé ïåðåä ãëàâíîé ÷àñòüþ, èõ ïðèíÿòî íàçûâàòü
èíòåãðî-àëãåáðàè÷åñêèìè óðàâíåíèÿìè (ÈÀÓ).

×èñëåííîå ðåøåíèå òàêèõ ñèñòåì ñòàëî íàáèðàòü ïîïóëÿðíîñòü îòíîñè-
òåëüíî íåäàâíî, ïåðâàÿ ñòàòüÿ ïîñâÿùåííàÿ äàííîé òåìàòèêå áûëà îïóáëèêî-
âàíà â 1987 ãîäó ×èñòÿêîâûì Â.Ô. [2], ñ òåõ ïîð áûëî îïóáëèêîâàíî íåñêîëüêî
ðàáîò ïîñâÿùåííûõ ÷èñëåííîìó ðåøåíèþ, â îñíîâíîì, ïîëóÿâíûõ ÈÀÓ (ñì.
[3], [4], [5], [6], [7]). Â ñòàòüå [7] âïåðâûå áûëè ïðåäëîæåíû è îáîñíîâàíû ìíî-
ãîøàãîâûå ìåòîäû äëÿ ÷èñëåííîãî ðåøåíèÿ ÈÀÓ èíäåêñà îäèí.

Öåëü äàííîé ðàáîòû ìîäèôèöèðîâàòü ðàíåå ïðåäëîæåííûå k−øàãîâûå
àëãîðèòìû äëÿ ÷èñëåííîãî ðåøåíèÿ ëèíåéíûõ ÈÀÓ èíäåñêà 2. Ïðåèìóùåñòâà
äàííûõ àëãîðèòìîâ ïðîèëëþñòðèðîâàíû íà èçâåñòíûõ òåñòîâûõ ïðèìåðàõ.

2. Ïîñòàíîâêà çàäà÷è

Ðàññìîòðèì ñèñòåìó èíòåãðàëüíûõ óðàâíåíèé

A(t)x(t) +

t∫
0

K(t, s)x(s)ds = f(t), 0 ≤ s ≤ t ≤ 1, (2.1)

1 Àññèñòåíò êàôåäðû ìàòåìàòèêè è ìåòîäèêè îáó÷åíèÿ ìàòåìàòèêå, Âîñòî÷íî-Ñèáèðñêàÿ ãîñóäàðñòâåí-
íàÿ àêàäåìèÿ îáðàçîâàíèÿ, ã. Èðêóòñê; osbud@mail.ru.
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ãäå A(t) è K(t, s) - (n × n) ìàòðèöû, f(t) è x(t) n -ìåðíûå èçâåñòíàÿ è
èñêîìàÿ âåêòîð-ôóíêöèè.

Ñèñòåìû (2.1) ïðèíÿòî íàçûâàòü èíòåãðî-àëãåáðàè÷åñêèìè óðàâíåíèÿìè
(ÈÀÓ), åñëè

detA(t) ≡ 0 ∀t ∈ [0, 1]. (2.2)

Âñþäó â äàëüíåéøåì áóäåì ïîäðàçóìåâàòü, ÷òî äëÿ ñèñòåìû (2.1) âûïîë-
íåíî óñëîâèå (2.2).

Ïðåäïîëàãàåòñÿ, ÷òî ýëåìåíòû A(t), K(t, s), f(t) îáëàäàþò íåîáõîäèìîé
ñòåïåíüþ ãëàäêîñòè. Ïîä ðåøåíèåì èñõîäíîé çàäà÷è (2.1) áóäåì ïîíèìàòü
ëþáóþ íåïðåðûâíóþ âåêòîð-ôóíêöèþ x(t) îáðàùàþùóþ (2.1) â òîæäåñòâî.

Õàðàêòåðèñòèêîé ñëîæíîñòè ðàññìàòðèâàåìûõ çàäà÷ ÿâëÿåòñÿ ïîíÿòèå èí-
äåêñà.

Î ï ð å ä å ë å í è å 2.1. [8]. Ìèíèìàëüíîå ÷èñëî l , ïðè êîòîðîì ñó-
ùåñòâóåò äèôôåðåíöèàëüíûé îïåðàòîð

Ωl =
l∑

j=0

Wj(t)
( d
dt

)j
,

ãäå Wj − (n× n) ìàòðèöû ñ íåïðåðûâíûìè ýëåìåíòàìè, òàêîé, ÷òî

Ωl ◦ (A(t)x(t) +
t∫

0

K(t, s)x(s)ds) = Ǎ(t)x(t) +

t∫
0

Ǩ(t, s)x(s)ds;

çäåñü Ǎ(t), Ǩ(t, s) - íåêîòîðûå ìàòðèöû ñ íåïðåðûâíûìè ýëåìåíòàìè,
ïðè÷åì

detǍ(t) ̸= 0, ∀t ∈ [0, 1]

íàçîâåì èíäåêñîì ñèñòåìû (2.1).

Äëÿ èëëþñòðàöèè îïðåäåëåíèÿ 2.1. ïðèâåäåì ïðèìåð.

Ï ð è ì å ð 2.1. [9](
1 0
0 0

)(
x1(t)
x2(t)

)
+

t∫
0

(
0 1
1 d(t− s)

)(
x1(s)
x2(s)

)
ds =

=

(
f1(t)
f2(t)

)
, t ∈ [0, 1], d ̸= 1− const.

Ïðè ëþáûõ f1(t) ∈ C1, f2(t) ∈ C2 òàêèõ, ÷òî f2(0) = 0, f1(0) = f ′2(0) ñè-

ñòåìà èìååò åäèíñòâåííîå ðåøåíèå: x(t) =

(
f1(t)− 1

1−d(f1(t)− f ′2(t))
1

1−d(f
′
1(t)− f ′′2 (t))

)
.
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Â êà÷åñòâå îïåðàòîðà Ω2 ìîæíî âçÿòü

Ω2 =

(
1 0
0 1

)
+

(
0.5 −0.5
−0.5 1.5

)( d
dt

)
+

(
0 −0.5
0 0.5

)( d
dt

)2
.

Äàííûé îïåðàòîð ïåðåâîäèò èñõîäíîå ÈÀÓ â ÑÈÓÂ II ðîäà(
0.5 0.5(1− d)
1.5 0.5(d− 1)

)(
x1(t)
x2(t)

)
+

t∫
0

(
0 1− 0.5d
1 d(t− s) + 1.5d

)(
x1(s)
x2(s)

)
ds =

=

(
f1(t) + 0.5f ′1(t)− 0.5(f ′2(t) + f ′′2 (t))
f2(t)− 0.5f ′1(t) + 1.5f ′2(t) + 0.5f ′′2 (t))

)
, t ∈ [0, 1].

3. Ìíîãîøàãîâûå ìåòîäû

Çàäàäèì íà îòðåçêå [0, 1] ðàâíîìåðíóþ ñåòêó
ti = ih, i = 1, 2, . . . , N, h = 1

N è îáîçíà÷èì Ai = A(ti), Ki,j = K(ti, tj), fi =
f(ti), xi ≈ x(ti).

Äëÿ ÷èñëåííîãî ðåøåíèÿ ÈÀÓ èíäåêñà 1, ñòàòüå [7] ïðåäëîæåíû è îáîñíî-
âàíû k -øàãîâûå ìåòîäû îñíîâàííûå íà ÿâíîì ìåòîäå Àäàìñà (ñì.,íàïðèìåð,
[13],[14]) äëÿ èíòåãðàëüíîãî ñëàãàåìîãî è íà ýêñòðàïîëÿöèîííîé ôîðìóëå äëÿ
âû÷èñëåíèÿ xi+1 ïî çàðàíåå âû÷èñëåííûì çíà÷åíèÿì xi, xi−1, ..., xi−k.

Äàííûå ìåòîäû èìåþò âèä:

Ai+1

k∑
j=0

αjxi−j + h
i∑

l=0

ωi+1,lKi+1,lxl = fi+1. (3.1)

Ïðèâåäåì òàáëèöó êîýôôèöèåíòîâ αj äëÿ k = 1, 2, ..., 5 (ñì., [7])è çíà÷å-
íèÿ êîýôôèöèåíòîâ ωi+1,l äëÿ k = 1, 2, 3. (ñì., [13]):

k α0 α1 α2 α3 α4 α5

1 2 -1 - - - -
2 3 -3 1 - - -
3 4 -6 4 -1 - -
4 5 -10 10 -5 1 -
5 6 -15 20 -15 6 -1

ωi+1,l =
1

2



4
3 3
3 2 3
3 2 2 3
3 2 2 2 3
. . . . . . . . . . . . . . .

 , ωi+1,l =
1

12



9 0 27
9 5 11 23
9 5 16 7 23
9 5 16 12 7 23
9 5 16 12 12 7 23
. . . . . . . . . . . . . . . . . . . . .

 ,
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ωi+1,l =
1

24



64 −32 64
55 5 5 55
55 −4 42 −4 55
55 −4 33 33 −4 55
55 −4 33 24 33 −4 55
55 −4 33 24 24 33 −4 55
. . . . . . . . . . . . . . . . . . . . . . . .


.

Áûëî äîêàçàíî[7], ÷òî ìåòîäû (3.1) ñõîäèòñÿ ê òî÷íîìó ðåøåíèþ ñ ïîðÿä-
êîì k + 1 , òî åñòü, ñïðàâåäëèâà îöåíêà

||xi − x(ti)|| = O(hk+1), i = k, k + 1, ..., N − 1.

4. Ìîäèôèöèðîâàííûå ìåòîäû

Èíòåãðî-àëãåáðàè÷åñêèå óðàâíåíèÿ èíäåêñà äâà è âûøå íàçîâåì ÈÀÓ âû-
ñîêîãî èíäåêñà. Äëÿ òàêèõ çàäà÷ àëãîðèòìû, ðàçðàáîòàííûå äëÿ èíòåãðî-
àëãåáðàè÷åñêèõ óðàâíåíèé èíäåêñà 1, ìîãóò ïîðîæäàòü íåóñòîé÷èâûå ïðî-
öåññû. Äëÿ èëëþñòðàöèè âûøåñêàçàííîãî ïðèâåäåì ïðèìåðû.

Ï ð è ì å ð 4.1. [11] Ðàññìîòðèì ÈÀÓ èíäåêñà 2(
1 t
0 0

)(
y(t)
z(t)

)
+

t∫
0

(
0 d− 1
1 s

)(
y(s)
z(s)

)
ds =

(
g(t)
f(t)

)
,

t ∈ [0, 1].

Çäåñü d− ÷èñëîâîé ïàðàìåòð, d ̸= 1. Äàííàÿ ñèñòåìà èìååò òî÷íîå
ðåøåíèå

z(t) =
g′(t)− f ′′(t)

d− 1
, y(t) = f ′(t)− tz(t).

Òåïåðü äëÿ ïðèìåðà 4.1., ïðèìåíÿÿ ìåòîä (3.1) ïðè k = 0 , ïîëó÷èì:(
1 ti+1

0 0

)(
yi
zi

)
+ h

i∑
l=0

(
0 d− 1
1 tl

)(
yl
zl

)
=

(
gi+1

fi+1

)
.

Íàéäåì ðàçíîñòü i -îé ñòðîêè è (i− 1) -é:(
1 ti+1

0 0

)(
yi
zi

)
−
(

1 ti
0 0

)(
yi−1

zi−1

)
+

+h

(
0 d− 1
1 ti

)(
yi
zi

)
=

(
gi+1 − gi
fi+1 − fi

)
.
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Îïóñêàÿ íåñëîæíûå âûêëàäêè, ïîëó÷èì:

yi =
fi+1 − fi

h
− tizi, dzi − zi−1 =

gi+1 − gi
h

− fi+1 − 2fi + fi−1

h2
.

Äëÿ âòîðîé êîìïîíåíòû ïîëó÷èì ñëåäóþùåå õàðàêòåðèñòè÷åñêîå óðàâíåíèå:

d · p− 1 = 0.

Òàêèì îáðàçîì, ìåòîä (3.1) ïðè −1 ≤ d ≤ 1 ÿâëÿåòñÿ íåóñòîé÷èâûì.
Èç âûøåïðèâåäåííûõ ðàññóæäåíèé âèäíî, ÷òî ïðåäëàãàåìûå ìíîãîøàî-

âûå ìåòîäû ìîãóò ïîðîæäàòü íåóñòîé÷èâûå ïðîöåññû äëÿ ÈÀÓ èíäåêñà 2.
Íî íåóñòîé÷èâîñòè ïðè −1 ≤ d ≤ 1 ìîæíî èçáåæàòü, åñëè ìîäèôèöèðâàòü
ïðåäëîæåííûå íàìè ìåòîäû ñëåäóþùèì îáðàçîì: áóäåì íàõîäèòü ïî ýêñòðà-
ïîëÿöèîííîé ôîðìóëå íå òîëüêî xi+1, à âñå ïåðâîå ñëàãàåìîå Ai+1xi+1. Ïî-
ëó÷èì:

k∑
j=0

αjAi−jxi−j + h
i∑

l=0

ωi+1,lKi+1,lxl = fi+1, i = k, k + 1, · · · , N − 1. (4.1)

Ïðîèëëþñòðèðóåì ýôôåêòèâíîñòü òàêîé ìîäèôèêàöèè.
Äëÿ äàííîé çàäà÷è 4.1. ïðèìåíèì (4.1) ïðè k = 0, ïîëó÷èì:(

1 ti
0 0

)(
yi
zi

)
+ h

i∑
l=0

(
0 d− 1
1 tl

)(
yl
zl

)
=

(
gi+1

fi+1

)
.

Íàéäåì ðàçíîñòü i−îé ñòðîêè è (i− 1)−é:(
1 ti
0 0

)(
yi
zi

)
−
(

1 ti−1

0 0

)(
yi−1

zi−1

)
+

+h

(
0 d− 1
1 ti

)(
yi
zi

)
=

(
gi+1 − gi
fi+1 − fi

)
.

Îïóñêàÿ íåñëîæíûå âûêëàäêè, ïîëó÷èì:

yi =
fi+1 − fi

h
− tizi, zi =

1

(d− 1)

(gi+1 − gi
h

− fi+1 − 2fi + fi−1

h2

)
.

Ñðàâíèâàÿ ïîëó÷åííûå ðåêóððåíòíûå ñîîòíîøåíèÿ ñ òî÷íûì ðåøåíèåì, âè-
äèì, ÷òî ìåòîä ñõîäèòñÿ ê òî÷íîìó ðåøåíèþ ñ ïåðâûì ïîðÿäêîì òî÷íîñòè.

Ðàññìîòðèì äðóãîå èíòåãðî-àëãåáðàè÷åñêîå óðàâíåíèå èíäåêñà 2.

Ï ð è ì å ð 4.2. [12](
1 at

0 0

)(
y(t)
z(t)

)
+

t∫
0

(
0 1
1 as

)(
y(s)
z(s)

)
ds =

(
0
f(t)

)
,
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t ∈ [0, 1].

Çäåñü a−÷èñëîâîé ïàðàìåòð, çàäà÷à èìååò åäèíñòâåííîå ðåøåíèå
y(t) = f ′(t)− atz(t), z(t) = −f ′′(t).

Äëÿ íà÷àëà ïðèìåíèì ìåòîä (3.1) ïðè k = 0 , ïîëó÷èì:(
1 ati+1

0 0

)(
yi
zi

)
+ h

i∑
l=0

(
0 1
1 atl

)(
yl
zl

)
=

(
0
fi+1

)
.

Íàéäåì ðàçíîñòü i−îé ñòðîêè è (i− 1)−é:(
1 ati+1

0 0

)(
yi
zi

)
−
(

1 ti
0 0

)(
yi−1

zi−1

)
+

+h

(
0 1
1 ati

)(
yi
zi

)
=

(
0

fi+1 − fi

)
.

Îïóñêàÿ íåñëîæíûå âûêëàäêè, ïîëó÷èì:

yi =
fi+1 − fi

h
− atizi, (a+ 1)zi − azi−1 = −fi+1 − 2fi + fi−1

h2
.

Äëÿ âòîðîé êîìïîíåòû ïîëó÷èì ñëåäóþùåå õàðàêòåðèñòè÷åñêîå óðàâíåíèå:

(a+ 1) · p− a = 0.

Òàêèì îáðàçîì, ìåòîä (3.1) ïðè a < −1
2 ÿâëÿåòñÿ íåóñòîé÷èâûì äëÿ äàííîãî

ïðèìåðà.
Òåïåðü ïðèìåíèì ìîäèôèöèðâàííûå ìåòîäû (4.1) ïðè k = 0, ïîëó÷èì:(

1 ati
0 0

)(
yi
zi

)
+ h

i∑
l=0

(
0 1
1 atl

)(
yl
zl

)
=

(
0
fi+1

)
.

Íàéäåì ðàçíîñòü i−îé ñòðîêè è (i− 1)−é:(
1 ati
0 0

)(
yi
zi

)
−
(

1 ati−1

0 0

)(
yi−1

zi−1

)
+

+h

(
0 1
1 ati

)(
yi
zi

)
=

(
0

fi+1 − fi

)
.

Îïóñêàÿ íåñëîæíûå âûêëàäêè, ïîëó÷èì:

yi =
fi+1 − fi

h
− atizi, zi = −fi+1 − 2fi + fi−1

h2
.

Ñðàâíèâàÿ ïîëó÷åííûå ðåêóððåíòíûå ñîîòíîøåíèÿ ñ òî÷íûì ðåøåíèåì, âè-
äèì, ÷òî ïðåäïî÷òèòåëüíîñòü äàííîãî ìåòîäà î÷åâèäíà ïî ñðàâíåíèþ ñ íåìî-
äèôèöèðîâàííûì.
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Ï ð è ì å ð 4.3. [10](
1 −at
0 0

)(
y(t)
z(t)

)
+

t∫
0

(
−b abs
1 −1− as

)(
y(s)
z(s)

)
ds =

(
1
0

)
,

t ∈ [0, 1],

ãäå a, b � ÷èñëîâûå ïàðàìåòðû. Òî÷íîå ðåøåíèå y(t) = (1+at)ebt, z(t) =
ebt.

Äàííûé ïðèìåð èìååò èíäåêñ îäèí, òàê êàê rankA(t) = deg(det(λA(t) +
K(t, t))) = 1 ∀t ∈ [0, 1]. Íî ïðè b≪ 0 îí ñòàíîâèòñÿ æåñòêèì.

Ïðîâîäÿ àíàëèç, àíàëîãè÷íûé ïðåäûäóùèì ñëó÷àÿì, ïîëó÷àåì:
äëÿ ìåòîäà (3.1)

yi = (1 + ati)zi, zi =
1− ah

1− ah− bh
zi−1;

è äëÿ (4.1) ïðè k = 0

yi = (1 + ati)zi, zi =
1

1− bh
zi−1.

Âèäíî, ÷òî äëÿ óñòîé÷èâîñòè ïðîöåññà âî âòîðîì ñëó÷àå òðåáóåòñÿ âåñüìà
ñóùåñòâåííîå îãðàíè÷åíèå íà øàã, à ó ìîäèôèöèðîâàííîãî ìåòîäà ïîñëåäíåå
âûðàæåíèå ñîâïàäàåò ñ íåÿâíûì ìåòîäîì Ýéëåðà äëÿ óðàâíåíèÿ Äàëêâèñòà.

Èç-çà ãðîìîçäêîñòè âûêëàäîê äëÿ ñëó÷àÿ k = 1, 2 ïðèâåäåì òîëüêî ÷èñ-
ëåííûå ðàñ÷åòû âûøåðàññìîòðåííûõ ïðèìåðîâ.

Îáîçíà÷åíèÿ: pog1, pog2 � ïîãðåøíîñòü îäíî- è äâóõøàãîâîãî ìåòîäîâ ñî-
îòâåòñòâåííî.

pogk = max
0≤i≤n

||x(ti)− xi||, k = 1, 2.

d = 0 d = 0.5
h pog1 pog2 h pog1 pog2
0, 2 0, 038 10−48 0, 2 0, 043 6 · 10−48

0, 1 0, 00836 0 0, 1 0, 0084 0
0, 05 0, 0021 0 0, 05 0, 0021 0

Òàáëèöà 1: ðåçóëüòàòû ðàñ÷åòîâ ïðèìåðà 4.1., g = t2

2
, f = t3

3
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a = 0 a = 0.5
h pog1 pog2 h pog1 pog2
0, 2 0.0165 10−49 0, 2 0.0153 10−49

0, 1 0.00417 10−48 0, 1 0.00416 10−48

0, 05 0.00104 0 0, 05 0.00104 0

Òàáëèöà 2: ðåçóëüòàòû ðàñ÷åòîâ ïðèìåðà 4.2., f(t) = t3

6

a = 0, b = 0 a = 0.5, b = 0 a = 0, b = 0.5
h pog1 pog2 h pog1 pog2 h pog1 pog2
0, 2 10−50 10−50 0, 2 10−50 10−50 0, 2 0.0184 0.0016
0, 1 0 0 0, 1 0 0 0, 1 0.004946 0.00023
0, 05 0 0 0, 05 0 0 0, 05 0.00128 0.000032

Òàáëèöà 3: ðåçóëüòàòû ðàñ÷åòîâ ïðèìåðà 4.3.

a = 0.5, b = 0.5 a = 0, b = −5 a = 2, b = −5
h pog1 pog2 h pog1 pog2 h pog1 pog2
0, 2 0.0277 0.0024 0, 2 0.01694 0.00698 0, 2 0.0508 0.021
0, 1 0.0074 0.00035 0, 1 0.00579 0.00436 0, 1 0.0174 0.013
0, 05 0.00192 0.000047 0, 05 0.00109 0.00287 0, 05 0.0033 0.00086

Òàáëèöà 4: ðåçóëüòàòû ðàñ÷åòîâ ïðèìåðà 4.3.

Ðåçóëüòàòû ÷èñëåííûõ ðàñ÷åòîâ ïîçâîëÿþò íàäåÿòüñÿ íà ðàáîòîñïîñîá-
íîñòü ìîäèôèöèðâàííûõ k−øàãîâûõ àëãîðèòìîâ äëÿ ÈÀÓ èíäåêñà 2.

Àâòîð áëàãîäàðèò Áóëàòîâà Ì.Â. çà ïîñòàíîâêó çàäà÷è.
Ðàáîòà ïîääåðæàíà ãðàíòàìè ÐÔÔÈ �11-01-00639a, 13-01-93002-Âüåò-a è

14-01-31224 ìîë_à.
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On modi�ed multistep methods for numerical solution of

linear integral-algebraic equations which have index two.

c⃝ O. S. Budnikova2

Abstract. In this paper, we propose multistep methods for numerical solution of linear integral-
algebraic equations which have index two. The detailed analysis of such schemes of the �rst order
have been studied using modal examples. A description for the general form of modi�ed k-steps
methods has been given.

Key Words: integral-algebraic equations, index, multistep methods.

2 Assistant of chair of mathematics and training technque of mathematics , East Siberian State Academy of
Education, Irkutsk; osbud@mail.ru.
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ÓÄÊ 517.9

Î òð¼õìåðíûõ îòîáðàæåíèÿõ ñ äâóìåðíûìè

ýêñïàíñèâíûìè àòòðàêòîðàìè è ðåïåëëåðàìè

c⃝ Â. Ç. Ãðèíåñ1, À. À. Øèëîâñêàÿ2

Àííîòàöèÿ. Â ðàáîòå ðàññìîòðåí êëàññ äèôôåîìîðôèçìîâ íà òð¼õìåðíûõ çàìêíóòûõ ìíî-
ãîîáðàçèÿõ, íåáëóæäàþùèå ìíîæåñòâà êîòîðûõ ÿâëÿþòñÿ îáúåäèíåíèåì äâóìåðíûõ àòòðàê-
òîðîâ è ðåïåëëåðîâ. Ïîëó÷åíà òîïîëîãè÷åñêàÿ êëàññèôèêàöèÿ ìíîãîîáðàçèé, äîïóñêàþùèõ
ðàññìàòðèâàåìûå äèôôåîìîðôèçìû. Ïîñòðîåí êëàññ ìîäåëüíûõ îòîáðàæåíèé, ÿâëÿþùèõñÿ
êîñûì ïðîèçâåäåíèåì ïñåâäîàíîñîâñêîãî ãîìåîìîðôèçìà è ãðóáîãî ïðåîáðàçîâàíèÿ îêðóæ-
íîñòè. Äîêàçàíî, ÷òî åñëè îãðàíè÷åíèå äèôôåîìîðôèçìà èç ðàññìîòðèâàåìîãî êëàññà íà
íåáëóæäàþùåå ìíîæåñòâî ÿâëÿåòñÿ ýêñïàíñèâííûì, òî ýòîò äèôôåîìîðôèçì Ω -ñîïðÿæåí ñ
íåêîòîðîé ìîäåëüþ.

Êëþ÷åâûå ñëîâà: ïñåâäîàíîñîâñêèé ãîìåîìîðôèçì, Ω -ñîïðÿæåííîñòü, íåáëóæäàþùåå
ìíîæåñòâî

1. Ââåäåíèå è îñíîâíûå ïîíÿòèÿ

Â íàñòîÿùåé ðàáîòå ðàññìàòðèâàþòñÿ äèôôåîìîðôèçèû ãëàäêèõ çàìêíó-
òûõ 3-ìíîãîîáðàçèé, íåáëóæäàþùåå ìíîæåñòâî êîòîðûõ ÿâëÿåòñÿ îáúåäèíå-
íèåì äâóìåðíûõ ïîâåðõíîñòåé, íà êîòîðûõ îãðàíè÷åíèå äèôôåîìîðôèçìà
ÿâëÿåòñÿ ýêñïàíñèâíûì.

Íàïîìíèì, ÷òî ãîìåîìîðôèçì f êîìïàêòíîãî ìåòðè÷åñêîãî ïðîñòðàíñòâà
(X, d) íà ñåáÿ íàçûâàåòñÿ ýêñïàíñèâíûì, åñëè ñóùåñòâóåò ÷èñëî c > 0 (êîí-
ñòàíòà ýêñïàíñèâíîñòè) òàêîå, ÷òî äëÿ ëþáûõ òî÷åê x, y ∈ X ñóùåñòâóåò
n ∈ Z òàêîå, ÷òî d(fn(x), fn(y)) > c .

Íà ïðîñòðàíñòâà, äîïóñêàþùèå ýêñïàíñèâíûé ãîìåîìîðôèçì, ñóùåñòâó-
þò îãðàíè÷åíèÿ, à èìåííî, â [7] äîêàçàíî, ÷òî åñëè f � ýêñïàíñèâíûé ãî-
ìåîìîðôèçì êîìïàêòíîãî ìåòðè÷åñêîãî ïðîñòðàíñòâà X , òî ðàçìåðíîñòü X
êîíå÷íà è êàæäîå ìèíèìàëüíîå ìíîæåñòâî ÿâëÿåòñÿ íóëüìåðíûì. Â [5] äîêà-
çàíî, ÷òî íå ñóùåñòâóåò ýêñïàíñèâíûõ ãîìåîìîðôèçìîâ íà îêðóæíîñòè S1 è
äâóìåðíîé ñôåðå S2 . Â òî æå âðåìÿ â ðàáîòå [9] äîêàçàíî, ÷òî êàæäàÿ êîì-
ïàêòíàÿ îðèåíòèðóåìàÿ ïîâåðõíîñòü ïîëîæèòåëüíîãî ðîäà äîïóñêàåò ýêñïàí-
ñèâíûé ãîìåîìîðôèçì. Ïðè ýòîì, â ñèëó [5], íà ïîâåðõíîñòè ðîäà 1 ýêñïàí-
ñèâíûé ãîìåîìîðôèçì ñîïðÿæåí ñ ãèïåðáîëè÷åñêèì àâòîìîðôèçìîì òîðà3.

1 Ïðîôåññîð êàôåäðû ÷èñëåííîãî è ôóíêöèîíàëüíîãî àíàëèçà, ÍÍÃÓ èì. Í.È. Ëîáà÷åâñêîãî, ã. Íèæ-
íèé Íîâãîðîä; vgrines@yandex.ru.

2 Àñïèðàíò êàôåäðû ÷èñëåííîãî è ôóíêöèîíàëüíîãî àíàëèçà, ÍÍÃÓ èì. Í.È. Ëîáà÷åâñêîãî, ã. Íèæíèé
Íîâãîðîä; vesnann@mail.ru

3 Àëãåáðàè÷åñêèì àâòîìîðôèçìîì òîðà T2 = R2/Z2 íàçûâàåòñÿ äèôôåîìîðôèçì Ĉ , çàäàâàåìûé

ìàòðèöåé C =

(
a b
c d

)
èç ìíîæåñòâà GL(2,Z) öåëî÷èñëåííûõ ìàòðèö ñ îïðåäåëèòåëåì ±1 . Òî åñòü

Ĉ(x, y) = (ax+ by, cx+ dy) (mod 1) . Àëãåáðàè÷åñêèé àâòîìîðôèçì Ĉ íàçûâàåòñÿ ãèïåðáîëè÷åñêèì, åñëè
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Â ðàáîòàõ [5] è [3] íåçàâèñèìî äîêàçàíî, ÷òî íà êîìïàêòíûõ îðèåíòèðóåìûõ
ïîâåðõíîñòÿõ ðîäà g ≥ 2 ýêñïàíñèâíûé ãîìåîìîðôèçì òîïîëîãè÷åñêè ñîïðÿ-
æåí ïñåâäîàíîñîâñêîìó îòîáðàæåíèþ (pA-ãîìåîìîðôèçìó), äëÿ îïðåäåëåíèÿ
êîòîðîãî (ïî Íèëüñåíó-Òåðñòîíó [8], [10], ñì. òàêæå [4]) íàì ïîíàäîáÿòñÿ ñëå-
äóþùèå ïîíÿòèÿ.

Ïóñòü S � çàìêíóòîå ïîäìíîæåñòâî êîìïàêòíîãî îðèåíòèðóåìîãî 2-
ìíîãîîáðàçèÿ M 2 òàêîå, ÷òî M 2 \ S ÿâëÿåòñÿ îáúåäèíåíèåì

∪
j∈J

Lj ïîïàðíî

íåïåðåñåêàþùèõñÿ îäíîìåðíûõ ñâÿçíûõ ñëîåâ Lj . Áóäåì ãîâîðèòü, ÷òî íà
M2 çàäàíî ñëîåíèå F = Lj, j ∈ J ñ ìíîæåñòâîì îñîáåííîñòåé S , åñëè äëÿ
ëþáîé òî÷êè x ∈ (M 2 \ S) ñóùåñòâóåò îêðåñòíîñòü Ux ⊂ M 2 è äèôôåî-
ìîðôèçì ψ : Ux → R2 òàêîé, ÷òî ëþáàÿ êîìïîíåíòà ñâÿçíîñòè ïåðåñå÷åíèÿ
Ux∩Lj (åñëè ýòî ïåðåñå÷åíèå íå ïóñòî) îòîáðàæàåòñÿ ψ â ïðÿìóþ, ïðè ýòîì
îãðàíè÷åíèå ψ íà êàæäóþ êîìïîíåíòó ñâÿçíîñòè ìíîæåñòâà Ux∩Lj ÿâëÿåòñÿ
äèôôåîìîðôèçìîì íà îáðàç.

Ïóñòü k ∈ N è k ̸= 2 . Ñëîåíèåì Wk íà R2 ñî ñòàíäàðòíîé ñåäëîâîé îñî-
áåííîñòüþ â òî÷êå O è k ñåïàðàòðèñàìè íàçûâàåòñÿ îáðàç ãîðèçîíòàëüíûõ
ïðÿìûõ {Im w = c, c ∈ R} ïðè îòîáðàæåíèè w = zk/2 â ñëó÷àå íå÷åòíîãî
k è ïðè îòîáðàæåíèè w2 = zk â ñëó÷àå ÷åòíîãî k .

Ñëîåíèå F íà M 2 íàçûâàåòñÿ ñëîåíèåì ñ ñåäëîâûìè îñîáåííîñòÿìè, åñëè
ìíîæåñòâî S îñîáåííîñòåé ñëîåíèÿ F ñîñòîèò èç êîíå÷íîãî ÷èñëà òî÷åê
è äëÿ ëþáîé òî÷êè s ∈ S èìååòñÿ îêðåñòíîñòü Us ⊂ M 2 , ãîìåîìîðôèçì
ψs : Us → R2 è ÷èñëî ks ∈ N òàêèå, ÷òî ψs(s) = O è ψ(F ∩ U) = Wks \ O .
Òî÷êà s íàçûâàåòñÿ ñåäëîâîé îñîáåííîñòüþ ñ ks ñåïàðàòðèñàìè.

Òðàíñâåðñàëüíîé ìåðîé äëÿ ñëîåíèÿ F íàçûâàåòñÿ ôóíêöèÿ, ñòàâÿùàÿ â
ñîîòâåòñòâèå êàæäîé äóãå (äèôôåîìîðôíîìó îáðàçó îòðåçêà I = [0, 1] ) α ,
òðàíñâåðñàëüíîé F , íåîòðèöàòåëüíîå ÷èñëî µ(α) ñî ñëåäóþùèì ñâîéñòâîì:
åñëè α0, α1 � äâå äóãè, òðàíñâåðñàëüíûå ê F è ñâÿçàííûå òàêîé ãîìîòîïèåé
a : I × I → F , ÷òî a(I × {0}) = α0 , a(I × {1}) = α1 è a(x× I) äëÿ ëþáîãî
x ∈ I ñîäåðæèòñÿ â íåêîòîðîì ñëîå F , òî µ(α0) = µ(α1) .

Äâà ñëîåíèÿ F s , Fu íàçûâàþòñÿ òðàíñâåðñàëüíûìè, åñëè îíè èìåþò îá-
ùåå ìíîæåñòâî îñîáåííîñòåé S è âî âñåõ îñòàëüíûõ òî÷êàõ ñëîè òðàíñâåð-
ñàëüíû.

Ãîìåîìîðôèçì h : M 2 → M 2 íàçûâàåòñÿ ïñåâäîàíîñîâñêèì îòîáðàæå-
íèåì (pA-ãîìåîìîðôèçìîì), åñëè íà ïîâåðõíîñòè M 2 ñóùåñòâóåò ïàðà h -
èíâàðèàíòíûõ òðàíñâåðñàëüíûõ ñëîåíèé F s, Fu ñ ìíîæåñòâîì ñåäëîâûõ îñî-
áåííîñòåé S è òðàíñâåðñàëüíûìè ìåðàìè µs, µu òàêàÿ, ÷òî:

1) êàæäàÿ ñåäëîâàÿ îñîáåííîñòü èç S èìååò íå ìåíåå òðåõ ñåïàðàòðèñ;

ñîáñòâåííûå çíà÷åíèÿ λ1, λ2 ìàòðèöû C óäîâëåòâîðÿþò óñëîâèÿì |λ1| < 1 < |λ2| . Ïðè ýòîì ìàòðèöà C
òàêæå íàçûâàåòñÿ ãèïåðáîëè÷åñêîé.
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2) ñóùåñòâóåò ÷èñëî λ > 1 òàêîå, ÷òî µs(h(α)) = λµs(α) (µu(h(α)) =
λ−1µu(α)) äëÿ ëþáîé äóãè α , òðàíñâåðñàëüíîé F s (Fu) .

Ñëîåíèÿ F s, Fu íàçûâàþòñÿ óñòîé÷èâûì è íåóñòîé÷èâûì ñîîòâåòñâåí-
íî, à ÷èñëî λ � äèëàòàöèåé f .

Ñëåäóùèå îïðåäåëåíèÿ ñìîòðè â [4] è [1].
Ãîìåîìîðôèçì f : M 2 → M2 íàçûâàåòñÿ ïðèâîäèìûì, åñëè ñóùåñòâóåò

f -èíâàðèàíòíàÿ ñèñòåìà íåïåðåñåêàþùèõñÿ ìåæäó ñîáîé ïðîñòûõ çàìêíóòûõ
êðèâûõ íåãîìîòîïíûõ íóëþ è íåãîìîòîïíûõ äðóã äðóãó. Â ïðîòèâíîì ñëó÷àå
ãîìåîìîðôèçì íàçûâàåòñÿ íåïðèâîäèìûì.

Ãîìåîìîðôèçì f :M 2 →M 2 íàçûâàåòñÿ ïåðèîäè÷åñêèì, åñëè ñóùåñòâóåò
öåëîå n0 > 0 òàêîå, ÷òî fn0 = id , ãäå id � òîæäåñòâåííîå ïðåîáðàçîâàíèå.

Ãîìåîìîðôèçì f : M2 → M 2 íàçûâàåòñÿ àëãåáðàè÷åñêè êîíå÷íîãî òèïà,
åñëè íà M 2 ñóùåñòâóåò êîíå÷íîå èíâàðèàíòíîå ñåìåéñòâî âëîæåííûõ â M2

íåïåðåñåêàþùèõñÿ ìåæäó ñîáîé öèëèíäðîâ σ1, . . . , σk òàêèõ, ÷òî îãðàíè÷åíèå

ãîìåîìîðôèçìà f íà ìíîæåñòâî ∆ =M \
k∪

i=1

int σi ÿâëÿåòñÿ ïåðèîäè÷åñêèì

ãîìåîìîðôèçìîì.
Ñîãëàñíî êëàññèôèêàöèè ß.Íèëüñåíà [8] è Ó.Òåðñòåíà [10] ìíîæåñòâî âñåõ

ãîìîòîïè÷åñêèõ êëàññîâ {f} ãîìåîìîðôèçìîâ f íà çàìêíóòîì îðèåíòèðó-
åìîì äâóìåðíîì ìíîãîîáðàçèè M2 ðîäà g ≥ 2 ïðåäñòàâëÿåòñÿ â âèäå îáú-
åäèíåíèÿ ÷åòûðåõ íåïåðåñåêàþùèõñÿ ïîäìíîæåñòâ T1, T2, T3, T4 , âûäåëÿåìûõ
ñëåäóþùèìè óñëîâèÿìè:

1. åñëè {f} ∈ T1 , òî {f} ñîäåðæèò ïåðèîäè÷åñêèé ãîìåîìîðôèçì;

2. åñëè {f} ∈ T2 , òî {f} ñîäåðæèò ïðèâîäèìûé íåïåðèîäè÷åñêèé ãîìåî-
ìîðôèçì àëãåáðàè÷åñêè êîíå÷íîãî òèïà;

3. åñëè {f} ∈ T3 , òî {f} ñîäåðæèò ïðèâîäèìûé ãîìåîìîðôèçì, íå ÿâëÿ-
þùèéñÿ ãîìåîìîðôèçìîì àëãåáðàè÷åñêè êîíå÷íîãî òèïà;

4. åñëè {f} ∈ T4 , òî {f} ñîäåðæèò ïñåâäîàíîñîâñêèé ãîìåîìîðôèçì.

Ó. Òåðñòîí [10] (ñì. òàêæå [4]) ïîñòðîèë ìîäåëüíûé ïñåâäîàíîñîâñêèé ãî-
ìåîìîðôèçì â êàæäîì ãîìîòîïè÷åñêîì êëàññå èç T4 , îáîçíà÷èì ÷åðåç P
ìíîæåñòâî âñåõ òàêèõ ãîìåìîðôèçìîâ. Çàìåòèì, ÷òî ïåâäîàíîñîâñêèé ãî-
ìåìîðôèçì ÿâëÿåòñÿ äèôôåîìîðôèçìîì âñþäó âíå ìíîæåñòâà îñîáåííîñòåé
óñòîé÷èâûõ è íåóñòîé÷èâûõ ñëîåíèé. Ïîýòîìó èíîãäà óïîòðåáëÿþò òåðìèí
ïñåâäîàíîñîâñêèé äèôôåîìîðôèçì.
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2. Ñòðóêòóðà îáúåìëþùåãî ìíîãîîáðàçèÿ

Â íàñòîÿùåé ðàáîòå áóäåì ðàññìàòðèâàòü êëàññ G , ñîñòîÿùèé èç äèôôåî-
ìîðôèçìîâ f , çàäàííûõ íà ãëàäêèõ çàìêíóòûõ òðåõìåðíûõ ìíîãîîáðàçèÿõ
M3 , íåáëóæäàþùåå ìíîæåñòâî NW (f) êîòîðûõ ñîñòîèò èç êîíå÷íîãî ÷èñëà
êîìïîíåíò ñâÿçíîñòè B1, . . . ,Bm , óäîâëåòâîðÿþùèõ ñëåäóþùèì óñëîâèÿì:

1) Bi ÿâëÿåòñÿ ðó÷íûì âëîæåíèåì â M 3 îðèåíòèðóåìîé ïîâåðõíîñòè M 2

ïîëîæèòåëüíîãî ðîäà;
2) ñóùåñòâóåò íàòóðàëüíîå ÷èñëî ki òàêîå, ÷òî f

ki(Bi) = Bi ;
3) Bi ÿâëÿåòñÿ ëèáî àòòðàêòîðîì, ëèáî ðåïåëëåðîì4 äèôôåîìîðôèçìà

fki .

Ò å î ð å ì à 2.1. Åñëè ìíîãîîáðàçèå M 3 äîïóñêàåò äèôôåîìîðôèçì
èç êëàññà G , òî îíî ÿâëÿåòñÿ ëîêàëüíî-òðèâèàëüíûì ðàññëîåíèåì íàä
îêðóæíîñòüþ ñî ñëîåì ãîìåîìîðôíûì ïîâåðõíîñòè M 2 .

Â ñëó÷àå, êîãäà ïîâåðõíîñòü M 2 ÿâëÿåòñÿ òîðîì, ðåçóëüòàò Òåîðåìû 2.1.
ñëåäóåò èç ðàáîòû [2].

3. Ìîäåëüíûå äèôôåîìîðôèçìû

Â ýòîì ðàçäåëå ìû ñêîíñòðóèðóåì êëàññ ìîäåëüíûõ îòîáðàæåíèé, ïðèíàä-
ëåæàùèõ G , êîòîðûå ÿâëÿþòñÿ äèôôåîìîðôèçìàìè âñþäó çà èñêëþ÷åíèåì
êîíå÷íîãî ìíîæåñòâà òî÷åê, ïðèðîäà êîòîðûõ áóäåò ÿñíà èç êîíñòðóêöèè.
Âíà÷àëå ïðåäúÿâèì ãðóáûå ìîäåëè ïðåîáðàçîâàíèé îêðóæíîñòè S1 . Ñîãëàñ-
íî ðåçóëüòàòàì À.Ã. Ìàéåðà [6] êàæäîìó ãðóáîìó ñîõðàíÿþùåìó îðèåíòà-
öèþ äèôôåîìîðôèçìó φ+ îäíîçíà÷íî ñîîòâåòñâóåò íàòóðàëüíûå ïàðàìåòðû
n, k ∈ N è öåëîå l òàêîå, ÷òî äëÿ k = 1 , l = 0 , òîãäà êàê äëÿ k > 1 ,
l ∈ {1, . . . , k−1} âçàèìíî ïðîñòî ñ k ; ìåíÿþùåìó îðèåíòàöèþ ãðóáîìó äèô-
ôåîìîðôèçìó φ− ñîîòâåñòâóåò íàòóðàëüíûé ïàðàìåòð q ∈ N . Îïèøåì ìî-
äåëè, ñîîòâåòñòâóþùèå ýòèì ïàðàìåòðàì.

Ïðåäñòàâèì S1 êàê S1 = {ei2πr = (cos2πr, sin2πr) ∈ R2 : r ∈ R} . Îáî-
çíà÷èì ÷åðåç π : R → S1 åñòåñòâåííóþ ïðîåêöèþ, çàäàííóþ ôîðìóëîé
π(r) = ei2πr . Ââåä¼ì ñëåäóþùèå îòîáðàæåíèÿ:
ψm : R → R ñäâèã íà åäèíèöó âðåìåíè ïîòîêà ṙ = sin(2πmr) äëÿ m ∈ N ;
χk,l : R → R äèôôåîìîðôèçì, çàäàííûé ôîðìóëîé χk,l(r) = r − l

k ;
χ : R → R äèôôåîìîðôèçì, çàäàííûé ôîðìóëîé χ(r) = −r ;

4 Èíâàðèàíòíîå ìíîæåñòâî B äèôôåîìîðôèçìà g íàçûâàåòñÿ àòòðàêòîðîì, åñëè ñóùåñòâóåò çà-
ìêíóòàÿ îêðåñòíîñòü U ìíîæåñòâà B òàêàÿ, ÷òî g(U) ⊂ int U ,

∩
j≥0

gj(U) = B . Àòòðàêòîð äëÿ äèôôåî-

ìîðôèçìà g−1 íàçûâàåòñÿ ðåïåëëåðîì äèôôåîìîðôèçìà g .
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φ̃+ = χk,lψn·k : R → R è φ̃− = χψq : R → R .
Íåïîñðåäñòâåííî ïðîâåðÿåòñÿ, ÷òî φ̃+(r + ν) = φ̃+(r) + ν è φ̃−(r + ν) =
φ̃−(r) − ν äëÿ ν ∈ Z . Òàêèì îáðàçîì äëÿ σ ∈ {+,−} êîððåêòíî îïðåäåë¼í
äèôôåîìîðôèçì φσ = πφ̃σπ

−1 : S1 → S1 , êîòîðûé ïðè σ = + (σ = −
ñîõðàíÿåò (ìåíÿåò) îðèåíòàöèþ îêðóæíîñòè è íåáëóæäàþùåå ìíîæåñòâî êî-
òîðîãî ñîñòîèò èç 2n îðáèò ïåðèîäà k (èç 2q ïåðèîäè÷åñêèõ îðáèò, äâå èç
êîòîðûõ íåïîäâèæíû, à îñòàëüíûå èìåþò ïåðèîä äâà). Îáîçíà÷èì ÷åðåç V+
(V− ) ìíîæåñòâî âñåõ îòîáðàæåíèé φ+ (φ− ) äëÿ âñåx íàáîðîâ ïàðàìåòðîâ
n, k, l ( q ). Ïóñòü P+ ∈ P è J+ : M 2 → M 2 ãîìåîìîðôèçì òàêîé, ÷òî
P+J+ = J+P+ . Ïóñòü P− ∈ P è J− : M 2 → M 2 ãîìåîìîðôèçì òàêîé, ÷òî
P−J

−1
− = J−P− . Ïîëîæèì MJσ = (M 2 × R)/Γσ , ãäå Γσ = {γiσ, i ∈ Z} ãðóï-

ïà ñòåïåíåé ãîìåîìîðôèçìà γσ : M 2 × R → M 2 × R , çàäàííîãî ôîðìóëîé
γσ(z, r) = (Jσ(z), r− 1) . Îáîçíà÷èì ÷åðåç p

Jσ
:M 2 ×R →MJσ åñòåñòâåííóþ

ïðîåêöèþ. Ïîëîæèì φ̃σ(z, r) = (Pσ(z), φ̃σ(r)).

Î ï ð å ä å ë å í è å 3.1. Áóäåì ãîâîðèòü, ÷òî ãîìåîìîðôèçì φσ :
MJσ → MJσ , σ ∈ {+,−} ÿâëÿåòñÿ ëîêàëüíî ïðÿìûì ïðîèçâåäåíèåì Pσ ∈ P
è φσ ∈ Vσ , åñëè φσ = p

Jσ
φ̃σp

−1
Jσ
, è ïèñàòü φσ = Pσ ⊗ φσ .

Îáîçíà÷èì ÷åðåç Φ+ (Φ−) ìíîæåñòâî âñåõ ëîêàëüíî ïðÿìûõ ïðîèçâåäåíèé
φ+ (φ−) . Ïîëîæèì Φ = Φ+ ∪ Φ− .

4. Ω -ñîïðÿæåííîñòü ñ ìîäåëüþ

Îáîçíà÷èì ÷åðåç G∗ ïîäìíîæåñòâî ìíîæåñòâà G , ñîñòîÿùåå èç äèôôåî-
ìîðôèçìîâ f òàêèõ, ÷òî îãðàíè÷åíèå ãîìåîìîðôèçìà fki íà Bi ÿâëÿåòñÿ
ýêñïàíñèâíûì ãîìåîìîðôèçìîì.

Ò å î ð å ì à 4.1. Ëþáîé äèôôåîìîðôèçì èç êëàññà G∗ ÿâëÿåòñÿ Ω -
ñîïðÿæåííûì íåêîòîðîìó äèôôåîìîðôèçìó èç êëàññà Φ .

Áëàãîäàðíîñòè. Àâòîðû áëàãîäàðÿò Î.Â. Ïî÷èíêó çà âíèìàòåëüíîå ïðî-
÷òåíèå ðóêîïèñè è ïîëåçíûå çàìå÷àíèÿ. Ðàáîòà âûïîëíåíà ïðè ÷àñòè÷íîé ôè-
íàíñîâîé ïîääåðæêå ãðàíòîâ ÐÔÔÈ� 12-01-00672-a è � 13-01-12452 îôè_ì2.
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Three-dimensional mapping with two-dimensional

expansive attractors and repellers.

c⃝ V. Z. Grines5, A. A. Shilovskaya6

Abstract. In this paper, we consider a class of three-dimensional mappings whose non-wandering
sets are a union of two-dimensional attractors and repellers. A topological classi�cation of ambient
manifolds admitting such systems is obtained. A class of model mappings is constructed where
maps are skew products of a pA-homeomorphisms and rough circle transforms. We have proved
that a map from the considered class is Ω -conjugated with some model

Key Words: pseudo-Anosov di�eomorphism, Ω -conjugacy, non-wandering set.
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ÓÄÊ 51.7:532.546

Ïîñòðîåíèå ñèñòåìû ðàçíîñòíûõ óðàâíåíèé ìåòîäîì

Ãàëåðêèíà ñ èñïîëüçîâàíèåì äâóìåðíîãî ñèìïëåêñà

c⃝ Å. Ï. Åðåìèíà1, Ä. È. Áîÿðêèí2

Àííîòàöèÿ. Ðàññìàòðèâàåòñÿ çàäà÷à Äèðèõëå äëÿ óðàâíåíèÿ Ïóàññîíà. Â ðàáîòå ïîñòðî-
åíà ñèñòåìà áàçèñíûõ ôóíêöèé äëÿ òðåóãîëüíîé ñåòêè. Ñãåíåðèðîâàíà ñèñòåìà óðàâíåíèé,
ïîñòðîåíà ðàçíîñòíàÿ ñõåìà. Ïîëó÷åíû îöåíêè äëÿ ïîïåðå÷íèêîâ Êîëìîãîðîâà äëÿ òðåóãîëü-
íîé è ïðÿìîóãîëüíîé ñåòîê, è ïðîâåäåí èõ ñðàâíèòåëüíûé àíàëèç.

Êëþ÷åâûå ñëîâà: áàçèñíûå ôóíêöèè, ôîðìà Ãàëåðêèíà, ïîïåðå÷íèê Êîëìîãîðîâà, ñëàáîå
ðåøåíèå

1. Àïïðîêñèìàöèÿ ìíîãîóãîëüíîé îáëàñòè

Ïîä ìíîãîóãîëüíîé îáëàñòüþ ïîíèìàåòñÿ ëèáî íåêîòîðàÿ îáëàñòü â ôîðìå
ìíîãîóãîëüíèêà, ëèáî àïïðîêñèìàöèÿ îáëàñòè äðóãîé ôîðìû. Ìíîãîóãîëü-
íèê ðàçáèâàåòñÿ íà òðåóãîëüíèêè. Ðàññìîòðèì ëèíåéíóþ ôîðìó, ïðèáëèæà-
þùóþ ôóíêöèþ f(x, y) íà òèïè÷íîì òðåóãîëüíîì ýëåìåíòå ñ âåðøèíàìè
(xi, yi) , (i = 1, 2, 3) (Ðèñ.1.1).

Ð è ñ ó í î ê 1.1

Îíà èìååò âèä

p1(x, y) =
3∑

i=1

αi(x, y)fi, (1.1)

ãäå fi = f(xi, yi), (i = 1, 2, 3). Êîýôôèöèåíòû αi(x, y)(i = 1, 2, 3) çàäàþòñÿ
ôîðìóëàìè

1 Ìàãèñòðàíò 2-ãî ãîäà îáó÷åíèÿ, Ìîðäîâñêèé ãîñóäàðñòâåííûé óíèâåðñèòåò èìåíè Í. Ï. Îãàðåâà,
ã. Ñàðàíñê; tremasovaep@gmail.ru.

2 Äîöåíò êàôåäðû ïðèêëàäíîé ìàòåìàòèêè, Ìîðäîâñêèé ãîñóäàðñòâåííûé óíèâåðñèòåò èìåíè
Í. Ï. Îãàðåâà, ã. Ñàðàíñê; boyarkindi@gmail.ru.
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α1(x, y) =
1

C123
(τ23 + η23x− ξ23y), (1.2)

α2(x, y) =
1

C123
(τ31 + η31x− ξ31y), (1.3)

α3(x, y) =
1

C123
(τ12 + η12x− ξ12y), (1.4)

ãäå |C123| - óäâîåííàÿ ïëîùàäü òðåóãîëüíèêà, à

τij = xiyj − xjyi, (1.5)

ξij = xi − xj, (1.6)

ηij = yi − yj (i, j = 1, 2, 3). (1.7)

Ïîëíàÿ áàçèñíàÿ ôóíêöèÿ îòíîñèòåëüíî íåêîòîðîé âåðøèíû ïîëó÷àåòñÿ ñóì-
ìèðîâàíèåì ÷àñòåé, ñâÿçàííûõ ñ òðåóãîëüíèêàìè, êîòîðûå ïðèìûêàþò ê âåð-
øèíå.

2. Ïîñòðîåíèå ñèñòåìû áàçèñíûõ ôóíêöèé äëÿ ñëó÷àÿ êîíå÷íîãî
ýëåìåíòà äâóìåðíîãî ñèìïëåêñà

Ëþáóþ îáëàñòü â äâóìåðíîì ïðîñòðàíñòâå ìîæíî àïïðîêñèìèðîâàòü ìíî-
ãîóãîëüíèêàìè, êîòîðûå âñåãäà ìîæíî ðàçáèòü íà êîíå÷íîå ÷èñëî òðåóãîëü-
íèêîâ. Ïîëíûé ïîëèíîì ïîðÿäêà m

m∏
k+l=0

aklx
kyl (2.1)

ìîæåò áûòü èñïîëüçîâàí äëÿ ïðåäñòàâëåíèÿ ôóíêöèè U(x, y) , ïî çíà÷åíèÿì,
â
1
2(m+ 1)(m+ 2) óçëàõ òðåóãîëüíèêà. Äëÿ ñëó÷àÿ m = 1 èíòåðïîëÿöèîííûé
ïîëèíîì èìååò âèä:∏

1

(x, y) = α1 + α2(x) + α3y =
3∑

j=1

Ujp
1
j(x, y). (2.2)

Çíà÷åíèÿ Uj ( j = 1, 2, 3 ) ÿâëÿþòñÿ çíà÷åíèÿìè èñêîìîé ôóíêöèè U(x, y)
ñîîòâåòñòâåííî â âåðøèíàõ pj (j = 1, 2, 3) , à pj èìåþò ñëåäóþùèé âèä:

p1j =
1

Cjkl
(τkl + ηklx− ξkly) =

Dkl

Cjkl
, (2.3)
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ãäå τkl , ξkl , ηkl çàäàþòñÿ ôîðìóëàìè (1.5)- (1.7),

Dkl = det

 1 x y
1 xk yk
1 xl yl

 , (2.4)

Cjkl = det

 1 xj yj
1 xk yk
1 xl yl

 . (2.5)

Íåòðóäíî çàìåòèòü, ÷òî

p1j =

{
1, j = k;
0, j ̸= k (1 ≤ j, k ≤ 3).

(2.6)

Ðàññìîòðèì ñåòêó, èçîáðàæåííóþ íà ðèñóíêå 2.1.

Ð è ñ ó í î ê 2.1

Òî÷êó (i, j) áóäåì îêðóæàòü ïðÿìîóãîëüíûìè òðåóãîëüíèêàìè ñ âûñîòîé h è
îñíîâàíèåì 2h . Çàôèêñèðóåì âåðøèíó (i, j) è ðàññìîòðèì òðåóãîëüíèê (1) .
Äëÿ òðåóãîëüíèêà (1) íàéäåì ôóíêöèè pi,j , pi−1,j−1 , pi+1,j−1 .

pi,j =
Dk,l

Cp,k,l
=

2h(yj−1 − y)

−2h2
=
y − yj−1

h
, (2.7)

pi+1,j−1 =
(x− xi) + (yj − y)

2h
, (2.8)

pi−1,j−1 =
(xi − x) + (yj − y)

2h
. (2.9)
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Íåòðóäíî çàìåòèòü, ÷òî äëÿ ôóíêöèé pi,j , pi−1,j−1 , pi+1,j−1 âûïîëíÿåòñÿ
óñëîâèå (2.6). Íàéäåì àíàëîãè÷íûì îáðàçîì ôóíêöèè pi,j , pi−1,j+1 , pi+1,j−1 ,
pi−1,j−1 , pi+1,j+1 . Ïîëó÷èì ñèñòåìó ôóíêöèé è èõ ïðîèçâîäíûõ.

Áàçèñíàÿ ôóíêöèÿ Òðåóãîëüíèê Ïðîèçâîäíàÿ
∂p
∂x

Ïðîèçâîäíàÿ
∂p
∂y

pij =
y − yj−1

h
(1) 0 1

h

pij =
x− xi−1

h
(2) 1

h 0

pij =
yj+1 − y

h
(3) 0 − 1

h

pij =
xi+1 − x

h
(4) − 1

h 0

pi−1j−1 =
(xi − x) + (yj − y)

2h

(1),(2)

pi−1j+1 =
(xi − x) + (y − yj)

2h

(3),(2)

pi+1j−1 =
(x− xi) + (yj − y)

2h

(1),(4)

pi+1j+1 =
(x− xi) + (y − yj)

2h

(3),(4)

Òàêèì îáðàçîì ïîëó÷èì ñèñòåìó áàçèñíûõ ôóíêöèé äëÿ 1 ≤ i, j ≤ m− 1

φi,j(x, y) =



y − yj−1

h
, yj−1 ≤ y ≤ yj; y − yj−1 − xi−1 ≤ x ≤ y − yj−1 − xi+1 ;

x− xi−1

h
, xi−1 ≤ x ≤ xi; x− xi−1 + yj−1 ≤ y ≤ xi−1 − x+ yj+1 ;

yj+1 − y

h
, yj ≤ y ≤ yj+1; yj − y + xi ≤ x ≤ y − yj − xi ;

xi+1 − x

h
, xi ≤ x ≤ xi+1; xi − x+ yj ≤ y ≤ x− xi + yj ;

0, ïðè äðóãèõ çíà÷åíèÿõ àðãóìåíòà.
(2.10)

×àñòíûå ïðîèçâîäíûå áàçèñíûõ ôóíêöèé áóäóò èìåòü âèä äëÿ 1 ≤ i, j ≤
m− 1
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∂φi,j(x, y)

∂x
=


1

h
, xi−1 ≤ x ≤ xi; x− xi−1 + yj−1 ≤ y ≤ xi−1 − x+ yj+1 ;

−1

h
, xi ≤ x ≤ xi+1; xi − x+ yj ≤ y ≤ x− xi + yj ;

0, ïðè äðóãèõ çíà÷åíèÿõ àðãóìåíòà.
(2.11)

∂φi,j(x, y)

∂y
=


1

h
, yj−1 ≤ y ≤ yj; y − yj−1 − xi−1 ≤ x ≤ y − yj−1 − xi+1 ;

−1

h
, yj ≤ y ≤ yj+1; yj − y + xi ≤ x ≤ y − yj − xi ;

0, ïðè äðóãèõ çíà÷åíèÿõ àðãóìåíòà.
(2.12)

3. Ãåíåðàöèÿ ñèñòåìû ðàçíîñòíûõ óðàâíåíèé

Ðàññìîòðèì çàäà÷ó Äèðèõëå äëÿ óðàâíåíèÿ Ïóàññîíà

∂2u(x, y)

∂x2
+
∂2u(x, y)

∂y2
= f(x, y), (x, y) ∈ D (3.1)

u(x, y)|∂D = 0. (3.2)

Ôîðìà Ãàëåðêèíà äëÿ çàäà÷è Äèðèõëå äëÿ çàäà÷è (3.1)-(3.2) èìååò âèä

m−1∑
k,l=1

ũk,l

∫∫
D

(
∂φk,l(x, y)

∂x

∂φi,j(x, y)

∂x
+

+
∂φk,l(x, y)

∂y

∂φi,j(x, y)

∂y

)
dxdy +

∫∫
D

f(x, y)φi,j(x, y)dxdy= 0. (3.3)

Ïîñòðîèì ðàçíîñòíóþ ñõåìó íà îñíîâå âûðàæåíèÿ äëÿ íàõîæäåíèÿ êîýô-
ôèöèåíòîâ ũk,l .
Äëÿ íàõîæäåíèÿ êîýôôèöèåíòîâ ðàññìîòðèì ñëó÷àè, êîãäà k, l ïðèíèìàþò
çíà÷åíèÿ i + 1, j + 1 , i − 1, j + 1 , i + 1, j − 1 , i − 1, j − 1 , i, j . Ïðè
äðóãèõ çíà÷åíèÿõ k, l çíà÷åíèÿ èíòåãðàëîâ ïåðåä êîýôôèöèåíòàìè ũk,l
áóäóò ðàâíû íóëþ, òàê êàê áàçèñíûå ôóíêöèè èìåþò ëîêàëüíûé íîñèòåëü.
Ðàññìîòðèì ñëó÷àé k = i+ 1, l = j + 1
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Ð è ñ ó í î ê 3.1

∫∫
D

(
∂φk,l(x, y)

∂x

∂φi,j(x, y)

∂x
+
∂φk,l(x, y)

∂y

∂φi,j(x, y)

∂y

)
dxdy = (3.4)

=

xi+1∫
xi

yj+(x−xi)∫
yj

(
∂φi+1,j+1(x, y)

∂x

∂φi,j(x, y)

∂x
+
∂φi+1,j+1(x, y)

∂y

∂φi,j(x, y)

∂y

)
dxdy+

(3.5)

+

yj+1∫
yj

xi+(y−yj)∫
xi

(
∂φi+1,j+1(x, y)

∂x

∂φi,j(x, y)

∂x
+
∂φi+1,j+1(x, y)

∂y

∂φi,j(x, y)

∂y

)
dxdy =

(3.6)

= −1

2
. (3.7)

Àíàëîãè÷íî êîýôôèöèåíòû ïåðåä çíà÷åíèÿìè ũi−1,j−1 , ũi+1,j−1 , ũi−1,j+1

áóäóò ðàâíû −1
2 , à ïåðåä çíà÷åíèåì ũi,j ðàâåí 2. Òàêèì îáðàçîì ïîëó÷èì

ðàçíîñòíóþ ñõåìó
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2ũi,j−
1

2
ũi−1,j−1−

1

2
ũi−1,j+1−

1

2
ũi+1,j+1−

1

2
ũi+1,j−1 = −

1 1∫∫
0 0

f(xi, yj)φi,j(x, y)dxdy,

(3.8)

1 ≤ i, j ≤ m− 1 .

4. N-ìåðíûé êîëìîãîðîâñêèé ïîïåðå÷íèê

Ââåäåì ñëåäóþùèå îáîçíà÷åíèÿ:
W - ëèíåéíîå ïðîñòðàíñòâî âñåõ íåïðåðûâíûõ â îáëàñòè D è íà ãðàíèöå
∂D ôóíêöèé, îáëàäàþùèõ îãðàíè÷åííûìè ïðîèçâîäíûìè ïåðâîãî ïîðÿäêà,
êîòîðûå ìîãóò èìåòü ðàçðûâû ëèøü íà êîíå÷íîì ìíîæåñòâå ïðÿìûõ.
W̃ - ëèíåéíîå ïðîñòðàíñòâî ôóíêöèé, ñîñòîÿùåå èç òåõ æå ôóíêöèé, ÷òî è
W , íî ñî ñêàëÿðíûì ïðîèçâåäåíèå (w, v)

(w, v) =

∫∫
D

(
∂w

∂x

∂v

∂x
+
∂w

∂y

∂v

∂y

)
dxdy. (4.1)

Ýòî ñêàëÿðíîå ïðîèçâåäåíèå èíäóöèðóåò íîðìó ∥w∥2w̃ = (w,w) â ïðîñòðàí-
ñòâå W̃ .
W̃ o - ïîäïðîñòðàíñòâî ôóíêöèé w ⊂ W̃ , óäîâëåòâîðÿþùèõ óñëîâèþ w|∂D =
0 .
Âûáîð áàçèñíûõ ôóíêöèé íàäî ïî âîçìîæíîñòè îñóùåñòâèòü òàê, ÷òîáû äëÿ
êàæäîé ôóíêöèè v ∈ U ⊂ W̃ o íàøëàñü òàêàÿ ôóíêöèÿ wN ∈ W̃N , "áëèçêàÿ"
ê íåé, äëÿ êîòîðîé âåëè÷èíà

∥w̃N − u∥2W = min
w∈W̃N

(w − u,w − u). (4.2)

Òàêèì îáðàçîì, íàèëó÷øèì áûë áû òàêîé âûáîð áàçèñíûõ ôóíêöèé, ïðè êî-
òîðîì ÷èñëî

KN = KN(U, w̃N) = sup
v∈U

min
w∈W̃N

∥w̃N − u∥W̃ (4.3)

áûëî áû íàèìåíüøèì âîçìîæíûì. Îáîçíà÷èì κ(U, W̃ o) ÷èñëî

κ(U, W̃ o) = inf
w∈W̃N

KN(U, w̃N). (4.4)
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Ýòî ÷èñëî íàçûâàåòñÿ N-ìåðíûì êîëìîãîðîâñêèì ïîïåðå÷íèêîì êëàññà
ôóíêöèé U îòíîñèòåëüíî íîðìèðîâàííîãî ïðîñòðàíñòâà W̃ o ∈ W . Î÷åâèä-
íî, ÷òî íàèëó÷øèì âûáîðîì áàçèñíûõ ôóíêöèé áûë áû òàêîé, ïðè êîòîðîì
÷èñëî (4.3) ñîâïàäàëî áû ñ ïîïåðå÷íèêîì À.Í. Êîëìîãîðîâà.

Òåîðåìà 1. Ïóñòü U - ìíîæåñòâî âñåõ ôóíêöèé, âòîðûå ïðîèçâîäíûå
êîòîðûõ íåïðåðûâíû è íå ïðåâîñõîäÿò ïî ìîäóëþ íåêîòîðîãî ÷èñëà M, è
êîòîðûå îáðàùàþòñÿ â íóëü íà ãðàíèöå ∂D . Ïóñòü äëÿ êàæäîãîN èç íåêî-
òîðîé âîçðàñòàþùåé ïîñëåäîâàòåëüíîñòè íàòóðàëüíûõ ÷èñåë îñóùåñòâëåí
âûáîð òî÷åê QN

1 , Q
N
2 , ..., Q

N
m ,ãäå m = m(N) , ðàçáèåíèå ìíîãîóãîëüíèêà

DN = QN
1 Q

N
2 ...Q

N
m íà òðåóãîëüíèêè, ïîðîæäàþùåå ñåòêó PN

1 , P
N
2 , ..., P

N
m .

Ïóñòü ïðè ýòîì âûïîëíåíû óñëîâèÿ:

10 . Äëèíà l ëþáîé ñòîðîíû òðåóãîëüíèêà ðàçáèåíèÿ óäîâëåòâîðÿåò íåðàâåí-
ñòâó

l ≤ C1h, (4.5)

h =

[
SD

N

]1/2
, (4.6)

SD - ïëîùàäü òðåóãîëüíèêà.
20 . Ïëîùàäü SN îáëàñòè D\DN óäîâëåòâîðÿåò îöåíêå

SN ≤ C2
2h, C2 = const. (4.7)

30 . Êàæäûé óãîë α ëþáîãî èç òðåóãîëüíèêîâ ðàçáèåíèÿ óäîâëåòâîðÿåò
îöåíêå

α > α0 = const > 0. (4.8)

Òîãäà ïðè ñôîðìóëèðîâàííûõ óñëîâèÿõ äëÿ âåëè÷èíû

KN(U, w̃N) = sup
v∈U

inf
w∈W̃ o

∫∫
D

((
∂(w − v)

∂x

)2

+

(
∂(w − v)

∂y

)2
)
dxdy (4.9)

èìååò ìåñòî îöåíêà

KN(U, w̃N) ≤ C3h, (4.10)

ãäå C3 - íåêîòîðàÿ ïîñòîÿííàÿ.
Íåòðóäíî óâèäåòü âûïîëíåíèå óñëîâèé òåîðåìû äëÿ ðàçáèåíèÿ ïîëó÷åííîãî
â ïóíêòàõ 2-4.

Æóðíàë ÑÂÌÎ. 2014. Ò. 16, � 1



Ïîñòðîåíèå ñèñòåìû ðàçíîñòíûõ óðàâíåíèé ìåòîäîì Ãàëåðêèíà . . . 69

Äëÿ äîêàçàòåëüñòâà òåîðåìû èíòåãðàë (4.9) ìîæíî ðàçáèòü íà ñóììó èíòåãðà-
ëîâ ïî ìíîãîóãîëüíèêó DN , âïèñàííîìó â îáëàñòü D , è ïî åãî äîïîëíåíèþ
D \DN . Çàìåòèì,÷òî äëÿ ïðÿìîóãîëüíîé îáëàñòè D ≡ DN .

Ð è ñ ó í î ê 4.1

Ïîýòîìó äëÿ ïðÿìîóãîëüíîé îáëàñòè íåò ñóùåñòâåííûõ ðàçëè÷èé ïðè âû-
÷èñëåíèè íà ïðÿìîóãîëüíîé è òðåóãîëüíîé ñåòêàõ. Ðàññìîòðèì ñëó÷àé, êîãäà
îáëàñòü D íå ÿâëÿåòñÿ ïðÿìîóãîëüíîé, è ðàâåíñòâî D ≡ DN íå âûïîëíÿåò-
ñÿ. Îáðàòèìñÿ ê äîêàçàòåëüñòâó òåîðåìû 1. Â õîäå äîêàçàòåëüñòâà ïîëó÷åíà
ñèñòåìà êîíñòàíò. Äëÿ êàæäîãî èç ñëàãàåìûõ èíòåãðàëà (4.9) ïîëó÷åíû îöåí-
êè ∫∫

DN

(
∂(w − v)

∂x

)2

dxdy ≤ A1, (4.11)

∫∫
D\DN

(
∂(w − v)

∂y

)2

dxdy ≤ A2, (4.12)

ãäå

A1 =
8A3h

2

sin2(α0)
, (4.13)

A2 = 2M 2L2C2h
2. (4.14)

Äëÿ ñëó÷àÿ ñåòêè íà îñíîâå ïðÿìîóãîëüíîãî òðåóãîëüíèêà è ñëó÷àÿ ïðÿìî-
óãîëüíîé ñåòêè sin2(α0) = 1 . Îöåíèì ìíîæèòåëü C2 . Äëÿ ñëó÷àÿ ïðÿìî-
óãîëüíîé ñåòêè êîíñòàíòà C2 áóäåò áîëüøå êîíñòàíòû C2 äëÿ òðåóãîëüíîé
ñåòêè, òàê êàê òðåóãîëüíèêàìè ìîæíî ïîêðûòü áîëüøóþ ïëîùàäü îáëàñòè
D , ÷åì ïðÿìîóãîëüíèêàìè. Ïîýòîìó ÷èñëî KN äëÿ òðåóãîëüíîé ñåòêè ìåíü-
øå, ñëåäîâàòåëüíî èñïîëüçîâàíèå òðåóãîëüíîé ñåòêè ïðåäïî÷òèòåëüíåå.

Æóðíàë ÑÂÌÎ. 2014. Ò. 16, � 1



70

Ñïèñîê ëèòåðàòóðû

1. Èîñèäà Ê., Ôóíêöèîíàëüíûé àíàëèç, Ìèð, Ì., 1967.

2. Ãîäóíîâ Ñ. K., Ðÿáåíüêèé Â. Ñ., Ðàçíîñòíûå ñõåìû, Íàóêà, Ì., 1977.

3. Ìèò÷åëë Ð.,Óýéò Â., Ìåòîä êîíå÷íûõ ýëåìåíîâ äëÿ óðàâíåíèé ñ ÷àñò-
íûìè ïðîèçâîäíûìè, Ìèð, Ì., 1981.

4. Òðåìàñîâà Å.Ï.,Áîÿðêèí Ä.È., �Ãåíåðàöèé ñèñòåìû óðàâíåíèé ìåòîäîì
Ãàëåðêèíà äëÿ ðåøåíèÿ çàäà÷è îá óñòàíîâèâøèõñÿ êîëåáàíèÿõ�,Æóðíàë
ñðåäíåâîëæñêîãî ìàòåìàòè÷åñêîãî îáùåñòâà, 15:1. (2013).

5. Ôëåò÷åð Ê., ×èñëåííûå ìåòîäû íà îñíîâå ìåòîäà Ãàëåðêèíà, Ìèð, Ì.,
1988.

Building a system of di�erence equations by the Galerkin

method using two-dimensional simplex
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Abstract. The Dirichlet problem for the Poisson equation is considered. The system of basic
functions for the triangular grid is constructed. The system of equations is generated, the di�erence
scheme is constructed. Estimates for the Kolmogorov widths for triangular and rectangular grids
are obtained. Comparative analysis was performed.
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ÓÄÊ 544.431.8

×èñëåííîå èññëåäîâàíèå êîëåáàòåëüíûõ ðåàêöèé ñ

ïîìîùüþ ìåòîäà Ðîçåíáðîêà ñ äåéñòâèòåëüíûìè

êîýôôèöèåíòàìè

c⃝ Ð. Ä. Èêðàìîâ,1 C. À. Ìóñòàôèíà2

Àííîòàöèÿ. Â ðàáîòå ðàññìîòðåíà êîëåáàòåëüíàÿ ìîäåëü ìîäèôèöèðîâàííîãî Îðåãîíàòîðà,
ïðåäñòàâëåííàÿ æåñòêîé ñèñòåìîé äèôôåðåíöèàëüíûõ óðàâíåíèé, ïðèìåíåí ìåòîä íåÿâíûé
Ðîçåíáðîêà äëÿ åå ðåøåíèÿ.

Êëþ÷åâûå ñëîâà: îáûêíîâåííûå ñèñòåìû äèôôåðåíöèàëüíûõ óðàâíåíèé, ìåòîä Ðîçåíáðî-
êà, Îðåãîíàòîð

1. Ââåäåíèå

Õèìè÷åñêèå ïðåâðàùåíèÿ, êàê ïðàâèëî, ïðîòåêàþò ïî ìíîãîñòàäèéíûì
ñõåìàì. Èçìåíåíèÿ êîíöåíòðàöèé èñõîäíûõ âåùåñòâ è ïðîìåæóòî÷íûõ ïðî-
äóêòîâ âî âðåìåíè äàëåêî íå âñåãäà îïèñûâàþòñÿ âîçðàñòàþùèìè èëè óáûâà-
þùèìè êðèâûìè - ìîãóò íàáëþäàòüñÿ ó÷àñòêè ïîñòîÿíñòâà èëè î÷åíü ìàëî-
ãî èçìåíåíèÿ êîíöåíòðàöèè òîãî èëè èíîãî êîìïîíåíòà, êðèâûå ñ ïåðåãèáîì.

Äåòàëüíîå èññëåäîâàíèå êèíåòèêè íåëèíåéíûõ ïðîöåññîâ ïîêàçàëî, ÷òî
ïðè íàëè÷èè îáðàòíîé ñâÿçè âäàëè îò òî÷êè ðàâíîâåñèÿ âîçìîæíî âîçíèêíî-
âåíèå êîëåáàòåëüíûõ ñîñòîÿíèé - ïåðèîäè÷åñêîå âîçðàñòàíèå èëè óáûâàíèå
êîíöåíòðàöèè îäíîãî èç êîìïîíåíòîâ â òå÷åíèå ïðîìåæóòêà âðåìåíè. Ïðè
÷èñëåííîì èññëåäîâàíèè êîëåáàòåëüíûõ ðåàêöèé âîçíèêàåò ïðîáëåìà ðåøå-
íèÿ æåñòêîé ñèñòåìû îáûêíîâåííûõ äèôôåðåíöèàëüíûõ óðàâíåíèé, äëÿ ðå-
øåíèÿ êîòîðîé íåîáõîäèìî èñïîëüçîâàòü ñïåöèàëüíûå ìåòîäû, îñíîâàííûå íà
íåÿâíûõ ñõåìàõ. Öåëüþ äàííîãî èññëåäîâàíèÿ ÿâëÿåòñÿ ðàçðàáîòêà àëãîðèò-
ìà è ïðîãðàììû äëÿ ðåøåíèÿ ïðÿìîé êèíåòè÷åñêîé çàäà÷è è èññëåäîâàíèÿ
ìíîãîêîìïîíåíòíûõ õèìè÷åñêèõ ñèñòåì ñî ñëîæíîé íåëèíåéíîé äèíàìèêîé.

2. Ïîñòàíîâêà çàäà÷è

Ðàññìîòðèì õèìè÷åñêèé ïðîöåññ â ðàìêàõ ñîñðåäîòî÷åííîé ìîäåëè èçî-
òåðìè÷åñêîãî ðåàêòîðà ïîñòîÿííîãî îáúåìà, êîòîðîìó ñîîòâåòñòâóåò ñèñòåìà

1 Àñïèðàíò êàôåäðû ìàòåìàòè÷åñêîãî ìîäåëèðîâàíèÿ, Ñòåðëèòàìàêñêèé ôèëèàë Áàøêèðñêîãî Ãîñó-
äàðñòâåííîãî Óíèâåðñèòåòà, ã. Ñòåðëèòàìàê; rustam_ikramov@mail.ru.

2 Çàâåäóþùèé êàôåäðîé ìàòåìàòè÷åñêîãî ìîäåëèðîâàíèÿ,Ñòåðëèòàìàêñêèé ôèëèàë Áàøêèðñêîãî Ãî-
ñóäàðñòâåííîãî Óíèâåðñèòåòà, ã. Ñòåðëèòàìàê; musta�na_sa@mail.ru.
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îáûêíîâåííûõ äèôôåðåíöèàëüíûõ óðàâíåíèé C ′ = ATV ñ çàäàííûì íà-
÷àëüíûì óñëîâèåì C(0) = C0 , ãäå A

T - ñòåõèîìåòðè÷åñêàÿ ìàòðèöà, C , V
- ñîîòâåòñòâåííî âåêòîð êîíöåíòðàöèé ðåàãåíòîâ è ñêîðîñòåé ñòàäèé. Åñëè
ðåàêöèÿ ïðîòåêàåò â èçîòåðìè÷åñêîì ðåàêòîðå ïîñòîÿííîãî îáúåìà ñ îáìå-
íîâ âåùåñòâà (îòêðûòàÿ ñèñòåìà, ðåàêòîð èäåàëüíîãî ñìåøåíèÿ), òî ñèñòåìà
äèôôåðåíöèàëüíûõ óðàâíåíèé çàïèñûâàåòñÿ â âèäå C ′ = ATV + 1

Θ(Cp −C) ,
ãäå Cp - âåêòîð êîíöåíòðàöèé ðåàãåíòîâ íà âõîäå, Θ = ν/λ - âðåìÿ ïðåáû-
âàíèÿ ñìåñè â ðåàêòîðå, ν - îáúåì ðåàêòîðà, λ - îáúåìíàÿ ñêîðîñòü òå÷å-
íèÿ ñìåñè ÷åðåç ðåàêòîð. Â êà÷åñòâå òåñòîâîãî ïðèìåðà èñïîëüçóåì ìîäåëü
ìîäèôèöèðîâàííîãî Îðåãîíàòîðà [1], äàþùåãî ñëîæíûé ïðåäåëüíûé öèêë è
ñîñòîÿùèé èç 6 ñòàäèé. Îáîçíà÷èì êîíöåíòðàöèè ðåàãåíòîâ ñëåäóþùèì îá-
ðàçîì: c1 = [BrO−

3 ] , c2 = [Br−] , c3 = [M(n)] , c4 = [HBrO2] , c5 = [HOBr] ,
c6 = [BrO2] , c7 = [M(n + 1)] . Â ýòèõ îáîçíà÷åíèÿõ M(n) - èîí ìåòàëëà êà-
òàëèçàòîðà, à M(n+ 1) - îêèñëåííàÿ ôîðìà ýòîãî èîíà. Òîãäà ñèñòåìà äèô-
ôåðåíöèàëüíûõ óðàâíåíèé ìîäåëè ìîäèôèöèðîâàííîãî Îðåãîíàòîðà ïðèìåò
âèä:

c′1 = −ν1 − ν3 + ν5 + (cp1 − c1)/Θ,

c′2 = −ν1 − ν2 + 0.462ν6 + (cp2 − c2)/Θ,

c′3 = −ν4 + ν6 + (cp3 − c3)/Θ,

c′4 = ν1 − ν2 − ν3 + ν4 − 2ν5 + (cp4 − c4)/Θ,

c′5 = ν1 + ν2 + ν5 + (cp5 − c5)/Θ,

c′6 = 2ν3 − ν4 + (cp6 − c6)/Θ,

c′7 = ν4 − ν5 + (cp7 − c7)/Θ,

ãäå ν1, ν2, .., ν6 çàäàþòñÿ ôîðìóëàìè:

ν1 = k1c1c2 − k−1c4c5,

ν2 = k2c2c4 − k−2c
2
5,

ν3 = k3c1c4 − k−3c
2
6,

ν4 = k4c3c6 − k−4c4c7,

Êîýôôèöèåíòû ñêîðîñòåé ðåàêöèè ïðèíèìàþò ñëåäóþùèå çíà÷åíèÿ
(ìîëü/ñ): k1 = 0.084 , k2 = 4 · 108 , k3 = 2 · 103 , k4 = 1.3 · 105 , k5 = 4 · 104 ,
k6 = 0.65 , k−1 = 104 , k−2 = 5 · 10−5 , k−3 = 2 · 10−7 , k−4 = 2.4 · 107 ,
k−5 = 4 · 10−11 .
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3. ×èñëåííûé ýêñïåðèìåíò

Äëÿ ÷èñëåííîãî èññëåäîâàíèÿ ìîäåëè ìîäèôèöèðîâàííîãî Îðåãîíàòîðà
áûë âûáðàí íåÿâíûé ìåòîä Ðîçåíáðîêà òðåòüåãî ïîðÿäêà òî÷íîñòè. Ñõåìû
ìåòîäà Ðîçåíáðîêà äëÿ ïåðåõîäà íà íîâûé âðåìåííîé ñëîé òðåáóþò ðåøåíèÿ
ëèíåéíîé ñèñòåìû óðàâíåíèé ñ õîðîøî îáóñëîâëåííîé ìàòðèöåé, ÷òî ïîçâî-
ëÿåò èçáåæàòü èòåðàöèé.

Â ïðîñòåéøåì ñëó÷àå ìåòîäû òèïà Ðîçåíáðîêà ìîãóò èìåòü âèä: (E −
Ahfy +Bh2f 2y )(yn+1 − yn) = hf(yn + Chf) , ãäå yn+1 - èñêîìîå ÷èñëåííîå ðå-
øåíèå íà îäíîì øàãå èíòåãðèðîâàíèÿ äëèíû h , A , B , C - êîýôôèöèåíòû,
îïðåäåëÿþùèå ìåòîä; y è f - n -ìåðíûå âåêòîð-ôóíêöèè, fy - ìàòðèöà ßêî-
áè èñõîäíîé ñèñòåìû äèôôåðåíöèàëüíûõ óðàâíåíèé, E - åäèíè÷íàÿ ìàòðèöà.
Îòìåòèì, ÷òî f è fy áåç àðãóìåíòîâ âñþäó îçíà÷àþò f(yn) è fy(yn) ñîîò-
âåòñòâåííî [2]. Èíòåãðèðîâàíèå âåëîñü ñ øàãîì 0.001 íà èíòåðâàëå [0, 1000] .

Ð è ñ ó í î ê 3.1
Êîëåáàíèÿ çíà÷åíèé êîíöåíòðàöèé ðåàãåíòà c4
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Ð è ñ ó í î ê 3.2
Êîëåáàíèÿ çíà÷åíèé êîíöåíòðàöèé ðåàãåíòà c5

Ðåçóëüòàòû èíòåãðèðîâàíèÿ, ïðåäñòàâëåííûå íà ðèñ. 1 - ðèñ. 2, ïîêàçûâà-
þò óäîâëåòâîðèòåëüíîå ñîãëàñîâàíèå ñ ðåçóëüòàòàìè ðàáîòû [1], ïîëó÷åííû-
ìè (2,1) - ìåòîäîì ðåøåíèÿ æåñòêèõ ñèñòåì, êîòîðûé çíà÷èòåëüíî óñëîæíåí
íàõîæäåíèåì ìàòðèöû ïðîèçâîäíûõ âòîðîãî ïîðÿäêà è áîëüøèì ÷èñëîì ýëå-
ìåíòàðíûõ îïåðàöèé íàä ìàòðèöàìè. Òàêèå îïåðàöèè îêàçûâàþò âëèÿíèå íà
ñêîðîñòü àëãîðèòìà ïðè âûñîêèõ ðàçìåðíîñòÿõ. Ñîçäàííûé àâòîðàìè àëãî-
ðèòì è ïðîãðàììà íà îñíîâå ñõåìû Ðîçåíáðîêà ñ äåéñòâèòåëüíûìè êîýôôè-
öèåíòàìè äëÿ ðåøåíèÿ ïðÿìîé çàäà÷è õèìè÷åñêîé êèíåòèêè ìîãóò áûòü àäàï-
òèðîâàíû ê äðóãèì êîëåáàòåëüíûì ðåàêöèÿì ïóòåì çàìåíû ïðàâûõ ÷àñòåé
ñèñòåìû îáûêíîâåííûõ äèôôåðåíöèàëüíûõ óðàâíåíèé è íà÷àëüíûõ óñëîâèé.
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ÓÄÊ 517.938.5

Î òîïîëîãè÷åñêîé ñîïðÿæåííîñòè ãðàäèåíòíî-ïîäîáíûõ

äèôôåîìîðôèçìîâ ïîâåðõíîñòåé ñ îäíîìåðíûìè

èíâàðèàíòíûìè ìíîæåñòâàìè

c⃝ C. Õ. Êàïêàåâà1

Àííîòàöèÿ. Â ðàáîòå íàéäåíû óñëîâèÿ òîïîëîãè÷åñêîé ñîïðÿæåííîñòè ãðàäèåíòíî-
ïîäîáíûõ äèôôåîìîðôèçìîâ, çàäàííûõ íà äâóìåðíûõ ìíîãîîáðàçèÿõ è íåáëóæäàþùåå ìíî-
æåñòâî êîòîðûõ ïðèíàäëåæèò èíâàðèàíòíîìó îáúåäèíåíèþ êîíå÷íîãî ÷èñëà íåïåðåñåêàþ-
ùèõñÿ ïðîñòûõ çàìêíóòûõ êðèâûõ. Èññëåäîâàíà âçàèìîñâÿçü ìåæäó äèíàìèêîé òàêèõ äèô-
ôåîìîðôèçìîâ è òîïîëîãèåé îáúåìëþùåãî ìíîãîîáðàçèÿ. Äëÿ ñîäåðæàòåëüíîãî ïîäêëàññà
òàêèõ ñèñòåì ïîëó÷åíà èõ òîïîëîãè÷åñêàÿ êëàññèôèêàöèÿ

Êëþ÷åâûå ñëîâà: äèôôåîìîðôèçì Ìîðñà-Ñìåéëà, ãðàäèåíòíî-ïîäîáíûé äèôôåîìîð-
ôèçì, òîïîëîãè÷åñêàÿ ñîïðÿæåííîñòü, àòòðàêòîð, ðåïåëëåð

1. Ââåäåíèå è ôîðìóëèðîâêà ðåçóëüòàòîâ

Äèôôåîìîðôèçì f :Mn → Mn íàçûâàåòñÿ äèôôåîìîðôèçìîì Ìîðñà-
Ñìåéëà íà ìíîãîîáðàçèè Mn , åñëè îí óäîâëåòâîðÿåò ñëåäóþùèì óñëîâèÿì:

1. íåáëóæäàþùåå ìíîæåñòâî2 Ω äèôôåîìîðôèçìà f ãèïåðáîëè÷íî è êî-
íå÷íî (òî åñòü ñîñòîèò èç êîíå÷íîãî ÷èñëà ïåðèîäè÷åñêèõ òî÷åê, äëÿ êîòîðûõ
ìîäóëè ñîáñòâåííûõ çíà÷åíèé ìàòðèöû ßêîáè íå ðàâíû åäèíèöå);

2. äëÿ ëþáûõ ðàçëè÷íûõ ïåðèîäè÷åñêèõ òî÷åê p , q äèôôåîìîðôèçìà f

óñòîé÷èâîå ìíîãîîáðàçèå W s
p è íåóñòîé÷èâîå ìíîãîîáðàçèå W u

q ëèáî íå ïå-
ðåñåêàþòñÿ, ëèáî òðàíñâåðñàëüíû â êàæäîé òî÷êå ïåðåñå÷åíèÿ.

Íåáëóæäàþùåå ìíîæåñòâîΩ äèôôåîìîðôèçìà Ìîðñà-Ñìåéëà f ïðåäñòà-

âèì â âèäå Ω =
n∪

i=0

Ωi , ãäå Ωi � ìíîæåñòâî ïåðèîäè÷åñêèõ òî÷åê äèôôåî-

ìîðôèçìà f , èíäåêñ Ìîðñà3 êîòîðûõ ðàâåí i ( i = 0, 1, ..., n ). Ïåðèîäè÷åñêàÿ
òî÷êà, èíäåêñ Ìîðñà êîòîðîé ðàâåí 0 (n ) íàçûâàåòñÿ ñòîêîâîé (èñòî÷íèêî-
âîé), ïåðèîäè÷åñêàÿ òî÷êà èíäåêñ Ìîðñà êîòîðîé íå ðàâåí íè 0 , íè n íàçû-
âàåòñÿ ñåäëîâîé òî÷êîé.

Êîìïîíåíòû ñâÿçíîñòè W s
p \ p (W u

p \ p) ñåäëîâîé òî÷êè p íàçûâàþòñÿ
óñòîé÷èâûìè (íåóñòîé÷èâûìè) ñåïàðàòðèñàìè ñåäëà p .

1 Ìàãèñòðàíòêà ôàêóëüòåòà ìàòåìàòèêè è èíôîðìàöèîííûõ òåõíîëîãèé, Ìîðäîâñêèé ãîñóäàðñòâåííûé
óíèâåðñèòåò èìåíè Í. Ï. Îãàðåâà, ã. Ñàðàíñê; kapkaevasvetlana@yandex.ru

2 Äëÿ äèôôåîìîðôèçìà f òî÷êà x ∈ X íàçûâàåòñÿ áëóæäàþùåé, åñëè ñóùåñòâóåò îòêðûòàÿ îêðåñò-
íîñòü Ux òî÷êè x òàêàÿ, ÷òî f t(Ux) ∩ Ux = ∅ äëÿ t ∈ N . Â ïðîòèâíîì ñëó÷àå òî÷êà x íàçûâàåòñÿ
íåáëóæäàþùåé. Ìíîæåñòâî âñåõ íåáëóæäàþùèõ òî÷åê äèôôåîìîðôèçìà f íàçûâàåòñÿ íåáëóæäàþùèì

ìíîæåñòâîì è îáîçíà÷àåòñÿ Ω .
3 Èíäåêñîì Ìîðñà ïåðèîäè÷åñêîé òî÷êè p íàçûâàåòñÿ ÷èñëî, ðàâíîå ðàçìåðíîñòè íåóñòîé÷èâîãî ìíî-

ãîîáðàçèÿ Wu
p
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Åñëè f � äèôôåîìîðôèçì Ìîðñà-Ñìåéëà è p åãî ïåðèîäè÷åñêàÿ òî÷êà,
òî ïåðåñå÷åíèå W s

p ∩W u
p ñîñòîèò â òî÷íîñòè èç îäíîé òî÷êè p . Åñëè äëÿ ðàç-

ëè÷íûõ ñåäëîâûõ ïåðèîäè÷åñêèõ òî÷åê p , q ïåðåñå÷åíèå W s
p∩W u

q ̸= ∅ , òî îíî
ÿâëÿåòñÿ áåñêîíå÷íûì ìíîæåñòâîì. Ïðè ýòîì åñëè dim W s

p+dim W u
q = n , òî

ìíîæåñòâî W s
p ∩W u

q ÿâëÿåòñÿ íóëüìåðíûì è êàæäàÿ òî÷êà ýòîãî ìíîæåñòâà
íàçûâàåòñÿ ãåòåðîêëèíè÷åñêîé, à åñëè dim W s

p + dim W u
q > n , òî êàæäàÿ

êîìïîíåíòà ñâÿçíîñòè W s
p ∩ W u

q íàçûâàåòñÿ ãåòåðîêëèíè÷åñêîé êîìïîíåí-
òîé.

Äèôôåîìîðôèçì Ìîðñà-Ñìåéëà íàçûâàåòñÿ ãðàäèåíòíî-ïîäîáíûì, åñëè
îí íå èìååò ãåòåðîêëèíè÷åñêèõ òî÷åê.

Äèôôåîìîðôèçìû f , f ′ : Mn → Mn íàçûâàþòñÿ òîïîëîãè÷åñêèìè
ñîïðÿæåííûìè, åñëè ñóùåñòâóåò ãîìåîìîðôèçì h :Mn → Mn òàêîé, ÷òî
f ′ = hfh−1 .

Äàëåå ìû ðàññìàòðèâàåì ãðàäèåíòíî-ïîäîáíûå äèôôåîìîðôèçìû Ìîðñà-
Ñìåéëà íà äâóìåðíîì ìíîãîîáðàçèè M2 . Â ýòîì ñëó÷àå óñëîâèå ãðàäèåíòíî-
ïîäîáíîñòè ýêâèâàëåíòíî òîìó, ÷òî ïåðåñå÷åíèå W s

p ∩ W u
q ÿâëÿåòñÿ ïó-

ñòûì, äëÿ ëþáûõ ðàçëè÷íûõ ñåäëîâûõ òî÷åê p, q . Íåáëóæäàþùåå ìíîæå-
ñòâî Ω äèôôåîìîðôèçìà f : M 2 → M 2 ïðåäñòàâëÿåòñÿ â ñëåäóþùåì âè-
äå: Ω = Ω0 ∪ Ω1 ∪ Ω2 , ãäå Ω0 , Ω1 , Ω2 � ìíîæåñòâà ñòîêîâûõ, ñåäëîâûõ,
èñòî÷íèêîâûõ òî÷åê äèôôåîìîðôèçìà f ñîîòâåòñòâåííî. Áóäåì ïðåäïîëà-
ãàòü òàêæå, ÷òî ìíîæåñòâî Ω1 ̸= ∅ , â ïðîòèâíîì ñëó÷àå åãî íåáëóæäàþùåå
ìíîæåñòâî ñîñòîèò èç îäíîãî èñòî÷íèêà è îäíîãî ñòîêà. Âñå äèôôåîìîðôèç-
ìû �èñòî÷íèê-ñòîê� òîïîëîãè÷åñêè ñîïðÿæåíû è äîêàçàòåëüñòâî ýòîãî ôàêòà
ïðèâåäåíî, íàïðèìåð, â êíèãå [2] (Òåîðåìà 2.2.1).

Â 1973 ãîäó Ì. Ïåéøîòî [7] êëàññèôèöèðîâàë ïîòîêè Ìîðñà-Ñìåéëà áåç
çàìêíóòûõ òðàåêòîðèé ñ ïîìîùüþ ðàçëè÷àþùåãî ãðàôà. Â 1985-1987 ãîäàõ
Â. Ç. Ãðèíåñîì è À. Í. Áåçäåíåæíûõ áûëà ïîëó÷åíà òîïîëîãè÷åñêàÿ êëàñ-
ñèôèêàöèÿ ãðàäèåíòíî-ïîäîáíûõ êàñêàäîâ íà îðèåíòèðóåìûõ ïîâåðõíîñòÿõ
(ïîäðîáíîå èçëîæåíèå ðåçóëüòàòîâ èìååòñÿ â êíèãå [2]). À. À. Îøåìêîâ è Â.
Â. Øàðêî â ðàáîòå [6] ïðåäëîæèëè ïîñòàâèòü â ñîîòâåòñòâèå êàæäîìó ïîòîêó
Ìîðñà-Ñìåéëà áåç çàìêíóòûõ òðàåêòîðèé òðåõöâåòíûé ãðàô. Êàê îêàçàëîñü,
ïðîâåðêà èçîìîðôíîñòè òðåõöâåòíûõ ãðàôîâ ñóùåñòâåííî ïðîùå ïðîâåðêè
èçîìîðôíîñòè ãðàôîâ Ïåéøîòî.

Â ðàáîòàõ [3], [4] èäåè ñòàòüè [6] áûëè ïðèìåíåíû äëÿ òîïîëîãè÷åñêîé êëàñ-
ñèôèêàöèè ãðàäèåíòíî-ïîäîáíûõ äèôôåîìîðôèçìîâ äâóìåðíûõ ìíîãîîáðà-
çèé ïîñðåäñòâîì òðåõöâåòíûõ ãðàôîâ, îñíàùåííûõ àâòîìîðôèçìàìè, èíäó-
öèðîâàííûìè äèôôåîìîðôèçìàìè íà âåðøèíàõ ãðàôîâ.

Â íàñòîÿùåé ðàáîòå âûäåëÿåòñÿ êëàññ G ãðàäèåíòíî-ïîäîáíûõ äèôôåî-
ìîðôèçìîâ, íåáëóæäàþùåå ìíîæåñòâî êàæäîãî èç êîòîðûõ ïðèíàäëåæèò èí-
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âàðèàíòíîìó îáúåäèíåíèþ êîíå÷íîãî ÷èñëà íåïåðåñåêàþùèõñÿ ïðîñòûõ çà-
ìêíóòûõ êðèâûõ, è ïîêàçûâàåòñÿ, ÷òî êëàññèôèêàöèÿ òàêèõ äèôôåîìîðôèç-
ìîâ ñâîäèòñÿ ê êëàññèôèêàöèè ãðóáûõ äèôôåîìîðôèçìîâ îêðóæíîñòè, ïî-
ëó÷åííîé À.Ã. Ìàéåðîì [5].

Áîëåå òî÷íî, áóäåì ãîâîðèòü, ÷òî ãðàäèåíòíî-ïîäîáíûé äèôôåîìîðôèçì
f ïðèíàäëåæèò êëàññó G , åñëè Ω1 ïðåäñòàâëÿåòñÿ â âèäå îáúåäèíåíèÿ Ω+

1 ∪
Ω−

1 óäîâëåòâîðÿþùåãî ñëåäóþùèì óñëîâèÿì:
1. cl W u

Ω+
1
∪cl W s

Ω−
1
ñîñòîèò èç êîíå÷íîãî ÷èñëà ïîïàðíî íå ïåðåñåêàþùèõñÿ

êîìïîíåíò, êàæäàÿ èç êîòîðûõ ãîìåîìîðôíà îêðóæíîñòè;
2. (Ω0 ∪ Ω2) ⊂ (cl W u

Ω+
1
∪ cl W s

Ω−
1
) .

Ïîëîæèì Af = cl W u
Ω+

1
è Rf = cl W s

Ω−
1
. Cîãëàñíî òåîðåìå 2.2.2 êíèãè [2]

ìíîæåñòâî Af (Rf ) ÿâëÿåòñÿ àòòðàêòîðîì
4 (ðåïåëëåðîì5) äèôôåîìîðôèçìà

f .
Èñïîëüçóÿ ñõåìó äîêàçàòåëüñòâà òåîðåìû 1 ðàáîòû [1], ìîæíî ïîëó÷èòü

ñëåäóþùóþ êëàññèôèêàöèþ ïîâåðõíîñòåé, äîïóñêàþùèõ äèôôåîìîðôèçìû
èç êëàññà G .

Ò å î ð å ì à 1.1. Ïóñòü ìíîãîîáðàçèå M 2 äîïóñêàåò äèôôåîìîð-
ôèçì èç êëàññà G . Òîãäà M 2 äèôôåîìîðôíî ëèáî òîðó T2 , ëèáî áóòûëêå
Êëåéíà K2 .

Îáîçíà÷èì ÷åðåç G̃ ïîäìíîæåñòâî êëàññà G òàêîå, ÷òî äëÿ äèôôåîìîð-
ôèçìà f ∈ G̃ âûïîëíÿþòñÿ ñëåäóþùèå ñâîéñòâà:

1) âñå êîìïîíåíòû ñâÿçíîñòè ìíîæåñòâà Af ∪ Rf ñîäåðæàò îäèíàêîâîå
÷èñëî íåáëóæäàþùèõ òî÷åê;

2) cl (W s
σ1
+
) ∩ cl (W s

σ2
+
) = ∅ äëÿ ðàçëè÷íûõ ñåäëîâûõ òî÷åê σ1+, σ

2
+ , ïðè-

íàäëåæàùèõ îäíîé è òîé æå êîìïîíåíòå ñâÿçíîñòè àòòðàêòîðà Af ;
3) cl (W u

σ1
−
) ∩ cl (W u

σ2
−
) = ∅ äëÿ ðàçëè÷íûõ ñåäëîâûõ òî÷åê σ1−, σ

2
− , ïðè-

íàäëåæàùèõ îäíîé è òîé æå êîìïîíåíòå ñâÿçíîñòè ðåïåëëåðà Rf .
Â ðàçäåëå 2. ââîäèòñÿ êëàññ Φ ìîäåëüíûõ äèôôåîìîðôèçìîâ íà ìíîãîîá-

ðàçèÿõ T2 è K2 , îòíîñèòåëüíî êîòîðîãî ñïðàâåäëèâà ñëåäóþùàÿ òåîðåìà.

Ò å î ð å ì à 1.2. Ëþáîé äèôôåîìîðôèçì f ∈ G̃ òîïîëîãè÷åñêè ñî-
ïðÿæåí íåêîòîðîìó ìîäåëüíîìó èç êëàññà Φ .

4 Ïóñòü f � ãîìåîìîðôèçì êîìïàêòíîãî ìåòðè÷åñêîãî ïðîñòðàíñòâà X . Êîìïàêòíîå f -èíâàðèàíòíîå
ìíîæåñòâî A ⊂ X íàçûâàåòñÿ àòòðàêòîðîì äèñêðåòíîé äèíàìè÷åñêîé ñèñòåìû f , åñëè îíî èìååò êîì-
ïàêòíóþ îêðåñòíîñòü UA òàêóþ, ÷òî f(UA) ⊂ int UA è A =

∩
k≥0

fk(UA)

5 Ðåïåëëåð îïðåäåëÿåòñÿ êàê àòòðàêòîð äëÿ f−1 .
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2. Ïîñòðîåíèå ìîäåëüíîãî äèôôåîìîðôèçìà

Äëÿ îïèñàíèÿ äèíàìèêè äèôôåîìîðôèçìîâ êëàññà G íàïîìíèì òîïîëîãè÷å-
ñêóþ êëàññèôèêàöèþ ñòðóêòóðíî-óñòîé÷èâûõ äèôôåîìîðôèçìîâ íà îêðóæ-
íîñòè.

Ïóñòü MS(S1) êëàññ ñòðóêòóðíî óñòîé÷èâûõ ïðåîáðàçîâàíèé îêðóæíî-
ñòè, êîòîðûé, â ñèëó ðåçóëüòàòîâ À.Ã. Ìàéåðà [5], ñîâïàäàåò ñ êëàññîì äèô-
ôåîìîðôèçìîâ Ìîðñà-Ñìåéëà.

Ðàçîáúåì MS(S1) íà äâà ïîäêëàññà MS+(S1) è MS−(S1) , ñîñòîÿùèõ èç
ñîõðàíÿþùèõ îðèåíòàöèþ è ìåíÿþùèõ îðèåíòàöèþ äèôôåîìîðôèçìîâ ñî-
îòâåòñòâåííî. Íèæå ôîðìóëèðóþòñÿ ðåçóëüòàòû Ìàéåðà î òîïîëîãè÷åñêîé
êëàññèôèêàöèè ñòðóêòóðíî óñòîé÷èâûõ ïðåîáðàçîâàíèé îêðóæíîñòè.

Ï ð å ä ë î æ å í è å 2.1.
1. Äëÿ êàæäîãî äèôôåîìîðôèçìà φ ∈ MS+(S1) íåáëóæäàþùåå ìíîæå-

ñòâî Ω(φ) ñîñòîèò èç 2n (n ∈ N ) ïåðèîäè÷åñêèõ îðáèò, êàæäàÿ èç êîòî-
ðûõ èìååò ïåðèîä k .

2. Äëÿ êàæäîãî äèôôåîìîðôèçìà φ ∈ MS−(S1) íåáëóæäàþùåå ìíîæå-
ñòâî Ω(φ) ñîñòîèò èç 2q ( q ∈ N ) ïåðèîäè÷åñêèõ òî÷åê, äâå èç êîòîðûõ
íåïîäâèæíû, à îñòàëüíûå èìåþò ïåðèîä 2 .

Ïîëîæèì φ ∈ MS+(S1) . Çàíóìåðóåì ïåðèîäè÷åñêèå òî÷êè íåáëóæäàþ-
ùåãî ìíîæåñòâà Ω(φ) : p0, p1, . . . , p2nk−1, p2nk = p0 íà÷èíàÿ ñ ïðîèçâîëüíîé
ïåðèîäè÷åñêîé òî÷êè p0 ïî ÷àñîâîé ñòðåëêå, òîãäà φ(p0) = p2nl , ãäå l öåëîå
÷èñëî, òàêîå ÷òî äëÿ k = 1 ïîëîæèì l = 0 , äëÿ k > 1 ïóñòü l ∈ {1, . . . , k−1}
è (k, l) âçàèìíî ïðîñòû6. Çàìåòèì, ÷òî l íå çàâèñèò îò âûáîðà òî÷êè p0 .

Ï ð å ä ë î æ å í è å 2.2.
1. Äâà äèôôåîìîðôèçìà φ;φ′ ∈ MS+(S1) ñ ïàðàìåòðàìè n, k, l;n′, k′, l′

òîïîëîãè÷åñêè ñîïðÿæåíû òîãäà è òîëüêî òîãäà, êîãäà n = n′, k = k′ è
âûïîëíÿåòñÿ îäíî èç ñëåäóþùèõ óòâåðæäåíèé:
• l = l′ (ïðè ýòîì, åñëè l ̸= 0 òîãäà ñîïðÿãàþùèé ãîìåîìîðôèçì ñîõðÿ-
íÿåò îðèåíòàöèþ),
• l = k′ − l′ (ïðè ýòîì, ñîïðÿãàþùèé ãîìåîìîðôèçì ìåíÿåò îðèåíòà-
öèþ).

2. Äâà äèôôåîìîðôèçìà φ;φ′ ∈MS−(S1) ñ ïàðàìåòðàìè q; q′ òîïîëîãè-
÷åñêè ñîïðÿæåíû òîãäà è òîëüêî òîãäà, êîãäà q = q′ .

6 Â äåéñòâèòåëüíîñòè, À.Ã. Ìàéåð âìåñòî ÷èñëà l èñïîëüçîâàë ÷èñëî r1 , êîòîðîå îí íàçûâàë ïîðÿäêî-
âûì ÷èñëîì, òàêîå ÷òî l · r1 ≡ 1(mod k)

Æóðíàë ÑÂÌÎ. 2014. Ò. 16, � 1



80 Ñ. Õ. Êàïêàåâà

Äëÿ ýòîãî ñíà÷àëà ïîñòðîèì ìîäåëè ãðóáûõ ïðåîáðàçîâàíèé îêðóæíîñòè
S1 , ïðåäñòàâëÿÿ å¼ êàê ôàêòîðïðîñòðàíñòâî S1 = R/Z ñ åñòåñòâåííîé ïðî-
åêöèåé π : R → S1 .

Äëÿ n, k ∈ N è öåëîãî l , òàêîãî ÷òî äëÿ k = 1 , l = 0 è äëÿ k > 1 ,
l ∈ {1, . . . , k− 1} âçàèìíî ïðîñòî ñ k , ïîñòðîèì ñòàíäàðòíîãî ïðåäñòàâèòåëÿ
φ+ â MS+(S1) ñ ïàðàìåòðàìè n, k, l . Äëÿ q ∈ N ïîñòðîèì ñòàíäàðòíîãî
ïðåäñòàâèòåëÿ φ− â MS−(S1) ñ ïàðàìåòðîì q .

Äëÿ ýòîãî ââåäåì ñëåäóþùèå îòîáðàæåíèÿ:
ψ̃m : R → R � ñäâèã íà åäèíèöó âðåìåíè ïîòîêà ṙ = sin(2πmr) äëÿ m ∈ N ;
χ̃k,l : R → R � äèôôåîìîðôèçì, çàäàííûé ôîðìóëîé χ̃k,l(r) = r − l

k ;
χ̃ : R → R � äèôôåîìîðôèçì, çàäàííûé ôîðìóëîé χ̃(r) = −r ;
φ̃+ = χ̃k,lψ̃n·k : R → R è φ̃− = χ̃ψ̃q : R → R .
Òàêèì îáðàçîì,
φ̃+(r) = ψ̃n·k(r)− l

k è φ̃+(r + ν) = φ̃+(r) + ν ;

φ̃−(r) = −ψ̃q(r) è φ̃−(r + ν) = φ̃−(r)− ν .
Ñëåäîâàòåëüíî ñëåäóþùèå äèôôåîìîðôèçìû êîððåêòíî îïðåäåëåíû:

φσ = πφ̃σπ
−1 : S1 → S1, σ ∈ {+,−} , χ = πχ̃π−1 : S1 → S1 .

Èñïîëüçóÿ φσ1
, φσ2

, σ1, σ2 ∈ {+,−} ïîñòðîèì ìîäåëüíûé äèôôåîìîðôèçì
φ+
σ1σ2

(φ−
σ1σ2

) íà T2 (K2 ).
Äëÿ ýòîãî îïðåäåëèì äèôôåîìîðôèçì φ+

σ1σ2
: T2 → T2 ôîðìóëîé

φ+
σ1σ2

(z1, z2) = (φσ1
(z1), φσ2

(z2)) , ãäå (z1, z2) ∈ T2 = S1 × S1 .
Ïðåäñòàâèì ìíîãîîáðàçèå K2 êàê ïðîñòðàíñòâî îðáèò K2 = (S1 × R)/Γ ,

ãäå Γ = {γk, k ∈ Z} ãðóïïà ñòåïåíåé äèôôåîìîðôèçìà γ : S1 ×R → S1 ×R ,
çàäàííîãî ôîðìóëîé γ(z, r) = (χ(z), r−1) . Îáîçíà÷èì ÷åðåç p

χ
: S1×R → K2

åñòåñòâåííóþ ïðîåêöèþ. Îáîçíà÷èì ÷åðåç φ̃−
σ1σ2

: S1×R → S1×R äèôôåîìîð-
ôèçì, çàäàííûé ôîðìóëîé φ̃−

σ1σ2
(z, r) = (φσ1

(z), φ̃σ2
(r)). Òàê êàê Γ � öèêëè-

÷åñêàÿ ãðóïïà ñ îáðàçóþùåé γ(z, r) = (χ(z), r− 1) , òî ëèáî φ̃−
σ1σ2

γ = γφ̃−
σ1σ2

,
ëèáî φ̃−

σ1σ2
γ−1 = γφ̃−

σ1σ2
ÿâëÿåòñÿ íåîáõîäèìûì è äîñòàòî÷íûì óñëîâèåì, ïîç-

âîëÿþùèì çàäàòü äèôôåîìîðôèçì φ−
σ1σ2

: K2 → K2 êàê φ−
σ1σ2

= p
χ
φ̃−
σ1σ2

p−1
χ

(ñì., íàïðèìåð, [2]). Èç ýòîãî ñëåäóåò, ÷òî φσ1
χ = χφσ1

, ÷òî ðàâíîñèëüíî òî-
ìó, ÷òî ñóùåñòâóåò m ∈ Z òàêîå, ÷òî φ̃σ1

(−r) + m = −φ̃σ1
(r) äëÿ ëþáîãî

r ∈ R . Åñëè σ1 = − , òî ïîñëåäíåìó ñîîòíîøåíèþ óäîâëåòâîðÿåò m = 0 . Åñ-
ëè æå σ1 = + , òî ïðèõîäèì ê ðàâåíñòâó 2l = mk , îòêóäà, ó÷èòûâàÿ óñëîâèå
0 ≤ l < k è âçàèìíóþ ïðîñòîòó l è k , ïîëó÷àåì ëèáî m = 0, l = 0, k = 1 ,
ëèáî m = 1, l = 1, k = 2 .

Îáîçíà÷èì Φ+
σ1σ2

(Φ−
σ1σ2

) ìíîæåñòâî äèôôåîìîðôèçìîâ φ+
σ1σ2

(φ−
σ1σ2

). Ïî-
ëîæèì Φ+ = Φ+

++ ∪ Φ+
+− ∪ Φ+

−+ ∪ Φ+
−− (Φ− = Φ−

++ ∪ Φ−
+− ∪ Φ−

−+ ∪ Φ−
−− ) è

Φ = Φ+ ∪ Φ− .
Êàæäûé äèôôåîìîðôèçì φ+

σ1σ2
(φ−

σ1σ2
) îäíîçíà÷íî îïðåäåëÿåòñÿ íàáîðîì
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ïàðàìåòðîâ ζ+σ1σ2
( ζ−σ1σ2

) ñëåäóþùèõ òèïîâ:
1. ζ+++ = {n1, k1, l1, n2, k2, l2} ;
2. ζ++− = ζ+−+ = ζ−−+ = {n, k, l, q} ;
3. ζ+−− = ζ−−− = {q1, q2} ;
4. ζ−++ = {n1, k1, n2, k2, l2} , ãäå k1 = 1 èëè k1 = 2 ;
5. ζ−+− = {n, k, q} , ãäå k = 1 èëè k = 2 .
Ñëåäóþùèé ðåçóëüòàò îáåñïå÷èâàåò àëãåáðàè÷åñêèé êðèòåðèé òîïîëîãè÷å-

ñêîé ñîïðÿæåííîñòè äèôôåîìîðôèçìîâ êëàññà Φ .

Ë å ì ì à 2.1. Äâà äèôôåîìîðôèçìà φ, φ′ ∈ Φ òîïîëîãè÷åñêè ñîïðÿ-
æåíû òîãäà è òîëüêî òîãäà, êîãäà íàáîðû èõ ïàðàìåòðîâ èìåþò îäèíàêî-
âûé òèï è äëÿ êàæäîãî èç òèïîâ âûïîëíÿþòñÿ ñëåäóþùèå ðàâåíñòâà:

1. ni = n′i, ki = k′i , li = l′i èëè li = k′i − l′i äëÿ i ∈ {1, 2} ;
2. n = n′, k = k′ , q = q′ , l = l′ èëè l = k′ − l′ ;
3. q1 = q′1 , q2 = q′2 ;
4. ni = n′i, ki = k′i äëÿ i ∈ {1, 2} , l2 = l′2 èëè l2 = k′2 − l′2 ;
5. n = n′, k = k′ , q = q′ .

Áëàãîäàðíîñòè. Àâòîð áëàãîäàðèò Â.Ç. Ãðèíåñà çà ïîñòàâëåííóþ çàäà÷ó è
ïëîäîòâîðíûå îáñóæäåíèÿ, à òàêæå Î.Â. Ïî÷èíêó çà âíèìàòåëüíîå ïðî÷òåíèå
ðóêîïèñè. Ðàáîòà âûïîëíåíà ïðè ÷àñòè÷íîé ôèíàíñîâîé ïîääåðæêå ãðàíòà
ÐÔÔÈ 13-01-12452-îôè-ì.
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On the topological conjugacy of gradient-like

di�eomorphisms of surfaces with one-dimensional invariant

sets

c⃝ S. H. Kapkaeva7

Abstract. In the paper we found conditions for the topological conjugacy of gradient-like 2-
di�eomorphisms whose nonwandering set belongs to the invariant �nite union of disjoint simple
closed curves. The interrelation between the dynamics of di�eomorphisms and the topology of
the ambient manifold is established. For a meaningful subclass of such systems their topological
classi�cation obtained
Key Words: Morse-Smale gradient-like di�eomorphism topological conjugacy, attractor, repeller

7 Student, Mordovian State University after N.P. Ogarev, Saransk; kapkaevasvetlana@yandex.ru.
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ÓÄÊ 534.11

Èññëåäîâàíèå ñâîáîäíûõ êîëåáàíèé ìåõàíè÷åñêèõ

îáúåêòîâ ñ äâèæóùèìèñÿ ãðàíèöàìè ïðè ïîìîùè

àñèìòîòè÷åñêîãî ìåòîäà

c⃝ Â. Ë. Ëèòâèíîâ1

Àííîòàöèÿ. Ðàçðàáîòàíà îáîáùåííàÿ ìåòîäèêà èñïîëüçîâàíèÿ àñèìïòîòè÷åñêîãî ìåòîäà
äëÿ èññëåäîâàíèÿ ñâîáîäíûõ êîëåáàíèé ìåõàíè÷åñêèõ îáúåêòîâ ñ äâèæóùèìèñÿ ãðàíèöàìè.
Àñèìïòîòè÷åñêèé ìåòîä ðàñïðîñòðàíåí íà áîëåå øèðîêèé êëàññ êðàåâûõ çàäà÷, êîòîðûå â
ñëó÷àå íåïîäâèæíûõ ãðàíèö ìîãóò áûòü ðåøåíû ìåòîäîì ðàçäåëåíèÿ ïåðåìåííûõ. Â êà÷åñòâå
ïðèìåðà èññëåäîâàíû ñâîáîäíûå êîëåáàíèÿ áàëêè ïåðåìåííîé äëèíû. Ïðîèçâåäåíî ñîïîñòàâ-
ëåíèå ñ ðåçóëüòàòàìè, ïîëó÷åííûìè ñ ïîìîùüþ ìåòîäà Êàíòîðîâè÷à-Ãàëåðêèíà.

Êëþ÷åâûå ñëîâà: äèôôåðåíöèàëüíûå óðàâíåíèÿ â ÷àñòíûõ ïðîèçâîäíûõ, ñâîáîäíûå êî-
ëåáàíèÿ îáúåêòîâ ñ äâèæóùèìèñÿ ãðàíèöàìè, çàêîíû äâèæåíèÿ ãðàíèö

Â ðàáîòå À.À. Ëåæíåâîé [1] ïðåäëàãàåòñÿ èñïîëüçîâàòü àñèìïòîòè÷åñêèé
ìåòîä äëÿ ïîëó÷åíèÿ ðåøåíèÿ óðàâíåíèÿ èçãèáíûõ êîëåáàíèé áàëêè ïðè
íåñëîæíûõ îäíîðîäíûõ ãðàíè÷íûõ óñëîâèÿõ, çàäàííûõ íà îäíîé äâèæóùåé-
ñÿ è îäíîé íåïîäâèæíîé ãðàíèöàõ.

Ðàññìîòðèì ïðèìåíåíèå äàííîãî ìåòîäà â ñëó÷àÿõ, êîãäà êîëåáàíèÿ îïè-
ñûâàþòñÿ áîëåå ñëîæíûìè óðàâíåíèÿìè.

Ïóñòü òðåáóåòñÿ ïîëó÷èòü ðåøåíèå äèôôåðåíöèàëüíîãî óðàâíåíèÿ â ÷àñò-
íûõ ïðîèçâîäíûõ

Vττ(ξ, τ) + L[V (ξ, τ)] = 0, (1.1)

ïðè ãðàíè÷íûõ óñëîâèÿõ

Yȷι[V (ℓȷ(ετ), τ)] = 0; ι = 1,m; ȷ = 1, 2, (1.2)

ãäå L - ëèíåéíûé îäíîðîäíûé äèôôåðåíöèàëüíûé îïåðàòîð ïî ïåðåìåí-
íîé ξ ïîðÿäêà 2m ; Yȷι− ëèíåéíûå îäíîðîäíûå äèôôåðåíöèàëüíûå îïåðà-
òîðû ïî ξ; ε− ìàëûé ïàðàìåòð.

Çàïèñü çàêîíîâ äâèæåíèÿ ãðàíèö â âèäå ℓȷ(ετ) ñîîòâåòñòâóåò ðåæèìó ìåä-
ëåííîãî äâèæåíèÿ. Óðàâíåíèå (1.1) è ãðàíè÷íûå óñëîâèÿ (1.2) - ñàìîñîïðÿ-
æåííûå, è â ñëó÷àå íåïîäâèæíîñòè ãðàíèö (ℓȷ(ετ) = const) ìîæåò áûòü ïî-
ëó÷åíî òî÷íîå ðåøåíèå ìåòîäîì ðàçäåëåíèÿ ïåðåìåííûõ. Äëÿ ðåøåíèÿ çàäà-
÷è èñïîëüçóåì àñèìïòîòè÷åñêèé ìåòîä. Äëÿ ýòîãî ïðåäïîëîæèì, ÷òî äëèíà
îáúåêòà èçìåíÿåòñÿ íåçíà÷èòåëüíî â òå÷åíèå îäíîãî ïåðèîäà ñîáñòâåííûõ êî-
ëåáàíèé, ò.å. ℓȷ(ετ) ÿâëÿåòñÿ ôóíêöèåé ìåäëåííîãî âðåìåíè. Òîãäà ôîðìû
êîëåáàíèé ìîãóò áûòü âûðàæåíû ÷åðåç òå æå ôóíêöèè, ÷òî è äëÿ îáúåêòà

1 Ñòàðøèé ïðåïîäàâàòåëü êàôåäðû îáùåòåîðåòè÷åñêèõ äèñöèïëèí, Ñûçðàíñêèé ôèëèàë Ñàìàðñêîãî
ãîñóäàðñòâåííîãî òåõíè÷åñêîãî óíèâåðñèòåòà, ã. Ñûçðàíü, vladlitvinov@rambler.ru.
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ïîñòîÿííîé äëèíû. Ðåøåíèå â ïåðâîì ïðèáëèæåíèè áóäåì èñêàòü â âèäå ðÿäà
ïî ýòèì ñîáñòâåííûì ôóíêöèÿì:

V (ξ, τ) =
∞∑
n=1

Xn(ξ, ετ)αn(ετ) coswn(τ), (1.3)

ãäå Xn(ξ, ετ) - ñîáñòâåííûå ôóíêöèè ñëåäóþùåé êðàåâîé çàäà÷è:

L[Xn(ξ, ετ)] = ω2
0n(ετ)Xn(ξ, ετ); (1.4)

Yȷι[Xn(ℓȷ(ετ), ετ)] = 0, (1.5)

à ôóíêöèè αn(ετ), wn(τ) îïðåäåëÿþòñÿ èç ñèñòåìû óðàâíåíèé{
dαn(ετ)

dτ = εAn(α,w, τ);
dwn(τ)

dτ = ω0n(ετ) + εBn(α,w, τ).
(1.6)

Çäåñü ω0n(ετ)− ñîáñòâåííûå ÷àñòîòû çàäà÷è. Îïåðàòîð L íå ñîäåðæèò
ïðîèçâîäíîé ïî τ , ïîýòîìó âåëè÷èíà ετ ðàññìàòðèâàåòñÿ êàê ïàðàìåòð.

Ââåäåì íîâóþ ôóíêöèþ

µn(τ) = αn(ετ) coswn(τ), (1.7)

ïîäñòàâèì (1.3) â èñõîäíîå óðàâíåíèå (1.1), à çàòåì ïîëó÷åííîå óðàâíåíèå
óìíîæèì íà Xn(ξ, ετ) è ïðîèíòåãðèðóåì îò ℓ1(ετ) äî ℓ2(ετ)

∫ ℓ2(ετ)

ℓ1(ετ)

∞∑
n=1

{[µn(τ)Xn(ξ, τ)]ττ + ω2
0n(ετ)Xn(ξ, ετ)µn(τ)}Xm(ξ, ετ)q(ξ)d(ξ) = 0,

(1.8)
ãäå m = 1, 2, 3 . . . .
Ðåøåíèå ñèñòåìû (1.8) çàòðóäíèòåëüíî. Ïðè ðåçîíàíñíûõ ÿâëåíèÿõ, àì-

ïëèòóäû âñåõ äèíàìè÷åñêèõ ìîä, çà èñêëþ÷åíèåì ðåçîíàíñíîé, ìàëû. Ïî-
ýòîìó, â êàæäîì óðàâíåíèè ñèñòåìû, ÷ëåíàìè, íå ñîäåðæàùèìè Xm(ξ, ετ) â
ñâÿçè ñ èõ ìàëîñòüþ, ïðåíåáðåãàþò. Â ýòîì ñëó÷àå ñèñòåìà (1.8) ñòàíîâèòñÿ
ðàñùåïëåííîé è óðàâíåíèå äëÿ íàõîæäåíèÿ µn(τ) ïðèíèìàåò âèä:

∫ ℓ2(ετ)

ℓ1(ετ)

{[µn(τ)Xn(ξ, ετ)]ττ +ω
2
0n(ετ)Xn(ξ, ετ)µn(τ)}Xn(ξ, ετ)q(ξ)dξ = 0. (1.9)

Ââåäåì îáîçíà÷åíèÿ:
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A1n(ετ) =

∫ ℓ2(ετ)

ℓ1(ετ)

X2
n(ξ, ετ)q(ξ)dξ; εA2n(ετ) =

∫ ℓ2(ετ)

ℓ1(ετ)

Xn,τ(ξ, ετ)Xn(ξ, ετ)q(ξ)dξ;

ε2A3n(ετ) =

∫ ℓ2(ετ)

ℓ1(ετ)

Xn,ττ(ξ, ετ)Xn(ξ, ετ)q(ξ)dξ.

Òîãäà óðàâíåíèå (1.9) ïðèìåò âèä:

A1n(ετ)µ
,,
n(τ) + 2εA2n(ετ)µ

,
n(τ) + ε2A3n(ετ)µn(τ) + A1n(ετ)ω

2
0n(ετ)µn(τ) = 0.

(1.10)
Â áîëüøèíñòâå ïðàêòè÷åñêèõ çàäà÷ ãðàíèöû äâèæóòñÿ â ìåäëåííîì ðåæè-

ìå è ïàðàìåòð ξ ìàë, ïîýòîìó â äàëüíåéøåì âåëè÷èíû ïîðÿäêà ε2 ó÷èòû-
âàòüñÿ íå áóäóò. Ó÷èòûâàÿ ðàâåíñòâî (1.7), ïðèðàâíèâàÿ â óðàâíåíèè (1.10)
íóëþ êîýôôèöèåíòû ïðè ε â ïåðâîé ñòåïåíè è ïîëó÷àþùåìñÿ ïðè ýòîì óðàâ-
íåíèè êîýôôèöèåíòû ïðè îäèíàêîâûõ ãàðìîíèêàõ, ïîëó÷èì ñèñòåìó óðàâíå-
íèé äëÿ îïðåäåëåíèÿ ôóíêöèé An, Bn :{

∂An

∂w = 2αn(ετ)Bn;
∂Bn

∂w = − 2
αn(ετ)

An − 1
ω0n(ετ)

dω0n(ετ)
dτ − 2εA2n(ετ)

A1n(ετ)
.

×àñòíîå ðåøåíèå ñèñòåìû èìååò âèä{
Bn = 0;

An = −αn(ετ)
2 [ 1

ω0n(ετ)
dω0n(ετ)

dτ + 2εA2n(ετ)
A1n(ετ)

].

Ïîäñòàâëÿÿ íàéäåííûå ðåøåíèÿ â óðàâíåíèÿ (1.6), ïîëó÷èì{
dαn(ετ)

dτ = − αn(ετ)
2ω0n(ετ)

· dω0n(ετ)
dτ ;

dwn(τ)
dτ = ω0n(ετ).

Ðåøàÿ ñèñòåìó, èìååì

wn(τ) =

∫ τ

0

ω0n(ετ);αn(ετ) =
1√

ω0n(ετ)
. (1.11)

Â êà÷åñòâå ïðèìåðà ðàññìîòðèì ñâîáîäíûå ïîïåðå÷íûå êîëåáàíèÿ áàëêè
ïåðåìåííîé äëèíû, êîíöû êîòîðîé çàêðåïëåíû. Äèôôåðåíöèàëüíîå óðàâíå-
íèå êîëåáàíèé èìååò âèä:

Uττ(x, t) + α2Uxxxx(x, t) = 0; (1.12)

U(0, t) = 0;Ux(0, t) = 0;
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U(ℓ0(t), t) = 0;Ux(ℓ0(t), t) = 0,

ãäå α2 = EI/ρ , E � ìîäóëü óïðóãîñòè ìàòåðèàëà áàëêè, I � îñåâîé ìî-
ìåíò èíåðöèè ñå÷åíèÿ áàëêè, ρ � ëèíåéíàÿ ïëîòíîñòü ìàññû áàëêè; U(x, t)
� ïîïåðå÷íîå ñìåùåíèå òî÷êè ñ êîîðäèíàòîé x áàëêè â ìîìåíò âðåìåíè t;
ℓ0(t) = L0 − v0t � çàêîí äâèæåíèÿ ïðàâîé ãðàíèöû, L0 � íà÷àëüíàÿ äëèíà
áàëêè,v0 � ñêîðîñòü äâèæåíèÿ ãðàíèöû.

Ââåäåì áåçðàçìåðíûå ïåðåìåííûå

ξ =
x

L0
; τ =

α

L2
0

t;V (ξ, τ) = U(x, t)/L0. (1.13)

Èñõîäíàÿ çàäà÷à ïðèìåò âèä:

Vξξξξ(ξ, τ) + Vττ(ξ, τ) = 0 (1.14)

V (0, τ) = 0;Vξ(0, τ) = 0;

V (ℓ(ετ), τ) = 0;Vξ(ℓ(ετ), τ) = 0,

ãäå
ℓ(ετ) = 1 + ετ ; ε = −v0L0/α.

Ïðèìåíèì ê çàäà÷å àñèìïòîòè÷åñêèé ìåòîä. Âåëè÷èíû Xn(ξ, ετ) è ω0n(ετ)
ÿâëÿþòñÿ ñîîòâåòñòâåííî ñîáñòâåííûìè ôóíêöèÿìè è ñîáñòâåííûìè ÷àñòîòà-
ìè ñëåäóþùåé êðàåâîé çàäà÷è:

Xnξξξξ(ξ, ετ)− ω2
0n(ετ)Xn(ξ, ετ) = 0.

Ðåøàÿ äàííîå óðàâíåíèå, ïîëó÷èì [2]:

Xn(ξ, ετ) = 0, 62{Cn(ετ)[cos(rn(ετ)ξ)−ch(rn(ετ)ξ)]+sin(rn(ετ)ξ)−sh(rn(ετ)ξ)},

ãäå

Cn(ετ) =
cos(rn(ετ)ℓ(ετ))− ch(rn(ετ)ℓ(ετ))

sin(rn(ετ)ℓ(ετ)) + sh(rn(ετ)ℓ(ετ))
; rn(ετ) =

√
ω0n(ετ);

ω0n(ετ) = k2n/ℓ
2(ετ); kn ∼ πn+ π/2.

Â äàííîì ñëó÷àå äèíàìè÷åñêèå ìîäû Xn îïðåäåëÿþòñÿ ñ òî÷íîñòüþ äî
ïîñòîÿííîãî ìíîæèòåëÿ è âûáðàíû òàêèì îáðàçîì, ÷òî max[Xn(ξ, ετ)] = 1

Óðàâíåíèÿ (1.11) èìåþò âèä

αn(ετ) = ℓ(ετ)/kn;wn(τ) = −k2n/(εℓ(ετ)). (1.15)

Òîãäà îáùåå ðåøåíèå óðàâíåíèÿ (1.14) âûãëÿäèò ñëåäóþùèì îáðàçîì
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V (ξ, τ) =
∞∑
n=1

Xn(ξ, ετ) ·
ℓ(ετ)

kn
· Cn · cos(

k2n
εℓ(ετ)

+ αn), (1.16)

ãäå ïîñòîÿííûå Cn, αn îïðåäåëÿþòñÿ èç íà÷àëüíûõ óñëîâèé.
Ðåøåíèå óðàâíåíèÿ (1.14) ìåòîäîì Êàíòîðîâè÷à � Ãàëåðêèíà èìååò àíà-

ëîãè÷íûé âèä [3]:

V (ξ, τ) =
∞∑
n=1

Xn(ξ, ετ) · A0n(ετ) ·
ℓ(ετ)

kn
· (Dn cos(

k2n
εℓ(ετ)

) + En sin(
k2n

εℓ(ετ)
)),

ãäåA0n(ετ) ∼ 1, 62/
√
ℓ(ετ);Dn, En -êîíñòàíòû.

Ðåøåíèå àñèìïòîòè÷åñêèì ìåòîäîì â áîëåå âûñîêîì ïðèáëèæåíèè íå ïî-
âûñèò òî÷íîñòè, íî âñêðîåò íîâóþ êà÷åñòâåííóþ ñòîðîíó ÿâëåíèÿ � ñëàáóþ
çàâèñèìîñòü ìåæäó îòäåëüíûìè òîíàìè êîëåáàíèÿ, ïîÿâëÿþùóþñÿ âñëåä-
ñòâèå èçìåíåíèÿ äëèíû îáúåêòà [1], [4].
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Study free vibrations of mechanical objects with moving

boundaries using asymptotical method

c⃝ V. L. Litvinov2

Abstract. The generalized method of using the asymptotical method for the study of free
oscillations of mechanical objects with moving boundaries is developed. Asymptotical method
is extended to a wider class of boundary value problems, which in the case of �xed boundaries can
be solved by separation of variables. As an example free vibrations of a beam of variable length are
studied. The comparison with the results obtained using the Kantorovich-Galerkin are produced.

Key Words: di�erential equations in partial derivatives, the free vibrations of objects with
moving boundaries, the laws of motion of the boundaries
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ÓÄÊ 519.63

Î íåêîòîðûõ èòåðàöèîííûõ ïðîöåññàõ ðåøåíèÿ

ýëëèïòè÷åñêèõ óðàâíåíèé ñ ðàçðûâíûìè

êîýôôèöèåíòàìè è ðåøåíèÿìè ñ êîíñòðóêòèâíûìè

îöåíêàìè ñêîðîñòè ñõîäèìîñòè èòåðàöèé

c⃝ Ô. Â. Ëóáûøåâ1, Ì. Ý. Ôàéðóçîâ2

Àííîòàöèÿ. Â ðàáîòå èçó÷àåòñÿ ïðèáëèæåííîå ðåøåíèå êîíòàêòíûõ ãðàíè÷íûõ çàäà÷ äëÿ
óðàâíåíèé ýëëèïòè÷åñêîãî òèïà â íåîäíîðîäíûõ àíèçîòðîïíûõ ñðåäàõ ñ ðàçðûâíûìè êîýô-
ôèöèåíòàìè è ðåøåíèåì, êîãäà íà êîíòàêòèðóþùèõ âíóòðåííèõ ãðàíèöàõ ìíîãîñëîéíûõ ñðåä
çàäàþòñÿ óñëîâèÿ ñîïðÿæåíèÿ òèïà íåèäåàëüíîãî êîíòàêòà. Ðàçðàáîòàí è îáîñíîâàí èòåðàöè-
îííûé ìåòîä ðåøåíèÿ óêàçàííûõ êëàññîâ çàäà÷ ñ ðàçðûâíûìè êîýôôèöèåíòàìè è ðåøåíèÿìè
äëÿ ÓÌÔ ýëëèïòè÷åñêîãî òèïà. Èññëåäîâàíû âîïðîñû ñõîäèìîñòè èòåðàöèîííîãî ïðîöåññà.
Ïðè÷åì óñòàíîâëåíû êîíñòðóêòèâíûå îöåíêè ñêîðîñòè ñõîäèìîñòè èòåðàöèé (ñ âû÷èñëÿåìû-
ìè êîíñòàíòàìè).

Êëþ÷åâûå ñëîâà: èòåðàöèîííûé ìåòîä, ìàòåìàòè÷åñêîå ìîäåëèðîâàíèå, ýëëèïòè÷åñêîå
óðàâíåíèå, çàäà÷è äëÿ ÓÌÔ ñ ðàçðûâíûìè êîýôôèöèåíòàìè è ðåøåíèÿìè, îïåðàòîð

1. Ââåäåíèå

Â ðàáîòå èçó÷àåòñÿ ïðèáëèæåííîå ðåøåíèå êîíòàêòíûõ ãðàíè÷íûõ çà-
äà÷ äëÿ óðàâíåíèé ýëëèïòè÷åñêîãî òèïà â íåîäíîðîäíûõ àíèçîòðîïíûõ ñðå-
äàõ ñ ðàçðûâíûìè êîýôôèöèåíòàìè è ðåøåíèåì, êîãäà íà êîíòàêòèðóþùèõ
âíóòðåííèõ ãðàíèöàõ ìíîãîñëîéíûõ ñðåä çàäàþòñÿ óñëîâèÿ ñîïðÿæåíèÿ òè-
ïà íåèäåàëüíîãî êîíòàêòà. Ïîäîáíûå çàäà÷è âîçíèêàþò ïðè ìàòåìàòè÷åñêîì
ìîäåëèðîâàíèè è îïòèìèçàöèè ïðîöåññîâ òåïëîïåðåäà÷è, äèôôóçèè, ôèëü-
òðàöèè, òåîðèè óïðóãîñòè è äð., ïðè èññëåäîâàíèè îáðàòíûõ çàäà÷, çàäà÷
îïòèìàëüíîãî óïðàâëåíèÿ äëÿ óðàâíåíèé ìàòåìàòè÷åñêîé ôèçèêè (ÓÌÔ) â
ìíîãîñëîéíûõ ñðåäàõ. Â òàêèõ çàäà÷àõ, â ñèëó õàðàêòåðà èññëåäóåìûõ ôèçè-
÷åñêèõ ïðîöåññîâ, èçíà÷àëüíî ïî ñâîåé ôèçèêî-ìàòåìàòè÷åñêîé ïîñòàíîâêå,
ñàìè ðåøåíèÿ ÓÌÔ, îïèñûâàþùèõ ñîñòîÿíèÿ óïðàâëÿåìûõ ïðîöåññîâ, äîïóñ-
êàþò ðàçðûâû [1] - [4] . Ðàçðàáîòêà ìåòîäîâ ðåøåíèÿ êîíòàêòíûõ çàäà÷ äëÿ
ÓÌÔ ñ ðàçðûâíûìè êîýôôèöèåíòàìè è ðåøåíèÿìè ÿâëÿåòñÿ àêòóàëüíîé ïðî-
áëåìîé. Ñèñòåìû óïðàâëåíèÿ, ñîñòîÿíèÿ â êîòîðûõ îïèñûâàþòñÿ ïîäîáíûìè
ÓÌÔ íàèìåíåå èçó÷åíû, õîòÿ ðàçâèòèå òåîðèè è ìåòîäîâ ðåøåíèÿ òàêèõ ñè-
ñòåì âûçâàíî ïîòðåáíîñòÿìè ìàòåìàòè÷åñêîãî ìîäåëèðîâàíèÿ îïòèìàëüíûõ
ïðîöåññîâ, áîëüøîé ïðèêëàäíîé âàæíîñòüþ òàêèõ çàäà÷. Ïðîáëåìà ïðèáëè-
æåííîãî ðåøåíèÿ çàäà÷ äàííîãî êëàññà äëÿ ÓÌÔ ñ ðàçðûâíûìè êîýôôèöè-

1 Ïðîôåññîð êàôåäðû ïðèêëàäíîé èíôîðìàòèêè è ÷èñëåííûõ ìåòîäîâ, Áàøêèðñêèé ãîñóäàðñòâåííûé
óíèâåðñèòåò, ã. Óôà; fairuzovme@mail.ru.

2 Äîöåíò êàôåäðû ïðèêëàäíîé èíôîðìàòèêè è ÷èñëåííûõ ìåòîäîâ, Áàøêèðñêèé ãîñóäàðñòâåííûé óíè-
âåðñèòåò, ã. Óôà; fairuzovme@mail.ru.
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åíòàìè è ðåøåíèÿìè ïðèâîäèò ê íåîáõîäèìîñòè ðàçðàáîòêè ýôôåêòèâíûõ,
ýêîíîìè÷íûõ, âûñîêîòî÷íûõ ïðèáëèæåííûõ ìåòîäîâ èõ ðåøåíèÿ. Â ÷àñòíî-
ñòè, âîçíèêàåò ïðîáëåìà ðàçðàáîòêè ýôôåêòèâíûõ ñõîäÿùèõñÿ èòåðàöèîí-
íûõ ìåòîäîâ ðåøåíèÿ óêàçàííîãî êëàññà çàäà÷ äëÿ ÓÌÔ, à òàêæå ïðîáëåìû
ðàçðàáîòêè è ðåàëèçàöèè êîíå÷íîìåðíûõ àïïðîêñèìàöèé (ñì., íàïðèìåð, [1] ,
[5] - [9] ) èòåðàöèîííûõ çàäà÷ íà êàæäîì èòåðàöèîííîì øàãå.

Â íàñòîÿùåé ðàáîòå ðàçðàáîòàí è îáîñíîâàí èòåðàöèîííûé ìåòîä ðåøå-
íèÿ óðàâíåíèé ýëëèïòè÷åñêîãî òèïà â íåîäíîðîäíûõ àíèçîòðîïíûõ ñðåäàõ
ñ ðàçðûâíûìè êîýôôèöèåíòàìè è ðåøåíèåì. Èññëåäîâàíû âîïðîñû ñõîäè-
ìîñòè èòåðàöèîííîãî ïðîöåññà. Ïðè÷åì óñòàíîâëåíû êîíñòðóêòèâíûå îöåíêè
ñêîðîñòè ñõîäèìîñòè èòåðàöèé (ñ âû÷èñëÿåìûìè êîíñòàíòàìè). Â ðåçóëüòàòå
÷èñëåííîå ðåøåíèå çàäà÷ äàííîãî êëàññà ÓÌÔ ìîæíî ýôôåêòèâíî îñóùåñòâ-
ëÿòü íà îñíîâå ïðèìåíåíèÿ ðàçðàáîòàííîãî èòåðàöèîííîãî ìåòîäà (ñ èòåðàöè-
ÿìè íà âíóòðåííåé ãðàíèöå ðàçðûâà ðåøåíèÿ è êîýôôèöèåíòîâ) â ñî÷åòàíèè,
íàïðèìåð, ñ ðàçíîñòíûìè ìåòîäàìè ðåøåíèÿ íåêîòîðûõ óæå òðàäèöèîííûõ
"ñàìîñòîÿòåëüíûõ"êðàåâûõ çàäà÷, âîçíèêàþùèõ ïðè ýòîì â êàæäîé èç êîí-
òàêòèðóþùèõ ïîäîáëàñòåé ñîñòàâíîé îáëàñòè èíòåãðèðîâàíèÿ.

2. Ïîñòàíîâêà çàäà÷è è åå êîððåêòíîñòü

Ïóñòü Ω =
{
r = (r1, r2) ∈ R2 : 0 ≤ rα ≤ lα, α = 1, 2

}
� ïðÿìîóãîëüíèê

â R2 ñ ãðàíèöåé ∂Ω = Γ . È ïóñòü îáëàñòü Ω ðàçäåëåíà ïðÿìîé r1 = ξ ,
ãäå 0 < ξ < l1 (¾âíóòðåííåé êîíòàêòíîé ãðàíèöåé¿ S =

{
r1 = ξ, 0 ≤

r2 ≤ l2
}
, ãäå 0 < ξ < l1 ) íà ïîäîáëàñòè Ω1 ≡ Ω− =

{
0 < r1 < ξ, 0 <

r2 < l2} è Ω2 ≡ Ω+ =
{
ξ < r1 < l1, 0 < r2 < l2} (íà ëåâóþ è ïðàâóþ

ïîäîáëàñòè Ω1 è Ω2 ñîîòâåòñòâåííî) ñ ãðàíèöàìè ∂Ω1 ≡ ∂Ω− è ∂Ω2 ≡ ∂Ω+ .
Òàê ÷òî îáëàñòü Ω åñòü îáúåäèíåíèå îáëàñòåé Ω1 è Ω2 è âíóòðåííèõ òî÷åê
¾êîíòàêòíîé¿ ãðàíèöû S ïîäîáëàñòåé Ω1 è Ω2 , à ∂Ω � âíåøíÿÿ ãðàíèöà
îáëàñòè Ω . Äàëåå, ÷åðåç Γk áóäåì îáîçíà÷àòü ãðàíèöû îáëàñòåé Ωk áåç S ,
k = 1, 2 . Òàê ÷òî ∂Ωk = Γk ∪S , ãäå ÷àñòè Γk , k = 1, 2 � îòêðûòûå íåïóñòûå
ïîäìíîæåñòâà â ∂Ωk , k = 1, 2 ; Γ1 ∪ Γ2 = ∂Ω = Γ . ×åðåç nα , α = 1, 2
áóäåì îáîçíà÷àòü âíåøíþþ íîðìàëü ê ãðàíèöå ∂Ωα îáëàñòè Ωα , α = 1, 2 .
Ïóñòü, äàëåå, n = n(x) � åäèíè÷íàÿ íîðìàëü ê S â êàêîé-ëèáî åå òî÷êå
x ∈ S , îðèåíòèðîâàííàÿ, íàïðèìåð, òàêèì îáðàçîì, ÷òî íîðìàëü n ÿâëÿåòñÿ
âíåøíåé íîðìàëüþ ê S ïî îòíîøåíèþ ê îáëàñòè Ω1 , òî åñòü íîðìàëü n
íàïðàâëåíà âíóòðü îáëàñòè Ω2 . Íèæå ïðè ïîñòàíîâêå êðàåâûõ çàäà÷, S � ýòî
ïðÿìàÿ, âäîëü êîòîðîé ðàçðûâíû êîýôôèöèåíòû è ðåøåíèÿ êðàåâûõ çàäà÷,
êîòîðûå â îáëàñòÿõ Ω1 è Ω2 îáëàäàþò íåêîòîðîé ãëàäêîñòüþ.

Ïóñòü óñëîâèÿ ôèçè÷åñêîãî ïðîöåññà ïîçâîëÿþò ìîäåëèðîâàòü åãî â îá-
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ëàñòè Ω = Ω1 ∪ Ω2 ∪ S , ñîñòîÿùåé èç äâóõ ÷àñòåé (ïîäîáëàñòåé) Ω1 è Ω2 ,
ðàçáèòîé íà ÷àñòè âíóòðåííåé ãðàíèöåé S , ñëåäóþùåé çàäà÷åé Äèðèõëå äëÿ
óðàâíåíèÿ ýëëèïòè÷åñêîãî òèïà ñ ðàçðûâíûìè êîýôôèöèåíòàìè è ðåøåíèÿ-
ìè:

Òðåáóåòñÿ íàéòè ôóíêöèþ u(x) , îïðåäåëåííóþ íà Ω âèäà u(x) = u1(x) ,
x ∈ Ω1 ≡ Ω− , u(x) = u2(x) , x ∈ Ω2 = Ω+ , ãäå êîìïîíåíòû uk , k = 1, 2 ,
óäîâëåòâîðÿþò óñëîâèÿì:
1) ôóíêöèè uk(x) , k = 1, 2 , îïðåäåëåííûå íà Ωk = Ωk ∪ ∂Ωk , k = 1, 2 ,
óäîâëåòâîðÿþò â Ωk , k = 1, 2 , óðàâíåíèÿì

Lk uk = −
2∑

α=1

∂

∂xα

(
k(k)α (x)

∂uk
∂xα

)
+ qk(x)uk = fk(x), â Ωk, k = 1, 2, (2.1)

à íà ãðàíèöàõ ∂Ωk \ S = Γk óñëîâèÿì

uk(x) = 0, x ∈ Γk, k = 1, 2; (2.2)

2) Èñêîìûå ôóíêöèè uk(x) , k = 1, 2 , óäîâëåòâîðÿþò åùå äîïîëíèòåëüíûì
óñëîâèÿì íà S � ãðàíèöå ðàçðûâà êîýôôèöèåíòîâ è ðåøåíèÿ, ïîçâîëÿþùèì
¾cøèòü¿ ðåøåíèÿ u1(x) è u2(x) âäîëü êîíòàêòíîé ãðàíèöû S îáëàñòåé Ω1

è Ω2 ñëåäóþùåãî âèäà:

G(x) = k
(1)
1 (x)

∂u1
∂x1

= k
(2)
1 (x)

∂u2
∂x1

= θ(x2) (u2(x)− u1(x)) , x ∈ S. (2.3)

Åñëè ââåñòè ôóíêöèè âèäà

u(x) =

{
u1(x), x ∈ Ω1;
u2(x), x ∈ Ω2,

(2.4)

kα(x), q(x), f(x) =

{
k
(1)
α (x), q1(x), f1(x), x ∈ Ω1;

k
(2)
α (x), q2(x), f2(x), x ∈ Ω2, α = 1, 2,

(2.5)

òî çàäà÷ó (2.1)− (2.3) ìîæíî ïåðåïèñàòü â áîëåå êîìïàêòíîì âèäå:
Òðåáóåòñÿ íàéòè ôóíêöèþ u(x) , îïðåäåëåííóþ íà Ω , óäîâëåòâîðÿþùóþ

â êàæäîé èç îáëàñòåé Ω1 è Ω2 óðàâíåíèþ

Lu(x) = −
2∑

α=1

∂

∂xα

(
kα(x)

∂u

∂xα

)
+ q(x)u = f(x), x ∈ Ω1 ∪ Ω2, (2.6)

óñëîâèÿì

u(x) = 0, x ∈ ∂Ω = Γ1 ∪ Γ2,[
k1(x)

∂u

∂x1

]
= 0, G(x) =

(
k1(x)

∂u

∂x1

)
= θ(x2)[u], x ∈ S.

(2.7)
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Çäåñü [u] = u2(x) − u1(x) = u+(x) − u−(x) � ñêà÷îê ôóíêöèè u(x) íà

S ; à k
(1)
α (x) , k

(2)
α (x) , q1(x) , q2(x) , f1(x) , f2(x) è θ(x2) , α = 1, 2 � èç-

âåñòíûå ôóíêöèè. Îòíîñèòåëüíî çàäàííûõ ôóíêöèé áóäåì ïðåäïîëàãàòü:
kα(x) ∈ L∞(Ω1)×L∞(Ω2) , q(x) ∈ L∞(Ω1)×L∞(Ω2) , f(x) ∈ L2(Ω1)×L2(Ω2) ,

θ(x2) ∈ L∞(S) ; 0 < ν1 ≤ k
(1)
α (x) ≤ ν1 , 0 < ν2 ≤ k

(2)
α (x) ≤ ν2 , α = 1, 2 ,

q(x) ≥ 0 , x ∈ Ω1 ∪ Ω2 , 0 < θ0 ≤ θ(x2) ≤ θ1 , x ∈ S , να, να, θ0, θ1 � çàäàííûå
êîíñòàíòû.

Ââåäåì â ðàññìîòðåíèå ïðîñòðàíñòâî V (Ω(1,2)) , Ω(1,2) = Ω1∪Ω2 ïàð ôóíê-
öèé u(x) = (u1(x), u2(x)) :

V (Ω(1,2)) =
{
u(x) = (u1(x), u2(x)) ∈ W 1

2 (Ω1)×W 1
2 (Ω2)

}
, (2.8)

ãäå W 1
2 (Ωk) , k = 1, 2 � Ñîáîëåâñêèå ïðîñòðàíñòâà ôóíêöèé, çàäàííûõ â

ïîäîáëàñòÿõ Ωk , k = 1, 2 , ñ ãðàíèöàìè ∂Ωk , k = 1, 2 ñîîòâåòñòâåííî è
íîðìàìè [10]− [14]

∥uk∥2W 1
2 (Ωk)

=

∫
Ωk

[ 2∑
α=1

(
∂uk
∂xα

)2

+ u2k

]
dΩk, k = 1, 2. (2.9)

Ñíàáæåííîå ñêàëÿðíûì ïðîèçâåäåíèåì è íîðìîé

(u, ϑ)V =
2∑

k=1

(uk, ϑk)W 1
2 (Ωk), ∥u∥2V =

2∑
k=1

∥uk∥2W 1
2 (Ωk)

, (2.10)

V = V (Ω(1,2)) ÿâëÿåòñÿ ãèëüáåðòîâûì ïðîñòðàíñòâîì.
Ìîæíî ïîêàçàòü, ÷òî â ãèëüáåðòîâîì ïðîñòðàíñòâå V (Ω(1,2)) ìîæíî ââåñòè

ýêâèâàëåíòíóþ íîðìó

∥u∥2∗ =
2∑

k=1

∫
Ωk

2∑
α=1

(
∂uk
∂xα

)2

dΩk +
2∑

k=1

∫
Γk

u2k dΓk +

∫
S

[u]2 dS, (2.11)

ãäå [u] = u2(x) − u1(x) = u+(x) − u−(x) � ñêà÷îê ôóíêöèè u(x) íà S .
Çäåñü u2(x) = u+(x) , x ∈ S è u1(x) = u−(x) , x ∈ S � ñëåäû ôóíêöèè
U(x) íà S ñî ñòîðîíû Ω2 = Ω+ è Ω1 = Ω− ñîîòâåòñòâåííî. Ïîíÿòíî, ÷òî
èç óñëîâèÿ u(x) ∈ V (Ω(1,2)) ñëåäóåò, ÷òî îòîáðàæåíèÿ ïðîñòðàíñòâ W 1

2 (Ωk) ,
k = 1, 2 â ïðîñòðàíñòâî L2(∂Ωk) , k = 1, 2 , îãðàíè÷åíû, òàê êàê Ω1 è Ω2

� îáëàñòè ñ Ëèïøèöåâûìè ãðàíèöàìè ∂Ω1 è ∂Ω2 . Â ÷àñòíîñòè, èç óñëîâèÿ
u(x) ∈ V (Ω(1,2)) ñëåäóåò, ÷òî [u(x)] ∈ L2(S) , òàê êàê â äàííîì ñëó÷àå òåîðå-
ìà î ñëåäàõ [10]− [14] ñïðàâåäëèâà äëÿ êàæäîé èç ñòîðîí S+ , S− ãðàíèöû
êîíòàêòà S (îïåðàòîð ñóæåíèÿ èç W 1

2 (Ω
±) â L2(S) íåïðåðûâåí). Çàìåòèì

òàêæå, ÷òî ïðèìåíåíèå òåîðåìû î ñëåäàõ ê Ω1 è Ω2 ïîçâîëÿåò îïðåäåëèòü
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äëÿ ëþáîé ôóíêöèè u(x) ∈ V (Ω(1,2)) äâà ñëåäà ñ ïîìîùüþ îïåðàòîðîâ ñóæå-
íèÿ íà S± . Ñ äðóãîé ñòîðîíû, åñëè ýëåìåíò u ∈ V (Ω(1,2)) , òî åãî ñëåäû
íà S ñ ðàçíûõ ñòîðîí (ñî ñòîðîíû Ω1 è ñî ñòîðîíû Ω2 ) â îáùåì ñëó÷àå
ðàçëè÷íû. Ñóæåíèÿ ôóíêöèè u(x) íà îáëàñòè Ωk , k = 1, 2 : ïðèíàäëåæàò
ïðîñòðàíñòâàì W 1

2 (Ωk) , k = 1, 2 , ñîîòâåòñòâåííî, íî ïðîñòðàíñòâó W 1
2 (Ω)

ñàìà ôóíêöèÿ u(x) íå ïðèíàäëåæèò, ïîñêîëüêó íà ìíîæåñòâå S (ïðè ïåðå-
õîäå èç Ω1 â Ω2 ) îíà èìååò ðàçðûâ ( δ(x) = u2(x) − u1(x) = u+(x) − u−(x) ,
x ∈ S ). Çàìåòèì òàêæå, ÷òî íåîáõîäèìûì è äîñòàòî÷íûì óñëîâèåì äëÿ ïðè-
íàäëåæíîñòè ôóíêöèè ϑ(x) ∈ W 1

2 (Ω) = W 1
2 (Ω1 ∪ Ω2 ∪ S) ÿâëÿåòñÿ óñëîâèå

ñêëåéêè: ϑk(x) ∈ W 1
2 (Ωk) , k = 1, 2 ; ϑ1(x)|S = ϑ2(x)|S (ñì., íàïðèìåð, [14] ,

[15] ).
Äàëåå, òàê êàê Ωk � îáëàñòè ñ ãðàíèöàìè Ëèïøèöà ∂Ωk , k = 1, 2 , à Γ1

è Γ2 � ñîîòâåòñòâåííî èõ (îòêðûòûå) ÷àñòè (êóñêè ãðàíèö ∂Ω1 è ∂Ω2 ) ñ
ïîëîæèòåëüíûìè ìåðàìè Ëåáåãà, mesΓk > 0 , k = 1, 2 , òî [16] ñóùåñòâóþò
íåêîòîðûå ïîñòîÿííûå C1 è C2 , çàâèñÿùèå òîëüêî îò äàííûõ îáëàñòåé Ωk ,
k = 1, 2 è îò êóñêîâ Γ1 è Γ2 ñîîòâåòñòâåííî, òàêèå, ÷òî äëÿ êàæäîé ôóíêöèè
uk(x) ∈ W 1

2 (Ωk) , k = 1, 2 èìåþò ìåñòî ñîîòíîøåíèÿ:

∥uk∥2W 1
2 (Ωk)

≤ C2
k

[∫
Ωk

2∑
α=1

(
∂uk
∂xα

)2

dΩk +

∫
Γk

u2kdΓk

]
, k = 1, 2. (2.12)

Òàê êàê äëÿ ðàññìàòðèâàåìûõ îáëàñòåé Ωk , k = 1, 2 îòîáðàæåíèÿ ïðî-
ñòðàíñòâ W 1

2 (Ωk) , k = 1, 2 â ïðîñòðàíñòâî L2(∂Ωk) , k = 1, 2 , îãðàíè÷å-
íû, òî ñóùåñòâóþò òàêèå ïîñòîÿííûå C3 è C4 ñîîòâåòñòâåííî, íå çàâèñÿùèå
îò ôóíêöèè uk(x) , ÷òî äëÿ ëþáûõ ôóíêöèé uk(x) ∈ W 1

2 (Ωk) ñïðàâåäëèâû
îöåíêè [11] , [12] :

∥uk∥2L2(∂Ωk)
≤ C2

k+2∥uk∥2W 1
2 (Ωk)

, k = 1, 2, (2.13)

âûòåêàþùèå èç òåîðåì âëîæåíèÿ ïðîñòðàíñòâ W 1
2 (Ωk) â L2(∂Ωk) .

Ïóñòü
◦
Γk � ÷àñòü ∂Ωk . ×åðåç W

1
2

(
Ωk;

◦
Γk

)
îáîçíà÷èì çàìêíóòîå ïîäïðî-

ñòðàíñòâî ïðîñòðàíñòâà W 1
2 (Ωk) , ïëîòíûì ìíîæåñòâîì â êîòîðîì ÿâëÿåòñÿ

ìíîæåñòâî âñåõ ôóíêöèé èç C1(Ωk) , ðàâíûõ íóëþ âáëèçè
◦
Γk⊂ ∂Ωk , k = 1, 2

� êàêîãî-ëèáî ó÷àñòêà
◦
Γk ãðàíèöû ∂Ωk , k = 1, 2 . Ïîä ó÷àñòêàìè

◦
Γk ãðàíè-

öû ∂Ωk ïîíèìàþòñÿ êóñêè ãðàíèöû ∂Ωk ; åñòåñòâåííî, ìû íå ðàññìàòðèâàåì

ñëó÷àé, êîãäà êàêîé-ëèáî èç ó÷àñòêîâ
◦
Γk âûðîæäàåòñÿ â òî÷êó; W 1

2

(
Ωk;

◦
Γk

)
ñîâïàäàåò ñ W 1

2 (Ωk) ïðè
◦
Γk= ∅ ; W 1

2

(
Ωk;

◦
Γk

)
=

0

W
1

2 (Ωk) ïðè
◦
Γk= ∂Ωk .

Çàìåòèì, ÷òî äëÿ ýëåìåíòîâ uk(x) ∈ W 1
2

(
Ωk;

◦
Γk

)
ñïðàâåäëèâî íåðàâåí-
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ñòâî [11]∫
Ωk

u2k(x)dΩk ≤ Ck+4(Ωk,
◦
Γk)

∫
Ωk

2∑
α=1

(
∂uk
∂xα

)2

dΩk, k = 1, 2. (2.14)

ñ ïîñòîÿííîé Ck+4(Ωk,
◦
Γk) , çàâèñÿùåé òîëüêî îò Ωk è

◦
Γk) , ïðè ýòîì ¾ïëî-

ùàäü¿ êóñêà
◦
Γk) ïîâåðõíîñòè ∂Ωk äîëæíà áûòü ïîëîæèòåëüíîé: mes

◦
Γk) >

0 .
Ïîä îáîáùåííûì ðåøåíèåì êðàåâîé çàäà÷è (2.1)− (2.3) ïîíèìàåòñÿ ïàðà

ôóíêöèé u(x) = (u1(x), u2(x)) òàêèõ, ÷òî uk(x) ∈ W 1
2 (Ωk; Γk) , k = 1, 2 è

êîòîðûå óäîâëåòâîðÿþò èíòåãðàëüíûì òîæäåñòâàì:∫
Ω1

[
2∑

α=1

k(1)α (x)
∂u1
∂xα

∂v1
∂xα

+ q1(x)u1v1

]
dΩ1 −

∫
S

θ(x)[u]v1 dS =

=

∫
Ω1

f1(x)v1 dΩ1, ∀v1(x) ∈W 1
2 (Ω1; Γ1),

(2.15)

∫
Ω2

[
2∑

α=1

k(2)α (x)
∂u2
∂xα

∂v2
∂xα

+ q2(x)u2v2

]
dΩ2 −

∫
S

θ(x)[u]v2 dS =

=

∫
Ω2

f2(x)v2 dΩ2, ∀v2(x) ∈W 1
2 (Ω2; Γ2).

(2.16)

Ââåäåì â ðàññìîòðåíèå ïðîñòðàíñòâî
◦
V Γ1,Γ2

(Ω(1,2)) ïàð ôóíêöèé u(x) =
(u1(x), u2(x)) :

◦
V Γ1,Γ2

(Ω(1,2)) =
{
u(x) = (u1(x), u2(x)) ∈ W 1

2 (Ω1; Γ1)×W 1
2 (Ω2; Γ2)

}
(2.17)

ñ íîðìîé:

∥u∥2◦
V Γ1,Γ2

= ∥u∥2∗ =
2∑

k=1

∫
Ωk

2∑
α=1

(
∂uk
∂xα

)2

dΩk +

∫
S

[u]2 dS. (2.18)

Òîãäà îáîáùåííîå ðåøåíèå çàäà÷è (2.1)− (2.3) ìîæíî ñôîðìóëèðîâàòü â
áîëåå êîìïàêòíîì âèäå, à èìåííî, ïîä ðåøåíèåì çàäà÷è (2.1) − (2.3) ïîíè-

ìàåòñÿ ôóíêöèÿ u(x) ≡ u(x; g) ∈
◦
V Γ1,Γ2

(Ω(1,2)) , óäîâëåòâîðÿþùàÿ äëÿ âñåõ
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ϑ ∈
◦
V Γ1,Γ2

(Ω(1,2)) òîæäåñòâó

Q(u, ϑ) =

∫
Ω1∪Ω2

[ 2∑
α=1

kα(x)
∂u

∂xα

∂ϑ

∂xα
+ d(x) q(u)ϑ

]
dΩ0 +

∫
S

θ(x)[u][ϑ]dS =

=

∫
Ω1∪Ω2

f(x)ϑdΩ0 = l(ϑ).

(2.19)
Èç (2.19) ïðè v+(x) = v2(x) = 0 ñëåäóåò (2.15) , à ïðè v−(x) = v1(x) = 0

ñëåäóåò ñîîòíîøåíèå (2.16) .
Ðàçðåøèìîñòü çàäà÷è (2.1)− (2.3) â ñìûñëå åå îïðåäåëåíèÿ (2.19) ãàðàí-

òèðóåòñÿ ñëåäóþùåé òåîðåìîé.

Ò å î ð å ì à 2.1. Ñóùåñòâóåò åäèíñòâåííîå îáîáùåííîå ðåøåíèå

u(x) ∈
◦
V Γ1,Γ2

(Ω(1,2)) çàäà÷è (2.1) − (2.3) , îïðåäåëÿåìîå èç èíòåãðàëü-
íîãî òîæäåñòâà (2.19) . Çàäà÷à î íàõîæäåíèè îáîáùåííîãî ðåøåíèÿ èç
(2.19) ýêâèâàëåíòíà ðåøåíèþ îïåðàòîðíîãî óðàâíåíèÿ Au = F , ãäå îïå-

ðàòîð A :
◦
V Γ1,Γ2

→
◦
V Γ1,Γ2

îïðåäåëÿåòñÿ áèëèíåéíîé ôîðìîé Q(u, ϑ) ñ ïî-

ìîùüþ ðàâåíñòâà (Au, ϑ) ◦
V Γ1,Γ2

= Q(u, ϑ) , ∀u, ϑ ∈
◦
V Γ1,Γ2

(Ω(1,2)) , à ïðàâàÿ

÷àñòü F ∈
◦
V Γ1,Γ2

(Ω(1,2)) îïðåäåëÿåòñÿ ñîîòíîøåíèåì (F, ϑ) ◦
V Γ1,Γ2

= l(ϑ) ,

∀ϑ ∈
◦
V Γ1,Γ2

(Ω(1,2)) , ïðè÷åì ñïðàâåäëèâà àïðèîðíàÿ îöåíêà

∥u(x, g)∥ ◦
V Γ1,Γ2

≤ C
2∑

k=1

∥fk(x)∥L2(Ωk)
,

ãäå C = Const > 0 .

Äîêàçàòåëüñòâî òåîðåìû 2.1. îïèðàåòñÿ íà ëåììó Ëàêñà-Ìèëüãðàìà
[16] , ïðè ýòîì ñóùåñòâåííî èñïîëüçóþòñÿ ââåäåííûå âûøå ãèëüáåðòîâû ïðî-

ñòðàíñòâà V (Ω(1,2)) ,
◦
V Γ1,Γ2

(Ω(1,2)) è ââåäåííûå â íèõ ýêâèâàëåíòíûå íîðìû,
à òàêæå íåðàâåíñòâà (2.12)− (2.14) .

3. Èòåðàöèîííûé ïðîöåññ äëÿ çàäà÷è î ñîïðÿæåíèè ñ ðàçðûâíû-
ìè êîýôôèöèåíòàìè è ðåøåíèåì ñ èòåðàöèÿìè íà âíóòðåííåé
ãðàíèöå ðåøåíèÿ è åãî ñõîäèìîñòü

Çàäà÷å (2.1) − (2.3) ïîñòàâèì â ñîîòâåòñòâèå ñëåäóþùèé èòåðàöèîííûé
ïðîöåññ ñ èòåðàöèÿìè íà âíóòðåííåé ãðàíèöå S :

L1u
n
1 = −

2∑
α=1

∂

∂xα

(
k(1)α (x)

∂un1
∂xα

)
+ q1(x)u

n
1 = f1(x), x ∈ Ω1, (3.1)
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un1(x) = 0, x ∈ Γ1 = ∂Ω1 \ S, (3.2)

k
(1)
1 (x)

∂un1
∂x1

+ θ(x2)u
n
1 = θ(x2)u

n−1
2 , x ∈ S; (3.3)

L2u
n
2 = −

2∑
α=1

∂

∂xα

(
k(2)α (x)

∂un2
∂xα

)
+ q2(x)u

n
2 = f2(x), x ∈ Ω2, (3.4)

un2(x) = 0, x ∈ Γ2 = ∂Ω2 \ S, (3.5)

−k(2)1 (x)
∂un2
∂x1

+ θ(x2)u
n
2 = θ(x2)u

n
1 , x ∈ S; (3.6)

ãäå n = 1, 2, ... ; u02(x) � íà÷àëüíîå ïðèáëèæåíèå.
Òàêèì îáðàçîì, èòåðàöèîííûé ïðîöåññ (3.1)− (3.6) ñâîäèò ðåøåíèå èñõîä-

íîé ãðàíè÷íîé çàäà÷è (2.1) − (2.3) ñ ðàçðûâíûìè êîýôôèöèåíòàìè è ðåøå-
íèåì ê ðåøåíèþ íà êàæäîé èòåðàöèè n äâóõ ãðàíè÷íûõ çàäà÷ (3.1) − (3.3)
è (3.4)− (3.6) â ïîäîáëàñòÿõ Ω1 è Ω2 ñîîòâåòñòâåííî.

Â îáîáùåííîé ïîñòàíîâêå èòåðàöèîííûé ïðîöåññ îòíîñèòåëüíî ôóíê-
öèé un1(x) è un2(x) ñîñòîèò â îòûñêàíèè ïîñëåäîâàòåëüíîñòè ïàð ôóíêöèé
{un(x)} =

{
(un1(x), u

n
2(x))

}∞
n=1

òàêèõ, ÷òî unk(x) ∈ W 1
2 (Ωk; Γk) , k = 1, 2 è

êîòîðûå óäîâëåòâîðÿþò èíòåãðàëüíûì òîæäåñòâàì:∫
Ω1

[
2∑

α=1

k(1)α

∂un1
∂xα

∂v1
∂xα

+ q1(x)u
n
1v1

]
dΩ1 +

∫
S

θ(x)un1v1 dS =

=

∫
S

θ(x)un−1
2 v1dS +

∫
Ω1

f1(x)v1dΩ1, ∀v1(x) ∈ W 1
2 (Ω1; Γ1), (3.7)

∫
Ω2

[
2∑

α=1

k(2)α

∂un2
∂xα

∂v2
∂xα

+ q2(x)u
n
2v2

]
dΩ2 +

∫
S

θ(x)un2v2 dS =

=

∫
S

θ(x)un1v2dS +

∫
Ω2

f2(x)v2dΩ2, ∀v2(x) ∈ W 1
2 (Ω2; Γ2); (3.8)

n = 1, 2, ... ; u02(x) � íà÷àëüíîå ïðèáëèæåíèå.
Èñïîëüçóÿ ëåììó Ëàêñà-Ìèëüãðàìà [16] íåòðóäíî óáåäèòüñÿ â îäíîçíà÷-

íîé ðàçðåøèìîñòè çàäà÷ (3.7) è (3.8) îòíîñèòåëüíî ôóíêöèé un1(x) è un2(x)
â êëàññàõ W 1

2 (Ω1; Γ1) è W 1
2 (Ω2; Γ2) (ïðè êàæäîì ôèêñèðîâàííîì íîìåðå n )

ñîîòâåòñâåííî.
Äîêàæåì ñõîäèìîñòü èòðåðàöèîííîãî ïðîöåññà (3.1)−(3.6) (â îáîáùåííîé

ïîñòàíîâêå ñõîäèìîñòü èòåðàöèîííîãî ïðîöåññà (3.7) è (3.8) ).
Ñïðàâåäëèâà ñëåäóþùàÿ òåîðåìà î ñõîäèìîñòè èòåðàöèîííîãî ïðîöåññà

(3.1)− (3.6)
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Ò å î ð å ì à 3.1. Ïóñòü âûïîëíåíî óñëîâèå:

q = q1q2 < 1

ãäå

q21 =
1

ν1
∥θ(x2)∥L∞(S)

[
l1 − ξ1

4
+

M 2
2

2(l1 − ξ1)

]
, q22 =

1

ν2
∥θ(x2)∥L∞(S)

[
ξ1
4
+
M 2

1

2ξ1

]
,

M 2
1 =

2

π2
max

{
4ξ21 ; l

2
2

}
, M 2

2 =
2

π2
max

{
4(l1 − ξ1)

2; l22
}
.

Òîãäà èòåðàöèîííûé ïðîöåññ (3.1)− (3.6) ñõîäèòñÿ â íîðìå

∥v∥2◦
V Γ1,Γ2

(Ω(1,2))
=

2∑
k=1

∫
Ωk

2∑
α=1

(
∂vk
∂xα

)2

dΩk +

∫
S

[v]2 dS,

(à çíà÷èò è â íîðìå ∥v∥V (Ω(1,2)) , â ñèëó èõ ýêâèâàëåíòíîñòè) ê åäèíñòâåí-
íîìó ðåøåíèþ çàäà÷è (2.1) − (2.3) ïðè ëþáîì íà÷àëüíîì ïðèáëèæåíèè

u
(0)
2 ∈ W 1

2 (Ω2; Γ2) è ñïðàâåäëèâû îöåíêè ñêîðîñòè ñõîäèìîñòè:{
|z(n)1 |W 1

2 (Ω1) ≤ q1|z(n−1)
2 |W 1

2 (Ω2), |z(n)2 |W 1
2 (Ω2) ≤ q2|z(n)1 |W 1

2 (Ω1), n = 1, 2, ...;

|z(n)2 |W 1
2 (Ω2) ≤ q1q2|z(n−1)

2 |W 1
2 (Ω2), n = 1, 2, ...;{

|z(n)2 |W 1
2 (Ω2) ≤ qn|z(0)2 |W 1

2 (Ω2), |z(n)1 |W 1
2 (Ω1) ≤ q1q

n−1|z(0)2 |W 1
2 (Ω2), n = 1, 2, ...;

∥z(n)1 ∥L2(Ω1) ≤M1q1q
n−1|z(0)2 |W 1

2 (Ω2), |z(n)2 |L2(Ω2) ≤M2q
n|z(0)2 |W 1

2 (Ω2), n = 1, 2, ...;

∥z(n)1 ∥L2(S) ≤
[
2

ξ1
M2

1 + ξ1

]1/2
q1q

n−1|z(0)2 |W 1
2 (Ω2), n = 1, 2, ...;

∥z(n)2 ∥L2(S) ≤
[

2

l1 − ξ1
M2

2 + l1 − ξ1

]1/2
qn|z(0)2 |W 1

2 (Ω2), n = 1, 2, ...;

∥[z(n)]∥2L2(S)
≤ 2

{[
2

ξ1
M 2

1 + ξ1

]
(q1q

n−1)2 +

[
2

l1 − ξ1
M2

2 + l1 − ξ1

]
(qn)2

}
|z(0)2 |W 1

2 (Ω2),

n = 1, 2, ...;

ãäå

|vk|2W 1
2 (Ωk)

=
2∑

α=1

∥∥∥∥ ∂vk∂xα

∥∥∥∥2
L2(Ωk)

=

∫
Ωk

2∑
α=1

(
∂vk
∂xα

)2

dΩk, k = 1, 2.

Ä î ê à ç à ò å ë ü ñ ò â î. Ðàññìîòðèì èíòåãðàëüíîå òîæäåñòâî (2.19) ,

îïðåäåëÿþùåå îáîáùåííîå ðåøåíèå u(x) ∈
◦
V Γ1,Γ2

(Ω(1,2)) çàäà÷è (2.1)− (2.3) .
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Ýòî òîæäåñòâî ìîæíî ïåðåïèñàòü òàêæå â âèäå:

2∑
k=1

∫
Ωk

[
2∑

α=1

k(k)α (x)
∂uk
∂xα

∂vk
∂xα

+ qk(x)ukvk

]
dΩk +

2∑
k=1

∫
S

θ(x)ukvk dS =

=

∫
S

θ(x)
(
u2v1 + u1v2

)
dS +

2∑
k=1

∫
Ωk

fk(x)vkdΩk, ∀v(x) ∈
◦
V Γ1,Γ2

(Ω(1,2)).(3.9)

Äàëåå, èíòåãðàëüíûå òîæäåñòâà (3.7) , (3.8) îòíîñèòåëüíî îïðåäåëåíèÿ ïî-

ñëåäîâàòåëüíîñòè un(x) ∈
◦
V Γ1,Γ2

(Ω(1,2)) ïåðåïèøåì â âèäå:

2∑
k=1

∫
Ωk

[
2∑

α=1

k(k)α (x)
∂unk
∂xα

∂vk
∂xα

+ qk(x)u
n
kvk

]
dΩk +

2∑
k=1

∫
S

θ(x)unkvk dS =

=

∫
S

θ(x)
(
un−1
2 v1 + un1v2

)
dS +

2∑
k=1

∫
Ωk

fk(x)vkdΩk, ∀v(x) ∈
◦
V Γ1,Γ2

(Ω(1,2)).(3.10)

Èç (3.10) ïðè v1 = 0 ñëåäóåò (3.7) , à ïðè v2 = 0 ñëåäóåò (3.8) .
Äëÿ îöåíêè ñêîðîñòè ñõîäèìîñòè ìåòîäà èòåðàöèé ïðè n → ∞ ââåäåì â

ðàññìîòðåíèå âåëè÷èíû:

zn(x) =

{
zn1 (x) = un1(x)− u1(x), x ∈ Ω1;
zn2 (x) = un2(x)− u2(x), x ∈ Ω2,

(3.11)

Èç (3.9) , (3.10) ñëåäóåò

2∑
k=1

∫
Ωk

[
2∑

α=1

k(k)α (x)
∂znk
∂xα

∂vk
∂xα

+ qk(x)z
n
kvk

]
dΩk +

2∑
k=1

∫
S

θ(x)znkvk dS =

=

∫
S

θ(x)
(
zn−1
2 v1 + zn1 v2

)
dS, ∀v(x) ∈

◦
V Γ1,Γ2

(Ω(1,2)). (3.12)

Ïîëàãàÿ â (3.12) v = zn , ïîëó÷èì

2∑
k=1

∫
Ωk

[
2∑

α=1

k(k)α (x)

(
∂znk
∂xα

)2

+ qk(x)(z
n
k )

2

]
dΩk +

2∑
k=1

∫
S

θ(x)(znk )
2 dS =

=

∫
S

θ(x)
(
zn1 z

n−1
2 + zn1 z

n
2

)
dS.(3.13)
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Èç (3.7) , (3.8) è (2.15) , (2.16) âûòåêàþò òàêæå ñëåäóþùèå ñîîòíîøåíèÿ:∫
Ω1

[
2∑

α=1

k(1)α (x)
∂zn1
∂xα

∂v1
∂xα

+ q1(x)z
n
1 v1

]
dΩ1 +

∫
S

θ(x)zn1 v1 dS =

=

∫
S

θ(x)z
(n−1)
2 v1 dS, ∀v1(x) ∈ W 1

2 (Ω1; Γ1), (3.14)

∫
Ω2

[
2∑

α=1

k(2)α (x)
∂zn2
∂xα

∂v2
∂xα

+ q2(x)z
n
2 v2

]
dΩ2 +

∫
S

θ(x)zn2 v2 dS =

=

∫
S

θ(x)zn1 v2 dS, ∀v2(x) ∈ W 1
2 (Ω2; Γ2). (3.15)

Ïðè v1 = zn1 , v2 = zn2 èç (3.14), (3.15) ïîëó÷àåì ñîîòíîøåíèÿ:∫
Ω1

[
2∑

α=1

k(1)α (x)

(
∂zn1
∂xα

)2

+ q1(x)(z
n
1 )

2

]
dΩ1 +

∫
S

θ(x)(zn1 )
2 dS =

=

∫
S

θ(x)zn−1
2 zn1dS, (3.16)

∫
Ω2

[
2∑

α=1

k(2)α (x)

(
∂zn2
∂xα

)2

+ q2(x)(z
n
2 )

2

]
dΩ2 +

∫
S

θ(x)(zn2 )
2 dS =

=

∫
S

θ(x)zn1 z
n
2dS. (3.17)

Îöåíèì ïðàâóþ ÷àñòü â ñîîòíîøåíèè (3.16). Èìååì

∫
S

θ(x)zn−1
2 zn1 dS =

∫
S

θ1/2(x)zn−1
2 θ1/2(x)zn1 dS ≤

∫
S

θ(x)(zn−1
2 )2 dS

1/2

×

×

∫
S

θ(x)(zn1 )
2 dS

1/2

≤ ε

∫
S

θ(x)(zn1 )
2 dS +

1

4ε

∫
S

θ(x)(zn−1
2 )2 dS, ∀ε > 0.(3.18)
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Ïîýòîìó èç ñîîòíîøåíèÿ (3.16) ïîëó÷àåì íåðàâåíñòâî∫
Ω1

[
2∑

α=1

k(1)α (x)

(
∂zn1
∂xα

)2

+ q1(x)(z
n
1 )

2

]
dΩ1 +

∫
S

θ(x)(zn1 )
2 dS ≤

≤ ε

∫
S

θ(x)(zn1 )
2 dS +

1

4ε

∫
S

θ(x)(zn−1
2 )2 dS. (3.19)

Îòêóäà∫
Ω1

[
2∑

α=1

k(1)α (x)

(
∂zn1
∂xα

)2

+ q1(x)(z
n
1 )

2

]
dΩ1 + (1− ε)

∫
S

θ(x)(zn1 )
2 dS ≤

≤ 1

4ε

∫
S

θ(x)(zn−1
2 )2 dS, ∀ε > 0.(3.20)

Àíàëîãè÷íî èç (3.17) ìîæíî óñòàíîâèòü íåðàâåíñòâî∫
Ω2

[
2∑

α=1

k(2)α (x)

(
∂zn2
∂xα

)2

+ q2(x)(z
n
2 )

2

]
dΩ2 + (1− ε)

∫
S

θ(x)(zn2 )
2 dS ≤

≤ 1

4ε

∫
S

θ(x)(zn1 )
2 dS, ∀ε > 0.(3.21)

Ñîîòíîøåíèÿ (3.20) è (3.21) áóäåì íàçûâàòü îñíîâíûìè íåðàâåíñòâàìè. Ïðè-
íèìàÿ âî âíèìàíèå îãðàíè÷åíèÿ

k(1)α (x) ≥ ν1 > 0, k(2)α (x) ≥ ν2 > 0, q1(x) ≥ 0, q2(x) ≥ 0, x ∈ Ω1 ∪ Ω2,
(3.22)

óñòàíîâèì îöåíêè:

ν1

∫
Ω1

2∑
α=1

(
∂zn1
∂xα

)2

dΩ1 ≤
1

4ε

∫
S

θ(x)(zn−1
2 )2 dS, 0 < ε ≤ 1, (3.23)

ν2

∫
Ω2

2∑
α=1

(
∂zn2
∂xα

)2

dΩ2 ≤
1

4ε

∫
S

θ(x)(zn1 )
2 dS, 0 < ε ≤ 1. (3.24)

Íåòðóäíî óáåäèòüñÿ, ÷òî ñïðàâåäëèâû ñëåäóþùèå ëåììû

Ë å ì ì à 3.1. Äëÿ ëþáûõ ôóíêöèé v1 ∈ W 1
2 (Ω1) è v2 ∈ W 1

2 (Ω2) ñïðà-
âåäëèâû íåðàâåíñòâà

∥v1∥2L2(S)
≤ 2

ξ1
∥v1∥2L2(Ω1)

+ ξ1

∥∥∥∥∂v1∂x1

∥∥∥∥2
L2(Ω1)

, (3.25)
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∥v2∥2L2(S)
≤ 2

l1 − ξ1
∥v1∥2L2(Ω2)

+ (l1 − ξ1)

∥∥∥∥∂v2∂x1

∥∥∥∥2
L2(Ω2)

. (3.26)

Ë å ì ì à 3.2. Äëÿ ëþáûõ ôóíêöèé v1 ∈ W 1
2 (Ω1) è v2 ∈ W 1

2 (Ω2) ñïðà-
âåäëèâû íåðàâåíñòâà

∥v1∥2L2(Ω1)
≤ 2

π2
max

{
4ξ21 ; l

2
2

} 2∑
α=1

∥∥∥∥ ∂v1∂xα

∥∥∥∥2
L2(Ω1)

+
1

π
max

{
2ξ1; l2

}
∥v1∥2L2(Γ1)

∥v2∥2L2(Ω2)
≤ 2

π2
max

{
4(l1 − ξ1)

2; l22
} 2∑

α=1

∥∥∥∥ ∂v2∂xα

∥∥∥∥2
L2(Ω2)

+

+ 1
π max

{
2(l1 − ξ1); l2

}
∥v2∥2L2(Γ2)

.

(3.27)

Îöåíèì òåïåðü ïðàâûå ÷àñòè íåðàâåíñòâ (3.23) , (3.24) .
Â ñèëó (3.25) , (3.26) èìååì îöåíêè:∫

S

θ(x)(zn1 )
2 dS ≤ ∥θ(x)∥L∞(S)∥zn1∥2L2(S)

≤

≤ ∥θ(x)∥L∞(S)

[
2

ξ1
∥zn1∥2L2(Ω1)

+ ξ1

∥∥∥∥∂zn1∂x1

∥∥∥∥2
L2(Ω1)

]
,

(3.28)

∫
S

θ(x)(zn−1
2 )2 dS ≤ ∥θ(x)∥L∞(S)∥zn−1

2 ∥2L2(S)
≤

≤ ∥θ(x)∥L∞(S)

[
2

(l1 − ξ1)
∥zn−1

2 ∥2L2(Ω2)
+ (l1 − ξ1)

∥∥∥∥∂zn−1
2

∂x1

∥∥∥∥2
L2(Ω2)

]
.

(3.29)

Äàëåå, òàê êàê zn1 (x) = 0 , x ∈ Γ1 , z
n
2 (x) = 0 , x ∈ Γ2 , òî ïðèìåíåíèå

íåðàâåíñòâ (3.27) ê ôóíêöèÿì zn1 (x) è zn2 (x) äàåò îöåíêè:

∥zn1∥2L2(Ω1)
≤M2

1

2∑
α=1

∥∥∥∥∂zn1∂xα

∥∥∥∥2
L2(Ω1)

, (3.30)

∥zn−1
2 ∥2L2(Ω2)

≤M 2
2

2∑
α=1

∥∥∥∥∂zn−1
2

∂xα

∥∥∥∥2
L2(Ω2)

, (3.31)

ãäå

M 2
1 =

2

π2
max

{
4ξ21 ; l

2
2

}
, M 2

2 =
2

π2
max

{
4(l1 − ξ1)

2; l22
}
. (3.32)
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Òàê ÷òî èç îöåíîê (3.28) , (3.29) è (3.30)− (3.32) óñòàíîâèì:∫
S

θ(x)(zn1 )
2 dS ≤ ∥θ(x)∥L∞(S)

[
2

ξ1
M 2

1

2∑
α=1

∥∥∥∥∂zn1∂xα

∥∥∥∥2
L2(Ω1)

+ ξ1

∥∥∥∥∂zn1∂x1

∥∥∥∥2
L2(Ω1)

]
,

(3.33)∫
S

θ(x)(zn−1
2 )2 dS ≤ ∥θ(x)∥L∞(S)

[
2

l1 − ξ1
M 2

2

2∑
α=1

∥∥∥∥∂zn2∂xα

∥∥∥∥2
L2(Ω2)

+

+(l1 − ξ1)
∥∥∥∂zn−1

2

∂x1

∥∥∥2
L2(Ω2)

]
.

(3.34)

Îòêóäà èìååì∫
S

θ(x)(zn1 )
2 dS ≤ ∥θ(x)∥L∞(S)

[
ξ1 +

2

ξ1
M 2

1

] 2∑
α=1

∥∥∥∥∂zn1∂xα

∥∥∥∥2
L2(Ω1)

, (3.35)

∫
S

θ(x)(zn−1
2 )2 dS ≤ ∥θ(x)∥L∞(S)

[
(l1 − ξ1) +

2

l1 − ξ1
M 2

2

] 2∑
α=1

∥∥∥∥∂zn−1
2

∂xα

∥∥∥∥2
L2(Ω2)

.

(3.36)
Ïðèíèìàÿ âî âíèìàíèå îöåíêè (3.35) , (3.36) èç (3.23) , (3.24) íàéäåì∫

Ω1

2∑
α=1

(
∂zn1
∂xα

)2

dΩ1 ≤
1

ν1ε
∥θ(x)∥L∞(S)

[
l1 − ξ1

4
+

M 2
2

2(l1 − ξ1)

] 2∑
α=1

∥∥∥∥∂zn−1
2

∂xα

∥∥∥∥2
L2(Ω2)

,

(3.37)∫
Ω2

2∑
α=1

(
∂zn2
∂xα

)2

dΩ2 ≤
1

ν2ε
∥θ(x)∥L∞(S)

[
ξ1
4
+
M 2

1

2ξ1

] 2∑
α=1

∥∥∥∥∂zn1∂xα

∥∥∥∥2
L2(Ω1)

, (3.38)

0 < ε ≤ 1.

Â ÷àñòíîñòè, ïðè ε = 1 ïîëó÷àåì îöåíêè:

|zn1 |2W 1
2 (Ω1)

≤ q21|z
(n−1)
2 |2W 1

2 (Ω2)
, n = 1, 2, ..., (3.39)

|zn2 |2W 1
2 (Ω2)

≤ q22|zn1 |2W 1
2 (Ω1)

, n = 1, 2, ..., (3.40)

ãäå

q21 =
1

ν1
∥θ(x)∥L∞(S)

(
l1 − ξ1

4
+

M 2
2

2(l1 − ξ1)

)
, (3.41)

q22 =
1

ν2
∥θ(x)∥L∞(S)

(
ξ1
4
+
M2

1

2ξ1

)
, (3.42)

M 2
1 =

2

π2
max

{
4ξ21 ; l

2
2

}
, M 2

2 =
2

π2
max

{
4(l1 − ξ1)

2; l22
}
, (3.43)
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|vk|2W 1
2 (Ωk)

=
2∑

α=1

∥∥∥∥ ∂vk∂xα

∥∥∥∥2
L2(Ωk)

=

∫
Ωk

2∑
α=1

(
∂vk
∂xα

)2

dΩk, k = 1, 2. (3.44)

Èç îöåíîê (3.39) , (3.40) ñëåäóåò

|zn2 |2W 1
2 (Ω2)

≤ q22|zn1 |2W 1
2 (Ω1)

≤ q21q
2
2|zn−1

2 |2W 1
2 (Ω2)

, (3.45)

ò.å. èìååì îöåíêó

|zn2 |W 1
2 (Ω2) ≤ q1q2|zn−1

2 |W 1
2 (Ω2), n = 1, 2, ... . (3.46)

Òàêèì îáðàçîì óñòàíîâëåíà ïàðà îöåíîê

|zn2 |W 1
2 (Ω2) ≤ q1q2|zn−1

2 |W 1
2 (Ω2), n = 1, 2, ..., (3.47)

|zn1 |W 1
2 (Ω1) ≤ q1|zn−1

2 |W 1
2 (Ω2), n = 1, 2, ... . (3.48)

Ñëåäîâàòåëüíî, zn2 = un2 −u2 , zn1 = un1 −u1 ñòðåìÿòñÿ ê íóëþ ïðè n→ ∞ ,
åñëè

q = q1q2 < 1, (3.49)

ò.å. ñõîäèìîñòü â íîðìå | · |W 1
2 (Ω)

äîêàçàíà ïðè âûïîëíåíèè óñëîâèÿ (3.49) .
Óñëîâèå (3.49) â ïîäðîáíîé çàïèñè èìååò âèä

q = q1q2 =
1

(ν1ν2)1/2
∥θ(x)∥L∞(S)

(
ξ1
4
+
M 2

1

2ξ1

)1/2(
l1 − ξ1

4
+

M2
2

2(l1 − ξ1)

)1/2

< 1,

(3.50)

M 2
1 =

2

π2
max

{
4ξ21 ; l

2
2

}
, M 2

2 =
2

π2
max

{
4(l1 − ξ1)

2; l22
}
. (3.51)

Äàëåå, èç îöåíêè (3.47) ïîëó÷àåì îöåíêó ñêîðîñòè ñõîäèìîñòè äëÿ êîìïî-
íåíòû zn2 (x) = un2(x)− u2(x) , x ∈ Ω2 :

|zn2 |W 1
2 (Ω2) ≤ qn|z(0)2 |W 1

2 (Ω2), 0 < q = q1q2 < 1, n = 1, 2, 3, ... . (3.52)

Äàëåå, èç îöåíîê (3.48) è (3.52) èìååì

|zn1 |W 1
2 (Ω1) ≤ q1|zn−1

2 |W 1
2 (Ω2) ≤ q1q

n−1|z(0)2 |W 1
2 (Ω2), (3.53)

ò.å. íàðÿäó ñ îöåíêîé ñêîðîñòè ñõîäèìîñòè (3.52) ñïðàâåäëèâà òàêæå îöåíêà
ñêîðîñòè ñõîäèìîñòè äëÿ êîìïîíåíòû zn1 (x) = un1(x)− u1(x) , x ∈ Ω1 :

|zn1 |W 1
2 (Ω1) ≤ q1q

n−1|z(0)2 |W 1
2 (Ω2), n = 1, 2, 3, ... . (3.54)

Äàëåå, êàê ïîêàçàíî âûøå, ñïðàâåäëèâû îöåíêè (3.52) è (3.54) :

|zn1 |W 1
2 (Ω1) ≤ q1q

n−1|z(0)2 |W 1
2 (Ω2), n = 1, 2, 3, ...;
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|zn2 |W 1
2 (Ω2) ≤ qn|z(0)2 |W 1

2 (Ω2), 0 < q = q1q2 < 1, n = 1, 2, 3, ... .

Ñ äðóãîé ñòîðîíû, äëÿ îöåíêè ôóíêöèé zn1 (x) , x ∈ Ω1 , z
n
2 (x) , x ∈ Ω2 ,

îáëàäàþùèõ óñëîâèÿìè zn1 (x) = 0 , x ∈ Γ1 , z
n
2 (x) = 0 , x ∈ Γ2 , ìîæíî

ïðèìåíèòü íåðàâåíñòâà (3.27) èç ëåììû 3.2. :

∥zn1∥2L2(Ω1)
≤M 2

1 |z
(n)
1 |2W 1

2 (Ω1)
, M 2

1 =
2

π2
max

{
4ξ21 ; l

2
2

}
, (3.55)

∥zn2∥2L2(Ω2)
≤M 2

2 |z
(n)
2 |2W 1

2 (Ω2)
, M 2

2 =
2

π2
max

{
4(l1 − ξ1)

2; l22
}
. (3.56)

Ïðèíèìàÿ âî âíèìàíèå îöåíêè (3.55) , (3.56) èç íåðàâåíñòâ (3.52) è (3.54)
óñòàíàâëèâàåì îöåíêè äëÿ L2(Ω1) � íîðìû è L2(Ω2) � íîðìû ïîãðåøíîñòåé
zn1 (x) , x ∈ Ω1 , z

n
2 (x) , x ∈ Ω2 :

∥zn1∥L2(Ω1) ≤M1q1q
n−1|z(0)2 |2W 1

2 (Ω2)
, n = 1, 2, ..., (3.57)

∥zn2∥L2(Ω2) ≤M2q
n|z(0)2 |2W 1

2 (Ω2)
, n = 1, 2, ... . (3.58)

Óñòàíîâèì òåïåðü îöåíêè L2(S) � íîðì ïîãðåøíîñòåé zn1 (x) , x ∈ Ω1 ,
zn2 (x) , x ∈ Ω2 .

Èñïîëüçóÿ îöåíêè (3.25) , (3.26) ëåììû 3.1. , à òàêæå îöåíêè (3.52) , (3.54)
è (3.57) , (3.58) ïîëó÷àåì:

∥zn1∥2L2(S)
≤ 2

ξ1
∥zn1∥2L2(Ω1)

+ ξ1

∥∥∥∥∂zn1∂x1

∥∥∥∥2
L2(Ω1)

≤

≤ 2

ξ1
M2

1

(
q1q

n−1
)2|z(0)2 |2W 1

2 (Ω2)
+ ξ1

(
q1q

n−1
)2|z(0)2 |2W 1

2 (Ω2)
=

=

(
2

ξ1
M 2

1 + ξ1

)(
q1q

n−1
)2|z(0)2 |2W 1

2 (Ω2)
,

(3.59)

∥zn2∥2L2(S)
≤ 2

l1 − ξ1
∥zn2∥2L2(Ω2)

+ (l1 − ξ1)

∥∥∥∥∂zn2∂x1

∥∥∥∥2
L2(Ω2)

≤

≤ 2

l1 − ξ1
M 2

2

(
qn
)2|z(0)2 |2W 1

2 (Ω2)
+ (l1 − ξ1)

(
qn
)2|z(0)2 |2W 1

2 (Ω2)
=

=

(
2

l1 − ξ1
M 2

2 + l1 − ξ1

)(
qn
)2|z(0)2 |2W 1

2 (Ω2)
.

(3.60)

Òàêèì îáðàçîì èç íåðàâåíñòâ (3.59) è (3.60) ïîëó÷àåì, ÷òî ñïðàâåäëèâû
òàêæå ñëåäóþùèå îöåíêè ïîãðåøíîñòè ìåòîäà èòåðàöèé:

∥zn1∥L2(S) ≤
(
2

ξ1
M 2

1 + ξ1

)1/2

q1q
n−1|z02|W 1

2 (Ω2), n = 1, 2, ..., (3.61)

∥zn2∥L2(S) ≤
(

2

l1 − ξ1
M 2

2 + l1 − ξ1

)1/2

qn|z02|W 1
2 (Ω2), n = 1, 2, ... . (3.62)
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Óñòàíîâèì òåïåðü îöåíêó âåëè÷èíû∫
S

[
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]2
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Èìååì ∫
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[
zn
]2
dS ≤ 2
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. (3.64)

Ïðèíèìàÿ âî âíèìàíèå îöåíêè (3.61) è (3.62) è íåðàâåíñòâî (3.64) ïîëó÷èì∫
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Èòàê, óñòàíîâëåíà åùå îäíà îöåíêà∫
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(3.66)
Òåîðåìà äîêàçàíà.
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Some iterative processes of solution of elliptic equations

with discontinuous coe�cients and solutions with a design

estimates of the rate of convergence of iterations

c⃝ F. V. Lubyshev3, M. E. Fairuzov4

Abstract. We study the approximate solution of the contact boundary problems for elliptic
equations in inhomogeneous anisotropic media with discontinuous coe�cients and solution when
contacting the internal borders of multilayer media de�ne the conditions of conjugation nonideal
contact type. Developed and validated method for solving these classes of problems with
discontinuous coe�cients and solutions to equations of mathematical physics of elliptic type.
Questions of convergence of the iterative process. And the set design of the rate of convergence of
iterations (with calculated constants).

Key Words: iteration method, mathematical modeling, elliptic equation, problems for equations
of mathematical physics with discontinuous coe�cients and solutions, the operator.
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ÓÄÊ 517.9

Àíàëèòè÷åñêîå ðåøåíèå çàäà÷è î òåïëîâîì ñêîëüæåíèè

ðàçðåæåííîãî ãàçà âäîëü òâåðäîé ïëîñêîé ïîâåðõíîñòè

c⃝ Â. Â. Ëóêàøåâ1, Â. Í. Ïîïîâ2

Àííîòàöèÿ. Ïîñòðîåíî àíàëèòè÷åñêîå ðåøåíèå ÁÃÊ (Áõàòíàãàð, Ãðîññ, Êðóê) ìîäåëè êè-
íåòè÷åñêîãî óðàâíåíèÿ Áîëüöìàíà â çàäà÷å î òåïëîâîì ñêîëüæåíèè ðàçðåæåííîãî ãàçà âäîëü
òâåðäîé ïëîñêîé ïîâåðõíîñòè. Â êà÷åñòâå ãðàíè÷íîãî óñëîâèÿ íà ñòåíêå èñïîëüçîâàíà ìî-
äåëü çåðêàëüíî-äèôôóçíîãî îòðàæåíèÿ. Äëÿ ðàçëè÷íûõ çíà÷åíèé êîýôôèöèåíòà äèôôóçíî-
ñòè âû÷èñëåíà ñêîðîñòü òåïëîâîãî ñêîëüæåíèÿ âäîëü ïîâåðõíîñòè, ïîëó÷åíû ðàñïðåäåëåíèÿ
ìàññîâîé ñêîðîñòè ãàçà è âåêòîðà ïîòîêà òåïëà â ñëîå Êíóäñåíà. Ïðîâåäåíî ñðàâíåíèå ñ àíà-
ëîãè÷íûìè ðåçóëüòàòàìè, èìåþùèìèñÿ â îòêðûòîé ïå÷àòè

Êëþ÷åâûå ñëîâà: êèíåòè÷åñêîå óðàâíåíèå Áîëüöìàíà, ìîäåëüíûå êèíåòè÷åñêèå óðàâíåíèÿ,
òî÷íûå àíàëèòè÷åñêèå ðåøåíèÿ, ìîäåëè ãðàíè÷íûõ óñëîâèé

1. Ââåäåíèå

Ïîâåäåíèå ðàçðåæåííûõ ãàçîâ ñóùåñòâåííî îòëè÷àåòñÿ îò ïîâåäåíèÿ
ïëîòíûõ ãàçîâ. Òàê, åñëè â ðàçðåæåííûé ãàç ïîìåñòèòü íåðàâíîìåðíî íà-
ãðåòîå òåëî, òî ãàç ïðèäåò â äâèæåíèå îò ìåíåå íàãðåòûõ ÷àñòåé òåëà ê
áîëåå íàãðåòûì [1]. Ýòî ÿâëåíèå ïîëó÷èëî íàçâàíèå òåïëîâîãî ñêîëüæåíèÿ
èëè òåïëîâîãî êðèïà, à óñòàíîâèâøàÿñÿ ñêîðîñòü äâèæåíèÿ ãàçà � ñêîðîñòüþ
òåïëîâîãî ñêîëüæåíèÿ [1]. Òåîðåòè÷åñêèé àíàëèç òåïëîâîãî ñêîëüæåíèÿ ñ èñ-
ïîëüçîâàíèåì êèíåòè÷åñêîé òåîðèè âïåðâûå áûë äàí Ìàêñâåëëîì [2]. Îäíà-
êî ïðè ðåøåíèè ýòîé çàäà÷è Ìàêñâåëë îïèðàëñÿ íà ïðåäïîëîæåíèå î òîì,
÷òî ìîëåêóëû ãàçà ïåðåä óäàðîì î ñòåíêó èìåþò òî æå ñàìîå ðàñïðåäåëåíèå
ïî ñêîðîñòÿì, ÷òî è â îáúåìå ãàçà. Â äåéñòâèòåëüíîñòè æå ôóíêöèÿ ðàñ-
ïðåäåëåíèÿ ìîëåêóë ãàçà â ñëîå Êíóäñåíà ñóùåñòâåííî îòëè÷àåòñÿ òîé, ÷òî
èìååò ìåñòî â îáúåìå ãàçà âäàëè îò ñòåíêè ïðè íàëè÷èè ãðàäèåíòà òåìïåðà-
òóðû. Êàê îòìå÷åíî â [1], ñòðîãîå îïèñàíèå òåïëîâîãî ñêîëüæåíèÿ äîëæíî
áûòü îñíîâàíî íà ðåøåíèè â ñëîå Êíóäñåíà (òîíêîì ïðèñòåíî÷íîì ñëîå, òîë-
ùèíà êîòîðîãî ïðèìåðíî ðàâíà ñðåäíåé äëèíå ñâîáîäíîãî ïðîáåãà ìîëåêóë
ãàçà) êèíåòè÷åñêîãî óðàâíåíèÿ Áîëüöìàíà èëè, â ñèëó åãî ñëîæíîñòè, ìî-
äåëüíîãî êèíåòè÷åñêîãî óðàâíåíèÿ. Â äàííîé ïîñòàíîâêå ñ èñïîëüçîâàíèåì
ïðèáëèæåííûõ ìåòîäîâ äàííàÿ çàäà÷à âïåðâûå ðåøåíà â [1]. Â ðàìêàõ ìî-
äåëüíîãî óðàâíåíèÿ áûëè âû÷èñëåíû ñêîðîñòü òåïëîâîãî ñêîëüæåíèÿ ãàçà

1 Àññèñòåíò êàôåäðû ìàòåìàòèêè, Ñåâåðíûé (Àðêòè÷åñêèé) ôåäåðàëüíûé óíèâåðñèòåò èìåíè Ì. Â. Ëî-
ìîíîñîâà, ã. Àðõàíãåëüñê; v.lukashev@narfu.ru.

2 Çàâåäóþùèé êàôåäðîé ìàòåìàòèêè, Ñåâåðíûé (Àðêòè÷åñêèé) ôåäåðàëüíûé óíèâåðñèòåò èìåíè
Ì. Â. Ëîìîíîñîâà, ã. Àðõàíãåëüñê; v.popov@agtu.ru.
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è ñêîðîñòü ãàçà íåïîñðåäñòâåííî âáëèçè ñòåíêè, à òàêæå ïîñòðîåí ïðîôèëü
ìàññîâîé ñêîðîñòè ãàçà â ñëîå Êíóäñåíà. Ïðè ýòîì â êà÷åñòâå ãðàíè÷íîãî
óñëîâèÿ áûëà èñïîëüçîâàíà ìîäåëü äèôôóçíîãî îòðàæåíèÿ ìîëåêóë ãàçà îá-
òåêàåìîé ïîâåðõíîñòüþ. Äàëüíåéøèå èññëåäîâàíèÿ òåïëîâîãî ñêîëüæåíèÿ ñ
ó÷åòîì ïîâåäåíèÿ ìàêðîïàðàìåòðîâ ãàçà â ñëîå Êíóäñåíà áûëè ïðåäïðèíÿòû
â ðàáîòàõ [3]�[5]. Â [3] è [5] â êà÷åñòâå îñíîâíîãî óðàâíåíèÿ, îïèñûâàþùå-
ãî êèíåòèêó ïðîöåññà, èñïîëüçîâàëàñü ÁÃÊ (Áõàòíàãàð, Ãðîññ, Êðóê) ìîäåëü
êèíåòè÷åñêîãî óðàâíåíèÿ, à â [4] � ëèíåàðèçîâàííîå óðàâíåíèå Áîëüöìàíà.
Â [4] è [5] äëÿ ðåøåíèÿ çàäà÷è èñïîëüçîâàí ìåòîä äèñêðåòíûõ îðäèíàò, à
â êà÷åñòâå ãðàíè÷íîãî óñëîâèÿ � ìîäåëü çåðêàëüíî-äèôôóçíîãî îòðàæåíèÿ
Ìàêñâåëëà. Â [3] çàäà÷à ðåøàëàñü ñ èñïîëüçîâàíèåì ìåòîäà Êåéçà ïðè äèô-
ôóçíîì îòðàæåíèè ìîëåêóë ãàçà ïîâåðõíîñòüþ è ìåòîäà àïïðîêñèìàöèîííûõ
ôóíêöèé ñ ó÷åòîì äèôôóçíî-çåðêàëüíîãî ãðàíè÷íîãî óñëîâèÿ. Îñíîâíîå äî-
ñòîèíñòâî ìåòîäà Êåéçà ïî ñðàâíåíèþ ñ äðóãèìè ìåòîäàìè çàêëþ÷àåòñÿ â
òîì, ÷òî îí ïîçâîëÿåò ïîëó÷èòü â ÿâíîì âèäå ôóíêöèþ ðàñïðåäåëåíèÿ ìî-
ëåêóë ãàçà ïî êîîðäèíàòàì è ñêîðîñòÿì, çíàÿ êîòîðóþ, ìîæíî ñðàâíèòåëüíî
ëåãêî âû÷èñëèòü âñå ìàêðîïàðàìåòðû ãàçà [3]. Â ïðåäñòàâëåííîé ðàáîòå ðå-
øåíèå, ïîëó÷åííîå â [3] ñ èñïîëüçîâàíèåì ìåòîäà Êåéçà îáîáùàåòñÿ íà ñëó-
÷àé çåðêàëüíî-äèôôóçíîãî ãðàíè÷íîãî óñëîâèÿ Ìàêñâåëëà. Äàííàÿ ìîäåëü
ãðàíè÷íîãî óñëîâèÿ áîëåå ðåàëèñòè÷íà äëÿ òåõíè÷åñêèõ (ñïåöèàëüíûì îáðà-
çîì íå îáðàáîòàííûõ) ïîâåðõíîñòåé. Îäíàêî åå èñïîëüçîâàíèå ñóùåñòâåííî
óñëîæíÿåò ðåøåíèå çàäà÷è: êîýôôèöèåíòû â ðàçëîæåíèè ðåøåíèÿ çàäà÷è
ïî ñîáñòâåííûì âåêòîðàì äèñêðåòíîãî ñïåêòðà õàðàêòåðèñòè÷åñêîãî óðàâíå-
íèÿ, ñîîòâåòñòâóþùåãî èñõîäíîìó èíòåãðî-äèôôåðåíöèàëüíîìó óðàâíåíèþ,
â ýòîì ñëó÷àå çàâèñÿò îò êîýôôèöèåíòîâ â ðàçëîæåíèè ïî ñîáñòâåííûì âåê-
òîðàì íåïðåðûâíîãî ñïåêòðà, à íàõîæäåíèå ïîñëåäíèõ ïðèâîäèò ê ðåøåíèþ
èíòåãðàëüíîãî óðàâíåíèÿ Ôðåäãîëüìà âòîðîãî ðîäà. Â èòîãå êàê ñàìà ôóíê-
öèÿ ðàñïðåäåëåíèÿ ìîëåêóë ãàçà ïî êîîðäèíàòàì è ñêîðîñòÿì, òàê è ìàêðî-
ïàðàìåòðû ãàçà çàïèñûâàþòñÿ â âèäå ðÿäîâ Íåéìàíà. Äëÿ ðåøåíèÿ çàäà÷è
â ðàáîòå èñïîëüçóåòñÿ ìàòåìàòè÷åñêèé àïïàðàò, ðàçðàáîòàííûé â [6] ïðè ìî-
äåëèðîâàíèè òå÷åíèé ðàçðåæåííîãî ãàçà â ïëîñêèõ êàíàëàõ. Ïîëó÷åííûå â
ðàáîòå ðåçóëüòàòû ñðàâíèâàþòñÿ ñ àíàëîãè÷íûìè ðåçóëüòàòàìè, ïîëó÷åííû-
ìè â [5] è [4].

2. Ïîñòàíîâêà çàäà÷è. Âûâîä îñíîâíûõ óðàâíåíèé

Ðàññìîòðèì ãàç, çàïîëíÿþùèé ïîëóïðîñòðàíñòâî x′ > 0 , îãðàíè÷åííîå
ñòåíêîé, ðàñïîëîæåííîé â ïëîñêîñòè x′ = 0 . Ïðåäïîëîæèì, âäîëü ñòåíêè
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ïîääåðæèâàåòñÿ ïîñòîÿííûé ãðàäèåíò òåìïåðàòóðû. Åñëè îñü Oz′ íàïðàâèòü
âäîëü ãðàäèåíòà òåìïåðàòóðû, òî â âûáðàííîé ñèñòåìå êîîðäèíàò ÁÃÊ ìî-
äåëü êèíåòè÷åñêîãî óðàâíåíèÿ Áîëüöìàíà çàïèñûâàåòñÿ â âèäå [3]

vx
∂f

∂x′
+ vz

∂f

∂z′
=

p

ηg
(feq − f). (2.1)

Çäåñü f(r′,v) � èñêîìàÿ ôóíêöèÿ ðàñïðåäåëåíèÿ ìîëåêóë ãàçà ïî êîîðäè-
íàòàì è ñêîðîñòÿì, feq(r

′,v) � ëîêàëüíî ðàâíîâåñíàÿ ôóíêöèÿ ðàñïðåäåëå-
íèÿ, p è ηg � äàâëåíèå è êîýôôèöèåíò äèíàìè÷åñêîé âÿçêîñòè ãàçà. Áóäåì
ïîëàãàòü, ÷òî ñîñòîÿíèÿ ãàçà ìàëî îòëè÷àåòñÿ îò ðàâíîâåñíîãî. Òîãäà çàäà÷à
äîïóñêàåò ëèíåàðèçàöèþ è ôóíêöèþ ðàñïðåäåëåíèÿ ìîëåêóë ãàçà ïî êîîðäè-
íàòàì è ñêîðîñòÿì ìîæíî ïðåäñòàâèòü â âèäå

f(r′,v) = f∞(r′,v)
[
1 + CzZ(x,Cx) + Cz(C

2
y + C2

z − 2)Z1(x,Cx)
]
, (2.2)

f∞(r′,v) = f(C)[1 + 2CzU0 +GT (z − Cz)(C
2 − 5

2
)].

Çäåñü f∞(r′,v) � ôóíêöèÿ ðàñïðåäåëåíèÿ ìîëåêóë ãàçà âäàëè îò ñòåí-

êè; f(C) = n0 (β/π)
3/2 exp(−C2) � àáñîëþòíûé ìàêñâåëëèàí; C = β1/2 v �

áåçðàçìåðíàÿ ñêîðîñòü ìîëåêóë ãàçà; β = m/2kBT0 ; m � ìàññà ìîëåêóëû ãà-
çà; kB � ïîñòîÿííàÿ Áîëüöìàíà; T0 � òåìïåðàòóðà ãàçà â íà÷àëå êîîðäèíàò;
x = x′/lg è z = z′/lg � áåçðàçìåðíûå êîîðäèíàòû; lg = ηg β

−1/2/p � ñðåäíÿÿ
äëèíà ñâîáîäíîãî ïðîáåãà ìîëåêóë ãàçà; U0 � èñêîìàÿ ñêîðîñòü ñêîëüæåíèÿ
ãàçà; GT = (1/T0)(dT/dz) � áåçðàçìåðíûé ãðàäèåíò òåìïåðàòóðû. Ó÷èòû-
âàÿ, ÷òî ñîñòîÿíèå ãàçà ìàëî îòëè÷àåòñÿ îò ðàâíîâåñíîãî, ôóíêöèþ f∗(r

′,v)
ëèíåàðèçóåì îòíîñèòåëüíî àáñîëþòíîãî ìàêñâåëëèàíà, ò.å. çàïèøåì åå â âèäå

feq(r
′,v) = f(C)[1 + 2CzUz(x) +GTz(C

2 − 5

2
)], (2.3)

ãäå ñ ó÷åòîì (2.2)

Uz(x) = π−3/2

∫
exp(−C2)Cz

[
1 + 2CzU0 +GT (z − Cz)(C

2 − 5

2
)+

+ CzZ(x,Cx) + Cz(C
2
y + C2

z − 2)Z1(x,Cx)

]
=

= U0 +
1

2
√
π

+∞∫
−∞

exp(−C2
x)Z(x,Cx) dCx, (2.4)

Ïîäñòàâëÿÿ (2.2) è (2.3) â (2.1), ïðèõîäèì ê ñèñòåìå íåçàöåïëåííûõ óðàâ-
íåíèé äëÿ íàõîæäåíèÿ ôóíêöèé Z(x, µ) è Z1(x, µ)

µ
∂Z

∂x
+ Z(x, µ) =

1√
π

∞∫
−∞

exp(−τ 2)(1− µτ)Z(x, τ) dτ, (2.5)
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µ
∂Z1

∂x
+ Z1(x, µ) = 0. (2.6)

Ïðè çàïèñè ñèñòåìû óðàâíåíèé (2.5), (2.6) ââåëè îáîçíà÷åíèå µ = Cx è
ó÷ëè îðòîãîíàëüíîñòü â ñìûñëå ñêàëÿðíîãî ïðîèçâåäåíèÿ ñ âåñîì exp(−C2

y −
C2

z ) ôóíêöèé Cz è Cz(C
2
y + C2

z − 2) . Ñ ó÷åòîì (2.2) ãðàíè÷íûå óñëîâèÿ äëÿ
Z(x, µ) è Z1(x, µ) âäàëè îò ñòåíêè çàïèñûâàþòñÿ â âèäå

lim
x→+∞

Z(x, µ) = lim
x→+∞

Z1(x, µ) = 0, µ < 0. (2.7)

Ãðàíè÷íîå óñëîâèå íà ñòåíêå èìååò âèä

f+(r′,v)
∣∣
s
= (1− q)f−(r′,v)

∣∣
s
+qfs(r

′,v), (2.8)

fs(r
′,v) = f(C)

[
1 +GTz

(
C2 − 5

2

)]
.

Çäåñü fs(r
′,v) � ôóíêöèÿ ðàñïðåäåëåíèÿ ñ ïàðàìåòðàìè, çàäàííûìè íà

ñòåíêå, q � êîýôôèöèåíò àêêîìîäàöèè ñòåíêîé òàíãåíöèàëüíîãî èìïóëüñà
ìîëåêóë ãàçà (êîýôôèöèåíò äèôôóçíîñòè). Ïîäñòàâëÿÿ (2.2) è (2.8) â (2.7),
íàõîäèì

Z(0, µ) = (1− q)Z(0,−µ)− 2qU0 + qGT

(
µ2 − 1

2

)
, µ > 0, (2.9)

Z1(0, µ) = (1− q)Z1(0,−µ) + qGT , µ > 0. (2.10)

Òàêèì îáðàçîì, ïîñòàâëåííàÿ çàäà÷à ñâîäèòñÿ ê ðåøåíèþ ñèñòåìû óðàâ-
íåíèé (2.5), (2.6) ñ ãðàíè÷íûìè óñëîâèÿìè (2.7), (2.9), (2.10).

3. Ïîñòðîåíèå ôóíêöèè ðàñïðåäåëåíèÿ ìîëåêóë ãàçà

Ðåøåíèå óðàâíåíèÿ (2.6) ñ ãðàíè÷íûìè óñëîâèÿìè (2.7), (2.10) èìååò âèä

Z1(x, µ) = qGT exp

(
−x
µ

)
H+(µ), (3.1)

ãäå H+(µ) � ñòóïåí÷àòàÿ ôóíêöèÿ Õýâèñàéäà (H+(µ) = 1 , åñëè µ > 0 , è
H+(µ) = 0 , åñëè µ < 0 )

Îáùåå ðåøåíèå (2.5) èìååò âèä [3]

Z(x, µ) = A0 + A1 (x− µ) +

+∞∫
0

exp

(
−x
η

)
F (η, µ)a(η) dη. (3.2)
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Çäåñü

F (η, µ) =
1√
π
η P

1

η − µ
+ exp(η2)λ(η) δ(η − µ),

λ(z) = 1 +
1√
π
z

+∞∫
−∞

exp(−µ2) dµ
µ− z

, (3.3)

P(1/z) � ðàñïðåäåëåíèå â ñìûñëå ãëàâíîãî çíà÷åíèÿ ïðè âû÷èñëåíèè èí-
òåãðàëà îò 1/z , δ(z) � äåëüòà-ôóíêöèÿ Äèðàêà, à A0 , A1 è a(η) � íåèç-
âåñòíûå ïàðàìåòðû è ôóíêöèÿ, ïîäëåæàùèå äàëüíåéøåìó îïðåäåëåíèþ. Ñ
ó÷åòîì ãðàíè÷íîãî óñëîâèÿ (2.7) íàõîäèì A0 = 0 , A1 = 0 . Ïîäñòàâëÿÿ äà-
ëåå (3.2) â ãðàíè÷íîå óñëîâèå (2.9), ïðèõîäèì ê ñèíãóëÿðíîìó èíòåãðàëüíîìó
óðàâíåíèþ

1√
π

+∞∫
0

η a(η) dη

η − µ
+ exp(µ2)a(µ)λ(µ) = f(µ), (3.4)

f(µ) = −2qU0 + qGT

(
µ2 − 1

2

)
+

1− q√
π

+∞∫
0

η a(η) dη

η + µ
, µ > 0. (3.5)

Ðåøåíèå (3.4) èùåì ñ èñïîëüçîâàíèåì ìåòîäîâ êðàåâûõ çàäà÷ òåîðèè ôóíê-
öèé êîìïëåêñíîãî ïåðåìåííîãî. Ñ ýòîé öåëüþ ââåäåì âñïîìîãàòåëüíóþ ôóíê-
öèþ, çàäàííóþ èíòåãðàëîì òèïà Êîøè

N(z) =
1√
π

+∞∫
0

ηa(η) dη

η − z
, (3.6)

äëÿ êîòîðîé íà âåðõíåì è íèæíåì áåðåãàõ ðàçðåçà, ñîâïàäàþùåãî ñ äåéñòâè-
òåëüíîé ïîëîæèòåëüíîé ïîëóïðÿìîé, âûïîëíÿþòñÿ ñîîòíîøåíèÿ

N+(µ)−N−(µ) = 2
√
π i µa(µ), 0 < µ < +∞, (3.7)

N+(µ) +N−(µ) =
2√
π

+∞∫
0

ηa(η) dη

η − µ
, 0 < µ < +∞. (3.8)

Àíàëîãè÷íûå ñîîòíîøåíèÿ äëÿ λ(µ) , îïðåäåëÿåìîé ðàâåíñòâîì (3.3), èìå-
þò âèä

λ+(µ)− λ−(µ) = 2
√
π i µ exp(−µ2), −∞ < µ < +∞, (3.9)

λ+(µ) + λ−(µ) = 2λ(µ), −∞ < µ < +∞. (3.10)
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Ñ ó÷åòîì (3.5) è (3.7) � (3.10) ñâåäåì ñèíãóëÿðíîå èíòåãðàëüíîå óðàâíåíèå
(3.4) ê êðàåâîé çàäà÷å Ðèìàíà[

N+(µ) + 2qU0 − qGT

(
µ2 − 1

2

)]
λ+(µ)−

−
[
N−(µ) + 2qU0 − qGT

(
µ2 − 1

2

)]
λ−(µ) =

= 2 i (1− q)µ exp(−µ2)
+∞∫
0

η a(η)

η + µ
dη, µ > 0. (3.11)

Îñîáåííîñòü êðàåâîé çàäà÷è (3.11) ñîñòîèò â òîì, ÷òî ôóíêöèè N(z) è
λ(z) èìåþò ðàçëè÷íûå ðàçðåçû. ×òîáû óñòðàíèòü ýòó îñîáåííîñòü íåîáõîäè-
ìî ðåøèòü çàäà÷ó ôàêòîðèçàöèè, òî åñòü íàéòè òàêóþ íå îáðàùàþùóþñÿ â
íóëü íè â îäíîé êîíå÷íîé òî÷êå ôóíêöèþ X(z) , äëÿ êîòîðîé íà äåéñòâèòåëü-
íîé ïîëîæèòåëüíîé ïîëóîñè âûïîëíÿåòñÿ óñëîâèå

X+(µ)

X−(µ)
=
λ+(µ)

λ−(µ)

è êîòîðàÿ àíàëèòè÷íà âî âñåõ îñòàëüíûõ òî÷êàõ êîìïëåêñíîé ïëîñêîñòè.
Ðåøåíèå ýòîé çàäà÷è èìååò âèä [3]:

X(z) =
1

z
exp

[
1

π

∞∫
0

(θ(τ)− π) dτ

τ − z

]
, θ(τ) =

π

2
− arcctg

(
λ(τ)√

πτ exp(−τ 2)

)
.

Ñ ó÷åòîì ðåøåíèÿ çàäà÷è ôàêòîðèçàöèè ïåðåïèøåì (3.11)[
N+(µ) + 2qU0 − qGT

(
µ2 − 1

2

)]
X+(µ)−

−
[
N−(µ) + 2qU0 − qGT

(
µ2 − 1

2

)]
X−(µ) =

=
2 i (1− q)X−(µ)

λ−(µ)
µ exp(−µ2)

+∞∫
0

η a(η) dη

η + µ
, µ > 0. (3.12)

Ëèíèè ñêà÷êîâ ôóíêöèé N(z) è X(z) ñîâïàäàþò ñ êîíòóðîì êðàåâîãî
óñëîâèÿ. Ñëåäîâàòåëüíî, ïîëó÷èëè êðàåâóþ çàäà÷ó Ðèìàíà � çàäà÷ó îïðå-
äåëåíèÿ àíàëèòè÷åñêîé ôóíêöèè ïî çàäàííîìó ñêà÷êó. Ó÷èòûâàÿ ïîâåäåíèå
âõîäÿùèõ â (3.12) ôóíêöèé, åå îáùåå ðåøåíèå ïî ôîðìóëàì Ñîõîöêîãî èìååò
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âèä

N(z) =
1

X(z)

1√
π

+∞∫
0

X−(µ)

λ−(µ)
µ exp(−µ2) dµ

µ− z

1− q√
π

+∞∫
0

η a(η) dη

η + µ
−

− 2qU0 + qGT

(
z2 − 1

2

)
+
Pn(z)

X(z)
, (3.13)

ãäå Pn(z) � ìíîãî÷ëåí êîýôôèöèåíòû è ñòåïåíü êîòîðîãî íàéäåì èç óñëîâèÿ
ðàçðåøèìîñòè çàäà÷è.

Â îêðåñòíîñòè áåñêîíå÷íî óäàëåííîé òî÷êè âûðàæåíèå (3.13) áóäåò èìåòü
âèä:

N(z) = −1− q√
π

+∞∫
0

ηX(−η)a(η) dη
η + µ

+O

(
1

z

)
−

− 2qU0 + qGT

(
z2 − 1

2

)
+ Pn(z)

(
z +Q1 +

Q2 +Q2
1

z
+O

(
1

z2

))
, (3.14)

ãäå Qn � èíòåãðàëû Ëîÿëêè, â ÷àñòíîñòè, Q1 = −1.01619 , Q2 = −1.26632 .
Òàê êàê ôóíêöèÿ N(z) ñîãëàñíî (3.6) çàäàíà èíòåãðàëîì òèïà Êîøè, òî â

îêðåñòíîñòè áåñêîíå÷íî óäàëåííîé òî÷êè äîëæíî âûïîëíÿòüñÿ ñîîòíîøåíèå
N(z) = O(1/z) . Îòñþäà, ñ ó÷åòîì (3.14) íåîáõîäèìî ïîëîæèòü Pn(z) = C0 +
C1z . Òîãäà, ïðèðàâíèâàÿ â (3.14) êîýôôèöèåíòû ïðè îäèíàêîâûõ ñòåïåíÿõ
z , íàõîäèì

C0 = qGTQ1, C1 = −qGT ,

U0 = − 1

2q

qGT

(
Q2 +

1

2

)
+

1− q√
π

+∞∫
0

ηX(−η)a(η) dη

 . (3.15)

Êîýôôèöèåíò a(η) â ðàçëîæåíèè (3.2) ðåøåíèÿ ðàññìàòðèâàåìîé çàäà-
÷è ïî ñîáñòâåííûì âåêòîðàì íåïðåðûâíîãî ñïåêòðà íàéäåì èç óñëîâèÿ (3.7),
ïðåäâàðèòåëüíî ïðåîáðàçîâàâ (3.13).

Äëÿ ïîñòðîåííîãî ðåøåíèÿ N(z) , èñïîëüçóÿ ôîðìóëû Cîõîöêîãî-
Ïëåìåëÿ, ìîæåì çàïèñàòü

N+(µ)−N−(µ) =

=

√
π i µ exp(−µ2)X(−µ)

|λ+(µ)|2

[
qGT (µ−Q1) +

1− q√
π

+∞∫
0

η X(−η)a(η) dη
η + µ

]
. (3.16)
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Îòñþäà ñ ó÷åòîì (3.7) äëÿ íàõîæäåíèÿ a(η) ïðèõîäèì ê èíòåãðàëüíîìó
óðàâíåíèþ Ôðåäãîëüìà âòîðîãî ðîäà

a(µ) = h(µ)

[
qGT (µ−Q1) + λ

+∞∫
0

η X(−η)a(η) dη
η + µ

]
, µ > 0. (3.17)

Çäåñü

h(µ) =
exp(−µ2)X(−µ)

2|λ+(µ)|2
, λ =

1− q√
π
.

Ðåøåíèå (3.17) èùåì â âèäå ðÿäà

a(µ) =
+∞∑
k=0

λkak(µ). (3.18)

Ïîäñòàâëÿÿ (3.18) â (3.17) è ïðèðàâíèâàÿ êîýôôèöèåíòû ïðè îäèíàêîâûõ
ñòåïåíÿõ λ , ïðèõîäèì ê ñèñòåìå ðåêêóðåíòíûõ ñîîòíîøåíèé, èç êîòîðûõ íà-
õîäèì

a0(µ) = qGT (µ−Q1)h(µ), a1(µ) = qGTh(µ)

+∞∫
0

(η1 −Q1)g(η1) dη1
η1 + µ

,

ak(µ) = qGTh(µ)

+∞∫
0

g(η1) dη1
η1 + µ

+∞∫
0

g(η2) dη2
η2 + η1

. . .

+∞∫
0

(ηk −Q1)g(ηk) dηk
ηk + ηk−1

,

g(η) = η X(−η)h(η).
Ïîäñòàâëÿÿ (3.18) â (3.15) ñ ó÷åòîì ïîëó÷åííûõ ðåçóëüòàòîâ, ìîæåì çàïè-

ñàòü

U0 = −GT

2

[
Q2 +

1

2
+

+∞∑
k=0

λk+1Ik

]
, (3.19)

I0 =

+∞∫
0

(η −Q1)g(η) dη, I1 =

+∞∫
0

g(η) dη

+∞∫
0

(η1 −Q1)g(η1) dη

η1 + η
,

Ik =

+∞∫
0

g(η) dη

+∞∫
0

g(η1) dη1
η1 + η

. . .

+∞∫
0

(ηk −Q1)g(ηk) dηk
ηk + ηk−1

.

Òàêèì îáðàçîì, íåèçâåñòíûå ïàðàìåòðû A0 , A1 è ôóíêöèÿ a(η) , âõîäÿ-
ùèå â (3.2) íàéäåíû è ôóíêöèÿ ðàñïðåäåëåíèÿ ìîëåêóë ãàçà ïî êîîðäèíàòàì
è ñêîðîñòÿì ïîñòðîåíà.
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4. Âû÷èñëåíèå ìàêðîïàðàìåòðîâ ãàçà

Ïîäñòàâëÿÿ ïîëó÷åííûå ðåçóëüòàòû â (2.4), íàõîäèì ñêîðîñòü ãàçà íàä
ñòåíêîé

Uz(x) = U0 +
1

2
√
π

+∞∫
−∞

exp(−µ2)Z(x, µ) dµ =

= −GT

2

[
Q2 +

1

2
+

+∞∑
k=0

λk+1Ik − q

+∞∑
k=0

λkJk(x)

]
. (4.1)

Çäåñü

J0(x) =

+∞∫
0

(η−Q1)γ(x, η) dη, J1(x) =

+∞∫
0

γ(x, η) dη

+∞∫
0

(η1 −Q1)g(η1) dη1
η1 + η

,

Jk(x) =

+∞∫
0

γ(x, η) dη

+∞∫
0

g(η1) dη1
η1 + η

. . .

+∞∫
0

(ηk −Q1)g(ηk) dηk
ηk + ηk−1

,

γ(x, η) = exp

(
−x
η

)
h(η).

Àíàëîãè÷íûì îáðàçîì, èñõîäÿ èç ñòàòèñòè÷åñêîãî ñìûñëà ôóíêöèè ðàñ-
ïðåäåëåíèÿ, íàõîäèì îòëè÷íóþ îò íóëÿ êîìïîíåíòó âåêòîðà ïîòîêà òåïëà

qz(x) = π−3/2

∫
exp(−C2)Cz

(
C2 − 5

2

)[
1 + 2CzU0 +GT (z − Cz)(C

2 − 5

2
)+

+ CzZ(x,Cx) + Cz(C
2
y + C2

z − 2)Z1(x,Cx)

]
=

= GT

[
−5

4
+

1

2
√
π

+∞∫
−∞

exp(−µ2)
(
µ2 − 1

2

)
Z(x, µ) dµ+

+
1√
π

+∞∫
−∞

exp(−µ2)Z1(x, µ) dµ

]
.

Ïîäñòàâëÿÿ òåïåðü ÿâíûé âèä ôóíêöèé Z(x, µ) è Z1(x, µ) , íàõîäèì

qz(x) = GT

[
−5

4
+

q√
π

+∞∫
0

exp

(
−µ2 − x

µ

)
dµ− q

4

+∞∑
k=0

λkJk(x)

]
. (4.2)
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5. Àíàëèç ðåçóëüòàòîâ

Çíà÷åíèÿ Uz(x)/GT è −qz(x)/GT , âû÷èñëåííûå ñîãëàñíî (4.1) è (4.2) è
ïîëó÷åííûå â [4] ñ èñïîëüçîâàíèåì ìåòîäà äèñêðåòíûõ îðäèíàò íà îñíîâå
ëèíåàðèçîâàííîãî óðàâíåíèÿ Áîëüöìàíà äëÿ ìîëåêóë-æåñòêèõ ñôåð, ïðåä-
ñòàâëåíû â Òàáëèöàõ 1 è 2.

x q = 0.1∗ q = 0.1∗∗ q = 0.5∗ q = 0.5∗∗ q = 1.0∗ q = 1.0∗∗

0.0 0.23425 0.23877 0.17518 0.17337 0.10928 0.10469

0.5 0.25011 0.25648 0.25027 0.25474 0.2499 0.25196

1.0 0.25543 0.26131 0.27604 0.27774 0.29956 0.29544

2.0 0.26013 0.26456 0.29901 0.29333 0.34421 0.32517

Òàáëèöà 1. Çíà÷åíèÿ Uz(x)/GT :
∗ � (4.1), ∗∗ � [4].

x q = 0.1∗ q = 0.1∗∗ q = 0.5∗ q = 0.5∗∗ q = 1.0∗ q = 1.0∗∗

0.0 1.18505 1.1662 0.92814 0.8584 0.61306 0.5271

0.5 1.22611 1.2254 1.13142 1.1322 1.01484 1.0264

1.0 1.23716 1.2389 1.18625 1.1969 1.12354 1.1487

2.0 1.24516 1.2472 1.22599 1.1969 1.20238 1.2242

Òàáëèöà 2. Çíà÷åíèÿ −qz(x)/GT :
∗ � (4.2), ∗∗ � [4].

Êàê âèäíî èç ïðèâåäåííûõ òàáëèö ïîëó÷åííûå â ðàáîòå ðåçóëüòàòû õîðî-
øî ñîãëàñóþòñÿ ñ àíàëîãè÷íûìè ðåçóëüòàòàìè, ïðåäñòàâëåííûìè â [4]. Èìå-
þùåå ìåñòî ðàçëè÷èå îáúÿñíÿåòñÿ òåì, ÷òî îïåðàòîðû ñòîëêíîâåíèé ìîäåëü-
íûõ óðàâíåíèé íå ñâîñåì êîððåêòíî îïèñûâàþò ñïåêòð ñîáñòâåííûõ çíà÷åíèé
îïåðàòîðà ñòîëêíîâåíèé Áîëüöìàíà, ÷òî íåîäíîêðàòíî îòìå÷àëîñü â [1] � [3]
[5]. Âìåñòå ñ òåì â ðàìêàõ îäíîé è òîé æå ìîäåëè îòëè÷èå ìåíåå ñóùåñòâåí-
íîå. Òàê, çíà÷åíèå Uz(x)/GT = 0.10928 , ïîëó÷åííîå â ïðåäñòàâëåííîé ðàáîòå
ïðè q = 1 , îòëè÷àåòñÿ ìåíåå ÷åì íà 0.001% îò 0.109278 , ïîëó÷åííîãî â [3].

Ïðîôèëè ìàññîâîé ñêîðîñòè ãàçà Uz(x) è z -êîìïîíåíòû âåêòîðà ïîòîêà
òåïëà qz , îòíåñåííûå ê ãðàäèåíòó ìàññîâîé ñêîðîñòè, äëÿ ðàçëè÷íûõ çíà÷å-
íèé êîýôôèöèåíòà àêêîìîäàöèè, ðàññ÷èòàííûå ñîãëàñíî (4.1) è (4.2) ïðèâå-
äåíû íà Ðèñóíêå 1.
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Ðèñ. 1. Ãðàôèêè çàâèñèìîñòè Uz(x)/Gv è qz(x)/Gv : 1) q = 0.1 , 2) q = 0.5 , 3) q = 1.0

Çíà÷åíèÿ ñêîðîñòè ñêîëüæåíèÿ U0 , ðàññ÷èòàííûå ñîãëàñíî (3.19), ïðèâå-
äåíû â Òàáëèöå 3. Òàì æå ïðèâåäåíû çíà÷åíèÿ, ïîëó÷åííûå â [3] � [5] ñ èñ-
ïîëüçîâàíèåì ëèíåàðèçîâàííîãî óðàâíåíèÿ Áîëüöìàíà äëÿ ìîëåêóë-æåñòêèõ
ñôåð (LBE), ìîäåëè êèíåòè÷åñêîãî óðàâíåíèÿ Áîëüöìàíà ñ êîìáèíèðîâàí-
íûì ÿäðîì (CES) è ÁÃÊ ìîäåëè (BGK).

q (3.19) BGK [3] BGK [5] CES [4] LBE [4]

0.1 0.26418 0.263956 0.2641783 0.2671726 0.265765

0.2 0.27815 0.277741 0.2781510 0.2770231 0.274450

0.3 0.29192 0.291357 0.2919238 0.2864184 0.2864184

0.4 0.30550 0.304807 0.3055019 0.2953902 0.291124

0.5 0.31889 0.318096 0.3188906 0.3039673 0.299133

0.6 0.33209 0.331227 0.3320949 0.3121761 0.306938

0.7 0.34512 0.344202 0.3451195 0.3200405 0.314547

0.8 0.35797 0.357024 0.3579692 0.3275826 0.321968

0.9 0.37065 0.369697 0.3706483 0.3348226 0.329210

1.0 0.38316 0.382223 0.3831612 0.3417790 0.336280

Òàáëèöà 3. Çíà÷åíèÿ U0/Gv ïðè ðàçëè÷íûõ çíà÷åíèÿõ q.

Êàê âèäíî èç ïðèâåäåííîé òàáëèöû, îòëè÷èå çíà÷åíèé ñêîðîñòè èçîòåð-
ìè÷åñêîãî ñêîëüæåíèÿ, ïîëó÷åííûõ â ïðåäñòàâëåííîé ðàáîòå, íå ïðåâûøàåò
0.001% îò àíàëîãè÷íûõ çíà÷åíèé, íàéäåííûõ â [5] è 0.2% îò çíà÷åíèé â [3],
ïîëó÷åííûõ â ðàìêàõ ÁÃÊ ìîäåëè. Îòëè÷èå îò àíàëîãè÷íûõ ðåçóëüòàòîâ,
ïîëó÷åííûõ â ðàìêàõ CES è LBE ìîäåëåé, ñîñòàâëÿåò îò 10% ïðè q = 1
äî 1% ïðè q = 0.1 , è îáóñëîâëåíî çàâèñèìîñòüþ çíà÷åíèé êîýôôèöèåíòîâ
ñêîëüæåíèÿ îò âûáîðà ìîäåëè èíòåãðàëà ñòîëêíîâåíèé.
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6. Çàêëþ÷åíèå

Èòàê, â ðàáîòå ñ èñïîëüçîâàíèåì àíàëèòè÷åñêèõ ìåòîäîâ ïîñòðîåíî ðåøå-
íèå çàäà÷è îá òåïëîâîì ñêîëüæåíèè ðàçðåæåííîãî ãàçà âäîëü òâåðäîé ïëîñ-
êîé ïîâåðõíîñòè. Äëÿ ïðîèçâîëüíûõ çíà÷åíèé êîýôôèöèåíòà àêêîìîäàöèè
òàíãåíöèàëüíîãî èìïóëüñà ìîëåêóë ãàçà ïîëó÷åíû àíàëèòè÷åñêèå âûðàæå-
íèÿ, îïèñûâàþùèå â ñëîå Êíóäñåíà ðàñïðåäåëåíèÿ ñêîðîñòè ãàçà è âåêòîðà
ïîòîêà òåïëà. Ïðîâåäåí ÷èñëåííûé àíàëèç ïîëó÷åííûõ âûðàæåíèé.
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Analytic solution of the problem of heat slip of a rare�ed

gas along a hard �at surface

c⃝ V. V. Lukashev3, V. N. Popov 4

Abstract. The analytic solution of the BGK (Bhatnagar, Gross, Krook) models of the Boltzmann
kinetic equation in the problem on thermal heat slip of a rare�ed gas along a hard �at surface is
constructed. As boundary conditions on a wall the mirror-di�use re�ection model is used. For
di�erent values of the coe�cient of di�usely the speed of thermal slip along the surface and
distribution of the gas velocity and the vector of heat �ow in the Knudsen layer are obtained.
The comparison with similar results, published in the open press is done.
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ÓÄÊ 519.853:517.988

Âåðñèÿ íåïðåðûâíîãî ïðîåêöèîííîãî ìåòîäà

ìèíèìèçàöèè âòîðîãî ïîðÿäêà ñ ïåðåìåííîé ìåòðèêîé

c⃝ Â. Ã. Ìàëèíîâ1

Àííîòàöèÿ. Ïðåäëàãàåòñÿ íîâàÿ âåðñèÿ íåïðåðûâíîãî ïðîåêöèîííîãî ìåòîäà âòîðîãî ïîðÿä-
êà ñ ïåðåìåííîé ìåòðèêîé äëÿ çàäà÷ ìèíèìèçàöèè âûïóêëûõ äèôôåðåíöèðóåìûõ ïî Ôðåøå
ôóíêöèé íà ïðîñòîì ìíîæåñòâå â ãèëüáåðòîâîì ïðîñòðàíñòâå. Äîêàçàíà ñõîäèìîñòü äëÿ âû-
ïóêëûõ ôóíêöèé; äëÿ ñèëüíî âûïóêëûõ ôóíêöèé ïîëó÷åíà îöåíêà ýêñïîíåíöèàëüíîé ñêîðî-
ñòè ñõîäèìîñòè ìåòîäà, êîòîðàÿ âûøå, ÷åì ó äðóãèõ àíàëîãè÷íûõ ìåòîäîâ.

Êëþ÷åâûå ñëîâà: ìèíèìèçàöèÿ, ïðîñòîå ìíîæåñòâî, íåïðåðûâíûé ïðîåêöèîííûé ìåòîä
ïåðåìåííîé ìåòðèêè, ñõîäèìîñòü, ñêîðîñòü ñõîäèìîñòè

1. Ïîñòàíîâêà çàäà÷è

1.1. Ðàññìîòðèì çàäà÷ó ìèíèìèçàöèè íà ïðîñòîì ìíîæåñòâå

f(x) −→ inf, x ∈ Q ⊂ H, (1.1)

ãäå Q � âûïóêëîå çàìêíóòîå ìíîæåñòâî èç ãèëüáåðòîâà ïðîñòðàíñòâà H ,
íîðìèðîâàííîãî ñêàëÿðíûì ïðîèçâåäåíèåì, ∥x∥ = (x,x)1/2 ∀ x ∈ H ; ôóíê-
öèÿ f(x) îïðåäåëåíà è íåïðåðûâíî äèôôåðåíöèðóåìà ïî Ôðåøå íà H , å¼
ãðàäèåíò óäîâëåòâîðÿåò óñëîâèþ Ëèïøèöà: ∃ L = const > 0 ,

∥∇f(u)−∇f(x)∥ ≤ L∥u− x∥ u,x ∈ H. (1.2)

Ïðåäïîëàãàåì, ÷òî óñëîâèÿ ñóùåñòâîâàíèÿ ðåøåíèÿ çàäà÷è âûïîëíåíû,

inf f(x) = f∗ > −∞, x ∈ Q; Q∗ = {x ∈ Q : f(x) = f∗} ̸= ∅. (1.3)

1.2. Äëÿ ðåøåíèÿ çàäà÷è (1.1)�(1.3) ïîëüçóåìñÿ íåïðåðûâíûì ìåòîäîì
ìèíèìèçàöèè (ÍÌÌ). Íàïîìíèì, ÷òî ÍÌÌ îò ïåðâîãî äî âûñîêèõ ïîðÿä-
êîâ çàïèñûâàþòñÿ â âèäå çàäà÷è Êîøè äëÿ ÎÄÓ ñîîòâåòñòâóþùèõ ïîðÿäêîâ
ñ ïîñòîÿííûìè èëè ïåðåìåííûìè êîýôôèöèåíòàìè. ÍÌÌ èññëåäîâàëèñü âî
ìíîãèõ ðàáîòàõ (ñì., [1]� [5]). Ïðîñòåéøèì èç íèõ ÿâëÿåòñÿ íåïðåðûâíûé ãðà-
äèåíòíûé ìåòîä dx

dt = −α∇f(x) , x(t0) = x0 áåç îïåðàòîðà ïðîåêòèðîâàíèÿ
[3]� [5].

Åñëè â ïðàâîé ÷àñòè ÎÄÓ èìååòñÿ îïåðàòîð ïðîåêòèðîâàíèÿ âåêòîðà èëè
âåêòîðíîãî âûðàæåíèÿ, òî ÍÌÌ íàçûâàþò ïðîåêöèîííûì (ÍÏÌÌ). Èäåÿ
òàêîãî ìåòîäà îáîñíîâàíà â ðàáîòàõ [1]� [3]. Èõ ïîäìíîæåñòâî � íåïðåðûâíûå

1 Äîöåíò êàôåäðû ÝÌÌèÈÒ, Óëüÿíîâñêèé ãîñóäàðñòâåííûé óíèâåðñèòåò, ã. Óëüÿíîâñê;
vgmalinov@mail.ru

Æóðíàë ÑÂÌÎ. 2014. Ò. 16, � 1



122 Â. Ã. Ìàëèíîâ

ìåòîäû ïðîåêöèè ãðàäèåíòà (ÍÌÏÃ), â êîòîðûõ ïðîåêòèðóåìîå âåêòîðíîå
âûðàæåíèå âêëþ÷àåò ãðàäèåíò ìèíèìèçèðóåìîé ôóíêöèè f(x(t)) â òî÷êå
x(t) . ÍÌÏÃ ïåðâîãî ïîðÿäêà çàïèñûâàåòñÿ â ôîðìå çàäà÷è Êîøè

dx(t)

dt
+ x(t) = PQ[x(t)− α∇f(x(t))], x(t0) = x0 (1.1)

Èòåðàòèâíûé àíàëîã ÍÌÏÃ ïåðâîãî ïîðÿäêà � ÌÏÃ xk+1 = PQ[x
k −

αk∇f(xk)] , x0 ∈ Q , k ≥ 0 , èçó÷àëñÿ â ðàáîòàõ [1] � [8].
Â ïðîåêöèîííûõ ìåòîäàõ ðåøåíèÿ çàäà÷è (1.1) îãðàíè÷åíèÿ, îáðàçóþùèå

ïðîñòîå ìíîæåñòâî Q ⊂ H , ó÷èòûâàþòñÿ â îïåðàòîðå ïðîåêòèðîâàíèÿ; ïðî-
åêöèÿ ëåãêî âû÷èñëÿåòñÿ íåïîñðåäñòâåííî, åñëè ýòè ìíîæåñòâà � øàð, ïîëî-
æèòåëüíûé îðòàíò, ïàðàëëåëåïèïåä [1], [2].

Âû÷èñëèòåëüíûé ïðîöåññ ìèíèìèçàöèè ôóíêöèè f(x(t)) â ÍÌÌ îñó-
ùåñòâëÿåòñÿ íà îñíîâå ÷èñëåííîãî ìåòîäà èíòåãðèðîâàíèÿ ñèñòåì ÎÄÓ.
Åñëè â ïðàâîé ÷àñòè ÎÄÓ ïðèñóòñòâóåò ôóíêöèÿ f(x(t)) ñ "îâðàæíû-
ìè"ãèïåðïîâåðõíîñòÿìè óðîâíåé, òî ïðåäïî÷òèòåëüíî ïðèìåíåíèå ÷èñëåííî-
ãî ìåòîäà èíòåãðèðîâàíèÿ "æ¼ñòêèõ"ñèñòåì ÎÄÓ.

ÍÌÏÃ âòîðîãî ïîðÿäêà âèäà

µx′′(t) + βx′(t) + x = PQ[x− α∇f(x)],
x(t0) = x0, x

′
(t0) = x1, t ≥ 0,

(1.4)

ãäå ÷èñëà µ > 0 , β > 0 , α > 0 � ïàðàìåòðû ìåòîäà, èññëåäîâàí â ðàáîòàõ
[2], [3]. Äðóãèå ÍÌÏÃ âòîðîãî ïîðÿäêà ïðåäëîæåíû â ðàáîòàõ [9], [13]. Èõ
èòåðàòèâíûå àíàëîãè � äâóõøàãîâûå ÌÏÃ; íàïðèìåð, ýòî èçâåñòíûé ìåòîä

xk+1 = PQ[x
k − αk∇f(xk) + βk(x

k − xk−1)],
x0 ∈ Q, k = 0, 1, 2, ...,

äåòàëüíî èññëåäîâàííûé â ðàáîòå [2].
Â áîëåå îáùèõ ÍÏÌÌ ïðîåêòèðóåìîå âåêòîðíîå âûðàæåíèå â ïðàâîé ÷à-

ñòè ÎÄÓ îáðàçóåòñÿ ñ ïîìîùüþ ãðàäèåíòà ∇f(z(t)) â ýêñòðàïîëèðîâàííîé
òî÷êå, íàïðèìåð, âèäà z(t) = x(t)+α(t)x′(t) , ãäå x′(t) � ïðîèçâîäíàÿ, à α(t)
� ïàðàìåòð ñîîòâåòñòâóþùåãî ìåòîäà (ñì., íàïðèìåð, [8], [9]).

Â ðàáîòàõ [10], [12] èññëåäîâàí ÍÏÌÌ âòîðîãî ïîðÿäêà

σ(t)x
′′
+ x

′
+ x(t) = PQ

(
y(t) + β(t)(γ1(t)x

′
(t)− γ2(t)∇f(y(t)))

)
,

t ≥ 0, x(0) = x0, x
′
(0) = x1, y(t) = x(t) + α(t)x

′
(t),

(1.5)

Äîêàçàíà ñõîäèìîñòü ìåòîäà è ïîëó÷åíà îöåíêà ýêñïîíåíöèàëüíîé ñêîðîñòè
ñõîäèìîñòè. Äëÿ ÍÏÌÌ âèäà (1.5) ðàçëè÷íûå èòåðàòèâíûå àíàëîãè � ïðî-
åêöèîííûå îáîáùåííûå äâóõøàãîâûå ìåòîäû (ÏÎÄÌ), èññëåäîâàííûå â ðà-
áîòàõ [9], [11], [14], [15] è äðóãèõ.
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Ââèäó íå áåçóïðå÷íîñòè èññëåäîâàííûõ ÍÌÏÃ è ÍÏÌÌ ïðè ìèíèìèçàöèè
ôóíêöèé ñ "îâðàæíûìè"ãèïåðïîâåðõíîñòÿìè óðîâíåé è ÿâíûõ ïðåèìóùåñòâ
ìåòîäîâ ïåðåìåííîé ìåòðèêè (ÌÏÌ) â ëîêàëüíîé ñêîðîñòè ñõîäèìîñòè, áû-
ëè ïðåäëîæåíû ÍÌÏÃ ñ ïåðåìåííîé ìåòðèêîé (ÍÌÏÃÏÌ) ïåðâîãî è âòîðîãî
ïîðÿäêîâ ñ îïåðàòîðîì G(x) ïåðåìåííîé ìåòðèêè, äîêàçàíà ñõîäèìîñòü ìå-
òîäîâ. ÍÌÏÃÏÌ âòîðîãî ïîðÿäêà

β(t)G−1(u)u
′′
+ u

′
+ u = P

G(u)
Q [u(t)− α(t)G−1(u)∇f(u)],

t ≥ 0, u(0) = u0, u
′
(0) = u1,

ãäå ∀ u0 , u1 ∈ H � íà÷àëüíûå òî÷êè; P
G(u)
Q � îïåðàòîð ïðîåêöèè â ìåòðèêå

G(u) ; ∥v∥G(u) = (G(u)v,v) , èçó÷àëñÿ â ðàáîòå [17]. Ïðè β(t) = 0 ìåòîä
ïðåâðàùàåòñÿ â ÍÌÏÃÏÌ ïåðâîãî ïîðÿäêà [16], à ïðè G(u) = I áóäåò ÍÌÏÃ
âòîðîãî ïîðÿäêà, òîãäà G� ïðîåêöèÿ PG

Q (v) ìåíÿåòñÿ íà îáû÷íóþ ïðîåêöèþ
PQ[v] .

ÍÏÌÌ ñ ïåðåìåííîé ìåòðèêîé (ÍÏÌÌÏÌ) èññëåäîâàíû â ðàáîòàõ [18]�
[19], à èõ èòåðàòèâíûå àíàëîãè, ÏÎÄÌÏÌ � â ðàáîòàõ [20], [21] è äðóãèõ.
Â ðàáîòàõ [22], [23] èññëåäîâàíû íåïðåðûâíûå ìåòîäû ëèíåàðèçàöèè (ÌË)
âòîðîãî ïîðÿäêà, â òîì ÷èñëå â [23] - ÌË ñ ïåðåìåííîé ìåòðèêîé.

Êàê âèäíî íà ïðèìåðàõ, èìåþòñÿ ïî äâà âèäà ïðîåêöèîííûõ ÌÏÌ è íåïðå-
ðûâíûõ, è èòåðàòèâíûõ, ñ îïåðàòîðàìè ïðîåêòèðîâàíèÿ: à) PQ � â èñõîäíîé

ìåòðèêå; á) P
G(x)
Q � â ïåðåìåííîé ìåòðèêå G(x) . Çàìåòèì, ïåðâûå ÌÏÌ

ïîÿâèëèñü èòåðàòèâíûå íå ïðîåêöèîííûå, äëÿ ðåøåíèÿ çàäà÷ áåçóñëîâíîé
ìèíèìèçàöèè; èõ êðàòêèå îáçîðû èìåþòñÿ â ðàáîòàõ [4], [5], à ïðåêðàñíûé
ðàñøèðåííûé îáçîð � â ðàáîòå [24].

Â ïðåäëàãàåìîé ðàáîòå èññëåäóåòñÿ íîâàÿ âåðñèÿ ÍÏÌÌÏÌ âòîðîãî ïî-
ðÿäêà ñ ïðîåêòèðîâàíèåì â èñõîäíîé îáû÷íîé ìåòðèêå äëÿ ðåøåíèÿ çàäà÷
âèäà (1.1), èìåþùèé ïðåèìóùåñòâà â ñêîðîñòè ñõîäèìîñòè â ñðàâíåíèè ñ äðó-
ãèìè ÍÏÌÌÏÌ.

2. Ìåòîä ðåøåíèÿ çàäà÷è

Ïóñòü ôóíêöèÿ x = x(t) ∈ C2[0,+∞) ÿâëÿåòñÿ ðåøåíèåì çàäà÷è Êîøè

α(t)x
′′
(t) + β(t)x

′
(t) + x(t) = PQ[y(t)− γ(t)G−1(y(t))∇f(y(t))],

y(t) = x(t) + σ(t)x
′
(t), t ≥ 0, x(0) = x0, x

′
(0) = x1,

(2.1)

ãäå x0 , x1 ∈ H ; ïàðàìåòðû ìåòîäà α(t) ∈ C2[0; +∞) , β(t) , γ(t) ,
σ(t) ∈ C1[0; +∞) � çàäàííûå ôóíêöèè; îïåðàòîð G−1(y(t)) â (2.1), îá-
ðàòíûé ê îïåðàòîðó ìåòðèêè â òî÷êå y(t) , ó÷àñòâóåò â ïîñòðîåíèè âåêòîðà
íàïðàâëåíèÿ äâèæåíèÿ ê ìèíèìóìó çàäà÷è; ïðîèçâîäíûå x

′
(t) = dx(t)/dt ,

Æóðíàë ÑÂÌÎ. 2014. Ò. 16, � 1



124 Â. Ã. Ìàëèíîâ

x
′′
(t) = d2x(t)/dt2 , â ñìûñëå ãëàâû 4 êíèãè [25]; â ïðàâîé ÷àñòè (2.1) ïðî-

åêòèðîâàíèå ïðîèçâîäèòñÿ â èñõîäíîé ìåòðèêå. Ïðåäïîëàãàåì, ÷òî ðåøåíèå
çàäà÷è Êîøè (2.1) ñóùåñòâóåò è åäèíñòâåííî íà ïîëóîñè [0,∞) .

Îòìåòèì, ÷òî ïðè α(t) = 0 , σ(t) = 0 , β(t) = 1 è èñïîëüçîâàíèè â (2.1)
îïåðàòîðà ïðîåêòèðîâàíèÿ â ïåðåìåííîé ìåòðèêå, ìåòîä (2.1) ïðåâðàùàåòñÿ â
ÍÌÏÃÏÌ ïåðâîãî ïîðÿäêà, èññëåäîâàííûé â [16], à ïðè G(y(t)) = I , y(t) =
x(t) èç (2.1) ïîëó÷àåì ÍÌÏÃ âòîðîãî ïîðÿäêà.

3. Èññëåäîâàíèå ñõîäèìîñòè ìåòîäà

Â ñëåäóþùåé òåîðåìå îáîñíîâûâàþòñÿ äîñòàòî÷íûå óñëîâèÿ ñõîäèìîñòè
ìåòîäà (2.1) ïðè H = En , ãäå En � åâêëèäîâî n - ìåðíîå ïðîñòðàíñòâî,
íîðìèðîâàííîå òåì æå ñêàëÿðíûì ïðîèçâåäåíèåì, ÷òî è H . (Àðãóìåíò t ó
ôóíêöèè x(t) , å¼ ïðîèçâîäíûõ è ïàðàìåòðîâ ìåòîäà äëÿ êðàòêîñòè ÷àñòî
îïóñêàåì.)
Òåîðåìà 1. Ïóñòü âûïîëíåíû óñëîâèÿ: 1) ìíîæåñòâî Q ⊂ En âûïóêëî

è çàìêíóòî; 2) ôóíêöèÿ f(x) ∈ C1,1(Q) âûïóêëà; 3) ñóùåñòâóåò âûïóêëàÿ
ôóíêöèÿ φ(x) ∈ C1,1(En) òàêàÿ, ÷òî ãðàäèåíò

∇φ(x) = G−1(x)∇f(x); (3.1)

4) îïåðàòîð G(x) ïåðåìåííîé ìåòðèêè òàêîâ, ÷òî

m∥u∥2 ≤ (G(x)u,u) ≤M∥u∥2 ∀ u,x ∈ En, 0 < m ≤M ; (3.2)

5) ôóíêöèè α(t) , β(t) , γ(t) , σ(t) òàêîâû, ÷òî

α(t) ∈ C2[0,∞), β(t), γ(t), σ(t) ∈ C1[0,∞),
α(t) ≥ α0 > 0, β(t) ≥ β0 > 0, β(t) > σ(t) > 0,

limt→∞ α(t) = α0, limt→∞ β(t) = β0, γ(0) ≥ γ(t) ≥ limt→∞ γ(t) = γ0 > 0;

α
′
(t) ≤ 0, β

′
(t) < σ

′
(t) ≤ 0, γ

′
(t) ≤ 0, α

′′
(t) ≥ 0;

(α(t)γσ(t))′ < (αβ(t)γ)′, α(t) ≤ β2(t), αβ + 2β2 + β3 > 2,
0 < γ(t) < 4(β2 − α)/[L(β − σ)2], σ(t) < (α2 + 2β3(t))/(4β2(t)), t ≥ 0.

(3.3)
Òîãäà ïðè ëþáûõ íà÷àëüíûõ ïðèáëèæåíèÿõ x0 , x1 ∈ En ñóùåñòâóåò

òàêàÿ òî÷êà x∗ ∈ Q∗ , ÷òî∫ ∞

0

(∥x(s)− x∗∥2 + ∥x′
(s)∥2 + ∥x′′

(s)∥2) ds < +∞,

∥x(t)− x∗∥+ ∥x′
(t)∥+ ∥x′′

(t)∥ −→ 0, t→ ∞, (3.4)

Ä î ê à ç à ò å ë ü ñ ò â î. Ïðåæäå âñåãî, îòìåòèì, ÷òî: 1) òðåòüå óñëî-
âèå òåîðåìû ñóùåñòâåííî, êëàññû ôóíêöèé è îïåðàòîðîâ, óäîâëåòâîðÿþùèõ
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(3.1), íå ïóñòû [20]; 2) ÷åòâ¼ðòîå óñëîâèå òåîðåìû ãàðàíòèðóåò ñóùåñòâîâàíèå
îáðàòíîãî îïåðàòîðà G−1(x) ∀ x ∈ Q . Äàëåå, ïîëüçóÿñü (2.1) è ñâîéñòâîì

(w − v,u−w) ≥ 0, u ∈ Q (3.5)

îïåðàòîðà ïðîåêöèè [1] ïîëó÷èì âàðèàöèîííîå íåðàâåíñòâî

(α(t)x
′′
(t) + β(t)x

′
(t) + γ(t)G−1(y(t))∇f(y(t)),u−w) ≥ 0, t ≥ 0, u ∈ Q,

(3.6)
ãäå w = α(t)x

′′
(t) + β(t)x

′
(t) + x ∈ Q .

Â èñõîäíîé ìåòðèêå ïðîñòðàíñòâà En äëÿ x∗ ∈ Q∗ èìååò ìåñòî ðàâåíñòâî
[1], [16]

x∗ = PQ[x
∗ − γG−1(x∗)∇f(x∗)]. (3.7)

Ïîëüçóÿñü (2.1) è ñâîéñòâîì (3.5) îïåðàòîðà ïðîåêöèè w = PQ(v) ∈ Q â En ,
èç (3.7) èìååì

γ(G−1(x∗)∇f(x∗),u− x∗) ≥ 0, u ∈ Q. (3.8)

Ïîñêîëüêó γ > 0 , îòñþäà ñëåäóåò íåðàâåíñòâî (G−1(x∗)∇f(x∗),u − x∗) ≥
0, u ∈ Q . Ïîëîæèì â (3.8) u = w ∈ Q , à â (3.6) âîçüì¼ì u = x∗ è ïîëó÷åí-
íûå íåðàâåíñòâà ñëîæèì:

(α(t)x
′′
+ βx

′
+ γ(G−1(y)∇f(y)−G−1(x∗)∇f(x∗)),x∗ −w) ≥ 0, t ≥ 0.

(3.9)
Âîñïîëüçóåìñÿ ñîîòíîøåíèåì (3.1) â (3.9):

∥α(t)x′′
+ β(t)x

′∥2 + (αx
′′
+ β(t)x

′
,x− x∗) ≤

≤ γ(∇φ(y(t))−∇φ(x∗),x∗ −w), t ≥ 0, x∗ ∈ Q∗.
(3.10)

Ñêàëÿðíîå ïðîèçâåäåíèå â ïðàâîé ÷àñòè (3.10) îöåíèì ñ ïîìîùüþ íåðà-
âåíñòâà ([26], ãë. 1)

(∇φ(y)−∇φ(x∗),x∗ −w) ≤ L∥y −w∥2/4,
y,x∗,w ∈ Q, φ(x) ∈ C1,1(Q)

è ïðè
∥y −w∥2 = ∥σx′ − (αx

′′
+ βx

′
)∥2 =

= (σ2 − 2βσ)∥x′∥2 − 2ασ(x
′′
,x

′
) + ∥αx′′

+ βx
′∥2;

èìååì

a1(t)∥αx
′′
+ βx

′∥2 + [2ασ(x
′′
,x

′
) + (2βσ − σ2)∥x′∥2]Lγ/4+

+α(x
′′
,x− x∗) + β(x

′
,x− x∗) ≤ 0, t ≥ 0, x∗ ∈ Q∗;

ïðåîáðàçóåì åãî ê âèäó

a1(t)α
2∥x′′∥2 + 2a2(t)(x

′′
,x

′
) + a3(t)∥x

′∥2+
+α(x

′′
,x− x∗) + β(x

′
,x− x∗) ≤ 0, t ≥ 0, x∗ ∈ Q∗,

(3.11)
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ãäå a1(t) = 1 − Lγ(t)/4 > 0 , a2(t) = a1α(t)β(t) + Lαγσ(t)/4 > 0 , a3(t) =
a1(t)β

2 + (2βσ − σ2)Lγ/4 > 0 , ïðè óñëîâèÿõ (3.3).
Èñïîëüçóÿ òîæäåñòâà

2(x
′′
,x

′
) = d

dt∥x
′∥2, 2(x− x∗,x

′
) = d

dt∥x− x∗∥2,
2(x− x∗,x

′′
) = d2

dt2∥x− x∗∥2 − 2∥x′∥2, t ≥ 0,
(3.12)

îò (3.11) ïðèõîäèì ê íåðàâåíñòâó

a1(t)α
2∥x′′∥2 + a2(t)

d
dt∥x

′∥2 + [a3(t)− α(t)]∥x′∥2+
+α(t) d2

dt2∥x− x∗∥2/2 + β(t) d
dt∥x− x∗∥2/2 ≤ 0, t ≥ 0.

(3.13)

Ïðîèíòåãðèðóåì (3.13) íà îòðåçêå [ξ, t] , t > ξ ≥ 0 :∫ t

ξ {a1(s)α
2∥x′′∥2 + a31(s)∥x

′∥2 + [α
′′
(s)− β

′
(s)]∥x(s)− x∗∥2/2 } ds+

+a2(t)∥x
′∥2 + α(t) d

dt∥x− x∗∥2/2 + [β − α
′
(t)]∥x(t)− x∗∥2/2 ≤

≤ C1(ξ,x
∗), t > ξ ≥ 0, x∗ ∈ Q∗,

(3.14)

ãäå C1(ξ,x
∗) = a2(ξ)∥x

′
(ξ)∥2+α(ξ)(x′(ξ),x(ξ)−x∗)+[β(ξ)−α′

(ξ)]∥x−x∗∥2/2 ,
a31(s) = a3(s) − α(s) − a

′

2(s) > 0 , γ(s) < 4(β2 − α)/[L(β − σ)2] = γ11 ,
α

′′
(s) − β

′
(s) > 0 , β(t) − α

′
(t) ≥ β(t) > 0 ∀ t ≥ 0 ïðè óñëîâèÿõ (3.3) è

èíòåãðàë ïîëîæèòåëåí. Èç (3.14) áåç ïîëîæèòåëüíûõ ñëàãàåìûõ ñëåäóåò

α(t)

β(t)

d

dt
∥x− x∗∥2 + ∥x− x∗∥2 ≤ 2C1(ξ,x

∗)/β(t), t > ξ ≥ 0,x∗ ∈ Q∗.

Óìíîæèâ ýòî íåðàâåíñòâî íà β(t)
α(t)e(t) , ãäå e(t) = exp

(∫ t

0
β(s) ds
α(s)

)
> 0 , ïîëó÷èì:

e(t)
d

dt
∥x− x∗∥2 + β(t)e(t)∥x− x∗∥2/α(t) ≤ 2e(t)C1(ξ,x

∗)/α0, t > ξ ≥ 0.

Îòñþäà, ó÷èòûâàÿ, ÷òî e′(t) = β(t)e(t)/α(t) , α(t) ≥ α0 > 0 , èìååì

d

dt
[e(t)∥x− x∗∥2] ≤ 2e(t)C1(ξ,x

∗)/α0, t > ξ ≥ 0. (3.15)

Ïðîèíòåãðèðóåì (3.15) íà îòðåçêå [ξ, t] , óìíîæèì ïîëó÷åííîå íåðàâåíñòâî
íà e−1(t) , òîãäà ïðèä¼ì ê íåðàâåíñòâó

∥x− x∗∥2 ≤ 2
C1(ξ,x

∗)

α0e(t)

∫ t

ξ

e(s) ds+
e(ξ)∥x(ξ)− x∗∥2

e(t)
, t > ξ ≥ 0.

Îòñþäà ñëåäóåò:

limt→∞∥x− x∗∥2 ≤ 2C1(ξ,x
∗)/α0, t > ξ ≥ 0, x∗ ∈ Q∗. (3.16)
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Äàëåå îöåíèì âòîðîå è òðåòüå ñëàãàåìûå âî âòîðîì ñîîòíîøåíèè èç (3.4),
ïîëüçóÿñü (3.14) è (3.11). Ñóùåñòâóþò ÷èñëà r > 0 è η ≥ 0 òàêèå, ÷òî äëÿ
s ≥ η ≥ ξ ≥ 0 èìåþò ìåñòî îöåíêè äëÿ êîýôôèöèåíòîâ ïîäûíòåãðàëüíûõ
ñëàãàåìûõ â (3.14): a3(s) − α(s) − a′2(s) ≥ r > 0 , (α

′′
(s) − β

′
(s))/2 ≥ r > 0 ,

a1(s)α
2 ≥ r > 0 . Ó÷èòûâàÿ èõ, (3.3) è (3.12), èç (3.14) ïîëó÷àåì:

r
∫ t

ξ {∥x
′′∥2 + ∥x′∥2 + ∥x(s)− x∗∥2} ds+ 0.5β(t)∥x(t)− x∗∥2+

+α(t)(x′(t),x(t)− x∗) + a2(t)∥x
′
(t)∥2 ≤

≤ C1(ξ,x
∗), t > ξ ≥ η ≥ 0.

(3.17)

Â (3.17) òðåòüå ñëàãàåìîå îöåíèì ñ ïîìîùüþ íåðàâåíñòâà

2|ab| ≤ εa2 + ε−1b2 ∀ a, b, ε > 0 (3.18)

ïðè ε = 1/β , a(t) = αx
′
(t) , b = x− x∗ , òî åñòü

(α(t)x′(t),x(t)− x∗) ≥ −α
2

2β
∥x′

(t)∥2 − β

2
∥x(t)− x∗)∥2.

Òîãäà

r
∫ t

ξ {∥x
′′∥2 + ∥x′∥2 + ∥x(s)− x∗∥2} ds+

+[a2(t)− α2/(2β)]∥x′
(t)∥2 ≤ C1(ξ,x

∗), t > η ≥ ξ ≥ 0,
(3.19)

ãäå êîýôôèöèåíò ïðè âòîðîì ñëàãàåìîì íåîòðèöàòåëåí ïðè óñëîâèÿõ (3.3).
Êðîìå òîãî, ∀ t ≥ η èìååì 2a3β − α2 ≥ α0r > 0 . Òîãäà èç (3.19) ñëåäóåò∫ t

ξ {∥x
′′∥2 + ∥x′∥2 + ∥x(s)− x∗∥2} ds ≤ C1(ξ,x

∗)/r,

∥x′
(t)∥2 ≤ 2β(α0r)

−1C1(ξ,x
∗), t > η ≥ ξ ≥ 0.

Îòñþäà ñ ó÷åòîì óñëîâèé (3.3) èìååì:∫ ∞

0

{∥x′′
(s)∥2 + ∥x′∥2 + ∥x(s)− x∗∥2} ds < +∞ ∀ x∗ ∈ Q∗, (3.20)

limt→∞∥x′∥2 ≤ 2β0(α0r)
−1C1(ξ,x

∗), t > η ≥ ξ ≥ 0. (3.21)

Äàëåå îöåíèì ∥x′′
(t)∥ ñ ïîìîùüþ (3.11) è (3.18). Ñ ó÷¼òîì îöåíîê

2a2(x
′′
(t),x

′
(t)) ≥ −a2αβ2∥x′′

(t)∥2 − (a1β + Lγσ/4)β−2∥x′∥2,
α(x

′′
,x(t)− x∗) ≥ −α2β2∥x′′

(t)∥2/2− 0.5β−2∥x(t)− x∗∥2,
(βx

′
(t),x(t)− x∗) ≥ −β∥x′∥2/2− β∥x(t)− x∗∥2/2,

ïîëó÷àåìûõ èç (3.18) ñîîòâåòñòâåííî ïðè ε = αβ2 , ε = αβ2 , ε = β−1 , îò
(3.11) ïðèõîäèì ê íåðàâåíñòâó

a4(t)∥x
′′
(t)∥2 ≤ a5(t)∥x

′
(t)∥2 + a6(t)∥x(t)− x∗∥2, t ≥ 0, x∗ ∈ Q∗, (3.22)
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ãäå âûïîëíÿþòñÿ íåðàâåíñòâà: a4(t) = a1α
2 − a2αβ

2 − α2β2/2 ≥ α2
0β

2
0/2 ,

a5(t) = a2α
−1β2 + β/2− a3 ≤ (2 + β2

0 − 2β3
0)α0r/β0 , a6(t) = (1 + β3)/(2β2) ≤

(1+β3
0)/(2β

2
0) ; 0 < σ < β < 1 , γ ≤ 4(1−β2−β3)/[L(1+β2σ−β3)] = γ12 < 4/L ,

γ < γ11 < γ12 ïðè αβ + 2β2 + β3 > 2 . Ñ ó÷¼òîì ýòèõ îöåíîê è (3.16), (3.21),
èç (3.22) ñëåäóåò

limt→∞∥x′′
(t)∥2 ≤ C2(ξ,x

∗), t > η ≥ ξ ≥ 0, (3.23)

ãäå C2(ξ,x
∗) = 4[(α0β0)

−2(2 + β2
0 − 2β3

0) + α−3
0 β−4

0 (1 + β3
0)]C1(ξ,x

∗) .
Àñèìïòîòè÷åñêóþ óñòîé÷èâîñòü òðàåêòîðèè x(t) ñèñòåìû (2.1) è åäèí-

ñòâåííîñòü ïðåäåëüíîé òî÷êè òðàåêòîðèè ìîæíî ïîêàçàòü ñïîñîáîì, àíàëî-
ãè÷íûì èñïîëüçîâàííûì â ðàáîòàõ [2], [3], [17].

Äàëåå èç (3.16) ñëåäóåò, ÷òî òðàåêòîðèÿ x(t) îãðàíè÷åíà, à â ñèëó (3.20)

limt→∞[∥x′′
(t)∥2 + ∥x′∥2 + ∥x(t)− x∗∥2] = 0 ∀ x∗ ∈ Q∗

è ñóùåñòâóåò ïîäïîñëåäîâàòåëüíîñòü {ti} , ÷òî

∥x′′
(ti)∥ → 0, ∥x′

(ti)∥ → 0, ∥x(ti)− x∗∥ → 0, i→ ∞, x∗ ∈ Q∗. (3.24)

Äëÿ t = ti â (3.17) îáîçíà÷èì ïðè âñåõ ti ≥ t1

a2(ti)∥x
′
(ti)∥2 + α(ti)(x

′
(ti),x(ti)− x∗) + 0.5β(ti)∥x(ti)− x∗∥2 = C1(ti,x

∗).

Ñ ó÷¼òîì (3.16), (3.21) è (3.24), èìååì

C1(ti,x
∗) → 0, i→ ∞, x∗ ∈ Q∗. (3.25)

Òîãäà èç (3.20) ñëåäóåò ïåðâîå ñîîòíîøåíèå (3.4), à èç (3.16), (3.21), (3.23),
(3.24), (3.25) ñëåäóåò âòîðîå ñîîòíîøåíèå èç (3.4).

Òåîðåìà 1 äîêàçàíà.

4. Îöåíêà ñêîðîñòè ñõîäèìîñòè

Äëÿ îöåíêè ñêîðîñòè ñõîäèìîñòè ìåòîäà (2.1) ïðåäïîëîæèì, ÷òî ôóíêöèÿ
f(x) ∈ C1,1(Q) ñèëüíî âûïóêëàÿ è âîñïîëüçóåìñÿ ðåçóëüòàòàìè òåîðåìû 1.
Òåîðåìà 2. Ïóñòü âûïîëíåíû óñëîâèÿ òåîðåìû 1 è, êðîìå òîãî: 1) ôóíê-

öèÿ f(x) ñèëüíî âûïóêëà ñ êîíñòàíòîé ñèëüíîé âûïóêëîñòè κ1 > 0 ; 2)
ôóíêöèÿ φ(x) ñèëüíî âûïóêëà ñ êîíñòàíòîé ñèëüíîé âûïóêëîñòè κ > 0 è
èìååò ìåñòî ðàâåíñòâî

∇φ(x) = G−1(x)∇f(x) ∀ x ∈ H;
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3) ôóíêöèè α(t) , β(t) , γ(t) , σ(t) óäîâëåòâîðÿþò óñëîâèÿì (3.3) è, êðîìå
òîãî,

0 < α(t) < min{0.5β2(t), (1− β2(t))/2}, 0 < σ(t) < β(t) < 1,
0 < γ(t) < 2β(t)/[(L+ 2κ)(β(t)− σ(t))], 2κ = µ,

0 < σ(t) < min{ (L+µ)2[4α(t)−(β−α
′
)β2]

8Lµ(β2−α) ; β(1−2α−β2)
2−2α−β2 }, t ≥ 0.

(4.1)

Òîãäà ïðè ëþáûõ íà÷àëüíûõ ïðèáëèæåíèÿõ x0, x1 ∈ En òðàåêòîðèÿ ìå-
òîäà (2.1) ñõîäèòñÿ ê òî÷êå x∗ ∈ Q∗ è èìåþò ìåñòî îöåíêè ∀ t ≥ 0 :

∥x(t)− x∗∥ ≤ {2C5(t)[C3g(t) + C4]}1/2, (4.2)

∥x′
(t)∥ ≤ {[2b21(t)C5(t)C6(t) + C3b

−1
16 ](1− β0)

−1}1/2, (4.3)

∥x′′
(t)∥ ≤ {2α−3

0 (2− β2
0)β

−1
0 (1− β0)

−1(C3α
−1(t)+

+0.5β−2(t)e−1(t)C6(t)) + α−4
0 (1 + α0)C5(t)C6(t)}1/2,

(4.4)

ãäå e(t) = eα(t) ; C3 = 0.5(b12(0) − α
′
(0))∥x0 − x∗∥2 + α(0)(x1,x0 − x∗) +

b16(0)∥x1∥2 ; C4 = 0.5b−1
16 (0)α(0)e(0) ; C5(t) = b16(t)(e(t)α(t))

−1 ; C6(t) =
C3g(t) + C4 ; b11(t) = 1 − (L + µ)γ(t)/4 ; g(t) =

∫ t

0 e(s)b
−1
16 (s) ds ; b12(t) =

β(t) + 2Lµγσ/(L + µ) ; b13(t) = (L + µ)αγσ/2 ; b16(t) = b11αβ + b13(t)/2 ;
b21(t) = b11α

2 − 0.5α3 − b16αβ .
Ä î ê à ç à ò å ë ü ñ ò â î. Çàìåòèì, ÷òî ïðè âûïîëíåíèè âñåõ óñëîâèé

òåîðåìû 2: 1) ìíîæåñòâî ìèíèìóìîâ Q∗ = {x∗} ââèäó ñèëüíîé âûïóêëîñòè
ôóíêöèè f(x) ; 2) ðåçóëüòàòû òåîðåìû 1 î ñõîäèìîñòè ìåòîäà (2.1) ñïðàâåä-
ëèâû.

Èç íåðàâåíñòâà (3.10), ãäå â óñëîâèÿõ äàííîé òåîðåìû ôóíêöèÿ φ(x) ñèëü-
íî âûïóêëà ñ êîíñòàíòîé κ > 0 , ñëåäóåò:

∥α(t)x′′
+ β(t)x

′∥2 + (αx
′′
,x− x∗) + β(x

′
,x− x∗) ≤

≤ γ(∇φ(y)−∇φ(x∗),x∗ −w), t ≥ 0, x∗ ∈ Q∗.
(4.5)

Â ïðàâîé ÷àñòè (4.5) âîñïîëüçóåìñÿ íåðàâåíñòâîì ([26], ãë. 1)

(∇φ(y)−∇φ(x∗),x∗ −w) ≤ (L+ µ)∥y −w∥2/4− Lµ

L+ µ
∥y − x∗∥2

y , x∗ , w ∈ Q , ðàâåíñòâîì

∥y − x∗∥2 = ∥x− x∗ + σ(t)x
′∥2 =

= ∥x− x∗∥2 + 2σ(x− x∗,x
′
) + σ2∥x′∥2

è âûðàæåíèåì äëÿ ∥y−w∥2 , ïðèâåä¼ííûì ïðè âûâîäå (3.11). Òîãäà èç (4.5)
ñëåäóåò

b11(t)∥αx
′′
+ βx

′∥2 + (αx
′′
,x− x∗) + b12(t)(x

′
,x− x∗)+

+b13(t)(x
′′
,x

′
) + b14(t)∥x

′∥2+
+b15(t)∥x− x∗∥2 ≤ 0, t ≥ 0, x∗ ∈ Q∗,

(4.6)
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ãäå b11(t) = 1− (L+µ)γ(t)/4 , b12 = β+2Lµγσ/(L+µ) , b13 = (L+µ)αγσ/2 ,
b14 = (L + µ)γ(t)(2βσ − σ2) + Lµγσ2/(L + µ) , b15 = Lµγ(t)/(L + µ) . Â (4.6)
ðàñïèøåì ïåðâûé êâàäðàò íîðìû è âîñïîëüçóåìñÿ òîæäåñòâàìè (3.12). Òîãäà

b11(t)α
2∥x′′∥2 + (b11β

2 + b14 − α)∥x′∥2 + b16
d
dt∥x

′∥2+
+0.5α d2

dt2∥x− x∗∥2 + 0.5b12(t)
d
dt∥x− x∗∥2+

+b15(t)∥x− x∗∥2 ≤ 0, t ≥ 0, x∗ ∈ Q∗,

(4.7)

ãäå b16 = b11αβ+b13/2 , b16 > 0 ïðè γ < 4/(L+µ) = γ20 < 4β/[(L+µ)(β−σ)] .
Ïðîèíòåãðèðóåì (4.7) íà îòðåçêå [0; t] , òîãäà ïîëó÷èì:∫ t

0

(
b11(s)α

2(s)∥x′′
(s)∥2 + b17∥x

′∥2 + b18∥x− x∗∥2
)
ds+ b16(t)∥x

′∥2+
+0.5(b12(t)− α

′
)∥x− x∗∥2 + 0.5α(t) d

dt∥x− x∗∥2 ≤ C3, t ≥ 0,

ãäå b17(s) = b11β
2(s)+b14−α(s)−b

′

16(s) > 0 , b18 = b15+0.5(α
′′
(s)−b′12(s)) > 0

ïðè óñëîâèÿõ (4.1); C3 = 0.5(b12(0) − α
′
(0))∥x0 − x∗∥2 + α(0)(x1,x0 − x∗) +

b16(0)∥x1∥2 ñ ó÷åòîì (2.1), (3.12); γ < γ21 = 4(β2 − α)/[(L + µ)β2] < γ20 .
Îòñþäà, ïîñêîëüêó èíòåãðàë ïîëîæèòåëåí ââèäó ïîëîæèòåëüíîñòè ïîäûíòå-
ãðàëüíûõ ñëàãàåìûõ, ïîñëå óìíîæåíèÿ íà [b16(t)]

−1 , ñëåäóåò íåðàâåíñòâî

0.5[b16(t)]
−1[(b12(t)− α

′
)∥x− x∗∥2 + α(t) d

dt∥x− x∗∥2]+
+∥x′∥2 ≤ C3b

−1
16 (t), t ≥ 0.

(4.8)

Óìíîæèâ (4.8) íà ôóíêöèþ e(t) = exp(α(t)) > 0 , ïðîèíòåãðèðóåì ïîëó-
÷åííîå íåðàâåíñòâî íà îòðåçêå [0; t] :∫ t

0

(
e(s)∥x′∥2 + b19(s)∥x(s)− x∗∥2

)
ds+

+0.5b−1
16 (t)α(t)e(t)∥x(t)− x∗∥2 ≤ C3

∫ t

0 b
−1
16 (s)e(s) ds+ C4, t ≥ 0,

ãäå C4 = b−1
16 (0)α(0)e(0)∥x0 − x∗∥2 ; b19(s) = 0.5[e(s)b−1

16 (s)(b12 − α
′
) −

(α(s)e(s)b−1
16 (s))

′
] > 0 ïðè b12(s)− α

′
> 0 , b−1

16 > 0 , [b−1
16 (t)]

′ > 0 , β > σ > 0 .
Îòñþäà, ïîñêîëüêó èíòåãðàë â ëåâîé ÷àñòè íåðàâåíñòâà ïîëîæèòåëåí, èìååì

∥x(t)− x∗∥2 ≤ 2C5(t)(C3g(t) + C4), t ≥ 0, (4.9)

ãäå C5(t) = b16(t)(α(t)e(t))
−1 , g(t) =

∫ t

0 e(s)b
−1
16 (s) ds .

Çäåñü, ïîñêîëüêó ñïðàâåäëèâû ñîîòíîøåíèÿ e(t) → ∞ , [g(t)e−1(t)] → 0
ïðè t→ ∞ , ïðàâàÿ ÷àñòü íåðàâåíñòâà (4.9) ñòðåìèòñÿ ê íóëþ. Â (4.9) èìååò
ìåñòî ñõîäèìîñòü ïîðÿäêà e−1(t) . Èç (4.9) ñëåäóåò (4.2).

Äëÿ äîêàçàòåëüñòâà (4.3) è (4.4) âûêëàäêè àíàëîãè÷íû ïðîâåä¼ííûì ïðè
ïîëó÷åíèè (4.9). Èç íåðàâåíñòâà (4.8), ïîëüçóÿñü (3.12), èìååì

∥x′∥2 + 0.5b−1
16 (t)(b12(t)− α

′
)∥x− x∗∥2+

+0.5α(t)(x
′
,x− x∗) ≤ b22(t), t ≥ 0.

(4.10)
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Çäåñü òðåòüå ñëàãàåìîå ïðåîáðàçóåì ñ ïîìîùüþ (3.18), ïðè ε = b16(t)β(t)
α(t) , òî

åñòü
αb−1

16 (x
′
,x− x∗) ≥ −β∥x′∥2 − α2β−1b−2

16 ∥x− x∗∥2,
òîãäà

(1− β)∥x′
(t)∥2 ≤ b21(t)∥x(t)− x∗∥2 + b22(t), t ≥ 0,

ãäå b21(t) = α2b−2
16 β

−1 − 0.5b−1
16 (t)(b12 − α

′
) , b22(t) = C3b

−1
16 (t) , b12 > 0 ïðè

âûïîëíåíèè íåðàâåíñòâ: b11β+(L+µ)γσ/4 ≥ β/2 , òî åñòü 0 < γ < 2β/[(L+
µ)(β−σ)] = γ22 ; 4α−[β−α′+2Lµγσ/(L+µ)]β2 > 0 , 0 < γ < γ22 < γ21 < (L+
µ)[4α−(β−α′)]β2/(2Lµβ2σ) , 0 < σ < σ21 = (L+µ)2[4α−(β−α′)β2]/[8Lµ(β2−
α)] , 0 < α < β2/2 < [4Lµβ + (L+ µ)2(β − α′)]β2/[8Lµβ + (L+ µ)2] .

Îòñþäà, ó÷èòûâàÿ îöåíêó (4.9) è β < 1 , ïîëó÷èì íåðàâåíñòâî

∥x′
(t)∥2 ≤ [2b21(t)C5(t)C6(t) + C3b

−1
16 ](1− β(t))−1, t ≥ 0, (4.11)

ãäå C6(t) = C3g(t) + C4 . Èç (4.11) ñëåäóåò (4.3).
Äëÿ îöåíêè ∥x′′

(t)∥ çàïèøåì (4.6) â ôîðìå

b11(t)α
2∥x′′∥2 + (b11β

2 + b14)∥x
′∥2 + α(x

′′
,x− x∗)+

+b12(t)(x
′
,x− x∗) + 2b16(t)(x

′′
,x

′
) + b15∥x− x∗∥2 ≤ 0, t ≥ 0,

(4.12)

ãäå ñêàëÿðíûå ïðîèçâåäåíèÿ îöåíèì ñ ïîìîùüþ (3.18) ñîîòâåòñòâåííî ïðè
ε = α2 , ε = αβ , ε = β :

α(x
′′
,x(t)− x∗ ≥ −0.5α3∥x′′

(t)∥2/2− 0.5α−1∥x(t)− x∗∥2,
2b16(x

′′
(t),x

′
(t)) ≥ −b16αβ∥x

′′
(t)∥2 − b16(αβ)

−1∥x′∥2,
b12(x

′
(t),x(t)− x∗) ≥ −0.5b12β∥x

′∥2 − 0.5b12β
−1∥x(t)− x∗∥2.

Òîãäà èç (4.12) ñëåäóåò

b23(t)∥x
′′∥2 ≤ b24(t)∥x

′∥2 + b25(t)∥x(t)− x∗∥2, t ≥ 0, (4.13)

ãäå b23 = b11α
2−0.5α3−b16αβ = α2[1−α/2−β2−(L+µ)γ(1−β2+βσ)] ≥ α3/2 ≥

α3
0/2 ïðè 0 < γ < γ22 ≤ 4(1−α− β2)/[(L+µ)(1− β2+ βσ)] , 0 < σ < β < 1 ,
σ < (1 − 2α − β2)/(2 − 2α − β2) ; b24 = b16(αβ)

−1 + 0.5b12β − b11β
2 − b14 <

0.5(2−β2) ≤ 0.5(2−β2
0) ; b25(t) = 1/(2α)+b12(t)/(2β)−b15(t) < 0.5α−1

0 (1+α0) .
Ñ ó÷¼òîì ýòèõ îöåíîê êîýôôèöèåíòîâ, (4.9), (4.11), èç (4.13) èìååì

∥x′′
(t)∥2 ≤ 2α−3

0 (2− β2
0)β

−1
0 (1− β0)

−1×
×(C3α

−1(t) + 0.5β−2(t)e−1(t)C6(t))+
+2α−4

0 (1 + α0)C5(t)C6(t).

(4.14)

Èç (4.14) ñëåäóåò îöåíêà (4.4).
Òåîðåìà 2 äîêàçàíà.
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Ïðèìå÷àíèÿ.
1. Ñêîðîñòü ñõîäèìîñòè ÍÏÌÌÏÌ âòîðîãî ïîðÿäêà (2.1) âûøå, ÷åì ó

ìåòîäîâ ïåðâîãî ïîðÿäêà, â ñëåäóþùåì ñìûñëå, óêàçàííîì â ðàáîòàõ [2], [3]:
äëÿ ÍÏÌÌ âòîðîãî ïîðÿäêà ïîêàçàòåëü ñõîäèìîñòè âñåãäà ìîæíî ñäåëàòü
áîëüøå, ÷åì â ìåòîäàõ ïåðâîãî ïîðÿäêà, çà ñ÷åò âûáîðà ïàðàìåòðîâ ìåòîäà.
2. ÍÏÌÌÏÌ ñî÷åòàþò ïðåèìóùåñòâà ÍÏÌÌ âòîðîãî ïîðÿäêà è ìåòîäîâ

ïåðåìåííîé ìåòðèêè, ïîýòîìó îíè èìåþò ëó÷øóþ ñêîðîñòü ñõîäèìîñòè ïðè
ìèíèìèçàöèè ôóíêöèé ñ "îâðàæíûìè"ãèïåðïîâåðõíîñòÿìè óðîâíåé.
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A version of continuous projection second order variable

metric method

c⃝ V. G. Malinov2

Abstract. In the work a new version of continuous projection second order variable metric method
for problems of minimization of convex Frechet di�erentiable functions in Hilbert space is proposed.
The convergence examined and exponential rate of convergence of the method is derived.

Key Words: minimization, simple set, continuous variable metric method, convergence, rate of
convergence
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ÓÄÊ 517.9

Îá îïòèìàëüíîé ñòàáèëèçàöèè ïðîãðàììíîãî äâèæåíèÿ

ïðè àáñîëþòíî ðàâíîìåðíî óñòîé÷èâûõ ðåøåíèÿõ

c⃝ Ò. Ô. Ìàìåäîâà 1, Ä. Ê. Åãîðîâà 2, Å. Â. Äåñÿåâ 3

Àííîòàöèÿ. Â ðàáîòå ðàññìàòðèâàåòñÿ çàäà÷à îá îïòèìàëüíîé ñòàáèëèçàöèè ïðîãðàììíî-
ãî äâèæåíèÿ â ñìûñëå àáñîëþòíî ðàâíîìåðíîé óñòîé÷èâîñòè, ÷òî îòëè÷àåò ïîñòàíîâêó ýòîé
çàäà÷è îò êëàññè÷åñêîé, êîãäà ïðîãðàììíîå äâèæåíèå àñèìïòîòè÷åñêè óñòîé÷èâî.

Êëþ÷åâûå ñëîâà: îïòèìàëüíàÿ ñòàáèëèçàöèÿ ïðîãðàììíîãî äâèæåíèÿ, àáñîëþòíî ðàâíî-
ìåðíî óñòîé÷èâûå ðåøåíèÿ

Èññëåäîâàíèÿ â îáëàñòè ñòàáèëèçàöèè ïðîãðàììíîãî äâèæåíèÿ ïðè àáñî-
ëþòíî ðàâíîìåðíî óñòîé÷èâûõ ðåøåíèÿõ áûëè âïåðâûå ðàññìîòðåíû â ðà-
áîòàõ Å. Â. Âîñêðåñåíñêîãî. Èçâåñòíî, ÷òî ïðîãðàììíîå äâèæåíèå ñòàáèëè-
çèðîâàíî, åñëè îíî ÿâëÿåòñÿ óñòîé÷èâûì ðåøåíèåì óðàâíåíèÿ äâèæåíèÿ, â
çàðàíåå îïðåäåëåííîì ñìûñëå [1],[2].

Ðàññìîòðèì ïîñòàíîâêó çàäà÷è îïòèìàëüíîé ñòàáèëèçàöèè ïðîãðàììíîãî
äâèæåíèÿ x = 0 . Ê òàêîé ïîñòàíîâêå ïðè ïîäõîäÿùåé çàìåíå ïåðåìåííûõ
ñâîäèòñÿ çàäà÷à îá îïòèìàëüíîé ñòàáèëèçàöèè ïðîèçâîëüíîãî ïðîãðàììíîãî
äâèæåíèÿ x = φ(t) .

Ðàññìîòðèì óðàâíåíèå äâèæåíèÿ

dx

dt
= G(t, x, u), (1.1)

ãäå ôóíêöèÿ
G : [T,+∞)×Rn ×Rm → Rn

ïðè ëþáîì äîïóñòèìîì óïðàâëåíèè u ∈ K óäîâëåòâîðÿåò òðåáîâàíèÿì òåî-
ðåìû ñóùåñòâîâàíèÿ è åäèíñòâåííîñòè ðåøåíèÿ Êàðàòåîäîðè ïðè ëþáûõ
íà÷àëüíûõ äàííûõ (t0, x0), T ≤ t0 < +∞, x0 ∈ Rn; K � êëàññ äîïóñòè-
ìûõ óïðàâëåíèé, u : [T,+∞) × Rn → Rm � ôóíêöèè òèïà Êàðàòåîäîðè è
u(t, 0) ≡ 0, ôóíêöèîíàë êà÷åñòâà I âèäà

I =

+∞∫
T

G0(t, x(t), u(t, x))dt, (1.2)

1 Ïðîôåññîð êàôåäðû ïðèêëàäíîé ìàòåìàòèêè, Ìîðäîâñêèé ãîñóäàðñòâåííûé óíèâåðñèòåò èìåíè
Í. Ï. Îãàðåâà, ã. Ñàðàíñê;mamedovatf@yandex.ru

2 Äîöåíò êàôåäðû ïðèêëàäíîé ìàòåìàòèêè, Ìîðäîâñêèé ãîñóäàðñòâåííûé óíèâåðñèòåò èìåíè
Í. Ï. Îãàðåâà,ã. Ñàðàíñê; egorovadk@mail.ru.

3 Äîöåíò êàôåäðû ïðèêëàäíîé ìàòåìàòèêè, Ìîðäîâñêèé ãîñóäàðñòâåííûé óíèâåðñèòåò èìåíè
Í. Ï. Îãàðåâà, ã. Ñàðàíñê; desyaev@rambler.ru.
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ðàññìàòðèâàåòñÿ íà ðåøåíèÿõ óðàâíåíèÿ (1.1). Çäåñü

G0 : [T,+∞)×Rn ×Rm → [0,+∞)

� òèïà Êàðàòåîäîðè, x(t) = x(t : t0, x0, u) � ðåøåíèå óðàâíåíèÿ (1.1) ñ íà-
÷àëüíûìè äàííûìè (t0, x0) ïðè ëþáîì óïðàâëåíèè u ∈ K, ∥x0∥ ≤ δ .

Â çàäà÷å (1.1)-(1.2) ïðåäïîëàãàåòñÿ ñòàáèëèçàöèÿ ïî àñèìïòîòè÷åñêîé
óñòîé÷èâîñòè. Îäíàêî ïðè ðåøåíèÿ ïðèêëàäíûõ çàäà÷ âîçíèêàþò ñëó÷àè,
êîãäà òðèâèàëüíîå ðåøåíèå óðàâíåíèÿ äâèæåíèÿ (1.1) íå ìîæåò áûòü àñèìï-
òîòè÷åñêè óñòîé÷èâûì, à, ñëåäîâàòåëüíî, ñòàáèëèçèðîâàòü äâèæåíèå x = 0
â êëàññè÷åñêîì ñìûñëå íå óäàñòñÿ [3],[4].

Â ðàáîòàõ [1],[5] ïðèâîäèòñÿ ïîíÿòèå ñòàáèëèçàöèè ïðîãðàììíûõ äâèæå-
íèé äëÿ àáñîëþòíî ðàâíîìåðíî óñòîé÷èâûõ ðåøåíèé, ò.å. äëÿ òàêèõ ðåøåíèé
x(t : t0, x0) óðàâíåíèÿ (1.1) äëÿ êîòîðûõ âûïîëíÿåòñÿ íåðàâåíñòâî

∥x(t : +∞, x0, u)∥ < ε

ïðè âñåõ T ≤ t ≤ +∞ , åñëè äëÿ ëþáîãî ε > 0 ñóùåñòâóåò δ(ε, x0) > 0 òàêîå,
÷òî ∥x0∥ < δ.

Ïóñòü â ñôîðìóëèðîâàííîé ïîñòàíîâêå çàäà÷è (1.1)-(1.2) ðåøåíèå x = 0
ÿâëÿåòñÿ àáñîëþòíî ðàâíîìåðíî óñòîé÷èâûì, òîãäà íåîáõîäèìî óòî÷íèòü ïî-
íÿòèå ìèíèìóìà ôóíêöèîíàëà (1.2). Äëÿ ýòîãî ìû ïîòðåáóåì ãëîáàëüíóþ âû-
ïðÿìëÿåìîñòü ïîëÿ íàïðàâëåíèé [6], îïðåäåëÿåìîãî óðàâíåíèåì (1.1), â êëàñ-
ñå äîïóñòèìûõ óïðàâëåíèé. Â ýòîì ñëó÷àå ìèíèìóì ôóíêöèîíàëà I îïðåäå-
ëÿåòñÿ òàê: ñóùåñòâóåò óïðàâëåíèå u0(t, x) òàêîå, ÷òî

+∞∫
T

G0(t, x(t)− x0, u0(t, x(t)− x0))dt ≤
+∞∫
T

G0(t, x(t)− x0, u(t, x(t)− x0))dt,

ïðè âñåõ u ∈ K,x(t) = x(t : +∞, x0, u), ∥x0∥ ≤ δ. è ôóíêöèîíàë êà÷åñòâà
(1.2) ìîæíî çàïèñàòü â âèäå

I =

+∞∫
T

G0(t, x(t)− x0, u(t, x(t)− x0))dt, (1.3)

ãäå x(t) = x(t : +∞, x0, u) , ∥x0∥ ≤ δ.
Òîãäà u0 = u0(t, x) îïòèìàëüíî ñòàáèëèçèðóåò ðåøåíèå x = 0 â êëàññå

äîïóñòèìûõ óïðàâëåíèé K .
Â îáùåì ñëó÷àå âèä óñòîé÷èâîñòè êàæäûé ðàç â êîíêðåòíîé çàäà÷å òðåáóåò

óòî÷íåíèÿ. Çàìåòèì, ÷òî çäåñü àñèìïòîòè÷åñêîé óñòîé÷èâîñòè ðåøåíèÿ x = 0
íåò, è ïîýòîìó, ïîòðåáîâàëîñü íîâîå îïðåäåëåíèå îïòèìàëüíîé ñòàáèëèçàöèè
ïðîãðàììíîãî äâèæåíèÿ.
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Âîçâðàùàÿñü ê ðåøåíèþ ïðàêòè÷åñêèõ çàäà÷, îòìåòèì, ÷òî òî÷íûå àíàëè-
òè÷åñêèå çàäàíèÿ ôóíêöèé èç ôîðìóëèðîâêè çàäà÷è ÷àùå âñåãî íåèçâåñòíû,
óêàçûâàþòñÿ ëèøü ñâîéñòâà óðàâíåíèé âèäà (1.1), îáëàñòè èõ îïðåäåëåíèÿ
è îáëàñòè çíà÷åíèé. Îäíàêî, èñõîäÿ èç ðåçóëüòàòîâ èçìåðåíèé, ìîæíî çà-
äàòü èõ ìàæîðàíòû, êîòîðûå áóäóò ÿâëÿòüñÿ íîñèòåëÿìè ôóíêöèîíàëüíûõ
ñâîéñòâ.

Èòàê ïîòðåáóåì ñóùåñòâîâàíèÿ ìàæîðàíòû äëÿ ôóíêöèè G0(t, x, u) :

∥G0(t, x, u)∥ ≤ λ0(t, ∥x∥, ∥u∥), λ0 ∈ C([T,+∞)× R1
+ × R1

+,R1
+),

λ0(t, α1, ∥u∥) ≤ λ0(t, α2, ∥u∥), α1 ≤ α2.

Óòî÷íèì êëàññ äîïóñòèìûõ óïðàâëåíèé K . Â ôîðìóëèðîâêå çàäà÷è
(1.1),(1.3) ðàññìàòðèâàþòñÿ ëèøü òîëüêî óïðàâëåíèÿ ñ îáðàòíîé ñâÿçüþ, áî-
ëåå îáùèå êëàññû òðåáóþò óòî÷íåíèÿ ôîðìóëèðîâêè. Åùå ïîòðåáóåì, ÷òîáû
âûïîëíÿëîñü íåðàâåíñòâî

∥u(t, x)∥ ≤ µ∥x∥,

ãäå µ � ìèíèìàëüíîå íåîòðèöàòåëüíîå ÷èñëî, îáåñïå÷èâàþùåå ýòî íåðàâåí-
ñòâî äëÿ äàííîãî óïðàâëåíèÿ ïðè ëþáîì T ≤ t < +∞.

Ïðèâåäåì óñëîâèÿ ïðè êîòîðûõ îñíîâíàÿ çàäà÷à èìååò ðåøåíèå.
Ïóñòü λ0(t, z, µ) ≤ λ0(t, z, µ0) , 0 ≤ µ, µ ̸= µ0 . Òîãäà äëÿ ëþáîãî

x0, ||x0|| ≤ δ0 , ||x(t : +∞, x0, u) − x0|| ≤ M(δ0, µ0) è ïðè µ = µ0 ñïðà-
âåäëèâà îöåíêà

I ≤
+∞∫
T

λ0(t,M(δ0, µ), µ)dt,

ñóùåñòâîâàíèå ôóíêöèè M âûòåêàåò èç àáñîëþòíî ðàâíîìåðíîé îãðàíè÷åí-
íîñòè ðåøåíèé óðàâíåíèÿ (1.1).

Áóäåì ñ÷èòàòü, ÷òî óïðàâëåíèå u ∈ K óäîâëåòâîðÿåò óñëîâèþ Ëèïøèöà:
||u(t1, x1) − u(t2, x2)|| ≤ L1|t1 − t2| + L2||x1 − x2||; L1, L2 − const. Â ýòîì
ñëó÷àå ìíîæåñòâî

S(t) = {(x(t : +∞, x0, u), u) : ||x0|| ≤ δ0, u ∈ K, T ≤ t < +∞}

ðàâíîìåðíî îãðàíè÷åíî è ðàâíîñòåïåííî íåïðåðûâíî. Ïîýòîìó íåïðåðûâíûé
ôóíêöèîíàë Ir íà Sr(t) = S(t), T ≤ t ≤ r èìååò âèä

Ir =

r∫
T

G0(s, x(s : +∞, x0, u)− x0, u(s, x(s : +∞, x0, u)− x0))ds
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è ïî òåîðåìå Âåéåðøòðàññà äîñòèãàåò ìèíèìóìà ïðè ëþáîì r ≥ T . Ïóñòü
îí äîñòèãàåòñÿ â òî÷êå (x0(t : +∞, x0, u0), u0(t, x0(t : +∞, x0, u0))), T ≤
t ≤ r. Òîãäà äëÿ ëþáîãî ε > 0 ñóùåñòâóåò ïàðà (x(t : +∞, x0, u), u(t, x(t :
+∞, x0, u))), T ≤ t ≤ r òàêàÿ, ÷òî ñïðàâåäëèâî

G0(t, x(t : +∞, x0, u)− x0, u(t, x(t : +∞, x0, u)− x0)) <

< G0(t, x0(t : +∞, x0, u0)− x0, u(t, x(t : +∞, x0, u0)− x0)) + ε, T ≤ t ≤ r.

Ïîýòîìó ñóùåñòâóåò ïîñëåäîâàòåëüíîñòü

(xn(t : +∞, x0, un), un(t, xn(t : +∞, x0, un))), (1.4)

ðàâíîìåðíî ñõîäÿùàÿñÿ ïðè n→ +∞ íà ñåãìåíòå T ≤ t ≤ r ê ïàðå

(x0(t : +∞, x0, u0), u0(t, x0(t : +∞, x0, u0))), T ≤ t ≤ r. (1.5)

Ðàññìàòðèâàÿ âëîæåííóþ ñèñòåìó ñåãìåíòîâ [T, r] ⊂ [T, r1] ⊂ ... ⊂
[T, rn] ⊂ ..., rn > rn−1, r0 = r, ïîëó÷èì: ïîñëåäîâàòåëüíîñòü (1.4) ïðè
n → +∞ íà ïîëóîñè T ≤ t < +∞ ñõîäèòñÿ ê ïàðå (1.5) ðàâíîìåðíî íà
ëþáîì ñåãìåíòå èç [T,+∞) . Ïîýòîìó ñóùåñòâóåò ìèíèìóì ôóíêöèîíàëà I :

+∞∫
T

G0(s, x0(s : +∞, x0, u0)− x0, u0(s, x0(s : +∞, x0, u0)− x0))ds ≤

≤
+∞∫
T

G0(s, x(s : +∞, x0, u)− x0, u(s, x(s : +∞, x0, u)− x0))ds

ïðè âñåõ u ∈ K.
Äàëåå ðåøåíèå çàäà÷è îïòèìàëüíîé ñòàáèëèçàöèè ïðîãðàììíîãî äâèæå-

íèÿ ïðè àáñîëþòíî ðàâíîìåðíî óñòîé÷èâûõ ðåøåíèÿõ âèäà (1.5) ìîæíî íàéòè
ïðèìåíÿÿ ïðèíöèï ìàêñèìóìà Ïîíòðÿãèíà [7].
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Èñïîëüçîâàíèå êðåìíèÿ ëåãèðîâàííîãî çîëîòîì äëÿ

îïðåäåëåíèÿ ôîðìû îïòè÷åñêîãî ñèãíàëà

c⃝ Ñ. Ì. Ìóðþìèí1, À. Å. Íèêèøèíà2, Å. Â. Íèêèøèí3

Àííîòàöèÿ. Â ñòàòüå ïðèâåäåíû ðåçóëüòàòû ÷èñëåííûõ èññëåäîâàíèé êèíåòèêè ôîòîïðîâî-
äèìîñòè ïðè âîçáóæäåíèè ïîëóïðîâîäíèêà âûñîêî÷àñòîòíûìè èìïóëüñàìè ñâåòà ïðîèçâîëü-
íîé ôîðìû. Êèíåòèêà ôîòîïðîâîäèìîñòè ïðè âûïîëíåíèè óñëîâèé τjω >> 1 îïðåäåëÿåòñÿ
çàâèñèìîñòüþ âåëè÷èíû òåìïà ãåíåðàöèè îò âðåìåíè è íå çàâèñèò îò âðåìåí æèçíè ýëåê-
òðîíîâ è äûðîê. Ýòî ïîçâîëÿåò âîññòàíîâèòü âðåìåííóþ ôîðìó âûñîêî÷àñòîòíîãî èìïóëüñà
ñâåòà
Êëþ÷åâûå ñëîâà: Êèíåòèêà ôîòîïðîâîäèìîñòè, ðåêîìáèíàöèîííûå öåíòðû, âðåìåíà æèç-
íè ýëåêòðîíîâ è äûðîê, âîññòàíîâëåíèå ñèãíàëîâ

Â ðàáîòàõ [1, 2] èññëåäîâàíà âîçìîæíîñòü âîññòàíîâëåíèÿ çàâèñèìîñòè èí-
òåíñèâíîñòè âîçáóæäàþùåãî ñâåòà îò âðåìåíè ïðè îñâåùåíèè ïîëóïðîâîäíè-
êîâîãî ôîòîïðèåìíèêà ñâåòîì, èíòåíñèâíîñòü J êîòîðîãî ìåíÿåòñÿ ïåðèîäè-
÷åñêè ñ ÷àñòîòîé ω (J = J(ω t)). Íåîáõîäèìûì óñëîâèåì ÿâëÿåòñÿ áîëüøàÿ
÷àñòîòà èçìåíåíèÿ èíòåíñèâíîñòè ñâåòà ω , à èìåííî: ω >> max(τ−1

n , τ−1
p ) .

Ìîäåëèðîâàíèå áûëî ïðîâåäåíî äëÿ êðåìíèÿ ëåãèðîâàííîãî èíäèåì, ÷åðåç
êîòîðûé ïðè ðàññìàòðèâàåìûõ óðîâíÿõ èíæåêöèè îñóùåñòâëÿåòñÿ ðåêîìáè-
íàöèÿ íåðàâíîâåñíûõ íîñèòåëåé çàðÿäà.

Â äàííîé ðàáîòå ïîêàçàíî, ÷òî ïðåäëîæåííûé ìåòîä ìîæåò áûòü îñóùåñòâ-
ëåí è ïðè èñïîëüçîâàíèè ôîòîïðèåìíèêîâ ñ áîëåå ñëîæíûìè ìåõàíèçìàìè
ðåêîìáèíàöèè. Ïðè ìàòåìàòè÷åñêîì ìîäåëèðîâàíèè êèíåòè÷åñêèõ ïðîöåññîâ
ìû âñòðå÷àåìñÿ ñ ñóùåñòâåííûìè íåëèíåéíîñòÿìè â óðàâíåíèÿõ (1.6) -(1.8).
Íàìè ðàññìîòðåí ñëó÷àé ðåêîìáèíàöèè ýëåêòðîíîâ n è äûðîê p ÷åðåç ãëó-
áîêèå öåíòðû, îáðàçóþùèåñÿ ïðè ëåãèðîâàíèè êðåìíèÿ çîëîòîì. Çîëîòî â
êðåìíèè ÿâëÿåòñÿ àìôîòåðíîé ïðèìåñüþ. Ïðè ðåêîìáèíàöèè ÷åðåç ãëóáîêèå
öåíòðû âîçíèêàåò íåîáõîäèìîñòü ó÷èòûâàòü èõ ðàçíûå çàðÿäîâûå ñîñòîÿíèÿ
è ðàçíóþ ãëóáèíó çàëåãàíèÿ â çàïðåùåííîé çîíå. Çîëîòî ôîðìèðóåò äîíîð-
íûé(Ev+0.35 eV; (0/+)) è àêöåïòîðíûé (Ec-0.55 eV; (-/0)) ãëóáîêèå óðîâíè
[4], êîíöåíòðàöèè êîòîðûõ Nd è Na ñîîòâåòñòâåííî. Â ðàáîòå [5] ïîêàçàíî,
÷òî â êðåìíèè n-òèïà çà ýòè óðîâíè îòâå÷àþò ðàçíûå öåíòðû. Ïðè îñâåùå-
íèè áóäåò èçìåíÿòüñÿ ôóíêöèÿ fj ,îïðåäåëÿþùàÿ âåðîÿòíîñòü íàõîæäåíèÿ
íà j öåíòðå ýëåêòðîíà. Ïðè ýòîì èçìåíÿåòñÿ ñêîðîñòü ðåêîìáèíàöèè íåðàâ-
íîâåñíûõ íîñèòåëåé; ìîæåò ïðîèñõîäèòü âûñâîáîæäåíèå ýëåêòðîíîâ è äûðîê

1 Äîöåíò êàôåäðû ïðèêëàäíîé ìàòåìàòèêè, Ìîðäîâñêèé ãîñóäàðñòâåííûé óíèâåðñèòåò èìåíè
Í. Ï. Îãàðåâà, ã. Ñàðàíñê.

2 Àñïèðàíò êàôåäðû ïðèêëàäíîé ìàòåìàòèêè, Ìîðäîâñêèé ãîñóäàðñòâåííûé óíèâåðñèòåò èìåíè
Í. Ï. Îãàðåâà, ã. Ñàðàíñê; annikishina@yandex.ru.

3 Äîöåíò êàôåäðû ýêñïåðèìåíòàëüíîé ôèçèêè, Ìîðäîâñêèé ãîñóäàðñòâåííûé óíèâåðñèòåò èìåíè
Í. Ï. Îãàðåâà, ã. Ñàðàíñê; nikishin57@mail.ru.
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ñ ãëóáîêèõ öåíòðîâ.
Èññëåäîâàëèñü êèíåòè÷åñêèå óðàâíåíèÿ:

dn
dt = g(ωt)−Naσna (n (1− f−a )− n1af

−
a )−

−Ndσnd
(
n
(
1− f 0d

)
− n1df

0
d

)
−Ndσ

m
nd

(
nf 0d − n1df

−
d

)
−

−A(np− n2i )−Bnn(np− n2i )−Bpp(pn− n2i )
(1.1)

dp
dt = g(ωt)−Naσpa (pf

−
a − p1a (1− f−a ))−

−Ndσpd
(
pf 0d − p1d

(
1− f 0d

))
−Ndσ

m
pdpf

−
d −

A(np− n2i )−Bnn(np− n2i )−Bpp(np− n2i )

(1.2)

çäåñü g(ω t) - òåìï ãåíåðàöèè íîñèòåëåé çàðÿäà; n1j è p1j ÷èñëåííî ðàâíû
êîíöåíòðàöèè ýëåêòðîíîâ è äûðîê, êîãäà óðîâåíü Ôåðìè ñîâïàäàåò ñ óðîâíåì
ëîâóøêè; Nj �êîíöåíòðàöèÿ ïðèìåñíûõ öåíòðîâj � òèïà; σ nj è σ pj � âåðîÿò-
íîñòè çàõâàòà ýëåêòðîíîâ è äûðîê ïðèìåñíûìè öåíòðàìè; A � êîýôôèöèåíò
ìåæçîííîé ðåêîìáèíàöèè; Bn, Bp � êîýôôèöèåíòû Îæå-ðåêîìáèíàöèè. Òåìï
ãåíåðàöèè ñâÿçàí ñ èíòåíñèâíîñòüþ:

g(ω · t) = k · β · (1−R) · J(ω · t) (1.3)

β − êâàíòîâûé âûõîä; k è R − êîýôôèöèåíòû ïîãëîùåíèÿ è îòðà-
æåíèÿ ñâåòà ñîîòâåòñòâåííî. Â ñîîòíîøåíèè (1.1) ïåðâîå ñëàãàåìîå ïðàâîé
÷àñòè îïèñûâàåò ñêîðîñòü ìåæçîííîé ãåíåðàöèè ýëåêòðîíîâ ïðè âîçáóæäå-
íèè ïîëóïðîâîäíèêà ñâåòîì, èíòåíñèâíîñòü êîòîðîãî ïåðèîäè÷åñêè ìåíÿåòñÿ
ïåðèîäè÷åñêèìè: âòîðîå è òðåòüå ñëàãàåìûå îïèñûâàþò èçìåíåíèå êîíöåí-
òðàöèè ýëåêòðîíîâ â çîíå ïðîâîäèìîñòè, îáóñëîâëåííîå àêöåïòîðíûìè è äî-
íîðíûìè öåíòðàìè, ñîîòâåòñòâåííî. ×åòâåðòîå ñëàãàåìîå ñîîòâåòñòâóåò ìåä-
ëåííîé ðåàêöèè çàõâàòà ýëåêòðîíîâ íåçàðÿæåííûìè äîíîðíûìè öåíòðàìè.
Ó÷åò äàííîãî ìåõàíèçìà ðåêîìáèíàöèè íåîáõîäèì ïðè äëèòåëüíîì âîçáóæ-
äåíèè ïîëóïðîâîäíèêà ñâåòîì. Ïÿòîå, øåñòîå è ñåäüìîå ñëàãàåìûå îïèñûâàþò
ìåæçîííóþ ðåêîìáèíàöèþ è ìåæçîííóþ Îæå-ðåêîìáèíàöèþ, ðîëü êîòîðûõ
ñòàíîâèòñÿ ñóùåñòâåííîé ïðè áîëüøèõ óðîâíÿõ âîçáóæäåíèÿ. Àíàëîãè÷íûå
ñëàãàåìûå äëÿ äûðîê ïðèñóòñòâóþò â óðàâíåíèè (1.2).

Âåðîÿòíîñòè íàõîæäåíèÿ àêöåïòîðíîãî öåíòðà çîëîòà â ñîñòîÿíèè Au− è
äîíîðíîãî â ñîñòîÿíèÿõ Au0 è Au− îïèñûâàþòñÿ óðàâíåíèÿìè:

df−a
dt

= σna
(
n
(
1− f−a

)
− n1af

−
a

)
− σpa

(
pf−a − p1a

(
1− f−a

))
, (1.4)

df0
d

dt = σnd
(
n
(
1− f 0d

)
− n1df

0
d

)
− σpd

(
pf 0d − p1d

(
1− f 0d

))
−

−σmnd
(
nf 0d − n1df

−
d

)
+ σmpdpf

−
d

(1.5)
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df−d
dt

= σmnd
(
nf 0d − n1df

−
d

)
− σmpdpf

−
d (1.6)

Âîññòàíîâëåíèå âèäà ôóíêöèè îïòè÷åñêîãî ñèãíàëà îñóùåñòâëÿëîñü ïî ìå-
òîäèêå, îïèñàííîé â ðàáîòàõ [1, 2]. Ïðè áîëüøèõ ÷àñòîòàõ ïðîèçâîäíàÿ îò ïðî-
âîäèìîñòè ïðîïîðöèîíàëüíà ïåðåìåííîé ñîñòàâëÿþùåé èíòåíñèâíîñòè ñâåòà
J̃(ω · t) , ïàäàþùåãî íà ôîòîðåçèñòîð [1]:

d

dt
j(ω · t) ≈ e · k · β · (1−R) · J̃(ω · t) · (µn + µp) · E, (1.7)

Èíòåíñèâíîñòü ïàäàþùåãî ñâåòà ïðåäñòàâëåíà â âèäå J(ω · t) =< J >

+J̃(ω · t) , çäåñü < J >= 1
′′

∫ t+T

t J(ω · t)dt � ñðåäíåå çíà÷åíèå èíòåíñèâíî-
ñòè ñâåòà çà ïåðèîä T. Óðàâíåíèÿ (1.1) - (1.7) àíàëèçèðîâàëèñü ÷èñëåííûìè
ìåòîäàìè. Íà ðèñ. 1 ïðåäñòàâëåíû çàâèñèìîñòè âîññòàíîâëåííîãî ïî çàâè-
ñèìîñòè ñèëû òîêà îò âðåìåíè îïòè÷åñêîãî ñèãíàëà (êðèâûå 2 - 5). Êðèâàÿ
1 ñîîòâåòñòâóåò òåìïó ãåíåðàöèè g(ω t), ïðåäñòàâëåííîìó â îòíîñèòåëüíûõ
åäèíèöàõ, âåëè÷èíà êîòîðîãî g(ω t)=1020(1 � cos(ω t)) Êîíöåíòðàöèÿ äîíîð-
íûõ öåíòðîâ çîëîòà Nd=1015 ñì-3, êîíöåíòðàöèÿ ðàâíîâåñíûõ ýëåêòðîíîâ n
=109 ñì-3. Äëÿ êðèâîé 2 êîíöåíòðàöèÿ àêöåïòîðíûõ öåíòðîâ çîëîòà ðàâíà
Na=1017 ñì-3, äëÿ êðèâîé 3 � Na=1016 ñì-3, äëÿ êðèâîé 4� Na=1015 ñì-3,
äëÿ êðèâîé 5 � Na=1014 ñì-3.

Ð è ñ ó í î ê 1.1

Ðèñ.1 Çàâèñèìîñòè èíòåíñèâíîñòè ñâåòà îò âðåìåíè: 1 - âîçáóæäàþùèé èìïóëüñ; 2 - 4 -

èìïóëüñû, âîññòàíîâëåííûå ïî çàâèñèìîñòÿì òîêà îò âðåìåíè

Îáëàñòü ïðèìåíèìîñòè ïðåäëîæåííîãî ìåòîäà õàðàêòåðèçóåòñÿ êîýôôè-
öèåíòîì íåëèíåéíûõ èñêàæåíèé, âåëè÷èíà êîòîðîãî ðàññ÷èòûâàåòñÿ ïî ôîð-
ìóëàì:

K =
1

|c1|

√∑
i

|ck|2, ck =
1

T

∫ T/2

−T/2

i′t(τ) · e−i·k·ω·τdτ, (1.8)

Äëÿ êðèâîé 2 Ê = 0.10, ÷òî íåäîïóñòèìî ìíîãî; äëÿ êðèâîé 3 è 4 Ê =0.0084
è Ê =0.0047 ñîîòâåòñòâåííî, ÷òî ïðèâîäèò ê íåçíà÷èòåëüíûì èñêàæåíèÿì.
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Àíàëèç ïîêàçûâàåò, ÷òî äëÿ êðèâûõ 3 è 4 ñïðàâåäëèâû íåðàâåíñòâà τnω > 1
è τpω > 1 , äëÿ êðèâîé 1 âûïîëíÿþòñÿ ñîîòíîøåíèÿ τnω ≈ 1 è τpω ≈ 1 .

Òàêèì îáðàçîì, óñëîæíåíèå ðåêîìáèíàöèîííûõ ïðîöåññîâ íåðàâíîâåñíûõ
íîñèòåëåé çàðÿäà â ôîòîðåçèñòîðå ïðèíöèïèàëüíî íå èçìåíÿåò ïðàâèëî âû-
áîðà ÷àñòîòíûõ ãðàíèö ïðèìåíèìîñòè ìåòîäà âîññòàíîâëåíèÿ ôîðìû îïòè-
÷åñêîãî ñèãíàëà, ïðåäëîæåííîãî â ðàáîòàõ 1, 2.
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The use of silicon alloyed with gold, to determine the

shape of the optical signal

c⃝ S.M. Murjumin4, A.E. Nikishina5, E.V. Nikishin6

Abstract. In the article the results of numerical investigations of photoconductivity kinetics under
the excitation of semiconductor by high-frequency pulses of arbitrary-shaped light are presented.
The kinetics of photoconductivity under the conditions τjω >> 1 is determined by the dependency
of the value of the generate rate on time. It does not depend on the lifetimes of electrons and holes.
It allows to reconstruct the time waveform of high-frequency pulse of light

Key Words: Photoconductivity kinetics, recombination centers, lifetimes of electrons and holes,
signal reconstruction
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ÓÄÊ 519.3:62-50

Ïðèáëèæåííûé ðàñ÷åò ôóíêöèîíàëà êà÷åñòâà ïðè

èçâåñòíûõ óïðàâëÿþùèõ âîçäåéñòâèÿõ äëÿ

êâàçèëèíåéíûõ óðàâíåíèé ñ ÷àñòíûìè ðàçíîñòÿìè

ïåðâîãî ïîðÿäêà

c⃝ Ò. Ê. Þëäàøåâ 1 Ì. À. Äîâãèé2

Àííîòàöèÿ. Â äàííîé ðàáîòå ïðåäëàãàåòñÿ ìåòîäèêà ïðèáëèæåííîãî ðåøåíèÿ êâàçèëèíåé-
íîãî óðàâíåíèÿ â ÷àñòíûõ ðàçíîñòÿõ ïåðâîãî ïîðÿäêà è ïðèáëèæåííûé ðàñ÷åò ôóíêöèîíàëà
êà÷åñòâà ïðè èçâåñòíûõ óïðàâëÿþùèõ âîçäåéñòâèÿõ. Ñ ïîìîùüþ íåëèíåéíîãî äèñêðåòíîãî
àíàëîãà ìåòîäà õàðàêòåðèñòèê íà÷àëüíàÿ çàäà÷à ñâîäèòñÿ ê èçó÷åíèþ íåëèíåéíîãî ñóììàð-
íîãî óðàâíåíèÿ. Äàëåå èñïîëüçóåòñÿ ìåòîä ïîñëåäîâàòåëüíûõ ïðèáëèæåíèé.

Êëþ÷åâûå ñëîâà: îïòèìàëüíîå óïðàâëåíèå, ðàçíîñòíîå óðàâíåíèå, ñóììàðíîå óðàâíåíèå,
ìåòîä ïîñëåäîâàòåëüíûõ ïðèáëèæåíèé, ìèíèìèçàöèÿ ôóíêöèîíàëà

1. Ïîñòàíîâêà çàäà÷è

Ïóñòü óïðàâëÿåìûé ïðîöåññ â îáëàñòè D îïèñûâàåòñÿ êâàçèëèíåéíûì
ðàçíîñòíûì óðàâíåíèåì âèäà

∆nu(n,m) + A
(
n,m, u(n,m)

)
∆mu(n,m) =

= α(n)σ(n) + f
(
n,m, u(n,m)

)
(1.1)

ñ íà÷àëüíûì óñëîâèåì
u(n,m)|n=n0

= φ(m), (1.2)

ãäå öåëî÷èñëåííûå ôóíêöèè A
(
n,m, u

)
, f
(
n,m, u

)
îïðåäåëåíû äëÿ âñåõ

n ≥ n0 , öåëî÷èñëåííàÿ ôóíêöèÿ φ(m) îïðåäåëåíà äëÿ m ∈ Z , ∆nu(n,m) =
u(n+1,m)−u(n,m) , ∆mu(n,m) = u(n,m+1)−u(n,m) , α(n) � öåëî÷èñëåí-
íàÿ ôóíêöèÿ, îïðåäåëåííàÿ ïðè n ≥ n0 , D ≡ DN×Z , DN ≡

{
n0 ≤ n ≤ N

}
,

à n0, n,N � íàòóðàëüíûå ÷èñëà, Z � ìíîæåñòâî öåëûõ ÷èñåë.
Óïðàâëåíèå σ(n) ñóììèðóåìî ñ êâàäðàòîì è óäîâëåòâîðÿåò íåðàâåíñòâó∣∣σ(n)∣∣ ≤M0 = const. (1.3)

Êà÷åñòâà óïðàâëåíèÿ õàðàêòåðèçóþòñÿ ôóíêöèîíàëîì

J
[
σ
]
=

N−1∑
n=no

m0−1∑
m=−mo

K(m)u2(n,m) + γ

N−1∑
n=no

σ2(n), (1.4)

1 Äîöåíò êàôåäðû âûñøåé ìàòåìàòèêè, Ñèáèðñêèé ãîñóäàðñòâåííûé àýðîêîñìè÷åñêèé óíèâåðñèòåò
èìåíè àêàäåìèêà Ì. Ô. Ðåøåòíåâà, ã. Êðàñíîÿðñê, tursunbay@rambler.ru;

2 Ñòóäåíòêà èíñòèòóòà èíôîðìàòèêè è òåëåêîììóíèêàöèè, Ñèáèðñêèé ãîñóäàðñòâåííûé àýðîêîñìè÷å-
ñêèé óíèâåðñèòåò èìåíè àêàäåìèêà Ì. Ô. Ðåøåòíåâà, ã. Êðàñíîÿðñê
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ãäå 0 <
m0−1∑

m=−mo

K(m) < ∞ , γ � äåéñòâèòåëüíîå ÷èñëî, m0 � äîñòàòî÷íî

áîëüøîå íàòóðàëüíîå ÷èñëî.
Óðàâíåíèÿ âèäà (1.1) ïðè íóëåâîì óïðàâëåíèè ÿâëÿþòñÿ äèñêðåòíûìè àíà-

ëîãàìè äèôôåðåíöèàëüíûõ óðàâíåíèé, êîòîðûå âñòðå÷àþòñÿ ïðè ðåøåíèè
ìíîãèõ çàäà÷ ìåõàíèêè. Ñòàíäàðòíûå ìåòîäû ïîçâîëÿþò íàéòè òî÷íûõ (÷àñò-
íûõ) ðåøåíèé êâàçèëèíåéíûõ óðàâíåíèé â ÷àñòíûõ ïðîèçâîäíûõ ïåðâîãî ïî-
ðÿäêà ïðè êîíêðåòíûõ ñëó÷àÿõ íåëèíåéíûõ ôóíêöèé, âõîäÿùèõ â äàííîå
óðàâíåíèå [1]. Äëÿ íàõîæäåíèÿ îáùèõ ðåøåíèé êâàçèëèíåéíûõ äèôôåðåí-
öèàëüíûõ óðàâíåíèé â ÷àñòíûõ ïðîèçâîäíûõ ñ îáùèìè íåëèíåéíûìè ôóíê-
öèÿìè ýôôåêòèâíûìè ÿâëÿþòñÿ òå ìåòîäû, êîòîðåé ïîçâîëÿþò ïîñòàâëåííóþ
çàäà÷ó çàìåíèòü ñ ýêâèâàëåíòíûì åé íåëèíåéíûì èíòåãðàëüíûì óðàâíåíèåì
Âîëüòåððà âòîðîãî ðîäà.

Ñîâðåìåííûå ìåòîäû ðåøåíèÿ çàäà÷ óïðàâëåíèÿ â çíà÷èòåëüíîé ñòåïåíè
îñíîâûâàþòñÿ íà êîíöåïöèè îïòèìàëüíîñòè, ÷òî îïðåäåëÿåò øèðîêîå ïðè-
ìåíåíèå ìåòîäîâ è àëãîðèòìîâ òåîðèè îïòèìèçàöèè ïðè ïðîåêòèðîâàíèè è
ñîâåðøåíñòâîâàíèè ñèñòåì óïðàâëåíèÿ [2] - [5]. Ìíîãèå çàäà÷è óïðàâëåíèÿ
ôîðìóëèðóþòñÿ êàê êîíå÷íîìåðíûå îïòèìèçàöèîííûå çàäà÷è. Ê òàêèì çà-
äà÷àì, â ÷àñòíîñòè, îòíîñÿòñÿ è çàäà÷è àäàïòèâíûõ ñèñòåì óïðàâëåíèÿ. Ïðè
ïðèáëèæåííîì ðåøåíèè çàäà÷ îïòèìàëüíîãî óïðàâëåíèÿ ñèñòåìàìè ñ ðàñïðå-
äåëåííûìè ïàðàìåòðàìè èñïîëüçóþòñÿ øèðîêèé ñïåêòð ðàçíûõ ìåòîäîâ (ñì.,
íàïð. [5] - [7]).
Çàäà÷à. Íàéòè òàêîå ñîñòîÿíèå u⋆(n,m) íà÷àëüíîé çàäà÷è (1.1), (1.2) ïðè

çàäàííîé óïðàâëÿþùåé ôóíêöèè

σ⋆(n) ∈ Q ≡
{
σ⋆ :

∣∣σ⋆(n)∣∣ ≤M0, n0 ≤ n ≤ N
}
,

÷òî äîñòàâëÿåò ìèíèìóì ôóíêöèîíàëó (1.4).

2. Ðàçðåøèìîñòü íà÷àëüíîé çàäà÷è (1.1), (1.2)

Ïðè ôèêñèðîâàííûõ çíà÷åíèÿõ óïðàâëåíèÿ σ(n) íà÷àëüíàÿ çàäà÷à (1.1),
(1.2) ýêâèâàëåíòíà ñëåäóþùåìó ñóììàðíîìó óðàâíåíèþ [8]

u(n,m) ≡ Θ(n,m;u) = φ

(
m−

n−1∑
ν=n0

A
(
ν,m, u(ν,m)

))
+

+
n−1∑
ν=n0

[
α(ν)σ(ν) + f

(
ν,m, u(ν,m)

)]
, (2.1)

ãäå m � öåëî÷èñëåííûé ïàðàìåòð.
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Ìû èñïîëüçóåì ñëåäóþùèå îáîçíà÷åíèÿ: Bnd(M) � êëàññ öåëî÷èñëåííûõ

ôóíêöèé, îãðàíè÷åííûõ ïî íîðìå ñ ïîëîæèòåëüíûì ÷èñëîì M ; Lip
{
L|u,v,...

}
� êëàññ ôóíêöèé, óäîâëåòâîðÿþùèõ óñëîâèþ Ëèïøèöà ïî ïåðåìåííûì
u, v, . . . ñ ïîëîæèòåëüíûì êîýôôèöèåíòîì L .

Â êà÷åñòâå íîðìû íà ìíîæåñòâå D äëÿ ïðîèçâîëüíîé öåëî÷èñëåííîé
ôóíêöèè g(n,m) ìû áóäåì áðàòü åâêëèäîâó íîðìó

∥g(n,m)∥ = max
{
|g(n,m)| : n ∈ DN ,m ∈ Z

}
.

Ò å î ð å ì à 2.1. Ïóñòü âûïîëíÿþòñÿ ñëåäóþùèå óñëîâèÿ:
1. φ(m) ∈ Bnd(M1) ∩ Lip

{
L1|m

}
, 0 < L1 = const ;

2. f(n,m, u) ∈ Bnd(M2) ∩ Lip
{
L2|u

}
, 0 < L2 = const ;

3. A(n,m, u) ∈ Lip
{
L3|u

}
, 0 < L3 = const ;

4. ρ =
(
L1L3 + L2

)
(N − n0 − 1) < 1 .

Òîãäà ñóììàðíîå óðàâíåíèå (2.1) ïðè ôèêñèðîâàííûõ çíà÷åíèÿõ óïðàâ-
ëåíèÿ σ(n) , äëÿ êîòîðûõ âûïîëíÿåòñÿ óñëîâèå (1.3), èìååò åäèíñòâåííîå
ðåøåíèå íà ìíîæåñòâå D .

Ä î ê à ç à ò å ë ü ñ ò â î. Èñïîëüçóåì ìåòîä ïîñëåäîâàòåëüíûõ ïðèáëè-
æåíèé â ñî÷åòàíèè åãî ñ ìåòîäîì ñæèìàþùèõ îòîáðàæåíèé (ñì., íàïð. [8] -
[11]). Ðàññìîòðèì ñëåäóþùèé èòåðàöèîííûé ïðîöåññ Ïèêàðà:

u0(n,m) = φ

(
m−

n−1∑
ν=n0

A
(
ν,m, 0

))
+

n−1∑
ν=n0

[
α(ν)σ(ν) + f

(
ν,m, 0

)]
, (2.2)

uµ+1(n,m) = Θ(n,m;uµ), µ = 0, 1, 2, . . . , (2.3)

ãäå m � öåëî÷èñëåííûé ïàðàìåòð.
Â ñèëó ïåðâîãî óñëîâèÿ òåîðåìû äëÿ íóëåâîãî ïðèáëèæåíèÿ èç (2.2) ìû

ïîëó÷èì ñëåäóþùóþ îöåíêó∥∥u0(n,m)
∥∥ ≤M1 +M2(N − n0 − 1). (2.4)

Â ñèëó óñëîâèé òåîðåìû, ñ ó÷åòîì (2.4) èç (2.2) è (2.3) äëÿ ïåðâîãî ïðè-
áëèæåíèÿ èìååì îöåíêó ∥∥u1(n,m)− u0(n,m)

∥∥ ≤

≤ L1

n−1∑
ν=n0

∥∥A(ν,m, u0)− A
(
ν,m, 0

)∥∥+ n−1∑
ν=n0

∥∥f(ν,m, u0)− f
(
ν,m, 0

)∥∥ ≤

≤
(
L1L3+L2

)
(N−n0−1)

∥∥u0(n,m)
∥∥ ≤ (M1 +M2(N − n0 − 1)) ρ < M1+M2(N−n0−1).

(2.5)
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Àíàëîãè÷íî, â ñèëó óñëîâèé òåîðåìû, äëÿ ïðîèçâîëüíîãî íàòóðàëüíîãî
÷èñëà µ èç (2.3) ïî èíäóêöèè ïîëó÷àåì∥∥uµ+1(n,m)− uµ(n,m)

∥∥ ≤

≤ L1

n−1∑
ν=n0

∥∥A(ν,m, uµ(ν,m)
)
− A

(
ν,m, uµ−1(ν,m)

)∥∥+
+

n−1∑
ν=n0

∥∥f(ν,m, uµ(ν,m)
)
− f

(
ν,m, uµ−1(ν,m)

)∥∥ ≤

≤ ρ
∥∥uµ(n,m)− uµ−1(n,m)

∥∥ < ∥∥uµ(n,m)− uµ−1(n,m)
∥∥. (2.6)

Êðîìå òîãî, äëÿ ðàçíîñòè u(n,m)− uµ(n,m) èìååì îöåíêó∥∥u(n,m)− uµ(n,m)
∥∥ ≤

∥∥u(n,m)− uµ+1(n,m)
∥∥+ ∥∥uµ+1(n,m)− uµ(n,m)

∥∥ ≤

≤ L1

n−1∑
ν=n0

∥∥A(ν,m, u(ν,m)
)
− A

(
ν,m, uµ(ν,m)

)∥∥+
+L1

n−1∑
ν=n0

∥∥A(ν,m, uµ(ν,m)
)
− A

(
ν,m, uµ−1(ν,m)

)∥∥+
+

n−1∑
ν=n0

∥∥f(ν,m, u(ν,m)
)
− f

(
ν,m, uµ(ν,m)

)∥∥+
+

n−1∑
ν=n0

∥∥f(ν,m, uµ(ν,m)
)
− f

(
ν,m, uµ−1(ν,m)

)∥∥ ≤

≤ ρ
∥∥u(n,m)− uµ(n,m)

∥∥+ ρµ (M1 +M2(N − n0 − 1)) .

Îòñþäà îêîí÷àòåëüíî ïîëó÷àåì, ÷òî∥∥u(n,m)− uµ(n,m)
∥∥ ≤ ρµ (M1 +M2(N − n0 − 1))

1− ρ
. (2.7)

Èç îöåíîê (2.4) - (2.6) ñëåäóåò, ÷òî îïåðàòîð â ïðàâîé ÷àñòè (2.1) ÿâëÿåòñÿ
ñæèìàþùèì. Ñëåäîâàòåëüíî, çàäà÷à (1.1), (1.1) ïðè ôèêñèðîâàííûõ çíà÷å-
íèÿõ óïðàâëåíèÿ σ(n) , äëÿ êîòîðûõ âûïîëíÿåòñÿ óñëîâèå (1.3), èìååò åäèí-
ñòâåííîå ðåøåíèå íà ìíîæåñòâå D .
Ä î ê à ç à ò å ë ü ñ ò â î ç à ê î í ÷ å í î.
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3. Ïðèáëèæåííûé ðàñ÷åò ôóíêöèîíàëà êà÷åñòâà â çàäà÷å îïòè-
ìàëüíîãî óïðàâëåíèÿ

Òàê êàê ρ < 1 , òî èç (2.7) ñëåäóåò, ÷òî

lim
µ→∞

∥∥u(n,m)− uµ(n,m)
∥∥ = 0.

Ñ ó÷åòîì ïîñëåäîâàòåëüíîñòè ôóíêöèé (2.3) ôóíêöèîíàë (1.4) çàïèøåì â
âèäå

Jµ[σ] =
N−1∑
n=n0

m0−1∑
m=−m0

K(m)u2µ(n,m) + γ
N−1∑
n=n0

σ2(n). (3.1)

Â ñèëó óñëîâèé òåîðåìû, èç (2.7) è (3.1) ïîëó÷àåì ñëåäóþùóþ îöåíêó∣∣J [σ]− Jµ[σ]
∣∣ ≤ 2β

ρµ (M1 +M2(N − n0 − 1))2 (N − n0 − 1)

1− ρ
,

ãäå β =
m0−1∑

m=−m0

K(m) <∞ .

Èç ýòîé îöåíêè ñëåäóåò, ÷òî

lim
µ→∞

∣∣J [σ]− Jµ[σ]
∣∣ = 0. (3.2)

Ïóñòü σ⋆(n) � îïòèìàëüíîå äîïóñòèìîå óïðàâëåíèå â çàäà÷å. Òîãäà äëÿ
ýòîãî îïòèìàëüíîãî óïðàâëåíèÿ ñïðàâåäëèâà ñëåäóþùàÿ îöåíêà∣∣σ⋆(n)− σ⋆µ(n)

∣∣ ≤ qµ(n), lim
µ→∞

qµ(n) = 0. (3.3)

Ðàññìîòðèì ñëåäóþùèå ñîîòíîøåíèÿ:

u⋆(n,m) ≡ Θ
(
n,m;u⋆

)
= φ

(
m−

n−1∑
ν=n0

A
(
ν,m, u⋆(ν,m)

))
+

+
n−1∑
ν=n0

[
α(ν)σ⋆(ν) + f

(
ν,m, u⋆(ν,m)

)]
, (3.4)

u⋆0(n,m) = φ

(
m−

n−1∑
ν=n0

A
(
ν,m, 0

))
+

n−1∑
ν=n0

[
α(ν)σ⋆0(ν) + f

(
ν,m, 0

)]
, (3.5)

u⋆µ+1(n,m) = Θ
(
n,m;u⋆µ

)
, (3.6)

Jµ[σ
⋆] =

N−1∑
n=n0

m0−1∑
m=−m0

K(m)
(
u⋆µ(n,m)

)2
+ γ

N−1∑
n=n0

(
σ⋆(n)

)2
, (3.7)
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Jµ[σ
⋆
µ] =

N−1∑
n=n0

m0−1∑
m=−m0

K(m)
(
u⋆µ(n,m)

)2
+ γ

N−1∑
n=n0

(
σ⋆µ(n)

)2
. (3.8)

Ò å î ð å ì à 3.1. Ïóñòü âûïîëíÿþòñÿ óñëîâèÿ òåîðåìû 2.1. è (3.3).
Òîãäà ñïðàâåäëèâî ñîîòíîøåíèå

lim
µ→∞

∣∣J [σ⋆]− Jµ[σ
⋆
µ]
∣∣ = 0.

Ä î ê à ç à ò å ë ü ñ ò â î. Ñ ó÷åòîì (3.3) èç (3.4)-(3.6) èìååì îöåíêó∥∥u⋆(n,m)− u⋆µ(n,m)
∥∥ ≤

ρµ
[
M1 +

(
M2 + qµ(n)

)
(N − n0 − 1)

]
1− ρ

. (3.9)

Äàëåå, ñ ó÷åòîì (1.3) è (3.9) èç (3.7) è (3.8) ïîëó÷àåì, ÷òî

∣∣Jµ[σ⋆]− Jµ[σ
⋆
µ]
∣∣ ≤ 2

{
β
ρµ
[
M1 +

(
M2 + qµ(n)

)
(N − n0 − 1)

]2
1− ρ

+

+γM0qµ(n)
}
(N − n0 − 1).

Èç ïîñëåäíåé îöåíêè ñëåäóåò, ÷òî ñïðàâåäëèâî ñëåäóþùåå ïðåäåëüíîå ñî-
îòíîøåíèå

lim
µ→∞

∣∣Jµ[σ⋆]− Jµ[σ
⋆
µ]
∣∣ = 0. (3.10)

Ñ ó÷åòîì îöåíêè (3.2) è ñîîòíîøåíèå (3.10) äëÿ ôóíêöèîíàëîâ

J [σ⋆] =
N−1∑
n=n0

m0−1∑
m=−m0

K(m)
(
u⋆(n,m)

)2
+ γ

N−1∑
n=n0

(
σ⋆(n)

)2
è (3.8) ïîëó÷àåì, ÷òî

lim
µ→∞

∣∣J [σ⋆]− Jµ[σ
⋆
µ]
∣∣ = lim

µ→∞

∣∣J [σ⋆]− Jµ[σ
⋆]
∣∣+ lim

µ→∞

∣∣Jµ[σ⋆]− Jµ[σ
⋆
µ]
∣∣ = 0.

Ä î ê à ç à ò å ë ü ñ ò â î ç à ê î í ÷ å í î.
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Approximate calculation of functionality of quality at

known operating in�uences for quazilinear partial

di�erence equation of the �rst order
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Abstract. It is proposed in this paper a method of approximate studying the quasilinear partial
di�erence equation of �rst order and approximate calculation of functionality of quality at known
operating in�uences. With the help of a nonlinear discrete method of characteristics the problem
reduces to the study of nonlinear summary equation. Further, we use the discrete analog of the
method of successive approximation.
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Êðàòêèå ñîîáùåíèÿ

ÓÄÊ 517.956.2

Òîïîëîãè÷åñêàÿ êëàññèôèêàöèè äèôôåîìîðôèçìîâ

ïîâåðõíîñòåé ñ îäíîìåðíûìè èíâàðèàíòíûìè

òðàíçèòèâíûìè ìíîæåñòâàìè

c⃝ À. Í. Ñàõàðîâ1, Å. Â. Òðåãóáîâà2

Àííîòàöèÿ. Ðàññìàòðèâàþòñÿ äèôôåîìîðôèçìû ïîâåðõíîñòåé, èìåþùèõ â êà÷åñòâå
íåáëóæäàþùåãî ìíîæåñòâà îáúåäèíåíèå êîíå÷íîãî ÷èñëà íîðìàëüíî ãèïåðáîëè÷åñêèõ
îêðóæíîñòåé. Îïèñàíà âçàèìîñâÿçü ìåæäó äèíàìèêîé òàêèõ äèôôåîìîðôèçìîâ è òîïîëî-
ãèåé íåñóùåãî ìíîãîîáðàçèÿ. Ïîëó÷åíà òîïîëîãè÷åñêàÿ êëàññèôèêàöèÿ äèôôåîìîðôèçìîâ
èç ðàñìàòðèâàåìîãî êëàññà.

Êëþ÷åâûå ñëîâà: äèôôåîìîðôèçì, àòòðàêòîð, ðåïåëëåð, òîïîëîãè÷åñêàÿ ñîïðÿæåííîñòü,
òðàíçèòèâíûå èíâàðèàíòíûå ìíîæåñòâà

Â íàñòîÿùåé ðàáîòå ðàññìàòðèâàåòñÿ çàäà÷à òîïîëîãè÷åñêîé êëàññèôèêà-
öèè äèôôåîìîðôèçìîâ çàìêíóòûõ ïîâåðõíîñòåé èç êëàññà G òàêèõ, ÷òî äëÿ
êàæäîãî f ∈ G âûïîëíÿþòñÿ ñëåäóþùèå óñëîâèÿ:

1. íåáëóæäàþùåå ìíîæåñòâî NW (f) ïðåäñòàâëÿåò ñîáîé äèçúþíêòíîå
îáúåäèíåíèå êîíå÷íîãî ÷èñëà ïðîñòûõ çàìêíóòûõ êðèâûõ;

2. NW (f) � íîðìàëüíî ãèïåðáîëè÷åñêîå èíâàðèàíòíîå ìíîãîîáðàçèå3 äèô-
ôåîìîðôèçìà f.

1 Äîöåíò êàôåäðû âûñøåé ìàòåìàòèêè, Íèæåãîðîäñêàÿ ãîñóäàðñòâåííàÿ ñåëüñêîõîçÿéñòâåííàÿ àêàäå-
ìèÿ, Íèæíèé Íîâãîðîä; ansakharov2008@yandex.ru

2 Äîöåíò êàôåäðû âûñøåé ìàòåìàòèêè, Íèæåãîðîäñêàÿ ãîñóäàðñòâåííàÿ ñåëüñêîõîçÿéñòâåííàÿ àêàäå-
ìèÿ, Íèæíèé Íîâãîðîä; math@agri.sci-nnov.ru

3 Ïóñòü f : M → M � äèôôåîìîðôèçì êîìïàêòíîãî ãëàäêîãî ìíîãîîáðàçèÿ, Df : TM → TM �
äèôôåðåíöèàë f. f -èíâàðèàíòíîå ïîäìíîãîîáðàçèå N ⊂ M íàçûâàåòñÿ íîðìàëüíî ãèïåðáîëè÷åñêèì,
åñëè îãðàíè÷åíèå íà N êàñàòåëüíîãî ðàññëîåíèÿ TM äîïóñêàåò ðàçëîæåíèå â ñóììó èíâàðèàíòíûõ ïîä-
ðàññëîåíèé, îäíî èç êîòîðûõ � TN, à äâà äðóãèõ � óñòîé÷èâîå è íåóñòîé÷èâîå ðàññëîåíèÿ, îáîçíà÷àåìûå
Es è Eu, ñîîòâåòñòâåííî. Îòíîñèòåëüíî íåêîòîðîé ðèìàíîâîé ìåòðèêè íà M îãðàíè÷åíèÿ Df íà Es

äîëæíî áûòü ñæàòèåì, îãðàíè÷åíèå Df íà Eu äîëæíî áûòü ðàñøèðåíèåì, à îãðàíè÷åíèå íà TN äîëæ-
íî áûòü îòíîñèòåëüíî íåéòðàëüíûì. Ñëåäîâàòåëüíî, ñóùåñòâóþò ïîñòîÿííûå 0 < µ−1 < λ < 1 è c > 0
òàêèå, ÷òî

TNM = TN ⊕ Es ⊕ Eu,

(Df)xE
s
x = Es

f(x) è (Df)xE
u
x = Eu

f(x) äëÿ âñåõ x ∈ N,

∥Dfnv∥ ≤ cλn∥v∥ äëÿ âñåõ v ∈ Es è n > 0,

∥Df−nv∥ ≤ cλn∥v∥ äëÿ âñåõ v ∈ Eu è n > 0,

è
∥Dfnv∥ ≤ cµ|n|∥v∥ äëÿ âñåõ v ∈ TN è n ∈ Z.
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3. ñóæåíèå íåêîòîðîé ñòåïåíè äèôôåîìîðôèçìà f íà ëþáóþ êðèâóþ èç
NW (f) ÿâëÿåòñÿ òðàíçèòèâíûì ãîìåîìîðôèçìîì îêðóæíîñòè ñ îäíèì
è òåì æå èððàöèîíàëüíûì ÷èñëîì âðàùåíèÿ.

Óñëîâèå íîðìàëüíîé ãèïåðáîëè÷íîñòè ãàðàíòèðóåò, ÷òî íåáëóæäàþùåå
ìíîæåñòâî cîõðàíÿåòñÿ ïðè ìàëûõ âîçìóùåíèÿõ f [1], [2]. Îäíàêî âîçìó-
ùåííûé äèôôåîìîðôèçì íå îáÿçàòåëüíî ïðèíàäëåæèò êëàññó G, òàê êàê
óñëîâèå 3 äëÿ íåãî ìîæåò íå âûïîëíÿòüñÿ.

Ðåøåíèå çàäà÷è êëàññèôèêàöèè îñíîâàíî íà ìåòîäàõ ðàáîòû [3], ïîñâÿùåí-
íîé ðåøåíèþ àíàëîãè÷íîé çàäà÷è äëÿ A-äèôôåîìîðôèçìîâ 3-ìíîãîîáðàçèé ñ
äâóìåðíûìè áàçèñíûìè ìíîæåñòâàìè. Ïðè ýòîì óäàåòñÿ ïîêàçàòü, ÷òî êëàñ-
ñèôèêàöèÿ äèôôåîìîðôèçìîâ èç êëàññà G ñâîäèòñÿ ê êëàññèôèêàöèè òðàí-
çèòèâíûõ äèôôåîìîðôèçìîâ îêðóæíîñòè.

Íàïîìíèì, êëàññèôèêàöèþ ãîìåîìîðôèçìîâ îêðóæíîñòè ñ èððàöèîíàëü-
íûì ÷èñëîì âðàùåíèÿ. Ïóñòü χ : S1 → S1 � äèôôåîìîðôèçì îêðóæíîñòè
ñ èððàöèîíàëüíûì ÷èñëîì âðàùåíèÿ α. Ñîãëàñíî òåîðåìå À. Ïóàíêàðå ñó-
ùåñòâóåò íåïðåðûâíîå îòîáðàæåíèå p : S1 → S1, ïåðåâîäÿùåå χ â ïîâîðîò
íà óãîë α 4. Åñëè äèôôåîìîðôèçì χ ìèíèìàëåí, òî îòîáðàæåíèå p � ãîìåî-
ìîðôèçì è ÷èñëî âðàùåíèÿ ÿâëÿåòñÿ ïîëíûì òîïîëîãè÷åñêèì èíâàðèàíòîì.
Â ïðîòèâíîì ñëó÷àå ìèíèìàëüíûì ìíîæåñòâîì χ áóäåò êàíòîðîâî ìíîæå-
ñòâî C, à ïîëíûì òîïîëîãè÷åñêèì èíâàðèàíòîì ÿâëÿåòñÿ ÷èñëî âðàùåíèÿ è
ìíîæåñòâî T = p(I), ãäå I � ìíîæåñòâî äîñòèæèìûõ òî÷åê C [4].

Ïóñòü f : M → M � äèôôåîìîðôèçì èç êëàññà G íà çàìêíóòîé ïî-
âåðõíîñòè M. Ñóùåñòâîâàíèå òàêîãî äèôôåîìîðôèçìà ïîçâîëÿåò óòî÷íèòü
òîïîëîãèþ ìíîãîîáðàçèÿ M.

Ï ð å ä ë î æ å í è å 1.1. Äëÿ ëþáîãî f ∈ G âåðíî ñëåäóþùåå: çà-
ìûêàíèå êàæäîé êîìïîíåíòû ñâÿçíîñòè ìíîæåñòâà Vf = M \ NW (f)
ãîìåîìîðôíî S1 × [0, 1] .

Â ñèëó ýòîãî óòâåðæäåíèÿ ìíîãîîáðàçèå M ãîìåîìîðôíî ôàêòîð-
ïðîñòðàíñòâó Mτ , ïîëó÷åííîìó èç S

1 × [0, 1] îòîæäåñòâëåíèåì òî÷åê (z, 1)
è (τ(z), 0), ãäå τ : S1 → S1 � íåêîòîðûé ãîìåîìîðôèçì.

Ë å ì ì à 1.1. Ôàêòîð-ïðîñòðàíñòâî Mτ ãîìåîìîðôíî T2, åñëè ãî-
ìåîìîðôèçì τ cîõðàíÿåò îðèåíòàöèþ; áóòûëêå Êëåéíà K2, åñëè τ ìåíÿ-
åò îðèåíòàöèþ.

Â èòîãå ïîëó÷àåì ñëåäóþùóþ òåîðåìó, îïèñûâàþùóþ òîïîëîãèþ íåñóùåãî
ìíîãîîáðàçèÿ äèôôåîìîðôèçìà f ∈ G.

4 Îòîáðàæåíèå p íàçûâàåòñÿ êàíòîðîâñêîé ôóíêöèåé.
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Ò å î ð å ì à 1.2. Ïóñòü ìíîãîáðàçèå M äîïóñêàåò äèôôåîìîðôèçì
èç êëàññà G. Òîãäà M ãîìåîìîðôíî äâóìåðíîìó òîðó T2 .

Ïîñòðîèì ìîäåëüíûå äèôôåîìîðôèçìû èç êëàññà G íà òîðå T2 . Äëÿ ýòî-
ãî ñíà÷àëà ïîñòðîèì ìîäåëè ãðóáûõ ïðåîáðàçîâàíèé îêðóæíîñòè S1 , ïðåä-
ñòàâëÿÿ å¼ êàê ôàêòîðïðîñòðàíñòâî S1 = R/Z ñ åñòåñòâåííîé ïðîåêöèåé
π : R → S1 .

Äëÿ n, k ∈ N è öåëîãî l , òàêîãî ÷òî äëÿ k = 1 , l = 0 è äëÿ k > 1 ,
l ∈ {1, . . . , k− 1} âçàèìíî ïðîñòî ñ k , ïîñòðîèì ñòàíäàðòíîãî ïðåäñòàâèòåëÿ
φ+ ñ ïàðàìåòðàìè n, k, l â ìíîæåñòâå ãðóáûõ ñîõðàíÿþùèõ îðèåíòàöèþ ïðå-
îáðàçîâàíèé îêðóæíîñòè. Äëÿ q ∈ N ïîñòðîèì ñòàíäàðòíîãî ïðåäñòàâèòåëÿ
φ− ñ ïàðàìåòðîì q â ìíîæåñòâå ãðóáûõ ìåíÿþùèõ îðèåíòàöèþ ïðåîáðàçî-
âàíèé îêðóæíîñòè.

Äëÿ ýòîãî ââåäåì ñëåäóþùèå îòîáðàæåíèÿ:
ψ̃m : R → R � ñäâèã íà åäèíèöó âðåìåíè ïîòîêà ṙ = sin(2πmr) äëÿ m ∈ N ;
η̃k,l : R → R � äèôôåîìîðôèçì, çàäàííûé ôîðìóëîé η̃k,l(r) = r − l

k ;
η̃ : R → R � äèôôåîìîðôèçì, çàäàííûé ôîðìóëîé η̃(r) = −r ;
φ̃+ = η̃k,lψ̃n·k : R → R è φ̃− = η̃ψ̃q : R → R .
Òàêèì îáðàçîì,
φ̃+(r) = ψ̃n·k(r)− l

k è φ̃+(r + ν) = φ̃+(r) + ν ;

φ̃−(r) = −ψ̃q(r) è φ̃−(r + ν) = φ̃−(r)− ν .
Ñëåäîâàòåëüíî ñëåäóþùèå äèôôåîìîðôèçìû êîððåêòíî îïðåäåëåíû:

φσ = πφ̃σπ
−1 : S1 → S1, σ ∈ {+,−} .

Ïðåäñòàâèì òåïåðü S1 êàê ìíîæåñòâî òî÷åê S1 = {z ∈ C : |z| = 1}. Äëÿ
èððàöèîíàëüíîãî ÷èñëà α ∈ (0, 1) îáîçíà÷èì ÷åðåç φα : S1 → S1 äèôôåî-
ìîðôèçì, çàäàííûé ôîðìóëîé φα(z) = e2παz .

Îïðåäåëèì äèôôåîìîðôèçì ψσ : T2 → T2 ôîðìóëîé φσ(z1, z2) =
(φα(z1), φσ(z2)) , ãäå (z1, z2) ∈ T2 = S1 × S1 .

Îáîçíà÷èì Ψ+ (Ψ− ) ìíîæåñòâî äèôôåîìîðôèçìîâ ψ+ (ψ− ). Ïîëîæèì
Ψ = Ψ+ ∪Ψ− .

Êàæäûé äèôôåîìîðôèçì èç êëàññà Ψ+ õàðàêòåðèçóåòñÿ íàáîðîì ïàðà-
ìåòðîâ {α, n, k, l} , êàæäûé äèôôåîìîðôèçì èç êëàññà Ψ− õàðàêòåðèçóåòñÿ
íàáîðîì ïàðàìåòðîâ {α, q} .

Ñëåäóþùèé ðåçóëüòàò äàåò òîïîëîãè÷åñêóþ êëàññèôèêàöèþ ìîäåëüíûõ
äèôôåîìîðôèçìîâ.

Ò å î ð å ì à 1.3.
1. Äâà äèôôåîìîðôèçìà ψ+;ψ

′
+ ∈ Ψ+ ñ ïàðàìåòðàìè

{α, n, k, l}; {α′, n′, k′, l′} òîïîëîãè÷åñêè ñîïðÿæåíû òîãäà è òîëüêî òî-
ãäà, êîãäà α = α′ ,n = n′, k = k′ , è ëèáî l = l′ , ëèáî l = k′ − l′ .
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2. Äâà äèôôåîìîðôèçìà ψ−;ψ
′
− ∈ Ψ− ñ ïàðàìåòðàìè {α, q}; {α′, q′} òî-

ïîëîãè÷åñêè ñîïðÿæåíû òîãäà è òîëüêî òîãäà, êîãäà α = α′ è q = q′ .
3. Íå ñóùåñòâóåò òîïîëîãè÷åñêè ñîïðÿæåííûõ äèôôåîìîðôèçìîâ ψ+ ∈

Ψ+ è ψ− ∈ Ψ− .

Îñíîâíûì ðåçóëüòàòîì íàñòîÿùåé ðàáîòû ÿâëÿåòñÿ ñëåäóþùåå óòâåðæäå-
íèå.

Ò å î ð å ì à 1.4. Êàæäûé äèôôåîìîðôèçì èç êëàññà G òîïîëîãè÷å-
ñêè ñîïðÿæåí íåêîòîðîìó ìîäåëüíîìó äèôôåîìîðôèçìó èç êëàññà Ψ.

Àâòîðû áëàãîäàðÿò Â.Ç. Ãðèíåñà çà ïîñòàíîâêó çàäà÷è è Î.Â. Ïî÷èíêó çà
âíèìàòåëüíîå ïðî÷òåíèå ðóêîïèñè. Ðàáîòà áûëà ïîääåðæàíà ãðàíòîì ÐÔÔÈ
� 12-01-00672à.
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Topological classi�cation of surface di�eomorphisms with

one-dimensional invariant transitive sets

c⃝ A. N. Sakharov5, E. V. Tregubova6

Abstract. We consider di�eomorphisms of surfaces having as non-wandering set NW (f) �nite
number of normally hyperbolic circles. Describe the relationship between the dynamics of such
di�eomorphisms and supporting manifold topology. The topological classi�cation is obtained for
the considered class of di�eomorphisms
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ÓÄÊ 517.9

Àñèìïòîòè÷åñêàÿ ýêâèâàëåíòíîñòü äèôôåðåíöèàëüíûõ

è äèôôåðåíöèàëüíî-ôóíêöèîíàëüíûõ óðàâíåíèé

c⃝ Å. À. ×åðíîèâàíîâà1

Àííîòàöèÿ. Â äàííîé ñòàòüå ðåøàåòñÿ ïðîáëåìà êëàññèôèêàöèè äèôôåðåíöèàëü-
íûõ óðàâíåíèé íà îñíîâå àñèìïòîòè÷åñêèõ ñâîéñòâ ðåøåíèé, êðîìå òîãî, èññëåäóþòñÿ
äèôôåðåíöèàëüíî-ôóíêöèîíàëüíûå óðàâíåíèÿ, äëÿ êîòîðûõ óðàâíåíèÿìè ñðàâíåíèÿ ÿâëÿ-
þòñÿ îáûêíîâåííûå äèôôåðåíöèàëüíûå óðàâíåíèÿ.

Êëþ÷åâûå ñëîâà: äèôôåðåíöèàëüíûå óðàâíåíèÿ, äèôôåðåíöèàëüíî-ôóíêöèîíàëüíûå
óðàâíåíèÿ, àñèìïòîòè÷åñêèå ñâîéñòâà ðåøåíèé

Êëàññèôèêàöèÿ äèôôåðåíöèàëüíûõ óðàâíåíèé íà îñíîâå àñèìïòîòè÷å-
ñêèõ ñâîéñòâ ðåøåíèé � ìåòîäîëîãè÷åñêàÿ îñíîâà ìíîãèõ àñèìïòîòè÷åñêèõ
ìåòîäîâ èíòåãðèðîâàíèÿ. Â íåãëàäêîì àíàëèçå òàêóþ îñíîâó èìåþò âñå
àñèìïòîòè÷åñêèå ìåòîäû. Âûáîð îòíîøåíèÿ ýêâèâàëåíòíîñòè è óðàâíåíèÿ
ñðàâíåíèÿ - ãëàâíûå çàäà÷è, ðåøåíèå êîòîðûõ íà îïðåäåëåííîì êëàññå óðàâ-
íåíèé ñîñòàâëÿåò ñóòü êîíêðåòíîãî àñèìïòîòè÷åñêîãî ìåòîäà. Îäíàêî áîëü-
øèíñòâî ðàáîò (îñîáåííî â íåãëàäêîì àíàëèçå) ïî êëàññèôèêàöèÿì îòíîñèòñÿ
ê êëàññàì óðàâíåíèé, êîòîðûå â êà÷åñòâå ôàçîâîãî ïðîñòðàíñòâà èìåþò ìíî-
æåñòâî D = [T0,+∞)× Rn , T0 ∈ R .

Åñëè æå óðàâíåíèÿ îïðåäåëåíû íà ïîäìíîæåñòâàõ ìíîæåñòâà D, òî îáû÷-
íûå ìåòîäû âûáîðà óðàâíåíèÿ ñðàâíåíèÿ çäåñü íåïðèãîäíû. Â äàííîé ñòàòüå
ðåøàåòñÿ ýòà ïðîáëåìà, êðîìå òîãî, çäåñü èññëåäóþòñÿ äèôôåðåíöèàëüíî-
ôóíêöèîíàëüíûå óðàâíåíèÿ, äëÿ êîòîðûõ óðàâíåíèÿìè ñðàâíåíèÿ ÿâëÿþòñÿ
îáûêíîâåííûå äèôôåðåíöèàëüíûå óðàâíåíèÿ.

Ïóñòü äèôôåðåíöèàëüíî-ôóíêöèîíàëüíîå óðàâíåíèå èìååò âèä

dy

dt
= f(t, y, φ(t, y, ε), ε) + g(t, y, Aty, φ(t, y, ε), ε), (1.1)

ãäå At : C([T0,+∞),Rn) → Dm , Dm ⊆ Rm , t ≥ t0 ,
f ∈ C([T0,+∞)×D × Sc × (0, ε0],Rn) ,
g ∈ K([T0,+∞) × D,Dm, Sc × (0, ε0],Rn) � êëàññ ôóíêöèé, èçìåðèìûõ ïî
t è íåïðåðûâíûõ ïî îñòàëüíûì àðãóìåíòàì, D � îáëàñòü, D ⊆ Rn , S =
{z : z ∈ Rm0, ||z|| ≤ C, 0 < C < +∞} , φ ∈ C(1,0,0)([T0,+∞) × (0, ε0], Sc) ;
λ∗(γ, ε) = limk→+∞ φ(tk, γ, ε) äëÿ íåêîòîðîé ïîñëåäîâàòåëüíîñòè {tk} , tk →
+∞ ïðè k → +∞ è âñåõ γ ∈ Rn , ïðè âñåõ T0 ≤ t < +∞ , y ∈ Rn , 0 < ε < ε0
ñóùåñòâóþò íåíóëåâûå ÷àñòíûå ïðîèçâîäíûå fy, fλ(λ = φ(t, y, ε)) , ëîêàëüíî

1 Äîöåíò êàôåäðû èíôîðìàöèîííûõ òåõíîëîãèé è ìàòåìàòèêè, ÀÍÎÎ ÂÏÎ ÖÑ ÐÔ ÐÓÊ ¾Ñàðàíñêèé
êîîïåðàòèâíûé èíñòèòóò¿ (ôèëèàë), ã. Ñàðàíñê
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óäîâëåòâîðÿþùèå óñëîâèþ Ëèïøèöà. Ïðè C = +∞ , λ∗(γ, ε) = ∞ áóäåì
ñ÷èòàòü, ÷òî limk→+∞ f(t, y, φ(tk, γ, ε), ε) = f1(t, γ, ε) , f1 ∈ C([T0,+∞) ×
D × (0, ε0],Rn) , f(t, y, λ∗(γ, ε), ε) = f1(t, y, ε) , T0 ≤ t < +∞ , γ, y ∈ Rn ,
0 < ε ≤ ε0 . Òðåáóåòñÿ íà ìíîæåñòâå T0 ≤ τ ≤ t < +∞ c òî÷íîñòüþ ε1 íàéòè
ðåøåíèå y(t) = y(t : τ, γ, ε) óðàâíåíèÿ (1.1) ïðè âñåõ äîñòàòî÷íî ìàëûõ ε .
Ñ÷èòàÿ ôóíêöèè g , φ â íåêîòîðîì ñìûñëå ìàëûìè, áóäåì óðàâíåíèå

dx

dt
= f(t, x, λ∗(γ, ε), ε) (1.2)

ðàññìàòðèâàòü â êà÷åñòâå óðàâíåíèÿ ñðàâíåíèÿ. Â ýòó ñõåìó óêëàäûâàåòñÿ
êëàññè÷åñêèé ìåòîä óñðåäíåíèÿ. Áîëåå òîãî, ðàññìàòðèâàÿ äëÿ êîíêðåòíîãî
óðàâíåíèÿ ðàçëè÷íûå ïðåäñòàâëåíèÿ âèäà 1.1, ìîæíî ïîëó÷àòü ðàçëè÷íûå
óðàâíåíèÿ ñðàâíåíèÿ è ïîÿâëÿåòñÿ âîçìîæíîñòü âûáîðà ïðîñòåéøåãî èç íèõ.
Áóäåì ñ÷èòàòü, ÷òî â äàëüíåéøåì âñå âûøå ïåðå÷èñëåííûå óñëîâèÿ äëÿ óðàâ-
íåíèé (1.1) è (1.2) âñåãäà âûïîëíÿþòñÿ.

Â çàâèñèìîñòè îò âûáîðà îïåðàòîðà À óðàâíåíèå (1.1) ìîæåò áûòü ëè-
áî óðàâíåíèåì ñ çàïàçäûâàþùèì àðãóìåíòîì, ëèáî êàêèì-íèáóäü äðóãèì
äèôôåðåíöèàëüíî-ôóíêöèîíàëüíûì óðàâíåíèåì. Íàïðèìåð, óðàâíåíèå (1.1)
ìîæåò èìåòü âèä:

dy

dt
= f(t, y, φ(t, y, ε), ε) + g(t, y, y(t− t0), φ(t, y, ε), ε),

dy

dt
= f(t, y, φ(t, y, ε), ε) + g(t, y,

t∫
0

G(t, s)y(s)ds, φ(t, y, ε), ε).

Áóäåì ãîâîðèòü, ÷òî óðàâíåíèÿ (1.1) è (1.2) íà ìíîæåñòâå Ω ⊆ D àñèìïòî-
òè÷åñêè ýêâèâàëåíòíû îòíîñèòåëüíî ðåøåíèé (P ) , îïðåäåëåííûõ ïðè äîñòà-
òî÷íî ìàëîì ε0 è âñåõ ε , 0 < ε ≤ ε0 ïðè t > τ , ïðèíàäëåæàùèõ ìíîæåñòâó
Ω , åñëè äëÿ êàæäîãî ðåøåíèÿ èç (P ) óðàâíåíèÿ (1.1) ïðè äîñòàòî÷íî ìàëîì
ε0 è ïðè âñåõ ε , 0 < ε ≤ ε0 , íàéäåòñÿ ðåøåíèå èç (P ) óðàâíåíèÿ (1.2) òàêîå,
÷òî ðàçíîñòü ìåæäó íèìè ñòðåìèòñÿ ê íóëþ ïðè íåîãðàíè÷åííîì âîçðàñòàíèè
íåçàâèñèìîé ïåðåìåííîé t , è, íàîáîðîò: äëÿ êàæäîãî ðåøåíèÿ èç (P ) óðàâ-
íåíèÿ (1.2) ïðè äîñòàòî÷íî ìàëîì ε0 è âñåõ 0 < ε ≤ ε0 íàéäåòñÿ ðåøåíèå èç
(P ) óðàâíåíèÿ (1.1) òàêîå, ÷òî âûïîëíÿåòñÿ òî æå àñèìïòîòè÷åñêîå ñîîòíî-
øåíèå. Â êà÷åñòâå ðåøåíèé (P ) óðàâíåíèé (1.1) è (1.2) áóäåì ðàññìàòðèâàòü
ðåøåíèÿ z(t) , t ≥ τ òàêèå, äëÿ êîòîðûõ ñóùåñòâóþò òàêèå ÷èñëà α > 0 ,
çàâèñÿùèå îò ðåøåíèÿ z(t) , ÷òî ìíîæåñòâî z : ||z − z(t)|| ≤ α ⊂ Ω ïðè âñåõ
t ≥ τ è âñåõ ε , 0 < ε ≤ ε0 , ïðè äîñòàòî÷íî ìàëîì ε0 .

Ê ïåðâîíà÷àëüíîé çàäà÷å äîáàâèì çàäà÷ó îá àñèìïòîìàòè÷åñêîé ýêâèâà-
ëåíòíîñòè óðàâíåíèé (1.1) è (1.2) íà ìíîæåñòâå Ω .
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Äëÿ ðåøåíèÿ ýòèõ çàäà÷ ïîíàäîáèòñÿ âñïîìîãàòåëüíîå óðàâíåíèå

dx

dt
= f(t, x, φ(τ, γ, ε), ε),

êîòîðîå îïðåäåëåíî ïðè çíà÷åíèÿõ ïàðàìåòðîâ, ïðèíàäëåæàùèõ âûøåóêàçàí-
íûì ìíîæåñòâàì.

Ïóñòü x(t) = x(t : τ, γ, λ∗, ε) � ðåøåíèå óðàâíåíèÿ (1.2), x(t : τ, γ, λ∗, ε) =
γ , y(t) � ðåøåíèå óðàâíåíèÿ (1.1), XT (t) = x(t : T, yT (T ), φ(T, yT (T ), ε), ε)
� ðåøåíèå óðàâíåíèÿ (1.2), yT (T ) = x(T : τ, γ, λ∗, ε) = x(T, λ∗) , T ≥ τ ≥ T0 ,
x(t : τ, γ, φ(τ, γ, ε), ε) � ðåøåíèå óðàâíåíèÿ (3).

Áóäåì ãîâîðèòü, ÷òî âûïîëíÿåòñÿ óñëîâèå (A) , åñëè:
A1 . Äëÿ ëþáîé îãðàíè÷åííîé ôóíêöèè y ∈ C([T0,+∞),Rn) îïåðàòîð

At(y) íåïðåðûâåí ïî t ∈ [τ,+∞) ;
A2 . Äëÿ ëþáîãî ε > 0 , äëÿ âñåõ τ1 ñóùåñòâóåò δ = δ(ε, τ1) > 0 òàêîå, ÷òî

êàê òîëüêî z1, z2 ∈ S , S � ïîäìíîæåñòâî îãðàíè÷åííûõ âåêòîð-ôóíêöèé èç
C([T0,+∞),Rn) , ||z1 − z2|| < δ , íåðàâåíñòâî ||Atz1 −Atz2|| < ε ñïðàâåäëèâî
äëÿ âñåõ t ∈ [τ, τ1] .

Áóäåì ãîâîðèòü, ÷òî âûïîëíÿåòñÿ óñëîâèå (B) , åñëè äëÿ ïðîèçâîëüíûõ
t0 ≥ τ , 0 < ε ≤ ε0 è äëÿ ïðîèçâîëüíîãî x0 ∈ Ω ðåøåíèå x(t :
t0, x0, φ(τ, γ, ε), ε) ñóùåñòâóåò äëÿ âñåõ t ∈ [τ, t0] è èìååò çíà÷åíèÿ â D .

Áóäåì ãîâîðèòü, ÷òî âûïîëíÿåòñÿ óñëîâèå (C) , åñëè äëÿ ëþáîé íåïðåðûâ-

íîé ôóíêöèè z(t) cî çíà÷åíèÿìè â Ω ïðè t ≥ τ
+∞∫
τ

||H1(t, s, z(s), ε)||ds ≤

I(t, ε) , I(t, ε) → 0 ïðè t→ +∞ è I(t, ε) → 0 ïðè ε→ 0 ðàâíîìåðíî ïî t .
Íå óìàëÿÿ îáùíîñòè, ïðåäïîëîæèì, ÷òî I(t, ε) íåïðåðûâíàÿ ïî ñîâîêóï-

íîñòè t , ε è íåâîçðàñòàþùàÿ ïî êàæäîé èç ïåðåìåííûõ ôóíêöèÿ.

Ò å î ð å ì à 1.5. Ïðè óñëîâèÿõ (A) , (B) , (C) óðàâíåíèÿ (1.1) è (1.2)
àñèìïòîòè÷åñêè ýêâèâàëåíòíû íà ìíîæåñòâå Ω îòíîñèòåëüíî ìíîæå-
ñòâà ðåøåíèé (P ) , åñëè äëÿ ëþáîãî ðåøåíèÿ x(t) ∈ (P ) è ëþáîãî 0 < ε ≤ ε0

lim
T→+∞

sup ||x(t : T, yT (T ), φ(T, γ, ε), ε)− x(t : τ, γ, λ∗, ε)|| = 0.

Äîêàçàòåëüñòâî òåîðåìû ïðîâîäèòñÿ íà îñíîâàíèè ïðèíöèïîâ Øàóäåðà è
Àðöåëà. Ðàññìàòðèâàåòñÿ ìíîæåñòâî DT = {z ∈ S, z(t) ∈ Ω : ||z(t)−xT (t)|| ≤
d, τ ≤ t ≤ T} è îïåðàòîð L : DT → S ,

Lz(t) =

xT (t)−
T∫
t

H1(t, s, z(s), ε)ds, τ ≤ t ≤ T,

xT (t), t > T,

äëÿ êîòîðîãî äîêàçûâàåòñÿ ñóùåñòâîâàíèå íåïîäâèæíîé òî÷êè, òî åñòü

Lz(t) = z(t),

Æóðíàë ÑÂÌÎ. 2014. Ò. 16, � 1



159

è zT (t) , τ ≤ t ≤ T , óäîâëåòâîðÿåò óðàâíåíèþ (1.1).
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ÓÄÊ 517.929

Çàäà÷à èññëåäîâàíèÿ óñòîé÷èâîñòè èíòåãðàëüíûõ

ìíîãîîáðàçèé

c⃝ À. Â. Çóáîâ1, Ñ.Â. Çóáîâ2, È.Ñ. Ñòðåêîïûòîâ3, Í.Í. Ó÷âàòîâà4

Àííîòàöèÿ. Â ñòàòüå ðàññìîòðåíû íîâûå ìåòîäû èññëåäîâàíèÿ óñòîé÷èâîñòè ñèñòåì îáûê-
íîâåííûõ äèôôåðåíöèàëüíûõ óðàâíåíèé. Ïðèâåäåíû îïðåäåëåíèÿ èíòåãðàëüíîãî ìíîãîîáðà-
çèÿ, ïîëîæèòåëüíîé è îòðèöàòåëüíîé îïðåäåëåííîñòè ôóíêöèè.

Êëþ÷åâûå ñëîâà: àâòîíîìíàÿ ñèñòåìà îáûêíîâåííûõ äèôôåðåíöèàëüíûõ óðàâíåíèé,
óñòîé÷èâîñòü ïî Ëÿïóíîâó, èíòåãðàëüíîå ìíîãîîáðàçèå.

1. Ââåäåíèå

Ïðè êîìïüþòåðíîì ìîäåëèðîâàíèè äèíàìèêè óïðàâëÿåìûõ ñèñòåì ÷ðåçâû-
÷àéíî âàæíûì ÿâëÿåòñÿ âîïðîñ î òîì, êàê èññëåäîâàòü ïîâåäåíèå ñèñòåìû
ïðè ðàçëè÷íûõ íà÷àëüíûõ äàííûõ. Ìîæíî, åñòåñòâåííî, ïðèìåíÿòü ÷èñëåí-
íîå èíòåãðèðîâàíèå äëÿ ðàçëè÷íûõ íàáîðîâ íà÷àëüíûõ äàííûõ, ïðèíàäëåæà-
ùèõ íåêîòîðîìó ìíîæåñòâó. Ýòî ïðèâîäèò ê çíà÷èòåëüíûì è äàæå íåîãðàíè-
÷åííûì âû÷èñëèòåëüíûì çàòðàòàì. Ïîñòàâèì âîïðîñ: âîçìîæíî ëè, ïðåäâà-
ðèòåëüíî âû÷èñëèâ íåêîòîðûé ôèêñèðîâàííûé íàáîð ðåøåíèé, ñäåëàòü âû-
âîäû î ïîâåäåíèè öåëîãî ìíîæåñòâà ðåøåíèé, ìíîæåñòâî íà÷àëüíûõ äàííûõ
êîòîðûõ ïðåäñòàâëÿåò êîìïàêòíîå ìíîæåñòâî?

2. Ïîñòàíîâêà çàäà÷è

Ðàññìîòðèì ñèñòåìó

Ẋ = O(X), (2.1)

ãäå X = (x1, . . . , xn)
⋆ - âåêòîð ôàçîâîãî ñîñòîÿíèÿ ñèñòåìû, O(X) - íåïðå-

ðûâíî äèôôåðåíöèðóåìàÿ ôóíêöèÿ. Ïóñòü äëÿ ñèñòåìû (2.1) ìíîæåñòâî M ,
ÿâëÿþùååñÿ ïåðåñå÷åíèåì k ïîâåðõíîñòåé:

Φ1(x1, . . . , xn) = 0, (2.2)

. . . . . . . . . . . . . . . . . . . . . . . . . . . . . .
1 Ïðîôåññîð êàôåäðû Òåîðèè óïðàâëåíèÿ; ÑÏáÃÓ; ddemidova@mail.ru
2 Äîöåíò êàôåäðû Òåîðèè óïðàâëåíèÿ; ÑÏáÃÓ; ddemidova@mail.ru
3 Àñïèðàíò êàôåäðû Òåîðèè óïðàâëåíèÿ; ÑÏáÃÓ; ddemidova@mail.ru
4 Äîöåíò êàôåäðû Òåîðèè óïðàâëåíèÿ; ÑÏáÃÓ; ddemidova@mail.ru

Æóðíàë ÑÂÌÎ. 2014. Ò. 16, � 1



Çàäà÷à èññëåäîâàíèÿ óñòîé÷èâîñòè èíòåãðàëüíûõ ìíîãîîáðàçèé 161

Φk(x1, . . . , xn) = 0,

ÿâëÿåòñÿ èíòåãðàëüíûì ìíîãîîáðàçèåì, ò.å. èç X0 ∈ M ñëåäóåò X(t,X0) ∈
M ïðè t ≥ 0 , ãäå X(t,X0) - ðåøåíèå (2.1), óäîâëåòâîðþùåå óñëîâèþ X = X0

ïðè t = 0 . Áóäåì íàçûâàòü ìíîæåñòâî (2.2) ðàâíîâåñíûì ðåæèìîì ñèñòåìû
(2.1). Ïóñòü âåêòîðû bj = ∇Φj/∥∇Φj∥ (j = 1, . . . , k) îïðåäåëåíû è ëèíåéíî
íåçàâèñèìû â êàæäîé òî÷êå M . Ïîñòðîèì â êàæäîé òî÷êå m ∈ M îðòîãî-
íàëüíîå äîïîëíåíèå ê ïîäïðîñòðàíñòâó, íàòÿíóòîìó íà âåêòîðû b1, b2, . . . , bk ,
è âûáåðåì â íåì ïðîèçâîëüíûé îðòîíîðìàëüíûé áàçèñ bk+1, . . . , bn . Ïóñòü
âåêòîðû b1, b2, . . . , bn íåïðåðûâíî äèôôåðåíöèðóåìû ïî êîìïîíåíòàì âåêòî-
ðà X â êàæäîé òî÷êå M . Ïóñòü ρ(X,M) - ðàññòîÿíèå îò òî÷êè X äî ìíî-
æåñòâà M,S(M, δ) - ìíîæåñòâî òî÷åê X òàêèõ, ÷òî ρ(X,M) < δ . Ââåäåì â
ðàññìîòðåíèå Pm - íîðìàëüíóþ ê M k - ìåðíóþ ïëîñêîñòü, îïðåäåëÿåìóþ
óðàâíåíèÿìè

(X −m, bs|X=m) = 0, S = k + 1, . . . , n; (2.3)

Pm ïðîõîäèò ÷åðåç òî÷êó m ∈M .
Ðàññìîòðèì ñèñòåìó n óðàâíåíèé (2.2), (2.3). Ïðèìåíèì òåîðåìó î íåÿâ-

íîé ôóíêöèè. Ðàññìîòðèì ôóíêöèîíàëüíûé îïðåäåëèòåëü ýòîé ñèñòåìû îò-
íîñèòåëüíî êîìïîíåíò âåêòîðà m . Åñëè ßêîáèàí ñèñòåìû n − k óðàâíåíèé
(2.3) îòíîñèòåëüíî êîìïîíåíò âåêòîðà m = (m1, . . . ,mn−k)

⋆ îòëè÷åí îò íó-
ëÿ íà M , òî â íåêîòîðîé îêðåñòíîñòè M ñóùåñòâóåò ôóíêöèÿ m = m(X) ,
íåïðåðûâíî äèôôåðåíöèðóåìàÿ ïî êîìïîíåíòàì âåêòîðà X .

Ââåäåì íîâóþ ñèñòåìó êîîðäèíàò y1, . . . , yn ñ öåíòðîì â òî÷êå m ∈ M è
îðòàìè b1, . . . , bn . Ìàòðèöó ïåðåõîäà îáîçíà÷èì B . Ïîëó÷èì ñîîòíîøåíèÿ

X = m(X) +BY, Y = B−1(Ẋ −m(X)). (2.4)

Îòìåòèì, ÷òî yk+1 ≡ . . . ≡ yn ≡ 0 . Ýòî ñëåäóåò èç (2.3), (2.4). Ñîñòàâèì
ñèñòåìó äèôôåðåíöèàëüíûõ óðàâíåíèé, êîòîðûì óäîâëåòâîðÿþò ïåðåìåííûå
y1, . . . , yk . Èç (2.4), (2.1) èìååì

Ẏ = B−1(−ḂY +O(Y )− Dm

DX
O(X)). (2.5)

Çäåñü Dm

DX = D(m1,...,mn)
D(x1,...,xn)

= {∂mi

∂xj
} , i, j = 1, . . . , n .

Î ï ð å ä å ë å í è å 2.1. Ðàâíîâåñíûé ðåæèì M íàçûâàåòñÿ
óñòîé÷èâûì, åñëè äëÿ êàæäîãî ε > 0 ìîæíî óêàçàòü δ > 0 òàêîå, ÷òî
ïðè ρ(X0,M) < δ áóäåò ρ(X(t,X0),M) < ε äëÿ ëþáîãî t ≥ 0 . Óñòîé÷èâûé
ðåæèì íàçûâàåòñÿ àñèìïòîòè÷åñêè óñòîé÷èâûì, åñëè δ ìîæíî âûáðàòü
òàê, ÷òîáû âûïîëíÿëîñü ρ(X(t,X0),M) →t→+∞ 0 .
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Ñèñòåìà (2.1), (2.5) èìååò èíòåãðàëüíîå ìíîãîîáðàçèå

Y = 0, Φj(X) = 0, j = 1, . . . , k. (2.6)

Î ï ð å ä å ë å í è å 2.2. Èíòåãðàëüíîå ìíîãîîáðàçèå (2.6) ñèñòåìû
(2.1), (2.5) íàçûâàåòñÿ óñòîé÷èâûì ïî îòíîøåíèþ ê êîìïîíåíòàì âåê-
òîðà Y ðàâíîìåðíî ïî îòíîøåíèþ ê êîìïîíåíòàì âåêòîðà X , åñëè äëÿ
êàæäîãî ε > 0 ìîæíî óêàçàòü δ > 0 òàêîå, ÷òî ïðè ∥Y0∥ < δ áóäåò
∥Y (t, Y0, X0)∥ < ε ïðè t ≥ 0 äëÿ âñåõ X0 ∈ En . Åñëè ê òîìó æå δ ìîæíî
âûáðàòü òàê, ÷òî âûïîëíÿåòñÿ ε > 0 ðàâíîìåðíî ïî X0 ∈ En , ìíîãîîáðà-
çèå (2.6) íàçûâàåòñÿ àñèìïòîòè÷åñêè óñòîé÷èâûì ïî îòíîøåíèþ ê êîì-
ïîíåíòàì âåêòîðà Y ðàâíîìåðíî ïî îòíîøåíèþ ê êîìïîíåíòàì âåêòîðà
X .

Ò å î ð å ì à 2.1. Äëÿ òîãî ÷òîáû ðàâíîâåñíûé ðåæèì ñèñòåìû (2.1)
áûë óñòîé÷èâ (àñèìïòîòè÷åñêè óñòîé÷èâ), íåîáõîäèìî è äîñòàòî÷íî,
÷òîáû ñåìåéñòâî (2.6) áûëî óñòîé÷èâî (àñèìïòîòè÷åñêè óñòîé÷èâî) ïî
îòíîøåíèþ ê êîìïîíåíòàì âåêòîðà Y ðàâíîìåðíî ïî îòíîøåíèþ ê êîì-
ïîíåíòàì âåêòîðà X .

Ä î ê à ç à ò å ë ü ñ ò â î. Íåîáõîäèìîñòü. Ïóñòü ðàâíîâåñíûé ðåæèì (2.2)
ñèñòåìû (2.1) óñòîé÷èâ (àñèìïòîòè÷åñêè óñòîé÷èâ). Òîãäà ïî îïðåäåëåíèþ,
ïîëüçóÿñü ñîîòíîøåíèÿìè (2.4), èìååì, ÷òî äëÿ ëþáîãî ε > 0 ìîæíî óêàçàòü
δ > 0 òàêîå, ÷òî ïðè âûïîëíåíèè óñëîâèÿ ρ(X0,M) = ∥BY0∥ < δ

√
n áóäåò

âûïîëíÿòüñÿ

ρ(X(t,X0),M) = ∥BY (t, Y0, X0)∥ ≤ ε
√
nÐ¨Ñ�Ð¼ t ≥ 0

(ρ(X(t,X0),M) = ∥BY (t, Y0, X0)∥ → 0Ð¨Ñ�Ð¼ t→ ∞),

ò.å. èìååì óñòîé÷èâîñòü (àñèìïòîòè÷åñêóþ óñòîé÷èâîñòü) ñåìåéñòâà (2.6) îò-
íîñèòåëüíî V ðàâíîìåðíî ïî X , òàê êàê X íå âõîäèò â îöåíêè âûðàæåíèé
∥BY0∥ , ∥BY (t, Y0, X0)∥ .

Äîñòàòî÷íîñòü. Ïóñòü ñåìåéñòâî (2.6) óñòîé÷èâî (àñèìïòîòè÷åñêè óñòîé-
÷èâî) ïî îòíîøåíèþ ê êîìïîíåíòàì âåêòîðà Y ðàâíîìåðíî ïî îòíîøåíèþ ê
êîìïîíåíòàì âåêòîðà X . Òîãäà èç (2.4) èìååì, ÷òî ∀ε > 0 ìîæíî óêàçàòü
δ > 0 òàêîå, ÷òî ïðè ρ(X0,M) = ∥BY0∥ < δ

√
n áóäåò âûïîëíÿòüñÿ

ρ(X(t,X0),M) = ∥BY (t, Y0, X0)∥ < ε
√
nÐ¨Ñ�Ð¼ t ≥ 0

(ρ(X(t,X0),M) → 0)Ð¨Ñ�Ð¼ t→ ∞),
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ò.å. ðåæèì (2.2) ñèñòåìû (2.1) óñòîé÷èâ (àñèìïòîòè÷åñêè óñòîé÷èâ).
Ä î ê à ç à ò å ë ü ñ ò â î ç à ê î í ÷ å í î.

Î ï ð å ä å ë å í è å 2.3. Ôóíêöèÿ V (Y,X) íàçûâàåòñÿ ïîëîæè-
òåëüíî îïðåäåëåííîé ïî îòíîøåíèþ ê êîìïîíåíòàì âåêòîðà Y ðàâíîìåðíî
ïî X , åñëè âûïîëíåíû ñëåäóþùèå óñëîâèÿ:

1) V (Y,X) çàäàíà ïðè X ∈ En , ∥Y ∥ < α âåùåñòâåííàÿ è íåïðåðûâíàÿ,
V (0, X) = 0 , α - íåêîòîðàÿ ïîëîæèòåëüíàÿ ïîñòîÿííàÿ.

2) äëÿ äîñòàòî÷íî ìàëîãî C2 > 0 ìîæíî óêàçàòü òàêîå C1 > 0 , ÷òî
ïðè ∥Y ∥ > C2 áóäåò V (Y,X) > C1 ïðè X0 ∈ En .

Ò å î ð å ì à 2.2. Åñëè ñóùåñòâóåò ôóíêöèÿ V (Y,X) , óäîâëåòâîðÿ-
þùàÿ óñëîâèÿì:

1) V (Y,X) ïîëîæèòåëüíî îïðåäåëåííàÿ ïî îòíîøåíèþ ê êîìïîíåíòàì
âåêòîðà Y ðàâíîìåðíî ïî X ;

2) ôóíêöèÿ V (Y,X) →Y→0 0 ðàâíîìåðíî ïî îòíîøåíèþ ê X0 ∈ En ;
3) ïîëíàÿ ïðîèçâîäíàÿ ôóíêöèè V (Y,X) â ñèëó ñèñòåìû (2.4)

dV

dt
=
∂V

∂X
Ẋ +

∂V

∂Y
Ẏ = W (Y,X)

íåïðåðûâíà è íåïîëîæèòåëüíà; òî ìíîãîîáðàçèå (2.2) ñèñòåìû (2.1) áóäåò
óñòîé÷èâûì.

Ä î ê à ç à ò å ë ü ñ ò â î. Çàôèêñèðóåì ε > 0 è ðàññìîòðèì ñôåðó
∥Y ∥ = ε . Íàéäåì íàèìåíüøåå çíà÷åíèå V (Y,X) , X0 ∈ En íà ýòîé ñôåðå.
Ýòî, î÷åâèäíî, ìîæíî ñäåëàòü â ñèëó óñëîâèÿ 1). Ïóñòü ïðè ∥Y ∥ = ε , X0 ∈
En

infV (Y,X) = ω.

Â ñèëó íåïðåðûâíîñòè V (Y,X) ñóùåñòâóåò δ > 0 òàêîå, ÷òî V (Y,X) < ω
äëÿ ∥Y ∥ < δ , X0 ∈ En . Ïîêàæåì, ÷òî ýòî δ îòâå÷àåò ε â îïðåäåëåíèè
2.2.. Ïóñòü ∥Y ∥ < δ . Òîãäà V (Y0, X0) < ω ïðè X0 ∈ En , è òàê êàê V íå
âîçðàñòàåò â ñèëó óñëîâèÿ 3), òî

∥Y (t, Y0, X0)∥ < δ ïðè âñåõ t ≥ 0, X0 ∈ En.

Ñëåäîâàòåëüíî,

∥Y (t, Y0, X0)∥ < ε ïðè âñåõ t ≥ 0, X0 ∈ En,

Èáî â ïðîòèâíîì ñëó÷àå ñóùåñòâóåò T > 0 òàêîå, ÷òî ∥Y (T, Y0, X0)∥ = ε .
Òîãäà V (Y (T, Y0, X0), X(T, Y0, X0)) ≥ ω . Ïîëó÷åííîå ïðîòèâîðå÷èå ïîêàçû-
âàåò, ÷òî ïðè âûïîëíåíèè óñëîâèé òåîðåìû èíòåãðàëüíîå ìíîãîîáðàçèå (2.6)
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óñòîé÷èâî ïî îòíîøåíèþ ê êîìïîíåíòàì âåêòîðà Y ðàâíîìåðíî ïî îòíîøå-
íèþ ê êîìïîíåíòàì âåêòîðà X . Ñëåäîâàòåëüíî, ïî òåîðåìå 2.1., ðàâíîâåñíûé
ðåæèì (2.2) ñèñòåìû (2.1) óñòîé÷èâ.
Ä î ê à ç à ò å ë ü ñ ò â î ç à ê î í ÷ å í î.

Ò å î ð å ì à 2.3. Åñëè ñóùåñòâóåò ôóíêöèÿ V (Y,X) , óäîâëåòâîðÿ-
þùàÿ 1) è 2) òåîðåìû 2.2., è ôóíêöèÿ W (Y,X) ÿâëÿåòñÿ îòðèöàòåëüíî
îïðåäåëåííîé ïî îòíîøåíèþ ê êîìïîíåíòàì âåêòîðà Y ðàâíîìåðíî ïî îò-
íîøåíèþ ê êîìïîíåíòàì âåêòîðà X , òî ðàâíîâåñíûé ðåæèì (2.2) ñèñòåìû
(2.1) àñèìïòîòè÷åñêè óñòîé÷èâ.

Ä î ê à ç à ò å ë ü ñ ò â î. Ïîêàæåì, ÷òî

∥Y (t, Y0, X0)∥ →X0∈En
0 ïðè t→ ∞

ò.å. ïî ëþáîìó ε > 0 ìîæíî óêàçàòü T (ε) :

∥V (t, Y0, X0)∥ < ε ∀t ≥ T (ε), ∀X0 ∈ En.

Äåéñòâèòåëüíî, ïî çàäàííîìó ε ïî òåîðåìå 2.2. ìîæíî íàéòè δ ( δ < ε ),
óäîâëåòâîðÿþùåå îïðåäåëåíèþ óñòîé÷èâîñòè 2.2.. Ïðè ýòîì âîçìîæíû äâà
ñëó÷àÿ:

1) ñóùåñòâóåò T òàêîå, ÷òî

∥Y (T, Y0, X0)∥ < δ ïðè ∥Y0∥ < δ,X0 ∈ En;

ñëåäîâàòåëüíî,

Y (t, Y0, X0)∥ < ε ∀t ≥ T, ∀X0 ∈ En;

2) íå ñóùåñòâóåò òàêîãî T , ò.å. ∀t > 0 âñåãäà áóäåò

∥Y (t, Y0, X0)∥ ≥ δ.

Âî âòîðîì ñëó÷àå, â ñèëó óñëîâèÿ 3) èìååì, ÷òî ôóíêöèÿ W ÿâëÿåòñÿ
ïîëîæèòåëüíî îïðåäåëåííîé îòíîñèòåëüíî êîìïîíåíò âåêòîðà Y ðàâíîìåð-
íî îòíîñèòåëüíî êîìïîíåíò âåêòîðà X , ò.å. −W ≥ α > 0 . Ñëåäîâàòåëüíî,
âñåãäà

dV

dt
≤ −α.

Èíòåãðèðóÿ ïîñëåäíåå íåðàâåíñòâî, ïîëó÷àåì

V (Y (t, Y0, X0), X(t, Y0, X0)) ≤ −αt+ V (Y0, X0).
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Ïðàâàÿ ÷àñòü ýòîãî íåðàâåíñòâà ñ ðîñòîì t ñòðåìèòñÿ ê −∞ , à ôóíêöèÿ V
óäîâëåòâîðÿåò íåðàâåíñòâó

V (Y (t, Y0, X0), X(t, Y0, X0)) ≥ β > 0, ∥Y (t, Y0, X0)∥ ≥ δ > 0.

Òàêèì îáðàçîì, âîçìîæåí ëèøü ñëó÷àé 1), à òîãäà â ñèëó òåîðåìû 2.1.
ðàâíîâåñíûé ðåæèì (2.2) ñèñòåìû (2.1) àñèìïòîòè÷åñêè óñòîé÷èâ.
Ä î ê à ç à ò å ë ü ñ ò â î ç à ê î í ÷ å í î.

Ç à ì å ÷ à í è å 2.1. Èç (2.4) ìû èìååì Y = B−1(X − m(X)) =
Φ(X) . Â íåêîòîðûõ ñëó÷àÿõ ìîæíî âûðàçèòü X ÷åðåç Y â ôîðìóëàõ (2.5).
Ýòî áóäåò âîçìîæíî, íàïðèìåð

’
êîãäà ôóíêöèè îò X â ïðàâîé ÷àñòè (2.5)

ÿâëÿþòñÿ ôóíêöèÿìè îò Φ(X) . Òîãäà ìû ïîëó÷èì ñèñòåìó

Ẏ = G(Y ), (2.7)

ãäå

G(Y ) = B−1(X(Y ))(−ḂY +O(X(Y )))− Dm

DX
(Y )O(X(Y )).

Ò å î ð å ì à 2.4. Äëÿ òîãî ÷òîáû ðàâíîâåñíûé ðåæèì (2.2) ñèñòå-
ìû (2.1) áûë óñòîé÷èâ (àñèìïòîòè÷åñêè óñòîé÷èâ), íåîáõîäèìî è äîñòà-
òî÷íî, ÷òîáû íóëåâîå ðåøåíèå ñèñòåìû (2.7) áûëî óñòîé÷èâî ïî Ëÿïóíîâó
(àñèìïòîòè÷åñêè óñòîé÷èâî ïî Ëÿïóíîâó).

Ä î ê à ç à ò å ë ü ñ ò â î. Íåîáõîäèìîñòü. Ïóñòü ðàâíîâåñíûé ðåæèì
óñòîé÷èâ (àñèìïòîòè÷åñêè óñòîé÷èâ). Òîãäà ïî ëþáîìó ε > 0 ìîæíî óêàçàòü
δ > 0 òàêîå, ÷òî ïðè X0 ∈ S(M, δ) âûïîëíåíî X(t,X0) ∈ S(M, ε√

n
) äëÿ âñåõ

t ≥ 0 (ρ(X(t,X0),M) →t→∞ 0) . Èç ñîîòíîøåíèé (2.4) ñëåäóåò, ÷òî

X0 −m0 = B0Y0, ∥Y0∥ ≤ δ√
n
.

Èíòåãðàëüíàÿ êðèâàÿ ñèñòåìû (2.7) îïðåäåëÿåòñÿ ôîðìóëîé

Y (t, Y0) = B−1(X(t,X0)−m(X(t,X0))).

Ñëåäîâàòåëüíî, ïðè ∥Y0∥ < δ
√
n âûïîëíÿåòñÿ

∥Y (t, Y0)∥ < ε (∥Y (t, Y0)∥ →t→∞ 0).

Äîñòàòî÷íîñòü. Ïóñòü íóëåâîå ðåøåíèå óñòîé÷èâî ïî Ëÿïóíîâó (àñèìï-
òîòè÷åñêè óñòîé÷èâî ïî Ëÿïóíîâó). Òîãäà ∀ε > 0 ñóùåñòâóåò δ > 0
òàêîå, ÷òî ïðè ∥Y0∥ < δ áóäåì èìåòü ∥Y (t, Y0)∥ < ε

√
n äëÿ t ≥ 0
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(∥Y (t, Y0)∥ →t→∞ 0) . Òîãäà, âûáðàâ X0 òàê, ÷òîáû Y0 â ðàâåíñòâå Y0 =
B−1(X0 −m0) óäîâëåòâîðÿëî íåðàâåíñòâó ∥Y0∥ < δ , áóäåì èìåòü èç ôîðìó-
ëû X(t,X0) − m(X(t,X0)) = BY (t, Y0) , ÷òî ρ(X(t,X0),M) < ε ïðè t ≥ 0
(ρ(X(t,X0),M) →t→∞ 0 ).
Ä î ê à ç à ò å ë ü ñ ò â î ç à ê î í ÷ å í î.

3. Âûâîäû

Ïîêàçàíî, ÷òî çàäà÷à îá óñòîé÷èâîñòè ñòàöèîíàðíîãî èíòåãðàëüíîãî ìíîãî-
îáðàçèÿ ñâîäèòñÿ ê çàäà÷å îá óñòîé÷èâîñòè ïî ÷àñòè ïåðåìåííûõ íóëåâîãî
ðåøåíèÿ ñïåöèàëüíî ïîñòðîåííîé ñèñòåìû äèôôåðåíöèàëüíûõ óðàâíåíèé è
äàåòñÿ ìåòîä åå ïîñòðîåíèÿ.
Ðàáîòà âûïîëíåíà ïðè ôèíàíñîâîé ïîääåðæêå ÐÔÔÈ (ïð. ��

10-08-000624).
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ÓÄÊ 517.929

The task of de�nition minimum number controlling actions

c⃝ A. V. Zubov1, S.V. Zubov2

Annotation. For linear stationary control systems is solve the task of de�nition minimum number
controlling actions (entrances), with that open system one can fully controlling. Giving result is
reduce on linear systems of observation like that in work too is solve the task of de�nition minimum
number exists, by near open system one can is make fully observed.

Key words: vector of control, observation, synthesis, number of entrances and exits, structure,
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1. Introduction

With building system controlling and observation, so that solutions of tasks
synthesis systems of control often is appear the task of minimization number
entrances and exists this systems like so that this systems were fully controlling
and observed. With building of systems control and observation, and also solutions
the tasks synthesis control often is arise task minimization of number entrances
and exits this systems, so that this systems was fully controlled and observed. Is
put on the task measures open system (measures matrix A )

Ẋ = AX + F (t), (1.1)

that simply is de�ne number p minimum entrances, with that exclusive system

Ẋ = AX +BU + F (t), (1.2)

one can is make fully controlling, way of choose corresponding to matrix B fully
rank, i.e. the task of structure minimization system controlling. The task similar
family can be is arise as with work system controlling, so with synthesis this
systems. Is looking for also double task, i.e. the task of search measures open
systems (measures matrix)

Ẋ = AX, (1.3)

that simply is de�ne the number p minimum exits, with that system Ẋ = AX ,
Y = CX one can is make observed, the way of choose corresponding to matrix
C fully rank. The results giving in work is allow to �nd all aggregate of systems
controlling (system observed), by that is take place fully controlling (observation)
and possessing with this minimum size. Besides they is give an opportunity to
estimate excess al-ready existing of control and observation. As distinct from
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criteria Kalmana proposed approach is allow to look of problem fully control
(observation) yet on stage of foundation system control (observation).

2. The structure minimization of system control

Is looking of closed stationary control system (1.2), when A and B =
{B1, . . . , Bm} constant matrixes of size (n×n) and (n×m) ; U = (u1, . . . , um)

T

- vector of control ui ∈ L2[0, T ] , (i = 1,m) ; F (t) ∈ KC[0, T ] - piece-unbracing
o� vector of function de�ned on interval [0, T ] .

Is know (criteria Kalmana), that in order to on interval [0, T ] system (1.2) were
fully control necessary and su�ciently, that rank of matrix {B,AB, . . . , An−1B}
were equivalent n , i.e. aggregate vectors Bi, ABi, . . . , A

n−1Bi , i = 1,m is
contains n linear independent.

It places the task of search minimum number p controlling actions, with
that open system (1.1) may be to make fully controlling, the way of choose
corresponding matrix B = {B1, . . . , Bp} size (n×p ), i.e. the task of minimization
of structure system control, with that closed system (1.2) will be fully control.

On practice for de�nition minimum number p entrances of control system
usually is employs following results.

T h e o r e m 2.1. [1]. Minimum number p entrance control system equal
number in trivial invariant numerous of matrix A , that is de�nes on formulas:

I1(λ) =
Dn(λ)

Dn−1(λεε)
, I2(λ) =

Dn−1(λ)

Dn−2(λ)
, . . . , Ip(λ) =

Dp(λ)

Dp−1(λ)
, Dp−1(λ) ≡ 1.

when Dj(λ) - the large common divisor (LCD) all minor keys j order of
characteristical matrix λE −A (in Dj(λ) the oldest coe�cient always is choose
equal one).

R e m a r k 2..1 Indi�cultly to see, that for building in trivial invariant
polynomials of matrix A on giving over formulas is demands to �nd all
characteristic multinomials of determines j order j = 1̄.p characteristic matrix
E−A and it is �nds they LCD. For this is urges in symbol case is builds Cj

n×Cj
n

this polynomials and it is �nds they LCD, with that it's no necessary to forgets,
that all conditions is produces in symbol case. If it's take n = 10 , or j = 5 , else
number of polynomials, by that it's necessary to �nds LCD ≈ 1010 . All that is
show, that for systems su�ciently large order that approach isn't receive [3].

R e m a r k 2..2 Another approach is allows to realize of building in trivial
invariant polynomials of matrix A is appears reduction characteristic matrix
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λE−A to matrix diagonal appearance S(λ) = P (λ)(λE−A)Q(λ) with help right
and left element operation, it's not changes characteristic polynomial this matrix,
so that diagonal elements giving matrix S(λ) is introduces itself searching in
trivial invariant polynomials. By this approach, for building diagonal matrix S(λ)
also it's demands su�cient large number symbol sub traction, that by presence
mistake of district may be leads to untrue results [3].

R e m a r k 2..3 If it's use bring over result for building all multitude of
matrix B rank p , by near the system (1.2) is appears fully control, that for this
necessary to build uncrossing bases answering in trivial invariant polynomials
Ij(λ) , j = 1, p to organize invariant subspace Tj . By way of columns of matrix
B necessary is choose vectors Bj ∈ Tj , so that Ij(A)Bj ̸= 0 , j = 1, p . This task
highly hard to algorithms, and she is demands su�ciently quantity of destructions
[3].

Under it shall be proposes more simple approach by de�nition minimum
number p entrance of control system and by algorithm of building systems control
minimum structure, by near the system (1.2) is appears fully control.

D e f i n i t i o n 2..1 It is call characteristic fully control of system (1.2)
(system (1.1)) minimum number of control in�uences, by that closed system (1.2)
one can to make fully control, by way of choose corresponding matrix B fully
rank. Some times, for brevity, it shall be to says about characteristic fully control
of matrix A .

Justi�ed following theorems.

T h e o r e m 2.2. (Algorithm minimization). If quantity p is appears
maximum geometric multiple of own numbers of matrix A , that always one can
to choose p linear independent vectors B1 , . . . , Bp appeared columns of matrix
B so that the system (1.2) should be fully control.

T h e o r e m 2.3. If the rank matrix B smaller maximum geometric multiple
own numbers matrix A , that system (1.2) isn't appears fully control.

N o t a t i o n 2..1 The characteristic fully control matrix A is coincides
with maximum geometric multiple she's own numbers.

The proof this theorem whole is leaning on proof that if maximum geometric
multiple own numbers of matrix A equal p that always one can is choose p linear
independent material vectors B1, . . . , Bp appeared the columns of matrix B so
that rank of matrix D = {B,AB,A2B, . . . , An−1B} was equal n . If the rank of
matrix B smaller p that system (1.2) isn't appears fully control [4].
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N o t a t i o n 2..2 If characteristic polynomial of matrix A is coincides
with his minimum polynomial that system (1.2) one can to make fully control
with help scalar control.

3. Structure minimization of system observation

It's considers for simplicity of exposition linear stationary open system

Ẋ = AX, Y = CX (3.4)

when C - constantly matrix of size r×n , Y = (y1, . . . , yr)
T vector of observation

(exit of system).
It's put the task of search minimum number p exits, by that open system

Ẋ = AX one can is take to observe the way of choose corresponding matrix C

size p× n fully rank, i.e. the task minimization system of observation.

D e f i n i t i o n 3..1 It's names the characteristic of observation system
(1.3) minimum number of exits by that system (3.4) one can to make observed,
by way of choose corresponding matrix C fully rank. Some times, for simplicity,
shall be to speak about characteristic of observation matrix A .

It's know that system (3.4) is appears observed then and only then, when rank
matrix of observation

V =

C
CA
...

CAn−1

∈ Rp×n equals n .
Since matrix V T = [CT , ATCT , . . . , (An−1)TCT ] is appears matrix of control

for system Ẋ = ATX +CTU , that this system is names duality by system (3.4)
in as much as fully controlling in this system equals observation in system (3.4)
and otherwise [2].

O b s e r v a t i o n 3..1 From canon form Giordano is follows that
characteristic fully control of matrix A is coincides with characteristic fully
controlling of matrix AT . Thus the characteristic of fully control matrix A is
coincides with characteristic she's observation.

It's come from the aforesaid and theorems 2.1-2.2 one can to formulate two
obvious con�rmations.
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T h e o r e m 3.1. (Algorithm of minimization). If characteristic fully control
(observation) of matrix A equal p that always one can is chooses p linear
independent vectors C1, . . . , Cp is appears the lines of matrix C that system
(3.4) it shall be observes.

T h e o r e m 3.2. If rank of matrix C smaller characteristic fully controlling
(observation) of matrix A that system (3.4) isn't appears to observes.

O b s e r v a t i o n 3..2 If characteristic polynomial of matrix A is
coincides with minimum polynomial then system (3.4) may be to take observes
with help scalar system observation.

O b s e r v a t i o n 3..3 Algorithm of building all multitude of matrix
observation details is describes with proof theorem 2.1..

4. Conclusion

In work it is demonstrates that characteristic fully control and observation
for open system (1.2) and (1.3) is coincides. Like this it's establishes that
number minimum entrances and exits by that stationary system of control
(observation) may be to take fully control (observed) equally and this number
fully is depends properties of matrix A open system. This result is allows not
only is appraises surplus of system controlling and observation, but and on stage
of creation this systems is ensures they structure minimization. De�nition of
characteristic of control (observation) for any matrix A is not calls di�culties, but
o�ering algorithm of building systems control (observations) possessing minimum
structure (theorem 1) su�ciently transparent.

5. Acknowledgment

T h e o r e m 5.1. (Algorithm minimization). If quantity p is appears
maximum geometric multiple of own numbers of matrix A , that always one can
to choose p linear independent vectors B1, . . . , Bp appeared columns of matrix
B so that the system (1.2) should be fully control.

Let is quantity p appears maximum geometric multiple own numbers of
matrix A . It's performs that one can to build p linear independent vectors
B1, . . . , Bp that totality of vectors Bi, ABi, . . . , A

n−1Bi , i = 1, p is maintains
n linear independent. So that between matrix and operators is exists reciprocity
unequivocal correspondence, then is carries of examination putting over the task
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in complex space Cn , considering that matrix A is shows matrix operator A
making in this complex space.

It shall propose that operator A is have own meaning λi , (i = 1, k)
it's have multiple ki ,

∑k
i=1 ki = n . It is marks through T i , i = 1, k root

invariant subspaces of operator A corresponding to this own meanings and is
have dimensions ki ,

∑k
i=1 ki = n giving in straight summa all subspace Cn :

T 1 ⊕ . . . ⊕ T k = Cn . Each of this subspace T i is contains pi root vectors
X i

j , j = 1, pi is haves heights r
(i)
j ,

∑pi
j=1 = ki but itself subspaces T i

is represents themselves straight summers invariant subspaces T i
j , j = 1, pi

(T i = T i
1 ⊕ . . . ⊕ T i

pi
, i = 1, k ) is born the root vectors X i

j , j = 1, pi and
have cycles basis [3]

X i
j(A− λiE)X

i
j, . . . , (A− λiE)

rj
(i)−1

X i
j, j = 1, pi, i = 1, k (5.5)

Thus all space Cn is represents in appearance straight summa uncrossing
invariant subspaces T i

j , j = 1, pi , i = 1, k haves bases (5.5). Is notices that
every invariant root subspace T i is continues pi linear independent own vectors

(A− λiE)
r
(i)−1
j X i

j , j = 1, pi . It's notices that value p is de�nite that p = p
i=1,ki

.

It's demonstrates that one can is choose p linear independent vectors
B1, . . . , Bp that multitude from n vectors

Bi, ABi, . . . , A
mi−1Bi, i = 1, p,

p∑
i=1

mi = n (5.6)

it was linear independent. It is takes vector B1 as linear combination of vectors
is belong to the root invariant subspaces T i

1 , i = 1, k , moreover all coe�cients in
this linear combination standing with root vectors X i

1 , i = 1, k is distinguishes
from zero. Then easy is shows that aggregate from m1 vectors

B1, AB1, . . . , A
m1−1B1,

k∑
i=1

r
(i)
1 = m1 (5.7)

linear independent and is forms basis in invariant subspace T1 = T 1
1 ⊕ . . .⊕ T k

1 .
Actually any linear combination of vectors from totality of vectors (5.7) may

be is writes in appearance φm1−1(A)B1 , when φm1−1(A) operator polynomial of
degree m1 − 1 . If is suppose linear independent this aggregate that this shall be
to means that for some operator polynomial φ̄m1−1(A) of degree m1 − 1 true
equality φ̄m1−1(A)B1 = 0 . As that in decomposing of vector B1 is presents all

root vectors X i
1 , i = 1, k , every from this is have strange r

(i)
i , i = 1, k , that

multitude φ̄m1−1(A) for this, that is zero all components of vector B1 may be to

have factors (A− λiE)
r
(i)
1 , i.e. to have degree large that -1, or

∑k
i=1 r

(i)
1 = m1 .
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In another side, any vector from total combination (5.7) is belong to invariant
subspace T1 is has dimensions m1 . That is means, that aggregate from m1

vectors (5.7) linear independent and is compose bases in invariant subspace T1 .
It's excludes from further considering subspaces T k

1 , i = 1, k .
It's takes the vector B2 as linear combination of vectors is belong to

root invariant subspace T i
2 , i = 1, k , moreover all coe�cients in this linear

combination is lies by root vectors X i
2 , i = 1, k is distinguish from zero. It's

notices, that in this linear combination may be lesser root vectors, then k , if
some the root subspace T i is maintains only one root vector X i

1 .
On analogy with preceding one can is indicates, that totality from m2 vectors

B2, AB2, . . . , A
m2−1B2,

∑k
i=1 r

(i)
2 = m2 linear independent and is forms bases in

invariant subspace T2 = T 1
2 ⊕ . . .⊕ T k

2 .
It's acts in some way and further, until all root subspace T i were not

exhaust, we is building p vectors B1, . . . , Bp that totality of vectors (1.2) is
organized bases in Cn . It's run out from those, that any totality of vectors
Bj, ABj, . . . , A

mj−1Bj,
∑k

i=1 r
(i)
j = mj , is presents themselves bases of invariant

subspace Tj , j = 1, p , straight summa of which is presents themselves all
subspace Cn .

It's notices, that the building totality B1, . . . , Bp from p vectors is appears,
generally speaking complex. For that is makes she material, that totality from n
material vectors

Bi, ABi, . . . , A
mi−1Bi, i = 1, p,

p∑
i=1

mi = n (5.8)

it was linear independent, su�ciently by building every from vectors Bj is
demands, that his components, choosing from subspace T i

j is born complex
conjugate root vectors X i

j was even and complex conjugate. That is means, that
one from components Yj of vector Bj is chooses from invariant subspace T i

j

(Yj ∈ T i
j ) is born the root vector X

i
j , answering complex number λi , that another

component Zj without fail is chooses from invariant subspace T i+1
j (Zj ∈ T i+1

j )
is born complex conjugate root vector X̄ i

j , answering complex conjugate number
λ̄j . Moreover this components is chooses that, in order to be complex conjugate
quantities Yj = Z̄j . By that building every vector Bj is comes out material,
totalities of vectors (5.8) linear independent and is be-longs to di�erent invariant
subspaces, straight summa of which and is presents all space Cn .

T h e o r e m 5.2. If the rank matrix B smaller maximum geometric multiple
own numbers matrix A , that system (1.2) isn't appears fully control.
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As in previous theorem is comes to learning algebraic task, the solution of that
and is allows to installing the result to formulate in giving theorem.

Let's looking of complex space Cn and operator A , by that maximum
geometric degree own numbers equally p . Therefore, largest number linear
independent own vectors this operator is correspond to same his own meaning
λi , (i = 1, k) equally p .

Let's show, that for any linear independent multitude of vectors B =
{B1, . . . , Bl} , Bi ∈ Cn , i = 1, l , l < p rank of matrix

{B,AB, . . . , An−1B} (5.9)

smaller n , i.e. for any l linear independent vectors Bi ∈ Cn , i = 1, l , l < p
from multitude of vectors

{Bi, ABi, . . . , A
n−1Bi, i = 1, l, l < p} (5.10)

it's impossible choose n linear independent. If this fact it will be sets in Cn , that
theorem will be proo�ng, i.e. Rn ⊂ Cn .

It is carry out the proof from contradiction. It's supposes, that for same l < p

is exists l linear independent vectors Bi ∈ Cn , i = 1, l so that rank of matrix
(5.9) equally n . Giving proposition is call hypothesis H .

It's marking without T the root subspace of operator A , that is have p linear
independent own vectors. The size this subspace and own meaning is signify as
and λ - correspondly. It's notices, that root subspace T is appearances straight
summa invariant subspace Ti , i = 1, p born root vectors Xi , i = 1, p is haves
heights ri ,

∑p
i=1 ri = s making in this subspaces circle bases.

Xi, (A− λE)Xi, . . . , (A− λE)ri−1Xi, i = 1, p. (5.11)

It's introduces any vector Bi , i = 1, l in view one meaning distribution on
invariant subspaces Cn\T and T (Cn = Cn\T ⊕ T ) , i.e. in mind Bi = Mi + Ri

when Mi ∈ Cn\T , Ri ∈ T , i = 1, l . Then any linear combination from multitude
(5.10) in strength that subspaces Cn\T and T invariantly correspondent to
operator A is break o� two linear combination, one from that is belong to
subspace Cn\T , and another subspace T . Therefore, if gipotesis H is takes
place, that in help linear combination of vectors Ki , ARi , . . . , A

n−1Ri , i = 1, l
one can is receives any vector from invariant subspace T .

It's looking for matrix of operator A in canonic bases of Gordan is thinking
that p cages Gordan corresponding to meaning λ this operator is stands in left
upper corner this matrix and is have Gordan is appears vectors from multitude
(5.11). It's notices that in this case by all vectors Ri ∈ T , i = 1, l the last n− s
components is appears zero.
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It's marked thought D the matrix of size s× s standing in left upper corner
canonic matrix Gordan is includes all cages Gordan corresponding own meaning λ
and is consists from p "boxes"Gordan is have the sizes ri , i = 1, p ,

∑p
i=1 ri = s .

From gipotesis H and is makes upper notices is �ows, that is exists multitude from
l linear independent vectors Vi , i = 1, l (vectors Vi is introduces themselves the
�rst s components of vector Ri ) that from multitude of vectors Vi , DVi , . . . ,
Dn−1Vi , i = 1, l one can is chooses s linear independent. Undi�cultly is see,
that in this case from multitude vectors

Vi, SVi, . . . , S
n−1Vi, i = 1, l, (5.12)

when S = D−λE so that is choose s linear independent. It's notices that matrix
S is distinguishes from matrix D that by she on main diagonal is standing zeros.

It's looking of in borning matrix U the size s× s the pillars which is appears
s linear independent vectors from multitude (5.12).

Evidently, that any vector SkVi , k ≥ 1 is haves p components with numbers
r1 , r1 + r2, . . . , r1 + r2 + . . .+ rp = s equally zero. That is notices, that p lines
of matrix U with numbers r1, r1+ r2, . . . , r1+ r2+ . . .+ rp is haves s− l pillars
with elements equally zero, i.e. the matrix is making this pillars is have rank no
largest that l . Therefore that choosing lines of matrix U linear dependent and
this matrix is appears borning. Thus, we is notices, that gipotesis H in correctly.
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Íåîáõîäèìûå è äîñòàòî÷íûå óñëîâèÿ óñòîé÷èâîñòè è

íåóñòîé÷èâîñòè îäíîãî êëàññà ìàòðèö ëèíåéíûõ

îïåðàòîðîâ

c⃝ À.Â. Çóáîâ 1, Î.À. Ïóñòîâàëîâà 2, È.Ñ. Ñòðåêîïûòîâ 3

Àííîòàöèÿ. Â ýòîé ñòàòüå íàéäåíû íåîáõîäèìûå è äîñòàòî÷íûå óñëîâèÿ óñòîé÷èâîñòè è
íåóñòîé÷èâîñòè îäíîãî êëàññà ìàòðèö ëèíåéíûõ îïåðàòîðîâ â òåðìèíàõ îòðèöàòåëüíîé îïðå-
äåëåííîñòè â ïåðâîì ñëó÷àå è çíà÷åíèé ïîëîæèòåëüíîãî è îòðèöàòåëüíîãî èíäåêñîâ âî âòîðîì
ñëó÷àå êâàäðàòè÷íîé ôîðìû ýðìèòîâîé ñîñòàâëÿþùåé èõ àääèòèâíîãî ïðåäñòàâëåíèÿ.

Êëþ÷åâûå ñëîâà: ëèíåéíûå îïåðàòîðû, ýðìèòîâà êâàäðàòè÷íàÿ ôîðìà, õàðàêòåðèñòè÷å-
ñêèé ïîëèíîì

Êàê èçâåñòíî èç îòðèöàòåëüíîé îïðåäåëåííîñòè ýðìèòîâîé êâàäðàòè÷íîé
ôîðìû ñ ìàòðèöåé B = A+A⋆

2 , ãäå A âîîáùå ãîâîðÿ êîìïëåêñíàÿ êâàäðàòíàÿ
ìàòðèöà èç àääèòèâíîãî ðàçëîæåíèÿ

A =
A+ A⋆

2
+
A− A⋆

2
= B + C (1.1)

ñëåäóåò óñòîé÷èâîñòü ìàòðèöû A . Îáðàòíîå íåâåðíî, áîëåå òîãî, äàæå äëÿ
ñâåðõ óñòîé÷èâîé âåùåñòâåííîé ìàòðèöû, ò. å. ìàòðèöû ñ äèàãîíàëüíûì îò-
ðèöàòåëüíûì ïðåîáëàäàíèåì ïî ñòðîêå, íå ñëåäóåò îòðèöàòåëüíàÿ îïðåäåëåí-
íîñòü åå êâàäðàòè÷íîé ôîðìû. Íóæíû äîïîëíèòåëüíûå óñëîâèÿ.

Ò å î ð å ì à 1.1. Åñëè ìàòðèöà A íîðìàëüíàÿ (AA⋆ = A⋆A ), òî
äëÿ òîãî, ÷òîáû îíà áûëà óñòîé÷èâîé íåîáõîäèìî è äîñòàòî÷íî, ÷òîáû åå
ýðìèòîâà êâàäðàòè÷íàÿ ôîðìà áûëà îòðèöàòåëüíî îïðåäåëåííîé.

Ýòî ñëåäóåò èç ïðåäñòàâëåíèÿ ìàòðèöû A êàê ñóììû ýðìèòîâîé ìàòðèöû
H1 è êîñîýðìèòîâîé jH2 â ðàçëîæåíèè

A =
A+ A⋆

2
+
A− A⋆

2
= H1 + jH2 (1.2)

è òîãî, ÷òî äëÿ íîðìàëüíûõ ìàòðèö ñïåêòðû ìàòðèö H1 è H2 ñîâïàäàþò
ñ íàáîðàìè ðåàëüíûõ è ìíèìûõ ÷àñòåé ÷èñåë ñïåêòðà ìàòðèöû A (è îáå
ÿâëÿþòñÿ ýðìèòîâûìè).

Î ï ð å ä å ë å í è å 1.1. Íàçîâåì êâàäðàòíóþ âåùåñòâåííóþ ìàò-
ðèöó A ñèììåòðè÷íî ñâåðõóñòîé÷èâîé, åñëè îíà èìååò îòðèöàòåëüíîå
äèàãîíàëüíîå ïðåîáëàäàíèå ïî ñòðîêå è ïî ñòîëáöó.

1 Ïðîôåññîð êàôåäðû òåîðèè óïðàâëåíèÿ; ÑÏáÃÓ, ã. Ñàíêò-Ïåòåðáóðã; ddemidova@mail.ru
2 Äîöåíò êàôåäðû òåîðèè óïðàâëåíèÿ; ÑÏáÃÓ, ã. Ñàíêò-Ïåòåðáóðã; ddemidova@mail.ru
3 Àñïèðàíò êàôåäðû òåîðèè óïðàâëåíèÿ; ÑÏáÃÓ, ã. Ñàíêò-Ïåòåðáóðã; ddemidova@mail.ru
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Ò å î ð å ì à 1.2. Ïóñòü âåùåñòâåííàÿ ìàòðèöà A ñèììåòðè÷íî
ñâåðõóñòîé÷èâà. Òîãäà äëÿ åå óñòîé÷èâîñòè íåîáõîäèìî è äîñòàòî÷íî,
÷òîáû åå êâàäðàòè÷íàÿ ôîðìà áûëà îòðèöàòåëüíî îïðåäåëåííîé.

Àíàëîãè÷íàÿ òåîðåìà âåðíà è äëÿ êâàäðàòíûõ êîìïëåêñíûõ ìàòðèö ñ îò-
ðèöàòåëüíûì äèàãîíàëüíûì ïðåîáëàäàíèåì ïî ðåàëüíîé ÷àñòè ïî ñòðîêå è
ñòîëáöó, ò. å.

−Reaii >
∑
i̸=j

|aij|, Reaii >
∑
i̸=j

|aji|. (1.3)

Î ï ð å ä å ë å í è å 1.2. Íàçîâåì n×n ìàòðèöó A èç êëàññà (n, k)
- ýêâèâàëåíòíîñòè, åñëè åå õàðàêòåðèñòè÷åñêèé ïîëèíîì èìååò k êîðíåé
ñïðàâà è n− k ñëåâà îò ìíèìîé îñè ñ ó÷åòîì êðàòíîñòåé.

Ïðèíàäëåæíîñòü ýðìèòîâîé ñîñòàâëÿþùåé H1 èç (1.2) êëàññó (n, k) - ýê-
âèâàëåíòíîñòè íå äàåò èíôîðìàöèè î ïðèíàäëåæíîñòè ìàòðèöû A ýòîìó æå
êëàññó. Èñêëþ÷åíèåì ÿâëÿåòñÿ ñëó÷àé, êîãäà k = 0 , ò. å. H1 - óñòîé÷èâàÿ
ýðìèòîâà ìàòðèöà, à åå ýðìèòîâà êâàäðàòè÷íàÿ ôîðìà îòðèöàòåëüíî îïðå-
äåëåííàÿ. Äåéñòâèòåëüíî, äëÿ k = 1, . . . , n − 1 èç íåðàâåíñòâà Ãèðøà äëÿ
ñïåêòðîâ ìàòðèö A , H1 :

minλ(H1) ≤ Reλ(A) ≤ maxλH1 (1.4)

íå ñëåäóåò íèêàêîé ñâÿçè ëîêàëèçàöèè ñïåêòðà ìàòðèöû A èç òîãî, ÷òî k
÷èñåë ñïåêòðà ìàòðèöû H1 íàõîäÿòñÿ ñïðàâà îò íóëÿ íà âåùåñòâåííîé îñè,
à n− k - ñëåâà îò íóëÿ.

Àíàëèç ïîêàçàë, ÷òî ìåòîäû èññëåäîâàíèÿ çíàêîîïðåäåëåííîñòè êâàäðà-
òè÷íîé ôîðìû óäîáíû òîëüêî òîãäà, êîãäà íóæíî îïðåäåëèòü êðàéíèå ñëó-
÷àè: îòðèöàòåëüíóþ è ïîëîæèòåëüíóþ îïðåäåëåííîñòü. Åñëè æå íóæíî íàéòè
èíäåêñ è ñèãíàòóðó êâàäðàòè÷íîé ôîðìû, òî äëÿ áîëüøèõ n àíàëèòè÷åñêèå
ìåòîäû íå ýôôåêòèâíû, à ÷èñëåííûå ìåòîäû òðåáóþò íå ìåíåå n3

3 àðèôìåòè-
÷åñêèõ îïåðàöèé äëÿ ìàòðèö êâàäðàòè÷íîé ôîðìû ïîðÿäêà n . Îäíàêî, äàæå
åñëè íàéäåòñÿ ýôôåêòèâíûé àëãîðèòì òèïà ÌÌÏ äëÿ îïðåäåëåíèÿ ïðèíàä-
ëåæíîñòè êëàññó (n, k) - ýêâèâàëåíòíîñòè õàðàêòåðèñòè÷åñêîãî ïîëèíîìà åå
ìàòðèöû H1 èç (1.2), ýòî, áåç äîïîëíèòåëüíûõ óñëîâèé, íè÷åãî íå äàñò äëÿ
îïðåäåëåíèÿ ïðèíàäëåæíîñòè êëàññó (n, k) ñàìîé ìàòðèöû A . Èñêëþ÷åíèåì
ÿâëÿþòñÿ íîðìàëüíûå ìàòðèöû. Äåéñòâèòåëüíî, ñïðàâåäëèâî óòâåðæäåíèå.

Ò å î ð å ì à 1.3. Äëÿ òîãî, ÷òîáû íîðìàëüíàÿ n × n ìàòðèöà A
ïðèíàäëåæàëà êëàññó (n, k) - ýêâèâàëåíòíîñòè íåîáõîäèìî è äîñòàòî÷íî,
÷òîáû ýòîìó æå êëàññó ïðèíàäëåæàëà åå ýðìèòîâà ñîñòàâëÿþùàÿ A+A⋆

èç (1.2).
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Èç òåîðåìû (1.3) ñëåäóåò, ÷òî äëÿ íîðìàëüíîé ìàòðèöû A ýðìèòîâà êâàä-
ðàòè÷íàÿ ôîðìà ñ ìàòðèöåé A+A⋆ èìååò ïîëîæèòåëüíûé èíäåêñ ðàâíûé k
è îòðèöàòåëüíûé èíäåêñ ðàâíûé n− k .

Î ï ð å ä å ë å í è å 1.3. Íàçîâåì âåùåñòâåííóþ n× n ìàòðèöó A
ñèììåòðè÷íî k− äèàãîíàëüíîé, åñëè îíà èìååò ïîëîæèòåëüíîå k− äèà-
ãîíàëüíîå ïðåîáëàäàíèå ïî ñòðîêå è ïî ñòîëáöó, ò.å. äëÿ k ýëåìåíòîâ íà
ãëàâíîé äèàãîíàëè âûïîëíÿþòñÿ íåðàâåíñòâà:

aii >
∑
i̸=j

|aij|, aii >
∑
i̸=j

|aji|; (1.5)

à äëÿ îñòàëüíûõ n− k ýëåìåíòîâ âûïîëíÿþòñÿ íåðàâåíñòâà:

−aii >
∑
i̸=j

|aij|, −aii >
∑
i ̸=j

|aji|. (1.6)

Îïèðàÿñü íà òåîðåìó Ãåðøãîðèíà è íåðàâåíñòâî (1.4) ïîëó÷èì ñëåäóþùèé
êðèòåðèé.

Ò å î ð å ì à 1.4. Åñëè âåùåñòâåííàÿ êâàäðàòíàÿ ìàòðèöà A ñèì-
ìåòðè÷íî k− äèàãîíàëüíàÿ, òî äëÿ åå ïðèíàäëåæíîñòè êëàññó (n, k)− ýê-
âèâàëåíòíîñòè íåîáõîäèìî è äîñòàòî÷íî, ÷òîáû ìàòðèöà åå êâàäðàòè÷-
íîé ôîðìû áûëà òîæå èç ýòîãî êëàññà èëè, ÷òî òî æå ñàìîå, åå êâàäðà-
òè÷íàÿ ôîðìà èìåëà ïîëîæèòåëüíûé èíäåêñ k è îòðèöàòåëüíûé èíäåêñ
n− k .

Íåòðóäíî ñôîðìóëèðîâàòü è äîêàçàòü êðèòåðèé àíàëîãè÷íûé òåîðåìå 4
äëÿ êîìïëåêñíûõ ìàòðèö ñ k− äèàãîíàëüíûì ïðåîáëàäàíèåì äëÿ ðåàëüíûõ
÷àñòåé ýëåìåíòîâ ãëàâíîé äèàãîíàëè, ïî ñòðîêå è ñòîëáöó.
Ðàáîòà âûïîëíåíà ïðè ôèíàíñîâîé ïîääåðæêå ÐÔÔÈ (ïð. ℵ 10-

08-00624).
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21 ÿíâàðÿ 2014 ã. ñêîí÷àëñÿ âûäàþùèéñÿ ðîññèéñêèé ìàòåìàòèê, äîêòîð
ôèçèêî-ìàòåìàòè÷åñêèõ íàóê, ïðîôåññîð Àëåêñàíäð Àíäðååâè÷ Øåñòàêîâ.
Îí ðîäèëñÿ 19 ÿíâàðÿ 1920 ã. â ñåëå Êèñüâà Ïðîíñêîãî ðàéîíà Ðÿçàíñêîé îá-
ëàñòè â êðåñòüÿíñêîé ñåìüå. Â 1936 ã. îêîí÷èë ñ îòëè÷èåì ñðåäíþþ øêîëó â
ã. Øóå Èâàíîâñêîé îáëàñòè, à â 1941 ã. � ñ îòëè÷èåì ôèçèêî-ìàòåìàòè÷åñêèé
ôàêóëüòåò Êàçàíñêîãî óíèâåðñèòåòà. Àëåêñàíäð Àíäðååâè÷ Øåñòàêîâ áûë
ó÷àñòíèêîì Âåëèêîé Îòå÷åñòâåííîé Âîéíû. Îí ó÷àñòâîâàë â áîåâûõ äåé-
ñòâèÿõ Ñîâåòñêîé àðìèè â êà÷åñòâå ñåðæàíòà çåíèòíîé àðòèëëåðèè. Ïîñëå
äåìîáèëèçàöèè â äåêàáðå 1945 ã. ïîñòóïèë â àñïèðàíòóðó Ìîñêîâñêîãî ãîñó-
äàðñòâåííîãî óíèâåðñèòåòà èì. Ì. Â. Ëîìîíîñîâà, êîòîðóþ îêîí÷èë â 1947 ã.
Â 1947 � 1949 ãã. À. À. Øåñòàêîâ � ñòàðøèé íàó÷íûé ñîòðóäíèê ÖÊÁ ÍÈÈ
88 Ìèíèñòåðñòâà âîîðóæåíèÿ ÑÑÑÐ è ìëàäøèé íàó÷íûé ñîòðóäíèê ìàòåìà-
òè÷åñêîãî îòäåëà Ãåîôèçè÷åñêîãî èíñòèòóòà ÀÍ ÑÑÑÐ.

Ïåäàãîãè÷åñêóþ äåÿòåëüíîñòü À.À. Øåñòàêîâ â âûñøèõ ó÷åáíûõ çàâåäå-
íèÿõ íà÷àë ñ 1948 ã. ßâëÿÿñü îñíîâàòåëåì êàôåäðû âûñøåé ìàòåìàòèêè Ðîñ-
ñèéñêîãî ãîñóäàðñòâåííîãî îòêðûòîãî òåõíè÷åñêîãî óíèâåðñèòåòà ïóòåé ñîîá-
ùåíèÿ, ñ 1951 ïî 1990 ã. çàâåäîâàë êàôåäðîé âûñøåé ìàòåìàòèêè, ñ 1991 ïî
2005 ã. áûë ïðîôåññîðîì ýòîé êàôåäðû.

Â Ìîðäîâñêîì ãîñóäàðñòâåííîì óíèâåðñèòåòå (1980�1990 ãã.) Àëåêñàíäð
Àíäðååâè÷ âûïîëíÿë áîëüøóþ ó÷åáíóþ è íàó÷íóþ ðàáîòó: ÷èòàë êóðñû ëåê-
öèé äëÿ ñòóäåíòîâ ìàòåìàòè÷åñêîãî ôàêóëüòåòà, ðóêîâîäèë äèïëîìíûìè ðà-
áîòàìè, áûë ïðåäñåäàòåëåì Ãîñóäàðñòâåííîé ýêçàìåíàöèîííîé êîìèññèè.

Íàó÷íàÿ äåÿòåëüíîñòü À. À. Øåñòàêîâà íà÷àëàñü â ãîäû ó÷åáû â Êàçàí-
ñêîì óíèâåðñèòåòå, êîãäà ïîä ðóêîâîäñòâîì Í.Ã. ×åáîòàðåâà èì áûëè íàïèñà-
íû äâå ðàáîòû ïî àëãåáðå. Â àñïèðàíòñêèå ãîäû (1945 � 1947 ãã.) Àëåêñàíäð
Àíäðååâè÷ âûïîëíèë ñåðèþ ðàáîò ïî êà÷åñòâåííîé òåîðèè äèôôåðåíöèàëü-
íûõ óðàâíåíèé è òåîðèè óñòîé÷èâîñòè è çàùèòèë â äåêàáðå 1947 ã. â ÌÃÓ
èì. Ì.Â. Ëîìîíîñîâà ïîä ðóêîâîäñòâîì Â.Â. Íåìûöêîãî êàíäèäàòñêóþ äèñ-
ñåðòàöèþ ¾Î ïîâåäåíèè èíòåãðàëüíûõ êðèâûõ ñèñòåìû îáûêíîâåííûõ äèô-
ôåðåíöèàëüíûõ óðàâíåíèé âáëèçè ñëîæíîé îñîáîé òî÷êè¿. Íà òåìó êàíäè-
äàòñêîé äèññåðòàöèè Àëåêñàíäð Àíäðååâè÷ îïóáëèêîâàë ðÿä ñòàòåé â ÄÀÍ
ÑÑÑÐ. Îíè, êàê ïðàâèëî, ïðåäñòàâëÿëèñü àêàäåìèêîì È.Ã. Ïåòðîâñêèì. Â.
Â. Íåìûöêèé è Â. Â. Ñòåïàíîâ â ñâîþ ôóíäàìåíòàëüíóþ ìîíîãðàôèþ ¾Êà-
÷åñòâåííàÿ òåîðèÿ äèôôåðåíöèàëüíûõ óðàâíåíèé¿ (Ì. : Ãîñòåõèçäàò, 1949;
Ì. : ÓÐÑÑ, 2004, ãë. IV, ñ. 267�271) âêëþ÷èëè òåîðåìó À.À. Øåñòàêîâà î
õàðàêòåðèñòèêå ñêîðîñòåé ïðèáëèæåíèÿ èíòåãðàëüíûõ êðèâûõ äèôôåðåíöè-
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àëüíîé ñèñòåìû Ïóàíêàðå � Ëÿïóíîâà ñ ëèíåéíîé ÷àñòüþ ê íà÷àëó êîîðäè-
íàò. Ñëåäñòâèåì òåîðåìû À. À. Øåñòàêîâà ÿâëÿåòñÿ êëàññè÷åñêèé ðåçóëüòàò
îá óñëîâèÿõ ðàâåíñòâà õàðàêòåðèñòè÷åñêèõ ÷èñåë ëèíåéíîé ñèñòåìû ñ ïåðå-
ìåííûìè êîýôôèöèåíòàìè õàðàêòåðèñòè÷åñêèì ÷èñëàì ïðåäåëüíîé ñèñòåìû
ñ ïîñòîÿííûìè êîýôôèöèåíòàìè.

Äîêëàä À. À. Øåñòàêîâà íà ëåêöèè

Èòîãîì íàó÷íîé äåÿòåëüíîñòè çà 1948 � 1968 ãã. ñòàëà åãî äîêòîðñêàÿ
äèññåðòàöèÿ ¾Íåêîòîðûå âîïðîñû êà÷åñòâåííîé òåîðèè ìíîãîìåðíûõ ñèñòåì
îáûêíîâåííûõ äèôôåðåíöèàëüíûõ óðàâíåíèé¿, êîòîðàÿ ÿâèëàñü ôóíäàìåí-
òàëüíûì âêëàäîì â ìàòåìàòè÷åñêóþ íàóêó.

À. À. Øåñòàêîâ àâòîð ñâûøå 300 íàó÷íûõ ðàáîò ïî òåîðèè äèôôåðåíöè-
àëüíûõ óðàâíåíèé, íåëèíåéíîé ìåõàíèêå è òåîðèè óñòîé÷èâîñòè, èì íàïè-
ñàíû 5 ìîíîãðàôèé è 30 ó÷åáíèêîâ è ó÷åáíûõ ïîñîáèé ïî ìàòåìàòè÷åñêèì
äèñöèïëèíàì. Ñðåäè ôóíäàìåíòàëüíûõ ðàáîò À. À. Øåñòàêîâà, ïîëó÷èâøèõ
ìåæäóíàðîäíîå ïðèçíàíèå, � ìîíîãðàôèÿ ¾Îáîáùåííûé ïðÿìîé ìåòîä Ëÿïó-
íîâà äëÿ ñèñòåì ñ ðàñïðåäåëåííûìè ïàðàìåòðàìè¿ (Ì.: Íàóêà, 1990 � ïåðâîå
èçä.; Ì. : ÓÐÑÑ, 2007 � âòîðîå èçä., äîï.).

Â 1991 ã. â Èçäàòåëüñòâå Ìîðäîâñêîãî óíèâåðñèòåòà âûøåë êóðñ ëåêöèé
¾Òåîðèÿ óñòîé÷èâîñòè: ïðÿìîé ìåòîä Ëÿïóíîâà äëÿ áåñêîíå÷íîìåðíûõ äèíà-
ìè÷åñêèõ ïðîöåññîâ¿. Íà êàôåäðå äèôôåðåíöèàëüíûõ óðàâíåíèé, ðóêîâîäè-
ìîé äîêòîðîì ôèçèêî-ìàòåìàòè÷åñêèõ íàóê ïðîôåññîðîì Â. Í.Ùåííèêîâûì,
ïîä ðóêîâîäñòâîì À.À. Øåñòàêîâà âûïîëíåí ðÿä äèïëîìíûõ ðàáîò è êàíäè-
äàòñêèõ äèññåðòàöèé ïî äèôôåðåíöèàëüíûì óðàâíåíèÿì è èõ ïðèëîæåíèÿì.

Íàó÷íûå ðåçóëüòàòû À. À. Øåñòàêîâà ïîëó÷èëè øèðîêîå ïðèçíàíèå ñðå-
äè îòå÷åñòâåííûõ è çàðóáåæíûõ ó÷åíûõ. Â íàó÷íûõ òðóäàõ À. À. Øåñòàêîâà
ðàçðàáîòàíû òàêèå ïåðñïåêòèâíûå íàïðàâëåíèÿ êà÷åñòâåííîé òåîðèè è òåî-
ðèè óñòîé÷èâîñòè äèôôåðåíöèàëüíûõ óðàâíåíèé, êàê: ðàçëîæåíèå ñëîæíîé
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àíàëèòè÷åñêîé îñîáîé òî÷êè íà ïðîñòûå îñîáûå òî÷êè äëÿ ìíîãîìåðíîé àâ-
òîíîìíîé äèôôåðåíöèàëüíîé ñèñòåìû â äåéñòâèòåëüíîé è êîìïëåêñíîé îá-
ëàñòè; ðàçâèòèå ïåðâîãî ìåòîäà Ëÿïóíîâà äëÿ ñèñòåì áåç ëèíåéíûõ ÷ëåíîâ ñ
èñïîëüçîâàíèåì îáîáùåííûõ ÷èñåë Ëÿïóíîâà è íà ýòîé áàçå èçó÷åíèå àñèìï-
òîòè÷åñêèõ ñâîéñòâ ðåøåíèé îäíîðîäíîé è êâàçèîäíîðîäíîé ñèñòåì â îêðåñò-
íîñòè ýëåìåíòàðíûõ ðåøåíèé; ðàçâèòèå âòîðîãî ìåòîäà Ëÿïóíîâà èññëåäîâà-
íèÿ óñòîé÷èâîïîäîáíûõ ñâîéñòâ ðåøåíèé íåàâòîíîìíîé äèôôåðåíöèàëüíîé
ñèñòåìû è àáñòðàêòíûõ äèíàìè÷åñêèõ ïðîöåññîâ, â ÷àñòíîñòè èññëåäîâàíèå
îðáèòàëüíîé óñòîé÷èâîñòè íåêîìïàêòíîãî ìíîæåñòâà îòíîñèòåëüíî íåàâòî-
íîìíîé äèôôåðåíöèàëüíîé ñèñòåìû; ëîêàëèçàöèÿ ïîëîæèòåëüíîãî ïðåäåëü-
íîãî ìíîæåñòâà ñ ïîìîùüþ ôóíêöèé è ôóíêöèîíàëîâ Ëÿïóíîâà â ñèñòåìàõ
ñ ñîñðåäîòî÷åííûìè è ðàñïðåäåëåííûìè ïàðàìåòðàìè; êëàññèôèêàöèÿ âîç-
ìîæíûõ òèïîâ äèíàìè÷åñêîãî ïîòîêà íà ôàçîâîì ïðîñòðàíñòâå âáëèçè èí-
âàðèàíòíîãî ìíîæåñòâà; ðàçâèòèå ìåòîäîâ òåîðèè îðáèòàëüíîé óñòîé÷èâîñòè
è ïðî÷íîñòè òðàåêòîðèé îáùèõ äèíàìè÷åñêèõ è íåáåñíî-ìåõàíè÷åñêèõ ñè-
ñòåì; âûäåëåíèå óñòîé÷èâûõ äâèæåíèé è ïðî÷íûõ òðàåêòîðèé ñ ïîìîùüþ
âàðèàöèîííûõ ïðèíöèïîâ äèíàìèêè; ðàçâèòèå èíäåêñíî-äèâåðãåíòíîãî ìåòî-
äà èññëåäîâàíèÿ íåëèíåéíûõ äèíàìè÷åñêèõ ñèñòåì. Â îáëàñòè òåîðèè óñòîé-
÷èâîñòè è êà÷åñòâåííîãî ïîâåäåíèÿ ñèñòåì æåëåçíîäîðîæíîãî òðàíñïîðòà À.
À. Øåñòàêîâûì ïîëó÷åíû âàæíûå ðåçóëüòàòû. Â ÷àñòíîñòè, èì ðàçðàáîòàí
ìåòîä îïòèìèçàöèè êðèòè÷åñêèõ ñêîðîñòåé æåëåçíîäîðîæíûõ ýêèïàæåé ïðè
âûñîêîñêîðîñòíîì äâèæåíèè, ïîëó÷åíû ýôôåêòèâíûå êðèòåðèè ïîïåðå÷íîé
óñòîé÷èâîñòè äâèæåíèÿ ðåëüñîâûõ òðàíñïîðòíûõ ñðåäñòâ, ðàçðàáîòàíû àë-
ãîðèòìû äëÿ òåñòèðîâàíèÿ íà óñòîé÷èâîñòü. Äëÿ íåëèíåéíûõ çàäà÷ À. À.
Øåñòàêîâûì îáîñíîâàí òîò ôàêò, ÷òî ýêñòðåìàëüíàÿ òî÷êà çíà÷åíèÿ ñêîðî-
ñòè, â êîòîðîé âîçíèêàåò ïðåäåëüíûé öèêë, ñëóæèò ãðàíè÷íîé òî÷êîé äëÿ
ñêîðîñòè, îáåñïå÷èâàþùåé áåçîïàñíîñòü äâèæåíèÿ âûñîêîñêîðîñòíîãî ðåëü-
ñîâîãî ýêèïàæà. Êðîìå òîãî, À. À. Øåñòàêîâ âíåñ âåñîìûé âêëàä â çàäà-
÷ó óñîâåðøåíñòâîâàíèÿ ìàòåìàòè÷åñêîé ìîäåëè äâèæåíèÿ êîëåñà ïî ðåëüñó
ïðè íàëè÷èè íåðîâíîñòåé ðåëüñà, îí äîïîëíèë è ñóùåñòâåííî ðàçâèë òåîðèþ
äâèæåíèÿ êîëåñíîé ïàðû ñ ó÷åòîì ñòîõàñòè÷åñêèõ âîçìóùåíèé. Âàæíûì íà-
ïðàâëåíèåì èññëåäîâàíèé À. À. Øåñòàêîâà, âûïîëíåííûõ èì â ñîàâòîðñòâå
ñ Î. Â. Äðóæèíèíîé, ÿâëÿåòñÿ ðàçâèòèå ìåòîäîâ òåîðèè ïðî÷íîñòè òðàåêòî-
ðèé äèíàìè÷åñêèõ ñèñòåì. Ïðî÷íîñòü òðàåêòîðèé â ñìûñëå Í. Å. Æóêîâñêîãî
ÿâëÿåòñÿ áîëåå îáùèì ïîíÿòèåì ïî ñðàâíåíèþ ñ óñòîé÷èâîñòüþ â ñìûñëå À.
Ì. Ëÿïóíîâà è îõâàòûâàåò áîëåå øèðîêèé êëàññ òðàåêòîðèé, ÷òî âàæíî äëÿ
ïðàêòè÷åñêèõ ïðèëîæåíèé. Ïî òåîðèè ïðî÷íîñòè òðàåêòîðèé îïóáëèêîâàí
áîëüøîé öèêë ðàáîò â æóðíàëå ¾Äîêëàäû ÐÀÍ¿ (â ïåðèîä 1995�2009 ãã.).
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Â ïåðå÷èñëåííûõ íàïðàâëåíèÿõ À. À. Øåñòàêîâûì ïîëó÷åíû ñóùåñòâåí-
íûå ðå-çóëüòàòû, âíîñÿùèå âåñîìûé âêëàä â êà÷åñòâåííóþ òåîðèþ è òåîðèþ
óñòîé÷èâîñòè äèíàìè÷åñêèõ ñèñòåì. Åãî èäåè ïîëó÷èëè òâîð÷åñêîå ðàçâèòèå
â òðóäàõ Â. È. Çóáîâà, Ë. À. Áåêëåìèøåâîé, Ø. Ð. Øàðèïîâà, Î. Â. Äðóæè-
íèíîé, Þ. Í. Ìåðåíêîâà, Â. Ñ. Ïðîíüêèíà, Þ. È. Ãîëå÷êîâà, Ñ. Â. Âîëêîâà,
Þ. Â. Ìàëûøåâà, À. Þ. Àëåêñàíäðîâà, À. À. Êîñîâà, Í. À. Ïàíüêèíà, Å.
Ï. Êîðîëüêîâà, À. Ì. Ìàòâèåíêî, Î. Í. Ìàñèíîé, Ò. Ñ. Êëèìà÷êîâîé, Â. Â.
Ðîìàíêîâà.

Â Ñàðàíñêå óñïåøíî ðàáîòàþò ó÷åíèêè è ïîñëåäîâàòåëè Àëåêñàíäðà
Àíäðåå-âè÷à, ñòàâøèå èçâåñòíûìè ñïåöèàëèñòàìè â îáëàñòè òåîðèè óñòîé÷è-
âîñòè è êà÷åñò-âåííîé òåîðèè äèíàìè÷åñêèõ ñèñòåì, ñðåäè íèõ � Â. Í. Ùåí-
íèêîâ, Ð. Á. Ëàïøèíà, È. Ã. Áàøìàêîâ, Ï. Ì. Áî÷êàðåâ, Å. Â. Ùåííèêîâà.

Àëåêñàíäð Àíäðååâè÷ àêòèâíî ó÷àñòâîâàë â îáùåñòâåííî-íàó÷íîé æèçíè,
îí áûë îòâåòñòâåííûì ðåäàêòîðîì ìåæâóçîâñêèõ ñáîðíèêîâ íàó÷íûõ òðó-
äîâ, ïîñâÿùåííûõ âîïðîñàì êà÷åñòâåííîé òåîðèè è òåîðèé óñòîé÷èâîñòè è
ïðî÷íîñòè òðàåêòîðèé äèíàìè÷åñêèõ ñèñòåì, à òàêæå âîïðîñàì äèíàìèêè ïî-
äâèæíîãî ñîñòàâà æåëåçíîäîðîæíîãî òðàíñïîðòà. Ñ 2002 ïî 2013 ã.ã. ÿâëÿëñÿ
îäíèì èç ðóêîâîäèòåëåé íàó÷íîãî ñåìèíàðà Àêàäåìèè íåëèíåéíûõ íàóê. Áûë
ó÷àñòíèêîì ñåìèíàðà ïî íåëèíåéíîìó àíàëèçó â Âû÷èñëèòåëüíîì öåíòðå èì.
À. À. Äîðîäíèöûíà ÐÀÍ. Ðåãóëÿðíî âûñòóïàë ñ äîêëàäàìè íà Ìåæäóíàðîä-
íîì ñåìèíàðå ¾Óñòîé÷èâîñòü è êîëåáàíèÿ íåëèíåéíûõ ñèñòåì óïðàâëåíèÿ¿
èì. Å. Ñ. Ïÿòíèöêîãî â Èíñòèòóòå ïðîáëåì óïðàâëåíèÿ èì. Â. À. Òðàïåçíè-
êîâà ÐÀÍ.

Àëåêñàíäð Àíäðååâè÷ � ÷åëîâåê áîëüøîãî ëè÷íîãî îáàÿíèÿ è äîáðîòû,
êîòîðûé ùåäðî äåëèëñÿ ñâîèìè íàó÷íûìè èäåÿìè è îêàçûâàë âñåìåðíóþ ïî-
ìîùü ñâîèì ó÷åíèêàì è âñåì, êòî îáðàùàëñÿ ê íåìó çà êîíñóëüòàöèÿìè. Ñâåò-
ëàÿ ïàìÿòü îá Àëåêñàíäðå Àíäðååâè÷å íàäîëãî ñîõðàíèòñÿ â íàøèõ ñåðäöàõ.

À.Þ. Àëåêñàíäðîâ, À.Ñ. Àíäðååâ, Å.Â. Àôèíîãåíòîâà, È.Ã. Áàøìàêîâ,

Þ.È. Ãîëå÷êîâ, Î.Â. Äðóæèíèíà, À. Ï. Æàáêî, Ð.Â. Æàëíèí,

À.Ì. Êàìà÷êèí, À.À. Êîñîâ, Þ.Â. Ìàëûøåâ, Î.Í. Ìàñèíà,

Ä.À. Îâñÿííèêîâ, À.È. Ïåðåãóäèí, Î.Â. Ïåðåãóäîâà, Â.Ì. Ñàâ÷èí,

Â.È. Ñàôîíêèí, Í.Î. Ñåäîâà, Ã.À. Ñìîëêèí, Â.Ë. Õàðèòîíîâ, È.È. ×ó÷àåâ,

Ï.À. Øàìàíàåâ, Â.Í. Ùåííèêîâ, Å.Â. Ùåííèêîâà.

Ä.È. Áîÿðêèí, Ñ.Ì. Ìóðþìèí, À.Ô. Çóáîâà.
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Ïðàâèëà îôîðìëåíèÿ ðóêîïèñåé

äëÿ ïóáëèêàöèè â æóðíàëå ¾Æóðíàë ÑÂÌÎ¿

Îáðàùàåì Âàøå âíèìàíèå íà òî, ÷òî óêàçàííûå íèæå ïðàâèëà äîëæíû
âûïîëíÿòüñÿ àáñîëþòíî òî÷íî. Â ñëó÷àå, åñëè ïðàâèëà îôîðìëåíèÿ ðóêîïè-
ñè íå áóäóò âûïîëíåíû, Âàøà ñòàòüÿ íå áóäåò îïóáëèêîâàíà.

Òåêñò äîêëàäà äîëæåí áûòü íàáðàí â èçäàòåëüñêîé ñèñòåìå TEX (èëè îä-
íîì èç åå êëîíîâ). Äëÿ âåðñòêè ðóêîïèñè ñëåäóåò èñïîëüçîâàòü ïðåàìáóëó,
êîòîðóþ ìîæíî ïîëó÷èòü íà ñàéòå http://www.svmo.ru.

Îáúåì ñòàòüè íå äîëæåí ïðåâûøàòü 10 ñòðàíèö. Òåêñò ñòàòüè äîëæåí áûòü
ïîìåùåí â ôàéë ñ èìåíåì <ôàìèëèÿ àâòîðà>.tex (êîòîðûé âêëþ÷àåòñÿ êî-
ìàíäîé \input â ïðåàìáóëå). Íàïðèìåð,

\input{voskresensky.tex}

Ñîäåðæàíèå ïðåàìáóëû èçìåíÿòü íåëüçÿ. Îïðåäåëåíèå íîâûõ êîìàíä
àâòîðîì ñòàòüè íå äîïóñêàåòñÿ äëÿ ïðåäóïðåæäåíèÿ êîíôëèêòîâ èìåí ñ
êîìàíäàìè, êîòîðûå ìîãëè áû áûòü îïðåäåëåíû â ñòàòüÿõ äðóãèõ àâòîðîâ.

Äëÿ îôîðìëåíèÿ çàãîëîâêà ñòàòüè íà ðóññêîì ÿçûêå ñëåäóåò èñïîëüçî-
âàòü êîìàíäó \headerRus. Ýòà êîìàíäà èìååò ñëåäóþùèå àðãóìåíòû:

\headerRus{ÓÄÊ}{íàçâàíèå ñòàòüè}{àâòîð(û)}{Àâòîð1\ footnote {
Äîëæíîñòü, ìåñòî ðàáîòû, ãîðîä; e-mail.}, Àâòîð2\ footnote {Äîëæ-
íîñòü, ìåñòî ðàáîòû, ãîðîä; e-mail.}}{Àííîòàöèÿ}{Êëþ÷åâûå ñëî-
âà}

Äëÿ îôîðìëåíèÿ çàãîëîâêà ñòàòüè íà àíãëèéñêîì ÿçûêå ñëåäóåò èñïîëü-
çîâàòü êîìàíäó \headerEn. Ýòà êîìàíäà èìååò ñëåäóþùèå àðãóìåíòû:

\headerEn{íàçâàíèå ñòàòüè} {Àâòîð1\footnote{Äîëæíîñòü, ìåñòî
ðàáîòû, ãîðîä; e-mail.}, Àâòîð2\footnote{Äîëæíîñòü, ìåñòî ðàáî-
òû, ãîðîä; e-mail.}}{Àííîòàöèÿ}{Êëþ÷åâûå ñëîâà}

Åñëè ñòàòüÿ íà àíãëèéñêîì ÿçûêå, òî äëÿ îôîðìëåíèÿ çàãîëîâêà ñòàòüè
íåîáõîäèìî èñïîëüçîâàòü êîìàíäó \headerFirstEn ñ òàêèìè æå ïàðàìåò-
ðàìè, êàê äëÿ êîìàíäû \headerRus.

Ñòàòüÿ ìîæåò ñîäåðæàòü ïîäçàãîëîâêè ëþáîé âëîæåííîñòè. Ïîäçàãîëîâêè
ñàìîãî âåðõíåãî óðîâíÿ ââîäÿòñÿ ïðè ïîìîùè êîìàíäû \sect ñ îäíèì ïàðà-
ìåòðîì:

\sect{Çàãîëîâîê}
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Ïîäçàãîëîâêè áîëåå íèçêèõ óðîâíåé ââîäÿòñÿ êàê îáû÷íî êîìàíäàìè
\subsection, \subsubsection è \paragraph.

Ñëåäóåò èìåòü â âèäó, ÷òî âíå çàâèñèìîñòè îò óðîâíÿ âëîæåííîñòè ïîä-
çàãîëîâêîâ â Âàøåé ñòàòüå, íóìåðàöèÿ îáúåêòîâ (ôîðìóë, òåîðåì, ëåìì è
ò.ä.) âñåãäà áóäåò äâîéíîé è áóäåò ïîä÷èíåíà ïîäçàãîëîâêàì ñàìîãî âåðõíåãî
óðîâíÿ.

Äëÿ îôîðìëåíèÿ òåîðåì, ëåìì, ïðåäëîæåíèé, ñëåäñòâèé, îïðåäåëåíèé, çà-
ìå÷àíèé è ïðèìåðîâ ñëåäóåò èñïîëüçîâàòü ñîîòâåòñòâåííî îêðóæåíèÿ Th,
Lemm, Prop, Cor, De�n, NB è Example. Åñëè â Âàøåé ñòàòüå ïðèâîäÿò-
ñÿ äîêàçàòåëüñòâà óòâåðæäåíèé, èõ ñëåäóåò îêðóæèòü êîìàíäàìè \proof è
\proofend (äëÿ ïîëó÷åíèÿ ñòðîê 'Äîêàçàòåëüñòâî.' è 'Äîêàçàòåëüñòâî çàêîí-
÷åíî.' ñîîòâåòñòâåííî).

Äëÿ îáîçíà÷åíèÿ ïðîñòðàíñòâ ñëåäóåò èñïîëüçîâàòü êîìàíäû \R, \Rn,
\C, \Z, \N è ò.ä.

Äëÿ âñòàâîê áóêâ φ è ε íåîáõîäèìî èñïîëüçîâàòü êîìàíäû \phi, \epsilon
ñîîòâåòñòâåííî. Ñèìâîëû ÷àñòíûõ ïðîèçâîäíûõ ∂

∂xi
è ∂u

∂xi
âñòàâëÿþòñÿ êî-

ìàíäàìè \px{i} è \pxtog{u}{i}.
Äëÿ âñòàâîê áóêâ êèðèëëèöû â ôîðìóëû ñëåäóåò èñïîëüçîâàòü êîìàíäû

\textrm, \textit. Íàïðèìåð, äëÿ âñòàâîê ôîðìóë Ãi , Äi â òåêñò ñòàòüè íåîá-
õîäèìî íàáðàòü êîìàíäû \textrm{Ã}_i, \textit{Ä}_i.

Äëÿ íóìåðîâàíèÿ ôîðìóë è ñîçäàíèÿ ïîñëåäóþùèõ ññûëîê íà ýòè ôîð-
ìóëû íåîáõîäèìî èñïîëüçîâàòü ñîîòâåòñòâåííî êîìàíäû \label{ìåòêà} è
\eqref{ìåòêà}, ãäå â êà÷åñòâå ìåòêè íóæíî èñïîëüçîâàòü ñòðîêó ñëåäóþ-
ùåãî âèäà: 'Ôàìèëèÿ ÀâòîðàÍîìåð Ôîðìóëû'. Íàïðèìåð, ôîðìóëó (14) â
ñòàòüå Èâàíîâà íóæíî ïîìåòèòü \label{ivanov14}, òåîðåìó 5 èç ýòîé ñòà-
òüè � \label{ivanovt5} è ò.ï. (Äëÿ ññûëîê íà òåîðåìû, ëåììû è äðóãèå
îáúåêòû, îòëè÷íûå îò ôîðìóë, íóæíî èñïîëüçîâàòü êîìàíäó \ref{ìåòêà}).

Äëÿ âñòàâêè â òåêñò ñòàòüè ðèñóíêîâ íåîáõîäèìî ïîëüçîâàòüñÿ ñëåäóþùè-
ìè êîìàíäàìè:

à) âñòàâêà çàíóìåðîâàííîãî ðèñóíêà áåç ïîäïèñè è ñ óêàçàíèåì ñòåïåíè
ñæàòîñòè

\insertpicture{ìåòêà}{èìÿ_ôàéëà.eps}{ñòåïåíü_ñæàòèÿ}

ãäå ñòåïåíü_ñæàòèÿ ÷èñëî îò 0 äî 1.

á) âñòàâêà çàíóìåðîâàííîãî ðèñóíêà ñ ïîäïèñüþ

\insertpicturewcap{ìåòêà}{èìÿ_ôàéëà.eps}{ïîäïèñü_ïîä_ðè-
ñóíêîì}
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â) âñòàâêà çàíóìåðîâàííîãî ðèñóíêà ñ ïîäïèñüþ è ñ óêàçàíèåì ñòåïåíè
ñæàòîñòè

\insertpicturecapscale{ìåòêà}{èìÿ_ôàéëà.eps}{ñòåïåíü_ñæàòèÿ}
{ïîäïèñü_ïîä_ðèñóíêîì}

ã) âñòàâêà ðèñóíêà áåç íîìåðà ïîä ðèñóíêîì, íî ñ ïîäïèñüþ èëè íåò

\insertpicturenonum{èìÿ_ôàéëà.eps}{ñòåïåíü_ñæàòèÿ} {ïîä-
ïèñü_ïîä_ðèñóíêîì}

Âñå âñòàâëÿåìûå êàðòèíêè äîëæíû íàõîäèòüñÿ â ôàéëàõ â ôîðìàòå EPS
(Encapsulated PostScript).
Âíèìàíèå! Íîâûå ïðàâèëà. Äëÿ îôîðìëåíèÿ ñïèñêà ëèòåðàòóðû íà

ðóññêîì ÿçûêå ñëåäóåò èñïîëüçîâàòü îêðóæåíèå thebibliography. Ñïèñîê
öèòèðóåìîé ëèòåðàòóðû äîëæåí áûòü îôîðìëåí â ôîðìàòå AMSBIB. Ïî-
äðîáíîñòè ñìîòðèòå â ïðèëàãàåìîì ôàéëå amsbib.pdf. Äëÿ ïðàâèëüíîé ðàáî-
òû äàííîãî ñòèëÿ îôîðìëåíèÿ ëèòåðàòóðû íåîáõîäèìî èñïîëüçîâàòü ñòè-
ëåâîé ôàéë svmobib.sty (ïðèëàãàåòñÿ).

Ñïèñîê ëèòåðàòóðû íà àíãëèéñêîì ÿçûêå îôîðìëÿòü íå íóæíî.
Ñïèñîê ëèòåðàòóðû íà ðóññêîì ÿçûêå îôîðìëÿåòñÿ â âèäå ïîñëåäîâàòåëü-

íîñòè êîìàíä \RBibitem{ìåòêà äëÿ ññûëêè íà èñòî÷íèê}.

Äëÿ ïðèâåäåííîãî âûøå ïðèìåðà â êà÷åñòâå ìåòêè äëÿ ïóíêòà 7 â ñïèñêå
ëèòåðàòóðû íóæíî èñïîëüçîâàòü ñòðîêó 'ivanovb7'. Äëÿ ññûëîê íà ýëåìåí-
òû ñïèñêà ëèòåðàòóðû íåîáõîäèìî èñïîëüçîâàòü êîìàíäó \cite èëè \pgcite
(ïàðàìåòðû ñì. â ïðåàìáóëå).

Ìåòêè âñåõ îáúåêòîâ ñòàòüè äîëæíû áûòü óíèêàëüíûìè.
Êîìïèëÿöèÿ æóðíàëà ïðîèçâîäèòñÿ ïðè ïîìîùèMiKTEX 2.9, äèñòðèáóòèâ

êîòîðîãî ìîæíî ïîëó÷èòü íà ñàéòå http://www.miktex.org.
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Àëåêñååíêî Ñ. Í. 24

Àíäðååâ À. Ñ. 32

Áîÿðêèí Ä. È. 61

Áóäíèêîâà Î. Ñ. 45

Ãðèíåñ Â.Ç. 8, 55

Äåñÿåâ Å. Â. 135

Äîâãèé Ì. À. 145

Åãîðîâà Ä. Ê. 135

Åðåìèíà Å. Ï. 61

Æóæîìà Å. Â. 8

Çóáîâ À. Â. 160, 168, 177

Çóáîâ Ñ. Â. 160, 168

Èêðàìîâ Ð. Ä. 71

Êàïêàåâà Ñ. Õ. 76

Ëèòâèíîâ Â. Ë. 83

Ëóáûøåâ Ô.Â. 89

Ëóêàøåâ Â. Â. 108

Ìàëèíîâ Â. Ã. 121

Ìàìåäîâà Ò. Ô. 135

Ìåäâåäåâ Â. Ñ. 8

Ìóðþìèí Ñ. Ì. 140

Ìóñòàôèíà Ñ. À. 71

Íàãîðíûõ C. Í. 24

Íèêèøèí Å. Â. 140

Íèêèøèíà À. Å. 140

Ïåðåãóäîâà Î. À. 32

Ïîïîâ Â. Í. 108

Ïî÷èíêà Î.Â. 8

Ïóñòîâàëîâà Î. À. 177

Ðÿçàíöåâà È. Ï. 16

Ñàõàðîâ À.Í. 152

Ñòðåêîïûòîâ È. Ñ. 160, 177

Òðåãóáîâà Å.Â. 152

Ó÷âàòîâà Í. Í. 160

Ôàéðóçîâ Ì.Ý. 89

Õèòåâà Ä. Â. 24

×åðíîèâàíîâà Å. À. 156

Øåñòàêîâ À. À. 181

Øèëîâñêàÿ À.À. 55

Þëäàøåâ Ò. Ê. 145
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Â 2008 ã. íà XVI Ìåæäóíàðîäíîé ïðîôåññèîíàëüíîé
âûñòàâêå ¾Ïðåññà¿ æóðíàë ¾Òðóäû Ñðåäíåâîëæñêîãî
ìàòåìàòè÷åñêîãî îáùåñòâà¿ óäîñòîåí Çíàêà îòëè÷èÿ
¾Çîëîòîé ôîíä ïðåññû-2008¿ â íîìèíàöèè ¾Íàóêà, òåõ-
íèêà, íàó÷íî-ïîïóëÿðíàÿ ïðåññà¿.

Ñ 2009 ãîäà æóðíàë íîñèò íàçâàíèå ¾Æóðíàë Ñðåäíå-
âîëæñêîãî ìàòåìàòè÷åñêîãî îáùåñòâà¿.

Óâàæàåìûå ÷èòàòåëè è ïîäïèñ÷èêè!

Ïîäïèñêà íà æóðíàë ¾Æóðíàë Ñðåäíåâîëæñêîãî ìàòåìàòè÷å-
ñêîãî îáùåñòâà¿ îñóùåñòâëÿåòñÿ ÷åðåç îòäåëåíèÿ ïî÷òîâîé ñâÿçè
¾Ïî÷òà Ðîññèè¿ íà âñåé òåððèòîðèè Ðîññèéñêîé Ôåäåðàöèè.

Ïîäïèñíîé èíäåêñ æóðíàëà â Îáúåäèíåííîì êàòàëîãå ¾Ïðåññà
Ðîññèè¿ � 94016.
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