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OT PEOAKIIMU
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«Maremaruueckoe MoJIe/IMpOBaHNE, YUCICHHBIE METOJIbI U KOMILIEKCHI IIPOTPAMM»
umenn E.B. Bockpecenckoro (r. Capatck, 6-12 uross 2013 roga). [komra-cemuuap
IPOBEJIEHA HAIMOHAJILHBIM UCCJIe0BATEIbCKUM MOpP/IOBCKUM TOCY/1apCTBEHHBIM
yuupepcurerom uMm. H.II. Orapésa u CpejHeBOJKCKUM MaTeMaTHIeCKuM 00111e-
crBoM mipu noggiepkke POOU (rpart Ne 13-01-06814).

Bcee crarby MMeOT TMOJOKUTENbHbIE PENEeH3NH, a caM KypHaJ (KpoMme To/I-
nucku depes Karasor «Iloura Poccuns) gocrynen u B ceru Internet wa caiire
Elibrary.ru.
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Degenerated differential equations with variable
degeneration operator
© B. V. Loginov!, Yu. B. Rousak?, L. R. Kim-Tyan?

Annotation. The theory of Jordan chains for multiparameter operator-functions A(\) : By — Es |
A€ A, dimA =k, dim E; = dim E; = n is developed. Here Ag = A(0) is degenerated operator,
dimKerAg =1, KerAg={¢}, KerAj = {t¢} and the operator-function A(\) is supposed to be
linear on A .The aims of the article are the applications to degenerate differential equations of the
form [Ag + R(-,z)]z’ = Bz.

Key words: multiparameter operator-functions; the theory of Jordan chains; degenerated
differential-algebraic equations

1. Introduction.

Below degenerated differential equations (DE) of the form

A(z) 2 = G(x) (1.1)

are considered. If it is not stipulated the opposite, it is supposed that A(z), G(z) : 4y — Es,
dimE, = dimEy = n, A(0) = Ay is degenerated operator with dim KerAy = dim KerAy =1,
KerAy = N(Ag) = {¢}, KerAy = N(Ay) = {¢}. The function G(z) is sufficiently smooth and
G(0) =0, G(xr) =Bz —H(z), H(0) =0, H'(0) =0. Our aim here is first of all to determine
under which conditions the operator A(xz) will be nondegenerated in some neighborhood of
the point x = 0, degenerated in some neighborhood of x = 0 , or degenerated on some
submanifold in neighborhood of # = 0 . On this way the theory of Jordan chains for the
degenerated operator-functions will be developed (sec. 2.3) and applied to DE of the form (2.3)
(sec. 4). In the definition of the Jordan chain slightly more generic case will be studied when
the linear by parameter A operator-function

AN) = Ay + DA\ : By — Ea, N€ A, dimA =k (1.2)

depends on parameter A belonging to different from F£; space A .

The case of polynomial (or analytical) operator-function A(A) will be considered in
extended variant of the article. In sec. 2 often on examples will be considered the case A = Fj .
Sec.4 contains applications to degenerated differential equations. The work was supported
by the Federal Program "Research and scientific-pedagogical personnel of innovative Russia
(agreement 14.B37.21.0373).

2. Jordan chains of multiparameter operator-functions
Let the function A(A) be linear on A, i.e. A(X) = A9+ DA(0)A, and DA(0) is mapping

a neighborhood of 0 € A in the space of square n x n-matrices. The following construction
defines a Jordan chain (further JCh) for the operator-function (1.2).

! Ulyanovsk State Technical University, Russia; bvllbv@yandex.ru
2 Canberra University, Australia; irousak@gmail.com
3 National University of Science and Technology «MISIS» (MISIS), Russia; kim-tyan@yandex.ru

MVMS journal. 2013. V. 15, No. 3



Degenerated differential equations with variable degeneration operator 9

Lem m a 2.1 For the mapping (1.2) would be noninvertible in some neighborhood of
A =0 it is necessary and sufficient the existence of some function h(\) : U(0) — E; defined
in some neighborhood of zero (or on submanifold of U(0) ), such that [Ao+ DA(0)A\|h(N) = 0.

Proof. For sufficiently smooth h(\) = ¢ + Dh(0)A+ D?h(0)A\*> + ...+ Dh(0)A* + ...
where D®h(0) is s-linear symmetric operator acting from A into FE; or, that is the same,
linear operator acting from A® ... ® A = ®A into E; one has

0 = Agp + [AoDh(0)A + (DA(0)A) ()] + ...+ [Ae D B(0)X* + (DA(0)) A (D*'h(0)A )] + ...

DA(0) in the expression AgDh(0)A+ (DA(0)N)(p) can be considered as the bilinear operator
of two variables and since the second variable has constant value ¢, it presents some known
operator acting on A\, BiA, i.e. AgDh(0)A + (DA(0)N)(p¢) = [AgDh(0) + By]A. Thus, since
Dh(0) € L{A — E,}, the operator A, generates the operator B; acting from the space
L{A — E,} into the space L{A — Es} according to the rule: if S € L{A — FE;} , then
B1S = —A,S.

In order that S € KerB; it is necessary and sufficient that Im S € {¢}. Consequently
dim KerB; = k, and since dim A = k, then there exist exactly & linearly independent
operators S such that ImS = {p}. Let the vectors &, ..., & form the base in A,
then the base in kerB; is composed by the operators {®; | ®;{; = 0;s¢}. The equality
dim L{\ — E;} = dim L{A\ — E,} implies that dim coKerB; = k. Since the space
L{A — E,} is isomorphic to the space A* ® E; (designation L{A — E\} =~ A" ® E,),
then L{A — Ey}" ~ A ® E, and the operators ¥; = & ® 1 in the space L{A — E,}" form
the base in the space coKerB;. Thus for the solvability of the equation AyDh(0) = —By it is
necessary and sufficient the following equalities realization (By,V;) =0, i=1, ..., n.,

In this case the operator Dh(0) is defining up to linear combination of the operators ®; .

Suppose by induction that the operator D*~'h(0) is determined and consider the equation

AgD*R(0)A* + (DA(O)AN) (D *h(0)A*1) = [AgD*h(0) + B, \°. (2.1)

Operator Ay generates the operator B, acting from the space L{A® ...®@ A — E} =
L{® A — E;} into the space L{® A — Es} according to the rule: if S € {® A — E;} , then

B,S = AyS . Since the space L{® A — E\} is isomorphic to @ A" ® E, (is represented by the
elements of the space) , then dim KerBs; = k* and the base in KerB; the operators W¥;, ;.

are composing, which can be constructed in the following manner: let the vectors &, ..., &
form the base in A and &, ..., 5,: be the biorthogonal base in A", the vectors e, ..., ey
(u1, ..., u,) form the base in FE; (resp. E,), where for the definiteness e; = ¢ (u} = ¢),

then the vectors ®;, ;. are given by the formulae &; , = 5:1 ®X.. .®§Z ®¢ and Bs®;, ;. =0.
In analogous manner define the base of coKerBs C [L{® A — Eq}]" =~ ® A ® Ej as linear

independent vectors V¥, ., = &, ®...® &, ® ¢ forming the space of the dimension £°.
In fact, since S € L{®A — Ei} ~ ® A* ® E; , then S can be represented in the form

S =>aj. j él 5;-; ®e; and therefore B,S =) a;, ;. %)5; ® Agej . As far as (B,S, ¥;, i) =

POLTA <k@_©1§;k ® Aoej; & ® ¢> =20 5y (&5, €)oo (Aoej, ) = 0, then Wy, ;. form the
base of the space coKerB;.
Thus for the solvability of the equation (2.1) it is necessary and sufficient the realization of

the following conditions o
<BS7‘11i1...i3> :07 jla'-‘vjs - 17” (22)
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Definition 2.1 The elements o, Dh(0), D*h(0),...,DPh(0), wuntil they are
determining, form the Jordan chain of the zero-element ¢ for the operator-function Ay +

DA(O)A .

L e m m a 2..2 For the operator-function Ao+ DA(0)X irreversibility everywhere in the
neighborhood of the point A = 0 it is necessary and sufficient the existence of the infinite Jordan
chain.

Sufficiency. Let there exists an infinite JCh. For the simplification introduce on every
step Schmidt’ operators [1]. Then at the usage of accepted designations Ay = Ag + (-, €]) uy is
k

the Schmidt’s operator for Ay, Ag' =T [1]. Analogously, B; = Bi+ 3. (-, & ®e})E @uy . For
i=1

_ k
L{A = E1} 2 S =Y a,m€, ®e, onehas B1S = BiS+>. (3 a,mé,, Re,, &®e))E @uy = B1S+

=1

k -
Zauf: ® up, and since (S, ei) = O armAmer, ei> = > aimAm = Zalmf;(/\) then B;S =

i=1 m

ApS+(S-, e))uy = AgS . If Ty = A;* from here it follows T'yT = I'T for T € L{A, — E,}, for

the proof it is sufficient to set S =17T = BIFT AOFT T=T BIFT 0= TT=1T.
Analogously, if By : L{®A — B} — L{®A — By}, then B,S = AyS for S €

L{®A — Ei}. 1In fact, B,S = B,S + S(., £ ®...0& Qe ®...0 & ®u and

= Eail...is,iéz ... Q0 f;ks ®e = B.S = AS + E<Z<ai1...is,i£:1 X...Q f:; ® e, & @

L R&G, Qe ®... 08 ®u) = AS+ D a4, él & @uy = AgS+ (S, e))us = AoS, since

(SA, €]) = <Z£Li1mis7i)\il AL €1) = D Gy Ny A = Y aill_.isyle;()\) R...0 efs()\) )

If now T}, = (4y)~', then TWT = T'T, where T € {®A — FE»}. From the last relation the
inequality ||I'x|| < ||T'|| follows. )

In analogous manner connect with the bilinear operator DA(0)A = R(-,\) € L{E, —
E,} the operator D acting from L{® A — E;} into L{®A — Es} according to the rule
s—1 s

D,SA = R(SA\ N, for S € L{ ®1A — E1}. Note here, that Dy : By — L{A — E»}. Obviously

I|Ds|| < ||R]| is. The usage of the introduced designations implies the following formulae for
Jordan chain elements

Jt = (T,Ds_1)...(T1Dy)p s=1,2,..., J' =¢.

The estimate [[J*T']| < (||R||||IT|)*ll¢|l gives the convergence of the series h()\) in some
neighborhood of A =0.

Necessity Letin some neighborhood of A\ = 0 the operator-function A(\) be
irreversible, i. e. there exists a function X (\) : D.(0) — E; such that A(AM)X(A\) =0, X(\) #
0, [[X(AN)|l = 1 or at the usage of accepted designations AoX(A) + R(X(A),A) = 0 =
A X () + R(X(N\),\) = (X(\),e)u; = [I+TRENXA) = (X(A), ef)er = X(\) =
(X(N\), e¥) (I +TR(-, \)) "eq, since I' = (Ay)~" exists, T'uy = e; and X is sufficiently small.
Then (X(\), €]) # 0 at || X(A\)|| = 1, and at the application of the functional e one has
1= {([I+TR(-,N)] e, €]) = (TR(e1, \), €]) — (TR(TR(e1, A), A), €;) + ... = 0. Its realization
for all sufficiently smooth A at the usage of the relation I"e] = u] gives

(R(ey, \),u]) =0, (R(TR(e1,\),\),u;) =0, ..., (R(...(CR(e;,\)),....\),u])=0,...
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Degenerated differential equations with variable degeneration operator 11

From the first equality (2.3) follows that the operator Dyp (in this caseDyp = R(ey,-)) is
orthogonal to operators ¥, = & ® uf,i = 1,...,k, since according to (2.3) (R(ei,) =
S repls @1, p > 1. Thus the conditions for the existence of the element J? are realized.
Analogously the relation (R(...(TR(ei, A)),...,A),u;) =0 means, that the polylinear function
R(...(TR(e1, N),..., A) is equal to > 70y, 060 ® ... Q& @u, p>1 and therefore is
orthogonal to all ¥, , 1 =&, ®...®&, ®u; . Thus the conditions for the existence of any

elements J5t! are fulfilled.

Lemma2.3 If A\ =0 is a simple eigenvalue of the operator-function (1.2), i.e. if
Jordan chain consists of only one element ¢, then in a small neighborhood of X = 0 the
operator-function is invertible everywhere with the exception of an hypersurface passing through
the zero.

Proof Itis required to search for which A there exists a solution of the equation
0= (R(e1,\),ui) — (R(T'R(e1, \), A),uj)+... . According to assumption (R(eq,-),V;) Z0, i.e.
for one of the numbers i (R(ey,&;,),ui) # 0. Then according to implicit functions theorem
nonzero solutions of this equation exist only on some hypersurface M , passing through the
zZero.

Below the operator-function Agz + R'(x,\)is considered, where under R'(x,\) is
understood the conjugate to R(-,\) matrix with regard to the action R(y,\) = R(\)y.

L e m m a 2..4 Ifthe operator-function A(N) = Ag+R(-,\) has in zero simple eigenvalue,
then the operator-function A™(\) = Ay + R*(-,\) also has in zero simple eigenvalue. It is non-
invertible on the same hypersurface that A(X\) is. Zero-element of A™()\) is determined by the
formula ¥(y) = (I +T R7(-,\)) u; .

Proof. If the operator-function A(A\) = Ay + R(-,\) has in zero the simple eigenvalue,
then ((R(ey,-),¥;)) # 0 for some ¥; = & ®1 . Here ((-,-)) means the action of functional from
L{A — E5}* on element from L{A — E5}. For the existence of such element W; it is necessary
and sufficient the existence of the element &;, such that (R(&)e1, ) # 0. In fact, R(e1, \) €
L{A — E,} and therefore R(ej,\) = > ry£i@u; . By virtue of the inequality ((R(ey,-), V;)) #
0 it follows 7;; # 0. Consequently R(&;)eq = rjjus +. .. +7ripu, and therefore (R(&;)er,¥) #0.
Opposite to inverse ((R(e1,-),¥;)) = 0, YU, = r;y = 0, Vi = (R(&)e, ) = 0 Vi.
Analogously the statement is true : ((®;, R*(uf,-))) # 0 < 3¢, such that (ey, R*(§)v) # 0.
In fact, since (R(&;)er,v) = (er, R*(&)v), then if A(N) = Ay + R(-,A\) has zero as simple
eigenvalue, the conjugate operator-function also has zero as simple eigenvalue. The determinants
of matrices R(\) and R*(\) are coincident, therefore the degeneration manifolds for there
operator-functions are also coincident. Zero-element for the operator-function Af + R*(-, \) is
determined similarly the same scheme, as it was made in Lemma 2.3 for Ay + R(-, ).

3. Jordan chains along directions.

For every point 0 # A = (A,...,\,) € A let ey = ﬁ be the unit vector in the direction
of A. Then the restriction of operator-function A(-,\) = Ag + R(-,A\) on the straight line
A = ce) depends now only on one-dimensional parameter €: Ay(z,e) = [Ag + cR(-,ex)]x. At
the assumption R(-,e)) # 0 one can define JChs of the operator-function Ay(z,e), which are
called JChs of the operator-function A(x,\) along the direction A. The relevant length of the
JCh of Ay(z,e) is designated p(\).
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Lemma3..1 Let p be the length of the JCh of the multiparameter operator-function
A(x,\). Then for any direction X p < p(\) and for almost all directions A\ with the exception
of an algebraic set p = p(\) .

Proof. Elements of JCh on the direction \ are determined by the formula
e\ =TR(...("R(p,\),\)) s - superpositions (3.1)

If s < p, where p is the length of JCh of the operator-function Ay + R(-,A), then
(R(...(I'R(p, ), A)),¥) = 0, otherwise the formulae of the type (2.2) are not take place.
Therefore for s < p all Jordan chain elements in the direction A are determined. Directions \°
for which the JCh lengthes are exceeding p are determined by the equation (3.1) at s =p+1.

Definition 3..1 The directions \° along which p(\°) > p are called singular, all
other ones are nonsingular. Singular direction, along which the operator-function Ag+eR(-,\°)
15 non-invertible is called degenerated.

Remark 3.1 Let be p < co. According to theorem 30.1 [1] on the set of all non-
singular directions \° the operator-function Ag + R(-,\°) is invertible in the ball 0 < |e| <
p(A%) for some p(\°).

Remark 3.2 The following example shows that p(\) can’t be chosen independent on
A

ANz = (8 (1)) (2) I (é _01) (2) + A <(1) (1)) (i;) Cdet A(N) = Ay — A2 — A2

A()) is non-invertible on the curve (A\; — 3)? + Xy = 1. Here any direction \° # (0,1),
except the horizontal ones, is nonsingular and p(A\°) is equal to the distance between zero and
the intersection point of the direction A° with the curve A\; — A2 — A2 = 0. Obviously, that
p(Ao) — 0 for Ay — 0. Along singular direction (0,1) A(\) is invertible everywhere except
A=0.

Remark 3.3 If along some direction \° A(N) has a mazimal JCh, then along this
direction it is invertible everywhere except A = 0.

Its validity follows from the fact, that in the pair of bases {pM, @ ... ¢©™} and
{R(eW, 20), R(e@ X\, ... R(p™ A%)} the matrix A(\) along this direction A’ has the form
— 1 0 ... 0
0O — 1 ... O

o o0 0 ... —¢
Consequence 3.1 The length of JCh is either equal to infinity, or not exceeded
the space dimension.

L e m m a 3..2 If for the operator-function A(X) = Ao+ R(-,\) the length of JCh is p,
then for any sufficiently small value \ # 0, for which the direction \° = ﬁ s non-degenerate,

the images of the JCh elements in the point X\ are linearly independent.
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Proof From the Proof of Lemma 2.2 it follows that JChs of A(\) = Ay + R(-,\)
are determined by the formula J5T'(\) = T,R(...TR(p,\),... ), while the chains along the
direction A\’ are computed according to (3.1) in Lemma 3.1. Hence ¢®TV(\0) = J*+1(\0). If
the direction A° is non-degenerate, then the JCh elements ¢(*)()\) are linearly independent.
But then the elements J*(\) are also linearly independent, since they are different from ()
only by non-zero scalar factor.

Remark 3.4 The following example shows that the images of JCh elements in the
point \° can be linearly dependent although the direction \° is degenerated.

A =

o O O
S = O

0 0
0+ 0 (3.2)
1 1

oS = O

10
0 0]+ X
01

o O O
S = O

This operator-function has JCh consisting of two elements J' = ¢ = (1,0,0) and J*(\) =
(0,X1,0)T . Further this chain is non-prolongated, since R(J*(N\),\) = (A, \)\g,0)T and
therefore if UV = & ® & ® 1, then (R(J*(M\),\),¥) # 0. However on the straight line
corresponding to degenerate direction (0,1) (or (0,1,0) if dimA = 3) the images of JCh
elements are linearly dependent since there J*(\) =0.

Lemma 3.3 If for n <k and for Ag+ R(-,\) the length of JCh is p > 1, then always
there exists the direction \° along which Ag+ eR(-, \°) is degenerated.

P roof Consider the operator-functions corresponding to basic directions A;(x) =
Agx + eR(z,&), i = 1,k. According to assumption the length of Jordan chain for every
of them is more than 1, i.e. (R(ey,&), V) = 0, i = 1,...,k. Thus, k vectors R(e;, &)k,
belong to (n — 1)-dimensional space ImAy and therefore are linearly dependent. This means
the existence of the numbers Aq,...,Ax, such that A R(e1, &) + ... + MeR(e, &) = 0 =
R(e1, M&1 + ...+ Me&k) = 0. Hence it follows, that along the direction \* = A& + ... + A\
A(N) = Ag + R(-, \*) is degenerated.

Remark 3.5 When n >k the degenerate direction \° can be not existed that shows
the following example

00 0 010 00 1
AN =01 0|l+x[1 00]+x([0 00
001 000 100

JCh for this A(N) consists of two elements (1,0,0) and (0, A1, A2) . Obviously that the square
vector-function (\3+X3,0,0) satisfied one of two conditions A\y(A\T+X3) # 0 or Ay(A2+)2) # 0
and along direction (1,0) and (0,1) A(X) is not degenerated, since

0 /\1 0 0 0 /\2
det [\ 1 0] =-X#0anddet[ 0 1 0] =-A#0
0 0 1 A 01
0 ¢ ea
and for “intermediate” direction (1,a) det [ ¢ 1 0 | = —e*—¢c%a®> #0. Thus, A(\) hasn't
ea 0 1

degenerate directions.
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Remark 3..6 However for more complicated, nonlinear A(X) by A Lemma 6 is not
realized, as the following example shows

(0 0\ (z1) 0 1\ [ o1 0\ [z
= (1) ()= (o) )+ 0) ()
It hasn't degenerate direction, since det A(N\) = A2 + X5 #0 for X #0.

Remark 3.7 The following example shows, that when A(X\) (1) has at zero simple
etgenvalue, degenerate direction for it can be existed

aw =5 1) ()~ (o) ()

R(e1, \) = & @ uyp = (R(ey,-), V1) = (R(er,), & @) =1

i.e. p=1, while the direction (0,1) is degenerate.

4. Degenerate differential equations.

In this section the results of sec. 2.3 are applied to the questions on the existence and uniqueness

of solutions to degenerate DE
[Ao + R(-,z)]z’ = Bz (4.1)

Suppose that Ag + R(-,x) has in zero the simple eigenvalue, i.e. JCh consists of only one
zero-element. According to Lemma 2.3 in a neighborhood of x = 0 there exists the hypersurface
M , on which Ay + R(-,z) is degenerated, i.e. it has zero-element ®(x) = [ + T'R(-,z)] 'e;
satisfying the condition (®(z),e}) = 1. The hypersurface M is determined by the equation
(R(-,z)(I+TR(-,x)) ter,e;) = 0 and tangent space to it in the point z = 0 — by the equation

r1(R(e1,e1), V) + ...+ z,(R(e1,e,), V) =0

Outside of M Cauchy problem for (4.1) has a unique solution, while on M the system
(4.1) can have no solution nowhere (except the point x = 0), can have solutions everywhere
on M or only on some sub-manifold M; C M, as it simple examples show.

Consider the followng equations of the type (4.1):

e (O (m) = (L9 (P1) Here the b face M is determined by th

Lo 1)\ 0 1) \a) ypersurface is determined by the
equation z; = 0, the relevant system on M takes the form zf, = x5 . Thus through any point
on M passes the solution lying on M .

o zp 0) [z} (0 1 T B o
2°. <0 1) <x’2> = (1 0) (@) . Here M the same, z; = 0, but the system on it is

the following x5 =0, z, = 0.0n M it’s solution there exist only in the point (0,0).

r1 0 0 x) 0 01 1
3°. 0 10 ] =10 10 2o | . The hypersurface M is determined by the
0 01 xh 1 00 xs3

equation x; = 0 and the system on it has the form z; = 0, 2}, = x9, x3 = 0. This means
that on M the solutions there exist only in the straight line (0, z2,0).

Definition4..1 JCh of Ay + R(-,x) is breaking along the principal direction e,
Zf <R(61, 61), \I’> 7é 0.

MVMS journal. 2013. V. 15, No. 3



Degenerated differential equations with variable degeneration operator 15

Definition 4.2 The operator-function Ay + R(-,x) is non-degenerate along
hypersurface M , if it hasn’t zeroes on tangent stratification to M .

L e m m a 4..1 If for the operator-function A(x) = Ao+ R(-,z) the JCh is breaking along
the principal direction, then A(x) is non-degenerate along hypersurface M in a neighborhood
of the point zero.

Proof Operator-function A(z) = Apx + eR(-,x) has zero-element e; in the point
x =0 and tangent subspace to M has the normal ((R(ej,e1),V),...,(R(e1,e,),¥)). Thus in
sufficiently small neighborhood of the point x = 0 this zero-element of A(z) will not belong
to the tangent space to M , i.e. A(z) is not-degenerated along M .

However the following example shows, that if the JCh of A(z) is breaking along non-
principal direction (R(ej,e1), V) = 0, then A(z) can be degenerated along hypersurface

I

M:A(zx) = 01
belongs to tangent space to M in any point of the neighborhood = = 0.

A. Solutions of (4.1) belonging to the hypersurface M.

. Here M is determined by the equation x5 = 0 and zero-element e;

Theorem 4.1. Let zero be simple eigenvalue of A(x) and its JCh be breaking along
principal direction. If in addition Bx € ImA(x) for any x € M |, then through any point of a
neighborhood of x =0 on M passes the unique solution to (4.1) belonging to M .

Proof. If for the operator-function A(z) = Agx + eR(-,z) JCh is breaking along
principal direction, then in a neighbourhood of = 0 the equation of the hypersurface M

can be presented in the form x; = F(xq,...,x,), i.e. in coordinate form M takes the form
(F(x9,...,Tpn), T2 ...,x,). Therefore the equation (4.1) can be rewritten then as the following
system

aj(z) ... a(x) g—i é% xh bii(z) ... bi(x) F(x)

asi(z) ... ag(x) 1 ... ... 0 xh _ bor(z) ... boy(x) T

() oo apn(T) 0O ... 1 0 z, boi(x) ... bpn(x) Ty

*)
(4.2)

For efficiently small x the mapping (*) defined by the left-hand-side of the systems (4.2)
hasn’t zeroes, since the expression (**)(= left-side-hand without the first matrix) represents
the tangent vector to hypersurface M in the point z, while the operator-function A(x) is
not vanished on tangent stratification TM. Therefore the mapping (*) for any sufficiently small

x bijectively maps the tangent manifold to n — 1-demensional subspace (za,...,z,) on the

image of the operator A(x), also having the dimension (n — 1). Introduction of the relevant
IIQ b11 e bln F(Z‘)

. . Jfé bgl c. bgn I . .

inverse operator T'(z) gives the system = T(x) which is
x/n bnl c. bnn Tn

equivalent to system (4.1) on M and has the unique solution, passing through every point of

the zero-neighborhood in the space (zs,...,x,).

Remark 4.1 In the case when JCh of the operator-function A(x) is breaking along
non-principal direction system (4.1) on the hypersurface M can have solutions nowhere except
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/
the point © = 0. For example the system (%2 (1)) (xl) = <(1) (1)) (Il) , equivalent to xox) =

/
x1, xh = xo on the hypersurface M defined by equation xo = 0 gives the solution (0,0).
However the other case is possible, when the solution, even non-unique, passes through any

. ' xzy O (21 _ (0 1\ [z ;o ,
point of M : the system (0 1) (xé) = (0 JAS ToT] = To, Ty = Xy for any

differentiable function f(t), f(0) = 0 has the lying in M solution (29 + f(t),0) passing
through any point (29,0) € M .

For the case when JCh of operator-function A(x) is breaking along non-principal direction
the following analog of the Theorem 4.1 is true.

Theorem 4.2. Let A(x) has in zero simple eigenvalue and also its JCh is breaking along
non-principal direction, but nevertheless A(x) is non-degenerate along the hypersurface M in
some deleted neighborhood of zero. If in addition Bx € ImA(x) for any x € M | then through
any point of this neighborhood in M passes the unique solution (4.1) belonging to M .

The proof of the Theorem 4.2 is practically the same as the Theorem 4.2.
: zy 21\ (27 _ (0 1\ [z : .
In the following example (961 1> (xé) = (1 0) \z ) M is determined by the
the equation zo = 22 and in a deleted neighborhood of zero on M the operator-function

2
A(z) = (ii :[11) has the zero-element (—1,x3), not belonging to tangent subspace to M in

2 /
the point (z1,2?). This system on the hypersurface M takes the form (il xll) (ng;l’) =
1 1

(g) (1)> <§1> , and when x; # 0 the obtained equation (z; + 2)z} = 21 is uniquely solvable.
2

Theorem 4.3. Let the operator-function A(zx) has in zero simple eigenvalue and its
JCh is breaking along non-principal direction. Let in addition in some neighborhood of © = 0
the zero-element ®(x) of A(x) belongs to tangent stratification TM . If also for any x € M,
Bx € Im(A(x)|rm(x)), then in this neighborhood of x = 0 there exists (n — 2)-dimensional
submanifold N of the hypersurface M on which the equation (4.1) is uniquely solvable.

P roof. Without loss of generality it can be considered the case, when JCh of A(x) =
Ap + R(-,x) is breaking along the direction x, . Then in a zero-neighborhood the equation of
the hypersurface M can be represented in the form x,, = F(xy,...,2,_1) or in coordinate form
(21, ..., Tp_1, F(x1,...,2,-1)) . In some small neighbourhood of z = 0 define the submanifold
N of the hypersurface M

N ={z|lz = (0,22,...,2p-1, F(0,22,...,2,-1))} (4.3)

Rewrite the system (4.1) in the following form

aj(z) ... a(x) 1 0 ... 0 0 bir(z) ... bi(x) 0
a1 (iL‘) ce agn(l’) 0 1 co 0 .CL',Q _ bgl(.]?) . b2n<ill') )
a1 (z) ... Gpn(T) g—i cee 8§i1 x boi(z) ... bpn(2) F(z)
*)
(4.4)
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Since the vectors in the left-hand-side have the form (0,z5,... 2/ _;, gf; rH+. ..+ afF ~T,_1)

for small x, the zero-elements of operator-function A(z) can’t belong to T'N as they are small
different from e; and their first coordinate is nonzero. Therefore A(x) bijectively maps T'N(x)
on I'm(A(x)|ram)) , both spaces are (n—2)-dimensional. Since Bz € Im(A(x)|rm@)) Yo € M

the introduction of the inverse operator glves the uniquely solvable system (25,..., 2/ )T =
T(2)b(22, Ts, ..., F(x)), where in the matrix b the first line consists of zeros.
Remark 4.2 The following example shows that the condition Bx € Im(A(x))| 7z
o 0 0 T 00O 1
can’t be changed on the condition of Theorem 4.1 : | 0 1 0 ] =10 01 To
0 01 xh 000 T3

The hypersurface M here is defined by the equation xo = 0, the system on it has solution
ry = 0 , Ly = 0.

Remark 4.3 Proofs of the Theorem 1-3 are transferred without changes on the
systems of the form (Ao + R(-,z))a’ = H(x), where H(x) is smooth nonlinear function.

B. Solutions of the equation (4.1) not belonging to degeneration hypersurface M .
The following example shows that solutions of (4.1) beginning on the hypersurface M can
"leave"it. Here the uniqueness of solution with a given initial point can be broken :

dia’g<x17 17 1)(1./1’ xl27xg)T = dzag(l, 17 1)(1:173727 x3)T ~ .1’132‘/1 = I, xl2 = x27$§’> =3 (45)

Hypersurface M is determined by the equation z; = 0. Through any point (0,29,29) € M
pass two solutions (0, z5expt, z9expt) belonging to M and (¢, z5expt, zSexpt) not belonging
to M.

For the operator-function A(x) having in zero simple eigenvalue with JCh breaking along
non-principal direction also can exist solutions not belonging to degeneration hypersurface M :
the system (zo1), 25, 25)7 = (0,1,0)T has the solution (0,¢,0), orthogonal to hypersurface
(.lel, 0, 33'3) .

P roble m: under the Theorem 1.1 conditions it is required to find the equations
determining solutions beginning on the degeneration manifold M and not belonging to M .

Rewrite the equation (4.1) in the form

[Ag+ R(-,2)|2’ = Bx + (&', ¢iwy) = o' = [[+TR(-,2)] 'TBx + (2, ¢)[I + TR(-, z)] ‘e, (4.6)

Note that if z € M, then according to Lemma 2.3 ([ +TR(-,z)] 'e;,e}) = 1; unless = ¢ M,
then this inequality can be not fulfilled. In x = 0-neighborhood together Wlth every pomt
x = (11,...,m,) associate the point z¥ = (F(zy,...,2,),2,...,2,) lying on the degeneration
manifold M . Obviously that = = zf" + (z; — z{")e; . Write the equation (4.6) in coordinate
form

= ([ +TR(-,z)]'T'Bx,et) + 2 {[I + TR(-,z)] ‘e, e})

e 4.7
= ([l +TR(-,z)] 'T'Bx,e}) + ([l + TR(-,z)] tey, €r) o
From the first equation (4.7) it follows
v =1 — ([ +TR(,2)] e, e”)) = (I + TR(-,z)] 'T' Bz, e}) (4.8)
The left-hand-side (4.8) can be transformated by the following way
21 (I = ([T +TR(:,x)]er,e7)) =
= ([ + TR, 2 ) tersef}) — (T + TR, e ef) = o

=2, (([I + TR(-,2")] 7 ey = [I + TR(-, 2" + (21 — a7 )er)] 'er, €5) =
=2y (((I = {I + (1 — 2 )[I + TR(-,2")]'TR(-,e1) } )T + TR(-,z")] ey, e})
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Since I —{I+ (z; — ) [I+TR(-,2")|7'TR(-,e1)} ! = (v — I )T +TR(-, 2)]'TR(-, e1){I +
(1 — ) [I + TR(-,2)]7'TR(-,e1)} ', then the left-hand-side of this equality reduces to the
form (', e})(xy — x1)a(x), where the function a(x) for small x is near to the expression
(TR(ey,e3),er) =1.

Consider now the right-hand-side of (4.8). Note that

(I +TR(-,2™)]7'T' Bz, e}) = 0. (4.10)

In fact, (Bz, ([[ + TR(-,2")]70)*et) = (Ba¥, U(2)) = 0, according to the equality ([I +
LR(-, )7 10)* = T*[I + R*(-, "))~ = [I + T*R*(-,2¥)]7'T"* and by virtue of Theorem 1.1
conditions (see also Lemma 2.4).

At the usage of the last equality the right-hand-side of (4.8) can be written in the following

form :
(I + TR(-,2)]'TBx — [I + TR(-,2F)| ' BzF %) =
— ([l + TR(-,2)] 'TBaF — [I + TR(-,2F)]-\TBaf, et)+ (4.11)
+(z1 — 2T + TR(-, 2)]'T'Bey, €})

Atlast, [[+TR(-,z)] ' = [T+ TR(-,2")]' = [[+TR(:,z)] "I+ TR(-,2") = I —TR(-,z) }[I +
TR, 2™)]™' = (v — 2])[I + TR(-,2)]7'TR(-,e1)[I + TR(-,2")]7". Thus all terms of equality
(4.8) have the cofactor (z; — 1) . The system (4.7) is splitting on two ones. The first system
as the first equation will have z; = 2", whence correspondingly

1 _ OF oF .1
T = ame + ...+ 8%7138“_1

zhy = ([ + TR(-,z)]"'T'Bz, e3) + 2} (I + TR(-,x)] ey, e})

2 ={([I +TR(-,z)] 'T'Bx,e’) + 2\ ([I + TR(-, z)] ey, )

(4.12)

Solution of this system are belonging to the degeneration manifold M . The second system has
the form

a(@)2, = ([ + TR( )] 'TR(, e)[I + TR(- ") TBa*, ¢f) + ([ + TR(- )] Bey, e})
vy = (I +TR(-, )] 'T'Bx,e3) + 2, ([l + TR(-,z)] 'ey, €})
2, = ([ + TR(-, 2)]"'I'Bx, e}) + 2 ([[ + TR(-,z)] e, €;)
(4.13)
and its solutions can be non-belonging to the manifold M .

Remark 4.4 Can be happen that solutions of the second system also belong to the
manifold M ; the system diag(zy,1,1)(z),2h,25)7 = 0 ~ z2y = 0,24, = 0,25 = 0 has as
solutions beginning on M (it is the plane ((x2,x3) ) only fized points of this hypersurface.

Theorem 4.4. Let the operator-function A(x) has in zero simple eigenvalue with JCh
breaking along principal direction. If to the same Bz € Im(A(zx)) for any © € M and
(I'Bey, €5) # 0, then through any point of the x = 0-neighbourhood in M passes the unique
solution to (4.1), not belonging to M .

In order that the solution of the second system beginning on the hypersurface M leaves the
hypersurface M it is sufficient, that in some point of M the tangent vector to this solution
should not belong to tangent plane to M , which is determined by the formula

OF . L OF .

xl—xf:a—@(:pg—xQ)qL... a—xn(mn—xn) (4.14)
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Obviously that at ¥ = 0, 2} = (I'Bey,e}), 4, =0,..., 2/, = 0. Thus, if (I'Bey,e}) # 0,
then the tangent vector to solution does not belong to the tangent plane to the hypersurface
M . By virtue of the continuity the same is true for z¥" near to zero.

For the points xf belonging to the hypersurface M denote via N, the normal to M in
them. N, can be considered as an element of E} vanishing on the subspace TM(x).

Theorem 4.5. Let the conditions of Theorem 4.3 be fulfilled and normal N, to M
be the eigenvector of the operator A*(x)I™ (i.e. A*(x)I'*N, = A(x)N, ), then the solutions
beginning on the hypersurface M are remaining on it.

Proof Repeat the computations preceeding to Theorem 4.4, but with the difference
that the hypersurface M is determined by the equation z, = F(z1,...,z,_1). Therefore to
every point x , near to zero, associate the point ¥ = (21, z9,..., F(x1,...,2,_1)) lying on the
degeneration manifold M , so that z = ¥ + (z, — z)e, . As earlier, transform the equation
(4.8). The left-hand-side of this equality reduces to the form (@, e})(x, — zL)b(z) ,where the
function b(z) = ([I+TR(-,2")|7'TR(-,e,)[[+TR(-,z)] 'eq, e}) isnear to ([, R(e1,e,),€e}) =1
for small x. In analogous way the right-hand-side of the equation (4.8) is reducing to the form
(r, — 2EY{[I + TR(-,2)]"'T'Ben, e;) + ((I + TR(-,2)]'TR(-,e,) [l + TR(-, ") 'T'Bz" e7)).
Thus as in the case of Theorem 4.4 the system (4.7) is splitting on two ones. In the first system
the first equation takes the form z, = zZ and therefore all its solutions, if they exist, belong
to the hypersurface M .

Write the second system

2y = &5 ([ + TR( @) 'T'Bey, i) + (I + TR(,
— (I + TR(-,2)]"'T' Bz, &) + 2 ([ + T R(-, )]~

={([[ +TR(-,x)|'T'Bx,e) + 2\ {([l + TR(-,z)] ey, )

2)|7ITR(-, e,)[I + TR(-, 5]\ T Bxt, e1))

€1, 63)

8

o~
|

/\cr‘

(4.15)
Designation G(z) = b(w)(([l + TR(-,2)] 'T'Bep, ety + (I + TR(-,x)] 'TR(-,e,)[I +
TR(-,2)]7'T' Bz’ e})), gives the system
) = G(z)
b = ([[ +TR(-,z)]'T'Bz,e}) + G(x)([I + TR(-,z)] ey, €}) (4.16)

= ([[ +TR(-,x)]'T'Bx,e}) + G(z){[I + TR(-,z)] tey, )

It must be shown that the right-hand-side of this system in the points M is belonging
to the tangent space to M, ie. is orthogonal to the vector N, = (2L, ... —1).

Oz’ ’8acn 1’
At first show that the vector G(z)(1,([I + I'R(-,z)]ter,e3),.... (I + TR(-, )] er,€l))
belongs to the tangent space to M, when x € M. Since by virtue of Lemma 2.3 ([I +
TR(-,x)] tey,ef) = 1, then this vector is proportional to ®(x), which according to Theorem
4.3 conditions belongs to the tangent space to M . It remains to prove that the vector
(0,{[I + TR(-,z)]"'T'Bx,e5),...,{[I + TR(-,x)]"'T'Bx,e)) is orthogonal to N,. According
0 (4.10) it can be rewritten in the form

(I + TR(-,x)] 'T'Bx,€})),..., ([l + TR(-,z)] 'T' Bz, eX) (4.17)

Since for small x the operator ([ + I'R(-,z)]™!)* is near to identity one, the functionals
(I +TR(-, )] H*er,..., (I +TR(-,z)]7')*e, form the base of the space Fj. Therefore (4.17)
gives the coordinates of the vector I'Bx in some basis of the space F;. On the conditions
of Theorem 4.3 Bz € Im(A(x)|rpmm)) when x € M, ie. can be set Bx = A(z)w, where
w e TM(z). Then (I'Bz, N,) = (l'A(x)w, N;) = (w, A*(x)["*N,) = Mx){w, N;) = 0, i.e. the
proof is finished.
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Remark 4..5 Under the Theorem 4.3 conditions the solution uniqueness also can be
broken, although all bifurcated solutions remain on the degeneration hypersurface M :

e 0 0 x) 010 1
01 0f(ay]=(00 0]z
0 0 1)\, 00 1) \a3

Here the submanifold N from the Theorem 4.3 is the x3-axis. But through every point of this
submanifold passes a set of other solutions to this system lying on the hypersurface M . These
are (f(t),0,z3expt).
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O cymiecTBoBaHNU CenapaTopoB MarHUTHBIX 1I0Jieil B
n1apoBOM CJiO€ ILJIa3MBbI
© B. 3. I'punec!, E. B. 2XKyxoma?, B. C. Measenes®

Awnnoramusga. B craThbe m0Ka3bIBAeTCSA, UITO MPHU BBHITOJTHEHUH ONPEIETEHHBIX YCIOBUN B IIAPOBOM
CJI0€ TIJIA3MBbl CYIIECTBYIOT CEHAPATOPBI MATHUTHOTO TIOJIS.

KurroueBbie csioBa: MarHuTHBIE TOJIsT, IJIA3Ma, CEMAPATOpP, 0COObIE TOYKW, IMWIBI U BEEPHBIE
noBepxuoctH, auddeomopduszvbr Mopca-Cwmeiina

1. Bseaenme m popMYJINPOBKA OCHOBHBIX PE3YJIbTATOB

OaHoit M3 BasKHBIX 331449 re0PU3nIeCcKoil JUHAMUKN SBJIAETCA N3Y9eHne MAIHUTHBIX MoJIef
acrpodusndeckux tes (Hanpumep, Comrna, Seman u 1.11.). ObienpuHATast TOYKA 3peHUs (CM.
uanpumep (3], [4]) cocTout B TOM, 4TO BOSHHKHOBEHHE JOCTATOYHO CHIBHBIX MATHUTHBIX MOJIEf
1 X 3BOJIONUA OIPEIEIAIOTCI IPOIECCAME, CBI3AHHBIMA C HATUYHEM U JIBUZKEHHEM 3JIeKTPO-
HPOBOJAIINX CpeJl (MPOBOASIER KUJIKOCTH, ra3a, mia3mbl). VcciaeqoBanue B3auMoeiicTBust
MeXK/ly JABUKYHICHCH MIa3MOH M MarHUTHBIM 1I0JIEM COCTaBJSAET MPEeJMET MarHUTHON TUIApPO-
muaavukn (MTT), em., nanpumep, kunrn [7], [9] u 0630p [11]|. Cornacno Xamunecy Anndseny
[1], [12], 6azoBbiM mocryaarom MIJI siBjisleTCsl Mpe/IIOJIOKEHHE O TOM, YTO CHJIOBble JIMHUU
MarHUTHOTO MOJIS JIBHXKYTCS TaK, KaK ecju Obl OHH ObLau "BMOpoxkeHbl B maa3my'. Ilpu Ta-
KOM IPEJIIIOJIOKEHNU BO3MOZKHBI MOSIBJICHUsI TAKMX OJIM3KUX 00J1aCTeil 1/1a3Mbl, 4TO MAIHUTHBIE
10JIs1 Ha, MX IPAHUIIAX UMEIOT PA3JIMIHbIe HAIPABJICHUA. B 1aHHbIe MOMEHTHI BPEMEHU B MAIHUT-
HOM T0JI€ MOTYT MOSIBUTHCST OCOOEHHOCTH (HYJIN WM HEATpaJbHbIEe TOUKH) U CBSI3aHHBIE ¢ HUMW
obpa3oBaHus: MHIBl 1 BeepHbie oBepxuocTH [10]. Tomosoruyeckast CTpyKTypa MAarHUTHOTO MO~
JiS OIIPEEJIAeTCs YUCJIOM M THIOM OCOOBIX TOYEK, B3AMMHBLIM PACIOJIOKEHHEM IMUIOB U Beep-
HBIX IOBEPXHOCTEN, a TaKzKe JIMHUAMU TPAHCBEPCAJIBHOIO IEPECEYEHUs BEEPHBIX HOBEPXHOCTEN.
JIunuu nepecevenuns BEEPHBIX IMOBEPXHOCTEH, OTJMYHbBIE OT 3AMKHYTHIX KPUBBIX, HA3BIBAIOTCS
cenapamopamu. Taxum o6paszom, mpeacTapasieT WHTePeC penienue mpob/aIeMbl CyIeCTBOBAHUS
CenapaTopoB U MX KOJTHYECTBA IIPU 3aJaHHOM PACIOI0KEHHH OCOOEHHOCTEl MArHUTHOTO IIOJI.

C TOYKH 3peHHs TEOPUN TUHAMHUYECKUX CHCTEM JIBUKEHUS ILIa3Mbl PAa30UBAIOTCS (C HEKO-
TOPOIi /106l YCIIOBHOCTH) HA PEryJIspHbIE U XaOTHUeCKHe. [IpH 3TOM MOXKHO PACCMATPHBATH
JMHAMHYECKHE CHCTEMbl KaK € JUCKPETHBIM BpeMeHeM (HOPOKJIEHHBIE OJHUM IIPe00Pa30BaHMU-
eM), Tak W C HeNPePHIBHBIM BpeMeHeM (OfHOMapaMeTprudeckoe ceMeificTBO Mpeodpa3oBaHmii).
B macrogmeil crarhbe paccMaTpuBaeTCs BOIPOC CYINECTBOBAHMS CEHAPATOPOB MAIHHTHOTO IIO-
Jg B IIAPOBOM CJI0€ ILIA3MBl IO JCHCTBHEM pPery/aspHOrO JBHZKEHHs, HOPOKICHHOIO OTHIM
npeobpasoBanueM. I pemeHns 3TOro BOIPOCa IPUMEHSIIOTCS METOABl KAYeCTBEHHONH TeOpHun
JIUCKPETHBIX JUHAMMYECKUX cucTeM. HecMoTpst Ha MEHSIOmeecs B KaxK/Iblii MOMEHT BPEMEeHH
MarHuTHOe noJie (Kak 1moJi AeficTBueM JIBUKEeHHs IJIa3Mbl, TAK U B CUJLy ypaBHeHuii Makcsesia),

! TIpodeccop kadbenps! IncaeHHOTO U (BYHKIMOHAILHOTO AHAIN3a, HIKeTOPOICKIH rOCYIapCTReHHbIH YH-
Bepcurer umenn H. W. JlobGauesckoro, r. Hmxkauit HoBropos; vgrines@yandex.ru

2 [Ipodpeccop Kadeapbl TEOPHH yHPABICHAA U JTUHAMUKN MamnH, HuKeropoiacKuil rocyIapCTBeHHBI yHI-
Bepcurer umenn H. U. Jlobauesckoro, . Huxxuuit Hosropos; zhuzhoma@mail.ru

3 Crapmmit nayunetit corpyaunk HAW TIMK npu HuxkeropoackoMm rocyaapCTBeHHOM YHHBEPCHTETe MMEHH
H. U. Jlobauesckoro, r. Hmxkuuit HoBropon; medvedev@uic.nnov.ru
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JIBI2KEHHUE I1JIA3MBI IIPH CIeJTaHHBIX HUZKE MPEeII0JTOKEHUIX MOKHO JOOIPEIeUTh 10 auddeo-
mopdusma Mopca-CMmeiia 1 IPUMEHUTH PA3BUTYIO paHee ABTOPAME TeXHUKY (CM. KHUTY [5] u
0630p [6]).

Omnmirem 1esib ¥ pe3yabraThl craThbu OoJiee geraabHO. [lox 0coObIMEU TOYKaMU MArHUTHOTO
[I0J1 OOBIYHO IIOHHMAIOT TOYKH B KOTOPBIX IIOJI€ JiHOO oOpaliaercs B HOJb, JIHOO He CyIie-
CTBYET, IIPH 3TOM B OKPECTHOCTH OCOOOH TOUYKHU I0JI€ TOIMOJOIHYECKH SKBUBAJIEHTHO JIMHEHHO-
My THIIEpOOTHIECKOMY cey. JIByMepHas HHBapHAHTHAS IMOBEPXHOCTH CEITOBOM TOYKH HA3BI-
BaeTCsl BeepHOil moBepxHocThio (fun), a ojHOMepHAsi MHBapUAHTHAsT KPUBAs CEJJIOBOH TOYKH
HaspiBaerca munom (spine) [9]*. BaMKHyTBIM mIapoBbIM c10eM S HA3BIBAETCS MHOMKECTBO, IO-
MeoMOpPGHOE IPOU3BEJIEHNUTO IBYMEPHOI chephl Ha 3aMKHYThIH npome:kyTok [—1;+1], To ecrh
S = 52 x [-1;+1], rae S? — aBymepnas cdepa. Mpl GyaemM Ipejnonarath S BIOXKEHHBIM B
eBK/II0B0 TTpocTpancTBo R . Jloropopumcs, uro cdepa S* x {—1} = Sj,;, KoTopas Ha3bl-
Baercd enympenned, orpannuusaer B R® map B?, He couepxamuii maposoii cioit. Chepy
S? x {+1} = S+ HazoBeM emewned. Byjem cunmTarh, 4TO B HEKOTOPHIHi MOMEHT BpeMeHH
MarauTHOe rosie By mMeer B IIIAPOBOM CJIO€ 0COOBIe TOUKH. 3aMEeTUM, UTO B CHJIY THIEePOOTNY-
HOCTH, 9HCJIO OCOOBIX TOYEK KOHEYHO. By ieM npe/nosararh, 910 NIUITbI U BEEPHBIE TIOBEPXHOCTH
JinbO He TepeceKkarT TPAHUILy ITapoOBOTO CJ0s, JIMOO TepeceKkaiT ee TpaHCBepcaJbHO. Takum
00pa3oM, KOMIIOHEHTHI [epeceveHns IIUIOB M BEePHBIX IIOBEPXHOCTeH co cepamMu Sins, Sext
CYTb TOYKH W KPHBbIe (3aMKHYTbIe, UJIH HE3AMKHYTHIE).

B cTaTthe paccMaTpuBaeTCs peryispHOe IBHZKEHHE ILTa3MbI, MOPOXKIaeMOe Ipeodpa30BaHu-
em R3 — R? raxuwm, uro ero orpanuuenue fo na S objagaer CiaeaylONUMu cBoicTBaMu (CM.
puc. 1.1):

o fo: S — foS) C R?® amustercsi coxpansionm opuentanuio anddeomopduzmom Ha
cBOiT 0bpa3, mpuueM HeOJIyZK aromnee MHOKecTBO auddeomopduzma fy COCTOUT U3 TH-
epOOTMIECKHX CE/IJIOBBIX HEIOIBIKHBIX TOUEK U COBIAIAET C MHOXKECTBOM OCOOBIX TOUEK
MarHUTHOIO I10JIs ﬁo;

o fo(Sint) CS, fo(Sext) CR3\(SU B?) Tak, uto fo(Sin:) pasbupaer S Ha IBa IMAPOBLIX
KOJIBIIA;

® BeepHbIe MOBEPXHOCTH W IINIIBI MHBAPHAHTHBI OTHOCUTEIBHO fo, TPAHCBEPCAILHBI JIPYT
JIPYTY U SBJISIFOTCS 3aMbIKQHUSIMU CellapaTpUC HEIOJBUKHbIX ToueK Juddeomopdusma

Jo-

S\ f f(s...)

SeXt f(Sext)

Pucymox 1.1

Perynsproe maBukerue mapoBoro cios S .

OrmeTuM, 94T0 Mbl He TpebyeM TPaHCBEPCAJbHOIO LepecedyeHus CUJIOBbIX JIMHUNA MAarHUTHO-
ro noast By co chepamu Siy, Sepe . 1l03TOMY BeepHbIe TOBEPXHOCTH ¥ IMHITHI MOTYT, BOOOIIIE

4 Ciemyer 3aMeTHTD, 9TO HHBAPHUAHTHBIE IOBEPXHOCTH U KPHBBIE, O KOTOPBIX HIET PEUb, SIBJSIOTCS MIEaJIH-
3alMAMHU TaK HA3BIBACMBIX "TOHKHX'TOKOBBIX CJIOEB.
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TOBOPSI, MEPECEKATD Sipy U Sep¢ MO HECKOJBKIM KOMIIOHEHTaM CBA3HOCTH. [IpemioxKennas ma-
TeMaTUIecKasd MOJETb ¢ (DU3UUECKOI TOUKH 3pEHHS O3HAYAET, UTO MbI PACCMATPUBAEM PEryJsip-
HO€ JIBUXKEHWE TJIA3MEHHOTO ITapPOBOTO CJIOA B T€YEHUE CTOJIb MAJIOTO MPOMEYXKYTKA BPEMEHH,
B TedeHne KOTOPOr0 COXPAHSIOTCS OCOObIe TOYKHU C BEEPHBIMH MOBEPXHOCTSMU U munamu. 113
IPUBEIEHHBIX CBOHCTB BBITEKAET, YTO CENapaTOPh (eC/I OHHU CYIIECTBYIOT) HHBAPUAHTHBI OTHO-
CHTEJIbHO fo W UX 9HCJIO (BKJIIOYAS HOJIb) HE MEHSETCS B TeUeHHe HADJII0IaeMOr0 IIPOMeKYTKa
BpEMeHH.

CdopmymmpyeM OCHOBHBIE PE3YJIbTaThl CTATHH JJIsi TAKUX MAIHUTHBIX IOJIEH W JBHKEHUIT
IJ1a3Mbl, KOTOPBIE VIOBJIETBOPAIOT BBIIE MPUBEIEHHBIM CBOICTBAM.

Teopewma 1.1. Ilpednonroscum, wmo maznumnoe nose 6 S uUMeem 0COOEHHOCTIU.
Toz0a ux He menvuie Jeyr.

Teopewma 1.2. IIpednorostcum, wmo maznummoe note Ha S uMeem poeHo J6e 0co-
bennocmu. Toeda ux eeeprvie NOBEPTHOCTU NEPECEKAIOMCA NO KOHEUWHOMY HEHYAEEOMY YUCAY
CEnapamopos.

Baarogapraocru. Asropsl 6marogapsat PODPU (rpanrer 12-01-00672-a, 13-01-12452-adu-m)
3a dunancoByio nouepxkky. Ocobas Osaromapuocts Koncranruny BuranbeBuuy Kupcenko
(6usHecMeHy W My3BIKAHTY) 32 (DHHAHCOBYIO MOJJIEPIKKY.

2. Jloka3aTejIbCTBO OCHOBHBIX Pe3yJIbTATOB

Hamomuanuwm HekoTopwie nousaTnus u (akTol, Kacawommecsa anddeomopduzmor Mopca-Cwmeiisa.
XopomunM HCTOIHIKOM sABAA0TCa Kuurn [5],[8], a Takzke o63opubie craTbu [2], [15].

MuoxkecTBo HeOMYKIaOMUX Touek auddeomopduszma [ Oymem obOo3HAYATH depes
NW(f). s x € NW(f) oboszunaaum uepes W*(z) (coors. W*(z)) ycroiiuusoe (coors.
HeycTofiunBoe) MHOrooOpasue 3roif Touku. Juddeomopdusm f nazwiaercs dugdeomopdus-
mom Mopca-Cmeftina, eciu ero uebayxaromniee Muoxkecrso NW (f) runepbosindeckoe, cocto-
UT W3 KOHEYHOTO YHCJIa TOUeK, U MHBApHAHTHBIE MHOrooOpasus W*(x), W¥(y) mepecekarorcs
TPAHCBEPCAJIBHO (€CITH MepecedeHne He mycro) s Joobix Touek x, y € NW(f). Tuddeomop-
dusm f Mopca-Cwmeiisia HazbiBaeTCst 2paduermuonodobHvim, ecid JJist JIOObIX LePHOInIeCKUX
touek p, ¢ € NW(f) uz W*(p) NW=3(q) # 0 cnenyer, uro dim W*(p) < dim W*(q).

Touka x € M TpaHCBEPCAJBHOIO NEpecevdeHrs MHBAPUAHTHBIX MHOrooOpasuii W*(p),
W(q), tne p, g € NW(f), naspiBaerca eemeporaunuueckot, ecin dim W#(p) = dim W*(q).
uddeomopduzm Mopca-Cwmeitna gaBiasgercs rpa ueHTHONOT00HBIM 1uddeoMopdr3MOM TOT 1A
U TOJBLKO TOTJA, KOTJAA OH HE MMeeT IeTepOKTMHUYCCKHX TOUEeK.

Ecim W¥(p) NW4(q) # 0 u dim W#(p) < dim W*(q), TO KOMIIOHEHTY CBA3HOCTH Hepece-
genuss W¥(p) N W*(q) nasoBem zemepoksunuseckum nodmmozoobpasuem. Ecin pasmepHOCTh
MHOroo0Opasusg paBHa 3, TO J000e reTepOKJIMHIYECKOe IIOJIMHOr000pa3ue sBjseTcs Ju00 Ipo-
CTOM 3aMKHYTOH KpuBoii (romMeoMopdHOl OKpY:KHOCTH), JubO HE3aMKHYTO# KpuBoii Ge3 ca-
Mortepecedernii (roMeoMopdHoii OTKpBITOMY HHTEPBaTY). Mbl GyeM HA3bIBATH TAKHE KPUBBIE
2eMEPORAUHULECKUMU.

[Iycts p - mepuognueckas rouka mauddeomopdusma Mopca-Cwmeitna f. Hndexcom Mopca
TOYKHM ) HA3BIBAETCS TOMOJOIMYECKAs PAa3MEPHOCTh HeyCToiunBoro muoroobpasus Wh(p),

u(p) ¢ dim W(p) . Hndexcom Kponexrepa-IlTyankape Toukn p maswiBaercs uucao ind (p, f) «f

(—1)ue)
Creryromas JJeMMa, IBJISeTcsl KII0UeBOH [T TOKa3aTeIbCTBA OCHOBHBIX pe3yabTaTon. 060-
spadnM depes S° 3-Mepnyio cdepy.
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Jlemma 2.1. Cywecmsyem eaoocenue S C S® u npodoascenue fo do noasprozo
dugppeomopgusma f : S> — S Mopca-Cmeting marozo, wmo HebAyHCOOULE MHOHCECTEO
NW(f) ecmwv obsedunerue ucmownuka, cmoka u wenodeuschuix mouer dudgheomopdusma fo .

JokazaTensctTBo. IIpukienm K rpaHIYHBIM KOMIIOHEHTAM Sjpnt , Sezt MIAPOBOTO CJIOS
S mapw B ,, B3, coorBercTBenno. Torya MBI IIOTyYMM 3aMKHYTOe MHOTooOpasue, auddeo-

Mopdnoe 3-meproii chepe S2 = SU B3 U B2, | u ecrecrsennoe sioxenune S C S%. B cury
cpoiicts auddeomopdbuzma fo 0 S — fo(S), aBymepnas cdepa Si,; 0TOOparKaeTcs BHYTPD
maposoro cjiosi. [loaromy fo MOXKHO MpPOJOJIKATEL Ha Tmap B, Tak, 4roGwl BHyTpu B3, m0-
ABH/ICA TUNepOOIMYecKHil ICTOYHUK. AHAJOTHYHO, fo MOMKHO IIPOJO/IKUTH Ha Imap B2, Tak,
qToOb BHYTpH B2, mosBuicsa runepGomudeckuii ¢ctok. O603HAYAM TIOTYIEeHHOE TPOJIOTIKeHNIE
muddeomopdusma fy uepes f : S — S3. ScHo, 4TO fj MOXKHO HPOJIOJAKHUTH TaK, 4TO-
oot f aBisuics puddeomopdusMoM, y KOTOPOro HEOJIYKIAIOIIEee MHOKECTBO TOJIYYAeTCs U3
HeOIy K JafoIIero Muoxkecrsa auddeomopdusma fi mobaBIeHneM IBYX HEMOABUKHBIX TOUYEK.

Taxum obpasom, muddeomopdusm [ nMeer KoHEIHOE HEOTYKIAIOIEe MHOKECTBO, COCTO-
driee U3 THIepOOJTUIeCKAX HENOIBUKHBIX TO4YeK. [lo ycaoBuUIO cemapaTpuchl celIoBBIX HEIMo-
JIBUZKHBIX TOYEK IepecekarTces TpancBepcaibuo. CrepoBaresbio, f sapisercs jauddeomop-
dusmom Mopca-Cwmeitsta. Tak kak [ umeer TOJIBKO JiBe y3/I0BbIe HEMOJIBUMKHbBIE TOYKHU, TO f
— noJisipubiit guddeomoppuzm. L

Jloka3zarebcTBO TeopeMnbl 1.1..

JlokazaTenabcTBo. YUuTeBaw JemMmy 2.1., J0CTATOYHO MOKA3ATh, 9YTO AuddHeoMop-
dbusm f 1 M3 — M3 Mopca-Cwmeiina He MOKeT IMeTh POBHO TPH MePHOANTECKHe TOUYKH Ha
3aMKHYTOM TpexmMepHoM Muoroo6pasun M3 . TIpeanosioxum IpoTHBHOE. TOT 13 HeOIy 2K TafoIee
MHOZKECTBO COJEPKHUT B TOYHOCTHU OJHO CeJI0, OJINH CTOK u oauH nctounuk. CjemnoBarenbHo, f
He MMeeT reTepPOKJINHNIeCKIX KpuBbiX. B cuiy [14], ansa quddeomopduzma Mopca-Cwueiina, He
UMEIOIIET0 FeTePOKJIMHIIECKAX KPUBBIX, CYIIECTBYET TeJI0e HEOTPHUIATETHHOe YUCTI0 1717 TAKOe,
qT0 mMeeT Mecto dopmyna [ —k = 2 —2m, tjae | - 9UCTO BCEX CTOKOBBIX U MCTOYHUKOBBIX
MEePUOINICCKUX TOYEK, U Kk - 9HUCJI0 BCEX CEJJIOBBIX mepuojmdeckux todek. [losromy mirs f
JIOJIZKHO BBITIOJTHATHCS PABEHCTBO 1 = 2 — 2m , KOTOpOe HEBO3MOYKHO HU ITPU KAKOM TIEJIOM 177 .
JHokaszaTeabhCcTBO 3aKOHUYEHO.

Jloka3zareibcTBO TeopeMnbl 1.2..

JokazarTenanbcTBso. YuureBao jemmy 2.1., MBI Jajiee OygeM paccMaTpUBATD
kaace MS;(S3,4) mupdeomopbusmos Mopca-Cueitna S® — S co caemyomum nabopom
HEIO/IBUKHBIX TOYEK: UCTOYHUK- (v, CTOK - W U JBa CeJjia 01, 09. llokaxkem, 910 ceana oy,
o9 umveror pas3ubiii nagekc Mopca. [Ipeamonoxkum nporusuoe. Toryga f He mmeeT reTepokim-
HIYeCKHX KpHBBIX. B pabore [14] nokazano, uTo B 3TOM ciiydae M3 = S ecTb cBa3Hag cymma
m > 1 sxzemmaapoB S? x S, 4T0 HEBO3MOKHO.

Hajiee OymeM cuurarb, 9TO HEMOJBUKHBIE TOYKH MMEIOT CJIeAYIONne UHIeKCh Kponeke-
pa-Ilyankape (coors. Mopca) ind (a, f) = =1 (u(a) = 3), ind (w,f) =1 (u(w) = 0),
ind (o1, f) =—1 (u(o1) =1), ind (02, f) =1 (u(oz) =2).

JHokaszaTeabCcTBO 3aKOHYEH O.
[TokarkeMm, 9TO UMEIOT MECTO CJEYIONINEe BKJIIOYEHHUS:

W oy) — o1 C Wo(w), W?(o9) — 0o C W*(a).

[TockoBKY [ He MOXKET UMEeTh TOMOKJIMHUIECKIX ToueK, To W* (o) N W¥(o;) =0 (i =1,2).
Tak kak [ - crpykrypHo ycroitumsbiii auddeomopdusm, o W4 (o) N W(os) = (), unaue
Obl B TOYKAX MEpeCcedeHust He BBINOJHAIOCH CHIBHOE YCI0BHE TpaHcBepcanbroctu. OTciona
BBITEKAIOT TpebyeMble BK/IIOUeHHs, Tak Kak S° pasbubaeTcs Ha MONAPHO He TepeceKalonnecs
MHBAPHAHTHBIE MHOTOOOPA3Us, YCTONYMBBIE UM HEYCTOIIUBBIE COOTBETCTBEHHO.
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Jloka3zaTeabCTBO 3aKOHTUYEH O.
Crenyromag eMMa Jokazana B [13]. Mbl OpuBOAUM ee JIsl CCBIIOK, OCTABJISIS YATATEIIO
JI0Ka3aTe/IbCTBO B KaueCTBE YIIPaKHEHMUSI.

JIlemmMma 2.2. Hueem mecmo enroocenue W(o) —o C W*(a).

[Tokazkem Temepb, uro muddeomopdusm f He HMEET reTepOKJIMHHYECKIX TOYEK, TO €CTh
aBJisteTcs rpagueaTHononobubM. [lockoabry W*(oy) — oy C WP (w) u W*(o3) — o2 C W*(a),
to W¥(0o1) me nepecekaer W#(o3). Ecmu xxe Wo(op) N W¥(03) # (), To BRIMONHSAETCS HEpa-
BencrBo 2 = dim W*(oy) > dim W"(03) = 1, uro 03Ha4aer rpaJuenTHONOI00HOCTD.

Cymecrsyer Cl'-ummepcus ¢ @ R — W% (o), rae p(0) = 0y, apagiomasncsa B3auMHO
OJIHO3HAYHBIM 0TOOpazkKeHneM Ha CBOit o6pas. Ecau monoxkurh ¢(4+00) = w, T0 mojaydaem, 4ro
HMMepCHs ¢ MOKeT OBITh IPOJoJzKeHa 10 romeoMopdusma ¢ : ST = R U {oo} — W¥(oy) U

{01}, mak kak W"(01)—0y C W*(w) u w-npeebHOe MHOKECTBO JTI000I TOUKH U3 MHOKECTBA

def
W(o1) — o1 ecth Touka w. Orciona Beirekaer, uro C,, = {w}UW"(0y) saBisiercst BlIoKeHneM

def
okpyzxnocru. Anasornano, C = {a} UW?(03) Takzke sBiIsgeTcs BJOKEHUEM OKDPYZKHOCTH.

Tenepn mokaxem, aro W4 (o) N W"(03) comep:kut XoTst Obl OJHY HE3aAMKHYTYIO T€TepO-
KJIMHUYECKYI0 KPUBYIO C KOHIEBBIMU TOUKAMH 07, O9. B ycroiiunBom muoroobpasuu W4 (o)
Bo3bMeM (yHIaMeHTaIbHYI0 00macTh F*° aubdeomopduzma flws(y)-0, - Tak Kax TOUKA 01
rUIepOOJInIecKasi, TO Mbl MOXKEM CUMTATh F'® 3aMKHYTHIM KOJIBIIOM, OTPAHMYEHHBIM IJIaKH-
vmu kpusbiMu C7 u Cy, KoTopbe OKpyzKaioT Touky o1 B W*(o1). Bosbmem B F® upocryio
3amkHyTyI0 KpuByio C', romoronnyio Cy u Cs. [Ijas ynobcrBa, pa3odbeM jgajibHeiilee q0Ka3a-
TEJIbCTBO HA YTBEPIK/IEHUS, KOTOPbie Mbl OyjieM 00603Ha4UaTh Kak maru. Koner JoKa3aTeIbCTBa
KazKJI0ro Iara 0003HAYUM Yepe3 <.

IITar 0 /g mo6oit 3aMkayTOl Kpupoit C', romoronnoit KpusbiMm C7 u Cy, mepecedenne
CNW*(oy) He mycro.

Joxazameavcmeo waza 0. Tpeanonoxkum, aro C' N W¥(oy) = (. Torna C C W*(a),
MOCKOTBKY S° —w ecTh 00beIMHeHTe TOMBLKO TPeX TOHAPHO HeMePeceKaOMNXCs HeyCTONINBhIX
muoroobpaszuit. W4 (a), W¥(oe) u W*(oy). B cuny xomnakraoctu C,, = {w} U W% (oy),
cymecTByeT Takag okpecTHocTh U(a) mcrounmka «, uro U(a) N C, = (. U3 Braovenus
C C W*«) n xommaktaoctn C' cJiejiyeT CymecTBOBAHUE TEJIO0T0 OTPHUIATETLHOTO YHCTIA Mg
rakoro, uro f"(C) C U(a).

Tak kak kpusass C' C W*(o1) — 01 meromoronna nHymto B W?*(o1) — 01, T0 oHA Orpannvu-
Baer B W?%(01) muck D, conepxammuii Touky o;. [Tockoabky f He umMeer rOMOK/TMHUIECKUX
Touek, auck D mepecekaerca ¢ C, poBHO B omHOi Touke oy . [losromy C u C, obpa3y-
10T HETPUBHAJIBHOE 3allelienue ¢ KodddurmenroM 3anemnenus —1 win +1 (B 3aBHCHMOCTH
or opuentanuii Kpusbix). Torma f™(C) u f"(C,) rakxke 00pa3ylOT HETPUBHAJIBHOE 3allell-
nenue ¢ xKodbdunmenrom sanemienuss —1 wm +1. U3 f(C,) = C, BBITEKaeT paBeHCTBO
fm(C,) = C, . oaromy f"(C') u C, obpasyror Herpusnajbhoe 3anemienue. C gapyroit cro-
ponbr, f™(C) C U(«a). Tak kax U(a) N C, = 0, To orcroga moaydaem, aro Kodbdumuent
sanemwnenns [ (C) u C, paBen Hy 0. Mbl MOJYYHIN IPOTUBOPEYHE. ©

Takum o6pazom, W(o1) NW¥(03) # 0. Tak kak W3(o1) nu W"(03) uepecekarorcst rpanc-
BepcasbHo, To nepecedenne W (o) N W"(03) cocrour u3 Kpusbix. B ¢uy npousBoIbHOCTH
kpusoit C', nepeceuenne F° N W"(oy) comepxkut, 110 KpaiiHeil mepe, ogHy Jayry d, ¢ KOHIe-
BBIMH TOYKAMH (1, (o, JIEZKAINMMA HA PAa3HBIX I'paHHYHBIX KommoHenTax C7 u Cy Kojblia
F*. JIna onpenenennoctu nonoxum a; € C; (i = 1,2). Obosnaunm 4yepes D KpuByro u3
We(o1) N W*(0q), conepkarniyio ayry d.

IMTar 1 /Ina komunaxktHOro (B ronosiorun Muoroobpasuss W#(oy)) mopmuoxecrsa F C
W#(oq) u moboit Touku my € int F' cymecrByer okpectHocTh U(myg) , KoTopast roMmeoMopghHa
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JICKY M KOTOpasi TepeceKaeTcst He DoJsiee 4eM ¢ OJHON KpuBoOii u3 nepecedenus F N W"(o3),
npu tom, ecu U(mg) mepecekaercs ¢ ojiHOll KpuBoii, ckaxem [, To mepecedenne U(mg) N1
COCTOUT U3 OJHON KOMIIOHEHTBI, roMeoMOPhHOI npocToit ayre, Koropast aeaut U(mg) .

Jlokazamesvemeo waza 1. Tlpeanonoxum, uro jiobas okpectHocth U(myg) , romeomopdrast
JIICKY, [lepeceKaeTcs 0osiee yeM ¢ oHoil kpuBoii uz F'NW"(oy) . Torma cymiecTByeT 1mocie10Ba-
TeJILHOCTH ToueK My € FNWY(0y), cxoagmuxcst K Touke mg € int F' | Takast, 410 1My, JexKar
HAa MOMAPHO PA3IHYHBIX KOMIIOHeHTaX nepecederust FNWY(0q) . OTcioga u TpaHCBepCaTbHOCTH
nepecevenuss F' N WY(0y) BbITEKAET, 4TO TOYKH M) HU30JUPOBAHBI B TONOJOTUM HEYCTON M-
Boro muoroobpasuss Wh(oy). ITosromy mgy ¢ W"(oq), unaue Heycroiiumboe MHOrooOpasue
W"(oy) GBLIO GBI CAMOIPEIEbHBIM U CYIIECTBOBAIM Obl TOMOKJMHUYECKHE TOYKH. Tak Kak
M? —w = W"(o2) UW"(a) UW"(0y), To ub0 mg € W*(a), mubo mg € W*(a1) . Brmoue-
e my € W*(a) HEBO3MOKHO, MOCKOJIBKY HeycToitunBoe MHOroobpasme W'(a) OTKpHITO 1
HE MOZKET COJIEPZKATH TOYEK HAKOILICHUs HeyCTOiunBoro muoroobpasus W(oy). Briouenune
mo € WY (01) TakKe HEBO3MOKHO, TIOCKOJLKY B cuiy mg € int F* C WY(o;), ono Bieder
HAJIMIHe TOMOKJTUHUIECKUX TOYEK.

Tenepsb npeanosoxkum, uro U(mg) mepecekaercst ¢ oJHON KpHBOii, cKaxkeM [, HO mepece-
gerue U(mg) N coaepKUT KOMIOHEHTY, roMeoMOPMhHYIO MPOCTO Iyre, KOTOpas He JeTuT
U(myg) . VI3 BBIIIENPUBEJEHHOTO PACCYKICHUST U TPAHCBEPCAIbHOCTH nepecedenus F N W (o3)
BBITEKAET, ITO NPEJIEJIbHOE MHOXKECTBO KpuBoit [ B U(mg) cocTouT POBHO M3 OJHON TOYKH.
Cuoga pasenctso M? —w = W¥%(09) U W () UW"(0;) UPUBOAUT K NPOTUBOPEUHUIO, TAK KAk
npejie/ibHasg TOYKa He MoxKeT npuHajiexkars au WY (a), am W¥(oq). Ilosyuennoe mpoTuBo-
pedne 3aBepIIaeT J0Ka3aTeabCTBO Immara 1. ¢

ITTar 2 CewmeiicTBo jayr u3 nepecedennss F° N W"(0y), KOHIEBbIE TOUKH KOTOPHIX JIEZKAT
HA PAa3HBIX TPAHUYHBIX KOMIIOHEHTAX KOJIbla F°, KOHEYHO.

Zoxazameavcmeo waza 2. Ilpeanonoxum nporusuoe. Torma nmeercs: Touka mg € int F*,
KOTOPasi IBJISIETCS TOTOJOMMYECKUM TIPEEIOM MONApPHO PAa3/INIHBIX KpuBbix u3 ¥ N WY (0y).
9TO0 mpoTUBOpEYHT Imary 1. ¢

O6o3naunm uepe3 d = dy , ...,d; 3aHyMepOBaHHBIE B MUKJIUICCKOM TOPSIIKE JTYTH U3 Iepe-
ceuenust F*NW"(03), KOHIEBBIE TOUKM KOTOPBIX JIE2KAT HA PA3HBIX KOMIIOHEHTAX KOJbHa F'*.
[lycts D = Dy, ...,Dy - xpussie uz W#(oy) N W¥(03), conepxammue ayru d = dy, ..., dg
cooTBeTCTBeHHO. OTMETHM, 9TO HEKOTOPBIe U3 KPUBHIX D; MOTYT COBIAIATh.

IIIar 3 Cpemu xpuBbix Di, ..., Dy cymectByer, 1o Kpaiineit Mmepe, o/iHa HE3aMKHYTasl.

Jokasamenvemeo waza 3. Ilpeanonoxum mporusroe. CorsacHo mary 1, TOMOJTOrHYeCKHii
npejiesl KpuBbIX u3 nepecedenus F° N W"(0y) caepxurcs B rpPaHUYHBIX KOMIIOHEHTAX KOJIb-
na F°. Orcioga u 3amMrHyTOCTH KpuBbIX Di, ..., D} ciiegyer, 9T0 CyIHIeCTByeT 3aMKHYTas
KpuBasi, Helepecekarmascs ¢ Kpusbivmu u3 W* (o) N W (03) u comepxkaiias Ha yCTORIUBOM
muoroobpasuu We(oy) BHyTpH cebst TOUKY 0. DTO HpoTuBOpednt mary 0. ©

Bynem m1s onpeseeHHOCTH CINTATD, 9YTO KpuBasg D = D; He3aMKHYyTA.

IMTar 4 Kaxas vesamknyras kpusas uz We (o) N W¥(02) nepecekaer Bce KoJIbLIA BUJA
FH(F*®) uo kpaiiueit mepe ojnoro uz oobeauuenuit Uy f*(F*), Uj<of"(F*).

Joxazameavcmeo waza 4. Jloctarouno pokasaTh yTBepxkaenue jjst kpusoit D . IIpesmrmo-
JiokuM 1potusHoe. Torna D JieKUT CTPOro BHYTPU KOHEYHOTO OObEIMHEHUS Uiiif Y(F®). U3
HE3aMKHYTOCTH D BBITEKAET, YTO BHYTPH TOTO OOLEINHEHUS MMEeTCS TOUKA, My TaKasl, 9TO
b0 obas ee OKpecTHOCTL U(mg) COMEPKUT CUETHOE MHOYKECTBO KOMIIOHEHT TIEPeceveHHUs]
U(mg) N D, mubo mgy ABIAETCA €JIMHCTBEHHON IPEJeJbHON TOUKONH OJHOI U3 MOJyKPUBBIX
kpuBoit D . Dt1o nporuBopeunt mary 1. ¢

IIlar 5 Kaxkjag He3aMKHyTas KpuBag u3 nepecedenus W*(op) N W"(0y) uHBapnanTHA
OTHOCHUTEJILHO HEKOTOPOii urepanun guddeomopdusma f .

Joxasamenvemeo waza 5. JlocraTouno mokasaTh yrBep:KieHue qisg D . Bynem mia ompe-
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JIeIeHHOCTH CYUTATh, 9T0 D IepecekaeT Bce KOJbla u3 oobemunenna U;sqof (F*). IIpeamomo-
JKIM, 9T0 D He WHBapHaHTHA OTHOCHTeAbHO f' amsa mioboro i > 0. Cormacuo mary 4, i
aoboro i > 0 cymecrsyer ayra A; kpusoit D, jexamas B koiablie f'(F*) n umeromas KoH-
eBble TOUKM Ha pa3Hbix rpanudnbix komuonentax f'(Cy) u f'(Cy) sroro kosbua. Taxk kax
D He unBapuaHTHa oTHOcuTebHO f°) To ayru [~ '(A;) obpasyioT ceMeiicTBO IIOIApHO Heme-
pPeceKaroImuxcsa AyI B KOJblle [, KOHIEBBIEe TOYKH KOTOPBIX JI€’KAT HA PA3HBIX IPAHHIHBIX
KOMIIOHEHTaX KOJbIa F'°. DT0 NpOTHBOPEYHUT Iary 2. <©

IMTar 6 Kaxas nesamxuyrast Kpusast uz W*(o1) NW"(09) siBisiercst kpusoii 6e3 camore-
pecedeHnii ¢ KOHIEBBIMU TOYKAMEU 01, O3 .

Zoxazameavcmeo waza 6. locrarouno paccmorperh kpuByio D. He ywmenbrmas obmr-
HOCTH, MOYKHO CUYHTaTh, 9T0 D wuHBapmaHTHa oTHOcHTeabHO f. Jlyra d C D mnepeceka-
eT ¢yHIAMEHTaJbHOe KOJIbIO F° B pasHbIX OKPYKHOCTAX, orpanmumBatomux F°. Taxk kak
U fUF®) = W5(o1) — 01, TO yTBepx<IeHHe BBITEKAeT U3 Iara 5.
i€z

IMTar 7 Kaxaast He3aMKHyTast Kpubast u3 nepeceuenust W* (o)W (oy) nocie pobasienust
KOHIIEBBIX TOUEK 01 W Oy MPEBPAIIAETCS B HEMPEPBIBHBIN My Th, COeINHSAIONINI TOUKH 01, O3 .

Zokasamenvcmeo waeza 7 moctarodno nposectu aasg D . B cuny mara 1, 8 F'° xpuBasg D ne
nMeeT ToYeK Hakommenus. CieaoBaTelbHO, OHA He HMeeT TOYeK HAKOILIEHHS B JTI0OOM KOJbIe
fH(F?®). Tak KaK B CKOJIb YTOIHO MaJOH OKPECTHOCTH TOUKH 07 Jexar see Kouabua f'(F*),
HAYMHAs ¢ HEKOTOPOI'O MOMEHTa, TO D JI0Ompee/sieTcss B HENPEPBIBHBINA MyTh B TOYKE O .
AHAJIOTTIHO JOKA3BIBAETCS BO3MOYKHOCTH HEIIPEPBIBHOTO JIOOMPEIETIEHNSI B 0y . ©

DTO0 3aBepllaeT J0Ka3aTeIbCTBO TeopeMbl. []
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VIIK 519.63

W repaTuBHbIii METOA MEPBOro HOPSIKA /I AKKPETHUBHBIX
BKJIIOUCHIIT B 6AHAXOBOM IPOCTPAHCTBE
© M. I1. Pasannesa’

Annoranums. /s ypaBHeHWH ¢ MHOIO3HAYHBIMU aKKPETUBHBIME OlEPATOPaMU B DAHAXOBOM IIPO-
CTPAHCTBE MOCTPOEH MTEPATHBHBIN HEABHBIN METOJ] TEPBOTO MOPAIKA, MOJYIEHBI JTOCTATOYHBIE
YCJIOBUS €0 CHIIBHON CXOAMMOCTH K PEIIeHHI0 HCXOAHOM 33/1a4N.

KimroueBbie cjioBa: UTepaTHWBHBIA METOJI, aKKPETUBHBIH ONEPATOD, PE30JIbBEHTA, CXOIUMOCTD,
IyabHOe OTODpaXKeHue

[Tycte X — ¢TpOro BBIMYKJIOE W PABHOMEPHO IJIQJIKOe 0AHAXOBO HMPOCTPAHCTBO, MOYJIb
IJIQJIKOCTH KOTOPOro pasen px(7), X* — npocrpancrso, conpsizkennoe X, (u,v) — 3HaUeHUe
AuHeiliHoro dyHKmuoHasa u € X* Ha smemente v € X, B : X — 2% — m-akKpeTHBHBII
oneparop, T.e. R(aB + E) = X upu Bcex a > 0, F : X — X — equnnunsiii omeparop,
J* X — X* — jyanbnoe orobpazkenne B X ¢ macmrabnoit dynkmueit p(t) = 571 s > 1,
npu s = 2 uMeeM HOPMAaJIM30BaHHOe jyajbHoe orobpaxkenue J : X — X* (cm. [1], ¢.65).

[Tpeanosoxxum, aro oneparop A : X — X obsagaer csoiicTBamu:

(i) stBIsIeTCSl CHJIBHO AKKPETHBHBIM, T.€.

(J(u =), Au — Av) > M|lu—v||* VYu,v € X, M > 0;
(i) yaommerBopsier ycaosuto Jlummmia, T.e.
|Au — Av|| < L||ju —v|| Vu,ve X, L>0.

Paccmorpum B X ypauenue
Ar+ Bx = f (1.1)

¢ MHOTO3HAYHBIM OTEPATOPOM, PEIIeHne KOTOPOrO TOHUMAEM B CMBIC/IE CJIEIYIONIETO BKJIKOYE-
HUS
f— Az € Bx. (1.2)

Hcnonb3ys pesosibBenTy onepatopa B, onpenensemyto pasenctsom [% = (aB + E)™! or
ypasuenust (1.1) mepeiijieM K ypaBHEHUIO ¢ OJHO3HAYHBIM OIEPATOPOM

r = Ig(x — a[Az — f]). (1.3)

DTOT mepexo; BBI3BAH T€M, UTO MOCTPOCHHE MHOKECTBA 3HAYCHUIT MHOTO3HATHOIO OLEPATODA
B TOUKe — HempocTas 3aga4a (cMm. mpumep 2.4.3 u3 [1]).

B Hammx ycioBusx ogHO3HauHas paspemumocts (1.1) mokasana B [2]. B manbueimmx wc-
CJIEJIOBAHUSIX CYILIECTBEHHYIO poJib urpaer oneparop J°. IIpusesem HeKoTOpbIe CBOICTBA HTOIO
orepaTopa. HpeH(;Le BCEro B HalllUX YCJIOBHUAX OTMETUM €ro OJHO3HAYHOCTh U HEIPEPHBIBHOCTD.
Kpowme Toro, crpaBeyinBo HepasencTBo (eM. [1], ¢.79, 88)

(Ju = Tv,u —v) < erllu = o + capx (lu — o)), (1.4)

saech |lul] < R, ||v]] < R, c1 =c3(s— 1), ca = czcy, 3 =2%1R"2/s ¢y = max{F, R}, F—
nocroannad Puresd.

Ucnompsys (1.4), MOXKHO HOTYYHTh ONEHKY cBepxy aada ||J*u — J%v|| ma B(0,R), T.K.
11010010 |1], ¢. 83-85 Jl0Ka3biBaeTCs yTBEPZK/IEHUE.

! TIpodeccop kadenpsbl IPHKAAIHON MATEMATHKY, HIZKeTOPOICKIH TOCYIaPCTBEHHBII TEXHIUECKHH YHIBED-
curer uM. P. E. Anekceesa, Hukauit Hosropon; Iryazantseva@applmath.ru
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JlemmMma 1.3. B pasnomepro aradkom banarosom npocmparcmee X cnpasediuso He-
PABEHCNE0

gx(Jlu = vl])

|u — | Vu,v € B0, R) = {z | ||z < R}, (1.5)

| JPu — Jov|| < eqlju — v + 2¢2

2de

1
ax () :/0 pxitg)dt, £>0.

SBameuganune 1.1. ockorvky (cm. 1], c.16)

Am == =0, (1.6)

mo pynryua px(t€)/§ onpedeaena npu ecex & > 0. He napywasn nepaserncmea (1.5), dynryuro
px(T) mootcro samernums nenpepuisnot dynrkyuet px(T) maxod, wmo px (1) < px(7) u co-
xpanaowet ceoticmso (1.6). s npocmpancme Jlebeza maras pynxyus px(T) cywecmsyem
(em. [1], ¢.27).

Bameuaunune 1.2. /s nopmaruzosarnoz2o dyasvioz2o0 omobpasicenus J eepra 60-
aee mounas, wem noayuaemas uz (1.4) ouenxa (cm. (1], ¢.74)

(Tu— o) <8 [[lu— vl + espx([lu—o])].
omkyda nodobro (1.5) noaywaem

qx ([lu —vl)
lu— vl
[Tosb3ysack aeMMoii, yeranoBuM cBoiicta Bua (1.5) ayst oneparopos J u JP B mpocTpan-
crBax Jlebera LP.
Ilpu p > 2 u s = p moayab tajgkoctu px(7) < (p — 1)1 (em. [1], ¢. 27), dyukius
ax(§) = (p — 1)&/2, u B cuny (1.5)
|70 = 70| < fer + (p = Delllu =] (1)

Mycrs p € (1,2), s = 2, morma px(7) < 7/p (e [, ¢.27), gx(§) = &/p?, w w3 (1.7)
nMeeM

|Ju — Jou|| <8 |||u— v + 2¢4 Vu,v € B(0, R). (1.7)

2
1Ju— Ju]| <8 [[lu— o] +§Hu—v||p1 | (1.9)

Ormernm, 4to orobpaxenue JP B LP npu p € (1,2) ymosiaerBopsier Ha X YCJIOBHIO
Tenpaepa (cm.[1], c. 85)

|JPu — JPo|| < p ||u—v||p_1, (1.10)

4

o)
ais J B LP npn p > 2 BuimosHeno ycaosue Jlummuna (cm. [1], ¢. 84)

[Ju—Jv|| < (p—1)|lu—vl. (1.11)

Hng pemenns ypasuenus (1.1) B [2| mocTpoeH HeNpepbIBHBINA METO TE€PBOTO MOPSAIKA B

BHJIe caeayrommeii 3agaqun Komu (em. [3]):
W/ (1) + ult) = I (u(t) —7(8)[Au(t) — f]), (112)
U(t()) =uyg € X, ty>0, (113)

1 JIOKA3aHO YTBEPKJIEHUE.
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Teopema 1.1. Ilyemv X — cmpozo evnykaoe U pasHOMEPHO 2Aa0K0€ OAHAT060
npocmpancmeo, B : X — 2% — m-axkpemuenwiii ozpanunennuili onepamop, onepamop
A: X — X obaadaem ceoticmeamu (i) u (i), ¥(t) — nosostcumenvrasn nenpepuenas GyHkyus,
U GLINOAHEHDL YCAOCUA

lim y(t) = 0, / y(t)dt = 400,

t—o00 to
sM — L >0, (1.14)

Iycmov cyuwecmeyem wucao ro > 0 maxoe, wmo

Jy,y— [y —v(0)[Ay — f1)) >0 npu [|y]| > ro. (1.15)

Tozda cywecmeyem eduncmeennoe pewenue u(t) € Cty, +00) zadavu Kowwu (1.12), (1.13)
npu arbom ug € X, u u(t) = x npu t — 00, 2de x — eduncmeennoe pewenue YpasHeHUA

(1.1).

Bameuanue 1.3. Ommemum, wmo npednososicerue (1.15) ecmv 0dno uz docma-
mouHbLT Yeaosuli pagpeusumocmu ypashenus (1.3) (cm., nanpumep, [1], c.15, 158).

[Tycts mpocTpancTBo X, omepatopbl A m B yIOBIETBOPSIOT YCIOBUAM Teopembl 1.1., u
BepHo (1.14). [Mocrpoum pasuoctHbiil anasor meroqa (1.12), (1.13) caenyroriero Buja:
Up4+1 — Un n
Dl TN s = 1 (gt — VoAt — f]), n=1,2, ..., (1.16)
Tn+1
riae snement u; € X 3agaercsa, {7,} u {7,} — orpannveHHbBIe MOC/IEIOBATEIBHOCTH TOJIO-
JKHUTETBLHBIX umces, oneparop I = (v,B + E)™' : X — X ecTh pesoibBeHTa omepatopa
B.
YeTaHOBUM OIHO3HAYHY IO pa3pentuMocTh ypaBaenust (1.16) OTHOCHTENBHO Uy 1. [ljist 9TOTO
ot (1.16) mepeiiieM K SKBUBAJEHTHOMY yDPaBHEHWIO

Unp, — Up Un, — Up
’VnB <L + un-i—l) + L + ’Vn(AUTH-l - f) = 07 (1'17)
Tn+1 Tn+1
U
B (§n+1un+1 — ) + I Alpir = f+ ; (1.18)
Tn+1 InTn+1 TnTn+1
rae Epi1 = 1+ 1/74. Tlockoabky &, > 0 upm Bcex n > 1, TO mjag M -aKKPETUBHOTO

oreparopa B merpymHo yoeauTbcst B m -akkperuBnoctu orobparkenuss BT, e Tx = &, 10—
Up/Tnt1. ClleoBaTeNIbHO, CyIECTBOBaHNE eanHCTBeHHOTOo pernenus (1.18) (a 3waunt, u (1.16),
(1.17)) ycraHAaBIMBAETCSA TeMHU YK€ PACCYKICHUSIMH, 9TO U Jijisd ypaBHenus (1.1).

Uccnenyem moBesieHne MOCTeA0BATENbHOCTH {Uy,} Tpuw n — o0o. IlycTh smement Ay, €
B(Nn41 + Upy1) Taxoii, uro (em. (1.17))

Vahnt1 + Mt + Vo(Atpgr — f) =0, ppyr = un%;un (1.19)
Kpowme Toro, corsacuo (1.2), cymecrByer siement v € Bx Takoii, 4ro
v+ Az — f=0. (1.20)
Yuuoxkus (1.20) Ha 7, nMeem
TV + Y (Az — f) = 0. (1.21)
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Temeps u3 (1.19) u (1.21) moaywaem, aTo

(S M1+ tnsr — @), Mr1) + ¥l (T (Mnsr + Ungr — ), b — ) +
+ (S a1 + U1 — @), Aty — Az)] = 0. (1.22)

[Tycrs npennosoxkenne (1.15) Bepro npu 3amene y(t) Ha 7, T.e. CIpaBeINBO HEPABEHCTBO
(Jy,y =I5 (y —m[Ay — f1)) 20 mpn [jy] = ro. (1.23)

Hokazxkem orpanwdenHoctb {u,}. Tlpeamonoxkum mporuBHoe: mycrh ||u,| — oco. Torma npw
JOCTATOYHO GOJIBIIUX 7 CHPABEJINBO HEPABEHCTBO ||uy,| > 1o, u B cuy (1.23) nmeem

<Jun+1a Up4+1 — [%n (un+1 - VH[Aun+1 - f])) > 0.

Kpowme toro, u3 (1.16) moxyuaem

<Jun+1a Tin+1 + Un+1 — Ign (un-i-l - ’yn[Au’n'i‘l - f]>> = 0.

Otcrofa ¢ y9eToM MOCJIeTHer0 HepaBeHcTBa noaydaeM, 910 (Juni1, Mpt1) < 0 win ||up4q]| <
|un||. Takum obpazom, mokazana orpanndeHHocTb {u,}. Temeps u3 (1.16) BhITeKaeT orpaHu-
4eHHOCTb {(Upy1 — Up)/Tni1}. [lycrn

[tin g1 —

Tn+1

un|| < C, <C Vn. (1.24)

Ompeznenum Bennunuy 7, = |u, — z||*/s. Ycranosnennsie onenku (1.24) u coiictsa (i), (ii)
oneparopa A IO03BOJSIOT 3alUCATH CJIE/LYIONHE COOTHOIICHUSI:

(J°(Mpa1 + tng1 — @), Aty — Az) = (J°(Uupy1 — @), Aupyy — Ax) +
+ (S (1 + 1 — @) = S (tnp1 — @), Aupyr — Ax) > sSMrpiq —

L = 2IC(mr|) 2 (M Lros = = C™ (). + + - =1, (1.25)
m s m
IPUYEM TOCTOSHHBIE ¢ U C2, onpegensiomue Gynkuuto C(§) = 1€+ 2¢0qx(£) /€, 3aBucar or
R =C + C+|z||. Baech mbi ncnoansosanu nepasenctso ab < a®/s +b™/m, a > 0, b > 0.
Ormernm, arto ¢ nomorwio (1.6), Herpyaro nposeputh pasencrso C'(0) = 0.
[Tepsoe caaraemoe B (1.22) ¢ y4eroM MOHOTOHHOCTH OmepaTopa J° OINEHUM CJIeLyOIIIM
obpazoM:

<J5(77n+1 + Upt1 — »’U), 77n+1> = <J8(77n+1 + Upt1 — 1‘) - Js(un+1 - 95)777n+1> +
+ <‘]S<un+1 - x)?ﬁn-i-l) 2 <Js<un+1 - x)aun-i-l - un) (126)

n+1

Jlnst Begkoro BeinykJaoro audgepenimupyemoro 1mo Iaro wa X dysknmonara ¢ @ X — R
BepHO HepaseHcTBO (cM. [1], ¢.37, 38)

p(z) = p(y) = (grade(y), = —y) Yo,y X.
[Tpumvenus 1ocsienee HepaBeHCTBO K dbynknuonany ¢(x) = ||z||°/s, u3z (1.26) umeem

1

Tn+1

(J* (g1 + Ung1 — 2), Ng1) > (Png1 — Tn). (1.27)
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13 (1.17) 6e3 Tpyma BHIBOJAUTCS OIEHKA
||77n+1|| < C~L1’7n ‘v’n, a; > 0. (128)
Teneps u3 (1.22) ¢ yuerom (1.25), (1.27), (1.28) mosydaem peKypeHTHOE HEPABEHCTBO

TnTnt+1£0 ) L
L+ Y Tns180 m(1 4+ Y Tns160)

u jemMa u3 paborsl [4], ¢. 385 mo3BoIsIeT YCTAHOBUTH yTBEPIKICHUE.

el S (1 — Cm(dl’yn), é-() = SM — L,

Teopewma 1.2, [lyemv X - cmpozo 6unykioe U pacHOMEPHO 24a0K0€ OAHATOGO
npocmpancmeo, B : X — 2% - m-axkpemuenvid oepanuuennvili onepamop, onepamop
A: X — X obaadaem ceoticmsamu (i) u (ii), {vn}, {Tn} — 0epanuuennwe nociedosamervro-
CIU, TOAOHCUTNENDHBLT WUCER, 6uinoAnenb, Yyerosus (1.14),

nh—l;rolo Tn = 07 ZVHTH—FI = +OO7
n=1

u eepno (1.15) npu y(t) = vn. Toeda nocaedosamesvrocmv {u,} onpedessemcs 00HO3HAUHO

us (1.16), u npu mobom uy € X crodumes no nopme npocmparcmea X K eQuHCMEEHHOMY

pewenuro ypasrenus (1.1).

Bameuanue 1.4. Bobanarosom npocmpancmee seaununa {Jx— J%y, x—1y) ceep-
TY U CHUBY OUEHUBAELTCA DASHOLMU cmenenamu || — y||, npuwem ouenku mocam aokanb-
HoUll Taparxmep, nosmomy 6 GaHaALO80OM NPOCTNPAIHCINGE 6 OMAUYUE OM 2UALOEPTO6A BMECTNO
Yo =7 >0 (cm., nanpumep, [5] u [6]) ewbpara nociedosamenvrocmo {v,} co ceoticmeamu,
ykazannvmu 6 meopeme 1.2..

Bameuaunune 1.5. [lyemv X = LP, p > 1. B 3asucumocmu om S HEPABEHCMNEO
(1.5) npunumaem eud aubo (1.8), (1.9), aubo (1.10), (1.11). B meopeme 1.2. uccaedosar cay-
watl yeaosud (1.8), (1.9). Ilpu swnoanenuu (1.10), (1.11) ymeeporcdenue meopemol, 1.2. coxpa-
HACMCA, NPU IMOM 00KA3AMENLCMBO NPAKMUYECKY HE MEHAEMCA.
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B CPEOAHEBOJIZKCKOM MATEMATHUYECKOM OBIIECTBE

VIIK 517.9

MaTeMaTrnaecKoe MOJIeJINPOBaHNe PeaKINN
INKJIOAJIIOMMHUPOBAHMNA OJIQ(I)I/IHOB n aneTmnjieHonB
TPUITNJIAJIIOMMNHUEM

© JI. P. A63zanumaosal, C. 1. Cnusak?

Annoramusa. B pabore oTpakeHbl Pe3yibTAThl MATEMATHIECKOTO MOIETUPOBAHUS KATAJIUTHYE-
CKOTO IUKJIOATIOMAHUPOBAHUS 0J1e(DUHOB U AIETHIEHOB, BHIYUCIEHBI 3HAYEHNS KHHETHIECKUX T1a-
PAMETPOB ¥ IIPOAHAJN3UPOBAHBI CKOPOCTH ITIPOTEKAHUSA JTUMUTUHPYIONUX CTAIUI PEAKITHHN.
Kurrouenbie csioBa: MareMaTuyecKas MOIE/b, TPSAMasi U 00paTHAs KUHETHUIECKAS 3a1a91, KHHe-
TUYECKUE TTAPAMETPHI

1. Bsenenue

AKTHBHOE pa3BUTHE B MOCTIEIHUE JECATHIETHSI MOy IH METALIOKOMILIEKCHBI KaTanu3 [1],
[2], [3]. TIpu uccaenoBaHum STUX peakiuil OJHON U3 KJIIOUEBBIX MPODJIEM ABISETCs UIeHTudN-
Kanus Mexanusmald|. B pesysibrare usydenusi peakiuuu 1UKJI0AJIIOMUHUDOBAHUS 0JIeDUHOB U
arnetusieHoB ¢ nomomibio Al Ets B 5] Oblm npeyiozKeHbl ¢XeMbl MeXaHU3MOB (hopMUPOBaHUST
mosteky1 nsituaieHHbBX AOC (KII0YeBbIME HHTEPMeInaTaMI SBJISIOTCS TUPKOHAIMKIIOTeHTa~
HbI U OuMeramndeckue Al Zr-koMmiuiekcnt ). ABTopaM 3Tux paboT He YIaJ0Ch BbIIEJUTh U H/IeH-
THUIUPOBATH TPOMEKYTOUHBIE KATATUTHIECKN aKTHBHBIE KOMILIEKCHI, YIaCTBYONHE B 00pa-
sopannn AIIIl. B naboparopun katamurudeckoro cuaresa MHcruryTa HeTeXUMUN 1 KATATA34
1o, pykosojcteom Y.M./[;kemujieBa BlepBbie IKCIIEPUMEHTAJbHO U3YUeH MEXaHU3M DPEaKIUuu
nukgaoMerainpoBanus oieduros AlEt3 ¢ oopasosannem AIIIl B mpucyrcrBum katagmsaropa
Cpy Zr Cly mertosioM juHaMuueckoii cnexrpockonuu JAIMP 'H u BC [6], |[7]. Ha ocnoBanuu
9KCIEPUMEHTATHHBIX JAHHBIX UMH ObLIA MpeIoKeHa 0000IeHHAs CXeMa MeXaHu3Ma PeaKIuu
IUKJIOMETAITHPOBAHUS 01eDUHOB U AleTHICHOB [8].

Bajiaueit HacTosieil paboThl ABJIAETCS HOCTPOEHUE KUHETUIECKONH MOJIE/IN PEAKIUU IIHKJIO-
asfomuaupoBanus ojtecpunoB u ameruaenos AlEt3 B mpucyrcreun Cp2ZrCl2 Cxema npespaiie-
HUl, COOTBETCTBYIOIIAsS CXeMe TPeJIOKeHHON B [8] mveer BuI:

Ap+ 14, = 1A+ 1A,

A+ Ag 13144-1—1412

As+ Ay 53 A+ +1 46+ S A

Az 58 Ay + Ay

Aig LY Az + Ay

Ay + A5 B8 Ag + Ay

! Morammmuit Hay9IHEIT COTPYIHUK Ja60PATOPUN MATeMATHIECKOi XUMuM, VHCTUTYT HepTeXMMUN KaTaan3a
PAH, r. Ya; abzalilova.liya@gmail.com.

2 Bapemyromuii saboparopueii MareMaruyeckoil xumun, Uncturyr Hedrexmmum karanmsa PAH, r. Ydoa;
s.spivak@bashnet.ru.
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As + Ag ﬁ) Ao
24y + A B8 24, + A

Ar 58 Ay + A

rae Al = AlEtg, A2 = CPQZTCZQ s Ag, = CPQZT(CQHg))Cl
AZ(CQH5)3 s A4 = ClAl(CQHg))Q s A5 = CpQZ?”CHQCHQAZ(Cl)(CQH5)2, A6 =
(Cl)CngTCHQOHQZTCpg(Cl) . 2[CZAZ(CQH5)2], A7 = (CZ)CPQZT’CHQCHQZT’CPQ(OZ) .
2[14[(02]’]5)3],148 == CpQZT‘(Cl)CHQCH[Al(CQH5)2]2,Ag == CHQCHR7 Al[) ==
OngT(Cl)OHQCHRCHQCHQAl(02H5)2,A11 = (CgH{,)AZ(CHg)gCHR, A12 =
CpoZr(CoHs)s - Al(CyHs)s, A1s = CoHs, x;-MOJbHAs [0Js 1-TOTO KOMIOHEHTa (COOT-

BETCTBYeT coeauHeHuto A;), k;f, k; —KomcTaHTa CKOpOCTH NpAMOH M OOpaTHOi peakuum,
COOTBETCTBEHHO, j-Oif CTaIHu.

KaTaJII/ITI/I‘{eCKaH peaknud NMUKJIOAJIOMUHUPOBAHUA Oﬂe(i)I/IHOB TPpUITUJIAJIIOMUHUEM B IIPDHU-
cyrcrue kKatagusaropa CpyZrCls npoBoanTcst B 1a00OPATOPHOM PeakToOpe ¢ MAarHUTHOW Me-
IaJIKOM B muamna3one Temmeparyp ot 18 mo 50°C' mis oneduna okren-1, u or 30 mo H0°C mia
anermnieHa oKTuH-4. KoppeKTHBIM MaTeMaTHIeCKIM OIMUCAHUEM JTaHHONH PEAKINH SB/ISIETCS CH-
crema jguddepeHnnaibHbIX ypaBHEHUIA:

d

T = w1 —wa w3 — ws — wr — 2w
dea 1

F aW1
%:ﬁwl—WQ—w?,—uM‘i‘w'y

dxy

1
Wzéwl—l—wz—wg—wg

L5 — Wy — w5 — wg + wo
ﬁ iz %igw—l— wg

dcgs : 8 9

&7

d(itw; wwG— w

& _ w6 7

&

d;hi?, ’

“a = w3 + Wy + ws

¢ HAYAJTbHBIMHU YCJIOBUAMHU

21(0) = 29, 29(0) = 23, 29(0) = 23, 2;(0) = 0, i=3,4,5,6,7,8,10,11,12,13

CkopocTu peaknuyu w; OIpeesdIoTCs Ha OCHOBAHHM 3aKOHA JeHCTBYIOMUX Mace:

wy = k21295 — ky2529°

wy = k1123

w3 = ki r3my

Wy = ki.ﬁl?g

Wy = k;$1$5

Wg = k?g—l‘5l’9

Wy = k‘;—l'll’lo

wg = kg 1376

Wg = k;l'7

Bce 3navenust x; cBsi3aHBI MeXK/y COOOH 3aKOHAMHU COXPAHEHHSI, KOTOPbIE CJAEAYIOT U3 MO-
JIEKYJISIPHOTO COCTaBa BEIECTB:

OTH COOTHOIIEHNSI BBHIMOJHAIOTCS BCErAa B KayKI0# TouKe pacuera. [Iis onpemenenus Ku-
HETHYECKUX ITapaMeTPOB pellan 0OpaTHYIO 3a/ady MUHUMH3AIUA (DYHKITNOHAIA,
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Tabnumna 1: 3aKOHBI COXpAHEHU IS T;

To + X3+ x5 + 2T + 227 + x5 + T19 + T12 = C1 110 3JIeMeHTy 7T
209 + X3+ x4 + x5 + dxg + 47 + 28 + 19 + T19 = Co o sementy Cl
T+ X3+ x4 + T5 + 206 + 207 + 228 + T19 + T11 + 2012 = C3 1o jtemenTy Al
1521 + 1029 + 3023 + 1024 + 245 + 4426 + Sdx7 + 3328 + 319+ 1o
+27I‘10 + 121’11 + 351’12 + 6ZL’13 =4 IJIEMEHTY H
6LE1 + 10132 + 18373 + 4]74 + 163?5 + 30%6 + 34&37 + 20378 + 2$9+ 110
+18z19 + 611 + 20215 + 2213 = ¢5 snementy C

K L
1 . .
F(kj, k—j) = EZZZ Tk — Thal — min (1.1)

k=1 =1 [=1

rje Th, - pacdeTHble 3HAUEHUs KOHIeHTpaluil HAGII0aeMbIX BeIeCTB, (Moavhbe 00Au);
x5, - HKCIePUMEHTAIBHO MOy YeHHbIe 3HAYEHHsT KOHIEHTPAIIA HAOII0IaeMBIX BEIECTB, (MOoAb-
nue doau); L - KommaecTBO HAGIIOJAEMBIX BEIIECTB; N - KOJUYECTBO TOUEK IKcrnepuMenta; K -
KOJIMYECTBO IKCIEPUMEHTOB.

3aBUCHMOCTH KOHCTAHTHI CKOPOCTH XUMHUYIECKONH peaknuu k oT Temmeparypbl 1’ ompees-
eTcsl ypaBHeHHeM AppeHnyca:

rje k - IpUBeIeHHAS KOHCTAHTA CKOPOCTH dJIeMeHTapHOi craanu, 1/4; Ea - 3Heprus akTuba-
wun, owc/moav, R - yausepcasibast rasosas nocrostunast, Joic/(moav - K), ko - upemskcno-
HEHIIMAJIbHBITT MHOXKHTEIb, 1’ - Temueparypa, K.

Crenxyer oTMeTHTh, YTO TIPU PEIeHnn 00pATHONH KWHETHUIECKOH 3aa9l HAXOXKIEeHHEe SHep-
ruif aKTUBAIUi U IIPEIIKCIOHEHIIMATBHBIX MHOMXKHUTEIeil, a 3aTeM yKe 110 3THUM 3HAYeHUIM
BBIUHCIEHIE KOHCTAHT CKOPOCTEeH YBEJIUIIIO Pa3MepHOCTh 00paTHOl 3a/1a4u B 2 pas3a, OJHAKO,
HO3BOJIAIO HOJIYIUTh KOHCTAHTbBI, KOTOPbIE BCEI/1a YOBAETBOPIIOT COOTHOIEHUIO APpPEeHyHca .
Takum 0O6pa3zom, KHHETHUIECKAsT MOJE/Ih UCCJIELyeMOro MPOIecca mpeacTaBser coboil cucreMy
O0OBIKHOBEHHBIX AndhepeHnualIbHbIX YPABHEHU ¢ HEJTUHEHHBIMY MPABBIMU IaCTAMU, BKIIOYA-
o1y 13 ypaBHeHU /11 onipejiesieHnsl KOHIeHTpalluii KOMIIOHeHTOB peakiuu ¢ 10 kuHeTude-
ckumu mapamerpamu ki ky L ki ka ki kS ke kT ke k§ KoTopble cBazambI ¢ TemmepaTypoii
cooTHOIEeHneM AppeHmyca.

Permtenne obparTHOit 331241 OCYIIECTBIISAIOCH MAPAJLIEIBHO: OJIUH IIPOIECCOP OMPEIeIsiI K-
HeTHYeCKHe mapamerpbl 6e3 6-oif u 7-0if cragun (MCKIOYNIN CTAIUN BHeADeHHUs ojeduHa), a
Apyroil Haxoamn 3Hadenus Fg u E; npm ¢uxcupoBanubx E;, i = 1,5, Es, Ey u coor-
BercTBYyIomue k. [Iporecc aepemoBaics 10 J0CTHKeHNS TpebyeMoil TOUHOCTH. AHATOTHIHBIM
00pa3oM MPOBOIUICS pacydeT s Caydas ¢ aleTHIeHOM, BHIUUC/IAIN 3HAUEHUs SHePTIuil aKTu-
Banun Fg n FE; npu HaiiieHHBIX 3HAYEHU /I OCTAJIbHBIX CTA/INIA.

BoraucanrebHbIH 9KCIIEPUMEHT Ha OCHOBE BHYTPEHHETO TapaJslieIn3Ma HATYPHBIX IKCITEe-
PUMEHTAJIBHBIX JaHHBIX U HE3aBUCHMBIX peaknnii 6e3 oednna n ¢ oaeduHOM TTO3BOJIII COKPa-
TUTh BpeMs pelleHus MHOTOapaMeTpHIecKoil oOpaTHO! 3aJa4i B TPHU pa3a MO CPABHEHUIO C
OC/IeI0BATEIbHBIM pellleHneM OOpPaTHBIX 3a7a4 I KaxKJa0ro Habopa HATYPHBIX JAHHBIX pe-
AKIMU [HKJI0AJTIOMUHUPOBAHUS 0J1e(DUHOB TPUITUIAJIOMUHUEM B IPHCYTCTBUU KATAJIH3ATOPA
Opg ZrC lg .

C ucnonb3oBannem Komiiekca nporpamy KinMod [9] st permenuii nmpsiMbix u 06paTHBIX
3a/1a4, ObLTN HaileHbl 3HAUEHU SHEPIUil aKTUBAIUN U ITPeIIKCIIOHEHIIHATHLHOTO MHOXKUTE IS, a

Kypuana CBMO. 2013. T. 15, Ne 3



38 JI. P. A6zamnosa, C. U. CnuBak

Tabmuma 2: Kunerndeckue mapaMeTpbl I peakIUdy IMUKJIOAJTIOMUHHUPOBAHUS OJeduHAME

OKTeH-1
TC kfr l<:2+ k; k;f l{;; l{;g l<:7+ k; kg ki
18 96,2 0,9 65,0 3,1 20,0 | 160,4 | 1148 | 8,3 | 11,3 0,3
25 1273 2,1 |122,2| 11,8 | 38,4 | 1980 | 221,8 | 11,4 | 17,9 1,0
30 1536 | 3,6 | 188,4| 29,7 | 59,9 | 8444 | 348,4 | 14,1 | 26,8 2,4
40 217,8 | 10,5 | 430,0 | 172,5 | 140,8 | 1401,4 | 823,3 | 21,3 | 66,1 9,8
50 300,3 | 28,2 | 932,2 | 899,6 | 313,1 | 3404,9 | 1844,6 | 31,4 | 168,2 | 54,8
E., xxkan/monn | 7,25 | 10,48 | 20,44 | 33,20 | 27,32 | 17,85 | 16,22 | 7,78 | 22,33 | 30,35

Tabmuna 3: Kunerumyeckue mapaMeTpbl JJid peaKIHU IMUKJIOATIOMUHHPOBAHUL AlleTHIeHAMH

OKTHUH-4
30°C' | 40°C' | 50°C' | E,, kxkaa/Mob
k& | 79,7 | 99,2 | 215,7 22,35
k¥ | 69,9 | 78,3 | 100,4 13,56

3aTeM paCCYUTAHbl 3HAYCHUd KOHCTAHT CKOPOCTell peakIuy IUKJIO0ATIOMUHUPOBAHUA TPUITUII-
aJIIOMUHUEM JJIst OKTeHa-1 u oKTuHa-4.

[TocTpoenn! rpauku cpaBHeHUs] PACUYETHBIX U YKCIEPUMEHTAJIHHBIX 3HAYEHUN KOHIEHTPA-
AN JIJIsT TPOJIYKTa aJIOMUHAIKIoNeHTana (A1 ) peakIun IHKJIOATIOMIHIPOBaHNS 0J1eUHOB
U AIETUJICHOB TPUITHIATIOMIHAEM [PU PA3HBIX Temmeparypax (puc. 1-4).

TOYHOCTD ONUCAHMS HAXOAUTCA B IIpeIe/1aX HOrPeIIHOCTH SKcnepuMenTa u coctaiger 20 % .
Hesbicokue 3nauenus suepruil ak TuBaluu JIJis epBOii, BTOPOil 1 BOCBMOit cTa iuit 00yC/I0BJIeHbI
HE3HAYMTETbHBIMUA XUMUYECKUMU TPAHCHOPMAIUIME U MEXKJIUTaHHBIM 0OMeHoM. JIumuTupy-
IOIIel STBJISIETCsI CTaiust 00pa30BaHUsI KJIIOUEBOTO KOMILIEKCa Aj , OHa Ke peryupyor CKOpocTh
BCEro Mpolecca MUKJIOMeTATMPOBaHud. Dblia BeIgBIeHA crabas TeHIEeHINs POCTa 3HAYEHHS
KOHCTAHTBI CeJIbMOil CTA/IUN C YBeJUYEHHEM TeMIePaTypbl. ITO OObICHAETCI OOTBITUMH CTe-
PUYECKMMU 3aTPY/IHEHUSIMU, BOSHUKAIOIIMMYU HA CTA/UU 1epeMerajnpoBanus. Takum obpaszom,
[IOCTPOEHA MaTeMaTuYecKasi MOJIe/Ib PEAKIINHU IIUK/I0AJJIOMUHUPOBAHUS 0J1e(PUHOB U alleTUJIEHOB
TPUATUIAJIOMUHIEM B mpucyTcTBun Kartaau3aropa CpeZrCly, w HalijeHbl 3HaY€HUs] KHHETH-
YeCKHUX lapaMeTpoB, YA0BJIeTBOPUTEILHO ONUCHLIBAOIINAE SKCIIEPUMEHT.

0,35 -
0,30 -
0,25 A

0,20

fbHbE 40AH

0,15 *

Mo
o
i
=]

0,05 -

0,00

0,0 0,2 0,4 0,6 0,8 1,0
Bpema, 1/Muu

Puc. 1: Tpaduk coOTBETCTBHS PACUETHBIX 3HAUEHUIT U IKCIEPUMEHTAJIbHBIX JAHHBIX KOHIEH-
TpAIUK JJIsl IPOJYKTa aJoMUHANUKIoneHTana (Aj ) peakiuu MUKJI0ATIOMAHUPOBAHUSI alle-
tiienoB (okruua-4) npn T=30°C
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Puc. 2: I'pacduk cooTBeTcTBUS pacdeTHBIX 3HAYEHUH U IKCIEPUMEHTAIbHBIX JaHHBIX KOHIIEH-
TpaIUU JJisl TMPOAYKTa aJoMUHATUKIONeHTaHa ( Ay ) peakiun MUKIOATIOMUHIDOBAHESI Alle-

tienoB (okrus-4) npn T=40°C

0,5

0,4

0,3

0,2

MoAbHbE A0AH

0,1

0,0

0.0

T
0,2 0,4 0,6
Bpema, 1/muu

0,8 10

Puc. 3: I'pacduk coorBercTBusi pacdeTHbIX 3HAYEHUN U IKCIIEPUMEHTAIbHBIX JaHHBIX KOHIIEH-
TpaIMu JJisl TPOAYKTa aJoMuHannKIoneHTana ( Ay ) peakiun MUKIOATIOMIHIDOBAHUSI Alle-

tusenoB (okren-1) mpu T—25°C

0,5

0,4

0,3

0,2

MoAbHbKE A0AH

0,1

0,0

0.0

T
0,2 0.4 0,6
Bpema, 1/muu

0.8 10

Puc. 4: I'pacduk cooTBeTCTBUS pacUeTHBIX 3HAUEHUH U SKCIHEPUMEHTATbHBIX JTAHHBIX KOHIEH-
TPAIMKU JJisl POJYKTa ajioMuHanukioneHTana ( Ay ) peakiun MuK/I0aJIIOMIHIDOBAHUS Alle-

tuenoB (okren-1) npu T=40°C
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Mathematical modeling of reaction cycloalumination of
olefins and acetylenes threethylaluminum
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Abstract. The paper presents the results of mathematical modeling of catalytic cycloalumination
olefins and acetylenes, kinetic parameters were calculated and analyzed by flow rate limiting steps

of the reaction.
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VIIK 517.929

YCTOMYNBOCTh HEOI'PAHMYEHHbIX PelleHuil
© JI. O.Baucranosa'!, B.1. 3y6os?, 1.B. 3y6os?, C.A. CtpekonbsiTos"

Annoranmusi. B crarbe m3yuaroTcs HeOrpaHWYEHHBIE DEIEHWs] CUCTeM OOBIKHOBEHHBIX mudde-
PEHIUANBHLIX YPaBHEHUA. 31eCh HONyYeHbl YCIOBHS YyCTONYMBOCTH HEOPAHMYEHHBIX PEIIeHni U
OLIEHKH Ha CKOPOCTH HPHUOIMYKEHHS TPAEKTOPHI BO3MYILIEHHOIO IBUYKEHUS K TPAEKTOPUU HEBO3-
MYILIEHHOIO
KuaroueBblie cjioBa: BeKTOp, COOCTBEHHOE YHMCJIO0, MATPHIIA, CTPOKA, YUCIIO0, PEIeHne, mapaMeTp,
ypaBHEHUE

1. Bsenenue

MHTYWTHBHO 0Y€BHIHO, YTO CUCTEMBI C MPOCTOIH CTPYKTYPOil jlerde pealn3yiTcs B WHKe-
HEpHOM cMbIcTe. KOHEeIHO, TOHITHE MMPOCTOTHl BeCbMa OTHOCUTEIbHO, HO, CKayKeM, KBaIpaTH-
HbI€ CHCTEMBI BBI30BYT IHpPEANOUTEHHE y JIF0O0r0 KOHCTPYKTOpA Mepejl CHCTeMaMM, BKII0YAIO-
mumMu OoJiee CcjI0KHBbIE HeJmHeiiHocTr. PaccMoTperHne HeJIMHEHHBIX CHCTEM C IIPOCTON CTPYK-
TYPO#, UMEIOIMX HECKOJIbKO HEYCTOMYMBBIX IIOJOZKEHUH PaBHOBECUH, HO UMEIOMNUX 3a1aHHbIM
00pa3oM TeoMeTpuYecKr JIOKAJIM30BAaHHOE OI'PaHMYEeHHOe WHBAPHAHTHOE MHOYKECTBO, K TOMY
ZKe I100a/IbHO aCHMITOTHYECKH YCTOIYNBOE, MO3BOJISIET CO3/aBaTh BecbMa 3(MdEeKTUBHBIE CHU-
creMbl ympasiaenusd. [Io cyTu 3To mpemenbHOe MHOYKECTBO SABAIETCS aHAJOTOM YCTORUHBOTO
MOJIOZKEHUsT PABHOBECHUs T JUHEHHBIX U JUHeapU30BaHHBIX cucTeM. Ho B mamHOM ciydae aJi-
redpandeckne KpUTepuu yCTORIMBOCTH, OCHOBAHHBIE HA aHAJIN3€ COOCTBEHHBIX YMCEJI MATPHUILbI
JIMHEIHOTO MPUOJIMKEeHNsI, OECTIOMOIIHBI. JTO CBA3AHO ¢ T€M, 9TO aHAJUTHIECKAST IPUPO/Ia ITUX
IpeebHBIX MHOZKECTB, KaK MMPaBUJIo, BeCbMa CJIOKHA. J[JIg cocTaB/IeHns BO3MYTIEHHON CUCTe-
MBI TpeOyeTcs HHTerPUPOBAHNE YPaBHEHUI JBUKEHHSI, 9YTO B OOIEM CIydae He OCYIIEeCTBUMO.

2. TIlocranoBka 3aga4um

Paccmorpum cucremy oObIKHOBEHHBIX JiubdepeHinaibHbIX ypaBHeHU )

X = PX +Q+ pF(X), (2.1)
rae X = (x1,...,2,)* - Bekrop ha3oBbix nepemenubix, P, - H0CTOssHHbIE MATPUILBI Pa3Mep-
Hocreit n X n u n X 1 coorsercreenno, F = (fi,..., fn)* - BekropHas dyHKUMS, (i - MaJbIii

napamerp. Pasrosechvim pewenuem (dsustcenuem) Mbl OyeM Ha3bIBaTh Takoe perrenue (aBu-

JKeHue)
x(t, Xo) = (z1(t, Xo), ..., zn(t, Xo))"

B 7N - MEPHOM TMPOCTPAHCTBE, ¥ KOTOPOTO OJIHA W3 KOOPJAWHAT HEOTPAHUYEHHO BO3PACTAET MPH
t — 00, a ocTajbHble MOCTOSHHBI, HAIIPUMED,

z;(t, Xo) El’?, j=1,....,n—1, x, — ocouput — oo.

! TIpodeccop xadenprr Teopuu ynpasnenus, CII6LY, r. Canxr-Ilerep6ypr; ddemidova@mail.ru
2 Acrmpant xadenpsr Teopun ynpasmaenus, CIIGL'Y, r. Canxt-Ilerep6ypr; ddemidova@mail.ru
3 IIpodeccop kadenpsr Teopun yupasienus, CII6LY, . Cankr-IlerepSypr; ddemidova@mail.ru
4 Jlonenr xadenpor Teopun yupasienus, CII6LY, r. Cankr-Ilerep6ypr; ddemidova@mail.ru
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[ToctaBuM BOMPOC O CYIIECTBOBAHWH PABHOBECHOTO pellleHusi cucreMbl (2.1) u 0 moBexeHnu
PelleHuil 3TOI CUCTeMbl YPaBHEHUI, HAUMHAIOIINXCA B HEKOTOPOIl OKPECTHOCTA PABHOBECHOTO
pemenusi. [lycTh BBIIOJHEHBI YCIOBUSA: COOCTBEHHBIE YHCIA A1, ..., A\, MaTpUibl P TaKOBbI,
ato A, = 0, Re\; <0 ama j=1,...,n—1, F(X) nenpepbiBHa u yI0BJETBOPSICT yCJIOBUIO
Jlunmuna. Coenaem 3ameny X = SY , rie S - HEBBIPOXK AEHHAS MATPUIIA PA3SMEPHOCTH 1 X N,

U TOJICTABUM TO BbIpazkenue B (2.1):
Y =S'PSY +57'Q + uST'F(SY). (2.2)

Ormernm, uro x; = (SFY), rae S; — i— s crpoka marpunst S. Marpuna S BoiGupaercst Tak,
qro0nl MaTpuna A = ST!PS mmena mocienHion CTPOKY M MOCAeTHUE CTOIOEI HyJeBLIMIL.
CymecTBoBaHMe Takoii MaTpuIbl ovYeBuaHO. Hampnmep, B KadecTBe S MOMKHO B3STh XOTsI OBl
MATPHILY, COCTABIEHHYIO U3 KOPHEBLIX BEKTOPOB MATpuIibl P ; B 3TOM ciaydae matpuiia A Oymer
)Kopjanosoii. [lepenumiem cucremy (2.2) B Buje

Y = AY + R+ ud(Y), (2.3)
rie R=S7'Q = (y1,- -, y)",
O(Y) = STIF(SY) = (oY), ..., en(Y))"
Pazzemum cucremy (2.3) Ha JiBe TpYIIbl ypaBHEHHUIL:

Un-1 = Qp-11Y1 + Qn-12Y2 + - . . + Gn_10Yn-1 + "1 + ppn—1(Y),

Un = T+ pon(Y). (2.4)
[Ipu p =0 y cucremsl (2.4) cymectsyer nonoxkenue papHosecus Yy = (Y2, ..., Y? ) B cuny
Toro, uro marpuna {a;;} (i=1,...,n—1,j=1,...,n—1) nesbipoxennas. Ciel0BarejbHO,

[0 TeopeMe O CYIIeCTBOBAHNY HesiBHOI (GyHKInu y cucremsl (2.4) ecTh M0JI0KeHHe PABHOBECHUST
Y (@) m npu j11060M 4, KOTOPOE IO MOJLYJIIO JIOJIZKHO OBITH MEHBIIE HEKOTOPOT'O TOJIOKUTETHHOIO
o . DTO MPSIMO CJEIyeT U3 TEOPEMbI O CYIIECTBOBAHUM HESIBHOW (DYHKIUU, €CJH YIeCTb, ITO
SKOOMAH COBIIAQAET C ONpeeInTesTeM MATpuIsl {a;;}, 4,7 =1,...,n—1. Ormernm, 4To ecin
npasbie yactu D = (¢1,..., ;) He OyAyT 3aBUCETD OT ¥, , TO NOJIOKEHUE DABHOBECHSI CUCTEMbI
(2.4) Gyaer acUMITOTHYECKH YCTORYIMBO 10 JISIyHOBY U Y, OyAeT MEHSTHCs MO JMHEHHOMY
3aKOHY
Yn = Yno + (r + pon(Yy))t.

CiriejoBaTesIbHO, paBHOBECHOE perieHne cucteMbr (2.3) 6ymer yeroitanso mo JIsmyrosy. ITocmoT-

pHM, KaKue orpaHuvenus Ha cucremy (2.1) HamoxuT yciaosue HezaBucumoctu P ot y, , T.e.
a%‘
OYn

=0,i=1,...,n. (2.5)

Tak Kak .
Opi _ ~ 9%i 0

ayn B j=1 axj ayn

= (V@zv Sn)>

rae S, —n— i cronben MaTpunpt S, 10 (2.5) SKBUBAJIECHTHO YPABHEHUIO

(Vi Sn) = 0. (2.6)
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BekTop S, opToronaseH BceM CTpOKaM MaTpHUIbl P, T.e. OPTOTOHAJIEH IOIIPOCTPAHCTBY, Ha-
TIHYTOMY Ha CTPOKH MATpHUIbl P, 1 Tak Kak

Vi = Z ai;V fi,

e 0 - 3MeMeHTh MaTpuibl S~ ', To BeimoHEHO (2.6), & C1e10BATENBHO, OYIET CIpaBe/TuBO
u coorHorenune (2.5), eciu Vf jexkar B MOANPOCTPAHCTBE, HATSIHYTOM Ha CTPOKH MATDPHUIILI
P . Paccmorpum pasrosecnoe pentenue X (t). Ilycrs Touka M € E, . Bregem B paccmorpe-
uue Besmunny p(M, X (t)) - paccrostuue or roukn M g0 tpaekropun X (t) : p(M,X(t)) =
it g, M — X(2)].

Onpemeneunune 2.1. Pasnosechoe pewenue X(t) nazweaemes opoumasvho
yemotnuevm (OpOUMANbHO ACUMNMOMUNECKY YCMOTUNUBHM), €CAU OAA 106020 CKOAD Y200-
HO MaA020 NOAOHCUMEAbHO20 € hatdemca 0 > 0 makoe, wmo npu p(Xo, X(t)) < & 6ydem
BUUNONHATIBCA

p(X(t?XO)7X<t)) < EHPUt >0 (p(X(taXO)aX(t)) A O)

t—00

Takum obpa3oM, J0KazaHa CJAeAYIONasd TeopeMa.

Teopema 2.1. [lycmo dasa cucmemn (2.1) cobemeennve wucaa mampuyv, P ma-
Koewl, wmo Re\; <0 (j=1,...,n—1), X\, =0, sexmopn Vf;(j =1,...,n) cywecmsyom u
AesHcam 6 nodnpocmpancmee, HamMAHymom na cmpoxu mampuys, P . Tozda cywecmeyem ma-
koe po > 0, wmo das 106020 [, N0 MOOYAI0 NPEBOCTO0AWEL20 [y, CYULLCMEYEM 0POUMANDLHO
ACUMNMOMUYECKY YCMOTMUBOE HEOZPIHUMEHHOE PaBHoBecHoe pewenue cucmemol (2.1), yemot-
wueoe no Jlanynoesy.

Jlasee Gyjaem paccMaTpuBaTh CHCTEMY BHJIA

X = PX + uF(X, 2),

Z=r+ph(X,z2), (2.7)

B KOTOPYIO HepexoJuT cucrema suja (2.1), ecam marpuna P umeer xorst Obl OJHO HyJIeBOE

cobcreennoe uuciao. 3pece X = (x1,...,xy5)", P — N x N— wmarpuna, r > 0, u - ma-
aetit napamerp, F' = (fi,..., fn) - Bexkropnast, h(X,z) - ckanspras (yHKIUS TT€PEMEHHBIX
x1,...,xN,2. EBem F(0,2) = 0, h(0,2) = 0, To y cucrembl (2.7) cymecrByer cemeicTBO

HEOTPAHUYEeHHBIX PABHOBECHDLIX PelleHuil
T1=To=...=2, =0, 2= 29+ 11, (2.8)

npejicTaBsioniee miockoctb B (N + 1)-mepHoM mpocrpascTBe. Be3 orpanuuenus 0OUHOCTH
MOZKHO CUHMTATh, 9T0 29 = 0. 3aja4a COCTOUT B M3yUYEHUH CBOWCTBA ITOIO PEHICHUs. 3/eCh U
Jasee Oyjiem npejmosaraTh orHocuTesibHo byukuuit F, h caenytomee: 1) byukmun fi, ..., fo, h
pa3jgararoTcd B pdabl IO HEJIbIM HOJJOXKHUTEJIBbHBIM CTEIIeHAM HepeMeHHbIX Ti1,...,TN, PAaBHO-
MEPHO CXOJISAIIUMCsT OTHOCUTENIBHO Z , Korjia BesimunHa || X || mocrarouno masa; 2) pasioKeHus
byukmuii fi,..., fx,h He cojep:KaT WIEHOB, JUHEHHBIX OTHOCUTENBHO I1,...,TN; 3) AMEET
mecro onenka |h| < ko\z|b(2§\;1 |z;|)*, tue ko >0, a >0, b> 0. Paccmorpum cueyrouuit
caydai.
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2.1. Cuayuaii HECKOJIBKHUX IIap YMCTO MHUMBIX KOpHEM

Cucrema (2.7) smHeifHbIM 11pe0OPA30BAHUEM [IPUBOUTCS K BUJLY

Ty = _>\sys + ,UFsa Ys = AsTs + MGsa (29)

& :ijz@‘—FMgm Z=r+ph,
i=1
s=1,....k, j=1,...,n.

Baech N - mepubiit (2k+n = N) Bekrop X nepemtest B BEKTOP (1, Y1, .-, Ty Yk, &1, - - En) -
CobGcrBennble ancjaa Marpunsl {p;;}, 4,j = 1,...,n, HMEIOT OTPULATEIbHBIE BELIECTBEHHBIE
gactu. A.M. JlsnyHoB B cBoeil 3HaMeHUTON auccepranuu [1| ormedas, 4To, ecan BMecTo Bpe-
MeHHU B34Th KaKYIO-JIH0O HENMPEePBIBHYIO BEIIeCTBEHHYIO (DYHKIIMIO, BMECTE CO BPEMEHEM BO3-
PACTAIONIYIO, TO TMOCTETHSS MPU PEIeHuN BOPOca 00 YCTOWYMBOCTH MOZKET UT'PATh TAKYIO ¥Ke
posib, Kak u Bpems. Mccienyem, Kak BeayT cebs nepeMeHHble Tk, Yk, ; B KadecTse DyHKIUU
z . Pazgemum nepseie 2k +n ypasHenwuii cucrembl (2.9) Ha noc/eHee ypaBHeHue:

dzg
dz

_ _ dys _ _
= _Asys + ,qua di = Asxs + /LGS, (210)
z

& < _
T ;Pﬂfi + 1g;-

Ouesnno, 9To A > 0. CoBCTBeHHbIE WHCTA MATPHIH {pj;} WMEOT OTPHTATETBHLIE Bere-
cTBeHHbIe YacTH, U y cucreMbl (2.10) umeercst HysneBoe perienne. Oynkimu F,, G, Jj , yao-
BJIETBODSIIOT CJICJYIONIMM YCJIOBHsIM: 1) OHH PA3JIAraloTCst B PSIbl MO HEJBIM MOJOKHTETHHBIM
CTelleHdAM BeJTHYUH Tj, Yk, $; , PABHOMEPHO CXOMMIIIec OTHOCHTETBHO 2 IIPU JOCTATOYHO Ma-
aex |ag|, |yel, 1&5]; 2) pasnomxenna bynkmuit Fy, Gy, §s He cofeprKaT WIeHOB, THHEHHBIX
OTHOCUTEJIBHO Ty, Yk, &; . Ecam Mpl mMeeM mesto ¢ obuuM mo knaccuduxanun A.M. Jlamyrosa
caydaeM [2], o ¢ momorpio npeobpasosanuii JIsiyHosa

Ty =1500805, ys=Tgsind,,

rs:ps+Zri(017"'70k7p17"'7pk7z)a

a 3aTeM
m

Z i
fj: Tg)(ela"'70k‘7p17"'7pk7z)+ni7
i=1
) ()
;75 & - OnHOPOHBIE (POPMBI OTHOCHTE b~
HO p1,...,Pr CremneHu | ¢ nepuojmydeckumMu Ko3(MdpuuueHramu OTHOCUTEJbHO 61, ... 0k, m -
HOJIOKUTEJIbHOE T1eJ10€ 9ucI0, cucrema (2.10) B obieM ciiyvae npuBouMa K BUILY

. i
He HAPYIIAIUX BOIPOCca 00 YCTOWUMBOCTH, TJIe rt

m
dps des N dnz
=uRs, — =X+ pbs, — = E DiiMi + Up;- 2.11
dz Todz T dy = J (2.11)
=1
Harmomuum, 4To m orpeje/isiercss Kak HauHU3Iast creredb (POPM OTHOCUTEIBHO 1, . . ., Pk , 00-
JIAJAIONINX TePUOAnIecKuMu 1Mo 01, . .., 0, kodddummenTaMu, BEIYMCIIEMbIMA TOJICTAHOBKOIT

B cucremy (2.10) BeIpazkenuii
oo
rs = ps + Z’r@(@l, ey Ok 1y PRy 2)
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U MPUPABHUBAHUEM WJIEHOB OJHOTO MODSIKA B IOJYUYUBIINXCS BbipaykeHusx [3]. Pazmoxenune

dyuxImit Ry B paapl O CTENEHIAM p1, ..., pr Opu 73 = 0,...,7n, = 0 HaumHaeTca ¢ ¢popMm cTe-
neHu M, KOTopbie 00/1a1a10T He 3aucsanumu o1 0y kodpdunuentavu. Pazioxenune ¢yskunit
pj TO CTeneHsM pi,...,p, upu 11 =0, ..., n, = 0 naunnatorcsa ¢ dopm crenenn v > m+ 1.

Psanpr, B KoTopele pasnaraoorcad Gyskmun R, 05, p;, cXoagaTcd paBHOMEPHO OTHOCUTEIBHO 2.
O6osnaunm R dopmy mopsiaka m, ¢ KOTOpoil HaUHHAETCS pasiokenne GyHKInH Ry mpu

m :0,,T]n:0
Teopema 2.2. FEcau Hyresoe pewerue cucmembl

dps
dz

= , s=1 ...k, .
nR© 1.,k (2.12)

ACUMNMOMUYECKY, YemoTuueo, mo nyreeoe pewenue cucmemo, (2.10) makoce acumnmomuue-
cku yemotivueo. Ilpu amom umerom mecmo ouenkyu npu z > 0

lps| < 0(2), [nj| < (), (2.13)
2de .
0 (0) |\ m— m—
z>=c1<ng°>+2|n§->|>x<1+c2<2|ps |+Zlm>| ty)tm
s=1 7j=1 s=1
) o 0 A _
3decv c1,Co - MONOHCUMEALHBIE TLOCTNOAHHBIE, Ps n; snauenus ps,1n; npu 2 =0.

JlokasarTeanbcTBo. B cuiy acuMITOTHIECKONH YCTORINBOCTH HYJIEBOTO pEITEHUST
ypaBHeHus (2.12) CyIecTBYOT MOJOKATEILHO onpeenentbie Gyukimuu V u W obaagatormiue
CBOI‘/iCTBaMI/I 1) dbyukmus V- umeer mopsaaok [+ 1 —m, dyakuua W umeer mopsaaok [; 2)

—I— ZS 1 8 o (0) = —IW . IlocTpouM MOJIOKHUTENTBHO ONPE/IEIEHHYI0 KBaIPATHIHYIO (DOPMY
V1 , YZIOBJIETBOPSIONLYIO yPaBHEHUIO

S o S = =31
j=1 M =1 i=1

Pacemorpum nostayto nipoussognyo dyakuun U =V + V) B cuiny cucrevsr (2.12):

dU _dv , dV oV,
adz lz_W Z Z 7Y) +Zaml

B mauioit okpecTHOCTH Hada/ia KOOPJAMHAT CIIpaBe/JIuBbl OreHKd [1]

k
| Z o= RO)| < a3 I},
s=1

a‘/l k k n k
\Z \<a[z 1™ Il 0 ImlP ) el
s=1 s=1 7j=1 s=1

e a > 0,0 > 0. CDyHKI_LI/IH U dapysieTcst MOJIOKUTEIHHO ONPEIeIeHHOM, a ee MPONU3BOIHAS
dU/dz , Beraucyientas B cuiy cucreMbl (2.12), siBIsieTcsi OTPHIIATENBHO OIpeeIeHHON (hyHK-
nueit mpu [ = m + 1. CnexoBaTenbHO, pelieHne

pr=.-..pr=0,m=...=n,=0,
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91:)\12, (92:)\22, ...,Gk:)\kz

cucrembl (2.12) acumnrorndeckn ycroitunso npu | = m~+1, u U yaoBiaeTBopsieT HepaBeHCTBaM

Z\ps!2+2m <U<a ZV&I”Z\% , (2.14)

rae a; > 0, as > 0. B Mai0if OKpecTHOCTH HadaJla KOOPJAWHAT CIpaBe TUBbI HEpAaBEHCTBA

—bU < ‘fZ_U < —hUmHD/2, (2.15)
rae by > 0, by > 0. Orcioma caexyer
—1 —
U < Up(1 + b, D/2 )2/ m=1), (2.16)

U3 (2.14), (2.16) caenyer

m—|—1 . .
U < aof leﬁ”l +Zlm (14 —5—bear x ( les 2+ ey e
7=1

Orciona u u3 HepaBeHcTBa (2.16) u caenyor 1oka3piBaemble omneHkn (2.13).
JHokaszaTeabCcTBO 3aKOHYEH O.

ameganue 2.1. U3 meopemv uonpedesernusa eeausun pg, 1; ciedyem, 4mo npu
z > 0 cnpasedauswv, oueHKy

23] < 9(2), |y <9(2), (2.17)
&) <(z), s=1,...k j=1,... .k,
20e

k

W (z) 261(2(\w(°)|+\y30)| +ZI€(O x (LoD (2] + [y +Z|€ Sme,

s=1 s=1

napamempul C1,Ca 6 PYHKYUU U(2) 6ydym sacucemv om KoIPHUBUEHMOE 6 PAZNONHCENUAT T ,
& [3] Hoaywus ouenku das |xg|, |ys|, |&], eepremesn k ypasnenuro z = r+ ph. Oyenum
eeaununy h:

k n k

h < ke (D (12 + 1) + D17 x (14 (Y (1] + [52)) +Z & )~/

s=1 j=1 s=1

Uccnenyem, npn Kakux yCJIOBHSAX 2z — 00 mpu t — 00. Bo3moxubl Tpu ciayvas: 1) D =
b—a/(m—1)=0;2) D<0;3) D>0.B nepsbix aByx cjyuasx 3a cuer Boi6opa 2 ygo)

53(0), [ MOXKHO caenarh |ph| < r/2. Torma z — oo mpu ¢t — 00. B Tperbem ciaydae MOXKHO
nokasarh [3], 4ro mist J1060ro KOHEYHOTO Z HaifeTcst Takoe fiy, 9To npu || < po Ha JHO0M
NIBUZKeHWH, HAYMHAIOIIEMCSA B 00J1aCTH |x§°)| <9, |y§0)| <9, |§](-O)| < 0, OyIyT COXpPaHATLCS

HepaBeHcrBa (2.17), a z OymeT mOCTOSTHHO Bo3pacTtarh or () 0 Z MpH BO3PACTAHUN BPEMEHH.
Takum o6pa3zoM, MbI JIOKa3aJd CJIeAYIONINEe TEOPEMBI.

Teopewma 2.3. Ecau sunoanenos ycaosus meopemov, 2.2. u D < 0, mo pasrosecnoe
pewenue cucmemv, (2.7) opoUMaANLHO ACUMNMOMUYECKY YCTOTUUBO.
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Teopewma 2.4. Eciu svonosmnens, ycrosus meopemv, 2.2. v D > 0, mo daa a106020
Komeunoeo Z sa cuem ewbopa x0, YO, &, p eeaumunw ||, |ys|, & emanosames croav

Y200HO MAABLMU NPU 603PACMANUL BPEMENU [4].

VUceneyem Tenepb paBHOBECHOE PelleHre Ha yCTOHInBOCTL. OBO3HAYMM PABHOBECHOE PEIIEHUE
Z(t), a TUIEPILIOCKOCTD, MPOXOJSIIYI0 Yepe3 TouKy Z(t) upu (PUKCUPOBAHHOM ¢ TEPIEeH U~
KYJISpHO ocu z, —P(t). DTa runepiockocTh Ompe/e/isieTcs ypaBHeHIeM

(X — Z(t), Z(t)) = 0.

Unrerpanbnag kpusaa X (t, Xo) mocruraer P(t) sa spema 7 = 7(t, Xo), ciemnoBaTennHo,
Bektop Y = X(1,Xo) — Z(t) nexur B P(t). rakum o6pasom, seinosnusiercss (Y, Z(t)) = 0.
Huddepennupys nocjejnue jBa paBeHCTBA, HOJLYYUM

r r
= .s = _)\s s Fs )
T+ uh’ T = (At )r+,uh
Js = (Nets + pGy) —— e Zpgz& g Mh (2.18)
s=1,....k, 7=1,....n
Crnenaem 3ameny T = ty. [lepBoe ypaBuenue (2.18) npumver Buj
. h
— (2.19)

r+ ph
K cucreme (2.18) mpumenum teopemy 2.2.. Ilosydaum oreHkn
sl <o), lysl <o(0), &1 < 9(b),

rie

k k n
Y(t) = i (120 + [52)) +—§j|é° (14 () (120 + [0 + > [ ym=tey =1/,

s=1 s=1 j=1

Unrerpupyst ypasuenue (2.19), nosxyanwm

e—eoz/t— g
o T+ ph

Besmmuuna nojpinrerpajibHOM (DyHKIUKU OI'PaHUYeHA:

0) 0
< }jm |+ws|+§jm |

rae co > 0. Ipn D < —1 urrerpan cxoguTcs 3a caer Beibopa 2, yo , &), pu; Bemmauna 6 — 6y
CTaHOBUTCA CKOJIb YTOJIHO MaJja, H03TOMY BepHa cjeayroliad Teopema [5].

Teopewma 2.5. ecau soinosners, yciosus meopemos 2.2. u D < —1, mo pasrosecroe
pewenue cucmemv, (2.7) yemotiuwuso no Jlanynosy.
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VIIK 533.6.013.42

MaTtemaTuueckoe MoOodeJmMpoOoBaHUuEe JUHAMHUKN 3alllUTHOTO
3KpaHa [PU B3aUMOJACiCTBUN CO CBEPX3BYKOBBIM IIOTOKOM
ra3a

© II. A. Beabmucos', B. A. Cyaakos?, A. B. Aukuniaos®

Annoranuga. Ucciemnyercs pemenne HAaIbHO-KPAEBOH 33,0341 /s CBA3AHHON cucTeMbl qudde-
PEHIUAJIBHBIX YPABHEHUN C YACTHBIMU MPOM3BOIHBIMU, OMUCHIBAMOIIEH TUHAMUKY YIPYTOH CTEH-
Ku (3alUTHOrO IKPAHA) PE3epByapa, 3allOJHEHHOTO YKUIKOCTbIO, NPU B3aUMOIEHCTBUU CTEHKU
CO CBEPX3BYKOBBIM ITOTOKOM Ta3a. UMCIEHHO-aHATUTAYECKOE DPEIIeHrne, OCHOBAHHOE HA METOJe
By6unosa-T'anépkuna, mo3B0OIg€T TPOBECTH YNCIEHHBIN IKCIIEPUMEHT C TEJIhI0 ONPEeIeIeHns XapaK-
Tepa KosebaHumi.

KurroueBbie citoBa: a’3poruapoynpyrocTtsb, yupyras IJIaCTHHA, AedopMalius, JMHAMUKA, YCTOM-
YHBOCTD, CBEPX3BYKOBOIl MOTOK ra3a, JKUIKOCTh, TuddepeHnnaabHble YPABHEHUS ¢ YJACTHBIMY MTPO-
W3BOMHBIMY, YHCJEHHOE pertenue, MeTo Bbybuosa-l'anépkuna

1. Bsenenue

[Tpu NpOEKTUPOBAHUY PA3JIMIHBIX KOHCTPYKIMIA, yCTPOHCTB, IPUOOPOB, AINAPATOB, CUCTEM
A T. JI., HAXOOAIINXCA BO B3aUMOJICHCTBUM C Ta30KUAKOCTHOW CpeIoit (O6T€KaeMbIX HOTOKOM
JKUJKOCTH WU Ta3a), HeOOXOMMMO DEHIaTh 33/1a4l, CBI3aHHBIE C HCCJIeIOBAHUEM JTHHAMHUKH H
YCTORYIHBOCTH YOPYTHX SJE€MEHTOB, TpeOyeMoii yisi UX KadeCTBEHHOTO (hYHKIMOHHPOBAHUS W
HaéxkuoCTH SKcmayaranun [2] - [21]. BoszeiictBue moroka MoxeT mpuBOAuTH K 3dhdherTam,
SIBJISTIOIIMMCSI IPUYUHON HApyeHnst (QyHKIMOHAJBHBIX CBONCTB 3JIEMEHTOB, BILIOTH JI0 UX Da3-
pymieHnst (HApUMep, PUBOJUTL K COCTOSIHUIO HEYCTONYMBOCTH BCJIEICTBHE YBEJMIEHHs aM-
IUTHTY/IbI UM YCKOPEHUsT Koaebanuii 10 KpUTHIEeCKH JOMyCTUMbIX 3Hadennii). Takas npobiema,
KOT/Ta HEYCTONYNBOCTD SIBJISIETCS HETATUBHBIM SIBJIEHHEM, BO3HUKAET, HAIPUMED, IPHU TPOEKTH-
POBAHHHU COCTABHBIX YACTEN JIETATETBHBIX U MOIBOTHBIX AIIAPATOB: JIEPOHA — COCTABHOI TaCTH
KPBbLJIA; PYJIsi BBICOTHI — COCTABHOM YacTu cTabHIM3aTopa, PyJisi HAIIPABIEHHs — COCTABHON 4a-
CTH KWJIst; AHeIH — COCTaBHOI actu roszessizka win kpolia 2], [5], [6], [8], [9], [12], [13], [14],
[17]. Amasornunas npoGaeMa BO3HHKACT NPH HCCJIEOBAHUM TEYCHUI B MPOTOYHBIX KaHAJIAX,
TPYGOIPOBOIAX PA3TUYHOTO HA3HAUEHUS, CoJepzKaniux ynpyrue saementst [7], [10], [11], [14],
[15], [18].

B 10 ke Bpems st DYHKIMOHUPOBaHUsI HEKOTOPBIX TEXHUYECKUX yCTPONCTB SIBJIEHUE BO3-
OyuKjieHnst KoJeOaHuil PH a’pOruIPOMHAMIYECKOM BO3/EHCTBIN, YKa3aHHOE BBINE B Kade-
CTBE HEraTMBHOTO, ABJIAETCS HEOOXOAMMbIM. [TpumepaMu mogoGHBIX YCTPOHCTB, OTHOCAIINXCS
K BHODAIMOHHON TeXHUKE W UCHOJb3YEeMbIX [ HHTeHCH(MUKAIME TeXHOJTOIHICCKUX IIPOIeC-
COB, SIBJISIOTCSI YCTPOHCTBA JIisl MPUTOTOB/IEHHST OJHOPOTHBIX CMeCeii U SMY/IbCHl, B 4ACTHOCTH,
YCTPORCTBA JIJIsl HOAYH CMA309HO-OXJIAK IAIOIIEH KIIKOCTH B 30HY 00paboTKH (CM., HAIPUMED
[20]). dpyrum npumepom, xorga aedopMalyst YIPYIUX 3J€MEHTOB IIPH a3POrupOouHAMUYe-
CKOM BO3J€eiicTBIN HeoOxoauMa Jiist (DYHKIMOHUPOBAHUS TIPUOOPOB M SBJISETCS OCHOBOH WX
paboThI, ABIAIOTCS AaTduku nasiaenns [3], [4], [16], [19].

! Mokrop dus.-mar. nayk, 3as. Kadenpoii «BbIcias MaTeMaTuka», Y/IbSHOBCKHIl TOCYIAPCTBeHHbI TeXHH-
YeCKUIl YHUBEPCUTET, T. YJIbSHOBCK; velmisovQulstu.ru.

2 Acrupant Kadenpsl «Belcimas MareMarTikas, YIbSHOBCKHII FOCYIAPCTBEHHbIN TeXHUUECKHIl YHUBEPCHUTET,
. YIbIHOBCK; sseevvaa@inbox.ru.

3 Kanmunar dbus.-Mmar. Hayk, gouent kadeapbl «Bbiciias mareMarukas, YIbAHOBCKHH TOCYIAPCTBEHHBIH
TEXHUYECKHUI YHUBEPCUTET, T. YJIbdHOBCK; ankil@ulstu.ru.
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B pabore paccMaTpuBaeTcs IHCIEHHO-aHAJIATHYIECKOE PelleHne 3aa4i O JUHAMUKE YIIPY-
roii cTeHKHU (3AIUTHOTO SKpaHa) pe3epByapa, 3all0JHEHHOTO KUJIKOCThIO (HeCKUMaeMasl Cpe-
Ja), npu OOTEKAHUK CTEHKH CBEPX3BYKOBBIM HOTOKOM ra3a (cxkumaemast cpeja). Vccaenosanne
MPOBOIUTCS B JIMHEHHON MocTaHOBKe. 3ajada CBejeHa K perreHuio auddepeHnnaaibHoro ypas-
HEHHUsI B 9aCTHBIX IPOM3BOIHBLIX C HAYAJIbHBIMUA U KPAeBLIMHU YCJIOBUSMEU, B KOTOPOM HEH3BECT-
HOIi aBasgeTca DyHKIUA AedopMalun CTeHKH pe3epByapa. Ha ocHOBe YHCIeHHOrO SKCIepuMeH-
Ta, OCHOBOiI KOTOPOTO sBJIseTcs MeTo i BbyonoBa-l'anépkuna, mpoBOAUTCSA aHAIN3 3aBHCUMOCTH
Xapakrepa Ko/iebaHuil 0T mapaMerpoB MeXaHUYeCKON CUCTeMbl, B T.4. OT 3HAYEHHUs CKOPOCTH
HaberawIero CBEpX3ByKOBOTO MOTOKA. JTOT aHAJM3 MO3BOJISET CYJAUTH 00 YCTORYUBOCTH HJIH
HEYCTOWINBOCTH KOJIeOaHmii.

2. IlocranoBKa 3ajia4n

PaccMarpuBaeTcst I10cKast 3a/1a4a 0 JUHAMUKE YIPYToii creHku pesepByapa G~ = {(z,y) €
R*:0<x<Il,—h <y < 0}, 3aI0/IHCHHOrO YKUIKOCTbIO. YIPYIoil ABIgeTCs CTeHKa, 3aHH-
matomasg nonoxkenne y = 0, 0 < x < | u mMozenupyemas ynpyroii miactunoii. Ocranbabie
creiku (z = 0, x =1 u y = —h) cunraorca nemedopmupyembivu (puc. 2.1). B obmacru
Gt = {(z,y) € R? : © € (—00,400),y € (0,+00)} mpoTeKaeT CBePX3BYKOBOil TMOTOK rasa B
nanpasygennn ocu O ¢o CKOpocThio V > ag, Tae ay — CKOpocTh 3ByKa. [Ipeanonaraercs, 9ro

Vi
qucsao Maxa My = 52,

)

|4 4 it

0 > aﬂ

e — G

—_—

_—

TITTT77777777777] — 77777777777>x
0| __ . l
— G- P

-h

Pucymox 2.1
PezepByap c medopmupyemoii cTeHKOM, 00TEKaeMOil CBEPX3BYKOBBIM ITOTOKOM I'a3a,
Beenem o6osnavenus: w(z,t) — dynknusa gedopmanuu (mporud) miactusbi; ¢ (,y,1t)

~ MOTEHIUAJ CKOPOCTH KHJIKoCTH B obmactn G~ ¢t (r,y,t) — morenmuan ckopocTu rasa B
obrmactu G . Maremarnueckas IOCTAHOBKA 349U B JUHEIHOM NPUOIHZKEHIH UMeeT BHJL:

o + 2Vopd, + Vel = ai(eh, + o), (z,y) € G (2.1)

+ Wow,, z € (0,1), t>0
F(,0.8) =4 ! 0 ! 2.9
oy (,0,1) 0, z € (I, +00) > 0; (22)
©(0,y,t) =0, ¢ (0,y,t) =0, ye€(0,00), t>0; 2.3)
e (2,4,0) =0, ¢f(z,9,00=0, x€(0,00), ye(0,00); (2.4)
oo + 0y =0, (2,y) €GT; (2.5)
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90;($7 _hat) =0, @;(x707t> = wt<x7t)> S (Ovl)> t > 0; (26)
0, (0,y,t) =0, ¢, (l,y,t)=0, ye€(=h0), t>0; (2.7)

mwtt(x, t) + Dwzzxx(‘r) t) =

= (p_ - ,0_90;(1', 0, t)) - (p+ - p((p:(x, 0, t) + Vmpj(m, 0, t))); (28)
w(0,1) = wee (0,1) = w(l,t) = wae(l,t) =0, t>0; (2.9)
w(x,0) = fi(x), w(z,0)= fo(z), z€ (). (2.10)

31ech UHIEKCH X, Yy,t CHU3Y 0003HAYAIOT MPOU3BOIAHLIE IO T,y U t; D m m — u3rubHas
JKECTKOCTD M IIOTOHHAs Macca IiacTuubl; Vo, pt, pT — ckopocTh rasa, mIOTHOCTH U JABJICHHE
B HAGETAIONIEM OJHOPOJIHOM NMOTOKE B 00nactu G5 p~ |, p~ — MJIIOTHOCTH U JABJICHUE YKUKOCTH
B obstactu G~ B COCTOSHUM TIOKOSI.

Ypasuenue (2.1) onuceiBaer Tevenue raza B obnactn G B Mozjenn uaeanbHON cxKUMaeMoii
cpenst; (2.2), (2.6), (2.7) — ycnoBust HenmpoTekanus; (2.3) — yCJOBHS OTCYTCTBHS BO3MYIICHMUI
nepest wiactunoit B obuacrn G5 (2.4) — yesi0Bug OTCYTCTBHS BO3MYIIEHUH B HAYAJIbHbIH MO-
MeHT Bpemenu B obsactu G ; ypasmenune Jlamnaca (2.5) onuchiBaeT JIMHAMHKY KUJIKOCTH B
obractn G~ B MOJEN WIeATbHON HecKMMaeMoil cpefipl; (2.8) — ypaBHeHHe, ONUCHIBAOIIee
JIMHAMUKY YIIPYTO#l CTEHKH pe3epByapa € YYeTOM BO3JefCTBHs Ha HEE CBEPX3BYKOBOIO IOTO-
Ka Ta3a CBepXY W KUJIKOCTH CHHU3Y; YCIOBHs (2.9) COOTBETCTBYIOT MAPHUPHOMY 3aKPEILIEHUIO
KOHIIOB YIPYTOro 3JjeMenTa pesepByapa; (2.10) — HadasbHble yCJI0BUS, KOTOPbIE JOJZKHbBI ObITH
corsacoBasbl ¢ (2.9). 3ameTnM, 4TO TpeIaraeMblil HUZKe MeTOJ PeIleHUsl 3a/[a9i IPUTOJIeH |
JUIST JTIOOBIX IPYTUX 3aKPEIICHNi KOHIIOB, HATIPUMED JJIA YKECTKOTO 3alleMJICHWSI.

Ypasuenus u ycaosus (2.1) - (2.10) 06pa3yoT HAYAIBHO-KPAEBYIO 33/1a49y JJIsl OIIPe/eIeHHST
Tpex mem3BecTHBIX dyukmit w(x,t), ¢t (x,y,t), ¢ (x,y,t).

s peienns 3a1a4m B Bepxueit o6sactu G7 npumenum onepanuonnbiit meros. ITepeiigem
B ypasuennu (2.1) u yciaoun (2.2) k Ge3pasMepHbiM nepemenubiM " (¥, y*, %), w*(x*, %),
oyttt

+
") = ———7- ") = = — == t=— 2.11
()0 (:C 7y Y ) ‘/Ol ) w (x ) ) l ) z l Y y l’ l ( )
Torya ypasuenue (2.1) u ycnosue (2.2) npuMyT BUI:
G+ 20 e = My (e + 6) (212

sk, ot e (0,1), >0,
w; +wk, x* € (0,1) (2.13)
0, z* € (1,4+00) t*>0.

@y (27,0,17) = {

[Tpumensist mpeobpaszoranne Jlamaaca kK ypaBaennto (2.12) mo nepemenHbiM z* u t*, ¢ yue-
ToM yesosuit (2.3), (2.4), ans aBoiinoro u3obpazkenus 1o Jlamnacy @*(p,y*,q) moaydum oObIK-
HOBeHHOe T hepeHnmaaTbHoe ypaBHEeHTe

[Ipumensiss mpeobpaszoBanue Jlammaca 1mo mepeMeHHBIM x* W t* K I'PAHHIHOMY YCJIOBHIO
nenporekanus (2.13), 6ygem umers

@y (0,0,9) = (¢ + p)w(p,q). (2.15)
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Ob6mee pertenne ypasaerusi (2.14), ya0oBIeTBOpsIiOliee YCJIOBHIO 3aTyXaHusd mpu y* — 00 u
IPAHUYHOMY YCJIOBUIO HempoTrekanust (2.15), nveer BuI

P+ 2P oS
Mo/ (p + q)? — My *p?

113 Beipaxkenus (2.16) npu y = 0 HAXOAUM H300pasKeHHe CJIAraeMoro U3 IPABOM YaCTH ypaB-
Henus (2.8)

—My *py” (2.16)

o"(p,y* q) = —

—p(p; (2,0,1) + Vows (2,0,1)) = —aep™ ME(0} + ¢5), (2.17)
a UMEHHO
&Mo(p + ¢)*w(p, q)
V((p+q)? — My ?p?)

JlanbHeiinmee pelrenne 3aJ1a9d COCTOUT B HAXOXKIEHUN OPUTHHAIA, COOTBETCTBYIOIIETO H300pa-
KEHUTO

—ae M (g + O )y—0 <= —Mi(p+ q)2" (p, 0, q) = (2.18)

eMo(p+q)*(p.g)
V((p+q)? — My p?)

[IpubmzkeHHOE BBIpazKeHHe OPUIHHAJA, COOTBETCTBYIOIIee n300pakenno (2.19), moaydennoe
Ha OCHOBE KBAa3UCTATUYECKOW TEOPHUH, B KOTOPOil (hopMyJia Jijisd BbIYUC/ICHUS JABJICHUS 1101y Ye-
Ha IIyTeM pPa3JIOzKeHHd 110 HpI/IBe,ILeHHOﬁ TaCTOTEe TOYHOI'O BbIpazKeHud JJid JaBJIC€HUA JIBYMEpP-
HOTO HeycTaHOBHBIIerocs redenus [1], [21], umeer Buj (B pasMepHBIX IepeMeHHbIX )

P Vo
MZ 1

(2.19)

M2 —2
Vowg(z,t) + =—2—w,(z, t 2.20
(Vownlo )+ 3y —qusto)) (2.20)
Torja ypaBHeHue JuHAMUKE YUPYIOil creHKu pe3epByapa (2.8) upuHuMaer Bu/l

mwtt(x, t) + Dwa:a:xw(xv t) =

L Vo ME -2
= — 0.t)) —pt — —— [ W = t —_— t) ] . 2.21
= 0.0 =9 = (Vo) + (e 2:21)
Ciaraemoe v V29
+ P Vo < 0
o % (et —wt@,t)) (2.22)
M —1 M -1

B ypaBHenuu (2.21) onmchiBaer BO3/elCTBIE Ha IUIACTHHY CBEPX3BYKOBOIO TOTOKA ra3a.
[Tonyunm auddepennuaibHoe ypaBHEHHE B YaCTHBIX TPOU3BOJHBIX, KOTOPOE OIHMCHIBAET
JUHAMAKY VIPYTO#l CTEHKH pe3epByapa C yUeTOM adpOTrHApPOIMHAMHYECKOTO BO3EUCTBUS Ha
Heé, comepzkariee nuitb w(z,t), cOrIacHo mocTaBiIeHHol 3amade (2.5) - (2.10).
[IpeacraBum norennuan ckopocru @~ (z,y,t) , spasgomumiics pemennem ypasnenus Jlamaca
(2.5), B BUIE

o (z,y,1) )+ Z b, (t) cos(A x)(e)‘”y + e_’\"ye_”‘"h), (2.23)

nm
riae «t) u by(t) - HeKOTOpBIE TPOU3BOJIbHBIE (DYHKIUH, & A, = —— .

l

Yenosust (2.7) u nepsoe ycsiosue (2.6) BIIOJHEHBL. YI0BJIETBOPsis BTOPOMY yc10BHIO (2.6),

IOy YUM
l

/wt z,t) cos(Apz)de. (2.24)
0

bm(t)

T (1 - 6_2’\m
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[Toncrasnsisa (2.24) B (2.23), cormacuo (2.8), mosydnM ypaBHEHHE JUHAMUKI YIPYTOil I1a-
CTHHBI
mwy (z,t) + DWygye(z,t) =

~ Vo M§ —2
=@ —p")- N RS (wam(fc,t) + ﬁwt(x,t) -
I
_ 2 o= cos(A,z)(1 + e~ 2Anh
—p | au(t) + 7 Zl g\n 1)£ ey ) /wt(x,t) cos(Apz)dx | . (2.25)
n= 0

OcraBInyocst TPON3BOJILHON GYHKIMIO 4 (t) onpeennM, yaoBIeTBOPsisi ypaBHeHuo (2.25)
B CpeJlHeM, YUUThIBasl IIPHU TOM YCJIOBUE HECZKUMAEMOCTH CPEIbI

oty = [ -D / Wl 0+ (07 =) | = (2.26)

3. UYwuciaeHHO - aHAJUTUYECKOE pellleHne 33134

[Tpumennm merox lanépkuna JJist perennsi HavaIbHO-KpaeBoii 3agaqn (2.25), (2.9), (2.10).
[Ipusesem ypasuenue (2.25) K Buiy

1
wy(z,t) = — (—DWagaz(x, t) + p — OVow, — Oywy) —

m
1 2 l
_Ep_ a(t) + 7 Zlcos()\nx)Kn/wt(:U,t) cos(A\px)dx |, (3.1)
n= 0
+V (1 + e 2nh) M§ —2
rae p = (p ), Mg — 0 An(1 — e=2Aah) v Mg 1

Corstacao meroiy asépkuna npobuoe pentenne w(x,t) Oyaem UCKaTh B BUJIE

w(z,t) = wy(t) sin(Ap), (3.2)

riae {sin(A\zz)}72, — moanas cucrema 6asucHbix dyHKuuit Ha orpeske [0, (], moOOpaHHBIX TAK,
9TO0bI BBHITIOJHSINCEH 3a/IaHHbIe KpaeBble ycaoBus (2.9).

YeI0BUS OPTONOHATBHOCTH HEBsI3KH ypaBHeHus (3.1) ¢ yaeTom (3.2) MO3BOJISIOT 3alUCATH
cucremy ypaBHenuit jyist wy(t)

N
.. 2 l [ _
Wy = — (—D§)\ﬁwk — 0V g )\kwkH,;m — 07§wk +H:(p—p ozt(t))> _

lm
k=1

e’} N
4
“Em (Z anwkﬂi,nHﬁL,n> : (3.3)
k=1

n=1
I I I
rne Hy, = Ofcos()\kx) sin(Apx)dr, H2 = Ofsin()\mx)dx, Hj, = {sin(/\kx) cos(Anx), Hy o =

bfsin(/\mx) cos(Ap) .
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Havasbubie yeaoBus mast wi(t) B (3.2) moayunm cormacuo (2.10)

l l

we(0) = / Fi(@)sin(Our)de, i (0) = / fo(@)sin( ) de. (3.4)

0 0

~ D
~ D

Takum obpasom, nosiydeHa 3aja4da Komum jyid cucreMbl 0ObIKHOBEHHBIX i dbepenimaib-
HbIX ypaBrenuii (3.3) ¢ HadasabHBIMU ycsoBusiMu (3.4).

[Ipusesem npumepsl dncieHHOro perienus 3agadn (3.3), (3.4). Huxke na rpadukax mpej-
cTaBJIeHbI JedOpMali YOPYTOil CTEHKN pe3epByapa MpHu 00TeKAHWH CBEPX3BYKOBBIM IOTOKOM
raza Mpu 3aJ[aHHBIX MMapaMeTpax MeXaHmdecKoil cuctembl. [lo aTum rpadukam MOXKHO CyIUTDH
00 YCTOWYHBOCTH WM HEYCTONIUBOCTH KOJTEOAHUI CTEHKH.

Bysiem cuautaTh, 9T0 ynpyruit sj1eMentT usrorosaen u3 amovunns (£ = 7% 10 — moxyan
YHDPYIrocTH, pp = 2699 — miorHoCTh), 06TEKaeTcsi CBePX3BYKOBBIM IIOTOKOM Bo3jayxa (ph =
1.3), mpu sToM pesepByap 3amoJHeH Bojoii (p~ = 998.2). JIpyrue mapameTpbl MeXaHHYECKON
cucrempr: [ = 100; h = 100; hy = 0.5 (rommuna maactunel); m = 269.9 (moromnasi Macca)

3
v = 0.34 (kospdbunuent Ilyaccona); D = & = 6.5958 - 10° (usrubnas sKecTKOCTD)
12(1 — v?)
Bcee 3nauenus npusenennt B cucreme CU. Hauanbubie ycnosus 3azagum B Buge: w(x,0) =

2
—0.0015 sm(%x), W (z,0) =0,

C nomoripio nakera npukiaagaabix mporpamm MATLAB pemraercs 3amaua Komm (3.3)

)

(3.4)

pu

|~

(nopsiiok npubanzkenust N=15) u crpositest rpacdbuku Gynknun w(x,t) B Touke z° =

Pa3INIHBIX 3HAUYEHUSIX CKOPOCTH HaOeraromero moToka V .

1. V=600

w(x* t)

w(x*t)

10 20 30 40 50 60 70 80 90 100
t

Pucynmox 3.1

Bakon kosebanuit w(x*,t) yupyroii creHKu pesepByapa B ceueHuu T =

|~

- ;
1.5%10 ‘ ‘ ‘ ‘ S 4210

o ! ! —w(x,80)

w(x,1)
o

Pucymox 3.2

ITporu6 ynpyroit crenkn pesepsyapa w(x,t) B momenTs Bpemenn t =1, ¢t = 80
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Cornacuao rpadukam Ha puc. 3.1 u puc. 3.2 MOXKHO ¢JieJIaTh BBIBOJ, UYTO pelIeHHe 3a/1a9u
(3.3), (3.4) mpu ckopoctu V' = 600 sByisteTcsl yCTOHUNBBIM.

2. V. =1070

w(x*,t)
o

o 10 20 30 40 5‘0 60 70 80 90 100

Pucynmox 3.3

Bakon Kosebanmit w(x*,t) ympyroii creHKm pesepByapa B cedeHHn T = %
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% /s \\‘ ///
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Pucymox 3.4

[Iporu6 ynpyroit crenku pesepsyapa w(x,t) B momenTbl Bpemenn t =1, ¢ = 80

Cornacuo rpadukaM Ha puc. 3.3 u puc. 3.4 MOXKHO CJieJlaTh BBIBOJ, YTO pelleHHe 3a/1a9u
(3.3), (3.4) mpu ckopoctu V = 1070 aBisieTcst HEYCTONUAUBBIM.
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Mathematical modeling of the dynamics of the shield in
the supersonic gas flow.
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Abstract. The solution of the initial-boundary value problem for a coupled system of differential
equations describing the dynamics of the elastic wall (shield) tank filled with liquid, the interaction
of the wall with a supersonic flow of gas. Numerical-analytical solution based on the method of
Bubnov-Galerkin, allows a numerical experiment to determine the nature of the oscillations.
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KayBaJ'II)HbIe MOJeJin NCTOPpUIeCKuXx IponeccoB
© B. A. Bopo6ses!, FO. B. Bepeszosckaz?, A. FO. Kounes?

Awnnoramus. B crarbe 1j1a MareMaTniecKoro MOIEIUPOBAHNS UCTOPUYIECKUX TTPOIECCOB MPEeIIa-
rafoTcd ¥ NPUMEHIOTCH Kay3asbhbie Monenu (K-monenn), ajekBaTHbie cBORCTBAM HCTOPUYECKUX
mporeccoB. Paccmorpenbl 6a30Bble MPOIECCH HCTOPUHU: eMOrpaduaecKuii PoIece U 3THOTeHes.
Han o630p ucropun Sanaauoit EBponbt u eé sxkcrpanodisiius B OnvKaiiniee 6ypyiiee.
KitoueBbie ciioBa: Kay3ajbHasd CeThb, Kay3aJibHAs MOIE/Ib, MATEMATHIECKOe MOIEINPOBAHUE
HUCTOPUYECKUX MPOTIECCOB

1. Bsenenwue

Hcropust — pesy/brar B3auMoAeicTBs OOJIBIIONO YKC/a JIIO/Aeil 1 JApyrux 0ObeKTOB TeX-
nocdepnsl u 6uocdepnl. Bece onn npereprieBaioT U3MEHEHHsI CBOMX COCTOSIHW, WHTEHCUBHOCTD
KOTOPBIX HEJIMHEITHO 3aBUCHT OT YHCAEHHOCTH THX OOBEKTOB. DTa HEJWHEHHOCTH YCJIOKHSI-
eT MaTeMaTH3alluio UCTopuu. g Moae npoBaHusd HCTOPHYECKHUX IIPOIECCOB IIPEeIIaralTcs
U OPUMEHSIOTCsI Kay3aabhbie Mojenn (K-momenn). PaccMoTpersl 6a30Bbie MPOIECCH HCTOPUN:
nemorpaduiecknii mpomecc u 3THOreHes.

2. IIpoJsor maremaTruiecKkoii nCTOpUU

Maremaru3zanust HCTOPUU HAYAIACh ¢ MoOJeseil pemorpadudeckux mporeccos |1-4| u npo-
JMOJIZKUJIACh B Tpyaax cuHepreTtnkon [9-12]|. Vcropuveckne mporecchl He BBIBOJAATCS W3 OHO-
JIOTUU, HO 3aKOHBI OMOJIOTMYECKHX IOMYJIANMIl OCTAIOTCA B CHJIE M ABIMIIOTCA OA30BBIMH st
ucropun. Ha 9T0M myTn HaMu paHee GBbLIN TOJYUYEHbI CJIEIYIONINe Pe3yIbTaThl [2-4].

1. O6bsicHeHEE MEPOBOTO AeMOTIPAUIECKOrO MPOIECCa OIPAHMIUBAIONIAM JIeHCTBHEM KO-
JIOTHYECKOro Oapbepa Ha SKCIOHEHIUAJIBHBIN POCT HACEEHUST 3eMJIH.

2. OTKpBITHE YKOJOTUIECKON May3bl KOHIIA XX BeKa — OTCTaBAHUsI POCTA HACEEHUsT 3eMJIN
OT pocTa éMKOCTH TeXHOCHEPHI — IKOJOTUIECKOil HUIIIM Y€ I0BEYeCTBA.

3. ObHapy:KeHne IPUINHBI CHUKEHHST POXKIAEMOCTH TI0 Mepe HHIYCTPUATBHOIO PA3BUTHUI —
nHGOPMAITMOHHOTO Gapbepa — KaK CJIeICTBUSA HAJTOXKEHUs BO3pacTa o0ydeHus Ha (hepTUIbHbBIII
BO3pPaCT 2KCHINUH W IMOBbINICHHbIC HOPMbI HOTpe6ﬂeHI/IH B COBpEMEHHOM O6H_[eCTBe.

4. ITporuos Oyayimero pa3suTus jieMorpaguieckoil cuTyanuy Ha MJIaHeTe — OCTAHOBKHU PO-
cTa HacejeHus 3emun B cepejaune XXI Beka u jrajibHeiilee BBIMApaHUe.

[Iycte t —Bpemsa, a T — mara or P.X. BaBucumocTb émMKocTH P 3SKOJIOrUYeCKOl HUIIN
JenoBedecTBa (Texuocdepsl) u uncaeHHoctn N HaceleHust 3eMIH OT BPEMEeHU ¢ OMUCHIBAETCS
CJICIYIOIIUME Y PABHEHUSIMHU.

Ypasaenue pocra nacesenus mo Masbrycy (1798 1.) dN/dt = N/7(t) (2.1)

Dkosormaecknii 6apuep (2003 [2]) N=k-PEk<1 (2.2)

! TIpodeccop kadeapbl TpOrpaMMHIPOBAHUS W BHICOKOIPOU3BOIUTENbHBIX Bhraucaernuit, Cepepbrii (ApKTu-
geckuii) denepanbubiii yuusepcurer umenu M. B. Jlomonocosa, r. Apxanrennbck; vval00@atnet.ru.

2 Crapmmit npenonasaTens Kadbeaphbl IPOrPaMMUPOBAHES U BEICOKOIPOU3BOIUTEILHBIX Bhuucaennii, CADY
umenu M. B. Jlomonocosa, r. Apxanresibek; myumla.myu@gmail.com

3 Bapenytomuit ormenennem MT-o6pazosanus, CA®Y umenn M. B. Jlomonocosa, I. ApXaHTeIbCK;
derxyz@yandex.ru
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Ypasuenune pocra (2003 [2]|) wumu (Texnocdepsr) dP/dt = NP/C  (2.3)
DKOJIOTHIeCKOe YPABHEHNEe POCTa HACETCHUS dN/dt = ENP/C (2.4)

Xapaxrepuoe Bpemst T(t) crpeMuTeNbHO yMeHBbINAIOCh BO BCcéM mupe B XIX um XX Bekax.
HanpoTug, 0JHOBpEMEHHOE yBeJNYeHne BeTMIUHbI T(t) B Pa3BUTBIX CTPAHAX —ITO 0eMO2pa-
Puneckud nepexod, T.e. CHUIKEHHe TEMIOB pocTa Hacejenus. VI3 ypasuennii (2.1—2.4) nerno-
cpeacrBerno ciaenyor (mpu N = P):

Ypasuenne Kamurpr ais naceaenns 3emin (1999 r. [10]) dN/dt = N*/C  (2.5)
Dopmyna bon Péperepa g nacerennsg 3emtn (1960) N=C/(Ty—-T) (2.6)
Ypasuenne rogosoro npupocra wumu (2007 1. [11]) N=C/To-T) (2.7)

Ypasuenue 2.2 rOBOPUT O TOM, 4TO HACEICHHE, ITPEBBINIAIONIEE BeJInduHy P | He MOYXKET BbIZKUTb,
u 00pedeno Ha Beimupanue. [lapamerpor ypasuenus 2.6 mozxuo waiitu u3 ganabix C. [1. Kanumnst
[9, 10|, moctpous smueitnbiii Tpen dyukiun 1/N | Hanpumep, B Excel. Tlonyuaercs, aro C' =
197,005 mupa. genoBekoser, a Ty = 2025 rog.

lemorpaduieckue JaHHble MOKA3BIBAIOT, UYTO ypaBHeHUd 2.1— 2.7 a/IeKBATHBI TOJTHKO B 30~
Xy 2K0A02uneck020 deduryuma (aKodedhuyuma) — ¢ MOMEHTA MOJTHOTO 3ACETCHUsT KOTOTUICCKOT
HUIIU TJe-TO 0KOJIO 12-Tu Thicsad jer Hazax |9, 10| u mo ~ 1975 roga. V136piToK HaceseHus
M = N —P nojxen ObLI yIQIAThCS NI JarKe He POJUTHCS W3-3a TJI0XO0T'0 COCTOSTHUS 3/I0POBbsI
TOJIOTAIONINX YKEHIIHH.

B [4] moka3ano, 9T0 eMKOCTH 5KOJOTHYECKOl HUIITH YeI0BEUeCTBA OTPAHUIUBACT HACEIEHUEe
TOJIBKO 70 70-X rooB XX Beka. C 3TOro BpeMeHHu JeficTBIE SKOJTOTHIECKOT0 Oapbepa IpeKpalia-
ercs. 3a MOMEHT BbIX0/1a U3 9Kkoaedunura Mol mpumem gary 1, = 1975 . U3 tex xe ypaBuennit
HETPY/JIHO TOJIYYUTh, YTO B MOMEHT 1 XapakTepHOoe Bpems pocta T = Ty = 1o — 1. Munn-
MaJIbHOE HAOJII0ZaeMoe BpeMs YIBOEHHS PABHO Tym, = 19 jer, a 7(t) = 1,447, = 27 mer.
Hacenenne 3emsm 1975 roma = 4 wmapa. CiaemoBarebHO, B MOMEHT BBIXOJA M3 SKOJIOTHAYE-
CKoro JeduiuTa BpeMs yIBOeHH HaceJeHHd 3eMIH COCTABJNO0 Ty = 35 JeT, 4To OJIU3KO K
JIeCTBATEJIBHOCTH.

[Tocie 1975 roga Hacrynuia skosozuyeckas naysa (akonaysa) [2-4], korma pocr Hacenenus
COTJIACHO MaJIbTY3UaHCKOMY ypaBHeHuIo 2.1 cTaj Me/ijIeHHee pocTa 6MKOCTH SKOJIOTHIECKOl Hu-
1, 33/ TAHHOTO ypaBHeHneM 2.3. B skomayse nctopuieckne aBjIeHUs YzKe He MOTYT 00bACHIATHCS
sKomormaeckuM aedunuroM. OHU IBIIIOTCS CIEICTBUEM COUUAALHO20 63aUMOJETCMEUA JTI0Iei
U 9eJIOBEYECKUX KA4eCTB, C(hOPMUPOBAHHBIX IO/ JABJICHHEM KOJIOTMIECKOr0 Dapbepa. JKoma-
y3a BBISIBIIA CUCMEMHH KPU3UC veoBedecTBa 4], KOTODPBI MpOsIBIIsieTcs, Npex/e BCero,
KakK axono2uvdeckutls kpuauc. Ocobyo TPEBOT'Y BBI3BIBAET UPE3MEPHOE CHUZKEHUE POKIAEMOCTH
B Pa3BUTLIX CTpaHaX, KOTOPOe MPUHATO HA3BIBATH deMozpadiuieckum neperodom.

[Ipuunna gemorpaduaeckoro mepexona — uH@opMayuoHHvil bapvep, COCTOSIIINI B CJIeIy-
omem. /lemorpadudeckue JaHHBIE W CONUATbHAS cTATUCTHKA [12, 13| BHIIBUIN ABHYIO CBSI3b
MEZK/Iy POCTOM 0Opa30BaHUS U CHUKEHUEM POXK/IaeMOCTH. AHAJOIUIHBIE PE3YIbTATHI IMOJTY de-
ubl B [11]. CHuzkenne pokaaeMoCTH MOXKHO OOBSICHUTH TEM, 94TO BO3PACT MPOdeCCHOHATLHOTO
CTAHOBJIEHUS B CJIOKHOM COBDEMEHHOM ODIIECTBe MePEKPBIBAET PENPOLYKTUBHBIN BO3PACT YKEeH-
IMUH. DTO ABJIEHUE, TPOo3dlee JeMorpaduieckoil KatacTpodoil BceM pa3BUTHLIM CTpaHAM MUPA,
1 ecTh MHQMOPMAIMOHHBIN Oaphep uenopedecTnBa. JleiicTBue mHMOPMAIIMOHHOIO Oaphbepa SpKO
JIEMOHCTPUPYIOT JieMOrpadhuvecKue IPornecchl B CTPAHAX T.H. 3040M020 Musruapda. K yro-
HO, 30JI0TO¥ MUJLIAAP/, BBIMHPAET OT U30BITKA.

DKCTPAnoIsAIys CTATHCTHKA TTpupocTa Hacesternst u3 [10, 12, 13|, va 6anxaiinme croserns,
M03BOJIHJIA HAM [4| MPOrHO3UPOBATH TUHAMUKY POCTa HACETEeHHs] 3eMJIM U OOHADYKUTD, UTO C
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cepeiuHbl XX BeKa IIPOsBJSIeTCS TeHIEHIINA K CHUXKEHUIO TeMIIOB POCTa Hace/leHud. B iuneii-
HOM TpuOIMKeHnn K ~ 2050 Toay pocT Hace/leHHs NPEeKPATUTCSI Ha YpoBHE = 8 +9 Mipi., a
Jlajiee HAYHETCS BhIMUPaHue dejioBedectsa. /1o Kakux npe/iesioB OyieT npoucxo/iuTh TO BbIMU-
paHnue mpejckaszarh TpyaHo. Ecan jgonyctuTh, 9T0 ypaBHeHue 2.3 pocTa SKOJOTHIECKO HUTIH
OyJeT JieficTBOBATh M B KOIay3e, IMyCTb JazKe MMPH yMEHbIICHUH HaceJeHHs, TO K KOHIy XXI
BeKa MOJIYIUTCs COBEPIIEHHO HepeasbHas Jiid 3eMan éMKocTh Humu B 400 Map,. verosek [4].
Takas HuITa BO3MOXKHA TOJBKO B KocMmoce. Ho riaBHoe Bo3pazkeHHe MPOTUB CTATUCTHIECKUX
MO,ZLe.HeIL/’I n IIPpOI'HO30B COCTOUT B TOM, 4YTO MOTHUBaLUA .)'IIO,ZLGIU/I HUKaK HE€ OTpazKaeTCd B ITUX
MOJECJIAX. q)eHOMeHOJIOFI/I‘{eCKI/Ie MOJECJIN HEAOCTATOYHDI JJIAd IOHUMAHHUA 1 aJCKBATHOT'O OIIUCa~
HUsT UCTOPUIECKHUX mporeccoB. OHM He yYIUTHIBAIOT COMHUAIBHOTO MOBeAeHUs jrojeii. VcTtopus
Ye/I0BEYECTBA — 9TO MPOYKT COBMECTHON JeATeJIbHOCTH MHOZKECTBA KOHKYPHUPYIOIIUX JITO/Ieil
U B 3IO0XY 9K0/eUIUTA, U B IKOJOTUIECKOIl Tay3e, U B MpeIABepUH OJH3KOH 9KOJTOrHIecKoii
KaTacTpodbl.

3. KayzaabHoe MoaeJMpOBaHNE COMUAJBHBIX CUCTEM

Nrak, HeobxoaumMo MOJAEINPOBATH UCTOPHIO, KaK ITPOJLYKT COBMECTHOTO JIEHCTBUST MHOYKe-
cTBa 00HLEKTOB: JIFOAEH, JKHBOTHBIX, OMOTHI, IKOJIOTHIECKUX MECT, TeXHOJIOTHil, uaei u T.J. u T.II.
[ToBeieHne KazK/10ro TaKOro 00beKTa B COIMYMe MOXKHO IPEJCTABUTH BEPOATHOCTHBIM aBTOMa-
TOM, TepeXOJbl KOTOPOTO M3 COCTOSHHUS B COCTOAHWE HeJIeTePMUHUPOBAHBI W HEOTHOZHAYHHI.
DTO MO3BOJISIET MOJEJIUPOBATH «CBODOJY BOJIUY» JIIOJEH W HEOIPEIE/JTEHHOCTD TIOBE/ICHUS TIPH-
po/iHbIX 00 beKTOB. KpoMe TOro, Haim aBTOMaThl U3MEHSIOT CBOE COCTOSHUE HE CTOJBKO CaMH
1o cebe, CKOJIBKO TOJI JIeHCTBUEM JIPYTHUX 3J€MEHTOB BCeil 3Toil c/I0KHOit cucTembl. B3anmoeii-
CTBHE COCTOUT B TOM, YTO COCTOSHUS «BO3AEHCTBYIONINX» aBTOMATOB BJIUMIOT HA «H3MeHIeMbIes
aBTOMAaTHhl U MEPEBOJAT UX B HOBbIe cocTosHus. Crocob mepemgadn BO3JAEICTBUI U CTPYKTypa
CBs3€l MeXKJIy aBTOMaTaMU He PAcCMaTpPUBAIOTCs. BMeCTO 9TOro HpuHsATa 2UN0mMe3da CuLbHOZ0
nepemMetu6aHUA.

Meroz kaysansuoro (K) monennposanust (K-cers n K-mozenn) crporo onucan 8 [5, 6. Uges
€ro COCTOUT B TOM, 4TO ceThb lleTpu, ommchbiBaiomas Kay3aJbHbIE CBI3U MEXKJy CYObeKTaMH
1 00beKTaMHU HCTOPUYECKOrO IIPOIecca, JOMOJIHACTCS WHTEHCHBHOCTSIMHU IIePeX0/I0B — JUHEIi-
HBIMH U HeJTUHEHHBIME (DYHKIUIME OT MAapPKHPOBKU BXOIHBIX MO3UINIM, JIATEILHOCTH TaKTa
MOJEJIUPOBAHUS ¥ BEPOATHOCTU B3aMMOJIEHCTBHS B IIape BXO/I-BBIXO/ MEPEX0OAa. ITU (DYyHKIHH
3aBUCAT OT THIIA NEePexXoaa: JIMHEHHBIN (HpI/I ,ZLaJIbHO,ZLeIU/ICTBI/II/I) WJIA HEeJIMHEWHBIT (HpI/I OJIM3KO-
neiicreun). HesmHeiiHble mepexoibl 3aBUCAT OT Coco0a BCTPEYH aBTOMATOB: B PACTBOPE, KAk
MeJIBeJIN B JIeCy, I B CMecH, Kak nTuunii 6azap. CamMu mepexo/ibl UMEIOT CJIeIyoIe Mo 1udu-
KaIluu: npocmovle — N3MEHSIONIE TOJIBKO T€ COCTOSHUS, KOTOPBIE MOIBEPTAIOTCS BO3AEHCTBHIO,
COTPAHANOULUE BXOJIHYIO MAPKUPOBKY U BO3JAEHCTBYIONINX U TMOABEPTAIOIINXCI BO3AEHCTBUIO MO~
3uMuil, ydasaroujue Bce BXOIBI B BBIXOJHYIO MAPKUPOBKY, 0CMAMOYHbLE — BHITIOJIHIEMbIE 15T
ABTOMATOB, OCTABIINXCSI HETPOHYTBIMU U UH2UOUMOpHble — 3AIpPelaionue mepexos (1ero Her B
ceru Ierpu). Beero, takum o0pa3om, BOSMOXKHBI 15 TUIOB mepexoaoB. Kpome Toro, BBOAUTCS
BHEIITHEe COCTOSHUE, JOMYCKAIOTCS JAeHCTBUTE/HLHOE YUCIa B KadeCTBe MapKepoB W 3aJIeprKKa
MapKUpOBOK BO BpeMenu. Tak u3 ceru Ilerpu nojyuaercs K-cerb, a €€ ucnosinenue 1o npasu-
JiaM, 11oj100ubIM cetu [letpu, 310 n ectb K-momesmmpoBanue. BoJjiee Toro, u3 omnucanusi K-cern
MOYKHO aBTOMATHYECKH TMoJydaTh auddepeHnnajibuble YpaBHEHWST INHAMUKNA CPEIHUX C 3a-
JlepKKaMu BpeMeHu. Teopus m peleHne 3STUX ypaBHEHNH BecbMa CJOXKHBI /IS HCCAeI0OBATEsI-
IpeIMETHUKA, OCOOEHHO I'YMaHUTAPHUSI.
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4. TpynoBasg K-moaenp HapogoHaceJIeHUS B 310Xy KO 1eUITUTA

Tpynosas K-mosiesib yaurbiBaeT camoe (pyH1aMeHTaIbHOE CBOMCTBO YeioBeKa — Tpy/1. Posib
ounorel (B) B Tpymosoit K-momenn cBomuTcst K «pacTBOPUTEIO», B KOTOPHIl morpykenbr ()
aroau u rexuocdepa (M). 113 coobpazkenuii pa3MepHOCTH SICHO, YTO éMKOCTb KOJOTUIECKOil
HAIMH P —3T0 KOJUYECTBO YeJIOBEKOJIeT KU3HU, KOTOPBIE MOXKeT 00ecIednTh TexHocdepa 6e3
JIOIOJIHUTEILHBIX TPYAOBLIX ycuminil. Bvkocrs P usmepsercs B Tex xe eaununax, a C [de-
nosekosier| — 1pya (T), HeobGxoxnmblil desioBeKy, 9T00bI HCYEPIATh BCIO OMOTY ¥ MPEBPATHTH
eé B Texnocdepy — mecro (M) npoxkuBanus u nponuTanus desoseka. Bero ouory (B), ognako,
ucUYepaTh HeJb3d B CHJIY 3aKOHOB dKOJIOrMU. Macca HpoJIyIeHTOB J0KHA COCTAB/IATH OKOJIO
98% macchl 6nOTHI, a 00IIad Macca KOHCYMEHTOB B PEAYIEHTOB J0/KHA OBITh 0KOI0 2% Macchl
ouoTel. Torma mpoAyImeHTHl MOTYT TPOKOPMHTb U KOHCYMEHTOB, W PEAyIeHTOB. UeloBeK, Kak
BU/I, SIBJISIETCsI KOHCYMEHTOM U PEJIyIEHTOM OHOBPEMEHHO, U MbI BIIPABE OKUIATH, YTO B MOXY
sromedumTa dncao skosgornaeckux mect (M) u, coorBercrBenno, momeii (H) cymecrBenno He
npesbicuT 2% ot momuoctn 6uoTel. U neiicreurensno, C' = 200 MJIpA. 9€J0BEKOJIET, a TOI0BOM
ouoJiorudeckuit ymepob oT desoBedecTBa B KOHIE dKojaedunuta coctaBiasger Nigrs = 4 MJIpI.
yener, T.e. = 2% . [Tocae 1975 roga 1eaTeIbHOCTD 9e/I0BEYeCTBA CTAHOBUTCA AHTHIKOJIOTHIHOM
U BEJIET K 9KOJOrn9ecKoii karactpode, a ypaBaenus (2.3— 2.7) MOCTENEHHO TEPSIIOT CBOIO aJ1eK-
BatHOCTh. K MomenTy «obocrpenusi» B 2025 romy K-mozens n ypasuenus (2.3— 2.7), Boobie
TEPSIIOT SMIUPUIECKUIT CMBIC]T.

Haganpuasie ycmoBusg B MoMmenT g = 0 or P.X.: Yy = 0,1 mapa; My = 0,1 mapm.;
By = 196,805 . 31ech NOABIETCA HOBOE, YUCTO YeoBedecKoe, cocrosune — tpyi (T), kotopoe
san10 naspanue K-moueu. Orcooma caenyer, yro C' = Yy + By + My + To = 197,005 mip.
9eJI0BEKO.IeT.

K-momenn va Puc.4.1 npeanosaraer, 9to Tpyaosarpars denosedectsa (T) mponoprimonaih-
Hbl U gucy Jwogeil (1), u aucay mecr (M), npudém u O, U MeCTa PaCTBOPEHBI B GHOTE
motaoctr C (mepexon 1). 9TO OTHOCUTCS W K YHCIY BHOBbH CO3JIAHHBIX MECT, M K YHCJIY BBI-
JKUBIMKUX JIIOJeHl, NPpUY€éM YuC/JI€HHOCTh MECT HPOKUBAHUs JIIOjiel He yObIBAIOT HU OT TPY/A,
HU OT pa3MHOzKeHHsi (Tul nepexofoB di u ds coxpansomuii — 4). Pasmuoxkenue sozeii mpo-
MOPIMOHAJBHO W KOJUIECTBY MECT, W KOJUYIECTBY JIFO/IEH, PACTBOPEHHBIX BO BCEM MHOYKECTBE
aBTOMATOB. A BOT IpHIOKEHHe TPyJa K OHOTe, IPOUCXO/sINee B TOM K€ pacTBOpe, IIPHBO-
JIAT K TPEBPAIIEHUI0 W STUX TPYA03aTpar, U OMOTHI B MecTO TexHochepsl (Tum mepexona dy
MuHeRHbI yransomuii — 6). 3agepxkka Ha 23 roga IS B3POCIEHUs JHojell o00paHa Tak,
9100bI 00ECIIeInTh XOPOIlee COBIAIEHNE C M3BECTHBIMU JIAHHBIMEU HaJI€0eMOrpadun U JIeMO-
rpadun. CoBmnajeHne mMOIyInI0Ch O9eHb To4dHOe. K-ceTh aemorpadutaeckoro mpormecca u eé
MaTpHYHOE IIpejicTaB/ieHne m300pazkKeHbl Ha Puc.4.2. B BepmmHax-mepexojax 3aluCcaHbl NH-
TEHCUBHOCTH, T.e. CpeJiHee YHCJIO IepeXo/I0B 3a eJUHUILY BPEMEHH, PaBHYIO OJHOMY Toiay. B
BEPINMHAX-TIO3UIUAX 3aIUCAHBI TIepeMeHHbIe MapKephl, T.e. YHCJI0 aBTOMATOB, HAXOISIINXCI B
coorBercTByIomem cocrosinuu. Cupasa wa Puc.4.2 nokazanbt marpuier In, Out, D u BekTop-
crosiber;, R marpuunoro onucanusi K-ceru. Boinosnsss marpudanoe ymuozkenue D e R 1ojiydum
juddepennuaabubie ypaBuenus a1 K-moenn n Hopmuposky. g Beeil obactu ajieKBaTHO-
ro noBejiennsa K-momemn T < B, t.e. minT, B = T, Bciaeacrsue dyero auddepennuaibabie
YPaBHEHHUS UMEIOT BHI:

d9/dt = Yy_o3 - M/C

dM/dt =T

db/dt = —-T

dT/dt = y_93 - M/C =T

Y4+ M+ 65+ T= C=197,005
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4.2

Pucynoxk

K-cets m marpuuanoe npeacTraBaeHne qeMorpaduUIeckoro mporecca B 6mocdepe

Bupodewm, nmeromasicst nporpamma peasinsanuu K-moeseit mososisier oboiituch 6e3 cocran-
JICHWST W PelleHust 3TUX ypaBHeHuil. Pe3yabrarsl MojenpoBanus npuseens va Puc.4.1 s
1900-2050 rr., 9TO MO3BOIAET YBUAETH IIpOIece MoTepu ajekBaTHOCTH K-Momenn. Kpome Toro,
HAMU OBLTO MOCTPOEHO MHOYXKecTBO K-Mmozeneii meMorpadudeckoro B3pbIBA U IKOJOTHIECKON
KaTacTpodbl, KOTOpPble adCTPArupyIOTCs OT KAaKUX-TO aClEeKTOB PeaibHOIO JeMOIrpadudecKoro
nporecca: Tpyja, 3aJepKeK, CMePTHOCTU M T.II., HO IPH 3TOM YYHTHIBAIOT MHbBIE aClEKThI pe-
asbaocTu. [loapobno paccMaTpuBaTh 3TH MOJIE/IM HET CMbBICJA B CUJIYy WX orpanudenus 1975
TOJIOM, KOTJIa KOHYAeTCsd KOMeDUIUT U HAUMHALTCS IKOMAY3a.

5.

K-monenp nemorpadpunieckoro Kpu3mnuca B 3KOIIay3e

C madgajiom 3Koj0rnyueckoit naysst K-momesn geMorpaduyaeckoro B3pbiBa MOCTENEHHO Te-
PSIOT U aJeKBaTHOCTD, U AMIUPUIECKHiT cMbICI. J[71s1 TOro 4TOOBI HOJYIUTh O0JIee aeKBaTHbI
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pe3yJIbTaT CJIeyeT MOIETUPOBATH POCT HACETEHHS ¢ YIETOM TOCIOACTBYIONIEl B 00IIecTBe MO-
TUBAIH PEMPOIYKTUBHOTO MOBEIEHHs. 3/1€Ch TOXKe JEHCTBYIOT eCTeCTBeHHBIE (DAKTOPHI: POK-
nenne gereit (/1) u3 suemmnero cocrosiuust (*), sjauMuHanus gereil, He HAIIEJIINX MeCTa, BO
BHEIHIOW cpery (¥), ecMepTHOCTH Beex Jsojieii ¢ ocBobokaerneM mecta (M), poct émkocTH 9K0-
aormdeckoii aumu (M). B #HIyCTpHAIBHOM U IOCTHHIYCTPHAJLHOM OOIIECTBE TOOABIAIOTCS
emé nBa akTopa, 3aMemAoNIX PEMpOyKTUBHOE MOBE/ICHIE: BO-TIEPBBIX, 00yUYeHHe MOJIO/IE-
Ku u nogsiaenne TBopioB (T) SKOHUIIN; BO-BTOPBIX, mogBaeHne u36bTouHOr0 Mecta (M) u

norpebureseit (II).
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Pucyrox

K-monens nemorpaduaeckoro kpusnca smoxu mogepta ¢ 1800 mo 2500 .
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Pucynmox 5.2

Hemorpaduuecknit mportecc 3moxu Mozgepua u nocrmozgepua ¢ 1800 mo 2500 r. B crpoke JI mama

MOIe/IhHAsT YNCAEHOCTRh HaCeIeHnsT 3eMJIN, OUYeHb XOPOIIIO COBITAIAONAs C JaHHRIMI BeemMmupHOro

Banka [12| u craTucTudeckuM mporHo30M.

Kypuana CBMO. 2013. T. 15, Ne 3



64 B. A. Bopoobes, IO. B. Bepesosckas, A. FO. Kounen

Bynem mosarath, 94TO TBOPYECTBO W MOTpeOJIEHHE WCKJIIOYAIOT PA3MHOXKEHUEe, HO He HC-
KJTIOYAIOT CMEPTHOCTD. ZICHO, 9TO KayK/Iblit YeT0BEK MOYKET TOMEePEeMEHHO BBITOIHITH BCE TPU
dYHKIUU: PENPOAYKTUBHYIO, TBOPUYECKYIO U HOTPEOUTE/IHLCKYIO, 1103TOMYy vucjaennoctu 9, T u
[T oTHOCSATCS K JIIOAAM, KOTOPbIE 3aHATHI JIaHHO (pyHKIMel B TeKynuii MOMeHT Bpemenu. Ecre-
CTBEHHAs POXKJIaeMOCTh COIJIACHO AeMorpadudeckoii craructuke — 47,7 mereit Ha 1000 gemoBex
nacenenud. B namreit K-Momesin Besg cMepTHOCTB CBOJIUTCA K JE€TCKON CMEPTHOCTH, & BBIZKHBIIIHE
JIeTH, CTaB B3POCIBIMU JIIOJbMU, YKUBYT 10 77 JIET, TBOPIHLI — M0 71 Toja. DTO ympoIlieHne He
CJIMIIKOM HCKazKaeT pe3y/abrar. CpeiHsist IPOA0/IZKUATEIbHOCTD KIU3HU COOTBETCTBYET PEAJIHHOI.
[Ipuxopures noa0upaTh TOJABKO KOI(MDMDUIIMEHTHI MOSBICHUST TBOPUYECKUX JIIOJIel 1 moTpebure-
neit. Bamzkaiinras k #adbaogaemomy [12, 13| mupoBomy nemorpaduaeckomy nporeccy K-mozenn
¢ 1800 r. mo 2500 r. mokazana Ha Puc.5.1.

Pesynbrarer Ha Puc.5.2 moka3pIBaloT, UTO ecJM PeNpoJIyKTUBHOE TOBeJIeHne JIo/Ieil He u3-
MEHUTCS, IIOCTUH/yCTPUAJIbHAS IIUBU/IN3AIMS BHIMPET.

6. K-mMmomeap 3THOreHe3a

lemorpadudecknii mporece oTpazkaeT 4de/IOBeYeCKHil crocod MpUcocodeHust K IPUpOJi-
HOIT Cpejie — pacIIupenye CBOei YKOTOTUIECKON HUTIH, T.e. TeXHOC(EPHI. IMmHozeHe3 — TPOILYKT
BHYTPUBHU/IOBOI KOHKYpeHIHHU Jojeit 3a skomorndeckyto uumry. Cormacuo JI. H. 'ymunésy B
CONUABHON JKU3HU ITHOCA KOHKYPUPYIOT TPH COUUOMUNG YeJIOBEKa: naccuonapuu (naccu),
eapmorunury (eapmu) u cybnaccuonapuy (cyoou). Ilpu srom maccn BeITeCHAIOT CyO0H, rapMu
BBITECHSIOT TACCU, a CyOOU BBITECHSIOT TapMH, U3BJI€Kasd nu30bITOYHOCTHh Puc.6.1. YV srux Tpéx
COIIMOTHUIIOB PA3/IMYHO W IKOJOrnydeckoe nosejenue. [laccu obecreunBaoT poctT TexHocdephr,
rapMu — eé coxpaHenue, a cybom — eé pazpyIieHue.

[To mamremy Muenuio u Bonpekn ['yMmiéBy maccu He 06J1aTal0T MOBLITIIEHHON OMOIHEpPreTH-
koit. Oum Topmo3st (1o [TaBiioBy) cBou 6GuOIOrNYECKHe HHCTUHKTBI BILUIOTH /10 HCEPMEEHHOCTIU.
Fapmu TpyOI00UBLI, HO HE MMPOTUBOPEYAT BUTAJBHBIM HHCTHHKTaM. Cy00u KUBYT pajau yI0-
BJIETBOPEHHST OMOJIOTHYECKUX TOTPEOHOCTEH 3aCUEéT rapMu. A MOCKOJIBKY YHCJIEHHOCTH CyOOu
KOHTPOJUPYIOT MAaCCH, TO KaK TOJbKO MACCH MPAKTUIECKN YHUUTOMKEHBI, SKCITyaTaIls TapMA
CO CTOPOHBI CyOOM MPHUBOIHUT K 00CKYPAUUU, JENONYsAuuY U 2ubeaty, STHOCA.

Kypuana CBMO. 2013. T. 15, Ne 3



Kay3zapable Mogem HCTOpHIECKUX TIPOIECCOB 65

Dain F
TH MEpEX0AA  NPOCTON COMPAHAOUNET YIANRCLIMY OCTATONHES Isruiimop  * = BHewses
Lloiemctes anwe FRAHETHES 0 3 E g 12 COCTOMMAS
KommecTeo cocToamet PACTBOR 1 4 7 1} 13
q il CHBTE 2 5 8 n 14
[~Marpsisa nepesogos
CocTomme Mcxonroe r CocTomme MEpEDONMT COCT-| B COCTORMN ll’lmmrnl?m-m |3-m.cpxmal |3-uwpm2| il
01 ‘ n 0.04 Poxgernie gereif naccu (Ix),
r 0,005 r o (551 004
rapno (rg) ueyhbmie
- 3|2 [- . =1 nos P ( FD ¥ ( ;D
n 34187 m i n 1 2 BSPDCHEHI’IE (Hm: (TFTD H
™ £5918 a r 1 2 (ca), ecm
H 033 o M © 1 2 goTe MecTo () B u3hETOR
m o4 n n e ol EcrTecTEeMHAA CMEpNTHOCTE
i 0.0 3 r " o2 (Hj (1") I’I(Cj
=] 1338 c c 2 03 ’
L na 1 8 Criepte (11F), (TA) 5 (cA)
a ) 1 8 ECITH MBI He T MECTa
e = 1 a8
: — r n H on 1 Koseypesips (1), (T) H (6
KommecTno waron c r " 04 " 3amecto(M) HsEEITOK (1)
000 = #b 3sex n c " 0.0 1
n " n 1
Horesp nepeoro wara |0 - = 4 Hepemﬂ:b HACAMEHHA (.TI) ;l
| Dososers | Yasnams | Owenimy |

Pucywmox 6.1

K-momens srHorenesa kak xkoukypenrun naccu (II), rapmu (I') u cy66m (C)

[Ipu KOMOBIOTEPHOI peaTn3aIuyl MOIe/TH STHOTeHe3a sICHO BIIHO YepeaoBaHne (has3 ¢ pa3Hbl-
MU TUIIAMU [IOBEJICHUS, BUJIHbI 604HbI IIPEO0JIa/IaHus 11accu, rapMu U cyOOM U BCe OLUCAHHBIE
['ymunépbiM das3bl STHOrEHE3a: NO00BEM, aAKME, HAOAOM, UHEPUUL, 00CKYPAUUA. DTa TOCJIEI0-
BaTeJbHOCTDL mpojozkaerca 1400-1500 Jjer, mociie 4ero HaUYMHAETCS HOBBIl STHOreHE3 C TOMU
ZKe T0C/IeI0BaTeIbHOCTRIO ha3. BpeMsa mCTOpHUYIecKOro CynecTBOBAHUS STHOCA MPOIOIZKACTCS
1100-1200 JieT u BKIIOYAET akMe, HAOAOM U UHEPUUI. DTO SMOXA PACIIBETA KYIbTYPHI U ITUBU-
sgusanun. Ocraababie 300400 j1eT npuxoaATCs Ha IMePeXOIHbIe SMOXH: NodséM U 00CKYPauUI0.

B daszax nodséma n axme momumHHUpyeT naccuoHapHoe moseaenne. B dase magmoma mpouc-
XOJINT CMEHa, TTAaCCHOHAPHON JOMUHAHTHI HA TApMOHUYHYI0. B nHepimnonnoit daze JOMUHUDPYIOT
rapmi, a B ¢aze obckyparuu cyoou. Oo6ckypupyiomuit 3THoc, 1m0 ToitHO6u, 0OBIYHO CTAHOBHUTCS
JKePTBOH Hawecmsaus naccuoHaPHLE 6ap6apo6, ITO TIPUBOIUT K HOBOMY BUTKY THOreHne3a. Ha
npustaraembix pucynkax (Puc.6.2, 6.3, 6.4) rpaduku 9uCIeHHOCTH COIMOTUIIOB HAJIOKEHBI HA
ucTopuIecKkne coObITUsI B pa3andubix srHocax: Jpesunit Eruner, Pum u 3amagnas Espona u
Poccus. st Poccun nverorcst aBa criocoba HAJIOXKEHUST 9THX YKe KPUBBIX Ha €€ NCTOPUIO: 110 MC-
tounukaM PIII u mo ['ymunésy. Emé onna meranp Halreit Mogen STHOTeHe3a — JeMONy I
STHOCA MOYTH JI0 HYJIEBOH YHCJIEHHOCTH. B pealbHOCTH IMaccuoOHApHOE U TapMOHUYHOE Hacese-
HUE HE BBIMUPAET, & 3GMEULGEMCHA WM 0MNadaem OT STHOCA M0I00HO OTHAIEHUIO XPUCTHAH OT
SI3BITHUKOB.
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7. Pe3syabrar

[TocTpoenubie MO/ UCXOAST U3 IIPEJIIT0JI0KEHNsT O 0JIArONOIyYHOM PAa3BUTHUHU BCeil 3eM-
HOIt nuBHUIN3anuu 6e3 karacTpod u MUPOBHIX BOitH. K coxkajieHuio, pe3y/abTaThl He MOTYT ITOpa-
JIOBATh ONTUMHUCTHIECKUMU ITPOTHO3aMU. e/10Be9ecTBO BCTYIMHUIO B SMOXY TVIO0ATHHOTO KPH-
3UCa. DTOT KPU3UC CHJIbHEe BCEro 3aTparuBaeT TeXHUYECKue MUBUIM3aun — 3ana u Poccuro,
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HO 32 HUMHU HeH30ezKHO MOC/IeYI0T U PA3BUBAIONINEC CTPaHbI. V3 ncTopuieckux HabJIIOIeHUI,
MaTeMaTHIECKUX W Kay3aJdbHBIX Mojesneil jgeMorpadui u ITHOT€HE3a BBITEKAIOT CJIeIyIOIIne
BbBIBO/IbI.

1. CoBpemeHHOE YeI0BeYeCTBO MPOILIO TPU KPYIHBIX Tana anTpornorenesa: (1) smoxa pac-
cesterust o wranere 3emus [10]; (2) snoxa skosorudeckoro geduruTa U ITHOreHe3a, Kak pe-
3y/JIbTaTa KOHKYDPEHITHH JIIO/Ieil 3 9KOTOrHIecKy1o Humry Ha 3emute [7]; (3) smoxa 9KOIOrHIecKoil
may3bl ¥ MEPOBOTO IKOJOIHYECKOrO Kpusuca [2-4]|. Dxomaysa 3asepinaercst B XXI Beke, mocie
4ero Ha4MHAEeTCs BHIMUDAHUE HOCTUH/IYCTPUAJIBHON MUBUIN3AIUE 1, BO3MOZKHO, 3aMeHa COBPe-
MEHHOT0 homo sapiens HOBBIM BHJ/IOM Pa3yMHBIX JIIOJIEH.

2. Eciin penpojiyKTHBHOE MOBe/IeHNE JIIOJIel He U3MEHHUTCs, TTOCTUH/YCTPUAIbHAST TOTPeOu-
TeJIbCKasl TUBUIM3AINS BEIMPET.

3. lcropuueckuii mporecc B 3MOXY IKOAeMDUINTA JeTePMUHADPOBAH, B OCHOBHOM, STHOTEHEe-
30M — O00'beJIMHEHUEM JII0/Iel, POJICTBEHHBIX I'€HETUYECKH, IICUXOJOIUYECKN U COIUOKYJIBTYPHO,
B 60pb6e 3a FKOIOrHIecKyIo Hully Ha 3emie |7].

4. KoHKypeHIUs TTPOUCXOIUT He TOJHKO MKy THOCAMHU, HO W BHYTPHU ITHOCOB, KAK MU-
HUMYM, M€Ky TpeMs FeHOTUIIAMHU JIIO/Ieil: maccu, TapMu u cyoou.

5. OcHOBHBIE HCTOPHYECKHE MOBOPOTHI MPOUCXOIAT MPU CMEHE STANOB dTHOTEHE3a, KOTaa
MEHSETCsl JIOMUHAHTA CONUaIbHOrO nopejgenus. C HeGo/bIIUME BapuanusiMu KO3 MOUIMEHTOB
9TO HAOJIIOAeTCs HA MOJIe sixX STHOTeHe3a u B Erunre, u B EBpomne, u 8 Poccun. 1o, oueBunHo,
001112351 3aKOHOMEPHOCTh ITHOTEHE3a.

6. Xopotiee coBrnajienne BoJH sTHOreHe3a B Erunte, 3anaanoit Espone, Poccuu (910 onna
1 Ta Ke KPUBasg) TOBOPUT O TOM, YTO ITHOTEHE3 MPAKTHYECKH He 3aBUCUT OT KJIUMATA, PACHI,
KYJIBTYPBI, KAJTEHIAPHOTO BPEMEH! U YPOBHS TEXHOJIOTHH. DTO 3HAUNUT, UTO ITHOTEHE3, CKOpee
BCEI'0, He COIMOKYJ/ILTYPHOE U He SKOHOMUUYECKOE, & IPUPOIHOE sIBJIEHNE, CBI3aHHOE C TeHEeTUKON
YeJI0BeKa Kak OMOJIOTMYecKOro BH/IA.

7. [l MosiBIeHUsT HOCUTE el MAaCCHOHAPHO W MHOW TeHeTHKN HET HEOOXOINMOCTH B KAKOM-
TO KOCMUYECKOM BMeIaTehcTBe. BOHBI 9THOreHe3a BO3ZHUKAIOT, KAK W B MOJEIN «XHUITHUK-
JKepTBay, U3-3a HEJUHEITHOCTH MPOTECCOB KOHKYPEHITHH JTIOIeiH.

8. Ucropuueckuii nporecc 00beKTUBEH, 3aKOHOMEPEH U IPAKTUYECKU He 3aBUCUT OT 7Ke-
JAHUR W Wiaelt OT/AeNbHBIX JIOJeil MM CONMUAaJbHBIX rpyiil. JIiogam MoryT npemiararh camble
pa3yMHBIE U TPOrPECCUBHBIE M/I€U WU COIMUATbHBIE WHCTUTYTHI, HO TINETHO. Besikast uzest Oy-
JIeT MPOJyKTUBHA TOTJA W TOJHKO TOTJA, KOIJIA /I €€ BOCHPUATHS W PeaTu3aIii MOSBUTCS
JIOCTATOYHOE YHUCI0 TEHeTUIECKH TOIXO/SIINX JIIO/Ieii — Maccu, rapMu Wn Jaxke cyoon.

9. Ha Bousine nodséma u axme JOMUHUDPYET caMas KECTKas PEJUIMO3HAsS COIMOKY/IbTPHAS
YCTAHOBKA, KOTOpas HEBBIHOCUMA JIJIs BO3pACTAIOIIeil Macchl rapMu, a 1moToM u cyoou. B pe-
3yJIbTATE MPOUCXOIUT HAJAOM: CMYTa, TPArKJIAHCKAs BOHA MJIM DEBOJIIONNS, CMSATYEHIE HPABOB
B I0JIb3Y BUTAJIBHBIX MHCTUHKTOB rapMu W CyOOH, YCTAHOBJIEHHE COIHMATIHLHOTO PABHOBECHS U
3aKOHHOCTH, & TOUHee — 0e3pa3ININS K BBICIIIUM CAKPATbHBIM IEHHOCTSM. DTOT Pe3yIbTaT pa3-
BUTHS IIACCUOHAPHOMN KYyJIBTYPbI €CTh, COOCTBEHHO, yususudayus, Kak u yrsepzxiaaia O. [Hlnen-
riep [16].

10. B cBOéM pa3BUTHH MUBUIM3ANNS CTAHOBUTCS BCE OOJIee arpecCHBHO 110 OTHOIIEHUIO K
KYJIbTYpe, TOPOIUBIIIeil 3Ty MUBUIU3ANAI0. DTO NPUBOIUT K 00CKYpayuy, — pasryay cyoon, or-
PHUIIAHUIO U OCMESTHUIO TTACCHOHAPHON K.Aaccuyeckol Kyasvmypot, €€ BHITECHEHUIO MacCCOBOU 107~
Kyavmypot. Tlocie 3TOT0 STHOC, MOTEPSIBINHiT TTACCHOHAPHOCTD, 0A30BBIE MEHHOCTH U MOTHUBBI
JUIS TPOJYKTUBHOM JesitesibHOCTH, TuOHeT. Hauunaercs denonyasyus, Oecriokosmast aesreeit
KYJIBTYPBI — TaK HA3BIBAEMBIX UHMEANEKMYAAOE.

11. WatemiekTyasasl He 3HAIOT HUA (DYHJIAMEHTATHHBIX 3aKOHOB UCTOPHUH, HU MATEMAaTHKH.
[TosTomMy OHE HE B COCTOSIHUU TOHSTDH MPOUCXOIAIINE MPOIECCH U TOPSII0 00CYKIAIOT PA3HBIE
oaazoeaynocmu (CanteikoB-I1lepun), OKOHYATETBHO pa3jaramiiue THOHYIHH THOC.
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12. Teopusga stnorenesa no JI.H. 'ymMmunéBy B mesiom BuIIep:Kaaa TPpOBEPKY MaTeMaTHIECKAM
MojeanpoBanneM. KadecTBeHHas KapTHHA 3THOTE€He3a XOPOIIO MOATBepxKaaeTcd. OgHAKO ec-
JIK CMEHUTHb HEKOTOPbIE KOS(l)CbI/H_[I/IeHTbI B K—MO,H,QIII/I, MOZKHO II0JIy4aTb pa3/JIMYHbI€ CIleHapUu
STHOTEeHe3a C MPOJIOHTMPOBAHHON (a30il pesimKTa, ¢ Pa3INIHBIMHA JIJINTEIHHOCTSIMH BOJIH JT-
HOT'€He3a, ¢ PABHOBECHBIMU PEJIMKTOBBIMHU COCTOSHUSAME JlaKe 0€3 TeX WU MHBIX COIUOTUIIOB
JeJIOBEKA.

10.

11.
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Abstract. The article deals with the causal models (C-models) for the mathematical modelling
of historical processes. Ways to apply the causal modelling method to the investigations historical
processes are offered. We rewiew the history of Western Europe and its extrapolation in the near

future.
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NccaepoBanne MexaHU3Ma, Pa3BATAS KOPPO3HMOHHBIX
HOpa}KeHI/If/’I C UCIIOJIb30BaHMEM KOMIIBIOTEPHOI'O 3pEeHMA
© M. P. Enukees!, M. A. Maneesa?, 1. M. I'y6aiigyriun’

Anvortanusi. B craThbe paccMaTpuBaloTcs 3a/atda UCCAeI0BAHN TPOIECca KOPPO3UU IYTEM BH3Y-
AJTBHOTO KOHTPOJIS MIPOBOIUMOTO KcnepuMenTa. OOCYKIA0TCI BOIIPOCHI UCTIOIb30BAHNS METOIOB
00paboTKu M300paKeHusi W MOCJEIYIONIEro ero anaan3a. J[Jisi OleHKN KOPPO3MOHHBIX IISTEH HC-
mosib3yercs (bpakTaTbHAsT PA3MEPHOCTb.

KuarodeBble cjoBa: ¢dpakrTaabHasi Pa3MEPHOCTH, KOMIIBIOTEPHOE 3peHne, 00paboTKa n30bparke-
HUMA.

1. Bsenenue

B nmocsienaue rogpr B 061aCTH W3yUeHUs MMOBEPXHOCTHBIX MPOIECCOB HAINLIN IMHPOKOE TIPH-
MeHeHHe MEeTOJbl BH3YaJIbHOIO0 KOHTPOJIA: ‘in situ” onTudyeckas MUKPOCKONHUs, KOH(MOKATbHAS
MUKPOCKOIINS, JIa3epHAs CKAHUPYIOIIas MHUKPOCKOINs, CKaHEepHas pedIeKTPpOMEeTpusi U T.I.
K pasHoBuIHOCTH BU3yaIbHBIX METOJIOB, MO3BOJISIIONINX MOJIYIUTh W300pazKeHusl Ha MUKPO- U
HAHO-YPOBHSIX, MOYKHO OTHECTH 3JIEKTPOHHYIO U CKAHUPYIOILY 0 30HI0BYIO crieKTpockonuu. [Ipu
BCeX MPENMYTIEeCTBaX BU3YATbHBIX METOJO0B BCe OHU MMEIOT OJMH CYIIEeCTBEHHBIH HeT0CTATOK
— TPYJAHOCTH B KOJMYECTBEHHOM ONMUCAHUU IMOJTYUYEHHOTO M300parkeHud B 1esioM. [lostomy B
Jlaboparopun KOPPO3UU METaJIJIOB B MPUPOJHBIX yejaoBusx Vncruryra dusndeckoit xumuu u
ssekTpoxumnn PAH nm. @pymvkuna (3as. maboparopueit Maprrakos A.I1.) coBmecTHO ¢ 1abopa-
Topwueii MaTemMaTnaeckoii xumun VHernryra Hedprexumun u kKaraansa PAH (3aB. maboparopueii
CrouBak C.I1.) mpoBOAUTECS U3yUeHUe MeXaHH3Ma KOPPO3UOHHBIX MPOIECCOB MOCPEICTBOM HC-
caenoBaHus MOPGOIOTHH TOBEPXHOCTH MeTasIa ¢ HCIOTb30BaHuEeM (PPAKTATHHOTO AHATIN3A.

[Ipu Bcex mpenMyIecTBaX BU3YATbHBIX METO/IOB BCE OHU UMEIOT OJIUH CYIIeCTBEHHBI HeT0-
CTATOK — TPY/IHOCTD B KOJTMIECTBEHHOM OINMCAHUH TI0/Iy YeHHOT'O m300pazkenusi B esiom. Hecmor-
Pst HA TO, 9TO B IMOCJIe/THIE TObI HHTEHCUBHO PA3BUBAIOTCSI METO/IbI TPEXMEPHOI PEKOHCTPYKITHN
MOBEPXHOCTHBIX MUKPO- U MAaKPOOOBEKTOB, OHM, KaK IMPABUJIO, KACAIOTCA OTJETbHBIX Te(eKTOB
HA TOBEPXHOCTH U JAI0T MUHUMYM HHMOPMAIIHE 0 MeXaHu3Me MezK(ha3HbIX B3amMO/IeiicTBHIl B
mesoM. Kak n 60TbIIUHCTBO TPUPOTHBIX ABIEHUIT, KOPPO3US MO CYTIECTBY SABJISIETCS CJIOKHON U
HEPEryJISPHOil, TI09TOMY MOPGOI0THst 1 n300pazKeHUsl IOBEPXHOCTH, MO/IBEPIIIEiiCss KOPPO3UOH-
HOMY Pa3pyIIeHnI0, He MOTYT ObITh COBEPITEHHO UACHTUIHBIMHA JIayKe B CJIyUae MCIOIb30BAHUS
OJTHOTO W TOTO Ke MaTepuaJja U KOPPO3UOHHON cpebl. pyrumu cioBamu, n300paKeHus MpPO-
KOPPO/IMPOBABIIETO MeTaJjIa HEePEryasapHbl M HeBOCHPOU3BOAUMBI. OauuM u3 3hdeKTHBHBIX
myTeil peleHus JaHHOi TPOOIeMBbI IBJISeTCS UCHIOJIb30BaHue (phpakTansoB. B ocHoBe (pakTain-
HOT'O aHAJIM3a JIEKUT OlleHKa BeJudnHbl (bpakrtanbHoii pasmeproctu (PP). Heabio paborsr siB-
JisierTcst pa3paboTKa MEeTOIUKH OINEHKN KOPPO3UOHHBIX MPOIECCOB MOCPEICTBOM HUCCJ/IEI0BAHUS
MOP(hOIOTHN MeTaJIJIOB BO BpeMsl MPOTEKAHUsT KOPPO3ZUOHHOTO W IJTEKTPOXUMUIECKOTO TIPOIEC-
coB. lTorom paboTel TakzKe OYAYT ABAATHCA (PpaKTATbHbIE XaPAKTePUCTUKN KaK MTOBEPXHOCTH
BCEro UCCyaemyeMoro o0pasna, Tak u JIOKATbHBIX KOPPO3UOHHBIX J1e(heKTOB.

! AcmpanT 1-ro Toma ofydeHns jab. MaTeMaTHUecKo# xuMmuu, WHCTHTYT HedTexuMmmu ¥ Katammsa PAH,
r. Yda; mat-83Qmail.ru.

2H.c. 1a6. KOPPO3HH METAJJIOB B €CTECTBEHHBLIX YCIOBHAX, HHCTUTYT (DU3MYECKOl XUMHUM M 3JIEKTPOXMHH
um. AH. ®@pymkuna PAH, r. MockBa; marina.maleeval@gmail.com.

3 C.m.c. 1ab. MaTemaTudeckoil xumun, MucTuTyT HedbTexumun n Katannza PAH, r. Yda; irekmars@gmail.ru.
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2. PP B KOPpPO3MOHHBLIX KCIIEPUMEHTaX

OP B KOPPO3UOHHBIX YKCIIEPUMEHTAX MTPeIaraeTcs OlpeaessiTh Ha OCHOBAHUN BU3YaJIbHBIX
(omTHueckask MUKPOCKOITHSI, CKaHepHast pedJIeKTOMETpHsT) M JIeKTPOXUMUIECKHX (MMIIeTaHC-
Hasl 9JIEKTPOXUMUIECKAsT CIIEKTPOCKOIIHsI, XPOHOAMIIEDOMETDHsI) METOIOB. BusyasibHble MeTO-
JIBI OCHOBBIBAIOTCA Ha 00pabOTKe M pOoBHIX M300pazkKeHnil, MOTYIeHHBIX B X0O/1e SKCIIepHMEHTA.
[Tpu uposejsiennn orepaiuit 0OpaboTKn U300parKeHUs BbIJAEILAIOT CJAEYIOINIINE OCHOBHBIE YTAllbl:
dbopmupoBanue n30b6pazKeHusi, cerMmeHTaus n300paykKeHus ¥ aHAJIN3 U300ParKeHU .

2.1. PopmumpoBaHud M3006parkeHUHA

K onepamnusam dhopmupoBanns n3o0pakeHusT OTHOCITCS TOJIydeHne n300paskKeHusi, B JIaH-
HOM cJydae nudpoBOro, u mpeaBapuTe/bHas oopadborka n3obpaxkenus. [udpoBoe m3odpazxKe-
Hue | MOXKHO paccMaTpuBaTh Kak MaTpuily pazmepom N x M | sneMeHTaMu KOTOPOii ABISIOTCS
suavenus spkocru B [[z,y], rae  u y — koopaunars nukcenst. O6brano n3o0paskenus, chop-
MUPOBAHHBIE PA3TUIHBIMU HH(MOPMAIMOHHBIMEA CHCTEMaMU, MCKAYKAITCS JeHCTBHEM MOMEX.
DTO 3aTPyIHSIET KaK WX BU3YAJbHBIN aHAIN3 Y€/T0BEKOM-OMEPATOPOM, TaK U aBTOMATHIECKY IO
obpaborky B II9BM [1].

B kadecTBe mpegaBapurebHON 00pabOTKH H300parKeHUd MCIOIb30BATUCH (DHIBTPHI IIIYMO-
1O/IaBJIeHUs] U (DUJIBTPBI MOBBIIIEHUST KOHTPACTHOCTH U 96 TKOCTH. BOJIBIIMHCTBO OCHOBHBIX Me-
TOJIOB MOBBINIEHWS Y€TKOCTH OCHOBAHBI HA, IMPOCTOM YJIyUIIEHUN KOHTpacTta m3obparkenwus. B
YACTHOCTH, JIJIsl MOBBIMIEHNST Y€TKOCTH MUCIOJIH30BAJICS METO/T JUHEITHON PACTSIKKI THCTOTPaM-
Mol (2.1).

b = 255/(max — min),

_ dst(z,y) = a+bx src(z,y), (2.1)
a = —b*xmin.

rie a m b — Ko3PUIMEHTH PACTAKEHUST, MAT W MiN — COOTBETCTBEHHO MaKCHMAaJIbHOE W
MHHHMAJIbHOE 3HAYEHHs SPKOCTH Ha H300parkeHHH, Src¢ W dst — mcxomHoe u obOpaboTaHHOEe
n300pazKeHne COOTBETCTBEHHO.

B kadectBe 1peo0paboTKu Jijisl MOCEAYIONIEI0 PACIIO3HABAHUS UCIIOJIH30BAJIOCH I'ayCCOBO
pa3mbiTHe. ['ayccoBcKoe pa3MbiTue — 3TO CBEPTKa M300pazKenus ¢ pyHKImei

I _ew?
fl@) = —=e"2"", (2.2)
o/ 21
e [ - MaTeMaTW4YeCcKOoe OKHWJIAHWEe CIy4daiHO BEJINYWHBI, & O
dbusbTp, mocunTanHblil MO hopmyie (2.2), HA3BIBAETCS TAYCCHAHOM.

[Tocute npeaBapuTeibHONE 00paOOTKHI N300parKeHnst HeOOXO0IMMO IIPOBECTH OIIePAIUN CerMeH-
TaIUU, TO eCTh IeTeKTHPOBATDH ISITHA KOPPO3WH HA IOJyYeHHOM m3o0pazkenuu. Heobxomnmo
pas3jiesiuTh n300parkenus Ha 00JaCTH, JIJIsi KOTOPBIX BbIIOJIHIETCS OIPeJe/IeHHbIN KpUTepuii
O/THOPOTHOCTH.

2 . mucmepcns. MaTpudnbIit

2.2. CermeHTanus

Omnepanus MOPOroBoro pasjeseHus, KOTopasd B pe3yJbTaTe jlaeT OMHapHOe H300parKeHwue,
Ha3bIBaeTcs OnHapusanueii. [lenbio oneparun 6uHApU3AIUN IBJISETCS PaIUKATIbHOE YMeHbIIe-
HHe KOJHYecTBa MHMOpMAINU, cofepzKalieiics Ha n3obpazkennu. B ganmoii pabore HCIoOJIB30-
BaJINCh, KAK MIOPOTOBbIE, TAK U /ATHBHBIE METO/bl ONHAPU3AINH, B 3aBUCUMOCTHU OT IKCIIEPH-
MEHTA.

Bunapuszanust ¢ HUZKHUM TOPOTOM SIBJIsIeTCsl HanboJiee MpocToii omepaimeii, B KOTOpOil #C-
IIOJIB3YeTCs TOJBKO OJIHO 3HaUeHue mopora (2.3).
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sre(z,y), sre(z,y) > h,
0.

dst = (2.3)
AjanTuBHast GUHApDU3AIMS MPOU3BOAUTHLCS aHajoruduo ¢ (2.3), roabko h = T(z,y), tae
T(x,y) - 1OPOr, PACCYUTHIBAEMBIH HHJANBUIYATBHO JIJIS KAZKJIOTO MUKCEJIsl.

s uzBiedennst uagopManuu 0 KOPPO3UOHHOM IsITHE (KOHTYPHI KOPPO3HOHHOIO MOpazKe-
HUsI) UCIOJIB3YIOTCS ONepaliii MaTeMaTnaeckoii Mopdosornu. OCHOBHbBIE Olepalui: Hapaliy-
BaHWe, 9pO3Us, 3aMbIKaHie U pa3MbiKanue (puc. 2.1). Oneparnus HapaIlUBaHUS YBeJIHYABAET
o01acTh M300parkeHusi, a dPOo3ud JejaaeT eé MeHbime. Omepanus 3aMbIKaHHS ITO3BOJISIET 3a-
MKHYTb BHYTPEHHHE OTBEPCTHUs 0OJJACTH BIOJIb €€ rpaHunbl. Onepainug pa3MbIKaHUSI TTOMOTAeT
n30aBUTHCS OT MaJIeHbKUX (DPArMEeHTOB, BBICTYIAIONUX HAPYZKY 00/1acTH BOJIN3U €€ IPAHUIbI

2]-

Paasmkisanne JaMmEaHHE

Pucymox 2.1
OcHOBHBIE OTIEpAIUN MATEMATHIECKOH MOPGOJIOTUN.
Takum 0Opa3zoM MPUMEHHUB OMEPAIUIO pa3MbIKAHUs, HallleM KOHTYPbI 00bEeKTOB, OT(OUIb-

TPYEM T€, KOTOPbIE ABJIAIOTCA CJAUIIKOM MaJIEHBKUMU, U K OCTaBIIUMCsS KOHTYPaM HPUMEHUM
CJIeIY IO aHaJIn3.

3. Amnajim3 xapaKTepUCTHUK

XapakTepucTukKa KOPPO3MOHHOI'O IMATHA BEJACh NPH IOMOIU (DPAKTAJTHLHOTO aHAJIM3A.
O®paxkTaj —TeoMeTpudeckasa Gpurypa, ooaagaomas CBONCTBOM caMonoaoous. g onmeHKu Kop-
PO3HOHHBIX HATEH OBLIO PEHIEHO CPABHUBATH MX (DPAKTAJIBHYIO pa3dMepHOCTh. OCHOBHON Xa-
PaKTePUCTHKON PPaKTATBLHOrO 0ObeKTa siBJIsieTcs ero pasMepHocTs [3|. @pakranbHas pasMep-
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HOCTb, KaK TPABUJIO, SBISETCSI HEOTPUIATETbHBIM HEIEeJbIM YHUCJIOM, OTPaKalIIuM, HEKOTO-
pPbIM 00pa30M, reOMeTPUIECKYIO CIOKHOCTh 00BEKTa M BBIUUCISIETCI CJAETYIONUM 00pa30M:

D = lim In Ne
e—=0 —[ne

rie D - dpakTajibHas pa3smMepHOCTb, N, - MUHUMAaJIbHOE YUCJIO MHOXKECTB JIHaMeTpa &£
KOTOPBIMH MOZKHO HMOKPBITh HCXOJIHOE MHOXKecTBO. s pacdera dppakTajbHON pa3MepHOCTH
ucmoab30Bascsa box-counting meron. laes aaropurMa COCTOUT B CJIEIYIONIEM:

1) Uccaeryemoe MHOKECTBO TOUEK PA30MBACTCsI HA IIUKCEJIH Pa3Mepa € U CUYUTACTCS KOJIH-
gecTBO mukceseii N, cofepzkaniux Xorst Obl OJHY TOYKY MHOXKecTBa. 2) [{inst pasubix € ompe-
JIeJISIeTCST COOTBETCTRYOIee 3Hadenne N | T.e. HAKAILIMBAIOTCS JAaHHBIE JIJIST MOCTPOEHUSI 3aBU-
cumoctu N (¢) . 3) BaBucumocts N(€) ¢TPOUTCS B ABONHBIX JIOrapuMUIECKIX KOOPIHHATAX
u omnpejensgercd Kodh UIueHT HaKJI0Ha MPAMOil, KOTOPBIi n Oy/neT 3HaUYeHHeM (paKTaIbHOM
Pa3sMEpPHOCTH.

s obpasia crajy 1Ipu pacTpecKuBaHuu Obljla paccyuTaHa (ppakTajibHas Pa3MepHOCTD.
Ha puc. 3.1 Mox)HO yBHAeTH 0Opa3er cTajin, ¢ HAlJeHHONW TpaHUIEil 1 COOTBETCTBYIONLYIO €if
¢dppaKkTaIbHYIO PA3MEPHOCTD.

ocm-A0®LxE90 =
e e =)= a9 =

o o

0 2 4 6

10

Pucymox 3.1

Tpenmwna s cragbHoro oopasmna u rpaduk sapucumoctn N (£) B3aBUCHMOCTH OT pa3Mepa £ I
otpeiesieHnsi (PPaKTaIbHON pa3zMepHOCTH.

Takxke Hapsijy ¢ dpakTaibHONl PasMEpPHOCTBIO, JIIsi YCKOPEHHUS PACYeTOB HCIOJIb30Ba-
JIOCh TIOHSITHE KOMIIQKTHOCTH — OTHOIIEHWE KBa/ipaTa HepuMeTpa KOHTYypa K €ro TJIONIa/iH.

Kypuana CBMO. 2013. T. 15, Ne 3



74 M. P. Enureen, M. A. Majeesa, 1. M. I'yoatigysima

Pucynmox 3.2

Herexkruposanue koppo3un Ha obpasue mean (CHHuUil nBer) u no60IHbIX J1eDeKTOB (KPaCHbI).

g memHoro obpasna IIacTUHbL (puc. 3.2) OpU JTATETHHOM HAOJMIOMEHAH ObLIO yCTa-
HOBJIEHO HM3MEHEHHEe KOMIAKTHOCTH W300DaykeHUsl B 3aBHCHMOCTH OT BpemeHu (puc. 3.3).

Mnowane U oBWKMIA NepUMeTp
KOPPO3UOHHOIo NATEH

60000

O g nouianp
40000

30000

MWK )

20000

Pasmep

nepUMeTp

10000
0
0 200 400 600 800 1000 1200
Bpewms (cek.)

Pucynox 3.3

I'paduk n3MeHeHusi KOPPO3UU B KOJUIECTBEHHOM BBIPAXKEHUU B 3aBUCUMOCTU OT BPEMEHH.

4. 3akJjro4deHune

B crarbe Obljin paccMOTpPEHbl OCHOBHbIE ACIEKTbl 00pa0OTKU U aHa/u3a u3o0parkeHuit B
3a/la4e MCC/Ie/IOBaHMS MeXaHu3Ma KOPPO3UOHHBIX Nopazkenuii. B pesysbrare padboTh:

1)UccnenoBanp MeTonbl 06paboTKH M300pazkeHHH B KOHTEKCTe WCIOJb30BAHUS B 3a/a4e
MOMCKA KOPPO3UOHHBIX MOPAYKEHMIA.

2)UccneoBan MexaHu3M (hpaKTATBLHOTO aHAJIN3A U B KAYeCTBE XapaKTEPUCTHKH KOPPO3U-
OHHOT'O IOpazKeHus ObLIa BeIOpaHa (PpaKTaabHas PA3MEPHOCTbD.

3)IIpumeHeHbl ONUCAHHBIE AJTOPUTMBI JJisl JeTeKTHPOBAHUS U PACIIO3HABAHMS KOPPO3HOH-
HOTO TIOPaYKeHUsl JIJIsi CTAJILHOTO U MEJHOTO 00pasIia.
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VIIK 517.938.5

Peanuzanusa rpaameaTHO-OA00HBIX Anddeomopdn3mon
HA IIOBEPXHOCTHAX IOCPEJICTBOM aBTOMOP(MU3MOB
TpeXInBeTHLIX TpadoB

© C. X. Kankaesa!

Anpnoramus. JanHag crarbs dBigercs npojoszkenuem pabor [5], [4], B KOTOpbIX HailneHbl yCiio-
BHST TOMOJIOTHYIECKOH COTPSIYKEHHOCTH T'PAINEHTHO-TTOMOOHBIX Mg deoMopdu3MoB MOBEPXHOCTE.
B nacrostimeit pabore perieHa npobieMa peasyu3alii, TO eCTh B KaXKJ/IOM KJACCe TOMOJOTHYECKH
COTPSIZKEHHBIX TPAIUEHTHO-MONOOHBIX muddeoMopdu3MOB TOBEPXHOCTHA TTOCTPOEH CTAHIAPTHBIN
MPEeICTABUTEh

KaioueBnbie caoBa: muddeomopduzm Mopca-Cumefina, rpamuentao-nonobubili auddeomop-
GbU3M, TOMOTOTHIECKHU COIpPsKeHHbIe TuddeomMopdru3Mbl, TPEXIIBETHBIN Ipad, peaaudamus aud-
dpeoMopdpuzMOB

1. OcHoBHBIe OHATUA U (POPMYJINPOBKA PE3YyJIbLTATOB

[Hesibio Halreit pabOTBHI ABJIAETCd pelieHne IpodJIeMbl peaan3aiui I'PaJHeHTHO-TI0I00HBIX
nuddeomopdu3MoB, 3aJaHHBIX HA JBYMEPHBIX MOBEPXHOCTAX, TO €CTh B KazKJIOM KJ1acce TOTIO-
JIOTHYECKH CONPSKEHHBIX I'PAIUEHTHO-IOT00HBIX 1uMGHeoMOPMU3IMOB TOBEPXHOCTH CTPOUTCS
CTaHJIAPTHBINA [IPEICTABUTE/Ib.

Pemenue 3a1aqn peajnsainu siBAsieTCsS 9aCThIO TOMOJI0THYeCKO Kiaccudukanuu auddeo-
MOpPGU3MOB U3 pacCMaTPUBAEMOrO KJIacca, IJie I0JI TOMOJOTHYeCKOi Kjaaccudukaiueil moHu-
MaeTCsl pellleHre CJIeIYIONNX 3a/1a4:

1. HAXOXK/IeHNe TOMOJOTHIECKUX WHBAPUAHTOB AnddeoMopdu3MoB U3 33 JaHHOTO KJIacca;

2. JI0KA3aTeIbCTBO MOJTHOTHI MHOYKECTBA HAl/IEHHBIX HHBAPUAHTOB, TO €CTb J0KA3aTe/Ib-
CTBO TOT'O, YTO COBIAJEHNE MHOYKECTB TOIOJOTHIECKNX WHBAPUAHTOB SIBJISIETCST HEOOXOIUMBIM
U JIOCTAaTOYHBIM YCJIOBHEM TOIOJOTHYECKOil compszkennocT auddeomopdusmos u3 paccmar-
PUBAEMOTO KJIACCA;

3. peaju3anus, TO eCThb IOCTPOEHUE 0 33JaHHOMY MHOYKECTBY TOMOJOTMYECKHX MHBapHAH-
TOB CTaH/IAPTHOTO IIPE/ICTABUTEIS.

B paGorax [5|, [4] Obuin pemrensl mepBast m BTOpast 3aja4d, JaHHAst paboTa MOCBSINEHA
PENEeHnIo TpeTheil 3a/1a9n.

Ilycte f: M?* — M? — muddeomopdusm Mopca-Cueiina?. Hebaykaaromee MHOXKECTBO

2

auddeomopduszma [ upecrasum B Buge Qf = (J Q’J}, rae Q} — MHOYKECTBO ITePUOIUIECKIX
i=0

Touek jucdeomopdusma f, underxe Mopea (pazmeprocTs HeycToitanBoro MuOTO0Opasus W' )
koropeix pased i (i =0,1,2). Touku ¢ ungexcom Mopca 2 Ha3BIBAIOTCS UCTNOYHUKAMU, TOUKH
¢ unjgekcoM Mopca (0 Ha3BIBAIOTCA cmokamu, TOYKKA ¢ nHaekcoM Mopca 1 — cedaamu.

! Marucrpanrka kadeapsl IPUKIaIHOA MareMaTuku, MOPIOBCKHIl rOCYJaAPCTBEHHDIH YHHBEPCHTET HMMEHH
H. II. Orapesa, r. Capanck; kapkaevasvetlana@yandex.ru

2 Muddeomopdusm f : M™ — M"™ , 3a1aHHbIH HA [VIQIKOM 3aMKHYTOM 7 -MHOroo6pasuun M™ Ha3pIBaeTCH
nuddeomopduzmom Mopca-Cmetinag, ecan:

1) HebiyKaaomee MHOKECTBO )y IHIEPOOIHYHO B KOHETHO (TO €CTh COCTOMT K3 KOHEUHOrO UHCIIA IePHO-
JIMYECKUX TOYEK, JIJId KOTOPBIX MOJY/IM COOCTBEHHBIX 3HAYEHUN MATpPUIbl KOO HE PABHBI €IUHUIIE);

2) At TIOOBIX TEPHOAMIECKHX TOYeK p, ¢ ycToirumpoe MHOroobpasme W, m meycTofiamsoe MHOTOOGpasue
W' mmbo e nepecekarorcd, mub0 TPaHCBEPCATBHBL B KAXK/I0H TOYKE MEPeCceTeHusl.
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Ecan a1s1 pasjndHbIX CeIJIOBBIX MEPHOANYECKUX ToueK p, ¢ muddeomopdusma [ mepe-
cewerme W7 N W' memycro, To OHO gBIAETCS OECKOHEYHBIM MHOXKECTBOM. IIpm sTom, ecin
dim W3 + dim W = n, 10 kaxaaa To4Ka, npunaiexamas W, N W, naspiBaerca 2eme-
poxaununeckol moukot, a ecim dim W7+ dim W > n, To KaxKj1as KOMIIOHEHTa CBAZHOCTH
W, N W' maseiBaerca eemeporaunuyeckol xomnonenmot. Tudpdeomopdbusm Mopca-Cueitna
HA3BIBAETCS 2padueHmHo-nodobHviM, eCIH OH He MMeeT FeTepOKTHHIIECKHX TOUeK.

B macrosmeii pabore paccMmarpuBaercd Kiaace G COXPaHAONINX OPHEHTANNIO IPaJIHMeHTHO-
110106HbIX 1 deoMopdu3MOB, 3aaHHbIX Ha HoBepxHOCcTH M? . 3aMernM, 4To B 9TOM C/Iydae
YCJIOBUE TPaJIMeHTHO-TIOJ00HOCTH SKBUBAJIEHTHO TOMY, 4uTO nepecedenue W7 N W asisercs
HYCTBIM, JIJIS PA3JUYHBIX CEJIOBLIX TOYEK P, (.

Ilycts f € G. Besne najee Mbl Oy1eM mpeanogararb, 9To f mMeeT XOTsI Obl OHY CeTOBYTO
TOYKY?>.

Viaium u3 nosepxuoctu M? 3aMblKanie 00'beMHeHIs YCTONYUBBIX U HEYCTONYUBBIX MHO-

roobpa3uii Bcex ceIoBbix Touek auddeomopdusma f 1 0603HAUUM [TOJTy YUBIIEECS] MHOXKECTBO
aepes M, to ecrn M = M?\ (Wl UWE UWS, UWS,).
f f f f

o
o o}
(0}
o, 2
0) ® o
a) 6) 8)

Pucymox 1.1

Bujibl siueek

Toraa mHOkecTBO M IpeJICTaBIIsIeTCs] B BUJie 00benHennst obacreil (Aqeer), romeoMopd-
HBIX OTKPBITOMY JIBYMEPHOMY JUCKY, I'PDAHUIA KazKJI0W U3 KOTOPBIX UMEET OJINH U3 BUJI0B, N300~
Pa’KeHHBIX KUPHBIMU JIUHUAME Ha pUCYHKe 1.1 ¥ CO/MEp:KUT B TOYHOCTU OJUH UCTOYHUK, OJIMH
CTOK, OJTHY HJIH JBe CeJJIOBBIE TOUKH W HEKOTOPBIE U3 UX CemapaTpuc’

[Iycte A — moGast sueiika m3 MHOKecTBa M, (v U W — MCTOMHAK U CTOK, BXOJSIIHE B €€
rpanuny. ITpocryio kpupyio 7 C A, rpaHMYHBIME TOYKAMU KOTOPOH SIBJILIOTCS MCTOYHUK O U
CTOK W, OyJeM Ha3biBaTh t -kpusot (M. pucyHok 1.1). O6o3nadnm depe3 T MHOKECTBO, sIBJIsI-
fomeecst f -MHBAPUAHTHBIM U COCTOSIIEE U3 ¢ -KPUBBIX, B3ATHIX MO OXHON M3 KayKI0H sSTUeilKH.
Crocob moCTpoeHHsI TAKOIO MHOYKECTBA TPUBEJIeH B pasjese 2. (cM. npemioxkenue 2.1.).

JI106YI0 KOMIIOHEHTY CBI3HOCTH MHOXKecTBa Ma = M \7T HazoBeM mpey2oavholi 0baacmvio.
O6o3naunM depe3 Ay MHOMKECTBO BCeX TPeyroJibHbIX obsiacreit puddeomopdusma f. B rpa-
HUIY KazKJ0il TpeyroyibHoil obstactu § € Ay BXOAAT TPH HEPUOJINYECKIe TOYKU: HCTOYHUK

3 Eci audbdeomopdmzm Mopca-Cmetina f : M™ — M"™ He IMeeT CeIIOBLIX TOUEK, TO ero HeOIIy K IAI0Iee
MHOKECTBO COCTOMT M3 OJHOI'O MCTOYHMUKA W OJHOIO CTOKa. Bee muddeomopdu3mbl “UCTOIHHK-CTOK’ TOIOJIO-
TUYECKH COMPSIKEHBI U JI0KA3ATEIHCTBO 9TOr0 (hbakTa, HanpuMep, mpuseneno B kuure [3] (Teopema 2.2.1).

491017 paKT NOKA3BIBAETCH AHATIOIMYHO COOTBETCTBYIONIEMY DE3YJILTATY I/ IPYOBIX MOTOKOB HA MOBEPX-
HOCTAX (CM., HAanpuMep, [1]).
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CeJI0 0, CTOK W, a TaKyKe ycroliunBas cemaparpuca 2 (6ygem HA3bIBATEL ee S -kpueoti) ¢ Ipa-
HUYHBIME TOYKAMH (v U O , HeycToiiunBag cemaparpuca (Y (GygeM HA3BIBATDH €€ U -kpusoti) ¢
IPAHUYHBIME TOYKAME W W 0 ¥ KpuBasi T (1-KpuBas) ¢ I(PAHUYIHBIMU TOYKaMH & U w. Cmo-
POHOT TPEYTOJIBHO 00IaCTH HA30BEM 3aMbIKAHWE OTHON U3 S, U WM { KOMIOHEHT CBSI3HOCTH
IPaHUNBI. BygeM roBopuTb, 9TO JBe TPEyroJibHbIe OOJACTH, UMENM 00Uy CMOPOHY, eCITH
9Ta CTOPOHA IPUHAIIEKAT 3aMBIKAHHAM 00enx obsacreii. [lepuodom mpeyzorvrnoti obaacmu O
Ha3BIBaeTCA HaMMeHbIlee HaTypaabHoe wucio k € N taxkoe uro f*(§) = 4.

tst Toro, uToObl BBECTH KOMOMHATOPHBIN TOmo/I0rndeckuit nuuBapuant auddeomopduszma
f € G, HaOMHHM CJIeIyIOIIHe OIpe/Ie/IeHN.

Koneunvim epagom naswiBaercs yuopsipouennast napa (V) E), 1js KOTOPOii BBITOJHEHbI
CJAeAyoIIne yCJIoBHA: V — HEIycToe KOHEeYHOe MHOXKECTBO eepuwiuh; F — MHOKECTBO Iap
BEPIINH, HA3BIBAEMBIX PEOPAMU.

Eciu rpad cogepzkur pebpo e = (a,b), T0 Kaxayio u3 BepmuH a, b — Ha3BIBAIOT UHUU-
dernmuoti peOpy € W rOBOPAT, UTO BepIIUHBL a 1 b coeaunennt pebpom e = (a,b).

IIymem B rpade HAZBIBAIOT KOHEYHYIO TIOCAEIOBATE/]BHOCTh BEPHIMH ©  pedep
A0y €0y A1y "+ s Ai—1,€i—1, iy Ap—1,€n_1,0n (TI€ M > 1), B KOTOPOW BEPUIMHBI @;—1 U @;
COeIMHeHBI pebpoM €;_1, 4 € 1;n. Jlaunoti nymu Ha3sIBaeTCA IHUCI0 BXOJANIAX B Hero pebep.

['pad Ha3bIBAIOT €8A3HBILM, €CJIH JIIOOBIE JBE €10 BEPIIUHbI MOXKHO COEJIMHUTD ILyTEM.

Hukaom HABBIBAIOT MyTh, B KOTOPOM BEPIIUHA @y COBIAJIAET C BEPIIUHONW a, . IIpocmuvim
YUKAOM HAZBIBAIOT IWKJI, ¥ KOTOTO HET MOBTOPSIOIINXCS BEPIIUH, KPOME g U Gy, .

Ounpeangeaneunune 1.1. I'pap T naszwsaemea mpexusemmoim 2pagpom, eca:

1) mmoorcecmso pebep epaga T asasemes 06sedunenuem mpex nooMHOHCECMS, KaHcooe U3
KOMOPLLL cocmoum u3 pebep 00n020 u mo20 sHce onpedenento2o ueema (ueema pebep u3 pasHoLs
noommogcecms e cosnadarom, 6ydem 0603navams smu ysema byxeamy s, t, u, a pebpa dis
kpamkocmu 6ydem nasvieamv s-, t-, u- pebpamu);

2) kaorcdas sepuuna epaga T unyudenmna 6 mouHocmu mpem pebpam PasiusHbLL 46emos;

3) epagp me codeporcum yuKkA08 dauHbL 00UH.

[Ipocroit muk.1 TpexiBeTHOro rpada 1T’ Haz0BeM d6yrusemrviM TUKIOM THIIA SU, LU UK St,
€cJIn OH COJIepP2KuT pebpa B TOYHOCTH JIBYX IBETOB S U U, t U U WK S U t.

Bzaunmuo-oiHo3HaqHOE oToOpazkernune P rpada T’ Ha cebst, mepeBoisiiinee BePIIUHBI B Bep-
IIAHBI ¢ COXPAHEHWeM OTHOIIEeHUH WHIMIEHTHOCTH U IBETHOCTH (TO €CTh BePIIWHA, WHIHIEHT-
Hasg S, t Win u-pedpy MepexouT B BEPIIUHY, HHITUIEHTHYIO PeOPY TOTO Ke IBETA ), HA3bIBACTC S
asmomoppusmom epaga T . B nanbueitmem Mol Gygem morumMats noj, cumsoiom (1, P) rpad
T, ocnamenHbiii apromopgusmom P .

Hpa tpexusernwix rpada (T, P) n (T',P') nazoBem usomop@rovimu, €CIU CYIECTBYET
B3aMMHO-O/THO3HATHOE COOTBETCTBHE & MeXKJIy MHOZKECTBAMU UX BEPIIWH, COXPAHSAIONIEE OT-
HOIIIEHVsI WHIUIEHTHOCTH U TIBETHOCTH, & TaKzKe compsraioiiee apromopdusmel P u P’ (1o
ecte P’ =¢EP).

Apromopdusm P rtpexusernoro rpacda 1’ HazoBéMm nepuoduueckum nepuoma m € N, ecan
P™(a) =a u P"(a) # a npu marypaiabHbX g < m aias aio6oii sBepmunabl a rpada T .

[Tocrponm Tpexnpernsiit rpad Ty, coorBercrBytomuii guddeomopbusmy f € G caemyio-
UM 00pa30oM:

1) Bepmunsl rpada Ty B3aNMHO-OTHO3HATHO COOTBETCTBYIOT TPEYTOIBHBIM 00IACTIM MHO-
KectBa A

2) aBe BepiuHbl rpada MHIUIAEHTHBI PeOPY IBera S, t WM U, eCd COOTBETCTBYIOIINE
9TUM BEPIINHAM TPEYroJbHbIe 00/1aCTH UMEIOT OOy S, © WIn U KPHUBYIO.

O6o3naunm gepes By mmoxkectso BepmuH rpada 1. Tak Kak cTOpoHbI 11000 Tpeyroanh-
HOil 00J1acTH pacKpallleHbl B pa3Hble IBETa, TO B BEpIIHHE, COOTBETCTBYIONIEH TPEyroJibHO
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0bJ1acTH, CX0JdTcd pebpa Tpex pas3JudHbIX IBeToB. Takum obpasoM, rpad Ty yaoBiaerBopder
ompeseeHnIo TpexnBeTHOro rpada. Oboznaunm depes 7y : Ay — By B3anmMHO-OTHO3HAYHOE
oToOparkeHrne MHOZKeCTBa TPeyroJibHbIX objacreit auddeomopdusma f Ha MHOKECTBO Bep-
mmH rpada Ty . Juddeomopdbusm f naaynupyer nHa MHOXKecTBe BepiiuH u pebep rpacda T
asroMopdusm Py = my f7rj71. B cuny koHCTpyKIuu, TpexiBeTHble rpadbl, MOJTyIeHHBIE IO
pa3TMYHBIM Pa3bHeHusIM HA TPEYroJbHble 061acTh (3aBUCSIUM OT BBIGOpa f-KPHUBBIX), W30~
MOpHBEL.
B pa6ore |4] gokazana cieyiomnas reopema.

Teopewma 1.1. Jlaa mozo umobwv duggeomoppusmo. f, ' us xaacca G 6viau mo-
NOA02UMECKY CONPAdICEND, HeobTodumo u docmamouno, wmobw ux epagol (Tr, Pr) u (T, Py)
OBLAY U3OMOPPHHDL.

B macrosmeit pabore pemraercd mpob/eMa peain3aliii.

Onpemenenune 1.2. Tpexusemuwd epad (T, P) nasosém donycmumvim, eciu
OH 00aa0aeM CACOYOUUMU CBOTICTNEAMU:

1) epagp T ceasen;

2) dauna arbozo su-yukaa epaga T pasna 4 ;

3) aemomoppusm P asasemea nepuoduueckum.

JTemmMma 1.1. IIyemv f € G. Toeda mpexuysemnunii epadp (Ty, Pr) asasemea dony-
CIMUMDBLM.

Teopewma 1.2. ITycmov (T,P) — donycmumwitc mpexysemmuiti epag. Tozda cyuse-
cmeyem dugipeomoppusm f : M?* — M? us xaacca G, epadp (T, Pr) womopozo usomopden
epagpy (T, P). Hpu smom

i) Dtineposa wapaxmepucmura noseprnocmu M? swuucaaemes no gopmyae x(M?) = vy —
vy + vy, 20e vy, 1y, Ve wucao tu-, su-, st-uyukaos epaga T, coomeememeeniio;

i) noseprrocmy M? opuenmupyema mozda u moavko mozda, Kozda 6 epagde T cyuecmey-
1om d6e EPWUHBL, COCOUHANOULUECA NYMAMU YeMHOT U HEUWEMHOT OAUHDL.

Bbaazodaprocmu. Pabora Boimoamena mpu (hUHAHCOBOM mommep:kke Poccuiickoro ¢omaa
dbynmaventanbubix uccsepoBanuii (rpant 13-01-12452-odwu-m). Aprop rakzxe Osarogapur B.
3. 'puneca 3a nocranosky 3ajgadu u O. B. [lounnky 3a miogorBOpHBIE 00CYXK/IEHUSI.

2. CsoiicrBa Tpexusernoro rpacda (Ty; Py)

IMMpeagnoxeuaue 2.1. /Jaa mobozo dufpdeomoppusma f € G cyuwecmeyem f -
UHBAPUAHIMHOE MHOodcecmeo T , cocmoauiee u3 t-Kpuewlr, kaxncdad us KOMopwvlr npuHadie-
aHcum 6 moyrocmu 00rol Avetike muootcecmea M .

JoxasarTeancrtso. Ilyctb A — mobasg gdeiika U3 MHOXKECTBA M, an w
— HMCTOYHHUK M CTOK, BXOjdinue B ee rpanuily. O6o3naunM depe3 L, 00beJIUHEHHE CEITOBBIX
cemapaTpuc, COAEpKAIINX W B CBOeM 3aMbIKaHuu. [looxkum L, = p, (L), L, — HEIycToe
HOJIMHOYKECTBO, JIBYyMEPHOTO TOPaA V., , COCTOsIIIEe M3 KOHEYHOIO YMCJIa IOMAapPHO HellepeceKaro-
HIUXCA TOMOTOIIMYECKN HETPpUBUAJBHBIX TJIAJAKHUX Opr}KHOCTeﬁ. HO IMOCTPOEHUIO MHO2KECTBO
A = p,(A) gaBiagercs KOMIOHEHTOW CBS3HOCTH MHOMKECTBA V., U, CJI€/JI0BaTe/bHO, SBJISET-
Csl IBYMEDHBIM KOJIBIOM (CM. puCYHOK 2.1). BeiGepeM mpocTyio 3aMKHYTYIO TOMOTOMHYECKH
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HETPUBHAJBHYIO IJIAJAKYI0 KpuByio 7 C A. MHOXKecTBO p;l(i’) SIBJIAETCS [ -MHBApUAHTHBIM
obbeuHenneM t-KpHUBBIX, IO OJHOM Ha KaKJIOH U3 d9eeK MHOYKECTBa p;l(A) .

N

A

DIIEMEHTBI MHOXKECTBA L
Pucymox 2.1

Ipoexmusa aueitkn A

—1/ A .

Ecmm muoxkecrso p~'(A) mcuepmbiBaer BCé MHOXKeCTBO sdeek juddeomopdusma f, 10

Ipe/IJIOYKeHne JI0Ka3aHo. B MpoTUBHOM cjiydae MOBTOPHUM PACCYKIEHUS BBIIIE /I d9€eK MHO-
o R .

xectBa M \ p~'(A). Ilpogomkas mpornece, MBI HcdepnaeM Bee gueiikn quddeomopdusma  f
U IIOCTPOUM MCKOMOE MHOZKECTBO T .
Jloxka3zaTeabCTBO 3aKOH®YEHO.

[Tpenoxkenne 2.1. MO3BOISET TOCTPOUTD TPexIBeTHHI Tpad T, MO MosTydenHOMy pasom-
eHnio (a30BOro MpPOCTPAHCTBA Ha TPeyroJbHbIe 00JIACTH, KAaK 9TO OBLIO OMUCAHO MPH (hOpMy-
JITPOBKE pPE3yJIHLTATOB.

IIpegnoxenune 2.2. /hobai mpeyzosvnasn obaacms 6 € Ay dupdeomoppusma
f € G umeem nepuod my .

JJToxasarteuasbcTso. Jliobas cegrosas cemaparpuca ¢ auddeomopduzma f
nMeeT mepuog my (cM., Hanpumep, gemmy 3.1.1. xuuru [3]), To ecte [ (0) =0 u fH(0) # L
JI HATYpasabHBIX ft < my. Ilokaxem, uro mobas t-kpuBasg T mMmeeT mmepuon my. Ilycts
T COHEpP:KHUT CTOK W B CBOEM 3aMblKaHuu. KpuBas 7 mMeeT TOT Ke FOMOTOINNYECKHil THI HAa
TOpe Vw, YTO U KOMIIOHEHTa CBA3HOCTU MHOZKECTBa f/w . LITO O3HavaeT, 4YTO .HIO6aH t—KpI/IBaH
T WMeeT TOT »Ke IEePHUOJI, 9TO W HeyCTONUYNBBIE CelJIoBblie cenapaTpuchl auddeomopdusma |
coJiepyKalie W B CBOEM 3aMbIKAHUN.

Takum obpaszom, rpaHuna Jo00i TpeyrojbHOl 0bjlacTH, a, CJieJ0BaTeJIbHO, U caMa Tpe-
yroibHas 00JaCTb UMeeT MePUoI My .

Jloka3zaTeabCcTBO 3aKOH®YEHO.

Canenmcrsue 2.1. Asmomoppusm Py, undyyuposarnwi duppeomoppusmom [ na
epape Ty, asasemca nepuoduveckum nepuoda Mmy .

Ilycte Cy — MHOXKecTBO Beex tu-nukiaoB rpada Ty, C; — MHOMKECTBO BCeX SU-IUKJIOB,
Cy — MmuoxkecTBO Beex st-mukioB. g neyxnsernoro nmukaa C; € C; obosnadnm uepe3 B,
MHOYKECTBO €r0 BepIInH.

N3 onpejesierusi TpeyroibHbIX obsacteit ciaejyer, 94ro st ¢ = 0,1,2 KOppeKTHO onpejie-
JleHO oroOpakenue p; @ Ay — Q’J}, CTapsilllee B COOTBETCTBHE TPEYTOJIBHOM obmacTi 0 € Ay
eIMHCTBEHHYIO MEPHOANYECKYI0 TOUKY W3 MHOXkKecTBa ()%, MpUHAIIEKAILYIO €€ 3aMBIKAHUIO.
[Tonoxum ¢; = pm;l : By — Q}
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%}h

COBOKYMHOCTb TpeyromnbHbIX obracTei,
cootaetcTaytomx umkny C;

Pucynmox 2.2

[Mpumep tu- nmukaa Cy u COOTBETCTBYIOMUX €My TPEyrobHBIX 00acTei

IIpennoxeunune 2.3. /Jra smobux eepuun by,be € Be, umeem mecmo pasen-
cmeo qi(b1) = qi(bs) -

HJokaszarennbctsno. [IpoBeaém mokazarenbctBo mist Be, (B ocTambHBIX CIydasx
JOKa3aTeahCTBa aHaIornaHbie). Bepmmuam by, by € Be, COOTBETCTBYIOT TPEYTOJIbHBIE 00IACTH
0 = W;l(bl) u 0y = Wj?l(bg) (em. pucynok 2.2)). TTockoabKy by u by Bepmmubl ukaa Bg, , TO
CYIIECTBYET MOCTIeI0BATEIbHOCTD 01 = (31, ..., Or = 0o TPEYTOJBHBIX 00JacTell TaKuX, 9To [;
u Bi1,i=1,...,k—1 umeror o0y u- uamu t-kpunyio. [IocKoIbKY KaxKjoe u3 Takux pédep
COJEPZKUT €IMHCTBEHHYIO CTOKOBYIO TOYKY, MIPWHA/IEKAILYI0 3aMbIKAHUIO 0benx obJracteil, To
7i(Br) = - = m4(B) . Orxyma ceayer, 910 go(br) = go(by).

Jloka3aTeadbCTBO 3aKOHTUYEH O.

B cuny npemioxkennst 2.3., KOPPEKTHO OMpeeeHo oTobpazkeHne (); , CTaBsIinee B COOTBET-
crsue Muoxectsy Be,, C; € C; rouxy x € % rakyio, uro @ = ¢;(b) it HEKOTOPO# BepHIMHbI
be Bcl. .

Jlemwma 2.1. Omobpasicenue QQ; A8AAEMCA 83AUMHO-00HOZHAYHDLM.

JJoxkaszaTeabcTBo. llokaxkeM CIOpLEKTUBHOCTL oTOOpazkeHuss ();. msa Tod-
K T € Q} oboznaunM depe3 A, oObeIuHEHHe BCeX TPEYTOJbHBIX 00aCTeil, COomeprKaIimx
T B CBOEM 3aMblkaHmm, To ectb A, = {J, € A, C Af|pi(6;) = x}. B okpecrnoctn
TOYKH & TOCTPOMM 3aMKHYTYIO KPUBYIO S, , KOTOpas Hepecekaer KazKjaoe pedpo, cojeprka-
e TOYKY T B CBOEM 3aMbIKaHWHU, B €JIWHCTBEHHOW TOYKE M He IepecekaeT JApyrux pedep.

Torga cymecrsyer exmncrBennbiii nmuka C, takoil, uto Be, = ms( |J d;) (em. pucynox
0z €A,
2.3 Ha KOTOPOM IOKA3aHO COOTBETCTBHE MexKay Kpupoil S, u mukaom C, B OKPeCTHOCTH

celTa, MCTOYHUKA U CTOKA). PaccMoTpmM mpomsBosbhyio Touky b = 7ws(d;) € Be, , Toraa
¢(b) = qi(ms(62)) = p7;<7'(';1(71'f(5x)) = pi(0;) = x. Orkyna caeayer, uro Q;(C,) =z
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Pucymox 2.3

CoorsercrBue Mexxay Kpusoit S, u nukjgom C, rpacda Ty B OKPeCTHOCTH CeJ|jIa, CTOKA U HCTOYHUKA

[TokazkeM MHBLEKTUBHOCTHL OTOOpazkeHus ;. IIpeamosioxKuM TpoTHBHOE, I HEKOTOPBIX
mnknos C; u Cf rakux, aro C; # Cf, Qi(Ci) = Qi(C)) = x € Q. Tonoxum A, = p; ' (x)
noJHblii mpoobpas Touku x, torga Ts(A,) = Be,, tae muka C, omupemensieTcst cnocoboMm,
onucaHHbiM Bbiie. B cuny koucrpykuuu C, = C; = C!. Ilosyunniu npoTuBopedne.
JHokaszaTeabCcTBO 3aKOHYEH O.

B cuny nmemmbr 2.1., KaxKoil mepHoauveckoil Touke r € Q} B3aUMHO-OIHO3HAYHO COOT-
BeTCTBYeT JByXIBeTHHIT 1uka C', gobast Bepmmaa b € Be mocpeacTBOM 0TOOpaKeHUst 7TJ71
HEPEBOJIUTCA B TPEYTOJBHYIO 00IaCTh 7'(';1(()) , COZIEPZKAIIYIO TePUOINIECKYIO TOUKY L B CBOEM
3aMbIKAHWH.

S3ameugaunne 2.1. Takum obpaszom, cmorkosoli mouke w € Q?c coomeemcmeyem
tu -yuka; cedrosoli movwke o € Q} — SU-UUKA;, UCTIOYHUKOBOT Mmouke o € ch — 8t -yuKn

epagpa T .

BribepeMm BO BHYTPEHHOCTH KayKJIO# TpeyroJbHOH 00J1aCTH MPOM3BOIBHYIO TOUKY. TOUKwH,
HaXOJISIIMeCs B CMEXKHBbIX 00J1acTdX, COeJIMHUM KPUBOM, lepeceKkalonieil obiyio cToOpoHy Tpe-
YTOJIbHBIX 00JIacTell B e IMHCTBEHHONW TOUYKE. DTOIl KPUBOI MPHUIUIIEM IIBET CTOPOHBI, KOTOPYIO
oHa nepecekaet. Otcrofa ciaexyet, uto rpad T BKIaIbIBaeTCsS B TOBePXHOCTH M 2 B TOM CMBIC-
Jie, 9TO CYIIEeCTBYET B3aUMHO OJTHO3HAYHOE COOTBETCTBHE ME:K/Iy BepIInHAMU Ipada u Toukamu
B TPEYTOJIBHBIX 001acTaX (0 OHOf B KaxKI0ii), a TakzKe MexKy pebpamu rpada u oTpe3kamu,
COEIMHSTONUMI ITH TOYKHU (CM. PHCYHOK 2.4).
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|~

Pucynmox 2.4

Bnoxenne rpada Ty B moBepxHOCTH

dokazareabcTBo JgemMMbl 1.1.

Jokazkem, uro tpexusernsiit rpad (T, Pr) obiajaer cieyouumMu CBORCTBAMN:

1) rpad Ty cBsazen;

2) muna su-mukiaoB rpada Ty pasua 4;

3) aBromopdusm Py ABISETCS HePUOTUIECKEM C IEPHOIOM 1My .

HokaszarenbcrBo. [Iycrs f € G. JJokaxkeM HOC/I€0BATEILHO BCE BN PUBEICHHBIE
cpoiicrBa rpada T .

1) Ilycts by, by pasnmunsie Bepumunsl rpada 1. ITokazkem, 9To CyImecTBYeT IIyTh, UX CO-
€ TMHSIOIITIIA.

Hna ¢ = 1,2 nmonoxum 0§; = W;l(bi) u BbIOEpeM TOUYKY x; € int §;. HOCKOJIbe 2-

2

muoroo6pasme M? cBsi3mo, a muoxectso | J € mympMmepHO, T0 MHOXKecTBO Mo = M? \U Q
=0 =0
cBa3HO (B cuily Teopembl 0 pasbupaiomux Mmuoxkecrsax®). Torjia cylecTsyer riiaixuii 1myTh

H : [0,1] — Mg makoii, uro H(0) = x; n H(l) = x2 (cwm., HaHpI/IMep, [10]). Mox-
HO CYHTATL 3TOT IyTh TPaHCBEPCAJLHBIM OObLEeJIMHeHHIO §,t,u-KpuBbiX'. O6o3HAUYNM Uepes
01 = B, ..., Br = 02 TIOCTETOBATETBHOCTD TPEYTOMBHBIX 00IacTell 3 MHOZKecTBa Ay, IPOHyMe-
pOBaHHBIX B nOpsiyike nepecevenns ux kpupoit H ([0, 1]) upu Bozpacranus napamerpa t € [0, 1].
Tpeyroabubie obnactu B u (i1 rpanmdar o KpusbiM ;. [Tonoxnm d; = 7 ,(5;) . U3 mocrpo-
enns rpada Ty ciaemyet, 9TO HOCJIeI0BATEJIBHOCTL BepIINH U pebep dy, e, ds, ... dy_1,e5-1,d;
(e Bepruubl b; u by WHIMIEHTHBI pebpy €;, ¢ > 1, mpuvem nser KpuBoil 7; u pebpa e;
COBIIAQIAET), ABIseTcs myTeM Ha rpade T, cOeUHIONIM BepIHHLL by 1 bs.

2) Coruacno Jjemme 2.1., KaxJ0il cemioBoii Touke o € Q} coorBercreyer nukJia Ch
C1, B KOTOPBIil BXOJST B TOYHOCTH T€ BEPINUHBI, KOTOPBIE SIBJIAIOTCS 00pa3aMu TPeyTroJIbHbIX
obJacTeit, o geifcTBEEM OTOOparKeHMs T, COAEP/KAIINMH 0 B CBOeM 3aMbIKaHWH. Tak Kak
YUCJI0 TAKUX 00J1acTell B TOYHOCTH YeThIpe, CJIeI0BaTeIbHO U JIJINHA JIFOOOr0o Su-TUKIa PABHA
JETBIPEM.

3) B cuny caepcrsus 2.1. aBromopdusm Py aBiisieTcst HePUOJUIECKUM ¢ HEPHOLOM 1M .
Jloxka3zaTeabCTBO 3aKOHTYEHO.

5 Teopema o pas6uBaromux MHOXecTBaX: JI1060e 7 -MepHOe CBA3HOE MHOTOOODA3Me He MOXKeT OBIThH
pa3bUTO TOAMHOKECTBOM TOIOJOMMYECKON pazMepHocTd < 1 — 2.

6 Muozkecrso H([0,1]) ABIsgeTcsa KOMIAKTHBLIM KaK HeIpepBIBHBIN 06pa3 KommakTa. Torga cymecTsyer or-
KpbiTast okpecraocts U(y) nebiyskaaromero MHOKecTBa )y , He mepecekaromascsa ¢ Muozkecrsom H ([0, 1]) .
OGosnaunm depes R obbemuuenne s,t,u-Kpubix u mogoknm R = R\ U(Q) . Tockonbky MHOkecTBO R
3aMKHYTO, TO, COIVIACHO TeOpeMe O TPaHCBepaJbHOCTH (CM., Hampumep, teopema 10.3.29 xkuurn [3]), MBI MO-
JKEM ANMPOKCHMUPOBATH TaaAKui myTh H Takum ofpasom, aro muoxkectso H([0,1]) Gymer TpamcsepcambrO
MHOXKeCTBY R
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3. Peanuzanusa (/lokasarenbcTBo Teopemsbr 1.2.)

[Tycrs (T, P) momycruwmbiii TpexuserTHbiii rpad. PazobbeM gokazaTeancTBO Teopembr 1.2.
Ha TPW TMara, KOTOpble COCTABAT JI0KA3aTeIbCTBA Mpetokennii 3.1., 3.3., 3.4..

IIpeannoxenne 3.1. Cywecmsyem dugppeomoppusm f: M? — M? us xnacca
G, epap (T, Py) womopozo usomopgen epagy (T, P) .

JoxaszaTeabcTBo. Paccmorpum Ha miockoctn R? BeKTOpHOe mojie v =
(sin(mz),sin(my)), (z,y) € R?. Henocpeacrsenno nposepsiercs, 94To Heb Iy KIal0Iee MHOKe-
CTBO TOTOKA, ONPEJIEJCHHOT0 BEKTOPHBIM MOJIEM U, COBIAAAET C MHOKECTBOM TOYEK IEeJOUNC-
JIEHHO#i DereTKN MI0CKOCTH (X,Yy), MPUYIeM TOYKHU C JABYMsl YeTHBIMH (HEYeTHBIMH) KOOP/IHHA~
TaMH SBJISIIOTCSI HCTOUYHUKAMHE (CTOKAMHM) TMOTOKA, & TOYKU ¢ KOODJAUHATAMH DA3HON YETHOCTH
— CeJIOBBIMH COCTOSAHUAME TOTOKA. OObeJuHeHIe 3aMBIKAHNS CeIJIOBBIX CeapaTpuc obpasy-
10T CeMefCTBO HeJIOUNCIEHHBIX TOPU30HTANBLHBIX U BEPTHKAJIbLHBIX IPAMbIX. /luaronaau coor-
BETCTBYIOIUX KBAJPATOB, COCJMHSIONME BEPIIUHY € YeTHBIMH KOOPAMHATAMHU C BEPHIMHON C
HEYETHBIMHW KOOPAMHATAMM, ABJISIOTC WHBAPUAHTHBIMU OTHOCHUTEIHHO MOCTPOEHHOTO MOTOKA.
O6oznaunm vepe3 d tpeyroabauk AOBC' ¢ epummnamu O(0,0),C(1,0), B(1,1) u 6yaem Ha-
3BIBATH BHYTPEHHOCTH OTPE3KOB, coemumHsomux monapuo Toukn O u C', O u B, B u C,
coorBercrBenno OC', OB, BC' - croponamu. cOOTBeTCTBeHHO, s—,t—, u— croponamu AOBC
(em. pucynok 3.1). O6osnaunm 4epe3 ¢ : d — d auddeomopdusm, SABISIOMUICT CABATOM Ha
eIMHUILY BPEMEHU MOTOKA, ONPEILIACMOr0 Ha TPEYroabHUKe d BEKTOPHBIM MOJIEM U .

B,

Pucymox 3.1

TpaekTopuu 10TOKA, IMTOPOXKIEHHOIO BEKTOPHBIM IIOJIEM U

Paccmorpum tenepsb gonyctumblii Tpexuserubiii rpad (T, P) n 0603Ha9uM uepe3 1 amucio

ero seprud. [onoxum D =d X Z, , vne Z, = {0,...,n — 1} u obo3uaunm 1epe3 py: D — d
IPOEKINI0 HA MEPBYI0 KOOPAMHATY, TO ecTh pgy(d,i) = d. MuoxecrBo B Beprmun rpada T
IPOHYMepyeM CJeAYIOIuM odopa3om: by, ...,b, 1. BBemem Ha MHOXKecTBe ) MUHHMAJbHOE

OTHOLIEHUE SKBUBAJECHTHOCTU ~ , YIOBJETBOPAIOLIEE CJIEAYIOIEMY LIPABUILY: €CJIM BePILUHbI
b;,b; rpada T coemunenst s, t wiu wu-pebpom, to (p,i) ~ (p,j) Juist 11060 TOUKH p €
d, mpuHa texkameit s, ¢ wim u-CTOpoHe, cOOTBeTCTBeHHO. I3 cBOiicTB momyctumoro rpada
ciejyer, uto akropnpocrpancTBo M? = D/ ~ gpjisgercd 3aMKHYTBIM TOIOJOIMYECKHM 2-
muoroobpazuem. O6osnaunm depes ¢ : D — M? ecTecTBeHHYIO TPOEKITHIO.
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Apromopdusm P ummaymnupyer Ha MHOKecTBe D orobpaxkenue II: D — D, mepeBossimnee
Touky (p,i),p € d,i € Z, B 10uKY (p,j), tme j € Z, BbIOUpaAETCS TAKUM OOPA30M, UTO
bj = P(b;). ITockosbky usomopdusm P coxpaHsieT OTHOIIEHHE MHIMJIEHTHOCTU U [BETHOCTH,
TO Ha TOMOJIOTHYECKOM HpocTpancTse M? KopekTHO ompenenén romeomopdusm f 1 M? — M?
dbopmynoit f(2) = q(g(Il(¢7'(2)))),2 € M?. Cneaysa uneam paborsl [7], onpeenum na M>
LJIAJKYI0 CTPYKTYPY, OTHOCHTEIBHO KOTOpOil orobpaxkenne [ sapisgerca auddeomMopdusMom.
YTo 1 3aBEPIINUT TOKA3ATETHCTBO TEOPEMbI PEATU3AINN.

[Tokpoem muoroobpasue M? komeunpim unciom kapr (U,,1.),z € M?, rne U, C M?
OTKpBITash OKPeCTHOCTh Touku z u ¢ : U, — R? romeomopdusm Ha 06pa3, CJepLylonux Tpex
TUNOB (CM. PHCYHOK 3.1 JIst HAIJISTHOCTH).

1. Ins rouku z = q(C,i1),1; € Zy, cymecTBytoT eme Tpu Tpeyroibuuka d X {is},d X
{is},d x {is},i9,i3,i4 € Z, makux, aro (p,iox_1) ~ (p,izx) 1t J060H Toukum p € OC
u (pyiog) ~ (pyiogsr1) mas moboit toukn p € BC, rne k = 1,2 u i5 = i;. Iosoxum
U. = int q(d x {ir,in,i5,i1}) , ©:(0) = pal(glacginy) (@) s w € g(d x {ir}); a(w) =
Moc (Pa((qlax{iz}) " (w))) ama w € q(d x {iz}), vie Moc(z,y) = (z,—y) ana (z,y) € R?;
V() = Mo(pa((qlaxiisy) " (w))) mia w € g(d x {iz}), tne Mco(r,y) = (2 — x,~y) ansa
(2,9) € R?; ¥.(w) = Mpce(pa((qlaxgiay) " (w))) ama w € q(dx{is}), tne Mpo(z,y) = (2—2,y)
s (z,y) € R?.

2. Ins roukn z = q(O,11),11 € Z, cymecrByer eme 2m— 1 tpeyroabuuka d X {is}, ..., dx
{iam},t2, ... lom € Z, takux, aro (p,igx_1) ~ (p,igx) anst moboit Toukm p € OB m
(pyiok) ~ (p,iogs1) mus soboit Touku p € OC, tae k = 1,....m u igpy1 = 41. Iloso-

xum U, = int q(d x {i1, ... iom}) s ¥:(w0) = vk(pa((@laxfin_13) " (w))) mna w € g(d x {izx_1})
n Y, (w) = Vk(MOB(pd<<Q|d><{i2k})_1(w>)>> st w € q(d X {igg}), tae v(rcose,rsing) =
(r cos(wn&),rsin(%m_l))) g (rcosp,rsing) € R* u Mog(z,y) = (y,z) nna
(z,y) € R2.

3. lnsa rouku z = q(B,11),11 € Z, cymecrsyer eme 2l — 1 Tpeyronpauka d X {is},...,d X
{iar}, 19, ..., 19 € Z,, makux, aro (p,izj_1) ~ (p,ia;) aus m060it rouku p € OB u (p,is;) ~
(p,izj41) s moboit Toukn p € OC, tme j = 1,...,1 u iyyy = 4. Homoxum U, =
int q(d x {iv, . iu}), Yo(w) = p;(Pa(@laxfi—)) ™ (w))) ana w € qd x {izj1}) 1 ¥z(w) =
1i(Mop(Pa((dlax o)~ (W) ana w € q(d x {ig;}), rae p;((r — 1) cos e, (r — 1)sing) =
((r—1) Cos(w), (r—1) sin(w)) s ((r—1)cosep, (r—1)sing) € R?.

[TokazkeM, 4TO BBeIGHHbIE KaPThl 33/1a10T IIKYI0 CTpYKTYpy Ha M? . Jljist 3T0r0 npoBepum
IJIaIKOCTH OTOOpaZKeHuil MepexoIa I KapT Pa3HbIX TUIIOB, TAK KAK PA3JUYHbIE KAPTHI OJHOTO
THIIA HE TIEPECEeKA0Cs MeK1y COBOii.

1.2. Ecim (U,,,v,,) u (U,,,%,,) — KapThl HepBOro W BTOPOTO THUIIOB, COOTBETCTBEHHO,
takue, 4o U,, NU., # 0. Toraa oroGpaxenne @19 = 1,0 " 1 0. (U, NU.,) = ¢, (U, NU.,)
umMeer caeayiomuit Bug aust k € {1,... m}:
e12(2,y) = ve(z,y) nm p1a(z,y) = vy, ) wa (z,y) € int A OBC
e12(2,y) = v(x, —y) wmm p19(z,y) = ve(—y, ) na (z,y) € int A OB, C;
p12(7,y) = Vk( —x,—y) nm @1(z,y) =v(—y,2 —x) ana (z,y) € int & O1B,C;

012(2,y) = (2 — 2z, y) wm pra(x,y) = v(y,2 —x) paa (z,y) € int A O1BC.

1.3. Ecom (Uzl,¢z1) (U.4,1.,) — KapTbl HEPBOTO U TPETHErO THUIIOB, COOTBETCTBEHHO,
raxne, uro U, NU., # 0. Torxa oroGpaxkenne @13 = ¥.,0. " = 1., (U, N Uzg) — 1, (U, N UZ3)
nmMeer ciaeayronuit ug aist j € {1,...,1}:
p13(,y) = pi(z,y) nm sz, y) = uj(?/,w) ana (x,y) € int A OBC;
e13(x,y) = pj(z, —y) nm g1 3(z,y) = pi(—y,x) ana (z,y) € int A OB C;
wl,s(xa y) =12 =, —y) nm pr3(x,y) = pi(—y,2 —x) aua (z,y) € int A O1BC;
013z, y) = (2 — m,y) win ¢13(2,y) = pi(y,2 —x) maa (x,y) € int A O1BC.
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2.3. Ecim (U,,,v.,) u (U,,1.,) — KapThl BTOPOr0 U TPETHEro THUIIOB, COOTBETCTBEHHO,
rakue, uto U, NU.,, # 0. Torma oroGpazkenne @3 = 1,001 1., (U, NU.,) — 1., (U, NU.,)
numeer caenyiomuii Bug aus k€ {1,....m}, je€{l,...,l}:

(] -
pa3(,y) = py(vy, (2,y)) ana (z,y) € int vi(d).
JJokaszaTeabCcTBO 3aKOHYEH O.

IMIpeganoxeunune 3.2. [lycmo a?, a}, afc — YUCAO CTOKOBHLT, CEONOBLT, UC-
mounukoeux mouek dugpdeomoppusma f € G, 3adannozo na opuermupyemoti (neopuenmupy-
emoti) noseprrocmu poda g (q ), moeda a(} — a} + afc =2-2 (a(} — a} + afc =2—q).

JJokaszaTeJgbcTB O XOpOIO U3BECTHO, YTO JiljIepoBa XapaKTePUCTUKA JIJIs
OpPHEHTUPYEMOIl TIOBEPXHOCTH BhIpazkaercs ¢gopmysioii: x(X) =2 —2g, rje g — 4uCIIO Pyvex;
a I HeOPHEHTUPYEeMOii MOBepXHOCTH (POPMYJIa — BBILASAUT CJICAYIOMUM obpa3om: Y = 2 —
q, vae ¢ — uucyo wiénok Mébuyca (cm., mnanpumep, [3]). C apyroit cropousl, B cuay [11],

muorobpasue M? spjigerca JByMEpHBIM KJETOYHBIM Komiuiekcom M? = W, ¢ uuciiom
pEQf

a?, a}, afc HYJTbMEPHBIX, OTHOMEPHBIX, TBYMEPHBIX KJIETOK, COOTBeTCTBeHHO. Torma sitmepoBa

2
XapakTepUCTUKa JaHHOIO KOMILIeKCa Bbiuucigerca 1o dbopmyae: x(M?) = > (=1)%¢,, rue
q=0
Cq — YMCJIO €T0 ¢-MepHBIX KJaeToK (cM., nanpumvep, Teopemy 9 xuurn [9]). Orkyna x(M?) =
ay —ajy +aj.
JJokaszaTealbCcTBO 3aKOHTYEH O.

IIpennoxenue 3.3. Dieposa wapaxmepucmura noseprrocmu M? | nocmpo-
ennot no donycmumomy epady (T, P) 6 npedaoscenuu 3.1., evuucasemcs no @opmyae
X(M?) = vy — vy + vy, 20e vy, v1, vy wucao tu-, su-, st-yukaos epaga T, coomeemcmeeno.

JloxkaszaTtenabcTBo. Bcury temmsr 2.1., v; = azj} g ¢ = 0,1,2. OTkyna, ¢ yaeTrom
npegaoxkenns 3.2., x(M?) = vy — v + vy.
Jloka3zaTeabCcTBO 3aKOH®YEHO.

BBesieM HMOHATHE COTJIACOBAHHON OPHMEHTAIMN TPEYTOJILHBIX obsacTeii Muoroobpasms M?
CKOHCTPYHUPOBAHHOTO B J0Ka3aTeabCTBe NpeatoKenus 3.1. Last 3Toro opueHTHpyeM KayKIyio
€ro TpeyroJjbuyoo objactb. OpueHranuo 0yaeM 3a/1aBaTh, BEIOUpas OJUH U3 JIBYX BO3MOXKHBIX
HOPSIIKOB 00X0/Ia BEPIIMH TPeyroJbHON obgactu: 1) ecau mpu o6Xoje BepIIuH, TPeyroibHast
006J1aCTh OCTAeTCsl CJIeBa, TO lpuimiieM obsiacru Merky 6 = +1; 2) eciu upu 06xo0/ie BepliuH,
TpeyroJibHasi 00/1aCTh OCTAeTCs ClpaBa, TO mnpuimineM objactu Metky 6 = —1. Opuenranuio
TPEYTrOJIbHBIX 00J1acTeil OyaeM Ha3bIBATH CO2AGC08GHHOTU, €CJIU IBYM CMEXKHBIM TPEYTOJbHBIM
00J1acTIM IMPUIUCAHBI PA3JUYHbIe METKH, TO €CTh HallpaB/JeHne 00Xo/1a Ha o0IIeil rpaHuIe coB-
najaer.

IToBepxnocTs M?, opHeHTHpYeMa TOTAA W TOJBKO TOTZA, KOTJIA BCe TPEyTOIbHBIE 06TACTH
Ha Hell MOXKHO COIVIACOBAHHO OPHEHTHPOBATD.

IMpeannoxenue 3.4. oseprnocmv M?, nocmpoenras no donycmumomy 2pagy
(T, P) 6 npednosicenuu 3.1., opuenmupyema mozda u moavko moezda, kozda 6 epage T 6ce
YUKADL UMEIM, YEMHYI0 OAUHY.

HHokxasaTeabcTBo.

Heobzodumocms Ilycrs nosepxnocts M? opueHTHpyeMa, TOIIA Mbl MOMKEM 33/aTh COIVIa-
COBAHHYIO OPUEHTAINIO TPEeYToJIbHBIX obJiacteil. PaccMoTpuM TPpON3BOJILHYIO TPEYTOJIbHYIO 00-
Jactb 0 € A, s ONpeeIeHHOCTH TIOJI0KUM, 9TO eii mpunucana metka s = +1. 1o npa-
BHUJIYy COTJIACOBAHHSA BCEM TPEYTOJbHBIM 00JIaCTIM OyIyT NpHUIIUCAHBI METKH. TakK KakK MerKIy
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TPeyroJbHBIMI 00JIacTAMI MHOXKecTBa A n MHOKecTBOM BepinnH B rpada T cymecrByer
B3aMMHO-OJITHO3HAYHOE COOTBETCTBHE 7, TO KayKI0i Bepinuue b € B MOXKHO NPHUITHCATH METKY
Op =05, rie b=m(0).

Paccvorpum mpoumsBosbabiit muka C' rpada 1, comepxxamuii BepriuHy b, TOJOKUM
b=by,by,-- by, b1 = b - Bepmunbl nukaa C'. [IpaBmio coriacoBanns METOK Ha TPEYTOJIb-
HBIX 00JIACTIX MHAYIHUPYET MPABUJIO COTVIACOBAHMS METOK Ha BEPIINHAX: JIOObIE /IBe BEPIIUHBI,
HHIMIEHTHBIE OJTHOMY Pedpy, HMeIOT pa3TudHble METKH.

[IpuniucaB merky 6, Bepmune b = by, UpaBWJIO COIJIACOBAHUS OJJHOZHAYHO OLPEIEL/ISTET
METKY Ha BepiuHe by, OT Hee Ha Bepmuue b3 u jmajee 1o nenodke 10 b, u cHOBa HA b = b, 11 .
Takum obpazom, Bepimuae b pUMUCaHBI Be MeTKH. Tak Kak M0 MPABUIY COTJIACOBAHUS METKN
COBIAIAM0T, TO MUK C MMeeT YeTHYIO JJINHY.

ZLlocmamounocmo

[Ipejiiosiozkum Bee kbl rpada 1 uMeroT YeTHyio jjiuny. B cujty Toro, 4ro myTh 4eTHOI
JUITMHBI COE/IMHSAET BEPIIMHBI C OJIMHAKOBBIME METKAMM, MOYKHO BBECTH CJIEIyIOIIee MPABUJIO
COTJIACOBAHUST METOK Ha BEPITHHAX: JIIOOBIE /IBe BEPIIUHBI, HHITUIEHTHBIE OJHOMY PeOpy, HMEIOT
pa3/IMIHbIe METKH.

[Ipunumem MeTKy 6y« TpPOM3BOILHOI BepmimHe b*, B CHIy CBI3HOCTH rpada mpaBHIIO CO-
IJIACOBAHUS OJHO3HAYHO OIpeaeaseT MEeTKH Ha Bcex BeprmmHax rpada 1. Torma npou3BoJib-
HOit TpeyroJbHoil obsactu 6 = 7 1(b) oaHO3Ha4YHO HpuuKChIBaeTcs Merka 05 = 0. Tak Kak
METKH Ha BEPITUHAX BBEJIEHBI COTJIACOBAHHO, TO TPEYTOJbHBIE 00/IACTH MOYKHO COTJIACOBAHHO
OPHEHTHPOBATH B COOTBETCTBUH C HPUINCAHHBIMEI UM MEeTKaMH, 3HAUAT, MOBEPXHOCTL M? opn-
eHTHpPYeMa.

Jloka3zaTealbCTBO 3aKOHYEH O.
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Realization of gradient-like diffeomorphisms on surfaces by
means of automorphisms of three-color graphs
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Abstract. This paper is a continuation of the papers [5], [4] which contain the conditions
of topological conjugacy of gradient-like diffeomorphisms on surfaces. In the present paper the
realization problem is solved. That is a standard representative is constructed in each class of
topologically conjugated gradient-like diffeomorphisms
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VIIK 517.9

HeKOTOpre ACIIEKTbI OIITUMU3AIllNN
CaMOBOCIPOU3BOAAINNXCHA CUCTEM
© O. A. Kyzenkos!, E. A. Pa6osa’

Awnnoramusa. PaccMaTpuBaeTcss MOIETh CAMOBOCIIPOU3BOAIIEHCS CUCTEMbI, UCCEYETCS ee Tpe-
JeJbHOe TIOBEJIeHNe, Ha OCHOBAHWM 3TOTO PEIIAlTCs 3a/a4d ONTHUMU3AINU JAHHON CHUCTEMbl IIpU
HEOTPAHUYEHHOM BPEMEHU yhpaBjeHus. KpuTepnn KadecTBa B PacCMATPHUBAEMbBIX 33/1a9aX OTpa-
2KAIOT YBEJIMYEHHUE B CUCTEME CAMOBOCIIPOU3BOIANINXCS OObEKTOB € OMPEIEIEHHOM TOBEIEHIECKOM
crparerueil. J{oka3aHo, 9T0 MAKCUMHU3AIINA HEKOTOPBIX KPUTEPUEB MPUBOIUT K BBIPOZKIEHUIO BCEH
CHACTEMBI.

KuiroueBble ciioBa: CcaMOBOCIPOU3BOISAIINECS CUCTEMbBI, ONTUMAIBHOE YIIPABIEHNE, HEOTDAHU-
deHHOEe BPeMS YIIPABJIEHUSI.

BBenenue

CaMOBOCIIPOU3BOSIIIENCsT CHCTEMOTT (MM CHCTEMOT aBTOPENPO/LYKIINK) HA3BIBAETCS CUCTE-
Ma, OObEKThI KOTOPOit 00/1a/]aI0T CBOHCTBOM I'eHEPUPOBATH CBOM KOIIUU B ITPOIECCE CYIIeCTBOBA-
HUd — IIepejaBaThb APYI'UM OObeKTaM CBOM KaueCTBEHHbBIE IPU3HAKH, OIPE/IE/IAIONIHe YCJIOBHS
X CYIIEeCTBOBAHUS B CHCTEMe, B YaCTHOCTH, 3TO MOXKeT ObITh TOT WJIM MHOH cIocod moBe/ie-
aust |1, 2.

AKTyaJIbHOM SBJIETCH 3a/1a9a ONTHMAJIBLHOIO YIIPABJIEHUs] CUCTEMAMHU aBTOPEIPOLYKIINN, B
TOM YHCJIe ¥ B OMOIKOHOMHYECKHX Mojessax [3-8]. B 3amauax ynpapieHusi BayKHEHIIYIO POJIb
uMeeT oIpejeseHue IeJiei, KOTOpble JIOCTHTAIOTCS MOCPeACTBOM yupas/jenud. OHON U3 Oc-
HOBHBIX IeJIeil sIBJISeTCs COXpaHeHne caMoii ylpaBJsgeMoii cucreMbl. B Kjaccudeckux 3ajgadax
TEOpUH VIIPaBJeHUs OT MpOOJIeMbl COXPAHEHHS YIIPABJISIONEHl CUCTeMBl OOBITHO OTBJIEKAIOT-
cst [9]. Ho ecom nepeiitu k 6osiee ob1umM MoziesisiM, TO 9Ta, 1pobsiemMa mprodperaer periaromiee
snadenne. OcoOeHHO aKTyaJbHA OHA JJIsi COBPEMEHHON SKOJIOIMH, MPU YIPABICHUN SKOHOMHU-
YeCKUMHU, JIeMOrpaduIecKuMA, COMUAJIBLHBIMEA MPOIECCAMU W T. 1.

s Toro 9To0bI MPUHUMAEMOe B COOTBETCTBHH C M30paHHBIM KPUTEPUEM ONITUMAJIbHOE Pe-
IIeHIEe UMEJTIO MPAKTHIECKUl CMBICT, HYZKHO, YTOOBI KPUTEPHil comepzKa HH(MpOPMAIIHIO O peaib-
HO#T 9 PEKTUBHOCTH KazK10#1 BO3MOXKHOI aibrepHATUBBI 1OBeIeHus. VHTepecyomas cucremy
undopmaliys 0 BApUaHTe MMOBEJIEHUs COCTOUT JIUIIb B CJI€/IYIOIIEeM: BO3MOYXKHO Jii OECKOHEYHOE
CYIECTBOBaHME CUCTEMbI IPU OCYIIECTBJIEHUH TOr0 BapuaHTa moBejaeHns win HeT. [logyanth
9Ty uH(MOpPMAIHMIO CHCTEeMa MOKET, TOJIbKO peayu3ys ero. Ho ecyim, nmposepssa JaHHBI Bapu-
aHT, CHCTEeMa Pa3pyIIaeTcs 3a KOHEYHOe BpeMsd, TO IMPUHUMATHL pelleHne yzxKe OyaeT HEeKOMY.
Taxkoe, Kazaaoch ObI, Hepa3pelnMoe MPOTHBOPEYNe UCUe3aeT B CHCTEME CAMOBOCIIPOU3BO/IS-
mUXCss 00bEKTOB. 3/1€Ch KayKAblil BAPUAHT MOBEICHUSA OCYIIECTBIAECTCA OTALIAbHBIM 00 bEKTOM;
Te 00'bEeKTHI, MOBEIeHNEe KOTOPHIX HanboJjee ObICTPO NMPUBOANT K COOCTBEHHOMY pPa3pyINeHHIo,
UCYe3aI0T U3 O0IEeil CHCTEeMBI B IIEPBYIO OU€pe/ib, W IMOCTEIEHHO B CUCTEME OCTAIOTCSA TOJBKO Te
00'bEKTHI, Ube MOBEJeHNE MOXKET OECKOHEYHO J0JII0 IO/IeP:KUBATH CYIIECTBOBAHUE CHCTEMBI.
Takum obpa3oM, cucTteMa B MEJOM HAXOMHUT J/IsI STOTO ONTUMATbHBIN BApHAHT TMOBEICHUS.

! onenT xadeapsl 4YHCIEHHOTO HU (GYHKIHOHATLHOTO aHaimsa, HHIY wmv. H.M. Jlo6adeBckoro;
kuzenkov o@mail.ru

2 Crapmmit npenonasaresnsb Kadeapsl YHCIEHHOTO W (DyHKIMOHANbHOrO anainsa, HHLY um. H.I. Jlo6aues-
ckoro; riabova-ea@rambler.ru
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B To0 ke Bpems Takoil mojxo/ K 3aJaHUIO TOPSAIKA TPEINTOYTHTETHLHOCTH U COOTBETCTBYIO-
IEro eMy KpUTepHs KauecTBA BAPHAHTOB IOBEJIEHUS CUCTEMbl aBTOPENPOJAYKIIUU TauT B cede
onpeeeHHbIe OMacHOCTH. lefcTBUTEIbHO, eCIu 00Imast YUCAeHHOCTh CaMOBOCITPOM3BOIATINX-
csi 00bEKTOB B cHUCTEMe TpH JII0O0M CIoco0e MOBeJeHnsI He MOYKET CTaTh MeHbIIle HEKOTOPOIo
MHHHAMAJIBHOI'O IIOJIO?KUTE/ILHOIO IIOPOra, TO 3TO O3HAYAET, UTO CUCTEMA B IEJIOM BCerja CyIie-
CTBYeT, HE3aBUCUMO OT KaYeCTBEHHBIX XapaKTEePUCTHK OObEKTOB MJIM BAPUAHTOB UX ITOBEICHHUSI.
Torma 3ama4a ONTUMHU3AINK CTPATEINH IOBEICHNS He UMeeT peIleHHs, TaK KaK BapUaHTHI II0-
BejleHust HecpaBHUMbL. CUCTEMa CYIIECTBYET HEOIPAHUYEHHO J0JIT0 IIPH JI00OM 13 HUX. IT0OBI
3a/1a9a ONTHMHU3AIMN UMeJIa CMBIC, HEOOXOIMMO, 9TO0bI IPU peaTu3alii HEKOTOPHIX CTpaTe-
T'Uil IOBEJIEHNsT CUCTeMA PAa3PyMAIaCh. SHAYUT, HYKHO JIOMYCTHTH BO3MOXKHOCTH MTPUO TN KEHU ST
YHUCJIEHHOCTH CUCTEMBbI K HY.JIIO.

W3 sToro ponymenus caeayeT BO3MOXKHOCTD JIJIs BUJA C OIIpe/IeIeHHON TTOBeIeHIeCKOii cTpa-
Teruen BBITECHATDH Apyrue Bubl, HO IIpDU 9TOM YHUYTOXKATb BCIO CUCTEMY, HOILO6HO TOMY, KaK
HEOTPAHUYEHHBIIT POCT PAKOBBIX KJIETOK HMPUBOJIUT K YHUUTOXKEHUIO BCero opranusma. Takoe
noseienne UepHapckuii Hazpaa «nomyauamoms [10]. B mHTepecax camocoxpaHeHusi cucrema
JIOJIZKHA, UMETh MEXaHHU3MbI IPOTUBOIECHCTBHUS «IIOMYJIU3MY ».

[Hess HAcTOsAIIEH PAOOTHI COCTOUT B MCCJIEOBAHUE MOJETN ABTOPENPOIYKIINN, U3y ICHUS €€
1peJe/IbHOI'O IIOBE/IEHU A, 1 Ha OCHOBAHUHW 3TOI'O pelleHnud 3a/da4 ylIpaBJeHud JJid O6eCHe‘{eHI/I${
HEOTPAHUYEHHO J0JIIOr0 CYIIECTBOBAHKS ITOW CHCTEMBI.

Moes1bi0 aBTOPENPOAYKIINHU SIBJISIETCS pacpeaeeHHast CHCTeMa, MMOBeJIeHne KOTOPOil Omu-
CBIBAETCd HEJUHEHHBIMU UHTErpo-auddepeHnuajibHbIMi ypaBHeHuIMU. PyHKIIMOHAIBI Kade-
CTBa B pacCMaTpHBAEMbIX 3aa49aX ONTHMHU3AINU, 3aaBaeMble B BU/IE IIPeje/ia HEKOTOPOil Be-
JIMIUHBI TIPH CTPEMJIEHUN BpeMeHH K OeCKOHEUHOCTH, OTParKaloT YBeJUUeHHe B CHCTEMEe 00b-
€KTOB C OIpeJIeJIeHHO 1oBe/IeHYecKoil crparerueii. B oryimyne o1 Kjaccuieckoit Teopuun [??]
3/1eCh MPUXOIUTCSA PACCMATPUBAThH CAy4Yail HEOTPAHWYEHHOTO BPEMEHU YIIPAaBJICHUS.

1. Onmcanue Moaesn aBTOPENPOIYKIINN

[Iyctb W — obaactb obuTtanusg HEKOTOPOIi momysidanuu. MaTteMaTudecKun MOYKHO peliaTh
3aJ1a4y J7s J000# pa3sMepHOCTH, IMIOTOMY OyIeM paccMaTpuBarh n-MepHyO obiacts W c
KYCOYHO-TIa KoM rpanutneit G; © = (z1,...,x,) — Toukn obractu W . Yepes rpanuny G
MPOHUKHOBEHUE 0CO0EHl OTCYTCTBYET.

[Ipemnosioxkum, 910 0COOM paCCMATPUBAEMON MOMYJIAIME MOTYT PEAJU30BbIBATH OJHY U3
JIBYX CTpaTeruili moBefeHus — vU; WIH vy . CTparerusd v, gBAgeTCS HOPMAJIbHBIM MOBEIEHN-
eM, CTPATerusl vy SBJSIETCsI MATOJOMMYECKUM (aCOIUATBHBIM) TTOBeJIeHIeM (u3-3a 00JIe3HU WTH
HAPKOJIOMMYECKON 3aBucuMoctd u T.00.). ClleJICTBHeM MATOJOTUIECKOl CTPATEruu MOBeIeHUs
SIBJISIETCSI yTPaTa CIIOCOOHOCTH K BOCHPOU3BOACTBY. CTparterusi vs He SIBJISIETCS BPOZXKJIEHHON u
MOZKeT OBITh MepesaHbl HOPMAJIbHBIM 0c00sIM (B pesy/brare nHMEKINH, KONMHPOBAHUST TIOBe/Ie-
HUsI U T.IL.).

[Ipeamonaraercs, 910 0cobu, CO CTpaTerueil MOBEIEHUS V1 , MOTYT TI€PEMEIAaThCs PABHOBE-
POSITHO C PABHON CKOPOCTBIO § B JIIOOOM HAIPABICHUN U3 JIIOOON BHYTpEeHHEl TOYKHN 00JIaCTH;
CKOPOCTH HepeMernenusi 0co0eil, OCYIecTBISIONMUX CTPATEIHIO Vg , CYIMIECTBEHHO BBIIIE CKOPO-
CTH S§; 0cODM C acOIUaJIbHBIM MOBEJIEHUEM MOI'YT BO3JIeCTBOBATH HA HOPMAaJIbHBIX 0CO0eil, B
pesyabTaTe 4ero HOpMaJbHBIE 0COOW MEHSIIOT CTPATErWi0 CBOErO TOBEIEHUsI HA MATAJIOTHIe-
CKYIO, Pe3yJIbTAaTUBHOCTH ITOI0 BO3/IEIICTBUS MPOMOPIIMOHATIBHA PACIPOCTPAHEHHOCTH MOCIe]I-
Heil cTpaTeru B MOMYJISIUE (<«IOIYIPHOCTHY ACOIMUATBLHOTO CIOCO0A TIOBEJICHHUS ).

[lycrs z(x,t) — mIOTHOCTH moOMyJasnuu O0COOEH, Peajn3ylmuxX CTPATErui0 U3 B TOY-
ke * € W B momenr Bpemennu t, 2o(t) — obmee KOIMIECTBO 0COGEH, OCYIECTBIAIONINX
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CTpATerut0 vy B MOMEHT Bpemenu ¢, a(x) — koahdUIUEHT pasMHOXKeHHsI 0CO0eil TepBoro
BIJIa B TOUKe T (KOI(DMUIUEHT PAZMHOKEHUS ABJISETCS PASHOCTHIO MEXKIY KOIDDUIHeHTOM
poxkaemoctu u kKoaddunuenrom cvepraocru), b — mocrosiHublilt KO3bUIHEHT CMEPTHOCTH
ocobeii Broporo Buja, 7(t) — K03 UIUEHT Pe3yJIbTaTUBHOCTH BO3eiicTBUsI 0COGel BTOPOro
BH/JIA.

[ToxozKue rumoTe3bl OBLIM UCIOJb30BAHBI IPU HMOCTPOSHUU MOJETA JUHAMHUKH ITOMYJISIHT
¢ yueToM siBeHust napasutusM [12]. TIpu celaHHbIX TPEeInoI0KEeHuIX MOJIETb OMUCHIBAETCS
cuUCTeMOil ypaBHeHUi

P d 729 zdx
21 rz129 Z9
— =5sAz1taz — —— 77—, —Z = W py (1.1)
ot dt
z1dx + 29 zidx + 29
w w
C Kpa€BbIMHU U Ha4aJIbHbIMU YCJIOBUAMU
_ _ 0
0z1/0nlg =0, z(z,0)= f(x), 2(0)=z. (1.2)
Baeck cumBosi A o3navaer oneparop Jlamnaca, 0/0n|g — UPOU3BOAHYIO 110 HOPMaJU K T'pa-
aune G . [Ipegnonaraem, uro dbyukmun a(x), f(x), r(t) — HenpepbiBHBIE, HOJIOKUTEIbHBIE,
r(t) — orpaHuveHHas; mapaMeTpbl b, s U 2y — IIOCTOAHHBIC, MOJOKUTEJIbLHbIE; OINePATOP
sAv + av onpenenen na Muoxecrse Gynkuuii v(x), 3aganabix B obaacru W, yaoBiersops-
Iomux Kpaesomy ycaosuio 0v/on|lg = 0; vi(x), i = 1,00, — mojHas cucremMa OPTOHOPMHUPO-

BaHHBIX COOCTBEHHBIX (PYHKIHUIT oeparopa sAv + av, 3aHyMEPOBAHHBIX B MOPsIKe yObIBAHWS
COOTBETCTBYIONUX UM COOCTBEHHBIX YHCENT JA;, ¢ = 1,00, U KpaTHOCTDH IEPBOr0 COOCTBEHHOI'O
YHCJIa paBHA €IUHUIE: A > Ao = ... 2>\ > ...

Bamerum, 4ro cucrema (1.1) npu HOCTABICHHBIX HAYAJIBHBIX YCJIOBHIAX UMEET JIMIb HEOT-

puraresabHoe permienue |13, 14|, aro coorBercTBYeT KOJIMUeCTBeHHON HHTEpHpeTanun (QyHKIui
z1(x,t) m 29(t) . BBemem nepemenuyto

z = /zldx+22, (1.3)

W

XapaKTepPHU3YIOILY0 OOIIYI0 YHCIEHHOCTh MOIYJISIUE B MOMEHT BPeMeHHU 1 ; CpejHeBPeMeHHOe
snavenne Gynknuu r(t) obo3HAUNM

(r) = lim E r(7)dr. (1.4)

t—o0

2. ®opMyJupoOBKa pe3yJIbTAaTOB

2.1. IlpemenabHOe TMOBeIeHNE CUCTEMBI aBTOPENPOLYKITAN

Teopema 2.1. Bcucmeme (1.1) ¢ navarvromu u xpaesvmu yeaosuamu (1.2) npe-
deavrvie snauernus Pynkuud z2(t), z(t) u ur wacmmozo onpedessromes 6 3a6UCUMOCTIY OM,
Napamempos cucmemst cAedyYIouyum 06pazom:

npu A; >0
lim 2o = 0, lim z = 0, lim (29/2) =1, ecau (r) > A\ + b;
t—00 t—r00 t—00
lim zp = +00, lim z=+o00, lim(z/2) =0, ecaub< (r) < A +1¥;
t—00 t—r00 t—00
lim z, =0, lim z = +oo0, lim(zy/2) =0, ecau (r) < b;
t—00 t—r00 t—00
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npu A <0
lim 2z, =0, limz=0, lim(z/2)=0, ecau0 < (r) <A +1¥;
t—o0 t—o0 t—o0
lim 2z, =0, limz=0, lim(2/2)=1, ecau (r) >\ +10;
t—o0 t—o0 t—o0
npu Ay =0
lim zo =0, lim(29/2) =0, ecau0 < (r) <b;
tﬁoo tT)oo
tli)rgv 29 = 0, th_}g(zg/z) =1, ecau (r) >b.

Taxkum obpasom, npu Ay > 0, (r) > A\ + b yaeawubiit Bec ocobeit Broporo (aconuasib-
HOTO) THIA MOBEJEHHs] CTPEMUTCS K MAKCHMAJbLHOMY 3HAYEHUIO, IIPH STOM YHCJIEHHOCTD BCeii
HOMYJIAIMA CTPEMUTCS K HyT0. Eciu b < (r) < A\ + b, TO yJeabHas YUCIEHHOCTH OCOGeii
aCOIMATBHOTO B CTPEMUTCSI K MHUHUMAJIBLHMY 3HAYEHHIO, TeM He MeHee IIPOUCXOINT Heorpa-
HUYEHHOE YBEJMYEHUE UX YUCJICHHOCTH M BCeil nomyasanun B ueaom. Ipu (r) < b npoumcxoaur
HEOTDAHWYEHHOE YBeJdeHue OOIeil YMCIeHHOCTH MOIYJISINN, YUCJIEHHOCTh 0CO0ell BTOPOro
TUTla MMOBEACHUA CTPEMUTCA K HYJIIO.

[Ipu 1r060M cooTHOIIEHUN TapaMeTpoB 7, A\ 1 b, ecim A\ < 0, HabGJI0/1aeTCsI BHIPOXK IEHUE
ocobeil BTOpOTo THIA MOBEIeHNs U BCEil MOILY AN B 1eoM; ecid A\ = 0, 0coOu BTOPOro TUIa
HHOBEACHU A BbIPOXK/1AI0TCH.

2.2. OntumanbHOE yHpaBJIEeHWE CUCTEMOIl aBTOPENPOAYKIIMUA TPU HEOTPaHUYEeH-
HOM BPEMEHU yNPaBJIEHUIA

PaccMoTpuM  CIIEIYIONIYIO 3a7a4y ONTHMATBHOIO yIpaBieHus g cucrembl (1.1) mpm
HEOI'DAHMYEHHOM BpeMeHH yrpasienus. Jomycrum, aro B paccmarpubaemoit mogesn (1.1) Bos-
MOXKHO Bausiaue Ha ko3 dunuent Bo3aeiicrsus 7(t) , KOTOPOE OKA3bIBAIOT OCOOM C TTATAJIOTHIe-
CKOIi cTpaTerueit moBeJIeHusT Vo Ha 0cobeil ¢ HOpMaJIbHBIM MoBeieHneM vy . [Ipu arom pynkmus
r(t) umeer Bu

r(t) =ro + u(t), (2.5)
rje rg — IOCTOSHHAs MOJIOXKUTE/IbHAs BeJIMIUHa, U(t) — pe3y/abTraT yHIpaB/sgiolero Bo3ieii-
CTBHsI, OKa3BIBAEMOTO OCOBSAME CO cTpaTerueil ve Ha ocobeil ¢ moegenuem vy . Ilycrs u(t) —
HeTpepbhIBHASA (DYHKIINS BPEMEHH, YAOBIETBOPIONIAS OTPAHIICHIIO

lu(t)| < ¢, (2.6)

rae ¢ — nocrosiHHast, 0 < ¢ < rg.

[lesn yrupaBieHusl ¢ TOYKH 3peHnsi 0cobeil BTOPOro BM/Ia COCTOUT B HEOIPDAHUYEHHO I0JI-
rOM COXpaHEHHH CBOeil momysdiuu. KpoMe TOro, ecjam paccMaTpUBaTh JIAHHYIO CHCTEMY, Kak
CHUCTEeMY B3aMMHOTO CYIIEeCTBOBAHUS JBYX PA3/JIMIHBIX BAPUAHTOB MOBEJIEHU, TO MOXKHO CpPaB-
HUBATh BapHAHTHI MOBEJIEHHS JPYr ¢ ApyroM. B sToMm ciaydae jiydmum OyZeT TOT BapHaHT,
KOTOPBII UCIOJIb3yeTCsi DOJIBIIUM KOJIMYECTBOM 0C00eil M, COOTBETCTBEHHO, Y/I€JIbHBIII BEC KO-
TOPOro B rnonyjasinuu oyaer Boimie. [leibio yrpaBieHust ¢ TOYKHA 3PeHus MOBBITIEHNS [IeHHOCTH
BTOPOT'0 BapuaHTa MOBeAeHNs OyIeT yBeIndeHne 9iuCJAeHHOCTH 0CO0eit, OCYIeCTBIIAIONINX CTPa-
TETHio Vo , WJIM yBeJHYEHHe Y/IeJTbHOIO Beca STUX ocobeil B momyasdnuu. Vcxoas u3 3Tux meeit,
ONTHMATLHBIM Oy/leT yIpaBieHne, KOTopoe obecliednT MaKCHMYyM IIpe/ie/ion’

Ji = lim 2z, Jy = lim (29/2)
t—o00 t—o00

3 BameTnM, 9TO BeIMUMHA 2z He OTpAHMYEHa CBepXY, W IPH COOTHONICHHWH mapaMeTpos b < (r) < b+ \ oma
crpeMuTca K OeckomedHocTrn. B sTom cay4dae J; = 400, u yopasieHue, Mpu KOTOPOM 3TO BBIIOIHAETCA Oyaer
ONTUMATIbHBIM.
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NN ABYX APYI'UX KPUTEPpUEB, CBA3aHHBIX C IIPEAbIAYIITUMMI:

Js = (z/2), Jo={(n'/n).

3/ech J/Is COKpAIeHNs! 3allMCH BBEJIEHA HOBasl IIePEMEHHast 1) = 2o/2 . CMbIC MaKCUMU3AIUY
G yHKIIHOHATIOB BTOPOil I'PYNIBI — yBeJIHYeHHEe CPeIHEeBPEMEHHbBIX 3HAYEHHT CKOPOCTH BOCIIPO-
M3BOJICTBA 0CO0eil BTOPOro BHIAa W CKOPOCTH H3MEHEHHsS VIeJbHOIO Beca BTOPOrO0 BapHAHTA
MOBEJIeHNS B MOIMYJIAIME COOTBETCTBEHHO.

Byaem rosoputhb, 4To Kpurepuil Kadecrsa aJ€KBATHO BblpaKaeT BO3MOXKHOCTH HEOIDAHU-
YEHHO JIOJITOTO CYIIeCTBOBAHUS HEKOTOPOIO BHJIA B CHCTEME, eCJIM €ro BBIOJIHEHNe (MaKCHMHU-
3alis) He IPOTUBOPEYUT HEOIPAHUIEHHO JOJITOMY CYIIECTBOBAHUIO BCeil cucTeMbl. [10CKOIBKY
upu A; < 0 ocobu BTOpOro BHIa BBIPOXKJIAIOTCS, TO OyIeM pacCMAaTpPUBATh TOJBKO CIydUaii,
Korma A > 0.

Teopema 2.2. Bazadaue (1.1) ¢ kpaesumu u navarvromu yeaosuamu (1.2), 6 ko-
mopot dynryus r(t), umerowan sud (2.5), codeporcum ynpasaenue, ydosaemeopsrouee 02pa-
nuvenuto (2.6), dynkyuonasv, Jo u Jy docmuearom ceoeeo makcumyma npu (r) > A\ + b,
dynrxyuonan J3 — npu (r) <A\ +b, Jy =400 npu b<(r)y< A\ + b.

[TpuBeieHHbBIE PE3YABTATH MOKA3BIBAIOT, UTO PENIEHNS 33,1849 ONTHUMU3AINN C PA3SHBIMU KPH-
TepUAMH — pa3JudHbl. Bojee TOro, pekoMeH aIruu MpPOTUBOMOJJIOXKHBI: JIJIT MAKCHMUA3AIMH
dbyukmuonanos Jo u Jy Bemuuuny (r) HY:KHO BBIOHDATH OoJsibiie A; + b, BeIGOp (1) < A; + b
JIAeT XyAIuil pe3yabraT, st Makcumu3anuu GyHKIuoHanos J; u J3 Bequwuuny (r) Hy»KHO
BeIOUpATL Menbie A; + b (o Oosbure b st MakcuMuzanuu Ji ).

CpaBHUB 9TH Pe3yJIbTATHI C JAHHBIMU T€OpeMbI 2.1, HETPYIHO 3aMETHTh, YTO TPU MAKCHMU-
sanun GpyHKIMOHAIOB Jo W Jy KOJIWIEcTBO OOBHEKTOR C MOBEIEHNEM Vs , TAKyKe KaK W COBOKYTI-
Hag YHCJIEHHOCTb CHCTEMBI, CTPEMUTCS K HYJIO, T.e. CHCTeMa BLIPOKIaeTcda. Takum obpasoM,
dyukImonans Jo u Jy HealeKBATHO BBIPAXKAIOT Ie/Ib COXPAHEHHS CUCTEMBI.

3. /Jloka3aTejqibCTBO pPe3yJIbTAaTOB

Jlemwma 3.1. Ecau vi(z), ¢ = 1,00, — cucmema cobcmsennor Pynkyud onepa-
mopa sAv + a(z)v, onpedesennozo na mmoocecmse Pynryul v(x), 3adannulr 6 N - MeEp-
noti obnacmu W ¢ wycouno-zaadkol epanuuetd G, y006AeMEOPANOUUT KPAEGOMY YCAOGUIO

v/on|lg = 0; N, i = 1,00, — coomeememeyowas um CUCMema cobCMEEHHLIT “UCe; No-
cmosmnwe a; = [ a(z)v;(x)de — rospdunyuenmu Pypve das noroscumervroti pynkyuu a(x)
W
u w; = [vi(x)de — woafduyuenmu Pypve dan edunuywn no cucmeme v;(x), i = 1,00, mo
w

CNPaAGeoNUBO PAGEHCTNEO

Hokasarenabctso. [Tockonbky v;(z), i = 1,00, — cucrema cobcTBeHHBIX DYHKIMIT
omeparopa sAv+av, A;, ¢ = 1,00, — COOTBETCTBYIOIIAs UM CHCTEMa COOCTBEHHBIX UHCE]I, TO

JUTST BCEX MHJIEKCOB § = 1, 00 BBIMOHSIIOTCS paBeHcTBa SAV;(x) + a(x)v;(z) = \vi(z). Tpoun-
TerpupyeMm ode 4acTu 3TOro papeHcTna 1o obaactu W ¢ rpanuneit G. YdauTbiBasi BbIparKeHHEe
kosbdunuenros Pypre a; u w; uepes Gyukuun v;(x), nomyannm: s [ Avy(x) de +a; = \w.
Haiinem 3nauenue wnrerpania jist ¢pyuxiun v(x) u3 paccmarpuBaemoii obaactu W, yiaosie-
TBOpsIONIEil KpaeBoMy yesoButo dv/dn|g = 0. Bocnonb3oBaBimuch hopMyIioi HHTErpUPOBAHUST
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0*v v . v .

[0 9aCTSAM, [OJIyIUM ~—dr= ¢ 1-—cos(x;,n)ds— [ =—-0dz, tue (v ,n) — yrox
w O] ¢ O w Or;

MeXKJly OCbI0 T; W BHeInHeil HopMasibio K mosepxHoctu G . Torga mo cBOHCTBY a/iUTHBHO-

" 0% dv
CTH WHTErpAJIOB /W v(x) dz /W ;:1 o x f; -

/ Av(z)dr = 0, TakKe Kak u / Av;(z)dr = 0, caegoBaresnbHo, cipaBenBo (3.7).
W w
JHokaszaTealbCcTBO 3aKOHTYEH O.

Gds. Tak kak dv/dn|g = 0, 10

JlokazareabcrBo reopembr 2.1. [lpeanonaraercs, uro B cucreme(1.1) ¢ HaAYaIbHBIMU 1

kpaesbivmu yciaoBusmu (1.2) dynknun a(z), f(x), r(t) — HeupepbiBHBIE, HOJIOKUTEIbHBIE,
Kpome atoro r(t) — orpaHudeHHasi; HapaMeTpbl b, § W 2 — HOCTOAHHbBIC, TIOJOKUTE b
Hble; oneparop SAv + av onpejesien Ha MHOXKecTBe dyHKIMHA v(r), 3amaHHbIX B obgactu W,
VJI0BJIETBOPAIONIUX KpaeBoMy ycaosuio 0v/On|g = 0; vi(x), i = 1,00, — moaHad cucTeMa op-
TOHOPMHUPOBAHHBIX COOCTBEHHBIX (DYHKIHIT oneparopa sAv + qv, 3aHyMepOBAHHBIX B HOPIKE

yObIBaHMSI COOTBETCTBYIOIIMX UM COOCTBEHHBIX UHCET A;, © = 1,00, ¥ KPATHOCTH IEPBOrO COO-

CTBEHHOT'O YHC/IA PaBHA €IUHUILE: A\p > Ao = ... =\ > ...
[Tycrs (;(t) — woaddunumentor Pypre pyukuun zi(x,t) no cucreme coOCTBEHHBIX (DYHK-
it v;(x), i = 1,00; ¢; = (;(0) — mocrosuubie kodbdunuentor Pypbe byuxmun f(x);

w; = [vi(x)dr — xosdbdurmentsr Pyppe ma exuannps; a; = [ a(z)v;(x)de — xosdbdumm-
w w
enrbl Oypoe GyHkmun a(r).

Torna dbyukiuu (;(t) ynosaerBopstoT cucreme auddepeHuaabHbX ypaBHeHnil

r29G - e ;Cjwj
C= NG — — 251 ,i=1,00, Zy = — = — bzy. (3.8)
(Zlewj + 22) (Zlewj + 29)
= =

Bamernm, 4To MPU STOM OTHOIICHUE (;/(; TOIUUHSAETCS YPABHEHUIO

(Gi/G) = N = M)(G/G),  i=2,00.

Pemas ero, umeem ((;/C1) = (pi/e1)exp (A — A\)t, © = 2,00. Tak Kak BCe PA3HOCTH \; — A\
10 YCJIOBUIO CTPOTO OTPUIATE/IbHBI, TO BCE OTHOmeHus (;/(; ¢TpeMsarcs K Hyaio, | = 2,00.

oo
Bousee Toro, miga GpyHKIUMOHAIBHOTO PAIa Z(Q /¢ )w; ma ayde [0, +00) cHpaBeIMBBI ONECHKH
i=2

o0

< g(gy g;wgg > (2 iw

o0
Gi
> g
i=2 1 —
T[Tocsieiame jBa psijia B IPABOIi 9aCcTH ONEHKN CXOASITCS B cuily paBencrsa Ilapcesassi, ciiejoBa-
TeJIbHO, HCXOAHBLIT PSJ] CXOAUTCA paBHOMEPHO Ha jiyde [0, +00) . 3HATHT, BO3MOZKEH IOICHHBII
IepexoJl K Mpejiely B CyMMe 3TOrO psja HpH t, crpeMsiieMcs K GeckoHedHocTr. [TocKoIbKy
LIPEeJIE/Ibl BCEX WIEHOB Psijla PABHBI HYJIIO, TO U IPEJIEJ CyMMbl Dsi/Ia PABEH HYJIIO:
¢
: i
lim » —w; =0. (3.9)

t—o0 i—2 Cl
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AmnaJsiornaso JOKa3bIBa€TCA, IYTO

hm 9a, = 0. (3.10)

t—)OO Cl

U3 ypasuenuii (3.8) cuemyt, 9T0 OTHOIIEHHE Cl /2y OTpeJeNseTCst CeLyIoImuM 00pa3oM:

t

(2) =252 = 20 rrn. 20 =Fen(Ourot- [ror)

Orcrona, ¢ yaerom obozHavenus (1.4), mOJydnM BhIpazKeHHe

tim (1) = L exp (Jim t0u +b— (1) =

t—o0 z9 Z2

0, ecmu(r) >\ +0b,
00, ecam (r) < Ap +b.

Eciu (r) = A1 + b, T0 BO3MOXKHBI pa3/InvHble Pe3yJIbTaThl. B 4acTHOCTH, Pee tlim ((1/22)
oo

MOKeT IPUHHMAThH JTI000e 3HaYeHne 0T —oo0 110 +00. Bo3aMoxeH ciydaii, Korja yKa3aHHOTO
npejiesa BOOOIE He CYIIEeCTBYET.

U3 cucrempr (1.1) ciepyer, 9ro nepemenunasi z, onpejessiemast coorsomenuem (1.3), yio-
BJIETBOPSIET yPABHEHUIO

z':/Wazldx—bz2 ija] b22—2<<a1+z )é— %), (3.11)

rje OTHOIIeHus (1/2 U Z3/Z BBIPAXKAIOTCA CJIELYIONUM 00pa3oM

00 00 -1
=G/ (D Gwy +22) = (wl +> %wj + Z2/C1> ,
P =2

2

1
2 x (1 — G
2 o cjwj+z>=<—<w+ —ij)ﬂ) -
> 2 ; 2 z ! ;Cl

B zaBucumocTn ot Besmumnsl lim (Cl/ZQ) IIoJIiyduM cJjieAyroniue mnpeiae/JibHble 3HaYCHUA:
t—o00

lim é(t) =0, lim Q(t) =1, ecam lim 2 =0;
t—oo 2z t—oo 2 t—00 29

z
lim Q(t) =1/wy, lim —2(15) =0, ecam lim LR
=00 2 t—oo 2 t—00 2

W3BecTHo, 4To ecjim HenpepbiBHas (DYHKIUS UMeeT TpeJiesi, TO ee BpeMEeHHOe CpeJIHee COB-
najaeT ¢ TuM mnpeenom. B cuny mpenenbHoro pasencrsa (3.10) u OrpaHHYEHHOCTH OTHOIIIE-
Hust (1/Z CIPaBeJINBO MPEJIETbHOE COOTHOIICHHE

t

i [ (35 8) =, o1

0

Torja ¢ yderoMm paBeHcTBa (3.7) st ¢ = 1 mosrydum ciiejyoniee:

0, ecym tli}m (C1/2z2) =0,
lim z = z(0) exp (hm t( <C1> b< s >>) =<0, ecsm tli)l'go(C1/ZQ) =00, \; <0,

t—o00 t—00
+o00, eciu tlim (C1/z2) = 00, A\ > 0.
—00
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Ecmu Ay =0, 1o hm Z MOKET IPUHUMATD JIF000e HeOTPHUIATEILHOE KOHETHOE MIH OECKOHEUHOE
3HAUYEHHE, MOZKeT T Tie CYIIEeCTBOBATD.
Haxkomnern, BepaeMcsi K pacCMOTPEHUIO yPaBHEHHUS OTHOCUTE/IHHO HMEPEMEHHON 2o B CHUCTE-
e (3.8). Ero MoxkHO mepenucarh B BUjie

2y = 2o (w1 + Z >— —-b|. (3.13)

B cuty (3.9), orpannuennoctu dbynknuii 7 u (1/z CHpaBemBO NPEAEJbLHOE COOTHOIIEHHE

hm Cl Z =0, (3.14)

t—o0 t

t

1
Torma lim z(t) = 25 exp ( lim t(— /rwlédT b)) B 3aBucumoctu ot Beauunnbl lim ((/2)
t—oo t—o0 t t—o0

0
HOJIyYuM CJIe/LYOIue Tpe/ie/ibable 3Hauenust pyHknun 2o (t) :

ectu  lim (/2 =0, 710 lim 29 = 0;
t—00 t—o00
G 0 mpu (r) <b,
ectu  lim =— = 1/wy, 1O hm 29 =
t—oo 2 +oo  mpu (r) >b.
Bamerum, uro npu (r) = b Besuumna lim zp MOXKeT npuHEMATH JHOOOE HEOTPHUIATETHHOE
t—o0

KOHEYHOE HJIH OeCKOHEYHOe 3HAUYCHUE, MOXKET U He CYIIECTBOBATD.

Ipu (r) # A\ +b u (r) # b monxyunwm npenenbuble 3Havenns GYHKIWA 22(t), 2(t) u 29/z,
yKazaHHBIe B Teopeme 2.1.
JloxkaszaTeabCcCTBO 3aKOH®YEHO.

JlokazarenbcTBo Teopembr 2.2. PaceMorpum deThipe 3a4a9u ONTHMH3AIAHN JJIsT KazKJI0T0

u3 dyskumonanos J; = lim 2z, Jo = lim (20/2), J3 = (25/20) m Jy=('/m), tme n=2/z.
t—o0 t—00

1. Kak ciegyer u3 mpoBeIeHHOTO BBIIIE HCCJIeT0BAHIA, aOCOMOTHDII MAKCUMYM KPUTEPHs Ka-

geCTBa Jl = lim 29, paBHbIﬁ IIJIFOC 66CKOH€‘IHOCTI/I JOCTUTaeTCA IIPU BBIIIOJTHEHNU ,HBOfIHOFO
t—o0
HEpaBEHCTBa

b<(r) <A +b. (3.15)

B nipoTuBHOM CJlyuae 3HAYEHHE KPUTEPHs KAYeCTBA PABHO HYJII0 — HAUMEHBIIEMY BO3MOK-
HOMY 3HAYEHHIO.

Cornacuo dopmyne (2.5) u mepasernctsam (2.6) Bpemennoe cpeauee dbyukuuu 7(t) ymuo-
BaerBopser ycaosuto ro — ¢ < (r) < 1o+ ¢. Orcioga HETPYAHO BUJIETH, YTO €CJIM KOHCTAH-
Ta €, O'PAHUYUBAIOIIAS] MOIIHOCTD YIPABJIAIONIEr0 BO3AEICTBUS, YII0BJIETBOPSET HEPABEHCTBAM
O0<c<b—rynmm 0<c<—A\ —b+1, TO BbITIOJHEeHHe HepaBeHCTBa (3.15) HEBO3MOXKHO,
CJIeJI0BaTEIbHO, 0COOM BTOPOIO BHJA B 9TOM CJIydae OyIyT BHIMUPATH MPH JHOOOM BO3MOXKHOM
yupasiaennu. [Ipu 3ajanupix napamerpax b, ro ¥ A; HEBO3MOMKHO OJHOBPEMEHHOE BBLIIOJIHE-
HHE 9TUX HEPABEHCTB.

Ecim Boemosastioress HepapenctBa —¢ < b —1rg < ¢ mm —c < A\ +b —1r9 < ¢, TO
JI000€ yIpaBJieHne, NMeollee BpeMeHHOe cpejiHee (MU MPeJen), YAOBIeTBOPSIIOIIee YCIOBUIO
b—rg < (u) < A1 +b— 19, Oyser onTuMagibHbIM. B 4aCTHOCTH, TAKUM MOKET ObITH IIOCTOSTHHOE
yIIpaB/IeHue.
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B omnom ciyuae, korma ¢ < —b+ 19 u ¢ < Ay + b — rg, m000e yupabiieHHe, UMEIOIee
BpeMeHHOe cpejiHee (Wau mpeses), GyaeT OnTuMAaIbHBIM

Ecmn ¢ =0—1r9 wim ¢ = —A\; — b+ rg, TO HeJIb3s rapaHTUPOBATH CYIIECTBOBAHUE YIIPAB-
JIEHUsI, JIJII KOTOPOTO IIPEJIE] Zs PaBeH ILIIOC OECKOHEYHOCTH, TaK KaK Pe3ysbTaT OydeT Cylie-
CTBEHHO 3aBUCETH OT HAYAJbHBIX YCJIOBHIl U COOTHOLIEHMS IapaMeTPOB CHCTEMBI.
2. PacemorpuM 3amady Makcumusanun (GyHKIuoHAIa Jy = tlgglo (22/2) . Kak ciemyer u3 reo-

pembl 2.1 jlaHHbIE (DYHKIIMOHAJ MOXKET JOCTUIaTh CBOEro abCOJIIOTHOIO MaKCUMyMa, PaBHOIO
eJINHNUIIE, TPU BBITIOJTHEHUH YCJIOBUS

(r) >\ +0. (3.16)

B nmpoTtuBHOM ci1ydae 3HadeHne KpUTepHUs KadeCTBa PABHO HYJII0O — HauMeHbIIeMY BO3MOKHOMY
3HAYEHHIO.

Ecnmm koHCcTaHTa €, OrpaHUYIUBAIONIAd MONTHOCTD YIPABISIONIETO BO3ACUCTBUS, YIOBIETBO-
psieT HepaBeHCTBY ¢ < A\; + b — 1o, TO BbINOJIHEHHE HepaBeHCTBA (3.16) HEBO3MOXKHO.

Ecim ¢ = A\{+b—1(, TO HeJIb3st TapaHTHPOBATH CYIIECTBOBaHNE ONTHMAJIBHOTO YIIPABIEHUSI,
TaK KakK 3HadeHne KpUTepus KadecTBa tlg(r)lo (22/z) OyueT CyIecTBEeHHO 3aBUCETH OT HAYAIbHBIX

YCJIOBHUiI M COOTHOIIIEHHS TapaMeTPOB CHCTEMBI.

Eciu BeImostHsIETCS HEpaBeHCTBO —C < A\1+b—7ry < ¢, TO TOCTHYDH aOCOTIOTHOIO MAKCUMYMa,
MOZKHO ¢ HOMOIIBIO JIIDOOTO yIpaB/IeHusl, YI0BIETBOPAIONEro ycjaosuo (u) > A\ +b— 1y, B
YaCTHOCTH, IPH U = C.

Ecmn ¢ < —A\; —b+rp, 10 J1000€ yrpaBiieHne, nMerolee BpeMeHHOe Cpe/iHee (U Ipejie),
JlocTaB/sgeT abCOTIOTHBIIE MAKCUMYM paccMaTpuBaeMoMy (OyHKIIHOHAITY.

3. PaccmorpnM 3ajady makcuMusanun dbyHknunonana Jy = (z5/z). 13 ypasuenus (3.13) u
1pe/ie/IbHOro paBeHcrsa (3.14) BbITeKaeT, 4To 9TOT KPUTEPHUil KAuecTBa BbIPAKAETCS CJIELyT0-
UM 00pa3om:

z

(23/22) = <Tw19> — b, (3.17)

U, KaK CJIJYeT U3 aHAIM3a MPEJIEIbHOrO MOBEJICHUs BeJIMIuubl (/2 , 3aBUCSIIETO OT BPEMEH-
HOTO CpeHero (r), MOXKeT NPUHUMATH CJIEYOINe 3HAUYeHUS:

—b, eciu (1) > A\ + b,
(ry—»b, ecmu(r) <A +0b.

(22/22) =

[Ipu cJeaHHBIX [PE/IIOI0KEHHSIX OTHOCATEIbHO Buja DyHKIuu r(f) U OrpaHUYeHHOCTH
yIpaBjieHust KOHCTAHTON ¢ Kpurepuii J3 = (z5,/29) mocTuraer cBoero aGCoMOTHOTO MAKCUMYMa
IpH yCJIOBHUN

(r)y <A +0b. (3.18)

ITpu (r) > A\ + b kpurepnii KaUeCTBa IPUHAMAET HAUMEHBINEE BO3MOKHOE 3HAYCHHE —b .

Ecim koHcTanTa €, orpaHnYuBaioIiasg MOIIHOCTH YIPaBJISIONIEro BO3A€HCTBYSI, YIOBIETBO-
psieT HepaBeHCTBY ¢ < —A\; — b+ 7, TO BBIIOJIHEHNE HepaBeHCTBa (3.18) HEBO3MOXKHO.

Ec/iu BBITIOTHAETCI HEPaBeHCTBO —C < A\1+b—7¢ < ¢, TO J0CTHYDL aGCOMOTHOIO MAKCAMYMa,
MOZKHO € TIOMOIIBIO JIFO0OTO yIIPAB/IEHUs, YI0BJETBOPIIONIEro yCa0Builo (u) < A\ +b—1q.

Ecmu ¢ < A\ + b — 1, To n06oe ynpasienne, nMerolee BpeMeHHoe cpejiHee (HJu npejie),
JIOCTABJIACT a0COTIOTHBII MAKCUMYM paccMaTpuBaeMoMy (pyHKIHOHALY, B YaCTHOCTH, U = C.
4. Paccmorpum 3aja4dy Makcumusanun GyHknnonana Jy = (n'/n), rme n = z3/z. Jlerko ybe-
TUTHCsL, 9T0 1) /1 = 25/ /29 — 2’ /2, Torna u3 Beipazkenus (3.17) u ypasuenus (3.11) ¢ yduerom

1PeJIe/IbHOIO paBeHCTBa (3.12) 1oy YuM CIeAyIonee IpeCTaBIeHue paccMaTrpuBaeMoro by HK-
/

[IOHAJIA % = (rwl—al)% +b<<%>—1>.
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Kak cyiejyer u3 aHajmsa npeeJbHOTO MOBEIeHUs BeInIuH (1 /2 U 29/z 370T (DyHKIMOHAI
B 3aBHCHAMOCTH OT BPEMEHHOTO CpPeIHero (r), MIPUHUMAET CJIeIYIONINe 3SHAUCHUS:

0, ecam (1) > A\ + b,

<77//77> = <7”> — A\ — b, ecam <7’> < M\ + 0.

Makcumym kpurepusi kauecrsa Jy = (n//n) mocruraercs, Takxke Kak u i DyHKIMOHA-
na Jy = lim(29/2), sume npn BeimosHerne yciaopusi (3.16) w mpu TOM Ke COOTHOIIEHWH
t—r00

napaMerpoB Ai, b, 7o ¥ €, KOTOpbIE MPUBO/ISTCS B IIYHKTE 2.
Jloxka3zaTeabCcCTBO 3aKOH®YEHO.

SakKJ/IroYeHue

B pabore paccmorpena caMOBOCIIPOU3BO/IAIIASICS CHCTEMa, OOBEKTHl KOTOPOi peajn3yior
OJIHY W3 JIByX BO3MOYKHBIX CTPATeruii MOBeJEHHUs:: ,HOPMAIbHYI® (C JaJbHEHITNM DPa3MHO-
JKeHHeM) WIH ,naTtajorudeckyo (6e3 pasmuoxkenus). lcciegnoBaHo MpejesibHOE MOBEIeHUe
CHCTEeMbI. YCTAHOBJIEHO, UTO TP HEKOTOPHIX COOTHOIIEHHSX BXOIHBIX MApaMETPOB BeJUYHHA,
XapakTepu3yoilasi YuCJIeHHOCTh BCEeHl CUCTEMbl, CTPEMHUTCS K HYJII0, 9TO COOTBETCTBYET BbIPOXK-
JEHUIO CHUCTEMBI. Ha OCHOBAHHUU 9TOI'O peHialoTCd 3aJa49u OINTHUMaAJIbHOTO YIPaBJICHUA ﬂaHHOﬁ
CUCTEMOIi NPYU HEOrPAHUYEHHOM BpeMmeHu ynpanjenus. OyHKIMOHAJIB KauecTBa B pacCMaTpu-
BAaE€MBIX 33/1a9aX OTPAXKAIOT yBEJINYEHHE B CUCTEME OOBEKTOB € «IIATAJOTHYeCKOil» crpareruei
nosefenns. JIoKa3ano, 4TO IpU MaKCHMH3AIUU HEKOTOPBHIX (DYHKIMOHAIOB CHCTEMA CaMOPa3-
pylIaercda. YKa3aHbl aJeKBaTHbIE U HeaJeKBATHBIC KPUTEPUH ¢ TOUKHU 3PeHUs COXPAHEHH Cy-
meCTBOBaHUA CUCTEMBI.

Baazodaprocmu. Pabora Bouimonnena mnpu (uHAHCOBOH momiep:kke Poccuiickoro ¢omma
dbyHIaAMEHTATBHBIX HccaegoBanmil, rpant Ne 13-01-12452.
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Some aspects of the optimization of self-replicating systems
© O. A. Kuzenkov', E. A. Ryabova’

Abstract. Model of self-replicating system and its limit behavior are studied. On this basis, the
problem of optimizing the system with unlimited time control are solved. Quality criteria in these
problems reflect an increase replicating objects with selected behavioral strategy. It is proved
that maximization of some criteria leads to destruction of the whole system.

Key Words: self-replicating systems, optimal control, unlimited time control
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KoMMeHTapum K 3aja4aM O BO3MYIIEHULIX JUHEHHOro
YpPaBHEHUA MaJIbIM JIMHEMHBIM cJiaraeMbIM 1 CIIEKTPaAJIbHBbIX
XapaKTepucTuk (ppesrobMoBa oneparopa

© A. A. Kamxkun', B. B. Jlorunos?, II. A. IIlamanaes®

Amnnoramus. B mouorpaduu [1] u crarbe [2] uccienoBana 3a1a4a 0 BO3MYILEHUH JUHEHHOIO ypaB-
HEHUS MaJIbIM JHHEHHBIM caaraembiM Buga (B —eA)x = h ¢ GpearosbMOBbIM, IJIOTHO 33JaHHBIM
wa Dp omeparopom B : E; D Dp — Ey, Dy D Dp,umn A € L{E1,E>}, € € Ct - mamwrit ma-
pamerp, Ey, Ey - 6aHaxoBbl IpocTpaHcTBa. IIprMenenue pe3yapraros [3, 4], chopMyIMpoBaHHBIX
B BHJIE JIEMMbI O OMOPTOrOHAJIBLHOCTH OOOOIIEHHBIX YKOPIAHOBBIX IENOYEK MMO3BOJISET TaTh yTOU-
HEHUe PEe3yJIbTATOB, MOJNyYeHHBIX B [1, 2]. Dra 3a1a9a paccMOTpEHa 31eCh TakkKe B 00ILIeM ciydae
JOCTATOYHO TIAAKON (aHamuTHYIecKoit) no & oneparop-byrknun A(e) . JTaHO TaKKe TMPAIOKEHHE
JIEMMBI O OMOPTOTOHAJILHOCTH U YPABHEHUsI PA3BETBJIEHNST B KOPHEBOM TIOIITPOCTPAHCTEE K 33/1a9e
o BoamyIenun GbpearonbMoBbix Touek B C -criekrpe oneparopa A(0) .

KaioueBbie ciioBa: JuHEHHBIE OMIEpATOPHI B DAHAXOBBIX MPOCTPAHCTBAX, TEOPUST BO3MYIICHWH

1. Bsenenue

[Iyctb B : Ey — E5 - mI0THO 3a/IaHHBIN (bpe,ZLFOJIbMOB onepaTop, Dy D Dpg, nim,
Juist mpoctothl wanoxkenus, A € L{E, By}, N(B) = span{o\", ..., ¢} € B/, N*(B) =
_ (1) Dy ¢ o ]
= span{ypy”’, ..., ¥n '} € E5 - cOOTBETCTBYOIIUE MOANPOCTPAHCTBO HyJI€eil 1 1edeKTHBIX (hYHK

Wyn o o (Wyn ]
mmonasoB, {7, '}T € Ef u {25} € Ey - coorBeTcTBYIONHE GHOPTOrOHAIbHBIE CHCTEMBI, T. €.
n
(gpgl), v,il)) = Oi, <z§1), l(l)> = 04 . DTU YCJOBUSA TOPOKIAIOT MPOEKTOPBI P = > (- ;)
i=1
n
u Q = > (-, Vk)2k W COOTBETCTBYIOIINE UM Pa3JIOKeHHus] GAHAXOBBIX MPOCTpaHCTB F u Fy

B upavbe cymvier By = EP 4+ B, Bl = N(B), By = By + By oon, Ef = PEy,
EX™™ =(I—-P)E,, Ey,, =QFs, Es —pn = (I —Q)E>. Bciogy najnee ucrnoapb30BaHa TepMU-
HOJIOTHs U 0b603HavYenus [1].

() ”
Onpemenenne 1.1.[1-4]. Snemenmo {p;"}io15 =15, 00pasyrom noswvill xa-
nonuseckuts scopdanos nabop (O2KH) anasumuueckot (docmamouno 2nadkot) no € onepa-

mop-gynxuyuu B — A(e), A(e) = S e Ax, ecau
k=1

s— s 1
ZAJQDI;; ) <<70](§)? P)/l( )> = Oa s = 27 Dk,

(1.1)
D, = det <2Aj<pkpk+l oY £0, k 1=Tn

! Acnmpanr kadenpbl npukaagHoii MareMaTuku, MOpPIOBCKUE IOCYJAPCTBEHHDLIH YHUBEPCUTET HMEHH
H. II. Orapesa, r. Capanck; andrej kjashkin@list.ru.

2 IIpodeccop kadeapo! BbICIIE MaTEMATHKY, Y/IbAHOBCKHI I'OCYIAPCTBEHHbIA TeXHAYECKHI yHHBEPCUTET,
r. YabsiHOBCK; loginov@Qulstu.ru

3 SaBenyronmit Kadeapoil MpuKIaIHON MareMaTuku, MOPAOBCKUN TOCYIapPCTBEHHBIN YHUBEPCUTET WMEHU
H. II. Orapesa, r. Capanck; korspa@yandex.ru.
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Omom OXH 6uranonuveckud, ecau OXKH conpascennoti onepamop-pynryuu B* — A*(g),

. 1 . .
omse%amwuu INEMEHTTIAM {w]( )}711 , mawxce KaHOHUYECKUU, U TMPUKAGHOHUYECKUU, E€CAU 60./L€€
moeo: (k) (D) @) 0

J
<90 7’7]@ > — Zk5]l7 <Z 7¢k >_ zk:(syla
pr+1-1 pr+1—1
@ _ x, ), (P+2—-1=s) (1) _ Pk+2 - S)
Ve = Z A w y R — Z A

s=1

(1.2)

SBameuanue 1.1. IIpu A(e) = €A nodnpocmparncmsea N(B) u N*(B) moeym
bvmsb scezda 6vlbparvL Mak, wmobv, coomeemcemeayrousue um asemenmo, A - u A* -orcopdarosvir
Habopos onepamop-Pynkyuti B —eA u B* —eA* bwau mpuranonuveckumu, m.e. yooeaemeo-
PANU YCAOBUAM OUOPMO20HANOHOCTIU

<so§'>,v,5”>— by, (7 u) = Zk(sﬂ, j(0) = L pilpi), 13)
A*w (Pr+1- l) Z-j) = Ay} (pi+1-7) k: )

B 1.2 HA OCHOBE COOTHOIIEHUs GHOPTOrOHATBHOCTH (1.3) HpUBEIeHbl KOMMEHTAPUH K 3a/1a4e

(1] §31)
Bx =cAx+h, dimN(B)>1 (1.4)

[TpuBesen npumep ¢ KoHeuHoMepHbiMu onepatopamu B u A. TI. 3 comepxut 0b0bIeHIe
Ha aHATUTHYECKYIo 3aBucumoctb o € A(e), A(e) = 0. YkasaHO mpuioxkKeHHe K 3aJadaM
¢ Bo3MyImeHHO# Tpanurneii. B . 4 paccmorpeno npunoxkenne YPK k 3amade o Bo3MyteHnn
cnektpa Buga A(e)y = C(Ao + 1)y, tme Ao - dpearosbmosa touka C'-crnekTpa oneparopa
Ag=A(0), . e. B=Ay— \C - bpearoanmMos oneparop.

2. Kommenrapuu K 3amadve (1.4) mpu n > 1

Broast peryasipusarop Hlvmara B = B + Z( ) ) samumenm (1.4) B BUZE cucTEMBI
k=1
Bx =eAx+ h+ Z{izi(l), & = (x, ’y,i”), (2.1)

=1

1
orkya mo jemme [vuara caenyer = ([ —cl'A) lgol( ). [logcTanoBkKa & BO BTOpPOe YypaBHEHHE
cucrembl (2.1) maeT aHAJIOr yPABHEHUsS] PA3BETBIECHUS - PA3PEIIAIONLYI0 CHCTEMY

& = (I —cAD) " h, ) + ) (I — eTA)1plY 4(Y).

Cormacno onpenenennto OZKIT (1.1),(1.3) 909 = (FA)j_1g0§1), j=1,2,..,i=1,n, rae

<901('j)a71(gl)> = 0j, €CTM J JeJINTCA HA P; W (9053),%) = (0 - B IPOTHBHOM cJydae, T. €. ng(J) =
T4
= 901-(] nl]) : QOEO) = 901(-“), I pa3pellamomas CUCTeMa s onpenenenus &, k = 1,n, npuxn-
MAaeT BH/I
er -1 (1) (1) o I -1
_£k1 o = (I —eAD) thyoh ')y = (b)) +lzlg ((AT)2h, oMy =

= (h, “>>+Ze< (T A%) =),
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B mnocnenneit cymme cormacuo ompejgesnernio OZKI compsizkeHHO# onepaTop-pyHKIIT

l—pu | L
B* —cA*, (F*A*)l—lw’(:) _ ¢I(€l) _ wlg p’“[pk]) 7 ](CO) _ ]E:pk) ‘
Takum obpazom, npu ydere omnpeaenenns OZKII conpsizkenHoit onepaTop-MyHKINNA TOTY-
JaeM Pa3pernaonyio CUCTEMY B BHJIE

gpk

1

1 2 _ N
~bp = () F e ) o P ) o k=T,
OTKYyJa CcjJaeayer
1 & ) o) L
§k:—£ e (h,y), k=1n (2.2)
s=1

Tem caMBIM JTOKa3aHO YTBEPIK/ICHUE.

Teopema 2.1. Pewenue ypasuenus (1.4) anasumuywno no €, ecau dasn ecex k
(h, w,(:)) =0, s=1,px, u umeem nosoc NOpAdKa He BLIUE MAT P 68 NPOMUCSHOM CAYUAE.
k

JleficTBATEIBHO, IIYCTh () €CTh HOMEp IEePBOr0 HEHYJIEBOrO YIeHA B MHOXKECTBE CJIAraeMBbIX
(h, w,gl)>, (h, w,(f)% .y (h, ,(f’“)> . Torpa &, mmeer nosoc nopsaaka pr — qx+ 1, a pemenue ypas-
Henust (1.4) - mosoc mopsiIKa maz (p — qx + 1) . Ecou Bce (h, ,(j)> =0, s=1,pp, k=1,n,

TO perntenue ypaBHeHus (1.4) aHATUTHYIHO 1O €.

0010 1000

0 0 01 0100 _
IIpumep 2.1. B= 000 0 , A= 100 1 , N(B)={6=(1000),

00 0O 0 010

é&=(0100)}, N*(B)={e3=(0010),é,=(0001)}.

Taxkoit BbI60Op 6asuca npusoauT K HerosiHomy OZKH, xorna onpenenmrens noanorer D, pa-
Ben ny10, Ho OZKI o6priBatorcst. Ocymecrsisis nepecrpoiiky O2KH corsacro [1, 3|, mpuxommv
K OaszucubIM dneMenTaM OZKH ciemytomiero sujia

A=, A = e, M=o te A= ey
Agfgl) = Z%l) =61+ e3, Afgl) _ 253) _— Aféz _ 252) — Aggg?, _ 251) S
91 = e, ) = —e, P = —e + e, P = e,

AU = e e A=A = ey, AP =P — e AP = = e
(k) My _ 5. (k) O\ _ 5
VJIOBJIETBOPSIIOIMM YCJIOBHSIM OHOPTOrOHasbHOCTH (@; . V:') = 0;i0, (2,105 ) = 0ij0k .
Paspemaromias cucrema onpegensier & u & B BHIE
1 1 1 1 2 3
£lz_g<h7¢£ )>7 §2:_5 <h’7wé )>+€<h7 §)>+€2<h7 §)>] :

SBameuanue 2.1. Pewenue 3adauu (1.4) 6 kasrcdom omdesvrom caywae meope-
Mol 2.1, wwemes memodom neonpedeaennor koapduyuermos [1].

Sameuanue 2.2. B pabome [5] meopema 2.1. dokasana ¢ nomouybio mernuky
ypasrerull pa3eemenenus 6 KOPHesuT Nodnpocmpancmeas.
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3. VYpasHenwue (1.4) ¢ aHanuTHIeCKUM omeparopoMm A(e)

JIemmMma 3.1. [5, 6]. Coomnowenusn (1.2), (1.3) onpedeazrom npoexmopo

n P . .

P= ;zlc,%”w) — (,))®: By —» EX = K(B, A),
1=1y=
n pi

Q=32 (0" = ()2 By = Ba = span (=},
i=1j=1
— (D (p1) (1) (pn)
2de © = (17,01 s on o), BEKMOPLL Y, O U 2 ONPEICAAIOMNCA GHANOZUYHO,
noposicdarousue pazroscenus npocmparcme Ey, Eo 6 npamwvie cymmu, By = EX + Ei’O*K,

Ey = Eyg + Eyoo-k . 3decw EE = span{gogl),...,go,(zp")}, Eyx = span{zgl),...,zflp”)},

= s - M . M -

K A3MEDPHOCTIL KOPHEB020 NOINDOCMPAHCME ElK IIpu smo CNPABEIAUBHL CO
s=1

OMHOWEHUA CNAECTMEHUA

BP =QB naDg, AP = QA na Dy,

B = ABZ, Ad = AAZ, A*w — AA,Y, (31)

By u A = (Ay, ..., Ay)

ede A u A - kaemouno-duazonasvroie mampuyv, Ag = (By, ...

00 ... 0 00 ... 01

00 ... 1 0 0 1 0
¢ pi X pi-kaemramu B; = | . . ., A= .

01 ... 0 1 0 ... 00

Onepamopu A u B, deticmeyiom 6 unsapuanmusiz napax noonpocmpancme EE | Ey i u
Efo_K, Es uw B: Dgn E1°°_K — Fyoorxg u A E{( — By i, ABAAIOMCA USOMOPHUSMAMU.

Beesenne peryssipuzaropa . 1Imura [1] nossosser 3anucars ypasuenue (B — A(e))x = h
B BUJI€ CHCTEMBI

Br=h+A()r+Y &2, &o=(x.7), s=Tn, o=Tp, (3.2)

=1

perenne KOTopoit mimercs B Buge v =w +&-® =w +v, v € B . Toraa

n  Pj n Pj
Bz = Bw + ZZEjkBg0§k) =h+ A(e)w + ZZQ;A(E)@?. (3.3)
=l k=2 j=11=1
() k) (i+2-k) < (k)
Cormacro (1.1) mpu k > 2 By’ = ;Argoj =z : kz_;fjchpj =
_ kz_;gﬂg/%l’fr ) _ €j2z§p3) + §j32]('p] )_|_ L+ 53‘ij](-2) AT K. FZJ(-pJ) _ S0;2)7 sz(pj ) _ 905‘3)7
o sz(?) = g-pj), szm = 905»1); <,0§-pj+1) = gpﬁ-”, zj-pjﬂ) = z§1), nosiydaem, obpamias B (3.3)
oueparop B
_ = _ 2 3 ;
w= (I =TA@E) ' Th= X (I = TAE) a9y + &gy + -+ i)+
i=

n Pj

+22 I =T A(e))"'TA(e) -

j=li=1

Kypuana CBMO. 2013. T. 15, Ne 3



104 A. A. Kamknn, B. B. Jlorunos, I1. A. IIlamanaeB

[Tockombky (I — FA(E))_IFA<€) = FA( J(I —TA(e)™, (I —TA(e ))_1 =1+ FA( )(I—

TA@E) " u —éému—m ) +ifigsﬂm< J(I-TA() 1! zzw
_i:lligjkrA<5>(I - FA(S)) jk + i;ﬁ:fﬂrz‘l( (I — FA<€)>_1()0(Z — _Zn:lkigjk(p]

+> 61T A(e) (1 — FA(&))_lgog-l) , TO BBIDaKeHNUe JIJIg W TMpeodpa3yercss K BUILY
j=1

=T(I — A(e)T) 'h — ZZ@M +Zgﬂm (I —TA(e) V. (3.4)

7j=1k=2
w1 (1) w(8) _ 1 (pjt+2—s) _
Tax xkax ["y; 7 =7 n I™y; w mpu S 2> 2, MOJCTAaHOBKA T = ¥ + W BO BTOPOE
ypaBHeHHe cucreMbl (3. 2) Jlaer
_<w77§o')> - 07 0 = ]'7p87 s = 1’_77/ :>

(1= AED) ) = S (AU - TAE) ) = 0 upn o =1,
o= (1~ ATl + LGAE - TAE) e v ) mpn o > 1,
wn, yaureBag, uro A*(e)(I —I*A*(e)) ™t = (I — A*(e)I™*) 1 A*(e)
(h (I =T A () 1olY) + zsﬂ«o] (I =T A (e)) A% (e)ulY) = 0,

oo = (b, (I =T A%(e))” i)+ (3.5)
X6 (U T A @) AT, o =2ps s =Tn

Bameuwaunne 3.1. Cyumas A*(e), A0) = 0 aepezamom, HE YUUMBEAIOULUM
sasucumocms om €, m.e. 66004 OXKI[ conpasicernnozo onepamopa 0as onepamop-@GyHKuUL
B* — uA*(e), npuzodum % saxsouernuro meopemuv 2.1.. Boaee monkas cmpyxmypa pewernus
moicem Bbimsd noayuena npu ucciedosanuy cucmemv, (3.5) npu xonwkpemmnotl 3asucumocmu
om € onepamopa A(e) .

ITpumep 3.1. B xauecmse npumenenus YKaricem yYpasHeHUue Hyaccona Au =h ¢

. ou
eparuHbLMU yerosuamu Hetdmana 9| = 0 6 obnacmu sanunca Q = < (x,y) | & a2 + % ;<1
n|,
o9

Ocywecmensn omobpasicernue 00AaCMU INAUNCE 5 -4+ Y =1 (npua—-b<e a="0b)na xpye

T(x,y) = ( ) (&,7m), noayuaem 3adany euda (1.4) ¢ anasumuueckum onepamopom A(e) .

Onepamop B - onepamop Jlanaaca 6 kpyee ¢ eparuunvim ycarosuem Hetdmara.

4. llpumeHeHUe ypaBHEHHs pPa3BeTBJIeHUA B KOPHEBOM IIO/IIIPOCTPAH-
CTBE MIPU BO3MYIIIEHUM CIIEKTPA

s cemeiicrsa oneparopos A(e) : By — Ey, A(0) = Ap, 3aBucsmux oT Majaoro napamer-
pa ¢ € C! paccmarpusaerca o6obuiennas 3a1a49a Ha cobcrBennbie snadenus A(e)y = ACy,
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C : L(Ey, — E), A\ - n-kparHag bpearojbMoBa TOYKa CleKTpa omeparopa Ao, T. e.
Ay — MC - @-oneparop. CraBurcst 3aja4a OmpeJIe/ieHuss COOCTBEHHBIX ducen A = A(g) =
= Ao+ u(e) oneparop-pyuxnun A(e) — A(e)C', orBeTBUBHINXCS OT COOCTBEHHOIO 3HAYEHUST Ag
1 COOCTBEHHBIX 3JIEMEHTOB, MM COOTBETCTBYIOIIMX, HA OCHOBE IPUMEHEHUs YPaBHEHU T pa3BeTB-
JIEHH B KOPHEBBIX IIOAIPOCTPAHCTBAX.

[TocraBiennas 3a1a4da coaurca K ypasuennio By = H(e)y+uCy, B = Ag— \C', H(e) =
= Ay — A(e), B upegnonoxennu N(B) = {¢;}7, N*(B) = {¢;}]. Cornacuo [1, 4], C

}KOp,ZLaHOB Ha60p, OTBeanomHH N(B) Bcerja MOYKHO CUUTATH TPUKAHOHUIECKUM, T. €. B cpl(f) =

= Cypy B*wk C*w(s b , §=2,px, k=1,n co coiictamu (1.2), T. e

! j ! * 1-1 l 1-1
(W Ay = 0, (20 00) = dudy, A = Crp Y 2 = ot

7 )

Beong peryrapusarop [vuara B, B! = I', 3anumem 3KBHBaJEHTHYIO MOCTABICHHOL
3a/1ade CHCTeMY

By=H(ely+pCy+ ) €z, &= (u.2"). (4.1)
i=1
n. pi
Monarast y = w+v, v =¢&- O € BX | naxoqnmu Bw + ZZ{,]Bcp — uCw — H(e)w =
1=17=2

= MZZQJC’QOZ + Zz&j () ¢;”, m obpamast omepatop B ¢ yuerom cooTHOImeHHIT
i=1j= 1=1j=

n Pi .
C ) = Pt pppitt=s) — SR onyaaen (I — ul'C —TH(e))w = 256, TCoY D+
i=15=2

+iZ&MEC+NﬂD =—22@¢ +zzmjwc+ﬂumﬂ

i=1j= i=1j= i=1j=

= —i Z&][ — T(uC + H(e))] 1l + ZZ&J[ —T(uC + H(e))]'T(uC + H(e))p! =

21] i=1j=

= —ZZ&M - FZZ&;[I — (nC + H()] ' (uC + H(e)e! + FZH:Z&;[I — (uC+

i=1j= i=1j= i=1j=

FH(e)T) ™ (uC + H(e))pV ;zmwﬂ+r2@ﬂ pC + H(e)T]| " (uC + H(e))p! .
=1y
[loacTaBasgsa HaligeHHOE W BO BTOPOE ypaBHEHUE CHCTEMBI (4.1) 1 Y4YHUTBIBasi PaBE€HCTBA
F*’Y(l) _ 51)7 F*,yga) — gps+270)

s = 0 2> 2, IpuXoauM K YpaBHEHHIO PAa3BeTBJIEHNSI B KOPHEBOM

)

noanpocrpancrse (YPK)

~(w, ") =0, 0=Tp,, s=TLn=
- ;&1([1 — (nC + HE) ™ (nC + H(e))p!, i) = 0,

—é@w>uw+H@wwwc+HuwP,%b=a

= 6l = (1O + HET(uC + H(@))pl” v ) =0

€ = (I - (uC + HEON ' (uC + HEDel” v) =0, s =T

j 1—
Boijesisiss riaBHble 9/I€HbBI 110 CTEIEHSM (i IIPU UCHOJIb30BaHUU (DOPMYJI Cgoz(»] ) Z( Pl )

Lz = ) nonyaaem pasnoxenne [I — (uC + H(e))T] " (uC + H(e))p!" = [,uC’+
+u2CTC+ 1 (CT)*C+.. .Jrupi—l(CF)Pi—20+/ﬂ’i(CF)PZ'—1C+;ﬂ’i+1(CF)I’WCJruPi“(CP)PHACJr

—
~
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1 _
e HEU-TC+ HED ! = gl + e et

—i—upizfl)] + H(e)[l —T'(uC + H(g))]_lgogl) . YPK upunumaer Bu

[ E%UMﬂﬁ4w@+H@m*@%@%=a

é”—l_wﬁﬂ—épmﬂwu—rw0+ﬂ@m ol i) = 0,

é”—luwgﬂ—fmmﬂwu—rmc+ﬂ@m Lo, V) =0, 42
- i=1

o n
) - gy — S (H ()T = T(nC + He)) o, 0Py = 0
1 — pps —

[Mogo6uo [1] YPK (4.2) omnpenensier acMMITOTHKY PA3BETBIISIONINXCST PEIIEHUN HA OCHOBE
MeToga auarpamMel Heorona.

Bameuanue 4.1. Jlannaa paboma Hanucara ¢ 4eavto uccaedo8aHus Ycmolivuso-
cmu pazeemsastouurca pewenud [6]. Yraocem sdeco medasno onybaurosarmnve 0030pvl pe-
ayavmamos |8-10] no meopuu semesenus pewernuts HeAUHETHUT YPASHEHUT, NOAYYEHHbIE 6
wrone npopeccopa B. A. Tpenoeuna.

[Toyaennsie pesynbrarsl noaaepzkansl LT "Hayunsle n HaydHO-II€ 1arormdecKne KaIpbl
nnnoBanuonuoit Poccun" (cornarmenne 14.B37.21.0373).
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Comments to the problems of small perturbations of linear
equations and linear term of the spectral characteristics of
a Fredholm operator

© A. A. Kyashkin?, B. V. Loginov®, P. A. Shamanaev®

Abstract. In the monograph [1] and the article [2] the problem on perturbation of linear equation
by small linear summand of the form (B —ecA)x = h were investigated with closely defined on
Dp Fredholmian operator B : E1 D Dg — Eo, Do D Dp,or A€ L{FE;,E>}, € € C! - small
parameter, Ey and Ej - are Banach spaces. The application of the results [3, 4] formulated in the
form of the lemma on the biorthogonality of generalized Jordan chains allows to give some retainings
of the results [1, 2]. This problem is considered here in the general case of sufficiently smooth
(analytic) by e operator-function A(e). It is given also the application of the biorthogonality
lemma and branching equation in the root subspaces to the problem on perturbation of Fredholm
points in C' -spectrum of the operator A(0) .

Key Words: linear operators in Banach spaces, perturbation theory
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Jnddeomopdusmbl 3-mHOroodpas3uii ¢ 0;THOMEPHbIMI
0a3MCHBIMI MHOXKECTBaMM, IPOCTOPHO PaCIOJIOXKEHHBIMU
Ha 2-TOopax

© IO. A. JleBuenko!, A. A. IlIuioBckas?’

Awnnorammsa. B pabore paccmarpuBaercs kiaace G auddpeoMopdu3sMOoB, YIOBIETBOPSIOMINX aK-
cuome A C. Cwmeitna, 3aJJaHHBIX HA TPEXMEPHBIX MHOTOOOPA3UAX W TAKUX UTO, HEOIYIKIAOIIee
MHOKecTBO Ji060r0 muddeomopdusva n3 G NpuHAIIEKUT OOLETUHEHUIO KOHETHOIO YUCIa, IBY-
MEPHBIX TOBEPXHOCTEM, KaXK A U3 KOTOPBIX SIBJISIETCS BIOXKEHUEM JIBYMEPHOTO TOPA M COAEPIKUT
OJTHOMEPHOE TPOCTOPHO PACIIOIOXKEHHOe Oa3nucHoe MHOXKECTBO. [Ipn ecTecTBEHHBIX OrPAHUYEHUIX
HA CTPYKTYPY MEpecevYeHns] HHBAPUAHTHBIX JIBYMEPHBIX MHOrOOOpa3uil TOYEK U3 TaKuX OA3UCHBIX
MHOXKECTB, YCTAHABIUBAETCS MOJIYCOMPSIKEHHOCTD Jiioboro auddeomopduzma uz3 G MOmEIBHOMY

mubdeomopduzmy.
Karmouessbie caoBa: A-muddeomopdusm, 6a3ucHOe MHOXKECTBO, TTOJIYCOMPSIKEHHOCTh

1. Bsenenme m popMympoBKa pe3yJIbTOB

B crarbe paccmarpuBaroTcs coxpaHsiioniue opuentanuio jguddeomopdusmer [, 3a1aHHbIE
Ha 3aMKHYTOM OPHEHTHPYEMOM CBS3HOM 3-MHOrooOpasnmu M3 m yIoBIeTBOPSIONIAE GKCUOME
A C.Cwmeiina (To ecTb MHOZKeCTBO HeOy K Aaomux Touek NW (f) spisiercs rumepbondecKnm
u nepuognieckue Toukn mwiotasl B NW(f) ). Cormacuo cnekrpasbuoii Teopeme C. Cwmeitna [14]
ueby K naomiee Muoxkectso NW (f) muddeomopduzma f npencrapisercs B Buje KOHEUHOTO
00'be/IMHEHUsT TIOMAPHO HEMEPEeCEeKAIOIINXCsl 3aMKHY THIX WHBAPUAHTHBIX 003UCHLLT MHOHCECMG,
Kask/I0e W3 KOTOPBIX COJEPYKUT BCIOAY IJIOTHYIO TPAaeKTOpuio. Tunom 6a3mCHOTO MHOKECTBA
B Ha3bIBAIOT mapy HEOTPHIATENbHBIX MeabiXx ducen (a,b) rmakux, uro a = dim WY 6 b =
dim W7, z € B.

B cuny [3], nempusuaavroe (OTIMIHOE OT TEPUOANIECKOI OPOUTHI) HA3UCHOE MHOKECTBO BB
nudpdeomopdusma f HAZBIBACTCS N0GEPTHOCMHBIM, €CJIU OHO TPUHAJIEKUT [ -HHBAPUAHTHO
3aMKHYTO# oBepxHocTH MJ Tomojiornuecku B10kKeHHol B 3-MHoroo6pasue M? u naspisaemoii
Hocumenem MHOKeCTBa, B .

TecHas B3aMMOCBA3b MEKLy TONMOJIOTHell MHOTo0Opasna M3 m quHaMmKOil paccMaTpuBae-
Moro auddeomopdusma HAOIIOIAETCS TOTIa, KOTIa Bee HeOIy K Taomee MHOKeCTBO auddeo-
mopbusma f 1 M3 — M3 cocrouT TOJBLKO U3 MOBEPXHOCTHBIX JBYMEDHBIX OA3MCHBIX MHO-
JKeCTB, a UMeHHo, B [5] jokazano, To muoroobpasue M® B 3TOM cjydae sIBISETCH JIOKA/Ib-
HO TPHUBHAJBHBIM DACCIOEHUEM HaJ[ OKPYZKHOCThIO €O cioeM Top. B paborax [6]-[8] Beimenen
KJIACC CTPYKTYPHO ycTOiTuuBbIX AuddeoMopdu3MoB ¢ MOBEPXHOCTHBIMHU JIByMEPHBIME Oa3uC-
HBIMH MHOKECTBAMH, JJI KOTOPOTO MOJIyYeHa IMOTHAS TOIMOJOTHIeCKAs KIaCCU(pDUKAIINSA.

B macrosimeit pabore Oygem paccMmarpuBarh Kiace A-auddeoMopdusMoB TPeXMepHOTro
MHOFOO6pa3I/I5{, BC€ HETPpUBUAJIBbHbIC 6a3I/ICHbI€ MHOZKECTBa KOTOPbBIX ABJIAIOTCA OJHOMEPHbBIMU
" IMOBEPXHOCTHBIMU. (DyHﬂaMeHTOM JJIAd HACTOAIITNUX I/ICCIIe,Z[OBaHI/Iﬁ TMOCJIY2KUJIN PE3YJIbTaThI 110
TOIOJIOTHIecKoii Kiiaccudukanun A -muddeomopdu3MoB AByMEepPHBIX MHOI00Opa3mii, HEO. Ty 2K-
JTafoIIe MHOYKECTBA KOTOPBIX COJEpP:KAT OJHOMEpPHBIe 0a3MCHBIE MHOYXKECTBA, MOJYyYeHHBIE B

! Maaammit mayamsit corpymauk HUW IIMK npu HHI'Y nm. H.I. Jlobadesckoro; ulevdenko@gmail.com
2 Acmpanr kadenpnl umcnennoro u QyHKImoHatbHOro amammsza HHIY um. H.. JlobaueBckoro;
vesnann@mail.ru
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paborax X. BomarTu, P. Jlamxkesena, I'puneca B.3., ZKuposa A.1O., Kamaga X.X., Il1biknna
P.B. (mrs cepuiok emorpu, manpumep [1], [9], [13]).

[ycrs f: M3 — M3 nuddeomopdusm, yaosiaersopsomuii akcuome A C. Cmeiita. Ipea-
OJIOZKHM, UTO HeOJIyzKaaioniee MHOKecTBo auddeomopbusma f 1 M3 — M3 conep:xut og-
HOMepHOe MOBepXHOCTHOe 6asucHoe MHOKecTBo B ¢ Hocurenem ME . [lockonbky B nerpusu-
asbHOe BAa3MCHOE MHOXKECTBO, TO OHO mMeer Tun (1,2) wmu (2,1). Jlns 6a3ucHOr0 MHOKECTBA
B tuma (1,2) cymecTBYIOT CJeAyIOue BO3MOKHOCTH:

i) B=U Wy
zeB
i) B=Min(UJ Wg).
zeB

Coraacao [12], B ciyuae i) 6a3ucHOe MHOXKeCTBO B SIBJSIETCSI amMmpaKmopom, a B CIydae
ii) — He sIBJIsIeTCS] HU ATTPAKTOPOM, HH DENeJLIePOM MW MBI Ha3bIBa€M €ro cedaosuim. Bymem
HA3BIBATH OJIHOMEDHOE MOBEPXHOCTHOE GasucHoe MHOKecTBO B tuna (1,2) kanonuuecku 6.10-
HCEHHBIM, ECITH
B caydae i), WS, x € B uepecekaercs ¢ HOBepxHOCTbIO ME 10 €IMHCTBEHHON KPUBOii;

B ciayqae i), W¥ C MZ, v € B.

O1HOMEpPHOE TIOBEPXHOCTHOE 6a3ucHOe MHOKECTBO B Tumna (2,1) Ha3biBaeTcs KaHOHUYECKU
eaoorcernnom B ME | ectn OHO aABJsgeTcsd TakoBbIM g auddeomopdusma [,

[TycTh 6a3ucHOe MHOZKECTBO B KAHOHUYECKH BJIOKEHO B TOBepXHOCTH ME . Tlomoxmm W; =
WENME u We = WrN M2 nna z € B. Crexya [12], MuokectBo B HA30BEM npocmopho
pacnoaosicennvim Ha ME, ecm jijis pasiuvHbIX TOuek T,y € B jiobas 3aMKHyTas Kpubas,
cocrasennas u3 ayr [z, y]* € W2 u [z,y]* C W¥ ne romoronna mymo na M2,

Korma HocHTEIb TPOCTOPHO PACIIOIOKEHHOTO OA3UCHOIO MHOYKECTBA COCTOUT U3 JBYMEPHBIX
TOpOB, GyaeM o6ozuauarh ero 13 . Tomomorus obbemmomero Muoroobpasus M? B aTom ciayuae
YTOUHSETCS CJCAYIONHIM 06Pa30M.

Ob6osnauum gepes M3 — mHooroobpasue, Apjsdiomeecs (HaKTOP-IPOCTPAHCTBOM, IIOJIY-
yennbim 13 T2 x [0,1] oroxuecrsienuem rouek (z,1) u (J(2),0), e J — anreGpanue-

ckuii aBromopdusM TOpa, 3aJ[aHHbIl Marpuneit J, Koropas Jubo sBisieTcs rutiepbosnUe-
10

01 ) , JTUOO COBIIAIAET C MATpHIlEil

CKoil, Tu00 COBIaaeT C eqUHUIHON MaTpuiein [ = (
-1 0
0o —-1)°
B [11] nokazano cienyolnee yTBepzKIeHNe, BEITEKAOIIEe U3 pe3yabratoB pador [2], [10].

I =

IMMpeagnoxenne 1.1. ITycmv f: M3> — M? duppeomoppusm, ydosesemeopsio-
wul axcuome A, 3a0aHHBLT HA 3GMKHYMOM, HENPUBOOUMOM, OPUEHIMUPYEMOM MPELMEDHOM
mHozo0bpasuu M3 | nebaysicoarouwee MHOICECMBO KOMOPO2O CO0EPIAHCUM 00HOMEPHOE NPOCTOP-
no pacnoaogicennoe na Tg basucroe mnosicecmeo. Tozda muozoobpasue M3 20meomopdro mro-
2oobpasuro M.

Byuem paccmarpusars kiaace G A-auddeomopduszmos f: M3 — M3 co caenyronmmu
CBONICTBAMU:
1) HebTy K Tatomee MHOYKECTBO f COACPYKUT HEMyCTOoe MHOYKECTBO B TpPOCTOPHO pactmoso-
JKEHHBIX OGA3MCHBIE MHOYKECTB;
2) ME="TgZ nna moboro B € B;
3) NW(f)c (U T§);
BER

4) nyist 1060it Touku x GasucHoro mMHOkectBa By € B tuma (1,2) ((2,1)) cymecrsyer
Touyka y OGasmcHOro MHOKecTBa By € B tuma (2,1) ((1,2)) rakas, 9To Kaxkgas KOMIOHEHTA
ceasHocTn mepecedenua WNWE (WINW,) apaserca OTKPLITOil yToii, HMeIonTell B TOIHOCTH
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JIBE TPAHUYHbIE TOYKHU, OJHA W3 KOTOPBIX TPUHAIEKUT 31, apyras Bs, mpu 3T0M 00beiHe-
HUe 3aMBIKAHWHA BCEX TAKUX JIyT ONpeJesseT f-MHBAPHAHTHYIO OJHOMEDPHYIO JJAMUHAIMIO HA
Muoroobpasuu M3 .

Caenys [4] BBegem knace ® momenbubix auddeomopdusmon ciegytommm obpazom. [Tpe-
cTaBuM MHOroobpasme M5 kak npocrpanctso opour M; = (T? X R)/T', rne T = {7*, k € Z}
rpynina creneneit quddeomopduszma v : T? x R — T? x R, sagannoro dbopmymoit y(z,r) =
(J(2),r — 1). OBosnaunm epes p,:T? X R — M3 ecTecTBeHHYIO TPOCKIIHIO.

[lycrs C' € SL(2,7Z) ruuepbonnueckas marpuna rakas, uro CJ = JC. lna n, k € N 060-
3HAYUM depe3 Yk : R — R muddeomopdnsm, asisgromuiicsa caBurom Ha eIMHUIY BPeMeHH
noroka i = sin 2mnkr. dna k =1 nonoxkum | =0 u gus k> 1 nyers [ € {1,...,k —1}
HaTypajJbHOEe 4YHCJIO, B3auMHO mIpoctoe ¢ k. Obozmauum depe3 xji; : R — R guddeomop-
dbusm, 3amannbiit bopmynoii X (r) =1 — é . Honoxum @, k1 = YnrXks : R = R. O6o3naunm
uepes Ponpg ¢ T2 X R — T? x R audbdeomopdusm, samanubiii dopmynoit @ nri(z,7) =
(@ (2), k(1)) , TIE c— runepbomaeckuii apromopdusm ropa. HemocpeacTBeHHO npoBeps-
ercs, UYT0 Pkl = VPCnki, OTKYJIA CIeJyeT, 4TOo oToOpazKeHue ¢c kg @ M5z — M5, 3a-
Jgannoe GOPMYyIoR Yo, k1 = pjgéc’n,k,lpljl, rae p;l(x) HOJIHBIH 1POOOPA3 TOUKH T, SIBJISETCS
nudpdeomopduszmom. Obo3natdnm depes ¢ muokecTBO Takux auddeomopdu3mMoB.

OCHOBHBIM PE3YJIHTATOM HACTOAIICH PAOOTHI ABISETCS CJICAYIONIAs TeOpeMa.

Teopewma 1.1. Jhobot duppeomoppusm [ € G noasyconpasicern nexomopomy oug-
peomoppusmy ¢ € .

Baazodaprocmu. Pabora Bbimosinena upu duHaHCOBOM nomuep:kke Poccuiickoro ¢onma
dbynmaventampubix uccaepobanuii (rpantel 12-01-00672 u 13-01-12452-odbu-m). ABrOphl Tak-
ke onaromapar B. 3. I'puneca 3a nmocranosky 3ajgadun u O. B. Iloynmnky 3a 1miogoTBOpHBIE
00Cy 2K /IeHUS.
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Diffeomorphisms on 3-manifolds with 1-dimensional basic
sets which are spaciously situated on 2-torus
© Y. A. Levchenko?, A. A. Shilovskaya'

Abstract. We consider the class G of diffeomorphisms satisfying Smale’s Axiom A on 3-
manifolds, such that the nonwandering set of any diffeomorphism from G belongs to the finite
union of surfaces. Every surface is an embedding of torus and contains a one-dimensional spaciously
situated basic set. Under certain restrictions on the structure of intersection of two-dimensional
invariant manifolds of points from this basic sets, it is established the semiconjugacy of any
diffeomorphism from G to a model diffeomorphism.

Key Words: A-diffeomorphism, basic set, semiconjugacy
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Peienne xkpaeBbIx 3a71a4 ¢ ABMKYIIMIMUCS IPAHUIIAME IPU
IoMomun MeToJda 3aMEHbl IIepeMEeHHbIX B d)YHKHI/IOHaJII)HOM
ypPaBHEHIN

© B. JI. JIurBunos'

Annoramusd. Onucat aHAJUTUYIECKUN METO, PEIIEHUST BOJTHOBOTO YPABHEHHS C YCIOBUAMU, 3aaH-
HBIMU Ha JBUXKyIuXCs rpaaniiax. C IMOMOIBIO 3aMEHbI [TePEMEHHBIX B (DYHKIMOHAJIBHOM yPaBHE-
HUUW WCXOJIHAsT KpaeBasl 33/1ava CBeJeHa K PA3HOCTHOMY YPaBHEHHWIO C OJHUM TOCTOSHHBIM CMeTIle-
HUEM, KOTOPOE PEIEHO ¢ TIOMOIIBI0 HHTErpaJIbHOrO npeobpazosanus Jlamraca. [loaydeno soipake-
HUE€ JJIs AMITUTYAbI KOJeOaHM, COOTBETCTBYONINX N-0i THHAMUYIECKOH MOJIE B CIy9ae IPAHNIHBIX
ycyioBmii lepBoro pojga. B kadecTBe mpuMepa pacCMOTPEHBI KPYTHJIbHBIE KOIeOanus OAKu mepe-
MeHHOI JyinHbI. ccienoBanus pe30HAHCHBIX CBOWCTB JOBEIEHBI 10 YUCJIEHHOTO PEIeHUs .
KaioueBbie cjioBa: BOJTHOBOE ypaBHEHHE, KOJEDAHUS CUCTEM C JBUKYIIUMUCI TPAHUIIAMU, 3a-
KOHBI JIBUXKEHUS T'DAHUI], PE30HAHCHbIE CBOMCTBA

Mexanudeckue CUCTEMbBI, FPAHUIBI KOTOPBIX JIBUZKYTCS, ITUPOKO PACITPOCTPAHEHBI B TEXHUKE
(KaHATBI TPY30MOBEMHBIX YCTaHOBOK |1], rubKue 3Benbs mepenad [2] u T.71.). Hamuane qsuky-
IIIUIXCS TPAHUI] BBI3bIBAET 3HAUUTE/IbHBIE 3aTPYAHEHUS IPH OMUCAHUN TAKHX CHCTEM, ITOITOMY
3/16Ch B OCHOBHOM HCIIOJIB3YIOTCS TIPHOJIIZKEeHHBIE MeToIbl perenns (3], [4]. 113 anamurndeckux
MeTo/I0B Hanbosiee 3(DhEKTHBHBIM SIBISETCS METO/, HPEJJIOKeHHbIH B [5], KOTOPBIil 3aK/049a-
€TCA B H0ﬂ60pe HOBBIX ITEPEMEHHbIX, OCTaHABJJIUBAIOIMIUX I'PAHUIBI U OCTABJAIOIIUX YPaBHEHHE
uHBapHaHTHBIM. B [6| pemrenue uiercsa B Bue cynepno3uiuu IBYX BOJH, OETyIUX HABCTPEUY
JIpyT apyry. B pe3yabrare 3TOro aBTOpy yIaJ0Ch PEIINTh BOJTHOBOE YpPaBHEHHE C IPAHHTHBIME
YCJOBUSMHU MEPBOT0 POJia, 3aJaHHBIMUA HA OJTHOW ABUXKYIIEHCS U OJHON HEeNOIBUXKHOI I'paHu-
nax. Mero/i, ucroJ/ib3yemblii B [7], 3aKJI0Y93aeTCd B 3aMEeHe reOMeTPUIeCKON nepeMentHoil Ha 4ucTo
MHHUMYIO TIePEeMEeHHYI0, YTO MO3BOJISIET CBECTH BOJHOBOE ypaBHEHWE K ypaBHeHuio Jlammaca u
IPUMEHUTD J/Isd PeIleHusl MeTOAUKY Teopuu (PYHKIUN KOMILIEKCHOIO IepeMeHHOTo. Dddek-
TUBEH TaKyKe MeTOJl, UCIOJIb3yeMblil B [8], 3akmouatomuiicss B 3aMeHe [epeMeHHBIX B CHCTeMe
nuddepeHnaIbHO—PA3HOCTHBIX YPaBHEHHI, TIO3BOIAIONINI IOy YT TOYHOE PEIIeHne BOJTHO-
BOI'O ypaBHE€HUA C Pa3/JIMYHOI'O BU/la YCJIOBUAMU Ha IO/ BU2KHbLIX I'DaHUIAX.

B pasBuBaemom B JaHHO# CTaThe METOE PENIEHUs TAKUX 331449 YIATHO COUYETALTCS METO-
JWKa, ucrnosib3yemas B [5], 8.

[IycTh nBHZKEHHE CHCTEMBI OMHUCHIBAETCS BOJTHOBBIM YpPaBHEHHEM

Urr(§,7) = Uge(&,7) = 0 (1.1)

MIPU TPAHUYHBIX YCJIOBUIX MEPBOTO PO

U(li(1),7) = Fi(7); £1(0) = 0; (1.2)
U(EQ(T),T):FQ(T); 62(0) :1; EQ(T) >€1(7’) '
1 Ha4aJIbHBIX YCJIOBHAX

Baech T Gespasmepnoe Bpems (7 > 0); £ Ge3pasMepHas NPOCTPAHCTBEHHAS KOOPIAMHATA
(1(1) <& < Uy(1)); l1(7),lo(T) 3akonn aBukenus rpanun; Po(E), P1(E), Fi(1), Fo(T) 3anan-
Hble (DYHKINHU, JOMYCKAIOINe Pa3pbiBbI IEPBOTO POJIA.

! Crapmmit npenonasarens kadeapsl obmereoperndeckux aucrumni, Corspanckuil dumman CaMapcKoro
rOCYJapCTBEHHOIO TEXHUYECKOro yHuBepcurera, r. Cbi3panb, vladlitvinov@rambler.ru.
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Pemenne ypapuenus (1.1) umem B Buje

U, m)=U(r=9).
I3 (1.3) naiinem dyuxmuo U(E;0) :

1

13
L 2(—6) + /0 Bi(=C)dd], —1<E<0. (1.4)

Jlnsa yruponieHns 3a/iauu BBeJAeM HOBYIO (DYHKIIHIO

U(§) =

U(r = &) = r(e(r = €)). (1.5)

Torpna rpaungnbie ycaosust (1.2) npumyT Bu

Hp(r — (7)) = Fi(r);
{r< (r — ba(r))) = Fy(r). (1.6)
6

O6o3navas B mepBoM ypasuenun cucremsl (1.6)

p(1 = () =2

U BO BTOPOM YPAaBHEHUHU ITOU CUCTEMbI

DN | —

p(r = (1) =2 -,

IIOJTY YU M

p(1 = 0(7)) = (T = (7)) + 5. (1.7)

I[Ipu srom cucrema (1.6) npumer Bux

() = 01(2)
e, .
e 01() = (i) = Fi(r)

BameruM, uTo u3 ypasHenus (1.7) byHkusa ¢(z) ompeaessiroTes ¢ TOYHOCTHIO 10 KOHCTAH-
THI B TOM CMBICJIE, u4To ecan ¢(z) pemenne ypasuenus (1.7), o ¢(z) + C' takke gBiasgercs
pemenuem (31ece C'— npou3BoJIbHASL TOCTOsIHHAA ). [109TOMY /ISl ONPEJICJIEHHOCTH MOYKHO Bbl-
6parb Takyio Gyrknuio ¢(z), uro ¢(—1) = —1 Ipu stom, npu 7 = 0 caenyer, uto ¢(0) = 0.
C yuerom 3amenst (1.5) Hadaabubie yeaoust (1.3) TpuMyT Caeayommii BU:

<2<, (1.9)

[\DI»—t

riae dbyukuusa U(z) onpexpensiercst Boipaxkenuem (1.4). 3xecs ¢(z) dynknus, obparnas K
p(2)

Takum o6pa3om, HadaabHas 3a1ada (1.1)-(1.3) cBemena K cucTeMe pA3HOCTHBIX YPABHEHHIT
(1.8) ¢ oHMM TIOCTOSTHHBIM CMeIleHneM TpH HadaabHoM yeaoBun (1.9). 13 cucremsr (1.8) mmo-
JLy 4UM

r(z) —r(z—=)=10(z2), (1.10)

rjie
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0(z) = 61(z) — 62(2).

Ucnonb3yem g pemtenus 3agaqu (1.10), (1.9) unrerpanbhoe npeobpazosanue Jlamiaca

"(p) = /0 T (e s,

[Tocsie mpuMeHeHust yKa3aHHOTO TPE0OPA30BAHUS MTOJIY YUM:

7(p) = 0(p)/(1 —e ") + 6_0’5p/_ r(2)e P dz/(1 — e *0P),

N

e 0(p) m3obpakenue bynxmun (z) OpHUTEHAT JAHHOTO M300PAXKeHHs HMeeT BIT

2 o0 %0 0
7"(2) _ 2/0 9(() Z 627rm'(27C)dC +9 Z eQﬂniz/_l T(C)efQﬂ'niCdC.

O6’be,D;I/IH5[H YJICHDbI IIPHU IIOJOXKUTEJIBbHBIX U OTPHUILaTEIbHBIX 6yﬂeM NMETb:

r(z) = / d(+42/ O)cos[2mn(z — O)ldc+

2

Paccmorpnm cBobomabie Kosebanust cucreMbl (6(z) = 0). B srom caygae 3 (1.5) ¢ yuerom
(11.11) caexayer, aro

¢)d¢ + 42:/1 Yeos[2mn(z — ()]d¢ (1.11)

1 _
2 n=1 2

W&ﬂ=2/:NO%+§:W@J% (1.12)

D=

rae

V&, 1) = Alcos(2mne(T — &) + Brsin(2mnp(T — £)); (1.13)

A = 4/0 r(¢)cos(2mn¢)d(; B = 4/01 r(¢)sin(2mn()dC. (1.14)

1

2 2
PaccmorpuMm Tenepb BbIHYZKIEHHBIE KOJeOaHust cucrembl. [Ipn HyJIeBbIX HAYAJIbHBIX yCJI0-
Busx u3 (1.5) ¢ yuerom (1.11) momyqmm:

ZV (&,7) + D(E,7), (1.15)
rie
V&, 7) = Apcos(2mnp(T — &) + Bpsin(2mne(T —£)); (1.16)
(r=§) (=€)
A, =4 / 0(C)cos(2mnC)dC: By — 4 / 6(C)sin(27nC)dC; (1.17)
0 0

o(T—¢€)
e =2 [ aod
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[Ipu perrennn 3a7a4 Ha pe30HAHCHBIE CBOICTBA PaCcCMATPHBAIOTCA, IJIABHBIM 00pa30M, pe-
30HAHCHBIE SIBJIEHUS B MEXaHUUECKUX OOBEKTaX C IBUKYIIUMICS TPAHAIIAME, KO8 AMILIATYIA
KoJiebaHuil BO MHOTO pa3 MPEBOCXOJAUT aMILIATY/Y BO3MyImanero so3iaeiicteus. [losromy B
pasenctie (1.15) dbyukuneit D(E,7) moxHO npenebpedn Kak (byHKIUEH 0JHOIO MOPSAIKA Ma-
noctu ¢ Gyakuusyu Fi(7); Fo(T) , XapakTepusyoImuME BO3MY IHAIOIINE BO3/1eHCTBHS.

CpasuuBast Boipazkenus (1.12) u (1.15), (1.13) u (1.16), HeTPYAHO 3aMETHTH, YTO BBIHY K-
JIEHHBIEe KOJIe0AaHUs TPEeJICTABIAI0T cODO CYNepIo3uIuio COOCTBEHHBIX KOJeOAHMl ¢ M3MeHSII0-
HUMECS BO BpemeHnu amiuiurygavmu A, u B,

Bamernm, 9TO W3 BCEX BUJIOB BHEITHUX BO3jeicTBuil Hambojiee pacipOCTPAHEHHBIMU SIB-
JITIOTCSL TapMOHUYecKne Harpyskn. OrpaHudnMcs paccMOTpeHueM ciaydast, korjga 0(z) wnmeer
BH/I

0(z) = cosW(z), (1.18)

rae W(z)— monoronno Bospacraiomas (hyHKIHs.
B sTom cayuae paBencrsa (1.17) MOKHO Tepenucarh CJieiyomum o6pa3oM:

p(r=£) w(T-8)
A, = 2/ cos®,1(C)d¢ + 2/ cosD,2(C)dC;
0 0

p(t=£) p(T7=8)
0 0

riae ®,1(¢) = 2mn¢ — W(Q); ®n2(¢) = 2mn¢ + W(().

Tak kak dyuximuu 27n¢ u W (¢) monororuo Bo3pacrawr, daza P$,2(¢) GeicTpo n3MeHser-
Cd, 4TO HPUBOJUT K OCHUJIJINPOBAHUIO C He60ﬂbH_IOI71 aMH.HI/ITy,Z[OI‘;I COOTBETCTBYIOIIMUX MHTEI'DaA-
noB. @aza ke D,1(¢) MOKET U3MEHATHCA OUEHB MEICHHO. [Ipu 3TOM HABII0AAETCS PE3OHAHC-
HOE SIBJICHUE, KOTOPOE XapaKTePU3yeTcst POCTOM MHTErpasos, cogepxxkammx dazy P@,1(¢) . U3
U3JI02KEHHOIO CJIeyeT, 9TO IPH BOSHUKHOBEHUH PE30HAHCA POCT AMILIATY/ILI CBA3aH C BO3pac-
TanueM uHTErpason ¢ dazoit P,1(¢) , uarerpasamu xe ¢ dazoii P,2(¢) MOKHO HpeHEGPEUD.
Torya nosHag amiuTy/1a, onpeieisemas 10 dbopmyie A2 = A2 + B? g rouke & = &,(7)
COOTBETCTBYIOIIEH MAKCUMAJILHOMY pa3Maxy KosieOaHuii, OyjeT UMeTh CJe/yOonuil BIJL;

b(r) 2 b(r) ?
A2(1) =4 [/ cos®,(¢)dC| + / sz’nCDn(C)dC] : (1.19)
0 0

rue b(T) = 90(7— - gn(T))7 CDn(g) - 27”6 - W(C)

B ciygae, Korga Jesas rpaHulla HEIOABUZKHA, & 3aKOH JIBUKCHUS HPABONH I'DAHMUILI HMEET
ujp [(7) = 1+ e7 (paBHOMepHOe jaBuzKeHue), MyHKIMU @, P, ONPEJETAIOTCA CJIELYIOTIIM
obpazoMm

(1 +22)/(1-2) 1

G = nia—a 2

®,(C) = 270 — W (é (1 i 8)% _ é) _ (1.20)

[Ipu BeiBOzE (1.20) GbBLITO yuTEHO, ITO

In(1+e7)

= [l (1.21)

¢
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PaccmorpuMm sB/IeHHE YCTaHOBUBIIETOCS PE30HAHCA U MPOXOXKJIEHHE UYepe3 Pe30HAHC st
KPYTUIbHBIX KOJeOaHuii 6aaku mepeMenHoit aiunbl. uddeperiunaibaoe ypaBHeHne, Onuch-
BaloIee KpyTuabHble Kojiebanus OaIKu, UMEeT BU/IL:

Qn(z,t) — a*Quu(x,t) = 0. (1.22)

['paHudHbBIe YCIOBUS MOXKHO 3AlHCATH CJIEIYIOMUM 00pa3oM:
Q(0,1) = 0; (1.23)
Qlo(t),t) = BcosWy(wot). (1.24)

B zamaue (1.22) - (1.24) ucnonb3yrorcs ciaeayone 0003HaYeHNS:

Q(x,t)— yronm moBopoTa cedenus OalKH ¢ KOODAMHATOI T B MOMEHT BpeMeHH [ ,a® =
GJ/K,G— moaynb capura, J— TOJSPHBI MOMEHT uHEpIun, K — MOMEHT WHEpIUHU €JUHUIBI
bl 6ankn; lg(t) = Lo — vgt— 3aKOH JBMKeHHs mpaBoii rpanunbl, Lo— HavdaJbHAas JIHHA
Gaaku; Wo(wet) - MoHOTOHHO Bo3pacratommas GyHKIMs, B, wy - MOCTOsIHHbIE BenunHbl. Ha-
YJaJbHbIE YCJIOBHS B JIAHHOM CJIydae Ha Pe30HAHCHBIE CBOWCTBA BAUAHUSA HE OKA3BIBAIOT, IIOITOMY
3/1eCh OHHM He paccMaTpHBAIOTCs. BBejeM B mocTaB/IeHHYIO 3a4a4y Oe3pa3MepHbIe epeMeHHbIe:

HavanbHble ycioBHSI B JaHHOM Caydae Ha Pe30HAHCHBIE CBOIICTBA BJIUSHUS He OKa3bIBa-
10T, MO3TOMY 3/IeCh OHU HE PAacCMATpPUBAIOTCs. BBejeM B mocras/ieHHYIO 33249y Oe3pa3MepHbie

nepeMeHHble:
€= Lur — gt — 2 0 0 = Bee 7). (1.25)
a Vo
B pesysprare 3amada npumer BUL
O:7(§,7) = Oge(&, 1) = 0; (1.26)
O(0,7) =0; (1.27)
O((r), ) = cosW (1), (1.28)

rIe

(1) =1+4¢em;e = —vy/q;

W(r) = Wo(T —70);7% = (a — woLo)/vo.

Jns 3amaun Buga (1.26)-(1.28) BelpazKkeHne aMILTHTYIbl HANDPSZKEHUIT, COOTBETCTBYIOIIIX
KOJIEOAHUSAM HA N— HOil AuHAMHYIecKoit Mome uveer Buj (1.19).

B cucremax ¢ JBUKYIUMMUCS IPAHUIAME BO3MOZKHBI JIBA BU/A PE30HAHCHDBIX ABJICHUH: yCTa-
HOBMBHIMICS PE3OHAHC M MPOXOKJICHUE U€PE3 PE3OHAHC.

VCTaHOBUBHIMIICS PE30HAHC — 9TO ABICHUE PE3KOTO YBEJUYUEHUS aMILIATYIbI KOJeOaHuii B
cilydae, KOIJla M3MEeHEHHe YaCTOThl BHEIIHEH CUJIbl M OJHOIl M3 COOCTBEHHBIX YACTOT COTJIACO-
BaHbl TAKUM 00PA30M, UTO CO3AIOTCS HAMIYYIINE YCAOBUS JIJIsl YBETUUCHU AMILTHTY/IbL.

[TpoxozKeHue 4epe3 pe3oHaHC — 9TO ABJEHHE PE3KOrO YBeJIMYeHUs aMILIMTY/bl B T€YeHUe
KOHEYHOTO MPOMEZKYTKA BPEMEHH, KOTJIa MIHOBEHHAST 9aCTOTa OJHOTO U3 COOCTBEHHBIX KOJ1€0a~
HU NPOXOAUT 4Yepe3 3HaYeHHe BO3MYIIAIONIeH 4aCTOThI.

Kypuana CBMO. 2013. T. 15, Ne 3



Pemntenme kpaeBbIX 3a/1a9 ¢ JBHKYIHMHACS IDAHUAIAMH TIPDH ITOMOIIH METOJA, . . . 117

¢IBIeHne yCTAHOBHBHICrOCS PpEe30HAHCA OyJeT HaOIIOAThCA, €CJH CKOPOCTh H3MEHEeHHUS
dbyukmuu ®,(() pasua Hy0, T.€.

P, (C) =, (1.29)

rae 7y— TOCTOdHHasd BEJINYIHUHA. B sTom CJIydae BO3pacCTaHue aMIIJINTY/JAbl OITUCHhIBACTCA CJIe-
AYIOITUM BbIPpazK€HHEM:

A In(1+eT)

" In[l/(1—¢))
Uccnenyem konebanus Ganku 10/ geficTBueM HArPy3KH MOCTOSAHHON wactoret W (T) =7
SIBenne mpoxoxKIeHUsT Yepe3 Pe30HAHC HADJIIOIAeTCs BO BPEMEHHOI 00/1acTh, cojieprKalieit

TOYKY (o , TJIe

(1.30)

(I)/n(<0) = 0.

B s10it Touke MrHOBEHHasi 9acTOTa N— HOIO COOCTBEHHOI'O KOJIeOaHUs IIPOXO/IUT Yepe3 3Ha-
YeHue BO3MyTIIaIeit vactorel. Touka (y omnpejessieTcs o ciaemayooiei gpopmyie:

I {mu%g—s)} }
-~ 2In[1/(1 —¢)]
Ecmu aMmmTyna B Havaie pe3oHaHCHOH obmactu (touka (3 = ¢(m1 — &,(m1)) ) paBHa

HYJIIO, TO AMIIUTY/Ia B KOHIE Pe30HAHCHOM obsacru (Touka (o = (T2 —&,(T2)) ) oupemensiercs
BbIpazKEHHUEM

Co

A2(61, ) = 4 { U; coscpn(g)dg] L M_C smcpn(c)dg] 2} | (1.31)

1 1

YuaursiBast (1.21), TOYKH Ty, Ty, T2, COOTBETCTBYIOIINE TOUYKaM (o, (1, (2, OMPEIEJSIOTCS TI0
dopmy.te
1 1.
ro= Seap{2GIn[1/(1 — )]} — 2= 0,12
€

B sTom ciydae na wHTepBaJse, cojeprKaiieM TOYKY To , OyJAeT HabJII0IaThCs SBJICHUE MPO-
XO0K/IeHus depe3 pe3oHanc. Popmysia Jiisi MAKCHMAIBHO BO3MOXKHOI aMILTHTY/IbI 3/1eCh UMEeT

BILT
A2 (1y,7) = { U: cos@n(f)dfr + UTTZ sin@n(T)dTr}, (1.32)

€ o, (7) In(1+e7)
: T =mn—
(14+er)In[1/(1 —¢)] " In[1/(1 —¢)]
[IpoxozK/IeHre Yepe3 Pe30HAHC HAYMHAELTCS HE JIOXOJs JI0 TOUKH To(Ty < Tp) W 3aKaHYNBA-
ercs 3a 9Toit Toukoit (12 > 79) . Cama Touka T ompejesercs 1o (hopmyIie:

rjie

F.(1)= — W(r).

™ 1

Thfl/(1—¢)] &

To
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NcenenoBanne mMpoXoXKAeHUS depe3 Pe30HAHC 3aKII0YaeTcsd B ONpe/IeleHUd TPAHUI] Pe30-
HAHCHOH O0JIACTH T{ U Ty , COOTBETCTBYIONIMX MAKCUMyMy Bbipakenus (1.32). Pesyiabrarsi
uccseioBannii pasencrsa (1.32) Ha MaKCHMyM 9YHCJIEHHO NPHUBEIEHBI B Tabsuie, 0ToOpazKaro-
el 3aBUCUMOCTDL BeJUYUH A, T{, T OT CKOPOCTU € IPH HPOXOXKICHUU YePe3 PE30HAHC Ha
NEePBON W BTOPOH JIMHAMUYICCKUX MOJIAX.

Tabmumna 1: Hucsienusie pe3ysbrarsl HCCaeA0Banus paseHcTsa (1.32) Ha MakCcHMyM
e |-0,40 |-0,30 | -0,20 | -0,10 | -0,01 | 0 | 0,01 | 0,10 | 0,20 | 0,30 | 0,40

1 A | 33 | 37 | 45 | 62 | 190 |oo| 190 | 59 | 40 | 3,2 | 2,7
moza | 7y | -15,1|-17,7 | -22,8 | -36,9 | -2554 | 7o | 176,2| 9,6 | 25 | 0,5 | 0,0
T | -1,7 | 2,6 | 48 |-12,1 | -179,1 | 7o | 252,1 | 33,1 | 18,8 | 13,5 | 10,6

2 Ay 23 | 26 | 32 | 44 | 134 |oo| 134 | 41 | 29 | 23| 19
moja | 1 | -27,1 | -32,7 | -43,6 | -74,9 | -586,9 | 7o | 473,1 | 34,6 | 13,2 | 6,7 | 3,7
T | -8,3 |-11,6 | -18,3 | -40,6 | -479,1 | 7o | 580,3 | 67,8 | 36,1 | 24,9 | 19,0

N3 anamza JanHoil TaOIUIBI CJIEIYET, 9TO YeM Me/IJIEHHee MPOUCXOIUT IIPOX0KIECHUE Yepe3
pe3oHaHc, TeM OOJIbINeil BeJIMYUHBI JIOCTUTAET aMILINTY/Ia Kojebauwii. B 3akirouennu orme-
THAM, YTO NIPUBEJIEHHAS 37eCh METOJIMKA MO3BOJAEeT YCTAHOBUTH BO3MOYKHOCTH BOSHUKHOBEHUS
ABJIEHUS YCTAHOBUBIIETOCI PE30HAHCA U MPOXOXKIEHUSA 4Yepe3 PEe30HAHC, & TaKXKe BBIYNCJIUTH
aMILIMTY/ly BO3HUKAIOIIUX ITPU 9TOM KOJieOaHUIA.
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Solving boundary value problems with moving boundaries
using the method of change of variables in the functional
equation

© V. L. Litvinov?

Abstract. The method of analytical solution of wave equation with the conditions, assigned on
the moving boundaries, is described. With the aid of the change of variables in the functional
equation the original boundary-value problem is brought to the difference equation with one fixed
bias, which can be solved using the Laplace integral transform. The expression for amplitude of
oscillation corresponding to n-th dynamic mode is obtained for the first kind boundary conditions.
As an example, the torsional vibrations of a beam of variable length considered. Study the resonance
properties brought to the numerical solution.

Key Words: wave equation, variations of systems with moving boundaries, laws of boundary
moving

2 Senior lecturer of dept. of general — theoretical disciplines, Syzran Branch of Samara State Technical
University, Syzran, vladlitvinov@rambler.ru.
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VIIK 517.9

IIpumep audpdpeomopdnsama «MCTOIHUK-CTOK» HA,
AByMepHOIi cepe, He BKJIIOYAEMOI0 B IVIQJKIA MOTOK
© O. B. ITounuka!, A. A. Pomanos?

Amnoramus. Oxuum u3 Kiaaccuueckux pesyibraros JIxk. [lanuca [4] apagerca Britouenue a1060ro
rPaJIMEHTHO-I0J00HOIO JIByMEPHOI'O KACKa/a B TOIOJOIMYECKHUH IIOTOK IPHU YCJIOBUHU, YTO BCE €r0
HEOJTY K IAIOINNE TOYKH HEMOABUKHBL. HampoTus, B rIaakuil TOTOK Cpeayu HUX BKJIIOYAETCS JIUIIH
HUT/Ie He MJIOTHOE MHOXKECTBO, uTo ciiefyer u3 paboret M. Bpuna [1]. Ileapo maHHON# paGoThI
ABJIAETCA AHAJIUTUYECKOE TOCTpoeHue npuMmepa auddeoMopdusMa «HMCTOYHUK-CTOK» HAa S2, He
BKJIFOYAEMOT0 B IVIQJIKHI TTOTOK.

KuitoueBbie ciroBa: BKJOYEHVE B TJAIKUI TOTOK, audeoMopdusM «uCTOTHUK-CTOK >

1. Bsenenme m hopMyJIHMpPOBKaA pPe3yJIbTATOB

[Ipobsiema BrItOUeHus guddeomopdnusmMa B IOTOK dABJIAETCS KJaccumdeckoii. /leranbHblit
0630p pe3yJIbTaToB, MOJIYYEHHBIX B 3T0i obaactu, usnoxen B [6]. B pabore [5] mokaszano, uro
mHuoxkectBo C7 -muddeomopdusmos (r > 1), srmouaromuxca B C -noTox, apagercs moamMHo-
wkecTBOM neproit kareropun B Dif f7(M™) . Cornacno |1| muosecrso C? -auddeomopdusmos,
srovatomuxcs B O -Tagkumit TOTOK, HUTAE He MUIOTHO B pocTpancTse auddeomopdusMos
Mopca-Cwmeitna. OgHako J10Ka3aTe bCTBO MOCTEIHEr0 pe3yJbTara He HOCHT KOHCTPYKTHBHBII
xapakTep. B HacTosmeii pabore anainTmdecKn crpouTcs npmvep C?-Kackasa, He BKIIOYAIO-
IEerocs HU B KaKOil rmaakmii moTok. /laamm HeoOXOoMuMbIe OIpe/Ie/TeHus.

C™ -nomokom (m > 0) Ha riagkoM MHOroobpasunm M™ Ha3bIBaeTCsl HENPEPHIBHO 3aBHU-
camee ot t € R cemeitcrso C™ -muddeomopduzmos X! : M™ — M", yrosiersopsioniee
CJIETYFOIIUM YCJIOBUSIM:

1) X%z) =2 ana moboit Toukun x € M™;
2) XY X*%(z)) = X"(x) nna mobwix s,t € R, v € M.

C¥-110TOK ellie HABBIBAIOT MONOA02UECKUM NOMOKom. 3aMenuB R Ha 7, 110/ydaeM olpe-
JleJIeHUe JUCKPETHON JIMHAMUYECKON cucrembl uian kackada. Bynem roBoputh, uro muddeo-
vopduzm f 1 M™ — M"™ Britouaercs B C™-1m0TOK, eciu [ sIBJISIETCsl CABUTOM HA €IWHUILY
BpeMeHH BJI0JIb TpaekTopuii Hekoroporo C™-noroka X' (f = X1).

Tpaexmopueti uau opbumot Toukn x € M™ masmBaerca muoxectso O, = {f'(z),t €
R (Z)}. Touka x € M™ maswBaercss wenodsusicnoti moukoti nomoka f° (kackada f ), ecnm
O, = {z}. Touka x € M™ uasbiBaercs nepuoduseckoti mourot noroka f' (kackama f), ecoau
cymectsyer uncao per(z) > 0 (per(x) € N) raxoe, uro fP@) () =z, wo f*(x) # = ams Beex
JMefdcTBUTENbHBIX (HaTypaabHbix) dncesa 0 < t < per(x). Yncao per(z) HasbiBaeTcst nepuodom
nepuoduveckots mowky T .

Jna xkackama f Touka x € M" mHazpBaercsa Oaystcdarouieti, €CIu CyIMeCTBYeT OTKPLITasd
okpecrnocts U, touku x takad, aro f'(U,) NU, = 0 nus naa seex t € N. B nporus-
HOM CJIydae TOYKa & Ha3biBaeTcs Hebayscdarowet. MHOXKeCTBO Beex HeOJIyKIAIONNX TOYEK
KacKkaga f Ha3bIBAETCS HEOAYHCOMOUWUM MHOHCECMEoM N 0O0O3HATaeTCs )y .

! TIpodeccop xadenper Teopun dbynkmuit, HHI'Y um. H.HM. Jlo6auesckoro; olga-pochinka@yandex.ru
2 Marucrpant xadenpsr Teopun dynxnuit, HHI'Y um. H.H. Jlobauesckoro; romanov18.04@mail.ru
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[ycts f @ M™ — M™ — nuddeomopdbusm u f(p) = p. Touka p gaBiasgercs esunepboiuse-
cK01 TOT/Ia M TOJTBKO TOTJA, KOTJA CPeIn COOCTBEHHBIX YNCET MATPHUILI KOOH (%) |, (MaTpu-
1B, COCTOSAIIEH U3 YACTHBIX MPOM3BOJHBIX B TOUKe p bYHKIHMIA, 33/al0MHX 0ToOpazKeHne) Her
4quces1, Mo MOy o paBubix 1. Eciu npu 3ToM Bce cOOCTBEHHBIE YUC/IA 10 MOJLYJIIO MeHbIe 1,
TO P HA3BIBAETCH CIMOK060T Mo4Kkot; ecIu Bce COOCTBEHHbIE YUCIA IO MO0 OotbIe 1, TO P
HA3bIBAETCS UCMOYHUK06017 TOUKON. ['mnepbormiyeckas HeMOMABUKHAA TOUKA, He ABISIONIAICS
CTOKOBO#l MJIM UCTOYHUKOBOI, HA3BIBAETCS 040601 MOuKOT WU CEINOM.

Ecau p — nepuopnveckas touka f ¢ nepuogom per(p), To, NPUMEHss TPEIbLIY Y0 KOH-
crpykimio K auddeomopdusmy P P) | nomyuaem knaccuduKamuo ranepOoInIecKnX Mepro-
JIMYECKUX TOYEK, AHAJOTUIHYIO KJIACCH(DUKAIINN HETOBUKHDBIX.

Kapruna Ttpaektopmii kackajga B (a30BOM ITPOCTPAHCTBE OKOJIO TUMEPOOTUIECKUX TOUEK
npeJicTaBlIeHa Ha PUCYHKe 1.
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NCTOYHMK CTOK

Puc. 1: Tpaekropun Kackajga B OKPECTHOCTH MHIIEPOOIHICCKOI HEIIOABUKHON Touku:  (a) uc-
rounuka; (b) croka; (¢) cema.

Y KaxK10il runepbOIMIecKoil HeIOABUKHOI TOYKN p B cuiay TeopeMbl Amamapa-Ileppona
(cM., manpumep, kaury [3]) cymectsyior yemotuucoe W, 1 neycmotivusoe Wy Muoroobpasns,
KOTOPBIE B CJIy4ae KaCKaa OLPEeLeIsiOTcs CAeLy0muM 00pa3oM:

[Iycts p — menoaBuzkuasi runepbosmdeckas Touka s audpdeomopdusma f, u d — mer-
pUKa, MHAYIWPOBaHHas puMaHoBoit Mmerpukoit na 1,M™ . Torga ajis p cymecTsyer ycToianBoe
muoroobpasue W, = {y € M" : d(f*(p), ff(y)) — 0 mpu k — +o0} . Heycroitamsoe MHOroo6-
pasue coorsercTBenno: Wy = {y € M™: d(f*(p), f¥(y)) = 0 mpu k — —oo}.

Huddeomopdusm f: M"™ — M™, 3a1aHHbIil HA TIaJAKOM 3aMKHYTOM (KOMIAKTHOM 0€3
Kpasi) CBSI3HOM ODHEHTHDYeMOM n-MHOroobpasum (n > 1) M"™ nassiBaercs dugddeomopdus-
mom Mopca-Cmetina, ecin

1) mebuyzKaarommee MHOKECTBO {1y KOHEYHO U TUIePOOTHIHO;

2) mHOrOOGpasus Wy, W, nepecekaworca TPAHCBEPCATBHO® J1/I JTIOOBIX II€PHOITICCKIX
TOYEK P, (.

O6o3naunm uepes MS(M™) muoxecrso auddeomopduszmos Mopca-Cwmeitna Ha MEHOr006-
pazuu M™.

Huddeovopdusm f € MS(M™) uaswiBaercs auddeomopdusmMom “UCTOIHUK-CTOK”, eC/Tu
ero HeOJ Ty KIafolee MHOKECTBO COCTOUT M3 OJHOTO THIIEPOOTHIECKOrO CTOKA M OJHOIO THIIEep-
00TMIEeCKOTO UCTOYHUKA.

Teopema 1.1. Cywecmsyem anasumuvecku 3adannutl npumep duggheomopphusma
muna “ucmounuk-cmok” na S? | He 6KA0UAEM020 6 2Aa00KUT NOMOK.

3 [lonsiTue TPAHCBEPCATLHOCTU 3aK/IIOUAETCA B CIICAYIOMIEM: OBODSAT, UTO [IBa, [VIAJKUX IIOIMHOr006pa3us
X1, Xo, nupunamiexanmx n-MHOroobpasuio M™ | nepecekaiTcs TPAHCBEPCAIBHO (HAXOAATCA B ODIIEM I10JI0-
xenun), ecau 6o Xy N Xe =0, mubo T, Xy + Tp Xo = T, M"™ nust moboit Touku x € (X1 N Xo) .
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Bbaazodaprocmu. Pabora BbImosiHeHa Npu (HUHAHCOBOM mojiepkke rpantos 12-01-00672,
13-01-12452-ocpu-m PODPU u rpanta Munodbpuayku PO B pamMKax rocyIapcTBEHHOTO 33 IaHUs
Ha okazaHue yciayr B 2012-2014 rr. 1mo/BeIOMCTBEHHBIMU BBICHIUME yIeOHBIME 3aBeICHUSIMU
(mudp 3asBru 1.1907.2011).

2. IIpumep nuddeomopdusma “HCTOIHNK-CTOK” HA S?, BKJIFOYAEMOTO
B IVIAJKWI IIOTOK

Ba1a1uM Ha IJIOCKOCTH JIMHEHHOe cxKaThe ¢ HepaBHBIME Kodddumuentamu § : R? — R?,

g(z1,22) = (%,%). Iocrponm na ero ocnose anddeomopdusm na S?* B Bue KOMIONIUN

g(z1, 29, 13) = 97 g0, , tae Iy : SP\ {N} - R?, 97" : R? - S?\ {N} — upsavasa n o6parnas
crepeorpaduieckie TpOEKIUH JIBYMepHOii cepbl 6e3 ceBepHOro MOI0ca Ha IIOCKOCTH [2], 3a-

2 2
— [z T2 -1 — 271 PED) zitws—1
AaHHbBIE (bOpMyHaMH 19+(x17 T2, .1'3) - <1—x3’ 1—1:3) ) 19—&- (xla x?) - (ac%—l—a:%—&-l’ x%—&-x%-ﬁ-l’ a:%-i—ac%—i—l .

N

8+(X)

NS

Puc. 2: Crepeorpaduyeckast mpoexiusi

Moy g(oy,22,25) = (sz7dlscs Q/3es(ry)  f/b4ad/9—(1-zy)”

22 /4422 /9+(1—=x3)2 "’ 22 /4+22/9+(1—x3)2? ac%/4+x%/9+(1—x3)2) » AOIOTHAB
JI0 HEIPEPBIBHOCTH HEMOABUKHOII TOUKOil B ceBeprnom nosoce ¢(0,0,1) = (0,0,1).

Dror auddeomopdusM aBILeTCd CABUIOM HA €JIMHUIYY BPEMEHM IS DJAaJIKOIO HOTOKA Ha
S?, zagannoro dpopmyJioii

(21,29, 73) = 2"y (1-ay) 23 tmy(lag)  272eR437%ad(1-ay)’
ge\T1, T2, T3 2252 13232 1 (1—=3)2 ) 2~ 22243 2a2+ (1—23)2 ) 2~ 2a3 13~ 2a2+(1—3)2

HOT'O AHAJIOTMYHBIM 00PA30M M3 MOTOKA Ha MJIOCKOCTH
Gi(r1,22) = (27'21,37'25) wm gonommennoro g0 menpepbiHocTH B Touke (0,0,1) Kak
3:(0,0,1) = (0,0,1).

> , TIOCTOPEH-

3. TIlocrpoenmne nquddeomopdusma “UCTOYHUK-CTOK” HA S’, He BKIIIO-
4aeMOoro B IVIaJIKUI ITOTOK

Ha mockoctu 3agaaum guddeomopdusm f(z1, T2) ciaeayomum o0pa3oM: COCTABEM €ro u3
aByX uddeoMopdu3MoB ¢ pazinIHbMU Kodbdurmentamu JuHeiiHoro cxarusa hy (1, re) =
(%, %2) , ho(xy,20) = (%, %) , TAK, YTO 30HA IEHCTBHUS MEPBOTO BKJIIOYAET OKPECTHOCTH TOU-
ku (0,0) (Ha cdepe Oymer BKIOYATH OKPECTHOCTH OKHOIO TIOJIOCA), & BTOPOIO — YXOJIUT B

GeckoHedHOCTh (Ha cdepe cOOTBETCTBEHHO Oy/1eT BKJIOYATh OKPECTHOCTH CEBEPHOTO MOJIIOCA).

Kypuana CBMO. 2013. T. 15, Ne 3



Ilpumep augppeomoppusma «ucTOYHUK-CTOK» Ha JBYMEPHOI cepe, He. . . 123

3aaB B HEKOTOPOi 0bOJIacTH, OKpyzKaromeil obacTh JeiicTBus hy, TJIQJKHI TIepexoy OT

cKaTtusg hy K c:KaTuio hy, MBI IOCTPOUM UCKOMBIH quddeomopduzm. Ty 0071aCTh OrpAHTINM
i 2 2 -1 of @ _ 1
eAMHUYHON OKPYZKHOCTBIO 7 + X3 = 1 m ssummncom 5+ + - = 1.

[Tepeiijiém K TMOJISIpHOI cucTeMe KOOPJMHAT, B KOTOPOi#l MPSMOYTOJIbHbIE KOOPJAWHATHI Ha,

IJIOCKOCTH BBIPAZKAIOTCA KAK L1 = P * COSP, Ty = p* SiNY.
Ipencrasum f(p, 0) = (fi(p,©) = p, f2(¢) = ).

_ 2 . 2
g ho: p:qz(p,gp):\/(%p-cosgo) + (50 sing)” = py/§ + 35 cos? o = ap,

8]

ast hys p=qi(p, ) = \/(ip ccosp)’ + (Lp - sing)” = gp,
C““Ctg(gtgsf?) RS ( 2 7;)
fa(p) = ¢ =  arctg(5tge) + ¢. 0 € (5. 5);
P, p =75

Tak Kak 3aKOH @ OJMHAKOB JIJIsSl 9THX JBYX CXKaTHii (BBUJLY MPOTOPIMOHATIHHOCTH UX JIH-
HeHBIX KO3(hDMUIUEHTOB MO MPIMOYTOJbHBIM KOOPIHHATAM ), TO OH COXPAHUTCSI 0€3 N3MEHeHUsT
U B IepexoIHoM 30He. V3MeHeHne KOOpIMHATHI p JUHEHHO, HO KOI(MMUITHEHT cxKATHA 3aBUCUT
OT YTJIOBOII KOOPAMHATHI (¢, U pasiaundaerca y auddeomopdn3MoB B JaBa pasa

JIJ1s1 TIaIKOTO COEIMHEHNs 3aKOHOB M3MEHEHUs PauaIbHol Koopauaatel q1(p, @) n qa2(p, ©)
€ YYETOM IJIa/IKOCTU ¥ HENPEPBIBHOCTHU IEPBOil ITPOM3BOHON CTPOUM CILJIAIH ISTOH CTelleHu 10
CJICJTYIONITUM JTAHHDBIM:

as(pr,0) =1, gs(p1, ) = a, g5(p1,p) =0,

w(L ) = p2, @5(1,0) =5, ¢5(1,9) =0,

rje p; — pajauajbHas KOOPJAUHATA JIJIT KOHKPETHOTO ¢ Ha SJIIHAIICE _1+_§ 1, pp =1/a;
pa — pajnaTbHas KOOPAMHATA JIs KOHKPETHOTO (¢ Ha sjamnce 16x? + 36:62 L, po=a/2.

[Tostyaaem

6= % + B~ 1 — k(o — '+ FER (- 17,

C]é 2 + (133+£1))3 (P 1)2 - (14/121_1554 (p - 1)3 + (717?((5_4_1;% (10 - 1)4'

HpOI/ISBO,ZLHaH ¢4 I Bcex 3HaueHuii (p, @) U3 MepexoJHON 30HBI HE PaBHA HYJIIO, TO €CTh
q3 aBasgercsa auddeoMmopdusMom.

Takum obpazom, uckoMmbril auddeomopdusM Ha IIOCKOCTH 3AIUIIETCS B BHJIE:

ap,p > 1/a;
p=q %P1
P4 B 1) — (1) B 11 < p < 1/
arctg(3tge), v € (F,5);
¢ = arctg(3tgp) + ¢, ¢ € (3, %);
¢, p==£3

vie o= /8 + & costp

Onpenenum C2 -nudbdeovopbusm f: S2 — S? popmy.ioit

IE(f 0,0,£1);

f(ajl,l'Q,xg) = * (f( +($1,$2,$3))), I#( s Yy );
(0,0,%1), z = (0,0,%1).

4. Jloka3zaTeiabCTBO TeopeMbl 1.1.

ITokazkeM, uto guddeomopdusm f : S? — S? | mocTpoeHHbIIT B pasaee 3., He BKIIOYACTCS
B IMaJKHil moTok. Ilpeamonoxkum mporusHOe: cymectByer C! BekTopHOe Tofe, MOPOKIATO-
IIee MOTOK, CABUIOM Ha €IUHUILY BpeMeH: KoToporo gapigercsa auddeomopdusm f . Torma sto
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BeKTOpHOE mose uaaymupyer C' BekTopHOe mOse v Ha ocu Oy, HOPOKIAIONIEe IOTOK, C/IBH-
rOM Ha eJMHUILy BpeMeHHu KOToporo gasisercs auddeomopbusm h = f|o., . Tlo nocrpoennto
h(z) = hy(z) = § mua o € (0,1] u h(z) = hy(x) = § a1 x € [3,+00). B cuny [7], cymecrsy-
et equncreennoe C! sexropnoe noste vy (x) = —In6-z (vy(x) = —In3- ), HOpOK 1aKOIIEE TOTOK
co casuroM Ha enunuiy Bpemenu hy (he). Orkyna ciaenyer, uro v(x) = vi(z) maga z € (0, 1]
n v(z) =uvy(x) mua x € [3,+00).

omnoxum 9 (x) = h~ (%) mna z € (0,9]. Henocpencrsenno nposepsercs, €ro 1 : (0,9] —
(0,2] — C?-auddeomopdusm taxoit, uro hp = Yhy aus x € (0,9]. Torna auddeomopdusm
1) MHJYIHPYET BEKTOPHOE moJjie v, Ha npomexyrke (0, %] dopmy.toit

ve((2)) = ¥'() - vi(z), = € (0,9] (%)

[Tpu srom audpdeomopdusm h na unrepsase (0, %] SIBJISIETCS CJABUTOM Ha €JIWHUILY BPEMeHU

BEKTOPHOTO T10JIs1, TIOPOXKJIEHHOTO Uy . [TOCKOJIbKY TaKoe BEKTOPHOE TOJI€ €IMHCTBEHHO Ha OT-
peske [3,3], ro v, (z) = vo(z) ma x € [3,2]. loacraBue nocieHee paBeHCTBO B HOPMYITY
(*), nonyuaem

() =2¢'(x), = €(0,9] ()

Pemennem quddepennuanbioro ypastenus (xx) apiasgerca dynxuus ¥ (z) = c-e*®, x € (0,9],
rje ¢ — HEeKOTOpas KOHCTaHTa. [losyunnn nporusopedne ¢ tem, uro ¢(z) = x maaa x € (0,1].
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The example of a diffeomorfism «source-sink» which does
not include to a smooth flow
© O. V. Pochinka?, A. A. Romanov®

Abstract. The inclusion to a topological flow of any two-dimensional gradient-like cascade with
condition that all its non-wandering points are fixed is one of the classical results of J.Palis [4].
In contrast, a nowhere dense set of them are included in a smooth flow, it follows from the [1].
The analytic construction of an example of the diffeomorfism «source-sink» on S? which does not
include to a smooth flow is the purpose of this paper.

Key Words: diffeomorfism «source-sink», inclusion to a smooth flow
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VIIK 517.948.67

O Bo3myieHngax B cnekrpe J.IlIMmmara auHeiitHbIX
ONEPATOPOB B I'MJibOEPTOBBLIX IIPOCTPAHCTBAX
© M. I. Paxumos!

AnHoTanusi. B Teopun BO3MYINEHUH JUCKPETHOTO CIEKTPa (DPEIroJbMOBLIX OMEPATOPOB B pabo-
tax [5], [6] mpesokeHa peryaspusalus, TO3BOJSIONAS CBOANTE CAYYad BO3MYIIEHMH KPATHBIX
COBCTBEHHBIX 3HAYEHUH K TPOCTHIM. B maHHON pabore perynsipu3oBaHHbIE METOIBI BO3MYIIEHUH, B
TOM 4HUCJIe U B acnekre AoKHbIX Boamyinenuil 1o M.I'\Tapypuny [8], npumenstorca K crieKTpaib-
HbIM 3aadam 1o . [MImuary.

KaroueBbie cjoBa: MeTOIbl T€OpUM BeTBIeHU, criekTp J.I1IMuara, Teopus Bo3MyIieHutt, ypas-
HeHue pasBerBienud, 06obiennbie kopaanossl nenouku (OZKIT), perynsapusanus

1. Bsenenue.

B nauasie npouwioro seka .11Imuar B psijie cBoux crareil paccMarpuBast JIMHEHHbIE U HEJIH-
HeifHbIe MHTerPaJIbHbIe YPABHEHUSI BBEJI COOCTBEHHbIE 3HAYEHUsI A\  OllepaTopa JIefCTBYIOIIEro
B r'uibOepTOBOM TipocTpancTBe B : H — H  u coOTBEeTCTBYIONNE COOCTBEHHBIE 3IEMEHTHI
{ug}®, {ve}3°  yaosrerBopsionue otHomeHusIM  Buy, = Apvg, B*vp = Apuy. B panbreiinem
[1-4] s coberBennble 3HaYeHusT cTa n Has3biBaThest "crekTpom . Mmuara.

B pabore |2| oupemessiercst perosbmoBocts cobcrBenubix 3nadenuii . Imura u 0606-
mennbie xkopaanosbie nenodku (OZKIL). PaccmarpuBaercs aucieHHblii MeTO/I, OCHOBaHHBII Ha
MeTO/Ie JIOYKHBIX BO3MYIIEHU JJIsT Onpeieenus: coocTBeHHbIX 3Hadennit 9. 11Imuara u coorBer-
CTBYOIIHUX UM COOCTBEHHBIX 3JIEMEHTOB.

B nannoii pabore Merogamu peryasgpusanuu (npejacraBieHasive B |5, 6]) B 3a1auax Teopuu
BerByieHus |7| uccneayercs sosmymierue crekrpa . [vuara. [TpuMeHeHIEM METOIA JUATDAM-
Mbl HbIOTOHA K ypaBHEHHIO PA3BETBJIEHUSI YCTAHABIUBAIOTCS TMOPSAJIKI 3aBUCUMOCTH COOCTBEH-
HOIO 3HAYEHUsI BO3MYIIEHHOTO OllepaTopa OT mapamMerpa BO3MYIIEHUs E.

2. llocTaHoBKa 3ajJa4n

[Mycrs  H— ruasbeproBo npocrpaHcTBo, u By, Ag : H — H - j1uHeiiHbIe onepaTophl.

Onpengeanenne 2.1. Yucno N € C  mnaswsaemcs cobcmeertviM 3HAMEHUEM
. IlImudma, ecau cucmema ypasrerul

Bop = Mo, By = Ao (2.1)

umeem nempusuarvhve pewenus (@, ). Hapy (p,)  naswearom Ay -cobecmeenmvim
anemermom I.ILlmudma coomsememeyrowum cobCmMEEHHOMY 3HAMEHUI .

B npamoii cymme H @ H  pasencrsa ( 2.1) MOKHO HAMCATh B MATPUYHOM BH/IE

_ (A B§ v\ _
o= (5 5 ) (7)o

! nouent, Hanponambubiii ynusepcuter Ysbekucrana, r. Tamkenr; Davranaka@yandex.ru.
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rae
0 B; (A5 0
s (s ) 2= (1 1)

Awnanoruuno omnpegensiorcs  Af-cobcrBennbie snementsl O.IlImuara omeparopa By,
OTBEYAIONINe TeM K€ COOCTBEHHBIM 3HAUECHHSIM A

Bop = M%), B = AAgp

o= [ 5) (3 2] (2)

[ycte N (By — M) = {®:}7, N (B — ANA§) = {V,;}7"

nJIn

Onpemeamenune 22. Ecau m=n, mocobcmeennoe 3HAGUEHUE N  HA3bIBAEMCA
Pped2orbMOBHIM, 68 UHOM CAYMAE N  HA3VIBAEMCA HEMEPOBBIM.

Ilycts A\g - dpearoabmosa Touka crekrpa Llmuara oneparop-gyukmun By — tAg ¢ coor-

ercrBytomuvu  Ag— u  Af— JKOPJAHOBBIMHU MEMOYKAMH C JAHHAMA P1 < po < -+ <y,
(Bo — XoAo) @) = A@i5 ™", (B — NoAy) W) = AsWis ™) k=2, i = T,
K= detH (A, 0 H £0, L= det || Ly|| #0, Ly —detH (Ag®P 1™ ’“>,xp§2>‘ ,

k(1) = 2,pi(p;), i(j) = T,n.

Cornacho |2, 4] snemenTor <I>%), \If,(fg, J() = 2,pi(pr), i(k) =1,n  Ag- u A} -K0pJaHOBLIX

(A
HAOOPOB, OTBEYAIONINX Ao omepaTop-pyHrnun By — A\g.Ag MOryT OLITH BHIOpAHBI TaK, YTOOBI

BBILIOJIHSIUCH CJIeAYIONIMe COOTHOIICHUsT OMOPTOrOHAIBLHOCTI
<(I)z%)7rgcl0)> = 5ik5jlv <Zz‘(g)7 \Ill(cl3> = ik5j17
rie F(Z) AU p’““ 2 Z(J = Ay®;, Pit1=9) st naneit 3a/1a91 3TU COOTHONICHUA UMEIOT BH/I
0 10
) (i « ~(pp+1-1 +1-1
<(I)§0)7F()> <9010 , Agp k%k )> <A0¢1Ov pk )> = 0ik0ji,
j 1 1 « i 1—
(21, W) = (i ™', Asig) + (Ao ™ i) = dadi.

[Tycrs & C C— wmauwiii napaverp, || < gp u A(e) = Z Ape® : H — H, Bo3mymennas

oneparop-dyukius, takast ato A (0) = Ay.
CraButcs 3a1a49a; HARTH COOCTBEHHBIE 3HAYCHUST Mg + (€) 3amaun

Bop = AA(e) ¥, Boy = AA" (e) ¢ (2.2)

takue, yr0  (e) - 0 wnpu € — 0, a rakxke cobcrBennbie dnementsl  P;(e), orpeuaroniue
9TUM COOCTBEHHBIM 3HAYEHHSIM.
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2.1. IlocTpoeHme ypaBHEHUs pPa3BETBJICHUS.

[Tocrasiiennyio 3ajia4dy 3aluiieM B MaTpu4dHOil popme:
(BO - )\OAO) P = MA(&T)(I) + )\0./41 (8)@

rie
Ale) = (A ©) A(()g)) CALE) = A() — Ay,

Crpoum oneparopsr

(Bo — MA())i = By — M(e) + Y _ (T . (2.3)
J#i

Teopewma 2.1. Ilpu kascdom 1 =1,n u docmamouro Marvlx € CYULECMBYIOM
nocmoannue Cis,dis, S i makue, wmo A;(€)  AAAEMCA NPOCBIM COOCTNEEHHBIM 3HAYEHU-

em onepamopa (2.3) ¢ coomeememeyouuM cObCMEEHHbLM IAEMEHOM ‘I;z(e) =®; + > s Py
s#£1
u degpexmmoim Pynryuonarom Wi(e) = W, + > d; Vs,
SF#1

JokaszareabcrBo. Ilycrb A(g) - cobcTBeHHOE 3HAUEHHE C COOTBETCTBYIOUIUM
cobcrBenHbIM demerToMm  P;(g) omeparopa (2.3). Toria

0= (By — Ni(e)A(e)):®i(e) =
= > ¢ij (Bo — Ai(e)A(€)) ;(e) + > (Pile), Tjo) Zjo + D_ > cis (Ps(€), Tjo) Zijo

i i i s

W mocJie npuMeHenns pyHknuonaaoB Wio, k #i  K 06enM YacTaM paBeHCTBa

D i (@5(2), Tro) + ((Bo = M) A(e)) D5(2), Wo)] = — (@i(e), Tno) & # i. (2.4)

J#i
Baech B cuiy pazinoxkenuit  Dg(e) = Pyo+O0(e) u A(N;e) = A(N;0) +O0(e) umeem
(Bo = Ai(e)A(e)) Pu(e) = (Bo — Ai(e) A(e)) ®i(e)+
+(Bo = Xi(€)A(e)) (Bu(e) — Pile)) = (Bo — Aile) Ale)) (Ps(e) — @i(e)) =
= [(BO — )\0./40) + 0(5)] [CI)SO — (I)i() + 0(5)] = 0(6)

Tax kax  (P;(¢), T'jo) = (Pio + O(¢),jo) = di+0(¢), T0 ompesieTess cuctemsr (2.4) oruyen
OT HyJIsI il IO9TOMY OHA UMeeT eJHHCTBeHHoe perenne. Eauncreennocts W;(€) moKa3bIBaeTCs
AHAJIOTHYHO.

Jnst kazkaoro 4= 1,n  ypasuenue (By — \i(e)A(€));®i() =0  saumceisaercs B Buje
(By — AoAo) Bi(e) = () A()Bi(2) + Ao (£)Bi() — D (i(e). To) Zio.
J#i
C nomorpio peryasipusaropa [vuara [7] ono cBogurest K cucreme

{ i) = & [1 — L A(e) = AT A(e)] " Pao,
(®i(e

gz ) FZO>7 (2‘5)
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-1

rne I = {BO — NAp + Z( i0)Zio . Hoxacrasasis  ®;(¢) BO BrOpOe ypasHenue (2.5)

CTPOUM ypaBHEHUE pa3BeTBJIeHI/I$I

Li i»€) = 5 LS i i =
(pi, €) k§1 hsHiE (2.6)

= <(,U1A(€) + )\0./41(8)) [I — ,U,ZFA(FJ) — )\0FA1(€)]_1 (I)i07 \Ifl()> =0.
rjie B 4aCTHOCTH LS]) = <A0 (F.Ao)sfl Dy, \I/i0> ,s=1,2,.., Léi,z =
k
= <Z )\g Z FAkl---FAka@i07Fi0>a ]{3:1,2,

a=1 k1+ko+tka=k
JloxkazaTeabCcCTBO 3aKOHTYEHO.

Teopewma 22. [Tyemv N (By— AAy) = {P;}}, N (B — A A} = {¥;}}. IIpu om-
cymemeuu O2KI] daa docmamouno MaAbs €  CYWECmsyYem poeHo N NPOCMbLE coOCEeH-
oz snavenuti Ni(g) (Mi(0) = Ao ) ¢ coomsememeyrougumu cobemeennvmu aaemenmaniu ;(€)
u dehekmuvmu GYHKUUOHANAMU \i’i(éT), npedcmasumoie 6 6ude CrodAUL20CA PAJG NO UEAbLM
cmenenam €.

JokasaTeuabcTBo. B cury ycaoBag Teopemb 10 = (A0, Vi) # 0, z =1,n.
Ecim L() HEPBbIH OTJIMYHBIN OT HYJId KOIDDUIMEHT U3 MOCIe10BATE/IHHOCTI {L }1 ,
npumensist K (2.6) amarpammy Heiorona [4], onpesesnsieM yObIBAIOIIYIO 9aCcTh, COCTOSIIIYIO U3
orpeska, coepunsioniero Toukn (1,0) u (0,q). Orciona cremyer, uro \;(¢) u Qt)l(e) npej-
CTABJIAIOTCS PSAJAMH MO CTermeHsaM £,

Jloka3zaTeabCTBO 3aKOHUYE€HO.

Teopema 2.3. Ecau dan waoicdozo i = 1,n  OXKI[ umerom daunv,  p; , npuiem
<A <P(pl \I/(l)> # 0, mo daa docmamouno masvx €  cywecmsyrom posio N = p; + ps +

-+ pn  Henpepuisnux no £ cobemeennuix snavernut Ai(g) = Ao + pi(€) ¢ omsenarousumu
um cobemeennvimu asemenmamu P;(e) , npedemasumvie crodAUUMUCA PAOAMU NO UEABIM
1

cmeneHAM £ U No cmeneHAm eri—t.

. i A m
JlokaszateJubcTsBo. Paccmorpum cradajia ciydail, Korja L(()j) =0,75=1,00, u

() £ 0. Torna y6biBatomas qacTs auarpamysl Hblorona st ypastenns passersienns (2.6)
cocrout u3 orpeska coepunsiomero Toukn (1,1) wu  (p;,0). Orciona caeayer, aro \;(g)
1

n  $;(e) mpeacTaBAAIOTCS CXOASITIUMUCS PAJAME [0 CTEIeHAM €7~ 1, T.e. 3a7a4a (2.2) nMeer
poBHO N = p;+py+---+p, COOCTBEHHBIX 3HAYCHUIl, IPEJICTABIMBIX CXOAAINMUACA PATAMA
1

MO CTemeHsAM gPi~1. ' '

Ecn xe ng) =0,7=1,¢_1, L(()Zq)if1 40 u LY 0, To yousaomas 9acTh AHArpAMMEL
HbOTOHA COCTOMT W3 JIBYX OTPE3KOB, OJIMH U3 KOTOPBIX coemunser touku (1,1) u  (p;,0),
a sropoit toukn (1,1) u (0,¢;). Ileppomy orpesky orBedaer moKasareib ——, a BIOPOMY
OTPE3KY B JIDOOM CJlyuae - HeJouncaeHnblii nokasarenn. Cienosareibho, 3a1aua (2.2) nveer

N COOCTBEHHBIX 3HaHeHI/II71, IpeaACTaBUMbBIX CXOOAINUMUCA PAOAMU II0 IIEJIBIM CTCICHAM & H
1

N —n  cOOCTBEHHBIX 3HAYEHU,IIPEICTABUMBIX CXOAANIAMUCA PIJaMU [0 CTEHEHsIM  £Pi- L.
Kaxgomy A;(¢) orBeuaer coOCTBEHHBIIT 3/1eMEHT Ci)i(s), MPeJACTABUMBIH CXOISIIIUMCS PSIIOM
10 TE€M 7K€ CTEIIeHAM £, YTO U COOTBETCTBYIOIIHUI emy A;(€).
Jloka3zaTeadbCTBO 3aKOHTUYEH O.

m
7

Sameuanne 2.1. Yersue meopemo <A0<I)§gi), v > # 0 donycraem 603Mmootc-

HOCTb HENoAHOMBL 0006wWerH020 stcopdanosa nabopa [T].
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Bameugaunune 2.2 [lowyuennve pesysvmamov, 00600uLaomes Ha 6GHATOGHL NPO-
cmpanemea Ey, By ¢ onepamopamu By, Ag(A(e)) € L(FE1, Ey), npu niommom 640%ceHu
E, C Ey C H.

3. VYrTouHeHue codbcTBeHHBIX 3HaUYeHmnii D. IIIMmuara MeToa0M JIO>KHBIX
BO3MYIII€HU

Teneps HA OCHOBE MeTO/IA PETYJIAPUIAINI PACCMOTPUM YTOTHEHIE TPUOJTHKEHHO 33 TAHHBIX
coocrBennbix 3uadennit [IImuara u coorsercrByiomux um rementoB OZKI meTogom j10KHBIX
BO3MYyIIeHU. Pe3yibraTsl IpeicTaB/eHbl B ITHJILOEPTOBBIX MPOCTPAHCTBAX JIJIsi YIPOIIEHUS U3-
JoxeHust (M. 3amedanne 2.2.).

B mpamoii cymme  H @& H  pacemorpuM crieKTpasibhayo 3a1ady . [vuara (2.1). Ilycrs
JUTSL M -KPaTHOTO cobcTBeHHOrO uncaa [IImuara A w oTBedaronux eMy COOCTBEHHBIX U TPU-

: o L
coeuHeHHbIX 3j1ementos ITImuara {gp,(c]), ,i])}izli’“,{ ]),wkj)}J Pk p3BecTHBI ;LOCTaTquO

XOpOIHe T HPH6HH>K€HHH A=l < & llef” — Rl < e ll8? — w1l < e 187 — oIl <
g, ||1bl(j) H < e. Tem cambIM OlIP€/IE/IEHbI JOCTATOUHO XOpOH_[I/Ie HpI/I6JII/I)KeHI/IH )\0, CI>k0 : \I/(

K c06CTBeHH0My qucay A w asemertam OZKI] <I>/,(c ), vy ,k: =1,n,j =1,p;, cooTBeTCTBY-

IOIIUX CHEKTPAJbHBIX 33/1a9 B IPIMBIX CYMMaX MHJIb0EPTOBBIX HPOCTPAHCTB.
Cuopasemmsa (em. [2], [3]) memma.
[Tepexo/isi K JIMHEHHBIM KOMOMHAIIMSM, OLPE/IEJIseM CUCTEMbI

{F(l = LPk Fklg —A*\If pk+1 1) {Zk }l 1,p;c ko —A(I)k%kJrl l),
VAOBJIETBOPpAIONIE COOTHOINIECHUAM 6I/IOpTOFOHaJH)HOCTI/I
1)
<CI)%), FI(co> = 1k5 il <Zz((j) ’\I[I(co> = 5zk5 il -

[Tpow3sBOaANM peryaapu3aInio

p1 n pi
B—iA=B-tA+Y < rg’g>> Zr=h < r§’g>> Z+h), (3.1)
k=2

1=2 k=1

Cornacao Teopeme 2.1. mckoMoe COOCTBEHHOE 3HAYEHHE A\ FBJSIETCS MPOCTBIM (Dpe/-
rOJIBMOBBIM COOCTBEHHBIM 3HaueHneM oneparop-byukmun (3.1). Bosiee Toro, cymecTByoT mo-
CTOSIHHbBIE  Cig, dig, 8 = 1,p;,4 = 1,m, Takue, 4TO COOTBETCTBYIOUUE COOCTBEHHbIH dJIeMEHT 1
nedexTHbIl hyHKIIMOHAT OY/yT UMETh BU/I

p1—1

¢ = P +Zcﬂ<1> +chw S)+chs i,

1=2 s=2

U=U, + Zdﬂqf + Zdeqf (3.2)

=1 s=2

B kausecTBe HadaJIbHBIX TPUOIUZKEHUNH K ZI;,{Ivf BHIOMpAEM 3JIEeMEHTHI Z130 = @%1) —
(ID(pl 1), Uy = WUyp. 3a HavaabHOE NMPHOIMKEHHE K COOCTBEHHOMY 3HAa4eHHIO A Oepem pe-
g ¥ o o <BEI;(),{IV’0>

IICHUE YPABHECHUS <(B — tA)D, \I/0> =0, Te. A= (a0t}
Tak Kak Eo = <.AEIV)0,{IV]0> <Aq)10 ,\Iflo> - <.A(I)(pl b \I’10> = <.A(I)1%1),\Iflo> 7& O, TO

OHMOPTOrOHAIBLHBIE 3JIEMEHTHI K <I>0, \Ilo MOKHO BeIOpaTh B Bujge [g= %A*\Iflo, ZU = kiACDO.
0 0
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OmnepaTop JT0OXKHOTO BO3MYIIEHUS ONPEIETUM CJAEIYIONIUM 00pa30M:

Doz = (. T0) B Ao + (i, (B = 20 A)T0) Z,

Doy = <(B - )\OA)&)O7Q> Ty + <Zo7y> (B = Ao A") .

TOI‘,ZL& DOCBO f (B - )\()./4)(50, Dak{f/() = (B* - /\[)A*)‘I/o, T.€. N(B - )\0./4) = {Ef)o} s
N(B* — N A*) = {Vy}.
3menennem peryasipuzaropa [lImuara [7] ypasaenue (B —tA)z =0 cBoauTcs K cucreme

x=¢ [[~+ To (Do — (t - AO)A)}_l ®o,
{ soelne (3.3)

— _ ~ ~7-1
riae FOZ |:B—>\0A—D0+<',F0>Zoi| .

[ToacTanoBKa mepBOTO paBeHCTBA BO BTOPOE JTaeT YpaBHEHHUE PA3BETBICHUS
Ft)=1— <[1 +To (Do — (t — M) A)] " By, f0> —0, (3.4)

Hckomoe A gBjseTcs MPOCTBIM KOPHEM YpaBHEHHS pa3BeTBJICHHS.

Torga cornacuo reopeme 2.1. paborbl [6] 1pu JoCTaATOYHO XOPOIIUX HAYAIBHBIX HPUO.IHZKe-
Huil ypaBHenue (3.4) uMeeT eJMHCTBEHHOE DeEIIeHHe, KOTOPOe MOYKHO OIPenesnTh MO ubuIm-
pOBaHHBIM MeTo/10M HpbioToHA:

-1
At = Am — [F'(No)] T F(Am), m=0,1,2,...,
Bamernm, 9TO Ha KayKJIOM Iare HeoOXOJAMMO PerraTh OJHO OMePAaTOPHOE ypaBHEHUE

[m+ (-,f0>20] x = Zo.

Daementor OZKI] <I>Z(~j)7\I/,(€l),i = 1,n,7 = 1,p;,l = 1,px,k = 1,m oupeuensiorcsa us
CIAEIYIONINX PEKYPPEHTHBIX YPaBHEHMIT:

X = Zi07 Y = Fi07

[B - /\A + Z<7 FsO)ZSO
s=1

B* =M+ (Zy, )0
s=1

Xj,i = .AXj—l,i + Ziy, X1; = O, XJ.JA — (I)z('j);

B— A + Z(, FSO>ZSO
s=1

[B* mAME Z<ZSO’ Mso| Yii =AY 1+ Tig, Yii = Wy, Y = ‘I’z(j);
s=1

jzlv iai:]-am'

S
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On the perturbations in the E.Schmid’s spectrum of the
linear operators in Hilbert spaces.
© D. G. Rakhimov?

Abstract. In perturbation theory of discrete spectrum of Fredholm operators in the articles [5],
[6] it is suggested the regularization, allowing to reduce the multiple eigenvalues cases to simple
ones. In this article the regularized perturbation methods among them in pseudoperturbation
aspect on M.K.Gavurin [8] are applied to E.Schmidt spectral problems.

Key Words: bifurcation theory methods, E.Schmidt spectrum, perturbation theory, branching
equation,generalized Jordan chains, regularization
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VIIK 517.9

IIporHo3sHbie OLIEHKM B MOJIEAIX CUCTEMHON JIMHAMUKNI
© C. 1. Cmmsak!, O. I. KaaTop?, 1. P. Canaxos?®

Annoranmus. Pazpaborana mporenypa moaydYeHns WHTEPBAJbHBIX MTPOTHO3HBIX OIMEHOK B MOJe-
JIM CHUCTEMHON JUHAMMKH, anpodalius KOTOPOH OCYIIECTBJIEHA HA IPUMEPE MOIENIH YUCICHHOCTU
nacesnenust Poccuiickoit @emeparimm.

KuaroueBblie cjioBa: cruCTeMHAas JUHAMHUKN, HHTEPBAJIbHBIE TIPOrHO3HBIE OIIEHKH

ConuaibHO-9KOHOMHYECKOEe IIPOTHO3UPOBAHUE SIBJISETCS OJHUM U3 PEIIAIONINX HayIHbIX
dakTopoB (hOpMUPOBAHUSA CTPATEIUU U TAKTUKU OOIMIECTBEHHOTO PAa3BHUTHUs, CIIOCOOCTBYIOIIUX
000CHOBAHHIO KJIIOUEBBIX TPAEKTOPU Pa3BUTHA OOIIECTBA U MPEIBUICHUIO TOCTIEICTBHI TPH-
HUMAEMbIX PelleHuil.

Jl1st HenocpeICTBEHHON peam3anuu COMHaIbHO-9KOHOMUIECKOTO TIPOTHO3UPOBAHNS Pa3pa-
OoTaHbI OOIIKe HAay4YHbIE METO/Ibl, KOTOpble 00pa3yoT I'PyLIIbl (POPMAIbHBIX U SKCIIEPTHBIX Me-
TOJIOB.

PopmaTM30BaHHBIE METOJBl MPUHITO MOAPA3AEIITh HA MOJE/JH BPEMEHHBIX PSIIOB U MO-
Jlesin mpejMeTHbix obsiacreit. B mocseHux mogpasyMeBaercs jieTajbHOE H3ydeHHe BCeX BBO-
JIUMBIX B paccmorpenue (hpakTopoB, BbIsIBJIEHUE CBs3€eil U 3aKOHOMepHOCTel Mexk iy numu. Bee
dbopmaan30BaHHBIE METOAbI 0A3UPYIOTCS HA MCHOJIh30BAHUN HEKOW MCXOIHOW CTATHCTHIECKO
nH(GOPMAIME U OT TOI'0, HACKOJIBKO IMOCTPOEHHAs MOJIE/b COOTHOCUTCS ¢ HUMH, MOYKHO CY/IUTD
0 ee Ka4eCTBeHHBIX XapaKTepPUCTUKaX, U B IMEPBYIO oUepe b O TOUHOCTH.

[Iporuosubie oneHkn B paMkax (hbOpMaIU30BAHHBIX METO0B MOJIYYal0T HA OCHOBE KCTPa-
MOJIAIUUN ITOCTPOEHHBIX MOﬂeﬂeﬁ. HpI/I 9TOM MOZKHO I'OBOPHUTH O TOYE€YHbLIX W HMHTEPBaJIbHbBIX
MPOTHO3HBIX OIEHKAX, MO/ KOTOPHIMHU B TIEPBOM CJIydae TOopa3yMeBaeTcss (PUKCUPOBAHHOE 3HA-
YeHue IMoKa3aTess, a BO BTOPOM — BO3MOXKHbBIE I'PDAHUIBI ero u3MeHeHus. VIHTepBaibHbIe OIeH-
KI 3HAYEHMI MOKa3aTe s eaecoobpa3Ho JOMOMHATh HHMopMaIueil 0 BepoOATHOCTH, ¢ KOTOPOii
Ha6ﬂ10)1aeMa5{ BeJIMYMHA MO2KET IIpDUHUMATb YKa3aHHbIC 3HAYCHUA. STO IIO3BOJIUT C 6OJ'[bIHeI71
CTelIEeHbIO JOBE€pUd OTHOCUTHCHA K IIOJIYyIa€MbIM IIPOI'HO3HBIM OLCHKAM.

C mo3unumii cka3aHHOTO aBTOPaMu OBLIA TOCTABJIEHA IEJIb PAa3padoTaTh AJTOPUTM MOJIY I€HU ST
HHTEPBaJIbHBIX IPOIHO3HBIX OINEHOK B MOJIE/IN CHCTEMHOMN TUHAMUKH, TO3BOJISIONINN YINTHIBATD
BEPOSITHOCTH TIONAIAHIS HAOJII0IaeMbIX BEJIMYHH B COOTBETCTBYIOIINE HHTepBasbl. Pean3amnus
MOCTABJIEHHOIT TIeJTH OCYIIEeCTBIAIACH Ha MOJETN CUCTEMHOM JUHAMUKY YUCJIEHHOCTH HACETeHHS
Poccniickoit @enepanun, ncciaegoBannoii asropamu B padorax |2][3||4][5]-

CI/ICTeMHaﬂ AUHAMHUKaA — OJWH U3 METOA0B U3y4dYeHUdA CJIO2KHBIX 3aJa4 C HeJIMHEHHBIMUA 06—
pPaTHBIMU CBs3siMHU, pa3paboranubiii J[zx. oppectepoM, MPU3HAHHBIM CHEIUAJTUCTOM B 00JIaCTH
teopun yupasienns [1][6]. CormacHo MeTOIy CHCTEMHON IUHAMHUKE IIPE/IIOIATAETCI HCCIIeI0-
BaHUe MOBeJIeHNSA HAOIIOTAeMBIX BEJUIHH, CBI3U MEXK/Iy KOTOPBIMHU OMHUCHIBAIOTCS Tud hepeH-
IUaJIbHBIMU YPABHEHUAMU U UMEIOT BIIOJIHE KOHKPETHYIO CHeI_[I/I(l)I/IKaI_H/IIO. HeHOCpe,H‘CTBeHHbII‘/)I
BUJI (DYHKIIMOHAJBHBIX 3aBUCUMOCTEH M0/Ipa3yMeBaeT, 4To napaMeTpbl MOJIe/Ieil JT0/IZKHbI ObITh
N3BECTHBHI. O,ZLHaKO TaKO€ BO3MOXKHO [JaJIeKO He BCerJa, a JIUIIb B TeX CJAyYadX, KOIla MEXKIY
epEMEHHBIMU MOJIEJIN CYIIEeCTBYeT O4YeBHIHAdA CBA3b. /s Oosiee cI0XKHBIX CHTyaIuil ompe/ie-
JIAIOTCS TTapaMeTphbl YPaBHEHUH CUCTEeMHO TUHAMUKH, 00ECIIeUNBAIONINX a/IeKBATHOE OIMUCAHUE

! Bagenyromuit kahberpoil MATEMATHYECKOTO MOIeIUPOBAHNS, BAIIKNPCKIil TOCYIAPCTBEHHEI YHIBEPCUTET,
r. Yda; s. spivak@bashnet.ru.

2 Crapmmit nayunbrii corpynuuk, MCOU YHII PAH, r. Yda; o _kantor@mail.ru.

3 Acnmpant, Bamkupckuii rocyaapcrsennbiil yausepcurer, . Y da; salah-off@mail.ru.
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UMEIOTTUXCS YKCIIePUMEHTATbHBIX HaOmoAenuil. [Ipu 3ToM ¢ 1ebio CHUZKeHns Heolpe1e/IeHHO-
CTH, MEIeCOOOPA3HBIM SIBJISETCI B JIOTOJHEHNE K SKCIEPUMEHTATHHBIM HAOTIOMEHUAM, YIUTHI-
BaTh JIIOOYIO UMEOILYIOCS B PACHOPSIZKEHUN HCCJIe10BaTe s NHMOPMAIHIO.

[To cBoeii cyTn 3a7a49a onpe/eseHns TapaMeTpoB JIIOObIX 3aBUCHMOCTE}l, ONMMCHIBAIOIINX 11O~
Be/leHne HAOTIOaeMbIX BeJIMYNH Ha OCHOBAHWY SKCIEPUMEHTATbHBIX JAHHBIX, IBJIdeTCI 00paT-
HOIi, & HermocpeJCTBEeHHAs peajn3alnus OOPATHBIX 33/7a4 IpPeJNoIaraeT MPOBeIeHne BhITICIH-
TeJILHOTO YKCIIePUMEHTA.

st mocTpoenusi MOJieJIM CUCTEMHOM JIMHAMUKK 4Yuc/ieHHOCTH Hacesenus Poccuiickoit Pe-
Jiepallii B KavecTBe MEePEMEHHbBIX, ObLIN BHIOPAHbBI CJIE/IYIONINe TPH:

e N - yucjennoctb Hacenenus P®D, qejr.;
e D - jaymeBble JOXO/bI 3a roJ, pyb./des. B rox;

e [ - MHIEKC MOTPEOUTENLCKUX II€H, JI0JIS €I,

Takzke B Moje/b Oblia BKJIIOYEHA BCLOMOraTe/bHas LepeMeHHas S = N—ID, KOTOpasd 10
CBOEH CyTH IPEJICTAB/ISIET PEAJbHbBINA J€HEKHbIN JI0X0/I, KOTOPbIM 00/1a/1aJI0 HACEJI€HUEe CTPAHbDI
3a roJi C y4eToMm m3MeHsifomuxcs mned. Vexomgnas nadopmaliist 1Jisi TOCTPOEHUST MO Oblia
B34Ta U3 OMUIHAIBHBIX CTATHCTUYECKHX HCTOUYHMKOB PP 3a mepuox ¢ 1998 mo 2009 rr. Ilo
pe3yabTaTaM CIenuaTbHO OPTAHM30BAHHOTO YHCJIEHHOTO SKCIIePUMEHTa, OMUCAHHOTO B paboTax
[2][3][4] OblIH mOMYUYeHBI 3HAYEHHS MAPAMETPOB MOJEIN — MOKA3ATeN CTEeNeHeil mepeMeHHbIX

¥ KOHCTAHTBI-COMHOKHTEJIN KazKJ0ro ciaaraemoro mogesn (1.1)-(1.3):

% = 8,139 - 1072 N9 82 — 64,1.N%350%3 (1.1)
dD
— = 560-D"* — 9900-1 (1.2)
dt
dl
= =0 131-17%* — 0,0072.5%09 (1.3)

JIns HemocpeICTBEHHON peasiu3alui YUCIeHHOIO YKCIIEPUMEHTa B Cpejie IpOorpaMMUpOBa-
uug Delphi 6611 paspaboran MOLY/Ib, MO3BOJSIONINN YINTHIBATD P/l BBITEKAIOIINX U3 CMBICTIA
pelaeMoii 3aJa49n TOMOJTHUTETHHBIX YCJIOBHUI U JaBAaTh HALISIHYIO HHTEPIPETAIUIO TPOBOIU-
MBIX PaCcYeTOB.

st auciennoro nuarerpupoBanus cucreM JudepennuaibHbIX YpaBHeHU aBToOpamMu ObLI
BBIOpan Meroj Pyure-KyTTel deTBepTOro mopsiika B CHJIY €r0 BBICOKOW TOYHOCTH W MEHBIIe
CKJIOHHOCTU K BO3HHKHOBEHUIO HEYCTONYUMBOCTH PEIICHUS.

Wurepdeiic mporpamMMbl IpeacTaBiasgeT n3 ceds padouee IoJie, BKIHOYaionee: 00J1acTh 3a-
JIAHUST TIAPAMEeTPOB M HAYAJbHBIX JAHHBIX CHCTEMbI, 00,1aCTh BHIOOpA HEOOXOJIMMBIX PACYETOB,
00J1aCcTh BBIBO/IA Pe3yAbTaToB. Pe3ymbrarsl, 1jist y00CTBO aHAIN3A, ITPEICTABIAIOTCS KaK B BH/JIE
rpadrKOB C COOTBETCTBYIOIIMMH YKCIIEPUMEHTATLHBIM 3HAYEHUSIME, TAK U B BUJIE MOy IaeMbIX
oKa3aTeseil cpeHuX ONINOOK AIIPOKCHMAIIHH.

Kypuana CBMO. 2013. T. 15, Ne 3



HpOFHOSHbIe OII€EHKH B MOZJeJIAX CHCTEMHOI JIHHAMHUKH

135

22 005 o o 2 o3 o 0 0.3

dN.l'd1= 2133 *0*N * D *| * S - Bl *N*D*|*8S l MCEY
147 500 000 @ » Exp
[ [T 0 [ T 147 000 000 +—+F
dD/dt=50 N * D* | * S-90 *N*D*|*§ 145 500 000 r
[ 04 0 0 0 0 0,032 145 000 000
L 2
145 500 000
difdt= 01z N*D*1* S- oo N *D*1*S =
> 145 000 000
£ 144 500 000
) . 144 000 000
— 04, OWHOKH =
NO= 147602133 Graph En 04134 143 500 000
™ : =
D0= (121224 v i n=4y. 143 000 000 ,
impson - .
0= Dl Ed =3,190 142 500 000
= L)
“ iy Fiogon Ei=59017 142 000 000
=z van . o1z 3 4 & 3 10 11 12
iter =
220000 Dit) 135 P oo
S e 1,34 LA
200 000 e 132
13
120 000 +—— 128
180 000 18
[ 124
140000 1,22 Y
= =1z
7120000 s ®
B4 =118
* 100000 x1‘14 [ ] =] ®
80000 112 i
1
60000 1,08 ® 4
e 1,08
40000 1,04
[
20000 §—#-= 1‘012

Pucymox 1.1

Pesynbrarsr unciaennoii peasmsaiun mogesn (1.1)-(1.3) merogom Pynre Kyrroi

DyHKITMOHATbHBIE BO3MOKHOCTH IIPOrPAMMBI MO3BOJIAIOT B XO/e PAGOTHl H3MEHATDH Mapa-
METPbI MOJIE/IM U HAYAIBHBIE YCJIOBUS, 4TO OOJIerdaer aHa/ M3 MOJIy4aeMblX pe3y/abraTos. 1la-
pamerp t onpeje/sier KOHEUHYO TOUKY 10 HE3aBUCHMOll KOODJIMHATE, U3MEHssT KOTOPYIO MOZK-
HO 3a/1aBaTh MOMEHT BPEMEHHU JJIsl MOJIydeHHsl TTPOTHO3HBIX 3HAYEHUH T1€PEMEHHBIX CHCTEMBI.
[lepeksiouarens 3./ mo3BoJsgeT 0T0Opa3uTh HA IpadHUKaX HMEIOMUECcs IKCIePUMEHTATbHBIE
3HAYEHUS [EPEMEHHBIX, OTHOCHTEIBHO KOTOPBHIX MOXKHO BH3YaJbHO OIEHHUTDH MOJIyYeHHBIE pe-
3Y/IBTATHI.

Ha ocnoBanun mogenn (1.1)-(1.3) H0CTATOYHO MPOCTHIM SIBJISIETCS IOJIyYeHUE TOYEYHBIX
IIPOrHOBHBIX ONEHOK JIJIsA KAZKJIOH U3 MepeMEeHHBIX MOJIE/IH.

J11s mostyueHnsl MHTePBATbHBIX MPOIHO3HBIX OIEHOK Oblaa paspaboTana CIeIyioasi mpo-
eIy pa:

— mokasaresqu creneneii mepemennsrx Mogenu (1.1)-(1.3) mosarajauch HeW3BECTHBIMH, a
K03GbOUIMEHTHI-COMHOKUTE/IM CJIAraeMbIX MOJEJNH JIJI POCTOTHl IPUHUMAJIMCH HEM3MEHHbl-
Mu:

dN
- = 8,139 107N DA ™ — 64,1-N*2 DP2 ]2 (1.4)
— = B60-N* D [ — 9900-N* D [ (1.5)
dl 5 4
= = 0. 1BLN® D[ = 0,0072-N** D™ ['° (1.6)

— [0 KazKJI0My MoKazare o cremneneii Mojesu (1.4)-(1.6) BBOAUIUCH KOPUIOPHI JTOMYCTHMOIL
papuanuu. ['paHUNBI STUX KOPUIOPOB ONPEIETANNCh KAK HATHIPONEHTHBIE U3MEHEHHS COOT-
BeTCTBYOINX Hapamerpos mogenn (1.1)-(1.3);

— B KazKJI0OM U3 BBEJECHHbIX KOPUAOPOB paCCMaTPUBAJIUCH 110 TPU TOYKHU, OlIpeae/ideMble KaK
IIEHTPHI OTPE3KOB, MOJYIAEMbIX TTPH pABHOMEDPHOM pa30MeHnN KOPUIOPOB Ha TPH YacTh. Takum
06pazoM, ObLIH oIpe/iesienbl 3'¢ Bo3MoKHBIX KoMOuHauii napamerpos monesn (1.4)-(1.6);
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— 7T KazKJI0# M3 BO3MOKHBIX KOMOMHAIIMI ITapaMeTpOB MOJIEJIH OCYIIECTBISIaCh IPOBEPKA
Ha COOTBETCTBHE 33JaHHBIM YCJIOBUIM, B KAUeCTBE KOTOPBIX OBLITH UCIOTb30BAHBI OTPAHUICHHUS
HA BEJIMYWHBI MAKCUMAJILHBIX TPUPOCTOB KayKJ0¥ U3 IMepeMeHHbIX MOJIeJIN:

IAN]|,| < 0,006 N (1.7)
|AD|,[ <0,7D (1.8)
IAIl,| < 0,71 (1.9)

t=1,12

Yeaosue (1.7) 00ycj0BIeHO MAKCHMAIBHBIM 3a Bech mepuog 1998-2009 rr. n3MeneHneM mo-
Kazare/s 9ucaeHHocTn Hacesaenus: B 2004 r. ancaennocts nacenenna PP cokparmaack wa 0,6%
(aro coorsercTByer nmpumMepro 800 Toic. ges.). Yeaosus (1.8) u (1.9) orpanmvuBaior poctT me-
peMeHHBIX D (JIymieBbIX M0X0M0B 3a o) u | (MHIEKCA TMOTPEOUTEIbCKUX IeH) BEJTUIHHON B
70%. 1 xora mopor Beauunnoii 70% B cymecTBYIOMMUX SKOHOMAIECKUX YCIOBHAX MOYKET OBIThH
pacIieHeH KaK HepeaJbHbIN, TeM He MeHee, B IEe/IAX MoJyvenus 6oJee aerajabHoil nadopmayumn
00 m3y4aemoii MoJesIn, aBTOPaMu OBbIJIO YCTAHOBJIEHO UMEHHO 3TO 3HAYEHUE.

— I TeX KOMOMHAIuii mapamMeTpoB, KOTOpble yaoBieTBopsiiu yciaousm (1.7)-(1.9) mpo-
BOJMJIOCH YUCJICHHOE HHTETPUPOBAHUE COOTBETCTBYIOMIEH cucTeMsl 10 MeToxy Pynre-KyTTor n
BLIYHC/ISIACH CPeJIHUE OMUOKH ANIPOKCAMAIMY 110 KasKIOMY YPABHECHUIO;

— €CJIM BEJIMYMHBI CPeJHNX OMUOOK ammpokcumaiun He npesbimain 10%, To npoBepsimnch

YCJIOBHsI, OTpazkaronme Tpe0oBaHus Ha IPOrHO3HbIe 3HavYeHus nepeMenuabix N u D (N{3 u
pac )
13 )

| NP — NP < 100000 (1.10)
| DPee — D] < 120000 (1.11)

KazKJI0e U3 KOTOPhIX OTParkKaeT TeHICHINIO N3MEHeHUA COOTBETCTBYFOIIMX HePeMEeHHBIX, CJI0-
xusmytocs Kk 2010 . ( N5 u D5 - skcuepumenTaibHbIe JaHHBIE COOTBETCTBYIOMINX MEepe-
MeHHBIX B 2009 1.);

— B caydae, ecin Habop mapamerpoB obecneunsast BoinosHenune yeiaosuit (1.10) u (1.11), on
sanuchiBajicd B daitn. B ary ke 3a1uch BKIOYAIUCH 3HAYCHUA CPeJIHUX OIIMOOK ALIIPOKCHMA-
nun no Kaxaomy ypasuennio {Ay, Ap, A;}, 3madenue Kpurepusi OHTHMAILHOCTH, B KAYECTBE
KOTOPOTO OBIJI BHIOpAH KOPEHb KBaJPATHBIA M3 CYMMBI KBaJIPaTOB CPEIHUX ONIMOOK ammpoK-
CHMaIIH, 9TO COOTBETCTBYeT MHHIMAIbHOI aymHe BekTopa {Ay, Ap, A}, n Todeunsie mpo-
THO3HBIE OIEHKHU IepeMeHHBbIX Mojenun N, D[ Ha ciemyromtuii, 6/imKalimii Mo OTHONIEHHIO K
nmeromeiics nHGOPMAINHA, TePHOI.

JIis 9McIenHoil peaJu3anuy OMUCAHHON HpoueAypbl OblI paspaboTaH HPOrpaMMHBIH MO-
JlyJIb, ¢ TOMOIIBIO KOTOPOro (bopMUpOBAIach 0a3a JAHHBIX, COAEPIKAIIAs BCE TePeunCIeHHbIC
BBbILIIe KOMIIOHEHTHI. BHyTpu 3T0ro Moy 6b110 ocymectsieno 3 ureparuii (1o 4uciy Kom-
Gunanuii 3Hadennii mapamerpos mogesnu (1.4) - (1.6)), Kaxaast U3 KOTOPBIX COJlepKaia Ipo-
MO3JKHE PACIeTHl, B TOM YHUCJIe CBA3AHHBIC ¢ YACJCHHBIM HHTETPUPOBAHUEM CHCTEMBI, YTO IPH
PAMOii 110C/1e10BATEeJILHOCTH IIPOBOJAMMBIX BBIUUCJIEHUI TpebyeT J0CTaTOYHO GOJIBIIOrO KOJIH-
4eCTBa BPEMEHHN M BBICOKOI POM3BOANTEIHLHOCTH BBIYHCIUTEILHBIX MAIINH. B 1e1ax sKonoMun
pecypcoB, Bech mepebop 3HaUeHMi mapaMeTpoB MoJean ObLI pa3ouT Ha 81 dacTh. DTO MO3BO-
JIAJIO 3aIllyCKATh OJHOBPEMEHHO HECKOJILKO IIOJYYeHHBIX KOMIUIANUEl HCIOMHAeMbIX (haiiioB,
YTO 3HAYATENBHO YCKOPHIO IPOIECC 00pabOTKA JAHHBIX.

Cuaenyer 3ameruTh, 9ro BBegeHubie yciaous (1.7) - (1.11) B coueranuu ¢ upoBepkoii Tpe6o-
BaHUil Ha 3HAYEHUs CPEJIHUX OIMUOOK AlPOKCHMAIUK TI0O3BOJUIA COKPATUTDL YUCJIO 3aluceil ¢
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318 1o mpumepHO 44 MILIHOHOB, YTO OTPA3UIOCH HOUTH B 10-THKPATHOM COKPAIIEHHH BPeMeH-
HBIX 3aTpaT. B pe3ynbrare Obl1a moyuena cBoeoOpasHas 6a3a JaHHBIX, cocTodmas u3 81 daii-
Jla, IPUMEPHbINA 00'beM KazK/J0ro u3 Koropbix coctasusi 160 MB. Nudopmanus, cogepzkarniasics
B 3mux ailaax, mo3Bon/Ia PACCINTATH PsiJi OYeHb BAYKHBIX JIJIsT AHAIN33 U3Y9aeMOi MOje-
JIM XapaKTePHCTHK, B TOM YHCJIE OIPEICTUTD JAUAIa30Hbl BapHalun napamerpos {a;, 5,7},
j = 1,6 1 IPOrHO3HBIX 3HaUeHH{T KaxK 10l u3 mepeMennbix Mogenn (1.4) - (1.6) (em. Taba.). [lua
9TOTO OBLIO Pa3zpabOTAHO OTIETbHOE MPUJIOZKEHUE, KOTOPOe OCYIECTBIISAIO MOCTPOYHOE UYTeHHe
Bce (paitios nosyuennoit 6aspl. CTpoka pa3duBajiach HA YACTH COTJIACHO THUILY JAHHBIX: KO-
dunmenTHI, PE3yAbTATHI, MOTPENTHOCTH. JTO PEAJTH30BBIBAIOCH BBOJIOM CHEIHAJIBHOIO KJIACCA
CTPOKOBOTO THUIA CO CHEIUAJBHBIM PAa3eTUTeIeM CTPOK, YIPOIIAIIEr0 CINTHIBAHNE 3HATE-
Huit ¢ daitna. lanee, ncnosbp3ysa HeOOXOMUMBIH OTCTYH B CTPOKE B 3aBUCUMOCTH OT THUMA, TAH-
Hble BHOCHJIUCH B COOTBETCTBYIOIINE MACCUBBI, KOTOPbIE AHATU3UPOBAIUCH COTJIACHO TPUHSATHIM
ycsioBusiM BbIOOPKHU. B KadecTBe HaYaIbHBIX MAKCHUMAJIbHBIX, MUHUMAJBHBIX M ONTHMAJbHBIX
3HaYeHUil IPUHSATHI JIAHHbIE [1IePBOil 3amucu B nH(GOpManoHHoit 6aze. [laJiee, ipu cpaBHEeHUH C
JIAHHBIMU OY€PEeTHON 3aMUCH, €CJTH OHU OKA3bIBAJIUCH JIYUIe CTOUYKH 3PEHUsI BBEIEHHBIX YCJIO-
BUIi, TO PACCINTHIBaeMble 3HAUEHU 3aMeHsTNCh. B KauecTBe ycI0Bril ONTUMATBHOCTH IPUHATO
MUHAMAJTbHOE 3HAUeHHe KOPHS KBAJIPATHOTO U3 CYMMBI KBaJIPATOB CPEJIHUX OIIMOOK AMMpPOK-
CUMAIMK, TO €CTh JIAHHBbIE 3AIUCU MPUHUMAJIUCH KAK ONTUMAJIbHBIC, €C/IU 3HAYCHUS CPEIHUX
omuOOK AMMTPOKCUMAIINN, 3AMUCAHHBIE B KOHIE KaK/I0# 3amucu, 00eciednBaj M MUHAIMATIHLHOE

3HAYEHNE BLIPAYKCHHSI \/ Ax’ +Ap 4+ A; . PesyanTaThi anaansa BHBOIIINCH B CIEIHATBHOE
II0JI€ IPOrPAMMBL.

BazKHBIM NTOrOM peaju3aniu pa3pabOTAHHON MPOIEAYPH! SBHIACH BO3MOXKHOCTL pacdera
BEPOATHOCTHBIX OIEHOK IIPOrHOZUPYEMBIX 3HAYEHHH BeJMYHHBI YHCJICHHOCTH HaceseHus: Poc-
cuiickoit Penepannu ma 2010 r. (puc. 2).
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Pucynmox 1.2

I'mcrorpamma mMpOrHO3HOM OIeHKN unciaeHHocTr Hacenaenns P® wa 2010 r.

CorracHO MPOBEJIEHHBIM pacdeTaM 33/JJaHHBIIl YPOBEeHb BapHAIlii ITPOTHO3UPYEMOTro 3Hade-
HUSA YUCJICHHOCTH Hacesenusa Poccuiickoii @enepannn na 2010 r. B pasmepe 0,6% ot dpaxTnge-
CKOTO 3HAUeHHus JaHHOro mokasaress B 2009 r. (141,9 MIIH. WesI.) MOXKHO OKUIATH C BEPOSITHO-
crpio 0,35.

Jl1s1 HemocpeICTBEHHOM peasn3alnuy BCeX ITAIOB ONUCAHHOM mponeypol Obl paspaboTan
CHENUAJIbHBI MPOrPAMMHBIH MPOJIYKT B cpejie 00beKTHOro nporpamvuporanus Delphi, dynk-
IMIOHAJIbHBIE BO3MOZKHOCTH KOTOPOTO MO3BOJIIIN aBTOPAM JOCTUYb IMOCTABJIEHHON eI U OCy-
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Tabsuna 1: XapakTepucTHKH MapaMeTpOB U MPOTHO3HBIX ONEHOK mepeMeHHBIX Mojesu (1.4) -
(1.6) (* - onTUMATBHBIM CUUTAJICS HADOD MAPAMETPOB, 00ECIEUNBAIONINI MUIHUMAILHOE 3HA-

YeHUE BbIPAKEHUIO \/ A_N2 + A_D2 + A_IQ)

[Tapamverpsr / | Muaumasbraoe | Makcumasnbhoe | OnrumasibHoe
nepeMeHHbIe 3HAYEHUE 3HAYEHHE 3HavYeHne”
o 1,948 2,050 1,948
Q9 1,900 2,100 2,000
Qs -2,100 -1,900 -2,000
oy 0,314 0,347 0,314
Qs 0,285 0,315 0,285
Qg -0,315 -0,285 -0,285
B 0,000 0,000 0,000
Ba 0,333 0,350 0,350
Bs 0,000 0,000 0,000
B4 0,000 0,000 0,000
Bs 0,000 0,000 0,000
Be 0,950 1,050 1,050
o 0,000 0,000 0,000
Yo 0,000 0,000 0,000
Y3 -0,420 -0,380 -0,380
Y4 0,087 0,097 0,092
Vs 0,087 0,097 0,097
Y6 -0,097 -0,087 -0,097
Ni3, MJIH. 4eJI. 138,407 142,015 141,885
Ds3, ToIC. PYO. 95,862 236,572 232,053
L3, noyu ej. 1,048 1,363 1,100

IEeCTBUTH O0Jiee 0OOCHOBAHHBIH MO/IX0/T K IIPOOIeMe TOJIYIeHHsT TPOTHO3HBIX OIEHOK B PaMKax
U3y4aeMoil MOJean CUCTeMHON NTUHAMUKH.
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VJIK 621.3.078

Peanuzamusa pacmmupenroro puiabTpa KagiMmana B cpene
MATLAB a1 BoccTaHOBJIEHIs YIJIOBOII CKOPOCTH
BpallleHIs POTOPa AaCMHXPOHHOTO ABUTATEd

© M. B. Tananos,’ A. B. Kapaces,? B. M. Tananos?

AnnoTtanusi. B crarbe paccMaTpuBaercs peanusanus pacuimpennoro ¢duiabrpa Kanmana B cpene
MATLAB wu npegnaraercss yaydieHHas CTPYKTYpa HaOIIOJATeNsT HA €r0 OCHOBE IS MOJTY IeHUsT
OIIEHKM YTJIOBOH CKOPOCTH BPAIEHUS POTOPA ACHHXPOHHOTO IIEKTPOABUTATEIS.

KiioueBrble cjioBa: JaTYUK CKOPOCTH, ACHHXPOHHBIHN 31K TPOIBUTATEDb, PACIIAPEHHBIN (DUIHTD
Kanmana, yayuinennas crpykrypa nabuaogarens, MATLAB, marpuna KoBapualnun, AUCKPETA3a-
IIMsT, HETIOABUIKHAS CUCTeMa KoopawHar, bubanoreka Digital Motor Control

1. Bsenenue

Pacumpenusiit dbuibrp Kasmana sijisiercst CTaTHCTHIECKH OITUMAJIBHBIM PEKYDPCUBHBIM
AJITOPUTMOM MJIeHTH()UKAIMA [IEPEMEHHBIX COCTOSIHUSI U IAPAMeTPOB HeJMHEHbIX JMHAMIYe-
ckux cucreM [1],[2]. Om nosBossier yuecTs ciydaiinble BO3MYIIEHHs B CHCTEMe W OIUOKH, BO3-
HUKAIOIIHE TPH U3MEPEHUH TOCTYMHBIX MapaMeTpoB CHCTeMbl. IIpeamonaraercs, 910 OMUOKH
M3MepeHuii 1 BO3MYIIEHHsI B CHCTeMe HEKOPPEJIUPOBAHBI U MATPHUIIHI KOBAPHAIMH JIJIST HUX U3-
BeCTHBI. B crarbe paccmarpuBaercst crpyKTypa HabJ0aTesis Ha OCHOBE PACIIMPEHHOIO (DuJib-
tpa Kasimana, KoTopasi 1103BOJISIET OJIy4UTh GOJlee TOUHYIO OIEHKY YIVIOBOIT CKOPOCTH Bpallle-
HHSI POTOPA ACHHXPOHHOT'O JE€KTPOJIBUTATES [0 CDABHEHUIO ¢ PeaTH3alisaMu HabIo1aTeei,
npuseaenasivu B [1],[2].

B asropurme (GHIBTPAIMA UCTIONIB30BAINCH YPABHEHHsI SJI€KTPOIBATATE s, 3ANNCAHHBIE B
Hero B KHOIT cucreme koopaunar (1.1),(1.2), HOCKOIbKY Takasi MOJIE/Ib HMeeT CJIe Iy IOue Ipe-
MMYIIECTBA:

1. meHbIllee BpeMs pacdeTa;

2. MeHbIllee YuCJI0 IaroB MOACJIUPOBaHU A
3. IOBbIINICHHAA TOYHOCTD,

4. 6oJsiee cTabUILHOE MIOBEICHUE.

[ajiee mpuBOIMTCH MaTeMaTHIECKAs MOJIEIb ACHHXPOHHOI'O 3JIEKTPO/IBUTATE IS B IPOCTPAH-
CTBE COCTOAHUM, KOTOpasd JIOIOJHEHA HeU3MepAeMOd BeJIMYUHONA — YIJIOBOH CKOPOCTBIO Bpa-
menust poropa [1],[2]. Dra mMogens GblTa MCHOIB30BAHA IS HOTYYEHHUS JUCKPETHON MOJIE/IH
nBuraress npu peannsanun dpunsrpa Kaavana B cpere MATLAB.

d
d—f = Ax + Bu, (1.1)

L Acnmpanr dakynbrera 31eKTpoHHOM Texnukn, MopmoBeKuil rocyjaperBennbtii yuusepenter, r. Capanck;
izen 18@mail.ru

2 llonent kadenps! «IIpoMblTeRHas 3/1eKTPOHIKA», MOpIOBCKHIIt TocynapcTBennbIil yHuBepcuter, r. Ca-
panck; izen 18@Qmail.ru

3 TMonenT xadeapsr « ABTOMATH3XPOBAHHBIE CHCTEMBI 06paboTKu nudOpMAaI U yapasienusas, Moprosckuit
rocyaapcTBeHHbiil yauBepcuter, r. Capanck; izen 18@mail.ru
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y=Cu, (1.2)
rae
-1/T. 0 Ln/(L,L,T,)  w.Ly/(L,L.) 0
0 —1/T* —w.Lpn/(L,L,) Ly/(L.L,T,) 0
A= |L,/T, 0 —~1/T, —w, 0,
0 LT, Wy —1/T, 0
0 0 0 0 0
/L, 0
b 8 1/0Ls 02{1 000 o}
0 0 01000
0 0

n T = [isa i3 Ura Urs wT]T — BEKTOpP COCTOSHHS, U = [usa usB}T — BEKTOp yIpaBJie-
mus, A — Marpuna cocrosuuit, C' — Marpuia Bexoga, L, = oL, — mepexojnas HHIyKTHBHOCT
craropa, rie o = 1 — L2 /(L L,) — kosddunuent paccesnus, Ly — WHIYKTUBHOCTH 0OMOTKH
craropa; L,, — WHIYKTHBHOCTHL HamMaruwumpBauusi; L, = L;. + L, — WHIYKTHUBHOCTH OOMOTKH
poropa, rjae Lj — MHIYKTUBHOCTH paccesHus oomMorku poropa; 1, = L,/R, — mocrosHHas
BPEMEHHU POTOpA; W, = Wp,,P — JIEKTPpHUIEcKas yIJI0Bag CKOPOCTb BpAllleHUs POTOpa, TIe Wy,
— MeXaHHYeCKasi yIJIOBasg CKOPOCTb BPAIEHUsl POTOPA, P — YHCJO AP MMOJIOCOB 3JIEKTPOIBU-
ravens; T.* = L./(Ry + Ry(Ly/Ly)°) — komOnuuposanubiii mapamerp, rae R, — akTHBHOE
COIIPOTUBJIEHNe OOMOTKH CTaTopa, [, — aKTHBHOe COMPOTHBIIEHHE OOMOTKH POTODPA; isq U %sg
— IPOEKIUU TOKOB B OOMOTKAaX CTaTOpa Ha OCH HEMOJBUKHOH CHCTeMBI KOODAMHAT, Usq U Usg
— IIPOEKINH JIMHEITHBIX HANpszKeHUl 0OMOTOK CTaTOpa Ha OCU HEIOJBHKHOI CUCTEMbI KOOD/IH-
HAT, Vpq U Y3 — IPOEKINU BEKTOPA MOTOKOCIEILTEHIS POTOPa Ha OCH HEellOBUIKHOIl CHCTeMBI
KOOPIMHAT.

Jlnss  49uWceHHOrO  MOJEMpOBaHUsS — O0beKTa  yHpaBIEeHHS  HWCIHOJb30BAJIaCh  MO-
Jedb  aCHHXPOHHOTO  sjekrpojapuraresns w3 oumbamoreku  SIMULINK  (pucynok
1.1). MogenupoBanne MOPOBOAWIOCHL B JUCKPETHOM BDEMEHH C IIArOM  MOJEJTHPO-
BaHHA 2 MKC 9TO OBLIO CIeJaHO JIsd YCKOPEHHS TpoIecca  MOJIETUpPOBAHUSI.
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"
8
Hi
v

+
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Pucymox 1.1
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Mogens acuaxponnoro gpuraresns B SIMULINK

2. Pesyabrarel MmogesupoBaHud B cpege MATLAB

Pacemorpum  pesynbpraTsl  MomenumpoBanmd. Ha pucynke 2.1 mokKa3aH pas3ToH JBH-
rarejqisgs 0 ycTaHOBHBIIErocst pexmva — 1885 pax/c (1800 o6/mun). Ha pucys-
Ke 2.2 10Ka3aH pa3BUBAEMbI JBUraTeieM 3JEKTPOMATIHUTHBIN Bpamalommii  MOMEHT.

O D e e e et e e et
e e e e
PO DRV, SN SN .8 T, O . W
2 S M W S —
" S IR SISYS NS S S WU S -
] e e T ; .
it demsduasssdissos i ssdnd
NS T2 TS S WO S S S—-—
AT ; K. NS SN SUSUOR SRR, S S W

P S S TS S N S N N

Pucymox 2.1

N3mepennas yrjioBas CKOPOCTh BPAIEHUsI POTOPA JIBUTATEJIS

1000

500

-500

oot i i i & i i i ]

Pucymnox 2.2

DJIeKTPOMATHATHLIN BPAIAIONINI MOMEHT JIBUTATEIS

[IpeobpazoBanue JIMHEHHBIX HANPSAXKEHUH U3 Tpexdas3Hoil B HEMOABUKHYIO CUCTEMY KOOp-
JMHAT BBIIOJHSAETCS 1O cJaeayiomeii dhopmyite [3],[4]:
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Vis| 1 |2cosp cosp +V3sing]  [Vaps
Vas| 3 [2singp sing —v3cosg| | Vies

(2.1)

e Vops 1 Vpes — JTUHEHHbIE HAIPAZKEeHHA 0OMOTOK CTATOPa, (¢ — YroJ MOBOPOTA CUCTEMbI
KOOPJMHAT, B KOTOPOH 3allMCAHBl ypaBHEHUs dIeKTpoapurareisd. B Hamem ciaydae ¢ = 0.

HamomuuM, 910 cunTarTcs JOCTYIHBIMA /I U3MEPEHHs TOJbKO HAIPSAXKEHUs U TOKHU CTa-
Topa.

J11g BBIOIHEHNS AJIrOpUTMa paciiupenaoro dumibrpa Kaaimana mudpoBeIME IPOIECCOpa-
MH HeOOXOIMMO 3alliCATh YPAaBHEHHS 3JIEKTPOJABUTATE B JUCKPETHOM BpeMeHH. /luckpern3a-
nust Beipazkenuii (1.1) u (1.2) npousBogurces mo caeayonmM hopMyIam:

Ay = exp|AT|=I + AT (2.2)

By = BT, (2.3)

rae T — mepuos quckperusanuu. Marpurma Beixona Berauciasercs kak Cy = C'| rjie MaTpuna
C' onpegensiercst us dbopmyast (1.2). B [2| u [5] npuBenenbr pekomenganuu 1o BEIGOPY Meprojia
JINCKPEeTU3aINN.

B pacmmpennom duaprpe Kaavana J0JKHBI OBITH YUTEHBI KaK COydaiiHble BOZMYIICHUST
BXOJIHOTO BO3JIEHiCTBUS, TaK U CIydaiiHble OMMOKN MU U3MEepPEHUsIX Bbixojaa. MaremaTudecKkast
MOJIEJIb PACCMATPUBAaEMOli HabII0IaeMoil cucteMbl umeer Buj [6]:

(t) = A(t)x(t) + B(t)u(t) + v(t), t=to (2.4)

y(t) = C(t)a(t) + wit). (2.5)

HeocTymHbIi HEMOCPEJICTBEHHOMY HAOJIIOJEHUI0 BEKTOP COCTOstHUS x(t) WMeeT pa3mep-
HOCTH 7. IIPeno/IoKuM, 4T0 ero HadaJbHoe 3uadenue r(tg) ecTb cjyvaliHblii BEKTOP C 3a-
JIAHHO# KoBapuannounoit marpuneii P(tg) . I3mepsembrit Bektop y(t) nmeer pasMepHOCTL M .
Bekrop Bosmytenuit v(t) pasmeproctu n u omubka u3MepeHuit w(t) pasMepHOCTH MM TPEJI-
CTABJIAIOT OO0 BEKTOPHBIE Caydaiinbie Mporecchl. CHMMETpUYHbIe, HEOTPUIATETLHO OIPe/Ie-
JIEHHbIe MATPHUIBI KOBAPHAIMH ITHX MPOIECCOB 3aaHbl CJEIYIOMUMA (hOPMYTAMMU:

Evw' = Q(t) (2.6)
Eww = R(t), (2.7)

rne F o3Hauaer MareMaTHIeCKOe OKHIAHUE.

Bo Bpems 4HCIEHHOrO MOJEJHPOBAHHS IBUTATEIL PA3TOHACTCA U3 COCTOSHHA MOKOS, TO
ecTb anpuopHasg nH(OpMaIKd O HAYAJILHOM HOJIOXKEHHH CHCTeMbl u3BecTHa. Cjie10BaTesIbHo,
omubKa B 3HAHWM HAYAJBHOIO BEKTOPA COCTOsiHUS T(t)) paBHA HYJIIO, & 3HAYUT: MATPHUIA KO-
BapHualuu HadaabHoro Bekropa P(ty) pasua mymo, To ectb P(0) = 0. [TocKoJbKY mapaMerpbl
caydaiiHbix nporeccoB v(t) u w(t) HEM3BECTHBI, TO BO BPEMS SKCIEPUMEHTAIbHOI HACTPOHKH
anropuTMa (PUILTPAIUN ObLIH TOZ00paHbl 3HAYeHnsa MaTpul, () u R Takum o6pa3oM, ITOOBI
00eCIeYnTh YA0BJETBOPUTEILHYIO JMHAMUAKY M TOYHOCTH BOCCTAHOBJICHUS IIEPEMEHHBIX COCTO-
saus [1].

Anropur™ (GUILTPAIUT COCTOUT U3 JIBYX OCHOBHBIX IMATOB: SKCTPAIOJAINNH U KOPPEKIUH
[2]. Dxcrpanossiust BeKTOpa COCTOsSIHUST HABTIOAAEMOIl CHCTEMBI OCYIIECTBIISIETCS Ha OCHOBE
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MATEMATHIECKOH MOJEIN ACHHXPOHHOIO 3JIEKTPOABHUIATENId B JAUCKPETHOM Bpemenu. OueHka
BEKTOPa COCTOSAHUS HAOIIOAeMOil CHCTeMBI TOIY9aeTCs B Pe3yIbTaTe BTOPOro Iara — Koppek-
UK, — KOTOpas OCYIIECTB/ISeTcs LyTeM J100aB/IeHUus KOPPEKTUPYIOUIEr0 4jeHa K 3HAuYeHUIO,
MOJIyYEHHOMY B pe3yJibTaTe dKCTpanoasdiuu. KoppekTupyIionuii 4jieH BbIYUCIsIeTCs KakK IPo-
u3BeJeHue MaTpHIbl yemaenuns ¢uibrpa K Ha pasHOCTh M3MEPEeHHOrO BEKTOpa COCTOSAHUSA U
OIEHKH BEKTOPa COCTOSHHUS.

Ypasaenne pacumupentoro dbuabrpa (Habmogarens) Kaavana umeer Buj (pucyHok 2.3):

~

& = A(2)i 4+ Bu+ K (i, — i), (2.8)

rJIe MOCJIe/THEee CIaraeMoe B IIPaBOii 9aCTH BHIPAYKEHUS SIBJISIETCS. KOPPEKTUPYIOTHM UICHOM.
Hucstennast peajausalyst aJropuryMa GuiIbTpanui cCocTouT u3 ciepyomux sranos [1], [2], [6].
Ha mepBbix ByX Tanax NMeIONasicsi ONEHKA W ee MaTPUIla KOBAPUAINN IKCTPATIOJUDYIOTCST HA

CJIeIYIOIA WHTEPBAJI:
X[n+ 1n] = AgX|[n|n] + ByU|n| (2.9)

Pln+1|n] = f(n + 1n)Phln]fT(n + 1n) + Q, (2.10)

0
rae f(n+1[n) = %(AdX + BdU)’X:X[n\n] :

Ha Tperbem mrare Boraucisiercs ontuMajbHasg MaTpuna ycuaenust K n omnenka, mosyYeHHas
B pe3yJIbTaTe SKCTPAIOJISINAN, YJIYUIIaeTCsd ¢ UCIOJIb30BAaHUEM HOBBLIX Pe3y/IbTaTOB HAOJII0/Ie-
HUIA:

K[n] = Plnln — 1]h"[n|n — 1)(h[njn — 1)P[n|n — 1]h [n|n — 1] + R) ™! (2.11)
X[n|n] = Xn|n — 1] + K[n|(Y[n] — C4X[nn — 1]), (2.12)
0

riae hln|n —1] = %(CdX)‘X:X[nM] :
[Ipu peanuszamuum yaydiieHHOTO HabJ0/1aTe/Id HA ocHOBe (buyibTpa Kaamana BbrauceHue
OIIEHKHU BEKTOpAa COCTOSHUS IIpeJIaraeTcs MoauuIupoBaTh CAeAYIONIM 00pa30M:

X[nln] = X[nln — 1] + K[p)([Y [n]; 4 *[n] = CaX[nln — 1]), (2.13)

rae zﬁf ¢ — BEKTOp OIEHKU pq U g, MOJYyIEHHBIH C ITOMOMIBIO JOMOTHATEILHOIO HAOIIO-
JaTesig MOTOKOCHemTeHus. Kpome Toro, pa3mep MaTpuilbl R ciaemayeT yBeanduTb 10 4 X 4.
ManI/IHa O TaKzKe JOJIZKHa 6bITI) AO0IIOJIHEHa ABYMA CTPOKaMU, YIYUTbIBAIOIIUMU BJIUAHUE 110-
TOKOCIIETLIEHUSI.

Ha mocsteiaenm mare ompejiesisercs MaTpUna KOBapHAlUE HOBOI MOMHMUIIUPOBAHHOI OIleH-
KI:

Pln|n| = Pln|n — 1] — K[n]h[n|n — 1]P[n|n — 1]. (2.14)

Crpykrypsl pacmmpennoro duiabrpa Kajmana ¥ yaydineHHOro HaOJofaTesls Ha ero
OCHOBe TIpMBEJIEHbl Ha pHUCyHKe 2.3, 11ae: u = [usa usﬁ]T, T = [isa isB]T,
v(k) — BexTop BO3MymeHmii, w(k) — BEKTOp OIHOOK U3MEpeHHH, i5 — BEKTOD
OUCHKH iy, 1, — BEKTOp ONEHKH ro 1 thrg; ©F¢ — BekTOp ouenkn t,, u
Y5, TOMYUIEHHBIE € TOMOLIBIO JIOTIOMHATETHHOTO HAOMIOAATETST MOTOKOCUEIUICHUS; Wy
~ ONeHKa w,, &, — HavaJbHasg OIEHKAa BEKTOpa COCTOSAHMS I, I — ONEHKa .
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&Eﬁﬂ{a‘l’i’i":ﬁ_ nextpoaenratens _________ ACHHXPOHHUI ANEKTPAADMTATENG
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Pucynmox 2.3

CpaBHeHre CTPYKTYPHBIX CXeM HalJjiofaresieii: a — paciummpertabiit puasrp Kanvana; 6 —
yIIydIlIeHHbI HAOII0JaTe b Ha, OCHOBE pacmmperHoro ¢gpuibrpa Kaavana

Anroputm GUIBTPAINK ¢ HOMOIILIO YIYIIIEHHOIO HAOI01aTe /s OBLT PeaJn30BaH B CpeJIe
MATLAB. B kauecTBe BeKTOpa yIpaB/JIeHUs BBICTYIIAIN IPOSKINN JTHHEHHBIX HAIIPSIzKEHHI 00-
MOTOK CTATOPa HAa OCH HEIOBUXKHOMN cucTeMbl KoopauHat (pucyHok 1.1 u Beipaxkenue (2.1)). B
Ka4eCcTBE U3MEPEHHOTO BEKTOPA COCTOSIHUSI UCIIO/Ib30BAJIUCH MPOEKIINH TOKOB CTATOPHBIX 0OMO-
TOK Ha OCH HEIOJBUZKHOM cucTeMbl KoopauHat (pucyHok 1.1). JonosHureabHblii HabI01aTEh
noToKocHerienus 6oL B34T U3 oudmoreku Digital Motor Control or dupmsr Texas Instruments
[7], koTopsiii Takke GbLT peanu3oBan B cpege MATLAB.

Jlamee mpuBeIeHBI Pe3yIbTATHI OIEHKH MePEeMEHHBIX COCTOSHUS 3JIEKTPOIBUTATENSA C IIOMO-
MIbIO YJIYYIIEHHOIO HaDJ/II0/[aTe sl Ha OCHOBe paciiupeHHoro duibrpa Kasamvana.

Ha PHUCYHKe 2.4 IOKa3aHa BOCCTAHOBJIEHHAS nabJio1a-
TeJIeM MeXaHUYeCcKasd yIJI0Basd CKOPOCTh BpallleHus poTopa.

®m, pan/c

180
160

0o — . —
" NS . - S— ARSI .NP—

| EEEECEREEE R ACEESS PSR
= E— AN S— — S— a

40}

™ S S—— —- S —

0 02 04 06 08 tc

Pucynmox 2.4

Ornenka yTjIoBOM CKOPOCTH BPAIIEHUSI POTOPA

Ha pucynke 2.5 nmokasana onmmOKa OIMEHKN MEeXaHUYIeCKOil yT/IOBOW CKOPOCTH BpAIIeHUst Po-
Topa (1300pazkeHa IMOrPeIHOCTh OTHOCUTETHHO aMILTHTY/THOTO 3HAYEHUS B YCTAHOBHBIIEMCSI
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pezKuMe U3MepEeHHOl YIJIOBO CKOPOCTH BpallleHusi pOTOpa, KOTOpasi MOKa3aHa Ha pUCYHKe 2.1).

08}
06
04

0.2}

0.2

- ; 1 : ; ;
0 02 04 06 08 t,c

Pucynmox 2.5

OmubKa OIeHKN yTJIOBO#M CKOPOCTU BPAIIEHUS] POTOPA

B crarbe ObL1a mpempiokena mojesb B cpege MATLAB u crpykTypa yiaydmenHoro Hab.mo-
JlaTens Ha OCHOBe pacmupeHHOro dbuabTpa Kasmvana, KOTopas MO3BOJSIET MOJYYUTH ONEHKY
YIVIOBOII CKOPOCTH BPAIIEHUS POTOPA ACHHXPOHHOTO 3JIEKTPOABUTATENSA ¢ TOYHOCTEHIO 10 1,0%
JUIST IEPEXOHOI0 pexkuMa 1 ¢ TouHocThio 0,025% J1st yCTaHOBMBIIETOCS PEXKUMa, 9TO UCKJIIO-
qaeT HeoOXOMMOCTDh UCIOIb30BaHUs JATUYNKA CKOPOCTH.
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Implementation of the extended Kalman filter using
MATLAB for the estimation of the rotor speed of an
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Abstract. In this paper the application of the extended Kalman filter using MATLAB is explored
and improved structure of this observer for estimation of the rotor angular velocity is suggested.
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VIIK 517.3

Pemenne obparnoii 3aga4un nudpaknuum B NPAMOYTOJIbHOM
BOJIHOBOJE METOJOM aCUMITOTUYECKNX MHTETrPaJbHbIX
YPaBHEHUI

© A. A. Ilynak!, M. FO. Measenuk>

Awnnorammsa. PaccmoTrpena obpatHast 3a1a49a 1upakiyy 3IEKTPOMATHUTHOTO OIS Ha, 00 bEMHOM
AHM30TPOITHOM HEOJHOPOIHOM TeJie, TIOMENEHHOM B TPSIMOYTOJIbHBIN BOTHOBO . /loKazaHa TeopemMa
06 acumnToTuke TeH30pa ['puHa Ha OeckoHeuHOCTH. BhiBEMEHA CHCTEMA ACHMIOTOTUYECKUAX YPAB-
HEHUH 3J1eKTPOMArHuTHOro mnojs. OnucaH MeTon BpalleHuil 00bLEMHOIO Teja IS ONpPEeIeIeHHs
KOMITOHEHT TE€H30POB ANDIEKTPUTIECKON M MAarHUTHON mpoHunaemocreil. IlpuBeaeHbl pe3yabraTs
pacJeTos.

KuaroueBble cioBa: obOpaTHasi 3JEeKTPOMATHUTHAS 33498 OU(PPAKIINKA, TEH30PbI IM3JIeKTPIYe-
CKOIl ¥ MArHUTHOM MPOHWIAEMOCTEH, TeH30pHas (GyHKIusg ['puHa, acCHMOTOTHYECKHE YPABHEHUS,
METOJI BpallleHnit

1. Bseaenue

PaccmarpuBaercs 3a/a4a BOCCTAHOB/IEHUSI TEH30POB JMJIEKTPUUECKONR U MArHUTHOM 1PO-
HUIAeMOCTell 00beMHOTO TeJla, PACIONIOKEHHOTO B IPSIMOYTOJIBHOM PE30HATOPE, 10 H3BECTHBIM
3HAYEHUSM NAJAIONIEr0 U MPOXOJAIIEro moJlell - 9Ta 3a1ada paccMaTpuBaJach B psaje pador,
marnpumep B [1] - [3]. B macrosimieit pabore (B OT/IHUIe OT EPEUNCICHHBIX) TIPE/IIOIATAETCSI, ITO
TeH3op [i(x) sBasgercsa Hem3BecTHBIM. OCHOBHAS T€JIb JTAHHON PabOThl — HCCJIETOBAHNE ACHMII-
TOTUYECKUX CBOMCTB TeH3opHoil dpyukiun ['‘puna paccMarpuBaemoil 3a/ia4u U BbIBOJI CUCTEMbI
ACHMIITOTHYICCKHUX ypaBHeHI/Iﬁ QJIEKTPOMATrHUTHOI'O IIOJIA. OHI/ICBIBaeTCH METO/ BpameHI/Iﬁ Te-
J1a, MO3BOJISIONIUIT IPeodpa3oBaTh ACUMITOTHIECKHE YPABHEHUs TAKUM 00Da30M, 4TOObI B HUX
BXOJU/IH JIFOOBIE KOMIIOHEHTbI HEU3BECTHBIX TeH30D-(DYHKIIHIA.

2. IlocranoBKa 3agaumu. VIHTErpo-anddepeHimmajaibHble YPaBHEHNU.

Pacemorpum 3agauy audpakiun 3/1eKTPOMAIHUTHOLO 1O/t Ha 00beMHOM Tejie V) pacio-
JIOZKEeHHOM B IpsiMoyToabHoM BosHoojie P = {x € R3 : x; € (0, a), z9 € (0, b)} ¢ npeambno
npoBojseii rpanuneii P . V' xapakrepusyercst HEN3BECTHBIME T€H30P-(DYHKIUSIMUI JIHIIEK-
TPUYECKON W MarHUTHOI nponunaemocreir £(x), [i(x); BHe V cpena OJHOPOIHA U U30TPOIHA
— E=gyl NS /mf . Ilorpebyem TakzKe BBINOJTHEHHUS CJIEAYIONINAX YCJIOBHIL:

éx), ilx), €M (@), i (x) € Lao(V).

[Tagaromiee mone Eg, Hy aBngerca perenneM KpaeBoii 3aj1a4u 11 ypaBHeHuii Makcesia
B OJTHOPOTHOM BOJIHOBOJIE W PACIIPOCTPAHAETCS B HANIPABIEHUN BO3PACTAHUS T3.

Tpebyercst 110 U3BECTHBIM aAMILIUTY/IaM HPUXOISIIEr0 U3 —OO MOJIsi U IPOIIEIIEro MoJis
OTIPE/IeJINTh JWIJIEKTPUIECKYIO0 U MAarHUTHYIO ITPOHUIIAEMOCTH Teja V .

! Mouent kadeapbl MATEMATHKH M CyHePKOMIBIOTEDPHOIO MOIeINpOBaHus, [len3eHcKuil rocyqapCTBeHHbIil
yHuBepcurer, r. ITensa; altsupak@yandex.ru.

2 llonenT Kadeapbl MATEMATHKU ¥ CYIEPKOMIILIOTEPHOTO MOjeaupoBanus, [leH3eHCKHil TOCYIAPCTBEHHBIH
yuusepcurer, I. [lenza; medv@mail.ru.
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Bamava cBOAUTCA K HHTErpo-aud depeHuagbHbIM YPABHEHUSM 3JIeKTPOMATHUTHOTO TIOJIST
10 06.1aCTH HeoHOpOAHOCTH [4]:

E(z) = Eo(z) + (K + grad div) [ Gu(z,y)E(y)E(y)dy + iwporot [ Gu(e,y)i(y)H(y)dy
1% v
H(z) = Ho(z) + (k3 + grad div) [ Gu(x,y)i(y)H(y)dy — iwegrot [ Gz, y)E(y)E(y)dy
1% v
rie £ == —1, §= - I; & [ — memssecrusie nponnnaemoct; Gp(z,y), Gu(z,y)
TeH3opr1e dbyuknuu ['puna (TCDF), VJIOBJIETBOPSIOIINE YpaBHEeHUIO [ e1bMro/biia 1 odectedn-
BAOIIUE BBIMOJHEHNE KPAEBBIX yCJIOBHUil Ha OP g 3JIEKTPOMATHUTHOIO IIOJISL.
3. Tenzopable dbyHKIun I'pumHa. Acumnrorudeckmue cBoiictBa TOT.

Tenszopubie dbynknun ['prHa HMeOT JraroHaJ bHBI BU [5]:

oo o0

GL == 2200 oy TUIL gin M2 cos AL sin T2 ¥ nm|r3—ys|
ab A | Ynm b a b
n=um=
| s 2.6
G =LY% m0 gin TEL ¢og TRE2 g T ¢og T2 pPnm | —ys|
ab 1 o Ynm b b
n=1m=
3 _ 4 ﬂnml Tmxo 7rny1 TMY2 L iYnm|T3—ys| (31)
Gy =5 Z Z —=sin sin T2 sin sin 7%

Gl = G%E G2 =Gl

[&.°] o0
3 i (2—910)(2—6mo0) 7rn:c1 M2 Trny1 TMY2 ,iYnm|T3—y3|
Gy == Eo Eo P cos cos T2 cos cos =3 %2e
n=um=

[Tpuustas B Hacrosieii pabore 3amuck dbyukuii ['pura orinvaercst or obosnavennii B [5]
OTIPEJIESIEHUEM Yy TOJIATAEM

2 2
= \/k - () ()
nm — .
0 a b
BribepeM BeTBb KBaIpaTHOIO KOPHS TaK, 4TOOBI 00€CIeYnTh IKCIOHEHIINAIbHOEe YOBIBAaHUE K

HYJIIO YJIEHOB PAJIOB IPU JIOCTATOYHO OOJIBIIUX 7, M. Jlj1g 3TOro BBIIIOJHUM pa3pe3 KOMILIEKC-
HOI1 IJTOCKOCTH OT TOYKHU BeTBJeHUsT wy = 0 BAOJb HUKHell dacTn MHUMOI ocu. OToOparkeHue

3
== Vol (e D). o=t < [£.7)

SIBJISIETCS OTHOJTUCTHBIM, TTPHIEM
weR, =vVweR,; welR_= VweiR,.

Ucciienyem nosejienue kommonent TOI, a Takke uxX HPOM3BOJHBIX 1IpU T3 — £00.

Bo/IbIMHCTBO  BOJIHOBOJIOB, MPUMEHSIEMBIX B HUCCJAEJOBAHUU PACIPOCTPAHEHUS BOJH U
CBOICTB MaTepHAJbHBIX Cpes Pa0OTAIOT B TaK HA3BIBAEMOM 00HOM0J080M DeyKUMe, TPHU KO-
TOPOM CBOOOTHO MOXKET PACIPOCTPAHATHCS OJHA BOJIHA HA HEKOTOPOWl dactore. Yare Bcero
UCTIOJIB3YETCS CIeYIONIee COOTHOIIEHNe MUPUHBI U BBICOTHI BOJHOBOMA: a = 2b.

Byjewm npeamnosarars, 910 9acToTa W BHIOMpAETCs Tak, 9T0 ko € (%, %) . Torua

c Ri,ecrum=n=0urwum=0,n=1,
rm 1Ry 6 ocmanvrbix cayuair.
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3HaYEHUI0 Y19 OTBEYaeT He3aTyXalollasd B BOJTHOBOJE MOJA; BOJIH, OTBEYAIONIUX Iape n =

m = 0, me cymecrsyer [6].
Paccmorpum ocHoBHoe yTBepzkienune 06 acumiroruke TPI, 110 aHajorum ¢ KOTOPbIM BbIBO-

AATCA 1 OCTAJIbBHBIE aCUMIITOTUYICCKHUE CBOICTBA.

JJemma 3.1. GL(z,y) = 0 npu z3 — 0o pasromepro no y € V.
HJoxasatennctso. CyMMupoBanme 1o m BeJeTCs, HAUMHALA C €IUHHUIBI, IOITOMY

4iensl pajga G paBHOMEpPHO YOBIBAIOT K HYJIO mpu T3 — 0o. Ilycrs GL =Y +3": npuuem

B IIEPBOH CyMMe 71, M TaKOBBI, YTO
()
a
a BO BTOPOM - II0 BCEM OCTaJbHBIM 7, m. OIEeHUM KaKI0e U3 CJIaraeMbIX.
Tak xkak B X npucyrcrByer JiMiib KOHETHOE YMCIO0 caaraeMbix N, To

b (TmY s 4 65:2)

‘EN| <C-N }ei’ﬁimlm—ysl‘ =0, y;€eV,

rjge C' — HeKOTOpas KOHCTaHTa, a 7., — 3HAYeHUe KOPHsl, 0OECIeUnBAIOIIee OIEHKY CBEPXY.
Pacemorpum reneps psig X/ B cnity yenosus ((3.2)) miast n, m BepHO

ol > 5 (52)" = (55’
Y| > 5 | )
<oy e 3/ () el < ¢, S et (e

; BCHUJIy HHTEI'PAJIbHOI'O IIPU3HaKa CXOAUMOCTH 3HAKOIIOCTOAHHOT'O PgA/ia IMOJIYyIUM OKOHYATEJILHO

[IO3TOMY

+00 +00 +o0o 2
&

|2/’ S Cl / / e*(quv)\xs*yS\dudv S 02 / efu|:p3—y3|du _ —€,QU*|IS,y3| = 0’
|$3 - y3|2

Ux

rae ug, vo > 0, u, := min{ug, vo}.
JJokaszaTealbCcTBO 3aKOHTYEH O.
AHAJIOrMYIHO JIOKA3bIBAETCs CYIIECTBOBAHUE CJIEAYIONUX BAXKHBIX IIPEIEI0B:

G3 =0, G4=0,

G% — sin TEL gin T efnolra—usl — (),
E ab%o (3 3)
1 T i T eiolzs—ys| '
Gy — g5 sin 52t sin =0
3 _ i ivoolws—ys| _ _Qi 7”01 1 pivio0lws—ys|
Gy abos € abrg COS Tt cos ™4 = 0.

Bujino, uro nekoropbsie komnoneutbl T He umeroT npejie/ia upu r3 — 00, OJHAKO BIPE/Ib

OyJileM 1ucaTh, HallpUMeP, TakK:

.oTa . TG
sin — sin —e
ady10 Z1 Y1

iv10lTs —ys|
)

GE =

MOHUMAs MPeJIebHbII TTepexos B cMbicae dhopmy (3.3)
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Bce paBHomepHO yObIBaolime K Hy/0 WieHb psagoB TP umeroT mpousBOHBIE JTI0OOTO
MOPSIIKA 10 KayKI0# U3 mepeMeHHbBIX, TaKzKe PaBHOMEPHO HcYe3arolue Ha OeckonednocTn. [lo-
9TOMY HECJIOKHO HOJIyYUTh aCUMIITOTUKY JI/Isd IPou3BoOAHbIX KoMiioneHT T®I'. B kadecrse npu-
MepPOB TPUBE/IEM HEKOTOPhIE U3 Pe3yIbTaTOB:

1 3 2 2 3 3 -
0Gy 0Gy 0Gy 0Gy, 0Gy, ~ 0 oG, o 271 win T o TYL ivofaa— wl
Ox, ' Oxp Oz’ Oy O " O a2b710 a a
aG3 iviolzz—ys| 2
= sign(ys — 3) i + — cos T o TY1 imolea—yal
03 a ab a a

4. A cnmnrornueckue nmHTEerpaJibHbI€ YPaBHEHUA JJIEKTPOMArdmMTHOI'O
I1oJId

Sanucannbie BbITe HHTETPO-Aud depeHnuaabHble YPaBHEHUsT MOKHO PACCMATPUBATH U KaK
npesjcrasienue noina E(z), H(xz) e V' obnacTu HEOJHOPOIHOCTH Yepe3 3HAUEHHUs 11/ IAI0MIe-
ro nosist Eg, Hy u noseit B o61actu meoxuopoguoctu (E; H B unrerpo-muddepenuanbbx
omepaTopax). B Tak HOHUMAEMBIX YPABHEHUSIX U OCYIIIECTBUM MPEIETbHBINH MEPexXo/l.

B nosydennbix nHuzke opmysiax, BbITEKAIONIMX U3 JIOKA3aHHOM JIEMMbI, HPE/III0/IaraeTcs
CYMMUPOBaHWE TI0 MMOBTOPSIONIEMYCS HHIEKCY W MOAPA3yMeBAeTCs CTpeMJIeHne MTpu T3 — 00
paBHOMEpHO 10 Yy € V.

T
G’EﬁE = b’y sstm T einolzs—ys| (leEl) ey, graddiv GESE =0
10
N oA stgn(xrs — T s .
rot GptE = J (a?;) ys) sin al sin %emdm_wl (leEl) e+
v T T ,
10 T el sl (g ) - ey
- T
GegriH = sin T2 gin ZYL giviolas—ys| (7711H) e+
av1o a a
T 21 T T .
+ ( €ZPYOO|‘T37:U3| + cos _1 COS £62710|$393|) (773lHl) . e3
aboo abyio a a
N stgn —x T s X (4-1)
rot GpnH = J (sz 3 sin &1 sin %ewlous—ys\ (7711Hl) eyt
271 T T 4
a?by1g sin Tl o8 %ewwk%*ysl (7731Hl) e
ddivGoiH —im’ ™ T eiviolzs—ys| H
graddiv GgnH = PETooN Sstm p (7]11 )~e1+
21 stgn(xs — T :
59 <2 il ) sin 2% cos 7T—ylewm‘m—y?’l (773lHl) -e+
a?b a a
stgn —x T «
T Sslg (g?) 3) cos mry sin 7T_y16z710|51?3—y3\ (nllHl> ceg—
a?b a a
_ (1300 inoolrs —ys| + — 2o o8 2L cog TYL gimolzs—us| (7731Hl) e
ab ab a a
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"3 IIocJIe JHUX (bOpMy,H BBITEKalOT ypaBHEHHUA AJId KOMIIOHEHT IIOJIdA:

E, =E;, E =E;, H=H;

1.2
kg . mxy . MY _

0 gin T2 [ gin TYL gimolas—ysl (SQZEZ) dy+
avyio a a

v
+z’wuosign(y3—a:3) , 7rx1/

E? =FE; +

S1n

sin 7T—ylem”m_y?" (mzHl) dy—
ab a

a
\%4

_ 2wy . KN oS @emo|m3—y3| (nngl) dy
a

a*by1o a

7.2
L in ZIL gimoles—ys| (771ZHI) dy—
a

T . TX . TY1 _
— ———sin— [ sin 2L gimolws—ys| (nllHl) dy+
a3byio a a
14

+27Tsz'gn(x3—y3) ) mjl/ i (4.2)

sin cos —2L girolzz—ys| 7Y dys
1%

LWEQSLGT, —x T T -
+ 0 gaéyg 3) sin al /sin %e”w'ms*yﬂ (§xE') dy

14

2ik? It
1k§ T /COS Y1 ez'ylolrg—ys\ (773lHl) dy—
abyio a ¢
1%

_ 20 T[T ol sl (s H') dy+
ab a a

H? = Hj +

Vv
msign(ys —x3) Ty

3 cos — /sin %yle“w'x?’_%l (nuH") dy+

v
TWE( T

T y10|T3—Yy3| l
s —— | sin e E') d
PRI a / a (§2l ) Y

1%

Jltst 11oJIydeHns: aCUMITOTHYECKUX YPABHEHUN B OKOHYATEIHbHOM BU/IE OLPEJIEJ UM BUJL 105t
Eo, Hy u nosst na 6eckoneanocru. Caeayst 6], 3amuiiem s/ieKTprudeckoe 1moje B BH/Ie:

. T
imwiy . T
Ey = |0, —— sin —€"710*3 ()
a a

a COOTBETCTBYIOIIee eMy MarHuTHOE IIOJIe IIOJY4YIUM U3 OJHOPOIHBIX ypaBHeHI/Iﬁ MaxcBenia B
IIOJIOM BOJIHOBO/E:

—iTY0 . WXy s
sin

. T,
Hy = rot Eg = e e; +0- e+ — cos —e70% ey
a a

W a a
Taxum 06pa3zomM, KOMIOHEHTBI MAJAOMIETO O ONpeeIsTioTcs (hOpMyIaMu:

1TW o TX,

Ey=FE3=H; =0; Ej=F®—"gin——emor
a a
4.3)
. ) (4.
—1MTY10 . TIT1 s T
H = pH 0 5 et [ = F(Jr)—2 cos —— 71078
a a a a

Bnech koapdumument F) onpenensier AMILTUTY/Ty MaJA0Ieil BOJTHBI U CUMTACTCA H3BECTHBIM.
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[Ipormeiee mojie TakzKe CAUTACTCA M3BECTHBIM, & €r0 aMILIUTY/IAa MOXKeT ObITH OIpejee-
Ha KCIePHMeHTanbHO; 0603HaunM ee T (). VuuTpiBas, 4TO MOMAPH3AIHS TPOIIEIIIETO TOIS
COXpaHseTCs, 3allMIeM ero B BU/JIE:

MW . TT

1 . 3 . 2 . n. 2 . (+) Z"‘/loxg,
B =F_=H_=0 E_ =17H Mg, ™M,
a a 44
—1iTY10 T, 2 T, (4.4)
=1 sin ——e™ots; 13— T T cog o
a a a? a

[Moncrasass (4.3) u (4.4) B unrerpo-auddepenuaibble ypaBHeHUsT U COKpaIas obiine
MHOXKHATE/IH, MOJTYYIM OKOHYATEILHBIN BIJI ACAMITOTHYECKIX HHTETPAILHBIX yPABHCHHI 3IeK-
TPOMAI'HUTHOI'O 110JId B BOJIHOBO/E C JIOKAJIbHOI aHI/I3OTpOHHOI71 HEOJHOPOJHOCTBIO!

k‘2 .
WHoTY10 a
v
1 .
b /sin @6—1710213 (nllHl) dy+
a

\%

21 )
+ ! /COS 7T—yle_moy3 (nngl) dy
abyio a
7

2
7 — p _ _Fo / sin ~Le=mows (1Y) dy—
a

_ T 5 /sin @e’”myg’ (nuHZ) dy+

CLQb%o a
27 YL imvioys !
+ o /COS 76 (nng) dy+ (4.5)

v

Weg /Sin 7T_y16—i’y1oy3 (&IEl) dy

b7T’y10 a
v

—
T — O 4 M/cos @6_“103’3 (7731Hl) dy—

bﬂ'z’ho a

1 )
sin 9L e=imous (nngl) dy+
a

Cbm
1%
21 ~
+ 24710 /cos W_yle_moyg (nqu) dy+
b2 a
v
weo /sin YL =imoys (ﬁglEl) dy
b0 a
1%

VYpaBuenus (4.5) He COLEPKAT BCEX KOMIIOHEHT MCKOMBIX TEH30POB — OTCYTCTBYIOT 3Je-
MEHTBI 2-0ff CTPOKH TEH30pa 1), a TakzkKe KOMIOHEHTHl 1-0if u 3-eit crpok st €. lloaromy
paccmarpuBaeMas 3aJiada MOYKeT ObITh pellleHa, ecu 3aJlaH HeKOTOPbIl M3BECTHBIN 3apaHee
KJIACC MaTepHaJiOB U COOTBETCTBYIOMIAs UM CTPYKTYpa TeH30pa: HalpUMep, MOI'YyT PacCMaTpu-
BaTbHCs TOJHKO KPUCTAIBI (DUKCHPOBAHHOIO TUTIA WX TOJIHKO M30TPOIHBIE Te1a. DTa HpodIeMa
pelraeTcsa BpalneHueM Teaa V.
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[IpoBesem moapobHBIE paccy:K/IeHus g TeH3opa . Ilpu camMbIx oOmMUX TPeInoI0KEeHUIX
OTHOCHUTEJILHO PACCMATPUBAEMOTO Tesa V' ero amdjJeKTpudecKkass TPOHUIAEMOCTh XapaKTepH-
3yercsl JBYXBAJEHTHBIM TEH30POM:

€1 &3 €3
E=| et & & (4.6)
3 .3 .3
el ey e
Eciu [P] — marpuna nepexoja or €Taporo OproHopMaibHoro 6asuca B k moBomy B,

orpeiesIIonias npeodpa3zoBaHue JIeKapTOBON CUCTEMbI KOOPJIUHAT, TO

[PU YCJIOBUH, 9TO TeJIO V He MEHsieT CBOEro IOJIOXKEeHHUs (eCJH 2Ke BMeCTe ¢ OCSME TTOBOPAvH-
BAETCS M TeJI0, TO KOMIIOHEHTBI €ro TeH30pa He MeHstoTcst). O6paTHO, ecu M0 OTHONIEHHUIO K
OCsIM M3MEHHTH II0JIOKeHHe Tesia V' ) TO MOJyIUuTCsa HOBBI HAOOp KOI(DDUIUEHTOB.

[Iycts V' comepxurces B obbeme Q@ = {x @ z; € (0,a), z2 € (0,b), x5 € (—c,c)}. By-
JIeM pacCMaTpuBaTh HOBOPOTHI TeIa BOKPYI LEHTpa objgactu () Ha yroa ¢ B IJIOCKOCTSX,
napaJ/iLieJbHbIX TPEM KOOPAMHATHBIM. Takue moBOPOThl PABHOCH/IbLHBI KOMIIO3UIIMU TPEX MPeod-
pasoBanmii: ¢caABAT Teqaa Ha BekTop (—a/2,—b/2,0)T, ero moBopoT BOKpYT Hauasa KOOpIWHAT
B HYZKHO ILJTOCKOCTH ¥ OOpPATHBIN CJBUI; IIPU TOM CJABUIU HE MEHSIOT CTPYKTYPhI TEH30DA.

[TocMoTpuM, Kax Ipeobpasyercd TeH30p € HpH MOBOPOTE TeIa HA YTOJ (0 N0 4aco60l cmpei-
ke BOKpYr ocu Oxz. DTO mpeobpasoBaHue PaBHOCHIBHO IMOBOPOTY CHCTEMBI KOODIMHAT TeJIa
HA YyroJI ¢ HPOTHB YaCOBOil CTPEJIKH U onpe/essiercs marpureil (nmpeodpasoBanusi 6a3ucoB)

cosp —sing 0
[P(3)} = | sinp cosp O
0 0 1

O603Ha9nB COS Y =: ¢, SiN  =: S, BLIYUCJUM

e1c? +elcs +ebes + 35 —celes +elc? —els? +edes  edc+els
EB) = | —gles — 282 fedc? +edes  els? —edes —ehes +eac? —els+eic
e3c? +e3s —e3s + i €3

AHaJIOTUYHO OTPeIe/II0TCST MATPUIIBI TIOBOPOTOB BOKPYT JBYX JIPYTUX KOOPAMHATHBIX OCEii.
[Tpu noBopotre Tesia Ha yroyn ¢ = w/2 Bokpyr oceii Oxs, Oy, Orq NOJYIUM COOTBETCTBEHHO
BH/T TIPe0OPA30BAHHOIO TEH30PA:

2 1 3 3 2 1 1 3 2
~3) | .2 1 .3 A2 _ | .3 2 1 A(1) _ 1 3 2
£ = el € —& |, &Y= €5 €5 & |, €& = €3 &3 —€3
2 1 3 3 2 1 1 3 2

DT npeodpa30BaHUST TO3BOSIIOT 3aMUCATH ACUMIITOTHIECKIE YPABHEHUS C BXOXKIEHUEM B HUX
Beex TpeOyeMmbIx KommonedT. Hampumep, npu mosopore BOKpYr ocu O3 ypaBHeHHs OyjyT
CONEPKATH HEU3BECTHDBIC £ W fi).
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5. Pe3yabTaThl BbIYUCJIEHU

Ha npuejennbix Huzke rpadukax 1npejicraBjieHbl Pe3y/ibTaThl BOCCTAHOBICHUS JIUIJIEKTPU-
YeCKOW MPOHUTIAEMOCTH JIJIsE TeJI, UMEIOIIHNX CJIOKHYIO reoMerpudeckyio hopmy. Ha pucynke 5.1
n300pakeHo HEOHOPO/IHOE TeJI0 — IepBas MOJOBUHA Tesa, n300pakeHHas CBETJIO CEePBIM IIBe-
TOM, UMeeT HPOHUIAEMOCTh & = 1.1f, a BTOpasl MOJIOBHHA TeJIa — IPOHUIAEMOCTb &€ = 1.41.
O6e gacTu Tes1a HPeACTaABIIIOT OO0 MPAMOYTOIbHBIE HAPAJLIETCIHIIE bl ¢ HPIMOYIOIbHBIMI
OTBEPCTUSIME, OPUEHTUPOBAHHBIMU BJ10JIb ocu 0x3 m paBnoorcrosmumu ot oceit 0xy u 0xy. Ha
pucyHke 5.2 npejicrapjieH rpapuK BOCCTAHOBJICHUS JTUIIEKTPUIECKON TTPOHUIIAEMOCTH TeJIa MO
K03 DUIUEHTY MPOXOKIeHNSI — BBIYHCIEHNAS IIPOU3BOIMINCH IIPH BOJHOBBIX dncaax ko = 1.6
u ko = 1.7. HauanpHoe npuOiuzKeHue JM3JIEKTPHIECKOH NPOHUIACMOCTH Kazk/0i IOJTOBUHBL
Tesa paBHAIOCH € = 1. 2[ n é=1.3] cOOTBETCTBEHHO.

Ha pucynke 5.4 npejcraB/ienbl pe3y/ibTaTbl PACUeTOB JJjIs Tejla, N300PaKeHHOI0 Ha PUCYHKE
5.3, 1 XapaKTepHU3yIOIIero MPOHUIIAEMOCTIME & = 1. 1] u € =1.6/. Boiuncienns MTPOU3BO,/IH-
JINCh IIPH BOJTHOBBLIX dncaax ko = 1.6 u kg = 1.7. Hauasnbuoe HpI/I6JII/I}KeHI/Ie JTUJIEKTPHIECKON
IPOHUIIAEMOCTH KazK/IOW IMOJIOBHHBI TeJla PaBHSIOCH € = 1. 2[ u & =1.5] COOTBETCTBEHHO.

Z

£l

v
¥4

Pucywmox 5.1
®opwma Tena: a=2, b=1, c=2, 1=1

1.45

14
1.35

1.3

1.25 =

eps2

1.2
1.15

1.1

1.05 —_— T ——T—————

Pucynox 5.2

I'paduk BoccTaHOBI/IEHUS IWIIEKTPUIECKON TPOHUIIAEMOCTH
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Pucynmox 5.3

®opwma tena: a=2, b=1, c=2, I=1

—epsi
——eps2

1 4 7 1013 16 19 22 25 28 31 34 37 40 43 46 49 52 55 58 61 64 67 70 73 76 79
Pucymox 5.4

I'pacduk BOCCTAHOB/IEHUS JUITEKTPUIECKON MTPOHUIIAEMOCTH
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Solving the inverse electromagnetic diffraction problem in
rectangular waveguide using the method of asymptotic
integral equations

© A. A. Tsupak®, M. Yu. Medvedik*

Abstract. Inverse electromagnetic diffraction problem on anisotropic heterogeneous dielectric
body in rectangular waveguide is considered. Theorem considering Green’s tensor asymptotic
behavior is proved. The system of asymptotic integral equations for electromagnetic field is
obtained. Rotation method for tensor permittivity and permeability determination is described.
Numerical results

Key Words: inverse electromagnetic diffraction problem, tensor permittivity and permeability
tensors, tensor Green’s function, asymptotic equations, rotation method

3 Associate professor, sub-department of mathematics and supercomputer modelling, Penza, State University;
altsupak@yandex.ru

4 Associate professor, sub-department of mathematics and supercomputer modelling, Penza State University;
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VIIK 517.95

O pa3zpenimMocTn CMeNIaHHOI 3aJa49u JiJjisd JIMTHEITHOro
mapabdbo0-TurepooJImIecKoro

nHTerpo-aud depennuaapbHoro ypapaeansa Ppearoibma
© T. K. FOngames!

AnHoranus. B nannott pabore paccMaTpUBaIOTCS BOMTPOCH! OMHO3HAYHON PA3PEITUMOCTH CMEITTAH-
HOM 3amauu JJis JUHEHHOTO MapaboI0-TUIepOOMIecKOr0 HHTErpo-a1udHepeHnnaIbHOTO ypaBHe-
uust Openroabma B OECKOHEYHO TOJTOCE.

KiroueBbie ciioBa: CMEIIaHHAsA 337a4a, ypaBHEHHWE CMEIIAHHOIO THIIA, HHTErpo-
nuddepeHImaabHoe YpaBHEHHE, OMHO3HAYHAS PA3PEINMOCTh, BRIPOKICHHBIE SIIPA,

B obracru D = DTUD™ paccmarpusaercd nHTerpo-auddepennuaibaoe ypapaenne Ope-
roJIbMa CMEIaHHOTO THIIA

du(t,z) T 02u(s, x)

_ = ek St Rt +
Y E{K1(t,s) 0 z? ds + fi(t,x), (t,x) € DT, )
Q%ult,z) 0 0%u(s, x) _ '
W __‘/7; KQ(t, S)st + fg(t7$), (t,ﬂ?) eD
C YCJIOBUSIMU
(T, z) = p1(x), u(=T,x) = pa2(x), u(+0,2) = u(-0,2), x € R, (1.2)
( T T

©1(0) — My [ai(s)ds — [ fi(s,0)ds, t € D7,

u(t,0) = < ¢1(0) + p2(0)(t + T) + Ny _fT(t — s)as(s)ds+ (1.3)
+ ft(t — 8)fa(s,0)ds, t € D7,

T
©1(0) — My [ ai(s)ds — [ fi1.(s,0)ds, t € DF,
t

t

ug(t,0) = ¢1(0) + 5 (0)(t +T) + Ng_fT(t — 5)as(s)ds+ (1.4)
+ j (t —s)fau(s,0)ds, t € Dy,

bie filt,z) € COX(D), wi(x) € C*(R), Kilt,s) = a(t) -bi(s), i = 1,2, a(t), ba(s) € C(DF)
as(t),ba(s) € C(Dy) , M;, N; — zamanubie nocrosuuie, ¢ = 1,2, DY = DI x R, D~
Dy xR, D =[0,T], D7 =[-T,0], R=(—o00,00), 0 <T < 0.

Ormernm, uro uzydenuo auddepeHnnaibHbIX yPABHEHHIT CMEITAHHOrO THIA MOCBSIIEHO
MHOro pabor (cm., naup. |[1] - [4]). Ho, usyuenuto unrerpo-guddepennuaibubix ypaBHeHuit
CMENIAHHOIO THUIIA IOCBSANIEHO CPABHUTEIbHO Mas0. VHrerpo-auddepennuaibabie ypaBHeHUs
UMeIoT 0COOEHHOCTEH B BOMpOCe OJHO3HA4YHON paspemmumoct [5], [6]. B paGore |[7] nszyuena

! Honenr kadeapor Boicieii Maremaruku, CHOUPCKAN TOCYIAPCTBEHHBI a3POKOCMUYECKUN YHUBEPCATET
uMenn akagemuka M. @. Pemernesa, r. Kpacrospck, tursunbay@rambler.ru.
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KpaeBas 3aJiada s 1apadoJio-THIEPOOINnIecKOT0 UHTErpo-auddepeHIua bHor0 YpaBHeHHS
OpeabroibMa B IPAMOYTOILHUAKE.

B sannoii pabore paccMaTpuBaiOTCs BOIPOCHI OJHO3HAYHON paspenmMoCT CMEIaHHOR 3a-
Ja9¥ I JTMHEHHOro mapabosio-ruiepboIndeckoro naTerpo-auddepenyuaibHoro ypasHeHust
®pearonbma B 6eckonedHoil mosioce. Ilpu sToM mpejmosiaraercs, 4To MHTErpajbHbIE sjpa Y
3aJJAHHBIX yPaBHEHUIl - BBIPOXKICHHDIE.

[Tox pemrennem 3anaun (1.1)-(1.4) B o6mactn D = DY U D™ nonumaerca dbyukunsa u(t, x),
KoTopad B ob1acrax DT u D™ gpiserca peryasgpHbIM pelieHueM COOTBETCTBYIOIIEro ypaBHe-
HUSI B yJOBJIETBOPsieT 3aJanubiM yeaosusm (1.2)-(1.4).

Cuavana paccmorpuBaercs nepsoe ypasuenne u3 (1.1) B obractu D

a“”’ /K1 )ds+f1(t x), (t,2) € D*. (1.5)

Ucnonb3yercss MeTo WHTErpabHBIX ypaBHeHuit PpearosbMa ¢ BbIPOKICHHBIMU SIIPAMHU.
[Ipu momoru o6o3HaYEHN

T
02u(s, )
c(x) = [ bi(s)———=ds 1.6
(@)= [0 (1.6
0
unrerpo-uddepeniuanbioe ypasaenue Opearosabma (1.5) nepenuiiercs: B npocreiiiem Bu/jie
Ju(t,x)
ot

C yuerom ycsoBust (1.2) uHTErpupOBaHme MOC/IEIHEIO PABEHCTBA 110 T j1aeT

= ay(t)e1(z) + fi(t,x), (t,z) € DT.

T T
u(t,z) = p1(z) — c1(x) /al(s)ds - /fl(s,x)ds, (t,z) € DT. (1.7)
Teueps onpegennm ¢i(z) B (1.7). duddepennupys (1.7) aa pasa o x, nosydaem
T T
wy(t,z) = pi(x) — c’l(:p)/al(s)ds - /flx(s,x)ds, (t,z) € DT, (1.8)
T T
Uz (t, ) = o (z) — ] (x) /al(s)ds — /flm(s,x)ds, (t,z) € DT. (1.9)

[Toxcranoska (1.9) B (1.6) maer caenytoree auddepeHnmanTbHOe ypaBHEHHE OTHOCHTEIHHO
a(z)

T T
:/bl(s) o (x) —cf(x /al )df — /flm (0,x)d0| ds
0
TN
ci(z) = —A-d{(z) + Fo(x), (1.10)
rie

T T
A= /bl s)ds, q( ):/Gl(s)d&
0 t
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Fyo(z) = gp’l’(m)/Tbl(s)ds—/Tbl(s)/Tflm(H,x)des.
[Iyctn O 0 5

A /bl(s)ql(s)ds > 0. (1.11)

Torya ypasuenune (1.10) 3anumercst B Bije
cl(x) + B-ci(z) = F(x), (1.12)

e B=A"', F(z) = B- Fy(z).
Pemast iuddepennmanproe ypaprenue (1.12) MeTogomM Bapualiu MPOU3BOIBHBIX TIOCTOSTH-

HBIX, MMOJyYaeM
T

1
c1(z) = Dy cos pux + Dy sin px + p / F(y)Q(z,y)dy, (1.13)
0

re Q(z,y) = sinp(z —y), p = VB, kosddummentsr D; moaiexar onpeieienuio, i = 1,2.
13 (1.13) mmeem
Cl<0) = Dl, C&(O) = ILLDQ (]_]_4)

C yuerom (1.14) u3 (1.7) u (1.8) momyuaem, 910

T T
u(t,0) = ¢1(0) — Dy /al(s)ds - /fl(s,O)ds, (1.15)
¢ t
T T
wa(t,0) = £,(0) MD2/a1(s)ds - /fm(s, 0)ds. (1.16)
¢ ¢
Cpasuenue coornomenuit (1.15) u (1.16) ¢ 3agannsivu yerosusivu (1.3) u (1.4) maer
M.
D, = M,, Dy = —2.
I
Urak, dyaknus (1.13) npuaumaer Bu
M, | -
c1(x) = My cos px + m sin px + M F(y)Q(x,y)dy. (1.17)

0

IMoacranoska (1.17) B (1.7) maer
M,
u(t,z) = p1(z) + @1 (t){M1 CoS pux + m sin px+

—I—io/mF(y)Q(x,y)dy} - t/fl(sal')dsa (t,x) € D¥
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TJTH
T
u(t, x) /f1 s, x)ds—

T

T
—q1(t)4 M cos px e 2sinpz +p [ bi(s (¥)Q(x,y)dy—
| / o]

T

.y / Q. y) / bi(s) / Fr(0.)d0dsdy . (1.2) € D*, (1.18)

0

tie Qlay) = sinpu(e — y), = VB, A= f bu(s)au(s)ds , au(t) = f a1 (s)ds

Urak, B o6inactu DT pemenue ypasuenns (1.5) upu coorsercryomux ycaosusx (1.2)-(1.4)
nmveer Buj (1.18).
Tenepn pacemorpum Bropoe ypasuenne u3 (1.1) B obnactu D~

at2 /K2 >d + fo(t, @), (t,x) € D (1.19)

[Iyctn
0
A= /bQ(S)QQ(S)dS > 0, (1.20)
“r

t

rie q(t) :_fT a(s)ds.

Torna, pemast ypasuenust (1.19) B obactn D™ aHAJIOTHIHBIM 00PA30M, TOJYUIHM €ro o01ee
pellleHne B CJIeIyIoIeM BU/e

u(t,z) = Er(z) + Ex(z)(t+ 1) + /(t — 5) fa(s, x)ds+
+qo(t ){N1 chvr + l shve —v / b (s /Q T,y <E”(y) + Ey(y)(s + T))dsdy—

—uf@(x,y)/bg(s)/s(s—Q)fgyy(Q,y)desdy}, (t,x) € D, (1.21)

rae Fi(x) — upoussosbHble (byHKuHI/I KOTOpre nomiexxar onpegenenuio, i = 1,2, Q(z,y) =
t
shv(z+y)+shv(z—y),v=VA |, A= fbg s)g(s)ds, q(t) = [ as(s)ds.
-7
Ucnoassys yeaosuio (1.2), n3 (1.18) u (1 21) IIOJIy YaeM

uw(=T,x) = po(x) = Ey(x), (1.22)
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u(+0,7) = p1(z) — [ fi(s,z)ds—

xT

bl(S)dS/sO’{(y)Q(:r,y)dy—

0

Tty Ty

M.
—q1(0){M1 COS YT + — sin px +
!

T

n / Q) [ 016 / Frun(0,y) by} (1.23)

0

u(—0,2) = @a(x) + T - Ey(x) — /sfg(s,as)ds+

+Q2(0){Nlchz/x+%shyx—u/ /Q T y y) + E5(y )(3+T)>dsdy—

0

y / Oz.y) / ba(s) / (5= 0) o (0. )0y . (1.24)

B cuwuy rtoro, uro w(4+0,z) = wu(—0,z), u3 (1.23) u (1.24) upmuem K uHTErpo-
JubepenHIajibHOMY YPABHEHHIO OTHOCUTE/IHHO HeM3BeCTHOrO Kod(bduinenta Fo(x):
Ex(a) = W) + ) [ Q) ES(w)dy. (1.25)
e
1 ) N.
U(x) = T{(I)(I) — @o(z) + /sf2(5 x)ds — q2(0) [Nl chve + 72 shvz—
/ / Q(z,y)¢ (y)dsdy—
x 0 s
v [@ay) [l) / (5~ 0) oy, (0.)dbdsdy) ).
0 T -7
®(z) ompenenser npasyio dacthb (1.23), A =v f bo(s)(s + T')ds

Hockoabky ¥(z) 1 Q(z,y) — mo = aBa pasa HempepsBHO AuddepenmupyeMbie byHKIIH,
TO HETPYIHO YOeIuThCs, IT0 uHTerpo-auddepennuanbaoe ypasaenue (1.25) nveer eJMHCTBEH-
HOe JIBa pa3a HempepblBHO quddepeHnupyeMoe penenne Ha YACI0BONR 0CH. JTO pelIeHne HAXO0-
JIUTCsI METOJIOM 110CJ/I€/I0BaTe/IbHbIX 1pub/imkennii. [ITpu srom nrepanuonnsiit nporecc [Iukapa
MOYKHO CTPOUTH CJIeLYIOMIAM 00pa3oM:

Ey(x) = VU(x), E5*H(2) = () + A/@(:c,y)Eé“”(y)dy, k=1,2,....
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[Moncrasass (1.22) u pemenne unTerpo-auddepennuanbaoro ypasuenns (1.25) B (1.21),
3aBepINUM TIPOIECC OTHICKAHUS PellleHns mocraBaenHoii 3amaun (1.1)-(1.4).
Takum obpasom, jJ0Ka3aHO, YTO CIpaBE/INBA CJIe/yIONas

T
1)
2)
3)
4)
5)
6)

7)

eopewma 1.1. [lycmo:
Bonoanaomes yeaosua (1.11) u (1.20)
Kz(ta S) = a’z(t) ’ bi(s)ﬂ L= ]-7 2;

maz{ |ii(x)]; | flt 2)] | < 00, i =1,2;

o1 (y)Q(x, y)dy| < oo ;

Q(ZL’, y)flyy(t, y)dy <00y

(e.0) (20 + A0) 0+ T)) o] < 0

QO Ll

(ZL’, y)f2yy(t, y)dy < 0.

Crm g P g P P—xs

Tozda 6 obaacmu D cywecmesyem eduncmeennoe pewenue 3adavy (1.1)-(1.4).

On
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solvability of mixed value problem for linear

parabolo-hyperbolic Fredholm integro-differential equation
© T. K. Yuldashev?

Abstract. In this paper it is considered the questions of one-value solvability of mixed value
problem for linear parabolo-hyperbolic Fredholm integro-differential equation in an infinite strip.
Key Words: mixed value problem, mixed type equation, integro-differential equation, one-value
solvability, degenerate kernels

2 Associate professor of Higher Mathematics Chair, M. F. Reshetnev Siberian State Aerospace University,
Krasnoyarsk, tursunbay@rambler.ru.
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KPATKNE COOBILIEHNSI

VIIK 517.929

NccnenoBanme moBejieHns BO3MYHNIEHHO CHCTEMbBI
andpepenHnuaabHbIX yPaBHEHMI
© C. B. 3y60sB !

Annoramus. B nannoit crarbe m3ydaercs MOBEIEHWE BO3MYINEHHOW CHCTEMBbI P PA3JIAIHBIX
BO3MOXKHBIX BO3MYIIIEHUSIX, WU WHAYE COXPAHAETCS JIM aBTOKOJIE0ATEIbHBIN XapaKTep B CHCTEMAX
mbdepeHITnaNIbHBIX YpaBHeHui. M3ydaeTcs BOIPOC CyIECTBOBAHUST aCUMITOTHYIECKOTO ABTOKO-
sebanus y cucrem nuddepeHnna bHbIX yPABHEHWH.

KaioueBbie ciioBa: pellienre, pacCTOSHAE, JBUKEHAE, MHOXKECTBO, (DYHKIINs, OTPAHUIEHUE

Pacemorpum cucremy

dys
CZ :fs(yly"'ayn-i-l); S = 177n+1 (11)

[IycTh oHa MMeeT nepuoimyeckKoe pelieHue

ys = @s(t), s=1,...,n+1 (1.2)

nepuoga 27 . Ob6oznaunm depe3 M rpaduk 3Toro HepuoanIecKOro pelreHns.

Ounpemeneunune 1.1. Ilepuoduueckoe pewenue (2) nazvisaemcs nepuoduueckum
asmoxonebanuem cucmemul (1), ecau pewenue (2) opoUMasbHO ACUMNMOMUYECKY YCMOTYUBO
no Jlanynoey: no mobomy € > 0 mooicno ykasamo 6 > 0 maxoe, wmo npu p(Yo, M) < 0
oydem p(Y(t,Yy), M) <e npu t >0 u, kpome mozo, p(Y (t,Yy), M) — 0 npu t — +oo, 2de

p(Y, M) = inf |[Y — Y|
YeM
Asaaemces paccmosmnuem om movwku Y do woorcecmea M .

Bynem nzy4arh nosejienre BO3MYIIEHHON CHCTEMBI

dys,
b — fot g,  s=1,....n+1, (1.3)
dt

[PU PA3TUIHBIX BO3BMOXKHBIX BO3MYIIEHUAX §s = Js(t, Y1, ..., Yns1, S=1,...,n+1, a umenso,

COXPAHSETCs JIU ABTOKOJIeHATEIbHBII XapakTep B CUCTeMax BH/IA (3), HHAYE TOBOPS, TPOUCXOUT
JIM 3aTAI'MBaHUE JIBU2KEHUIT 9TOM CUCTEMbI B LIPOIECC aBTOKOJIe0aHus.

DTO yCIOKHSIETCST TeM, 9TO MHOXKecTBO M |, muBapuanTHOe /st cucteMbr (1), yzxke He Oyer
B 00IIeM CJIydae WHBAPHAHTHBIM MHOYKECTBOM JIJIsT CHCTeMBI (3).

Ounpemeneunune 1.2. Bydem zo6opums, wmo cucmema (3) umeem acumnmomu-
ueckoe aemoronebarue M | ecau das awbozo € > 0 u tg > 0 cywecmeyem O(tg,e) > 0
makoe, wmo npu p(Yo, M) < § 6ydem p(Y(t,Yo,t0), M) <& npu t > to+T wu, kpome mozo,
p(Y(t, Yo, t0), M) = 0 npu t — +o0, 2de

! Douent, dbakynprer IIM-ITY CII6LY, r. Cankr-Ilerep6ypr; ddemidova@mail.ru
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Y = Y(t, Yo, to) (1.4)

Teopema 1.2. [lycmo 1) sce pewenus (4), Havurnarouuecs 6 1exkomopot okpecms-
Hocmu muoostcecmea M, ozparnusenl;

2) eywecmeyem dynrkyus V(t,y1, ..., Ynt1), 06aadarowasn ceoticmsamu Y =0 npu Y €
M,V >a>0 nu pYyM) > >0, V — 0 pasnomepro omnocumesvro t > 0 npu
p(Y, M) = 0;

3) noanas npouzeoduas dynrkyuu V6 cuay cucmemuv, (3) ydosaemeopaem ycarosuio %—‘t/ +
S (fe+ ) =W+ Wy, 20e W=0 mpu Y €M, W <—a <0 npu p(Y,M) >8>0,
Wi — 0 npu t — +00 6 HeKomopoti 02panuUterHoti OKPECTHOCMU, COOEPHCAULET 02PAHUYEHHOE
peweHue.

Tozda mmoorcecneo M asasemcs acumnmomuseckum asmokosebaruem cucmemos (3).

Paboma svinoanena npu noddepocke PODPU epanm Ne 10-08-000624.
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The investigation of behavior indignant system of
differential equations
© S.V. Zubov 2

Abstract. In giving article is learning of behavior indignant system by different possible indignities,
or differently is preserves auto oscillation character in systems of differential equations. Is learning
the question of existing asymptotical auto oscillation on systems of differential equations.
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CymecTBoBanne aBTOKOJIe0AHMWiT B JMHAMMYECKIX
cucTeMaXx, YCTOMUYMBBIX 110 JlarpaHxy
© B. . 3y6os !, 1. B. 3y6os?, A. ®. 3yb6oBa *, O. C. CrpekonsiToBa *

Awnnoramuga. B nannoii craTbe n3yvaercs IUHAMUKA CHCTEM W XaPAKTeD MPEIEbHOTO TIOBEIEHU
pelieHuii.

KitoueBbie ciioBa: JWHAMUYECKAsS CUCTEMA, MHOXKECTBO, aCHMIITOTHYIECKAST YCTOUIUBOCTD, aB-
TOKOeHaHNE, TapaAMETD

[Iycrb uccseayemas cucremMa ONUCHIBACTCH JIMHAMUIECKOiT cucremoit f(p,t) B orpanuven-
HOM 3aMKHYTOM MHOKecTBe [? eBKJIMJ0Ba NpocTpaHcTBA [y, .

Ounpeangeadenne 1.3. Muoocecmso M C R Hazvieaemcsa uH8aAPUGHMHBLM 10 0T~
noweruto k dunamuyeckoli cucmeme f(p,t), ecau ono cocmoum us mpaexmopud 2mot dura-
mumeckotli cucmemuv, m.e. uz p € M caedyem f(p,I) C M .

Ounpengeaneunune 1.4. Unsapuarmnoe muoocecmeo M C R dunamuueckol cu-
cmemv, f(p,t) naswsaemes yemotivuevm no Jlanynosy, ecau ¥Ye >0 36 > 0: p(p, M) < 0
= p(f(p,t),M) <e Vt>0.

Ecau & % momy otce mooicro ewbpamsv max, wmo 6yoem evunosHsmuea

p(fp;t), M) — 0,

mo uHeapuaHIMmHOE MHONMCECITIEO M nasvieaemesa acumMnmomudecku ycmoﬁ%usmM.

Cormtacao tepmunosiorun A.M. JlsimynoBa, ycToifauBOCTh MHBAPUAHTHOTO MHOXKecTBAa M
O3HAYAET yCTOWYMBOCTH BCex apukenuii f(p,t), tae p € M, 0 OTHONIEHUIO K BeJUIMHE

p(p, M).

Onpenmenenune 1.5. Asmokorebanuem dunamuueckots cucmemo. f(p,t) nasovi-
saemca uneapuanmmoe ycmotivueoe no JIAnynosy u acumnmomuvecky ycmotiuusoe MHoice-
cmeo M, we umeroujee cobcmeernnozo NOOMHONCECMEA ¢ MaKUMU dice ceoticmeamy [1].

Ounpeneaneunne 1.6. Touka ¢ € R nasweaemes w - npedesvroti moukot deu-
orcenus dunamuseckol cucmemo, f(p,t), ecau cyuecmeyem nocaedosamesvhocmy 3HaueH Ul
napamempa {ty} :ty — o0 makas, wmo

k—o0

k—o0

MHOkKeCTBO W - IpeJeIbHBIX TOYEK MHIUBUIYAIbHOrO Apukenus f(p,t) oboznaunmm €.
DTO MHOZKECTBO SABJISIETCsS HHBAPDHAHTHLIM U CBA3HBIM [2]. B Hamem ciydae, Korja TpaeKTopum
BCeX JIBHKEeHUI IPHHA/Ie’KAT OrPAaHMYeHHOMY MHOMKecTBY IR, MHOXKecTBO (), He IyCTO s
mo6oii Toukn p € R [3]. O6o3naunM 2y COBOKYIHOCTD BCEX W - IIPEIETBHBIX TOUEK JIBHKEHHS

f(p,t) upu pe R: Qp = JQ,.

PER

L acoupant CII6TY -t IIM-ITY, r.Canxr-Iletrep6ypr; ddemidova@mail.ru
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Teopema 1.3. Muoocecmso (y asasemcsa uneapuaHmmsim, ycmotuusom no JIa-
NYHOBY U ACUMNMOMUNECKY YCMOTMUBHLM MHOAHCECMBOM Junamuueckoli cucmemo, f(p,t).

HJoxaszareabctso. MuoxkecrBo () sBjseTcs HHBADHAHTHBIM, TAK KaK IPeCTABIIAET
co00il COBOKYITHOCTh WHBAPUAHTHBIX MHOXKECTB (2, , TJle TOUKN p IPHHALTEKAT 3aMKHYTOMY
MHOKecTBY R . JlokaxkeM cBoiicTBO ero ycroitamBoctu no JIamynosy. [lokaxkem cnadama, 9ro
f(p,t) e M Vp € R. JlefictButensbHo [4], mis KaxKk10ro nuanBuyabHoro apuzkenus f(p,t)
BbIIIOJIHEHO

p(f(p,1), %) — 0.

Ho mo cBoiicTBY MeTpuIecKOTO pacCTOSHUS CIIPaBEe I TIBO

p(f(p, 1), Q) < p(f(p,t), ).

910 03HadYaeT, 4To 1o JdboMy € > (0 mMoxkHO ykazarh 1 Takoe, uto npu t > T Oyaer BbITOJ-
ueno p(f(p,t),8dy) < e Vp € R. Ilo cBoiictBy HenpepbiBHOCTH [(p,t) MO CBOMM apryMeHTaMm
o BesimunHaM ', € MOXKHO yka3aTh Beqmduuy 6 > 0 takyio, aro mpu p(p,Qs) < 6 Oymger
soinoneno p(f(p,t),§y) <e mpum 0 <t <T.

[Tokaxkem, 4T0 HaiijeHHAs BeJIMYUHA, 0 yI0BJIETBOPSET OIPEALJICHUIO yCToiiunBocTr 1o JIs-
nyHoBy. JlefictBuTesibHO, 1pu BinosiHeHun yeaosust p(p,2r) < § sesmuuna p(f(p,t), Q) ocra-
eTcsl MeHbIlle BeinauHbl € Ha nHTepBase [0,7] mo cBoiicTBY MHTErpagbHOIl HENPEPHIBHOCTH W
na uarepsase (1,400) 10 JOKA3aHHOMY BbIIE CBONCTBY, U3 KOTOPOTO CJIEJLYeT TaK:Ke aCHMII-
TOTHYECKAsT YCTOHINBOCTD MHOXKeCTBa {15 .

Jloka3zaTeabCTBO 3aKOHUYE€HO.

Teopema 1.4. Muoocecmso 2 codeporcum asmokonebarue.

JoxkaszarTeuabctBso. [eiicrBurensuo, ecim y {1y HET cOOCTBEHHOIO IOJMHO-
JKeCTBa C YCTAHOBJIEHHBIMH CBOWCTBAME, TO OHO CAMO SIBJISIETCS aBTOKOJIEOAHHEM, €CJIH eCTh,
TO BO3bMEM 9TO HMOJIMHOYKECTBO B KadecTBe "110103pUuTeIbHOr0" Ha aBrokoJiedanue. [Ipogoskas
JIAaHHBIH MPOIECC, MOYKHO HAiTH MHOYKeCTBO, 00/1a/1af01ee YCTaHOBJIEHHBIMU B Teopeme 1 CBOii-
CTBAMW W HE WMMeIolee COOCTBEHHOTO MOJAMHOYKECTBA € YKa3aHHBIME CBOWCTBAMU, KOTOPOE U
OyJeT SIBJIATbCSI aBTOKOJIEOAHHEM.

V3 moy4eHHOro pe3y/abTaTa CJeayeT HaJndne IPeebHOrO peKnuMa y OPOYHOBCKOIO IBHU-
sKeHust. VIHbIMU CJI0BaMH, COBOKYIHOCTD JIBHKEHUH B OIPAHMYEHHOM MHOXKECTBE UMEET Lpe-
JIEJIBHBII PEZKUM, OJIHAKO CTPYKTYPa TOr0 MPEJAETBHOIO PEKUMa MOXKET ObITh BEChbMa CJI0K-
Hoil. VIMmeromnumecst mpuMephbl CTPAHHBIX aTTPAKTOPOB JOKA3BIBAIOT JTO.

Hanmame TOJBKO HEYCTOWYHMBBLIX 110 OTHOIIEHHIO K PACCTOSHUIO MEXKJIy HUMH JIBUKEHHIT,
IPUHAIEKAIMAX [PeIeTbHOMY PEKUMY, MOKA3bIBAET, YTO B ITOM CJIydae TPAEKTOPHH IIpe-
JeTbHOTO pexkuma () OyayT mwIoTHBIMH [4].

Jloxka3zaTeabCTBO 3aKOHTYE€HO.

BamMmeuanue 1.1. Caedyem ommemumo, 4mo NOHAMUE YCMOTNUBOCTNU U GCUMN-
momuueckots Yemoiuusocmu UHBAPUGHITIHOZ0 MHOACECTNEA NOOPA3YMEBAEM, €20 U30ONUPOCUH-
HOCMDB, M.e. YMO CYUWECTMBYIOM MOUKU NPOCPAHCMNEA, HE NPUHAOAECHCAULUE UHBAPUAHTIHOMY
MHONACECNBY U HATOOAUWUECH 6 €20 0CMAMOYHO MaA0T oxpecmuocmu. Eeau marxuxr mouer
HEM, MO U uccaedosanue Ycmolvusocmu UHBAPUAHMH020 MHOACECTNEA CMAHOBUMCH DECCMBLC-
AeHHBM. Boamootcro, umo ycaosue caedosanso vl 8KANONUMD

Pa6ora Beinosnena npu dpunauncosoii noguepkke POPU (up. N 10-08-000624).
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Ob6ob6mieHne pedbepHoii TeopeMBbI
© C. B. 3y6os !, M. B. CrpekonsiToBa 2, O. C. CTpekonsiToBa *

Annoranusi. Pabora siBisiercst mpoIo/2KeHHEM UCCIEIOBAHNI ABTOPOB IO pOOACTHOMY TIOBEIEHUTO
MHTEPBAJIBHBIX ceMeiicTB momnHoMOoB. Jlokazano obobimenune pebepHoil TeopeMbl st apPUHHBIX
ceMeficTB MOMMHOMOB U3 Kiacca (n,k) - skBuBameATHOCTH. OGCYXKAAOTCA CXOACTBO U PASTAIAS
HEIPEPBIBHOIO U JIUCKPETHOTO CJIYYaEeB.

Kurrouesbie cioBa: ceMeiicTBO MOJMHOMOB, MapaJLIEIEUIe ], peOepHBIH TIOJTUHOM, MHUMAsT OCh,
SKBUBAJIEHTHOCTb.

KaK U3B€CTHO, /1JId MHTEePBaJIbHbBIX CceMelCcTB IOJIMHOMOB HeollpeaeJIEHHbIMU ITapaMeTpaMu
SABJISTIOTCS caM¥ KO3(DDUIIMEHTHI TTOJHHOMOB. 31€Ch PACCMATPUBAETCS DOJIee CIOKHBINA CIydail
- adbdpuHHOE CEMEICTBO IIOJHMHOMOB

F(5,Q) = {F(s,q) = Fo(s) + i Fy(s) + ... + qF(s), || <7, i=1,1}. (1.1)

¢ mapamMerpamu, U3MEHSIIOIMMUCS B KyDe, 7 - pa3mMax Heolpeje/ileHHOCTH KOI(DDUInenTon,

Q={qe R |qllo <~} (1.2)
e ||qlloc - HOPMA, [|q]|oo = {g%!qil-
Bamerum, 9to () MOXKeT OBITH MapaJIeJelnuIeIoM, eCIn |q2| < «;v, o; - MacirabHbie

muOKuTeH, ; > 0. OnHako, 3aMenoii ¢; = 2 MOXKHO JIerkKo cBecTH 3aJady, rje @ - mapaJ-
T

Jlejienunes, K 3aaaqe, rjae ) - kyO.

Onpengeaneunune 1.7. Odnomeproe cemeticmeo euda

{F(s,q) : lail =7, 1 # &, |lar] < v} (1.3)

HA3VLBAEMNCA PEOEPHVM TOAUHOMOM, 0 EPUUHHBLMU NOAUHOMAMU HA3DLEANMCH NONUHOMbL BU-
da F(s,q), ¢ ==x7v, i=1,1l.

FeOMeTpI/ILIeCKI/I BEPIMTUHHBIE 1 pe6eprIe MMOJIMHOMBI COOTBETCTBYIOT BEpPIITWUHAM U pe6paM
Ky6a (1.2), 7. e. peGepubiii mosmaoM "coequnser" 1Ba "coce THUX " BEPIUTMHHBIX TOJIHHOMA (COOT-
BETCTBYIONIUX COCETHIM BepIIMHAM Kyb6a), I Beero mMeeTcs [ - 2!71 peGepHBIX MOJHHOMOB.

Onpenmeneunune 1.8. Hazosem noaunom cmenenu n u3 kaacca (n,k) - sxeu-
saaenmuocmu, ecau y He2o k xopued cnpasa, a n — k caesa om mHumol 0cu ¢ Yuemom
xpamHocme.

Teopewma 1.5. Ecau nosurnomos ¢ Komnaekcnvmu kospduyuenmamu ©1(8) u @2(S)
npunadaescam kaacey (n,k) - 9KEUBAACHMHOCTIU, MO 0N NPUHAONEHCHOCTIU FMOMY KAGLCCY
aunetnozo noaumona ap1(s) + (1 —a)pa(s), a € [0,1] ne nepecexan ompuyamenvryo seuse-
cmeennyto noayocwv. Ouesudno wmo, npu k =0 noaywum uzeecmmuuil kpumepul ycmoiuueo-
cmu aunetinozo noaumona [2].

! Monent, paxyasrer IIM-ITY CIIGLY, r. Canxt-Iletep6ypr; ddemidova@mail.ru
2 Jlonenr, daxyasrer [IM-ITY CII6I'Y, r. Cankr-IlerepSypr; ddemidova@mail.ru
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CupaBeI/IUBO CJIe/IyIoniee YTBepzKIeHne - 0000IeHne pedbepHoii TeopeMbl.

Teopema 1.6. ITyemv F(s,Q) - afdunnoe cemeticmeo noaunomos (1.1) ¢ seuse-
CTEEHHBLMU KOIPOUUUEHMAMU U EBINOAHAIONCA YCAOCUA:

deg F;(s) < Fo(s), i=1,1, degFy(s)=n, (1.4)

l l
v lanl <lapl, ) lagl < lag), (1.5)
i=1 =1

Ldo= 1,1 - woafduyuenmor npu s™ nosunomos Fy(s). ITycmwv nosunom Fy(s) us
kaacca (n,k) - axeusarenmunocmu. Tozda das npunadaescrnocmu ecezo adurnozo cemeticmea
(1.1) ®aacey (n, k) - sxeusarenmmuocmu neobrodumo u d0CMaMoOwHO SuNOAHEHUE 00H020 U3
d8YT YcA06Ull:

o aubo das a060t napv. F,(s), F,(s) 6epuwunnss noiunomos, AAAOUUICH KOHYAMU
pebepH020 NOAUHOMA, 0AA UL 20002pados

2de a'

FL(jw) = gu(w) + jhu(w) u Fy(jw) = gy(w) + jhy(w)

GBINOAHACINCA, ECAU W = Wy 66’&466771667—”—6&17/ NOAOHCUMEADHBLT KOpEHb YpPasHEHUA

Gu(w)hy(w) — gy(w)h,(w) =0, (1.6)

mo npu W = Wy GHBNONHAECMCA HEPALEEHCITBGO

9u(w)gn(w) + Iy (w)hy(w) > 0. (1.7)

[IpoBepka 1EPBOTO yCJIOBUS - NPUHAIEKHOCTH JUHEHHOrO nosurona (pebepHoro nosu-
HOMA) Kjaccy (n,k) - SKBUBAJIEHTHOCTH, IIPOBOAMTCH € MOMONIbIO rPadUuecKoro Kpurepus
NPUHAIESKHOCTH JTMHEHHOTO TOMUTONa Kaaccy (n,k) - SKBHBAJEHTHOCTH, [T BEMIECTBEHHO-
ro caydas (Teopema 1), masg KOToporo pobacTHblii Kpurepuii HaflkBucra siBisercss 4acTHBIM
cayuaem mpu k = 2 [2|, kak u pebGepuast Teopema 06 ycroitunsoctu adbdUHHOTO cemeiicTBa
TOJINHOMOB JIJIsl TIPUBEJICHHOMN BbIlle TeopeMbl [4].

Jokaszareuasnbcrtso JJdocraroanocrs. Mbl Bocnosb3yemcsi reopemoii u3 55|
(0606Imenue npunnuna uckaodenus uyis) ¢ ¢° = 0 (sro 3nauut, uro Fy(s) uz kiacca (n, k)
- SKBUBAJIEHTHOCTH ), TOT/a HepaBeHCTBa (4-5) rapanTupyior ycaosue a,(q) # 0, ¢ € Q, ans
crapiero kodbdunuenta noauaoma F(s,q). Ocraercs nposeputs 0 ¢ S(w). Obmacts S(w)
IMeeT BHJI

I

Sw)={z€C: z=FR(jw) + Y aFi(jw), lale <},

i=1

T. e. adpdunnbii AByMepHbI 00pa3 [ - mepuoro kyba. Takoit oOpa3 siBIsieTCss MHOTOYTOJb-
HUKOM, CTOPOHBI KOTOPOro - 00pa3sl pebep Kyba . [Tockombky 0 & S(0) (B cuy (1.5)), To
MozkeT okazarbes 0 € S(w), mumb ecau 0 Oymer npunaexkarh rpanune S(w) st HEKOTOPO-
ro w > 0. OZHAKO 9TO HEBO3MOXKHO, TaK KaK TPAHUIA COOTBETCTBYET PEGEPHBIM TOJHHOMAM,

a OHHU TIO TIPEJIOJIOKEHUI0 HAXOAATCS B Kaacce (n, k) - SKBUBAJTEHTHOCTH.

Bo Bropom ciyuae, ecm HOJMb nonaJa Ha pebpo rpanunbl S(w) st HEKOTOPOTO W = Wo,
wp > 0, 10 510 03Ha4AI0 GbI, 4T0 BeKTOPBI (g, (Wo), hy(Wo)), (gn(wo), hy(wo)) siBasIEOTCST KOJI-
JMHEAPHBIME JIJIsT KAaKOH-T0 napbl (w,n), p ¢ n u Beinosnsiercst paperctso u3 (1.6). Ho, Tak
KaK 5TH BEKTOPHI PA3HOHANPABJIEHBI, TO HepaBeHCTBO (1.7) GbLIO GBI HAPYIIEHO.
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HeobxoaummocThs oveBU/IHA, TaK KaK U3 NPHHAIEKHOCTH aGUHHOTO ceMeiicTBa KIaccy
(n,k) - SKBHBAJEHTHOCTH CJEyeT MPUHAJJIEKHOCTh PeOEPHBIX TOJHHOMOB 3TOMY K€ KJIacCy.
Bropoe ycioBue ciaeayer u3 Toro, 4ro pebpa rpaHunpl MHOKeCTBa S(w) He comepKaT HyJs,
4TO 03HAYAET OTCYTCTBHE PA3HOHALPABJIEHHBIX I1ap BEKTOPOB (g, (w), h,(w)) n (g,(w), hy(w))
npu HeKOTOpoM wy > 0. Xors pebpa S(w) MOryr mepecekarb MHUMYIO M BEINIECTBEHHYIO OCH
KOMILJIEKCHOH [JIOCKOCTH ¥ TIPH HEKOTOPBIX Wy PaBEHCTBO B (1.6) MOMKET BBIMOTHSITHCS.
Jloka3zaTeabCcCTBO 3aKOHUYEH O.

Bameuaunune 1.2. Ilpu k=0 u3z meopemo, 1.6. noaywum pebepryto meopemy Oai
adpunnozo cemelicmea NOAUHOMOE € BEULLCMEEHHBLMU KOIPPHUUUEHMAMU.

O6061enne pebeproit Teopembl (Teopema 1.6.) mosBossier moayanTh 3dhdexkTuBHy0 HOp-
MyJIUPOBKY IpuHaiekuoct addunnoro cemeiicrsa knaccy (n,k) - SKBUBAJEHTHOCTH, €C/IH
qucs0 [ HeompeJe/IeHHbIX MapaMeTpoB Maio. B 3Tom ciydae ciejyerT mpoBepUTh BCe pebep-
Hble TOJMHOMBI. OHU MPeJCTABIAIOT coOO0i ofHOMapaMerpuueckue cemeiicta Buga oM (s) +
(1 —a)N(s) (rme 0 < o <1 u M(s), N(s) - aBa cOCeHUX BEPIIMHHBIX MOJIMHOMA), U
B COOTBETCTBHM ¢ 0000meHHbIM KpuTepuem Haiikpucra (reopema 1.5.), posib Touku -1 31ech
urpaer (1 — a)/a uX OPUHAIEKHOCTH TOMY Ke Kjaaccy (n,k) - S5KBHBaJE€HTHOCTU DPAaBHO-
cuabHa TOoMy, uro nosuaoMbl M (s), N(s) u3 knacca (n,k) - SKBUBaJEHTHOCTH, a rojorpad
G(jw) = M(jw)/N(jw) He nepecekaer OTPUNATETHHY IO BEIIECTBEHHYIO MOTYOCh. JleficTBATE b
HO,

AArg(aM(jw) + (1 — a)N(jw)) =

= AArgN (jw) + AArg(l — %4 MOW)) = Z(n —2k).
a N(jw) 2
Tax kax AArgN (jw) = 5(n—2k), 10 AArg((1—a)/a+W(jw)) = 0. Oanako, eciu [ Benko,
TO YUCJIO TAKUX MPOBEPOK 3HAYUTENBHO (Jake Jyisi | = 5 Hy»KHO mpoBeputh [ - 20-1 = 80
peGepHBIX TTOJHUMOB).

[Iycrs addunnoe cemeiicTBo cTpouTcsa Ha 6ase MOJIUHOMOB Fj(S) ¢ KOMILIEKCHBIMU KO-
dbunmenTaMu, a MHO¥KecTBO mapaMeTpoB ), @ € R'. Torma mmeer MecTo 0600IIEHIE TEOPEMBI
1.6. ¢ mouTu Toit ke HOPMYIUPOBKOIi, eciu J06ABUTH, UTO Bée Fj(S) - MOJMHOMBI ¢ KOMILTEKC-
ubiMu Kodbdunmentamu. Kpome Ttoro, B yciobusix (6-7) Hamo paccMaTpuBarh 4acTOTHl Wy,
w € (—o0,+00). B jgokazarebcTBe NPUMEHSIIOTCsS 000OIIEHHNE IPUHIUIIA UCKIIOYEHUs HYJIst
wi 06001meHne Kpurepud Muxaitiosa /i1sl ceMeiicTB IIOJIMHOMOB C KOMILIEKCHBIME K03 dum-
eHTaMU.

Bameuaaunue 1.3. [locmpoumsv xpumepuu npuHadsencrocmu  apdunnolr ce-
METCME NOAUHOMOE € KOMNACKCHYMU napamempamu, m. e. ¢ = (q1,q2, ..., @), ¢ € Q,
Q € C' e ydaemcea dasice 6 npocmetiwem cayuae - uccaedosanue pobacmmnoti ycmotiuueocmu
maxozo cemeticmea (k=0 ).

Jles0 B TOM, 9TO IpaHUNA MHOkKeCTBAa S(w) B 3TOM CJIydae COCTOHT U3 KYCKOB KPUBBIX H
MHOKeCTBO S(Ww) MOMKET ObITh HEBBIMYKJIBIM.

Jna abdunrnoro cemeiicTBa TUCKPETHBIX MOTHHOMOB BepHBI peOepHas TeopeMa NI HCCIe-
JoBaHUsA POOACTHOI ycTofiunBocTH U ee 0bobuenue (Teopema 1.6.) 11st HCcIe10BaHES HEYCTO-
YHBOCTHU B COOTBETCTBYIOMMX hopMyaHpoBKax. Kpome Toro, MakcnmabHbII pa3Max Heolpe/e-
JIEHHOCTH NpHHALIeskHOCTH adpdbunHOro cemeiicrBa Ktaccy (n,k) - SKBUBAJEHTHOCTH MOZKHO
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HaliTH He TOJBKO rpadudecku, HO u no dopmyaam u3 [4], anamorudnsiM hopMyTaM st WH-
TePBATBHBIX JUCKPETHBIX ceMeHcTB (MHOXKecTBO S(w) mis adduHHOrO cemeilcTBa ABISETCSA
20 -yroJILHAKOM, TJIe MHOZKECTBO napameTpos ¢ € Q, Q C R!).

Takum obpaszom, Kak B cjydae MCCJIe0BaHUs Ha POOACTHYIO yCTORIMBOCTH ahOUHHBIX ce-
MeCTB ITOJIMHOMOB, TaK M B CJIy4ae UX POBEPKHU Ha POOACTHYIO HEYCTONYNBOCTD STU MOJTUHOMBI
MOKHO UCCJIEJOBATDH C MOMOIIBIO AaHAJTUTHIECKUX U rpadUIecKuX KpUTEPUeB, KaK B HEIIPEPbIB-
HOM, TaK U B JIUCKPETHBIX CJIyJadaX.

Pabora Beimosinena npu ¢punancosoii noguepxkke POPU (mp. N 10-08-00624).
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MATEMATUYECKAS YKN3Hb

BJAAONIEH AJIEKCAHIPOBUY TPEHOTI'MH
(12.08.1931 - 28.09.2013)

28 cenTsibpst 2013 roga yires n3 >KU3HU BbIIAIONNAT-
cs ydeHBbI-MaTeMaTHK U I1eJIaror, 3ac/IyzKeHHbIH Jes-
tesib HayKu Poccuiickoit @enepanun, 10KTOp (PpU3HKO-
MaTeMaTH4IecKnX Hayk, mpodeccop B. A. Tpenorus.
On pommiica 12 asrycra 1931 1. B r. Keimreim Ye-
Jsionnckoit obsactu. Ero mars, Eprenus fkosenna,
Oblj1a JI0YEpbIO CBAIIEHHUKA, IIPejce aTess MepMCKO-
ro xoposoro obmrectBa. [locie okormuanus [lepmckoro
TOCYHHBEPCUTETa padboTasa MpernojgaBaTesieM, a MO37-
nee gomenrom ucropuun CCCP B By3sax, Oblia ydact-
nuneil n wHBaJmMIoM Besmmkoit OrTedecTBeHHON BOii-
ubl. Oren, Tpenornn Anekcanap PegopoBud, TOTOMOK
YPaJIbCKUX MAacTepoB, ObLT YIOJTHOMOYEeHHBIM l[Bet-
MeT30JI0Ta Ha Y paJje Mo oXpaHe OT XUIIEeHUH 3070Ta
JIPAroleHHbIX MEeTaJIJI0B, 103/(Hee OblI Hpejice/iaTe/ieM
CsepaitoBekoro ropucnonkoma. C 1941 r. on ygacTBO-
Bas1 B Besmmkoit Oreuecrsennoii Boitne n norud nox Cra-
JuHTpajoM B 1942 romy.

B 1950 roay B. A. TpeHOrumH OKOHYMI B I. Y 2KI'OpPO-
Jle CPEJIHIO0 HIKOJIY C 30J10TOM MeJIaJIbIo 1 Obljl HAParK-
ster rpamotoit [IK BJIKCM, kak jryqmiunit yaeHuK 1Kot
Vaxkropoga B nepuoj 1945-1950 rr. B 1950 rogy o mocTynuji Ha MeXaHUKO-MaTeMaTHYeCKUit
dakynprer MI'Y um. M. B. Jlomonocosa. /laB BbICOKyIO omeHky 3toii padore, A. I Kypom
JIMYHO TPEeJCTAaBUI U peKoMeH1oBa ero dieny-koppecnoraeaty AH CCCP Jlazapio AponoBu-
gy JIFocTepHUKY, 1101 PYKOBOACTBOM KOTOPOro Biiaimien AjiekcaHpoBUY BBIIIOJIHII KYPCOBBIE
U JUIJIOMHYIO pabory «O0 0JHO3HAYHOCTH MpejacTaBaeHnst (GPYHKIMT MHOTHX [T€PEMEHHBIX CY-
neprio3uiineit PyHKINE MEHBINTEro Yncjia mepeMeHHbIX B OaHAXOBBIX MPOCTPAHCTBAX Y, OIy0JIH-
kopannyio B JIAH CCCP.

Bakonuus ¢ ormaneM B 1955 roxy mexmar MI'Y B. A. Tpenorun ObL1T pacupeseser Ha pa-
ooty Ha Kadeapy seicieit maremaruku MO TU. B teyenne 17 get padorsr B MOTU, B. A. Tpe-
HOT'MH ITPOIIIEJI Iy Th OT aCCUCTEHTA JI0 ITpobeccopa, BeLyIero JIEKTopa 1o KypcaM MaTreMaTude-
CKOTO aHaJn3a, (PyHKIMOHAJILHOTO aHAJIN3a, JUHEHHON ajaredphl 1 aHAJIUTHYIECKONH TeOMETPHH.
B 1960 roxy on 3amuTna KaHINJIATCKYIO AUccepTannio «PasBeTriaenue perennit HeJJWHETHBIX
ypaBHEHHIT B OaHaXOBBIX MPOCTPAHCTBAX», a B 1967 roay - JOKTOPCKYIo jauccepraiuio «Heko-
TOpBIe BOIPOCHI TeOpUH (PYHKIUOHATBHBIX U JuddepeHnua bHbIX YpaBHeHHIT B OaHAXOBBIX

HPOCTPAHCTBAX ».

B 1972 roxy B. A. Tpenorun 6wt Hanpasies MunucrepcrBom B MOCKOBCKHIT HHCTHTYT CTa-
au u ciao (MUCuC) na mo/kHOCTH 3aBeyoniero kadeapoit MaremMaTnk. B 9Toit 101K~
HOCTHU OH paboras 10 1993 roga, ¢ Tex mop gABjsIcsd mpodeccopoM Toit ke Kadeapsl, a B 2010
TOJy MOJIYYHJI OOJiee BBICOKMIT paHT mpodeccopa-ucciemoBaTes.
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Marematuueckas obmiecternocts CCCP, CHI' n 3amajHbpIX rocyiapcTB 3HaKOMa C Ma-
TeMaTHIecKuM TBopuecTBoM mpodeccopa B. A. Tpenoruna eme ¢ 60-x romos. B 1962 romy
B Ycrexax maremarudeckux Hayk (tom 17, Ne2) myGsmkyercst pabora M. M. BaituGepra u
B. A. Tpenornna «Meroasr Jlsnynosa u [lImugra B Teopum HewHeHHBIX ypaBHEHUII W WX
JlaJibHefilee pa3BUTHE», COCTABUBINAg OCHOBY MX MoOHOrpaduu «Teopus BeTB/IEHUS PeIIeHUit
HeuHeRHbIX ypasuenuii» (M., Hayka, 1969), B ocHOBe KOTODOIi COEPIKUTCS «IIPUHITUIT KOHEY-
HoMmepaoctn» B. A. TpeHorunna mcciaegoBaHus HeJTHHEHHBIX sIBJICHMI, cOUeTaHUs ajJrebpamde-
CKHUX, aCUMIITOTUYECKUX, BAPUAIIMOHHbBIX, TOIIOJIOI'MYECKUX, & B JlaJibHelineM npub/IuzKeHHbIX 1
TEOPETUKO-T'PYIIIOBBIX METO/OB B IPUMEHEHUN K SKBUBAJIEHTHBIM YPABHEHUSM Pa3BETBJ/ICHUS U
OTPaYKEHO COBPEMEHHOE COCTOSITHUE T€OPUU BeTBJIeHUs U OudypKanuii B eCTeCTBEHHO-HAY YHBIX
mucnuinaax. Monorpadus B.A. Tpenoruna «Pyuknuonanbueiii anamu3» (M., Hayka, 1980)
B KOMILIEKTE C KHUTOf «3a/iaqu U yupakKHeHus 10 (DyHKIHOHATLHOMY aHATH3Y> (B COABTOD-
cree ¢ B. M. TIucapessim u T. C. Cobosesoii, M., Hayka, 2002, 2005), nouy4usmias rpud
MunBY3a kak yuebuuka (mepesejien Ha (hpaHIly3CKHil sI3bIK) U COOTBETCTBEHHO KaK y9IeOGHOTO
nocobust (mepeBejieHo Ha GPAHILY3CKHUH U UCTIAHCKUI SI3BIKH) SIBJISETCS JIYIITHM PYKOBOJICTBOM
JIJIST ACIIUPAHTOB U CIEIUATUCTOB IO MPUKJIATHON MaTeMaTHuKe.

B 1972 roxy mpodeccop B. A. Tpenorun ObL1 BKJIIOUEH B cocTaB HaydHO-MeTOINYIECKOTO
Cosera 1o maremaruke MuHnucrepcrBa odpa3oBanus u Hayku PO mpukazoM MUHHCTPA ¥ BCKO-
pe craJ dienom ero Ilpesuamyma. B Hayuno-meroamdeckoMm coBere OH cpa3y »Ke BO3IJIABUII
komuccnio o npuemy B By3bl CCCP u MHOTHE TO/IBI SIBJISLIICS aBTOPOM MTPOTPAMMBI TI0 MAaTeMa-
THKe JIJId HOCTYHAIONNX B By3bl. [[o BonpocaM npuema B By3bl OH BBICTYHAJ B IIEPHOIUIECKOI
evYaT U M0 TeJeBUJICHUIO.

Ot cBoero yunrens mpodeccopa JI. A. Jliocrepuuka B. A. TpeHOrnH mepeHsiT MOCTOSHHBII
UHTEpPEeC K MPUKJIAIHBIM 33/a9aM. 3/1eCh cjegayer ormeTuth copmectHyio ¢ [ A. Tupckum pa-
6OTy 10 ONpe/IeJIEHII0 TEMIIEPATYPHOTO TI0JIsT OXJIaZK1aeMoii onaTKu ra30Boil Typounsr (1959)
W aBTOMOJIEJIHLHON 3a/aui BA3KOrO IMMIIEP3BYKOBOTO yaapHOro ciaost (1974), nsydenne siBienust
BBIINYYUBAaHUs I'MOKUX ILTACTHH, UCCJAETOBAHUS IO JJIUHHBIM U YeTUHEHHBIM BOJTHAM C IPHJIO-
JKEHUSIMU B THJAPOJNHAMUKe U camoopranuzanun (1964, 1967, 1986, 2006). IIposenennas Ha
kadeape maremaruku MUCuC nox pykosogcrsom B. A. Tpenoruna ucciegoBare/ibcKas pa-
Oora 10 yHUpUKAIUU U CTAHJIAPTU3AIUE MApOK CTaJieil U CILIABOB ObLIa y/IOCTOEHA TPeTbeil
MPEMUY MUHUCTEPCTBA «3a JIYUIIYI0 HAYYHYIO paboTy».

Ba 55 Jsler HaydHOIl W IeJarormveckoii jgesarenbHocTH mpodeccopom B. A. TpeHormabiM
BHECEH OTPOMHBIII BKJIaJ B MOJTOTOBKY MHXKEHEDPOB, YUEHBIX U IPHUKJIAIHUKOB BBICIIEH Kac-
cupuranuu. B aciupanrype MOTU u MUCuC on noaroroBus psiji CrenuajuctoB B 00j1a-
CTH HeJIMHEHHOTO aHa/u3a ¥ aCUMIITOTUYECKHX METOJIOB, ycuenrHo paborawomnux B Poccun u
3a pybexkom. B 1968 romxy B. A. TpeHoruH BBHITIOJHHAI COBMECTHO CO CTAPIMTUM HAYIHBIM CO-
tpyanukoM Mucturyra maremaruku um. B. V. Pomanosckoro AH CCCP B. B. JlorunosbiMm
HECKOJIBKO TIePCIEKTUBHBIX pabOT, CO3/IABIINX TEOPUIO BETBJICHHUS PeIleHuil HeTHHeHbIX ypaB-
HEHUI B YCJIOBUSIX I'DYIIIOBOW MHBAPUAHTHOCTU - HOBOE HAlIpABJIEHHE B TEOPUM HeJIMHEIHbIX
YPaBHEHHi, KOTOPOE JIETJIO B OCHOBY HMX JAJbHEIINX coBMeCTHBIX nccaeaoBanuii (1971 - 1990)
u JOKTOpCKyto guccepramuio B. B. Jlorunosa (1982). B 1972 r. B. A. Tpenornn n H. A. Cu-
nopos (UpkyTckuii roc. YHUBEPCUTET) MOKA3BIBAIOT CAMYIO OOIIYIO TEOpeMy CyIeCTBOBAHMUSI
ToueKk OmdypKaluu OoT COOCTBEHHOIO 3HAUEHHd HEUeTHOIl ajreOpamdecKoil KpaTHOCTH JIMHE-
apu3allii, a B JafbHeiiieM, B TeueHne 70-X ro0B, pa3padaTBIBAIOT TEOPUIO PEryISIpU3alNH
3a/ia4 TEOPUU BETBJIEHUS, TIOC/IYKUBILYIO OCHOBOI JIJIsI CO3/IaHUs YCTOUYMBBIX aJrOPUTMOB pe-
IIeHNsT ITUX 3a7a49 COCTABUBINYIO OCHOBY JOKTOpCKOil auccepramun H. A. Cumoposa (1983).
Corpymandecrso B. A. Tpenornna ¢ H. A. CumoposbiMm u B. B. JloruHoBbIM, cO3/1aBIINX CBOI
MaTeMaTndeckue mkoybl B Vpkyrcke, TamkenTe u YIbsgHOBCKe MPOIOJIKAIOCH U Jajee (1993,
1996, 1997, 2003, 2007, 2010).
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UccnenoBanus B. A. Tpenoruna B (hyHKIIMOHATILHOM aHAJIN3€, AaCAMITOTHYECKAX M HPH-
OTIMKeHHBIX MeTo1axX, AuddepeHuaIbHbIX YPaBHEHUSIX U MaTeMaTHIeCKOi (pu3uKe OTparKeHbl
6oJsiee yeM B 350 HAyYHBIX U METOJMYECKUX pabOTaX B IEHTPAJIbHBIX U 3apyOezKHbIX KypHaJiax,
MOHOTpadUsIX TepeBeeHHBIX Ha WHOCTPAHHBIE sI3bIKU. Pa3BUBaBIINECS WM HAyUYHbIE HAIPAB-
JIGHHS - TeOpus BeTBJeHusd u OudypKamuii, Teopus HOTPAHUIHOIO CJI0d B HEJMHEHHBIX ypaB-
HEHUsSIX C YACTHBIMH HPOU3BOIHBIME, METOJbI PEryJISPU3AIUA U CUMMeTpuiiabie (IpyImnoBbie)
MEeTOJIbI B HEJTMHEHHOM aHaJIM3e, UCCIeI0OBAHU 10 JJIMHHBIM U YeJIUHEHHBIM BOJTHAM W TEOPHH
caMoOpraHu3aiuy (npeIpuHsThHIe elle B ePUoJl HAIIMCAHUS JOKTOPCKOIT uccepTanum) oKa3a-
JIM 3HAYUTETHHOE W TJIOA0OTBOPHOE BJ/IMSIHAE HA PA3BUTHE MATEMATHKHU B ITUX HAMPABICHUSX;
OHW OBLIN WCIOJHB30BAHBI BO MHOTHX TPHUJIOKEHUSX K MeXaHnKe W (pu3nke, BHIUYUCIUTETHHON
MaTeMaTHKe.

B. A. TpeHOrnH - aKTUBHBIN YYACTHUK MeZKIyHAPOIHBIX KOH(MEPEHIIHii I CHMIIO3NYMOB pa3-
Jimaaoro panra. Beun wienom jeseranun CCCP na mexyHapoHoit KoHdepeHnun no Cunry-
JSIPHBIM BO3MYIeHusIM 1 TypOysenTaoct B Jlnone, @panrusi, 1979 r. (mybankamus B Lecture
Notes in Mathematics). Cpeau uux cummnosuymbr GAMM (Mex ayHapoaoe o0mecTBO MpH-
KJIQTHON MaremaTuky u Mexanuku) lamOypr - 1993, 1995, ®@peiibypr - 2000 (Fepmanus), [axys
- 2003 (Uramus), opux - 2007 (IIseiinapus), Tpar - 2011 (Ascrpus); ICTAM (Mexxyna-
POJIHBIN KOHI'PECC IIPOMBIILIEHHOl U 1puKJIaHoit Maremaruku) - FamOypr, 1995 1. (lepmanus),
Dauubypr - 1999 r. (Beaukobpuranus), [iopux - 2007 (IIIseitnapust), Bankysep - 2011 (Ka-
naza); ICM (Mex mynapoaubrii Kourpece MmaremarnkoB) Mocksa - 1965 1., Bapmasa u Bepann
- 1998 r.; EuroMech B Komnenrarene B 2001 r., OH BBICTyIIaJl B KaueCTBE HMPUIJIAIIEHHOTO JIEK-
Topa Ha KoH(pepenmusx oprannzoBanubix IFNA (Mexaynapomnas Pejgepariust HeJTHHEHHBIX
ananuTukoB) B ['perun, Mramun u Typuuu, 6611 mpuriamedasiv npodeccopom B Jleimmur-
ckom yuusepcurere (IJIP 1973 u Aszkupe Yuupepcurer Annaba 1979) npunumasn ydacrue
B exkeroaubix KoHdepenmusx CAIM (MezxpynaponHast KoudepeHius 10 MPUKJIaIHOi U 1po-
MbIILTeHHONH MaTeMaTuke) B Pymbrauu: [Turernru - 2002 r., Muosenu - 2006 1. u Opazes - 2007
r., Kourpeccol ISAAC B Kanaze 1999 r., dnonnu 2002, Cururnu 2005 1. u Mockse 2011 r.), KOH-
depeHIn U MIKOJbI-ceMUHApbl B MOPI0BCKOM rocyaapcTBeHHOM yHEBepcuteTe ¢ 2004 roga u
MHOTHX JPYTHX, 4ACTO C FPAHTAMH OPTKOMUTETOB Ha y4actue. Ou siBiisiyicss 4ieroM MoCKOBCKO-
ro MaremMaTH4ueckoro oomecrsa, CpeHeBoZKCKOro MaTemMarndeckoro obmectsa, ROMAI (Py-
MBIHCKOTO MaTemarndeckoro obmecrsa), AMS (AmepukaHCKOro MaTeMaTH4eckoro o0IecTna),
GAMM u ISAAC, Bxomur B pegko/iernn MareMarndeckux xKypaaiaos: ROMAI Journal, ZKyp-
Has1 CpeIHeBOIZKCKOTO MaTeMaTHIecKoro obmectsa, V3Bectus VpKyTcKoro rocy1apcTBeHHOTO
yHuBepcurera, cepusi «Maremarukas.

Bubanorpaduaeckue csegenuss o npodeccope B. A. Tpenorune npuBegeHbl B U3TAHUIX
«Maremarnka B CCCP», «Mexannka B CCCP», «Who’s Who in the World» (1999-2001),
«3namenuteie pycckues (1999), VMH (2001), Soviet Mathematical surveys 2001, seKTpoH-
HbIii pecypc: http://misis.ru/ru/5717.

Bcero cBoto xuszub Baaaguwien AnekcanapoBud nocssarua pabore Ha 6siaro Poccuniickoit Hayku
u obpasoBanust. Ero ums coxpanurbcst B ucropun maremaruku. CBernas namars o Biajguiene
AntekcanpoBude OyIeT KUTh B HAIMUX CEP/INAX JOJITHE TOMIBI.

C. H. Aaexceenxo, /. U. Boapxun, II. A. Beavmucos, B. K. T'opbynos,
B. 3. I'punec, 1O. H. Jlepweun, P. B. 2Kaanun, E. B. Kysueuos,

b. B. Jlozunos, T. @. Mamedosa, C. M. Mypromun, U. II. Pasanuyesa,
B. U. Cagonrun, C. U. Cnusax, JI. A. Cyzapes, B. @. Tuwrun,

H. U. Yywaes, 1. A. Hlamanaes.
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176 IIpasuta opopmiiennst pykonuceit

[IpaBuia odpopmiienust pykomnucei

11st myommkanny B 2kypHage «2Kypnaa CBMO»

Obpausaem Bawe snumarue Ha mo, wmo yKka3aHHvle HUuiAce npasuia 0NHCHDL BHINMOAHAMBCA
abcomommno mowno. B cayuae, ecau mpasuaa oopmaenus pykonucu we o6yodym 6uinosrervl,
Bawa cmamva we b6ydem onybaukrosara.

TekcT noOKIama JTOJZKEeH ObITh HaOpaH B u3aaresbekoil cucreme TEX (mwimum omHOM u3 ee
KJIOHOB). [IJis1 BEPCTKH PYKOIUCH CJIJIYeT UCTIOIB30BATH IPEaMOYJIy, KOTOPYO MOZKHO MOJIY YUTh
Ha caiite hitp://www.svmo.ru.

O06bem crarbu He joKeH npeBbiarTh 10 crpanut. TekcT crarbu A0/KeH ObITH HOMENeH
B daiin ¢ nvenem < damvuins aBropa™.tex (KOTOpHIl BKJIOUaeTcst KoMan10ii \input B mpeam-
6yse). Hanpuwmep,

\input{voskresensky.tex}

Copepzkanue npeaMOy/Ibl U3MEHATh Heab34d. Olpe/ie/ieHre HOBBIX KOMaH aBTOPOM CTaThU
HE JOILyCKAeTCs /s MpeayIpeKIeHns KOHMINKTOB UMEeH ¢ KOMAHIAME, KOTOPbIe MOLJIH ObI
OBITH OIPEJIECHBI B CTAThSIX JIPYIUX aBTOPOB.

as opopmaenus 3620408Ka cCmamvu Ha PYCCKOM A3bIKE CALOYEM UCTOADI0BAML KOMAHIY
\headerRus. 9ma xomarda umeem caedyrousue apeymenmo:

\headerRus{¥Y/IK}{ua3Banue crarsu}{aBrop(sr)}{Asropl\footnote{domxkuoCTSH,
MecTo paborsi, ropox; e-mail.}, Asrop2\footnote{JonxHOCTH, MECTO paboOTHI, TO-
pox; e-mail.} }{ Annorauus } {Kiarouessie ciosa}

Jas oopmaetus 3a200068Ka CMamovu Ha GH2AUTCKOM A3bKE CACOYEM UCTIOALIOBAMDb KO-
mandy \headerEn. 9ma xomanda umeem ciedyrousue apeymernmoy:

\headerEn{nazsanue crareu} {Asropl\footnote{Tomxkuocrs, mecro pabo-
Tel, ropox; e-mail.}, Asrop2\footnote{doskHoCcTh, MecTO paboTbhi, rOpOH; e€-
mail. } }{ Aunorauus } { Kirouessie cioBa}

Ecau cmamova wa anzautickom asvike, mo 0ai 0hopMAECHUS 3G20408KaA CMAMBHU HEOOL00UMO
ucnoavzosams komandy \headerFirstEn ¢ makxumu swce napamempamu, xax 0ri KoMardv
\headerRus.

CraTbs MOXKET COJiepKaTh I0/13ar0JI0BKH J11000i1 BiozKeHHocTu. [loa3aroioBku camMoro sepx-
HEro YPOBHS BBOJSTCS MPH MOMOIIK KOMAHIbl \Sect ¢ OJHUM HapaMeTpoM:

\sect{3arosioBok }

[MoxzaronoBku Goslee HU3KUX YPOBHEH BBOAATCA KaK OOBIYHO KOMaHIamu \subsection,
\subsubsection u \paragraph.

Cremyer umeTb B BHJY, 9TO BHE 3aBUCHMOCTH OT YPOBHSI BJIOYKEHHOCTH MO/3aT0JIOBKOB B
Baieii cratbe, Hymepanus 00beKTOB (hopMyJI, TeOpeM, JIeMM | T.J1.) Beerja Oy/aer JABOHHOI u
OyJeT MOMYNHEHA 10/ I3ar0/I0BKAM CAMOTO BEPXHETO YPOBHSI.

s odopMmieHnss TeopeM, JeMM, OPeIT0XKeHUl, CAeICTBHIl, onpeae/eHnii, 3aMedaHnii 1
HPUMEPOB CJIeIYeT UCHOJIB30BaTh COOTBeTCTBeHHO OKpy2Kenusi Th, Lemm, Prop, Cor, Defin,
NB u Example. Ecsin B Bameit crarbe npuBogsTCs 10Ka3aTeIbCTBA YTBEPKICHUH, UX CJIe/1y-
er oKpyKuTh KoMaHmaMn \proof n \proofend (st mosyuenns crpok 'JlokazareabcTBo.” 1
'J10Ka3aTeJbCTBO 3aKOHYEHO., COOTBETCTBEHHO ).
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Jlst 0603HAUeHUsT IPOCTPAHCTB caeayer ucnoab3oBarh komanasl \R, \Rn, \C, \Z, \N u

T.JI.
Jst BcTraBoK GYKB ¢ U € HeoOXOAuMO HCIoJb30BaTh KoManapl \phi, \epsilon coorser-

crBeHHO. CHUMBOJIBI YaCTHBIX HMPOU3BOIHBIX % n % BCTABJISIOTCS KoMaHaamu \px{i} u
1

z;
\pxtog{u}{i}.

Jlns BcTaBOK OYyKB KUPWJLIHIBL B (DOPMYJIBI CJI€JyeT HCIOTh30BATh KOMaHIBl \textrm,
\textit. Hanpumep, ais BcraBok dopmyn Iy, /[, B TeKCT cTaTbi HEOOGXOAUMO HAOPATH KO-
manzer \textrm{I'} i, \textit{/} i.

st nymepoBanust popMyJ1 M CO3JaHUS TTOCJAEAYIONINX CCIIIOK HA 3T (DOPMYJIBI HEOOXOIMMO
HCIOJIB30BaTh coorBercTBenno koMamanl \label{merka} n \eqref{merka}, rie B kKauecrse
METKHU HYZKHO HCI0JIb30BaTh CTPOKY cJeaytoniero suga: ' @avuusa_ AsropaHomep_ @opmysibr’.
Hanpumep, dopmyay (14) B crarbe VBanosa ny:kuo momerutsh \label{ivanov14}, reopemy
5 u3 sroit crarbu — \label{ivanovt5} u 1. (s cchliok Ha TEOpeMbl, JIeMMbl U JADYTHE
0OBeKTHI, OTIMYHBIE 0T (bOPMYJI, HY’KHO HCIOJIb30BaTh KoManay \ref{merka}).

JIs1st BCTaBKM B TEKCT CTAThU PUCYHKOB HEOOXOAMMO TIOJIH30BATHCS CJICAYIONIMMA KOMAaH 12~
M

a) BCTaBKa 3aHYMEPOBAHHOIO PUCYHKa (€3 MOJNUCH U C YKA3AHUEM CTEIeHH CKATOCTH

\insertpicture{merka}{ums daiina.eps}{crenens cxkaTus}
rje CTemeHb cxkKaTtud 4ucjio or 0 g0 1.

0) BCTABKA 3QHYMEPOBAHHOTO PHCYHKA € HOJIICHIO
\insertpicturewcap{merka}{uma dcaiina.eps}{noanuce moxn pucyHkom }

B) BCTABKA 3aHYMEPOBAHHOTO PHCYHKA ¢ HOJIMICHIO U ¢ YKA3AHIEM CTEIEeHN CZKATOCTH

\insertpicturecapscale{merka}{ums daiina.eps}{crenensr cxxarus} {nox-
IICh _IIOJ_ PHUCYHKOM}

) BCTaBKa PHUCYHKa 6e3 HOMepa Moj, PUCYHKOM, HO € TOJNUCHIO UJIH HET

\insertpicturenonum{umsa aiina.eps}{crenenpr cxxarns} {mox-
IUCh TIOJ__ PUCYHKOM }

Bee BeTaBisieMble KADTUHKE JIOJIZKHBI HAXOAUThCs B (haitniax B hopmare EPS (Encapsulated
PostScript).

Buumanue! HoBbie ipaBuiia. /[asa ofopmaenus cnucka Aumepamypos Ha PYcCKoM A3bl-
xe caedyem ucnoavzosamsv okpyoicenue thebibliography. Cnucox yumupyemoti sumepamy-
poi doasicern, bums ogpopmaen 6 dopmame AMSBIB. [lodpobrocmu cmompume 6 npusazaemom
datine amsbib.pdf. /s npasusvoroti pabomo. daHn020 MU OPOPMAEHUA NUTEPAMYDPDL HEOD-
200UMO UCNoAb306aMb cmusesol datin sumobib.sty (npusazaemes,).

Crucok jimrepaTypbl Ha aHIJIMICKOM si3bIKe 0pOPMIIATH HE HYZKHO.

Crcok inrepaTyphl Ha PYCCKOM SI3bIKE 0O(DOPMIISIETCST B BU/IE TIOC/IE€I0BATETHHOCTH KOMAHT,
\RBibitem{merka nJisi CChIJIKM HA UCTOYHUK }.

11 IpUBEJIEHHOIO BbIllle PUMEPa B KadyeCTBE METKH JIJId IMyHKTa 7 B CIIUCKE JIMTepaTy-
Pl HYKHO HCIOJIb30BaTh CTPOKY 'ivanovb7’. [ljist CChLIOK Ha 3JIeMEHTHI CHUCKA JINTEPATYPhI
HeoOXOIMMO MCIOIb30BaTh KOMaHIy \cite win \pgcite (mapamerpsl cM. B ipeamoyJie).

MeTknu Bcex 00BEKTOB CTATbU JOJZKHBI OBITH YHUKAJTHLHBIMU.

Komnunsamusa xypuasaa npouspoautca npu nomomu MiKTEX 2.9, nucTtpubyTuB KOTOpPOTo
MOZKHO TIOJIy9UTh Ha caiire hitp://www.miktez.orq.
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AndaBuTHblil yKazaTe/ib

A6zamumnosa JI. P. 35 JInreunor B. JI. 112
Anxkuyos A. B. 49 Jloruros B. B. 8, 100
Bepesosckas FO. B. 58 Measenes B. C. 21
Bmmucranosa JI. . 41 Menpeauk M. FO. 148
Beabmucos I1. A. 49 IMounuka O. B. 120
Bopoboes B. A. 58 Paxumos . T 126
I'punec B. 3. 21 Pomanos A. A. 120
Ty6aiimynnma 1. M. 70 Pyccax 10. B. 8
Ennkees M. P. 70 Psa6osa E. A. 89
Kyxoma E. B. 21 Pazannesa 1. II. 29
3y6os B. I1. 41, 166 Canaxos 1. P. 133
Sybor 1. B. 41, 166 Crmpak C. . 35, 133
3y6os C. B. 164, 169 Crpekomnbito C. A. 41
Sybosa A. . 166 CrpekomnbitoBa M. B. 41, 169
Kantop O. I 133 CrpekonsrroBa O. C. 166, 169
Kanxkaesa C. X. 76 Cynakos B. A. 49
Kapaces A. B. 140 Tasranos B. M. 140
Kwuwm-Tan JI. P. 8 Tasmanos M. B. 140
Kounes A. I0. 58 Tpenorun B. A. 173
Kyszenkos O. A. 89 IMynak A. A. 148
Ksamkunr A. A. 100 IMamanaes 1. A. 100
Jlesuenko FO. A. 108 [Tumosckast A. A. 108

Onnames T. K. 158
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B 2008 r. ga XVI MexaynapoaHoii mpodeccnoHaIbHOI
BoicTaBke «IIpecca» xkypnran «Tpyaslr CpenHeBoI2KCKOTro
MaTeMaTU4IeCKOro obOIlecTBay Y/JI0CTOeH J3HaKa OTJIUYusd

«3ogqotoii pora npeccri-2008» B HommHaiuu «Hayka, Tex-
HIUKAa, HAYIYHO-TIOIYJIIPHAd IMPeccas.

KypHan

«Tpynb CpenHeBomKCckoro
MaTtemaTnueckoro Obwecrtsa»

C 2009 roga KypHaJa HocuT Ha3zBaHme «2Kypnaja Cpenme-
BOJIZKCKOTO MaTE€MAaTHYEeCKOT0 OOIMecTBay.

YBa>kaeMble YHTaTeId U HO,L(HI/IC‘H/IKI/I!

[ommmcka Ha >xkypHaJI «2KypHaa CpegHeBOJIXKCKOT0 MaTeMaTHde-
CKOT0 00IIIecTBay OCYIIECTBJISETCS depe3 OTAEeJEHHS ITOITOBOI CBA3M
«Iloura Poccums ma Bceit TeppuTopun Poccmiickoit @enepalinm.

IlonnucHolt HMHAEKC >KypHaJsa B Karajore PoccuiicKor mnpecchl
«Ilouara Poccums — 38278.
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Jliasg 3aMeToK

Kypuana CBMO. 2013. T. 15, Ne 3



