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ÓÄÊ 517.9

Degenerated di�erential equations with variable

degeneration operator

c⃝ B. V. Loginov1, Yu. B. Rousak2, L. R. Kim-Tyan3

Annotation. The theory of Jordan chains for multiparameter operator-functions A(λ) : E1 → E2 ,
λ ∈ Λ , dimΛ = k , dimE1 = dimE2 = n is developed. Here A0 = A(0) is degenerated operator,
dimKerA0 = 1, KerA0 = {φ} , KerA∗

0 = {ψ} and the operator-function A(λ) is supposed to be
linear on λ .The aims of the article are the applications to degenerate di�erential equations of the
form [A0 +R(·, x)]x′ = Bx .

Key words: multiparameter operator-functions; the theory of Jordan chains; degenerated
di�erential-algebraic equations

1. Introduction.

Below degenerated di�erential equations (DE) of the form

A(x)x′ = G(x) (1.1)

are considered. If it is not stipulated the opposite, it is supposed that A(x), G(x) : E1 → E2 ,
dimE1 = dimE2 = n , A(0) = A0 is degenerated operator with dim KerA0 = dim KerA*

0 = 1 ,
KerA0 = N(A0) = {φ} , KerA*

0 = N(A*
0) = {ψ} . The function G(x) is su�ciently smooth and

G(0) = 0 , G(x) = Bx −H(x) , H(0) = 0 , H ′(0) = 0 . Our aim here is �rst of all to determine
under which conditions the operator A(x) will be nondegenerated in some neighborhood of
the point x = 0 , degenerated in some neighborhood of x = 0 , or degenerated on some
submanifold in neighborhood of x = 0 . On this way the theory of Jordan chains for the
degenerated operator-functions will be developed (sec. 2.3) and applied to DE of the form (2.3)
(sec. 4). In the de�nition of the Jordan chain slightly more generic case will be studied when
the linear by parameter λ operator-function

A(λ) = A0 +DA(0)λ : E1 → E2, λ ∈ Λ, dimΛ = k (1.2)

depends on parameter λ belonging to di�erent from E1 space Λ .
The case of polynomial (or analytical) operator-function A(λ) will be considered in

extended variant of the article. In sec. 2 often on examples will be considered the case Λ = E1 .
Sec.4 contains applications to degenerated di�erential equations. The work was supported
by the Federal Program "Research and scienti�c-pedagogical personnel of innovative Russia
(agreement 14.B37.21.0373).

2. Jordan chains of multiparameter operator-functions

Let the function A(λ) be linear on λ , i.e. A(λ) = A0 + DA(0)λ , and DA(0) is mapping
a neighborhood of 0 ∈ Λ in the space of square n × n -matrices. The following construction
de�nes a Jordan chain (further JCh) for the operator-function (1.2).

1 Ulyanovsk State Technical University, Russia; bvllbv@yandex.ru
2 Canberra University, Australia; irousak@gmail.com
3 National University of Science and Technology ¾MISIS¿ (MISIS), Russia; kim-tyan@yandex.ru
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L e m m a 2..1 For the mapping (1.2) would be noninvertible in some neighborhood of
λ = 0 it is necessary and su�cient the existence of some function h(λ) : U(0) → E1 de�ned
in some neighborhood of zero (or on submanifold of U(0) ), such that [A0+DA(0)λ]h(λ) = 0.

P r o o f. For su�ciently smooth h(λ) = φ+Dh(0)λ+D2h(0)λ2 + . . .+Dsh(0)λs + . . .
where Dsh(0) is s -linear symmetric operator acting from Λ into E1 or, that is the same,
linear operator acting from Λ⊗ . . .⊗ Λ = ⊗

s
Λ into E1 one has

0 = A0φ+[A0Dh(0)λ+ (DA(0)λ) (φ)]+ . . .+
[
A0D

sh(0)λs + (DA(0))λ
(
Ds−1h(0)λs−1

)]
+ . . .

DA(0) in the expression A0Dh(0)λ+(DA(0)λ)(φ) can be considered as the bilinear operator
of two variables and since the second variable has constant value φ , it presents some known
operator acting on λ , B1λ , i. e. A0Dh(0)λ + (DA(0)λ)(φ) = [A0Dh(0) + B1]λ. Thus, since
Dh(0) ∈ L{Λ → E1} , the operator A0 generates the operator B1 acting from the space
L{Λ → E1} into the space L{Λ → E2} according to the rule: if S ∈ L{Λ → E1} , then
B1S = −A0S .

In order that S ∈ KerB1 it is necessary and su�cient that ImS ∈ {φ} . Consequently
dim KerB1 = k , and since dim Λ = k , then there exist exactly k linearly independent
operators S such that ImS = {φ} . Let the vectors ξ1, . . . , ξk form the base in Λ ,
then the base in kerB1 is composed by the operators {Φi | Φiξs = δisφ} . The equality
dim L{Λ → E1} = dim L{Λ → E2} implies that dim coKerB1 = k . Since the space
L{Λ → E1} is isomorphic to the space Λ∗ ⊗ E1 (designation L{Λ → E1} ≈ Λ* ⊗ E1 ),
then L{Λ → E2}* ≈ Λ ⊗ E*

2 and the operators Ψi = ξi ⊗ ψ in the space L{Λ → E2}* form
the base in the space coKerB1 . Thus for the solvability of the equation A0Dh(0) = −B1 it is
necessary and su�cient the following equalities realization ⟨B1,Ψi⟩ = 0, i = 1, . . . , n.,

In this case the operator Dh(0) is de�ning up to linear combination of the operators Φi .
Suppose by induction that the operator Ds−1h(0) is determined and consider the equation

A0D
sh(0)λs + (DA(0)λ)(Ds−1h(0)λs−1) = [A0D

sh(0) +Bs]λ
s. (2.1)

Operator A0 generates the operator Bs acting from the space L{Λ ⊗ . . . ⊗ Λ → E1} =
L{⊗

s
Λ → E1} into the space L{⊗

s
Λ → E2} according to the rule: if S ∈ {⊗

s
Λ → E1} , then

BsS = A0S . Since the space L{⊗
s
Λ → E1} is isomorphic to ⊗

s
Λ* ⊗ E1 (is represented by the

elements of the space) , then dim KerBs = ks and the base in KerBs the operators Ψi1...is

are composing, which can be constructed in the following manner: let the vectors ξ1, . . . , ξk
form the base in Λ and ξ*1 , . . . , ξ

*
k be the biorthogonal base in Λ* , the vectors e1, . . . , en

(u1, . . . , un) form the base in E1 (resp. E2 ), where for the de�niteness e1 = φ (u∗1 = ψ) ,
then the vectors Φi1...is are given by the formulae Φi1...is = ξ*i1 ⊗ . . .⊗ξ

*
is ⊗φ and BsΦi1...is = 0 .

In analogous manner de�ne the base of coKerBs ⊂ [L{⊗
s
Λ −→ E2}]∗ ≈ ⊗

s
Λ ⊗ E∗

2 as linear

independent vectors Ψj1...js = ξj1 ⊗ . . . ⊗ ξjs ⊗ ψ forming the space of the dimension ks .
In fact, since S ∈ L{⊗

s
Λ → E1} ≈ ⊗

s
Λ ∗ ⊗ E1 , then S can be represented in the form

S =
∑
aj1...js

s
⊗
k=1

ξ*jk ⊗ ej and therefore BsS =
∑
aj1...js

s
⊗
1
ξ*jk ⊗A0ej . As far as ⟨BsS, Ψi1...is⟩ =∑

aj1...js

⟨
s
⊗
k=1

ξ*jk ⊗ A0ej,
s
⊗
k=1

ξi ⊗ ψ

⟩
=
∑
aj1...js⟨ξ*j1 , ξj1⟩...⟨A0ej, ψ⟩ = 0 , then Ψj1...js form the

base of the space coKerBs .
Thus for the solvability of the equation (2.1) it is necessary and su�cient the realization of

the following conditions
⟨Bs,Ψi1...is⟩ = 0, j1, . . . , js = 1, n (2.2)
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D e f i n i t i o n 2..1 The elements φ,Dh(0), D2h(0), . . . , Dph(0) , until they are
determining, form the Jordan chain of the zero-element φ for the operator-function A0 +
DA(0)λ .

L e m m a 2..2 For the operator-function A0 +DA(0)λ irreversibility everywhere in the
neighborhood of the point λ = 0 it is necessary and su�cient the existence of the in�nite Jordan
chain.

S u f f i c i e n c y. Let there exists an in�nite JCh. For the simpli�cation introduce on every
step Schmidt' operators [1]. Then at the usage of accepted designations Ã0 = A0 + ⟨·, e∗1⟩u1 is

the Schmidt's operator for A0 , Ã
−1
0 = Γ [1]. Analogously, B̃1 = B1+

k∑
i=1

⟨·, ξi⊗ e*1⟩ξ*i ⊗u1 . For

L{Λ → E1} ∋ S =
∑
m

ar,mξ
*
m⊗er one has B̃1S = B1S+

k∑
i=1

⟨
∑
m

armξ
*
m⊗er, ξi⊗e*1⟩ξ*i ⊗u1 = B1S+

k∑
i=1

a1iξ
*
i ⊗ u1 , and since ⟨Sλ, e*1⟩ = ⟨

∑
m

ar,mλmer, e
*
1⟩ =

∑
m

a1mλm =
∑
m

a1mξ
*
m(λ) then B̃1S =

A0S+⟨S·, e*1⟩u1 = Ã0S . If Γ1 = Ã−1
1 from here it follows Γ1T = ΓT for T ∈ L{Λ1 → E2} , for

the proof it is su�cient to set S = ΓT ⇒ B̃1ΓT = Ã0ΓT = T ⇒ Γ1B̃1ΓT = Γ1T ⇒ ΓT = Γ1T .
Analogously, if Bs : L{⊗

s
Λ → E1} → L{⊗

s
Λ → E2} , then B̃sS = Ã0S for S ∈

L{⊗
s
Λ → E1} . In fact, B̃sS = BsS +

∑
⟨·, ξj1 ⊗ . . . ⊗ ξjs ⊗ e*1⟩ξ*j1 ⊗ . . . ⊗ ξ*js ⊗ u1 and

S =
∑
ai1...is,iξ

*
i1
⊗ ... ⊗ ξ*is ⊗ ei ⇒ B̃sS = AsS +

∑
⟨
∑

⟨ai1...is,iξ*i1 ⊗ . . . ⊗ ξ*is ⊗ ei, ξi1 ⊗
. . .⊗ ξis ⊗ e*1⟩ξ*i1 ⊗ . . .⊗ ξ*is ⊗u1⟩ = A0S+

∑
ai1...is

s
⊗
k=1

ξ∗ik ⊗u1 = A0S+ ⟨S·, e*1⟩u1 = Ã0S , since

⟨Sλ, e*1⟩ = ⟨
∑
ai1...is,iλi1 . . . λisei, e

*
1⟩ =

∑
ai1...is,1λi1 . . . λis =

∑
ai1...is,1e

*
i1
(λ) ⊗ . . . ⊗ e*is(λ) .

If now Γk = (Ãk)
−1 , then ΓkT = ΓT , where T ∈ {⊗

s
Λ → E2} . From the last relation the

inequality ∥Γk∥ ≤ ∥Γ∥ follows.
In analogous manner connect with the bilinear operator DA(0)λ = R(·, λ) ∈ L{E1 →

E2} the operator Ds acting from L{ ⊗
s−1

Λ → E1} into L{⊗
s
Λ → E2} according to the rule

DsSλ = R(Sλ, λ) , for S ∈ L{ ⊗
s−1

Λ → E1} . Note here, that D0 : E1 → L{Λ → E2} . Obviously
∥Ds∥ ≤ ∥R∥ is. The usage of the introduced designations implies the following formulae for
Jordan chain elements

Js+1 = (ΓsDs−1) . . . (Γ1D0)φ s = 1, 2, . . . , J1 = φ.

The estimate ∥Js+1∥ ≤ (∥R∥∥Γ∥)s∥φ∥ gives the convergence of the series h(λ) in some
neighborhood of λ = 0 .

N e c e s s i t y. Let in some neighborhood of λ = 0 the operator-function A(λ) be
irreversible, i. e. there exists a function X(λ) : Dε(0) → E1 such that A(λ)X(λ) = 0, X(λ) ̸=
0, ∥X(λ)∥ = 1 or at the usage of accepted designations A0X(λ) + R(X(λ), λ) = 0 ⇒
Ã0X(λ) + R(X(λ), λ) = ⟨X(λ), e*1⟩u1 ⇒ [I + ΓR(·, λ)]X(λ) = ⟨X(λ), e∗1⟩ e1 ⇒ X(λ) =

⟨X(λ), e∗1⟩ (I + ΓR(·, λ))−1 e1 , since Γ = (Ã0)
−1 exists, Γu1 = e1 and λ is su�ciently small.

Then ⟨X(λ), e*1⟩ ̸= 0 at ∥X(λ)∥ = 1 , and at the application of the functional e∗1 one has
1 = ⟨[I +ΓR(·, λ)]−1e1, e

*
1⟩ ⇒ ⟨ΓR(e1, λ), e*1⟩ − ⟨ΓR(ΓR(e1, λ), λ), e*1⟩+ . . . = 0 . Its realization

for all su�ciently smooth λ at the usage of the relation Γ*e*1 = u*1 gives

⟨R(e1, λ), u*1⟩ = 0, ⟨R(ΓR(e1, λ), λ), u*1⟩ = 0, . . . , ⟨R(. . . (ΓR(e1, λ)), . . . , λ), u*1⟩ = 0, . . .
(2.3)
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From the �rst equality (2.3) follows that the operator D0φ (in this caseD0φ = R(e1, ·)) is
orthogonal to operators Ψi = ξi ⊗ u∗1, i = 1, . . . , k , since according to (2.3) (R(e1, ·) =∑
rσρξ

*
σ ⊗ uρ, ρ > 1 . Thus the conditions for the existence of the element J2 are realized.

Analogously the relation ⟨R(...(ΓR(e1, λ)), . . . , λ), u*1⟩ = 0 means, that the polylinear function
R(. . . (ΓR(e1, λ)), . . . , λ) is equal to

∑
rσ1,...,σs,ρξ

*
σ1

⊗ . . . ⊗ ξ*σs
⊗ uρ, ρ > 1 and therefore is

orthogonal to all Ψσ1,...,σs,1 = ξσ1 ⊗ . . .⊗ ξσs ⊗ u1 . Thus the conditions for the existence of any
elements Js+1 are ful�lled.

L e m m a 2..3 If λ = 0 is a simple eigenvalue of the operator-function (1.2), i.e. if
Jordan chain consists of only one element φ , then in a small neighborhood of λ = 0 the
operator-function is invertible everywhere with the exception of an hypersurface passing through
the zero.

P r o o f. It is required to search for which λ there exists a solution of the equation
0 = ⟨R(e1, λ), u∗1⟩−⟨R(ΓR(e1, λ), λ), u∗1⟩+ . . . . According to assumption ⟨R(e1, ·),Ψi⟩ ̸≡ 0 , i.e.
for one of the numbers i ⟨R(e1, ξi0), u∗1⟩ ̸= 0 . Then according to implicit functions theorem
nonzero solutions of this equation exist only on some hypersurface M , passing through the
zero.

Below the operator-function A*
0x + R*(x, λ) is considered, where under R*(x, λ) is

understood the conjugate to R(·, λ) matrix with regard to the action R(y, λ) = R(λ)y .

L e m m a 2..4 If the operator-function A(λ) = A0+R(·, λ) has in zero simple eigenvalue,
then the operator-function A*(λ) = A*

0 +R*(·, λ) also has in zero simple eigenvalue. It is non-
invertible on the same hypersurface that A(λ) is. Zero-element of A*(λ) is determined by the
formula Ψ(y) = (I + Γ*R*(·, λ))−1u*1 .

P r o o f. If the operator-function A(λ) = A0 +R(·, λ) has in zero the simple eigenvalue,
then ⟨⟨R(e1, ·),Ψi⟩⟩ ≠ 0 for some Ψi = ξi⊗ψ . Here ⟨⟨·, ·⟩⟩ means the action of functional from
L{Λ → E2}∗ on element from L{Λ → E2} . For the existence of such element Ψi it is necessary
and su�cient the existence of the element ξi , such that ⟨R(ξi)e1, ψ⟩ ̸= 0 . In fact, R(e1, λ) ∈
L{Λ → E2} and therefore R(e1, λ) =

∑
rσlξ

∗
σ⊗ul . By virtue of the inequality ⟨⟨R(e1, ·),Ψi⟩⟩ ̸=

0 it follows ri1 ̸= 0 . Consequently R(ξi)e1 = ri1u1+ . . .+rinun and therefore ⟨R(ξi)e1, ψ⟩ ̸= 0 .
Opposite to inverse ⟨⟨R(e1, ·),Ψi⟩⟩ = 0, ∀Ψi ⇒ ri1 = 0, ∀i ⇒ ⟨R(ξi)e1, ψ⟩ = 0 ∀i .
Analogously the statement is true : ⟨⟨Φi, R

∗(u∗1, ·)⟩⟩ ≠ 0 ⇔ ∃ξi , such that ⟨e1, R∗(ξi)ψ⟩ ̸= 0 .
In fact, since ⟨R(ξi)e1, ψ⟩ = ⟨e1, R∗(ξi)ψ⟩ , then if A(λ) = A0 + R(·, λ) has zero as simple
eigenvalue, the conjugate operator-function also has zero as simple eigenvalue. The determinants
of matrices R(λ) and R∗(λ) are coincident, therefore the degeneration manifolds for there
operator-functions are also coincident. Zero-element for the operator-function A∗

i +R∗(·, λ) is
determined similarly the same scheme, as it was made in Lemma 2.3 for A0 +R(·, λ) .

3. Jordan chains along directions.

For every point 0 ̸= λ = (λ1, . . . , λn) ∈ Λ let eλ = λ
∥λ∥ be the unit vector in the direction

of λ . Then the restriction of operator-function A(·, λ) = A0 + R(·, λ) on the straight line
λ = εeλ depends now only on one-dimensional parameter ε : Aλ(x, ε) = [A0 + εR(·, eλ)]x . At
the assumption R(·, eλ) ̸= 0 one can de�ne JChs of the operator-function Aλ(x, ε) , which are
called JChs of the operator-function A(x, λ) along the direction λ . The relevant length of the
JCh of Aλ(x, ε) is designated p(λ) .
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L e m m a 3..1 Let p be the length of the JCh of the multiparameter operator-function
A(x, λ) . Then for any direction λ p ≤ p(λ) and for almost all directions λ with the exception
of an algebraic set p = p(λ) .

P r o o f. Elements of JCh on the direction λ are determined by the formula

φ(s+1)(λ) = ΓR(. . . (ΓR(φ, λ), λ)) s - superpositions (3.1)

If s ≤ p , where p is the length of JCh of the operator-function A0 + R(·, λ) , then
⟨R(. . . (ΓR(φ, λ), λ)),Ψ⟩ = 0 , otherwise the formulae of the type (2.2) are not take place.
Therefore for s ≤ p all Jordan chain elements in the direction λ are determined. Directions λ0

for which the JCh lengthes are exceeding p are determined by the equation (3.1) at s = p+1 .

D e f i n i t i o n 3..1 The directions λ0 along which p(λ0) > p are called singular, all
other ones are nonsingular. Singular direction, along which the operator-function A0+εR(·, λ0)
is non-invertible is called degenerated.

R e m a r k 3..1 Let be p < ∞ . According to theorem 30.1 [1] on the set of all non-
singular directions λ0 the operator-function A0 + R(·, λ0) is invertible in the ball 0 < |ε| <
ρ(λ0) for some ρ(λ0) .

R e m a r k 3..2 The following example shows that ρ(λ) can't be chosen independent on
λ .

A(λ)x =

(
0 0
0 1

)(
x1
x2

)
+ λ1

(
1 0
0 −1

)(
x1
x2

)
+ λ2

(
0 1
1 0

)(
x1
x2

)
, detA(λ) = λ1 − λ21 − λ22

A(λ) is non-invertible on the curve (λ1 − 1
2
)2 + λ2 = 1

4
. Here any direction λ0 ̸= (0, 1) ,

except the horizontal ones, is nonsingular and ρ(λ0) is equal to the distance between zero and
the intersection point of the direction λ0 with the curve λ1 − λ21 − λ22 = 0 . Obviously, that
ρ(λ0) → 0 for λ0 → 0 . Along singular direction (0, 1) A(λ) is invertible everywhere except
λ = 0 .

R e m a r k 3..3 If along some direction λ0 A(λ) has a maximal JCh, then along this
direction it is invertible everywhere except λ = 0 .

Its validity follows from the fact, that in the pair of bases {φ(1), φ(2), . . . , φ(n)} and
{R(φ(1), λ0), R(φ(2), λ0), . . . , R(φ(n), λ0)} the matrix A(λ) along this direction λ0 has the form
−ε 1 0 . . . 0
0 −ε 1 . . . 0
. . . . . . . . . . . . . . .
0 0 0 . . . −ε


C o n s e q u e n c e 3..1 The length of JCh is either equal to in�nity, or not exceeded

the space dimension.

L e m m a 3..2 If for the operator-function A(λ) = A0 + R(·, λ) the length of JCh is p ,
then for any su�ciently small value λ ̸= 0 , for which the direction λ0 = λ

∥λ∥ is non-degenerate,
the images of the JCh elements in the point λ are linearly independent.
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P r o o f. From the Proof of Lemma 2.2 it follows that JChs of A(λ) = A0 + R(·, λ)
are determined by the formula Js+1(λ) = ΓsR(. . .ΓR(φ, λ), . . . λ) , while the chains along the
direction λ0 are computed according to (3.1) in Lemma 3.1. Hence φ(s+1)(λ0) = Js+1(λ0) . If
the direction λ0 is non-degenerate, then the JCh elements φ(s)(λ) are linearly independent.
But then the elements Js(λ) are also linearly independent, since they are di�erent from φ(s)(λ)
only by non-zero scalar factor.

R e m a r k 3..4 The following example shows that the images of JCh elements in the
point λ0 can be linearly dependent although the direction λ0 is degenerated.

A(λ) =

0 0 0
0 1 0
0 0 1

+ λ1

0 1 0
1 0 0
0 0 1

+ λ2

0 0 0
0 1 0
0 0 1

 (3.2)

This operator-function has JCh consisting of two elements J1 = φ = (1, 0, 0)T and J2(λ) =
(0, λ1, 0)

T . Further this chain is non-prolongated, since R(J2(λ), λ) = (λ21, λ1λ2, 0)
T and

therefore if Ψ = ξ1 ⊗ ξ2 ⊗ ψ , then ⟨R(J2(λ), λ),Ψ⟩ ̸= 0 . However on the straight line
corresponding to degenerate direction (0, 1) (or (0, 1, 0) if dimΛ = 3 ) the images of JCh
elements are linearly dependent since there J2(λ) = 0 .

L e m m a 3..3 If for n 6 k and for A0+R(·, λ) the length of JCh is p > 1 , then always
there exists the direction λ0 along which A0 + εR(·, λ0) is degenerated.

P r o o f. Consider the operator-functions corresponding to basic directions Ai(x) =
A0x + εR(x, ξi) , i = 1, k . According to assumption the length of Jordan chain for every
of them is more than 1, i.e. ⟨R(e1, ξi),Ψ⟩ = 0 , i = 1, . . . , k . Thus, k vectors R(e1, ξi)

k
i=1

belong to (n− 1) -dimensional space ImA0 and therefore are linearly dependent. This means
the existence of the numbers λ1, . . . , λk , such that λ1R(e1, ξ1) + . . . + λkR(e1, ξk) = 0 ⇒
R(e1, λ1ξ1 + . . . + λkξk) = 0 . Hence it follows, that along the direction λ∗ = λ1ξ1 + . . . + λkξk
A(λ∗) = A0 +R(·, λ∗) is degenerated.

R e m a r k 3..5 When n > k the degenerate direction λ0 can be not existed that shows
the following example

A(λ) =

0 0 0
0 1 0
0 0 1

+ λ1

0 1 0
1 0 0
0 0 0

+ λ2

0 0 1
0 0 0
1 0 0


JCh for this A(λ) consists of two elements (1, 0, 0) and (0, λ1, λ2) . Obviously that the square
vector-function (λ21+λ

2
2, 0, 0) satis�ed one of two conditions λ1(λ

2
1+λ

2
2) ̸= 0 or λ2(λ

2
1+λ

2
2) ̸= 0

and along direction (1, 0) and (0, 1) A(λ) is not degenerated, since

det

 0 λ1 0
λ1 1 0
0 0 1

 = −λ21 ̸= 0 and det

 0 0 λ2
0 1 0
λ2 0 1

 = −λ22 ̸= 0

and for �intermediate� direction (1, a) det

 0 ε εa
ε 1 0
εa 0 1

 = −ε2−ε2a2 ̸= 0 . Thus, A(λ) hasn't

degenerate directions.
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R e m a r k 3..6 However for more complicated, nonlinear A(λ) by λ Lemma 6 is not
realized, as the following example shows

A(x, λ) =

(
0 0
0 1

)(
x1
x2

)
− λ2

(
0 1
−1 0

)(
x1
x2

)
+ λ21

(
1 0
0 0

)(
x1
x2

)
.

It hasn't degenerate direction, since detA(λ) = λ21 + λ22 ̸= 0 for λ ̸= 0 .

R e m a r k 3..7 The following example shows, that when A(λ) (1) has at zero simple
eigenvalue, degenerate direction for it can be existed

A(x) =

(
0 0
0 1

)(
x1
x2

)
− λ1

(
1 0
0 0

)(
x1
x2

)
,

R(e1, λ) = ξ∗1 ⊗ u1 ⇒ ⟨R(e1, ·),Ψ1⟩ = ⟨R(e1, ·), ξ1 ⊗ ψ⟩ = 1

i.e. p = 1 , while the direction (0, 1) is degenerate.

4. Degenerate di�erential equations.

In this section the results of sec. 2.3 are applied to the questions on the existence and uniqueness
of solutions to degenerate DE

[A0 +R(·, x)]x′ = Bx (4.1)

Suppose that A0 + R(·, x) has in zero the simple eigenvalue, i.e. JCh consists of only one
zero-element. According to Lemma 2.3 in a neighborhood of x = 0 there exists the hypersurface
M , on which A0 + R(·, x) is degenerated, i.e. it has zero-element Φ(x) = [I + ΓR(·, x)]−1e1
satisfying the condition ⟨Φ(x), e∗1⟩ = 1 . The hypersurface M is determined by the equation
⟨R(·, x)(I+ΓR(·, x))−1e1, e

∗
1⟩ = 0 and tangent space to it in the point x = 0 � by the equation

x1⟨R(e1, e1),Ψ⟩+ . . .+ xn⟨R(e1, en),Ψ⟩ = 0

Outside of M Cauchy problem for (4.1) has a unique solution, while on M the system
(4.1) can have no solution nowhere (except the point x = 0 ), can have solutions everywhere
on M or only on some sub-manifold M1 ⊂M , as it simple examples show.

Consider the followng equations of the type (4.1):

1◦.

(
x1 0
0 1

)(
x′1
x′2

)
=

(
1 0
0 1

)(
x1
x2

)
. Here the hypersurface M is determined by the

equation x1 = 0 , the relevant system on M takes the form x′2 = x2 . Thus through any point
on M passes the solution lying on M .

2◦.

(
x1 0
0 1

)(
x′1
x′2

)
=

(
0 1
1 0

)(
x1
x2

)
. Here M the same, x1 = 0 , but the system on it is

the following x2 = 0 , x′2 = 0 .On M it's solution there exist only in the point (0, 0) .

3◦.

x1 0 0
0 1 0
0 0 1

x′1x′2
x′3

 =

0 0 1
0 1 0
1 0 0

x1x2
x3

 . The hypersurface M is determined by the

equation x1 = 0 and the system on it has the form x1 = 0 , x′2 = x2 , x3 = 0 . This means
that on M the solutions there exist only in the straight line (0, x2, 0) .

D e f i n i t i o n 4..1 JCh of A0 + R(·, x) is breaking along the principal direction e1 ,
if ⟨R(e1, e1),Ψ⟩ ≠ 0 .
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D e f i n i t i o n 4..2 The operator-function A0 + R(·, x) is non-degenerate along
hypersurface M , if it hasn't zeroes on tangent strati�cation to M .

L e m m a 4..1 If for the operator-function A(x) = A0+R(·, x) the JCh is breaking along
the principal direction, then A(x) is non-degenerate along hypersurface M in a neighborhood
of the point zero.

P r o o f. Operator-function A(x) = A0x + εR(·, x) has zero-element e1 in the point
x = 0 and tangent subspace to M has the normal (⟨R(e1, e1),Ψ⟩, . . . , ⟨R(e1, en),Ψ⟩) . Thus in
su�ciently small neighborhood of the point x = 0 this zero-element of A(x) will not belong
to the tangent space to M , i.e. A(x) is not-degenerated along M .

However the following example shows, that if the JCh of A(x) is breaking along non-
principal direction ⟨R(e1, e1),Ψ⟩ = 0 , then A(x) can be degenerated along hypersurface

M :A(x) =

(
x1 0
0 1

)
. Here M is determined by the equation x2 = 0 and zero-element e1

belongs to tangent space to M in any point of the neighborhood x = 0 .
A. Solutions of (4.1) belonging to the hypersurface M .

T h e o r e m 4.1. Let zero be simple eigenvalue of A(x) and its JCh be breaking along
principal direction. If in addition Bx ∈ ImA(x) for any x ∈M , then through any point of a
neighborhood of x = 0 on M passes the unique solution to (4.1) belonging to M .

P r o o f. If for the operator-function A(x) = A0x + εR(·, x) JCh is breaking along
principal direction, then in a neighbourhood of x = 0 the equation of the hypersurface M
can be presented in the form x1 = F (x2, . . . , xn) , i.e. in coordinate form M takes the form
(F (x2, . . . , xn), x2, . . . , xn) . Therefore the equation (4.1) can be rewritten then as the following
system

a11(x) . . . a1n(x)
a21(x) . . . a2n(x)
. . . . . . . . .

an1(x) . . . ann(x)




∂F
∂x2

. . . . . . ∂F
∂xn

1 . . . . . . 0
. . . . . . . . . . . .
0 . . . 1 0


︸ ︷︷ ︸

(∗)


x′2
x′3
. . .
x′n

 =


b11(x) . . . b1n(x)
b21(x) . . . b2n(x)
. . . . . . . . .

bn1(x) . . . bnn(x)



F (x)
x2
. . .
xn


(4.2)

For e�ciently small x the mapping (*) de�ned by the left-hand-side of the systems (4.2)
hasn't zeroes, since the expression (**)(≡ left-side-hand without the �rst matrix) represents
the tangent vector to hypersurface M in the point x , while the operator-function A(x) is
not vanished on tangent strati�cation TM. Therefore the mapping (*) for any su�ciently small
x bijectively maps the tangent manifold to n − 1 -demensional subspace (x2, . . . , xn) on the
image of the operator A(x) , also having the dimension (n − 1) . Introduction of the relevant

inverse operator T (x) gives the system


x′2
x′3
. . .
x′n

 = T (x)


b11 . . . b1n
b21 . . . b2n
. . . . . . . . .
bn1 . . . bnn



F (x)
x2
. . .
xn

 which is

equivalent to system (4.1) on M and has the unique solution, passing through every point of
the zero-neighborhood in the space (x2, . . . , xn) .

R e m a r k 4..1 In the case when JCh of the operator-function A(x) is breaking along
non-principal direction system (4.1) on the hypersurface M can have solutions nowhere except
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the point x = 0 . For example the system

(
x2 0
0 1

)(
x′1
x′2

)
=

(
1 0
0 1

)(
x1
x2

)
, equivalent to x2x

′
1 =

x1 , x
′
2 = x2 on the hypersurface M de�ned by equation x2 = 0 gives the solution (0, 0) .

However the other case is possible, when the solution, even non-unique, passes through any

point of M : the system

(
x2 0
0 1

)(
x′1
x′2

)
=

(
0 1
0 1

)(
x1
x2

)
∼ x2x

′
1 = x2, x′2 = x2 for any

di�erentiable function f(t) , f(0) = 0 has the lying in M solution (x01 + f(t), 0) passing
through any point (x01, 0) ∈M .

For the case when JCh of operator-function A(x) is breaking along non-principal direction
the following analog of the Theorem 4.1 is true.

T h e o r e m 4.2. Let A(x) has in zero simple eigenvalue and also its JCh is breaking along
non-principal direction, but nevertheless A(x) is non-degenerate along the hypersurface M in
some deleted neighborhood of zero. If in addition Bx ∈ ImA(x) for any x ∈M , then through
any point of this neighborhood in M passes the unique solution (4.1) belonging to M .

The proof of the Theorem 4.2 is practically the same as the Theorem 4.2.

In the following example

(
x2 x1
x1 1

)(
x′1
x′2

)
=

(
0 1
1 0

)(
x1
x2

)
, M is determined by the

the equation x2 = x21 and in a deleted neighborhood of zero on M the operator-function

A(x) =

(
x21 x1
x1 1

)
has the zero-element (−1, x2) , not belonging to tangent subspace to M in

the point (x1, x
2
1) . This system on the hypersurface M takes the form

(
x21 x1
x1 1

)(
x′1
2x′1

)
=(

0 1
1 0

)(
x1
x2

)
, and when x1 ̸= 0 the obtained equation (x1 + 2)x′1 = x1 is uniquely solvable.

T h e o r e m 4.3. Let the operator-function A(x) has in zero simple eigenvalue and its
JCh is breaking along non-principal direction. Let in addition in some neighborhood of x = 0
the zero-element Φ(x) of A(x) belongs to tangent strati�cation TM . If also for any x ∈M ,
Bx ∈ Im(A(x)|TM(X)) , then in this neighborhood of x = 0 there exists (n − 2) -dimensional
submanifold N of the hypersurface M on which the equation (4.1) is uniquely solvable.

P r o o f. Without loss of generality it can be considered the case, when JCh of A(x) =
A0 + R(·, x) is breaking along the direction xn . Then in a zero-neighborhood the equation of
the hypersurface M can be represented in the form xn = F (x1, . . . , xn−1) or in coordinate form
(x1, . . . , xn−1, F (x1, . . . , xn−1)) . In some small neighbourhood of x = 0 de�ne the submanifold
N of the hypersurface M

N = {x|x = (0, x2, . . . , xn−1, F (0, x2, . . . , xn−1))} (4.3)

Rewrite the system (4.1) in the following form
a11(x) . . . a1n(x)
a21(x) . . . a2n(x)
. . . . . . . . .

an1(x) . . . ann(x)




1 0 . . . 0
0 1 . . . 0
. . . . . . . . . . . .
∂F
∂x1

. . . . . . ∂F
∂xn−1


︸ ︷︷ ︸

(∗)


0
x′2
. . .
x′n−1

 =


b11(x) . . . b1n(x)
b21(x) . . . b2n(x)
. . . . . . . . .

bn1(x) . . . bnn(x)




0
x2
. . .
F (x)


(4.4)
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Since the vectors in the left-hand-side have the form (0, x′2, . . . , x
′
n−1,

∂F
∂x2
x′2+. . .+

∂F
∂xn−1

x′n−1)

for small x , the zero-elements of operator-function A(x) can't belong to TN as they are small
di�erent from e1 and their �rst coordinate is nonzero. Therefore A(x) bijectively maps TN(x)
on Im(A(x)|TM(x)) , both spaces are (n−2) -dimensional. Since Bx ∈ Im(A(x)|TM(x)) ∀x ∈M
the introduction of the inverse operator gives the uniquely solvable system (x′2, . . . , x

′
n−1)

T =

T (x)̃b(x2, x2, . . . , F (x)) , where in the matrix b̃ the �rst line consists of zeros.

R e m a r k 4..2 The following example shows that the condition Bx ∈ Im(A(x))|TM(x)

can't be changed on the condition of Theorem 4.1 :

x2 0 0
0 1 0
0 0 1

x′1x′2
x′3

 =

0 0 0
0 0 1
0 0 0

x1x2
x3


The hypersurface M here is de�ned by the equation x2 = 0 , the system on it has solution
x1 = 0 ,x3 = 0 .

R e m a r k 4..3 Proofs of the Theorem 1-3 are transferred without changes on the
systems of the form (A0 +R(·, x))x′ = H(x) , where H(x) is smooth nonlinear function.

B. Solutions of the equation (4.1) not belonging to degeneration hypersurface M .
The following example shows that solutions of (4.1) beginning on the hypersurface M can
"leave"it. Here the uniqueness of solution with a given initial point can be broken :

diag(x1, 1, 1)(x
′
1, x

′
2, x

′
3)

T = diag(1, 1, 1)(x1, x2, x3)
T ∼ x1x

′
1 = x1, x

′
2 = x2, x

′
3 = x3 (4.5)

Hypersurface M is determined by the equation x1 = 0 . Through any point (0, x02, x
0
3) ∈ M

pass two solutions (0, x02expt, x
0
3expt) belonging to M and (t, x02expt, x

0
3expt) not belonging

to M .
For the operator-function A(x) having in zero simple eigenvalue with JCh breaking along

non-principal direction also can exist solutions not belonging to degeneration hypersurface M :
the system (x2x

′
1, x

′
2, x

′
3)

T = (0, 1, 0)T has the solution (0, t, 0) , orthogonal to hypersurface
(x1, 0, x3) .

P r o b l e m: under the Theorem 1.1 conditions it is required to �nd the equations
determining solutions beginning on the degeneration manifold M and not belonging to M .

Rewrite the equation (4.1) in the form

[Ã0+R(·, x)]x′ = Bx+ ⟨x′, e∗1u1⟩ ⇒ x′ = [I +ΓR(·, x)]−1ΓBx+ ⟨x′, e∗1⟩[I +ΓR(·, x)]−1e1 (4.6)

Note that if x ∈M , then according to Lemma 2.3 ⟨[I +ΓR(·, x)]−1e1, e
∗
1⟩ = 1 ; unless x /∈M ,

then this inequality can be not ful�lled. In x = 0 -neighborhood together with every point
x = (x1, . . . , xn) associate the point xF = (F (x2, . . . , xn), x2, . . . , xn) lying on the degeneration
manifold M . Obviously that x = xF + (x1 − xF1 )e1 . Write the equation (4.6) in coordinate
form

x′1 = ⟨[I + ΓR(·, x)]−1ΓBx, e∗1⟩+ x′1⟨[I + ΓR(·, x)]−1e1, e
∗
1⟩

. . . . . .
x′n = ⟨[I + ΓR(·, x)]−1ΓBx, e∗n⟩+ x′1⟨[I + ΓR(·, x)]−1e1, e

∗
n⟩

(4.7)

From the �rst equation (4.7) it follows

x′1 = (1− ⟨[I + ΓR(·, x)]−1e1, e
∗⟩) = ⟨[I + ΓR(·, x)]−1ΓBx, e∗1⟩ (4.8)

The left-hand-side (4.8) can be transformated by the following way

x′1(I − ⟨[I + ΓR(·, x)]−1e1, e
∗
1⟩) =

= x′1(⟨[I + ΓR(·, xF )]−1e1, e
∗
1⟩)− ⟨[I + ΓR(·, x)]−1e1, e

∗
1⟩ =

= x′1(⟨[I + ΓR(·, xF )]−1e1 − [I + ΓR(·, xF + (x1 − xF1 )e1)]
−1e1, e

∗
1⟩ =

= x′1(⟨(I − {I + (x1 − xF1 )[I + ΓR(·, xF )]−1ΓR(·, e1)}−1)[I + ΓR(·, xF )]−1e1, e
∗
1⟩

(4.9)
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Since I−{I+(x1−xF1 )[I+ΓR(·, xF )]−1ΓR(·, e1)}−1 = (x1−xF1 )[I+ΓR(·, xF )]−1ΓR(·, e1){I+
(x1 − xF1 )[I + ΓR(·, xF )]−1ΓR(·, e1)}−1 , then the left-hand-side of this equality reduces to the
form ⟨x′, e∗1⟩(x1 − xF1 )a(x) , where the function a(x) for small x is near to the expression
⟨ΓR(e1, e∗1), e∗1⟩ = 1 .

Consider now the right-hand-side of (4.8). Note that

⟨[I + ΓR(·, xF )]−1ΓBxF , e∗1⟩ = 0. (4.10)

In fact, ⟨BxF , ([I + ΓR(·, xF )]−1Γ)∗e∗1⟩ = ⟨BxF ,Ψ(xF )⟩ = 0 , according to the equality ([I +
ΓR(·, xF )]−1Γ)∗ = Γ∗[I +R∗(·, xF )Γ∗]−1 = [I + Γ∗R∗(·, xF )]−1Γ∗ and by virtue of Theorem 1.1
conditions (see also Lemma 2.4).

At the usage of the last equality the right-hand-side of (4.8) can be written in the following
form :

⟨[I + ΓR(·, x)]−1ΓBx− [I + ΓR(·, xF )]−1ΓBxF , e∗1⟩ =
= ⟨[I + ΓR(·, x)]−1ΓBxF − [I + ΓR(·, xF )]−1ΓBxF , e∗1⟩+
+(x1 − xF1 )⟨[I + ΓR(·, x)]−1ΓBe1, e

∗
1⟩

(4.11)

At last, [I+ΓR(·, x)]−1− [I+ΓR(·, xF )]−1 = [I+ΓR(·, x)]−1{I+ΓR(·, xF )− I−ΓR(·, x)}[I+
ΓR(·, xF )]−1 = (x1 − xF1 )[I + ΓR(·, x)]−1ΓR(·, e1)[I + ΓR(·, xF )]−1 . Thus all terms of equality
(4.8) have the cofactor (x1 − xF1 ) . The system (4.7) is splitting on two ones. The �rst system
as the �rst equation will have x1 = xF1 , whence correspondingly

x′1 =
∂F
∂x2
x′2 + . . .+ ∂F

∂xn−1
x′n−1

x′2 = ⟨[I + ΓR(·, x)]−1ΓBx, e∗2⟩+ x′1⟨[I + ΓR(·, x)]−1e1, e
∗
2⟩

. . . . . . . . .
x′n = ⟨[I + ΓR(·, x)]−1ΓBx, e∗n⟩+ x′1⟨[I + ΓR(·, x)]−1e1, e

∗
n⟩

(4.12)

Solution of this system are belonging to the degeneration manifold M . The second system has
the form

a(x)x′1 = ⟨[I + ΓR(·, x)]−1ΓR(·, e1)[I + ΓR(·, xF )]−1ΓBxF , e∗1⟩+ ⟨[I + ΓR(·, x)]−1ΓBe1, e
∗
1⟩

x′2 = ⟨[I + ΓR(·, x)]−1ΓBx, e∗2⟩+ x′1⟨[I + ΓR(·, x)]−1e1, e
∗
2⟩

. . . . . . . . .
x′n = ⟨[I + ΓR(·, x)]−1ΓBx, e∗n⟩+ x′1⟨[I + ΓR(·, x)]−1e1, e

∗
n⟩

(4.13)
and its solutions can be non-belonging to the manifold M .

R e m a r k 4..4 Can be happen that solutions of the second system also belong to the
manifold M ; the system diag(x1, 1, 1)(x

′
1, x

′
2, x

′
3)

T = 0 ∼ x1x
′
1 = 0, x′2 = 0, x′3 = 0 has as

solutions beginning on M (it is the plane ( (x2, x3) ) only �xed points of this hypersurface.

T h e o r e m 4.4. Let the operator-function A(x) has in zero simple eigenvalue with JCh
breaking along principal direction. If to the same Bx ∈ Im(A(x)) for any x ∈ M and
⟨ΓBe1, e∗1⟩ ̸= 0 , then through any point of the x = 0 -neighbourhood in M passes the unique
solution to (4.1), not belonging to M .

In order that the solution of the second system beginning on the hypersurface M leaves the
hypersurface M it is su�cient, that in some point of M the tangent vector to this solution
should not belong to tangent plane to M , which is determined by the formula

x1 − xF1 =
∂F

∂x2
(x2 − xF2 ) + . . .+

∂F

∂xn
(xn − xFn ) (4.14)
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Obviously that at xF = 0 , x′1 = ⟨ΓBe1, e∗1⟩ , x′2 = 0 , . . . , x′n = 0 . Thus, if ⟨ΓBe1, e∗1⟩ ̸= 0 ,
then the tangent vector to solution does not belong to the tangent plane to the hypersurface
M . By virtue of the continuity the same is true for xF near to zero.

For the points xF belonging to the hypersurface M denote via Nx the normal to M in
them. Nx can be considered as an element of E∗

1 vanishing on the subspace TM(x) .

T h e o r e m 4.5. Let the conditions of Theorem 4.3 be ful�lled and normal Nx to M
be the eigenvector of the operator A∗(x)Γ∗ (i.e. A∗(x)Γ∗Nx = λ(x)Nx ), then the solutions
beginning on the hypersurface M are remaining on it.

P r o o f. Repeat the computations preceeding to Theorem 4.4, but with the di�erence
that the hypersurface M is determined by the equation xn = F (x1, . . . , xn−1) . Therefore to
every point x , near to zero, associate the point xF = (x1, x2, . . . , F (x1, . . . , xn−1)) lying on the
degeneration manifold M , so that x = xF + (xn − xFn )en . As earlier, transform the equation
(4.8). The left-hand-side of this equality reduces to the form ⟨x′1, e∗1⟩(xn − xFn )b(x) ,where the
function b(x) = ⟨[I+ΓR(·, xF )]−1ΓR(·, en)[I+ΓR(·, x)]−1e1, e

∗
1⟩ is near to ⟨Γ, R(e1, en), e∗1⟩ = 1

for small x . In analogous way the right-hand-side of the equation (4.8) is reducing to the form
(xn − xFn )(⟨[I + ΓR(·, x)]−1ΓBen, e

∗
1⟩ + ⟨[I + ΓR(·, x)]−1ΓR(·, en)[I + ΓR(·, xF )]−1ΓBxF , e∗1⟩) .

Thus as in the case of Theorem 4.4 the system (4.7) is splitting on two ones. In the �rst system
the �rst equation takes the form xn = xFn and therefore all its solutions, if they exist, belong
to the hypersurface M .

Write the second system

x′1 =
1

b(x)
(⟨[I + ΓR(·, x)]−1ΓBen, e

∗
1⟩+ ⟨[I + ΓR(·, x)]−1ΓR(·, en)[I + ΓR(·, xF )]−1ΓBxF , e∗1⟩)

x′2 = ⟨[I + ΓR(·, x)]−1ΓBx, e∗2⟩+ x′1⟨[I + ΓR(·, x)]−1e1, e
∗
2⟩

. . . . . . . . .
x′n = ⟨[I + ΓR(·, x)]−1ΓBx, e∗n⟩+ x′1⟨[I + ΓR(·, x)]−1e1, e

∗
n⟩

(4.15)
Designation G(x) = 1

b(x)
(⟨[I + ΓR(·, x)]−1ΓBen, e

∗
1⟩ + ⟨[I + ΓR(·, x)]−1ΓR(·, en)[I +

ΓR(·, xF )]−1ΓBxF , e∗1⟩) , gives the system

x′1 = G(x)
x′2 = ⟨[I + ΓR(·, x)]−1ΓBx, e∗2⟩+G(x)⟨[I + ΓR(·, x)]−1e1, e

∗
2⟩

. . . . . . . . .
x′n = ⟨[I + ΓR(·, x)]−1ΓBx, e∗n⟩+G(x)⟨[I + ΓR(·, x)]−1e1, e

∗
n⟩

(4.16)

It must be shown that the right-hand-side of this system in the points M is belonging
to the tangent space to M , i.e. is orthogonal to the vector Nx = ( ∂F

∂x1
, . . . , ∂F

∂xn−1
,−1) .

At �rst show that the vector G(x)
(
1, ⟨[I + ΓR(·, x)]−1e1, e

∗
2⟩, . . . , ⟨[I + ΓR(·, x)]−1e1, e

∗
n⟩
)

belongs to the tangent space to M , when x ∈ M . Since by virtue of Lemma 2.3 ⟨[I +
ΓR(·, x)]−1e1, e

∗
1⟩ = 1 , then this vector is proportional to Φ(x) , which according to Theorem

4.3 conditions belongs to the tangent space to M . It remains to prove that the vector
(0, ⟨[I + ΓR(·, x)]−1ΓBx, e∗2⟩, . . . , ⟨[I + ΓR(·, x)]−1ΓBx, e∗n⟩) is orthogonal to Nx . According
to (4.10) it can be rewritten in the form

(⟨[I + ΓR(·, x)]−1ΓBx, e∗1⟩), . . . , ⟨[I + ΓR(·, x)]−1ΓBx, e∗n⟩ (4.17)

Since for small x the operator ([I + ΓR(·, x)]−1)∗ is near to identity one, the functionals
([I +ΓR(·, x)]−1)∗e1, . . . , ([I +ΓR(·, x)]−1)∗en form the base of the space E∗

1 . Therefore (4.17)
gives the coordinates of the vector ΓBx in some basis of the space E1 . On the conditions
of Theorem 4.3 Bx ∈ Im(A(x)|TM(x)) when x ∈ M , i.e. can be set Bx = A(x)ω , where
ω ∈ TM(x) . Then ⟨ΓBx,Nx⟩ = ⟨ΓA(x)ω,Nx⟩ = ⟨ω,A∗(x)Γ∗Nx⟩ = λ(x)⟨ω,Nx⟩ = 0 , i.e. the
proof is �nished.
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R e m a r k 4..5 Under the Theorem 4.3 conditions the solution uniqueness also can be
broken, although all bifurcated solutions remain on the degeneration hypersurface M :x2 0 0

0 1 0
0 0 1

x′1x′2
x′3

 =

0 1 0
0 0 0
0 0 1

x1x2
x3


Here the submanifold N from the Theorem 4.3 is the x3 -axis. But through every point of this
submanifold passes a set of other solutions to this system lying on the hypersurface M . These
are (f(t), 0, x03expt) .
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ÓÄÊ 517.938

Î ñóùåñòâîâàíèè ñåïàðàòîðîâ ìàãíèòíûõ ïîëåé â

øàðîâîì ñëîå ïëàçìû

c⃝ Â. Ç. Ãðèíåñ1, Å. Â. Æóæîìà2, Â. Ñ. Ìåäâåäåâ3

Àííîòàöèÿ. Â ñòàòüå äîêàçûâàåòñÿ, ÷òî ïðè âûïîëíåíèè îïðåäåëåííûõ óñëîâèé â øàðîâîì
ñëîå ïëàçìû ñóùåñòâóþò ñåïàðàòîðû ìàãíèòíîãî ïîëÿ.

Êëþ÷åâûå ñëîâà: ìàãíèòíûå ïîëÿ, ïëàçìà, ñåïàðàòîð, îñîáûå òî÷êè, øèïû è âååðíûå
ïîâåðõíîñòè, äèôôåîìîðôèçìû Ìîðñà-Ñìåéëà

1. Ââåäåíèå è ôîðìóëèðîâêà îñíîâíûõ ðåçóëüòàòîâ

Îäíîé èç âàæíûõ çàäà÷ ãåîôèçè÷åñêîé äèíàìèêè ÿâëÿåòñÿ èçó÷åíèå ìàãíèòíûõ ïîëåé
àñòðîôèçè÷åñêèõ òåë (íàïðèìåð, Ñîëíöà, Çåìëè è ò.ï.). Îáùåïðèíÿòàÿ òî÷êà çðåíèÿ (ñì.
íàïðèìåð [3], [4]) ñîñòîèò â òîì, ÷òî âîçíèêíîâåíèå äîñòàòî÷íî ñèëüíûõ ìàãíèòíûõ ïîëåé
è èõ ýâîëþöèÿ îïðåäåëÿþòñÿ ïðîöåññàìè, ñâÿçàííûìè ñ íàëè÷èåì è äâèæåíèåì ýëåêòðî-
ïðîâîäÿùèõ ñðåä (ïðîâîäÿùåé æèäêîñòè, ãàçà, ïëàçìû). Èññëåäîâàíèå âçàèìîäåéñòâèÿ
ìåæäó äâèæóùåéñÿ ïëàçìîé è ìàãíèòíûì ïîëåì ñîñòàâëÿåò ïðåäìåò ìàãíèòíîé ãèäðî-
äèíàìèêè (ÌÃÄ), ñì., íàïðèìåð, êíèãè [7], [9] è îáçîð [11]. Ñîãëàñíî Õàííåñó Àëüôâåíó
[1], [12], áàçîâûì ïîñòóëàòîì ÌÃÄ ÿâëÿåòñÿ ïðåäïîëîæåíèå î òîì, ÷òî ñèëîâûå ëèíèè
ìàãíèòíîãî ïîëÿ äâèæóòñÿ òàê, êàê åñëè áû îíè áûëè "âìîðîæåíû â ïëàçìó". Ïðè òà-
êîì ïðåäïîëîæåíèè âîçìîæíû ïîÿâëåíèÿ òàêèõ áëèçêèõ îáëàñòåé ïëàçìû, ÷òî ìàãíèòíûå
ïîëÿ íà èõ ãðàíèöàõ èìåþò ðàçëè÷íûå íàïðàâëåíèÿ. Â äàííûå ìîìåíòû âðåìåíè â ìàãíèò-
íîì ïîëå ìîãóò ïîÿâèòüñÿ îñîáåííîñòè (íóëè èëè íåéòðàëüíûå òî÷êè) è ñâÿçàííûå ñ íèìè
îáðàçîâàíèÿ: øèïû è âååðíûå ïîâåðõíîñòè [10]. Òîïîëîãè÷åñêàÿ ñòðóêòóðà ìàãíèòíîãî ïî-
ëÿ îïðåäåëÿåòñÿ ÷èñëîì è òèïîì îñîáûõ òî÷åê, âçàèìíûì ðàñïîëîæåíèåì øèïîâ è âååð-
íûõ ïîâåðõíîñòåé, à òàêæå ëèíèÿìè òðàíñâåðñàëüíîãî ïåðåñå÷åíèÿ âååðíûõ ïîâåðõíîñòåé.
Ëèíèè ïåðåñå÷åíèÿ âååðíûõ ïîâåðõíîñòåé, îòëè÷íûå îò çàìêíóòûõ êðèâûõ, íàçûâàþòñÿ
ñåïàðàòîðàìè. Òàêèì îáðàçîì, ïðåäñòàâëÿåò èíòåðåñ ðåøåíèå ïðîáëåìû ñóùåñòâîâàíèÿ
ñåïàðàòîðîâ è èõ êîëè÷åñòâà ïðè çàäàííîì ðàñïîëîæåíèè îñîáåííîñòåé ìàãíèòíîãî ïîëÿ.

Ñ òî÷êè çðåíèÿ òåîðèè äèíàìè÷åñêèõ ñèñòåì äâèæåíèÿ ïëàçìû ðàçáèâàþòñÿ (ñ íåêî-
òîðîé äîëåé óñëîâíîñòè) íà ðåãóëÿðíûå è õàîòè÷åñêèå. Ïðè ýòîì ìîæíî ðàññìàòðèâàòü
äèíàìè÷åñêèå ñèñòåìû êàê ñ äèñêðåòíûì âðåìåíåì (ïîðîæäåííûå îäíèì ïðåîáðàçîâàíè-
åì), òàê è ñ íåïðåðûâíûì âðåìåíåì (îäíîïàðàìåòðè÷åñêîå ñåìåéñòâî ïðåîáðàçîâàíèé).
Â íàñòîÿùåé ñòàòüå ðàññìàòðèâàåòñÿ âîïðîñ ñóùåñòâîâàíèÿ ñåïàðàòîðîâ ìàãíèòíîãî ïî-
ëÿ â øàðîâîì ñëîå ïëàçìû ïîä äåéñòâèåì ðåãóëÿðíîãî äâèæåíèÿ, ïîðîæäåííîãî îäíèì
ïðåîáðàçîâàíèåì. Äëÿ ðåøåíèÿ ýòîãî âîïðîñà ïðèìåíÿþòñÿ ìåòîäû êà÷åñòâåííîé òåîðèè
äèñêðåòíûõ äèíàìè÷åñêèõ ñèñòåì. Íåñìîòðÿ íà ìåíÿþùååñÿ â êàæäûé ìîìåíò âðåìåíè
ìàãíèòíîå ïîëå (êàê ïîä äåéñòâèåì äâèæåíèÿ ïëàçìû, òàê è â ñèëó óðàâíåíèé Ìàêñâåëëà),

1 Ïðîôåññîð êàôåäðû ÷èñëåííîãî è ôóíêöèîíàëüíîãî àíàëèçà, Íèæåãîðîäñêèé ãîñóäàðñòâåííûé óíè-
âåðñèòåò èìåíè Í. È. Ëîáà÷åâñêîãî, ã. Íèæíèé Íîâãîðîä; vgrines@yandex.ru

2 Ïðîôåññîð êàôåäðû òåîðèè óïðàâëåíèÿ è äèíàìèêè ìàøèí, Íèæåãîðîäñêèé ãîñóäàðñòâåííûé óíè-
âåðñèòåò èìåíè Í. È. Ëîáà÷åâñêîãî, ã. Íèæíèé Íîâãîðîä; zhuzhoma@mail.ru

3 Ñòàðøèé íàó÷íûé ñîòðóäíèê ÍÈÈ ÏÌÊ ïðè Íèæåãîðîäñêîì ãîñóäàðñòâåííîì óíèâåðñèòåòå èìåíè
Í. È. Ëîáà÷åâñêîãî, ã. Íèæíèé Íîâãîðîä; medvedev@uic.nnov.ru
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äâèæåíèå ïëàçìû ïðè ñäåëàííûõ íèæå ïðåäïîëîæåíèÿõ ìîæíî äîîïðåäåëèòü äî äèôôåî-
ìîðôèçìà Ìîðñà-Ñìåéëà è ïðèìåíèòü ðàçâèòóþ ðàíåå àâòîðàìè òåõíèêó (ñì. êíèãó [5] è
îáçîð [6]).

Îïèøåì öåëü è ðåçóëüòàòû ñòàòüè áîëåå äåòàëüíî. Ïîä îñîáûìè òî÷êàìè ìàãíèòíîãî
ïîëÿ îáû÷íî ïîíèìàþò òî÷êè â êîòîðûõ ïîëå ëèáî îáðàùàåòñÿ â íîëü, ëèáî íå ñóùå-
ñòâóåò, ïðè ýòîì â îêðåñòíîñòè îñîáîé òî÷êè ïîëå òîïîëîãè÷åñêè ýêâèâàëåíòíî ëèíåéíî-
ìó ãèïåðáîëè÷åñêîìó ñåäëó. Äâóìåðíàÿ èíâàðèàíòíàÿ ïîâåðõíîñòü ñåäëîâîé òî÷êè íàçû-
âàåòñÿ âååðíîé ïîâåðõíîñòüþ (fun), à îäíîìåðíàÿ èíâàðèàíòíàÿ êðèâàÿ ñåäëîâîé òî÷êè
íàçûâàåòñÿ øèïîì (spine) [9]4. Çàìêíóòûì øàðîâûì ñëîåì S íàçûâàåòñÿ ìíîæåñòâî, ãî-
ìåîìîðôíîå ïðîèçâåäåíèþ äâóìåðíîé ñôåðû íà çàìêíóòûé ïðîìåæóòîê [−1;+1] , òî åñòü
S = S2 × [−1;+1] , ãäå S2 � äâóìåðíàÿ ñôåðà. Ìû áóäåì ïðåäïîëàãàòü S âëîæåííûì â
åâêëèäîâî ïðîñòðàíñòâî R3 . Äîãîâîðèìñÿ, ÷òî ñôåðà S2 × {−1} = Sint , êîòîðàÿ íàçû-
âàåòñÿ âíóòðåííåé, îãðàíè÷èâàåò â R3 øàð B3 , íå ñîäåðæàùèé øàðîâîé ñëîé. Ñôåðó
S2 × {+1} = Sext íàçîâåì âíåøíåé. Áóäåì ñ÷èòàòü, ÷òî â íåêîòîðûé ìîìåíò âðåìåíè
ìàãíèòíîå ïîëå B⃗0 èìååò â øàðîâîì ñëîå îñîáûå òî÷êè. Çàìåòèì, ÷òî â ñèëó ãèïåðáîëè÷-
íîñòè, ÷èñëî îñîáûõ òî÷åê êîíå÷íî. Áóäåì ïðåäïîëàãàòü, ÷òî øèïû è âååðíûå ïîâåðõíîñòè
ëèáî íå ïåðåñåêàþò ãðàíèöó øàðîâîãî ñëîÿ, ëèáî ïåðåñåêàþò åå òðàíñâåðñàëüíî. Òàêèì
îáðàçîì, êîìïîíåíòû ïåðåñå÷åíèÿ øèïîâ è âååðíûõ ïîâåðõíîñòåé ñî ñôåðàìè Sint , Sext

ñóòü òî÷êè è êðèâûå (çàìêíóòûå, èëè íåçàìêíóòûå).
Â ñòàòüå ðàññìàòðèâàåòñÿ ðåãóëÿðíîå äâèæåíèå ïëàçìû, ïîðîæäàåìîå ïðåîáðàçîâàíè-

åì R3 → R3 òàêèì, ÷òî åãî îãðàíè÷åíèå f0 íà S îáëàäàåò ñëåäóþùèìè ñâîéñòâàìè (ñì.
ðèñ. 1.1):

• f0 : S → f0(S) ⊂ R3 ÿâëÿåòñÿ ñîõðàíÿþùèì îðèåíòàöèþ äèôôåîìîðôèçìîì íà
ñâîé îáðàç, ïðè÷åì íåáëóæäàþùåå ìíîæåñòâî äèôôåîìîðôèçìà f0 ñîñòîèò èç ãè-
ïåðáîëè÷åñêèõ ñåäëîâûõ íåïîäâèæíûõ òî÷åê è ñîâïàäàåò ñ ìíîæåñòâîì îñîáûõ òî÷åê
ìàãíèòíîãî ïîëÿ B⃗0 ;

• f0(Sint) ⊂ S , f0(Sext) ⊂ R3\(S ∪B3) òàê, ÷òî f0(Sint) ðàçáèâàåò S íà äâà øàðîâûõ
êîëüöà;

• âååðíûå ïîâåðõíîñòè è øèïû èíâàðèàíòíû îòíîñèòåëüíî f0 , òðàíñâåðñàëüíû äðóã
äðóãó è ÿâëÿþòñÿ çàìûêàíèÿìè ñåïàðàòðèñ íåïîäâèæíûõ òî÷åê äèôôåîìîðôèçìà
f0 .

f

Sext)

Sint
Sint

Sext (

( )f

f

Ð è ñ ó í î ê 1.1

Ðåãóëÿðíîå äâèæåíèå øàðîâîãî ñëîÿ S .

Îòìåòèì, ÷òî ìû íå òðåáóåì òðàíñâåðñàëüíîãî ïåðåñå÷åíèÿ ñèëîâûõ ëèíèé ìàãíèòíî-
ãî ïîëÿ B⃗0 ñî ñôåðàìè Sint , Sext . Ïîýòîìó âååðíûå ïîâåðõíîñòè è øèïû ìîãóò, âîîáùå

4 Ñëåäóåò çàìåòèòü, ÷òî èíâàðèàíòíûå ïîâåðõíîñòè è êðèâûå, î êîòîðûõ èäåò ðå÷ü, ÿâëÿþòñÿ èäåàëè-
çàöèÿìè òàê íàçûâàåìûõ "òîíêèõ"òîêîâûõ ñëîåâ.
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ãîâîðÿ, ïåðåñåêàòü Sint è Sext ïî íåñêîëüêèì êîìïîíåíòàì ñâÿçíîñòè. Ïðåäëîæåííàÿ ìà-
òåìàòè÷åñêàÿ ìîäåëü ñ ôèçè÷åñêîé òî÷êè çðåíèÿ îçíà÷àåò, ÷òî ìû ðàññìàòðèâàåì ðåãóëÿð-
íîå äâèæåíèå ïëàçìåííîãî øàðîâîãî ñëîÿ â òå÷åíèå ñòîëü ìàëîãî ïðîìåæóòêà âðåìåíè,
â òå÷åíèå êîòîðîãî ñîõðàíÿþòñÿ îñîáûå òî÷êè ñ âååðíûìè ïîâåðõíîñòÿìè è øèïàìè. Èç
ïðèâåäåííûõ ñâîéñòâ âûòåêàåò, ÷òî ñåïàðàòîðû (åñëè îíè ñóùåñòâóþò) èíâàðèàíòíû îòíî-
ñèòåëüíî f0 è èõ ÷èñëî (âêëþ÷àÿ íîëü) íå ìåíÿåòñÿ â òå÷åíèå íàáëþäàåìîãî ïðîìåæóòêà
âðåìåíè.

Ñôîðìóëèðóåì îñíîâíûå ðåçóëüòàòû ñòàòüè äëÿ òàêèõ ìàãíèòíûõ ïîëåé è äâèæåíèé
ïëàçìû, êîòîðûå óäîâëåòâîðÿþò âûøå ïðèâåäåííûì ñâîéñòâàì.

Ò å î ð å ì à 1.1. Ïðåäïîëîæèì, ÷òî ìàãíèòíîå ïîëå â S èìååò îñîáåííîñòè.
Òîãäà èõ íå ìåíüøå äâóõ.

Ò å î ð å ì à 1.2. Ïðåäïîëîæèì, ÷òî ìàãíèòíîå ïîëå íà S èìååò ðîâíî äâå îñî-
áåííîñòè. Òîãäà èõ âååðíûå ïîâåðõíîñòè ïåðåñåêàþòñÿ ïî êîíå÷íîìó íåíóëåâîìó ÷èñëó
ñåïàðàòîðîâ.

Áëàãîäàðíîñòè. Àâòîðû áëàãîäàðÿò ÐÔÔÈ (ãðàíòû 12-01-00672-à, 13-01-12452-àôè-ì)
çà ôèíàíñîâóþ ïîääåðæêó. Îñîáàÿ áëàãîäàðíîñòü Êîíñòàíòèíó Âèòàëüåâè÷ó Êèðñåíêî
(áèçíåñìåíó è ìóçûêàíòó) çà ôèíàíñîâóþ ïîääåðæêó.

2. Äîêàçàòåëüñòâî îñíîâíûõ ðåçóëüòàòîâ

Íàïîìíèì íåêîòîðûå ïîíÿòèÿ è ôàêòû, êàñàþùèåñÿ äèôôåîìîðôèçìîâ Ìîðñà-Ñìåéëà.
Õîðîøèì èñòî÷íèêîì ÿâëÿþòñÿ êíèãè [5],[8], à òàêæå îáçîðíûå ñòàòüè [2], [15].

Ìíîæåñòâî íåáëóæäàþùèõ òî÷åê äèôôåîìîðôèçìà f áóäåì îáîçíà÷àòü ÷åðåç
NW (f) . Äëÿ x ∈ NW (f) îáîçíà÷èì ÷åðåç W s(x) (ñîîòâ. W u(x) ) óñòîé÷èâîå (ñîîòâ.
íåóñòîé÷èâîå) ìíîãîîáðàçèå ýòîé òî÷êè. Äèôôåîìîðôèçì f íàçûâàåòñÿ äèôôåîìîðôèç-
ìîì Ìîðñà-Ñìåéëà, åñëè åãî íåáëóæäàþùåå ìíîæåñòâî NW (f) ãèïåðáîëè÷åñêîå, ñîñòî-
èò èç êîíå÷íîãî ÷èñëà òî÷åê, è èíâàðèàíòíûå ìíîãîîáðàçèÿ W s(x) , W u(y) ïåðåñåêàþòñÿ
òðàíñâåðñàëüíî (åñëè ïåðåñå÷åíèå íå ïóñòî) äëÿ ëþáûõ òî÷åê x , y ∈ NW (f) . Äèôôåîìîð-
ôèçì f Ìîðñà-Ñìåéëà íàçûâàåòñÿ ãðàäèåíòíîïîäîáíûì, åñëè äëÿ ëþáûõ ïåðèîäè÷åñêèõ
òî÷åê p , q ∈ NW (f) èç W u(p) ∩W s(q) ̸= ∅ ñëåäóåò, ÷òî dimW s(p) < dimW s(q) .

Òî÷êà x ∈ M òðàíñâåðñàëüíîãî ïåðåñå÷åíèÿ èíâàðèàíòíûõ ìíîãîîáðàçèé W s(p) ,
W u(q) , ãäå p , q ∈ NW (f) , íàçûâàåòñÿ ãåòåðîêëèíè÷åñêîé, åñëè dimW s(p) = dimW s(q) .
Äèôôåîìîðôèçì Ìîðñà-Ñìåéëà ÿâëÿåòñÿ ãðàäèåíòíîïîäîáíûì äèôôåîìîðôèçìîì òîãäà
è òîëüêî òîãäà, êîãäà îí íå èìååò ãåòåðîêëèíè÷åñêèõ òî÷åê.

Åñëè W u(p) ∩W s(q) ̸= ∅ è dim W s(p) < dim W s(q) , òî êîìïîíåíòó ñâÿçíîñòè ïåðåñå-
÷åíèÿ W u(p) ∩W s(q) íàçîâåì ãåòåðîêëèíè÷åñêèì ïîäìíîãîîáðàçèåì. Åñëè ðàçìåðíîñòü
ìíîãîîáðàçèÿ ðàâíà 3 , òî ëþáîå ãåòåðîêëèíè÷åñêîå ïîäìíîãîîáðàçèå ÿâëÿåòñÿ ëèáî ïðî-
ñòîé çàìêíóòîé êðèâîé (ãîìåîìîðôíîé îêðóæíîñòè), ëèáî íåçàìêíóòîé êðèâîé áåç ñà-
ìîïåðåñå÷åíèé (ãîìåîìîðôíîé îòêðûòîìó èíòåðâàëó). Ìû áóäåì íàçûâàòü òàêèå êðèâûå
ãåòåðîêëèíè÷åñêèìè.

Ïóñòü p - ïåðèîäè÷åñêàÿ òî÷êà äèôôåîìîðôèçìà Ìîðñà-Ñìåéëà f . Èíäåêñîì Ìîðñà
òî÷êè p íàçûâàåòñÿ òîïîëîãè÷åñêàÿ ðàçìåðíîñòü íåóñòîé÷èâîãî ìíîãîîáðàçèÿ W u(p) ,

u(p)
def
= dimW u(p) . Èíäåêñîì Êðîíåêåðà-Ïóàíêàðå òî÷êè p íàçûâàåòñÿ ÷èñëî ind (p, f)

def
=

(−1)u(p) .
Ñëåäóþùàÿ ëåììà ÿâëÿåòñÿ êëþ÷åâîé äëÿ äîêàçàòåëüñòâà îñíîâíûõ ðåçóëüòàòîâ. Îáî-

çíà÷èì ÷åðåç S3 3-ìåðíóþ ñôåðó.

Æóðíàë ÑÂÌÎ. 2013. Ò. 15, � 3



24 Â. Ç. Ãðèíåñ, Å. Â. Æóæîìà, Â. Ñ. Ìåäâåäåâ

Ë å ì ì à 2.1. Ñóùåñòâóåò âëîæåíèå S ⊂ S3 è ïðîäîëæåíèå f0 äî ïîëÿðíîãî
äèôôåîìîðôèçìà f : S3 → S3 Ìîðñà-Ñìåéëà òàêîãî, ÷òî íåáëóæäàþùåå ìíîæåñòâî
NW (f) åñòü îáúåäèíåíèå èñòî÷íèêà, ñòîêà è íåïîäâèæíûõ òî÷åê äèôôåîìîðôèçìà f0 .

Ä î ê à ç à ò å ë ü ñ ò â î. Ïðèêëåèì ê ãðàíè÷íûì êîìïîíåíòàì Sint , Sext øàðîâîãî ñëîÿ
S øàðû B3

int , B
3
ext ñîîòâåòñòâåííî. Òîãäà ìû ïîëó÷èì çàìêíóòîå ìíîãîîáðàçèå, äèôôåî-

ìîðôíîå 3-ìåðíîé ñôåðå S3 = S ∪ B3
int ∪ B3

ext , è åñòåñòâåííîå âëîæåíèå S ⊂ S3 . Â ñèëó
ñâîéñòâ äèôôåîìîðôèçìà f0 : S → f0(S) , äâóìåðíàÿ ñôåðà Sint îòîáðàæàåòñÿ âíóòðü
øàðîâîãî ñëîÿ. Ïîýòîìó f0 ìîæíî ïðîäîëæèòü íà øàð B3

int òàê, ÷òîáû âíóòðè B3
int ïî-

ÿâèëñÿ ãèïåðáîëè÷åñêèé èñòî÷íèê. Àíàëîãè÷íî, f0 ìîæíî ïðîäîëæèòü íà øàð B3
ext òàê,

÷òîáû âíóòðè B3
ext ïîÿâèëñÿ ãèïåðáîëè÷åñêèé ñòîê. Îáîçíà÷èì ïîëó÷åííîå ïðîäîëæåíèå

äèôôåîìîðôèçìà f0 ÷åðåç f : S3 → S3 . ßñíî, ÷òî f0 ìîæíî ïðîäîëæèòü òàê, ÷òî-
áû f ÿâëÿëñÿ äèôôåîìîðôèçìîì, ó êîòîðîãî íåáëóæäàþùåå ìíîæåñòâî ïîëó÷àåòñÿ èç
íåáëóæäàþùåãî ìíîæåñòâà äèôôåîìîðôèçìà f0 äîáàâëåíèåì äâóõ íåïîäâèæíûõ òî÷åê.

Òàêèì îáðàçîì, äèôôåîìîðôèçì f èìååò êîíå÷íîå íåáëóæäàþùåå ìíîæåñòâî, ñîñòî-
ÿùåå èç ãèïåðáîëè÷åñêèõ íåïîäâèæíûõ òî÷åê. Ïî óñëîâèþ ñåïàðàòðèñû ñåäëîâûõ íåïî-
äâèæíûõ òî÷åê ïåðåñåêàþòñÿ òðàíñâåðñàëüíî. Ñëåäîâàòåëüíî, f ÿâëÿåòñÿ äèôôåîìîð-
ôèçìîì Ìîðñà-Ñìåéëà. Òàê êàê f èìååò òîëüêî äâå óçëîâûå íåïîäâèæíûå òî÷êè, òî f
� ïîëÿðíûé äèôôåîìîðôèçì. �

Äîêàçàòåëüñòâî òåîðåìû 1.1..

Ä î ê à ç à ò å ë ü ñ ò â î. Ó÷èòûâàþ ëåììó 2.1., äîñòàòî÷íî ïîêàçàòü, ÷òî äèôôåîìîð-
ôèçì f : M3 → M3 Ìîðñà-Ñìåéëà íå ìîæåò èìåòü ðîâíî òðè ïåðèîäè÷åñêèå òî÷êè íà
çàìêíóòîì òðåõìåðíîì ìíîãîîáðàçèè M3 . Ïðåäïîëîæèì ïðîòèâíîå. òîãäà íåáëóæäàþùåå
ìíîæåñòâî ñîäåðæèò â òî÷íîñòè îäíî ñåäëî, îäèí ñòîê è îäèí èñòî÷íèê. Ñëåäîâàòåëüíî, f
íå èìååò ãåòåðîêëèíè÷åñêèõ êðèâûõ. Â ñèëó [14], äëÿ äèôôåîìîðôèçìà Ìîðñà-Ñìåéëà, íå
èìåþùåãî ãåòåðîêëèíè÷åñêèõ êðèâûõ, ñóùåñòâóåò öåëîå íåîòðèöàòåëüíîå ÷èñëî m òàêîå,
÷òî èìååò ìåñòî ôîðìóëà l − k = 2 − 2m , ãäå l - ÷èñëî âñåõ ñòîêîâûõ è èñòî÷íèêîâûõ
ïåðèîäè÷åñêèõ òî÷åê, è k - ÷èñëî âñåõ ñåäëîâûõ ïåðèîäè÷åñêèõ òî÷åê. Ïîýòîìó äëÿ f
äîëæíî âûïîëíÿòüñÿ ðàâåíñòâî 1 = 2− 2m , êîòîðîå íåâîçìîæíî íè ïðè êàêîì öåëîì m .
Ä î ê à ç à ò å ë ü ñ ò â î ç à ê î í ÷ å í î.

Äîêàçàòåëüñòâî òåîðåìû 1.2..

Ä î ê à ç à ò å ë ü ñ ò â î. Ó÷èòûâàþ ëåììó 2.1., ìû äàëåå áóäåì ðàññìàòðèâàòü
êëàññ MS1(S

3, 4) äèôôåîìîðôèçìîâ Ìîðñà-Ñìåéëà S3 → S3 ñî ñëåäóþùèì íàáîðîì
íåïîäâèæíûõ òî÷åê: èñòî÷íèê- α , ñòîê - ω è äâà ñåäëà σ1 , σ2 . Ïîêàæåì, ÷òî ñåäëà σ1 ,
σ2 èìåþò ðàçíûé èíäåêñ Ìîðñà. Ïðåäïîëîæèì ïðîòèâíîå. Òîãäà f íå èìååò ãåòåðîêëè-
íè÷åñêèõ êðèâûõ. Â ðàáîòå [14] äîêàçàíî, ÷òî â ýòîì ñëó÷àå M3 = S3 åñòü ñâÿçíàÿ ñóììà
m ≥ 1 ýêçåìïëÿðîâ S2 × S1 , ÷òî íåâîçìîæíî.

Äàëåå áóäåì ñ÷èòàòü, ÷òî íåïîäâèæíûå òî÷êè èìåþò ñëåäóþùèå èíäåêñû Êðîíåêå-
ðà-Ïóàíêàðå (ñîîòâ. Ìîðñà) ind (α, f) = −1 (u(α) = 3 ), ind (ω, f) = 1 ( u(ω) = 0 ),
ind (σ1, f) = −1 ( u(σ1) = 1 ), ind (σ2, f) = 1 (u(σ2) = 2 ).
Ä î ê à ç à ò å ë ü ñ ò â î ç à ê î í ÷ å í î.

Ïîêàæåì, ÷òî èìåþò ìåñòî ñëåäóþùèå âêëþ÷åíèÿ:

W u(σ1)− σ1 ⊂ W s(ω), W s(σ2)− σ2 ⊂ W u(α).

Ïîñêîëüêó f íå ìîæåò èìåòü ãîìîêëèíè÷åñêèõ òî÷åê, òî W s(σi)∩W u(σi) = ∅ ( i = 1, 2 ).
Òàê êàê f - ñòðóêòóðíî óñòîé÷èâûé äèôôåîìîðôèçì, òî W u(σ1) ∩ W s(σ2) = ∅ , èíà÷å
áû â òî÷êàõ ïåðåñå÷åíèÿ íå âûïîëíÿëîñü ñèëüíîå óñëîâèå òðàíñâåðñàëüíîñòè. Îòñþäà
âûòåêàþò òðåáóåìûå âêëþ÷åíèÿ, òàê êàê S3 ðàçáèâàåòñÿ íà ïîïàðíî íå ïåðåñåêàþùèåñÿ
èíâàðèàíòíûå ìíîãîîáðàçèÿ, óñòîé÷èâûå èëè íåóñòîé÷èâûå ñîîòâåòñòâåííî.

Æóðíàë ÑÂÌÎ. 2013. Ò. 15, � 3



Î ñóùåñòâîâàíèè ñåïàðàòîðîâ ìàãíèòíûõ ïîëåé â øàðîâîì ñëîå ïëàçìû 25

Ä î ê à ç à ò å ë ü ñ ò â î ç à ê î í ÷ å í î.
Ñëåäóþùàÿ ëåììà äîêàçàíà â [13]. Ìû ïðèâîäèì åå äëÿ ññûëîê, îñòàâëÿÿ ÷èòàòåëþ

äîêàçàòåëüñòâî â êà÷åñòâå óïðàæíåíèÿ.

Ë å ì ì à 2.2. Èìååò ìåñòî âëîæåíèå W s(σ)− σ ⊂ W u(α) .

Ïîêàæåì òåïåðü, ÷òî äèôôåîìîðôèçì f íå èìååò ãåòåðîêëèíè÷åñêèõ òî÷åê, òî åñòü
ÿâëÿåòñÿ ãðàäèåíòíîïîäîáíûì. Ïîñêîëüêó W u(σ1)−σ1 ⊂ W s(ω) è W s(σ2)−σ2 ⊂W u(α) ,
òî W u(σ1) íå ïåðåñåêàåò W s(σ2) . Åñëè æå W s(σ1) ∩W u(σ2) ̸= ∅ , òî âûïîëíÿåòñÿ íåðà-
âåíñòâî 2 = dimW s(σ1) > dimW u(σ2) = 1 , ÷òî îçíà÷àåò ãðàäèåíòíîïîäîáíîñòü.

Ñóùåñòâóåò C1 -èììåðñèÿ φ : R → W u(σ1) , ãäå φ(0) = σ1 , ÿâëÿþùàÿñÿ âçàèìíî
îäíîçíà÷íûì îòîáðàæåíèåì íà ñâîé îáðàç. Åñëè ïîëîæèòü φ(±∞) = ω , òî ïîëó÷àåì, ÷òî
èììåðñèÿ φ ìîæåò áûòü ïðîäîëæåíà äî ãîìåîìîðôèçìà φ : S1 ∼= R ∪ {∞} → W u(σ1) ∪
{σ1}, òàê êàê W u(σ1)−σ1 ⊂ W s(ω) è ω -ïðåäåëüíîå ìíîæåñòâî ëþáîé òî÷êè èç ìíîæåñòâà

W u(σ1)−σ1 åñòü òî÷êà ω . Îòñþäà âûòåêàåò, ÷òî Cω
def
= {ω}∪W u(σ1) ÿâëÿåòñÿ âëîæåíèåì

îêðóæíîñòè. Àíàëîãè÷íî, Cα
def
= {α} ∪W s(σ2) òàêæå ÿâëÿåòñÿ âëîæåíèåì îêðóæíîñòè.

Òåïåðü äîêàæåì, ÷òî W s(σ1) ∩W u(σ2) ñîäåðæèò õîòÿ áû îäíó íåçàìêíóòóþ ãåòåðî-
êëèíè÷åñêóþ êðèâóþ ñ êîíöåâûìè òî÷êàìè σ1 , σ2 . Â óñòîé÷èâîì ìíîãîîáðàçèè W s(σ1)
âîçüìåì ôóíäàìåíòàëüíóþ îáëàñòü F s äèôôåîìîðôèçìà f |W s(σ1)−σ1 . Òàê êàê òî÷êà σ1
ãèïåðáîëè÷åñêàÿ, òî ìû ìîæåì ñ÷èòàòü F s çàìêíóòûì êîëüöîì, îãðàíè÷åííûì ãëàäêè-
ìè êðèâûìè C1 è C2 , êîòîðûå îêðóæàþò òî÷êó σ1 â W s(σ1) . Âîçüìåì â F s ïðîñòóþ
çàìêíóòóþ êðèâóþ C , ãîìîòîïíóþ C1 è C2 . Äëÿ óäîáñòâà, ðàçîáüåì äàëüíåéøåå äîêàçà-
òåëüñòâî íà óòâåðæäåíèÿ, êîòîðûå ìû áóäåì îáîçíà÷àòü êàê øàãè. Êîíåö äîêàçàòåëüñòâà
êàæäîãî øàãà îáîçíà÷èì ÷åðåç ⋄ .

Øàã 0 Äëÿ ëþáîé çàìêíóòîé êðèâîé C , ãîìîòîïíîé êðèâûì C1 è C2 , ïåðåñå÷åíèå
C ∩W u(σ2) íå ïóñòî.

Äîêàçàòåëüñòâî øàãà 0. Ïðåäïîëîæèì, ÷òî C ∩ W u(σ2) = ∅ . Òîãäà C ⊂ W u(α) ,
ïîñêîëüêó S3−ω åñòü îáúåäèíåíèå òîëüêî òðåõ ïîïàðíî íåïåðåñåêàþùèõñÿ íåóñòîé÷èâûõ
ìíîãîîáðàçèé W u(α) , W u(σ2) è W u(σ1) . Â ñèëó êîìïàêòíîñòè Cω = {ω} ∪ W u(σ1) ,
ñóùåñòâóåò òàêàÿ îêðåñòíîñòü U(α) èñòî÷íèêà α , ÷òî U(α) ∩ Cω = ∅ . Èç âêëþ÷åíèÿ
C ⊂ W u(α) è êîìïàêòíîñòè C ñëåäóåò ñóùåñòâîâàíèå öåëîãî îòðèöàòåëüíîãî ÷èñëà n0

òàêîãî, ÷òî fn0(C) ⊂ U(α) .
Òàê êàê êðèâàÿ C ⊂ W s(σ1)− σ1 íåãîìîòîïíà íóëþ â W s(σ1)− σ1 , òî îíà îãðàíè÷è-

âàåò â W s(σ1) äèñê D , ñîäåðæàùèé òî÷êó σ1 . Ïîñêîëüêó f íå èìååò ãîìîêëèíè÷åñêèõ
òî÷åê, äèñê D ïåðåñåêàåòñÿ ñ Cω ðîâíî â îäíîé òî÷êå σ1 . Ïîýòîìó C è Cω îáðàçó-
þò íåòðèâèàëüíîå çàöåïëåíèå ñ êîýôôèöèåíòîì çàöåïëåíèÿ −1 èëè +1 (â çàâèñèìîñòè
îò îðèåíòàöèé êðèâûõ). Òîãäà fn0(C) è fn0(Cω) òàêæå îáðàçóþò íåòðèâèàëüíîå çàöåï-
ëåíèå ñ êîýôôèöèåíòîì çàöåïëåíèÿ −1 èëè +1 . Èç f(Cω) = Cω âûòåêàåò ðàâåíñòâî
fn0(Cω) = Cω . Ïîýòîìó fn0(C) è Cω îáðàçóþò íåòðèâèàëüíîå çàöåïëåíèå. Ñ äðóãîé ñòî-
ðîíû, fn0(C) ⊂ U(α) . Òàê êàê U(α) ∩ Cω = ∅ , òî îòñþäà ïîëó÷àåì, ÷òî êîýôôèöèåíò
çàöåïëåíèÿ fn0(C) è Cω ðàâåí íóëþ. Ìû ïîëó÷èëè ïðîòèâîðå÷èå. ⋄

Òàêèì îáðàçîì, W s(σ1)∩W u(σ2) ̸= ∅ . Òàê êàê W s(σ1) è W u(σ2) ïåðåñåêàþòñÿ òðàíñ-
âåðñàëüíî, òî ïåðåñå÷åíèå W s(σ1) ∩W u(σ2) ñîñòîèò èç êðèâûõ. Â ñèëó ïðîèçâîëüíîñòè
êðèâîé C , ïåðåñå÷åíèå F s ∩W u(σ2) ñîäåðæèò, ïî êðàéíåé ìåðå, îäíó äóãó d , ñ êîíöå-
âûìè òî÷êàìè a1 , a2 , ëåæàùèìè íà ðàçíûõ ãðàíè÷íûõ êîìïîíåíòàõ C1 è C2 êîëüöà
F s . Äëÿ îïðåäåëåííîñòè ïîëîæèì ai ∈ Ci ( i = 1, 2 ). Îáîçíà÷èì ÷åðåç D êðèâóþ èç
W s(σ1) ∩W u(σ2) , ñîäåðæàùóþ äóãó d .

Øàã 1 Äëÿ êîìïàêòíîãî (â òîïîëîãèè ìíîãîîáðàçèÿ W s(σ1) ) ïîäìíîæåñòâà F ⊂
W s(σ1) è ëþáîé òî÷êè m0 ∈ int F ñóùåñòâóåò îêðåñòíîñòü U(m0) , êîòîðàÿ ãîìåîìîðôíà

Æóðíàë ÑÂÌÎ. 2013. Ò. 15, � 3



26 Â. Ç. Ãðèíåñ, Å. Â. Æóæîìà, Â. Ñ. Ìåäâåäåâ

äèñêó è êîòîðàÿ ïåðåñåêàåòñÿ íå áîëåå ÷åì ñ îäíîé êðèâîé èç ïåðåñå÷åíèÿ F ∩W u(σ2) ,
ïðè ýòîì, åñëè U(m0) ïåðåñåêàåòñÿ ñ îäíîé êðèâîé, ñêàæåì l , òî ïåðåñå÷åíèå U(m0) ∩ l
ñîñòîèò èç îäíîé êîìïîíåíòû, ãîìåîìîðôíîé ïðîñòîé äóãå, êîòîðàÿ äåëèò U(m0) .

Äîêàçàòåëüñòâî øàãà 1. Ïðåäïîëîæèì, ÷òî ëþáàÿ îêðåñòíîñòü U(m0) , ãîìåîìîðôíàÿ
äèñêó, ïåðåñåêàåòñÿ áîëåå ÷åì ñ îäíîé êðèâîé èç F ∩W u(σ2) . Òîãäà ñóùåñòâóåò ïîñëåäîâà-
òåëüíîñòü òî÷åê mk ∈ F ∩W u(σ2) , ñõîäÿùèõñÿ ê òî÷êå m0 ∈ int F , òàêàÿ, ÷òî mk ëåæàò
íà ïîïàðíî ðàçëè÷íûõ êîìïîíåíòàõ ïåðåñå÷åíèÿ F∩W u(σ2) . Îòñþäà è òðàíñâåðñàëüíîñòè
ïåðåñå÷åíèÿ F ∩W u(σ2) âûòåêàåò, ÷òî òî÷êè mk èçîëèðîâàíû â òîïîëîãèè íåóñòîé÷è-
âîãî ìíîãîîáðàçèÿ W u(σ2) . Ïîýòîìó m0 /∈ W u(σ2) , èíà÷å íåóñòîé÷èâîå ìíîãîîáðàçèå
W u(σ2) áûëî áû ñàìîïðåäåëüíûì è ñóùåñòâîâàëè áû ãîìîêëèíè÷åñêèå òî÷êè. Òàê êàê
M3 − ω = W u(σ2) ∪W u(α) ∪W u(σ1) , òî ëèáî m0 ∈ W u(α) , ëèáî m0 ∈ W u(σ1) . Âêëþ÷å-
íèå m0 ∈ W u(α) íåâîçìîæíî, ïîñêîëüêó íåóñòîé÷èâîå ìíîãîîáðàçèå W u(α) îòêðûòî è
íå ìîæåò ñîäåðæàòü òî÷åê íàêîïëåíèÿ íåóñòîé÷èâîãî ìíîãîîáðàçèÿ W u(σ2) . Âêëþ÷åíèå
m0 ∈ W u(σ1) òàêæå íåâîçìîæíî, ïîñêîëüêó â ñèëó m0 ∈ int F s ⊂ W u(σ1) , îíî âëå÷åò
íàëè÷èå ãîìîêëèíè÷åñêèõ òî÷åê.

Òåïåðü ïðåäïîëîæèì, ÷òî U(m0) ïåðåñåêàåòñÿ ñ îäíîé êðèâîé, ñêàæåì l , íî ïåðåñå-
÷åíèå U(m0) ∩ l ñîäåðæèò êîìïîíåíòó, ãîìåîìîðôíóþ ïðîñòîé äóãå, êîòîðàÿ íå äåëèò
U(m0) . Èç âûøåïðèâåäåííîãî ðàññóæäåíèÿ è òðàíñâåðñàëüíîñòè ïåðåñå÷åíèÿ F ∩W u(σ2)
âûòåêàåò, ÷òî ïðåäåëüíîå ìíîæåñòâî êðèâîé l â U(m0) ñîñòîèò ðîâíî èç îäíîé òî÷êè.
Ñíîâà ðàâåíñòâî M3 − ω = W u(σ2) ∪W u(α) ∪W u(σ1) ïðèâîäèò ê ïðîòèâîðå÷èþ, òàê êàê
ïðåäåëüíàÿ òî÷êà íå ìîæåò ïðèíàäëåæàòü íè W u(α) , íè W u(σ1) . Ïîëó÷åííîå ïðîòèâî-
ðå÷èå çàâåðøàåò äîêàçàòåëüñòâî øàãà 1. ⋄

Øàã 2 Ñåìåéñòâî äóã èç ïåðåñå÷åíèÿ F s ∩W u(σ2) , êîíöåâûå òî÷êè êîòîðûõ ëåæàò
íà ðàçíûõ ãðàíè÷íûõ êîìïîíåíòàõ êîëüöà F s , êîíå÷íî.

Äîêàçàòåëüñòâî øàãà 2. Ïðåäïîëîæèì ïðîòèâíîå. Òîãäà èìååòñÿ òî÷êà m0 ∈ int F s ,
êîòîðàÿ ÿâëÿåòñÿ òîïîëîãè÷åñêèì ïðåäåëîì ïîïàðíî ðàçëè÷íûõ êðèâûõ èç F s ∩W u(σ2) .
Ýòî ïðîòèâîðå÷èò øàãó 1. ⋄

Îáîçíà÷èì ÷åðåç d = d1 , . . . , dk çàíóìåðîâàííûå â öèêëè÷åñêîì ïîðÿäêå äóãè èç ïåðå-
ñå÷åíèÿ F s∩W u(σ2) , êîíöåâûå òî÷êè êîòîðûõ ëåæàò íà ðàçíûõ êîìïîíåíòàõ êîëüöà F s .
Ïóñòü D = D1 , . . . ,Dk - êðèâûå èç W s(σ1) ∩W u(σ2) , ñîäåðæàùèå äóãè d = d1 , . . . , dk
ñîîòâåòñòâåííî. Îòìåòèì, ÷òî íåêîòîðûå èç êðèâûõ Di ìîãóò ñîâïàäàòü.

Øàã 3 Ñðåäè êðèâûõ D1 , . . . ,Dk ñóùåñòâóåò, ïî êðàéíåé ìåðå, îäíà íåçàìêíóòàÿ.
Äîêàçàòåëüñòâî øàãà 3. Ïðåäïîëîæèì ïðîòèâíîå. Ñîãëàñíî øàãó 1, òîïîëîãè÷åñêèé

ïðåäåë êðèâûõ èç ïåðåñå÷åíèÿ F s ∩W u(σ2) ñäåðæèòñÿ â ãðàíè÷íûõ êîìïîíåíòàõ êîëü-
öà F s . Îòñþäà è çàìêíóòîñòè êðèâûõ D1 , . . . ,Dk ñëåäóåò, ÷òî ñóùåñòâóåò çàìêíóòàÿ
êðèâàÿ, íåïåðåñåêàþùàÿñÿ ñ êðèâûìè èç W s(σ1) ∩W u(σ2) è ñîäåðæàùàÿ íà óñòîé÷èâîì
ìíîãîîáðàçèè W s(σ1) âíóòðè ñåáÿ òî÷êó σ1 . Ýòî ïðîòèâîðå÷èò øàãó 0. ⋄

Áóäåì äëÿ îïðåäåëåííîñòè ñ÷èòàòü, ÷òî êðèâàÿ D = D1 íåçàìêíóòà.
Øàã 4 Êàæäàÿ íåçàìêíóòàÿ êðèâàÿ èç W s(σ1) ∩W u(σ2) ïåðåñåêàåò âñå êîëüöà âèäà

f i(F s) ïî êðàéíåé ìåðå îäíîãî èç îáúåäèíåíèé ∪i≥0f
i(F s) , ∪i≤0f

i(F s) .
Äîêàçàòåëüñòâî øàãà 4. Äîñòàòî÷íî äîêàçàòü óòâåðæäåíèå äëÿ êðèâîé D . Ïðåäïî-

ëîæèì ïðîòèâíîå. Òîãäà D ëåæèò ñòðîãî âíóòðè êîíå÷íîãî îáúåäèíåíèÿ ∪i=i2
i=i1

f i(F s) . Èç
íåçàìêíóòîñòè D âûòåêàåò, ÷òî âíóòðè ýòîãî îáúåäèíåíèÿ èìååòñÿ òî÷êà m0 òàêàÿ, ÷òî
ëèáî ëþáàÿ åå îêðåñòíîñòü U(m0) ñîäåðæèò ñ÷åòíîå ìíîæåñòâî êîìïîíåíò ïåðåñå÷åíèÿ
U(m0) ∩ D , ëèáî m0 ÿâëÿåòñÿ åäèíñòâåííîé ïðåäåëüíîé òî÷êîé îäíîé èç ïîëóêðèâûõ
êðèâîé D . Ýòî ïðîòèâîðå÷èò øàãó 1. ⋄

Øàã 5 Êàæäàÿ íåçàìêíóòàÿ êðèâàÿ èç ïåðåñå÷åíèÿ W s(σ1) ∩ W u(σ2) èíâàðèàíòíà
îòíîñèòåëüíî íåêîòîðîé èòåðàöèè äèôôåîìîðôèçìà f .

Äîêàçàòåëüñòâî øàãà 5. Äîñòàòî÷íî äîêàçàòü óòâåðæäåíèå äëÿ D . Áóäåì äëÿ îïðå-
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äåëåííîñòè ñ÷èòàòü, ÷òî D ïåðåñåêàåò âñå êîëüöà èç îáúåäèíåíèÿ ∪i≥0f
i(F s) . Ïðåäïîëî-

æèì, ÷òî D íå èíâàðèàíòíà îòíîñèòåëüíî f i äëÿ ëþáîãî i ≥ 0 . Ñîãëàñíî øàãó 4, äëÿ
ëþáîãî i ≥ 0 ñóùåñòâóåò äóãà Ai êðèâîé D , ëåæàùàÿ â êîëüöå f i(F s) è èìåþùàÿ êîí-
öåâûå òî÷êè íà ðàçíûõ ãðàíè÷íûõ êîìïîíåíòàõ f i(C1) è f i(C2) ýòîãî êîëüöà. Òàê êàê
D íå èíâàðèàíòíà îòíîñèòåëüíî f i , òî äóãè f−1(Ai) îáðàçóþò ñåìåéñòâî ïîïàðíî íåïå-
ðåñåêàþùèõñÿ äóã â êîëüöå F s , êîíöåâûå òî÷êè êîòîðûõ ëåæàò íà ðàçíûõ ãðàíè÷íûõ
êîìïîíåíòàõ êîëüöà F s . Ýòî ïðîòèâîðå÷èò øàãó 2. ⋄

Øàã 6 Êàæäàÿ íåçàìêíóòàÿ êðèâàÿ èç W s(σ1)∩W u(σ2) ÿâëÿåòñÿ êðèâîé áåç ñàìîïå-
ðåñå÷åíèé ñ êîíöåâûìè òî÷êàìè σ1 , σ2 .

Äîêàçàòåëüñòâî øàãà 6. Äîñòàòî÷íî ðàññìîòðåòü êðèâóþ D . Íå óìåíüøàÿ îáù-
íîñòè, ìîæíî ñ÷èòàòü, ÷òî D èíâàðèàíòíà îòíîñèòåëüíî f . Äóãà d ⊂ D ïåðåñåêà-
åò ôóíäàìåíòàëüíîå êîëüöî F s â ðàçíûõ îêðóæíîñòÿõ, îãðàíè÷èâàþùèõ F s . Òàê êàê∪
i∈Z

f i(F s) = W s(σ1)− σ1 , òî óòâåðæäåíèå âûòåêàåò èç øàãà 5. ⋄

Øàã 7 Êàæäàÿ íåçàìêíóòàÿ êðèâàÿ èç ïåðåñå÷åíèÿ W s(σ1)∩W u(σ2) ïîñëå äîáàâëåíèÿ
êîíöåâûõ òî÷åê σ1 è σ2 ïðåâðàùàåòñÿ â íåïðåðûâíûé ïóòü, ñîåäèíÿþùèé òî÷êè σ1 , σ2 .

Äîêàçàòåëüñòâî øàãà 7 äîñòàòî÷íî ïðîâåñòè äëÿ D . Â ñèëó øàãà 1, â F s êðèâàÿ D íå
èìååò òî÷åê íàêîïëåíèÿ. Ñëåäîâàòåëüíî, îíà íå èìååò òî÷åê íàêîïëåíèÿ â ëþáîì êîëüöå
f i(F s) . Òàê êàê â ñêîëü óãîäíî ìàëîé îêðåñòíîñòè òî÷êè σ1 ëåæàò âñå êîëüöà f i(F s) ,
íà÷èíàÿ ñ íåêîòîðîãî ìîìåíòà, òî D äîîïðåäåëÿåòñÿ â íåïðåðûâíûé ïóòü â òî÷êå σ1 .
Àíàëîãè÷íî äîêàçûâàåòñÿ âîçìîæíîñòü íåïðåðûâíîãî äîîïðåäåëåíèÿ â σ2 . ⋄

Ýòî çàâåðøàåò äîêàçàòåëüñòâî òåîðåìû. �
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ÓÄÊ 519.63

Èòåðàòèâíûé ìåòîä ïåðâîãî ïîðÿäêà äëÿ àêêðåòèâíûõ

âêëþ÷åíèé â áàíàõîâîì ïðîñòðàíñòâå

c⃝ È. Ï. Ðÿçàíöåâà1

Àííîòàöèÿ. Äëÿ óðàâíåíèé ñ ìíîãîçíà÷íûìè àêêðåòèâíûìè îïåðàòîðàìè â áàíàõîâîì ïðî-
ñòðàíñòâå ïîñòðîåí èòåðàòèâíûé íåÿâíûé ìåòîä ïåpâîãî ïîðÿäêà, ïîëó÷åíû äîñòàòî÷íûå
óñëîâèÿ åãî ñèëüíîé ñõîäèìîñòè ê påøåíèþ èñõîäíîé çàäà÷è.

Êëþ÷åâûå ñëîâà: èòåðàòèâíûé ìåòîä, àêêðåòèâíûé îïåpàòîp, ðåçîëüâåíòà, ñõîäèìîñòü,
äóàëüíîå îòîáðàæåíèå

Ïóñòü X � ñòðîãî âûïóêëîå è ðàâíîìåðíî ãëàäêîå áàíàõîâî ïpîñòpàíñòâî, ìîäóëü
ãëàäêîñòè êîòîðîãî ðàâåí ρX(τ), X

∗ � ïðîñòðàíñòâî, ñîïðÿæåííîå X, ⟨u, v⟩ � çíà÷åíèå
ëèíåéíîãî ôóíêöèîíàëà u ∈ X∗ íà ýëåìåíòå v ∈ X, B : X → 2X � m -àêêðåòèâíûé
îïåðàòîð, ò.å. R(αB + E) = X ïðè âñåõ α > 0, E : X → X � åäèíè÷íûé îïåðàòîð,
Js : X → X∗ � äóàëüíîå îòîáðàæåíèå â X ñ ìàñøòàáíîé ôóíêöèåé µ(t) = ts−1, s > 1,
ïðè s = 2 èìååì íîðìàëèçîâàííîå äóàëüíîå îòîáðàæåíèå J : X → X∗ (ñì. [1], c.65).

Ïðåäïîëîæèì, ÷òî îïåðàòîð A : X → X îáëàäàåò ñâîéñòâàìè:
(i) ÿâëÿåòñÿ ñèëüíî àêêðåòèâíûì, ò.å.

⟨J(u− v), Au− Av⟩ ≥M∥u− v∥2 ∀u, v ∈ X, M > 0;

(ii) óäîâëåòâîðÿåò óñëîâèþ Ëèïøèöà, ò.å.

∥Au− Av∥ ≤ L∥u− v∥ ∀u, v ∈ X, L > 0.

Ðàññìîòðèì â X óðàâíåíèå
Ax+Bx = f (1.1)

ñ ìíîãîçíà÷íûì îïåðàòîðîì, ðåøåíèå êîòîðîãî ïîíèìàåì â ñìûñëå ñëåäóþùåãî âêëþ÷å-
íèÿ

f − Ax ∈ Bx. (1.2)

Èñïîëüçóÿ ðåçîëüâåíòó îïåðàòîðà B, îïðåäåëÿåìóþ ðàâåíñòâîì IαB = (αB + E)−1, îò
óðàâíåíèÿ (1.1) ïåðåéäåì ê óðàâíåíèþ ñ îäíîçíà÷íûì îïåðàòîðîì

x = IαB(x− α[Ax− f ]). (1.3)

Ýòîò ïåðåõîä âûçâàí òåì, ÷òî ïîñòðîåíèå ìíîæåñòâà çíà÷åíèé ìíîãîçíà÷íîãî îïåðàòîðà
â òî÷êå � íåïðîñòàÿ çàäà÷à (ñì. ïðèìåð 2.4.3 èç [1]).

Â íàøèõ óñëîâèÿõ îäíîçíà÷íàÿ ðàçðåøèìîñòü (1.1) äîêàçàíà â [2]. Â äàëüíåéøèõ èñ-
ñëåäîâàíèÿõ ñóùåñòâåííóþ ðîëü èãðàåò îïåðàòîð Js. Ïðèâåäåì íåêîòîðûå ñâîéñòâà ýòîãî
îïåðàòîðà. Ïðåæäå âñåãî â íàøèõ óñëîâèÿõ îòìåòèì åãî îäíîçíà÷íîñòü è íåïðåðûâíîñòü.
Êðîìå òîãî, ñïðàâåäëèâî íåðàâåíñòâî (ñì. [1], ñ.79, 88)

⟨Jsu− Jsv, u− v⟩ ≤ c1∥u− v∥2 + c2ρX(∥u− v∥), (1.4)

çäåñü ∥u∥ ≤ R, ∥v∥ ≤ R, c1 = c3(s − 1), c2 = c3c4, c3 = 23s−1Rs−2/s, c4 = max{F,R}, F �
ïîñòîÿííàÿ Ôèãåëÿ.

Èñïîëüçóÿ (1.4), ìîæíî ïîëó÷èòü îöåíêó ñâåðõó äëÿ ∥Jsu − Jsv∥ íà B̄(0, R), ò.ê.
ïîäîáíî [1], ñ. 83-85 äîêàçûâàåòñÿ óòâåðæäåíèå.

1 Ïðîôåññîð êàôåäðû ïðèêëàäíîé ìàòåìàòèêè, Íèæåãîðîäñêèé ãîñóäàðñòâåííûé òåõíè÷åñêèé óíèâåð-
ñèòåò èì. Ð. Å. Àëåêñååâà, Íèæíèé Íîâãîðîä; lryazantseva@applmath.ru

Æóðíàë ÑÂÌÎ. 2013. Ò. 15, � 3



30 È. Ï. Ðÿçàíöåâà

Ë å ì ì à 1.3. Â ðàâíîìåðíî ãëàäêîì áàíàõîâîì ïðîñòðàíñòâå X ñïðàâåäëèâî íå-
ðàâåíñòâî

∥Jsu− Jsv∥ ≤ c1∥u− v∥+ 2c2
qX(∥u− v∥)
∥u− v∥

∀u, v ∈ B̄(0, R) = {x | ∥x∥ ≤ R}, (1.5)

ãäå

qX(ξ) =

∫ 1

0

ρX(tξ)

t
dt, ξ ≥ 0.

Ç à ì å ÷ à í è å 1.1. Ïîñêîëüêó (ñì. [1], ñ.16)

lim
t→0+

ρX(t)

t
= 0, (1.6)

òî ôóíêöèÿ ρX(tξ)/ξ îïðåäåëåíà ïðè âñåõ ξ ≥ 0. Íå íàðóøàÿ íåðàâåíñòâà (1.5), ôóíêöèþ
ρX(τ) ìîæíî çàìåíèòü íåïðåðûâíîé ôóíêöèåé ρ̃X(τ) òàêîé, ÷òî ρX(τ) ≤ ρ̃X(τ) è ñî-
õðàíÿþùåé ñâîéñòâî (1.6). Äëÿ ïðîñòðàíñòâ Ëåáåãà òàêàÿ ôóíêöèÿ ρ̃X(τ) ñóùåñòâóåò
(ñì. [1], ñ.27).

Ç à ì å ÷ à í è å 1.2. Äëÿ íîðìàëèçîâàííîãî äóàëüíîãî îòîáðàæåíèÿ J âåðíà áî-
ëåå òî÷íàÿ, ÷åì ïîëó÷àåìàÿ èç (1.4) îöåíêà (ñì. [1], ñ.74)

⟨Ju− Jv, u− v⟩ ≤ 8
[
∥u− v∥2 + c4ρX(∥u− v∥)

]
,

îòêóäà ïîäîáíî (1.5) ïîëó÷àåì

∥Ju− Jv∥ ≤ 8

[
∥u− v∥+ 2c4

qX(∥u− v∥)
∥u− v∥

]
∀u, v ∈ B̄(0, R). (1.7)

Ïîëüçóÿñü ëåììîé, óñòàíîâèì ñâîéñòâà âèäà (1.5) äëÿ îïåðàòîðîâ J è Jp â ïðîñòðàí-
ñòâàõ Ëåáåãà Lp.

Ïðè p > 2 è s = p ìîäóëü ãëàäêîñòè ρX(τ) ≤ (p − 1)τ 2 (ñì. [1], ñ. 27), ôóíêöèÿ
qX(ξ) = (p− 1)ξ2/2, è â ñèëó (1.5)

∥Jpu− Jpv∥ ≤ [c1 + (p− 1)c2]∥u− v∥. (1.8)

Ïóñòü p ∈ (1, 2), s = 2, òîãäà ρX(τ) ≤ τ p/p (ñì. [1], ñ.27), qX(ξ) = ξp/p2, è èç (1.7)
èìååì

∥Ju− Jv∥ ≤ 8

[
∥u− v∥+ 2c4

p2
∥u− v∥p−1

]
. (1.9)

Îòìåòèì, ÷òî îòîáðàæåíèå Jp â Lp ïðè p ∈ (1, 2) óäîâëåòâîðÿåò íà X óñëîâèþ
Ãåëüäåðà (ñì.[1], ñ. 85)

∥Jpu− Jpv∥ ≤ 4

p2(2p−1 − 1)
∥u− v∥p−1, (1.10)

à äëÿ J â Lp ïðè p > 2 âûïîëíåíî óñëîâèå Ëèïøèöà (ñì. [1], ñ. 84)

∥Ju− Jv∥ ≤ (p− 1)∥u− v∥. (1.11)

Äëÿ ðåøåíèÿ óðàâíåíèÿ (1.1) â [2] ïîñòðîåí íåïðåðûâíûé ìåòîä ïåðâîãî ïîðÿäêà â
âèäå ñëåäóþùåé çàäà÷è Êîøè (ñì. [3]):

u′(t) + u(t) = I
γ(t)
B (u(t)− γ(t)[Au(t)− f ]), (1.12)

u(t0) = u0 ∈ X, t0 ≥ 0, (1.13)

è äîêàçàíî óòâåðæäåíèå.
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Ò å î ð å ì à 1.1. Ïóñòü X � ñòðîãî âûïóêëîå è ðàâíîìåðíî ãëàäêîå áàíàõîâî
ïðîñòðàíñòâî, B : X → 2X � m -àêêðåòèâíûé îãðàíè÷åííûé îïåðàòîð, îïåðàòîð
A : X → X îáëàäàåò ñâîéñòâàìè (i) è (ii), γ(t) � ïîëîæèòåëüíàÿ íåïðåðûâíàÿ ôóíêöèÿ,
è âûïîëíåíû óñëîâèÿ

lim
t→∞

γ(t) = 0,

∫ ∞

t0

γ(t)dt = +∞,

sM − L > 0, (1.14)

Ïóñòü ñóùåñòâóåò ÷èñëî r0 > 0 òàêîå, ÷òî

⟨Jy, y − I
γ(t)
B (y − γ(t)[Ay − f ])⟩ ≥ 0 ïðè ∥y∥ ≥ r0. (1.15)

Òîãäà ñóùåñòâóåò åäèíñòâåííîå ðåøåíèå u(t) ∈ C1[t0,+∞) çàäà÷è Êîøè (1.12), (1.13)
ïðè ëþáîì u0 ∈ X, è u(t) → x ïðè t → ∞, ãäå x � åäèíñòâåííîå ðåøåíèå óðàâíåíèÿ
(1.1).

Ç à ì å ÷ à í è å 1.3. Îòìåòèì, ÷òî ïðåäïîëîæåíèå (1.15) åñòü îäíî èç äîñòà-
òî÷íûõ óñëîâèé ðàçðåøèìîñòè óðàâíåíèÿ (1.3) (ñì., íàïðèìåð, [1], ñ.15, 158).

Ïóñòü ïðîñòðàíñòâî X, îïåðàòîðû A è B óäîâëåòâîðÿþò óñëîâèÿì òåîðåìû 1.1., è
âåðíî (1.14). Ïîñòðîèì ðàçíîñòíûé àíàëîã ìåòîäà (1.12), (1.13) ñëåäóþùåãî âèäà:

un+1 − un
τn+1

+ un+1 = IγnB (un+1 − γn[Aun+1 − f ]), n = 1, 2, ..., (1.16)

ãäå ýëåìåíò u1 ∈ X çàäàåòñÿ, {τn} è {γn} � îãðàíè÷åííûå ïîñëåäîâàòåëüíîñòè ïîëî-
æèòåëüíûõ ÷èñåë, îïåðàòîð IγnB = (γnB + E)−1 : X → X åñòü ðåçîëüâåíòà îïåðàòîðà
B.

Óñòàíîâèì îäíîçíà÷íóþ ðàçðåøèìîñòü óðàâíåíèÿ (1.16) îòíîñèòåëüíî un+1. Äëÿ ýòîãî
îò (1.16) ïåðåéäåì ê ýêâèâàëåíòíîìó óðàâíåíèþ

γnB

(
un+1 − un
τn+1

+ un+1

)
+
un+1 − un
τn+1

+ γn(Aun+1 − f) = 0, (1.17)

èëè

B

(
ξn+1un+1 −

un
τn+1

)
+

un+1

γnτn+1

+ Aun+1 = f +
un

γnτn+1

, (1.18)

ãäå ξn+1 = 1 + 1/τn+1. Ïîñêîëüêó ξn > 0 ïðè âñåõ n ≥ 1, òî äëÿ m -àêêðåòèâíîãî
îïåðàòîðà B íåòðóäíî óáåäèòüñÿ â m -àêêðåòèâíîñòè îòîáðàæåíèÿ BT, ãäå Tx = ξn+1x−
un/τn+1. Ñëåäîâàòåëüíî, ñóùåñòâîâàíèå åäèíñòâåííîãî ðåøåíèÿ (1.18) (à çíà÷èò, è (1.16),
(1.17)) óñòàíàâëèâàåòñÿ òåìè æå ðàññóæäåíèÿìè, ÷òî è äëÿ óðàâíåíèÿ (1.1).

Èññëåäóåì ïîâåäåíèå ïîñëåäîâàòåëüíîñòè {un} ïðè n → ∞. Ïóñòü ýëåìåíò hn+1 ∈
B(ηn+1 + un+1) òàêîé, ÷òî (ñì. (1.17))

γnhn+1 + ηn+1 + γn(Aun+1 − f) = 0, ηn+1 =
un+1 − un
τn+1

. (1.19)

Êðîìå òîãî, ñîãëàñíî (1.2), ñóùåñòâóåò ýëåìåíò v ∈ Bx òàêîé, ÷òî

v + Ax− f = 0. (1.20)

Óìíîæèâ (1.20) íà γn, èìååì
γnv + γn(Ax− f) = 0. (1.21)
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Òåïåðü èç (1.19) è (1.21) ïîëó÷àåì, ÷òî

⟨Js(ηn+1 + un+1 − x), ηn+1⟩+ γn[⟨Js(ηn+1 + un+1 − x), hn+1 − v⟩+
+ ⟨Js(ηn+1 + un+1 − x), Aun+1 − Ax⟩] = 0. (1.22)

Ïóñòü ïðåäïîëîæåíèå (1.15) âåðíî ïðè çàìeíå γ(t) íà γn, ò.å. ñïðàâåäëèâî íåðàâåíñòâî

⟨Jy, y − IγnB (y − γn[Ay − f ])⟩ ≥ 0 ïðè ∥y∥ ≥ r0. (1.23)

Äîêàæåì îãðàíè÷åííîñòü {un}. Ïðåäïîëîæèì ïðîòèâíîå: ïóñòü ∥un∥ → ∞. Òîãäà ïðè
äîñòàòî÷íî áîëüøèõ n ñïðàâåäëèâî íåðàâåíñòâî ∥un∥ ≥ r0, è â ñèëó (1.23) èìååì

⟨Jun+1, un+1 − IγnB (un+1 − γn[Aun+1 − f ])⟩ ≥ 0.

Êðîìå òîãî, èç (1.16) ïîëó÷àåì

⟨Jun+1, ηn+1 + un+1 − IγnB (un+1 − γn[Aun+1 − f ])⟩ = 0.

Îòñþäà ñ ó÷åòîì ïîñëåäíåãî íåðàâåíñòâà ïîëó÷àåì, ÷òî ⟨Jun+1, ηn+1⟩ ≤ 0 èëè ∥un+1∥ ≤
∥un∥. Òàêèì îáðàçîì, äîêàçàíà îãðàíè÷åííîñòü {un}. Òåïåðü èç (1.16) âûòåêàåò îãðàíè-
÷åííîñòü {(un+1 − un)/τn+1}. Ïóñòü

∥un∥ ≤ C̄,
∥un+1 − un∥

τn+1

≤ C̃ ∀n. (1.24)

Îïðåäåëèì âåëè÷èíó rn = ∥un − x∥s/s. Óñòàíîâëåííûå îöåíêè (1.24) è ñâîéñòâà (i), (ii)
îïåðàòîðà A ïîçâîëÿþò çàïèñàòü ñëåäóþùèå ñîîòíîøåíèÿ:

⟨Js(ηn+1 + un+1 − x), Aun+1 − Ax⟩ = ⟨Js(un+1 − x), Aun+1 − Ax⟩+
+ ⟨Js(ηn+1 + un+1 − x)− Js(un+1 − x), Aun+1 − Ax⟩ ≥ sMrn+1 −

− L∥un+1 − x∥C(∥ηn+1∥) ≥ (sM − L)rn+1 −
L

m
Cm(∥ηn+1∥),

1

s
+

1

m
= 1, (1.25)

ïðè÷åì ïîñòîÿííûå c1 è c2, îïðåäåëÿþùèå ôóíêöèþ C(ξ) = c1ξ+2c2qX(ξ)/ξ, çàâèñÿò îò
R = C̄ + C̃ + ∥x||. Çäåñü ìû èñïîëüçîâàëè íåðàâåíñòâî ab ≤ as/s + bm/m, a > 0, b > 0.
Îòìåòèì, ÷òî ñ ïîìîùüþ (1.6), íåòðóäíî ïðîâåðèòü ðàâåíñòâî C(0) = 0.

Ïåðâîå ñëàãàåìîå â (1.22) ñ ó÷åòîì ìîíîòîííîñòè îïåðàòîðà Js îöåíèì ñëåäóþùèì
îáðàçîì:

⟨Js(ηn+1 + un+1 − x), ηn+1⟩ = ⟨Js(ηn+1 + un+1 − x)− Js(un+1 − x), ηn+1⟩+

+ ⟨Js(un+1 − x), ηn+1⟩ ≥
1

τn+1

⟨Js(un+1 − x), un+1 − un⟩. (1.26)

Äëÿ âñÿêîãî âûïóêëîãî äèôôåðåíöèðóåìîãî ïî Ãàòî íà X ôóíêöèîíàëà φ : X → R
âåðíî íåðàâåíñòâî (ñì. [1], ñ.37, 38)

φ(x)− φ(y) ≥ ⟨gradφ(y), x− y⟩ ∀x, y ∈ X.

Ïðèìåíèâ ïîñëåäíåå íåðàâåíñòâî ê ôóíêöèîíàëó φ(x) = ∥x∥s/s, èç (1.26) èìååì

⟨Js(ηn+1 + un+1 − x), ηn+1⟩ ≥
1

τn+1

(rn+1 − rn). (1.27)
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Èç (1.17) áåç òðóäà âûâîäèòñÿ îöåíêà

∥ηn+1∥ ≤ ã1γn ∀n, ã1 > 0. (1.28)

Òåïåðü èç (1.22) ñ ó÷åòîì (1.25), (1.27), (1.28) ïîëó÷àåì ðåêóðåíòíîå íåðàâåíñòâî

rn+1 ≤
(
1− γnτn+1ξ0

1 + γnτn+1ξ0

)
rn + γnτn

L

m(1 + γnτn+1ξ0)
Cm(ã1γn), ξ0 = sM − L,

è ëåììà èç ðàáîòû [4], c. 385 ïîçâîëÿåò óñòàíîâèòü óòâåðæäåíèå.

Ò å î ð å ì à 1.2. Ïóñòü X � ñòðîãî âûïóêëîå è ðàâíîìåðíî ãëàäêîå áàíàõîâî
ïðîñòðàíñòâî, B : X → 2X � m -àêêðåòèâíûé îãðàíè÷åííûé îïåðàòîð, îïåðàòîð
A : X → X îáëàäàåò ñâîéñòâàìè (i) è (ii), {γn}, {τn} � îãðàíè÷åííûå ïîñëåäîâàòåëüíî-
ñòè ïîëîæèòåëüíûõ ÷èñåë, âûïîëíåíû óñëîâèÿ (1.14),

lim
n→∞

γn = 0,
∞∑
n=1

γnτn+1 = +∞,

è âåðíî (1.15) ïðè γ(t) = γn. Òîãäà ïîñëåäîâàòåëüíîñòü {un} îïðåäåëÿåòñÿ îäíîçíà÷íî
èç (1.16), è ïðè ëþáîì u1 ∈ X ñõîäèòñÿ ïî íîðìå ïðîñòðàíñòâà X ê åäèíñòâåííîìó
ðåøåíèþ óðàâíåíèÿ (1.1).

Ç à ì å ÷ à í è å 1.4. Â áàíàõîâîì ïðîñòðàíñòâå âåëè÷èíà ⟨Jsx−Jsy, x−y⟩ ñâåð-
õó è ñíèçó îöåíèâàåòñÿ ðàçíûìè ñòåïåíÿìè ∥x − y∥, ïðè÷åì îöåíêè íîñÿò ëîêàëü-
íûé õàðàêòeð, ïîýòîìó â áàíàõîâîì ïðîñòðàíñòâå â îòëè÷èå îò ãèëüáåðòîâà âìåñòî
γn = γ > 0 (ñì., íàïðèìåð, [5] è [6]) âûáðàíà ïîñëåäîâàòåëüíîñòü {γn} ñî ñâîéñòâàìè,
óêàçàííûìè â òåîðåìå 1.2..

Ç à ì å ÷ à í è å 1.5. Ïóñòü X = Lp, p > 1. Â çàâèñèìîñòè îò s íåðàâåíñòâî
(1.5) ïðèíèìàåò âèä ëèáî (1.8), (1.9), ëèáî (1.10), (1.11). Â òåîðåìå 1.2. èññëåäîâàí ñëó-
÷àé óñëîâèé (1.8), (1.9). Ïðè âûïîëíåíèè (1.10), (1.11) óòâåðæäåíèå òåîðåìû 1.2. ñîõðà-
íÿåòñÿ, ïðè ýòîì äîêàçàòåëüñòâî ïðàêòè÷åñêè íå ìåíÿåòñÿ.
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Abstract. First-order iterative method be constructed for equations in Banach space with set-
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obtained.
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Â Ñðåäíåâîëæñêîì ìàòåìàòè÷åñêîì îáùåñòâå

ÓÄÊ 517.9

Ìàòåìàòè÷åñêîå ìîäåëèðîâàíèå ðåàêöèè

öèêëîàëþìèíèðîâàíèÿ îëåôèíîâ è àöåòèëåíîâ

òðèýòèëàëþìèíèåì

c⃝ Ë. Ð. Àáçàëèëîâà1, Ñ. È. Ñïèâàê2

Àííîòàöèÿ. Â ðàáîòå îòðàæåíû ðåçóëüòàòû ìàòåìàòè÷åñêîãî ìîäåëèðîâàíèÿ êàòàëèòè÷å-
ñêîãî öèêëîàëþìèíèðîâàíèÿ îëåôèíîâ è àöåòèëåíîâ, âû÷èñëåíû çíà÷åíèÿ êèíåòè÷åñêèõ ïà-
ðàìåòðîâ è ïðîàíàëèçèðîâàíû ñêîðîñòè ïðîòåêàíèÿ ëèìèòèðóþùèõ ñòàäèé ðåàêöèè.

Êëþ÷åâûå ñëîâà: ìàòåìàòè÷åñêàÿ ìîäåëü, ïðÿìàÿ è îáðàòíàÿ êèíåòè÷åñêàÿ çàäà÷è, êèíå-
òè÷åñêèå ïàðàìåòðû

1. Ââåäåíèå

Àêòèâíîå ðàçâèòèå â ïîñëåäíèå äåñÿòèëåòèÿ ïîëó÷èë ìåòàëëîêîìïëåêñíûé êàòàëèç [1],
[2], [3]. Ïðè èññëåäîâàíèè ýòèõ ðåàêöèé îäíîé èç êëþ÷åâûõ ïðîáëåì ÿâëÿåòñÿ èäåíòèôè-
êàöèÿ ìåõàíèçìà[4]. Â ðåçóëüòàòå èçó÷åíèÿ ðåàêöèè öèêëîàëþìèíèðîâàíèÿ îëåôèíîâ è
àöåòèëåíîâ ñ ïîìîùüþ AlEt3 â [5] áûëè ïðåäëîæåíû ñõåìû ìåõàíèçìîâ ôîðìèðîâàíèÿ
ìîëåêóë ïÿòè÷ëåííûõ ÀÎÑ (êëþ÷åâûìè èíòåðìåäèàòàìè ÿâëÿþòñÿ öèðêîíàöèêëîïåíòà-
íû è áèìåòàëëè÷åñêèå Al,Zr-êîìïëåêñû). Àâòîðàì ýòèõ ðàáîò íå óäàëîñü âûäåëèòü è èäåí-
òèôèöèðîâàòü ïðîìåæóòî÷íûå êàòàëèòè÷åñêè àêòèâíûå êîìïëåêñû, ó÷àñòâóþùèå â îáðà-
çîâàíèè ÀÖÏ. Â ëàáîðàòîðèè êàòàëèòè÷åñêîãî ñèíòåçà Èíñòèòóòà íåôòåõèìèè è êàòàëèçà
ïîä ðóêîâîäñòâîì Ó.Ì.Äæåìèëåâà âïåðâûå ýêñïåðèìåíòàëüíî èçó÷åí ìåõàíèçì ðåàêöèè
öèêëîìåòàëëèðîâàíèÿ îëåôèíîâ AlEt3 ñ îáðàçîâàíèåì ÀÖÏ â ïðèñóòñòâèè êàòàëèçàòîðà
Cp2 ZrCl2 ìåòîäîì äèíàìè÷åñêîé ñïåêòðîñêîïèè ßÌÐ 1H è 13C [6], [7]. Íà îñíîâàíèè
ýêñïåðèìåíòàëüíûõ äàííûõ èìè áûëà ïðåäëîæåíà îáîáùåííàÿ ñõåìà ìåõàíèçìà ðåàêöèè
öèêëîìåòàëëèðîâàíèÿ îëåôèíîâ è àöåòèëåíîâ [8].

Çàäà÷åé íàñòîÿùåé ðàáîòû ÿâëÿåòñÿ ïîñòðîåíèå êèíåòè÷åñêîé ìîäåëè ðåàêöèè öèêëî-
àëþìèíèðîâàíèÿ îëåôèíîâ è àöåòèëåíîâ AlEt3 â ïðèñóòñòâèè Cp2ZrCl2 Ñõåìà ïðåâðàùå-
íèé, ñîîòâåòñòâóþùàÿ ñõåìå ïðåäëîæåííîé â [8] èìååò âèä:

A1 +
1
2
A2 
k1

k−1

1
2
A3 +

1
2
A4

A1 + A3
k2→ A4 + A12

A3 + A4
k3→ A1 ++1

2
A6 +

1
2
A13

A3
k4→ A5 + A13

A19
k5→ A13 + A20

A1 + A5
k6→ A8 + A13

1 Ìëàäøèé íàó÷íûé ñîòðóäíèê ëàáîðàòîðèè ìàòåìàòè÷åñêîé õèìèè, Èíñòèòóò íåôòåõèìèè êàòàëèçà
ÐÀÍ, ã. Óôà; abzalilova.liya@gmail.com.

2 Çàâåäóþùèé ëàáîðàòîðèåé ìàòåìàòè÷åñêîé õèìèè, Èíñòèòóò íåôòåõèìèè êàòàëèçà ÐÀÍ, ã. Óôà;
s.spivak@bashnet.ru.
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A5 + A9
k7→ A10

2A2 + A6
k8→ 2A4 + A7

A7
k9→ A3 + A5

ãäå A1 = AlEt3, A2 = Cp2ZrCl2 , A3 = Cp2Zr(C2H5)Cl ·
Al(C2H5)3 , A4 = ClAl(C2H5)2 , A5 = Cp2ZrCH2CH2Al(Cl)(C2H5)2, A6 =
(Cl)Cp2ZrCH2CH2ZrCp2(Cl) · 2[ClAl(C2H5)2], A7 = (Cl)Cp2ZrCH2CH2ZrCp2(Cl) ·
2[Al(C2H5)3], A8 = Cp2Zr(Cl)CH2CH[Al(C2H5)2]2, A9 = CH2CHR,A10 =
Cp2Zr(Cl)CH2CHRCH2CH2Al(C2H5)2, A11 = (C2H5)Al(CH2)3CHR,A12 =
Cp2Zr(C2H5)2 · Al(C2H5)3, A13 = C2H5 , xi -ìîëüíàÿ äîëÿ i -òîãî êîìïîíåíòà (ñîîò-
âåòñòâóåò ñîåäèíåíèþ Ai ), k+j , k−j �êîíñòàíòà ñêîðîñòè ïðÿìîé è îáðàòíîé ðåàêöèè,
ñîîòâåòñòâåííî, j -îé ñòàäèè.

Êàòàëèòè÷åñêàÿ ðåàêöèÿ öèêëîàëþìèíèðîâàíèÿ îëåôèíîâ òðèýòèëàëþìèíèåì â ïðè-
ñóòñòâèå êàòàëèçàòîðà Cp2ZrCl2 ïðîâîäèòñÿ â ëàáîðàòîðíîì ðåàêòîðå ñ ìàãíèòíîé ìå-
øàëêîé â äèàïàçîíå òåìïåðàòóð îò 18 äî 50oC äëÿ îëåôèíà îêòåí-1, è îò 30 äî 50oC äëÿ
àöåòèëåíà îêòèí-4. Êîððåêòíûì ìàòåìàòè÷åñêèì îïèñàíèåì äàííîé ðåàêöèè ÿâëÿåòñÿ ñè-
ñòåìà äèôôåðåíöèàëüíûõ óðàâíåíèé:

dx1

dt
= −ω1 − ω2 + ω3 − ω5 − ω7 − 2ω8

dx2

dt
= −1

2
ω1

dx3

dt
= 1

2
ω1 − ω2 − ω3 − ω4 + ω7

dx4

dt
= 1

2
ω1 + ω2 − ω3 − ω8

dx5

dt
= ω4 − ω5 − ω6 + ω9

dx6

dt
== 1

2
ω3 + ω8

dx7

dt
= ω8 − ω9

dx8

dt
= ω5

dx9

dt
= −ω6

dx10

dt
= ω6 − ω7

dx11

dt
= ω7

dx12

dt
= ω2

dx13

dt
= ω3 + ω4 + ω5

ñ íà÷àëüíûìè óñëîâèÿìè
x1(0) = x01, x2(0) = x02, x9(0) = x09, xi(0) = 0 , i=3,4,5,6,7,8,10,11,12,13
Ñêîðîñòè ðåàêöèè ωj îïðåäåëÿþòñÿ íà îñíîâàíèè çàêîíà äåéñòâóþùèõ ìàññ:
ω1 = k+1 x1x

0.5
2 − k−1 x

0.5
3 x0.54

ω2 = k+2 x1x3
ω3 = k+3 x3x4
ω4 = k+4 x3
ω5 = k+5 x1x5
ω6 = k+6 x5x9
ω7 = k+7 x1x10
ω8 = k+8 x

2
1x6

ω9 = k+9 x7
Âñå çíà÷åíèÿ xi ñâÿçàíû ìåæäó ñîáîé çàêîíàìè ñîõðàíåíèÿ, êîòîðûå ñëåäóþò èç ìî-

ëåêóëÿðíîãî ñîñòàâà âåùåñòâ:
Ýòè ñîîòíîøåíèÿ âûïîëíÿþòñÿ âñåãäà â êàæäîé òî÷êå ðàñ÷åòà. Äëÿ îïðåäåëåíèÿ êè-

íåòè÷åñêèõ ïàðàìåòðîâ ðåøàëè îáðàòíóþ çàäà÷ó ìèíèìèçàöèè ôóíêöèîíàëà
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Òàáëèöà 1: Çàêîíû ñîõðàíåíèÿ äëÿ xi
x2 + x3 + x5 + 2x6 + 2x7 + x8 + x10 + x12 = c1 ïî ýëåìåíòó Zr

2x2 + x3 + x4 + x5 + 4x6 + 4x7 + x8 + x10 + x10 = c2 ïî ýëåìåíòó Cl
x1 + x3 + x4 + x5 + 2x6 + 2x7 + 2x8 + x10 + x11 + 2x12 = c3 ïî ýëåìåíòó Al

15x1 + 10x2 + 30x3 + 10x4 + 24x5 + 44x6 + 54x7 + 33x8 + 3x9+ ïî
+27x10 + 12x11 + 35x12 + 6x13 = c4 ýëåìåíòó H

6x1 + 10x2 + 18x3 + 4x4 + 16x5 + 30x6 + 34x7 + 20x8 + 2x9+ ïî
+18x10 + 6x11 + 20x12 + 2x13 = c5 ýëåìåíòó C

F (kj, k−j) =
1

K

K∑
k=1

N∑
i=1

L∑
l=1

|xpkil − xekil| → min (1.1)

ãäå xpkil - ðàñ÷åòíûå çíà÷åíèÿ êîíöåíòðàöèé íàáëþäàåìûõ âåùåñòâ, (ìîëüíûå äîëè);
xekil - ýêñïåðèìåíòàëüíî ïîëó÷åííûå çíà÷åíèÿ êîíöåíòðàöèé íàáëþäàåìûõ âåùåñòâ, (ìîëü-
íûå äîëè); L - êîëè÷åñòâî íàáëþäàåìûõ âåùåñòâ; n - êîëè÷åñòâî òî÷åê ýêñïåðèìåíòà; K -
êîëè÷åñòâî ýêñïåðèìåíòîâ.

Çàâèñèìîñòü êîíñòàíòû ñêîðîñòè õèìè÷åñêîé ðåàêöèè k îò òåìïåðàòóðû T îïðåäåëÿ-
åòñÿ óðàâíåíèåì Àððåíèóñà:

k = k0 · E− Ea
R·T

ãäå k - ïðèâåäåííàÿ êîíñòàíòà ñêîðîñòè ýëåìåíòàðíîé ñòàäèè, 1/÷; Ea - ýíåðãèÿ àêòèâà-
öèè, Äæ/ìîëü, R - óíèâåðñàëüíàÿ ãàçîâàÿ ïîñòîÿííàÿ, Äæ/(ìîëü · Ê), k0 - ïðåäýêñïî-
íåíöèàëüíûé ìíîæèòåëü, T - òåìïåðàòóðà, Ê.

Ñëåäóåò îòìåòèòü, ÷òî ïðè ðåøåíèè îáðàòíîé êèíåòè÷åñêîé çàäà÷è íàõîæäåíèå ýíåð-
ãèé àêòèâàöèé è ïðåäýêñïîíåíöèàëüíûõ ìíîæèòåëåé, à çàòåì óæå ïî ýòèì çíà÷åíèÿì
âû÷èñëåíèå êîíñòàíò ñêîðîñòåé óâåëè÷èëî ðàçìåðíîñòü îáðàòíîé çàäà÷è â 2 ðàçà, îäíàêî,
ïîçâîëèëî ïîëó÷èòü êîíñòàíòû, êîòîðûå âñåãäà óäîâëåòâîðÿþò ñîîòíîøåíèþ Àððåíóèñà .
Òàêèì îáðàçîì, êèíåòè÷åñêàÿ ìîäåëü èññëåäóåìîãî ïðîöåññà ïðåäñòàâëÿåò ñîáîé ñèñòåìó
îáûêíîâåííûõ äèôôåðåíöèàëüíûõ óðàâíåíèé ñ íåëèíåéíûìè ïðàâûìè ÷àñòÿìè, âêëþ÷à-
þùóþ 13 óðàâíåíèé äëÿ îïðåäåëåíèÿ êîíöåíòðàöèé êîìïîíåíòîâ ðåàêöèè ñ 10 êèíåòè÷å-
ñêèìè ïàðàìåòðàìè k+1 , k

−
1 , k

+
2 , k

+
3 , k

+
4 , k

+
5 , k

+
6 , k

+
7 , k

+
8 , k

+
9 êîòîðûå ñâÿçàíû ñ òåìïåðàòóðîé

ñîîòíîøåíèåì Àððåíèóñà.
Ðåøåíèå îáðàòíîé çàäà÷è îñóùåñòâëÿëîñü ïàðàëëåëüíî: îäèí ïðîöåññîð îïðåäåëÿë êè-

íåòè÷åñêèå ïàðàìåòðû áåç 6-îé è 7-îé ñòàäèè (èñêëþ÷èëè ñòàäèè âíåäðåíèÿ îëåôèíà), à
äðóãîé íàõîäèë çíà÷åíèÿ E6 è E7 ïðè ôèêñèðîâàííûõ Ei , i = 1, 5 , E8 , E9 è ñîîò-
âåòñòâóþùèå k0 . Ïðîöåññ ÷åðåäîâàëñÿ äî äîñòèæåíèÿ òðåáóåìîé òî÷íîñòè. Àíàëîãè÷íûì
îáðàçîì ïðîâîäèëñÿ ðàñ÷åò äëÿ ñëó÷àÿ ñ àöåòèëåíîì, âû÷èñëÿëè çíà÷åíèÿ ýíåðãèé àêòè-
âàöèè E6 è E7 ïðè íàéäåííûõ çíà÷åíèÿ äëÿ îñòàëüíûõ ñòàäèé.

Âû÷èñëèòåëüíûé ýêñïåðèìåíò íà îñíîâå âíóòðåííåãî ïàðàëëåëèçìà íàòóðíûõ ýêñïå-
ðèìåíòàëüíûõ äàííûõ è íåçàâèñèìûõ ðåàêöèé áåç îëåôèíà è ñ îëåôèíîì ïîçâîëèë ñîêðà-
òèòü âðåìÿ ðåøåíèÿ ìíîãîïàðàìåòðè÷åñêîé îáðàòíîé çàäà÷è â òðè ðàçà ïî ñðàâíåíèþ ñ
ïîñëåäîâàòåëüíûì ðåøåíèåì îáðàòíûõ çàäà÷ äëÿ êàæäîãî íàáîðà íàòóðíûõ äàííûõ ðå-
àêöèè öèêëîàëþìèíèðîâàíèÿ îëåôèíîâ òðèýòèëàëþìèíèåì â ïðèñóòñòâèè êàòàëèçàòîðà
Cp2ZrCl2 .

Ñ èñïîëüçîâàíèåì êîìïëåêñà ïðîãðàìì KinMod [9] äëÿ ðåøåíèé ïðÿìûõ è îáðàòíûõ
çàäà÷, áûëè íàéäåíû çíà÷åíèÿ ýíåðãèé àêòèâàöèé è ïðåäýêñïîíåíöèàëüíîãî ìíîæèòåëÿ, à
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Òàáëèöà 2: Êèíåòè÷åñêèå ïàðàìåòðû äëÿ ðåàêöèè öèêëîàëþìèíèðîâàíèÿ îëåôèíàìè
îêòåí-1

T,0C k+1 k+2 k+3 k+4 k+5 k+6 k+7 k+8 k+9 k−1
18 96,2 0,9 65,0 3,1 20,0 160,4 114,8 8,3 11,3 0,3
25 127,3 2,1 122,2 11,8 38,4 198,0 221,8 11,4 17,9 1,0
30 153,6 3,6 188,4 29,7 59,9 844,4 348,4 14,1 26,8 2,4
40 217,8 10,5 430,0 172,5 140,8 1401,4 823,3 21,3 66,1 9,8
50 300,3 28,2 932,2 899,6 313,1 3404,9 1844,6 31,4 168,2 54,8

Ea, êêàë/ìîëü 7,25 10,48 20,44 33,20 27,32 17,85 16,22 7,78 22,33 30,35

Òàáëèöà 3: Êèíåòè÷åñêèå ïàðàìåòðû äëÿ ðåàêöèè öèêëîàëþìèíèðîâàíèÿ àöåòèëåíàìè
îêòèí-4

300C 400C 500C Ea, êêàë/ìîëü
k+6 79,7 99,2 215,7 22,35
k+7 69,9 78,3 100,4 13,56

çàòåì ðàññ÷èòàíû çíà÷åíèÿ êîíñòàíò ñêîðîñòåé ðåàêöèè öèêëîàëþìèíèðîâàíèÿ òðèýòèë-
àëþìèíèåì äëÿ îêòåíà-1 è îêòèíà-4.

Ïîñòðîåíû ãðàôèêè ñðàâíåíèÿ ðàñ÷åòíûõ è ýêñïåðèìåíòàëüíûõ çíà÷åíèé êîíöåíòðà-
öèè äëÿ ïðîäóêòà àëþìèíàöèêëîïåíòàíà (A11 ) ðåàêöèè öèêëîàëþìèíèðîâàíèÿ îëåôèíîâ
è àöåòèëåíîâ òðèýòèëàëþìèíèåì ïðè ðàçíûõ òåìïåðàòóðàõ (ðèñ. 1-4).

Òî÷íîñòü îïèñàíèÿ íàõîäèòñÿ â ïðåäåëàõ ïîãðåøíîñòè ýêñïåðèìåíòà è ñîñòàâëÿåò 20% .
Íåâûñîêèå çíà÷åíèÿ ýíåðãèé àêòèâàöèè äëÿ ïåðâîé, âòîðîé è âîñüìîé ñòàäèé îáóñëîâëåíû
íåçíà÷èòåëüíûìè õèìè÷åñêèìè òðàíñôîðìàöèÿìè è ìåæëèãàíäíûì îáìåíîì. Ëèìèòèðó-
þùåé ÿâëÿåòñÿ ñòàäèÿ îáðàçîâàíèÿ êëþ÷åâîãî êîìïëåêñà A5 , îíà æå ðåãóëèðóþò ñêîðîñòü
âñåãî ïðîöåññà öèêëîìåòàëëèðîâàíèÿ. Áûëà âûÿâëåíà ñëàáàÿ òåíäåíöèÿ ðîñòà çíà÷åíèÿ
êîíñòàíòû ñåäüìîé ñòàäèè ñ óâåëè÷åíèåì òåìïåðàòóðû. Ýòî îáúÿñíÿåòñÿ áîëüøèìè ñòå-
ðè÷åñêèìè çàòðóäíåíèÿìè, âîçíèêàþùèìè íà ñòàäèè ïåðåìåòàëèðîâàíèÿ. Òàêèì îáðàçîì,
ïîñòðîåíà ìàòåìàòè÷åñêàÿ ìîäåëü ðåàêöèè öèêëîàëþìèíèðîâàíèÿ îëåôèíîâ è àöåòèëåíîâ
òðèýòèëàëþìèíèåì â ïðèñóòñòâèè êàòàëèçàòîðà Cp2ZrCl2 è íàéäåíû çíà÷åíèÿ êèíåòè-
÷åñêèõ ïàðàìåòðîâ, óäîâëåòâîðèòåëüíî îïèñûâàþùèå ýêñïåðèìåíò.

Ðèñ. 1: Ãðàôèê ñîîòâåòñòâèÿ ðàñ÷åòíûõ çíà÷åíèé è ýêñïåðèìåíòàëüíûõ äàííûõ êîíöåí-
òðàöèè äëÿ ïðîäóêòà àëþìèíàöèêëîïåíòàíà (A11 ) ðåàêöèè öèêëîàëþìèíèðîâàíèÿ àöå-
òèëåíîâ (îêòèí-4) ïðè Ò=30 oC
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Ðèñ. 2: Ãðàôèê ñîîòâåòñòâèÿ ðàñ÷åòíûõ çíà÷åíèé è ýêñïåðèìåíòàëüíûõ äàííûõ êîíöåí-
òðàöèè äëÿ ïðîäóêòà àëþìèíàöèêëîïåíòàíà (A11 ) ðåàêöèè öèêëîàëþìèíèðîâàíèÿ àöå-
òèëåíîâ (îêòèí-4) ïðè Ò=40 oC

Ðèñ. 3: Ãðàôèê ñîîòâåòñòâèÿ ðàñ÷åòíûõ çíà÷åíèé è ýêñïåðèìåíòàëüíûõ äàííûõ êîíöåí-
òðàöèè äëÿ ïðîäóêòà àëþìèíàöèêëîïåíòàíà (A11 ) ðåàêöèè öèêëîàëþìèíèðîâàíèÿ àöå-
òèëåíîâ (îêòåí-1) ïðè Ò=25 oC

Ðèñ. 4: Ãðàôèê ñîîòâåòñòâèÿ ðàñ÷åòíûõ çíà÷åíèé è ýêñïåðèìåíòàëüíûõ äàííûõ êîíöåí-
òðàöèè äëÿ ïðîäóêòà àëþìèíàöèêëîïåíòàíà (A11 ) ðåàêöèè öèêëîàëþìèíèðîâàíèÿ àöå-
òèëåíîâ (îêòåí-1) ïðè Ò=40 oC
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ÓÄÊ 517.929

Óñòîé÷èâîñòü íåîãðàíè÷åííûõ ðåøåíèé

c⃝ Ë. Ä.Áëèñòàíîâà1, Â.È. Çóáîâ2, È.Â. Çóáîâ3, Ñ.À. Ñòðåêîïûòîâ4

Àííîòàöèÿ. Â ñòàòüå èçó÷àþòñÿ íåîãðàíè÷åííûå ðåøåíèÿ ñèñòåì îáûêíîâåííûõ äèôôå-
ðåíöèàëüíûõ óðàâíåíèé. Çäåñü ïîëó÷åíû óñëîâèÿ óñòîé÷èâîñòè íåîãðàíè÷åííûõ ðåøåíèé è
îöåíêè íà ñêîðîñòü ïðèáëèæåíèÿ òðàåêòîðèé âîçìóùåííîãî äâèæåíèÿ ê òðàåêòîðèè íåâîç-
ìóùåííîãî

Êëþ÷åâûå ñëîâà: âåêòîð, ñîáñòâåííîå ÷èñëî, ìàòðèöà, ñòðîêà, ÷èñëî, ðåøåíèå, ïàðàìåòð,
óðàâíåíèå

1. Ââåäåíèå

Èíòóèòèâíî î÷åâèäíî, ÷òî ñèñòåìû ñ ïðîñòîé ñòðóêòóðîé ëåã÷å ðåàëèçóþòñÿ â èíæå-
íåðíîì ñìûñëå. Êîíå÷íî, ïîíÿòèå ïðîñòîòû âåñüìà îòíîñèòåëüíî, íî, ñêàæåì, êâàäðàòè÷-
íûå ñèñòåìû âûçîâóò ïðåäïî÷òåíèå ó ëþáîãî êîíñòðóêòîðà ïåðåä ñèñòåìàìè, âêëþ÷àþ-
ùèìè áîëåå ñëîæíûå íåëèíåéíîñòè. Ðàññìîòðåíèå íåëèíåéíûõ ñèñòåì ñ ïðîñòîé ñòðóê-
òóðîé, èìåþùèõ íåñêîëüêî íåóñòîé÷èâûõ ïîëîæåíèé ðàâíîâåñèÿ, íî èìåþùèõ çàäàííûì
îáðàçîì ãåîìåòðè÷åñêè ëîêàëèçîâàííîå îãðàíè÷åííîå èíâàðèàíòíîå ìíîæåñòâî, ê òîìó
æå ãëîáàëüíî àñèìïòîòè÷åñêè óñòîé÷èâîå, ïîçâîëÿåò ñîçäàâàòü âåñüìà ýôôåêòèâíûå ñè-
ñòåìû óïðàâëåíèÿ. Ïî ñóòè ýòî ïðåäåëüíîå ìíîæåñòâî ÿâëÿåòñÿ àíàëîãîì óñòîé÷èâîãî
ïîëîæåíèÿ ðàâíîâåñèÿ äëÿ ëèíåéíûõ è ëèíåàðèçîâàííûõ ñèñòåì. Íî â äàííîì ñëó÷àå àë-
ãåáðàè÷åñêèå êðèòåðèè óñòîé÷èâîñòè, îñíîâàííûå íà àíàëèçå ñîáñòâåííûõ ÷èñåë ìàòðèöû
ëèíåéíîãî ïðèáëèæåíèÿ, áåñïîìîùíû. Ýòî ñâÿçàíî ñ òåì, ÷òî àíàëèòè÷åñêàÿ ïðèðîäà ýòèõ
ïðåäåëüíûõ ìíîæåñòâ, êàê ïðàâèëî, âåñüìà ñëîæíà. Äëÿ ñîñòàâëåíèÿ âîçìóùåííîé ñèñòå-
ìû òðåáóåòñÿ èíòåãðèðîâàíèå óðàâíåíèé äâèæåíèÿ, ÷òî â îáùåì ñëó÷àå íå îñóùåñòâèìî.

2. Ïîñòàíîâêà çàäà÷è

Ðàññìîòðèì ñèñòåìó îáûêíîâåííûõ äèôôåðåíöèàëüíûõ óðàâíåíèé

Ẋ = PX +Q+ µF (X), (2.1)

ãäå X = (x1, . . . , xn)
⋆ - âåêòîð ôàçîâûõ ïåðåìåííûõ, P,Q - ïîñòîÿííûå ìàòðèöû ðàçìåð-

íîñòåé n× n è n× 1 ñîîòâåòñòâåííî, F = (f1, . . . , fn)
⋆ - âåêòîðíàÿ ôóíêöèÿ, µ - ìàëûé

ïàðàìåòð. Ðàâíîâåñíûì ðåøåíèåì (äâèæåíèåì) ìû áóäåì íàçûâàòü òàêîå ðåøåíèå (äâè-
æåíèå)

x(t,X0) = (x1(t,X0), . . . , xn(t,X0))
⋆

â n - ìåðíîì ïðîñòðàíñòâå, ó êîòîðîãî îäíà èç êîîðäèíàò íåîãðàíè÷åííî âîçðàñòàåò ïðè
t→ ∞ , à îñòàëüíûå ïîñòîÿííû, íàïðèìåð,

xj(t,X0) ≡ x0j , j = 1, . . . , n− 1; xn → ∞ ïðè t→ ∞.

1 Ïðîôåññîð êàôåäðû Òåîðèè óïðàâëåíèÿ, ÑÏáÃÓ, ã. Ñàíêò-Ïåòåðáóðã; ddemidova@mail.ru
2 Àñïèðàíò êàôåäðû Òåîðèè óïðàâëåíèÿ, ÑÏáÃÓ, ã. Ñàíêò-Ïåòåðáóðã; ddemidova@mail.ru
3 Ïðîôåññîð êàôåäðû Òåîðèè óïðàâëåíèÿ, ÑÏáÃÓ, ã. Ñàíêò-Ïåòåðáóðã; ddemidova@mail.ru
4 Äîöåíò êàôåäðû Òåîðèè óïðàâëåíèÿ, ÑÏáÃÓ, ã. Ñàíêò-Ïåòåðáóðã; ddemidova@mail.ru
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Ïîñòàâèì âîïðîñ î ñóùåñòâîâàíèè ðàâíîâåñíîãî ðåøåíèÿ ñèñòåìû (2.1) è î ïîâåäåíèè
ðåøåíèé ýòîé ñèñòåìû óðàâíåíèé, íà÷èíàþùèõñÿ â íåêîòîðîé îêðåñòíîñòè ðàâíîâåñíîãî
ðåøåíèÿ. Ïóñòü âûïîëíåíû óñëîâèÿ: ñîáñòâåííûå ÷èñëà λ1, . . . , λn ìàòðèöû P òàêîâû,
÷òî λn = 0, Reλj < 0 äëÿ j = 1, . . . , n − 1 , F (X̄) íåïðåðûâíà è óäîâëåòâîðÿåò óñëîâèþ
Ëèïøèöà. Ñäåëàåì çàìåíó X = SY , ãäå S - íåâûðîæäåííàÿ ìàòðèöà ðàçìåðíîñòè n×n ,
è ïîäñòàâèì ýòî âûðàæåíèå â (2.1):

Ẏ = S−1PSY + S−1Q+ µS−1F (SY ). (2.2)

Îòìåòèì, ÷òî xi = (S⋆
i Y ) , ãäå Si − i− ÿ ñòðîêà ìàòðèöû S . Ìàòðèöà S âûáèðàåòñÿ òàê,

÷òîáû ìàòðèöà A = S−1PS èìåëà ïîñëåäíþþ ñòðîêó è ïîñëåäíèé ñòîëáåö íóëåâûìè.
Ñóùåñòâîâàíèå òàêîé ìàòðèöû î÷åâèäíî. Íàïðèìåð, â êà÷åñòâå S ìîæíî âçÿòü õîòÿ áû
ìàòðèöó, ñîñòàâëåííóþ èç êîðíåâûõ âåêòîðîâ ìàòðèöû P ; â ýòîì ñëó÷àå ìàòðèöà A áóäåò
æîðäàíîâîé. Ïåðåïèøåì ñèñòåìó (2.2) â âèäå

Ẏ = AY +R + µΦ(Y ), (2.3)

ãäå R = S−1Q = (y1, . . . , yn)
⋆ ,

Φ(Y ) = S−1F (SY ) = (φ1(Y ), . . . , φn(Y ))⋆.

Ðàçäåëèì ñèñòåìó (2.3) íà äâå ãðóïïû óðàâíåíèé:

ẏ1 = a11y1 + a12y2 + . . .+ a1n−1yn−1 + r1 + µφ1(Y ),

. . . . . . . . . . . . . . . . . . . . . . . .

ẏn−1 = an−1 1y1 + an−1 2y2 + . . .+ an−1nyn−1 + rn−1 + µφn−1(Y ),

ẏn = rn + µφn(Y ). (2.4)

Ïðè µ = 0 ó ñèñòåìû (2.4) ñóùåñòâóåò ïîëîæåíèå ðàâíîâåñèÿ Y0 = (Y 0
1 , . . . , Y

0
n−1) â ñèëó

òîãî, ÷òî ìàòðèöà {aij} (i = 1, . . . , n−1, j = 1, . . . , n−1) íåâûðîæäåííàÿ. Ñëåäîâàòåëüíî,
ïî òåîðåìå î ñóùåñòâîâàíèè íåÿâíîé ôóíêöèè ó ñèñòåìû (2.4) åñòü ïîëîæåíèå ðàâíîâåñèÿ
Y (µ) è ïðè ëþáîì µ , êîòîðîå ïî ìîäóëþ äîëæíî áûòü ìåíüøå íåêîòîðîãî ïîëîæèòåëüíîãî
µ0 . Ýòî ïðÿìî ñëåäóåò èç òåîðåìû î ñóùåñòâîâàíèè íåÿâíîé ôóíêöèè, åñëè ó÷åñòü, ÷òî
ÿêîáèàí ñîâïàäàåò ñ îïðåäåëèòåëåì ìàòðèöû {aij} , i, j = 1, . . . , n− 1 . Îòìåòèì, ÷òî åñëè
ïðàâûå ÷àñòè Φ = (φ1, . . . , φn) íå áóäóò çàâèñåòü îò yn , òî ïîëîæåíèå ðàâíîâåñèÿ ñèñòåìû
(2.4) áóäåò àñèìïòîòè÷åñêè óñòîé÷èâî ïî Ëÿïóíîâó è yn áóäåò ìåíÿòüñÿ ïî ëèíåéíîìó
çàêîíó

yn = yn0 + (r + µφn(Yµ))t.

Ñëåäîâàòåëüíî, ðàâíîâåñíîå ðåøåíèå ñèñòåìû (2.3) áóäåò óñòîé÷èâî ïî Ëÿïóíîâó. Ïîñìîò-
ðèì, êàêèå îãðàíè÷åíèÿ íà ñèñòåìó (2.1) íàëîæèò óñëîâèå íåçàâèñèìîñòè Φ îò yn , ò.å.

∂φi

∂yn
= 0, i = 1, . . . , n. (2.5)

Òàê êàê
∂φi

∂yn
=

n∑
j=1

∂φi

∂xj

∂xj
∂yn

= (∇φi, Sn),

ãäå Sn − n− é ñòîëáåö ìàòðèöû S , òî (2.5) ýêâèâàëåíòíî óðàâíåíèþ

(∇φi, Sn) = 0. (2.6)
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Âåêòîð Sn îðòîãîíàëåí âñåì ñòðîêàì ìàòðèöû P , ò.å. îðòîãîíàëåí ïîäïðîñòðàíñòâó, íà-
òÿíóòîìó íà ñòðîêè ìàòðèöû P , è òàê êàê

∇φi =
∑

σij∇fi,

ãäå σij - ýëåìåíòû ìàòðèöû S−1 , òî âûïîëíåíî (2.6), à ñëåäîâàòåëüíî, áóäåò ñïðàâåäëèâî
è ñîîòíîøåíèå (2.5), åñëè ∇f ëåæàò â ïîäïðîñòðàíñòâå, íàòÿíóòîì íà ñòðîêè ìàòðèöû
P . Ðàññìîòðèì ðàâíîâåñíîå ðåøåíèå X(t) . Ïóñòü òî÷êà M ∈ En . Ââåäåì â ðàññìîòðå-
íèå âåëè÷èíó ρ(M,X(t)) - ðàññòîÿíèå îò òî÷êè M äî òðàåêòîðèè X(t) : ρ(M,X(t)) =
minτ≥t0 ∥M −X(t)∥ .

Î ï ð å ä å ë å í è å 2.1. Ðàâíîâåñíîå ðåøåíèå X(t) íàçûâàåòñÿ îðáèòàëüíî
óñòîé÷èâûì (îðáèòàëüíî àñèìïòîòè÷åñêè óñòîé÷èâûì), åñëè äëÿ ëþáîãî ñêîëü óãîä-
íî ìàëîãî ïîëîæèòåëüíîãî ε íàéäåòñÿ δ > 0 òàêîå, ÷òî ïðè ρ(X0, X(t)) < δ áóäåò
âûïîëíÿòüñÿ

ρ(X(t,X0), X(t)) < ε ïðè t ≥ 0 (ρ(X(t,X0), X(t)) →
t→∞

0).

Òàêèì îáðàçîì, äîêàçàíà ñëåäóþùàÿ òåîðåìà.

Ò å î ð å ì à 2.1. Ïóñòü äëÿ ñèñòåìû (2.1) ñîáñòâåííûå ÷èñëà ìàòðèöû P òà-
êîâû, ÷òî Reλj < 0 (j = 1, . . . , n−1) , λn = 0 , âåêòîðû ∇fj(j = 1, . . . , n) ñóùåñòâóþò è
ëåæàò â ïîäïðîñòðàíñòâå, íàòÿíóòîì íà ñòðîêè ìàòðèöû P . Òîãäà ñóùåñòâóåò òà-
êîå µ0 > 0 , ÷òî äëÿ ëþáîãî µ , ïî ìîäóëþ ïðåâîñõîäÿùåãî µ0 , ñóùåñòâóåò îðáèòàëüíî
àñèìïòîòè÷åñêè óñòîé÷èâîå íåîãðàíè÷åííîå ðàâíîâåñíîå ðåøåíèå ñèñòåìû (2.1), óñòîé-
÷èâîå ïî Ëÿïóíîâó.

Äàëåå áóäåì ðàññìàòðèâàòü ñèñòåìó âèäà

Ẋ = PX + µF (X, z),
ż = r + µh(X, z),

(2.7)

â êîòîðóþ ïåðåõîäèò ñèñòåìà âèäà (2.1), åñëè ìàòðèöà P èìååò õîòÿ áû îäíî íóëåâîå
ñîáñòâåííîå ÷èñëî. Çäåñü X = (x1, . . . , xN)

⋆ , P − N × N− ìàòðèöà, r > 0 , µ - ìà-
ëûé ïàðàìåòð, F = (f1, . . . , fn) - âåêòîðíàÿ, h(X, z) - ñêàëÿðíàÿ ôóíêöèÿ ïåðåìåííûõ
x1, . . . , xN , z . Åñëè F (0, z) ≡ 0 , h(0, z) ≡ 0 , òî ó ñèñòåìû (2.7) ñóùåñòâóåò ñåìåéñòâî
íåîãðàíè÷åííûõ ðàâíîâåñíûõ ðåøåíèé

x1 = x2 = . . . = xn = 0, z = z0 + rt, (2.8)

ïðåäñòàâëÿþùåå ïëîñêîñòü â (N + 1) -ìåðíîì ïðîñòðàíñòâå. Áåç îãðàíè÷åíèÿ îáùíîñòè
ìîæíî ñ÷èòàòü, ÷òî z0 = 0 . Çàäà÷à ñîñòîèò â èçó÷åíèè ñâîéñòâà ýòîãî ðåøåíèÿ. Çäåñü è
äàëåå áóäåì ïðåäïîëàãàòü îòíîñèòåëüíî ôóíêöèé F, h ñëåäóþùåå: 1) ôóíêöèè f1, . . . , fn, h
ðàçëàãàþòñÿ â ðÿäû ïî öåëûì ïîëîæèòåëüíûì ñòåïåíÿì ïåðåìåííûõ x1, . . . , xN , ðàâíî-
ìåðíî ñõîäÿùèìñÿ îòíîñèòåëüíî z , êîãäà âåëè÷èíà ∥X∥ äîñòàòî÷íî ìàëà; 2) ðàçëîæåíèÿ
ôóíêöèé f1, . . . , fN , h íå ñîäåðæàò ÷ëåíîâ, ëèíåéíûõ îòíîñèòåëüíî x1, . . . , xN ; 3) èìååò
ìåñòî îöåíêà |h| ≤ k0|z|b(

∑N
j=1 |xj|)a , ãäå k0 > 0 , a ≥ 0 , b ≥ 0 . Ðàññìîòðèì ñëåäóþùèé

ñëó÷àé.
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2.1. Ñëó÷àé íåñêîëüêèõ ïàð ÷èñòî ìíèìûõ êîðíåé

Ñèñòåìà (2.7) ëèíåéíûì ïðåîáðàçîâàíèåì ïðèâîäèòñÿ ê âèäó

ẋs = −λsys + µFs, ẏs = λsxs + µGs, (2.9)

ξ̇j =
n∑

i=1

pjiξi + µgi, ż = r + µh,

s = 1, . . . , k, j = 1, . . . , n.

Çäåñü N - ìåðíûé (2k+n = N) âåêòîð X ïåðåøåë â âåêòîð (x1, y1, . . . , xk, yk, ξ1, . . . , ξn) .
Ñîáñòâåííûå ÷èñëà ìàòðèöû {pij} , i, j = 1, . . . , n , èìåþò îòðèöàòåëüíûå âåùåñòâåííûå
÷àñòè. À.Ì. Ëÿïóíîâ â ñâîåé çíàìåíèòîé äèññåðòàöèè [1] îòìå÷àë, ÷òî, åñëè âìåñòî âðå-
ìåíè âçÿòü êàêóþ-ëèáî íåïðåðûâíóþ âåùåñòâåííóþ ôóíêöèþ, âìåñòå ñî âðåìåíåì âîç-
ðàñòàþùóþ, òî ïîñëåäíÿÿ ïðè ðåøåíèè âîïðîñà îá óñòîé÷èâîñòè ìîæåò èãðàòü òàêóþ æå
ðîëü, êàê è âðåìÿ. Èññëåäóåì, êàê âåäóò ñåáÿ ïåðåìåííûå xk, yk, ξj â êà÷åñòâå ôóíêöèè
z . Ðàçäåëèì ïåðâûå 2k + n óðàâíåíèé ñèñòåìû (2.9) íà ïîñëåäíåå óðàâíåíèå:

dxs
dz

= −λ̄sys + µF̄s,
dys
dz

= λ̄sxs + µḠs, (2.10)

fξj
dz

=
n∑

i=1

pjiξi + µḡj.

Î÷åâèäíî, ÷òî λ̄s > 0 . Ñîáñòâåííûå ÷èñëà ìàòðèöû {pji} èìåþò îòðèöàòåëüíûå âåùå-
ñòâåííûå ÷àñòè, è ó ñèñòåìû (2.10) èìååòñÿ íóëåâîå ðåøåíèå. Ôóíêöèè F̄s , Ḡs , ḡj , óäî-
âëåòâîðÿþò ñëåäóþùèì óñëîâèÿì: 1) îíè ðàçëàãàþòñÿ â ðÿäû ïî öåëûì ïîëîæèòåëüíûì
ñòåïåíÿì âåëè÷èí xk, yk, ξj , ðàâíîìåðíî ñõîäÿùèåñÿ îòíîñèòåëüíî z ïðè äîñòàòî÷íî ìà-
ëûõ |xk| , |yk| , |ξj| ; 2) ðàçëîæåíèÿ ôóíêöèé F̄s , Ḡs , ḡs íå ñîäåðæàò ÷ëåíîâ, ëèíåéíûõ
îòíîñèòåëüíî xk, yk, ξj . Åñëè ìû èìååì äåëî ñ îáùèì ïî êëàññèôèêàöèè À.Ì. Ëÿïóíîâà
ñëó÷àåì [2], òî ñ ïîìîùüþ ïðåîáðàçîâàíèé Ëÿïóíîâà

xs = rs cos θs, ys = rs sin θs,

rs = ρs +
m∑
i=z

ris(θ1, . . . , θk, ρ1, . . . , ρk, z),

à çàòåì

ξj =
m∑
i=1

r(i)s (θ1, . . . , θk, ρ1, . . . , ρk, z) + ηi,

íå íàðóøàþùèõ âîïðîñà îá óñòîé÷èâîñòè, ãäå r(i)j , ξ(i)j - îäíîðîäíûå ôîðìû îòíîñèòåëü-
íî ρ1, . . . , ρk ñòåïåíè l ñ ïåðèîäè÷åñêèìè êîýôôèöèåíòàìè îòíîñèòåëüíî θ1, . . . , θk,m -
ïîëîæèòåëüíîå öåëîå ÷èñëî, ñèñòåìà (2.10) â îáùåì ñëó÷àå ïðèâîäèìà ê âèäó

dρs
dz

= µRs,
dθs
dz

= λ̄s + µθs,
dηi
dz

=
m∑
i=1

pjiηi + µpj. (2.11)

Íàïîìíèì, ÷òî m îïðåäåëÿåòñÿ êàê íàèíèçøàÿ ñòåïåíü ôîðì îòíîñèòåëüíî ρ1, . . . , ρk , îá-
ëàäàþùèõ ïåðèîäè÷åñêèìè ïî θ1, . . . , θk êîýôôèöèåíòàìè, âû÷ìñëÿåìûìè ïîäñòàíîâêîé
â ñèñòåìó (2.10) âûðàæåíèé

rs = ρs +
∞∑
i=z

r(i)s (θ1, . . . , θk, ρ1, . . . , ρk, z)
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è ïðèðàâíèâàíèåì ÷ëåíîâ îäíîãî ïîðÿäêà â ïîëó÷èâøèõñÿ âûðàæåíèÿõ [3]. Ðàçëîæåíèå
ôóíêöèé Rs â ðÿäû ïî ñòåïåíÿì ρ1, . . . , ρk ïðè η1 = 0, . . . , ηn = 0 íà÷èíàåòñÿ ñ ôîðì ñòå-
ïåíè m , êîòîðûå îáëàäàþò íå çàâèñÿùèìè îò θk êîýôôèöèåíòàìè. Ðàçëîæåíèå ôóíêöèé
pj ïî ñòåïåíÿì ρ1, . . . , ρk ïðè η1 = 0 , . . . , ηn = 0 íà÷èíàþòñÿ ñ ôîðì ñòåïåíè v ≥ m+1 .
Ðÿäû, â êîòîðûå ðàçëàãàþòñÿ ôóíêöèè Rs, θs, pj , ñõîäÿòñÿ ðàâíîìåðíî îòíîñèòåëüíî z .
Îáîçíà÷èì R(0) ôîðìó ïîðÿäêà m , ñ êîòîðîé íà÷èíàåòñÿ ðàçëîæåíèå ôóíêöèè Rs ïðè
η1 = 0, . . . , ηn = 0 .

Ò å î ð å ì à 2.2. Åñëè íóëåâîå ðåøåíèå ñèñòåìû

dρs
dz

= µR(0), s = 1, . . . , k, (2.12)

àñèìïòîòè÷åñêè óñòîé÷èâî, òî íóëåâîå ðåøåíèå ñèñòåìû (2.10) òàêæå àñèìïòîòè÷å-
ñêè óñòîé÷èâî. Ïðè ýòîì èìåþò ìåñòî îöåíêè ïðè z ≥ 0

|ρs| ≤ ψ(z), |ηj| ≤ ψ(z), (2.13)

ãäå

ψ(z) = c1(
k∑

s=1

ρ(0)s +
n∑

j=1

|η(0)j |)× (1 + c2(
k∑

s=1

|ρ(0)s |+
n∑

j=1

|η(0)j |)m−1z)−1/m−1.

Çäåñü c1, c2 - ïîëîæèòåëüíûå ïîñòîÿííûå, ρ
(0)
s , η

(0)
j - çíà÷åíèÿ ρs, ηj ïðè z = 0 .

Ä î ê à ç à ò å ë ü ñ ò â î. Â ñèëó àñèìïòîòè÷åñêîé óñòîé÷èâîñòè íóëåâîãî ðåøåíèÿ
óðàâíåíèÿ (2.12) ñóùåñòâóþò ïîëîæèòåëüíî îïðåäåëåííûå ôóíêöèè V è W , îáëàäàþùèå
ñâîéñòâàìè: 1) ôóíêöèÿ V èìååò ïîðÿäîê l + 1 − m , ôóíêöèÿ W èìååò ïîðÿäîê l ; 2)
∂V
∂z

+
∑k

s=1
∂V
∂ρs

−R(0)
s = −W . Ïîñòðîèì ïîëîæèòåëüíî îïðåäåëåííóþ êâàäðàòè÷íóþ ôîðìó

V1 , óäîâëåòâîðÿþùóþ óðàâíåíèþ

n∑
j=1

∂V1
∂ηj

n∑
i=1

p̄jiηi = −
m∑
i=1

η2i .

Ðàññìîòðèì ïîëíóþ ïðîèçâîäíóþ ôóíêöèè U = V + V1 â ñèëó ñèñòåìû (2.12):

dU

dz
=
dV

dz
+
dV1
dz

= −W −
n∑

i=1

η2i +
k∑

s=1

∂V

∂ρs
× (Rs −R(0)

s ) +
n∑

j=1

∂V1
∂ηj

pj.

Â ìàëîé îêðåñòíîñòè íà÷àëà êîîðäèíàò ñïðàâåäëèâû îöåíêè [1]

|
k∑

s=1

∂V

∂ρs
(Rs −R(0)

s )| ≤ a[
k∑

s=1

|ρs|]i+1,

|
n∑

j=1

∂V1
∂nj

| ≤ a[
k∑

s=1

|ps|]m+1

k∑
s=1

|ηj|+ b
n∑

j=1

|ηj|2
k∑

s=1

|ρs|,

ãäå a > 0, b > 0 . Ôóíêöèÿ U ÿâëÿåòñÿ ïîëîæèòåëüíî îïðåäåëåííîé, à åå ïðîèçâîäíàÿ
dU/dz , âû÷èñëåííàÿ â ñèëó ñèñòåìû (2.12), ÿâëÿåòñÿ îòðèöàòåëüíî îïðåäåëåííîé ôóíê-
öèåé ïðè l = m+ 1 . Ñëåäîâàòåëüíî, ðåøåíèå

ρ1 = . . . ρk = 0, η1 = . . . = ηm = 0,
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θ1 = λ1z, θ2 = λ2z, . . . , θk = λkz

ñèñòåìû (2.12) àñèìïòîòè÷åñêè óñòîé÷èâî ïðè l = m+1 , è U óäîâëåòâîðÿåò íåðàâåíñòâàì

a1(
k∑

j=1

|ρs|2 +
n∑

j=1

|ηj|2) ≤ U ≤ a2(
k∑

s=1

|ρs|2 +
n∑

j=1

|ηj|2), (2.14)

ãäå a1 > 0 , a2 > 0 . Â ìàëîé îêðåñòíîñòè íà÷àëà êîîðäèíàò ñïðàâåäëèâû íåðàâåíñòâà

−b1U ≤ dU

dz
≤ −b2U (m+1)/2, (2.15)

ãäå b1 > 0 , b2 > 0 . Îòñþäà ñëåäóåò

U ≤ U0(1 +
m− 1

2
b2U

(m−1)/2
0 z)−2/(m−1). (2.16)

Èç (2.14), (2.16) ñëåäóåò

U ≤ a2(
k∑

j=1

|ρ(0)s |2 +
n∑

j=1

|η(0)j |2)× (1 +
m+ 1

2
b2a1 × (

k∑
s=1

|ρ(0)s |2 +
n∑

j=1

|η(0)j |2)(m−1)/2z)−2/(m−1).

Îòñþäà è èç íåðàâåíñòâà (2.16) è ñëåäóþò äîêàçûâàåìûå îöåíêè (2.13).
Ä î ê à ç à ò å ë ü ñ ò â î ç à ê î í ÷ å í î.

Ç à ì å ÷ à í è å 2.1. Èç òåîðåìû è îïðåäåëåíèÿ âåëè÷èí ρs , ηj ñëåäóåò, ÷òî ïðè
z ≥ 0 ñïðàâåäëèâû îöåíêè

|xs| ≤ ψ̄(z), |ys| ≤ ψ̄(z), (2.17)

|ξj| ≤ ψ̄(z), s = 1, . . . , k, j = 1, . . . , k,

ãäå

ψ̄(z) = c1(
k∑

s=1

(|x(0)s |+ |y(0)s |) +
n∑

j=1

|ξ(0)j |)× (1 + c2(
k∑

s=1

(|x(0)s |+ |y(0)s |) +
n∑

j=1

|ξ(0)j |)m−1z)−1/(m−1);

ïàðàìåòðû c1, c2 â ôóíêöèè ψ̄(z) áóäóò çàâèñåòü îò êîýôôèöèåíòîâ â ðàçëîæåíèÿõ rs ,
ξ̄j [3]. Ïîëó÷èâ îöåíêè äëÿ |xs| , |ys| , |ξj| , âåðíåìñÿ ê óðàâíåíèþ ż = r + µh . Îöåíèì
âåëè÷èíó h :

h ≤ k0z
bc1(

k∑
s=1

(|x(0)s |+ |y(0)s |) +
n∑

j=1

|ξ(0)j |)× (1 + c2(
k∑

s=1

(|x(0)s |+ |y(0)s |) +
n∑

j=1

|ξ(0)j |)m−1z)−a/(m−1).

Èññëåäóåì, ïðè êàêèõ óñëîâèÿõ z → ∞ ïðè t → ∞ . Âîçìîæíû òðè ñëó÷àÿ: 1) D =

b− a/(m− 1) = 0 ; 2) D < 0 ; 3) D > 0 . Â ïåðâûõ äâóõ ñëó÷àÿõ çà ñ÷åò âûáîðà x
(0)
s , y(0)s ,

ξ
(0)
j , µ ìîæíî ñäåëàòü |µh| < r/2 . Òîãäà z → ∞ ïðè t → ∞ . Â òðåòüåì ñëó÷àå ìîæíî
ïîêàçàòü [3], ÷òî äëÿ ëþáîãî êîíå÷íîãî z̄ íàéäåòñÿ òàêîå µ0 , ÷òî ïðè |µ| ≤ µ0 íà ëþáîì
äâèæåíèè, íà÷èíàþùåìñÿ â îáëàñòè |x(0)s | < δ , |y(0)s | < δ , |ξ(0)j | < δ , áóäóò ñîõðàíÿòüñÿ
íåðàâåíñòâà (2.17), à z áóäåò ïîñòîÿííî âîçðàñòàòü îò 0 äî z̄ ïðè âîçðàñòàíèè âðåìåíè.
Òàêèì îáðàçîì, ìû äîêàçàëè ñëåäóþùèå òåîðåìû.

Ò å î ð å ì à 2.3. Åñëè âûïîëíåíû óñëîâèÿ òåîðåìû 2.2. è D ≤ 0 , òî ðàâíîâåñíîå
ðåøåíèå ñèñòåìû (2.7) îðáèòàëüíî àñèìïòîòè÷åñêè óñòîé÷èâî.
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Ò å î ð å ì à 2.4. Åñëè âûïîëíåíû óñëîâèÿ òåîðåìû 2.2. è D > 0 , òî äëÿ ëþáîãî
êîíå÷íîãî z̄ çà ñ÷åò âûáîðà x0s , y

0
s , ξj , µ âåëè÷èíû |xs| , |ys| , |ξj| ñòàíîâÿòñÿ ñêîëü

óãîäíî ìàëûìè ïðè âîçðàñòàíèè âðåìåíè [4].

Èññëåäóåì òåïåðü ðàâíîâåñíîå ðåøåíèå íà óñòîé÷èâîñòü. Îáîçíà÷èì ðàâíîâåñíîå ðåøåíèå
Z(t) , à ãèïåðïëîñêîñòü, ïðîõîäÿùóþ ÷åðåç òî÷êó Z(t) ïðè ôèêñèðîâàííîì t ïåðïåíäè-
êóëÿðíî îñè z , −P (t) . Ýòà ãèïåðïëîñêîñòü îïðåäåëÿåòñÿ óðàâíåíèåì

(X − Z(t), Ż(t)) = 0.

Èíòåãðàëüíàÿ êðèâàÿ X(t,X0) äîñòèãàåò P (t) çà âðåìÿ τ = τ(t,X0) , ñëåäîâàòåëüíî,
âåêòîð Y = X(τ,X0) − Z(t) ëåæèò â P (t) . òàêèì îáðàçîì, âûïîëíÿåòñÿ (Y, Ż(t)) = 0 .
Äèôôåðåíöèðóÿ ïîñëåäíèå äâà ðàâåíñòâà, ïîëó÷èì

τ̇ =
r

r + µh
, ẋs = (−λsys + µFs)

r

r + µh
,

ẏs = (λsxs + µGs)
r

r + µh
, ξ̇j = (

n∑
i=1

pjiξi + µgi)
r

r + µh
, (2.18)

s = 1, . . . , k, j = 1, . . . , n.

Ñäåëàåì çàìåíó τ = tθ . Ïåðâîå óðàâíåíèå (2.18) ïðèìåò âèä

θ̇ = − µh

r + µh
. (2.19)

Ê ñèñòåìå (2.18) ïðèìåíèì òåîðåìó 2.2.. Ïîëó÷èì îöåíêè

|xs| ≤ ψ(t), |ys| ≤ ψ(t), |ξj| ≤ ψ(t),

ãäå

ψ(t) = c1(
k∑

s=1

(|x(0)s |+ |y(0)s |) +
n∑

j=1

|ξ(0)j |)× (1 + c2(
k∑

s=1

(|x(0)s |+ |y(0)s |) +
n∑

j=1

|ξ(0)j |)m−1t)−1/(m−1).

Èíòåãðèðóÿ óðàâíåíèå (2.19), ïîëó÷èì

θ − θ0 =

∫ t

0

− µh

r + µh
dτ.

Âåëè÷èíà ïîäûíòåãðàëüíîé ôóíêöèè îãðàíè÷åíà:

| µh

r + µh
| ≤ c0(

k∑
s=1

|x(0)s |+ |y(0)s |) +
n∑

j=1

|ξ(0)j |tD,

ãäå c0 > 0 . Ïðè D < −1 èíòåãðàë ñõîäèòñÿ çà ñ÷åò âûáîðà x0s , y
0
s , ξ

0
j , µ ; âåëè÷èíà θ−θ0

ñòàíîâèòñÿ ñêîëü óãîäíî ìàëà, ïîýòîìó âåðíà ñëåäóþùàÿ òåîðåìà [5].

Ò å î ð å ì à 2.5. åñëè âûïîëíåíû óñëîâèÿ òåîðåìû 2.2. è D < −1 , òî ðàâíîâåñíîå
ðåøåíèå ñèñòåìû (2.7) óñòîé÷èâî ïî Ëÿïóíîâó.
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3. Âûâîäû

Ðåçóëüòàòû, ïîëó÷åííûå â íàñòîÿùåé ñòàòüå, îòíîñÿòñÿ ê òîìó ñëó÷àþ, êîãäà ïàðàìåòð
µ ìàë. Íî ó÷èòûâàÿ, ÷òî ôóíêöèÿ Ëÿïóíîâà áóäåò ïðåäñòàâëÿòü ñîáîé ðÿä ïî ñòåïåíÿì
ïàðàìåòðà, ðåçóëüòàòû áóäóò îñòàâàòüñÿ âåðíûìè è â òîì ñëó÷àå, êîãäà ôóíêöèÿ Ëÿïóíîâà
ñóùåñòâóåò (ñîîòâåòñòâóþùèå ðÿäû ñõîäÿòñÿ), îòðèöàòåëüíà è z → ∞ è ïðè t→ ∞ .

Ðàáîòà âûïîëíåíà ïðè ôèíàíñîâîé ïîääåðæêå ÐÔÔÈ (ïð. � 10-08-000624).
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ÓÄÊ 533.6.013.42

Ìàòåìàòè÷åñêîå ìîäåëèðîâàíèå äèíàìèêè çàùèòíîãî

ýêðàíà ïðè âçàèìîäåéñòâèè ñî ñâåðõçâóêîâûì ïîòîêîì

ãàçà

c⃝ Ï. À. Âåëüìèñîâ1, Â. À. Ñóäàêîâ2, À. Â. Àíêèëîâ3

Àííîòàöèÿ. Èññëåäóåòñÿ ðåøåíèå íà÷àëüíî-êðàåâîé çàäà÷è äëÿ ñâÿçàííîé ñèñòåìû äèôôå-
ðåíöèàëüíûõ óðàâíåíèé ñ ÷àñòíûìè ïðîèçâîäíûìè, îïèñûâàþùåé äèíàìèêó óïðóãîé ñòåí-
êè (çàùèòíîãî ýêðàíà) ðåçåðâóàðà, çàïîëíåííîãî æèäêîñòüþ, ïðè âçàèìîäåéñòâèè ñòåíêè
ñî ñâåðõçâóêîâûì ïîòîêîì ãàçà. ×èñëåííî-àíàëèòè÷åñêîå ðåøåíèå, îñíîâàííîå íà ìåòîäå
Áóáíîâà-Ãàë¼ðêèíà, ïîçâîëÿåò ïðîâåñòè ÷èñëåííûé ýêñïåðèìåíò ñ öåëüþ îïðåäåëåíèÿ õàðàê-
òåðà êîëåáàíèé.

Êëþ÷åâûå ñëîâà: àýðîãèäðîóïðóãîñòü, óïðóãàÿ ïëàñòèíà, äåôîðìàöèÿ, äèíàìèêà, óñòîé-
÷èâîñòü, ñâåðõçâóêîâîé ïîòîê ãàçà, æèäêîñòü, äèôôåðåíöèàëüíûå óðàâíåíèÿ ñ ÷àñòíûìè ïðî-
èçâîäíûìè, ÷èñëåííîå ðåøåíèå, ìåòîä Áóáíîâà-Ãàë¼ðêèíà

1. Ââåäåíèå

Ïðè ïðîåêòèðîâàíèè ðàçëè÷íûõ êîíñòðóêöèé, óñòðîéñòâ, ïðèáîðîâ, àïïàðàòîâ, ñèñòåì
è ò. ä., íàõîäÿùèõñÿ âî âçàèìîäåéñòâèè ñ ãàçîæèäêîñòíîé ñðåäîé (îáòåêàåìûõ ïîòîêîì
æèäêîñòè èëè ãàçà), íåîáõîäèìî ðåøàòü çàäà÷è, ñâÿçàííûå ñ èññëåäîâàíèåì äèíàìèêè è
óñòîé÷èâîñòè óïðóãèõ ýëåìåíòîâ, òðåáóåìîé äëÿ èõ êà÷åñòâåííîãî ôóíêöèîíèðîâàíèÿ è
íàä¼æíîñòè ýêñïëóàòàöèè [2] - [21]. Âîçäåéñòâèå ïîòîêà ìîæåò ïðèâîäèòü ê ýôôåêòàì,
ÿâëÿþùèìñÿ ïðè÷èíîé íàðóøåíèÿ ôóíêöèîíàëüíûõ ñâîéñòâ ýëåìåíòîâ, âïëîòü äî èõ ðàç-
ðóøåíèÿ (íàïðèìåð, ïðèâîäèòü ê ñîñòîÿíèþ íåóñòîé÷èâîñòè âñëåäñòâèå óâåëè÷åíèÿ àì-
ïëèòóäû èëè óñêîðåíèÿ êîëåáàíèé äî êðèòè÷åñêè äîïóñòèìûõ çíà÷åíèé). Òàêàÿ ïðîáëåìà,
êîãäà íåóñòîé÷èâîñòü ÿâëÿåòñÿ íåãàòèâíûì ÿâëåíèåì, âîçíèêàåò, íàïðèìåð, ïðè ïðîåêòè-
ðîâàíèè ñîñòàâíûõ ÷àñòåé ëåòàòåëüíûõ è ïîäâîäíûõ àïïàðàòîâ: ýëåðîíà � ñîñòàâíîé ÷àñòè
êðûëà; ðóëÿ âûñîòû � ñîñòàâíîé ÷àñòè ñòàáèëèçàòîðà, ðóëÿ íàïðàâëåíèÿ � ñîñòàâíîé ÷à-
ñòè êèëÿ; ïàíåëè � ñîñòàâíîé ÷àñòè ôþçåëÿæà èëè êðûëà [2], [5], [6], [8], [9], [12], [13], [14],
[17]. Àíàëîãè÷íàÿ ïðîáëåìà âîçíèêàåò ïðè èññëåäîâàíèè òå÷åíèé â ïðîòî÷íûõ êàíàëàõ,
òðóáîïðîâîäàõ ðàçëè÷íîãî íàçíà÷åíèÿ, ñîäåðæàùèõ óïðóãèå ýëåìåíòû [7], [10], [11], [14],
[15], [18].

Â òî æå âðåìÿ äëÿ ôóíêöèîíèðîâàíèÿ íåêîòîðûõ òåõíè÷åñêèõ óñòðîéñòâ ÿâëåíèå âîç-
áóæäåíèÿ êîëåáàíèé ïðè àýðîãèäðîäèíàìè÷åñêîì âîçäåéñòâèè, óêàçàííîå âûøå â êà÷å-
ñòâå íåãàòèâíîãî, ÿâëÿåòñÿ íåîáõîäèìûì. Ïðèìåðàìè ïîäîáíûõ óñòðîéñòâ, îòíîñÿùèõñÿ
ê âèáðàöèîííîé òåõíèêå è èñïîëüçóåìûõ äëÿ èíòåíñèôèêàöèè òåõíîëîãè÷åñêèõ ïðîöåñ-
ñîâ, ÿâëÿþòñÿ óñòðîéñòâà äëÿ ïðèãîòîâëåíèÿ îäíîðîäíûõ ñìåñåé è ýìóëüñèé, â ÷àñòíîñòè,
óñòðîéñòâà äëÿ ïîäà÷è ñìàçî÷íî-îõëàæäàþùåé æèäêîñòè â çîíó îáðàáîòêè (ñì., íàïðèìåð
[20]). Äðóãèì ïðèìåðîì, êîãäà äåôîðìàöèÿ óïðóãèõ ýëåìåíòîâ ïðè àýðîãèäðîäèíàìè÷å-
ñêîì âîçäåéñòâèè íåîáõîäèìà äëÿ ôóíêöèîíèðîâàíèÿ ïðèáîðîâ è ÿâëÿåòñÿ îñíîâîé èõ
ðàáîòû, ÿâëÿþòñÿ äàò÷èêè äàâëåíèÿ [3], [4], [16], [19].

1 Äîêòîð ôèç.-ìàò. íàóê, çàâ. êàôåäðîé ¾Âûñøàÿ ìàòåìàòèêà¿, Óëüÿíîâñêèé ãîñóäàðñòâåííûé òåõíè-
÷åñêèé óíèâåðñèòåò, ã. Óëüÿíîâñê; velmisov@ulstu.ru.

2 Àñïèðàíò êàôåäðû ¾Âûñøàÿ ìàòåìàòèêà¿, Óëüÿíîâñêèé ãîñóäàðñòâåííûé òåõíè÷åñêèé óíèâåðñèòåò,
ã. Óëüÿíîâñê; sseevvaa@inbox.ru.

3 Êàíäèäàò ôèç.-ìàò. íàóê, äîöåíò êàôåäðû ¾Âûñøàÿ ìàòåìàòèêà¿, Óëüÿíîâñêèé ãîñóäàðñòâåííûé
òåõíè÷åñêèé óíèâåðñèòåò, ã. Óëüÿíîâñê; ankil@ulstu.ru.
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Â ðàáîòå ðàññìàòðèâàåòñÿ ÷èñëåííî-àíàëèòè÷åñêîå ðåøåíèå çàäà÷è î äèíàìèêå óïðó-
ãîé ñòåíêè (çàùèòíîãî ýêðàíà) ðåçåðâóàðà, çàïîëíåííîãî æèäêîñòüþ (íåñæèìàåìàÿ ñðå-
äà), ïðè îáòåêàíèè ñòåíêè ñâåðõçâóêîâûì ïîòîêîì ãàçà (ñæèìàåìàÿ ñðåäà). Èññëåäîâàíèå
ïðîâîäèòñÿ â ëèíåéíîé ïîñòàíîâêå. Çàäà÷à ñâåäåíà ê ðåøåíèþ äèôôåðåíöèàëüíîãî óðàâ-
íåíèÿ â ÷àñòíûõ ïðîèçâîäíûõ ñ íà÷àëüíûìè è êðàåâûìè óñëîâèÿìè, â êîòîðîì íåèçâåñò-
íîé ÿâëÿåòñÿ ôóíêöèÿ äåôîðìàöèè ñòåíêè ðåçåðâóàðà. Íà îñíîâå ÷èñëåííîãî ýêñïåðèìåí-
òà, îñíîâîé êîòîðîãî ÿâëÿåòñÿ ìåòîä Áóáíîâà-Ãàë¼ðêèíà, ïðîâîäèòñÿ àíàëèç çàâèñèìîñòè
õàðàêòåðà êîëåáàíèé îò ïàðàìåòðîâ ìåõàíè÷åñêîé ñèñòåìû, â ò.÷. îò çíà÷åíèÿ ñêîðîñòè
íàáåãàþùåãî ñâåðõçâóêîâîãî ïîòîêà. Ýòîò àíàëèç ïîçâîëÿåò ñóäèòü îá óñòîé÷èâîñòè èëè
íåóñòîé÷èâîñòè êîëåáàíèé.

2. Ïîñòàíîâêà çàäà÷è

Ðàññìàòðèâàåòñÿ ïëîñêàÿ çàäà÷à î äèíàìèêå óïðóãîé ñòåíêè ðåçåðâóàðà G− = {(x, y) ∈
R2 : 0 < x < l,−h < y < 0} , çàïîëíåííîãî æèäêîñòüþ. Óïðóãîé ÿâëÿåòñÿ ñòåíêà, çàíè-
ìàþùàÿ ïîëîæåíèå y = 0 , 0 < x < l è ìîäåëèðóåìàÿ óïðóãîé ïëàñòèíîé. Îñòàëüíûå
ñòåíêè ( x = 0 , x = l è y = −h ) ñ÷èòàþòñÿ íåäåôîðìèðóåìûìè (ðèñ. 2.1). Â îáëàñòè
G+ = {(x, y) ∈ R2 : x ∈ (−∞,+∞), y ∈ (0,+∞)} ïðîòåêàåò ñâåðõçâóêîâîé ïîòîê ãàçà â
íàïðàâëåíèè îñè Ox ñî ñêîðîñòüþ V0 > a0 , ãäå a0 � ñêîðîñòü çâóêà. Ïðåäïîëàãàåòñÿ, ÷òî

÷èñëî Ìàõà M0 =
V0
a0

>
√
2 .

Ð è ñ ó í î ê 2.1

Ðåçåðâóàð ñ äåôîðìèðóåìîé ñòåíêîé, îáòåêàåìîé ñâåðõçâóêîâûì ïîòîêîì ãàçà

Ââåäåì îáîçíà÷åíèÿ: w(x, t) � ôóíêöèÿ äåôîðìàöèè (ïðîãèá) ïëàñòèíû; φ−(x, y, t)
� ïîòåíöèàë ñêîðîñòè æèäêîñòè â îáëàñòè G− , φ+(x, y, t) � ïîòåíöèàë ñêîðîñòè ãàçà â
îáëàñòè G+ . Ìàòåìàòè÷åñêàÿ ïîñòàíîâêà çàäà÷è â ëèíåéíîì ïðèáëèæåíèè èìååò âèä:

φ+
tt + 2V0φ

+
xt + V 2

0 φ
+
xx = a20(φ

+
xx + φ+

yy), (x, y) ∈ G+; (2.1)

φ+
y (x, 0, t) =

{
wt + V0wx, x ∈ (0, l), t ≥ 0,

0, x ∈ (l,+∞) t ≥ 0;
(2.2)

φ+(0, y, t) = 0, φ+
x (0, y, t) = 0, y ∈ (0,∞), t ≥ 0; (2.3)

φ+(x, y, 0) = 0, φ+
t (x, y, 0) = 0, x ∈ (0,∞), y ∈ (0,∞); (2.4)

φ−
xx + φ−

yy = 0, (x, y) ∈ G−; (2.5)
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φ−
y (x,−h, t) = 0, φ−

y (x, 0, t) = wt(x, t), x ∈ (0, l), t ≥ 0; (2.6)

φ−
x (0, y, t) = 0, φ−

x (l, y, t) = 0, y ∈ (−h, 0), t ≥ 0; (2.7)

mwtt(x, t) +Dwxxxx(x, t) =

= (p− − ρ−φ−
t (x, 0, t))− (p+ − ρ(φ+

t (x, 0, t) + V0φ
+
x (x, 0, t))); (2.8)

w(0, t) = wxx(0, t) = w(l, t) = wxx(l, t) = 0, t ≥ 0; (2.9)

w(x, 0) = f1(x), wt(x, 0) = f2(x), x ∈ (x, l). (2.10)

Çäåñü èíäåêñû x, y, t ñíèçó îáîçíà÷àþò ïðîèçâîäíûå ïî x, y è t ; D è m � èçãèáíàÿ
æåñòêîñòü è ïîãîííàÿ ìàññà ïëàñòèíû; V0 , ρ+ , p+ � ñêîðîñòü ãàçà, ïëîòíîñòü è äàâëåíèå
â íàáåãàþùåì îäíîðîäíîì ïîòîêå â îáëàñòè G+ ; ρ− , p− � ïëîòíîñòü è äàâëåíèå æèäêîñòè
â îáëàñòè G− â ñîñòîÿíèè ïîêîÿ.

Óðàâíåíèå (2.1) îïèñûâàåò òå÷åíèå ãàçà â îáëàñòè G+ â ìîäåëè èäåàëüíîé ñæèìàåìîé
ñðåäû; (2.2), (2.6), (2.7) � óñëîâèÿ íåïðîòåêàíèÿ; (2.3) � óñëîâèÿ îòñóòñòâèÿ âîçìóùåíèé
ïåðåä ïëàñòèíîé â îáëàñòè G+ ; (2.4) � óñëîâèÿ îòñóòñòâèÿ âîçìóùåíèé â íà÷àëüíûé ìî-
ìåíò âðåìåíè â îáëàñòè G+ ; óðàâíåíèå Ëàïëàñà (2.5) îïèñûâàåò äèíàìèêó æèäêîñòè â
îáëàñòè G− â ìîäåëè èäåàëüíîé íåñæèìàåìîé ñðåäû; (2.8) � óðàâíåíèå, îïèñûâàþùåå
äèíàìèêó óïðóãîé ñòåíêè ðåçåðâóàðà ñ ó÷åòîì âîçäåéñòâèÿ íà íå¼ ñâåðõçâóêîâîãî ïîòî-
êà ãàçà ñâåðõó è æèäêîñòè ñíèçó; óñëîâèÿ (2.9) ñîîòâåòñòâóþò øàðíèðíîìó çàêðåïëåíèþ
êîíöîâ óïðóãîãî ýëåìåíòà ðåçåðâóàðà; (2.10) � íà÷àëüíûå óñëîâèÿ, êîòîðûå äîëæíû áûòü
ñîãëàñîâàíû ñ (2.9). Çàìåòèì, ÷òî ïðåäëàãàåìûé íèæå ìåòîä ðåøåíèÿ çàäà÷è ïðèãîäåí è
äëÿ ëþáûõ äðóãèõ çàêðåïëåíèé êîíöîâ, íàïðèìåð äëÿ æåñòêîãî çàùåìëåíèÿ.

Óðàâíåíèÿ è óñëîâèÿ (2.1) - (2.10) îáðàçóþò íà÷àëüíî-êðàåâóþ çàäà÷ó äëÿ îïðåäåëåíèÿ
òðåõ íåèçâåñòíûõ ôóíêöèé w(x, t) , φ+(x, y, t) , φ−(x, y, t) .

Äëÿ ðåøåíèÿ çàäà÷è â âåðõíåé îáëàñòè G+ ïðèìåíèì îïåðàöèîííûé ìåòîä. Ïåðåéäåì
â óðàâíåíèè (2.1) è óñëîâèè (2.2) ê áåçðàçìåðíûì ïåðåìåííûì φ∗(x∗, y∗, t∗) , w∗(x∗, t∗) ,
x∗ , y∗ , t∗ :

φ∗(x∗, y∗, t∗) =
φ+(x, y, t)

V0l
, w∗(x∗, t∗) =

w(x, t)

l
, x∗ =

x

l
, y∗ =

y

l
, t∗ =

V0t

l
. (2.11)

Òîãäà óðàâíåíèå (2.1) è óñëîâèå (2.2) ïðèìóò âèä:

φ∗
t∗t∗ + 2φ∗

x∗t∗ + φ∗
x∗x∗ =M−2

0

(
φ∗
x∗x∗ + φ∗

y∗y∗

)
, (2.12)

φ∗
y∗(x

∗, 0, t∗) =

{
w∗

t + w∗
x, x

∗ ∈ (0, 1), t∗ ≥ 0,

0, x∗ ∈ (1,+∞) t∗ ≥ 0.
(2.13)

Ïðèìåíÿÿ ïðåîáðàçîâàíèå Ëàïëàñà ê óðàâíåíèþ (2.12) ïî ïåðåìåííûì x∗ è t∗ , ñ ó÷å-
òîì óñëîâèé (2.3), (2.4), äëÿ äâîéíîãî èçîáðàæåíèÿ ïî Ëàïëàñó ˜̄φ∗(p, y∗, q) ïîëó÷èì îáûê-
íîâåííîå äèôôåðåíöèàëüíîå óðàâíåíèå

[(p+ q)2 −M−2
0 p2] ¯̃φ∗(p, y∗, q)) =M−2

0
¯̃φ∗
y∗y∗(p, y

∗, q). (2.14)

Ïðèìåíÿÿ ïðåîáðàçîâàíèå Ëàïëàñà ïî ïåðåìåííûì x∗ è t∗ ê ãðàíè÷íîìó óñëîâèþ
íåïðîòåêàíèÿ (2.13), áóäåì èìåòü

¯̃φ∗
y(p, 0, q) = (q + p) ¯̃w(p, q). (2.15)
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Îáùåå ðåøåíèå óðàâíåíèÿ (2.14), óäîâëåòâîðÿþùåå óñëîâèþ çàòóõàíèÿ ïðè y∗ → ∞ è
ãðàíè÷íîìó óñëîâèþ íåïðîòåêàíèÿ (2.15), èìååò âèä

¯̃φ∗(p, y∗, q) = − (p+ q) ¯̃w(p, q)

M0

√
(p+ q)2 −M−2

0 p2
e−M0

√
(p+q)2−M−2

0 p2y∗ . (2.16)

Èç âûðàæåíèÿ (2.16) ïðè y = 0 íàõîäèì èçîáðàæåíèå ñëàãàåìîãî èç ïðàâîé ÷àñòè óðàâ-
íåíèÿ (2.8)

−ρ(φ+
t (x, 0, t) + V0φ

+
x (x, 0, t)) = −æp+M2

0 (φ
∗
t∗ + φ∗

x∗), (2.17)

à èìåííî

−æM2
0 (φ

∗
t∗ + φ∗

x∗)y=0 ⇐ −æM2
0 (p+ q) ¯̃φ∗(p, 0, q) =

æM0(p+ q)2 ¯̃w(p, q)√
((p+ q)2 −M−2

0 p2)
. (2.18)

Äàëüíåéøåå ðåøåíèå çàäà÷è ñîñòîèò â íàõîæäåíèè îðèãèíàëà, ñîîòâåòñòâóþùåãî èçîáðà-
æåíèþ

æM0(p+ q)2 ¯̃w(p, q)√
((p+ q)2 −M−2

0 p2)
. (2.19)

Ïðèáëèæåííîå âûðàæåíèå îðèãèíàëà, ñîîòâåòñòâóþùåå èçîáðàæåíèþ (2.19), ïîëó÷åííîå
íà îñíîâå êâàçèñòàòè÷åñêîé òåîðèè, â êîòîðîé ôîðìóëà äëÿ âû÷èñëåíèÿ äàâëåíèÿ ïîëó÷å-
íà ïóòåì ðàçëîæåíèÿ ïî ïðèâåäåííîé ÷àñòîòå òî÷íîãî âûðàæåíèÿ äëÿ äàâëåíèÿ äâóìåð-
íîãî íåóñòàíîâèâøåãîñÿ òå÷åíèÿ [1], [21], èìååò âèä (â ðàçìåðíûõ ïåðåìåííûõ)

ρ+V0√
M2

0 − 1

(
V0wx(x, t) +

M2
0 − 2

M2
0 − 1

wt(x, t)

)
(2.20)

Òîãäà óðàâíåíèå äèíàìèêè óïðóãîé ñòåíêè ðåçåðâóàðà (2.8) ïðèíèìàåò âèä

mwtt(x, t) +Dwxxxx(x, t) =

= (p− − ρ−φ−
t (x, 0, t))− p+ − ρ+V0√

M2
0 − 1

(
V0wx(x, t) +

M2
0 − 2

M2
0 − 1

wt(x, t)

)
. (2.21)

Ñëàãàåìîå

−p+ − ρ+V0√
M2

0 − 1

(
V0wx(x, t) +

M2
0 − 2

M2
0 − 1

wt(x, t)

)
(2.22)

â óðàâíåíèè (2.21) îïèñûâàåò âîçäåéñòâèå íà ïëàñòèíó ñâåðõçâóêîâîãî ïîòîêà ãàçà.
Ïîëó÷èì äèôôåðåíöèàëüíîå óðàâíåíèå â ÷àñòíûõ ïðîèçâîäíûõ, êîòîðîå îïèñûâàåò

äèíàìèêó óïðóãîé ñòåíêè ðåçåðâóàðà ñ ó÷åòîì àýðîãèäðîäèíàìè÷åñêîãî âîçäåéñòâèÿ íà
íå¼, ñîäåðæàùeå ëèøü w(x, t) , ñîãëàñíî ïîñòàâëåííîé çàäà÷å (2.5) - (2.10).

Ïðåäñòàâèì ïîòåíöèàë ñêîðîñòè φ−(x, y, t) , ÿâëÿþùèéñÿ ðåøåíèåì óðàâíåíèÿ Ëàïëàñà
(2.5), â âèäå

φ−(x, y, t) = α(t) +
∞∑
n=1

bn(t) cos(λnx)(e
λny + e−λnye−2λnh), (2.23)

ãäå α(t) è bn(t) - íåêîòîðûå ïðîèçâîëüíûå ôóíêöèè, à λn =
nπ

l
.

Óñëîâèÿ (2.7) è ïåðâîå óñëîâèå (2.6) âûïîëíåíû. Óäîâëåòâîðÿÿ âòîðîìó óñëîâèþ (2.6),
ïîëó÷èì

bm(t) =
2

lλm(1− e−2λmh)

l∫
0

wt(x, t) cos(λmx)dx. (2.24)
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Ïîäñòàâëÿÿ (2.24) â (2.23), ñîãëàñíî (2.8), ïîëó÷èì óðàâíåíèå äèíàìèêè óïðóãîé ïëà-
ñòèíû

mwtt(x, t) +Dwxxxx(x, t) =

= (p− − p+)− ρ+V0√
M2

0 − 1

(
V0wx(x, t) +

M2
0 − 2

M2
0 − 1

wt(x, t)

)
−

−ρ−
αt(t) +

2

l

∞∑
n=1

cos(λnx)(1 + e−2λnh)

λn(1− e−2λnh)

l∫
0

wt(x, t) cos(λnx)dx

 . (2.25)

Îñòàâøóþñÿ ïðîèçâîëüíîé ôóíêöèþ αt(t) îïðåäåëèì, óäîâëåòâîðÿÿ óðàâíåíèþ (2.25)
â ñðåäíåì, ó÷èòûâàÿ ïðè ýòîì óñëîâèå íåñæèìàåìîñòè ñðåäû

αt(t) =

−D
l∫

0

wxxxx(x, t)dx+ (p− − p+)l

 1

lρ−
. (2.26)

3. ×èñëåííî - àíàëèòè÷åñêîå ðåøåíèå çàäà÷è

Ïðèìåíèì ìåòîä Ãàë¼ðêèíà äëÿ ðåøåíèÿ íà÷àëüíî-êðàåâîé çàäà÷è (2.25), (2.9), (2.10).
Ïðèâåäåì óðàâíåíèå (2.25) ê âèäó

wtt(x, t) =
1

m
(−Dwxxxx(x, t) + p− θV0wx − θγwt)−

− 1

m
ρ−

αt(t) +
2

l

∞∑
n=1

cos(λnx)Kn

l∫
0

wt(x, t) cos(λnx)dx

 , (3.1)

ãäå p = (p− − p+) , θ =
ρ+V0√
M2

0 − 1
, Kn =

(1 + e−2λnh)

λn(1− e−2λnh)
, γ =

M2
0 − 2

M2
0 − 1

.

Ñîãëàñíî ìåòîäó Ãàë¼ðêèíà ïðîáíîå ðåøåíèå w(x, t) áóäåì èñêàòü â âèäå

w(x, t) =
N∑
k=1

wk(t) sin(λkx), (3.2)

ãäå {sin(λkx)}∞k=1 � ïîëíàÿ ñèñòåìà áàçèñíûõ ôóíêöèé íà îòðåçêå [0, l] , ïîäîáðàííûõ òàê,
÷òîáû âûïîëíÿëèñü çàäàííûå êðàåâûå óñëîâèÿ (2.9).

Óñëîâèÿ îðòîãîíàëüíîñòè íåâÿçêè óðàâíåíèÿ (3.1) ñ ó÷åòîì (3.2) ïîçâîëÿþò çàïèñàòü
ñèñòåìó óðàâíåíèé äëÿ wk(t)

ẅk =
2

lm

(
−D l

2
λ4kwk − θV0

N∑
k=1

λkwkH
1
k,m − θγ

l

2
ẇk +H2

m(p− ρ−αt(t))

)
−

− 4

l2m

(
∞∑
n=1

Kn

N∑
k=1

wkH
3
k,nH

4
m,n

)
, (3.3)

ãäå H1
k,m =

l∫
0

cos(λkx) sin(λmx)dx , H2
m =

l∫
0

sin(λmx)dx , H3
k,n =

l∫
0

sin(λkx) cos(λnx) , H4
m,n =

l∫
0

sin(λmx) cos(λnx) .
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Íà÷àëüíûå óñëîâèÿ äëÿ wk(t) â (3.2) ïîëó÷èì ñîãëàñíî (2.10)

wk(0) =
2

l

l∫
0

f1(x)sin(λkx)dx, ẇk(0) =
2

l

l∫
0

f2(x)sin(λkx)dx. (3.4)

Òàêèì îáðàçîì, ïîëó÷åíà çàäà÷à Êîøè äëÿ ñèñòåìû îáûêíîâåííûõ äèôôåðåíöèàëü-
íûõ óðàâíåíèé (3.3) ñ íà÷àëüíûìè óñëîâèÿìè (3.4).

Ïðèâåäåì ïðèìåðû ÷èñëåííîãî ðåøåíèÿ çàäà÷è (3.3), (3.4). Íèæå íà ãðàôèêàõ ïðåä-
ñòàâëåíû äåôîðìàöèè óïðóãîé ñòåíêè ðåçåðâóàðà ïðè îáòåêàíèè ñâåðõçâóêîâûì ïîòîêîì
ãàçà ïðè çàäàííûõ ïàðàìåòðàõ ìåõàíè÷åñêîé ñèñòåìû. Ïî ýòèì ãðàôèêàì ìîæíî ñóäèòü
îá óñòîé÷èâîñòè èëè íåóñòîé÷èâîñòè êîëåáàíèé ñòåíêè.

Áóäåì ñ÷èòàòü, ÷òî óïðóãèé ýëåìåíò èçãîòîâëåí èç àëþìèíèÿ (E = 7 ∗ 1010 � ìîäóëü
óïðóãîñòè, ρpl = 2699 � ïëîòíîñòü), îáòåêàåòñÿ ñâåðõçâóêîâûì ïîòîêîì âîçäóõà ( ρ+ =
1.3 ), ïðè ýòîì ðåçåðâóàð çàïîëíåí âîäîé ( ρ− = 998.2 ). Äðóãèå ïàðàìåòðû ìåõàíè÷åñêîé
ñèñòåìû: l = 100 ; h = 100 ;hpl = 0.5 (òîëùèíà ïëàñòèíû); m = 269.9 (ïîãîííàÿ ìàññà);

ν = 0.34 (êîýôôèöèåíò Ïóàññîíà); D =
Eh3pl

12(1− ν2)
= 6.5958 · 108 (èçãèáíàÿ æåñòêîñòü).

Âñå çíà÷åíèÿ ïðèâåäåíû â ñèñòåìå ÑÈ. Íà÷àëüíûå óñëîâèÿ çàäàäèì â âèäå: w(x, 0) =

−0.0015 sin(
2πx

l
) , ẇ(x, 0) = 0 .

Ñ ïîìîùüþ ïàêåòà ïðèêëàäíûõ ïðîãðàìì MATLAB ðåøàåòñÿ çàäà÷à Êîøè (3.3), (3.4)

(ïîðÿäîê ïðèáëèæåíèÿ N=15) è ñòðîÿòñÿ ãðàôèêè ôóíêöèè w(x, t) â òî÷êå x∗ =
l

4
ïðè

ðàçëè÷íûõ çíà÷åíèÿõ ñêîðîñòè íàáåãàþùåãî ïîòîêà V .

1. V = 600

Ð è ñ ó í î ê 3.1

Çàêîí êîëåáàíèé w(x∗, t) óïðóãîé ñòåíêè ðåçåðâóàðà â ñå÷åíèè x∗ = l
4

Ð è ñ ó í î ê 3.2

Ïðîãèá óïðóãîé ñòåíêè ðåçåðâóàðà w(x, t) â ìîìåíòû âðåìåíè t = 1 , t = 80
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Ñîãëàñíî ãðàôèêàì íà ðèñ. 3.1 è ðèñ. 3.2 ìîæíî ñäåëàòü âûâîä, ÷òî ðåøåíèå çàäà÷è
(3.3), (3.4) ïðè ñêîðîñòè V = 600 ÿâëÿåòñÿ óñòîé÷èâûì.

2. V = 1070

Ð è ñ ó í î ê 3.3

Çàêîí êîëåáàíèé w(x∗, t) óïðóãîé ñòåíêè ðåçåðâóàðà â ñå÷åíèè x∗ = l
4

Ð è ñ ó í î ê 3.4

Ïðîãèá óïðóãîé ñòåíêè ðåçåðâóàðà w(x, t) â ìîìåíòû âðåìåíè t = 1 , t = 80

Ñîãëàñíî ãðàôèêàì íà ðèñ. 3.3 è ðèñ. 3.4 ìîæíî ñäåëàòü âûâîä, ÷òî ðåøåíèå çàäà÷è
(3.3), (3.4) ïðè ñêîðîñòè V = 1070 ÿâëÿåòñÿ íåóñòîé÷èâûì.
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Mathematical modeling of the dynamics of the shield in

the supersonic gas �ow.

c⃝ P. A. Velmisov4, V. A. Sudakov5, A. V. Ankilov6

Abstract. The solution of the initial-boundary value problem for a coupled system of di�erential
equations describing the dynamics of the elastic wall (shield) tank �lled with liquid, the interaction
of the wall with a supersonic �ow of gas. Numerical-analytical solution based on the method of
Bubnov-Galerkin, allows a numerical experiment to determine the nature of the oscillations.

KeyWords: aerohydroelasticity, elastic plate, deformation, dynamics, stability, supersonic �ow of
gas, liquid, di�erential equations with partial derivatives, the numerical solution, Bubnov-Galerkin
method
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ÓÄÊ 577.95

Êàóçàëüíûå ìîäåëè èñòîðè÷åñêèõ ïðîöåññîâ

c⃝ Â. À. Âîðîáüåâ1, Þ. Â. Áåðåçîâñêàÿ2, À. Þ. Êî÷íåâ3

Àííîòàöèÿ. Â ñòàòüå äëÿ ìàòåìàòè÷åñêîãî ìîäåëèðîâàíèÿ èñòîðè÷åñêèõ ïðîöåññîâ ïðåäëà-
ãàþòñÿ è ïðèìåíÿþòñÿ êàóçàëüíûå ìîäåëè (Ê-ìîäåëè), àäåêâàòíûå ñâîéñòâàì èñòîðè÷åñêèõ
ïðîöåññîâ. Ðàññìîòðåíû áàçîâûå ïðîöåññû èñòîðèè: äåìîãðàôè÷åñêèé ïðîöåññ è ýòíîãåíåç.
Äàí îáçîð èñòîðèè Çàïàäíîé Åâðîïû è å¼ ýêñòðàïîëÿöèÿ â áëèæàéøåå áóäóùåå.

Êëþ÷åâûå ñëîâà: êàóçàëüíàÿ ñåòü, êàóçàëüíàÿ ìîäåëü, ìàòåìàòè÷åñêîå ìîäåëèðîâàíèå
èñòîðè÷åñêèõ ïðîöåññîâ

1. Ââåäåíèå

Èñòîðèÿ� ðåçóëüòàò âçàèìîäåéñòâèÿ áîëüøîãî ÷èñëà ëþäåé è äðóãèõ îáúåêòîâ òåõ-
íîñôåðû è áèîñôåðû. Âñå îíè ïðåòåðïåâàþò èçìåíåíèÿ ñâîèõ ñîñòîÿíèé, èíòåíñèâíîñòü
êîòîðûõ íåëèíåéíî çàâèñèò îò ÷èñëåííîñòè ýòèõ îáúåêòîâ. Ýòà íåëèíåéíîñòü óñëîæíÿ-
åò ìàòåìàòèçàöèþ èñòîðèè. Äëÿ ìîäåëèðîâàíèÿ èñòîðè÷åñêèõ ïðîöåññîâ ïðåäëàãàþòñÿ
è ïðèìåíÿþòñÿ êàóçàëüíûå ìîäåëè (Ê-ìîäåëè). Ðàññìîòðåíû áàçîâûå ïðîöåññû èñòîðèè:
äåìîãðàôè÷åñêèé ïðîöåññ è ýòíîãåíåç.

2. Ïðîëîã ìàòåìàòè÷åñêîé èñòîðèè

Ìàòåìàòèçàöèÿ èñòîðèè íà÷àëàñü ñ ìîäåëåé äåìîãðàôè÷åñêèõ ïðîöåññîâ [1-4] è ïðî-
äîëæèëàñü â òðóäàõ ñèíåðãåòèêîâ [9-12]. Èñòîðè÷åñêèå ïðîöåññû íå âûâîäÿòñÿ èç áèî-
ëîãèè, íî çàêîíû áèîëîãè÷åñêèõ ïîïóëÿöèé îñòàþòñÿ â ñèëå è ÿâëÿþòñÿ áàçîâûìè äëÿ
èñòîðèè. Íà ýòîì ïóòè íàìè ðàíåå áûëè ïîëó÷åíû ñëåäóþùèå ðåçóëüòàòû [2-4].

1. Îáúÿñíåíèå ìèðîâîãî äåìîãðàôè÷åñêîãî ïðîöåññà îãðàíè÷èâàþùèì äåéñòâèåì ýêî-
ëîãè÷åñêîãî áàðüåðà íà ýêñïîíåíöèàëüíûé ðîñò íàñåëåíèÿ Çåìëè.

2. Îòêðûòèå ýêîëîãè÷åñêîé ïàóçû êîíöà ÕÕ âåêà � îòñòàâàíèÿ ðîñòà íàñåëåíèÿ Çåìëè
îò ðîñòà ¼ìêîñòè òåõíîñôåðû� ýêîëîãè÷åñêîé íèøè ÷åëîâå÷åñòâà.

3. Îáíàðóæåíèå ïðè÷èíû ñíèæåíèÿ ðîæäàåìîñòè ïî ìåðå èíäóñòðèàëüíîãî ðàçâèòèÿ�
èíôîðìàöèîííîãî áàðüåðà � êàê ñëåäñòâèÿ íàëîæåíèÿ âîçðàñòà îáó÷åíèÿ íà ôåðòèëüíûé
âîçðàñò æåíùèí è ïîâûøåííûå íîðìû ïîòðåáëåíèÿ â ñîâðåìåííîì îáùåñòâå.

4. Ïðîãíîç áóäóùåãî ðàçâèòèÿ äåìîãðàôè÷åñêîé ñèòóàöèè íà ïëàíåòå � îñòàíîâêè ðî-
ñòà íàñåëåíèÿ Çåìëè â ñåðåäèíå ÕÕI âåêà è äàëüíåéøåå âûìèðàíèå.

Ïóñòü t � âðåìÿ, à T �äàòà îò Ð.Õ. Çàâèñèìîñòü ¼ìêîñòè P ýêîëîãè÷åñêîé íèøè
÷åëîâå÷åñòâà (òåõíîñôåðû) è ÷èñëåííîñòè N íàñåëåíèÿ Çåìëè îò âðåìåíè t îïèñûâàåòñÿ
ñëåäóþùèìè óðàâíåíèÿìè.

Óðàâíåíèå ðîñòà íàñåëåíèÿ ïî Ìàëüòóñó (1798 ã.) dN/dt = N/τ(t) (2.1)

Ýêîëîãè÷åñêèé áàðüåð (2003 [2]) N = k · P, k ≤ 1 (2.2)

1 Ïðîôåññîð êàôåäðû ïðîãðàììèðîâàíèÿ è âûñîêîïðîèçâîäèòåëüíûõ âû÷èñëåíèé, Ñåâåðíûé (Àðêòè-
÷åñêèé) ôåäåðàëüíûé óíèâåðñèòåò èìåíè Ì. Â. Ëîìîíîñîâà, ã. Àðõàíãåëüñê; vva100@atnet.ru.

2 Ñòàðøèé ïðåïîäàâàòåëü êàôåäðû ïðîãðàììèðîâàíèÿ è âûñîêîïðîèçâîäèòåëüíûõ âû÷èñëåíèé, ÑÀÔÓ
èìåíè Ì. Â. Ëîìîíîñîâà, ã. Àðõàíãåëüñê; myumla.myu@gmail.com

3 Çàâåäóþùèé îòäåëåíèåì ÈÒ-îáðàçîâàíèÿ, ÑÀÔÓ èìåíè Ì. Â. Ëîìîíîñîâà, ã. Àðõàíãåëüñê;
derxyz@yandex.ru
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Óðàâíåíèå ðîñòà (2003 [2]) íèøè (òåõíîñôåðû) dP/dt = NP/C (2.3)

Ýêîëîãè÷åñêîå óðàâíåíèå ðîñòà íàñåëåíèÿ dN/dt = kNP/C (2.4)

Õàðàêòåðíîå âðåìÿ τ(t) ñòðåìèòåëüíî óìåíüøàëîñü âî âñ¼ì ìèðå â XIX è ÕÕ âåêàõ.
Íàïðîòèâ, îäíîâðåìåííîå óâåëè÷åíèå âåëè÷èíû τ(t) â ðàçâèòûõ ñòðàíàõ � ýòî äåìîãðà-
ôè÷åñêèé ïåðåõîä, ò.å. ñíèæåíèå òåìïîâ ðîñòà íàñåëåíèÿ. Èç óðàâíåíèé (2.1� 2.4) íåïî-
ñðåäñòâåííî ñëåäóþò (ïðè N = P ):

Óðàâíåíèå Êàïèöû äëÿ íàñåëåíèÿ Çåìëè (1999 ã. [10]) dN/dt = N2/C (2.5)

Ôîðìóëà ôîí Ô¼ðñòåðà äëÿ íàñåëåíèÿ Çåìëè (1960) N = C/(T0 − T ) (2.6)

Óðàâíåíèå ãîäîâîãî ïðèðîñòà íèøè (2007 ã. [11]) N = C/(T0 − T ) (2.7)

Óðàâíåíèå 2.2 ãîâîðèò î òîì, ÷òî íàñåëåíèå, ïðåâûøàþùåå âåëè÷èíó P , íå ìîæåò âûæèòü,
è îáðå÷åíî íà âûìèðàíèå. Ïàðàìåòðû óðàâíåíèÿ 2.6 ìîæíî íàéòè èç äàííûõ Ñ.Ï.Êàïèöû
[9, 10], ïîñòðîèâ ëèíåéíûé òðåíä ôóíêöèè 1/N , íàïðèìåð, â Excel. Ïîëó÷àåòñÿ, ÷òî C ∼=
197, 005 ìëðä. ÷åëîâåêîëåò, à T0 ∼= 2025 ãîä.

Äåìîãðàôè÷åñêèå äàííûå ïîêàçûâàþò, ÷òî óðàâíåíèÿ 2.1� 2.7 àäåêâàòíû òîëüêî â ýïî-
õó ýêîëîãè÷åñêîãî äåôèöèòà (ýêîäåôèöèòà) � ñ ìîìåíòà ïîëíîãî çàñåëåíèÿ ýêîëîãè÷åñêîé
íèøè ãäå-òî îêîëî 12-òè òûñÿ÷ ëåò íàçàä [9, 10] è äî ≈ 1975 ãîäà. Èçáûòîê íàñåëåíèÿ
M = N−P äîëæåí áûë óäàëÿòüñÿ èëè äàæå íå ðîäèòüñÿ èç-çà ïëîõîãî ñîñòîÿíèÿ çäîðîâüÿ
ãîëîäàþùèõ æåíùèí.

Â [4] ïîêàçàíî, ÷òî åìêîñòü ýêîëîãè÷åñêîé íèøè ÷åëîâå÷åñòâà îãðàíè÷èâàåò íàñåëåíèå
òîëüêî äî 70-õ ãîäîâ ÕÕ âåêà. Ñ ýòîãî âðåìåíè äåéñòâèå ýêîëîãè÷åñêîãî áàðüåðà ïðåêðàùà-
åòñÿ. Çà ìîìåíò âûõîäà èç ýêîäåôèöèòà ìû ïðèìåì äàòó Tï = 1975 ã. Èç òåõ æå óðàâíåíèé
íåòðóäíî ïîëó÷èòü, ÷òî â ìîìåíò Tï õàðàêòåðíîå âðåìÿ ðîñòà τ = τï = T0 − Tï . Ìèíè-
ìàëüíîå íàáëþäàåìîå âðåìÿ óäâîåíèÿ ðàâíî τóäâ ∼= 19 ëåò, à τ(t) = 1, 44τóäâ ∼= 27 ëåò.
Íàñåëåíèå Çåìëè 1975 ãîäà ∼= 4 ìëðä. Ñëåäîâàòåëüíî, â ìîìåíò âûõîäà èç ýêîëîãè÷å-
ñêîãî äåôèöèòà âðåìÿ óäâîåíèÿ íàñåëåíèÿ Çåìëè ñîñòàâëÿëî τóäâ ∼= 35 ëåò, ÷òî áëèçêî ê
äåéñòâèòåëüíîñòè.

Ïîñëå 1975 ãîäà íàñòóïèëà ýêîëîãè÷åñêàÿ ïàóçà (ýêîïàóçà) [2-4], êîãäà ðîñò íàñåëåíèÿ
ñîãëàñíî ìàëüòóçèàíñêîìó óðàâíåíèþ 2.1 ñòàë ìåäëåííåå ðîñòà ¼ìêîñòè ýêîëîãè÷åñêîé íè-
øè, çàäàííîãî óðàâíåíèåì 2.3. Â ýêîïàóçå èñòîðè÷åñêèå ÿâëåíèÿ óæå íå ìîãóò îáúÿñíÿòüñÿ
ýêîëîãè÷åñêèì äåôèöèòîì. Îíè ÿâëÿþòñÿ ñëåäñòâèåì ñîöèàëüíîãî âçàèìîäåéñòâèÿ ëþäåé
è ÷åëîâå÷åñêèõ êà÷åñòâ, ñôîðìèðîâàííûõ ïîä äàâëåíèåì ýêîëîãè÷åñêîãî áàðüåðà. Ýêîïà-
óçà âûÿâèëà ñèñòåìíûé êðèçèñ ÷åëîâå÷åñòâà [4], êîòîðûé ïðîÿâëÿåòñÿ, ïðåæäå âñåãî,
êàê ýêîëîãè÷åñêèé êðèçèñ. Îñîáóþ òðåâîãó âûçûâàåò ÷ðåçìåðíîå ñíèæåíèå ðîæäàåìîñòè
â ðàçâèòûõ ñòðàíàõ, êîòîðîå ïðèíÿòî íàçûâàòü äåìîãðàôè÷åñêèì ïåðåõîäîì.

Ïðè÷èíà äåìîãðàôè÷åñêîãî ïåðåõîäà � èíôîðìàöèîííûé áàðüåð, ñîñòîÿùèé â ñëåäó-
þùåì. Äåìîãðàôè÷åñêèå äàííûå è ñîöèàëüíàÿ ñòàòèñòèêà [12, 13] âûÿâèëè ÿâíóþ ñâÿçü
ìåæäó ðîñòîì îáðàçîâàíèÿ è ñíèæåíèåì ðîæäàåìîñòè. Àíàëîãè÷íûå ðåçóëüòàòû ïîëó÷å-
íû â [11]. Ñíèæåíèå ðîæäàåìîñòè ìîæíî îáúÿñíèòü òåì, ÷òî âîçðàñò ïðîôåññèîíàëüíîãî
ñòàíîâëåíèÿ â ñëîæíîì ñîâðåìåííîì îáùåñòâå ïåðåêðûâàåò ðåïðîäóêòèâíûé âîçðàñò æåí-
ùèí. Ýòî ÿâëåíèå, ãðîçÿùåå äåìîãðàôè÷åñêîé êàòàñòðîôîé âñåì ðàçâèòûì ñòðàíàì ìèðà,
è åñòü èíôîðìàöèîííûé áàðüåð ÷åëîâå÷åñòâà. Äåéñòâèå èíôîðìàöèîííîãî áàðüåðà ÿðêî
äåìîíñòðèðóþò äåìîãðàôè÷åñêèå ïðîöåññû â ñòðàíàõ ò.í. çîëîòîãî ìèëëèàðäà. Åñëè óãîä-
íî, çîëîòîé ìèëëèàðä âûìèðàåò îò èçáûòêà.

Ýêñòðàïîëÿöèÿ ñòàòèñòèêè ïðèðîñòà íàñåëåíèÿ èç [10, 12, 13], íà áëèæàéøèå ñòîëåòèÿ,
ïîçâîëèëà íàì [4] ïðîãíîçèðîâàòü äèíàìèêó ðîñòà íàñåëåíèÿ Çåìëè è îáíàðóæèòü, ÷òî ñ
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ñåðåäèíû XX âåêà ïðîÿâëÿåòñÿ òåíäåíöèÿ ê ñíèæåíèþ òåìïîâ ðîñòà íàñåëåíèÿ. Â ëèíåé-
íîì ïðèáëèæåíèè ê ≈ 2050 ãîäó ðîñò íàñåëåíèÿ ïðåêðàòèòñÿ íà óðîâíå ∼= 8÷ 9 ìëðä., à
äàëåå íà÷í¼òñÿ âûìèðàíèå ÷åëîâå÷åñòâà. Äî êàêèõ ïðåäåëîâ áóäåò ïðîèñõîäèòü ýòî âûìè-
ðàíèå ïðåäñêàçàòü òðóäíî. Åñëè äîïóñòèòü, ÷òî óðàâíåíèå 2.3 ðîñòà ýêîëîãè÷åñêîé íèøè
áóäåò äåéñòâîâàòü è â ýêîïàóçå, ïóñòü äàæå ïðè óìåíüøåíèè íàñåëåíèÿ, òî ê êîíöó XXI
âåêà ïîëó÷èòñÿ ñîâåðøåííî íåðåàëüíàÿ äëÿ Çåìëè ¼ìêîñòü íèøè â 400 ìëðä. ÷åëîâåê [4].
Òàêàÿ íèøà âîçìîæíà òîëüêî â êîñìîñå. Íî ãëàâíîå âîçðàæåíèå ïðîòèâ ñòàòèñòè÷åñêèõ
ìîäåëåé è ïðîãíîçîâ ñîñòîèò â òîì, ÷òî ìîòèâàöèÿ ëþäåé íèêàê íå îòðàæàåòñÿ â ýòèõ
ìîäåëÿõ. Ôåíîìåíîëîãè÷åñêèå ìîäåëè íåäîñòàòî÷íû äëÿ ïîíèìàíèÿ è àäåêâàòíîãî îïèñà-
íèÿ èñòîðè÷åñêèõ ïðîöåññîâ. Îíè íå ó÷èòûâàþò ñîöèàëüíîãî ïîâåäåíèÿ ëþäåé. Èñòîðèÿ
÷åëîâå÷åñòâà � ýòî ïðîäóêò ñîâìåñòíîé äåÿòåëüíîñòè ìíîæåñòâà êîíêóðèðóþùèõ ëþäåé
è â ýïîõó ýêîäåôèöèòà, è â ýêîëîãè÷åñêîé ïàóçå, è â ïðåääâåðèè áëèçêîé ýêîëîãè÷åñêîé
êàòàñòðîôû.

3. Êàóçàëüíîå ìîäåëèðîâàíèå ñîöèàëüíûõ ñèñòåì

Èòàê, íåîáõîäèìî ìîäåëèðîâàòü èñòîðèþ, êàê ïðîäóêò ñîâìåñòíîãî äåéñòâèÿ ìíîæå-
ñòâà îáúåêòîâ: ëþäåé, æèâîòíûõ, áèîòû, ýêîëîãè÷åñêèõ ìåñò, òåõíîëîãèé, èäåé è ò.ä. è ò.ï.
Ïîâåäåíèå êàæäîãî òàêîãî îáúåêòà â ñîöèóìå ìîæíî ïðåäñòàâèòü âåðîÿòíîñòíûì àâòîìà-
òîì, ïåðåõîäû êîòîðîãî èç ñîñòîÿíèÿ â ñîñòîÿíèå íåäåòåðìèíèðîâàíû è íåîäíîçíà÷íû.
Ýòî ïîçâîëÿåò ìîäåëèðîâàòü ¾ñâîáîäó âîëè¿ ëþäåé è íåîïðåäåë¼ííîñòü ïîâåäåíèÿ ïðè-
ðîäíûõ îáúåêòîâ. Êðîìå òîãî, íàøè àâòîìàòû èçìåíÿþò ñâî¼ ñîñòîÿíèå íå ñòîëüêî ñàìè
ïî ñåáå, ñêîëüêî ïîä äåéñòâèåì äðóãèõ ýëåìåíòîâ âñåé ýòîé ñëîæíîé ñèñòåìû. Âçàèìîäåé-
ñòâèå ñîñòîèò â òîì, ÷òî ñîñòîÿíèÿ ¾âîçäåéñòâóþùèõ¿ àâòîìàòîâ âëèÿþò íà ¾èçìåíÿåìûå¿
àâòîìàòû è ïåðåâîäÿò èõ â íîâûå ñîñòîÿíèÿ. Ñïîñîá ïåðåäà÷è âîçäåéñòâèé è ñòðóêòóðà
ñâÿçåé ìåæäó àâòîìàòàìè íå ðàññìàòðèâàþòñÿ. Âìåñòî ýòîãî ïðèíÿòà ãèïîòåçà ñèëüíîãî
ïåðåìåøèâàíèÿ.

Ìåòîä êàóçàëüíîãî (Ê) ìîäåëèðîâàíèÿ (Ê-ñåòü è Ê-ìîäåëü) ñòðîãî îïèñàí â [5, 6]. Èäåÿ
åãî ñîñòîèò â òîì, ÷òî ñåòü Ïåòðè, îïèñûâàþùàÿ êàóçàëüíûå ñâÿçè ìåæäó ñóáúåêòàìè
è îáúåêòàìè èñòîðè÷åñêîãî ïðîöåññà, äîïîëíÿåòñÿ èíòåíñèâíîñòÿìè ïåðåõîäîâ � ëèíåé-
íûìè è íåëèíåéíûìè ôóíêöèÿìè îò ìàðêèðîâêè âõîäíûõ ïîçèöèé, äëèòåëüíîñòè òàêòà
ìîäåëèðîâàíèÿ è âåðîÿòíîñòè âçàèìîäåéñòâèÿ â ïàðå âõîä-âûõîä ïåðåõîäà. Ýòè ôóíêöèè
çàâèñÿò îò òèïà ïåðåõîäà: ëèíåéíûé (ïðè äàëüíîäåéñòâèè) èëè íåëèíåéíûé (ïðè áëèçêî-
äåéñòâèè). Íåëèíåéíûå ïåðåõîäû çàâèñÿò îò ñïîñîáà âñòðå÷è àâòîìàòîâ: â ðàñòâîðå, êàê
ìåäâåäè â ëåñó, èëè â ñìåñè, êàê ïòè÷èé áàçàð. Ñàìè ïåðåõîäû èìåþò ñëåäóþùèå ìîäèôè-
êàöèè: ïðîñòûå �èçìåíÿþùèå òîëüêî òå ñîñòîÿíèÿ, êîòîðûå ïîäâåðãàþòñÿ âîçäåéñòâèþ,
ñîõðàíÿþùèå âõîäíóþ ìàðêèðîâêó è âîçäåéñòâóþùèõ è ïîäâåðãàþùèõñÿ âîçäåéñòâèþ ïî-
çèöèé, óäàëÿþùèå âñå âõîäû â âûõîäíóþ ìàðêèðîâêó, îñòàòî÷íûå � âûïîëíÿåìûå äëÿ
àâòîìàòîâ, îñòàâøèõñÿ íåòðîíóòûìè è èíãèáèòîðíûå � çàïðåùàþùèå ïåðåõîä (÷åãî íåò â
ñåòè Ïåòðè). Âñåãî, òàêèì îáðàçîì, âîçìîæíû 15 òèïîâ ïåðåõîäîâ. Êðîìå òîãî, ââîäèòñÿ
âíåøíåå ñîñòîÿíèå, äîïóñêàþòñÿ äåéñòâèòåëüíîå ÷èñëà â êà÷åñòâå ìàðêåðîâ è çàäåðæêà
ìàðêèðîâîê âî âðåìåíè. Òàê èç ñåòè Ïåòðè ïîëó÷àåòñÿ Ê-ñåòü, à å¼ èñïîëíåíèå ïî ïðàâè-
ëàì, ïîäîáíûì ñåòè Ïåòðè, ýòî è åñòü Ê-ìîäåëèðîâàíèå. Áîëåå òîãî, èç îïèñàíèÿ Ê-ñåòè
ìîæíî àâòîìàòè÷åñêè ïîëó÷àòü äèôôåðåíöèàëüíûå óðàâíåíèÿ äèíàìèêè ñðåäíèõ ñ çà-
äåðæêàìè âðåìåíè. Òåîðèÿ è ðåøåíèå ýòèõ óðàâíåíèé âåñüìà ñëîæíû äëÿ èññëåäîâàòåëÿ-
ïðåäìåòíèêà, îñîáåííî ãóìàíèòàðèÿ.
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4. Òðóäîâàÿ Ê-ìîäåëü íàðîäîíàñåëåíèÿ â ýïîõó ýêîäåôèöèòà

Òðóäîâàÿ Ê-ìîäåëü ó÷èòûâàåò ñàìîå ôóíäàìåíòàëüíîå ñâîéñòâî ÷åëîâåêà � òðóä. Ðîëü
áèîòû (Á) â òðóäîâîé Ê-ìîäåëè ñâîäèòñÿ ê ¾ðàñòâîðèòåëþ¿, â êîòîðûé ïîãðóæåíû (×)
ëþäè è òåõíîñôåðà (Ì). Èç ñîîáðàæåíèé ðàçìåðíîñòè ÿñíî, ÷òî ¼ìêîñòü ýêîëîãè÷åñêîé
íèøè P � ýòî êîëè÷åñòâî ÷åëîâåêîëåò æèçíè, êîòîðûå ìîæåò îáåñïå÷èòü òåõíîñôåðà áåç
äîïîëíèòåëüíûõ òðóäîâûõ óñèëèé. �ìêîñòü P èçìåðÿåòñÿ â òåõ æå åäèíèöàõ, à C [÷å-
ëîâåêîëåò] � òðóä (Ò), íåîáõîäèìûé ÷åëîâåêó, ÷òîáû èñ÷åðïàòü âñþ áèîòó è ïðåâðàòèòü
å¼ â òåõíîñôåðó�ìåñòî (Ì) ïðîæèâàíèÿ è ïðîïèòàíèÿ ÷åëîâåêà. Âñþ áèîòó (Á), îäíàêî,
èñ÷åðïàòü íåëüçÿ â ñèëó çàêîíîâ ýêîëîãèè. Ìàññà ïðîäóöåíòîâ äîëæíà ñîñòàâëÿòü îêîëî
98% ìàññû áèîòû, à îáùàÿ ìàññà êîíñóìåíòîâ è ðåäóöåíòîâ äîëæíà áûòü îêîëî 2% ìàññû
áèîòû. Òîãäà ïðîäóöåíòû ìîãóò ïðîêîðìèòü è êîíñóìåíòîâ, è ðåäóöåíòîâ. ×åëîâåê, êàê
âèä, ÿâëÿåòñÿ êîíñóìåíòîì è ðåäóöåíòîì îäíîâðåìåííî, è ìû âïðàâå îæèäàòü, ÷òî â ýïîõó
ýêîäåôèöèòà ÷èñëî ýêîëîãè÷åñêèõ ìåñò (Ì) è, ñîîòâåòñòâåííî, ëþäåé (×) ñóùåñòâåííî íå
ïðåâûñèò 2% îò ìîùíîñòè áèîòû. È äåéñòâèòåëüíî, C ∼= 200 ìëðä. ÷åëîâåêîëåò, à ãîäîâîé
áèîëîãè÷åñêèé óùåðá îò ÷åëîâå÷åñòâà â êîíöå ýêîäåôèöèòà ñîñòàâëÿåò N1975

∼= 4 ìëðä.
÷åëåò, ò.å. ∼= 2% . Ïîñëå 1975 ãîäà äåÿòåëüíîñòü ÷åëîâå÷åñòâà ñòàíîâèòñÿ àíòèýêîëîãè÷íîé
è âåä¼ò ê ýêîëîãè÷åñêîé êàòàñòðîôå, à óðàâíåíèÿ (2.3� 2.7) ïîñòåïåííî òåðÿþò ñâîþ àäåê-
âàòíîñòü. Ê ìîìåíòó ¾îáîñòðåíèÿ¿ â 2025 ãîäó Ê-ìîäåëü è óðàâíåíèÿ (2.3� 2.7), âîîáùå
òåðÿþò ýìïèðè÷åñêèé ñìûñë.

Íà÷àëüíûå óñëîâèÿ â ìîìåíò t0 = 0 îò Ð.Õ.: ×0 = 0, 1 ìëðä.; Ì0 = 0, 1 ìëðä.;
Á0 = 196, 805 . Çäåñü ïîÿâëÿåòñÿ íîâîå, ÷èñòî ÷åëîâå÷åñêîå, ñîñòîÿíèå � òðóä (Ò), êîòîðîå
äàëî íàçâàíèå Ê-ìîäåëè. Îòñþäà ñëåäóåò, ÷òî C = ×0 + Á0 + Ì0 + Ò0 = 197, 005 ìëðä.
÷åëîâåêîëåò.

Ê-ìîäåëü íà Ðèñ.4.1 ïðåäïîëàãàåò, ÷òî òðóäîçàòðàòû ÷åëîâå÷åñòâà (Ò) ïðîïîðöèîíàëü-
íû è ÷èñëó ëþäåé (×), è ÷èñëó ìåñò (Ì), ïðè÷¼ì è ëþäè, è ìåñòà ðàñòâîðåíû â áèîòå
ìîùíîñòè C (ïåðåõîä 1). Ýòî îòíîñèòñÿ è ê ÷èñëó âíîâü ñîçäàííûõ ìåñò, è ê ÷èñëó âû-
æèâøèõ ëþäåé, ïðè÷¼ì ÷èñëåííîñòü ìåñò ïðîæèâàíèÿ ëþäåé íå óáûâàþò íè îò òðóäà,
íè îò ðàçìíîæåíèÿ (òèï ïåðåõîäîâ d1 è d3 ñîõðàíÿþùèé � 4). Ðàçìíîæåíèå ëþäåé ïðî-
ïîðöèîíàëüíî è êîëè÷åñòâó ìåñò, è êîëè÷åñòâó ëþäåé, ðàñòâîð¼ííûõ âî âñ¼ì ìíîæåñòâå
àâòîìàòîâ. À âîò ïðèëîæåíèå òðóäà ê áèîòå, ïðîèñõîäÿùåå â òîì æå ðàñòâîðå, ïðèâî-
äèò ê ïðåâðàùåíèþ è ýòèõ òðóäîçàòðàò, è áèîòû â ìåñòî òåõíîñôåðû (òèï ïåðåõîäà d2
ëèíåéíûé óäàëÿþùèé � 6). Çàäåðæêà íà 23 ãîäà äëÿ âçðîñëåíèÿ ëþäåé ïîäîáðàíà òàê,
÷òîáû îáåñïå÷èòü õîðîøåå ñîâïàäåíèå ñ èçâåñòíûìè äàííûìè ïàëåîäåìîãðàôèè è äåìî-
ãðàôèè. Ñîâïàäåíèå ïîëó÷èëîñü î÷åíü òî÷íîå. Ê-ñåòü äåìîãðàôè÷åñêîãî ïðîöåññà è å¼
ìàòðè÷íîå ïðåäñòàâëåíèå èçîáðàæåíû íà Ðèñ.4.2. Â âåðøèíàõ-ïåðåõîäàõ çàïèñàíû èí-
òåíñèâíîñòè, ò.å. ñðåäíåå ÷èñëî ïåðåõîäîâ çà åäèíèöó âðåìåíè, ðàâíóþ îäíîìó ãîäó. Â
âåðøèíàõ-ïîçèöèÿõ çàïèñàíû ïåðåìåííûå ìàðêåðû, ò.å. ÷èñëî àâòîìàòîâ, íàõîäÿùèõñÿ â
ñîîòâåòñòâóþùåì ñîñòîÿíèè. Ñïðàâà íà Ðèñ.4.2 ïîêàçàíû ìàòðèöû In , Out , D è âåêòîð-
ñòîëáåö R ìàòðè÷íîãî îïèñàíèÿ Ê-ñåòè. Âûïîëíÿÿ ìàòðè÷íîå óìíîæåíèå D • R ïîëó÷èì
äèôôåðåíöèàëüíûå óðàâíåíèÿ äëÿ Ê-ìîäåëè è íîðìèðîâêó. Äëÿ âñåé îáëàñòè àäåêâàòíî-
ãî ïîâåäåíèÿ Ê-ìîäåëè Ò < Á , ò.å. minÒ,Á = Ò , âñëåäñòâèå ÷åãî äèôôåðåíöèàëüíûå
óðàâíåíèÿ èìåþò âèä:

d×/dt = ×t−23 ·Ì/C
dM/dt = Ò
dÁ/dt = −Ò
dT/dt = ×t−23 ·Ì/C − T
×+Ì+ Á+ Ò = C = 197, 005
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Ð è ñ ó í î ê 4.1

Äåìîãðàôè÷åñêèé ïðîöåññ ïåðåõîäà â ýêîïàóçó. Òðóäîâàÿ Ê-ìîäåëü

Ð è ñ ó í î ê 4.2

Ê-ñåòü è ìàòðè÷íîå ïðåäñòàâëåíèå äåìîãðàôè÷åñêîãî ïðîöåññà â áèîñôåðå

Âïðî÷åì, èìåþùàÿñÿ ïðîãðàììà ðåàëèçàöèè Ê-ìîäåëåé ïîçâîëÿåò îáîéòèñü áåç ñîñòàâ-
ëåíèÿ è ðåøåíèÿ ýòèõ óðàâíåíèé. Ðåçóëüòàòû ìîäåëèðîâàíèÿ ïðèâåäåíû íà Ðèñ.4.1 äëÿ
1900�2050 ãã., ÷òî ïîçâîëÿåò óâèäåòü ïðîöåññ ïîòåðè àäåêâàòíîñòè Ê-ìîäåëè. Êðîìå òîãî,
íàìè áûëî ïîñòðîåíî ìíîæåñòâî Ê-ìîäåëåé äåìîãðàôè÷åñêîãî âçðûâà è ýêîëîãè÷åñêîé
êàòàñòðîôû, êîòîðûå àáñòðàãèðóþòñÿ îò êàêèõ-òî àñïåêòîâ ðåàëüíîãî äåìîãðàôè÷åñêîãî
ïðîöåññà: òðóäà, çàäåðæåê, ñìåðòíîñòè è ò.ï., íî ïðè ýòîì ó÷èòûâàþò èíûå àñïåêòû ðå-
àëüíîñòè. Ïîäðîáíî ðàññìàòðèâàòü ýòè ìîäåëè íåò ñìûñëà â ñèëó èõ îãðàíè÷åíèÿ 1975
ãîäîì, êîãäà êîí÷àåòñÿ ýêîäåôèöèò è íà÷èíàåòñÿ ýêîïàóçà.

5. Ê-ìîäåëü äåìîãðàôè÷åñêîãî êðèçèñà â ýêîïàóçå

Ñ íà÷àëîì ýêîëîãè÷åñêîé ïàóçû Ê-ìîäåëè äåìîãðàôè÷åñêîãî âçðûâà ïîñòåïåííî òå-
ðÿþò è àäåêâàòíîñòü, è ýìïèðè÷åñêèé ñìûñë. Äëÿ òîãî ÷òîáû ïîëó÷èòü áîëåå àäåêâàòíûé
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ðåçóëüòàò ñëåäóåò ìîäåëèðîâàòü ðîñò íàñåëåíèÿ ñ ó÷åòîì ãîñïîäñòâóþùåé â îáùåñòâå ìî-
òèâàöèè ðåïðîäóêòèâíîãî ïîâåäåíèÿ. Çäåñü òîæå äåéñòâóþò åñòåñòâåííûå ôàêòîðû: ðîæ-
äåíèå äåòåé (Ä) èç âíåøíåãî ñîñòîÿíèÿ (*), ýëèìèíàöèÿ äåòåé, íå íàøåäøèõ ìåñòà, âî
âíåøíþþ ñðåäó (*), ñìåðòíîñòü âñåõ ëþäåé ñ îñâîáîæäåíèåì ìåñòà (Ì), ðîñò ¼ìêîñòè ýêî-
ëîãè÷åñêîé íèøè (Ì). Â èíäóñòðèàëüíîì è ïîñòèíäóñòðèàëüíîì îáùåñòâå äîáàâëÿþòñÿ
åù¼ äâà ôàêòîðà, çàìåùàþùèõ ðåïðîäóêòèâíîå ïîâåäåíèå: âî-ïåðâûõ, îáó÷åíèå ìîëîä¼-
æè è ïîÿâëåíèå òâîðöîâ (Ò) ýêîíèøè; âî-âòîðûõ, ïîÿâëåíèå èçáûòî÷íîãî ìåñòà (Ì) è
ïîòðåáèòåëåé (Ï).

Ð è ñ ó í î ê 5.1

Ê-ìîäåëü äåìîãðàôè÷åñêîãî êðèçèñà ýïîõè ìîäåðíà ñ 1800 ïî 2500 ã.

Ð è ñ ó í î ê 5.2

Äåìîãðàôè÷åñêèé ïðîöåññ ýïîõè ìîäåðíà è ïîñòìîäåðíà ñ 1800 ïî 2500 ã. Â ñòðîêå Ë äàíà

ìîäåëüíàÿ ÷èñëåíîñòü íàñåëåíèÿ Çåìëè, î÷åíü õîðîøî ñîâïàäàþùàÿ ñ äàííûìè Âñåìèðíîãî

Áàíêà [12] è ñòàòèñòè÷åñêèì ïðîãíîçîì.
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Áóäåì ïîëàãàòü, ÷òî òâîð÷åñòâî è ïîòðåáëåíèå èñêëþ÷àþò ðàçìíîæåíèå, íî íå èñ-
êëþ÷àþò ñìåðòíîñòü. ßñíî, ÷òî êàæäûé ÷åëîâåê ìîæåò ïîïåðåìåííî âûïîëíÿòü âñå òðè
ôóíêöèè: ðåïðîäóêòèâíóþ, òâîð÷åñêóþ è ïîòðåáèòåëüñêóþ, ïîýòîìó ÷èñëåííîñòè ×, Ò è
Ï îòíîñÿòñÿ ê ëþäÿì, êîòîðûå çàíÿòû äàííîé ôóíêöèåé â òåêóùèé ìîìåíò âðåìåíè. Åñòå-
ñòâåííàÿ ðîæäàåìîñòü ñîãëàñíî äåìîãðàôè÷åñêîé ñòàòèñòèêå � 47,7 äåòåé íà 1000 ÷åëîâåê
íàñåëåíèÿ. Â íàøåé Ê-ìîäåëè âñÿ ñìåðòíîñòü ñâîäèòñÿ ê äåòñêîé ñìåðòíîñòè, à âûæèâøèå
äåòè, ñòàâ âçðîñëûìè ëþäüìè, æèâóò äî 77 ëåò, òâîðöû � äî 71 ãîäà. Ýòî óïðîùåíèå íå
ñëèøêîì èñêàæàåò ðåçóëüòàò. Ñðåäíÿÿ ïðîäîëæèòåëüíîñòü æèçíè ñîîòâåòñòâóåò ðåàëüíîé.
Ïðèõîäèòñÿ ïîäáèðàòü òîëüêî êîýôôèöèåíòû ïîÿâëåíèÿ òâîð÷åñêèõ ëþäåé è ïîòðåáèòå-
ëåé. Áëèæàéøàÿ ê íàáëþäàåìîìó [12, 13] ìèðîâîìó äåìîãðàôè÷åñêîìó ïðîöåññó Ê-ìîäåëü
ñ 1800 ã. ïî 2500 ã. ïîêàçàíà íà Ðèñ.5.1.

Ðåçóëüòàòû íà Ðèñ.5.2 ïîêàçûâàþò, ÷òî åñëè ðåïðîäóêòèâíîå ïîâåäåíèå ëþäåé íå èç-
ìåíèòñÿ, ïîñòèíäóñòðèàëüíàÿ öèâèëèçàöèÿ âûìðåò.

6. Ê-ìîäåëü ýòíîãåíåçà

Äåìîãðàôè÷åñêèé ïðîöåññ îòðàæàåò ÷åëîâå÷åñêèé ñïîñîá ïðèñïîñîáëåíèÿ ê ïðèðîä-
íîé ñðåäå � ðàñøèðåíèå ñâîåé ýêîëîãè÷åñêîé íèøè, ò.å. òåõíîñôåðû. Ýòíîãåíåç �ïðîäóêò
âíóòðèâèäîâîé êîíêóðåíöèè ëþäåé çà ýêîëîãè÷åñêóþ íèøó. Ñîãëàñíî Ë.Í. Ãóìèë¼âó â
ñîöèàëüíîé æèçíè ýòíîñà êîíêóðèðóþò òðè ñîöèîòèïà ÷åëîâåêà: ïàññèîíàðèè (ïàññè),
ãàðìîíè÷íèêè (ãàðìè) è ñóáïàññèîíàðèè (ñóááè). Ïðè ýòîì ïàññè âûòåñíÿþò ñóááè, ãàðìè
âûòåñíÿþò ïàññè, à ñóááè âûòåñíÿþò ãàðìè, èçâëåêàÿ èçáûòî÷íîñòü Ðèñ.6.1. Ó ýòèõ òð¼õ
ñîöèîòèïîâ ðàçëè÷íî è ýêîëîãè÷åñêîå ïîâåäåíèå. Ïàññè îáåñïå÷èâàþò ðîñò òåõíîñôåðû,
ãàðìè � å¼ ñîõðàíåíèå, à ñóááè � å¼ ðàçðóøåíèå.

Ïî íàøåìó ìíåíèþ è âîïðåêè Ãóìèë¼âó ïàññè íå îáëàäàþò ïîâûøåííîé áèîýíåðãåòè-
êîé. Îíè òîðìîçÿò (ïî Ïàâëîâó) ñâîè áèîëîãè÷åñêèå èíñòèíêòû âïëîòü äîæåðòâåííîñòè.
Ãàðìè òðóäîëþáèâû, íî íå ïðîòèâîðå÷àò âèòàëüíûì èíñòèíêòàì. Ñóááè æèâóò ðàäè óäî-
âëåòâîðåíèÿ áèîëîãè÷åñêèõ ïîòðåáíîñòåé çàñ÷¼ò ãàðìè. À ïîñêîëüêó ÷èñëåííîñòü ñóááè
êîíòðîëèðóþò ïàññè, òî êàê òîëüêî ïàññè ïðàêòè÷åñêè óíè÷òîæåíû, ýêñïëóàòàöèÿ ãàðìè
ñî ñòîðîíû ñóááè ïðèâîäèò ê îáñêóðàöèè, äåïîïóëÿöèè è ãèáåëè ýòíîñà.
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Ð è ñ ó í î ê 6.1

Ê-ìîäåëü ýòíîãåíåçà êàê êîíêóðåíöèè ïàññè (Ï), ãàðìè (Ã) è ñóááè (Ñ)

Ïðè êîìïüþòåðíîé ðåàëèçàöèè ìîäåëè ýòíîãåíåçà ÿñíî âèäíî ÷åðåäîâàíèå ôàç ñ ðàçíû-
ìè òèïàìè ïîâåäåíèÿ, âèäíû âîëíû ïðåîáëàäàíèÿ ïàññè, ãàðìè è ñóááè è âñå îïèñàííûå
Ãóìèë¼âûì ôàçû ýòíîãåíåçà: ïîäú¼ì, àêìå, íàäëîì, èíåðöèÿ, îáñêóðàöèÿ. Ýòà ïîñëåäî-
âàòåëüíîñòü ïðîäîëæàåòñÿ 1400�1500 ëåò, ïîñëå ÷åãî íà÷èíàåòñÿ íîâûé ýòíîãåíåç ñ òîé
æå ïîñëåäîâàòåëüíîñòüþ ôàç. Âðåìÿ èñòîðè÷åñêîãî ñóùåñòâîâàíèÿ ýòíîñà ïðîäîëæàåòñÿ
1100�1200 ëåò è âêëþ÷àåò àêìå, íàäëîì è èíåðöèþ. Ýòî ýïîõà ðàñöâåòà êóëüòóðû è öèâè-
ëèçàöèè. Îñòàëüíûå 300�400 ëåò ïðèõîäÿòñÿ íà ïåðåõîäíûå ýïîõè: ïîäú¼ì è îáñêóðàöèþ.

Â ôàçàõ ïîäú¼ìà è àêìå äîìèíèðóåò ïàññèîíàðíîå ïîâåäåíèå. Â ôàçå íàäëîìà ïðîèñ-
õîäèò ñìåíà ïàññèîíàðíîé äîìèíàíòû íà ãàðìîíè÷íóþ. Â èíåðöèîííîé ôàçå äîìèíèðóþò
ãàðìè, à â ôàçå îáñêóðàöèè ñóááè. Îáñêóðèðóþùèé ýòíîñ, ïî Òîéíáè, îáû÷íî ñòàíîâèòñÿ
æåðòâîé íàøåñòâèÿ ïàññèîíàðíûõ âàðâàðîâ, ÷òî ïðèâîäèò ê íîâîìó âèòêó ýòíîãåíåçà. Íà
ïðèëàãàåìûõ ðèñóíêàõ (Ðèñ.6.2, 6.3, 6.4) ãðàôèêè ÷èñëåííîñòè ñîöèîòèïîâ íàëîæåíû íà
èñòîðè÷åñêèå ñîáûòèÿ â ðàçëè÷íûõ ýòíîñàõ: Äðåâíèé Åãèïåò, Ðèì è Çàïàäíàÿ Åâðîïà è
Ðîññèÿ. Äëÿ Ðîññèè èìåþòñÿ äâà ñïîñîáà íàëîæåíèÿ ýòèõ æå êðèâûõ íà å¼ èñòîðèþ: ïî èñ-
òî÷íèêàì ÐÏÖ è ïî Ãóìèë¼âó. Åù¼ îäíà äåòàëü íàøåé ìîäåëè ýòíîãåíåçà � äåïîïóëÿöèÿ
ýòíîñà ïî÷òè äî íóëåâîé ÷èñëåííîñòè. Â ðåàëüíîñòè ïàññèîíàðíîå è ãàðìîíè÷íîå íàñåëå-
íèå íå âûìèðàåò, à çàìåùàåòñÿ èëè îòïàäàåò îò ýòíîñà ïîäîáíî îòïàäåíèþ õðèñòèàí îò
ÿçû÷íèêîâ.
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Ð è ñ ó í î ê 6.2
Äâà êëàññè÷åñêèõ öèêëà ýòíîãåíåçà â Äðåâíåì Åãèïòå

Ð è ñ ó í î ê 6.3
Ýòíîãåíåç â Çàïàäíîé Åâðîïå îò Ðèìà äî Åâðîïåéñêîãî Ñîþçà. Òà æå ïîñëåäîâàòåëüíîñòü

ýòàïîâ ýòíîãåíåçà, ÷òî è â Åãèïòå

Ð è ñ ó í î ê 6.4
Ýòíîãåíåç â Ðîññèè ïî Ë.Í. Ãóìèë¼âó ñ 1250 ïî 2700 ãîäû

7. Ðåçóëüòàò

Ïîñòðîåííûå ìîäåëè èñõîäÿò èç ïðåäïîëîæåíèÿ î áëàãîïîëó÷íîì ðàçâèòèè âñåé çåì-
íîé öèâèëèçàöèè áåç êàòàñòðîô è ìèðîâûõ âîéí. Ê ñîæàëåíèþ, ðåçóëüòàòû íå ìîãóò ïîðà-
äîâàòü îïòèìèñòè÷åñêèìè ïðîãíîçàìè. ×åëîâå÷åñòâî âñòóïèëî â ýïîõó ãëîáàëüíîãî êðè-
çèñà. Ýòîò êðèçèñ ñèëüíåå âñåãî çàòðàãèâàåò òåõíè÷åñêèå öèâèëèçàöèè� Çàïàä è Ðîññèþ,
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íî çà íèìè íåèçáåæíî ïîñëåäóþò è ðàçâèâàþùèåñÿ ñòðàíû. Èç èñòîðè÷åñêèõ íàáëþäåíèé,
ìàòåìàòè÷åñêèõ è êàóçàëüíûõ ìîäåëåé äåìîãðàôèè è ýòíîãåíåçà âûòåêàþò ñëåäóþùèå
âûâîäû.

1. Ñîâðåìåííîå ÷åëîâå÷åñòâî ïðîøëî òðè êðóïíûõ ýòàïà àíòðîïîãåíåçà: (1) ýïîõà ðàñ-
ñåëåíèÿ ïî ïëàíåòå Çåìëÿ [10]; (2) ýïîõà ýêîëîãè÷åñêîãî äåôèöèòà è ýòíîãåíåçà, êàê ðå-
çóëüòàòà êîíêóðåíöèè ëþäåé çà ýêîëîãè÷åñêóþ íèøó íà Çåìëå [7]; (3) ýïîõà ýêîëîãè÷åñêîé
ïàóçû è ìèðîâîãî ýêîëîãè÷åñêîãî êðèçèñà [2-4]. Ýêîïàóçà çàâåðøàåòñÿ â XXI âåêå, ïîñëå
÷åãî íà÷èíàåòñÿ âûìèðàíèå ïîñòèíäóñòðèàëüíîé öèâèëèçàöèè è, âîçìîæíî, çàìåíà ñîâðå-
ìåííîãî homo sapiens íîâûì âèäîì ðàçóìíûõ ëþäåé.

2. Åñëè ðåïðîäóêòèâíîå ïîâåäåíèå ëþäåé íå èçìåíèòñÿ, ïîñòèíäóñòðèàëüíàÿ ïîòðåáè-
òåëüñêàÿ öèâèëèçàöèÿ âûìðåò.

3. Èñòîðè÷åñêèé ïðîöåññ â ýïîõó ýêîäåôèöèòà äåòåðìèíèðîâàí, â îñíîâíîì, ýòíîãåíå-
çîì � îáúåäèíåíèåì ëþäåé, ðîäñòâåííûõ ãåíåòè÷åñêè, ïñèõîëîãè÷åñêè è ñîöèîêóëüòóðíî,
â áîðüáå çà ýêîëîãè÷åñêóþ íèøó íà Çåìëå [7].

4. Êîíêóðåíöèÿ ïðîèñõîäèò íå òîëüêî ìåæäó ýòíîñàìè, íî è âíóòðè ýòíîñîâ, êàê ìè-
íèìóì, ìåæäó òðåìÿ ãåíîòèïàìè ëþäåé: ïàññè, ãàðìè è ñóááè.

5. Îñíîâíûå èñòîðè÷åñêèå ïîâîðîòû ïðîèñõîäÿò ïðè ñìåíå ýòàïîâ ýòíîãåíåçà, êîãäà
ìåíÿåòñÿ äîìèíàíòà ñîöèàëüíîãî ïîâåäåíèÿ. Ñ íåáîëüøèìè âàðèàöèÿìè êîýôôèöèåíòîâ
ýòî íàáëþäàåòñÿ íà ìîäåëÿõ ýòíîãåíåçà è â Åãèïòå, è â Åâðîïå, è â Ðîññèè. Ýòî, î÷åâèäíî,
îáùàÿ çàêîíîìåðíîñòü ýòíîãåíåçà.

6. Õîðîøåå ñîâïàäåíèå âîëí ýòíîãåíåçà â Åãèïòå, Çàïàäíîé Åâðîïå, Ðîññèè (ýòî îäíà
è òà æå êðèâàÿ) ãîâîðèò î òîì, ÷òî ýòíîãåíåç ïðàêòè÷åñêè íå çàâèñèò îò êëèìàòà, ðàñû,
êóëüòóðû, êàëåíäàðíîãî âðåìåíè è óðîâíÿ òåõíîëîãèè. Ýòî çíà÷èò, ÷òî ýòíîãåíåç, ñêîðåå
âñåãî, íå ñîöèîêóëüòóðíîå è íå ýêîíîìè÷åñêîå, à ïðèðîäíîå ÿâëåíèå, ñâÿçàííîå ñ ãåíåòèêîé
÷åëîâåêà êàê áèîëîãè÷åñêîãî âèäà.

7. Äëÿ ïîÿâëåíèÿ íîñèòåëåé ïàññèîíàðíîé è èíîé ãåíåòèêè íåò íåîáõîäèìîñòè â êàêîì-
òî êîñìè÷åñêîì âìåøàòåëüñòâå. Âîëíû ýòíîãåíåçà âîçíèêàþò, êàê è â ìîäåëè ¾õèùíèê-
æåðòâà¿, èç-çà íåëèíåéíîñòè ïðîöåññîâ êîíêóðåíöèè ëþäåé.

8. Èñòîðè÷åñêèé ïðîöåññ îáúåêòèâåí, çàêîíîìåðåí è ïðàêòè÷åñêè íå çàâèñèò îò æå-
ëàíèé è èäåé îòäåëüíûõ ëþäåé èëè ñîöèàëüíûõ ãðóïï. Ëþäè ìîãóò ïðåäëàãàòü ñàìûå
ðàçóìíûå è ïðîãðåññèâíûå èäåè èëè ñîöèàëüíûå èíñòèòóòû, íî òùåòíî. Âñÿêàÿ èäåÿ áó-
äåò ïðîäóêòèâíà òîãäà è òîëüêî òîãäà, êîãäà äëÿ å¼ âîñïðèÿòèÿ è ðåàëèçàöèè ïîÿâèòñÿ
äîñòàòî÷íîå ÷èñëî ãåíåòè÷åñêè ïîäõîäÿøèõ ëþäåé� ïàññè, ãàðìè èëè äàæå ñóááè.

9. Íà âîëíå ïîäú¼ìà è àêìå äîìèíèðóåò ñàìàÿ æ¼ñòêàÿ ðåëèãèîçíàÿ ñîöèîêóëüòðíàÿ
óñòàíîâêà, êîòîðàÿ íåâûíîñèìà äëÿ âîçðàñòàþùåé ìàññû ãàðìè, à ïîòîì è ñóááè. Â ðå-
çóëüòàòå ïðîèñõîäèò íàäëîì: ñìóòà, ãðàæäàíñêàÿ âîéíà èëè ðåâîëþöèÿ, ñìÿã÷åíèå íðàâîâ
â ïîëüçó âèòàëüíûõ èíñòèíêòîâ ãàðìè è ñóááè, óñòàíîâëåíèå ñîöèàëüíîãî ðàâíîâåñèÿ è
çàêîííîñòè, à òî÷íåå � áåçðàçëè÷èÿ ê âûñøèì ñàêðàëüíûì öåííîñòÿì. Ýòîò ðåçóëüòàò ðàç-
âèòèÿ ïàññèîíàðíîé êóëüòóðû åñòü, ñîáñòâåííî, öèâèëèçàöèÿ, êàê è óòâåðæäàë Î. Øïåí-
ãëåð [16].

10. Â ñâî¼ì ðàçâèòèè öèâèëèçàöèÿ ñòàíîâèòñÿ âñ¼ áîëåå àãðåññèâíîé ïî îòíîøåíèþ ê
êóëüòóðå, ïîðîäèâøåé ýòó öèâèëèçàöèþ. Ýòî ïðèâîäèò ê îáñêóðàöèè �ðàçãóëó ñóááè, îò-
ðèöàíèþ è îñìåÿíèþ ïàññèîíàðíîé êëàññè÷åñêîé êóëüòóðû, å¼ âûòåñíåíèþ ìàññîâîé ïîï-
êóëüòóðîé. Ïîñëå ýòîãî ýòíîñ, ïîòåðÿâøèé ïàññèîíàðíîñòü, áàçîâûå öåííîñòè è ìîòèâû
äëÿ ïðîäóêòèâíîé äåÿòåëüíîñòè, ãèáíåò. Íà÷èíàåòñÿ äåïîïóëÿöèÿ, áåñïîêîÿùàÿ äåÿòåëåé
êóëüòóðû� òàê íàçûâàåìûõ èíòåëëåêòóàëîâ.

11. Èíòåëëåêòóàëû íå çíàþò íè ôóíäàìåíòàëüíûõ çàêîíîâ èñòîðèè, íè ìàòåìàòèêè.
Ïîýòîìó îíè íå â ñîñòîÿíèè ïîíÿòü ïðîèñõîäÿùèå ïðîöåññû è ãîðÿ÷î îáñóæäàþò ðàçíûå
áëàãîãëóïîñòè (Ñàëòûêîâ-Ùåäðèí), îêîí÷àòåëüíî ðàçëàãàþùèå ãèáíóùèé ýòíîñ.
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12. Òåîðèÿ ýòíîãåíåçà ïî Ë.Í. Ãóìèë¼âó â öåëîì âûäåðæàëà ïðîâåðêó ìàòåìàòè÷åñêèì
ìîäåëèðîâàíèåì. Êà÷åñòâåííàÿ êàðòèíà ýòíîãåíåçà õîðîøî ïîäòâåðæäàåòñÿ. Îäíàêî åñ-
ëè ñìåíèòü íåêîòîðûå êîýôôèöèåíòû â Ê-ìîäåëè, ìîæíî ïîëó÷àòü ðàçëè÷íûå ñöåíàðèè
ýòíîãåíåçà ñ ïðîëîíãèðîâàííîé ôàçîé ðåëèêòà, ñ ðàçëè÷íûìè äëèòåëüíîñòÿìè âîëí ýò-
íîãåíåçà, ñ ðàâíîâåñíûìè ðåëèêòîâûìè ñîñòîÿíèÿìè äàæå áåç òåõ èëè èíûõ ñîöèîòèïîâ
÷åëîâåêà.
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ïîðàæåíèé ñ èñïîëüçîâàíèåì êîìïüþòåðíîãî çðåíèÿ
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Àííîòàöèÿ. Â ñòàòüå ðàññìàòðèâàþòñÿ çàäà÷à èññëåäîâàíèÿ ïðîöåññà êîððîçèè ïóòåì âèçó-
àëüíîãî êîíòðîëÿ ïðîâîäèìîãî ýêñïåðèìåíòà. Îáñóæäàþòñÿ âîïðîñû èñïîëüçîâàíèÿ ìåòîäîâ
îáðàáîòêè èçîáðàæåíèÿ è ïîñëåäóþùåãî åãî àíàëèçà. Äëÿ îöåíêè êîððîçèîííûõ ïÿòåí èñ-
ïîëüçóåòñÿ ôðàêòàëüíàÿ ðàçìåðíîñòü.

Êëþ÷åâûå ñëîâà: ôðàêòàëüíàÿ ðàçìåðíîñòü, êîìïüþòåðíîå çðåíèå, îáðàáîòêà èçîáðàæå-
íèé.

1. Ââåäåíèå

Â ïîñëåäíèå ãîäû â îáëàñòè èçó÷åíèÿ ïîâåðõíîñòíûõ ïðîöåññîâ íàøëè øèðîêîå ïðè-
ìåíåíèå ìåòîäû âèçóàëüíîãî êîíòðîëÿ: `in situ� îïòè÷åñêàÿ ìèêðîñêîïèÿ, êîíôîêàëüíàÿ
ìèêðîñêîïèÿ, ëàçåðíàÿ ñêàíèðóþùàÿ ìèêðîñêîïèÿ, ñêàíåðíàÿ ðåôëåêòðîìåòðèÿ è ò.ä.
Ê ðàçíîâèäíîñòè âèçóàëüíûõ ìåòîäîâ, ïîçâîëÿþùèõ ïîëó÷èòü èçîáðàæåíèÿ íà ìèêðî- è
íàíî-óðîâíÿõ, ìîæíî îòíåñòè ýëåêòðîííóþ è ñêàíèðóþùóþ çîíäîâóþ ñïåêòðîñêîïèè. Ïðè
âñåõ ïðåèìóùåñòâàõ âèçóàëüíûõ ìåòîäîâ âñå îíè èìåþò îäèí ñóùåñòâåííûé íåäîñòàòîê
� òðóäíîñòü â êîëè÷åñòâåííîì îïèñàíèè ïîëó÷åííîãî èçîáðàæåíèÿ â öåëîì. Ïîýòîìó â
ëàáîðàòîðèè êîððîçèè ìåòàëëîâ â ïðèðîäíûõ óñëîâèÿõ Èíñòèòóòà ôèçè÷åñêîé õèìèè è
ýëåêòðîõèìèè ÐÀÍ èì. Ôðóìêèíà (çàâ. ëàáîðàòîðèåé Ìàðøàêîâ À.È.) ñîâìåñòíî ñ ëàáîðà-
òîðèåé ìàòåìàòè÷åñêîé õèìèè Èíñòèòóòà íåôòåõèìèè è êàòàëèçà ÐÀÍ (çàâ. ëàáîðàòîðèåé
Ñïèâàê Ñ.È.) ïðîâîäèòüñÿ èçó÷åíèå ìåõàíèçìà êîððîçèîííûõ ïðîöåññîâ ïîñðåäñòâîì èñ-
ñëåäîâàíèÿ ìîðôîëîãèè ïîâåðõíîñòè ìåòàëëà ñ èñïîëüçîâàíèåì ôðàêòàëüíîãî àíàëèçà.

Ïðè âñåõ ïðåèìóùåñòâàõ âèçóàëüíûõ ìåòîäîâ âñå îíè èìåþò îäèí ñóùåñòâåííûé íåäî-
ñòàòîê � òðóäíîñòü â êîëè÷åñòâåííîì îïèñàíèè ïîëó÷åííîãî èçîáðàæåíèÿ â öåëîì. Íåñìîò-
ðÿ íà òî, ÷òî â ïîñëåäíèå ãîäû èíòåíñèâíî ðàçâèâàþòñÿ ìåòîäû òðåõìåðíîé ðåêîíñòðóêöèè
ïîâåðõíîñòíûõ ìèêðî- è ìàêðîîáúåêòîâ, îíè, êàê ïðàâèëî, êàñàþòñÿ îòäåëüíûõ äåôåêòîâ
íà ïîâåðõíîñòè è äàþò ìèíèìóì èíôîðìàöèè î ìåõàíèçìå ìåæôàçíûõ âçàèìîäåéñòâèé â
öåëîì. Êàê è áîëüøèíñòâî ïðèðîäíûõ ÿâëåíèé, êîððîçèÿ ïî ñóùåñòâó ÿâëÿåòñÿ ñëîæíîé è
íåðåãóëÿðíîé, ïîýòîìó ìîðôîëîãèÿ è èçîáðàæåíèÿ ïîâåðõíîñòè, ïîäâåðãøåéñÿ êîððîçèîí-
íîìó ðàçðóøåíèþ, íå ìîãóò áûòü ñîâåðøåííî èäåíòè÷íûìè äàæå â ñëó÷àå èñïîëüçîâàíèÿ
îäíîãî è òîãî æå ìàòåðèàëà è êîððîçèîííîé ñðåäû. Äðóãèìè ñëîâàìè, èçîáðàæåíèÿ ïðî-
êîððîäèðîâàâøåãî ìåòàëëà íåðåãóëÿðíû è íåâîñïðîèçâîäèìû. Îäíèì èç ýôôåêòèâíûõ
ïóòåé ðåøåíèÿ äàííîé ïðîáëåìû ÿâëÿåòñÿ èñïîëüçîâàíèå ôðàêòàëîâ. Â îñíîâå ôðàêòàëü-
íîãî àíàëèçà ëåæèò îöåíêà âåëè÷èíû ôðàêòàëüíîé ðàçìåðíîñòè (ÔÐ). Öåëüþ ðàáîòû ÿâ-
ëÿåòñÿ ðàçðàáîòêà ìåòîäèêè îöåíêè êîððîçèîííûõ ïðîöåññîâ ïîñðåäñòâîì èññëåäîâàíèÿ
ìîðôîëîãèè ìåòàëëîâ âî âðåìÿ ïðîòåêàíèÿ êîððîçèîííîãî è ýëåêòðîõèìè÷åñêîãî ïðîöåñ-
ñîâ. Èòîãîì ðàáîòû òàêæå áóäóò ÿâëÿòüñÿ ôðàêòàëüíûå õàðàêòåðèñòèêè êàê ïîâåðõíîñòè
âñåãî èññëåäóåìîãî îáðàçöà, òàê è ëîêàëüíûõ êîððîçèîííûõ äåôåêòîâ.

1 Àñïèðàíò 1-ãî ãîäà îáó÷åíèÿ ëàá. ìàòåìàòè÷åñêîé õèìèè, Èíñòèòóò íåôòåõèìèè è êàòàëèçà ÐÀÍ,
ã. Óôà; mat-83@mail.ru.

2 Í.ñ. ëàá. êîððîçèè ìåòàëëîâ â åñòåñòâåííûõ óñëîâèÿõ, èíñòèòóò ôèçè÷åñêîé õèìèè è ýëåêòðîõìèè
èì. À.Í. Ôðóìêèíà ÐÀÍ, ã. Ìîñêâà; marina.maleeva1@gmail.com.

3 Ñ.í.ñ. ëàá. ìàòåìàòè÷åñêîé õèìèè, Èíñòèòóò íåôòåõèìèè è êàòàëèçà ÐÀÍ, ã. Óôà; irekmars@gmail.ru.
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2. ÔÐ â êîððîçèîííûõ ýêñïåðèìåíòàõ

ÔÐ â êîððîçèîííûõ ýêñïåðèìåíòàõ ïðåäëàãàåòñÿ îïðåäåëÿòü íà îñíîâàíèè âèçóàëüíûõ
(îïòè÷åñêàÿ ìèêðîñêîïèÿ, ñêàíåðíàÿ ðåôëåêòîìåòðèÿ) è ýëåêòðîõèìè÷åñêèõ (èìïåäàíñ-
íàÿ ýëåêòðîõèìè÷åñêàÿ ñïåêòðîñêîïèÿ, õðîíîàìïåðîìåòðèÿ) ìåòîäîâ. Âèçóàëüíûå ìåòî-
äû îñíîâûâàþòñÿ íà îáðàáîòêå öèôðîâûõ èçîáðàæåíèé, ïîëó÷åííûõ â õîäå ýêñïåðèìåíòà.
Ïðè ïðîâåäåíèè îïåðàöèé îáðàáîòêè èçîáðàæåíèÿ âûäåëÿþò ñëåäóþùèå îñíîâíûå ýòàïû:
ôîðìèðîâàíèå èçîáðàæåíèÿ, ñåãìåíòàöèÿ èçîáðàæåíèÿ è àíàëèç èçîáðàæåíèÿ.

2.1. Ôîðìèðîâàíèÿ èçîáðàæåíèÿ

Ê îïåðàöèÿì ôîðìèðîâàíèÿ èçîáðàæåíèÿ îòíîñÿòñÿ ïîëó÷åíèå èçîáðàæåíèÿ, â äàí-
íîì ñëó÷àå öèôðîâîãî, è ïðåäâàðèòåëüíàÿ îáðàáîòêà èçîáðàæåíèÿ. Öèôðîâîå èçîáðàæå-
íèå I ìîæíî ðàññìàòðèâàòü êàê ìàòðèöó ðàçìåðîì N ∗M , ýëåìåíòàìè êîòîðîé ÿâëÿþòñÿ
çíà÷åíèÿ ÿðêîñòè â I[x, y] , ãäå x è y � êîîðäèíàòû ïèêñåëÿ. Îáû÷íî èçîáðàæåíèÿ, ñôîð-
ìèðîâàííûå ðàçëè÷íûìè èíôîðìàöèîííûìè ñèñòåìàìè, èñêàæàþòñÿ äåéñòâèåì ïîìåõ.
Ýòî çàòðóäíÿåò êàê èõ âèçóàëüíûé àíàëèç ÷åëîâåêîì-îïåðàòîðîì, òàê è àâòîìàòè÷åñêóþ
îáðàáîòêó â ÏÝÂÌ [1].

Â êà÷åñòâå ïðåäâàðèòåëüíîé îáðàáîòêè èçîáðàæåíèÿ èñïîëüçîâàëèñü ôèëüòðû øóìî-
ïîäàâëåíèÿ è ôèëüòðû ïîâûøåíèÿ êîíòðàñòíîñòè è ÷¼òêîñòè. Áîëüøèíñòâî îñíîâíûõ ìå-
òîäîâ ïîâûøåíèÿ ÷åòêîñòè îñíîâàíû íà ïðîñòîì óëó÷øåíèè êîíòðàñòà èçîáðàæåíèÿ. Â
÷àñòíîñòè, äëÿ ïîâûøåíèÿ ÷åòêîñòè èñïîëüçîâàëñÿ ìåòîä ëèíåéíîé ðàñòÿæêè ãèñòîãðàì-
ìû (2.1). {

b = 255/(max−min),

a = −b ∗min.
dst(x, y) = a+ b ∗ src(x, y), (2.1)

ãäå a è b � êîýôôèöèåíòû ðàñòÿæåíèÿ, max è min � ñîîòâåòñòâåííî ìàêñèìàëüíîå è
ìèíèìàëüíîå çíà÷åíèÿ ÿðêîñòè íà èçîáðàæåíèè, src è dst � èñõîäíîå è îáðàáîòàííîå
èçîáðàæåíèå ñîîòâåòñòâåííî.

Â êà÷åñòâå ïðåäîáðàáîòêè äëÿ ïîñëåäóþùåãî ðàñïîçíàâàíèÿ èñïîëüçîâàëîñü ãàóññîâî
ðàçìûòèå. Ãàóññîâñêîå ðàçìûòèå � ýòî ñâåðòêà èçîáðàæåíèÿ ñ ôóíêöèåé

f(x) =
1

σ
√
2π
e−

(x−µ)2

2σ2 , (2.2)

ãäå µ - ìàòåìàòè÷åñêîå îæèäàíèå ñëó÷àéíî âåëè÷èíû, à σ2 - äèñïåðñèÿ. Ìàòðè÷íûé
ôèëüòð, ïîñ÷èòàííûé ïî ôîðìóëå (2.2), íàçûâàåòñÿ ãàóññèàíîì.

Ïîñëå ïðåäâàðèòåëüíîé îáðàáîòêè èçîáðàæåíèÿ íåîáõîäèìî ïðîâåñòè îïåðàöèè ñåãìåí-
òàöèè, òî åñòü äåòåêòèðîâàòü ïÿòíà êîððîçèè íà ïîëó÷åííîì èçîáðàæåíèè. Íåîáõîäèìî
ðàçäåëèòü èçîáðàæåíèÿ íà îáëàñòè, äëÿ êîòîðûõ âûïîëíÿåòñÿ îïðåäåëåííûé êðèòåðèé
îäíîðîäíîñòè.

2.2. Ñåãìåíòàöèÿ

Îïåðàöèÿ ïîðîãîâîãî ðàçäåëåíèÿ, êîòîðàÿ â ðåçóëüòàòå äàåò áèíàðíîå èçîáðàæåíèå,
íàçûâàåòñÿ áèíàðèçàöèåé. Öåëüþ îïåðàöèè áèíàðèçàöèè ÿâëÿåòñÿ ðàäèêàëüíîå óìåíüøå-
íèå êîëè÷åñòâà èíôîðìàöèè, ñîäåðæàùåéñÿ íà èçîáðàæåíèè. Â äàííîé ðàáîòå èñïîëüçî-
âàëèñü, êàê ïîðîãîâûå, òàê è àäàïòèâíûå ìåòîäû áèíàðèçàöèè, â çàâèñèìîñòè îò ýêñïåðè-
ìåíòà.

Áèíàðèçàöèÿ ñ íèæíèì ïîðîãîì ÿâëÿåòñÿ íàèáîëåå ïðîñòîé îïåðàöèåé, â êîòîðîé èñ-
ïîëüçóåòñÿ òîëüêî îäíî çíà÷åíèå ïîðîãà (2.3).
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dst =

{
src(x, y), src(x, y) > h,

0.
(2.3)

Àäàïòèâíàÿ áèíàðèçàöèÿ ïðîèçâîäèòüñÿ àíàëîãè÷íî ñ (2.3), òîëüêî h = T (x, y) , ãäå
T (x, y) - ïîðîã, ðàññ÷èòûâàåìûé èíäèâèäóàëüíî äëÿ êàæäîãî ïèêñåëÿ.

Äëÿ èçâëå÷åíèÿ èíôîðìàöèè î êîððîçèîííîì ïÿòíå (êîíòóðû êîððîçèîííîãî ïîðàæå-
íèÿ) èñïîëüçóþòñÿ îïåðàöèè ìàòåìàòè÷åñêîé ìîðôîëîãèè. Îñíîâíûå îïåðàöèè: íàðàùè-
âàíèå, ýðîçèÿ, çàìûêàíèå è ðàçìûêàíèå (ðèñ. 2.1). Îïåðàöèÿ íàðàùèâàíèÿ óâåëè÷èâàåò
îáëàñòü èçîáðàæåíèÿ, à ýðîçèÿ äåëàåò å¼ ìåíüøå. Îïåðàöèÿ çàìûêàíèÿ ïîçâîëÿåò çà-
ìêíóòü âíóòðåííèå îòâåðñòèÿ îáëàñòè âäîëü å¼ ãðàíèöû. Îïåðàöèÿ ðàçìûêàíèÿ ïîìîãàåò
èçáàâèòüñÿ îò ìàëåíüêèõ ôðàãìåíòîâ, âûñòóïàþùèõ íàðóæó îáëàñòè âáëèçè å¼ ãðàíèöû
[2].

Ð è ñ ó í î ê 2.1

Îñíîâíûå îïåðàöèè ìàòåìàòè÷åñêîé ìîðôîëîãèè.

Òàêèì îáðàçîì ïðèìåíèâ îïåðàöèþ ðàçìûêàíèÿ, íàéäåì êîíòóðû îáúåêòîâ, îòôèëü-
òðóåì òå, êîòîðûå ÿâëÿþòñÿ ñëèøêîì ìàëåíüêèìè, è ê îñòàâøèìñÿ êîíòóðàì ïðèìåíèì
ñëåäóþùèé àíàëèç.

3. Àíàëèç õàðàêòåðèñòèê

Õàðàêòåðèñòèêà êîððîçèîííîãî ïÿòíà âåëàñü ïðè ïîìîùè ôðàêòàëüíîãî àíàëèçà.
Ôðàêòàë �ãåîìåòðè÷åñêàÿ ôèãóðà, îáëàäàþùàÿ ñâîéñòâîì ñàìîïîäîáèÿ. Äëÿ îöåíêè êîð-
ðîçèîííûõ ïÿòåí áûëî ðåøåíî ñðàâíèâàòü èõ ôðàêòàëüíóþ ðàçìåðíîñòü. Îñíîâíîé õà-
ðàêòåðèñòèêîé ôðàêòàëüíîãî îáúåêòà ÿâëÿåòñÿ åãî ðàçìåðíîñòü [3]. Ôðàêòàëüíàÿ ðàçìåð-
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íîñòü, êàê ïðàâèëî, ÿâëÿåòñÿ íåîòðèöàòåëüíûì íåöåëûì ÷èñëîì, îòðàæàþùèì, íåêîòî-
ðûì îáðàçîì, ãåîìåòðè÷åñêóþ ñëîæíîñòü îáúåêòà è âû÷èñëÿåòñÿ ñëåäóþùèì îáðàçîì:

D = lim
ε→0

lnNε

−lnε

ãäå D - ôðàêòàëüíàÿ ðàçìåðíîñòü, Nε - ìèíèìàëüíîå ÷èñëî ìíîæåñòâ äèàìåòðà ε ,
êîòîðûìè ìîæíî ïîêðûòü èñõîäíîå ìíîæåñòâî. Äëÿ ðàñ÷åòà ôðàêòàëüíîé ðàçìåðíîñòè
èñïîëüçîâàëñÿ box-counting ìåòîä. Èäåÿ àëãîðèòìà ñîñòîèò â ñëåäóþùåì:

1) Èññëåäóåìîå ìíîæåñòâî òî÷åê ðàçáèâàåòñÿ íà ïèêñåëè ðàçìåðà ε è ñ÷èòàåòñÿ êîëè-
÷åñòâî ïèêñåëåé N , ñîäåðæàùèõ õîòÿ áû îäíó òî÷êó ìíîæåñòâà. 2) Äëÿ ðàçíûõ ε îïðå-
äåëÿåòñÿ ñîîòâåòñòâóþùåå çíà÷åíèå N , ò.å. íàêàïëèâàþòñÿ äàííûå äëÿ ïîñòðîåíèÿ çàâè-
ñèìîñòè N(ε) . 3) Çàâèñèìîñòü N(ε) ñòðîèòñÿ â äâîéíûõ ëîãàðèôìè÷åñêèõ êîîðäèíàòàõ
è îïðåäåëÿåòñÿ êîýôôèöèåíò íàêëîíà ïðÿìîé, êîòîðûé è áóäåò çíà÷åíèåì ôðàêòàëüíîé
ðàçìåðíîñòè.

Äëÿ îáðàçöà ñòàëè ïðè ðàñòðåñêèâàíèè áûëà ðàññ÷èòàíà ôðàêòàëüíàÿ ðàçìåðíîñòü.
Íà ðèñ. 3.1 ìîæíî óâèäåòü îáðàçåö ñòàëè, ñ íàéäåííîé ãðàíèöåé è ñîîòâåòñòâóþùóþ åé
ôðàêòàëüíóþ ðàçìåðíîñòü.

Ð è ñ ó í î ê 3.1

Òðåùèíà äëÿ ñòàëüíîãî îáðàçöà è ãðàôèê çàâèñèìîñòè N(ε) âçàâèñèìîñòè îò ðàçìåðà ε äëÿ

îïðåäåëåíèÿ ôðàêòàëüíîé ðàçìåðíîñòè.

Òàêæå íàðÿäó ñ ôðàêòàëüíîé ðàçìåðíîñòüþ, äëÿ óñêîðåíèÿ ðàñ÷åòîâ èñïîëüçîâà-
ëîñü ïîíÿòèå êîìïàêòíîñòè � îòíîøåíèå êâàäðàòà ïåðèìåòðà êîíòóðà ê åãî ïëîùàäè.
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Ð è ñ ó í î ê 3.2

Äåòåêòèðîâàíèå êîððîçèè íà îáðàçöå ìåäè (ñííèé öâåò) è ïîáî÷íûõ äåôåêòîâ (êðàñíûé).

Äëÿ ìåäíîãî îáðàçöà ïëàñòèíû (ðèñ. 3.2) ïðè äëèòåëüíîì íàáëþäåíèè áûëî óñòà-
íîâëåíî èçìåíåíèå êîìïàêòíîñòè èçîáðàæåíèÿ â çàâèñèìîñòè îò âðåìåíè (ðèñ. 3.3).

Ð è ñ ó í î ê 3.3

Ãðàôèê èçìåíåíèÿ êîððîçèè â êîëè÷åñòâåííîì âûðàæåíèè â çàâèñèìîñòè îò âðåìåíè.

4. Çàêëþ÷åíèå

Â ñòàòüå áûëè ðàññìîòðåíû îñíîâíûå àñïåêòû îáðàáîòêè è àíàëèçà èçîáðàæåíèé â
çàäà÷å èññëåäîâàíèÿ ìåõàíèçìà êîððîçèîííûõ ïîðàæåíèé. Â ðåçóëüòàòå ðàáîòû:

1)Èññëåäîâàíû ìåòîäû îáðàáîòêè èçîáðàæåíèé â êîíòåêñòå èñïîëüçîâàíèÿ â çàäà÷å
ïîèñêà êîððîçèîííûõ ïîðàæåíèé.

2)Èññëåäîâàí ìåõàíèçì ôðàêòàëüíîãî àíàëèçà è â êà÷åñòâå õàðàêòåðèñòèêè êîððîçè-
îííîãî ïîðàæåíèÿ áûëà âûáðàíà ôðàêòàëüíàÿ ðàçìåðíîñòü.

3)Ïðèìåíåíû îïèñàííûå àëãîðèòìû äëÿ äåòåêòèðîâàíèÿ è ðàñïîçíàâàíèÿ êîððîçèîí-
íîãî ïîðàæåíèÿ äëÿ ñòàëüíîãî è ìåäíîãî îáðàçöà.
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Ðåàëèçàöèÿ ãðàäèåíòíî-ïîäîáíûõ äèôôåîìîðôèçìîâ

íà ïîâåðõíîñòÿõ ïîñðåäñòâîì àâòîìîðôèçìîâ

òðåõöâåòíûõ ãðàôîâ

c⃝ C. Õ. Êàïêàåâà1

Àííîòàöèÿ. Äàííàÿ ñòàòüÿ ÿâëÿåòñÿ ïðîäîëæåíèåì ðàáîò [5], [4], â êîòîðûõ íàéäåíû óñëî-
âèÿ òîïîëîãè÷åñêîé ñîïðÿæåííîñòè ãðàäèåíòíî-ïîäîáíûõ äèôôåîìîðôèçìîâ ïîâåðõíîñòåé.
Â íàñòîÿùåé ðàáîòå ðåøåíà ïðîáëåìà ðåàëèçàöèè, òî åñòü â êàæäîì êëàññå òîïîëîãè÷åñêè
ñîïðÿæåííûõ ãðàäèåíòíî-ïîäîáíûõ äèôôåîìîðôèçìîâ ïîâåðõíîñòè ïîñòðîåí ñòàíäàðòíûé
ïðåäñòàâèòåëü

Êëþ÷åâûå ñëîâà: äèôôåîìîðôèçì Ìîðñà-Ñìåéëà, ãðàäèåíòíî-ïîäîáíûé äèôôåîìîð-
ôèçì, òîïîëîãè÷åñêè ñîïðÿæåííûå äèôôåîìîðôèçìû, òðåõöâåòíûé ãðàô, ðåàëèçàöèÿ äèô-
ôåîìîðôèçìîâ

1. Îñíîâíûå ïîíÿòèÿ è ôîðìóëèðîâêà ðåçóëüòàòîâ

Öåëüþ íàøåé ðàáîòû ÿâëÿåòñÿ ðåøåíèå ïðîáëåìû ðåàëèçàöèè ãðàäèåíòíî-ïîäîáíûõ
äèôôåîìîðôèçìîâ, çàäàííûõ íà äâóìåðíûõ ïîâåðõíîñòÿõ, òî åñòü â êàæäîì êëàññå òîïî-
ëîãè÷åñêè ñîïðÿæåííûõ ãðàäèåíòíî-ïîäîáíûõ äèôôåîìîðôèçìîâ ïîâåðõíîñòè ñòðîèòñÿ
ñòàíäàðòíûé ïðåäñòàâèòåëü.

Ðåøåíèå çàäà÷è ðåàëèçàöèè ÿâëÿåòñÿ ÷àñòüþ òîïîëîãè÷åñêîé êëàññèôèêàöèè äèôôåî-
ìîðôèçìîâ èç ðàññìàòðèâàåìîãî êëàññà, ãäå ïîä òîïîëîãè÷åñêîé êëàññèôèêàöèåé ïîíè-
ìàåòñÿ ðåøåíèå ñëåäóþùèõ çàäà÷:

1. íàõîæäåíèå òîïîëîãè÷åñêèõ èíâàðèàíòîâ äèôôåîìîðôèçìîâ èç çàäàííîãî êëàññà;
2. äîêàçàòåëüñòâî ïîëíîòû ìíîæåñòâà íàéäåííûõ èíâàðèàíòîâ, òî åñòü äîêàçàòåëü-

ñòâî òîãî, ÷òî ñîâïàäåíèå ìíîæåñòâ òîïîëîãè÷åñêèõ èíâàðèàíòîâ ÿâëÿåòñÿ íåîáõîäèìûì
è äîñòàòî÷íûì óñëîâèåì òîïîëîãè÷åñêîé ñîïðÿæåííîñòè äèôôåîìîðôèçìîâ èç ðàññìàò-
ðèâàåìîãî êëàññà;

3. ðåàëèçàöèÿ, òî åñòü ïîñòðîåíèå ïî çàäàííîìó ìíîæåñòâó òîïîëîãè÷åñêèõ èíâàðèàí-
òîâ ñòàíäàðòíîãî ïðåäñòàâèòåëÿ.

Â ðàáîòàõ [5], [4] áûëè ðåøåíû ïåðâàÿ è âòîðàÿ çàäà÷è, äàííàÿ ðàáîòà ïîñâÿùåíà
ðåøåíèþ òðåòüåé çàäà÷è.

Ïóñòü f : M2 → M2 � äèôôåîìîðôèçì Ìîðñà-Ñìåéëà2. Íåáëóæäàþùåå ìíîæåñòâî

äèôôåîìîðôèçìà f ïðåäñòàâèì â âèäå Ωf =
2∪

i=0

Ωi
f , ãäå Ωi

f � ìíîæåñòâî ïåðèîäè÷åñêèõ

òî÷åê äèôôåîìîðôèçìà f , èíäåêñ Ìîðñà (ðàçìåðíîñòü íåóñòîé÷èâîãî ìíîãîîáðàçèÿ W u
p )

êîòîðûõ ðàâåí i ( i = 0, 1, 2 ). Òî÷êè ñ èíäåêñîì Ìîðñà 2 íàçûâàþòñÿ èñòî÷íèêàìè, òî÷êè
ñ èíäåêñîì Ìîðñà 0 íàçûâàþòñÿ ñòîêàìè, òî÷êè ñ èíäåêñîì Ìîðñà 1 � ñåäëàìè.

1 Ìàãèñòðàíòêà êàôåäðû ïðèêëàäíîé ìàòåìàòèêè, Ìîðäîâñêèé ãîñóäàðñòâåííûé óíèâåðñèòåò èìåíè
Í. Ï. Îãàðåâà, ã. Ñàðàíñê; kapkaevasvetlana@yandex.ru

2 Äèôôåîìîðôèçì f :Mn →Mn , çàäàííûé íà ãëàäêîì çàìêíóòîì n -ìíîãîîáðàçèè Mn íàçûâàåòñÿ
äèôôåîìîðôèçìîì Ìîðñà-Ñìåéëà, åñëè:

1) íåáëóæäàþùåå ìíîæåñòâî Ωf ãèïåðáîëè÷íî è êîíå÷íî (òî åñòü ñîñòîèò èç êîíå÷íîãî ÷èñëà ïåðèî-
äè÷åñêèõ òî÷åê, äëÿ êîòîðûõ ìîäóëè ñîáñòâåííûõ çíà÷åíèé ìàòðèöû ßêîáè íå ðàâíû åäèíèöå);

2) äëÿ ëþáûõ ïåðèîäè÷åñêèõ òî÷åê p , q óñòîé÷èâîå ìíîãîîáðàçèå W s
p è íåóñòîé÷èâîå ìíîãîîáðàçèå

Wu
q ëèáî íå ïåðåñåêàþòñÿ, ëèáî òðàíñâåðñàëüíû â êàæäîé òî÷êå ïåðåñå÷åíèÿ.
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Åñëè äëÿ ðàçëè÷íûõ ñåäëîâûõ ïåðèîäè÷åñêèõ òî÷åê p , q äèôôåîìîðôèçìà f ïåðå-
ñå÷åíèå W s

p ∩ W u
q íåïóñòî, òî îíî ÿâëÿåòñÿ áåñêîíå÷íûì ìíîæåñòâîì. Ïðè ýòîì, åñëè

dim W s
p + dim W u

q = n , òî êàæäàÿ òî÷êà, ïðèíàäëåæàùàÿ W s
p ∩W u

q , íàçûâàåòñÿ ãåòå-
ðîêëèíè÷åñêîé òî÷êîé, à åñëè dim W s

p + dim W u
q > n , òî êàæäàÿ êîìïîíåíòà ñâÿçíîñòè

W s
p ∩W u

q íàçûâàåòñÿ ãåòåðîêëèíè÷åñêîé êîìïîíåíòîé. Äèôôåîìîðôèçì Ìîðñà-Ñìåéëà
íàçûâàåòñÿ ãðàäèåíòíî-ïîäîáíûì, åñëè îí íå èìååò ãåòåðîêëèíè÷åñêèõ òî÷åê.

Â íàñòîÿùåé ðàáîòå ðàññìàòðèâàåòñÿ êëàññ G ñîõðàíÿþùèõ îðèåíòàöèþ ãðàäèåíòíî-
ïîäîáíûõ äèôôåîìîðôèçìîâ, çàäàííûõ íà ïîâåðõíîñòè M2 . Çàìåòèì, ÷òî â ýòîì ñëó÷àå
óñëîâèå ãðàäèåíòíî-ïîäîáíîñòè ýêâèâàëåíòíî òîìó, ÷òî ïåðåñå÷åíèå W s

p ∩W u
q ÿâëÿåòñÿ

ïóñòûì, äëÿ ðàçëè÷íûõ ñåäëîâûõ òî÷åê p, q .
Ïóñòü f ∈ G . Âåçäå äàëåå ìû áóäåì ïðåäïîëàãàòü, ÷òî f èìååò õîòÿ áû îäíó ñåäëîâóþ

òî÷êó3.
Óäàëèì èç ïîâåðõíîñòè M2 çàìûêàíèå îáúåäèíåíèÿ óñòîé÷èâûõ è íåóñòîé÷èâûõ ìíî-

ãîîáðàçèé âñåõ ñåäëîâûõ òî÷åê äèôôåîìîðôèçìà f è îáîçíà÷èì ïîëó÷èâøååñÿ ìíîæåñòâî
÷åðåç M̃ , òî åñòü M̃ =M2 \ (W u

Ω0
f
∪W u

Ω1
f
∪W s

Ω1
f
∪W s

Ω1
f
) .

α

α

ω ω

1σ 2σ

α

ω

а) б) в)

x

x

x

σ σ

)(хf fm

)(хf fm

)(хf fm

Ð è ñ ó í î ê 1.1

Âèäû ÿ÷ååê

Òîãäà ìíîæåñòâî M̃ ïðåäñòàâëÿåòñÿ â âèäå îáúåäèíåíèÿ îáëàñòåé (ÿ÷ååê), ãîìåîìîðô-
íûõ îòêðûòîìó äâóìåðíîìó äèñêó, ãðàíèöà êàæäîé èç êîòîðûõ èìååò îäèí èç âèäîâ, èçîá-
ðàæåííûõ æèðíûìè ëèíèÿìè íà ðèñóíêå 1.1 è ñîäåðæèò â òî÷íîñòè îäèí èñòî÷íèê, îäèí
ñòîê, îäíó èëè äâå ñåäëîâûå òî÷êè è íåêîòîðûå èç èõ ñåïàðàòðèñ4

Ïóñòü A � ëþáàÿ ÿ÷åéêà èç ìíîæåñòâà M̃ , α è ω � èñòî÷íèê è ñòîê, âõîäÿùèå â åå
ãðàíèöó. Ïðîñòóþ êðèâóþ τ ⊂ A , ãðàíè÷íûìè òî÷êàìè êîòîðîé ÿâëÿþòñÿ èñòî÷íèê α è
ñòîê ω , áóäåì íàçûâàòü t -êðèâîé (ñì. ðèñóíîê 1.1). Îáîçíà÷èì ÷åðåç T ìíîæåñòâî, ÿâëÿ-
þùååñÿ f -èíâàðèàíòíûì è ñîñòîÿùåå èç t -êðèâûõ, âçÿòûõ ïî îäíîé èç êàæäîé ÿ÷åéêè.
Ñïîñîá ïîñòðîåíèÿ òàêîãî ìíîæåñòâà ïðèâåäåí â ðàçäåëå 2. (ñì. ïðåäëîæåíèå 2.1.).

Ëþáóþ êîìïîíåíòó ñâÿçíîñòè ìíîæåñòâà M∆ = M̃\T íàçîâåìòðåóãîëüíîé îáëàñòüþ.
Îáîçíà÷èì ÷åðåç ∆f ìíîæåñòâî âñåõ òðåóãîëüíûõ îáëàñòåé äèôôåîìîðôèçìà f . Â ãðà-
íèöó êàæäîé òðåóãîëüíîé îáëàñòè δ ∈ ∆f âõîäÿò òðè ïåðèîäè÷åñêèå òî÷êè: èñòî÷íèê α ,

3 Åñëè äèôôåîìîðôèçì Ìîðñà-Ñìåéëà f :Mn →Mn íå èìååò ñåäëîâûõ òî÷åê, òî åãî íåáëóæäàþùåå
ìíîæåñòâî ñîñòîèò èç îäíîãî èñòî÷íèêà è îäíîãî ñòîêà. Âñå äèôôåîìîðôèçìû �èñòî÷íèê-ñòîê� òîïîëî-
ãè÷åñêè ñîïðÿæåíû è äîêàçàòåëüñòâî ýòîãî ôàêòà, íàïðèìåð, ïðèâåäåíî â êíèãå [3] (Òåîðåìà 2.2.1).

4 Ýòîò ôàêò äîêàçûâàåòñÿ àíàëîãè÷íî ñîîòâåòñòâóþùåìó ðåçóëüòàòó äëÿ ãðóáûõ ïîòîêîâ íà ïîâåðõ-
íîñòÿõ (ñì., íàïðèìåð, [1]).
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ñåäëî σ , ñòîê ω , à òàêæå óñòîé÷èâàÿ ñåïàðàòðèñà lsσ (áóäåì íàçûâàòü åå s -êðèâîé) ñ ãðà-
íè÷íûìè òî÷êàìè α è σ , íåóñòîé÷èâàÿ ñåïàðàòðèñà luσ (áóäåì íàçûâàòü åå u -êðèâîé) ñ
ãðàíè÷íûìè òî÷êàìè ω è σ è êðèâàÿ τ ( t -êðèâàÿ) ñ ãðàíè÷íûìè òî÷êàìè α è ω . Ñòî-
ðîíîé òðåóãîëüíîé îáëàñòè íàçîâåì çàìûêàíèå îäíîé èç s , u èëè t êîìïîíåíò ñâÿçíîñòè
ãðàíèöû. Áóäåì ãîâîðèòü, ÷òî äâå òðåóãîëüíûå îáëàñòè, èìåþò îáùóþ ñòîðîíó, åñëè
ýòà ñòîðîíà ïðèíàäëåæèò çàìûêàíèÿì îáåèõ îáëàñòåé. Ïåðèîäîì òðåóãîëüíîé îáëàñòè δ
íàçûâàåòñÿ íàèìåíüøåå íàòóðàëüíîå ÷èñëî k ∈ N , òàêîå ÷òî fk(δ) = δ .

Äëÿ òîãî, ÷òîáû ââåñòè êîìáèíàòîðíûé òîïîëîãè÷åñêèé èíâàðèàíò äèôôåîìîðôèçìà
f ∈ G , íàïîìíèì ñëåäóþùèå îïðåäåëåíèÿ.

Êîíå÷íûì ãðàôîì íàçûâàåòñÿ óïîðÿäî÷åííàÿ ïàðà (V,E) , äëÿ êîòîðîé âûïîëíåíû
ñëåäóþùèå óñëîâèÿ: V � íåïóñòîå êîíå÷íîå ìíîæåñòâî âåðøèí; E � ìíîæåñòâî ïàð
âåðøèí, íàçûâàåìûõ ð¼áðàìè.

Åñëè ãðàô ñîäåðæèò ðåáðî e = (a, b) , òî êàæäóþ èç âåðøèí a , b � íàçûâàþò èíöè-
äåíòíîé ðåáðó e è ãîâîðÿò, ÷òî âåðøèíû a è b ñîåäèíåíû ðåáðîì e = (a, b) .

Ïóòåì â ãðàôå íàçûâàþò êîíå÷íóþ ïîñëåäîâàòåëüíîñòü âåðøèí è ðåáåð
a0, e0, a1, · · · , ai−1, ei−1, ai, · · · an−1, en−1, an (ãäå n ≥ 1 ), â êîòîðîé âåðøèíû ai−1 è ai
ñîåäèíåíû ðåáðîì ei−1 , i ∈ 1;n . Äëèíîé ïóòè íàçûâàåòñÿ ÷èñëî âõîäÿùèõ â íåãî ðåáåð.

Ãðàô íàçûâàþò ñâÿçíûì, åñëè ëþáûå äâå åãî âåðøèíû ìîæíî ñîåäèíèòü ïóò¼ì.
Öèêëîì íàçûâàþò ïóòü, â êîòîðîì âåðøèíà a0 ñîâïàäàåò ñ âåðøèíîé an . Ïðîñòûì

öèêëîì íàçûâàþò öèêë, ó êîòîãî íåò ïîâòîðÿþùèõñÿ âåðøèí, êðîìå a0 è an .

Î ï ð å ä å ë å í è å 1.1. Ãðàô T íàçûâàåòñÿ òðåõöâåòíûì ãðàôîì, åñëè:
1) ìíîæåñòâî ðåáåð ãðàôà T ÿâëÿåòñÿ îáúåäèíåíèåì òðåõ ïîäìíîæåñòâ, êàæäîå èç

êîòîðûõ ñîñòîèò èç ðåáåð îäíîãî è òîãî æå îïðåäåëåííîãî öâåòà (öâåòà ðåáåð èç ðàçíûõ
ïîäìíîæåñòâ íå ñîâïàäàþò, áóäåì îáîçíà÷àòü ýòè öâåòà áóêâàìè s , t , u , à ðåáðà äëÿ
êðàòêîñòè áóäåì íàçûâàòü s -, t -, u - ðåáðàìè);

2) êàæäàÿ âåðøèíà ãðàôà T èíöèäåíòíà â òî÷íîñòè òðåì ðåáðàì ðàçëè÷íûõ öâåòîâ;
3) ãðàô íå ñîäåðæèò öèêëîâ äëèíû îäèí.

Ïðîñòîé öèêë òðåõöâåòíîãî ãðàôà T íàçîâåì äâóõöâåòíûì öèêëîì òèïà su, tu èëè st,
åñëè îí ñîäåðæèò ðåáðà â òî÷íîñòè äâóõ öâåòîâ s è u , t è u èëè s è t .

Âçàèìíî-îäíîçíà÷íîå îòîáðàæåíèå P ãðàôà T íà ñåáÿ, ïåðåâîäÿùåå âåðøèíû â âåð-
øèíû ñ ñîõðàíåíèåì îòíîøåíèé èíöèäåíòíîñòè è öâåòíîñòè (òî åñòü âåðøèíà, èíöèäåíò-
íàÿ s , t èëè u -ðåáðó ïåðåõîäèò â âåðøèíó, èíöèäåíòíóþ ðåáðó òîãî æå öâåòà), íàçûâàåòñÿ
àâòîìîðôèçìîì ãðàôà T . Â äàëüíåéøåì ìû áóäåì ïîíèìàòü ïîä ñèìâîëîì (T, P ) ãðàô
T , îñíàùåííûé àâòîìîðôèçìîì P .

Äâà òðåõöâåòíûõ ãðàôà (T, P ) è (T ′, P ′) íàçîâåì èçîìîðôíûìè, åñëè ñóùåñòâóåò
âçàèìíî-îäíîçíà÷íîå ñîîòâåòñòâèå ξ ìåæäó ìíîæåñòâàìè èõ âåðøèí, ñîõðàíÿþùåå îò-
íîøåíèÿ èíöèäåíòíîñòè è öâåòíîñòè, à òàêæå ñîïðÿãàþùåå àâòîìîðôèçìû P è P ′ (òî
åñòü P ′ξ = ξP ).

Àâòîìîðôèçì P òðåõöâåòíîãî ãðàôà T íàçîâ¼ì ïåðèîäè÷åñêèì ïåðèîäà m ∈ N , åñëè
Pm(a) = a è P µ(a) ̸= a ïðè íàòóðàëüíûõ µ < m äëÿ ëþáîé âåðøèíû a ãðàôà T .

Ïîñòðîèì òðåõöâåòíûé ãðàô Tf , ñîîòâåòñòâóþùèé äèôôåîìîðôèçìó f ∈ G ñëåäóþ-
ùèì îáðàçîì:

1) âåðøèíû ãðàôà Tf âçàèìíî-îäíîçíà÷íî ñîîòâåòñòâóþò òðåóãîëüíûì îáëàñòÿì ìíî-
æåñòâà ∆ ;

2) äâå âåðøèíû ãðàôà èíöèäåíòíû ðåáðó öâåòà s , t èëè u , åñëè ñîîòâåòñòâóþùèå
ýòèì âåðøèíàì òðåóãîëüíûå îáëàñòè èìåþò îáùóþ s , t èëè u êðèâóþ.

Îáîçíà÷èì ÷åðåç Bf ìíîæåñòâî âåðøèí ãðàôà Tf . Òàê êàê ñòîðîíû ëþáîé òðåóãîëü-
íîé îáëàñòè ðàñêðàøåíû â ðàçíûå öâåòà, òî â âåðøèíå, ñîîòâåòñòâóþùåé òðåóãîëüíîé
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îáëàñòè, ñõîäÿòñÿ ðåáðà òðåõ ðàçëè÷íûõ öâåòîâ. Òàêèì îáðàçîì, ãðàô Tf óäîâëåòâîðÿåò
îïðåäåëåíèþ òðåõöâåòíîãî ãðàôà. Îáîçíà÷èì ÷åðåç πf : ∆f → Bf âçàèìíî-îäíîçíà÷íîå
îòîáðàæåíèå ìíîæåñòâà òðåóãîëüíûõ îáëàñòåé äèôôåîìîðôèçìà f íà ìíîæåñòâî âåð-
øèí ãðàôà Tf . Äèôôåîìîðôèçì f èíäóöèðóåò íà ìíîæåñòâå âåðøèí è ðåáåð ãðàôà Tf
àâòîìîðôèçì Pf = πffπ

−1
f . Â ñèëó êîíñòðóêöèè, òðåõöâåòíûå ãðàôû, ïîëó÷åííûå ïî

ðàçëè÷íûì ðàçáèåíèÿì íà òðåóãîëüíûå îáëàñòè (çàâèñÿùèì îò âûáîðà t -êðèâûõ), èçî-
ìîðôíû.

Â ðàáîòå [4] äîêàçàíà ñëåäóþùàÿ òåîðåìà.

Ò å î ð å ì à 1.1. Äëÿ òîãî ÷òîáû äèôôåîìîðôèçìû f , f ′ èç êëàññà G áûëè òî-
ïîëîãè÷åñêè ñîïðÿæåíû íåîáõîäèìî è äîñòàòî÷íî, ÷òîáû èõ ãðàôû (Tf , Pf ) è (Tf ′ , Pf ′)
áûëè èçîìîðôíû.

Â íàñòîÿùåé ðàáîòå ðåøàåòñÿ ïðîáëåìà ðåàëèçàöèè.

Î ï ð å ä å ë å í è å 1.2. Òðåõöâåòíûé ãðàô (T, P ) íàçîâ¼ì äîïóñòèìûì, åñëè
îí îáëàäàåò ñëåäóþùèìè ñâîéñòâàìè:

1) ãðàô T ñâÿçåí;
2) äëèíà ëþáîãî su -öèêëà ãðàôà T ðàâíà 4 ;
3) àâòîìîðôèçì P ÿâëÿåòñÿ ïåðèîäè÷åñêèì.

Ë å ì ì à 1.1. Ïóñòü f ∈ G . Òîãäà òðåõöâåòíûé ãðàô (Tf , Pf ) ÿâëÿåòñÿ äîïó-
ñòèìûì.

Ò å î ð å ì à 1.2. Ïóñòü (T, P ) � äîïóñòèìûé òðåõöâåòíûé ãðàô. Òîãäà ñóùå-
ñòâóåò äèôôåîìîðôèçì f : M2 → M2 èç êëàññà G , ãðàô (Tf , Pf ) êîòîðîãî èçîìîðôåí
ãðàôó (T, P ) . Ïðè ýòîì

i) Ýéëåðîâà õàðàêòåðèñòèêà ïîâåðõíîñòè M2 âû÷èñëÿåòñÿ ïî ôîðìóëå χ(M2) = ν0−
ν1 + ν2 , ãäå ν0, ν1, ν2 ÷èñëî tu -, su -, st -öèêëîâ ãðàôà T , ñîîòâåòñòâåííî;

ii) ïîâåðõíîñòü M2 îðèåíòèðóåìà òîãäà è òîëüêî òîãäà, êîãäà â ãðàôå T ñóùåñòâó-
þò äâå âåðøèíû, ñîåäèíÿþùèåñÿ ïóòÿìè ÷åòíîé è íå÷åòíîé äëèíû.

Áëàãîäàðíîñòè. Ðàáîòà âûïîëíåíà ïðè ôèíàíñîâîé ïîääåðæêå Ðîññèéñêîãî ôîíäà
ôóíäàìåíòàëüíûõ èññëåäîâàíèé (ãðàíò 13-01-12452-îôè-ì). Àâòîð òàêæå áëàãîäàðèò Â.
Ç. Ãðèíåñà çà ïîñòàíîâêó çàäà÷è è Î. Â. Ïî÷èíêó çà ïëîäîòâîðíûå îáñóæäåíèÿ.

2. Ñâîéñòâà òðåõöâåòíîãî ãðàôà (Tf ;Pf)

Ï ð å ä ë î æ å í è å 2.1. Äëÿ ëþáîãî äèôôåîìîðôèçìà f ∈ G ñóùåñòâóåò f -
èíâàðèàíòíîå ìíîæåñòâî T , ñîñòîÿùåå èç t -êðèâûõ, êàæäàÿ èç êîòîðûõ ïðèíàäëå-
æèò â òî÷íîñòè îäíîé ÿ÷åéêå ìíîæåñòâà M̃ .

Ä î ê à ç à ò å ë ü ñ ò â î. Ïóñòü A � ëþáàÿ ÿ÷åéêà èç ìíîæåñòâà M̃ , α è ω
� èñòî÷íèê è ñòîê, âõîäÿùèå â åå ãðàíèöó. Îáîçíà÷èì ÷åðåç Lω îáúåäèíåíèå ñåäëîâûõ
ñåïàðàòðèñ, ñîäåðæàùèõ ω â ñâîåì çàìûêàíèè. Ïîëîæèì L̂ω = pω(Lω) , L̂ω � íåïóñòîå
ïîäìíîæåñòâî, äâóìåðíîãî òîðà V̂ω , ñîñòîÿùåå èç êîíå÷íîãî ÷èñëà ïîïàðíî íåïåðåñåêàþ-
ùèõñÿ ãîìîòîïè÷åñêè íåòðèâèàëüíûõ ãëàäêèõ îêðóæíîñòåé. Ïî ïîñòðîåíèþ ìíîæåñòâî
Â = pω(A) ÿâëÿåòñÿ êîìïîíåíòîé ñâÿçíîñòè ìíîæåñòâà V̂ω è, ñëåäîâàòåëüíî, ÿâëÿåò-
ñÿ äâóìåðíûì êîëüöîì (ñì. ðèñóíîê 2.1). Âûáåðåì ïðîñòóþ çàìêíóòóþ ãîìîòîïè÷åñêè
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íåòðèâèàëüíóþ ãëàäêóþ êðèâóþ τ̂ ⊂ Â . Ìíîæåñòâî p−1
ω
(τ̂) ÿâëÿåòñÿ f -èíâàðèàíòíûì

îáúåäèíåíèåì t -êðèâûõ, ïî îäíîé íà êàæäîé èç ÿ÷ååê ìíîæåñòâà p−1
ω
(Â) .

Элементы множества
w

L

t
^

^

^

l

А

Ð è ñ ó í î ê 2.1

Ïðîåêöèÿ ÿ÷åéêè A

Åñëè ìíîæåñòâî p−1
ω
(Â) èñ÷åðïûâàåò âñ¼ ìíîæåñòâî ÿ÷ååê äèôôåîìîðôèçìà f , òî

ïðåäëîæåíèå äîêàçàíî. Â ïðîòèâíîì ñëó÷àå ïîâòîðèì ðàññóæäåíèÿ âûøå äëÿ ÿ÷ååê ìíî-
æåñòâà M̃ \ p−1

ω
(Â) . Ïðîäîëæàÿ ïðîöåññ, ìû èñ÷åðïàåì âñå ÿ÷åéêè äèôôåîìîðôèçìà f

è ïîñòðîèì èñêîìîå ìíîæåñòâî T .
Ä î ê à ç à ò å ë ü ñ ò â î ç à ê î í ÷ å í î.

Ïðåäëîæåíèå 2.1. ïîçâîëÿåò ïîñòðîèòü òðåõöâåòíûé ãðàô Tf , ïî ïîëó÷åííîìó ðàçáè-
åíèþ ôàçîâîãî ïðîñòðàíñòâà íà òðåóãîëüíûå îáëàñòè, êàê ýòî áûëî îïèñàíî ïðè ôîðìó-
ëèðîâêå ðåçóëüòàòîâ.

Ï ð å ä ë î æ å í è å 2.2. Ëþáàÿ òðåóãîëüíàÿ îáëàñòü δ ∈ ∆f äèôôåîìîðôèçìà
f ∈ G èìååò ïåðèîä mf .

Ä î ê à ç à ò å ë ü ñ ò â î. Ëþáàÿ ñåäëîâàÿ ñåïàðàòðèñà ℓ äèôôåîìîðôèçìà f
èìååò ïåðèîä mf (ñì., íàïðèìåð, ëåììó 3.1.1. êíèãè [3]), òî åñòü fmf (ℓ) = ℓ è fµ(ℓ) ̸= ℓ
äëÿ íàòóðàëüíûõ µ < mf . Ïîêàæåì, ÷òî ëþáàÿ t -êðèâàÿ τ èìååò ïåðèîä mf . Ïóñòü
τ ñîäåðæèò ñòîê ω â ñâîåì çàìûêàíèè. Êðèâàÿ τ̂ èìååò òîò æå ãîìîòîïè÷åñêèé òèï íà
òîðå V̂ω , ÷òî è êîìïîíåíòà ñâÿçíîñòè ìíîæåñòâà L̂ω . ×òî îçíà÷àåò, ÷òî ëþáàÿ t -êðèâàÿ
τ èìååò òîò æå ïåðèîä, ÷òî è íåóñòîé÷èâûå ñåäëîâûå ñåïàðàòðèñû äèôôåîìîðôèçìà f ,
ñîäåðæàùèå ω â ñâîåì çàìûêàíèè.

Òàêèì îáðàçîì, ãðàíèöà ëþáîé òðåóãîëüíîé îáëàñòè, à, ñëåäîâàòåëüíî, è ñàìà òðå-
óãîëüíàÿ îáëàñòü èìååò ïåðèîä mf .
Ä î ê à ç à ò å ë ü ñ ò â î ç à ê î í ÷ å í î.

Ñ ë å ä ñ ò â è å 2.1. Àâòîìîðôèçì Pf , èíäóöèðîâàííûé äèôôåîìîðôèçìîì f íà
ãðàôå Tf , ÿâëÿåòñÿ ïåðèîäè÷åñêèì ïåðèîäà mf .

Ïóñòü C0 � ìíîæåñòâî âñåõ tu -öèêëîâ ãðàôà Tf , C1 � ìíîæåñòâî âñåõ su -öèêëîâ,
C2 � ìíîæåñòâî âñåõ st -öèêëîâ. Äëÿ äâóõöâåòíîãî öèêëà Ci ∈ Ci îáîçíà÷èì ÷åðåç BCi

ìíîæåñòâî åãî âåðøèí.
Èç îïðåäåëåíèÿ òðåóãîëüíûõ îáëàñòåé ñëåäóåò, ÷òî äëÿ i = 0, 1, 2 êîððåêòíî îïðåäå-

ëåíî îòîáðàæåíèå pi : ∆f → Ωi
f , ñòàâÿùåå â ñîîòâåòñòâèå òðåóãîëüíîé îáëàñòè δ ∈ ∆f

åäèíñòâåííóþ ïåðèîäè÷åñêóþ òî÷êó èç ìíîæåñòâà Ωi
f , ïðèíàäëåæàùóþ å¼ çàìûêàíèþ.

Ïîëîæèì qi = piπ
−1
f : Bf → Ωi

f .
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Ð è ñ ó í î ê 2.2

Ïðèìåð tu - öèêëà C0 è ñîîòâåòñòâóþùèõ åìó òðåóãîëüíûõ îáëàñòåé

Ï ð å ä ë î æ å í è å 2.3. Äëÿ ëþáûõ âåðøèí b1, b2 ∈ BCi
èìååò ìåñòî ðàâåí-

ñòâî qi(b1) = qi(b2) .

Ä î ê à ç à ò å ë ü ñ ò â î. Ïðîâåä¼ì äîêàçàòåëüñòâî äëÿ BC0 (â îñòàëüíûõ ñëó÷àÿõ
äîêàçàòåëüñòâà àíàëîãè÷íûå). Âåðøèíàì b1, b2 ∈ BC0 ñîîòâåòñòâóþò òðåóãîëüíûå îáëàñòè
δ1 = π−1

f (b1) è δ2 = π−1
f (b2) (ñì. ðèñóíîê 2.2)). Ïîñêîëüêó b1 è b2 âåðøèíû öèêëà BC0 , òî

ñóùåñòâóåò ïîñëåäîâàòåëüíîñòü δ1 = β1, . . . , βk = δ2 òðåóãîëüíûõ îáëàñòåé òàêèõ, ÷òî βi
è βi+1, i = 1, . . . , k− 1 èìåþò îáùóþ u - èëè t -êðèâóþ. Ïîñêîëüêó êàæäîå èç òàêèõ ð¼áåð
ñîäåðæèò åäèíñòâåííóþ ñòîêîâóþ òî÷êó, ïðèíàäëåæàùóþ çàìûêàíèþ îáåèõ îáëàñòåé, òî
πf (β1) = · · · = πf (βk) . Îòêóäà ñëåäóåò, ÷òî q0(b1) = q0(b2) .
Ä î ê à ç à ò å ë ü ñ ò â î ç à ê î í ÷ å í î.

Â ñèëó ïðåäëîæåíèÿ 2.3., êîððåêòíî îïðåäåëåíî îòîáðàæåíèå Qi , ñòàâÿùåå â ñîîòâåò-
ñòâèå ìíîæåñòâó BCi

, Ci ∈ Ci òî÷êó x ∈ Ωi
f òàêóþ, ÷òî x = qi(b) äëÿ íåêîòîðîé âåðøèíû

b ∈ BCi
.

Ë å ì ì à 2.1. Îòîáðàæåíèå Qi ÿâëÿåòñÿ âçàèìíî-îäíîçíà÷íûì.

Ä î ê à ç à ò å ë ü ñ ò â î. Ïîêàæåì ñþðúåêòèâíîñòü îòîáðàæåíèÿ Qi . Äëÿ òî÷-
êè x ∈ Ωi

f îáîçíà÷èì ÷åðåç ∆x îáúåäèíåíèå âñåõ òðåóãîëüíûõ îáëàñòåé, ñîäåðæàùèõ
x â ñâî¼ì çàìûêàíèè, òî åñòü ∆x = {δx ∈ ∆x ⊂ ∆f |pi(δx) = x} . Â îêðåñòíîñòè
òî÷êè x ïîñòðîèì çàìêíóòóþ êðèâóþ Sx , êîòîðàÿ ïåðåñåêàåò êàæäîå ðåáðî, ñîäåðæà-
ùèå òî÷êó x â ñâîåì çàìûêàíèè, â åäèíñòâåííîé òî÷êå è íå ïåðåñåêàåò äðóãèõ ðåáåð.
Òîãäà ñóùåñòâóåò åäèíñòâåííûé öèêë Cx òàêîé, ÷òî BCx = πf (

∪
δx∈∆x

δx) (ñì. ðèñóíîê

2.3 íà êîòîðîì ïîêàçàíî ñîîòâåòñòâèå ìåæäó êðèâîé Sx è öèêëîì Cx â îêðåñòíîñòè
ñåäëà, èñòî÷íèêà è ñòîêà). Ðàññìîòðèì ïðîèçâîëüíóþ òî÷êó b = πf (δx) ∈ BCx , òîãäà
qi(b) = qi(πf (δx)) = pi(π

−1
f (πf (δx)) = pi(δx) = x . Îòêóäà ñëåäóåò, ÷òî Qi(Cx) = x
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Ð è ñ ó í î ê 2.3

Ñîîòâåòñòâèå ìåæäó êðèâîé Sx è öèêëîì Cx ãðàôà Tf â îêðåñòíîñòè ñåäëà, ñòîêà è èñòî÷íèêà

Ïîêàæåì èíúåêòèâíîñòü îòîáðàæåíèÿ Qi . Ïðåäïîëîæèì ïðîòèâíîå, äëÿ íåêîòîðûõ
öèêëîâ Ci è C ′

i òàêèõ, ÷òî Ci ̸= C ′
i , Qi(Ci) = Qi(C

′
i) = x ∈ Ωi

f . Ïîëîæèì ∆x = p−1
i (x)

ïîëíûé ïðîîáðàç òî÷êè x , òîãäà πf (∆x) = BCx , ãäå öèêë Cx îïðåäåëÿåòñÿ ñïîñîáîì,
îïèñàííûì âûøå. Â ñèëó êîíñòðóêöèè Cx = Ci = C ′

i . Ïîëó÷èëè ïðîòèâîðå÷èå.
Ä î ê à ç à ò å ë ü ñ ò â î ç à ê î í ÷ å í î.

Â ñèëó ëåììû 2.1., êàæäîé ïåðèîäè÷åñêîé òî÷êå x ∈ Ωi
f âçàèìíî-îäíîçíà÷íî ñîîò-

âåòñòâóåò äâóõöâåòíûé öèêë C , ëþáàÿ âåðøèíà b ∈ BC ïîñðåäñòâîì îòîáðàæåíèÿ π−1
f

ïåðåâîäèòñÿ â òðåóãîëüíóþ îáëàñòü π−1
f (b) , ñîäåðæàùóþ ïåðèîäè÷åñêóþ òî÷êó x â ñâî¼ì

çàìûêàíèè.

Ç à ì å ÷ à í è å 2.1. Òàêèì îáðàçîì, ñòîêîâîé òî÷êå ω ∈ Ω0
f ñîîòâåòñòâóåò

tu -öèêë; ñåäëîâîé òî÷êå σ ∈ Ω1
f � su -öèêë; èñòî÷íèêîâîé òî÷êå α ∈ Ω2

f � st -öèêë
ãðàôà Tf .

Âûáåðåì âî âíóòðåííîñòè êàæäîé òðåóãîëüíîé îáëàñòè ïðîèçâîëüíóþ òî÷êó. Òî÷êè,
íàõîäÿùèåñÿ â ñìåæíûõ îáëàñòÿõ, ñîåäèíèì êðèâîé, ïåðåñåêàþùåé îáùóþ ñòîðîíó òðå-
óãîëüíûõ îáëàñòåé â åäèíñòâåííîé òî÷êå. Ýòîé êðèâîé ïðèïèøåì öâåò ñòîðîíû, êîòîðóþ
îíà ïåðåñåêàåò. Îòñþäà ñëåäóåò, ÷òî ãðàô Tf âêëàäûâàåòñÿ â ïîâåðõíîñòü M2 â òîì ñìûñ-
ëå, ÷òî ñóùåñòâóåò âçàèìíî îäíîçíà÷íîå ñîîòâåòñòâèå ìåæäó âåðøèíàìè ãðàôà è òî÷êàìè
â òðåóãîëüíûõ îáëàñòÿõ (ïî îäíîé â êàæäîé), à òàêæå ìåæäó ðåáðàìè ãðàôà è îòðåçêàìè,
ñîåäèíÿþùèìè ýòè òî÷êè (ñì. ðèñóíîê 2.4).
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Ð è ñ ó í î ê 2.4

Âëîæåíèå ãðàôà Tf â ïîâåðõíîñòü

Äîêàçàòåëüñòâî ëåììû 1.1.
Äîêàæåì, ÷òî òðåõöâåòíûé ãðàô (Tf , Pf ) îáëàäàåò ñëåäóþùèìè ñâîéñòâàìè:
1) ãðàô Tf ñâÿçåí;
2) äëèíà su -öèêëîâ ãðàôà Tf ðàâíà 4 ;
3) àâòîìîðôèçì Pf ÿâëÿåòñÿ ïåðèîäè÷åñêèì ñ ïåðèîäîì mf .
Ä î ê à ç à ò å ë ü ñ ò â î. Ïóñòü f ∈ G . Äîêàæåì ïîñëåäîâàòåëüíî âñå âûøåïðèâåäåííûå

ñâîéñòâà ãðàôà Tf .
1) Ïóñòü b1, b2 ðàçëè÷íûå âåðøèíû ãðàôà Tf . Ïîêàæåì, ÷òî ñóùåñòâóåò ïóòü, èõ ñî-

åäèíÿþùèé.
Äëÿ i = 1, 2 ïîëîæèì δi = π−1

f (bi) è âûáåðåì òî÷êó xi ∈ int δi . Ïîñêîëüêó 2-

ìíîãîîáðàçèå M2 ñâÿçíî, à ìíîæåñòâî
2∪

i=0

Ωi
f íóëüìåðíî, òî ìíîæåñòâî MΩ =M2 \

2∪
i=0

Ωi
f

ñâÿçíî (â ñèëó òåîðåìû î ðàçáèâàþùèõ ìíîæåñòâàõ5). Òîãäà ñóùåñòâóåò ãëàäêèé ïóòü
H : [0, 1] → MΩ òàêîé, ÷òî H(0) = x1 è H(1) = x2 (ñì., íàïðèìåð, [10]). Ìîæ-
íî ñ÷èòàòü ýòîò ïóòü òðàíñâåðñàëüíûì îáúåäèíåíèþ s, t, u -êðèâûõ6. Îáîçíà÷èì ÷åðåç
δ1 = β1, . . . , βk = δ2 ïîñëåäîâàòåëüíîñòü òðåóãîëüíûõ îáëàñòåé èç ìíîæåñòâà ∆f , ïðîíóìå-
ðîâàííûõ â ïîðÿäêå ïåðåñå÷åíèÿ èõ êðèâîé H([0, 1]) ïðè âîçðàñòàíèÿ ïàðàìåòðà t ∈ [0, 1] .
Òðåóãîëüíûå îáëàñòè βi è βi+1 ãðàíè÷àò ïî êðèâûì γi . Ïîëîæèì di = π

f
(βi) . Èç ïîñòðî-

åíèÿ ãðàôà Tf ñëåäóåò, ÷òî ïîñëåäîâàòåëüíîñòü âåðøèí è ðåáåð d1, e1, d2, . . . dk−1, ek−1, dk
(ãäå âåðøèíû bi è bi+1 èíöèäåíòíû ðåáðó ei , i ≥ 1 , ïðè÷åì öâåò êðèâîé γi è ðåáðà ei
ñîâïàäàåò), ÿâëÿåòñÿ ïóòåì íà ãðàôå Tf , ñîåäèíÿþùèì âåðøèíû b1 è b2 .

2) Ñîãëàñíî ëåììå 2.1., êàæäîé ñåäëîâîé òî÷êå σ ∈ Ω1
f ñîîòâåòñòâóåò öèêë C1 ∈

C1 , â êîòîðûé âõîäÿò â òî÷íîñòè òå âåðøèíû, êîòîðûå ÿâëÿþòñÿ îáðàçàìè òðåóãîëüíûõ
îáëàñòåé, ïîä äåéñòâèåì îòîáðàæåíèÿ πf , ñîäåðæàùèìè σ â ñâîåì çàìûêàíèè. Òàê êàê
÷èñëî òàêèõ îáëàñòåé â òî÷íîñòè ÷åòûðå, ñëåäîâàòåëüíî è äëèíà ëþáîãî su -öèêëà ðàâíà
÷åòûðåì.

3) Â ñèëó ñëåäñòâèÿ 2.1. àâòîìîðôèçì Pf ÿâëÿåòñÿ ïåðèîäè÷åñêèì ñ ïåðèîäîì mf .
Ä î ê à ç à ò å ë ü ñ ò â î ç à ê î í ÷ å í î.

5 Òåîðåìà î ðàçáèâàþùèõ ìíîæåñòâàõ: Ëþáîå n -ìåðíîå ñâÿçíîå ìíîãîîáðàçèå íå ìîæåò áûòü
ðàçáèòî ïîäìíîæåñòâîì òîïîëîãè÷åñêîé ðàçìåðíîñòè ≤ n− 2 .

6 Ìíîæåñòâî H([0, 1]) ÿâëÿåòñÿ êîìïàêòíûì êàê íåïðåðûâíûé îáðàç êîìïàêòà. Òîãäà ñóùåñòâóåò îò-
êðûòàÿ îêðåñòíîñòü U(Ωf ) íåáëóæäàþùåãî ìíîæåñòâà Ωf , íå ïåðåñåêàþùàÿñÿ ñ ìíîæåñòâîì H([0, 1]) .

Îáîçíà÷èì ÷åðåç R îáúåäèíåíèå s, t, u -êðèâûõ è ïîëîæèì R̂ = R \ U(Ωf ) . Ïîñêîëüêó ìíîæåñòâî R̂
çàìêíóòî, òî, ñîãëàñíî òåîðåìå î òðàíñâåðàëüíîñòè (ñì., íàïðèìåð, òåîðåìà 10.3.29 êíèãè [3]), ìû ìî-
æåì àïïðîêñèìèðîâàòü ãëàäêèé ïóòü H òàêèì îáðàçîì, ÷òî ìíîæåñòâî H([0, 1]) áóäåò òðàíñâåðñàëüíî
ìíîæåñòâó R̂
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3. Ðåàëèçàöèÿ (Äîêàçàòåëüñòâî òåîðåìû 1.2.)

Ïóñòü (T, P ) äîïóñòèìûé òðåõöâåòíûé ãðàô. Ðàçîáüåì äîêàçàòåëüñòâî òåîðåìû 1.2.
íà òðè øàãà, êîòîðûå ñîñòàâÿò äîêàçàòåëüñòâà ïðåäëîæåíèé 3.1., 3.3., 3.4..

Ï ð å ä ë î æ å í è å 3.1. Ñóùåñòâóåò äèôôåîìîðôèçì f : M2 → M2 èç êëàññà
G , ãðàô (Tf , Pf ) êîòîðîãî èçîìîðôåí ãðàôó (T, P ) .

Ä î ê à ç à ò å ë ü ñ ò â î. Ðàññìîòðèì íà ïëîñêîñòè R2 âåêòîðíîå ïîëå v =
(sin(πx), sin(πy)) , (x, y) ∈ R2 . Íåïîñðåäñòâåííî ïðîâåðÿåòñÿ, ÷òî íåáëóæäàþùåå ìíîæå-
ñòâî ïîòîêà, îïðåäåëåííîãî âåêòîðíûì ïîëåì v , ñîâïàäàåò ñ ìíîæåñòâîì òî÷åê öåëî÷èñ-
ëåííîé ðåøåòêè ïëîñêîñòè (x, y) , ïðè÷åì òî÷êè ñ äâóìÿ ÷åòíûìè (íå÷åòíûìè) êîîðäèíà-
òàìè ÿâëÿþòñÿ èñòî÷íèêàìè (ñòîêàìè) ïîòîêà, à òî÷êè ñ êîîðäèíàòàìè ðàçíîé ÷åòíîñòè
� ñåäëîâûìè ñîñòîÿíèÿìè ïîòîêà. Îáúåäèíåíèå çàìûêàíèÿ ñåäëîâûõ ñåïàðàòðèñ îáðàçó-
þò ñåìåéñòâî öåëî÷èñëåííûõ ãîðèçîíòàëüíûõ è âåðòèêàëüíûõ ïðÿìûõ. Äèàãîíàëè ñîîò-
âåòñòâóþùèõ êâàäðàòîâ, ñîåäèíÿþùèå âåðøèíó ñ ÷åòíûìè êîîðäèíàòàìè ñ âåðøèíîé ñ
íå÷åòíûìè êîîðäèíàòàìè, ÿâëÿþòñÿ èíâàðèàíòíûìè îòíîñèòåëüíî ïîñòðîåííîãî ïîòîêà.
Îáîçíà÷èì ÷åðåç d òðåóãîëüíèê ∆OBC ñ âåðøèíàìè O(0, 0), C(1, 0), B(1, 1) è áóäåì íà-
çûâàòü âíóòðåííîñòè îòðåçêîâ, ñîåäèíÿþùèõ ïîïàðíî òî÷êè O è C , O è B , B è C ,
ñîîòâåòñòâåííî OC , OB,BC - ñòîðîíàìè. ñîîòâåòñòâåííî, s−, t−, u− ñòîðîíàìè ∆OBC
(ñì. ðèñóíîê 3.1). Îáîçíà÷èì ÷åðåç g : d → d äèôôåîìîðôèçì, ÿâëÿþùèéñÿ ñäâèãîì íà
åäèíèöó âðåìåíè ïîòîêà, îïðåäåëÿåìîãî íà òðåóãîëüíèêå d âåêòîðíûì ïîëåì v .

O

B

C

s
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d

B
1

O
1

С
1

Ð è ñ ó í î ê 3.1

Òðàåêòîðèè ïîòîêà, ïîðîæä¼ííîãî âåêòîðíûì ïîëåì v

Ðàññìîòðèì òåïåðü äîïóñòèìûé òðåõöâåòíûé ãðàô (T, P ) è îáîçíà÷èì ÷åðåç n ÷èñëî
åãî âåðøèí. Ïîëîæèì D = d× Zn , ãäå Zn = {0, . . . , n− 1} è îáîçíà÷èì ÷åðåç pd : D → d
ïðîåêöèþ íà ïåðâóþ êîîðäèíàòó, òî åñòü pd(d, i) = d . Ìíîæåñòâî B âåðøèí ãðàôà T
ïðîíóìåðóåì ñëåäóþùèì îáðàçîì: b0, . . . , bn−1 . Ââåäåì íà ìíîæåñòâå D ìèíèìàëüíîå
îòíîøåíèå ýêâèâàëåíòíîñòè ∼ , óäîâëåòâîðÿþùåå ñëåäóþùåìó ïðàâèëó: åñëè âåðøèíû
bi, bj ãðàôà T ñîåäèíåíû s , t èëè u -ðåáðîì, òî (ρ, i) ∼ (ρ, j) äëÿ ëþáîé òî÷êè ρ ∈
d , ïðèíàäëåæàùåé s , t èëè u -ñòîðîíå, ñîîòâåòñòâåííî. Èç ñâîéñòâ äîïóñòèìîãî ãðàôà
ñëåäóåò, ÷òî ôàêòîðïðîñòðàíñòâî M2 = D/ ∼ ÿâëÿåòñÿ çàìêíóòûì òîïîëîãè÷åñêèì 2-
ìíîãîîáðàçèåì. Îáîçíà÷èì ÷åðåç q : D →M2 åñòåñòâåííóþ ïðîåêöèþ.
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Àâòîìîðôèçì P èíäóöèðóåò íà ìíîæåñòâå D îòîáðàæåíèå Π : D → D , ïåðåâîäÿùåå
òî÷êó (ρ, i), ρ ∈ d, i ∈ Zn â òî÷êó (ρ, j) , ãäå j ∈ Zn âûáèðàåòñÿ òàêèì îáðàçîì, ÷òî
bj = P (bi) . Ïîñêîëüêó èçîìîðôèçì P ñîõðàíÿåò îòíîøåíèå èíöèäåíòíîñòè è öâåòíîñòè,
òî íà òîïîëîãè÷åñêîì ïðîñòðàíñòâå M2 êîðåêòíî îïðåäåë¼í ãîìåîìîðôèçì f :M2 →M2

ôîðìóëîé f(z) = q(g(Π(q−1(z)))), z ∈ M2 . Ñëåäóÿ èäåÿì ðàáîòû [7], îïðåäåëèì íà M2

ãëàäêóþ ñòðóêòóðó, îòíîñèòåëüíî êîòîðîé îòîáðàæåíèå f ÿâëÿåòñÿ äèôôåîìîðôèçìîì.
×òî è çàâåðøèò äîêàçàòåëüñòâî òåîðåìû ðåàëèçàöèè.

Ïîêðîåì ìíîãîîáðàçèå M2 êîíå÷íûì ÷èñëîì êàðò (Uz, ψz), z ∈ M2 , ãäå Uz ⊂ M2

îòêðûòàÿ îêðåñòíîñòü òî÷êè z è ψ : Uz → R2 ãîìåîìîðôèçì íà îáðàç, ñëåäóþùèõ òð¼õ
òèïîâ (ñì. ðèñóíîê 3.1 äëÿ íàãëÿäíîñòè).

1. Äëÿ òî÷êè z = q(C, i1), i1 ∈ Zn ñóùåñòâóþò åùå òðè òðåóãîëüíèêà d × {i2}, d ×
{i3}, d × {i4}, i2, i3, i4 ∈ Zn òàêèõ, ÷òî (ρ, i2k−1) ∼ (ρ, i2k) äëÿ ëþáîé òî÷êè ρ ∈ OC
è (ρ, i2k) ∼ (ρ, i2k+1) äëÿ ëþáîé òî÷êè ρ ∈ BC , ãäå k = 1, 2 è i5 = i1 . Ïîëîæèì
Uz = int q(d × {i1, i2, i3, i4}) , ψz(w) = pd((q|d×{i1})

−1(w)) äëÿ w ∈ q(d × {i1}) ; ψz(w) =
MOC(pd((q|d×{i2})

−1(w))) äëÿ w ∈ q(d × {i2}) , ãäå MOC(x, y) = (x,−y) äëÿ (x, y) ∈ R2 ;
ψz(w) = MC(pd((q|d×{i3})

−1(w))) äëÿ w ∈ q(d × {i3}) , ãäå MC(x, y) = (2 − x,−y) äëÿ
(x, y) ∈ R2 ; ψz(w) =MBC(pd((q|d×{i4})

−1(w))) äëÿ w ∈ q(d×{i4}) , ãäå MBC(x, y) = (2−x, y)
äëÿ (x, y) ∈ R2 .

2. Äëÿ òî÷êè z = q(O, i1), i1 ∈ Zn ñóùåñòâóåò åùå 2m−1 òðåóãîëüíèêà d×{i2}, . . . , d×
{i2m}, i2, . . . , i2m ∈ Zn òàêèõ, ÷òî (ρ, i2k−1) ∼ (ρ, i2k) äëÿ ëþáîé òî÷êè ρ ∈ OB è
(ρ, i2k) ∼ (ρ, i2k+1) äëÿ ëþáîé òî÷êè ρ ∈ OC , ãäå k = 1, . . . ,m è i2m+1 = i1 . Ïîëî-
æèì Uz = int q(d×{i1, . . . , i2m}) , ψz(w) = νk(pd((q|d×{i2k−1})

−1(w))) äëÿ w ∈ q(d×{i2k−1})
è ψz(w) = νk(MOB(pd((q|d×{i2k})

−1(w)))) äëÿ w ∈ q(d × {i2k}) , ãäå νk(r cosφ, r sinφ) =

(r cos(4φ+2π(k−1)
m

), r sin(4φ+2π(k−1)
m

)) äëÿ (r cosφ, r sinφ) ∈ R2 è MOB(x, y) = (y, x) äëÿ
(x, y) ∈ R2 .

3. Äëÿ òî÷êè z = q(B, i1), i1 ∈ Zn ñóùåñòâóåò åùå 2l−1 òðåóãîëüíèêà d×{i2}, . . . , d×
{i2l}, i2, . . . , i2l ∈ Zn òàêèõ, ÷òî (ρ, i2j−1) ∼ (ρ, i2j) äëÿ ëþáîé òî÷êè ρ ∈ OB è (ρ, i2j) ∼
(ρ, i2j+1) äëÿ ëþáîé òî÷êè ρ ∈ OC , ãäå j = 1, . . . , l è i2l+1 = i1 . Ïîëîæèì Uz =
int q(d× {i1, . . . , i2l}) , ψz(w) = µj(pd((q|d×{i2k−1})

−1(w))) äëÿ w ∈ q(d× {i2j−1}) è ψz(w) =
µj(MOB(pd((q|d×{i2j})

−1(w)))) äëÿ w ∈ q(d × {i2j}) , ãäå µj((r − 1) cosφ, (r − 1) sinφ) =

((r − 1) cos(
4(φ+π

2
)−2π(j−1)

l
), (r − 1) sin(

4(φ+π
2
)−2π(j−1)

l
)) äëÿ ((r − 1) cosφ, (r − 1) sinφ) ∈ R2 .

Ïîêàæåì, ÷òî ââåä¼ííûå êàðòû çàäàþò ãëàäêóþ ñòðóêòóðó íà M2 . Äëÿ ýòîãî ïðîâåðèì
ãëàäêîñòü îòîáðàæåíèé ïåðåõîäà äëÿ êàðò ðàçíûõ òèïîâ, òàê êàê ðàçëè÷íûå êàðòû îäíîãî
òèïà íå ïåðåñåêàþñÿ ìåæäó ñîáîé.

1.2. Åñëè (Uz1 , ψz1) è (Uz2 , ψz2) � êàðòû ïåðâîãî è âòîðîãî òèïîâ, ñîîòâåòñòâåííî,
òàêèå, ÷òî Uz1 ∩Uz2 ̸= ∅ . Òîãäà îòîáðàæåíèå φ1,2 = ψz2ψ

−1
z1

: ψz1(Uz1 ∩Uz2) → ψz2(Uz1 ∩Uz2)
èìååò ñëåäóþùèé âèä äëÿ k ∈ {1, . . . ,m} :
φ1,2(x, y) = νk(x, y) èëè φ1,2(x, y) = νk(y, x) äëÿ (x, y) ∈ int △ OBC ;
φ1,2(x, y) = νk(x,−y) èëè φ1,2(x, y) = νk(−y, x) äëÿ (x, y) ∈ int △ OB1C ;
φ1,2(x, y) = νk(2− x,−y) èëè φ1,2(x, y) = νk(−y, 2− x) äëÿ (x, y) ∈ int △ O1B1C ;
φ1,2(x, y) = νk(2− x, y) èëè φ1,2(x, y) = νk(y, 2− x) äëÿ (x, y) ∈ int △ O1BC .

1.3. Åñëè (Uz1 , ψz1) è (Uz3 , ψz3) � êàðòû ïåðâîãî è òðåòüåãî òèïîâ, ñîîòâåòñòâåííî,
òàêèå, ÷òî Uz1 ∩Uz3 ̸= ∅ . Òîãäà îòîáðàæåíèå φ1,3 = ψz3ψ

−1
z1

: ψz1(Uz1 ∩Uz3) → ψz3(Uz1 ∩Uz3)
èìååò ñëåäóþùèé âèä äëÿ j ∈ {1, . . . , l} :
φ1,3(x, y) = µj(x, y) èëè φ1,3(x, y) = µj(y, x) äëÿ (x, y) ∈ int △ OBC ;
φ1,3(x, y) = µj(x,−y) èëè φ1,3(x, y) = µj(−y, x) äëÿ (x, y) ∈ int △ OB1C ;
φ1,3(x, y) = µj(2− x,−y) èëè φ1,3(x, y) = µj(−y, 2− x) äëÿ (x, y) ∈ int △ O1B1C ;
φ1,3(x, y) = µj(2− x, y) èëè φ1,3(x, y) = µj(y, 2− x) äëÿ (x, y) ∈ int △ O1BC .
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2.3. Åñëè (Uz2 , ψz2) è (Uz3 , ψz3) � êàðòû âòîðîãî è òðåòüåãî òèïîâ, ñîîòâåòñòâåííî,
òàêèå, ÷òî Uz2 ∩Uz3 ̸= ∅ . Òîãäà îòîáðàæåíèå φ2,3 = ψz3ψ

−1
z2

: ψz2(Uz2 ∩Uz3) → ψz3(Uz2 ∩Uz3)
èìååò ñëåäóþùèé âèä äëÿ k ∈ {1, . . . ,m} , j ∈ {1, . . . , l} :
φ2,3(x, y) = µj(ν

−1
k (x, y)) äëÿ (x, y) ∈ int νk(d) .

Ä î ê à ç à ò å ë ü ñ ò â î ç à ê î í ÷ å í î.

Ï ð å ä ë î æ å í è å 3.2. Ïóñòü a0f , a
1
f , a

2
f � ÷èñëî ñòîêîâûõ, ñåäëîâûõ, èñ-

òî÷íèêîâûõ òî÷åê äèôôåîìîðôèçìà f ∈ G , çàäàííîãî íà îðèåíòèðóåìîé (íåîðèåíòèðó-
åìîé) ïîâåðõíîñòè ðîäà g ( q ), òîãäà a0f − a1f + a2f = 2− 2g ( a0f − a1f + a2f = 2− q ).

Ä î ê à ç à ò å ë ü ñ ò â î. Õîðîøî èçâåñòíî, ÷òî ýéëåðîâà õàðàêòåðèñòèêà äëÿ
îðèåíòèðóåìîé ïîâåðõíîñòè âûðàæàåòñÿ ôîðìóëîé: χ(X) = 2− 2g , ãäå g � ÷èñëî ðó÷åê;
à äëÿ íåîðèåíòèðóåìîé ïîâåðõíîñòè ôîðìóëà � âûãëÿäèò ñëåäóþùèì îáðàçîì: χ = 2 −
q , ãäå q � ÷èñëî ïë¼íîê Ì¼áèóñà (ñì., íàïðèìåð, [3]). Ñ äðóãîé ñòîðîíû, â ñèëó [11],
ìíîãîáðàçèå M2 ÿâëÿåòñÿ äâóìåðíûì êëåòî÷íûì êîìïëåêñîì M2 =

∪
p∈Ωf

W u
p ñ ÷èñëîì

a0f , a
1
f , a

2
f íóëüìåðíûõ, îäíîìåðíûõ, äâóìåðíûõ êëåòîê, ñîîòâåòñòâåííî. Òîãäà ýéëåðîâà

õàðàêòåðèñòèêà äàííîãî êîìïëåêñà âû÷èñëÿåòñÿ ïî ôîðìóëå: χ(M2) =
2∑

q=0

(−1)qcq , ãäå

cq � ÷èñëî åãî q -ìåðíûõ êëåòîê (ñì., íàïðèìåð, Òåîðåìó 9 êíèãè [9]). Îòêóäà χ(M2) =
a0f − a1f + a2f .
Ä î ê à ç à ò å ë ü ñ ò â î ç à ê î í ÷ å í î.

Ï ð å ä ë î æ å í è å 3.3. Ýéëåðîâà õàðàêòåðèñòèêà ïîâåðõíîñòè M2 , ïîñòðî-
åííîé ïî äîïóñòèìîìó ãðàôó (T, P ) â ïðåäëîæåíèè 3.1., âû÷èñëÿåòñÿ ïî ôîðìóëå
χ(M2) = ν0 − ν1 + ν2 , ãäå ν0, ν1, ν2 ÷èñëî tu -, su -, st -öèêëîâ ãðàôà T , ñîîòâåòñòâåííî.

Ä î ê à ç à ò å ë ü ñ ò â î. Â ñèëó ëåììû 2.1., νi = aif äëÿ i = 0, 1, 2 . Îòêóäà, ñ ó÷åòîì
ïðåäëîæåíèÿ 3.2., χ(M2) = ν0 − ν1 + ν2 .
Ä î ê à ç à ò å ë ü ñ ò â î ç à ê î í ÷ å í î.

Ââåäåì ïîíÿòèå ñîãëàñîâàííîé îðèåíòàöèè òðåóãîëüíûõ îáëàñòåé ìíîãîîáðàçèÿ M2 ,
ñêîíñòðóèðîâàííîãî â äîêàçàòåëüñòâå ïðåäëîæåíèÿ 3.1. Äëÿ ýòîãî îðèåíòèðóåì êàæäóþ
åãî òðåóãîëüíóþ îáëàñòü. Îðèåíòàöèþ áóäåì çàäàâàòü, âûáèðàÿ îäèí èç äâóõ âîçìîæíûõ
ïîðÿäêîâ îáõîäà âåðøèí òðåóãîëüíîé îáëàñòè: 1) åñëè ïðè îáõîäå âåðøèí, òðåóãîëüíàÿ
îáëàñòü îñòàåòñÿ ñëåâà, òî ïðèïèøåì îáëàñòè ìåòêó θ = +1 ; 2) åñëè ïðè îáõîäå âåðøèí,
òðåóãîëüíàÿ îáëàñòü îñòàåòñÿ ñïðàâà, òî ïðèïèøåì îáëàñòè ìåòêó θ = −1 . Îðèåíòàöèþ
òðåóãîëüíûõ îáëàñòåé áóäåì íàçûâàòü ñîãëàñîâàííîé, åñëè äâóì ñìåæíûì òðåóãîëüíûì
îáëàñòÿì ïðèïèñàíû ðàçëè÷íûå ìåòêè, òî åñòü íàïðàâëåíèå îáõîäà íà îáùåé ãðàíèöå ñîâ-
ïàäàåò.

Ïîâåðõíîñòü M2 , îðèåíòèðóåìà òîãäà è òîëüêî òîãäà, êîãäà âñå òðåóãîëüíûå îáëàñòè
íà íåé ìîæíî ñîãëàñîâàííî îðèåíòèðîâàòü.

Ï ð å ä ë î æ å í è å 3.4. Ïîâåðõíîñòü M2 , ïîñòðîåííàÿ ïî äîïóñòèìîìó ãðàôó
(T, P ) â ïðåäëîæåíèè 3.1., îðèåíòèðóåìà òîãäà è òîëüêî òîãäà, êîãäà â ãðàôå T âñå
öèêëû èìåþò ÷åòíóþ äëèíó.

Ä î ê à ç à ò å ë ü ñ ò â î.
Íåîáõîäèìîñòü Ïóñòü ïîâåðõíîñòü M2 îðèåíòèðóåìà, òîãäà ìû ìîæåì çàäàòü ñîãëà-

ñîâàííóþ îðèåíòàöèþ òðåóãîëüíûõ îáëàñòåé. Ðàññìîòðèì ïðîèçâîëüíóþ òðåóãîëüíóþ îá-
ëàñòü δ ∈ ∆ , äëÿ îïðåäåëåííîñòè ïîëîæèì, ÷òî åé ïðèïèñàíà ìåòêà θδ = +1 . Ïî ïðà-
âèëó ñîãëàñîâàíèÿ âñåì òðåóãîëüíûì îáëàñòÿì áóäóò ïðèïèñàíû ìåòêè. Òàê êàê ìåæäó
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òðåóãîëüíûìè îáëàñòÿìè ìíîæåñòâà ∆ è ìíîæåñòâîì âåðøèí B ãðàôà T ñóùåñòâóåò
âçàèìíî-îäíîçíà÷íîå ñîîòâåòñòâèå π , òî êàæäîé âåðøèíå b ∈ B ìîæíî ïðèïèñàòü ìåòêó
θb = θδ , ãäå b = π(δ) .

Ðàññìîòðèì ïðîèçâîëüíûé öèêë C ãðàôà T , ñîäåðæàùèé âåðøèíó b , ïîëîæèì
b = b1, b2, · · · bn, bn+1 = b - âåðøèíû öèêëà C . Ïðàâèëî ñîãëàñîâàíèÿ ìåòîê íà òðåóãîëü-
íûõ îáëàñòÿõ èíäóöèðóåò ïðàâèëî ñîãëàñîâàíèÿ ìåòîê íà âåðøèíàõ: ëþáûå äâå âåðøèíû,
èíöèäåíòíûå îäíîìó ðåáðó, èìåþò ðàçëè÷íûå ìåòêè.

Ïðèïèñàâ ìåòêó θb âåðøèíå b = b1 , ïðàâèëî ñîãëàñîâàíèÿ îäíîçíà÷íî îïðåäåëÿåò
ìåòêó íà âåðøèíå b2 , îò íåå íà âåðøèíå b3 è äàëåå ïî öåïî÷êå äî bn è ñíîâà íà b = bn+1 .
Òàêèì îáðàçîì, âåðøèíå b ïðèïèñàíû äâå ìåòêè. Òàê êàê ïî ïðàâèëó ñîãëàñîâàíèÿ ìåòêè
ñîâïàäàþò, òî öèêë C èìååò ÷åòíóþ äëèíó.

Äîñòàòî÷íîñòü
Ïðåäïîëîæèì âñå öèêëû ãðàôà T èìåþò ÷åòíóþ äëèíó. Â ñèëó òîãî, ÷òî ïóòü ÷åòíîé

äëèíû ñîåäèíÿåò âåðøèíû ñ îäèíàêîâûìè ìåòêàìè, ìîæíî ââåñòè ñëåäóþùåå ïðàâèëî
ñîãëàñîâàíèÿ ìåòîê íà âåðøèíàõ: ëþáûå äâå âåðøèíû, èíöèäåíòíûå îäíîìó ðåáðó, èìåþò
ðàçëè÷íûå ìåòêè.

Ïðèïèøåì ìåòêó θb∗ ïðîèçâîëüíîé âåðøèíå b∗ , â ñèëó ñâÿçíîñòè ãðàôà ïðàâèëî ñî-
ãëàñîâàíèÿ îäíîçíà÷íî îïðåäåëÿåò ìåòêè íà âñåõ âåðøèíàõ ãðàôà T . Òîãäà ïðîèçâîëü-
íîé òðåóãîëüíîé îáëàñòè δ = π−1(b) îäíîçíà÷íî ïðèïèñûâàåòñÿ ìåòêà θδ = θb . Òàê êàê
ìåòêè íà âåðøèíàõ ââåäåíû ñîãëàñîâàííî, òî òðåóãîëüíûå îáëàñòè ìîæíî ñîãëàñîâàííî
îðèåíòèðîâàòü â ñîîòâåòñòâèè ñ ïðèïèñàííûìè èì ìåòêàìè, çíà÷èò, ïîâåðõíîñòü M2 îðè-
åíòèðóåìà.
Ä î ê à ç à ò å ë ü ñ ò â î ç à ê î í ÷ å í î.
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Realization of gradient-like di�eomorphisms on surfaces by

means of automorphisms of three-color graphs

c⃝ S. H. Kapkaeva7

Abstract. This paper is a continuation of the papers [5], [4] which contain the conditions
of topological conjugacy of gradient-like di�eomorphisms on surfaces. In the present paper the
realization problem is solved. That is a standard representative is constructed in each class of
topologically conjugated gradient-like di�eomorphisms

Key Words: Morse-Smale di�eomorphisms, gradient-like di�eomorphisms, topological conjugate
di�eomorphisms, three-color graph, realization of di�eomorphisms
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Íåêîòîðûå àñïåêòû îïòèìèçàöèè

ñàìîâîñïðîèçâîäÿùèõñÿ ñèñòåì

c⃝ Î. À. Êóçåíêîâ1, Å. À. Ðÿáîâà2

Àííîòàöèÿ. Ðàññìàòðèâàåòñÿ ìîäåëü ñàìîâîñïðîèçâîäÿùåéñÿ ñèñòåìû, èññëåäóåòñÿ åå ïðå-
äåëüíîå ïîâåäåíèå, íà îñíîâàíèè ýòîãî ðåøàþòñÿ çàäà÷è îïòèìèçàöèè äàííîé ñèñòåìû ïðè
íåîãðàíè÷åííîì âðåìåíè óïðàâëåíèÿ. Êðèòåðèè êà÷åñòâà â ðàññìàòðèâàåìûõ çàäà÷àõ îòðà-
æàþò óâåëè÷åíèå â ñèñòåìå ñàìîâîñïðîèçâîäÿùèõñÿ îáúåêòîâ ñ îïðåäåëåííîé ïîâåäåí÷åñêîé
ñòðàòåãèåé. Äîêàçàíî, ÷òî ìàêñèìèçàöèÿ íåêîòîðûõ êðèòåðèåâ ïðèâîäèò ê âûðîæäåíèþ âñåé
ñèñòåìû.
Êëþ÷åâûå ñëîâà: ñàìîâîñïðîèçâîäÿùèåñÿ ñèñòåìû, îïòèìàëüíîå óïðàâëåíèå, íåîãðàíè-
÷åííîå âðåìÿ óïðàâëåíèÿ.

Ââåäåíèå

Ñàìîâîñïðîèçâîäÿùåéñÿ ñèñòåìîé (èëè ñèñòåìîé àâòîðåïðîäóêöèè) íàçûâàåòñÿ ñèñòå-
ìà, îáúåêòû êîòîðîé îáëàäàþò ñâîéñòâîì ãåíåðèðîâàòü ñâîè êîïèè â ïðîöåññå ñóùåñòâîâà-
íèÿ − ïåðåäàâàòü äðóãèì îáúåêòàì ñâîè êà÷åñòâåííûå ïðèçíàêè, îïðåäåëÿþùèå óñëîâèÿ
èõ ñóùåñòâîâàíèÿ â ñèñòåìå, â ÷àñòíîñòè, ýòî ìîæåò áûòü òîò èëè èíîé ñïîñîá ïîâåäå-
íèÿ [1, 2].

Àêòóàëüíîé ÿâëÿåòñÿ çàäà÷à îïòèìàëüíîãî óïðàâëåíèÿ ñèñòåìàìè àâòîðåïðîäóêöèè, â
òîì ÷èñëå è â áèîýêîíîìè÷åñêèõ ìîäåëÿõ [3-8]. Â çàäà÷àõ óïðàâëåíèÿ âàæíåéøóþ ðîëü
èìååò îïðåäåëåíèå öåëåé, êîòîðûå äîñòèãàþòñÿ ïîñðåäñòâîì óïðàâëåíèÿ. Îäíîé èç îñ-
íîâíûõ öåëåé ÿâëÿåòñÿ ñîõðàíåíèå ñàìîé óïðàâëÿåìîé ñèñòåìû. Â êëàññè÷åñêèõ çàäà÷àõ
òåîðèè óïðàâëåíèÿ îò ïðîáëåìû ñîõðàíåíèÿ óïðàâëÿþùåé ñèñòåìû îáû÷íî îòâëåêàþò-
ñÿ [9]. Íî åñëè ïåðåéòè ê áîëåå îáùèì ìîäåëÿì, òî ýòà ïðîáëåìà ïðèîáðåòàåò ðåøàþùåå
çíà÷åíèå. Îñîáåííî àêòóàëüíà îíà äëÿ ñîâðåìåííîé ýêîëîãèè, ïðè óïðàâëåíèè ýêîíîìè-
÷åñêèìè, äåìîãðàôè÷åñêèìè, ñîöèàëüíûìè ïðîöåññàìè è ò. ï.

Äëÿ òîãî ÷òîáû ïðèíèìàåìîå â ñîîòâåòñòâèè ñ èçáðàííûì êðèòåðèåì îïòèìàëüíîå ðå-
øåíèå èìåëî ïðàêòè÷åñêèé ñìûñë, íóæíî, ÷òîáû êðèòåðèé ñîäåðæàë èíôîðìàöèþ î ðåàëü-
íîé ýôôåêòèâíîñòè êàæäîé âîçìîæíîé àëüòåðíàòèâû ïîâåäåíèÿ. Èíòåðåñóþùàÿ ñèñòåìó
èíôîðìàöèÿ î âàðèàíòå ïîâåäåíèÿ ñîñòîèò ëèøü â ñëåäóþùåì: âîçìîæíî ëè áåñêîíå÷íîå
ñóùåñòâîâàíèå ñèñòåìû ïðè îñóùåñòâëåíèè ýòîãî âàðèàíòà ïîâåäåíèÿ èëè íåò. Ïîëó÷èòü
ýòó èíôîðìàöèþ ñèñòåìà ìîæåò, òîëüêî ðåàëèçóÿ åãî. Íî åñëè, ïðîâåðÿÿ äàííûé âàðè-
àíò, ñèñòåìà ðàçðóøàåòñÿ çà êîíå÷íîå âðåìÿ, òî ïðèíèìàòü ðåøåíèå óæå áóäåò íåêîìó.
Òàêîå, êàçàëîñü áû, íåðàçðåøèìîå ïðîòèâîðå÷èå èñ÷åçàåò â ñèñòåìå ñàìîâîñïðîèçâîäÿ-
ùèõñÿ îáúåêòîâ. Çäåñü êàæäûé âàðèàíò ïîâåäåíèÿ îñóùåñòâëÿåòñÿ îòäåëüíûì îáúåêòîì;
òå îáúåêòû, ïîâåäåíèå êîòîðûõ íàèáîëåå áûñòðî ïðèâîäèò ê ñîáñòâåííîìó ðàçðóøåíèþ,
èñ÷åçàþò èç îáùåé ñèñòåìû â ïåðâóþ î÷åðåäü, è ïîñòåïåííî â ñèñòåìå îñòàþòñÿ òîëüêî òå
îáúåêòû, ÷üå ïîâåäåíèå ìîæåò áåñêîíå÷íî äîëãî ïîääåðæèâàòü ñóùåñòâîâàíèå ñèñòåìû.
Òàêèì îáðàçîì, ñèñòåìà â öåëîì íàõîäèò äëÿ ýòîãî îïòèìàëüíûé âàðèàíò ïîâåäåíèÿ.

1 Äîöåíò êàôåäðû ÷èñëåííîãî è ôóíêöèîíàëüíîãî àíàëèçà, ÍÍÃÓ èì. Í.È. Ëîáà÷åâñêîãî;
kuzenkov_o@mail.ru

2 Ñòàðøèé ïðåïîäàâàòåëü êàôåäðû ÷èñëåííîãî è ôóíêöèîíàëüíîãî àíàëèçà, ÍÍÃÓ èì. Í.È. Ëîáà÷åâ-
ñêîãî; riabova-ea@rambler.ru
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Â òî æå âðåìÿ òàêîé ïîäõîä ê çàäàíèþ ïîðÿäêà ïðåäïî÷òèòåëüíîñòè è ñîîòâåòñòâóþ-
ùåãî åìó êðèòåðèÿ êà÷åñòâà âàðèàíòîâ ïîâåäåíèÿ ñèñòåìû àâòîðåïðîäóêöèè òàèò â ñåáå
îïðåäåëåííûå îïàñíîñòè. Äåéñòâèòåëüíî, åñëè îáùàÿ ÷èñëåííîñòü ñàìîâîñïðîèçâîäÿùèõ-
ñÿ îáúåêòîâ â ñèñòåìå ïðè ëþáîì ñïîñîáå ïîâåäåíèÿ íå ìîæåò ñòàòü ìåíüøå íåêîòîðîãî
ìèíèìàëüíîãî ïîëîæèòåëüíîãî ïîðîãà, òî ýòî îçíà÷àåò, ÷òî ñèñòåìà â öåëîì âñåãäà ñóùå-
ñòâóåò, íåçàâèñèìî îò êà÷åñòâåííûõ õàðàêòåðèñòèê îáúåêòîâ èëè âàðèàíòîâ èõ ïîâåäåíèÿ.
Òîãäà çàäà÷à îïòèìèçàöèè ñòðàòåãèè ïîâåäåíèÿ íå èìååò ðåøåíèÿ, òàê êàê âàðèàíòû ïî-
âåäåíèÿ íåñðàâíèìû. Ñèñòåìà ñóùåñòâóåò íåîãðàíè÷åííî äîëãî ïðè ëþáîì èç íèõ. ×òîáû
çàäà÷à îïòèìèçàöèè èìåëà ñìûñë, íåîáõîäèìî, ÷òîáû ïðè ðåàëèçàöèè íåêîòîðûõ ñòðàòå-
ãèé ïîâåäåíèÿ ñèñòåìà ðàçðóøàëàñü. Çíà÷èò, íóæíî äîïóñòèòü âîçìîæíîñòü ïðèáëèæåíèÿ
÷èñëåííîñòè ñèñòåìû ê íóëþ.

Èç ýòîãî äîïóùåíèÿ ñëåäóåò âîçìîæíîñòü äëÿ âèäà ñ îïðåäåëåííîé ïîâåäåí÷åñêîé ñòðà-
òåãèåé âûòåñíÿòü äðóãèå âèäû, íî ïðè ýòîì óíè÷òîæàòü âñþ ñèñòåìó, ïîäîáíî òîìó, êàê
íåîãðàíè÷åííûé ðîñò ðàêîâûõ êëåòîê ïðèâîäèò ê óíè÷òîæåíèþ âñåãî îðãàíèçìà. Òàêîå
ïîâåäåíèå ×åðíàâñêèé íàçâàë ¾ïîïóëèçìîì¿ [10]. Â èíòåðåñàõ ñàìîñîõðàíåíèÿ ñèñòåìà
äîëæíà èìåòü ìåõàíèçìû ïðîòèâîäåéñòâèÿ ¾ïîïóëèçìó¿.

Öåëü íàñòîÿùåé ðàáîòû ñîñòîèò â èññëåäîâàíèè ìîäåëè àâòîðåïðîäóêöèè, èçó÷åíèÿ åå
ïðåäåëüíîãî ïîâåäåíèÿ, è íà îñíîâàíèè ýòîãî ðåøåíèÿ çàäà÷ óïðàâëåíèÿ äëÿ îáåñïå÷åíèÿ
íåîãðàíè÷åííî äîëãîãî ñóùåñòâîâàíèÿ ýòîé ñèñòåìû.

Ìîäåëüþ àâòîðåïðîäóêöèè ÿâëÿåòñÿ ðàñïðåäåëåííàÿ ñèñòåìà, ïîâåäåíèå êîòîðîé îïè-
ñûâàåòñÿ íåëèíåéíûìè èíòåãðî-äèôôåðåíöèàëüíûìè óðàâíåíèÿìè. Ôóíêöèîíàëû êà÷å-
ñòâà â ðàññìàòðèâàåìûõ çàäà÷àõ îïòèìèçàöèè, çàäàâàåìûå â âèäå ïðåäåëà íåêîòîðîé âå-
ëè÷èíû ïðè ñòðåìëåíèè âðåìåíè ê áåñêîíå÷íîñòè, îòðàæàþò óâåëè÷åíèå â ñèñòåìå îáú-
åêòîâ ñ îïðåäåëåííîé ïîâåäåí÷åñêîé ñòðàòåãèåé. Â îòëè÷èå îò êëàññè÷åñêîé òåîðèè [??]
çäåñü ïðèõîäèòñÿ ðàññìàòðèâàòü ñëó÷àé íåîãðàíè÷åííîãî âðåìåíè óïðàâëåíèÿ.

1. Îïèñàíèå ìîäåëè àâòîðåïðîäóêöèè

Ïóñòü W − îáëàñòü îáèòàíèÿ íåêîòîðîé ïîïóëÿöèè. Ìàòåìàòè÷åñêè ìîæíî ðåøàòü
çàäà÷ó äëÿ ëþáîé ðàçìåðíîñòè, ïîýòîìó áóäåì ðàññìàòðèâàòü n -ìåðíóþ îáëàñòü W ñ
êóñî÷íî-ãëàäêîé ãðàíèöåé G ; x = (x1, . . . , xn) − òî÷êè îáëàñòè W . ×åðåç ãðàíèöó G
ïðîíèêíîâåíèå îñîáåé îòñóòñòâóåò.

Ïðåäïîëîæèì, ÷òî îñîáè ðàññìàòðèâàåìîé ïîïóëÿöèè ìîãóò ðåàëèçîâûâàòü îäíó èç
äâóõ ñòðàòåãèé ïîâåäåíèÿ − v1 èëè v2 . Ñòðàòåãèÿ v1 ÿâëÿåòñÿ íîðìàëüíûì ïîâåäåíè-
åì, ñòðàòåãèÿ v2 ÿâëÿåòñÿ ïàòîëîãè÷åñêèì (àñîöèàëüíûì) ïîâåäåíèåì (èç-çà áîëåçíè èëè
íàðêîëîãè÷åñêîé çàâèñèìîñòè è ò.ï.). Ñëåäñòâèåì ïàòîëîãè÷åñêîé ñòðàòåãèè ïîâåäåíèÿ
ÿâëÿåòñÿ óòðàòà ñïîñîáíîñòè ê âîñïðîèçâîäñòâó. Ñòðàòåãèÿ v2 íå ÿâëÿåòñÿ âðîæäåííîé è
ìîæåò áûòü ïåðåäàíû íîðìàëüíûì îñîáÿì (â ðåçóëüòàòå èíôåêöèè, êîïèðîâàíèÿ ïîâåäå-
íèÿ è ò.ï.).

Ïðåäïîëàãàåòñÿ, ÷òî îñîáè, ñî ñòðàòåãèåé ïîâåäåíèÿ v1 , ìîãóò ïåðåìåùàòüñÿ ðàâíîâå-
ðîÿòíî ñ ðàâíîé ñêîðîñòüþ s â ëþáîì íàïðàâëåíèè èç ëþáîé âíóòðåííåé òî÷êè îáëàñòè;
ñêîðîñòü ïåðåìåùåíèÿ îñîáåé, îñóùåñòâëÿþùèõ ñòðàòåãèþ v2 , ñóùåñòâåííî âûøå ñêîðî-
ñòè s ; îñîáè ñ àñîöèàëüíûì ïîâåäåíèåì ìîãóò âîçäåéñòâîâàòü íà íîðìàëüíûõ îñîáåé, â
ðåçóëüòàòå ÷åãî íîðìàëüíûå îñîáè ìåíÿþò ñòðàòåãèþ ñâîåãî ïîâåäåíèÿ íà ïàòàëîãè÷å-
ñêóþ, ðåçóëüòàòèâíîñòü ýòîãî âîçäåéñòâèÿ ïðîïîðöèîíàëüíà ðàñïðîñòðàíåííîñòè ïîñëåä-
íåé ñòðàòåãèè â ïîïóëÿöèè (¾ïîïóëÿðíîñòè¿ àñîöèàëüíîãî ñïîñîáà ïîâåäåíèÿ).

Ïóñòü z1(x, t) − ïëîòíîñòü ïîïóëÿöèè îñîáåé, ðåàëèçóþùèõ ñòðàòåãèþ v1 â òî÷-
êå x ∈ W â ìîìåíò âðåìåíè t , z2(t) − îáùåå êîëè÷åñòâî îñîáåé, îñóùåñòâëÿþùèõ
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ñòðàòåãèþ v2 â ìîìåíò âðåìåíè t , a(x) − êîýôôèöèåíò ðàçìíîæåíèÿ îñîáåé ïåðâîãî
âèäà â òî÷êå x (êîýôôèöèåíò ðàçìíîæåíèÿ ÿâëÿåòñÿ ðàçíîñòüþ ìåæäó êîýôôèöèåíòîì
ðîæäàåìîñòè è êîýôôèöèåíòîì ñìåðòíîñòè), b − ïîñòîÿííûé êîýôôèöèåíò ñìåðòíîñòè
îñîáåé âòîðîãî âèäà, r(t) − êîýôôèöèåíò ðåçóëüòàòèâíîñòè âîçäåéñòâèÿ îñîáåé âòîðîãî
âèäà.

Ïîõîæèå ãèïîòåçû áûëè èñïîëüçîâàíû ïðè ïîñòðîåíèè ìîäåëè äèíàìèêè ïîïóëÿöèè
ñ ó÷åòîì ÿâëåíèÿ ïàðàçèòèçì [12]. Ïðè ñäåëàííûõ ïðåäïîëîæåíèÿõ ìîäåëü îïèñûâàåòñÿ
ñèñòåìîé óðàâíåíèé

∂z1
∂ t

= s∆z1 + az1 −
rz1z2∫

W

z1dx+ z2

,
dz2
dt

=

rz2

∫
W

z1dx∫
W

z1dx+ z2

− bz2 (1.1)

ñ êðàåâûìè è íà÷àëüíûìè óñëîâèÿìè

∂z1/∂n|G = 0, z1(x, 0) = f(x), z2(0) = z02 . (1.2)

Çäåñü ñèìâîë ∆ îçíà÷àåò îïåðàòîð Ëàïëàñà, ∂/∂n|G − ïðîèçâîäíóþ ïî íîðìàëè ê ãðà-
íèöå G . Ïðåäïîëàãàåì, ÷òî ôóíêöèè a(x) , f(x) , r(t) − íåïðåðûâíûå, ïîëîæèòåëüíûå,
r(t) − îãðàíè÷åííàÿ; ïàðàìåòðû b , s è z02 − ïîñòîÿííûå, ïîëîæèòåëüíûå; îïåðàòîð
s∆v + av îïðåäåëåí íà ìíîæåñòâå ôóíêöèé v(x), çàäàííûõ â îáëàñòè W, óäîâëåòâîðÿ-
þùèõ êðàåâîìó óñëîâèþ ∂v/∂n|G = 0; νi(x), i = 1,∞, − ïîëíàÿ ñèñòåìà îðòîíîðìèðî-
âàííûõ ñîáñòâåííûõ ôóíêöèé îïåðàòîðà s∆v + av, çàíóìåðîâàííûõ â ïîðÿäêå óáûâàíèÿ
ñîîòâåòñòâóþùèõ èì ñîáñòâåííûõ ÷èñåë λi, i = 1,∞, è êðàòíîñòü ïåðâîãî ñîáñòâåííîãî
÷èñëà ðàâíà åäèíèöå: λ1 > λ2 > . . . > λi > . . . .

Çàìåòèì, ÷òî ñèñòåìà (1.1) ïðè ïîñòàâëåííûõ íà÷àëüíûõ óñëîâèÿõ èìååò ëèøü íåîò-
ðèöàòåëüíîå ðåøåíèå [13, 14], ÷òî ñîîòâåòñòâóåò êîëè÷åñòâåííîé èíòåðïðåòàöèè ôóíêöèé
z1(x, t) è z2(t) . Ââåäåì ïåðåìåííóþ

z =

∫
W

z1dx+ z2, (1.3)

õàðàêòåðèçóþùóþ îáùóþ ÷èñëåííîñòü ïîïóëÿöèè â ìîìåíò âðåìåíè t ; ñðåäíåâðåìåííîå
çíà÷åíèå ôóíêöèè r(t) îáîçíà÷èì

⟨r⟩ = lim
t→∞

1

t

t∫
o

r(τ)dτ . (1.4)

2. Ôîðìóëèðîâêà ðåçóëüòàòîâ

2.1. Ïðåäåëüíîå ïîâåäåíèå ñèñòåìû àâòîðåïðîäóêöèè

Ò å î ð å ì à 2.1. Â ñèñòåìå (1.1) ñ íà÷àëüíûìè è êðàåâûìè óñëîâèÿìè (1.2) ïðå-
äåëüíûå çíà÷åíèÿ ôóíêöèé z2(t) , z(t) è èõ ÷àñòíîãî îïðåäåëÿþòñÿ â çàâèñèìîñòè îò
ïàðàìåòðîâ ñèñòåìû ñëåäóþùèì îáðàçîì:
ïðè λ1 > 0

lim
t→∞

z2 = 0, lim
t→∞

z = 0, lim
t→∞

(z2/z) = 1, eñëè ⟨r⟩ > λ1 + b;

lim
t→∞

z2 = +∞, lim
t→∞

z = +∞, lim
t→∞

(z2/z) = 0, åñëè b < ⟨r⟩ < λ1 + b;

lim
t→∞

z2 = 0, lim
t→∞

z = +∞, lim
t→∞

(z2/z) = 0, åñëè ⟨r⟩ < b;
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ïðè λ1 < 0

lim
t→∞

z2 = 0, lim
t→∞

z = 0, lim
t→∞

(z2/z) = 0, eñëè 0 < ⟨r⟩ < λ1 + b;

lim
t→∞

z2 = 0, lim
t→∞

z = 0, lim
t→∞

(z2/z) = 1, åñëè ⟨r⟩ > λ1 + b;

ïðè λ1 = 0
lim
t→∞

z2 = 0, lim
t→∞

(z2/z) = 0, eñëè 0 < ⟨r⟩ < b;

lim
t→∞

z2 = 0, lim
t→∞

(z2/z) = 1, åñëè ⟨r⟩ > b.

Òàêèì îáðàçîì, ïðè λ1 > 0 , ⟨r⟩ > λ1 + b óäåëüíûé âåñ îñîáåé âòîðîãî (àñîöèàëü-
íîãî) òèïà ïîâåäåíèÿ ñòðåìèòñÿ ê ìàêñèìàëüíîìó çíà÷åíèþ, ïðè ýòîì ÷èñëåííîñòü âñåé
ïîïóëÿöèè ñòðåìèòñÿ ê íóëþ. Åñëè b < ⟨r⟩ < λ1 + b , òî óäåëüíàÿ ÷èñëåííîñòü îñîáåé
àñîöèàëüíîãî âèäà ñòðåìèòñÿ ê ìèíèìàëüíìó çíà÷åíèþ, òåì íå ìåíåå ïðîèñõîäèò íåîãðà-
íè÷åííîå óâåëè÷åíèå èõ ÷èñëåííîñòè è âñåé ïîïóëÿöèè â öåëîì. Ïðè ⟨r⟩ < b ïðîèñõîäèò
íåîãðàíè÷åííîå óâåëè÷åíèå îáùåé ÷èñëåííîñòè ïîïóëÿöèè, ÷èñëåííîñòü îñîáåé âòîðîãî
òèïà ïîâåäåíèÿ ñòðåìèòñÿ ê íóëþ.

Ïðè ëþáîì ñîîòíîøåíèè ïàðàìåòðîâ r , λ1 è b , åñëè λ1 < 0 , íàáëþäàåòñÿ âûðîæäåíèå
îñîáåé âòîðîãî òèïà ïîâåäåíèÿ è âñåé ïîïóëÿöèè â öåëîì; åñëè λ1 = 0 , îñîáè âòîðîãî òèïà
ïîâåäåíèÿ âûðîæäàþòñÿ.

2.2. Îïòèìàëüíîå óïðàâëåíèå ñèñòåìîé àâòîðåïðîäóêöèè ïðè íåîãðàíè÷åí-
íîì âðåìåíè óïðàâëåíèÿ

Ðàññìîòðèì ñëåäóþùóþ çàäà÷ó îïòèìàëüíîãî óïðàâëåíèÿ äëÿ ñèñòåìû (1.1) ïðè
íåîãðàíè÷åííîì âðåìåíè óïðàâëåíèÿ. Äîïóñòèì, ÷òî â ðàññìàòðèâàåìîé ìîäåëè (1.1) âîç-
ìîæíî âëèÿíèå íà êîýôôèöèåíò âîçäåéñòâèÿ r(t) , êîòîðîå îêàçûâàþò îñîáè ñ ïàòàëîãè÷å-
ñêîé ñòðàòåãèåé ïîâåäåíèÿ v2 íà îñîáåé c íîðìàëüíûì ïîâåäåíèåì v1 . Ïðè ýòîì ôóíêöèÿ
r(t) èìååò âèä

r(t) = r0 + u(t), (2.5)

ãäå r0 − ïîñòîÿííàÿ ïîëîæèòåëüíàÿ âåëè÷èíà, u(t) − ðåçóëüòàò óïðàâëÿþùåãî âîçäåé-
ñòâèÿ, îêàçûâàåìîãî îñîáÿìè ñî ñòðàòåãèåé v2 íà îñîáåé ñ ïîâåäåíèåì v1 . Ïóñòü u(t) −
íåïðåðûâíàÿ ôóíêöèÿ âðåìåíè, óäîâëåòâîðÿþùàÿ îãðàíè÷åíèþ

|u(t)| 6 c, (2.6)

ãäå c − ïîñòîÿííàÿ, 0 < c < r0 .
Öåëü óïðàâëåíèÿ ñ òî÷êè çðåíèÿ îñîáåé âòîðîãî âèäà ñîñòîèò â íåîãðàíè÷åííî äîë-

ãîì ñîõðàíåíèè ñâîåé ïîïóëÿöèè. Êðîìå òîãî, åñëè ðàññìàòðèâàòü äàííóþ ñèñòåìó, êàê
ñèñòåìó âçàèìíîãî ñóùåñòâîâàíèÿ äâóõ ðàçëè÷íûõ âàðèàíòîâ ïîâåäåíèÿ, òî ìîæíî ñðàâ-
íèâàòü âàðèàíòû ïîâåäåíèÿ äðóã ñ äðóãîì. Â ýòîì ñëó÷àå ëó÷øèì áóäåò òîò âàðèàíò,
êîòîðûé èñïîëüçóåòñÿ áîëüøèì êîëè÷åñòâîì îñîáåé è, ñîîòâåòñòâåííî, óäåëüíûé âåñ êî-
òîðîãî â ïîïóëÿöèè áóäåò âûøå. Öåëüþ óïðàâëåíèÿ ñ òî÷êè çðåíèÿ ïîâûøåíèÿ öåííîñòè
âòîðîãî âàðèàíòà ïîâåäåíèÿ áóäåò óâåëè÷åíèå ÷èñëåííîñòè îñîáåé, îñóùåñòâëÿþùèõ ñòðà-
òåãèþ v2 , èëè óâåëè÷åíèå óäåëüíîãî âåñà ýòèõ îñîáåé â ïîïóëÿöèè. Èñõîäÿ èç ýòèõ öåëåé,
îïòèìàëüíûì áóäåò óïðàâëåíèå, êîòîðîå îáåñïå÷èò ìàêñèìóì ïðåäåëîâ3

J1 = lim
t→∞

z2, J2 = lim
t→∞

(z2/z)

3 Çàìåòèì, ÷òî âåëè÷èíà z2 íå îãðàíè÷åíà ñâåðõó, è ïðè ñîîòíîøåíèè ïàðàìåòðîâ b < ⟨r⟩ < b+ λ îíà
ñòðåìèòñÿ ê áåñêîíå÷íîñòè. Â ýòîì ñëó÷àå J1 = +∞ , è óïðàâëåíèå, ïðè êîòîðîì ýòî âûïîëíÿåòñÿ áóäåò
îïòèìàëüíûì.
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èëè äâóõ äðóãèõ êðèòåðèåâ, ñâÿçàííûõ ñ ïðåäûäóùèìè:

J3 = ⟨z′2/z2⟩ , J4 = ⟨η′/η⟩ .

Çäåñü äëÿ ñîêðàùåíèÿ çàïèñè ââåäåíà íîâàÿ ïåðåìåííàÿ η = z2/z . Ñìûñë ìàêñèìèçàöèè
ôóíêöèîíàëîâ âòîðîé ãðóïïû − óâåëè÷åíèå ñðåäíåâðåìåííûõ çíà÷åíèé ñêîðîñòè âîñïðî-
èçâîäñòâà îñîáåé âòîðîãî âèäà è ñêîðîñòè èçìåíåíèÿ óäåëüíîãî âåñà âòîðîãî âàðèàíòà
ïîâåäåíèÿ â ïîïóëÿöèè ñîîòâåòñòâåííî.

Áóäåì ãîâîðèòü, ÷òî êðèòåðèé êà÷åñòâà àäåêâàòíî âûðàæàåò âîçìîæíîñòü íåîãðàíè-
÷åííî äîëãîãî ñóùåñòâîâàíèÿ íåêîòîðîãî âèäà â ñèñòåìå, åñëè åãî âûïîëíåíèå (ìàêñèìè-
çàöèÿ) íå ïðîòèâîðå÷èò íåîãðàíè÷åííî äîëãîìó ñóùåñòâîâàíèþ âñåé ñèñòåìû. Ïîñêîëüêó
ïðè λ1 ≤ 0 îñîáè âòîðîãî âèäà âûðîæäàþòñÿ, òî áóäåì ðàññìàòðèâàòü òîëüêî ñëó÷àé,
êîãäà λ1 > 0 .

Ò å î ð å ì à 2.2. Â çàäà÷å (1.1) ñ êðàåâûìè è íà÷àëüíûìè óñëîâèÿìè (1.2), â êî-
òîðîé ôóíêöèÿ r(t) , èìåþùàÿ âèä (2.5), ñîäåðæèò óïðàâëåíèå, óäîâëåòâîðÿþùåå îãðà-
íè÷åíèþ (2.6), ôóíêöèîíàëû J2 è J4 äîñòèãàþò ñâîåãî ìàêñèìóìà ïðè ⟨r⟩ > λ1 + b ,
ôóíêöèîíàë J3 − ïðè ⟨r⟩ < λ1 + b , J1 = +∞ ïðè b < ⟨r⟩ < λ1 + b .

Ïðèâåäåííûå ðåçóëüòàòû ïîêàçûâàþò, ÷òî ðåøåíèÿ çàäà÷ îïòèìèçàöèè ñ ðàçíûìè êðè-
òåðèÿìè − ðàçëè÷íû. Áîëåå òîãî, ðåêîìåíäàöèè ïðîòèâîïîëîæíû: äëÿ ìàêñèìèçàöèè
ôóíêöèîíàëîâ J2 è J4 âåëè÷èíó ⟨r⟩ íóæíî âûáèðàòü áîëüøå λ1 + b , âûáîð ⟨r⟩ < λ1 + b
äàåò õóäøèé ðåçóëüòàò, äëÿ ìàêñèìèçàöèè ôóíêöèîíàëîâ J1 è J3 âåëè÷èíó ⟨r⟩ íóæíî
âûáèðàòü ìåíüøå λ1 + b (íî áîëüøå b äëÿ ìàêñèìèçàöèè J1 ).

Ñðàâíèâ ýòè ðåçóëüòàòû ñ äàííûìè òåîðåìû 2.1, íåòðóäíî çàìåòèòü, ÷òî ïðè ìàêñèìè-
çàöèè ôóíêöèîíàëîâ J2 è J4 êîëè÷åñòâî îáúåêòîâ ñ ïîâåäåíèåì v2 , òàêæå êàê è ñîâîêóï-
íàÿ ÷èñëåííîñòü ñèñòåìû, ñòðåìèòñÿ ê íóëþ, ò.å. ñèñòåìà âûðîæäàåòñÿ. Òàêèì îáðàçîì,
ôóíêöèîíàëû J2 è J4 íåàäåêâàòíî âûðàæàþò öåëü ñîõðàíåíèÿ ñèñòåìû.

3. Äîêàçàòåëüñòâî ðåçóëüòàòîâ

Ë å ì ì à 3.1. Åñëè νi(x), i = 1,∞, − ñèñòåìà ñîáñòâåííûõ ôóíêöèé îïåðà-
òîðà s∆v + a(x)v , îïðåäåëåííîãî íà ìíîæåñòâå ôóíêöèé v(x), çàäàííûõ â n - ìåð-
íîé îáëàñòè W ñ êóñî÷íî-ãëàäêîé ãðàíèöåé G , óäîâëåòâîðÿþùèõ êðàåâîìó óñëîâèþ
∂v/∂n|G = 0; λi, i = 1,∞, − ñîîòâåòñòâóþùàÿ èì ñèñòåìà ñîáñòâåííûõ ÷èñåë; ïî-
ñòîÿííûå ai =

∫
W

a(x)νi(x)dx − êîýôôèöèåíòû Ôóðüå äëÿ ïîëîæèòåëüíîé ôóíêöèè a(x)

è wi =
∫
W

νi(x)dx − êîýôôèöèåíòû Ôóðüå äëÿ åäèíèöû ïî ñèñòåìå νi(x), i = 1,∞, òî

ñïðàâåäëèâî ðàâåíñòâî
ai = λiwi, i = 1,∞. (3.7)

Ä î ê à ç à ò å ë ü ñ ò â î. Ïîñêîëüêó νi(x), i = 1,∞, − ñèñòåìà ñîáñòâåííûõ ôóíêöèé
îïåðàòîðà s∆v+av , λi, i = 1,∞, − ñîîòâåòñòâóþùàÿ èì ñèñòåìà ñîáñòâåííûõ ÷èñåë, òî
äëÿ âñåõ èíäåêñîâ i = 1,∞ âûïîëíÿþòñÿ ðàâåíñòâà s∆νi(x)+ a(x)νi(x) = λiνi(x). Ïðîèí-
òåãðèðóåì îáå ÷àñòè ýòîãî ðàâåíñòâà ïî îáëàñòè W ñ ãðàíèöåé G . Ó÷èòûâàÿ âûðàæåíèå
êîýôôèöèåíòîâ Ôóðüå ai è wi ÷åðåç ôóíêöèè νi(x) , ïîëó÷èì: s

∫
W
∆νi(x) dx+ai = λiwi.

Íàéäåì çíà÷åíèå èíòåãðàëà äëÿ ôóíêöèè v(x) èç ðàññìàòðèâàåìîé îáëàñòè W , óäîâëå-
òâîðÿþùåé êðàåâîìó óñëîâèþ dv/dn|G = 0 . Âîñïîëüçîâàâøèñü ôîðìóëîé èíòåãðèðîâàíèÿ
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ïî ÷àñòÿì, ïîëó÷èì
∫
W

∂2v

∂x2i
dx =

∮
G

1 · ∂v
∂xi

cos( ˆxi, n) ds−
∫
W

∂v

∂xi
· 0 dx, ãäå ( ˆxi, n) − óãîë

ìåæäó îñüþ xi è âíåøíåé íîðìàëüþ ê ïîâåðõíîñòè G . Òîãäà ïî ñâîéñòâó àääèòèâíî-

ñòè èíòåãðàëîâ
∫
W

∆v(x) dx =

∫
W

n∑
i=1

∂2v

∂x2i
dx =

∮
G

dv

dn

∣∣∣
G
ds. Òàê êàê dv/dn|G = 0 , òî∫

W

∆v(x) dx = 0 , òàêæå êàê è
∫
W

∆νi(x) dx = 0 , ñëåäîâàòåëüíî, ñïðàâåäëèâî (3.7).

Ä î ê à ç à ò å ë ü ñ ò â î ç à ê î í ÷ å í î.

Äîê à ç à ò å ë ü ñ ò â î ò å î ð åìû 2.1. Ïðåäïîëàãàåòñÿ, ÷òî â ñèñòåìå(1.1) ñ íà÷àëüíûìè è

êðàåâûìè óñëîâèÿìè (1.2) ôóíêöèè a(x) , f(x) , r(t) − íåïðåðûâíûå, ïîëîæèòåëüíûå,
êðîìå ýòîãî r(t) − îãðàíè÷åííàÿ; ïàðàìåòðû b , s è z02 − ïîñòîÿííûå, ïîëîæèòåëü-
íûå; îïåðàòîð s∆v + av îïðåäåëåí íà ìíîæåñòâå ôóíêöèé v(x), çàäàííûõ â îáëàñòè W,
óäîâëåòâîðÿþùèõ êðàåâîìó óñëîâèþ ∂v/∂n|G = 0; νi(x), i = 1,∞, − ïîëíàÿ ñèñòåìà îð-
òîíîðìèðîâàííûõ ñîáñòâåííûõ ôóíêöèé îïåðàòîðà s∆v+ av, çàíóìåðîâàííûõ â ïîðÿäêå
óáûâàíèÿ ñîîòâåòñòâóþùèõ èì ñîáñòâåííûõ ÷èñåë λi, i = 1,∞, è êðàòíîñòü ïåðâîãî ñîá-
ñòâåííîãî ÷èñëà ðàâíà åäèíèöå: λ1 > λ2 > . . . > λi > . . . .

Ïóñòü ζi(t) − êîýôôèöèåíòû Ôóðüå ôóíêöèè z1(x, t) ïî ñèñòåìå ñîáñòâåííûõ ôóíê-
öèé νi(x) , i = 1,∞ ; φi = ζi(0) − ïîñòîÿííûå êîýôôèöèåíòû Ôóðüå ôóíêöèè f(x) ;
wi =

∫
W

νi(x)dx − êîýôôèöèåíòû Ôóðüå äëÿ åäèíèöû; ai =
∫
W

a(x)νi(x)dx − êîýôôèöè-

åíòû Ôóðüå ôóíêöèè a(x) .
Òîãäà ôóíêöèè ζi(t) óäîâëåòâîðÿþò ñèñòåìå äèôôåðåíöèàëüíûõ óðàâíåíèé

ζ ′i = λiζi −
rz2ζi

(
∞∑
j=1

ζjwj + z2)
, i = 1,∞, z′2 =

rz2
∞∑
j=1

ζjwj

(
∞∑
j=1

ζjwj + z2)
− bz2. (3.8)

Çàìåòèì, ÷òî ïðè ýòîì îòíîøåíèå ζi/ζ1 ïîä÷èíÿåòñÿ óðàâíåíèþ

(ζi/ζ1)
′ = (λi − λ1)(ζi/ζ1), i = 2,∞.

Ðåøàÿ åãî, èìååì (ζi/ζ1) = (φi/φ1) exp (λi − λ1)t, i = 2,∞ . Òàê êàê âñå ðàçíîñòè λi − λ1
ïî óñëîâèþ ñòðîãî îòðèöàòåëüíû, òî âñå îòíîøåíèÿ ζi/ζ1 ñòðåìÿòñÿ ê íóëþ, i = 2,∞ .

Áîëåå òîãî, äëÿ ôóíêöèîíàëüíîãî ðÿäà
∞∑
i=2

(ζi/ζ1)wi íà ëó÷å [0,+∞) ñïðàâåäëèâû îöåíêè

∣∣∣ ∞∑
i=2

ζi
ζ1
wi

∣∣∣ 6
√√√√ ∞∑

i=2

( ζi
ζ1

)2√√√√ ∞∑
i=2

w2
i 6

√√√√ ∞∑
i=2

(φi

φ1

)2√√√√ ∞∑
i=2

w2
i .

Ïîñëåäíèå äâà ðÿäà â ïðàâîé ÷àñòè îöåíêè ñõîäÿòñÿ â ñèëó ðàâåíñòâà Ïàðñåâàëÿ, ñëåäîâà-
òåëüíî, èñõîäíûé ðÿä ñõîäèòñÿ ðàâíîìåðíî íà ëó÷å [0,+∞) . Çíà÷èò, âîçìîæåí ïî÷ëåííûé
ïåðåõîä ê ïðåäåëó â ñóììå ýòîãî ðÿäà ïðè t, ñòðåìÿùåìñÿ ê áåñêîíå÷íîñòè. Ïîñêîëüêó
ïðåäåëû âñåõ ÷ëåíîâ ðÿäà ðàâíû íóëþ, òî è ïðåäåë ñóììû ðÿäà ðàâåí íóëþ:

lim
t→∞

∞∑
i=2

ζi
ζ1
wi = 0. (3.9)
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Àíàëîãè÷íî äîêàçûâàåòñÿ, ÷òî

lim
t→∞

∞∑
i=2

ζi
ζ1
ai = 0. (3.10)

Èç óðàâíåíèé (3.8) ñëåäóò, ÷òî îòíîøåíèå ζ1/z2 îïðåäåëÿåòñÿ ñëåäóþùèì îáðàçîì:(
ζ1
z2

)′

=
ζ ′1z2 − ζ1z

′
2

z22
=
ζ1
z2
(λ1 − r + b),

ζ1
z2
(t) =

φ1

z02
exp
(
(λ1 + b)t−

t∫
o

r(τ)dτ
)
.

Îòñþäà, ñ ó÷åòîì îáîçíà÷åíèÿ (1.4), ïîëó÷èì âûðàæåíèå

lim
t→∞

ζ1
z2
(t) =

φ1

z02
exp

(
lim
t→∞

t(λ1 + b− ⟨r⟩)
)
=

{
0, åñëè ⟨r⟩ > λ1 + b,

∞, åñëè ⟨r⟩ < λ1 + b.

Åñëè ⟨r⟩ = λ1 + b , òî âîçìîæíû ðàçëè÷íûå ðåçóëüòàòû. Â ÷àñòíîñòè, ïðåäåë lim
t→∞

(ζ1/z2)

ìîæåò ïðèíèìàòü ëþáîå çíà÷åíèå îò −∞ äî +∞ . Âîçìîæåí ñëó÷àé, êîãäà óêàçàííîãî
ïðåäåëà âîîáùå íå ñóùåñòâóåò.

Èç ñèñòåìû (1.1) ñëåäóåò, ÷òî ïåðåìåííàÿ z, îïðåäåëÿåìàÿ ñîîòíîøåíèåì (1.3), óäî-
âëåòâîðÿåò óðàâíåíèþ

z′ =

∫
W

az1dx− bz2 =
∞∑
j=1

ζjaj − bz2 = z
((
a1 +

∞∑
j=2

ζj
ζ1
aj

)ζ1
z
− b

z2
z

)
, (3.11)

ãäå îòíîøåíèÿ ζ1/z è z2/z âûðàæàþòñÿ ñëåäóþùèì îáðàçîì

ζ1
z

= ζ1/(
∞∑
j=1

ζjwj + z2) =

(
w1 +

∞∑
j=2

ζj
ζ1
wj + z2/ζ1

)−1

,

z2
z

= z2/(
∞∑
j=1

ζjwj + z2) =

(
ζ1
z2

(
w1 +

∞∑
j=2

ζj
ζ1
wj

)
+ 1

)−1

.

Â çàâèñèìîñòè îò âåëè÷èíû lim
t→∞

(ζ1/z2) ïîëó÷èì ñëåäóþùèå ïðåäåëüíûå çíà÷åíèÿ:

lim
t→∞

ζ1
z
(t) = 0, lim

t→∞

z2
z
(t) = 1, åñëè lim

t→∞

ζ1
z2

= 0;

lim
t→∞

ζ1
z
(t) = 1/w1, lim

t→∞

z2
z
(t) = 0, åñëè lim

t→∞

ζ1
z2

= ∞.

Èçâåñòíî, ÷òî åñëè íåïðåðûâíàÿ ôóíêöèÿ èìååò ïðåäåë, òî åå âðåìåííîå ñðåäíåå ñîâ-
ïàäàåò ñ ýòèì ïðåäåëîì. Â ñèëó ïðåäåëüíîãî ðàâåíñòâà (3.10) è îãðàíè÷åííîñòè îòíîøå-
íèÿ ζ1/z ñïðàâåäëèâî ïðåäåëüíîå ñîîòíîøåíèå

lim
t→∞

1

t

t∫
0

( ∞∑
j=2

ζj
ζ1
aj

)ζ1
z
dτ = 0, (3.12)

òîãäà ñ ó÷åòîì ðàâåíñòâà (3.7) äëÿ i = 1 ïîëó÷èì ñëåäóþùåå:

lim
t→∞

z = z(0) exp

(
lim
t→∞

t
(
a1

⟨
ζ1
z

⟩
− b

⟨z2
z

⟩))
=


0, åñëè lim

t→∞
(ζ1/z2) = 0,

0, åñëè lim
t→∞

(ζ1/z2) = ∞, λ1 < 0,

+∞, åñëè lim
t→∞

(ζ1/z2) = ∞, λ1 > 0.
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Åñëè λ1 = 0 , òî lim
t→∞

z ìîæåò ïðèíèìàòü ëþáîå íåîòðèöàòåëüíîå êîíå÷íîå èëè áåñêîíå÷íîå
çíà÷åíèå, ìîæåò è íå ñóùåñòâîâàòü.

Íàêîíåö, âåðíåìñÿ ê ðàññìîòðåíèþ óðàâíåíèÿ îòíîñèòåëüíî ïåðåìåííîé z2 â ñèñòå-
ìå (3.8). Åãî ìîæíî ïåðåïèñàòü â âèäå

z′2 = z2

(
r
(
w1 +

∞∑
j=2

ζj
ζ1
wj

)ζ1
z
− b

)
. (3.13)

Â ñèëó (3.9), îãðàíè÷åííîñòè ôóíêöèé r è ζ1/z ñïðàâåäëèâî ïðåäåëüíîå ñîîòíîøåíèå

lim
t→∞

1

t

t∫
0

r
ζ1
z

∞∑
j=2

ζj
ζ1
wjdτ = 0, (3.14)

òîãäà lim
t→∞

z2(t) = z02 exp
(
lim
t→∞

t
(1
t

t∫
0

rw1
ζ1
z
dτ−b

))
. Â çàâèñèìîñòè îò âåëè÷èíû lim

t→∞
(ζ1/z)

ïîëó÷èì ñëåäóþùèå ïðåäåëüíûå çíà÷åíèÿ ôóíêöèè z2(t) :

eñëè lim
t→∞

ζ1/z = 0, òî lim
t→∞

z2 = 0;

åñëè lim
t→∞

ζ1
z

= 1/w1, òî lim
t→∞

z2 =

{
0 ïðè ⟨r⟩ < b,

+∞ ïðè ⟨r⟩ > b.

Çàìåòèì, ÷òî ïðè ⟨r⟩ = b âåëè÷èíà lim
t→∞

z2 ìîæåò ïðèíèìàòü ëþáîå íåîòðèöàòåëüíîå

êîíå÷íîå èëè áåñêîíå÷íîå çíà÷åíèå, ìîæåò è íå ñóùåñòâîâàòü.
Ïðè ⟨r⟩ ≠ λ1 + b è ⟨r⟩ ≠ b ïîëó÷èì ïðåäåëüíûå çíà÷åíèÿ ôóíêöèé z2(t), z(t) è z2/z,

óêàçàííûå â òåîðåìå 2.1.
Ä î ê à ç à ò å ë ü ñ ò â î ç à ê î í ÷ å í î.

Äîê à ç à ò å ë ü ñ ò â î ò å î ð åìû 2.2. Ðàññìîòðèì ÷åòûðå çàäà÷è îïòèìèçàöèè äëÿ êàæäîãî

èç ôóíêöèîíàëîâ J1 = lim
t→∞

z2, J2 = lim
t→∞

(z2/z), J3 = ⟨z′2/z2⟩ è J4 = ⟨η′/η⟩ , ãäå η = z2/z .

1. Êàê ñëåäóåò èç ïðîâåäåííîãî âûøå èññëåäîâàíèÿ, àáñîëþòíûé ìàêñèìóì êðèòåðèÿ êà-
÷åñòâà J1 = lim

t→∞
z2 , ðàâíûé ïëþñ áåñêîíå÷íîñòè äîñòèãàåòñÿ ïðè âûïîëíåíèè äâîéíîãî

íåðàâåíñòâà
b < ⟨r⟩ < λ1 + b. (3.15)

Â ïðîòèâíîì ñëó÷àå çíà÷åíèå êðèòåðèÿ êà÷åñòâà ðàâíî íóëþ − íàèìåíüøåìó âîçìîæ-
íîìó çíà÷åíèþ.

Ñîãëàñíî ôîðìóëå (2.5) è íåðàâåíñòâàì (2.6) âðåìåííîå ñðåäíåå ôóíêöèè r(t) óäî-
âëåòâîðÿåò óñëîâèþ r0 − c ≤ ⟨r⟩ ≤ r0 + c. Îòñþäà íåòðóäíî âèäåòü, ÷òî åñëè êîíñòàí-
òà c , îãðàíè÷èâàþùàÿ ìîùíîñòü óïðàâëÿþùåãî âîçäåéñòâèÿ, óäîâëåòâîðÿåò íåðàâåíñòâàì
0 < c < b − r0 èëè 0 < c < −λ1 − b + r0 , òî âûïîëíåíèå íåðàâåíñòâà (3.15) íåâîçìîæíî,
ñëåäîâàòåëüíî, îñîáè âòîðîãî âèäà â ýòîì ñëó÷àå áóäóò âûìèðàòü ïðè ëþáîì âîçìîæíîì
óïðàâëåíèè. Ïðè çàäàííûõ ïàðàìåòðàõ b , r0 è λ1 íåâîçìîæíî îäíîâðåìåííîå âûïîëíå-
íèå ýòèõ íåðàâåíñòâ.

Åñëè âûïîëíÿþòñÿ íåðàâåíñòâà −c ≤ b − r0 < c èëè −c < λ1 + b − r0 ≤ c , òî
ëþáîå óïðàâëåíèå, èìåþùåå âðåìåííîå ñðåäíåå (èëè ïðåäåë), óäîâëåòâîðÿþùåå óñëîâèþ
b−r0 < ⟨u⟩ < λ1 + b− r0 , áóäåò îïòèìàëüíûì. Â ÷àñòíîñòè, òàêèì ìîæåò áûòü ïîñòîÿííîå
óïðàâëåíèå.

Æóðíàë ÑÂÌÎ. 2013. Ò. 15, � 3



Íåêîòîðûå àñïåêòû îïòèìèçàöèè ñàìîâîñïðîèçâîäÿùèõñÿ ñèñòåì 97

Â îäíîì ñëó÷àå, êîãäà c < −b + r0 è c < λ1 + b − r0 , ëþáîå óïðàâëåíèå, èìåþùåå
âðåìåííîå ñðåäíåå (èëè ïðåäåë), áóäåò îïòèìàëüíûì

Åñëè c = b− r0 èëè c = −λ1 − b+ r0 , òî íåëüçÿ ãàðàíòèðîâàòü ñóùåñòâîâàíèå óïðàâ-
ëåíèÿ, äëÿ êîòîðîãî ïðåäåë z2 ðàâåí ïëþñ áåñêîíå÷íîñòè, òàê êàê ðåçóëüòàò áóäåò ñóùå-
ñòâåííî çàâèñåòü îò íà÷àëüíûõ óñëîâèé è ñîîòíîøåíèÿ ïàðàìåòðîâ ñèñòåìû.
2. Ðàññìîòðèì çàäà÷ó ìàêñèìèçàöèè ôóíêöèîíàëà J2 = lim

t→∞
(z2/z) . Êàê ñëåäóåò èç òåî-

ðåìû 2.1 äàííûé ôóíêöèîíàë ìîæåò äîñòèãàòü ñâîåãî àáñîëþòíîãî ìàêñèìóìà, ðàâíîãî
åäèíèöå, ïðè âûïîëíåíèè óñëîâèÿ

⟨r⟩ > λ1 + b. (3.16)

Â ïðîòèâíîì ñëó÷àå çíà÷åíèå êðèòåðèÿ êà÷åñòâà ðàâíî íóëþ − íàèìåíüøåìó âîçìîæíîìó
çíà÷åíèþ.

Åñëè êîíñòàíòà c , îãðàíè÷èâàþùàÿ ìîùíîñòü óïðàâëÿþùåãî âîçäåéñòâèÿ, óäîâëåòâî-
ðÿåò íåðàâåíñòâó c < λ1 + b− r0 , òî âûïîëíåíèå íåðàâåíñòâà (3.16) íåâîçìîæíî.

Åñëè c = λ1+b−r0 , òî íåëüçÿ ãàðàíòèðîâàòü ñóùåñòâîâàíèå îïòèìàëüíîãî óïðàâëåíèÿ,
òàê êàê çíà÷åíèå êðèòåðèÿ êà÷åñòâà lim

t→∞
(z2/z) áóäåò ñóùåñòâåííî çàâèñåòü îò íà÷àëüíûõ

óñëîâèé è ñîîòíîøåíèÿ ïàðàìåòðîâ ñèñòåìû.
Åñëè âûïîëíÿåòñÿ íåðàâåíñòâî −c ≤ λ1+b−r0 < c , òî äîñòè÷ü àáñîëþòíîãî ìàêñèìóìà

ìîæíî ñ ïîìîùüþ ëþáîãî óïðàâëåíèÿ, óäîâëåòâîðÿþùåãî óñëîâèþ ⟨u⟩ > λ1 + b − r0 , â
÷àñòíîñòè, ïðè u = c .

Åñëè c < −λ1− b+r0 , òî ëþáîå óïðàâëåíèå, èìåþùåå âðåìåííîå ñðåäíåå (èëè ïðåäåë),
äîñòàâëÿåò àáñîëþòíûé ìàêñèìóì ðàññìàòðèâàåìîìó ôóíêöèîíàëó.
3. Ðàññìîòðèì çàäà÷ó ìàêñèìèçàöèè ôóíêöèîíàëà J3 = ⟨z′2/z2⟩ . Èç óðàâíåíèÿ (3.13) è
ïðåäåëüíîãî ðàâåíñòâà (3.14) âûòåêàåò, ÷òî ýòîò êðèòåðèé êà÷åñòâà âûðàæàåòñÿ ñëåäóþ-
ùèì îáðàçîì:

⟨z′2/z2⟩ =
⟨
rw1

ζ1
z

⟩
− b, (3.17)

è, êàê ñëåäóåò èç àíàëèçà ïðåäåëüíîãî ïîâåäåíèÿ âåëè÷èíû ζ1/z , çàâèñÿùåãî îò âðåìåí-
íîãî ñðåäíåãî ⟨r⟩ , ìîæåò ïðèíèìàòü ñëåäóþùèå çíà÷åíèÿ:

⟨z′2/z2⟩ =

{
−b, åñëè ⟨r⟩ > λ1 + b,

⟨r⟩ − b, åñëè ⟨r⟩ < λ1 + b.

Ïðè ñäåëàííûõ ïðåäïîëîæåíèÿõ îòíîñèòåëüíî âèäà ôóíêöèè r(t) è îãðàíè÷åííîñòè
óïðàâëåíèÿ êîíñòàíòîé c êðèòåðèé J3 = ⟨z′2/z2⟩ äîñòèãàåò ñâîåãî àáñîëþòíîãî ìàêñèìóìà
ïðè óñëîâèè

⟨r⟩ < λ1 + b. (3.18)

Ïðè ⟨r⟩ > λ1 + b êðèòåðèé êà÷åñòâà ïðèíèìàåò íàèìåíüøåå âîçìîæíîå çíà÷åíèå −b .
Åñëè êîíñòàíòà c , îãðàíè÷èâàþùàÿ ìîùíîñòü óïðàâëÿþùåãî âîçäåéñòâèÿ, óäîâëåòâî-

ðÿåò íåðàâåíñòâó c ≤ −λ1 − b+ r0 , òî âûïîëíåíèå íåðàâåíñòâà (3.18) íåâîçìîæíî.
Åñëè âûïîëíÿåòñÿ íåðàâåíñòâî −c < λ1+b−r0 ≤ c , òî äîñòè÷ü àáñîëþòíîãî ìàêñèìóìà

ìîæíî ñ ïîìîùüþ ëþáîãî óïðàâëåíèÿ, óäîâëåòâîðÿþùåãî óñëîâèþ ⟨u⟩ < λ1 + b− r0 .
Åñëè c < λ1 + b− r0 , òî ëþáîå óïðàâëåíèå, èìåþùåå âðåìåííîå ñðåäíåå (èëè ïðåäåë),

äîñòàâëÿåò àáñîëþòíûé ìàêñèìóì ðàññìàòðèâàåìîìó ôóíêöèîíàëó, â ÷àñòíîñòè, u = c .
4. Ðàññìîòðèì çàäà÷ó ìàêñèìèçàöèè ôóíêöèîíàëà J4 = ⟨η′/η⟩ , ãäå η = z2/z . Ëåãêî óáå-
äèòüñÿ, ÷òî η′/η = z2

′/z2 − z′/z, òîãäà èç âûðàæåíèÿ (3.17) è óðàâíåíèÿ (3.11) ñ ó÷åòîì
ïðåäåëüíîãî ðàâåíñòâà (3.12) ïîëó÷èì ñëåäóþùåå ïðåäñòàâëåíèå ðàññìàòðèâàåìîãî ôóíê-

öèîíàëà

⟨
η′

η

⟩
=

⟨
(rw1 − a1)

ζ1
z

⟩
+ b
(⟨z2

z

⟩
− 1
)
.
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Êàê ñëåäóåò èç àíàëèçà ïðåäåëüíîãî ïîâåäåíèÿ âåëè÷èí ζ1/z è z2/z ýòîò ôóíêöèîíàë
â çàâèñèìîñòè îò âðåìåííîãî ñðåäíåãî ⟨r⟩ , ïðèíèìàåò ñëåäóþùèå çíà÷åíèÿ:

⟨η′/η⟩ =

{
0, åñëè ⟨r⟩ > λ1 + b,

⟨r⟩ − λ1 − b, åñëè ⟨r⟩ < λ1 + b.

Ìàêñèìóì êðèòåðèÿ êà÷åñòâà J4 = ⟨η′/η⟩ äîñòèãàåòñÿ, òàêæå êàê è äëÿ ôóíêöèîíà-
ëà J2 = lim

t→∞
(z2/z) , ëèøü ïðè âûïîëíåíèå óñëîâèÿ (3.16) è ïðè òîì æå ñîîòíîøåíèè

ïàðàìåòðîâ λ1, b, r0 è c , êîòîðûå ïðèâîäÿòñÿ â ïóíêòå 2.
Ä î ê à ç à ò å ë ü ñ ò â î ç à ê î í ÷ å í î.

Çàêëþ÷åíèå

Â ðàáîòå ðàññìîòðåíà ñàìîâîñïðîèçâîäÿùàÿñÿ ñèñòåìà, îáúåêòû êîòîðîé ðåàëèçóþò
îäíó èç äâóõ âîçìîæíûõ ñòðàòåãèé ïîâåäåíèÿ:

”
íîðìàëüíóþ“ (ñ äàëüíåéøèì ðàçìíî-

æåíèåì) èëè
”
ïàòàëîãè÷åñêóþ“ (áåç ðàçìíîæåíèÿ). Èññëåäîâàíî ïðåäåëüíîå ïîâåäåíèå

ñèñòåìû. Óñòàíîâëåíî, ÷òî ïðè íåêîòîðûõ ñîîòíîøåíèÿõ âõîäíûõ ïàðàìåòðîâ âåëè÷èíà,
õàðàêòåðèçóþùàÿ ÷èñëåííîñòü âñåé ñèñòåìû, ñòðåìèòñÿ ê íóëþ, ÷òî ñîîòâåòñòâóåò âûðîæ-
äåíèþ ñèñòåìû. Íà îñíîâàíèè ýòîãî ðåøàþòñÿ çàäà÷è îïòèìàëüíîãî óïðàâëåíèÿ äàííîé
ñèñòåìîé ïðè íåîãðàíè÷åííîì âðåìåíè óïðàâëåíèÿ. Ôóíêöèîíàëû êà÷åñòâà â ðàññìàòðè-
âàåìûõ çàäà÷àõ îòðàæàþò óâåëè÷åíèå â ñèñòåìå îáúåêòîâ ñ ¾ïàòàëîãè÷åñêîé¿ ñòðàòåãèåé
ïîâåäåíèÿ. Äîêàçàíî, ÷òî ïðè ìàêñèìèçàöèè íåêîòîðûõ ôóíêöèîíàëîâ ñèñòåìà ñàìîðàç-
ðóøàåòñÿ. Óêàçàíû àäåêâàòíûå è íåàäåêâàòíûå êðèòåðèè ñ òî÷êè çðåíèÿ ñîõðàíåíèÿ ñó-
ùåñòâîâàíèÿ ñèñòåìû.

Áëàãîäàðíîñòè. Ðàáîòà âûïîëíåíà ïðè ôèíàíñîâîé ïîääåðæêå Ðîññèéñêîãî ôîíäà
ôóíäàìåíòàëüíûõ èññëåäîâàíèé, ãðàíò � 13-01-12452.
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Some aspects of the optimization of self-replicating systems

c⃝ O. A. Kuzenkov4, E. A. Ryabova5

Abstract. Model of self-replicating system and its limit behavior are studied. On this basis, the
problem of optimizing the system with unlimited time control are solved. Quality criteria in these
problems re�ect an increase replicating objects with selected behavioral strategy. It is proved
that maximization of some criteria leads to destruction of the whole system.

Key Words: self-replicating systems, optimal control, unlimited time control
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Novgorod; kuzenkov_o@mail.ru

5 Senior teacher of chair numerical and functional analysis of Lobachevsky State University of Nizhni
Novgorod; riabova-ea@rambler.ru

MVMS journal. 2013. V. 15, No. 3



100 À. À. Êÿøêèí, Á. Â. Ëîãèíîâ, Ï. À. Øàìàíàåâ

ÓÄÊ 517.988.67

Êîììåíòàðèè ê çàäà÷àì î âîçìóùåíèÿõ ëèíåéíîãî

óðàâíåíèÿ ìàëûì ëèíåéíûì ñëàãàåìûì è ñïåêòðàëüíûõ

õàðàêòåðèñòèê ôðåäãîëüìîâà îïåðàòîðà

c⃝ À. À. Êÿøêèí1, Á. Â. Ëîãèíîâ2, Ï. À. Øàìàíàåâ3

Àííîòàöèÿ. Â ìîíîãðàôèè [1] è ñòàòüå [2] èññëåäîâàíà çàäà÷à î âîçìóùåíèè ëèíåéíîãî óðàâ-
íåíèÿ ìàëûì ëèíåéíûì ñëàãàåìûì âèäà (B− εA)x = h ñ ôðåäãîëüìîâûì, ïëîòíî çàäàííûì
íà DB îïåðàòîðîì B : E1 ⊃ DB → E2 , DA ⊃ DB , èëè A ∈ L{E1, E2} , ε ∈ C1 - ìàëûé ïà-
ðàìåòð, E1, E2 - áàíàõîâû ïðîñòðàíñòâà. Ïðèìåíåíèå ðåçóëüòàòîâ [3, 4], ñôîðìóëèðîâàííûõ
â âèäå ëåììû î áèîðòîãîíàëüíîñòè îáîáùåííûõ æîðäàíîâûõ öåïî÷åê ïîçâîëÿåò äàòü óòî÷-
íåíèå ðåçóëüòàòîâ, ïîëó÷åííûõ â [1, 2]. Ýòà çàäà÷à ðàññìîòðåíà çäåñü òàêæå â îáùåì ñëó÷àå
äîñòàòî÷íî ãëàäêîé (àíàëèòè÷åñêîé) ïî ε îïåðàòîð-ôóíêöèè A(ε) . Äàíî òàêæå ïðèëîæåíèå
ëåììû î áèîðòîãîíàëüíîñòè è óðàâíåíèÿ ðàçâåòâëåíèÿ â êîðíåâîì ïîäïðîñòðàíñòâå ê çàäà÷å
î âîçìóùåíèè ôðåäãîëüìîâûõ òî÷åê â C -ñïåêòðå îïåðàòîðà A(0) .

Êëþ÷åâûå ñëîâà: ëèíåéíûå îïåðàòîðû â áàíàõîâûõ ïðîñòðàíñòâàõ, òåîðèÿ âîçìóùåíèé

1. Ââåäåíèå

Ïóñòü B : E1 → E2 - ïëîòíî çàäàííûé ôðåäãîëüìîâ îïåðàòîð, DA ⊃ DB , èëè,
äëÿ ïðîñòîòû èçëîæåíèÿ, A ∈ L{E1, E2} , N(B) = span{φ(1)

1 , . . . , φ
(1)
n } ∈ E1 , N∗(B) =

= span{ψ(1)
1 , . . . , ψ

(1)
n } ∈ E∗

2 - ñîîòâåòñòâóþùèå ïîäïðîñòðàíñòâî íóëåé è äåôåêòíûõ ôóíê-
öèîíàëîâ, {γ(1)k }n1 ∈ E∗

1 è {z(1)s }n1 ∈ E2 - ñîîòâåòñòâóþùèå áèîðòîãîíàëüíûå ñèñòåìû, ò. å.

⟨φ(1)
i , γ

(1)
k ⟩ = δik , ⟨z(1)s , ψ

(1)
l ⟩ = δsl . Ýòè óñëîâèÿ ïîðîæäàþò ïðîåêòîðû P =

n∑
i=1

⟨·, γi⟩φi

è Q =
n∑

k=1

⟨·, γk⟩zk è ñîîòâåòñòâóþùèå èì ðàçëîæåíèÿ áàíàõîâûõ ïðîñòðàíñòâ E1 è E2

â ïðÿìûå ñóììû E1 = En
1 u E∞−n

1 , En
1 = N(B) , E2 = E2, n u E2,∞−n , En

1 = PE1 ,
E∞−n

1 = (I − P )E1 , E2, n = QE2 , E2,∞−n = (I −Q)E2 . Âñþäó äàëåå èñïîëüçîâàíà òåðìè-
íîëîãèÿ è îáîçíà÷åíèÿ [1].

Î ï ð å ä å ë å í è å 1.1. [1-4]. Ýëåìåíòû {φ(s)
i }i=1, n, s=1, pi

îáðàçóþò ïîëíûé êà-
íîíè÷åñêèé æîðäàíîâ íàáîð (ÎÆÍ) àíàëèòè÷åñêîé (äîñòàòî÷íî ãëàäêîé) ïî ε îïåðà-

òîð-ôóíêöèè B − A(ε) , A(ε) =
n∑

k=1

εkAk , åñëè

Bφ
(s)
k =

s−1∑
j=1

Ajφ
(s−j)
k , ⟨φ(s)

k , γ
(1)
l ⟩ = 0, s = 2, pk,

Dp = det

[
⟨
pk∑
j=1

Ajφ
(pk+1−j)
k , ψ

(1)
l ⟩

]
̸= 0, k, l = 1, n.

(1.1)

1 Àñïèðàíò êàôåäðû ïðèêëàäíîé ìàòåìàòèêè, Ìîðäîâñêèé ãîñóäàðñòâåííûé óíèâåðñèòåò èìåíè
Í. Ï. Îãàðåâà, ã. Ñàðàíñê; andrej_kjashkin@list.ru.

2 Ïðîôåññîð êàôåäðû âûñøåé ìàòåìàòèêè, Óëüÿíîâñêèé ãîñóäàðñòâåííûé òåõíè÷åñêèé óíèâåðñèòåò,
ã. Óëüÿíîâñê; loginov@ulstu.ru

3 Çàâåäóþùèé êàôåäðîé ïðèêëàäíîé ìàòåìàòèêè, Ìîðäîâñêèé ãîñóäàðñòâåííûé óíèâåðñèòåò èìåíè
Í. Ï. Îãàðåâà, ã. Ñàðàíñê; korspa@yandex.ru.
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Ýòîò ÎÆÍ áèêàíîíè÷åñêèé, åñëè ÎÆÍ ñîïðÿæåííîé îïåðàòîð-ôóíêöèè B∗ − A∗(ε) ,

îòâå÷àþùèé ýëåìåíòàì {ψ(1)
j }n1 , òàêæå êàíîíè÷åñêèé; è òðèêàíîíè÷åñêèé, åñëè áîëåå

òîãî:
⟨φ(k)

i , γ
(l)
k ⟩ = δikδjl, ⟨z(j)i , ψ

(l)
k ⟩ = δikδjl,

γ
(l)
k =

pk+1−l∑
s=1

A∗
sψ

(pk+2−l−s)
k , z

(l)
k =

pk+1−l∑
s=1

Asφ
(pk+2−l−s)
k .

(1.2)

Ç à ì å ÷ à í è å 1.1. Ïðè A(ε) = εA ïîäïðîñòðàíñòâà N(B) è N∗(B) ìîãóò
áûòü âñåãäà âûáðàíû òàê, ÷òîáû ñîîòâåòñòâóþùèå èì ýëåìåíòû A - è A∗ -æîðäàíîâûõ
íàáîðîâ îïåðàòîð-ôóíêöèé B− εA è B∗− εA∗ áûëè òðèêàíîíè÷åñêèìè, ò.å. óäîâëåòâî-
ðÿëè óñëîâèÿì áèîðòîãîíàëüíîñòè

⟨φ(j)
i , γ

(l)
k ⟩ = δikδjl, ⟨z(j)i , ψ

(l)
k ⟩ = δikδjl, j(l) = 1, pi(pk),

γ
(l)
k = A∗ψ

(pk+1−l)
k , z

(j)
i = Aφ

(pi+1−j)
i , i, k = 1, n.

(1.3)

Â ï.2 íà îñíîâå ñîîòíîøåíèÿ áèîðòîãîíàëüíîñòè (1.3) ïðèâåäåíû êîììåíòàðèè ê çàäà÷å
([1] �31)

Bx = εAx+ h, dimN(B) ≥ 1 (1.4)

Ïðèâåäåí ïðèìåð ñ êîíå÷íîìåðíûìè îïåðàòîðàìè B è A . Ï. 3 ñîäåðæèò îáîáùåíèå
íà àíàëèòè÷åñêóþ çàâèñèìîñòü îò ε A(ε) , A(ε) = 0 . Óêàçàíî ïðèëîæåíèå ê çàäà÷àì
ñ âîçìóùåííîé ãðàíèöåé. Â ï. 4 ðàññìîòðåíî ïðèëîæåíèå ÓÐÊ ê çàäà÷å î âîçìóùåíèè
ñïåêòðà âèäà A(ε)y = C(λ0 + µ)y , ãäå λ0 - ôðåäãîëüìîâà òî÷êà C -ñïåêòðà îïåðàòîðà
A0 = A(0) , ò. å. B = A0 − λC - ôðåäãîëüìîâ îïåðàòîð.

2. Êîììåíòàðèè ê çàäà÷å (1.4) ïðè n > 1

Ââîäÿ ðåãóëÿðèçàòîð Øìèäòà B̃ = B +
n∑

k=1

⟨·, γ(1)k ⟩z(1)k , çàïèøåì (1.4) â âèäå ñèñòåìû

B̃x = εAx+ h+
n∑

i=1

ξiz
(1)
i , ξk = ⟨x, γ(1)k ⟩, (2.1)

îòêóäà ïî ëåììåØìèäòà ñëåäóåò x = (I−εΓA)−1φ
(1)
i . Ïîäñòàíîâêà x âî âòîðîå óðàâíåíèå

ñèñòåìû (2.1) äàåò àíàëîã óðàâíåíèÿ ðàçâåòâëåíèÿ - ðàçðåøàþùóþ ñèñòåìó

ξk = ⟨(I − εAΓ)−1h, ψ
(1)
k ⟩+

n∑
i=1

ξi⟨(I − εΓA)−1φ
(1)
i , γ

(1)
k ⟩.

Ñîãëàñíî îïðåäåëåíèþ ÎÆÖ (1.1),(1.3) φ(j)
i = (ΓA)j−1φ

(1)
j , j = 1, 2, ... , i = 1, n , ãäå

⟨φ(j)
i , γ

(l)
k ⟩ = δjk , åñëè j äåëèòñÿ íà pi è ⟨φ(j)

i , γk⟩ = 0 - â ïðîòèâíîì ñëó÷àå, ò. å. φ(j)
i =

= φ

(
j−pi

[
j
pi

])
i , φ(0)

i = φ
(pi)
i , è ðàçðåøàþùàÿ ñèñòåìà äëÿ îïðåäåëåíèÿ ξk, k = 1, n , ïðèíè-

ìàåò âèä

−ξk
εpk

1− εpk
= ⟨(I − εAΓ)−1h, ψ

(1)
k ⟩ = ⟨h, ψ(1)

k ⟩+
∞∑
l=1

εl⟨(AΓ)l−1h, φ
(1)
k ⟩ =

= ⟨h, ψ(1)
k ⟩+

∞∑
l=1

εl⟨h, (Γ∗A∗)l−1ψ
(1)
k ⟩.
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Â ïîñëåäíåé ñóììå ñîãëàñíî îïðåäåëåíèþ ÎÆÖ ñîïðÿæåííîé îïåðàòîð-ôóíêöèè

B∗ − εA∗ , (Γ∗A∗)l−1ψ
(1)
k = ψ

(l)
k = ψ

(
l−pk

[
l

pk

])
k , ψ(0)

k = ψ
(pk)
k .

Òàêèì îáðàçîì, ïðè ó÷åòå îïðåäåëåíèÿ ÎÆÖ ñîïðÿæåííîé îïåðàòîð-ôóíêöèè ïîëó-
÷àåì ðàçðåøàþùóþ ñèñòåìó â âèäå

−ξk
εpk

1− εpk
=
[
⟨h, ψ(1)

k ⟩+ ε⟨h, ψ(2)
k ⟩+ . . .+ εpk−1⟨h, ψ(pk)

k ⟩
] 1

1− εpk
, k = 1, n,

îòêóäà ñëåäóåò

ξk = − 1

εpk

pk∑
s=1

εs−1⟨h, ψ(s)
k ⟩, k = 1, n (2.2)

Òåì ñàìûì äîêàçàíî óòâåðæäåíèå.

Ò å î ð å ì à 2.1. Ðåøåíèå óðàâíåíèÿ (1.4) àíàëèòè÷íî ïî ε , åñëè äëÿ âñåõ k

⟨h, ψ(s)
k ⟩ = 0 , s = 1, pk , è èìååò ïîëþñ ïîðÿäêà íå âûøå max

k
pk â ïðîòèâíîì ñëó÷àå.

Äåéñòâèòåëüíî, ïóñòü qk åñòü íîìåð ïåðâîãî íåíóëåâîãî ÷ëåíà â ìíîæåñòâå ñëàãàåìûõ
⟨h, ψ(1)

k ⟩, ⟨h, ψ(2)
k ⟩, . . . , ⟨h, ψ(pk)

k ⟩ . Òîãäà ξk èìååò ïîëþñ ïîðÿäêà pk−qk+1 , à ðåøåíèå óðàâ-
íåíèÿ (1.4) - ïîëþñ ïîðÿäêà max

k
(pk − qk + 1) . Åñëè âñå ⟨h, ψ(s)

k ⟩ = 0 , s = 1, pk , k = 1, n ,

òî ðåøåíèå óðàâíåíèÿ (1.4) àíàëèòè÷íî ïî ε .

Ï ð è ì å ð 2.1. B =


0 0 1 0
0 0 0 1
0 0 0 0
0 0 0 0

 , A =


1 0 0 0
0 1 0 0
1 0 0 1
0 0 1 0

 , N(B) = {ē1 = (1 0 0 0) ,

ē2 = (0 1 0 0)} , N∗(B) = {ē3 = (0 0 1 0), ē4 = (0 0 0 1)} .
Òàêîé âûáîð áàçèñà ïðèâîäèò ê íåïîëíîìó ÎÆÍ, êîãäà îïðåäåëèòåëü ïîëíîòû Dp ðà-

âåí íóëþ, íî ÎÆÖ îáðûâàþòñÿ. Îñóùåñòâëÿÿ ïåðåñòðîéêó ÎÆÍ ñîãëàñíî [1, 3], ïðèõîäèì
ê áàçèñíûì ýëåìåíòàì ÎÆÍ ñëåäóþùåãî âèäà

φ
(1)
1 = e1, φ

(1)
2 = e2, φ

(2)
2 = −e1 + e4, φ

(3)
2 = −e3,

Aφ
(1)
1 = z

(1)
1 = e1 + e3, Aφ

(1)
2 = z

(3)
2 = e2, Aφ

(2)
2 = z

(2)
2 = −e1, Aφ

(3)
2 = z

(1)
2 = −e4,

ψ
(1)
1 = e3, ψ

(1)
2 = −e4, ψ

(2)
2 = −e1 + e3, ψ

(3)
2 = e2,

A∗ψ
(1)
1 = γ

(1)
1 = e1 + e4, A∗ψ

(1)
2 = γ

(3)
2 = −e3, A∗ψ

(2)
2 = γ

(2)
2 = e4, A∗ψ

(3)
2 = γ

(1)
2 = e2,

óäîâëåòâîðÿþùèì óñëîâèÿì áèîðòîãîíàëüíîñòè ⟨φ(k)
i , γ

(l)
j ⟩ = δijδkl , ⟨z(k)i , ψ

(l)
j ⟩ = δijδkl .

Ðàçðåøàþùàÿ ñèñòåìà îïðåäåëÿåò ξ1 è ξ2 â âèäå

ξ1 = −1

ε
⟨h, ψ(1)

1 ⟩, ξ2 = − 1

ε3

[
⟨h, ψ(1)

2 ⟩+ ε⟨h, ψ(2)
2 ⟩+ ε2⟨h, ψ(3)

2 ⟩
]
.

Ç à ì å ÷ à í è å 2.1. Ðåøåíèå çàäà÷è (1.4) â êàæäîì îòäåëüíîì ñëó÷àå òåîðå-
ìû 2.1. èùåòñÿ ìåòîäîì íåîïðåäåëåííûõ êîýôôèöèåíòîâ [1].

Ç à ì å ÷ à í è å 2.2. Â ðàáîòå [5] òåîðåìà 2.1. äîêàçàíà ñ ïîìîùüþ òåõíèêè
óðàâíåíèé ðàçâåòâëåíèÿ â êîðíåâûõ ïîäïðîñòðàíñòâàõ.
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3. Óðàâíåíèå (1.4) ñ àíàëèòè÷åñêèì îïåðàòîðîì A(ε)

Ë å ì ì à 3.1. [5, 6]. Ñîîòíîøåíèÿ (1.2), (1.3) îïðåäåëÿþò ïðîåêòîðû

P =
n∑

i=1

pi∑
j=1

⟨·, γ(j)i ⟩φ(j)
i = ⟨·, γ⟩Φ : E1 → EK

1 = K(B,A),

Q =
n∑

i=1

pi∑
j=1

⟨·, ψ(j)
i ⟩z(j)i = ⟨·, ψ⟩z : E2 → E2,K = span {z(j)i },

ãäå Φ = (φ
(1)
1 , ..., φ

(p1)
1 , ..., φ

(1)
n , ..., φ

(pn)
n ) , âåêòîðû γ , φ è z îïðåäåëÿþòñÿ àíàëîãè÷íî,

ïîðîæäàþùèå ðàçëîæåíèÿ ïðîñòðàíñòâ E1 , E2 â ïðÿìûå ñóììû E1 = EK
1 u E∞−K

1 ,

E2 = E2,K u E2,∞−K . Çäåñü EK
1 = span{φ(1)

1 , ..., φ
(pn)
n } , E2,K = span{z(1)1 , ..., z

(pn)
n } ,

K =
n∑

s=1

ps - ðàçìåðíîñòü êîðíåâîãî ïîäïðîñòðàíñòâà EK
1 . Ïðè ýòîì ñïðàâåäëèâû ñî-

îòíîøåíèÿ ñïëåòåíèÿ

BP = QB íàDB, AP = QA íàDA,
BΦ = ABz, AΦ = AAz, A

∗ψ = AAγ,
(3.1)

ãäå AB è AA - êëåòî÷íî-äèàãîíàëüíûå ìàòðèöû AB = (B1, ..., Bn) è AA = (A1, ..., An)

ñ pi × pi -êëåòêàìè Bi =


0 0 . . . 0
0 0 . . . 1
...

...
. . .

...
0 1 . . . 0

 , Ai =


0 0 . . . 0 1
0 0 . . . 1 0
...

...
. . .

...
...

1 0 . . . 0 0

 .

Îïåðàòîðû A è B , äåéñòâóþò â èíâàðèàíòíûõ ïàðàõ ïîäïðîñòðàíñòâ EK
1 , E2,K è

E∞−K
1 , E2 è B : DB ∩ E∞−K

1 → E2,∞−K è A : EK
1 → E2,K , ÿâëÿþòñÿ èçîìîðôèçìàìè.

Ââåäåíèå ðåãóëÿðèçàòîðà Ý.Øìèäòà [1] ïîçâîëÿåò çàïèñàòü óðàâíåíèå (B − A(ε))x = h
â âèäå ñèñòåìû

B̃x = h+ A(ε)x+
n∑

i=1

ξi1z
(1)
i , ξsσ = ⟨x, γ(σ)s ⟩, s = 1, n, σ = 1, ps, (3.2)

ðåøåíèå êîòîðîé èùåòñÿ â âèäå x = w + ξ · Φ = w + v , v ∈ EK
1 . Òîãäà

B̃x = B̃w +
n∑

j=1

pj∑
k=2

ξjkBφ
(k)
j = h+ A(ε)w +

n∑
j=1

pj∑
l=1

ξjlA(ε)φ
(l)
j . (3.3)

Ñîãëàñíî (1.1) ïðè k > 2 Bφ
(k)
j =

k−1∑
r=1

Arφ
(k−r)
j = z

(pj+2−k)
j ,

pj∑
k=2

ξjkBφ
(k)
j =

=
pj∑
k=2

ξjkz
(pj+2−k)
j = ξj2z

(pj)
j + ξj3z

(pj−1)
j + . . . + ξjpjz

(2)
j è ò. ê. Γz

(pj)
j = φ

(2)
j , Γz

(pj−1)
j = φ

(3)
j ,

..., Γz
(2)
j = φ

(pj)
j , Γz

(1)
j = φ

(1)
j ; φ(pj+1)

j = φ
(1)
j , z(pj+1)

j = z
(1)
j , ïîëó÷àåì, îáðàùàÿ â (3.3)

îïåðàòîð B̃

w = (I − ΓA(ε))−1Γh−
n∑

j=1

(I − ΓA(ε))−1(ξj2φ
(2)
j + ξj3φ

(3)
j + . . .+ ξjpjφ

(pj)
j )+

+
n∑

j=1

pj∑
l=1

ξjl(I − ΓA(ε))−1ΓA(ε)φjl.
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Ïîñêîëüêó (I − ΓA(ε))−1ΓA(ε) = ΓA(ε)(I − ΓA(ε))−1 , (I − ΓA(ε))−1 = I + ΓA(ε)(I−

−ΓA(ε))−1 è −
n∑

j=1

pj∑
k=2

ξjk(I−ΓA(ε))−1φ
(k)
j +

n∑
j=1

pj∑
l=1

ξjlΓA(ε)(I−ΓA(ε))−1φ
(l)
j = −

n∑
j=1

pj∑
k=2

ξjkφ
(k)
j −

−
n∑

j=1

pj∑
k=2

ξjkΓA(ε)(I − ΓA(ε))−1φ
(k)
j +

n∑
j=1

pj∑
l=1

ξjlΓA(ε)(I − ΓA(ε))−1φ(l) = −
n∑

j=1

pj∑
k=2

ξjkφ
(k)
j +

+
n∑

j=1

ξj1ΓA(ε)(I − ΓA(ε))−1φ
(1)
j , òî âûðàæåíèå äëÿ w ïðåîáðàçóåòñÿ ê âèäó

w = Γ(I − A(ε)Γ)−1h−
n∑

j=1

pj∑
k=2

ξjkφ
(k)
j +

n∑
j=1

ξj1ΓA(ε)(I − ΓA(ε))−1φ
(1)
j . (3.4)

Òàê êàê Γ∗γ
(1)
j = ψ

(1)
j è Γ∗γ

(s)
j = ψ

(pj+2−s)
j ïðè s > 2 , ïîäñòàíîâêà x = v+w âî âòîðîå

óðàâíåíèå ñèñòåìû (3.2) äàåò

−⟨w, γ(σ)s ⟩ = 0, σ = 1, ps, s = 1, n ⇒

−⟨(I − A(ε)Γ)−1h, ψ
(1)
s ⟩ −

n∑
j=1

ξj1⟨A(ε)(I − ΓA(ε))−1φ
(1)
j , ψ

(1)
s ⟩ = 0 ïðè σ = 1,

ξsσ = ⟨(I − A(ε)Γ)−1h, ψ
(1)
s ⟩+

n∑
j=1

ξj1⟨A(ε)(I − ΓA(ε))−1φ
(1)
j , ψ

(pj+2−σ)
s ⟩ ïðè σ > 1,

èëè, ó÷èòûâàÿ, ÷òî A∗(ε)(I − Γ∗A∗(ε))−1 = (I − A∗(ε)Γ∗)−1A∗(ε)

⟨h, (I − Γ∗A∗(ε))−1ψ
(1)
s ⟩+

n∑
j=1

ξj1⟨φ(1)
j , (I − Γ∗A∗(ε))−1A∗(ε)ψ

(1)
s ⟩ = 0,

ξsσ = ⟨h, (I − Γ∗A∗(ε))−1ψ
(1)
s ⟩+

+
n∑

j=1

ξj1⟨φ(1)
j , (ε)(I − Γ∗A∗(ε))−1A∗(ε)ψ

(pj+2−σ)
s ⟩, σ = 2, ps, s = 1, n.

(3.5)

Ç à ì å ÷ à í è å 3.1. Ñ÷èòàÿ A∗(ε) , A(0) = 0 àãðåãàòîì, íå ó÷èòûâàþùèì
çàâèñèìîñòü îò ε , ò.å. ââîäÿ ÎÆÖ ñîïðÿæåííîãî îïåðàòîðà äëÿ îïåðàòîð-ôóíêöèè
B∗ − µA∗(ε) , ïðèõîäèì ê çàêëþ÷åíèþ òåîðåìû 2.1.. Áîëåå òîíêàÿ ñòðóêòóðà ðåøåíèÿ
ìîæåò áûòü ïîëó÷åíà ïðè èññëåäîâàíèè ñèñòåìû (3.5) ïðè êîíêðåòíîé çàâèñèìîñòè
îò ε îïåðàòîðà A(ε) .

Ï ð è ì å ð 3.1. Â êà÷åñòâå ïðèìåíåíèÿ óêàæåì óðàâíåíèå Ïóàññîíà ∆u = h ñ

ãðàíè÷íûìè óñëîâèÿìè Íåéìàíà
∂u

∂n

∣∣∣∣
∂Ω

= 0 â îáëàñòè ýëëèïñà Ω =
{
(x, y) | x2

a2
+ y2

b2
< 1
}
.

Îñóùåñòâëÿÿ îòîáðàæåíèå îáëàñòè ýëëèïñà x2

a2
+ y2

b2
= 1 (ïðè a − b < ε a = b ) íà êðóã

T (x, y) =
(

b
µ
x, y
)
= (ξ, η) , ïîëó÷àåì çàäà÷ó âèäà (1.4) ñ àíàëèòè÷åñêèì îïåðàòîðîì A(ε) .

Îïåðàòîð B - îïåðàòîð Ëàïëàñà â êðóãå ñ ãðàíè÷íûì óñëîâèåì Íåéìàíà.

4. Ïðèìåíåíèå óðàâíåíèÿ ðàçâåòâëåíèÿ â êîðíåâîì ïîäïðîñòðàí-
ñòâå ïðè âîçìóùåíèè ñïåêòðà

Äëÿ ñåìåéñòâà îïåðàòîðîâ A(ε) : E1 → E2 , A(0) = A0 , çàâèñÿùèõ îò ìàëîãî ïàðàìåò-
ðà ε ∈ C1 ðàññìàòðèâàåòñÿ îáîáùåííàÿ çàäà÷à íà ñîáñòâåííûå çíà÷åíèÿ A(ε)y = λC y ,
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C : L(E1 → E2) , λ0 - n -êðàòíàÿ ôðåäãîëüìîâà òî÷êà ñïåêòðà îïåðàòîðà A0 , ò. å.
A0 − λ0C - Ô-îïåðàòîð. Ñòàâèòñÿ çàäà÷à îïðåäåëåíèÿ ñîáñòâåííûõ ÷èñåë λ = λ(ε) =
= λ0+µ(ε) îïåðàòîð-ôóíêöèè A(ε)−λ(ε)C , îòâåòâèâøèõñÿ îò ñîáñòâåííîãî çíà÷åíèÿ λ0
è ñîáñòâåííûõ ýëåìåíòîâ, èì ñîîòâåòñòâóþùèõ, íà îñíîâå ïðèìåíåíèÿ óðàâíåíèé ðàçâåòâ-
ëåíèÿ â êîðíåâûõ ïîäïðîñòðàíñòâàõ.

Ïîñòàâëåííàÿ çàäà÷à ñâîäèòñÿ ê óðàâíåíèþ By = H(ε)y+µCy ,B = A0−λ0C , H(ε) =
= A0 − A(ε) , â ïðåäïîëîæåíèè N(B) = {φi}n1 , N∗(B) = {ψj}n1 . Ñîãëàñíî [1, 4], C -

æîðäàíîâ íàáîð, îòâå÷àþùèé N(B) âñåãäà ìîæíî ñ÷èòàòü òðèêàíîíè÷åñêèì, ò. å. Bφ(s)
k =

= Cφ
(s−1)
k , B∗ψ

(s)
k = C∗ψ

(s−1)
k , s = 2, pk , k = 1, n ñî ñâîéñòâàìè (1.2), ò. å.

⟨φ(j)
i , γ

(l)
k ⟩ = δikδjl, ⟨z(j)i , ψ

(l)
k ⟩ = δikδjl, γ

(l)
k = C∗ψ

(pk+1−l)
k , z

(l)
k = Cφ

(pk+1−l)
k .

Ââîäÿ ðåãóëÿðèçàòîð Øìèäòà B̃ , B̃−1 = Γ , çàïèøåì ýêâèâàëåíòíóþ ïîñòàâëåííîé
çàäà÷å ñèñòåìó

B̃y = H(ε)y + µCy +
n∑

i=1

ξi1z
(1)
i , ξsσ = ⟨y, γ(σ)s ⟩. (4.1)

Ïîëàãàÿ y = w + v , v = ξ · Φ ∈ EK
1 , íàõîäèì B̃w +

n∑
i=1

pi∑
j=2

ξijBφ
(j)
i − µCw − H(ε)w =

= µ
n∑

i=1

pi∑
j=1

ξijCφ
(j)
i +

n∑
i=1

pi∑
j=1

ξijH(ε)φ
(j)
i , è îáðàùàÿ îïåðàòîð B̃ ñ ó÷åòîì ñîîòíîøåíèé

Cφ
(j)
i = z

(pi+1−j)
i , Γz

(pi+1−s)
k = φ

(s+1)
k , ïîëó÷àåì (I − µΓC − ΓH(ε))w =

n∑
i=1

pi∑
j=2

ξijΓCφ
(j−1)
i +

+
n∑

i=1

pi∑
j=1

ξij(µΓC + ΓH(ε))φ
(j)
i = −

n∑
i=1

pi∑
j=2

ξijφ
(j)
i +

n∑
i=1

pi∑
j=1

ξijΓ(µC +H(ε))φ
(j)
i ⇒

w = −
n∑

i=1

pi∑
j=2

ξij[I − Γ(µC + H(ε))]−1φ
(j)
i +

n∑
i=1

pi∑
j=1

ξij[I − Γ(µC + H(ε))]−1Γ(µC + H(ε))φ
(j)
i =

= −
n∑

i=1

pi∑
j=2

ξijφ
(j)
i − Γ

n∑
i=1

pi∑
j=2

ξij[I − (µC + H(ε))Γ]−1(µC + H(ε))φ
(j)
i + Γ

n∑
i=1

pi∑
j=1

ξij[I − (µC+

+H(ε))Γ]−1(µC +H(ε))φ
(j)
i = −

n∑
i=1

pi∑
j=2

ξijφ
(j)
i + Γ

n∑
i=1

ξi1[I − µC +H(ε)Γ]−1(µC +H(ε))φ
(j)
i .

Ïîäñòàâëÿÿ íàéäåííîå w âî âòîðîå óðàâíåíèå ñèñòåìû (4.1) è ó÷èòûâàÿ ðàâåíñòâà
Γ∗γ

(1)
s = ψ

(1)
s , Γ∗γ

(σ)
s = ψ

(ps+2−σ)
s , σ > 2 , ïðèõîäèì ê óðàâíåíèþ ðàçâåòâëåíèÿ â êîðíåâîì

ïîäïðîñòðàíñòâå (ÓÐÊ)

−⟨w, γ(σ)s ⟩ = 0, σ = 1, ps, s = 1, n⇒
−

n∑
i=1

ξi1⟨[I − (µC +H(ε))Γ]−1(µC +H(ε))φ
(j)
i , ψ

(1)
s ⟩ = 0,

ξ
(2)
s −

n∑
i=1

ξi1⟨[I − (µC +H(ε))Γ]−1(µC +H(ε))φ
(1)
i , ψ

(ps)
s ⟩ = 0,

ξ
(3)
s −

n∑
i=1

ξi1⟨[I − (µC +H(ε))Γ]−1(µC +H(ε))φ
(1)
i , ψ

(ps−1)
s ⟩ = 0,

. . .

ξ
(ps)
s −

n∑
i=1

ξi1⟨[I − (µC +H(ε))Γ]−1(µC +H(ε))φ
(1)
i , ψ

(2)
s ⟩ = 0, s = 1, n.

Âûäåëÿÿ ãëàâíûå ÷ëåíû ïî ñòåïåíÿì µ ïðè èñïîëüçîâàíèè ôîðìóë Cφ
(j)
i = z

(pi+1−j)
i ,

Γz
(pk+1−s)
k = φ

(s+1)
k , ïîëó÷àåì ðàçëîæåíèå [I − (µC + H(ε))Γ]−1(µC + H(ε))φ

(1)
i = [µC+

+µ2CΓC+µ3(CΓ)2C+. . .+µpi−1(CΓ)pi−2C+µpi(CΓ)pi−1C+µpi+1(CΓ)piC+µpi+2(CΓ)pi+1C+
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+ . . .]φ
(1)
i +H(ε)[I−Γ(µC+H(ε))]−1φ

(1)
i =

1

1− µpi
[µz

(pi)
i +µ2z

(pi−1)
i + . . .+µkz

(pi−k+1)
i + . . .+

+µpiz
(1)
i ] +H(ε)[I − Γ(µC +H(ε))]−1φ

(1)
i . ÓÐÊ ïðèíèìàåò âèä

− µps

1− µps
ξs1 −

n∑
i=1

ξi1⟨H(ε)[I − Γ(µC +H(ε))]−1φ
(1)
i , ψ

(1)
s ⟩ = 0,

ξ
(2)
s − µ

1− µps
ξs1 −

n∑
i=1

ξi1⟨H(ε)[I − Γ(µC +H(ε))]−1φ
(1)
i , ψ

(ps)
s ⟩ = 0,

ξ
(3)
s − µ2

1− µps
ξs1 −

n∑
i=1

ξi1⟨H(ε)[I − Γ(µC +H(ε))]−1φ
(1)
i , ψ

(ps−1)
s ⟩ = 0,

. . .

ξ
(ps)
s − µps−1

1− µps
ξs1 −

n∑
i=1

ξi1⟨H(ε)[I − Γ(µC +H(ε))]−1φ
(1)
i , ψ

(2)
s ⟩ = 0.

(4.2)

Ïîäîáíî [1] ÓÐÊ (4.2) îïðåäåëÿåò àñèìïòîòèêó ðàçâåòâëÿþùèõñÿ ðåøåíèé íà îñíîâå
ìåòîäà äèàãðàììû Íüþòîíà.

Ç à ì å ÷ à í è å 4.1. Äàííàÿ ðàáîòà íàïèñàíà ñ öåëüþ èññëåäîâàíèÿ óñòîé÷èâî-
ñòè ðàçâåòâëÿþùèõñÿ ðåøåíèé [6]. Óêàæåì çäåñü íåäàâíî îïóáëèêîâàííûå îáçîðû ðå-
çóëüòàòîâ [8-10] ïî òåîðèè âåòâëåíèÿ ðåøåíèé íåëèíåéíûõ óðàâíåíèé, ïîëó÷åííûå â
øêîëå ïðîôåññîðà Â. À. Òðåíîãèíà.

Ïîëó÷åííûå ðåçóëüòàòû ïîääåðæàíû ÔÖÏ "Íàó÷íûå è íàó÷íî-ïåäàãîãè÷åñêèå êàäðû
èííîâàöèîííîé Ðîññèè"(ñîãëàøåíèå 14.Â37.21.0373).
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Comments to the problems of small perturbations of linear

equations and linear term of the spectral characteristics of

a Fredholm operator

c⃝ A. A. Kyashkin4, B. V. Loginov5, P. A. Shamanaev6

Abstract. In the monograph [1] and the article [2] the problem on perturbation of linear equation
by small linear summand of the form (B − εA)x = h were investigated with closely de�ned on
DB Fredholmian operator B : E1 ⊃ DB → E2 , DA ⊃ DB , or A ∈ L{E1, E2} , ε ∈ C1 - small
parameter, E1 and E2 - are Banach spaces. The application of the results [3, 4] formulated in the
form of the lemma on the biorthogonality of generalized Jordan chains allows to give some retainings
of the results [1, 2]. This problem is considered here in the general case of su�ciently smooth
(analytic) by ε operator-function A(ε) . It is given also the application of the biorthogonality
lemma and branching equation in the root subspaces to the problem on perturbation of Fredholm
points in C -spectrum of the operator A(0) .

Key Words: linear operators in Banach spaces, perturbation theory

4 Graduate student of chair of an applied mathematics, Mordovian State University of a name of
N. P. Ogarev, Saransk; andrej_kjashkin@list.ru.

5 Professor department of Mathematics, Ulyanovsk State Technical University, Ulyanovsk; loginov@ulstu.ru
6 Head of Applied Mathematics Chair, Mordovian State University after N. P. Ogarev, Saransk;
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ÓÄÊ 517.9

Äèôôåîìîðôèçìû 3-ìíîãîîáðàçèé ñ îäíîìåðíûìè

áàçèñíûìè ìíîæåñòâàìè, ïðîñòîðíî ðàñïîëîæåííûìè

íà 2-òîðàõ

c⃝ Þ. À. Ëåâ÷åíêî1, À. À. Øèëîâñêàÿ2

Àííîòàöèÿ. Â ðàáîòå ðàññìàòðèâàåòñÿ êëàññ G äèôôåîìîðôèçìîâ, óäîâëåòâîðÿþùèõ àê-
ñèîìå A Ñ. Ñìåéëà, çàäàííûõ íà òðåõìåðíûõ ìíîãîîáðàçèÿõ è òàêèõ ÷òî, íåáëóæäàþùåå
ìíîæåñòâî ëþáîãî äèôôåîìîðôèçìà èç G ïðèíàäëåæèò îáúåäèíåíèþ êîíå÷íîãî ÷èñëà äâó-
ìåðíûõ ïîâåðõíîñòåé, êàæäàÿ èç êîòîðûõ ÿâëÿåòñÿ âëîæåíèåì äâóìåðíîãî òîðà è ñîäåðæèò
îäíîìåðíîå ïðîñòîðíî ðàñïîëîæåííîå áàçèñíîå ìíîæåñòâî. Ïðè åñòåñòâåííûõ îãðàíè÷åíèÿõ
íà ñòðóêòóðó ïåðåñå÷åíèÿ èíâàðèàíòíûõ äâóìåðíûõ ìíîãîîáðàçèé òî÷åê èç òàêèõ áàçèñíûõ
ìíîæåñòâ, óñòàíàâëèâàåòñÿ ïîëóñîïðÿæåííîñòü ëþáîãî äèôôåîìîðôèçìà èç G ìîäåëüíîìó
äèôôåîìîðôèçìó.

Êëþ÷åâûå ñëîâà: À-äèôôåîìîðôèçì, áàçèñíîå ìíîæåñòâî, ïîëóñîïðÿæåííîñòü

1. Ââåäåíèå è ôîðìóëèðîâêà ðåçóëüòîâ

Â ñòàòüå ðàññìàòðèâàþòñÿ ñîõðàíÿþùèå îðèåíòàöèþ äèôôåîìîðôèçìû f , çàäàííûå
íà çàìêíóòîì îðèåíòèðóåìîì ñâÿçíîì 3 -ìíîãîîáðàçèè M3 è óäîâëåòâîðÿþùèå àêñèîìå
A Ñ.Ñìåéëà (òî åñòü ìíîæåñòâî íåáëóæäàþùèõ òî÷åê NW (f) ÿâëÿåòñÿ ãèïåðáîëè÷åñêèì
è ïåðèîäè÷åñêèå òî÷êè ïëîòíû â NW (f) ). Ñîãëàñíî ñïåêòðàëüíîé òåîðåìå Ñ. Ñìåéëà [14]
íåáëóæäàþùåå ìíîæåñòâî NW (f) äèôôåîìîðôèçìà f ïpåäñòàâëÿåòñÿ â âèäå êîíå÷íîãî
îáúeäèíåíèÿ ïîïàpíî íåïåpåñåêàþùèõñÿ çàìêíóòûõ èíâàpèàíòíûõ áàçèñíûõ ìíîæåñòâ,
êàæäîå èç êîòîpûõ ñîäåpæèò âñþäó ïëîòíóþ òpàåêòîpèþ. Òèïîì áàçèñíîãî ìíîæåñòâà
B íàçûâàþò ïàðó íåîòðèöàòåëüíûõ öåëûõ ÷èñåë (a, b) òàêèõ, ÷òî a = dim W u

x , b =
dim W s

x , x ∈ B .
Â ñèëó [3], íåòðèâèàëüíîå (îòëè÷íîå îò ïåðèîäè÷åñêîé îðáèòû) áàçèñíîå ìíîæåñòâî B

äèôôåîìîðôèçìà f íàçûâàåòñÿ ïîâåðõíîñòíûì, åñëè îíî ïðèíàäëåæèò f -èíâàðèàíòíîé
çàìêíóòîé ïîâåðõíîñòè M2

B òîïîëîãè÷åñêè âëîæåííîé â 3-ìíîãîîáðàçèå M3 è íàçûâàåìîé
íîñèòåëåì ìíîæåñòâà B .

Òåñíàÿ âçàèìîñâÿçü ìåæäó òîïîëîãèåé ìíîãîîáðàçèÿ M3 è äèíàìèêîé ðàññìàòðèâàå-
ìîãî äèôôåîìîðôèçìà íàáëþäàåòñÿ òîãäà, êîãäà âñå íåáëóæäàþùåå ìíîæåñòâî äèôôåî-
ìîðôèçìà f : M3 → M3 ñîñòîèò òîëüêî èç ïîâåðõíîñòíûõ äâóìåðíûõ áàçèñíûõ ìíî-
æåñòâ, à èìåííî, â [5] äîêàçàíî, òî ìíîãîîáðàçèå M3 â ýòîì ñëó÷àå ÿâëÿåòñÿ ëîêàëü-
íî òðèâèàëüíûì ðàññëîåíèåì íàä îêðóæíîñòüþ ñî ñëîåì òîð. Â ðàáîòàõ [6]-[8] âûäåëåí
êëàññ ñòðóêòóðíî óñòîé÷èâûõ äèôôåîìîðôèçìîâ ñ ïîâåðõíîñòíûìè äâóìåðíûìè áàçèñ-
íûìè ìíîæåñòâàìè, äëÿ êîòîðîãî ïîëó÷åíà ïîëíàÿ òîïîëîãè÷åñêàÿ êëàññèôèêàöèÿ.

Â íàñòîÿùåé ðàáîòå áóäåì ðàññìàòðèâàòü êëàññ À-äèôôåîìîðôèçìîâ òðåõìåðíîãî
ìíîãîîáðàçèÿ, âñå íåòðèâèàëüíûå áàçèñíûå ìíîæåñòâà êîòîðûõ ÿâëÿþòñÿ îäíîìåðíûìè
è ïîâåðõíîñòíûìè. Ôóíäàìåíòîì äëÿ íàñòîÿùèõ èññëåäîâàíèé ïîñëóæèëè ðåçóëüòàòû ïî
òîïîëîãè÷åñêîé êëàññèôèêàöèè A -äèôôåîìîðôèçìîâ äâóìåðíûõ ìíîãîîáðàçèé, íåáëóæ-
äàþùèå ìíîæåñòâà êîòîðûõ ñîäåðæàò îäíîìåðíûå áàçèñíûå ìíîæåñòâà, ïîëó÷åííûå â

1 Ìëàäøèé íàó÷íûé ñîòðóäíèê ÍÈÈ ÏÌÊ ïðè ÍÍÃÓ èì. Í.È. Ëîáà÷åâñêîãî; ulev4enko@gmail.com
2 Àñïèðàíò êàôåäðû ÷èñëåííîãî è ôóíêöèîíàëüíîãî àíàëèçà ÍÍÃÓ èì. Í.È. Ëîáà÷åâñêîãî;

vesnann@mail.ru
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ðàáîòàõ Õ. Áîíàòòè, Ð. Ëàíæåâåíà, Ãðèíåñà Â.Ç., Æèðîâà À.Þ., Êàëàÿ Õ.Õ., Ïëûêèíà
Ð.Â. (äëÿ ññûëîê ñìîòðè, íàïðèìåð [1], [9], [13]).

Ïóñòü f :M3 →M3 äèôôåîìîðôèçì, óäîâëåòâîðÿþùèé àêñèîìå A Ñ. Ñìåéëà. Ïðåä-
ïîëîæèì, ÷òî íåáëóæäàþùåå ìíîæåñòâî äèôôåîìîðôèçìà f : M3 → M3 ñîäåðæèò îä-
íîìåðíîå ïîâåðõíîñòíîå áàçèñíîå ìíîæåñòâî B ñ íîñèòåëåì M2

B . Ïîñêîëüêó B íåòðèâè-
àëüíîå áàçèñíîå ìíîæåñòâî, òî îíî èìååò òèï (1, 2) èëè (2, 1) . Äëÿ áàçèñíîãî ìíîæåñòâà
B òèïà (1, 2) ñóùåñòâóþò ñëåäóþùèå âîçìîæíîñòè:

i) B =
∪
x∈B

W u
x ;

ii) B =M2
B ∩ (

∪
x∈B

W s
x) .

Cîãëàñíî [12], â ñëó÷àå i) áàçèñíîå ìíîæåñòâî B ÿâëÿåòñÿ àòòðàêòîðîì, à â ñëó÷àå
ii) � íå ÿâëÿåòñÿ íè àòòðàêòîðîì, íè ðåïåëëåðîì è ìû íàçûâàåì åãî ñåäëîâûì. Áóäåì
íàçûâàòü îäíîìåðíîå ïîâåðõíîñòíîå áàçèñíîå ìíîæåñòâî B òèïà (1, 2) êàíîíè÷åñêè âëî-
æåííûì, åñëè
â ñëó÷àå i), W s

x , x ∈ B ïåðåñåêàåòñÿ ñ ïîâåðõíîñòüþ M2
B ïî åäèíñòâåííîé êðèâîé;

â ñëó÷àå ii), W u
x ⊂M2

B, x ∈ B .
Îäíîìåðíîå ïîâåðõíîñòíîå áàçèñíîå ìíîæåñòâî B òèïà (2, 1) íàçûâàåòñÿ êàíîíè÷åñêè

âëîæåííûì â M2
B , åñëè îíî ÿâëÿåòñÿ òàêîâûì äëÿ äèôôåîìîðôèçìà f−1 .

Ïóñòü áàçèñíîå ìíîæåñòâî B êàíîíè÷åñêè âëîæåíî â ïîâåðõíîñòü M2
B . Ïîëîæèì Ŵ s

x =
W s

x ∩M2
B è Ŵ u

x = W u
x ∩M2

B äëÿ x ∈ B . Ñëåäóÿ [12], ìíîæåñòâî B íàçîâåì ïðîñòîðíî
ðàñïîëîæåííûì íà M2

B , åñëè äëÿ ðàçëè÷íûõ òî÷åê x, y ∈ B ëþáàÿ çàìêíóòàÿ êðèâàÿ,
ñîñòàâëåííàÿ èç äóã [x, y]s ⊂ Ŵ s

x è [x, y]u ⊂ Ŵ u
x íå ãîìîòîïíà íóëþ íà M2

B .
Êîãäà íîñèòåëü ïðîñòîðíî ðàñïîëîæåííîãî áàçèñíîãî ìíîæåñòâà ñîñòîèò èç äâóìåðíûõ

òîðîâ, áóäåì îáîçíà÷àòü åãî T 2
B . Òîïîëîãèÿ îáúåìëþùåãî ìíîãîîáðàçèÿ M3 â ýòîì ñëó÷àå

óòî÷íÿåòñÿ ñëåäóþùèì îáðàçîì.
Îáîçíà÷èì ÷åðåç MĴ � ìíîîãîîáðàçèå, ÿâëÿþùååñÿ ôàêòîð-ïðîñòðàíñòâîì, ïîëó-

÷åííûì èç T 2 × [0, 1] îòîæäåñòâëåíèåì òî÷åê (z, 1) è (Ĵ(z), 0) , ãäå Ĵ � àëãåáðàè÷å-
ñêèé àâòîìîðôèçì òîðà, çàäàííûé ìàòðèöåé J , êîòîðàÿ ëèáî ÿâëÿåòñÿ ãèïåðáîëè÷å-

ñêîé, ëèáî ñîâïàäàåò ñ åäèíè÷íîé ìàòðèöåé I =

(
1 0
0 1

)
, ëèáî ñîâïàäàåò ñ ìàòðèöåé

−I =

(
−1 0
0 −1

)
.

Â [11] äîêàçàíî ñëåäóþùåå óòâåðæäåíèå, âûòåêàþùåå èç ðåçóëüòàòîâ ðàáîò [2], [10].

Ï ð å ä ë î æ å í è å 1.1. Ïóñòü f : M3 → M3 äèôôåîìîðôèçì, óäîâëåòâîðÿþ-
ùèé àêñèîìå A , çàäàííûé íà çàìêíóòîì, íåïðèâîäèìîì, îðèåíòèðóåìîì òðåõìåðíîì
ìíîãîîáðàçèè M3 , íåáëóæäàþùåå ìíîæåñòâî êîòîðîãî ñîäåðæèò îäíîìåðíîå ïðîñòîð-
íî ðàñïîëîæåííîå íà T 2

B áàçèñíîå ìíîæåñòâî. Òîãäà ìíîãîîáðàçèå M3 ãîìåîìîðôíî ìíî-
ãîîáðàçèþ MĴ .

Áóäåì ðàññìàòðèâàòü êëàññ G A -äèôôåîìîðôèçìîâ f : M3 → M3 ñî ñëåäóþùèìè
ñâîéñòâàìè:

1) íåáëóæäàþùåå ìíîæåñòâî f ñîäåðæèò íåïóñòîå ìíîæåñòâî B ïðîñòîðíî ðàñïîëî-
æåííûõ áàçèñíûå ìíîæåñòâ;

2) M2
B = T 2

B äëÿ ëþáîãî B ∈ B ;
3) NW (f) ⊂ (

∪
B∈B

T 2
B) ;

4) äëÿ ëþáîé òî÷êè x áàçèñíîãî ìíîæåñòâà B1 ∈ B òèïà (1, 2) ((2, 1)) ñóùåñòâóåò
òî÷êà y áàçèñíîãî ìíîæåñòâà B2 ∈ B òèïà (2, 1) ((1, 2)) òàêàÿ, ÷òî êàæäàÿ êîìïîíåíòà
ñâÿçíîñòè ïåðåñå÷åíèÿ W s

x∩W u
y (W u

x ∩W s
y ) ÿâëÿåòñÿ îòêðûòîé äóãîé, èìåþùåé â òî÷íîñòè
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äâå ãðàíè÷íûå òî÷êè, îäíà èç êîòîðûõ ïðèíàäëåæèò B1 , äðóãàÿ B2 , ïðè ýòîì îáúåäèíå-
íèå çàìûêàíèé âñåõ òàêèõ äóã îïðåäåëÿåò f -èíâàðèàíòíóþ îäíîìåðíóþ ëàìèíàöèþ íà
ìíîãîîáðàçèè M3 .

Ñëåäóÿ [4] ââåäåì êëàññ Φ ìîäåëüíûõ äèôôåîìîðôèçìîâ ñëåäóþùèì îáðàçîì. Ïðåä-
ñòàâèì ìíîãîîáðàçèå MĴ êàê ïðîñòðàíñòâî îðáèò MĴ = (T2 × R)/Γ , ãäå Γ = {γk, k ∈ Z}
ãðóïïà ñòåïåíåé äèôôåîìîðôèçìà γ : T2 × R → T2 × R , çàäàííîãî ôîðìóëîé γ(z, r) =

(Ĵ(z), r − 1) . Îáîçíà÷èì ÷åðåç p
Ĵ
: T2 × R →MĴ åñòåñòâåííóþ ïðîåêöèþ.

Ïóñòü C ∈ SL(2,Z) ãèïåðáîëè÷åñêàÿ ìàòðèöà òàêàÿ, ÷òî CJ = JC . Äëÿ n, k ∈ N îáî-
çíà÷èì ÷åðåç ψn,k : R → R äèôôåîìîðôèçì, ÿâëÿþùèéñÿ ñäâèãîì íà åäèíèöó âðåìåíè
ïîòîêà ṙ = sin 2πnkr . Äëÿ k = 1 ïîëîæèì l = 0 è äëÿ k > 1 ïóñòü l ∈ {1, . . . , k − 1}
íàòóðàëüíîå ÷èñëî, âçàèìíî ïðîñòîå ñ k . Îáîçíà÷èì ÷åðåç χk,l : R → R äèôôåîìîð-
ôèçì, çàäàííûé ôîðìóëîé χk,l(r) = r− l

k
. Ïîëîæèì φn,k,l = ψn,kχk,l : R → R . Îáîçíà÷èì

÷åðåç φ̃C,n,k,l : T2 × R → T2 × R äèôôåîìîðôèçì, çàäàííûé ôîðìóëîé φ̃C,n,k,l(z, r) =

(Ĉ(z), φn,k,l(r)) , ãäå Ĉ � ãèïåðáîëè÷åñêèé àâòîìîðôèçì òîðà. Íåïîñðåäñòâåííî ïðîâåðÿ-
åòñÿ, ÷òî φ̃C,n,k,lγ = γφ̃C,n,k,l , îòêóäà ñëåäóåò, ÷òî îòîáðàæåíèå φC,n,k,l : MĴ → MĴ , çà-
äàííîå ôîðìóëîé φC,n,k,l = p

Ĵ
φ̃C,n,k,lp

−1

Ĵ
, ãäå p−1

Ĵ
(x) ïîëíûé ïðîîáðàç òî÷êè x , ÿâëÿåòñÿ

äèôôåîìîðôèçìîì. Îáîçíà÷èì ÷åðåç Φ ìíîæåñòâî òàêèõ äèôôåîìîðôèçìîâ.
Îñíîâíûì ðåçóëüòàòîì íàñòîÿùåé ðàáîòû ÿâëÿåòñÿ ñëåäóþùàÿ òåîðåìà.

Ò å î ð å ì à 1.1. Ëþáîé äèôôåîìîðôèçì f ∈ G ïîëóñîïðÿæåí íåêîòîðîìó äèô-
ôåîìîðôèçìó φ ∈ Φ .

Áëàãîäàðíîñòè. Ðàáîòà âûïîëíåíà ïðè ôèíàíñîâîé ïîääåðæêå Ðîññèéñêîãî ôîíäà
ôóíäàìåíòàëüíûõ èññëåäîâàíèé (ãðàíòû 12-01-00672 è 13-01-12452-îôè-ì). Àâòîðû òàê-
æå áëàãîäàðÿò Â. Ç. Ãðèíåñà çà ïîñòàíîâêó çàäà÷è è Î. Â. Ïî÷èíêó çà ïëîäîòâîðíûå
îáñóæäåíèÿ.
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Di�eomorphisms on 3-manifolds with 1-dimensional basic

sets which are spaciously situated on 2-torus

c⃝ Y. A. Levchenko3, A. A. Shilovskaya4

Abstract. We consider the class G of di�eomorphisms satisfying Smale's Axiom A on 3-
manifolds, such that the nonwandering set of any di�eomorphism from G belongs to the �nite
union of surfaces. Every surface is an embedding of torus and contains a one-dimensional spaciously
situated basic set. Under certain restrictions on the structure of intersection of two-dimensional
invariant manifolds of points from this basic sets, it is established the semiconjugacy of any
di�eomorphism from G to a model di�eomorphism.

Key Words: A-di�eomorphism, basic set, semiconjugacy
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ÓÄÊ 534.11

Ðåøåíèå êðàåâûõ çàäà÷ ñ äâèæóùèìèñÿ ãðàíèöàìè ïðè

ïîìîùè ìåòîäà çàìåíû ïåðåìåííûõ â ôóíêöèîíàëüíîì

óðàâíåíèè

c⃝ Â. Ë. Ëèòâèíîâ1

Àííîòàöèÿ. Îïèñàí àíàëèòè÷åñêèé ìåòîä ðåøåíèÿ âîëíîâîãî óðàâíåíèÿ ñ óñëîâèÿìè, çàäàí-
íûìè íà äâèæóùèõñÿ ãðàíèöàõ. Ñ ïîìîùüþ çàìåíû ïåðåìåííûõ â ôóíêöèîíàëüíîì óðàâíå-
íèè èñõîäíàÿ êðàåâàÿ çàäà÷à ñâåäåíà ê ðàçíîñòíîìó óðàâíåíèþ ñ îäíèì ïîñòîÿííûì ñìåùå-
íèåì, êîòîðîå ðåøåíî ñ ïîìîùüþ èíòåãðàëüíîãî ïðåîáðàçîâàíèÿ Ëàïëàñà. Ïîëó÷åíî âûðàæå-
íèå äëÿ àìïëèòóäû êîëåáàíèé, ñîîòâåòñòâóþùèõ n-îé äèíàìè÷åñêîé ìîäå â ñëó÷àå ãðàíè÷íûõ
óñëîâèé ïåðâîãî ðîäà. Â êà÷åñòâå ïðèìåðà ðàññìîòðåíû êðóòèëüíûå êîëåáàíèÿ áàëêè ïåðå-
ìåííîé äëèíû. Èññëåäîâàíèÿ ðåçîíàíñíûõ ñâîéñòâ äîâåäåíû äî ÷èñëåííîãî ðåøåíèÿ.

Êëþ÷åâûå ñëîâà: âîëíîâîå óðàâíåíèå, êîëåáàíèÿ ñèñòåì ñ äâèæóùèìèñÿ ãðàíèöàìè, çà-
êîíû äâèæåíèÿ ãðàíèö, ðåçîíàíñíûå ñâîéñòâà

Ìåõàíè÷åñêèå ñèñòåìû, ãðàíèöû êîòîðûõ äâèæóòñÿ, øèðîêî ðàñïðîñòðàíåíû â òåõíèêå
(êàíàòû ãðóçîïîäúåìíûõ óñòàíîâîê [1], ãèáêèå çâåíüÿ ïåðåäà÷ [2] è ò.ä.). Íàëè÷èå äâèæó-
ùèõñÿ ãðàíèö âûçûâàåò çíà÷èòåëüíûå çàòðóäíåíèÿ ïðè îïèñàíèè òàêèõ ñèñòåì, ïîýòîìó
çäåñü â îñíîâíîì èñïîëüçóþòñÿ ïðèáëèæåííûå ìåòîäû ðåøåíèÿ [3], [4]. Èç àíàëèòè÷åñêèõ
ìåòîäîâ íàèáîëåå ýôôåêòèâíûì ÿâëÿåòñÿ ìåòîä, ïðåäëîæåííûé â [5], êîòîðûé çàêëþ÷à-
åòñÿ â ïîäáîðå íîâûõ ïåðåìåííûõ, îñòàíàâëèâàþùèõ ãðàíèöû è îñòàâëÿþùèõ óðàâíåíèå
èíâàðèàíòíûì. Â [6] ðåøåíèå èùåòñÿ â âèäå ñóïåðïîçèöèè äâóõ âîëí, áåãóùèõ íàâñòðå÷ó
äðóã äðóãó. Â ðåçóëüòàòå ýòîãî àâòîðó óäàëîñü ðåøèòü âîëíîâîå óðàâíåíèå ñ ãðàíè÷íûìè
óñëîâèÿìè ïåðâîãî ðîäà, çàäàííûìè íà îäíîé äâèæóùåéñÿ è îäíîé íåïîäâèæíîé ãðàíè-
öàõ. Ìåòîä, èñïîëüçóåìûé â [7], çàêëþ÷àåòñÿ â çàìåíå ãåîìåòðè÷åñêîé ïåðåìåííîé íà ÷èñòî
ìíèìóþ ïåðåìåííóþ, ÷òî ïîçâîëÿåò ñâåñòè âîëíîâîå óðàâíåíèå ê óðàâíåíèþ Ëàïëàñà è
ïðèìåíèòü äëÿ ðåøåíèÿ ìåòîäèêó òåîðèè ôóíêöèé êîìïëåêñíîãî ïåðåìåííîãî. Ýôôåê-
òèâåí òàêæå ìåòîä, èñïîëüçóåìûé â [8], çàêëþ÷àþùèéñÿ â çàìåíå ïåðåìåííûõ â ñèñòåìå
äèôôåðåíöèàëüíî�ðàçíîñòíûõ óðàâíåíèé, ïîçâîëÿþùèé ïîëó÷èòü òî÷íîå ðåøåíèå âîëíî-
âîãî óðàâíåíèÿ ñ ðàçëè÷íîãî âèäà óñëîâèÿìè íà ïîäâèæíûõ ãðàíèöàõ.

Â ðàçâèâàåìîì â äàííîé ñòàòüå ìåòîäå ðåøåíèÿ òàêèõ çàäà÷ óäà÷íî ñî÷åòàåòñÿ ìåòî-
äèêà, èñïîëüçóåìàÿ â [5], [8].

Ïóñòü äâèæåíèå ñèñòåìû îïèñûâàåòñÿ âîëíîâûì óðàâíåíèåì

Uττ (ξ, τ)− Uξξ(ξ, τ) = 0 (1.1)

ïðè ãðàíè÷íûõ óñëîâèÿõ ïåðâîãî ðîäà

U(ℓ1(τ), τ) = F1(τ); ℓ1(0) = 0;
U(ℓ2(τ), τ) = F2(τ); ℓ2(0) = 1; ℓ2(τ) > ℓ1(τ)

(1.2)

è íà÷àëüíûõ óñëîâèÿõ

U(ξ, 0) = Φ0(ξ); Uτ (ξ, 0) = Φ1(ξ). (1.3)

Çäåñü τ áåçðàçìåðíîå âðåìÿ (τ ≥ 0); ξ áåçðàçìåðíàÿ ïðîñòðàíñòâåííàÿ êîîðäèíàòà
(ℓ1(τ) ≤ ξ ≤ ℓ2(τ)); ℓ1(τ), ℓ2(τ) çàêîíû äâèæåíèÿ ãðàíèö;Φ0(ξ),Φ1(ξ), F1(τ), F2(τ) çàäàí-
íûå ôóíêöèè, äîïóñêàþùèå ðàçðûâû ïåðâîãî ðîäà.

1 Ñòàðøèé ïðåïîäàâàòåëü êàôåäðû îáùåòåîðåòè÷åñêèõ äèñöèïëèí, Ñûçðàíñêèé ôèëèàë Ñàìàðñêîãî
ãîñóäàðñòâåííîãî òåõíè÷åñêîãî óíèâåðñèòåòà, ã. Ñûçðàíü, vladlitvinov@rambler.ru.
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Ðåøåíèå óðàâíåíèÿ (1.1) èùåì â âèäå

U(ξ, τ) = U(τ − ξ).

Èç (1.3) íàéäåì ôóíêöèþ U(ξ; 0) :

U(ξ) =
1

2
[Φ0(−ξ) +

∫ ξ

0

Φ1(−ζ)dζ], −1 ≤ ξ ≤ 0. (1.4)

Äëÿ óïðîùåíèÿ çàäà÷è ââåäåì íîâóþ ôóíêöèþ

U(τ − ξ) = r(φ(τ − ξ)). (1.5)

Òîãäà ãðàíè÷íûå óñëîâèÿ (1.2) ïðèìóò âèä{
r(φ(τ − ℓ1(τ))) = F1(τ);
r(φ(τ − ℓ2(τ))) = F2(τ).

(1.6)

Îáîçíà÷àÿ â ïåðâîì óðàâíåíèè ñèñòåìû (1.6)

φ(τ − ℓ1(τ)) = z

è âî âòîðîì óðàâíåíèè ýòîé ñèñòåìû

φ(τ − ℓ2(τ)) = z − 1

2
,

ïîëó÷èì

φ(τ − ℓ1(τ)) = φ(τ − ℓ2(τ)) +
1

2
. (1.7)

Ïðè ýòîì ñèñòåìà (1.6) ïðèìåò âèä{
r(z) = θ1(z);
r(z − 1

2
) = θ2(z),

(1.8)

ãäå θ1(z) = F1(τ); θ1(z) = F1(τ)
Çàìåòèì, ÷òî èç óðàâíåíèÿ (1.7) ôóíêöèÿ φ(z) îïðåäåëÿþòñÿ ñ òî÷íîñòüþ äî êîíñòàí-

òû â òîì ñìûñëå, ÷òî åñëè φ(z) ðåøåíèå óðàâíåíèÿ (1.7), òî φ(z) + C òàêæå ÿâëÿåòñÿ
ðåøåíèåì (çäåñüC− ïðîèçâîëüíàÿ ïîñòîÿííàÿ). Ïîýòîìó äëÿ îïðåäåëåííîñòè ìîæíî âû-
áðàòü òàêóþ ôóíêöèþ φ(z) , ÷òî φ(−1) = −1

2
Ïðè ýòîì, ïðè τ = 0 ñëåäóåò, ÷òî φ(0) = 0 .

Ñ ó÷åòîì çàìåíû (1.5) íà÷àëüíûå óñëîâèÿ (1.3) ïðèìóò ñëåäóþùèé âèä:

r(z) = U(φ̄(z)); −1

2
≤ z ≤ 0, (1.9)

ãäå ôóíêöèÿ U(z) îïðåäåëÿåòñÿ âûðàæåíèåì (1.4). Çäåñü φ̄(z) ôóíêöèÿ, îáðàòíàÿ ê
φ(z)

Òàêèì îáðàçîì, íà÷àëüíàÿ çàäà÷à (1.1)-(1.3) ñâåäåíà ê ñèñòåìå ðàçíîñòíûõ óðàâíåíèé
(1.8) ñ îäíèì ïîñòîÿííûì ñìåùåíèåì ïðè íà÷àëüíîì óñëîâèè (1.9). Èç ñèñòåìû (1.8) ïî-
ëó÷èì

r(z)− r(z − 1

2
) = θ(z), (1.10)

ãäå
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θ(z) = θ1(z)− θ2(z).

Èñïîëüçóåì äëÿ ðåøåíèÿ çàäà÷è (1.10), (1.9) èíòåãðàëüíîå ïðåîáðàçîâàíèå Ëàïëàñà

r̄(p) =

∫ ∞

0

r(z)e−pzdz.

Ïîñëå ïðèìåíåíèÿ óêàçàííîãî ïðåîáðàçîâàíèÿ ïîëó÷èì:

r̄(p) = θ̄(p)/(1− e−0,5p) + e−0,5p

∫ 0

− 1
2

r(z)e−pzdz/(1− e−0,5p),

ãäå θ̄(p) èçîáðàæåíèå ôóíêöèè θ(z) Îðèãèíàë äàííîãî èçîáðàæåíèÿ èìååò âèä

r(z) = 2

∫ z

0

θ(ζ)
∞∑

n−∞

e2πni(z−ζ)dζ + 2
∞∑

n−∞

e2πniz
∫ 0

− 1
2

r(ζ)e−2πniζdζ.

Îáúåäèíÿÿ ÷ëåíû ïðè ïîëîæèòåëüíûõ è îòðèöàòåëüíûõ áóäåì èìåòü:

r(z) = 2

∫ z

0

θ(ζ)dζ + 4
∞∑
n=1

∫ z

0

θ(ζ)cos[2πn(z − ζ)]dζ+

+2

∫ 0

− 1
2

r(ζ)dζ + 4
∞∑
n=1

∫ 0

− 1
2

r(ζ)cos[2πn(z − ζ)]dζ (1.11)

Ðàññìîòðèì ñâîáîäíûå êîëåáàíèÿ ñèñòåìû (θ(z) = 0). Â ýòîì ñëó÷àå èç (1.5) ñ ó÷åòîì
(11.11) ñëåäóåò, ÷òî

U(ξ, τ) = 2

∫ 0

− 1
2

r(ζ)dζ +
∞∑
n=1

V ∗
n (ξ, τ), (1.12)

ãäå

V ∗
n (ξ, τ) = A∗

ncos(2πnφ(τ − ξ)) + B∗
nsin(2πnφ(τ − ξ)); (1.13)

A∗
n = 4

∫ 0

− 1
2

r(ζ)cos(2πnζ)dζ;B∗
n = 4

∫ 0

− 1
2

r(ζ)sin(2πnζ)dζ. (1.14)

Ðàññìîòðèì òåïåðü âûíóæäåííûå êîëåáàíèÿ ñèñòåìû. Ïðè íóëåâûõ íà÷àëüíûõ óñëî-
âèÿõ èç (1.5) ñ ó÷åòîì (1.11) ïîëó÷èì:

U(ξ, τ) =
∞∑
n=1

Vn(ξ, τ) +D(ξ, τ), (1.15)

ãäå

Vn(ξ, τ) = Ancos(2πnφ(τ − ξ)) +Bnsin(2πnφ(τ − ξ)); (1.16)

An = 4

∫ φ(τ−ξ)

0

θ(ζ)cos(2πnζ)dζ;Bn = 4

∫ φ(τ−ξ)

0

θ(ζ)sin(2πnζ)dζ; (1.17)

D(ξ, τ) = 2

∫ φ(τ−ξ)

0

θ(ζ)dζ.
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Ïðè ðåøåíèè çàäà÷ íà ðåçîíàíñíûå ñâîéñòâà ðàññìàòðèâàþòñÿ, ãëàâíûì îáðàçîì, ðå-
çîíàíñíûå ÿâëåíèÿ â ìåõàíè÷åñêèõ îáúåêòàõ ñ äâèæóùèìèñÿ ãðàíèöàìè, êîãäà àìïëèòóäà
êîëåáàíèé âî ìíîãî ðàç ïðåâîñõîäèò àìïëèòóäó âîçìóùàþùåãî âîçäåéñòâèÿ. Ïîýòîìó â
ðàâåíñòâå (1.15) ôóíêöèåé D(ξ, τ) ìîæíî ïðåíåáðå÷ü êàê ôóíêöèåé îäíîãî ïîðÿäêà ìà-
ëîñòè ñ ôóíêöèÿìè F1(τ);F2(τ) , õàðàêòåðèçóþùèìè âîçìóùàþùèå âîçäåéñòâèÿ.

Ñðàâíèâàÿ âûðàæåíèÿ (1.12) è (1.15), (1.13) è (1.16), íåòðóäíî çàìåòèòü, ÷òî âûíóæ-
äåííûå êîëåáàíèÿ ïðåäñòàâëÿþò ñîáîé ñóïåðïîçèöèþ ñîáñòâåííûõ êîëåáàíèé ñ èçìåíÿþ-
ùèìèñÿ âî âðåìåíè àìïëèòóäàìè An èBn

Çàìåòèì, ÷òî èç âñåõ âèäîâ âíåøíèõ âîçäåéñòâèé íàèáîëåå ðàñïðîñòðàíåííûìè ÿâ-
ëÿþòñÿ ãàðìîíè÷åñêèå íàãðóçêè. Îãðàíè÷èìñÿ ðàññìîòðåíèåì ñëó÷àÿ, êîãäà θ(z) èìååò
âèä

θ(z) = cosW (z), (1.18)

ãäå W (z)− ìîíîòîííî âîçðàñòàþùàÿ ôóíêöèÿ.
Â ýòîì ñëó÷àå ðàâåíñòâà (1.17) ìîæíî ïåðåïèñàòü ñëåäóþùèì îáðàçîì:

An = 2

∫ φ(τ−ξ)

0

cosΦn1(ζ)dζ + 2

∫ φ(τ−ξ)

0

cosΦn2(ζ)dζ;

Bn = 2

∫ φ(τ−ξ)

0

sinΦn1(ζ)dζ + 2

∫ φ(τ−ξ)

0

sinΦn2(ζ)dζ,

ãäåΦn1(ζ) = 2πnζ −W (ζ); Φn2(ζ) = 2πnζ +W (ζ).
Òàê êàê ôóíêöèè 2πnζ è W (ζ) ìîíîòîííî âîçðàñòàþò, ôàçà Φn2(ζ) áûñòðî èçìåíÿåò-

ñÿ, ÷òî ïðèâîäèò ê îñöèëëèðîâàíèþ ñ íåáîëüøîé àìïëèòóäîé ñîîòâåòñòâóþùèõ èíòåãðà-
ëîâ. Ôàçà æå Φn1(ζ) ìîæåò èçìåíÿòüñÿ î÷åíü ìåäëåííî. Ïðè ýòîì íàáëþäàåòñÿ ðåçîíàíñ-
íîå ÿâëåíèå, êîòîðîå õàðàêòåðèçóåòñÿ ðîñòîì èíòåãðàëîâ, ñîäåðæàùèõ ôàçó Φn1(ζ) . Èç
èçëîæåííîãî ñëåäóåò, ÷òî ïðè âîçíèêíîâåíèè ðåçîíàíñà ðîñò àìïëèòóäû ñâÿçàí ñ âîçðàñ-
òàíèåì èíòåãðàëîâ ñ ôàçîé Φn1(ζ) , èíòåãðàëàìè æå ñ ôàçîéΦn2(ζ) ìîæíî ïðåíåáðå÷ü.
Òîãäà ïîëíàÿ àìïëèòóäà, îïðåäåëÿåìàÿ ïî ôîðìóëå A2

n = A2
n + B2

n â òî÷êå ξ = ξn(τ)
ñîîòâåòñòâóþùåé ìàêñèìàëüíîìó ðàçìàõó êîëåáàíèé, áóäåò èìåòü ñëåäóþùèé âèä:

A2
n(τ) = 4


[∫ b(r)

0

cosΦn(ζ)dζ

]2
+

[∫ b(r)

0

sinΦn(ζ)dζ

]2 , (1.19)

ãäå b(τ) = φ(τ − ξn(τ)),Φn(ζ) = 2πnζ −W (ζ).
Â ñëó÷àå, êîãäà ëåâàÿ ãðàíèöà íåïîäâèæíà, à çàêîí äâèæåíèÿ ïðàâîé ãðàíèöû èìååò

âèä l(τ) = 1 + ετ (ðàâíîìåðíîå äâèæåíèå), ôóíêöèè φ,Φn îïðåäåëÿþòñÿ ñëåäóþùèì
îáðàçîì

φ(z) =
ln[(1 + εz)/(1− ε)]

2 ln[1/(1− ε)]
− 1

2
;

Φn(ζ) = 2πnζ −W

(
1

ε

(
1

1− ε

)2ζ

− 1

ε

)
. (1.20)

Ïðè âûâîäå (1.20) áûëî ó÷òåíî, ÷òî

ζ =
ln(1 + ετ)

2 ln[1/(1− ε)]
. (1.21)
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Ðàññìîòðèì ÿâëåíèå óñòàíîâèâøåãîñÿ ðåçîíàíñà è ïðîõîæäåíèå ÷åðåç ðåçîíàíñ äëÿ
êðóòèëüíûõ êîëåáàíèé áàëêè ïåðåìåííîé äëèíû. Äèôôåðåíöèàëüíîå óðàâíåíèå, îïèñû-
âàþùåå êðóòèëüíûå êîëåáàíèÿ áàëêè, èìååò âèä:

Qn(x, t)− a2Qxx(x, t) = 0. (1.22)

Ãðàíè÷íûå óñëîâèÿ ìîæíî çàïèñàòü ñëåäóþùèì îáðàçîì:

Q(0, t) = 0; (1.23)

Q(l0(t), t) = BcosW0(ω0t). (1.24)

Â çàäà÷å (1.22) - (1.24) èñïîëüçóþòñÿ ñëåäóþùèå îáîçíà÷åíèÿ:
Q(x, t)− óãîë ïîâîðîòà ñå÷åíèÿ áàëêè ñ êîîðäèíàòîé x â ìîìåíò âðåìåíè t , a2 =

GJ/K,G− ìîäóëü ñäâèãà, J− ïîëÿðíûé ìîìåíò èíåðöèè,K− ìîìåíò èíåðöèè åäèíèöû
äëèíû áàëêè; l0(t) = L0 − v0t− çàêîí äâèæåíèÿ ïðàâîé ãðàíèöû, L0− íà÷àëüíàÿ äëèíà
áàëêè; W0(ω0t) - ìîíîòîííî âîçðàñòàþùàÿ ôóíêöèÿ,B,ω0 - ïîñòîÿííûå âåëè÷èíû. Íà-
÷àëüíûå óñëîâèÿ â äàííîì ñëó÷àå íà ðåçîíàíñíûå ñâîéñòâà âëèÿíèÿ íå îêàçûâàþò, ïîýòîìó
çäåñü îíè íå ðàññìàòðèâàþòñÿ. Ââåäåì â ïîñòàâëåííóþ çàäà÷ó áåçðàçìåðíûå ïåðåìåííûå:

Íà÷àëüíûå óñëîâèÿ â äàííîì ñëó÷àå íà ðåçîíàíñíûå ñâîéñòâà âëèÿíèÿ íå îêàçûâà-
þò, ïîýòîìó çäåñü îíè íå ðàññìàòðèâàþòñÿ. Ââåäåì â ïîñòàâëåííóþ çàäà÷ó áåçðàçìåðíûå
ïåðåìåííûå:

ξ =
ω0

a
x; τ = ω0t−

ω0L0 − a

v0
;Q(x, t) = BΘ(ξ, τ). (1.25)

Â ðåçóëüòàòå çàäà÷à ïðèìåò âèä

Θττ (ξ, τ)−Θξξ(ξ, τ) = 0; (1.26)

Θ(0, τ) = 0; (1.27)

Θ(l(τ), τ) = cosW (τ), (1.28)

ãäå

l(τ) = 1 + ετ ; ε = −v0/a;

W (τ) = W0(τ − γ0); γ0 = (a− ω0L0)/v0.

Äëÿ çàäà÷è âèäà (1.26)-(1.28) âûðàæåíèå àìïëèòóäû íàïðÿæåíèé, ñîîòâåòñòâóþùèõ
êîëåáàíèÿì íà n− íîé äèíàìè÷åñêîé ìîäå èìååò âèä (1.19).

Â ñèñòåìàõ ñ äâèæóùèìèñÿ ãðàíèöàìè âîçìîæíû äâà âèäà ðåçîíàíñíûõ ÿâëåíèé: óñòà-
íîâèâøèéñÿ ðåçîíàíñ è ïðîõîæäåíèå ÷åðåç ðåçîíàíñ.

Óñòàíîâèâøèéñÿ ðåçîíàíñ � ýòî ÿâëåíèå ðåçêîãî óâåëè÷åíèÿ àìïëèòóäû êîëåáàíèé â
ñëó÷àå, êîãäà èçìåíåíèå ÷àñòîòû âíåøíåé ñèëû è îäíîé èç ñîáñòâåííûõ ÷àñòîò ñîãëàñî-
âàíû òàêèì îáðàçîì, ÷òî ñîçäàþòñÿ íàèëó÷øèå óñëîâèÿ äëÿ óâåëè÷åíèÿ àìïëèòóäû.

Ïðîõîæäåíèå ÷åðåç ðåçîíàíñ � ýòî ÿâëåíèå ðåçêîãî óâåëè÷åíèÿ àìïëèòóäû â òå÷åíèå
êîíå÷íîãî ïðîìåæóòêà âðåìåíè, êîãäà ìãíîâåííàÿ ÷àñòîòà îäíîãî èç ñîáñòâåííûõ êîëåáà-
íèé ïðîõîäèò ÷åðåç çíà÷åíèå âîçìóùàþùåé ÷àñòîòû.
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ßâëåíèå óñòàíîâèâøåãîñÿ ðåçîíàíñà áóäåò íàáëþäàòüñÿ, åñëè ñêîðîñòü èçìåíåíèÿ
ôóíêöèè Φn(ζ) ðàâíà íóëþ, ò.å.

Φn(ζ) = γ, (1.29)

ãäå γ− ïîñòîÿííàÿ âåëè÷èíà. Â ýòîì ñëó÷àå âîçðàñòàíèå àìïëèòóäû îïèñûâàåòñÿ ñëå-
äóþùèì âûðàæåíèåì:

An =
ln(1 + ετ)

ln[1/(1− ε)]
. (1.30)

Èññëåäóåì êîëåáàíèÿ áàëêè ïîä äåéñòâèåì íàãðóçêè ïîñòîÿííîé ÷àñòîòû W (τ) = τ
ßâëåíèå ïðîõîæäåíèÿ ÷åðåç ðåçîíàíñ íàáëþäàåòñÿ âî âðåìåííîé îáëàñòè, ñîäåðæàùåé

òî÷êó ζ0 , ãäå

Φ
′

n(ζ0) = 0.

Â ýòîé òî÷êå ìãíîâåííàÿ ÷àñòîòà n− íîãî ñîáñòâåííîãî êîëåáàíèÿ ïðîõîäèò ÷åðåç çíà-
÷åíèå âîçìóùàþùåé ÷àñòîòû. Òî÷êà ζ0 îïðåäåëÿåòñÿ ïî ñëåäóþùåé ôîðìóëå:

ζ0 =
ln
{

πnε
ln[1/(1−ε)]

}
2 ln[1/(1− ε)]

.

Åñëè àìïëèòóäà â íà÷àëå ðåçîíàíñíîé îáëàñòè (òî÷êà ζ1 = φ(τ1 − ξn(τ1)) ) ðàâíà
íóëþ, òî àìïëèòóäà â êîíöå ðåçîíàíñíîé îáëàñòè (òî÷êà ζ2 = φ(τ2− ξn(τ2)) ) îïðåäåëÿåòñÿ
âûðàæåíèåì

A2
n(ζ1, ζ2) = 4

{[∫ ζ2

ζ1

cosΦn(ζ)dζ

]2
+

[∫ ζ2

ζ1

sinΦn(ζ)dζ

]2}
, (1.31)

Ó÷èòûâàÿ (1.21), òî÷êè τ0, τ1, τ2, ñîîòâåòñòâóþùèå òî÷êàì ζ0, ζ1, ζ2, îïðåäåëÿþòñÿ ïî
ôîðìóëå

τi =
1

ε
exp {2ζi ln[1/(1− ε)]} − 1

3
; i = 0, 1, 2.

Â ýòîì ñëó÷àå íà èíòåðâàëå, ñîäåðæàùåì òî÷êó τ0 , áóäåò íàáëþäàòüñÿ ÿâëåíèå ïðî-
õîæäåíèÿ ÷åðåç ðåçîíàíñ. Ôîðìóëà äëÿ ìàêñèìàëüíî âîçìîæíîé àìïëèòóäû çäåñü èìååò
âèä

A2
n(τ1, τ2) =

{[∫ τ2

τ1

cosΦn(τ)dτ

]2
+

[∫ τ2

τ1

sinΦn(τ)dτ

]2}
, (1.32)

ãäå

Fn(τ) =
ε

(1 + ετ) ln[1/(1− ε)]
; Φn(τ) = πn

ln(1 + ετ)

ln[1/(1− ε)]
−W (τ).

Ïðîõîæäåíèå ÷åðåç ðåçîíàíñ íà÷èíàåòñÿ íå äîõîäÿ äî òî÷êè τ0(τ1 < τ0) è çàêàí÷èâà-
åòñÿ çà ýòîé òî÷êîé (τ2 > τ0) . Ñàìà òî÷êà τ0 îïðåäåëÿåòñÿ ïî ôîðìóëå:

τ0 =
πn

ln[1/(1− ε)]
− 1

ε
.
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Èññëåäîâàíèå ïðîõîæäåíèÿ ÷åðåç ðåçîíàíñ çàêëþ÷àåòñÿ â îïðåäåëåíèè ãðàíèö ðåçî-
íàíñíîé îáëàñòè τ1 è τ2 , ñîîòâåòñòâóþùèõ ìàêñèìóìó âûðàæåíèÿ (1.32). Ðåçóëüòàòû
èññëåäîâàíèé ðàâåíñòâà (1.32) íà ìàêñèìóì ÷èñëåííî ïðèâåäåíû â òàáëèöå, îòîáðàæàþ-
ùåé çàâèñèìîñòü âåëè÷èí An, τ1, τ2 îò ñêîðîñòè ε ïðè ïðîõîæäåíèè ÷åðåç ðåçîíàíñ íà
ïåðâîé è âòîðîé äèíàìè÷åñêèõ ìîäàõ.

Òàáëèöà 1: ×èñëåííûå ðåçóëüòàòû èññëåäîâàíèÿ ðàâåíñòâà (1.32) íà ìàêñèìóì
ε -0,40 -0,30 -0,20 -0,10 -0,01 0 0,01 0,10 0,20 0,30 0,40

1 A1 3,3 3,7 4,5 6,2 19,0 ∞ 19,0 5,9 4,0 3,2 2,7
ìîäà τ1 -15,1 -17,7 -22,8 -36,9 -255,4 τ0 176,2 9,6 2,5 0,5 0,0

τ2 -1,7 -2,6 -4,8 -12,1 -179,1 τ0 252,1 33,1 18,8 13,5 10,6
2 A2 2,3 2,6 3,2 4,4 13,4 ∞ 13,4 4,1 2,9 2,3 1,9

ìîäà τ1 -27,1 -32,7 -43,6 -74,9 -586,9 τ0 473,1 34,6 13,2 6,7 3,7
τ2 -8,3 -11,6 -18,3 -40,6 -479,1 τ0 580,3 67,8 36,1 24,9 19,0

Èç àíàëèçà äàííîé òàáëèöû ñëåäóåò, ÷òî ÷åì ìåäëåííåå ïðîèñõîäèò ïðîõîæäåíèå ÷åðåç
ðåçîíàíñ, òåì áîëüøåé âåëè÷èíû äîñòèãàåò àìïëèòóäà êîëåáàíèé. Â çàêëþ÷åíèè îòìå-
òèì, ÷òî ïðèâåäåííàÿ çäåñü ìåòîäèêà ïîçâîëÿåò óñòàíîâèòü âîçìîæíîñòü âîçíèêíîâåíèÿ
ÿâëåíèÿ óñòàíîâèâøåãîñÿ ðåçîíàíñà è ïðîõîæäåíèÿ ÷åðåç ðåçîíàíñ, à òàêæå âû÷èñëèòü
àìïëèòóäó âîçíèêàþùèõ ïðè ýòîì êîëåáàíèé.
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Solving boundary value problems with moving boundaries

using the method of change of variables in the functional

equation

c⃝ V. L. Litvinov2

Abstract. The method of analytical solution of wave equation with the conditions, assigned on
the moving boundaries, is described. With the aid of the change of variables in the functional
equation the original boundary-value problem is brought to the di�erence equation with one �xed
bias, which can be solved using the Laplace integral transform. The expression for amplitude of
oscillation corresponding to n-th dynamic mode is obtained for the �rst kind boundary conditions.
As an example, the torsional vibrations of a beam of variable length considered. Study the resonance
properties brought to the numerical solution.

Key Words: wave equation, variations of systems with moving boundaries, laws of boundary
moving

2 Senior lecturer of dept. of general � theoretical disciplines, Syzran Branch of Samara State Technical
University, Syzran, vladlitvinov@rambler.ru.
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ÓÄÊ 517.9

Ïðèìåð äèôôåîìîðôèçìà ¾èñòî÷íèê-ñòîê¿ íà

äâóìåðíîé ñôåðå, íå âêëþ÷àåìîãî â ãëàäêèé ïîòîê

c⃝ Î. Â. Ïî÷èíêà1, À. À. Ðîìàíîâ2

Àííîòàöèÿ. Îäíèì èç êëàññè÷åñêèõ ðåçóëüòàòîâ Äæ. Ïàëèñà [4] ÿâëÿåòñÿ âêëþ÷åíèå ëþáîãî
ãðàäèåíòíî-ïîäîáíîãî äâóìåðíîãî êàñêàäà â òîïîëîãè÷åñêèé ïîòîê ïðè óñëîâèè, ÷òî âñå åãî
íåáëóæäàþùèå òî÷êè íåïîäâèæíû. Íàïðîòèâ, â ãëàäêèé ïîòîê ñðåäè íèõ âêëþ÷àåòñÿ ëèøü
íèãäå íå ïëîòíîå ìíîæåñòâî, ÷òî ñëåäóåò èç ðàáîòû Ì. Áðèíà [1]. Öåëüþ äàííîé ðàáîòû
ÿâëÿåòñÿ àíàëèòè÷åñêîå ïîñòðîåíèå ïðèìåðà äèôôåîìîðôèçìà ¾èñòî÷íèê-ñòîê¿ íà S2 , íå
âêëþ÷àåìîãî â ãëàäêèé ïîòîê.
Êëþ÷åâûå ñëîâà: âêëþ÷åíèå â ãëàäêèé ïîòîê, äèôôåîìîðôèçì ¾èñòî÷íèê-ñòîê¿

1. Ââåäåíèå è ôîðìóëèðîâêà ðåçóëüòàòîâ

Ïðîáëåìà âêëþ÷åíèÿ äèôôåîìîðôèçìà â ïîòîê ÿâëÿåòñÿ êëàññè÷åñêîé. Äåòàëüíûé
îáçîð ðåçóëüòàòîâ, ïîëó÷åííûõ â ýòîé îáëàñòè, èçëîæåí â [6]. Â ðàáîòå [5] äîêàçàíî, ÷òî
ìíîæåñòâî Cr -äèôôåîìîðôèçìîâ ( r ≥ 1 ), âêëþ÷àþùèõñÿ â C1 -ïîòîê, ÿâëÿåòñÿ ïîäìíî-
æåñòâîì ïåðâîé êàòåãîðèè â Diff r(Mn) . Ñîãëàñíî [1] ìíîæåñòâî C2 -äèôôåîìîðôèçìîâ,
âêëþ÷àþùèõñÿ â C1 -ãëàäêèé ïîòîê, íèãäå íå ïëîòíî â ïðîñòðàíñòâå äèôôåîìîðôèçìîâ
Ìîðñà-Ñìåéëà. Îäíàêî äîêàçàòåëüñòâî ïîñëåäíåãî ðåçóëüòàòà íå íîñèò êîíñòðóêòèâíûé
õàðàêòåð. Â íàñòîÿùåé ðàáîòå àíàëèòè÷åñêè ñòðîèòñÿ ïðèìåð C2 -êàñêàäà, íå âêëþ÷àþ-
ùåãîñÿ íè â êàêîé ãëàäêèé ïîòîê. Äàäèì íåîáõîäèìûå îïðåäåëåíèÿ.

Cm -ïîòîêîì (m ≥ 0 ) íà ãëàäêîì ìíîãîîáðàçèè Mn íàçûâàåòñÿ íåïðåðûâíî çàâè-
ñÿùåå îò t ∈ R ñåìåéñòâî Cm -äèôôåîìîðôèçìîâ X t : Mn → Mn , óäîâëåòâîðÿþùåå
ñëåäóþùèì óñëîâèÿì:

1) X0(x) = x äëÿ ëþáîé òî÷êè x ∈Mn ;

2) X t(Xs(x)) = X t+s(x) äëÿ ëþáûõ s, t ∈ R , x ∈Mn .

C0 -ïîòîê åùå íàçûâàþò òîïîëîãè÷åñêèì ïîòîêîì. Çàìåíèâ R íà Z , ïîëó÷àåì îïðå-
äåëåíèå äèñêðåòíîé äèíàìè÷åñêîé ñèñòåìû èëè êàñêàäà. Áóäåì ãîâîðèòü, ÷òî äèôôåî-
ìîðôèçì f : Mn → Mn âêëþ÷àåòñÿ â Cm -ïîòîê, åñëè f ÿâëÿåòñÿ ñäâèãîì íà åäèíèöó
âðåìåíè âäîëü òðàåêòîðèé íåêîòîðîãî Cm -ïîòîêà X t ( f = X1 ).

Òðàåêòîðèåé èëè îðáèòîé òî÷êè x ∈ Mn íàçûâàåòñÿ ìíîæåñòâî Ox = {f t(x), t ∈
R (Z)} . Òî÷êà x ∈ Mn íàçûâàåòñÿ íåïîäâèæíîé òî÷êîé ïîòîêà f t (êàñêàäà f ), åñëè
Ox = {x} . Òî÷êà x ∈Mn íàçûâàåòñÿ ïåðèîäè÷åñêîé òî÷êîé ïîòîêà f t (êàñêàäà f ), åñëè
ñóùåñòâóåò ÷èñëî per(x) > 0 (per(x) ∈ N) òàêîå, ÷òî f per(x)(x) = x , íî f t(x) ̸= x äëÿ âñåõ
äåéñòâèòåëüíûõ (íàòóðàëüíûõ) ÷èñåë 0 < t < per(x) . ×èñëî per(x) íàçûâàåòñÿ ïåðèîäîì
ïåðèîäè÷åñêîé òî÷êè x .

Äëÿ êàñêàäà f òî÷êà x ∈ Mn íàçûâàåòñÿ áëóæäàþùåé, åñëè ñóùåñòâóåò îòêðûòàÿ
îêðåñòíîñòü Ux òî÷êè x òàêàÿ, ÷òî f t(Ux) ∩ Ux = ∅ äëÿ äëÿ âñåõ t ∈ N . Â ïðîòèâ-
íîì ñëó÷àå òî÷êà x íàçûâàåòñÿ íåáëóæäàþùåé. Ìíîæåñòâî âñåõ íåáëóæäàþùèõ òî÷åê
êàñêàäà f íàçûâàåòñÿ íåáëóæäàþùèì ìíîæåñòâîì è îáîçíà÷àåòñÿ Ωf .

1 Ïðîôåññîð êàôåäðû òåîðèè ôóíêöèé, ÍÍÃÓ èì. Í.È. Ëîáà÷åâñêîãî; olga-pochinka@yandex.ru
2 Ìàãèñòðàíò êàôåäðû òåîðèè ôóíêöèé, ÍÍÃÓ èì. Í.È. Ëîáà÷åâñêîãî; romanov18.04@mail.ru
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Ïóñòü f : Mn → Mn � äèôôåîìîðôèçì è f(p) = p . Òî÷êà p ÿâëÿåòñÿ ãèïåðáîëè÷å-
ñêîé òîãäà è òîëüêî òîãäà, êîãäà ñðåäè ñîáñòâåííûõ ÷èñåë ìàòðèöû ßêîáè

(
∂f
∂x

)
|p (ìàòðè-

öû, ñîñòîÿùåé èç ÷àñòíûõ ïðîèçâîäíûõ â òî÷êå p ôóíêöèé, çàäàþùèõ îòîáðàæåíèå) íåò
÷èñåë, ïo ìîäóëþ ðàâíûõ 1. Åñëè ïðè ýòîì âñå ñîáñòâåííûå ÷èñëà ïî ìîäóëþ ìåíüøå 1,
òî p íàçûâàåòñÿ ñòîêîâîé òî÷êîé; åñëè âñå ñîáñòâåííûå ÷èñëà ïî ìîäóëþ áîëüøå 1, òî p
íàçûâàåòñÿ èñòî÷íèêîâîé òî÷êîé. Ãèïåðáîëè÷åñêàÿ íåïîäâèæíàÿ òî÷êà, íå ÿâëÿþùàÿñÿ
ñòîêîâîé èëè èñòî÷íèêîâîé, íàçûâàåòñÿ ñåäëîâîé òî÷êîé èëè ñåäëîì.

Åñëè p � ïåðèîäè÷åñêàÿ òî÷êà f ñ ïåðèîäîì per(p) , òî, ïðèìåíÿÿ ïðåäûäóùóþ êîí-
ñòðóêöèþ ê äèôôåîìîðôèçìó f per(p) , ïîëó÷àåì êëàññèôèêàöèþ ãèïåðáîëè÷åñêèõ ïåðèî-
äè÷åñêèõ òî÷åê, àíàëîãè÷íóþ êëàññèôèêàöèè íåïîäâèæíûõ.

Êàðòèíà òðàåêòîðèé êàñêàäà â ôàçîâîì ïðîñòðàíñòâå îêîëî ãèïåðáîëè÷åñêèõ òî÷åê
ïðåäñòàâëåíà íà ðèñóíêå 1.

источник сток седло

(a) (b) (c)

Ðèñ. 1: Òðàåêòîðèè êàñêàäà â îêðåñòíîñòè ãèïåðáîëè÷åñêîé íåïîäâèæíîé òî÷êè: (a) èñ-
òî÷íèêà; (b) ñòîêà; (c) ñåäëà.

Ó êàæäîé ãèïåðáîëè÷åñêîé íåïîäâèæíîé òî÷êè p â ñèëó òåîðåìû Àäàìàðà-Ïåððîíà
(ñì., íàïðèìåð, êíèãó [3]) ñóùåñòâóþò óñòîé÷èâîå W s

p è íåóñòîé÷èâîå W u
p ìíîãîîáðàçèÿ,

êîòîðûå â ñëó÷àå êàñêàäà îïðåäåëÿþòñÿ ñëåäóþùèì îáðàçîì:
Ïóñòü p � íåïîäâèæíàÿ ãèïåðáîëè÷åñêàÿ òî÷êà äëÿ äèôôåîìîðôèçìà f , è d � ìåò-

ðèêà, èíäóöèðîâàííàÿ ðèìàíîâîé ìåòðèêîé íà TpMn . Òîãäà äëÿ p ñóùåñòâóåò óñòîé÷èâîå
ìíîãîîáðàçèå W s

p = {y ∈Mn : d(fk(p), fk(y)) → 0 ïðè k → +∞} . Íåóñòîé÷èâîå ìíîãîîá-
ðàçèå ñîîòâåòñòâåííî: W u

p = {y ∈Mn : d(fk(p), fk(y)) → 0 ïðè k → −∞} .
Äèôôåîìîðôèçì f : Mn → Mn , çàäàííûé íà ãëàäêîì çàìêíóòîì (êîìïàêòíîì áåç

êðàÿ) ñâÿçíîì îðèåíòèðóåìîì n -ìíîãîîáðàçèè (n ≥ 1 ) Mn íàçûâàåòñÿ äèôôåîìîðôèç-
ìîì Ìîðñà-Ñìåéëà, åñëè

1) íåáëóæäàþùåå ìíîæåñòâî Ωf êîíå÷íî è ãèïåðáîëè÷íî;
2) ìíîãîîáðàçèÿ W s

p , W
u
q ïåðåñåêàþòñÿ òðàíñâåðñàëüíî3 äëÿ ëþáûõ ïåðèîäè÷åñêèõ

òî÷åê p , q .
Îáîçíà÷èì ÷åðåç MS(Mn) ìíîæåñòâî äèôôåîìîðôèçìîâ Ìîðñà-Ñìåéëà íà ìíîãîîá-

ðàçèè Mn .
Äèôôåîìîðôèçì f ∈ MS(Mn) íàçûâàåòñÿ äèôôåîìîðôèçìîì �èñòî÷íèê-ñòîê�, åñëè

åãî íåáëóæäàþùåå ìíîæåñòâî ñîñòîèò èç îäíîãî ãèïåðáîëè÷åñêîãî ñòîêà è îäíîãî ãèïåð-
áîëè÷åñêîãî èñòî÷íèêà.

Ò å î ð å ì à 1.1. Ñóùåñòâóåò àíàëèòè÷åñêè çàäàííûé ïðèìåð äèôôåîìîðôèçìà
òèïà �èñòî÷íèê-ñòîê� íà S2 , íå âêëþ÷àåìîãî â ãëàäêèé ïîòîê.

3 Ïîíÿòèå òðàíñâåðñàëüíîñòè çàêëþ÷àåòñÿ â ñëåäóþùåì: ãîâîðÿò, ÷òî äâà ãëàäêèõ ïîäìíîãîîáðàçèÿ
X1 , X2 , ïðèíàäëåæàùèõ n -ìíîãîîáðàçèþ Mn , ïåðåñåêàþòñÿ òðàíñâåðñàëüíî (íàõîäÿòñÿ â îáùåì ïîëî-
æåíèè), åñëè ëèáî X1 ∩X2 = ∅ , ëèáî TxX1 + TxX2 = TxM

n äëÿ ëþáîé òî÷êè x ∈ (X1 ∩X2) .
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Áëàãîäàðíîñòè. Ðàáîòà âûïîëíåíà ïðè ôèíàíñîâîé ïîääåðæêå ãðàíòîâ 12-01-00672,
13-01-12452-îôè-ì ÐÔÔÈ è ãðàíòà Ìèíîáðíàóêè ÐÔ â ðàìêàõ ãîñóäàðñòâåííîãî çàäàíèÿ
íà îêàçàíèå óñëóã â 2012-2014 ãã. ïîäâåäîìñòâåííûìè âûñøèìè ó÷åáíûìè çàâåäåíèÿìè
(øèôð çàÿâêè 1.1907.2011).

2. Ïðèìåð äèôôåîìîðôèçìà �èñòî÷íèê-ñòîê� íà S2 , âêëþ÷àåìîãî
â ãëàäêèé ïîòîê

Çàäàäèì íà ïëîñêîñòè ëèíåéíîå ñæàòèå ñ íåðàâíûìè êîýôôèöèåíòàìè ḡ : R2 → R2 ,
ḡ(x1, x2) =

(
x1

2
, x2

3

)
. Ïîñòðîèì íà åãî îñíîâå äèôôåîìîðôèçì íà S2 â âèäå êîìïîçèöèè

g(x1, x2, x3) = ϑ−1
+ ḡϑ+ , ãäå ϑ+ : S2 \ {N} → R2 , ϑ−1

+ : R2 → S2 \ {N} � ïðÿìàÿ è îáðàòíàÿ
ñòåðåîãðàôè÷åñêèå ïðîåêöèè äâóìåðíîé ñôåðû áåç ñåâåðíîãî ïîëþñà íà ïëîñêîñòü [2], çà-

äàííûå ôîðìóëàìè ϑ+(x1, x2, x3) =
(

x1

1−x3
, x2

1−x3

)
, ϑ−1

+ (x1, x2) =
(

2x1

x2
1+x2

2+1
, 2x2

x2
1+x2

2+1
,
x2
1+x2

2−1

x2
1+x2

2+1

)
.

N

x

J+(x)

Ðèñ. 2: Ñòåðåîãðàôè÷åñêàÿ ïðîåêöèÿ

Ïîëó÷èì g(x1, x2, x3) =
(

x1(1−x3)

x2
1/4+x2

2/9+(1−x3)2
, (2/3)x2(1−x3)

x2
1/4+x2

2/9+(1−x3)2
,
x2
1/4+x2

2/9−(1−x3)2

x2
1/4+x2

2/9+(1−x3)2

)
, äîïîëíèâ

äî íåïðåðûâíîñòè íåïîäâèæíîé òî÷êîé â ñåâåðíîì ïîëþñå g(0, 0, 1) = (0, 0, 1) .

Ýòîò äèôôåîìîðôèçì ÿâëÿåòñÿ ñäâèãîì íà åäèíèöó âðåìåíè äëÿ ãëàäêîãî ïîòîêà íà
S2 , çàäàííîãî ôîðìóëîé

gt(x1, x2, x3) =
(

2−t+1x1(1−x3)

2−2tx2
1+3−2tx2

2+(1−x3)2
, 2·3−tx2(1−x3)

2−2tx2
1+3−2tx2

2+(1−x3)2
,
2−2tx2

1+3−2tx2
2−(1−x3)2

2−2tx2
1+3−2tx2

2+(1−x3)2

)
, ïîñòîðåí-

íîãî àíàëîãè÷íûì îáðàçîì èç ïîòîêà íà ïëîñêîñòè
ḡt(x1, x2) = (2−tx1, 3

−tx2) è äîïîëíåííîãî äî íåïðåðûâíîñòè â òî÷êå (0,0,1) êàê
gt(0, 0, 1) = (0, 0, 1) .

3. Ïîñòðîåíèå äèôôåîìîðôèçìà �èñòî÷íèê-ñòîê� íà S2 , íå âêëþ-
÷àåìîãî â ãëàäêèé ïîòîê

Íà ïëîñêîñòè çàäàäèì äèôôåîìîðôèçì f̄(x1, x2) ñëåäóþùèì îáðàçîì: ñîñòàâèì åãî èç
äâóõ äèôôåîìîðôèçìîâ ñ ðàçëè÷íûìè êîýôôèöèåíòàìè ëèíåéíîãî ñæàòèÿ h1(x1, x2) =(
x1

4
, x2

6

)
, h2(x1, x2) =

(
x1

2
, x2

3

)
, òàê, ÷òî çîíà äåéñòâèÿ ïåðâîãî âêëþ÷àåò îêðåñòíîñòü òî÷-

êè (0,0) (íà ñôåðå áóäåò âêëþ÷àòü îêðåñòíîñòü þæíîãî ïîëþñà), à âòîðîãî � óõîäèò â
áåñêîíå÷íîñòü (íà ñôåðå ñîîòâåòñòâåííî áóäåò âêëþ÷àòü îêðåñòíîñòü ñåâåðíîãî ïîëþñà).
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Çàäàâ â íåêîòîðîé îáëàñòè, îêðóæàþùåé îáëàñòü äåéñòâèÿ h1 , ãëàäêèé ïåðåõîä îò
ñæàòèÿ h2 ê ñæàòèþ h1 , ìû ïîñòðîèì èñêîìûé äèôôåîìîðôèçì. Ýòó îáëàñòü îãðàíè÷èì
åäèíè÷íîé îêðóæíîñòüþ x21 + x22 = 1 è ýëëèïñîì x2

1

4
+

x2
2

9
= 1 .

Ïåðåéä¼ì ê ïîëÿðíîé ñèñòåìå êîîðäèíàò, â êîòîðîé ïðÿìîóãîëüíûå êîîðäèíàòû íà
ïëîñêîñòè âûðàæàþòñÿ êàê x1 = ρ ∗ cosφ , x2 = ρ ∗ sinφ .

Ïðåäñòàâèì f̄(ρ, φ) = (f̄1(ρ, φ) = ρ̄, f̄2(φ) = φ̄) .

Äëÿ h2 : ρ̄ = q2(ρ, φ) =
√

(1
2
ρ · cosφ)2 + (1

3
ρ · sinφ)2 = ρ

√
1
9
+ 5

36
cos2 φ = αρ ,

äëÿ h1 : ρ̄ = q1(ρ, φ) =
√

(1
4
ρ · cosφ)2 + (1

6
ρ · sinφ)2 = α

2
ρ ,

f̄2(φ) = φ̄ =


arctg(2

3
tgφ), φ ∈ (−π

2
, π
2
);

arctg(2
3
tgφ) + φ, φ ∈ (π

2
, 3π

2
);

φ, φ = ±π
2

Òàê êàê çàêîí φ̄ îäèíàêîâ äëÿ ýòèõ äâóõ ñæàòèé (ââèäó ïðîïîðöèîíàëüíîñòè èõ ëè-
íåéíûõ êîýôôèöèåíòîâ ïî ïðÿìîóãîëüíûì êîîðäèíàòàì), òî îí ñîõðàíèòñÿ áåç èçìåíåíèÿ
è â ïåðåõîäíîé çîíå. Èçìåíåíèå êîîðäèíàòû ρ ëèíåéíî, íî êîýôôèöèåíò ñæàòèÿ çàâèñèò
îò óãëîâîé êîîðäèíàòû φ , è ðàçëè÷àåòñÿ ó äèôôåîìîðôèçìîâ â äâà ðàçà

Äëÿ ãëàäêîãî ñîåäèíåíèÿ çàêîíîâ èçìåíåíèÿ ðàäèàëüíîé êîîðäèíàòû q1(ρ, φ) è q2(ρ, φ)
ñ ó÷¼òîì ãëàäêîñòè è íåïðåðûâíîñòè ïåðâîé ïðîèçâîäíîé ñòðîèì ñïëàéí ïÿòîé ñòåïåíè ïî
ñëåäóþùèì äàííûì:

q3(ρ1, φ) = 1 , q′3(ρ1, φ) = α , q′′3(ρ1, φ) = 0 ,
q3(1, φ) = ρ2 , q′3(1, φ) =

α
2
, q′′3(1, φ) = 0 ,

ãäå ρ1 � ðàäèàëüíàÿ êîîðäèíàòà äëÿ êîíêðåòíîãî φ íà ýëëèïñå x2
1

4
+

x2
2

9
= 1 , ρ1 = 1/α ;

ρ2 � ðàäèàëüíàÿ êîîðäèíàòà äëÿ êîíêðåòíîãî φ íà ýëëèïñå 16x21 + 36x22 = 1 , ρ2 = α/2 .
Ïîëó÷àåì
q3 =

αρ
2
+ 2α+3

(1/α−1)3
(ρ− 1)3 − 3,5α+4

(1/α−1)4
(ρ− 1)4 + 1,5(α+1)

(1/α−1)5
(ρ− 1)5 ,

q′3 =
α
2
+ 6α+9

(1/α−1)3
(ρ− 1)2 − 14α+16

(1/α−1)4
(ρ− 1)3 + 7,5(α+1)

(1/α−1)5
(ρ− 1)4 .

Ïðîèçâîäíàÿ q′3 äëÿ âñåõ çíà÷åíèé (ρ, φ) èç ïåðåõîäíîé çîíû íå ðàâíà íóëþ, òî åñòü
q3 ÿâëÿåòñÿ äèôôåîìîðôèçìîì.

Òàêèì îáðàçîì, èñêîìûé äèôôåîìîðôèçì íà ïëîñêîñòè çàïèøåòñÿ â âèäå:

ρ̄ =


αρ, ρ ≥ 1/α;
αρ
2
, ρ ≤ 1;

αρ
2
+ 2α+3

(1/α−1)3
(ρ− 1)3 − 3,5α+4

(1/α−1)4
(ρ− 1)4 + 1,5(α+1)

(1/α−1)5
(ρ− 1)5, 1 < ρ < 1/α

φ̄ =


arctg(2

3
tgφ), φ ∈ (−π

2
, π
2
);

arctg(2
3
tgφ) + φ, φ ∈ (π

2
, 3π

2
);

φ, φ = ±π
2

ãäå α =
√

1
9
+ 5

36
cos2 φ .

Îïðåäåëèì C2 -äèôôåîìîðôèçì f : S2 → S2 ôîðìóëîé

f(x1, x2, x3) =

{
ϑ−1
+ (f̄(ϑ+(x1, x2, x3))), x ̸= (0, 0,±1);

(0, 0,±1), x = (0, 0,±1).

4. Äîêàçàòåëüñòâî òåîðåìû 1.1.

Ïîêàæåì, ÷òî äèôôåîìîðôèçì f : S2 → S2 , ïîñòðîåííûé â ðàçäåëå 3., íå âêëþ÷àåòñÿ
â ãëàäêèé ïîòîê. Ïðåäïîëîæèì ïðîòèâíîå: ñóùåñòâóåò C1 âåêòîðíîå ïîëå, ïîðîæäàþ-
ùåå ïîòîê, ñäâèãîì íà åäèíèöó âðåìåíè êîòîðîãî ÿâëÿåòñÿ äèôôåîìîðôèçì f . Òîãäà ýòî
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âåêòîðíîå ïîëå èíäóöèðóåò C1 âåêòîðíîå ïîëå v íà îñè Ox2 , ïîðîæäàþùåå ïîòîê, ñäâè-
ãîì íà åäèíèöó âðåìåíè êîòîðîãî ÿâëÿåòñÿ äèôôåîìîðôèçì h = f̄ |Ox2 . Ïî ïîñòðîåíèþ
h(x) = h1(x) =

x
6
äëÿ x ∈ (0, 1] è h(x) = h2(x) =

x
3
äëÿ x ∈ [3,+∞) . Â ñèëó [7], ñóùåñòâó-

åò åäèíñòâåííîå C1 âåêòîðíîå ïîëå v1(x) = −ln6·x (v2(x) = −ln3·x) , ïîðîæäàþùåå ïîòîê
ñî ñäâèãîì íà åäèíèöó âðåìåíè h1 (h2) . Îòêóäà ñëåäóåò, ÷òî v(x) = v1(x) äëÿ x ∈ (0, 1]
è v(x) = v2(x) äëÿ x ∈ [3,+∞) .

Ïîëîæèì ψ(x) = h−1(x
6
) äëÿ x ∈ (0, 9] . Íåïîñðåäñòâåííî ïðîâåðÿåòñÿ, ÷òî ψ : (0, 9] →

(0, 9
2
] � C2 -äèôôåîìîðôèçì òàêîé, ÷òî hψ = ψh1 äëÿ x ∈ (0, 9] . Òîãäà äèôôåîìîðôèçì

ψ èíäóöèðóåò âåêòîðíîå ïîëå v∗ íà ïðîìåæóòêå (0, 9
2
] ôîðìóëîé

v∗(ψ(x)) = ψ′(x) · v1(x), x ∈ (0, 9] (∗)

Ïðè ýòîì äèôôåîìîðôèçì h íà èíòåðâàëå (0, 9
2
] ÿâëÿåòñÿ ñäâèãîì íà åäèíèöó âðåìåíè

âåêòîðíîãî ïîëÿ, ïîðîæäåííîãî v∗ . Ïîñêîëüêó òàêîå âåêòîðíîå ïîëå åäèíñòâåííî íà îò-
ðåçêå [3, 9

2
] , òî v∗(x) = v2(x) äëÿ x ∈ [3, 9

2
] . Ïîäñòàâèâ ïîñëåäíåå ðàâåíñòâî â ôîðìóëó

(*), ïîëó÷àåì
ψ(x) = 2ψ′(x), x ∈ (0, 9] (∗∗)

Ðåøåíèåì äèôôåðåíöèàëüíîãî óðàâíåíèÿ (∗∗) ÿâëÿåòñÿ ôóíêöèÿ ψ(x) = c·e2x, x ∈ (0, 9] ,
ãäå ñ � íåêîòîðàÿ êîíñòàíòà. Ïîëó÷èëè ïðîòèâîðå÷èå ñ òåì, ÷òî ψ(x) = x äëÿ x ∈ (0, 1] .
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The example of a di�eomor�sm ¾source-sink¿ which does

not include to a smooth �ow

c⃝ O. V. Pochinka4, A. A. Romanov5

Abstract. The inclusion to a topological �ow of any two-dimensional gradient-like cascade with
condition that all its non-wandering points are �xed is one of the classical results of J.Palis [4].
In contrast, a nowhere dense set of them are included in a smooth �ow, it follows from the [1].
The analytic construction of an example of the di�eomor�sm ¾source-sink¿ on S2 which does not
include to a smooth �ow is the purpose of this paper.

Key Words: di�eomor�sm ¾source-sink¿, inclusion to a smooth �ow
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ÓÄÊ 517.948.67

Î âîçìóùåíèÿõ â ñïåêòðå Ý.Øìèäòà ëèíåéíûõ

îïåðàòîðîâ â ãèëüáåðòîâûõ ïðîñòðàíñòâàõ

c⃝ Ä. Ã. Ðàõèìîâ1

Àííîòàöèÿ. Â òåîðèè âîçìóùåíèé äèñêðåòíîãî ñïåêòðà ôðåäãîëüìîâûõ îïåðàòîðîâ â ðàáî-
òàõ [5], [6] ïðåäëîæåíà ðåãóëÿðèçàöèÿ, ïîçâîëÿþùàÿ ñâîäèòü ñëó÷àè âîçìóùåíèé êðàòíûõ
ñîáñòâåííûõ çíà÷åíèé ê ïðîñòûì. Â äàííîé ðàáîòå ðåãóëÿðèçîâàííûå ìåòîäû âîçìóùåíèé, â
òîì ÷èñëå è â àñïåêòå ëîæíûõ âîçìóùåíèé ïî Ì.Ã.Ãàâóðèíó [8], ïðèìåíÿþòñÿ ê ñïåêòðàëü-
íûì çàäà÷àì ïî Ý.Øìèäòó.

Êëþ÷åâûå ñëîâà: ìåòîäû òåîðèè âåòâëåíèÿ, ñïåêòð Ý.Øìèäòà, òåîðèÿ âîçìóùåíèé, óðàâ-
íåíèå ðàçâåòâëåíèÿ, îáîáùåííûå æîðäàíîâû öåïî÷êè (ÎÆÖ), ðåãóëÿðèçàöèÿ

1. Ââåäåíèå.

Â íà÷àëå ïðîøëîãî âåêà Ý.Øìèäò â ðÿäå ñâîèõ ñòàòåé ðàññìàòðèâàÿ ëèíåéíûå è íåëè-
íåéíûå èíòåãðàëüíûå óðàâíåíèÿ ââåë ñîáñòâåííûå çíà÷åíèÿ λk îïåðàòîðà äåéñòâóþùåãî
â ãèëüáåðòîâîì ïðîñòðàíñòâå B : H → H è ñîîòâåòñòâóþùèå ñîáñòâåííûå ýëåìåíòû
{uk}∞1 , {vk}∞1 óäîâëåòâîðÿþùèå îòíîøåíèÿì Buk = λkvk, B

∗vk = λkuk. Â äàëüíåéøåì
[1-4] ýòè ñîáñòâåííûå çíà÷åíèÿ ñòàëè íàçûâàòüñÿ "ñïåêòðîì Ý.Øìèäòà".

Â ðàáîòå [2] îïðåäåëÿåòñÿ ôðåäãîëüìîâîñòü ñîáñòâåííûõ çíà÷åíèé Ý.Øìèäòà è îáîá-
ùåííûå æîðäàíîâûå öåïî÷êè (ÎÆÖ). Ðàññìàòðèâàåòñÿ ÷èñëåííûé ìåòîä, îñíîâàííûé íà
ìåòîäå ëîæíûõ âîçìóùåíèé äëÿ îïðåäåëåíèÿ ñîáñòâåííûõ çíà÷åíèé Ý.Øìèäòà è ñîîòâåò-
ñòâóþùèõ èì ñîáñòâåííûõ ýëåìåíòîâ.

Â äàííîé ðàáîòå ìåòîäàìè ðåãóëÿðèçàöèè (ïðåäñòàâëåííûìè â [5, 6]) â çàäà÷àõ òåîðèè
âåòâëåíèÿ [7] èññëåäóåòñÿ âîçìóùåíèå ñïåêòðà Ý.Øìèäòà. Ïðèìåíåíèåì ìåòîäà äèàãðàì-
ìû Íüþòîíà ê óðàâíåíèþ ðàçâåòâëåíèÿ óñòàíàâëèâàþòñÿ ïîðÿäêè çàâèñèìîñòè ñîáñòâåí-
íîãî çíà÷åíèÿ âîçìóùåííîãî îïåðàòîðà îò ïàðàìåòðà âîçìóùåíèÿ ε.

2. Ïîñòàíîâêà çàäà÷è

Ïóñòü H− ãèëüáåðòîâî ïðîñòðàíñòâî, è B0, A0 : H → H - ëèíåéíûå îïåðàòîðû.

Î ï ð å ä å ë å í è å 2.1. ×èñëî λ ∈ C íàçûâàåòñÿ ñîáñòâåííûì çíà÷åíèåì
Ý.Øìèäòà, åñëè ñèñòåìà óðàâíåíèé

B0φ = λA0ψ, B
∗
0ψ = λA0φ (2.1)

èìååò íåòðèâèàëüíûå ðåøåíèÿ (φ, ψ). Ïàðó (φ, ψ) íàçûâàþò A0 -ñîáñòâåííûì
ýëåìåíòîì Ý.Øìèäòà ñîîòâåòñòâóþùèì ñîáñòâåííîìó çíà÷åíèþ λ.

Â ïðÿìîé ñóììå H
⊕

H ðàâåíñòâà ( 2.1) ìîæíî íàïèñàòü â ìàòðè÷íîì âèäå

(B0 − λA0)⊕ =

(
−λA∗

0 B∗
0

B0 −λA0

)(
φ
ψ

)
= 0,

1 äîöåíò, Íàöèîíàëüíûé óíèâåðñèòåò Óçáåêèñòàíà, ã. Òàøêåíò; Davranaka@yandex.ru.
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ãäå

B0 =

(
0 B∗

0

B0 0

)
, A0 =

(
A∗

0 0
0 A0

)
.

Àíàëîãè÷íî îïðåäåëÿþòñÿ A∗
0 -ñîáñòâåííûå ýëåìåíòû Ý.Øìèäòà îïåðàòîðà B0,

îòâå÷àþùèå òåì æå ñîáñòâåííûì çíà÷åíèÿì λ

B0φ̃ = λA∗
0ψ̃, B

∗
0ψ̃ = λA0φ̃

èëè

(B∗
0 − λA∗

0)Ψ =

[(
0 B∗

0

B0 0

)
− λ

(
A0 0
0 A∗

0

)](
φ̃

ψ̃

)
= 0.

Ïóñòü N (B0 − λA0) = {Φi}n1 , N (B∗
0 − λA∗

0) = {Ψi}m1 .

Î ï ð å ä å ë å í è å 2.2. Åñëè m = n, òî ñîáñòâåííîå çíà÷åíèå λ íàçûâàåòñÿ
ôðåäãîëüìîâûì, â èíîì ñëó÷àå λ íàçûâàåòñÿ íåòåðîâûì.

Ïóñòü λ0 - ôðåäãîëüìîâà òî÷êà ñïåêòðà Øìèäòà îïåðàòîð-ôóíêöèè B0 − tA0 ñ ñîîò-
âåòñòâóþùèìè A0− è A∗

0− æîðäàíîâûìè öåïî÷êàìè ñ äëèíàìè p1 ≤ p2 ≤ · · · ≤ pn :

(B0 − λ0A0) Φ
(k)
i0 = A0Φ

(k−1)
i0 , (B∗

0 − λ0A∗
0)Ψ

(k)
i0 = A∗

0Ψ
(k−1)
i0 , k = 2, pi, i = 1, n,

K = det
∥∥∥⟨A0Φ

(pi)
i0 ,Ψ

(1)
j0 ⟩
∥∥∥ ̸= 0, L = det ∥Lij∥ ̸= 0, Lij = det

∥∥∥⟨A0Φ
(pi+1−k)
i0 ,Ψ

(l)
j0 ⟩
∥∥∥ ,

k(l) = 2, pi(pj), i(j) = 1, n.

Ñîãëàñíî [2, 4] ýëåìåíòû Φ
(j)
i0 , Ψ

(l)
k0, j(l) = 2, pi(pk), i(k) = 1, n A0 - è A∗

0 -æîðäàíîâûõ
íàáîðîâ, îòâå÷àþùèõ λ0 îïåðàòîð-ôóíêöèè B0 − λ0A0 ìîãóò áûòü âûáðàíû òàê, ÷òîáû
âûïîëíÿëèñü ñëåäóþùèå ñîîòíîøåíèÿ áèîðòîãîíàëüíîñòè

⟨Φ(j)
i0 ,Γ

(l)
k0⟩ = δikδjl, ⟨Z(j)

i0 ,Ψ
(l)
k0⟩ = δikδjl,

ãäå Γ
(l)
k0 = A∗

0Ψ
(pk+1−l)
k0 , Z

(j)
i0 = A0Φ

(pi+1−j)
i0 . Äëÿ íàøåé çàäà÷è ýòè ñîîòíîøåíèÿ èìåþò âèä

⟨Φ(j)
i0 ,Γ

(l)
k0⟩ = ⟨φ(j)

i0 , A
∗
0φ̃

(pk+1−l)
k0 ⟩+ ⟨A0ψ

(j)
i0 , ψ̃

(pk+1−l)
k0 ⟩ = δikδjl,

⟨Z(j)
i0 ,Ψ

(l)
k0⟩ = ⟨φ(pi+1−j)

i0 , A∗
0φ̃

(l)
k0⟩+ ⟨A0ψ

(pi+1−j)
i0 , ψ̃

(l)
k0⟩ = δikδjl.

Ïóñòü ε ⊂ C− ìàëûé ïàðàìåòð, |ε| ≤ ϱ0 è A (ε) =
∞∑
k=0

Akε
k : H → H, âîçìóùåííàÿ

îïåðàòîð-ôóíêöèÿ, òàêàÿ ÷òî A (0) = A0.
Ñòàâèòñÿ çàäà÷à: íàéòè ñîáñòâåííûå çíà÷åíèÿ λ0 + µ(ε) çàäà÷è

B0φ = λA (ε)ψ, B∗
0ψ = λA∗ (ε)φ (2.2)

òàêèå, ÷òî µ(ε) → 0 ïðè ε → 0, à òàêæå ñîáñòâåííûå ýëåìåíòû Φi(ε), îòâå÷àþùèå
ýòèì ñîáñòâåííûì çíà÷åíèÿì.
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2.1. Ïîñòðîåíèå óðàâíåíèÿ ðàçâåòâëåíèÿ.

Ïîñòàâëåííóþ çàäà÷ó çàïèøåì â ìàòðè÷íîé ôîðìå:

(B0 − λ0A0) Φ = µA(ε)Φ + λ0A1(ε)Φ

ãäå

A(ε) =

(
A∗(ε) 0
0 A(ε)

)
, A1(ε) = A(ε)−A0.

Ñòðîèì îïåðàòîðû

(B0 − λA(ε))i = B0 − λA(ε) +
∑
j ̸=i

⟨·,Γj0⟩Zj0. (2.3)

Ò å î ð å ì à 2.1. Ïðè êàæäîì i = 1, n è äîñòàòî÷íî ìàëûõ ε ñóùåñòâóþò
ïîñòîÿííûå cis, dis, s ̸= i òàêèå, ÷òî λi(ε) ÿâëÿåòñÿ ïðîñòûì ñîáñòâåííûì çíà÷åíè-
åì îïåðàòîðà (2.3) ñ ñîîòâåòñòâóþùèì ñîáñòâåííûì ýëåìåíòîì Φ̃i(ε) = Φi +

∑
s ̸=i

cisΦs

è äåôåêòíûì ôóíêöèîíàëîì Ψ̃i(ε) = Ψi +
∑
s̸=i

disΨs.

Ä î ê à ç à ò å ë ü ñ ò â î. Ïóñòü λi(ε) - ñîáñòâåííîå çíà÷åíèå ñ ñîîòâåòñòâóþùèì
ñîáñòâåííûì ýëåìåíòîì Φ̃i(ε) îïåðàòîðà (2.3). Òîãäà

0 = (B0 − λi(ε)A(ε))iΦ̃i(ε) =
=
∑
j ̸=i

cij (B0 − λi(ε)A(ε)) Φj(ε) +
∑
j ̸=i

⟨Φi(ε),Γj0⟩Zj0 +
∑
j ̸=i

∑
s ̸=i

cis ⟨Φs(ε),Γj0⟩Zj0

èëè ïîñëå ïðèìåíåíèÿ ôóíêöèîíàëîâ Ψk0, k ̸= i ê îáåèì ÷àñòÿì ðàâåíñòâà∑
j ̸=i

cij [⟨Φj(ε),Γk0⟩+ ⟨(B0 − λi(ε)A(ε)) Φj(ε),Ψk0⟩] = −⟨Φi(ε),Γk0⟩ , k ̸= i. (2.4)

Çäåñü â ñèëó ðàçëîæåíèé Φs(ε) = Φs0 +O(ε) è A (λi; ε) = A (λ0; 0) +O(ε) èìååì

(B0 − λi(ε)A(ε)) Φs(ε) = (B0 − λi(ε)A(ε)) Φi(ε)+

+ (B0 − λi(ε)A(ε)) (Φs(ε)− Φi(ε)) = (B0 − λi(ε)A(ε)) (Φs(ε)− Φi(ε)) =

= [(B0 − λ0A0) +O(ε)] [Φs0 − Φi0 +O(ε)] = O(ε).

Òàê êàê ⟨Φi(ε),Γj0⟩ = ⟨Φi0 +O(ε),Γj0⟩ = δij+O(ε), òî îïðåäåëèòåëü ñèñòåìû (2.4) îòëè÷åí
îò íóëÿ è ïîýòîìó îíà èìååò åäèíñòâåííîå ðåøåíèå. Åäèíñòâåííîñòü Ψ̃i(ε) äîêàçûâàåòñÿ
àíàëîãè÷íî.

Äëÿ êàæäîãî i = 1, n óðàâíåíèå (B0 − λi(ε)A(ε))iΦ̃i(ε) = 0 çàïèñûâàåòñÿ â âèäå

(B0 − λ0A0) Φ̃i(ε) = µi(ε)A(ε)Φ̃i(ε) + λ0A1(ε)Φ̃i(ε)−
∑
j ̸=i

⟨
Φ̃i(ε),Γj0

⟩
Zj0.

Ñ ïîìîùüþ ðåãóëÿðèçàòîðà Øìèäòà [7] îíî ñâîäèòñÿ ê ñèñòåìå{
Φ̃i(ε) = ξi [I − µiΓA(ε)− λ0ΓA1(ε)]

−1 Φi0,

ξi = ⟨Φ̃i(ε),Γi0⟩,
(2.5)
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ãäå Γ =

[
B0 − λ0A0 +

n∑
i=1

⟨·,Γi0⟩Zi0

]−1

. Ïîäñòàâëÿÿ Φ̃i(ε) âî âòîðîå óðàâíåíèå (2.5)

ñòðîèì óðàâíåíèå ðàçâåòâëåíèÿ:

Li (µi, ε) ≡
∞∑

k+s=1

L
(i)
ksµ

k
i ε

s ≡

≡
⟨
(µiA(ε) + λ0A1(ε)) [I − µiΓA(ε)− λ0ΓA1(ε)]

−1 Φi0,Ψi0

⟩
= 0.

(2.6)

ãäå â ÷àñòíîñòè L
(i)
s0 =

⟨
A0 (ΓA0)

s−1 Φi0,Ψi0

⟩
, s = 1, 2, ..., L

(i)
0k =

=

⟨
k∑

α=1

λαo
∑

k1+k2+···+kα=k

ΓAk1 . . .ΓAkαΦi0,Γi0

⟩
, k = 1, 2, ....

Ä î ê à ç à ò å ë ü ñ ò â î ç à ê î í ÷ å í î.

Ò å î ð å ì à 2.2. Ïóñòü N (B0 − λA0) = {Φi}n1 , N (B∗
0 − λA∗

0) = {Ψi}n1 . Ïðè îò-
ñóòñòâèè ÎÆÖ äëÿ äîñòàòî÷íî ìàëûõ ε ñóùåñòâóåò ðîâíî n ïðîñòûõ ñîáñòâåí-
íûõ çíà÷åíèé λi(ε) (λi(0) = λ0 ) ñ ñîîòâåòñòâóþùèìè ñîáñòâåííûìè ýëåìåíòàìè Φ̃i(ε)
è äåôåêòíûìè ôóíêöèîíàëàìè Ψ̃i(ε), ïðåäñòàâèìûå â âèäå ñõîäÿùåãîñÿ ðÿäà ïî öåëûì
ñòåïåíÿì ε.

Ä î ê à ç à ò å ë ü ñ ò â î. Â ñèëó óñëîâèÿ òåîðåìû L
(i)
10 = ⟨A0Φi0,Ψi0⟩ ̸= 0, i = 1, n.

Åñëè L
(i)
0q ïåðâûé îòëè÷íûé îò íóëÿ êîýôôèöèåíò èç ïîñëåäîâàòåëüíîñòè {L(i)

0j }∞1 , òî
ïðèìåíÿÿ ê (2.6) äèàãðàììó Íüþòîíà [4], îïðåäåëÿåì óáûâàþùóþ ÷àñòü, ñîñòîÿùóþ èç
îòðåçêà, ñîåäèíÿþùåãî òî÷êè (1, 0) è (0, q). Îòñþäà ñëåäóåò, ÷òî λi(ε) è Φ̃i(ε) ïðåä-
ñòàâëÿþòñÿ ðÿäàìè ïî ñòåïåíÿì εq.
Ä î ê à ç à ò å ë ü ñ ò â î ç à ê î í ÷ å í î.

Ò å î ð å ì à 2.3. Åñëè äëÿ êàæäîãî i = 1, n ÎÆÖ èìåþò äëèíû pi , ïðè÷åì⟨
A0Φ

(pi)
i0 ,Ψ

(1)
i0

⟩
̸= 0, òî äëÿ äîñòàòî÷íî ìàëûõ ε ñóùåñòâóþò ðîâíî N = p1 + p2 +

· · ·+ pn íåïðåðûâíûõ ïî ε ñîáñòâåííûõ çíà÷åíèé λi(ε) = λ0 + µi(ε) ñ îòâå÷àþùèìè
èì ñîáñòâåííûìè ýëåìåíòàìè Φ̃i(ε) , ïðåäñòàâèìûå ñõîäÿùèìèñÿ ðÿäàìè ïî öåëûì

ñòåïåíÿì ε è ïî ñòåïåíÿì ε
1

pi−1 .

Ä î ê à ç à ò å ë ü ñ ò â î. Ðàññìîòðèì ñíà÷àëà ñëó÷àé, êîãäà L
(i)
0j = 0, j = 1,∞, è

L
(i)
11 ̸= 0. Òîãäà óáûâàþùàÿ ÷àñòü äèàãðàììû Íüþòîíà äëÿ óðàâíåíèÿ ðàçâåòâëåíèÿ (2.6)

ñîñòîèò èç îòðåçêà ñîåäèíÿþùåãî òî÷êè (1, 1) è (pi, 0) . Îòñþäà ñëåäóåò, ÷òî λi(ε)

è Φ̃i(ε) ïðåäñòàâëÿþòñÿ ñõîäÿùèìèñÿ ðÿäàìè ïî ñòåïåíÿì ε
1

pi−1 , ò.å. çàäà÷à (2.2) èìååò
ðîâíî N = p1+ p2+ · · ·+ pn ñîáñòâåííûõ çíà÷åíèé, ïðåäñòàâèìûõ ñõîäÿùèìèñÿ ðÿäàìè

ïî ñòåïåíÿì ε
1

pi−1 .
Åñëè æå L

(i)
0j = 0, j = 1, qi−1, L

(i)
0qi−1

̸= 0 è L
(i)
11 ̸= 0, òî óáûâàþùàÿ ÷àñòü äèàãðàììû

Íüþòîíà ñîñòîèò èç äâóõ îòðåçêîâ, îäèí èç êîòîðûõ ñîåäèíÿåò òî÷êè (1, 1) è (pi, 0) ,
à âòîðîé òî÷êè (1, 1) è (0, qi). Ïåðâîìó îòðåçêó îòâå÷àåò ïîêàçàòåëü 1

pi−1
, à âòîðîìó

îòðåçêó â ëþáîì ñëó÷àå - öåëî÷èñëåííûé ïîêàçàòåëü. Ñëåäîâàòåëüíî, çàäà÷à (2.2) èìååò
n ñîáñòâåííûõ çíà÷åíèé, ïðåäñòàâèìûõ ñõîäÿùèìèñÿ ðÿäàìè ïî öåëûì ñòåïåíÿì ε è

N − n ñîáñòâåííûõ çíà÷åíèé,ïðåäñòàâèìûx ñõîäÿùèìèñÿ ðÿäàìè ïî ñòåïåíÿì ε
1

pi−1 .
Êàæäîìó λi(ε) îòâå÷àåò ñîáñòâåííûé ýëåìåíò Φ̃i(ε), ïðåäñòàâèìûé ñõîäÿùèìñÿ ðÿäîì
ïî òåì æå ñòåïåíÿì ε , ÷òî è ñîîòâåòñòâóþùèé åìó λi(ε).
Ä î ê à ç à ò å ë ü ñ ò â î ç à ê î í ÷ å í î.

Ç à ì å ÷ à í è å 2.1. Óñëîâèå òåîðåìû
⟨
A0Φ

(pi)
i0 ,Ψ

(1)
i0

⟩
̸= 0 äîïóñêàåò âîçìîæ-

íîñòü íåïîëíîòû îáîáùåííîãî æîðäàíîâà íàáîðà [7].
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Ç à ì å ÷ à í è å 2.2. Ïîëó÷åííûå ðåçóëüòàòû îáîáùàþòñÿ íà áàíàõîâû ïðî-
ñòðàíñòâà E1, E2 ñ îïåðàòîðàìè B0, A0(A(ε)) ∈ L(E1, E2), ïðè ïëîòíîì âëîæåíèè
E1 ⊂ E2 ⊂ H.

3. Óòî÷íåíèå ñîáñòâåííûõ çíà÷åíèé Ý. Øìèäòà ìåòîäîì ëîæíûõ
âîçìóùåíèé

Òåïåðü íà îñíîâå ìåòîäà ðåãóëÿðèçàöèè ðàññìîòðèì óòî÷íåíèå ïðèáëèæåííî çàäàííûõ
ñîáñòâåííûõ çíà÷åíèé Øìèäòà è ñîîòâåòñòâóþùèõ èì ýëåìåíòîâ ÎÆÖ ìåòîäîì ëîæíûõ
âîçìóùåíèé. Ðåçóëüòàòû ïðåäñòàâëåíû â ãèëüáåðòîâûõ ïðîñòðàíñòâàõ äëÿ óïðîùåíèÿ èç-
ëîæåíèÿ (ñì. çàìå÷àíèå 2.2.).

Â ïðÿìîé ñóììå H ⊕H ðàññìîòðèì ñïåêòðàëüíóþ çàäà÷ó Ý. Øìèäòà (2.1). Ïóñòü
äëÿ n -êðàòíîãî ñîáñòâåííîãî ÷èñëà Øìèäòà λ è îòâå÷àþùèõ åìó ñîáñòâåííûõ è ïðè-
ñîåäèíåííûõ ýëåìåíòîâ Øìèäòà {φ(j)

k , ψ
(j)
k }j=1,pk

k=1,n
, {φ̃(j)

k , ψ̃
(j)
k }j=1,pk

k=1,n
èçâåñòíû äîñòàòî÷íî

õîðîøèå ïðèáëèæåíèÿ |λ − λ0| ≤ ε, ∥φ(j)
i − φ

(j)
i0 ∥ ≤ ε, ∥ψ(j)

i − ψ
(j)
i0 ∥ ≤ ε, ∥φ̃(j)

i − φ̃
(j)
i0 ∥ ≤

ε, ∥ψ̃(j)
i −ψ̃(j)

i0 ∥ ≤ ε. Òåì ñàìûì îïðåäåëåíû äîñòàòî÷íî õîðîøèå ïðèáëèæåíèÿ λ0,Φ
(j)
k0 ,Ψ

(j)
k0

ê ñîáñòâåííîìó ÷èñëó λ è ýëåìåíòàì ÎÆÖ Φ
(j)
k ,Ψ

(j)
k , k = 1, n, j = 1, pk ñîîòâåòñòâó-

þùèõ ñïåêòðàëüíûõ çàäà÷ â ïðÿìûõ ñóììàõ ãèëüáåðòîâûõ ïðîñòðàíñòâ.
Ñïðàâåäëèâà (ñì. [2], [3]) ëåììà.
Ïåðåõîäÿ ê ëèíåéíûì êîìáèíàöèÿì, îïðåäåëÿåì ñèñòåìû

{Γ(l)
k0}

l=1,pk
k=1,n

, Γ
(l)
k0 = A∗Ψ

(pk+1−l)
k0 , {Z(l)

k0}
l=1,pk
k=1,n

, Z
(l)
k0 = AΦ

(pk+1−l)
k0 ,

óäîâëåòâîðÿþùèå ñîîòíîøåíèÿì áèîðòîãîíàëüíîñòè

⟨Φ(j)
i0 ,Γ

(l)
k0⟩ = δikδjl, ⟨Z(j)

i0 ,Ψ
(l)
k0⟩ = δikδjl.

Ïðîèçâîäèì ðåãóëÿðèçàöèþ

B − tA = B − tA+

p1∑
k=2

⟨
·,Γ(k)

10

⟩
Z

(p1+1−k)
10 +

n∑
i=2

pi∑
k=1

⟨
·,Γ(k)

i0

⟩
Z

(p1+1−k)
i0 . (3.1)

Ñîãëàñíî òåîðåìå 2.1. èñêîìîå ñîáñòâåííîå çíà÷åíèå λ ÿâëÿåòñÿ ïðîñòûì ôðåä-
ãîëüìîâûì ñîáñòâåííûì çíà÷åíèåì îïåðàòîð-ôóíêöèè (3.1). Áîëåå òîãî, ñóùåñòâóþò ïî-
ñòîÿííûå cis, dis, s = 1, pi, i = 1, n, òàêèå, ÷òî ñîîòâåòñòâóþùèå ñîáñòâåííûé ýëåìåíò è
äåôåêòíûé ôóíêöèîíàë áóäóò èìåòü âèä

Φ̃ = Φ
(p1)
1 +

n∑
i=1

ci1Φi +
n∑

i=2

pi∑
s=2

cisΦ
(s)
i +

p1−1∑
s=1

c1sΦ
(s)
1 ,

Ψ̃ = Ψ1 +
n∑

i=2

di1Ψi +
n∑

i=1

pi∑
s=2

disΨ
(s)
i . (3.2)

Â êà÷åñòâå íà÷àëüíûõ ïðèáëèæåíèé ê Φ̃, Ψ̃ âûáèðàåì ýëåìåíòû Φ̃0 = Φ
(p1)
10 −

Φ
(p1−1)
10 , Ψ̃0 = Ψ10. Çà íà÷àëüíîå ïðèáëèæåíèå ê ñîáñòâåííîìó çíà÷åíèþ λ áåðåì ðå-

øåíèå óðàâíåíèÿ
⟨
(B − tA)Φ̃0, Ψ̃0

⟩
= 0, ò.å. λ0 =

⟨BΦ̃0,Ψ̃0⟩
⟨AΦ̃0,Ψ̃0⟩ .

Òàê êàê k̃0 =
⟨
AΦ̃0, Ψ̃0

⟩
=
⟨
AΦ

(p1)
10 ,Ψ10

⟩
−
⟨
AΦ

(p1−1)
10 ,Ψ10

⟩
=
⟨
AΦ

(p1)
10 ,Ψ10

⟩
̸= 0, òî

áèîðòîãîíàëüíûå ýëåìåíòû ê Φ̃0, Ψ̃0 ìîæíî âûáðàòü â âèäå Γ̃0 =
1

k̃0
A∗Ψ10, Z̃0 =

1

k̃0
AΦ̃0.
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Îïåðàòîð ëîæíîãî âîçìóùåíèÿ îïðåäåëèì ñëåäóþùèì îáðàçîì:

D0x =
⟨
x, Γ̃0

⟩
(B − λ0A)Φ̃0 +

⟨
x, (B∗ − λ0A∗)Ψ̃0

⟩
Z̃0,

D∗
0y =

⟨
(B − λ0A)Φ̃0, y

⟩
Γ̃0 +

⟨
Z̃0, y

⟩
(B∗ − λ0A∗)Ψ̃0.

Òîãäà D0Φ̃0 = (B − λ0A)Φ̃0, D∗
0Ψ̃0 = (B∗ − λ0A∗)Ψ̃0, ò.å. N(B − λ0A) = {Φ̃0} ,

N(B∗ − λ0A∗) = {Ψ̃0}.
Èçìåíåíèåì ðåãóëÿðèçàòîðàØìèäòà [7] óðàâíåíèå (B − tA)x = 0 ñâîäèòñÿ ê ñèñòåìå{

x = ξ
[
I + Γ0 (D0 − (t− λ0)A)

]−1
Φ̃0,

ξ = ⟨x, Γ̃0⟩.
(3.3)

ãäå Γ0 =
[
B − λ0A−D0 + ⟨·, Γ̃0⟩Z̃0

]−1

.

Ïîäñòàíîâêà ïåðâîãî ðàâåíñòâà âî âòîðîå äàåò óðàâíåíèå ðàçâåòâëåíèÿ

F (t) ≡ 1−
⟨[
I + Γ0 (D0 − (t− λ0)A)

]−1
Φ̃0, Γ̃0

⟩
= 0, (3.4)

Èñêîìîå λ ÿâëÿåòñÿ ïðîñòûì êîðíåì óðàâíåíèÿ ðàçâåòâëåíèÿ.
Òîãäà ñîãëàñíî òåîðåìå 2.1. ðàáîòû [6] ïðè äîñòàòî÷íî õîðîøèõ íà÷àëüíûõ ïðèáëèæå-

íèé óðàâíåíèå (3.4) èìååò åäèíñòâåííîå ðåøåíèå, êîòîðîå ìîæíî îïðåäåëèòü ìîäèôèöè-
ðîâàííûì ìåòîäîì Íüþòîíà:

λm+1 = λm − [F ′(λ0)]
−1
F (λm), m = 0, 1, 2, . . . ,

Çàìåòèì, ÷òî íà êàæäîì øàãå íåîáõîäèìî ðåøàòü îäíî îïåðàòîðíîå óðàâíåíèå[
B − λmA+ ⟨·, Γ̃0⟩Z̃0

]
x = Z̃0.

Ýëåìåíòû ÎÆÖ Φ
(j)
i ,Ψ

(l)
k , i = 1, n, j = 1, pi, l = 1, pk, k = 1,m îïðåäåëÿþòñÿ èç

ñëåäóþùèõ ðåêóððåíòíûõ óðàâíåíèé:[
B − λA+

n∑
s=1

⟨·,Γs0⟩Zs0

]
X = Zi0,

[
B∗ − λA∗ +

n∑
s=1

⟨Zs0, ·⟩Γs0

]
Y = Γi0,

[
B − λA+

n∑
s=1

⟨·,Γs0⟩Zs0

]
Xj,i = AXj−1,i + Zi0, X1i = Φi, Xj,i = Φ

(j)
i ;

j = 1, pi, i = 1, n;[
B∗ − λA∗ +

n∑
s=1

⟨Zs0, ·⟩Γs0

]
Yj,i = A∗Yj−1,i + Γi0, Y1i = Ψi, Yj,i = Ψ

(j)
i ;

j = 1, pi, i = 1,m.
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linear operators in Hilbert spaces.
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Abstract. In perturbation theory of discrete spectrum of Fredholm operators in the articles [5],
[6] it is suggested the regularization, allowing to reduce the multiple eigenvalues cases to simple
ones. In this article the regularized perturbation methods among them in pseudoperturbation
aspect on M.K.Gavurin [8] are applied to E.Schmidt spectral problems.

Key Words: bifurcation theory methods, E.Schmidt spectrum, perturbation theory, branching
equation,generalized Jordan chains, regularization

2 Docent, National University of Uzbekistan,Tashkent; Davranaka@yandex.ru

MVMS journal. 2013. V. 15, No. 3



Ïðîãíîçíûå îöåíêè â ìîäåëÿõ ñèñòåìíîé äèíàìèêè 133

ÓÄÊ 517.9

Ïðîãíîçíûå îöåíêè â ìîäåëÿõ ñèñòåìíîé äèíàìèêè

c⃝ Ñ. È. Ñïèâàê1, Î. Ã. Êàíòîð2, È. Ð. Ñàëàõîâ3

Àííîòàöèÿ. Ðàçðàáîòàíà ïðîöåäóðà ïîëó÷åíèÿ èíòåðâàëüíûõ ïðîãíîçíûõ îöåíîê â ìîäå-
ëè ñèñòåìíîé äèíàìèêè, àïðîáàöèÿ êîòîðîé îñóùåñòâëåíà íà ïðèìåðå ìîäåëè ÷èñëåííîñòè
íàñåëåíèÿ Ðîññèéñêîé Ôåäåðàöèè.

Êëþ÷åâûå ñëîâà: ñèñòåìíàÿ äèíàìèêè, èíòåðâàëüíûå ïðîãíîçíûå îöåíêè

Ñîöèàëüíî-ýêîíîìè÷åñêîå ïðîãíîçèðîâàíèå ÿâëÿåòñÿ îäíèì èç ðåøàþùèõ íàó÷íûõ
ôàêòîðîâ ôîðìèðîâàíèÿ ñòðàòåãèè è òàêòèêè îáùåñòâåííîãî ðàçâèòèÿ, ñïîñîáñòâóþùèõ
îáîñíîâàíèþ êëþ÷åâûõ òðàåêòîðèé ðàçâèòèÿ îáùåñòâà è ïðåäâèäåíèþ ïîñëåäñòâèé ïðè-
íèìàåìûõ ðåøåíèé.

Äëÿ íåïîñðåäñòâåííîé ðåàëèçàöèè ñîöèàëüíî-ýêîíîìè÷åñêîãî ïðîãíîçèðîâàíèÿ ðàçðà-
áîòàíû îáùèå íàó÷íûå ìåòîäû, êîòîðûå îáðàçóþò ãðóïïû ôîðìàëüíûõ è ýêñïåðòíûõ ìå-
òîäîâ.

Ôîðìàëèçîâàííûå ìåòîäû ïðèíÿòî ïîäðàçäåëÿòü íà ìîäåëè âðåìåííûõ ðÿäîâ è ìî-
äåëè ïðåäìåòíûõ îáëàñòåé. Â ïîñëåäíèõ ïîäðàçóìåâàåòñÿ äåòàëüíîå èçó÷åíèå âñåõ ââî-
äèìûõ â ðàññìîòðåíèå ôàêòîðîâ, âûÿâëåíèå ñâÿçåé è çàêîíîìåðíîñòåé ìåæäó íèìè. Âñå
ôîðìàëèçîâàííûå ìåòîäû áàçèðóþòñÿ íà èñïîëüçîâàíèè íåêîé èñõîäíîé ñòàòèñòè÷åñêîé
èíôîðìàöèè è îò òîãî, íàñêîëüêî ïîñòðîåííàÿ ìîäåëü ñîîòíîñèòñÿ ñ íèìè, ìîæíî ñóäèòü
î åå êà÷åñòâåííûõ õàðàêòåðèñòèêàõ, è â ïåðâóþ î÷åðåäü î òî÷íîñòè.

Ïðîãíîçíûå îöåíêè â ðàìêàõ ôîðìàëèçîâàííûõ ìåòîäîâ ïîëó÷àþò íà îñíîâå ýêñòðà-
ïîëÿöèè ïîñòðîåííûõ ìîäåëåé. Ïðè ýòîì ìîæíî ãîâîðèòü î òî÷å÷íûõ è èíòåðâàëüíûõ
ïðîãíîçíûõ îöåíêàõ, ïîä êîòîðûìè â ïåðâîì ñëó÷àå ïîäðàçóìåâàåòñÿ ôèêñèðîâàííîå çíà-
÷åíèå ïîêàçàòåëÿ, à âî âòîðîì � âîçìîæíûå ãðàíèöû åãî èçìåíåíèÿ. Èíòåðâàëüíûå îöåí-
êè çíà÷åíèé ïîêàçàòåëÿ öåëåñîîáðàçíî äîïîëíÿòü èíôîðìàöèåé î âåðîÿòíîñòè, ñ êîòîðîé
íàáëþäàåìàÿ âåëè÷èíà ìîæåò ïðèíèìàòü óêàçàííûå çíà÷åíèÿ. Ýòî ïîçâîëèò ñ áîëüøåé
ñòåïåíüþ äîâåðèÿ îòíîñèòüñÿ ê ïîëó÷àåìûì ïðîãíîçíûì îöåíêàì.

Ñ ïîçèöèé ñêàçàííîãî àâòîðàìè áûëà ïîñòàâëåíà öåëü ðàçðàáîòàòü àëãîðèòì ïîëó÷åíèÿ
èíòåðâàëüíûõ ïðîãíîçíûõ îöåíîê â ìîäåëè ñèñòåìíîé äèíàìèêè, ïîçâîëÿþùèé ó÷èòûâàòü
âåðîÿòíîñòè ïîïàäàíèÿ íàáëþäàåìûõ âåëè÷èí â ñîîòâåòñòâóþùèå èíòåðâàëû. Ðåàëèçàöèÿ
ïîñòàâëåííîé öåëè îñóùåñòâëÿëàñü íà ìîäåëè ñèñòåìíîé äèíàìèêè ÷èñëåííîñòè íàñåëåíèÿ
Ðîññèéñêîé Ôåäåðàöèè, èññëåäîâàííîé àâòîðàìè â ðàáîòàõ [2][3][4][5].

Ñèñòåìíàÿ äèíàìèêà � îäèí èç ìåòîäîâ èçó÷åíèÿ ñëîæíûõ çàäà÷ ñ íåëèíåéíûìè îá-
ðàòíûìè ñâÿçÿìè, ðàçðàáîòàííûé Äæ. Ôîððåñòåðîì, ïðèçíàííûì ñïåöèàëèñòîì â îáëàñòè
òåîðèè óïðàâëåíèÿ [1][6]. Ñîãëàñíî ìåòîäó ñèñòåìíîé äèíàìèêè ïðåäïîëàãàåòñÿ èññëåäî-
âàíèå ïîâåäåíèÿ íàáëþäàåìûõ âåëè÷èí, ñâÿçè ìåæäó êîòîðûìè îïèñûâàþòñÿ äèôôåðåí-
öèàëüíûìè óðàâíåíèÿìè è èìåþò âïîëíå êîíêðåòíóþ ñïåöèôèêàöèþ. Íåïîñðåäñòâåííûé
âèä ôóíêöèîíàëüíûõ çàâèñèìîñòåé ïîäðàçóìåâàåò, ÷òî ïàðàìåòðû ìîäåëåé äîëæíû áûòü
èçâåñòíû. Îäíàêî òàêîå âîçìîæíî äàëåêî íå âñåãäà, à ëèøü â òåõ ñëó÷àÿõ, êîãäà ìåæäó
ïåðåìåííûìè ìîäåëè ñóùåñòâóåò î÷åâèäíàÿ ñâÿçü. Äëÿ áîëåå ñëîæíûõ ñèòóàöèé îïðåäå-
ëÿþòñÿ ïàðàìåòðû óðàâíåíèé ñèñòåìíîé äèíàìèêè, îáåñïå÷èâàþùèõ àäåêâàòíîå îïèñàíèå

1 Çàâåäóþùèé êàôåäðîé ìàòåìàòè÷åñêîãî ìîäåëèðîâàíèÿ, Áàøêèðñêèé ãîñóäàðñòâåííûé óíèâåðñèòåò,
ã. Óôà; s. spivak@bashnet.ru.

2 Ñòàðøèé íàó÷íûé ñîòðóäíèê, ÈÑÝÈ ÓÍÖ ÐÀÍ, ã. Óôà; o_kantor@mail.ru.
3 Àñïèðàíò, Áàøêèðñêèé ãîñóäàðñòâåííûé óíèâåðñèòåò, ã. Óôà; salah-o�@mail.ru.
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èìåþùèõñÿ ýêñïåðèìåíòàëüíûõ íàáëþäåíèé. Ïðè ýòîì ñ öåëüþ ñíèæåíèÿ íåîïðåäåëåííî-
ñòè, öåëåñîîáðàçíûì ÿâëÿåòñÿ â äîïîëíåíèå ê ýêñïåðèìåíòàëüíûì íàáëþäåíèÿì, ó÷èòû-
âàòü ëþáóþ èìåþùóþñÿ â ðàñïîðÿæåíèè èññëåäîâàòåëÿ èíôîðìàöèþ.

Ïî ñâîåé ñóòè çàäà÷à îïðåäåëåíèÿ ïàðàìåòðîâ ëþáûõ çàâèñèìîñòåé, îïèñûâàþùèõ ïî-
âåäåíèå íàáëþäàåìûõ âåëè÷èí íà îñíîâàíèè ýêñïåðèìåíòàëüíûõ äàííûõ, ÿâëÿåòñÿ îáðàò-
íîé, à íåïîñðåäñòâåííàÿ ðåàëèçàöèÿ îáðàòíûõ çàäà÷ ïðåäïîëàãàåò ïðîâåäåíèå âû÷èñëè-
òåëüíîãî ýêñïåðèìåíòà.

Äëÿ ïîñòðîåíèÿ ìîäåëè ñèñòåìíîé äèíàìèêè ÷èñëåííîñòè íàñåëåíèÿ Ðîññèéñêîé Ôå-
äåðàöèè â êà÷åñòâå ïåðåìåííûõ, áûëè âûáðàíû ñëåäóþùèå òðè:

• N - ÷èñëåííîñòü íàñåëåíèÿ ÐÔ, ÷åë.;

• D - äóøåâûå äîõîäû çà ãîä, ðóá./÷åë. â ãîä;

• I - èíäåêñ ïîòðåáèòåëüñêèõ öåí, äîëÿ åä.

Òàêæå â ìîäåëü áûëà âêëþ÷åíà âñïîìîãàòåëüíàÿ ïåðåìåííàÿ S = ND
I
, êîòîðàÿ ïî

ñâîåé ñóòè ïðåäñòàâëÿåò ðåàëüíûé äåíåæíûé äîõîä, êîòîðûì îáëàäàëî íàñåëåíèå ñòðàíû
çà ãîä ñ ó÷åòîì èçìåíÿþùèõñÿ öåí. Èñõîäíàÿ èíôîðìàöèÿ äëÿ ïîñòðîåíèÿ ìîäåëè áûëà
âçÿòà èç îôèöèàëüíûõ ñòàòèñòè÷åñêèõ èñòî÷íèêîâ ÐÔ çà ïåðèîä ñ 1998 ïî 2009 ãã. Ïî
ðåçóëüòàòàì ñïåöèàëüíî îðãàíèçîâàííîãî ÷èñëåííîãî ýêñïåðèìåíòà, îïèñàííîãî â ðàáîòàõ
[2][3][4] áûëè ïîëó÷åíû çíà÷åíèÿ ïàðàìåòðîâ ìîäåëè � ïîêàçàòåëè ñòåïåíåé ïåðåìåííûõ
è êîíñòàíòû-ñîìíîæèòåëè êàæäîãî ñëàãàåìîãî ìîäåëè (1.1)-(1.3):

dN

dt
= 8, 139 · 10−22N0,05S2 − 64, 1·N0,03S0,3 (1.1)

dD

dt
= 560·D0,35 − 9900·I (1.2)

dI

dt
= 0, 131·I−0,4 − 0, 0072·S0,092 (1.3)

Äëÿ íåïîñðåäñòâåííîé ðåàëèçàöèè ÷èñëåííîãî ýêñïåðèìåíòà â ñðåäå ïðîãðàììèðîâà-
íèÿ Delphi áûë ðàçðàáîòàí ìîäóëü, ïîçâîëÿþùèé ó÷èòûâàòü ðÿä âûòåêàþùèõ èç ñìûñëà
ðåøàåìîé çàäà÷è äîïîëíèòåëüíûõ óñëîâèé è äàâàòü íàãëÿäíóþ èíòåðïðåòàöèþ ïðîâîäè-
ìûõ ðàñ÷åòîâ.

Äëÿ ÷èñëåííîãî èíòåãðèðîâàíèÿ ñèñòåì äèôôåðåíöèàëüíûõ óðàâíåíèé àâòîðàìè áûë
âûáðàí ìåòîä Ðóíãå-Êóòòû ÷åòâåðòîãî ïîðÿäêà â ñèëó åãî âûñîêîé òî÷íîñòè è ìåíüøåé
ñêëîííîñòè ê âîçíèêíîâåíèþ íåóñòîé÷èâîñòè ðåøåíèÿ.

Èíòåðôåéñ ïðîãðàììû ïðåäñòàâëÿåò èç ñåáÿ ðàáî÷åå ïîëå, âêëþ÷àþùåå: îáëàñòü çà-
äàíèÿ ïàðàìåòðîâ è íà÷àëüíûõ äàííûõ ñèñòåìû, îáëàñòü âûáîðà íåîáõîäèìûõ ðàñ÷åòîâ,
îáëàñòü âûâîäà ðåçóëüòàòîâ. Ðåçóëüòàòû, äëÿ óäîáñòâî àíàëèçà, ïðåäñòàâëÿþòñÿ êàê â âèäå
ãðàôèêîâ ñ ñîîòâåòñòâóþùèìè ýêñïåðèìåíòàëüíûì çíà÷åíèÿìè, òàê è â âèäå ïîëó÷àåìûõ
ïîêàçàòåëåé ñðåäíèõ îøèáîê àïïðîêñèìàöèè.
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Ð è ñ ó í î ê 1.1

Ðåçóëüòàòû ÷èñëåííîé ðåàëèçàöèè ìîäåëè (1.1)-(1.3) ìåòîäîì Ðóíãå Êóòòû

Ôóíêöèîíàëüíûå âîçìîæíîñòè ïðîãðàììû ïîçâîëÿþò â õîäå ðàáîòû èçìåíÿòü ïàðà-
ìåòðû ìîäåëè è íà÷àëüíûå óñëîâèÿ, ÷òî îáëåã÷àåò àíàëèç ïîëó÷àåìûõ ðåçóëüòàòîâ. Ïà-
ðàìåòð t îïðåäåëÿåò êîíå÷íóþ òî÷êó ïî íåçàâèñèìîé êîîðäèíàòå, èçìåíÿÿ êîòîðóþ ìîæ-
íî çàäàâàòü ìîìåíò âðåìåíè äëÿ ïîëó÷åíèÿ ïðîãíîçíûõ çíà÷åíèé ïåðåìåííûõ ñèñòåìû.
Ïåðåêëþ÷àòåëü Ý.Ä ïîçâîëÿåò îòîáðàçèòü íà ãðàôèêàõ èìåþùèåñÿ ýêñïåðèìåíòàëüíûå
çíà÷åíèÿ ïåðåìåííûõ, îòíîñèòåëüíî êîòîðûõ ìîæíî âèçóàëüíî îöåíèòü ïîëó÷åííûå ðå-
çóëüòàòû.

Íà îñíîâàíèè ìîäåëè (1.1)-(1.3) äîñòàòî÷íî ïðîñòûì ÿâëÿåòñÿ ïîëó÷åíèå òî÷å÷íûõ
ïðîãíîçíûõ îöåíîê äëÿ êàæäîé èç ïåðåìåííûõ ìîäåëè.

Äëÿ ïîëó÷åíèÿ èíòåðâàëüíûõ ïðîãíîçíûõ îöåíîê áûëà ðàçðàáîòàíà ñëåäóþùàÿ ïðî-
öåäóðà:

� ïîêàçàòåëè ñòåïåíåé ïåðåìåííûõ ìîäåëè (1.1)-(1.3) ïîëàãàëèñü íåèçâåñòíûìè, à
êîýôôèöèåíòû-ñîìíîæèòåëè ñëàãàåìûõ ìîäåëè äëÿ ïðîñòîòû ïðèíèìàëèñü íåèçìåííû-
ìè:

dN

dt
= 8, 139 · 10−22Nα1Dβ1Iγ1 − 64, 1·Nα2Dβ2Iγ2 (1.4)

dD

dt
= 560·Nα3Dβ3Iγ3 − 9900·Nα4Dβ4Iγ4 (1.5)

dI

dt
= 0, 131·Nα5Dβ5Iγ5 − 0, 0072·Nα6Dβ6Iγ6 (1.6)

� ïî êàæäîìó ïîêàçàòåëþ ñòåïåíåé ìîäåëè (1.4)-(1.6) ââîäèëèñü êîðèäîðû äîïóñòèìîé
âàðèàöèè. Ãðàíèöû ýòèõ êîðèäîðîâ îïðåäåëÿëèñü êàê ïÿòèïðîöåíòíûå èçìåíåíèÿ ñîîò-
âåòñòâóþùèõ ïàðàìåòðîâ ìîäåëè (1.1)-(1.3);

� â êàæäîì èç ââåäåííûõ êîðèäîðîâ ðàññìàòðèâàëèñü ïî òðè òî÷êè, îïðåäåëÿåìûå êàê
öåíòðû îòðåçêîâ, ïîëó÷àåìûõ ïðè ðàâíîìåðíîì ðàçáèåíèè êîðèäîðîâ íà òðè ÷àñòè. Òàêèì
îáðàçîì, áûëè îïðåäåëåíû 318 âîçìîæíûõ êîìáèíàöèé ïàðàìåòðîâ ìîäåëè (1.4)-(1.6);
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� äëÿ êàæäîé èç âîçìîæíûõ êîìáèíàöèé ïàðàìåòðîâ ìîäåëè îñóùåñòâëÿëàñü ïðîâåðêà
íà ñîîòâåòñòâèå çàäàííûì óñëîâèÿì, â êà÷åñòâå êîòîðûõ áûëè èñïîëüçîâàíû îãðàíè÷åíèÿ
íà âåëè÷èíû ìàêñèìàëüíûõ ïðèðîñòîâ êàæäîé èç ïåðåìåííûõ ìîäåëè:

|∆N |t| ≤ 0, 006N (1.7)

|∆D|t| ≤ 0, 7D (1.8)

|∆I|t| ≤ 0, 7I (1.9)

t = 1, 12
Óñëîâèå (1.7) îáóñëîâëåíî ìàêñèìàëüíûì çà âåñü ïåðèîä 1998-2009 ãã. èçìåíåíèåì ïî-

êàçàòåëÿ ÷èñëåííîñòè íàñåëåíèÿ: â 2004 ã. ÷èñëåííîñòü íàñåëåíèÿ ÐÔ ñîêðàòèëàñü íà 0,6%
(÷òî ñîîòâåòñòâóåò ïðèìåðíî 800 òûñ. ÷åë.). Óñëîâèÿ (1.8) è (1.9) îãðàíè÷èâàþò ðîñò ïå-
ðåìåííûõ D (äóøåâûõ äîõîäîâ çà ãîä) è I (èíäåêñà ïîòðåáèòåëüñêèõ öåí) âåëè÷èíîé â
70%. È õîòÿ ïîðîã âåëè÷èíîé 70% â ñóùåñòâóþùèõ ýêîíîìè÷åñêèõ óñëîâèÿõ ìîæåò áûòü
ðàñöåíåí êàê íåðåàëüíûé, òåì íå ìåíåå, â öåëÿõ ïîëó÷åíèÿ áîëåå äåòàëüíîé èíôîðìàöèè
îá èçó÷àåìîé ìîäåëè, àâòîðàìè áûëî óñòàíîâëåíî èìåííî ýòî çíà÷åíèå.

� äëÿ òåõ êîìáèíàöèé ïàðàìåòðîâ, êîòîðûå óäîâëåòâîðÿëè óñëîâèÿì (1.7)-(1.9) ïðî-
âîäèëîñü ÷èñëåííîå èíòåãðèðîâàíèå ñîîòâåòñòâóþùåé ñèñòåìû ïî ìåòîäó Ðóíãå-Êóòòû è
âû÷èñëÿëèñü ñðåäíèå îøèáêè àïïðîêñèìàöèè ïî êàæäîìó óðàâíåíèþ;

� åñëè âåëè÷èíû ñðåäíèõ îøèáîê àïïðîêñèìàöèè íå ïðåâûøàëè 10%, òî ïðîâåðÿëèñü
óñëîâèÿ, îòðàæàþùèå òðåáîâàíèÿ íà ïðîãíîçíûå çíà÷åíèÿ ïåðåìåííûõ N è D (Nðàñ÷

13 è
Dðàñ÷

13 ):

|Nðàñ÷
13 −Nðàñ÷

12 | ≤ 100000 (1.10)

|Dðàñ÷
13 −Dðàñ÷

12 | ≤ 120000 (1.11)

êàæäîå èç êîòîðûõ îòðàæàåò òåíäåíöèþ èçìåíåíèÿ ñîîòâåòñòâóþùèõ ïåðåìåííûõ, ñëî-
æèâøóþñÿ ê 2010 ã. (Nðàñ÷

12 è Dðàñ÷
12 - ýêñïåðèìåíòàëüíûå äàííûå ñîîòâåòñòâóþùèõ ïåðå-

ìåííûõ â 2009 ã.);
� â ñëó÷àå, åñëè íàáîð ïàðàìåòðîâ îáåñïå÷èâàë âûïîëíåíèå óñëîâèé (1.10) è (1.11), îí

çàïèñûâàëñÿ â ôàéë. Â ýòó æå çàïèñü âêëþ÷àëèñü çíà÷åíèÿ ñðåäíèõ îøèáîê àïïðîêñèìà-
öèè ïî êàæäîìó óðàâíåíèþ {AN , AD, AI} , çíà÷åíèå êðèòåðèÿ îïòèìàëüíîñòè, â êà÷åñòâå
êîòîðîãî áûë âûáðàí êîðåíü êâàäðàòíûé èç ñóììû êâàäðàòîâ ñðåäíèõ îøèáîê àïïðîê-
ñèìàöèè, ÷òî ñîîòâåòñòâóåò ìèíèìàëüíîé äëèíå âåêòîðà {AN , AD, AI} , è òî÷å÷íûå ïðî-
ãíîçíûå îöåíêè ïåðåìåííûõ ìîäåëè N,D, I íà ñëåäóþùèé, áëèæàéøèé ïî îòíîøåíèþ ê
èìåþùåéñÿ èíôîðìàöèè, ïåðèîä.

Äëÿ ÷èñëåííîé ðåàëèçàöèè îïèñàííîé ïðîöåäóðû áûë ðàçðàáîòàí ïðîãðàììíûé ìî-
äóëü, ñ ïîìîùüþ êîòîðîãî ôîðìèðîâàëàñü áàçà äàííûõ, ñîäåðæàùàÿ âñå ïåðå÷èñëåííûå
âûøå êîìïîíåíòû. Âíóòðè ýòîãî ìîäóëÿ áûëî îñóùåñòâëåíî 318 èòåðàöèé (ïî ÷èñëó êîì-
áèíàöèé çíà÷åíèé ïàðàìåòðîâ ìîäåëè (1.4) - (1.6)), êàæäàÿ èç êîòîðûõ ñîäåðæàëà ãðî-
ìîçäêèå ðàñ÷åòû, â òîì ÷èñëå ñâÿçàííûå ñ ÷èñëåííûì èíòåãðèðîâàíèåì ñèñòåìû, ÷òî ïðè
ïðÿìîé ïîñëåäîâàòåëüíîñòè ïðîâîäèìûõ âû÷èñëåíèé òðåáóåò äîñòàòî÷íî áîëüøîãî êîëè-
÷åñòâà âðåìåíè è âûñîêîé ïðîèçâîäèòåëüíîñòè âû÷èñëèòåëüíûõ ìàøèí. Â öåëÿõ ýêîíîìèè
ðåñóðñîâ, âåñü ïåðåáîð çíà÷åíèé ïàðàìåòðîâ ìîäåëè áûë ðàçáèò íà 81 ÷àñòü. Ýòî ïîçâî-
ëèëî çàïóñêàòü îäíîâðåìåííî íåñêîëüêî ïîëó÷åííûõ êîìïèëÿöèåé èñïîëíÿåìûõ ôàéëîâ,
÷òî çíà÷èòåëüíî óñêîðèëî ïðîöåññ îáðàáîòêè äàííûõ.

Ñëåäóåò çàìåòèòü, ÷òî ââåäåííûå óñëîâèÿ (1.7) - (1.11) â ñî÷åòàíèè ñ ïðîâåðêîé òðåáî-
âàíèé íà çíà÷åíèÿ ñðåäíèõ îøèáîê àïïðîêñèìàöèè ïîçâîëèëè ñîêðàòèòü ÷èñëî çàïèñåé ñ
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318 äî ïðèìåðíî 44 ìèëëèîíîâ, ÷òî îòðàçèëîñü ïî÷òè â 10-òèêðàòíîì ñîêðàùåíèè âðåìåí-
íûõ çàòðàò. Â ðåçóëüòàòå áûëà ïîëó÷åíà ñâîåîáðàçíàÿ áàçà äàííûõ, ñîñòîÿùàÿ èç 81 ôàé-
ëà, ïðèìåðíûé îáúåì êàæäîãî èç êîòîðûõ ñîñòàâèë 160 MB. Èíôîðìàöèÿ, ñîäåðæàùàÿñÿ
â ýòèõ ôàéëàõ, ïîçâîëèëà ðàññ÷èòàòü ðÿä î÷åíü âàæíûõ äëÿ àíàëèçà èçó÷àåìîé ìîäå-
ëè õàðàêòåðèñòèê, â òîì ÷èñëå îïðåäåëèòü äèàïàçîíû âàðèàöèè ïàðàìåòðîâ {αj, βj, γj} ,
j = 1, 6 è ïðîãíîçíûõ çíà÷åíèé êàæäîé èç ïåðåìåííûõ ìîäåëè (1.4) - (1.6) (ñì. òàáë.). Äëÿ
ýòîãî áûëî ðàçðàáîòàíî îòäåëüíîå ïðèëîæåíèå, êîòîðîå îñóùåñòâëÿëî ïîñòðî÷íîå ÷òåíèå
âñå ôàéëîâ ïîëó÷åííîé áàçû. Ñòðîêà ðàçáèâàëàñü íà ÷àñòè ñîãëàñíî òèïó äàííûõ: êîýô-
ôèöèåíòû, ðåçóëüòàòû, ïîãðåøíîñòè. Ýòî ðåàëèçîâûâàëîñü ââîäîì ñïåöèàëüíîãî êëàññà
ñòðîêîâîãî òèïà ñî ñïåöèàëüíûì ðàçäåëèòåëåì ñòðîê, óïðîùàþùåãî ñ÷èòûâàíèå çíà÷å-
íèé ñ ôàéëà. Äàëåå, èñïîëüçóÿ íåîáõîäèìûé îòñòóï â ñòðîêå â çàâèñèìîñòè îò òèïà, äàí-
íûå âíîñèëèñü â ñîîòâåòñòâóþùèå ìàññèâû, êîòîðûå àíàëèçèðîâàëèñü ñîãëàñíî ïðèíÿòûì
óñëîâèÿì âûáîðêè. Â êà÷åñòâå íà÷àëüíûõ ìàêñèìàëüíûõ, ìèíèìàëüíûõ è îïòèìàëüíûõ
çíà÷åíèé ïðèíÿòû äàííûå ïåðâîé çàïèñè â èíôîðìàöèîííîé áàçå. Äàëåå, ïðè ñðàâíåíèè ñ
äàííûìè î÷åðåäíîé çàïèñè, åñëè îíè îêàçûâàëèñü ëó÷øå ñòî÷êè çðåíèÿ ââåäåííûõ óñëî-
âèé, òî ðàññ÷èòûâàåìûå çíà÷åíèÿ çàìåíÿëèñü. Â êà÷åñòâå óñëîâèé îïòèìàëüíîñòè ïðèíÿòî
ìèíèìàëüíîå çíà÷åíèå êîðíÿ êâàäðàòíîãî èç ñóììû êâàäðàòîâ ñðåäíèõ îøèáîê àïïðîê-
ñèìàöèè, òî åñòü äàííûå çàïèñè ïðèíèìàëèñü êàê îïòèìàëüíûå, åñëè çíà÷åíèÿ ñðåäíèõ
îøèáîê àïïðîêñèìàöèè, çàïèñàííûå â êîíöå êàæäîé çàïèñè, îáåñïå÷èâàëè ìèíèìàëüíîå

çíà÷åíèå âûðàæåíèÿ
√
AN

2
+ AD

2
+ AI

2
. Ðåçóëüòàòû àíàëèçà âûâîäèëèñü â ñïåöèàëüíîå

ïîëå ïðîãðàììû.
Âàæíûì èòîãîì ðåàëèçàöèè ðàçðàáîòàííîé ïðîöåäóðû ÿâèëàñü âîçìîæíîñòü ðàñ÷åòà

âåðîÿòíîñòíûõ îöåíîê ïðîãíîçèðóåìûõ çíà÷åíèé âåëè÷èíû ÷èñëåííîñòè íàñåëåíèÿ Ðîñ-
ñèéñêîé Ôåäåðàöèè íà 2010 ã. (ðèñ. 2).

Ð è ñ ó í î ê 1.2

Ãèñòîãðàììà ïðîãíîçíîé îöåíêè ÷èñëåííîñòè íàñåëåíèÿ ÐÔ íà 2010 ã.

Ñîãëàñíî ïðîâåäåííûì ðàñ÷åòàì çàäàííûé óðîâåíü âàðèàöèè ïðîãíîçèðóåìîãî çíà÷å-
íèÿ ÷èñëåííîñòè íàñåëåíèÿ Ðîññèéñêîé Ôåäåðàöèè íà 2010 ã. â ðàçìåðå 0,6% îò ôàêòè÷å-
ñêîãî çíà÷åíèÿ äàííîãî ïîêàçàòåëÿ â 2009 ã. (141,9 ìëí. ÷åë.) ìîæíî îæèäàòü ñ âåðîÿòíî-
ñòüþ 0,35.

Äëÿ íåïîñðåäñòâåííîé ðåàëèçàöèè âñåõ ýòàïîâ îïèñàííîé ïðîöåäóðû áûë ðàçðàáîòàí
ñïåöèàëüíûé ïðîãðàììíûé ïðîäóêò â ñðåäå îáúåêòíîãî ïðîãðàììèðîâàíèÿ Delphi, ôóíê-
öèîíàëüíûå âîçìîæíîñòè êîòîðîãî ïîçâîëèëè àâòîðàì äîñòè÷ü ïîñòàâëåííîé öåëè è îñó-
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Òàáëèöà 1: Õàðàêòåðèñòèêè ïàðàìåòðîâ è ïðîãíîçíûõ îöåíîê ïåðåìåííûõ ìîäåëè (1.4) -
(1.6) ( ∗ - îïòèìàëüíûì ñ÷èòàëñÿ íàáîð ïàðàìåòðîâ, îáåñïå÷èâàþùèé ìèíèìàëüíîå çíà-

÷åíèå âûðàæåíèþ
√
AN

2
+ AD

2
+ AI

2
)

Ïàðàìåòðû / Ìèíèìàëüíîå Ìàêñèìàëüíîå Îïòèìàëüíîå
ïåðåìåííûå çíà÷åíèå çíà÷åíèå çíà÷åíèå∗

α1 1,948 2,050 1,948
α2 1,900 2,100 2,000
α3 -2,100 -1,900 -2,000
α4 0,314 0,347 0,314
α5 0,285 0,315 0,285
α6 -0,315 -0,285 -0,285
β1 0,000 0,000 0,000
β2 0,333 0,350 0,350
β3 0,000 0,000 0,000
β4 0,000 0,000 0,000
β5 0,000 0,000 0,000
β6 0,950 1,050 1,050
γ1 0,000 0,000 0,000
γ2 0,000 0,000 0,000
γ3 -0,420 -0,380 -0,380
γ4 0,087 0,097 0,092
γ5 0,087 0,097 0,097
γ6 -0,097 -0,087 -0,097

N13, ìëí. ÷åë. 138,407 142,015 141,885
D13, òûñ. ðóá. 95,862 236,572 232,053
I13, äîëè åä. 1,048 1,363 1,100

ùåñòâèòü áîëåå îáîñíîâàííûé ïîäõîä ê ïðîáëåìå ïîëó÷åíèÿ ïðîãíîçíûõ îöåíîê â ðàìêàõ
èçó÷àåìîé ìîäåëè ñèñòåìíîé äèíàìèêè.
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Ðåàëèçàöèÿ ðàñøèðåííîãî ôèëüòðà Êàëìàíà â ñðåäå

MATLAB äëÿ âîññòàíîâëåíèÿ óãëîâîé ñêîðîñòè

âðàùåíèÿ ðîòîðà àñèíõðîííîãî äâèãàòåëÿ

c⃝ Ì. Â. Òàëàíîâ,1 À. Â. Êàðàñåâ,2 Â. Ì. Òàëàíîâ3

Àííîòàöèÿ. Â ñòàòüå ðàññìàòðèâàåòñÿ ðåàëèçàöèÿ ðàñøèðåííîãî ôèëüòðà Êàëìàíà â ñðåäå
MATLAB è ïðåäëàãàåòñÿ óëó÷øåííàÿ ñòðóêòóðà íàáëþäàòåëÿ íà åãî îñíîâå äëÿ ïîëó÷åíèÿ
îöåíêè óãëîâîé ñêîðîñòè âðàùåíèÿ ðîòîðà àñèíõðîííîãî ýëåêòðîäâèãàòåëÿ.

Êëþ÷åâûå ñëîâà: äàò÷èê ñêîðîñòè, àñèíõðîííûé ýëåêòðîäâèãàòåëü, ðàñøèðåííûé ôèëüòð
Êàëìàíà, óëó÷øåííàÿ ñòðóêòóðà íàáëþäàòåëÿ, MATLAB, ìàòðèöà êîâàðèàöèè, äèñêðåòèçà-
öèÿ, íåïîäâèæíàÿ ñèñòåìà êîîðäèíàò, áèáëèîòåêà Digital Motor Control

1. Ââåäåíèå

Ðàñøèðåííûé ôèëüòð Êàëìàíà ÿâëÿåòñÿ ñòàòèñòè÷åñêè îïòèìàëüíûì ðåêóðñèâíûì
àëãîðèòìîì èäåíòèôèêàöèè ïåðåìåííûõ ñîñòîÿíèÿ è ïàðàìåòðîâ íåëèíåéíûõ äèíàìè÷å-
ñêèõ ñèñòåì [1],[2]. Îí ïîçâîëÿåò ó÷åñòü ñëó÷àéíûå âîçìóùåíèÿ â ñèñòåìå è îøèáêè, âîç-
íèêàþùèå ïðè èçìåðåíèè äîñòóïíûõ ïàðàìåòðîâ ñèñòåìû. Ïðåäïîëàãàåòñÿ, ÷òî îøèáêè
èçìåðåíèé è âîçìóùåíèÿ â ñèñòåìå íåêîððåëèðîâàíû è ìàòðèöû êîâàðèàöèè äëÿ íèõ èç-
âåñòíû. Â ñòàòüå ðàññìàòðèâàåòñÿ ñòðóêòóðà íàáëþäàòåëÿ íà îñíîâå ðàñøèðåííîãî ôèëü-
òðà Êàëìàíà, êîòîðàÿ ïîçâîëÿåò ïîëó÷èòü áîëåå òî÷íóþ îöåíêó óãëîâîé ñêîðîñòè âðàùå-
íèÿ ðîòîðà àñèíõðîííîãî ýëåêòðîäâèãàòåëÿ ïî ñðàâíåíèþ ñ ðåàëèçàöèÿìè íàáëþäàòåëåé,
ïðèâåäåííûìè â [1],[2].

Â àëãîðèòìå ôèëüòðàöèè èñïîëüçîâàëèñü óðàâíåíèÿ ýëåêòðîäâèãàòåëÿ, çàïèñàííûå â
íåïîäâèæíîé ñèñòåìå êîîðäèíàò (1.1),(1.2), ïîñêîëüêó òàêàÿ ìîäåëü èìååò ñëåäóþùèå ïðå-
èìóùåñòâà:

1. ìåíüøåå âðåìÿ ðàñ÷åòà;

2. ìåíüøåå ÷èñëî øàãîâ ìîäåëèðîâàíèÿ;

3. ïîâûøåííàÿ òî÷íîñòü;

4. áîëåå ñòàáèëüíîå ïîâåäåíèå.

Äàëåå ïðèâîäèòñÿ ìàòåìàòè÷åñêàÿ ìîäåëü àñèíõðîííîãî ýëåêòðîäâèãàòåëÿ â ïðîñòðàí-
ñòâå ñîñòîÿíèé, êîòîðàÿ äîïîëíåíà íåèçìåðÿåìîé âåëè÷èíîé � óãëîâîé ñêîðîñòüþ âðà-
ùåíèÿ ðîòîðà [1],[2]. Ýòà ìîäåëü áûëà èñïîëüçîâàíà äëÿ ïîëó÷åíèÿ äèñêðåòíîé ìîäåëè
äâèãàòåëÿ ïðè ðåàëèçàöèè ôèëüòðà Êàëìàíà â ñðåäå MATLAB.

dx

dt
= Ax+Bu, (1.1)

1 Àñïèðàíò ôàêóëüòåòà ýëåêòðîííîé òåõíèêè, Ìîðäîâñêèé ãîñóäàðñòâåííûé óíèâåðñèòåò, ã. Ñàðàíñê;
izen_18@mail.ru

2 Äîöåíò êàôåäðû ¾Ïðîìûøëåííàÿ ýëåêòðîíèêà¿, Ìîðäîâñêèé ãîñóäàðñòâåííûé óíèâåðñèòåò, ã. Ñà-
ðàíñê; izen_18@mail.ru

3 Äîöåíò êàôåäðû ¾Àâòîìàòèçèðîâàííûå ñèñòåìû îáðàáîòêè èíôîðìàöèè è óïðàâëåíèÿ¿, Ìîðäîâñêèé
ãîñóäàðñòâåííûé óíèâåðñèòåò, ã. Ñàðàíñê; izen_18@mail.ru
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y = Cx, (1.2)

ãäå

A =


−1/T

′∗
s 0 Lm/(L

′
sLrTr) ωrLm/(L

′
sLr) 0

0 −1/T
′∗
s −ωrLm/(L

′
sLr) Lm/(L

′
sLrTr) 0

Lm/Tr 0 −1/Tr −ωr 0
0 Lm/Tr ωr −1/Tr 0
0 0 0 0 0

 ,

B =


1/L

′
s 0

0 1/L
′
s

0 0
0 0
0 0

 , C =

[
1 0 0 0 0
0 1 0 0 0

]

è x =
[
isα isβ ψrα ψrβ ωr

]T
� âåêòîð ñîñòîÿíèÿ, u =

[
usα usβ

]T
� âåêòîð óïðàâëå-

íèÿ, A � ìàòðèöà ñîñòîÿíèé, C � ìàòðèöà âûõîäà, L
′
s = σLs � ïåðåõîäíàÿ èíäóêòèâíîñòü

ñòàòîðà, ãäå σ = 1− L2
m/(LsLr) � êîýôôèöèåíò ðàññåÿíèÿ, Ls � èíäóêòèâíîñòü îáìîòêè

ñòàòîðà; Lm � èíäóêòèâíîñòü íàìàãíè÷èâàíèÿ; Lr = Llr + Lm � èíäóêòèâíîñòü îáìîòêè
ðîòîðà, ãäå Llr � èíäóêòèâíîñòü ðàññåÿíèÿ îáìîòêè ðîòîðà; Tr = Lr/Rr � ïîñòîÿííàÿ
âðåìåíè ðîòîðà; ωr = ωmp � ýëåêòðè÷åñêàÿ óãëîâàÿ ñêîðîñòü âðàùåíèÿ ðîòîðà, ãäå ωm

� ìåõàíè÷åñêàÿ óãëîâàÿ ñêîðîñòü âðàùåíèÿ ðîòîðà, p � ÷èñëî ïàð ïîëþñîâ ýëåêòðîäâè-
ãàòåëÿ; T

′∗
s = L

′
s/(Rs + Rr(Lm/Lr)

2) � êîìáèíèðîâàííûé ïàðàìåòð, ãäå Rs � àêòèâíîå
ñîïðîòèâëåíèå îáìîòêè ñòàòîðà, Rr � àêòèâíîå ñîïðîòèâëåíèå îáìîòêè ðîòîðà; isα è isβ
� ïðîåêöèè òîêîâ â îáìîòêàõ ñòàòîðà íà îñè íåïîäâèæíîé ñèñòåìû êîîðäèíàò, usα è usβ
� ïðîåêöèè ëèíåéíûõ íàïðÿæåíèé îáìîòîê ñòàòîðà íà îñè íåïîäâèæíîé ñèñòåìû êîîðäè-
íàò, ψrα è ψrβ � ïðîåêöèè âåêòîðà ïîòîêîñöåïëåíèÿ ðîòîðà íà îñè íåïîäâèæíîé ñèñòåìû
êîîðäèíàò.

Äëÿ ÷èñëåííîãî ìîäåëèðîâàíèÿ îáúåêòà óïðàâëåíèÿ èñïîëüçîâàëàñü ìî-
äåëü àñèíõðîííîãî ýëåêòðîäâèãàòåëÿ èç áèáëèîòåêè SIMULINK (ðèñóíîê
1.1). Ìîäåëèðîâàíèå ïðîâîäèëîñü â äèñêðåòíîì âðåìåíè ñ øàãîì ìîäåëèðî-
âàíèÿ 2 ìêñ � ýòî áûëî ñäåëàíî äëÿ óñêîðåíèÿ ïðîöåññà ìîäåëèðîâàíèÿ.

Ð è ñ ó í î ê 1.1
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Ìîäåëü àñèíõðîííîãî äâèãàòåëÿ â SIMULINK

2. Ðåçóëüòàòû ìîäåëèðîâàíèÿ â ñðåäå MATLAB

Ðàññìîòðèì ðåçóëüòàòû ìîäåëèðîâàíèÿ. Íà ðèñóíêå 2.1 ïîêàçàí ðàçãîí äâè-
ãàòåëÿ äî óñòàíîâèâøåãîñÿ ðåæèìà � 188,5 ðàä/ñ (1800 îá/ìèí). Íà ðèñóí-
êå 2.2 ïîêàçàí ðàçâèâàåìûé äâèãàòåëåì ýëåêòðîìàãíèòíûé âðàùàþùèé ìîìåíò.

Ð è ñ ó í î ê 2.1

Èçìåðåííàÿ óãëîâàÿ ñêîðîñòü âðàùåíèÿ ðîòîðà äâèãàòåëÿ

Ð è ñ ó í î ê 2.2

Ýëåêòðîìàãíèòíûé âðàùàþùèé ìîìåíò äâèãàòåëÿ

Ïðåîáðàçîâàíèå ëèíåéíûõ íàïðÿæåíèé èç òðåõôàçíîé â íåïîäâèæíóþ ñèñòåìó êîîð-
äèíàò âûïîëíÿåòñÿ ïî ñëåäóþùåé ôîðìóëå [3],[4]:
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[
Vqs
Vds

]
=

1

3

[
2 cosφ cosφ+

√
3 sinφ

2 sinφ sinφ−
√
3 cosφ

] [
Vabs
Vbcs

]
(2.1)

ãäå Vabs è Vbcs � ëèíåéíûå íàïðÿæåíèÿ îáìîòîê ñòàòîðà, φ � óãîë ïîâîðîòà ñèñòåìû
êîîðäèíàò, â êîòîðîé çàïèñàíû óðàâíåíèÿ ýëåêòðîäâèãàòåëÿ. Â íàøåì ñëó÷àå φ = 0 .

Íàïîìíèì, ÷òî ñ÷èòàþòñÿ äîñòóïíûìè äëÿ èçìåðåíèÿ òîëüêî íàïðÿæåíèÿ è òîêè ñòà-
òîðà.

Äëÿ âûïîëíåíèÿ àëãîðèòìà ðàñøèðåííîãî ôèëüòðà Êàëìàíà öèôðîâûìè ïðîöåññîðà-
ìè íåîáõîäèìî çàïèñàòü óðàâíåíèÿ ýëåêòðîäâèãàòåëÿ â äèñêðåòíîì âðåìåíè. Äèñêðåòèçà-
öèÿ âûðàæåíèé (1.1) è (1.2) ïðîèçâîäèòñÿ ïî ñëåäóþùèì ôîðìóëàì:

Ad = exp[AT ]≈I + AT (2.2)

Bd = BT, (2.3)

ãäå T � ïåðèîä äèñêðåòèçàöèè. Ìàòðèöà âûõîäà âû÷èñëÿåòñÿ êàê Cd = C , ãäå ìàòðèöà
C îïðåäåëÿåòñÿ èç ôîðìóëû (1.2). Â [2] è [5] ïðèâåäåíû ðåêîìåíäàöèè ïî âûáîðó ïåðèîäà
äèñêðåòèçàöèè.

Â ðàñøèðåííîì ôèëüòðå Êàëìàíà äîëæíû áûòü ó÷òåíû êàê ñëó÷àéíûå âîçìóùåíèÿ
âõîäíîãî âîçäåéñòâèÿ, òàê è ñëó÷àéíûå îøèáêè ïðè èçìåðåíèÿõ âûõîäà. Ìàòåìàòè÷åñêàÿ
ìîäåëü ðàññìàòðèâàåìîé íàáëþäàåìîé ñèñòåìû èìååò âèä [6]:

ẋ(t) = A(t)x(t) +B(t)u(t) + v(t), t>t0 (2.4)

y(t) = C(t)x(t) + w(t). (2.5)

Íåäîñòóïíûé íåïîñðåäñòâåííîìó íàáëþäåíèþ âåêòîð ñîñòîÿíèÿ x(t) èìååò ðàçìåð-
íîñòü n . Ïðåäïîëîæèì, ÷òî åãî íà÷àëüíîå çíà÷åíèå x(t0) åñòü ñëó÷àéíûé âåêòîð ñ çà-
äàííîé êîâàðèàöèîííîé ìàòðèöåé P (t0) . Èçìåðÿåìûé âåêòîð y(t) èìååò ðàçìåðíîñòü m .
Âåêòîð âîçìóùåíèé v(t) ðàçìåðíîñòè n è îøèáêà èçìåðåíèé w(t) ðàçìåðíîñòè m ïðåä-
ñòàâëÿþò ñîáîé âåêòîðíûå ñëó÷àéíûå ïðîöåññû. Ñèììåòðè÷íûå, íåîòðèöàòåëüíî îïðåäå-
ëåííûå ìàòðèöû êîâàðèàöèè ýòèõ ïðîöåññîâ çàäàíû ñëåäóþùèìè ôîðìóëàìè:

Evv
′
= Q(t) (2.6)

Eww
′
= R(t), (2.7)

ãäå E îçíà÷àåò ìàòåìàòè÷åñêîå îæèäàíèå.
Âî âðåìÿ ÷èñëåííîãî ìîäåëèðîâàíèÿ äâèãàòåëü ðàçãîíÿåòñÿ èç ñîñòîÿíèÿ ïîêîÿ, òî

åñòü àïðèîðíàÿ èíôîðìàöèÿ î íà÷àëüíîì ïîëîæåíèè ñèñòåìû èçâåñòíà. Ñëåäîâàòåëüíî,
îøèáêà â çíàíèè íà÷àëüíîãî âåêòîðà ñîñòîÿíèÿ x(t0) ðàâíà íóëþ, à çíà÷èò: ìàòðèöà êî-
âàðèàöèè íà÷àëüíîãî âåêòîðà P (t0) ðàâíà íóëþ, òî åñòü P (0) = 0 . Ïîñêîëüêó ïàðàìåòðû
ñëó÷àéíûõ ïðîöåññîâ v(t) è w(t) íåèçâåñòíû, òî âî âðåìÿ ýêñïåðèìåíòàëüíîé íàñòðîéêè
àëãîðèòìà ôèëüòðàöèè áûëè ïîäîáðàíû çíà÷åíèÿ ìàòðèö Q è R òàêèì îáðàçîì, ÷òîáû
îáåñïå÷èòü óäîâëåòâîðèòåëüíóþ äèíàìèêó è òî÷íîñòü âîññòàíîâëåíèÿ ïåðåìåííûõ ñîñòî-
ÿíèÿ [1].

Àëãîðèòì ôèëüòðàöèè ñîñòîèò èç äâóõ îñíîâíûõ øàãîâ: ýêñòðàïîëÿöèè è êîððåêöèè
[2]. Ýêñòðàïîëÿöèÿ âåêòîðà ñîñòîÿíèÿ íàáëþäàåìîé ñèñòåìû îñóùåñòâëÿåòñÿ íà îñíîâå
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ìàòåìàòè÷åñêîé ìîäåëè àñèíõðîííîãî ýëåêòðîäâèãàòåëÿ â äèñêðåòíîì âðåìåíè. Îöåíêà
âåêòîðà ñîñòîÿíèÿ íàáëþäàåìîé ñèñòåìû ïîëó÷àåòñÿ â ðåçóëüòàòå âòîðîãî øàãà � êîððåê-
öèè, � êîòîðàÿ îñóùåñòâëÿåòñÿ ïóòåì äîáàâëåíèÿ êîððåêòèðóþùåãî ÷ëåíà ê çíà÷åíèþ,
ïîëó÷åííîìó â ðåçóëüòàòå ýêñòðàïîëÿöèè. Êîððåêòèðóþùèé ÷ëåí âû÷èñëÿåòñÿ êàê ïðî-
èçâåäåíèå ìàòðèöû óñèëåíèÿ ôèëüòðà K íà ðàçíîñòü èçìåðåííîãî âåêòîðà ñîñòîÿíèÿ è
îöåíêè âåêòîðà ñîñòîÿíèÿ.

Óðàâíåíèå ðàñøèðåííîãî ôèëüòðà (íàáëþäàòåëÿ) Êàëìàíà èìååò âèä (ðèñóíîê 2.3):

˙̂x = A(x̂)x̂+Bu+K(is − îs), (2.8)

ãäå ïîñëåäíåå ñëàãàåìîå â ïðàâîé ÷àñòè âûðàæåíèÿ ÿâëÿåòñÿ êîððåêòèðóþùèì ÷ëåíîì.
×èñëåííàÿ ðåàëèçàöèÿ àëãîðèòìà ôèëüòðàöèè ñîñòîèò èç ñëåäóþùèõ ýòàïîâ [1], [2], [6].

Íà ïåðâûõ äâóõ ýòàïàõ èìåþùàÿñÿ îöåíêà è åå ìàòðèöà êîâàðèàöèè ýêñòðàïîëèðóþòñÿ íà
ñëåäóþùèé èíòåðâàë:

X[n+ 1|n] = AdX[n|n] +BdU [n] (2.9)

P [n+ 1|n] = f(n+ 1|n)P [n|n]fT (n+ 1|n) +Q, (2.10)

ãäå f(n+ 1|n) = ∂

∂x
(AdX +BdU)|X=X[n|n] .

Íà òðåòüåì øàãå âû÷èñëÿåòñÿ îïòèìàëüíàÿ ìàòðèöà óñèëåíèÿ K è îöåíêà, ïîëó÷åííàÿ
â ðåçóëüòàòå ýêñòðàïîëÿöèè, óëó÷øàåòñÿ ñ èñïîëüçîâàíèåì íîâûõ ðåçóëüòàòîâ íàáëþäå-
íèé:

K[n] = P [n|n− 1]hT [n|n− 1](h[n|n− 1]P [n|n− 1]hT [n|n− 1] +R)−1 (2.11)

X[n|n] = X[n|n− 1] +K[n](Y [n]− CdX[n|n− 1]), (2.12)

ãäå h[n|n− 1] =
∂

∂x
(CdX)|X=X[n|n] .

Ïðè ðåàëèçàöèè óëó÷øåííîãî íàáëþäàòåëÿ íà îñíîâå ôèëüòðà Êàëìàíà âû÷èñëåíèå
îöåíêè âåêòîðà ñîñòîÿíèÿ ïðåäëàãàåòñÿ ìîäèôèöèðîâàòü ñëåäóþùèì îáðàçîì:

X[n|n] = X[n|n− 1] +K[n]([Y [n]; ψ̂Fe
r [n]]− CdX[n|n− 1]), (2.13)

ãäå ψ̂Fe
r � âåêòîð îöåíêè ψrα è ψrβ , ïîëó÷åííûé ñ ïîìîùüþ äîïîëíèòåëüíîãî íàáëþ-

äàòåëÿ ïîòîêîñöåïëåíèÿ. Êðîìå òîãî, ðàçìåð ìàòðèöû R ñëåäóåò óâåëè÷èòü äî 4 × 4 .
Ìàòðèöà C òàêæå äîëæíà áûòü äîïîëíåíà äâóìÿ ñòðîêàìè, ó÷èòûâàþùèìè âëèÿíèå ïî-
òîêîñöåïëåíèÿ.

Íà ïîñëåäíåì øàãå îïðåäåëÿåòñÿ ìàòðèöà êîâàðèàöèè íîâîé ìîäèôèöèðîâàííîé îöåí-
êè:

P [n|n] = P [n|n− 1]−K[n]h[n|n− 1]P [n|n− 1]. (2.14)

Ñòðóêòóðû ðàñøèðåííîãî ôèëüòðà Êàëìàíà è óëó÷øåííîãî íàáëþäàòåëÿ íà åãî
îñíîâå ïðèâåäåíû íà ðèñóíêå 2.3, ãäå: u =

[
usα usβ

]T
, i =

[
isα isβ

]T
,

v(k) � âåêòîð âîçìóùåíèé, w(k) � âåêòîð îøèáîê èçìåðåíèé, îs � âåêòîð
îöåíêè is , ψr � âåêòîð îöåíêè ψrα è ψrβ ; ψ̂Fe

r � âåêòîð îöåíêè ψrα è
ψrβ , ïîëó÷åííûé ñ ïîìîùüþ äîïîëíèòåëüíîãî íàáëþäàòåëÿ ïîòîêîñöåïëåíèÿ; ω̂r

� îöåíêà ωr , x̂r � íà÷àëüíàÿ îöåíêà âåêòîðà ñîñòîÿíèÿ x , x̂ � îöåíêà x .
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Ð è ñ ó í î ê 2.3

Ñðàâíåíèå ñòðóêòóðíûõ ñõåì íàáëþäàòåëåé: à � ðàñøèðåííûé ôèëüòð Êàëìàíà; á �

óëó÷øåííûé íàáëþäàòåëü íà îñíîâå ðàñøèðåííîãî ôèëüòðà Êàëìàíà

Àëãîðèòì ôèëüòðàöèè ñ ïîìîùüþ óëó÷øåííîãî íàáëþäàòåëÿ áûë ðåàëèçîâàí â ñðåäå
MATLAB. Â êà÷åñòâå âåêòîðà óïðàâëåíèÿ âûñòóïàëè ïðîåêöèè ëèíåéíûõ íàïðÿæåíèé îá-
ìîòîê ñòàòîðà íà îñè íåïîäâèæíîé ñèñòåìû êîîðäèíàò (ðèñóíîê 1.1 è âûðàæåíèå (2.1)). Â
êà÷åñòâå èçìåðåííîãî âåêòîðà ñîñòîÿíèÿ èñïîëüçîâàëèñü ïðîåêöèè òîêîâ ñòàòîðíûõ îáìî-
òîê íà îñè íåïîäâèæíîé ñèñòåìû êîîðäèíàò (ðèñóíîê 1.1). Äîïîëíèòåëüíûé íàáëþäàòåëü
ïîòîêîñöåïëåíèÿ áûë âçÿò èç áèáëèîòåêè Digital Motor Control îò ôèðìû Texas Instruments
[7], êîòîðûé òàêæå áûë ðåàëèçîâàí â ñðåäå MATLAB.

Äàëåå ïðèâåäåíû ðåçóëüòàòû îöåíêè ïåðåìåííûõ ñîñòîÿíèÿ ýëåêòðîäâèãàòåëÿ ñ ïîìî-
ùüþ óëó÷øåííîãî íàáëþäàòåëÿ íà îñíîâå ðàñøèðåííîãî ôèëüòðà Êàëìàíà.

Íà ðèñóíêå 2.4 ïîêàçàíà âîññòàíîâëåííàÿ íàáëþäà-
òåëåì ìåõàíè÷åñêàÿ óãëîâàÿ ñêîðîñòü âðàùåíèÿ ðîòîðà.

Ð è ñ ó í î ê 2.4

Îöåíêà óãëîâîé ñêîðîñòè âðàùåíèÿ ðîòîðà

Íà ðèñóíêå 2.5 ïîêàçàíà îøèáêà îöåíêè ìåõàíè÷åñêîé óãëîâîé ñêîðîñòè âðàùåíèÿ ðî-
òîðà (èçîáðàæåíà ïîãðåøíîñòü îòíîñèòåëüíî àìïëèòóäíîãî çíà÷åíèÿ â óñòàíîâèâøåìñÿ
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ðåæèìå èçìåðåííîé óãëîâîé ñêîðîñòè âðàùåíèÿ ðîòîðà, êîòîðàÿ ïîêàçàíà íà ðèñóíêå 2.1).

Ð è ñ ó í î ê 2.5

Îøèáêà îöåíêè óãëîâîé ñêîðîñòè âðàùåíèÿ ðîòîðà

Â ñòàòüå áûëà ïðåäëîæåíà ìîäåëü â ñðåäå MATLAB è ñòðóêòóðà óëó÷øåííîãî íàáëþ-
äàòåëÿ íà îñíîâå ðàñøèðåííîãî ôèëüòðà Êàëìàíà, êîòîðàÿ ïîçâîëÿåò ïîëó÷èòü îöåíêó
óãëîâîé ñêîðîñòè âðàùåíèÿ ðîòîðà àñèíõðîííîãî ýëåêòðîäâèãàòåëÿ ñ òî÷íîñòüþ äî 1,0%
äëÿ ïåðåõîäíîãî ðåæèìà è ñ òî÷íîñòüþ 0,025% äëÿ óñòàíîâèâøåãîñÿ ðåæèìà, ÷òî èñêëþ-
÷àåò íåîáõîäèìîñòü èñïîëüçîâàíèÿ äàò÷èêà ñêîðîñòè.
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Implementation of the extended Kalman �lter using

MATLAB for the estimation of the rotor speed of an

induction motor.
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Abstract. In this paper the application of the extended Kalman �lter using MATLAB is explored
and improved structure of this observer for estimation of the rotor angular velocity is suggested.
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ÓÄÊ 517.3

Ðåøåíèå îáðàòíîé çàäà÷è äèôðàêöèè â ïðÿìîóãîëüíîì

âîëíîâîäå ìåòîäîì àñèìïòîòè÷åñêèõ èíòåãðàëüíûõ

óðàâíåíèé

c⃝ À. À. Öóïàê1, Ì. Þ. Ìåäâåäèê2

Àííîòàöèÿ. Ðàññìîòðåíà îáðàòíàÿ çàäà÷à äèôðàêöèè ýëåêòðîìàãíèòíîãî ïîëÿ íà îáúåìíîì
àíèçîòðîïíîì íåîäíîðîäíîì òåëå, ïîìåùåííîì â ïðÿìîóãîëüíûé âîëíîâîä. Äîêàçàíà òåîðåìà
îá àñèìïòîòèêå òåíçîðà Ãðèíà íà áåñêîíå÷íîñòè. Âûâåäåíà ñèñòåìà àñèìïòîòè÷åñêèõ óðàâ-
íåíèé ýëåêòðîìàãíèòíîãî ïîëÿ. Îïèñàí ìåòîä âðàùåíèé îáúåìíîãî òåëà äëÿ îïðåäåëåíèÿ
êîìïîíåíò òåíçîðîâ äèýëåêòðè÷åñêîé è ìàãíèòíîé ïðîíèöàåìîñòåé. Ïðèâåäåíû ðåçóëüòàòû
ðàñ÷åòîâ.

Êëþ÷åâûå ñëîâà: îáðàòíàÿ ýëåêòðîìàãíèòíàÿ çàäà÷à äèôðàêöèè, òåíçîðû äèýëåêòðè÷å-
ñêîé è ìàãíèòíîé ïðîíèöàåìîñòåé, òåíçîðíàÿ ôóíêöèÿ Ãðèíà, àñèìïòîòè÷åñêèå óðàâíåíèÿ,
ìåòîä âðàùåíèé

1. Ââåäåíèå

Ðàññìàòðèâàåòñÿ çàäà÷à âîññòàíîâëåíèÿ òåíçîðîâ äèýëåêòðè÷åñêîé è ìàãíèòíîé ïðî-
íèöàåìîñòåé îáúåìíîãî òåëà, ðàñïîëîæåííîãî â ïðÿìîóãîëüíîì ðåçîíàòîðå, ïî èçâåñòíûì
çíà÷åíèÿì ïàäàþùåãî è ïðîõîäÿùåãî ïîëåé - ýòà çàäà÷à ðàññìàòðèâàëàñü â ðÿäå ðàáîò,
íàïðèìåð â [1] - [3]. Â íàñòîÿùåé ðàáîòå (â îòëè÷èå îò ïåðå÷èñëåííûõ) ïðåäïîëàãàåòñÿ, ÷òî
òåíçîð µ̂(x) ÿâëÿåòñÿ íåèçâåñòíûì. Îñíîâíàÿ öåëü äàííîé ðàáîòû � èññëåäîâàíèå àñèìï-
òîòè÷åñêèõ ñâîéñòâ òåíçîðíîé ôóíêöèè Ãðèíà ðàññìàòðèâàåìîé çàäà÷è è âûâîä ñèñòåìû
àñèìïòîòè÷åñêèõ óðàâíåíèé ýëåêòðîìàãíèòíîãî ïîëÿ. Îïèñûâàåòñÿ ìåòîä âðàùåíèé òå-
ëà, ïîçâîëÿþùèé ïðåîáðàçîâàòü àñèìïòîòè÷åñêèå óðàâíåíèÿ òàêèì îáðàçîì, ÷òîáû â íèõ
âõîäèëè ëþáûå êîìïîíåíòû íåèçâåñòíûõ òåíçîð-ôóíêöèé.

2. Ïîñòàíîâêà çàäà÷è. Èíòåãðî-äèôôåðåíöèàëüíûå óðàâíåíèÿ.

Ðàññìîòðèì çàäà÷ó äèôðàêöèè ýëåêòðîìàãíèòíîãî ïîëÿ íà îáúåìíîì òåëå V, ðàñïî-
ëîæåííîì â ïðÿìîóãîëüíîì âîëíîâîäå P := {x ∈ R3 : x1 ∈ (0, a), x2 ∈ (0, b)} ñ èäåàëüíî
ïðîâîäÿùåé ãðàíèöåé ∂P . V õàðàêòåðèçóåòñÿ íåèçâåñòíûìè òåíçîð-ôóíêöèÿìè äèýëåê-
òðè÷åñêîé è ìàãíèòíîé ïðîíèöàåìîñòåé ε̂(x), µ̂(x); âíå V ñðåäà îäíîðîäíà è èçîòðîïíà
� ε̂ = ε0Î , µ̂ = µ0Î . Ïîòðåáóåì òàêæå âûïîëíåíèÿ ñëåäóþùèõ óñëîâèé:

ε̂(x), µ̂(x), ε̂−1(x), µ̂−1(x) ∈ L∞(V ).

Ïàäàþùåå ïîëå E0, H0 ÿâëÿåòñÿ ðåøåíèåì êðàåâîé çàäà÷è äëÿ óðàâíåíèé Ìàêñâåëëà
â îäíîðîäíîì âîëíîâîäå è ðàñïðîñòðàíÿåòñÿ â íàïðàâëåíèè âîçðàñòàíèÿ x3.

Òðåáóåòñÿ ïî èçâåñòíûì àìïëèòóäàì ïðèõîäÿùåãî èç −∞ ïîëÿ è ïðîøåäøåãî ïîëÿ
îïðåäåëèòü äèýëåêòðè÷åñêóþ è ìàãíèòíóþ ïðîíèöàåìîñòè òåëà V .

1 Äîöåíò êàôåäðû ìàòåìàòèêè è ñóïåðêîìïüþòåðíîãî ìîäåëèðîâàíèÿ, Ïåíçåíñêèé ãîñóäàðñòâåííûé
óíèâåðñèòåò, ã. Ïåíçà; altsupak@yandex.ru.

2 Äîöåíò êàôåäðû ìàòåìàòèêè è ñóïåðêîìïüþòåðíîãî ìîäåëèðîâàíèÿ, Ïåíçåíñêèé ãîñóäàðñòâåííûé
óíèâåðñèòåò, ã. Ïåíçà; _medv@mail.ru.
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Çàäà÷à ñâîäèòñÿ ê èíòåãðî-äèôôåðåíöèàëüíûì óðàâíåíèÿì ýëåêòðîìàãíèòíîãî ïîëÿ
ïî îáëàñòè íåîäíîðîäíîñòè [4]:

E(x) = E0(x) + (k20 + grad div)
∫
V

ĜE(x, y)ξ̂(y)E(y)dy + iωµ0rot
∫
V

ĜH(x, y)η̂(y)H(y)dy

H(x) = H0(x) + (k20 + grad div)
∫
V

ĜH(x, y)η̂(y)H(y)dy − iωε0rot
∫
V

ĜE(x, y)ξ̂(y)E(y)dy

ãäå ξ̂ = ε̂
ε0

− Î , η̂ = µ̂
µ0

− Î ; ε̂, µ̂ � íåèçâåñòíûå ïðîíèöàåìîñòè; ĜE(x, y) , ĜH(x, y) �
òåíçîðíûå ôóíêöèè Ãðèíà (ÒÔÃ), óäîâëåòâîðÿþùèå óðàâíåíèþ Ãåëüìãîëüöà è îáåñïå÷è-
âàþùèå âûïîëíåíèå êðàåâûõ óñëîâèé íà ∂P äëÿ ýëåêòðîìàãíèòíîãî ïîëÿ.

3. Òåíçîðíûå ôóíêöèè Ãðèíà. Àñèìïòîòè÷åñêèå ñâîéñòâà ÒÔÃ.

Òåíçîðíûå ôóíêöèè Ãðèíà èìåþò äèàãîíàëüíûé âèä [5]:

G1
E = i

ab

∞∑
n=0

∞∑
m=1

2−δn0

γnm
cos πnx1

a
sin πmx2

b
cos πny1

a
sin πmy2

b
eiγnm|x3−y3|

G2
E = i

ab

∞∑
n=1

∞∑
m=0

2−δm0

γnm
sin πnx1

a
cos πmx2

b
sin πny1

a
cos πmy2

b
eiγnm|x3−y3|

G3
E = i

ab

∞∑
n=1

∞∑
m=1

2
γnm

sin πnx1

a
sin πmx2

b
sin πny1

a
sin πmy2

b
eiγnm|x3−y3|

G1
H = G2

E, G2
H = G1

E

G3
H = i

ab

∞∑
n=0

∞∑
m=0

(2−δn0)(2−δm0)
γnm

cos πnx1

a
cos πmx2

b
cos πny1

a
cos πmy2

b
eiγnm|x3−y3|

(3.1)

Ïðèíÿòàÿ â íàñòîÿùåé ðàáîòå çàïèñü ôóíêöèé Ãðèíà îòëè÷àåòñÿ îò îáîçíà÷åíèé â [5]
îïðåäåëåíèåì γnm; ïîëàãàåì

γnm =

√
k20 −

(πn
a

)2
−
(πm
b

)2
.

Âûáåðåì âåòâü êâàäðàòíîãî êîðíÿ òàê, ÷òîáû îáåñïå÷èòü ýêñïîíåíöèàëüíîå óáûâàíèå ê
íóëþ ÷ëåíîâ ðÿäîâ ïðè äîñòàòî÷íî áîëüøèõ n, m. Äëÿ ýòîãî âûïîëíèì ðàçðåç êîìïëåêñ-
íîé ïëîñêîñòè îò òî÷êè âåòâëåíèÿ w0 = 0 âäîëü íèæíåé ÷àñòè ìíèìîé îñè. Îòîáðàæåíèå

z =
√
w =

√
|w|
(
cos

φ

2
+ i sin

φ

2

)
, φ = arg(w) ∈

[
−π
2
,
3π

2

)
ÿâëÿåòñÿ îäíîëèñòíûì, ïðè÷åì

w ∈ R+ ⇒
√
w ∈ R+; w ∈ R− ⇒

√
w ∈ iR+.

Èññëåäóåì ïîâåäåíèå êîìïîíåíò ÒÔÃ, à òàêæå èõ ïðîèçâîäíûõ ïðè x3 → ±∞.
Áîëüøèíñòâî âîëíîâîäîâ, ïðèìåíÿåìûõ â èññëåäîâàíèè ðàñïðîñòðàíåíèÿ âîëí è

ñâîéñòâ ìàòåðèàëüíûõ ñðåä ðàáîòàþò â òàê íàçûâàåìîì îäíîìîäîâîì ðåæèìå, ïðè êî-
òîðîì ñâîáîäíî ìîæåò ðàñïðîñòðàíÿòüñÿ îäíà âîëíà íà íåêîòîðîé ÷àñòîòå. ×àùå âñåãî
èñïîëüçóåòñÿ ñëåäóþùåå ñîîòíîøåíèå øèðèíû è âûñîòû âîëíîâîäà: a = 2b.

Áóäåì ïðåäïîëàãàòü, ÷òî ÷àñòîòà ω âûáèðàåòñÿ òàê, ÷òî k0 ∈
(
π
a
, π

b

)
. Òîãäà

γnm ∈
{

R+, åñëè m = n = 0 èëè m = 0, n = 1,
iR+ â îñòàëüíûõ ñëó÷àÿõ.
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Çíà÷åíèþ γ10 îòâå÷àåò íåçàòóõàþùàÿ â âîëíîâîäå ìîäà; âîëí, îòâå÷àþùèõ ïàðå n =
m = 0, íå ñóùåñòâóåò [6].

Ðàññìîòðèì îñíîâíîå óòâåðæäåíèå îá àñèìïòîòèêå ÒÔÃ, ïî àíàëîãèè ñ êîòîðûì âûâî-
äÿòñÿ è îñòàëüíûå àñèìïòîòè÷åñêèå ñâîéñòâà.

Ë å ì ì à 3.1. G1
E(x, y) → 0 ïðè x3 → ∞ ðàâíîìåðíî ïî y ∈ V.

Ä î ê à ç à ò å ë ü ñ ò â î. Ñóììèðîâàíèå ïî m âåäåòñÿ, íà÷èíàÿ ñ åäèíèöû, ïîýòîìó
÷ëåíû ðÿäà G1

E ðàâíîìåðíî óáûâàþò ê íóëþ ïðè x3 → ∞. Ïóñòü G1
E = Σ′ +Σ′′; ïðè÷åì

â ïåðâîé ñóììå n, m òàêîâû, ÷òî(πn
a

)2
+
(πm
b

)2
>

4

3
k20, (3.2)

à âî âòîðîì - ïî âñåì îñòàëüíûì n, m. Îöåíèì êàæäîå èç ñëàãàåìûõ.
Òàê êàê â Σ′′ ïðèñóòñòâóåò ëèøü êîíå÷íîå ÷èñëî ñëàãàåìûõ N , òî

|Σ′′| ≤ C ·N
∣∣eiγ∗

nm|x3−y3|
∣∣⇒ 0, y3 ∈ V,

ãäå C � íåêîòîðàÿ êîíñòàíòà, à γ∗nm � çíà÷åíèå êîðíÿ, îáåñïå÷èâàþùåå îöåíêó ñâåðõó.
Ðàññìîòðèì òåïåðü ðÿä Σ′. Â ñèëó óñëîâèÿ ((3.2)) äëÿ n, m âåðíî

|γnm| >
1

2

∣∣∣∣∣
√(πn

a

)2
−
(πm
b

)2∣∣∣∣∣ ,
ïîýòîìó

|Σ′| ≤ C1

∑
e−

1
2

√
(πn

a )
2
+(πm

b )
2
|x3−y3| ≤ C1

∑
e−

1
4(

πn
a
+πm

b )|x3−y3|

; â ñèëó èíòåãðàëüíîãî ïðèçíàêà ñõîäèìîñòè çíàêîïîñòîÿííîãî ðÿäà ïîëó÷èì îêîí÷àòåëüíî

|Σ′| ≤ C1

+∞∫
u0

+∞∫
v0

e−(u+v)|x3−y3|dudv ≤ C2

 +∞∫
u∗

e−u|x3−y3|du

2

=
C2

|x3 − y3|2
e−2u∗|x3−y3| ⇒ 0,

ãäå u0, v0 > 0, u∗ := min{u0, v0}.
Ä î ê à ç à ò å ë ü ñ ò â î ç à ê î í ÷ å í î.

Àíàëîãè÷íî äîêàçûâàåòñÿ ñóùåñòâîâàíèå ñëåäóþùèõ âàæíûõ ïðåäåëîâ:

G3
E ⇒ 0, G2

H ⇒ 0,

G2
E − i

abγ10
sin πx1

a
sin πy1

a
eiγ10|x3−y3| ⇒ 0,

G1
H − i

abγ10
sin πx1

a
sin πy1

a
eiγ10|x3−y3| ⇒ 0

G3
H − i

abγ00
eiγ00|x3−y3| − 2i

abγ10
cos πx1

a
cos πy1

a
eiγ10|x3−y3| ⇒ 0.

(3.3)

Âèäíî, ÷òî íåêîòîðûå êîìïîíåíòû ÒÔÃ íå èìåþò ïðåäåëà ïðè x3 → ∞, îäíàêî âïðåäü
áóäåì ïèñàòü, íàïðèìåð, òàê:

G2
E ⇒ i

abγ10
sin

πa

x1
sin

πa

y1
eiγ10|x3−y3|,

ïîíèìàÿ ïðåäåëüíûé ïåðåõîä â ñìûñëå ôîðìóë (3.3)
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Âñå ðàâíîìåðíî óáûâàþùèå ê íóëþ ÷ëåíû ðÿäîâ ÒÔÃ èìåþò ïðîèçâîäíûå ëþáîãî
ïîðÿäêà ïî êàæäîé èç ïåðåìåííûõ, òàêæå ðàâíîìåðíî èñ÷åçàþùèå íà áåñêîíå÷íîñòè. Ïî-
ýòîìó íåñëîæíî ïîëó÷èòü àñèìïòîòèêó äëÿ ïðîèçâîäíûõ êîìïîíåíò ÒÔÃ. Â êà÷åñòâå ïðè-
ìåðîâ ïðèâåäåì íåêîòîðûå èç ðåçóëüòàòîâ:

∂G1
E

∂xk
,
∂G3

E

∂xk
,
∂G2

H

∂xk
,
∂G2

E

∂x2
,
∂G3

H

∂x2
⇒ 0,

∂G3
H

∂x1
⇒ − 2πi

a2bγ10
sin

πx1
a

cos
πy1
a
eiγ10|x3−y3|,

∂G3
H

∂x3
⇒ sign(y3 − x3)

[
eiγ10|x3−y3|

a
b+

2

ab
cos

πx1
a

cos
πy1
a
eiγ10|x3−y3|

]

4. Àñèìïòîòè÷åñêèå èíòåãðàëüíûå óðàâíåíèÿ ýëåêòðîìàãíèòíîãî
ïîëÿ

Çàïèñàííûå âûøå èíòåãðî-äèôôåðåíöèàëüíûå óðàâíåíèÿ ìîæíî ðàññìàòðèâàòü è êàê
ïðåäñòàâëåíèå ïîëÿ E(x), H(x) âíå V îáëàñòè íåîäíîðîäíîñòè ÷åðåç çíà÷åíèÿ ïàäàþùå-
ãî ïîëÿ E0, H0 è ïîëåé â îáëàñòè íåîäíîðîäíîñòè (E, H â èíòåãðî-äèôôåðåíöèàëüíûõ
îïåðàòîðàõ). Â òàê ïîíèìàåìûõ óðàâíåíèÿõ è îñóùåñòâèì ïðåäåëüíûé ïåðåõîä.

Â ïîëó÷åííûõ íèæå ôîðìóëàõ, âûòåêàþùèõ èç äîêàçàííîé ëåììû, ïðåäïîëàãàåòñÿ
ñóììèðîâàíèå ïî ïîâòîðÿþùåìóñÿ èíäåêñó è ïîäðàçóìåâàåòñÿ ñòðåìëåíèå ïðè x3 → ±∞
ðàâíîìåðíî ïî y ∈ V.

ĜE ξ̂E ⇒ i

abγ10
sin

πx1
a

sin
πy1
a
eiγ10|x3−y3|

(
ξ2lE

l
)
· e2, grad div ĜE ξ̂E ⇒ 0

rot ĜE ξ̂E ⇒ sign(x3 − y3)

ab
sin

πx1
a

sin
πy1
a
eiγ10|x3−y3|

(
ξ2lE

l
)
· e1+

+
πi

a2bγ10
cos

πx1
a

cos
πy1
a
eiγ10|x3−y3|

(
ξ2lE

l
)
· e3

ĜE η̂H ⇒ i

abγ10
sin

πx1
a

sin
πy1
a
eiγ10|x3−y3|

(
η1lH

l
)
· e1+

+

(
i

abγ00
eiγ00|x3−y3| +

2i

abγ10
cos

πx1
a

cos
πy1
a
eiγ10|x3−y3|

)(
η3lH

l
)
· e3

rot ĜE η̂H ⇒ sign(y3 − x3)

ab
sin

πx1
a

sin
πy1
a
eiγ10|x3−y3|

(
η1lH

l
)
· e2+

+
2πi

a2bγ10
sin

πx1
a

cos
πy1
a
eiγ10|x3−y3|

(
η3lH

l
)
· e2

grad div ĜH η̂H ⇒ −iπ2

a3bγ10
sin

πx1
a

sin
πy1
a
eiγ10|x3−y3|

(
η1lH

l
)
· e1+

+
2π sign(x3 − y3)

a2b
sin

πx1
a

cos
πy1
a
eiγ10|x3−y3|

(
η3lH

l
)
· e1+

+
π sign(y3 − x3)

a2b
cos

πx1
a

sin
πy1
a
eiγ10|x3−y3|

(
η1lH

l
)
· e3−

−
(
iγ00
ab

eiγ00|x3−y3| +
2iγ10
ab

cos
πx1
a

cos
πy1
a
eiγ10|x3−y3|

)(
η3lH

l
)
· e3

(4.1)
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Èç ïîñëåäíèõ ôîðìóë âûòåêàþò óðàâíåíèÿ äëÿ êîìïîíåíò ïîëÿ:

E1
∞ = E1

0 , E3
∞ = E3

0 , H2
∞ = H2

0

E2
∞ = E2

0 +
ik20
abγ10

sin
πx1
a

∫
V

sin
πy1
a
eiγ10|x3−y3|

(
ξ2lE

l
)
dy+

+
iωµ0sign(y3 − x3)

ab
sin

πx1
a

∫
V

sin
πy1
a
eiγ10|x3−y3|

(
η1lH

l
)
dy−

− 2πωµ0

a2bγ10
sin

πx1
a

∫
V

cos
πy1
a
eiγ10|x3−y3|

(
η3lH

l
)
dy

H1
∞ = H1

0 +
ik20
abγ10

sin
πx1
a

∫
V

sin
πy1
a
eiγ10|x3−y3|

(
η1lH

l
)
dy−

− iπ2

a3bγ10
sin

πx1
a

∫
V

sin
πy1
a
eiγ10|x3−y3|

(
η1lH

l
)
dy+

+
2π sign(x3 − y3)

a2b
sin

πx1
a

∫
V

cos
πy1
a
eiγ10|x3−y3|

(
η3lH

l
)
dy+

+
iωε0sign(y3 − x3)

ab
sin

πx1
a

∫
V

sin
πy1
a
eiγ10|x3−y3|

(
ξ2lE

l
)
dy

H3
∞ = H3

0 +
2ik20
abγ10

cos
πx1
a

∫
V

cos
πy1
a
eiγ10|x3−y3|

(
η3lH

l
)
dy−

− 2iγ10
ab

cos
πx1
a

∫
V

cos
πy1
a
eiγ10|x3−y3|

(
η3lH

l
)
dy+

+
π sign(y3 − x3)

a2b
cos

πx1
a

∫
V

sin
πy1
a
eiγ10|x3−y3|

(
η1lH

l
)
dy+

+
πωε0
a2bγ10

cos
πx1
a

∫
V

sin
πy1
a
eiγ10|x3−y3|

(
ξ2lE

l
)
dy

(4.2)

Äëÿ ïîëó÷åíèÿ àñèìïòîòè÷åñêèõ óðàâíåíèé â îêîí÷àòåëüíîì âèäå îïðåäåëèì âèä ïîëÿ
E0, H0 è ïîëÿ íà áåñêîíå÷íîñòè. Ñëåäóÿ [6], çàïèøåì ýëåêòðè÷åñêîå ïîëå â âèäå:

E0 =

[
0,
iπωµ0

a
sin

πx1
a
eiγ10x3 , 0

]T
,

à ñîîòâåòñòâóþùåå åìó ìàãíèòíîå ïîëå ïîëó÷èì èç îäíîðîäíûõ óðàâíåíèé Ìàêñâåëëà â
ïîëîì âîëíîâîäå:

H0 =
1

iωµ0

rotE0 =
−iπγ10
a

sin
πx1
a
eiγ10x3 · e1 + 0 · e2 +

π2

a2
cos

πx1
a
eiγ10x3 · e3

Òàêèì îáðàçîì, êîìïîíåíòû ïàäàþùåãî ïîëÿ îïðåäåëÿþòñÿ ôîðìóëàìè:

E1
0 = E3

0 = H2
0 = 0; E2

0 = F (+) iπωµ0

a
sin

πx1
a
eiγ10x3

H1
0 = F (+)−iπγ10

a
sin

πx1
a
eiγ10x3 ; H3

0 = F (+)π
2

a2
cos

πx1
a
eiγ10x3

(4.3)

Çäåñü êîýôôèöèåíò F (+) îïðåäåëÿåò àìïëèòóäó ïàäàþùåé âîëíû è ñ÷èòàåòñÿ èçâåñòíûì.
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Ïðîøåäøåå ïîëå òàêæå ñ÷èòàåòñÿ èçâåñòíûì, à åãî àìïëèòóäà ìîæåò áûòü îïðåäåëå-
íà ýêñïåðèìåíòàëüíî; îáîçíà÷èì åå T (+). Ó÷èòûâàÿ, ÷òî ïîëÿðèçàöèÿ ïðîøåäøåãî ïîëÿ
ñîõðàíÿåòñÿ, çàïèøåì åãî â âèäå:

E1
+∞ = E3

+∞ = H2
+∞ = 0; E2

+∞ = T (+) iπωµ0

a
sin

πx1
a
eiγ10x3

H1
+∞ = T (+)−iπγ10

a
sin

πx1
a
eiγ10x3 ; H3

+∞ = T (+)π
2

a2
cos

πx1
a
eiγ10x3

(4.4)

Ïîäñòàâëÿÿ (4.3) è (4.4) â èíòåãðî-äèôôåðåíöèàëüíûå óðàâíåíèÿ è ñîêðàùàÿ îáùèå
ìíîæèòåëè, ïîëó÷èì îêîí÷àòåëüíûé âèä àñèìïòîòè÷åñêèõ èíòåãðàëüíûõ óðàâíåíèé ýëåê-
òðîìàãíèòíîãî ïîëÿ â âîëíîâîäå ñ ëîêàëüíîé àíèçîòðîïíîé íåîäíîðîäíîñòüþ:

T (+) = F (+) +
k20

ωµ0πγ10

∫
V

sin
πy1
a
e−iγ10y3

(
ξ2lE

l
)
dy−

− 1

bπ

∫
V

sin
πy1
a
e−iγ10y3

(
η1lH

l
)
dy+

+
2i

abγ10

∫
V

cos
πy1
a
e−iγ10y3

(
η3lH

l
)
dy

T (+) = F (+) − k20
πbγ210

∫
V

sin
πy1
a
e−iγ10y3

(
η1lH

l
)
dy−

− π

a2bγ210

∫
V

sin
πy1
a
e−iγ10y3

(
η1lH

l
)
dy+

+
2i

abγ10

∫
V

cos
πy1
a
e−iγ10y3

(
η3lH

l
)
dy+

+
ωε0
bπγ10

∫
V

sin
πy1
a
e−iγ10y3

(
ξ2lE

l
)
dy

T (+) = F (+) +
2iak20
bπ2γ10

∫
V

cos
πy1
a
e−iγ10y3

(
η3lH

l
)
dy−

− 1

bπ

∫
V

sin
πy1
a
e−iγ10y3

(
η3lH

l
)
dy+

+
2iaγ10
bπ2

∫
V

cos
πy1
a
e−iγ10y3

(
η1lH

l
)
dy+

+
ωε0
bπγ10

∫
V

sin
πy1
a
e−iγ10y3

(
ξ2lE

l
)
dy

(4.5)

Óðàâíåíèÿ (4.5) íå ñîäåðæàò âñåõ êîìïîíåíò èñêîìûõ òåíçîðîâ � îòñóòñòâóþò ýëå-
ìåíòû 2-îé ñòðîêè òåíçîðà η̂, à òàêæå êîìïîíåíòû 1-îé è 3-åé ñòðîê äëÿ ε̂. Ïîýòîìó
ðàññìàòðèâàåìàÿ çàäà÷à ìîæåò áûòü ðåøåíà, åñëè çàäàí íåêîòîðûé èçâåñòíûé çàðàíåå
êëàññ ìàòåðèàëîâ è ñîîòâåòñòâóþùàÿ èì ñòðóêòóðà òåíçîðà: íàïðèìåð, ìîãóò ðàññìàòðè-
âàòüñÿ òîëüêî êðèñòàëëû ôèêñèðîâàííîãî òèïà èëè òîëüêî èçîòðîïíûå òåëà. Ýòà ïðîáëåìà
ðåøàåòñÿ âðàùåíèåì òåëà V .
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Ïðîâåäåì ïîäðîáíûå ðàññóæäåíèÿ äëÿ òåíçîðà ε̂. Ïðè ñàìûõ îáùèõ ïðåäïîëîæåíèÿõ
îòíîñèòåëüíî ðàññìàòðèâàåìîãî òåëà V åãî äèýëåêòðè÷åñêàÿ ïðîíèöàåìîñòü õàðàêòåðè-
çóåòñÿ äâóõâàëåíòíûì òåíçîðîì:

ε̂ =

 ε11 ε12 ε13

ε21 ε22 ε23

ε31 ε32 ε33

 (4.6)

Åñëè [P ] � ìàòðèöà ïåðåõîäà îò ñòàðîãî îðòîíîðìàëüíîãî áàçèñà B ê íîâîìó B′,
îïðåäåëÿþùàÿ ïðåîáðàçîâàíèå äåêàðòîâîé ñèñòåìû êîîðäèíàò, òî

ε̂′(x′) = [P ]−1 ε̂(x) [P ] .

ïðè óñëîâèè, ÷òî òåëî V íå ìåíÿåò ñâîåãî ïîëîæåíèÿ (åñëè æå âìåñòå ñ îñÿìè ïîâîðà÷è-
âàåòñÿ è òåëî, òî êîìïîíåíòû åãî òåíçîðà íå ìåíÿþòñÿ). Îáðàòíî, åñëè ïî îòíîøåíèþ ê
îñÿì èçìåíèòü ïîëîæåíèå òåëà V , òî ïîëó÷èòñÿ íîâûé íàáîð êîýôôèöèåíòîâ.

Ïóñòü V ñîäåðæèòñÿ â îáúåìå Q = {x : x1 ∈ (0, a), x2 ∈ (0, b), x3 ∈ (−c, c)}. Áó-
äåì ðàññìàòðèâàòü ïîâîðîòû òåëà âîêðóã öåíòðà îáëàñòè Q íà óãîë φ â ïëîñêîñòÿõ,
ïàðàëëåëüíûõ òðåì êîîðäèíàòíûì. Òàêèå ïîâîðîòû ðàâíîñèëüíû êîìïîçèöèè òðåõ ïðåîá-
ðàçîâàíèé: ñäâèã òåëà íà âåêòîð (−a/2,−b/2, 0)T , åãî ïîâîðîò âîêðóã íà÷àëà êîîðäèíàò
â íóæíîé ïëîñêîñòè è îáðàòíûé ñäâèã; ïðè ýòîì ñäâèãè íå ìåíÿþò ñòðóêòóðû òåíçîðà.

Ïîñìîòðèì, êàê ïðåîáðàçóåòñÿ òåíçîð ε̂ ïðè ïîâîðîòå òåëà íà óãîë φ ïî ÷àñîâîé ñòðåë-
êå âîêðóã îñè Ox3. Ýòî ïðåîáðàçîâàíèå ðàâíîñèëüíî ïîâîðîòó ñèñòåìû êîîðäèíàò òåëà
íà óãîë φ ïðîòèâ ÷àñîâîé ñòðåëêè è îïðåäåëÿåòñÿ ìàòðèöåé (ïðåîáðàçîâàíèÿ áàçèñîâ)

[
P (3)

]
=

 cosφ − sinφ 0
sinφ cosφ 0
0 0 1

 .
Îáîçíà÷èâ cosφ =: c, sinφ =: s , âû÷èñëèì

ε̂(3) =

 ε11c
2 + ε21cs+ ε12cs+ ε22s

2 −ε11cs+ ε21c
2 − ε12s

2 + ε22cs ε31c+ ε32s

−ε11cs− ε21s
2 + ε12c

2 + ε22cs ε11s
2 − ε21cs− ε12cs+ ε22c

2 −ε31s+ ε32c

ε13c
2 + ε23s −ε13s+ ε23c ε33

 .
Àíàëîãè÷íî îïðåäåëÿþòñÿ ìàòðèöû ïîâîðîòîâ âîêðóã äâóõ äðóãèõ êîîðäèíàòíûõ îñåé.
Ïðè ïîâîðîòå òåëà íà óãîë φ = π/2 âîêðóã îñåé Ox3, Ox2, Ox1 ïîëó÷èì ñîîòâåòñòâåííî
âèä ïðåîáðàçîâàííîãî òåíçîðà:

ε̂(3) =

 ε22 −ε12 ε32

−ε21 ε11 −ε31
ε23 −ε13 ε33

 , ε̂(2) =

 ε33 −ε23 −ε13
−ε32 ε22 ε12

−ε31 ε21 ε11

 , ε̂(1) =

 ε11 ε31 −ε21
ε13 ε33 −ε23

−ε12 −ε32 ε22

 .
Ýòè ïðåîáðàçîâàíèÿ ïîçâîëÿþò çàïèñàòü àñèìïòîòè÷åñêèå óðàâíåíèÿ ñ âõîæäåíèåì â íèõ
âñåõ òðåáóåìûõ êîìïîíåíò. Íàïðèìåð, ïðè ïîâîðîòå âîêðóã îñè Ox3 óðàâíåíèÿ áóäóò
ñîäåðæàòü íåèçâåñòíûå εj1 è µj

2.
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5. Ðåçóëüòàòû âû÷èñëåíèé

Íà ïðèâåäåííûõ íèæå ãðàôèêàõ ïðåäñòàâëåíû ðåçóëüòàòû âîññòàíîâëåíèÿ äèýëåêòðè-
÷åñêîé ïðîíèöàåìîñòè äëÿ òåë, èìåþùèõ ñëîæíóþ ãåîìåòðè÷åñêóþ ôîðìó. Íà ðèñóíêå 5.1
èçîáðàæåíî íåîäíîðîäíîå òåëî � ïåðâàÿ ïîëîâèíà òåëà, èçîáðàæåííàÿ ñâåòëî ñåðûì öâå-
òîì, èìååò ïðîíèöàåìîñòü ε̂ = 1.1Î , à âòîðàÿ ïîëîâèíà òåëà � ïðîíèöàåìîñòü ε̂ = 1.4Î .
Îáå ÷àñòè òåëà ïðåäñòàâëÿþò ñîáîé ïðÿìîóãîëüíûå ïàðàëëåëåïèïåäû ñ ïðÿìîóãîëüíûìè
îòâåðñòèÿìè, îðèåíòèðîâàííûìè âäîëü îñè 0x3 è ðàâíîîòñòîÿùèìè îò îñåé 0x1 è 0x2 . Íà
ðèñóíêå 5.2 ïðåäñòàâëåí ãðàôèê âîññòàíîâëåíèÿ äèýëåêòðè÷åñêîé ïðîíèöàåìîñòè òåëà ïî
êîýôôèöèåíòó ïðîõîæäåíèÿ � âû÷èñëåíèÿ ïðîèçâîäèëèñü ïðè âîëíîâûõ ÷èñëàõ k0 = 1.6
è k0 = 1.7. Íà÷àëüíîå ïðèáëèæåíèå äèýëåêòðè÷åñêîé ïðîíèöàåìîñòè êàæäîé ïîëîâèíû
òåëà ðàâíÿëîñü ε̂ = 1.2Î , è ε̂ = 1.3Î ñîîòâåòñòâåííî.

Íà ðèñóíêå 5.4 ïðåäñòàâëåíû ðåçóëüòàòû ðàñ÷åòîâ äëÿ òåëà, èçîáðàæåííîãî íà ðèñóíêå
5.3, è õàðàêòåðèçóþùåãî ïðîíèöàåìîñòÿìè ε̂ = 1.1Î è ε̂ = 1.6Î . Âû÷èñëåíèÿ ïðîèçâîäè-
ëèñü ïðè âîëíîâûõ ÷èñëàõ k0 = 1.6 è k0 = 1.7. Íà÷àëüíîå ïðèáëèæåíèå äèýëåêòðè÷åñêîé
ïðîíèöàåìîñòè êàæäîé ïîëîâèíû òåëà ðàâíÿëîñü ε̂ = 1.2Î , è ε̂ = 1.5Î ñîîòâåòñòâåííî.

Ð è ñ ó í î ê 5.1

Ôîðìà òåëà: a=2, b=1, c=2, l=1

Ð è ñ ó í î ê 5.2

Ãðàôèê âîññòàíîâëåíèÿ äèýëåêòðè÷åñêîé ïðîíèöàåìîñòè
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Ð è ñ ó í î ê 5.3

Ôîðìà òåëà: a=2, b=1, c=2, l=1

Ð è ñ ó í î ê 5.4

Ãðàôèê âîññòàíîâëåíèÿ äèýëåêòðè÷åñêîé ïðîíèöàåìîñòè

Ñïèñîê ëèòåðàòóðû

1. Ñìèðíîâ Þ.Ã., �Î ñóùåñòâîâàíèè è åäèíñòâåííîñòè ðåøåíèé îáðàòíîé êðàåâîé
çàäà÷è äëÿ îïðåäåëåíèÿ ýôôåêòèâíîé äèýëåêòðè÷åñêîé ïðîíèöàåìîñòè íàíîìà-
òåðèàëîâ�, Èçâåñòèÿ âûñøèõ ó÷åáíûõ çàâåäåíèé. Ïîâîëæñêèé ðåãèîí. Ôèçèêî-
ìàòåìàòè÷åñêèå íàóêè, 2009, �1, 11�24.

2. Ñìèðíîâ Þ.Ã., Ìåäâåäèê Ì.Þ., Âàñþíèí Ä.È., �Ìåòîä êîëëîêàöèè ðåøåíèÿ îáú-
åìíîãî ñèíãóëÿðíîãî èíòåãðàëüíîãî óðàâíåíèÿ â çàäà÷å îïðåäåëåíèÿ äèýëåêòðè÷å-
ñêîé ïðîíèöàåìîñòè ìàòåðèàëà�, Èçâåñòèÿ âûñøèõ ó÷åáíûõ çàâåäåíèé. Ïîâîëæñêèé
ðåãèîí. Ôèçèêî-ìàòåìàòè÷åñêèå íàóêè, 2009, �3, 71�87.

Æóðíàë ÑÂÌÎ. 2013. Ò. 15, � 3



157

3. Äåðåâÿí÷óê Å.Ä., �Ðåøåíèå îáðàòíîé çàäà÷è îïðåäåëåíèÿ äèýëåêòðè÷åñêîé ïðîíèöà-
åìîñòè äèàôðàãìû â âîëíîâîäå�, Èçâåñòèÿ âûñøèõ ó÷åáíûõ çàâåäåíèé. Ïîâîëæñêèé
ðåãèîí. Ôèçèêî-ìàòåìàòè÷åñêèå íàóêè, 2011, �4, 36�44.

4. Ñàìîõèí À.Á.,Èíòåãðàëüíûå óðàâíåíèÿ è èòåðàöèîííûå ìåòîäû â ýëåêòðîìàãíèò-
íîì ðàññåÿíèè, Ðàäèî è Ñâÿçü, Ì., 1998.

5. Ìàðêîâ Ã.Ò., Ïàí÷åíêî Á.À., �Òåíçîðíûå ôóíêöèè Ãðèíà ïðÿìîóãîëüíûõ âîëíîâî-
äîâ è ðåçîíàòîðîâ�, Èçâåñòèÿ Âóçîâ ÑÑÑÐ. Ðàäèîòåõíèêà, 1966, �1, 34�41.

6. Âàéíøòåéí Ë.À., Ýëåêòðîìàãíèòíûå âîëíû, Ñîâåòñêîå ðàäèî, Ì., 1957, 336 ñ.

Solving the inverse electromagnetic di�raction problem in

rectangular waveguide using the method of asymptotic

integral equations

c⃝ A. A. Tsupak3, M. Yu. Medvedik4

Abstract. Inverse electromagnetic di�raction problem on anisotropic heterogeneous dielectric
body in rectangular waveguide is considered. Theorem considering Green's tensor asymptotic
behavior is proved. The system of asymptotic integral equations for electromagnetic �eld is
obtained. Rotation method for tensor permittivity and permeability determination is described.
Numerical results
Key Words: inverse electromagnetic di�raction problem, tensor permittivity and permeability
tensors, tensor Green's function, asymptotic equations, rotation method
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ÓÄÊ 517.95

Î ðàçðåøèìîñòè ñìåøàííîé çàäà÷è äëÿ ëèíåéíîãî

ïàðàáîëî-ãèïåðáîëè÷åñêîãî

èíòåãðî-äèôôåðåíöèàëüíîãî óðàâíåíèÿ Ôðåäãîëüìà

c⃝ Ò. Ê. Þëäàøåâ1

Àííîòàöèÿ. Â äàííîé ðàáîòå ðàññìàòðèâàþòñÿ âîïðîñû îäíîçíà÷íîé ðàçðåøèìîñòè ñìåøàí-
íîé çàäà÷è äëÿ ëèíåéíîãî ïàðàáîëî-ãèïåðáîëè÷åñêîãî èíòåãðî-äèôôåðåíöèàëüíîãî óðàâíå-
íèÿ Ôðåäãîëüìà â áåñêîíå÷íîé ïîëîñå.

Êëþ÷åâûå ñëîâà: ñìåøàííàÿ çàäà÷à, óðàâíåíèå ñìåøàííîãî òèïà, èíòåãðî-
äèôôåðåíöèàëüíîå óðàâíåíèå, îäíîçíà÷íàÿ ðàçðåøèìîñòü, âûðîæäåííûå ÿäðà

Â îáëàñòè D ≡ D+∪D− ðàññìàòðèâàåòñÿ èíòåãðî-äèôôåðåíöèàëüíîå óðàâíåíèå Ôðåä-
ãîëüìà ñìåøàííîãî òèïà

∂ u(t, x)

∂ t
=

T∫
0

K1(t, s)
∂ 2u(s, x)

∂ x2
ds+ f1(t, x), (t, x) ∈ D+,

∂ 2 u(t, x)

∂ t 2
=

0∫
−T

K2(t, s)
∂ 2u(s, x)

∂ x2
ds+ f2(t, x), (t, x) ∈ D−

(1.1)

ñ óñëîâèÿìè

u(T, x) = φ1(x), u(−T, x) = φ2(x), u(+0, x) = u(−0, x), x ∈ R, (1.2)

u(t, 0) =



φ1(0)−M1

T∫
t

a1(s)ds−
T∫
t

f1(s, 0)ds, t ∈ D+
T ,

φ1(0) + φ2(0)(t+ T ) +N1

t∫
−T

(t− s)a2(s)ds+

+
t∫

−T

(t− s)f2(s, 0)ds, t ∈ D−
T ,

(1.3)

ux(t, 0) =



φ′
1(0)−M2

T∫
t

a1(s)ds−
T∫
t

f1x(s, 0)ds, t ∈ D+
T ,

φ′
1(0) + φ′

2(0)(t+ T ) +N2

t∫
−T

(t− s)a2(s)ds+

+
t∫

−T

(t− s)f2x(s, 0)ds, t ∈ D−
T ,

(1.4)

ãäå fi(t, x) ∈ C 0,2(D) , φi(x) ∈ C 2(R) , Ki(t, s) = ai(t) · bi(s), i = 1, 2 , a1(t), b1(s) ∈ C(D+
T ) ,

a2(t), b2(s) ∈ C(D−
T ) , Mi, Ni � çàäàííûå ïîñòîÿííûå, i = 1, 2 , D+ ≡ D+

T × R , D− ≡
D−

T ×R , D+
T ≡ [0, T ] , D−

T ≡ [−T, 0] , R ≡ (−∞,∞) , 0 < T <∞ .
Îòìåòèì, ÷òî èçó÷åíèþ äèôôåðåíöèàëüíûõ óðàâíåíèé ñìåøàííîãî òèïà ïîñâÿùåíî

ìíîãî ðàáîò (ñì., íàïð. [1] - [4]). Íî, èçó÷åíèþ èíòåãðî-äèôôåðåíöèàëüíûõ óðàâíåíèé
ñìåøàííîãî òèïà ïîñâÿùåíî ñðàâíèòåëüíî ìàëî. Èíòåãðî-äèôôåðåíöèàëüíûå óðàâíåíèÿ
èìåþò îñîáåííîñòåé â âîïðîñå îäíîçíà÷íîé ðàçðåøèìîñòè [5], [6]. Â ðàáîòå [7] èçó÷åíà

1 Äîöåíò êàôåäðû âûñøåé ìàòåìàòèêè, Ñèáèðñêèé ãîñóäàðñòâåííûé àýðîêîñìè÷åñêèé óíèâåðñèòåò
èìåíè àêàäåìèêà Ì. Ô. Ðåøåòíåâà, ã. Êðàñíîÿðñê, tursunbay@rambler.ru.
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êðàåâàÿ çàäà÷à äëÿ ïàðàáîëî-ãèïåðáîëè÷åñêîãî èíòåãðî-äèôôåðåíöèàëüíîãî óðàâíåíèÿ
Ôðåäüãîëüìà â ïðÿìîóãîëüíèêå.

Â äàííîé ðàáîòå ðàññìàòðèâàþòñÿ âîïðîñû îäíîçíà÷íîé ðàçðåøèìîñòè ñìåøàííîé çà-
äà÷è äëÿ ëèíåéíîãî ïàðàáîëî-ãèïåðáîëè÷åñêîãî èíòåãðî-äèôôåðåíöèàëüíîãî óðàâíåíèÿ
Ôðåäãîëüìà â áåñêîíå÷íîé ïîëîñå. Ïðè ýòîì ïðåäïîëàãàåòñÿ, ÷òî èíòåãðàëüíûå ÿäðà ó
çàäàííûõ óðàâíåíèé - âûðîæäåííûå.

Ïîä ðåøåíèåì çàäà÷è (1.1)-(1.4) â îáëàñòè D ≡ D+∪D− ïîíèìàåòñÿ ôóíêöèÿ u(t, x) ,
êîòîðàÿ â îáëàñòÿõ D+ è D− ÿâëÿåòñÿ ðåãóëÿðíûì ðåøåíèåì ñîîòâåòñòâóþùåãî óðàâíå-
íèÿ è óäîâëåòâîðÿåò çàäàííûì óñëîâèÿì (1.2)-(1.4).

Ñíà÷àëà ðàññìîòðèâàåòñÿ ïåðâîå óðàâíåíèå èç (1.1) â îáëàñòè D+

∂ u(t, x)

∂ t
=

T∫
0

K1(t, s)
∂ 2u(s, x)

∂ x2
ds+ f1(t, x), (t, x) ∈ D+. (1.5)

Èñïîëüçóåòñÿ ìåòîä èíòåãðàëüíûõ óðàâíåíèé Ôðåäãîëüìà ñ âûðîæäåííûìè ÿäðàìè.
Ïðè ïîìîùè îáîçíà÷åíèÿ

c1(x) =

T∫
0

b1(s)
∂ 2u(s, x)

∂ x2
ds (1.6)

èíòåãðî-äèôôåðåíöèàëüíîå óðàâíåíèå Ôðåäãîëüìà (1.5) ïåðåïèøåòñÿ â ïðîñòåéøåì âèäå

∂ u(t, x)

∂ t
= a1(t)c1(x) + f1(t, x), (t, x) ∈ D+.

Ñ ó÷åòîì óñëîâèÿ (1.2) èíòåãðèðîâàíèå ïîñëåäíåãî ðàâåíñòâà ïî t äàåò

u(t, x) = φ1(x)− c1(x)

T∫
t

a1(s)ds−
T∫
t

f1(s, x)ds, (t, x) ∈ D+. (1.7)

Òåïåðü îïðåäåëèì c1(x) â (1.7). Äèôôåðåíöèðóÿ (1.7) äâà ðàçà ïî x , ïîëó÷àåì

ux(t, x) = φ′
1(x)− c′1(x)

T∫
t

a1(s)ds−
T∫
t

f1x(s, x)ds, (t, x) ∈ D+, (1.8)

uxx(t, x) = φ′′
1(x)− c′′1(x)

T∫
t

a1(s)ds−
T∫
t

f1xx(s, x)ds, (t, x) ∈ D+. (1.9)

Ïîäñòàíîâêà (1.9) â (1.6) äàåò ñëåäóþùåå äèôôåðåíöèàëüíîå óðàâíåíèå îòíîñèòåëüíî
c1(x)

c1(x) =

T∫
0

b1(s)

φ′′
1(x)− c′′1(x)

T∫
s

a1(θ)dθ −
T∫

s

f1xx(θ, x)dθ

 ds
èëè

c1(x) = −A · c′′1(x) + F0(x), (1.10)

ãäå

A =

T∫
0

b1(s)q1(s)ds, q1(t) =

T∫
t

a1(s)ds,
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F0(x) = φ′′
1(x)

T∫
0

b1(s)ds−
T∫

0

b1(s)

T∫
s

f1xx(θ, x)dθds.

Ïóñòü

A =

T∫
0

b1(s)q1(s)ds > 0. (1.11)

Òîãäà óðàâíåíèå (1.10) çàïèøåòñÿ â âèäå

c′′1(x) + B · c1(x) = F (x), (1.12)

ãäå B = A−1, F (x) = B · F0(x) .
Ðåøàÿ äèôôåðåíöèàëüíîå óðàâíåíèå (1.12) ìåòîäîì âàðèàöèè ïðîèçâîëüíûõ ïîñòîÿí-

íûõ, ïîëó÷àåì

c1(x) = D1 cosµx+D2 sinµx+
1

µ

x∫
0

F (y)Q(x, y)dy, (1.13)

ãäå Q(x, y) = sinµ(x− y), µ =
√
B , êîýôôèöèåíòû Di ïîäëåæàò îïðåäåëåíèþ, i = 1, 2 .

Èç (1.13) èìååì
c1(0) = D1, c

′
1(0) = µD2. (1.14)

Ñ ó÷åòîì (1.14) èç (1.7) è (1.8) ïîëó÷àåì, ÷òî

u(t, 0) = φ1(0)−D1

T∫
t

a1(s)ds−
T∫
t

f1(s, 0)ds, (1.15)

ux(t, 0) = φ′
1(0)− µD2

T∫
t

a1(s)ds−
T∫
t

f1x(s, 0)ds. (1.16)

Ñðàâíåíèå ñîîòíîøåíèé (1.15) è (1.16) ñ çàäàííûìè óñëîâèÿìè (1.3) è (1.4) äàåò

D1 =M1, D2 =
M2

µ
.

Èòàê, ôóíêöèÿ (1.13) ïðèíèìàåò âèä

c1(x) =M1 cosµx+
M2

µ
sinµx+

1

µ

x∫
0

F (y)Q(x, y)dy. (1.17)

Ïîäñòàíîâêà (1.17) â (1.7) äàåò

u(t, x) = φ1(x) + q1(t)
{
M1 cosµx+

M2

µ
sinµx+

+
1

µ

x∫
0

F (y)Q(x, y)dy
}
−

T∫
t

f1(s, x)ds, (t, x) ∈ D+
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èëè

u(t, x) = φ1(x)−
T∫
t

f1(s, x)ds−

−q1(t)
{
M1 cosµx+

M2

µ
sinµx+ µ

T∫
0

b1(s)ds

x∫
0

φ′′
1(y)Q(x, y)dy−

−µ
x∫

0

Q(x, y)

T∫
0

b1(s)

T∫
s

f1yy(θ, y)dθdsdy
}
, (t, x) ∈ D+, (1.18)

ãäå Q(x, y) = sinµ(x− y), µ =
√
B , A =

T∫
0

b1(s)q1(s)ds , q1(t) =
T∫
t

a1(s)ds .

Èòàê, â îáëàñòè D+ ðåøåíèå óðàâíåíèÿ (1.5) ïðè ñîîòâåòñòâóþùèõ óñëîâèÿõ (1.2)-(1.4)
èìååò âèä (1.18).

Òåïåðü ðàññìîòðèì âòîðîå óðàâíåíèå èç (1.1) â îáëàñòè D−

∂ 2 u(t, x)

∂ t 2
=

0∫
−T

K2(t, s)
∂ 2u(s, x)

∂ x2
ds+ f2(t, x), (t, x) ∈ D−. (1.19)

Ïóñòü

A =

0∫
−T

b2(s)q2(s)ds > 0, (1.20)

ãäå q2(t) =
t∫

−T

a2(s)ds .

Òîãäà, ðåøàÿ óðàâíåíèÿ (1.19) â îáëàñòè D− àíàëîãè÷íûì îáðàçîì, ïîëó÷èì åãî îáùåå
ðåøåíèå â ñëåäóþùåì âèäå

u(t, x) = E1(x) + E2(x)(t+ T ) +

t∫
−T

(t− s)f2(s, x)ds+

+q2(t)
{
N1 ch νx+

N2

ν
sh νx− ν

0∫
−T

b2(s)

x∫
0

Q(x, y)
(
E ′′

1 (y) + E ′′
2 (y)(s+ T )

)
dsdy−

−ν
x∫

0

Q(x, y)

0∫
−T

b2(s)

s∫
−T

(s− θ)f2yy(θ, y)dθdsdy
}
, (t, x) ∈ D−, (1.21)

ãäå Ei(x) � ïðîèçâîëüíûå ôóíêöèè, êîòîðûå ïîäëåæàò îïðåäåëåíèþ, i = 1, 2 , Q(x, y) =

sh ν(x+ y) + sh ν(x− y), ν =
√
A

−1
, A =

0∫
−T

b2(s)q2(s)ds , q2(t) =
t∫

−T

a2(s)ds .

Èñïîëüçóÿ óñëîâèþ (1.2), èç (1.18) è (1.21) ïîëó÷àåì

u(−T, x) = φ2(x) = E1(x), (1.22)
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u(+0, x) = φ1(x)−
T∫

0

f1(s, x)ds−

−q1(0)
{
M1 cosµx+

M2

µ
sinµx+ µ

T∫
0

b1(s)ds

x∫
0

φ′′
1(y)Q(x, y)dy−

−µ
x∫

0

Q(x, y)

T∫
0

b1(s)

T∫
s

f1yy(θ, y)dθdsdy
}
, (1.23)

u(−0, x) = φ2(x) + T · E2(x)−
0∫

−T

sf2(s, x)ds+

+q2(0)
{
N1 ch νx+

N2

ν
sh νx− ν

0∫
−T

b2(s)

x∫
0

Q(x, y)
(
φ′′
2(y) + E ′′

2 (y)(s+ T )
)
dsdy−

−ν
x∫

0

Q(x, y)

0∫
−T

b2(s)

s∫
−T

(s− θ)f2yy(θ, y)dθdsdy
}
. (1.24)

Â ñèëó òîãî, ÷òî u(+0, x) = u(−0, x) , èç (1.23) è (1.24) ïðèäåì ê èíòåãðî-
äèôôåðåíöèàëüíîìó óðàâíåíèþ îòíîñèòåëüíî íåèçâåñòíîãî êîýôôèöèåíòà E2(x) :

E2(x) = Ψ(x) + λ

x∫
0

Q(x, y)E ′′
2 (y)dy, (1.25)

ãäå

Ψ(x) =
1

T

{
Φ(x)− φ2(x) +

0∫
−T

sf2(s, x)ds− q2(0)
[
N1 ch νx+

N2

ν
sh νx−

−ν
0∫

−T

b2(s)

x∫
0

Q(x, y)φ′′
2(y)dsdy−

−ν
x∫

0

Q(x, y)

0∫
−T

b2(s)

s∫
−T

(s− θ)f2yy(θ, y)dθdsdy
]}
,

Φ(x) îïðåäåëÿåò ïðàâóþ ÷àñòü (1.23), λ = ν
0∫

−T

b2(s)(s+ T )ds .

Ïîñêîëüêó Ψ(x) è Q(x, y) � ïî x äâà ðàçà íåïðåðûâíî äèôôåðåíöèðóåìûå ôóíêöèè,
òî íåòðóäíî óáåäèòüñÿ, ÷òî èíòåãðî-äèôôåðåíöèàëüíîå óðàâíåíèå (1.25) èìååò åäèíñòâåí-
íîå äâà ðàçà íåïðåðûâíî äèôôåðåíöèðóåìîå ðåøåíèå íà ÷èñëîâîé îñè. Ýòî ðåøåíèå íàõî-
äèòñÿ ìåòîäîì ïîñëåäîâàòåëüíûõ ïðèáëèæåíèé. Ïðè ýòîì èòåðàöèîííûé ïðîöåññ Ïèêàðà
ìîæíî ñòðîèòü ñëåäóþùèì îáðàçîì:

E1
2(x) = Ψ(x), Ek+1

2 (x) = Ψ(x) + λ

x∫
0

Q(x, y)Ek
2
′′(y)dy, k = 1, 2, . . . .
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Ïîäñòàâëÿÿ (1.22) è ðåøåíèå èíòåãðî-äèôôåðåíöèàëüíîãî óðàâíåíèÿ (1.25) â (1.21),
çàâåðøèì ïðîöåññ îòûñêàíèÿ ðåøåíèÿ ïîñòàâëåííîé çàäà÷è (1.1)-(1.4).

Òàêèì îáðàçîì, äîêàçàíî, ÷òî ñïðàâåäëèâà ñëåäóþùàÿ

Ò å î ð å ì à 1.1. Ïóñòü:
1) Âûïîëíÿþòñÿ óñëîâèÿ (1.11) è (1.20) ;
2) Ki(t, s) = ai(t) · bi(s), i = 1, 2 ;

3) max
{
|φi(x)|; |fi(t, x)|

}
<∞, i = 1, 2 ;

4)

∣∣∣∣ x∫
0

φ′′
1(y)Q(x, y)dy

∣∣∣∣ <∞ ;

5)

∣∣∣∣ x∫
0

Q(x, y)f1yy(t, y)dy

∣∣∣∣ <∞ ;

6)

∣∣∣∣ x∫
0

Q(x, y)
(
φ′′
1(y) + φ′′

2(y)(t+ T )
)
dy

∣∣∣∣ <∞ ;

7)

∣∣∣∣ x∫
0

Q(x, y)f2yy(t, y)dy

∣∣∣∣ <∞ .

Òîãäà â îáëàñòè D ñóùåñòâóåò åäèíñòâåííîå ðåøåíèå çàäà÷è (1.1)-(1.4).
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On solvability of mixed value problem for linear

parabolo-hyperbolic Fredholm integro-di�erential equation
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Abstract. In this paper it is considered the questions of one-value solvability of mixed value
problem for linear parabolo-hyperbolic Fredholm integro-di�erential equation in an in�nite strip.
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Êðàòêèå ñîîáùåíèÿ

ÓÄÊ 517.929

Èññëåäîâàíèå ïîâåäåíèÿ âîçìóùåííîé ñèñòåìû

äèôôåðåíöèàëüíûõ óðàâíåíèé

c⃝ Ñ. Â. Çóáîâ 1

Àííîòàöèÿ. Â äàííîé ñòàòüå èçó÷àåòñÿ ïîâåäåíèå âîçìóùåííîé ñèñòåìû ïðè ðàçëè÷íûõ
âîçìîæíûõ âîçìóùåíèÿõ, èëè èíà÷å ñîõðàíÿåòñÿ ëè àâòîêîëåáàòåëüíûé õàðàêòåð â ñèñòåìàõ
äèôôåðåíöèàëüíûõ óðàâíåíèé. Èçó÷àåòñÿ âîïðîñ ñóùåñòâîâàíèÿ àñèìïòîòè÷åñêîãî àâòîêî-
ëåáàíèÿ ó ñèñòåì äèôôåðåíöèàëüíûõ óðàâíåíèé.

Êëþ÷åâûå ñëîâà: ðåøåíèå, ðàññòîÿíèå, äâèæåíèå, ìíîæåñòâî, ôóíêöèÿ, îãðàíè÷åíèå

Ðàññìîòðèì ñèñòåìó

dys
dt

= fs(y1, . . . , yn+1), s = 1, . . . , n+ 1. (1.1)

Ïóñòü îíà èìååò ïåðèîäè÷åñêîå ðåøåíèå

ys = φs(t), s = 1, . . . , n+ 1 (1.2)

ïåðèîäà 2π . Îáîçíà÷èì ÷åðåç M ãðàôèê ýòîãî ïåðèîäè÷åñêîãî ðåøåíèÿ.

Î ï ð å ä å ë å í è å 1.1. Ïåðèîäè÷åñêîå ðåøåíèå (2) íàçûâàåòñÿ ïåðèîäè÷åñêèì
àâòîêîëåáàíèåì ñèñòåìû (1), åñëè ðåøåíèå (2) îðáèòàëüíî àñèìïòîòè÷åñêè óñòîé÷èâî
ïî Ëÿïóíîâó: ïî ëþáîìó ε > 0 ìîæíî óêàçàòü δ > 0 òàêîå, ÷òî ïðè ρ(Y0,M) < δ
áóäåò ρ(Y (t, Y0),M) < ε ïðè t ≥ 0 è, êðîìå òîãî, ρ(Y (t, Y0),M) → 0 ïðè t→ +∞ , ãäå

ρ(Y,M) = inf
Ȳ ∈M

∥Y − Ȳ ∥

ÿâëÿåòñÿ ðàññòîÿíèåì îò òî÷êè Y äî íîæåñòâà M .

Áóäåì èçó÷àòü ïîâåäåíèå âîçìóùåííîé ñèñòåìû

dys
dt

= fs + gs, s = 1, . . . , n+ 1, (1.3)

ïðè ðàçëè÷íûõ âîçìîæíûõ âîçìóùåíèÿõ gs = gs(t, y1, . . . , yn+1 , s = 1, . . . , n+1 , à èìåííî,
ñîõðàíÿåòñÿ ëè àâòîêîëåáàòåëüíûé õàðàêòåð â ñèñòåìàõ âèäà (3), èíà÷å ãîâîðÿ, ïðîèñõîäèò
ëè çàòÿãèâàíèå äâèæåíèé ýòîé ñèñòåìû â ïðîöåññ àâòîêîëåáàíèÿ.

Ýòî óñëîæíÿåòñÿ òåì, ÷òî ìíîæåñòâî M , èíâàðèàíòíîå äëÿ ñèñòåìû (1), óæå íå áóäåò
â îáùåì ñëó÷àå èíâàðèàíòíûì ìíîæåñòâîì äëÿ ñèñòåìû (3).

Î ï ð å ä å ë å í è å 1.2. Áóäåì ãîâîðèòü, ÷òî ñèñòåìà (3) èìååò àñèìïòîòè-
÷åñêîå àâòîêîëåáàíèå M , åñëè äëÿ ëþáîãî ε > 0 è t0 ≥ 0 ñóùåñòâóåò δ(t0, ε) > 0
òàêîå, ÷òî ïðè ρ(Y0,M) < δ áóäåò ρ(Y (t, Y0, t0),M) < ε ïðè t ≥ t0 + T è, êðîìå òîãî,
ρ(Y (t, Y0, t0),M) → 0 ïðè t→ +∞ , ãäå

1 Äîöåíò, ôàêóëüòåò ÏÌ-ÏÓ ÑÏáÃÓ, ã. Ñàíêò-Ïåòåðáóðã; ddemidova@mail.ru
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Y = Y (t, Y0, t0) (1.4)

Ò å î ð å ì à 1.2. Ïóñòü 1) âñå ðåøåíèÿ (4), íà÷èíàþùèåñÿ â íåêîòîðîé îêðåñò-
íîñòè ìíîæåñòâà M , îãðàíè÷åíû;

2) ñóùåñòâóåò ôóíêöèÿ V (t, y1, . . . , yn+1) , îáëàäàþùàÿ ñâîéñòâàìè Y ≡ 0 ïðè Y ∈
M , V > α > 0 ïðè ρ(Y,M) > β > 0 , V → 0 ðàâíîìåðíî îòíîñèòåëüíî t ≥ 0 ïðè
ρ(Y,M) → 0 ;

3) ïîëíàÿ ïðîèçâîäíàÿ ôóíêöèè V â ñèëó ñèñòåìû (3) óäîâëåòâîðÿåò óñëîâèþ ∂V
∂t

+∑n+1
s=1 (fs + gs)

∂V
∂ys

= W +W1 , ãäå W ≡ 0 ïðè Y ∈M , W < −α < 0 ïðè ρ(Y,M) > β > 0 ,
W1 → 0 ïðè t→ +∞ â íåêîòîðîé îãðàíè÷åííîé îêðåñòíîñòè, ñîäåðæàùåé îãðàíè÷åííîå
ðåøåíèå.
Òîãäà ìíîæåñòâî M ÿâëÿåòñÿ àñèìïòîòè÷åñêèì àâòîêîëåáàíèåì ñèñòåìû (3).

Ðàáîòà âûïîëíåíà ïðè ïîääåðæêå ÐÔÔÈ ãðàíò � 10-08-000624.
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Ñóùåñòâîâàíèå àâòîêîëåáàíèé â äèíàìè÷åñêèõ

ñèñòåìàõ, óñòîé÷èâûõ ïî Ëàãðàíæó

c⃝ Â. È. Çóáîâ 1, È. Â. Çóáîâ2, À. Ô. Çóáîâà 3, Î. Ñ. Ñòðåêîïûòîâà 4

Àííîòàöèÿ. Â äàííîé ñòàòüå èçó÷àåòñÿ äèíàìèêà ñèñòåì è õàðàêòåð ïðåäåëüíîãî ïîâåäåíèÿ
ðåøåíèé.

Êëþ÷åâûå ñëîâà: äèíàìè÷åñêàÿ ñèñòåìà, ìíîæåñòâî, àñèìïòîòè÷åñêàÿ óñòîé÷èâîñòü, àâ-
òîêîëåáàíèå, ïàðàìåòð

Ïóñòü èññëåäóåìàÿ ñèñòåìà îïèñûâàåòñÿ äèíàìè÷åñêîé ñèñòåìîé f(p, t) â îãðàíè÷åí-
íîì çàìêíóòîì ìíîæåñòâå R åâêëèäîâà ïðîñòðàíñòâà En .

Î ï ð å ä å ë å í è å 1.3. Ìíîæåñòâî M ⊂ R íàçûâàåòñÿ èíâàðèàíòíûì ïî îò-
íîøåíèþ ê äèíàìè÷åñêîé ñèñòåìå f(p, t) , åñëè îíî ñîñòîèò èç òðàåêòîðèé ýòîé äèíà-
ìè÷åñêîé ñèñòåìû, ò.å. èç p ∈M ñëåäóåò f(p, I) ⊂M .

Î ï ð å ä å ë å í è å 1.4. Èíâàðèàíòíîå ìíîæåñòâî M ⊂ R äèíàìè÷åñêîé ñè-
ñòåìû f(p, t) íàçûâàåòñÿ óñòîé÷èâûì ïî Ëÿïóíîâó, åñëè ∀ε > 0 ∃δ > 0 : ρ(p,M) < δ
⇒ ρ(f(p, t),M) < ε ∀t > 0 .

Åñëè δ ê òîìó æå ìîæíî âûáðàòü òàê, ÷òî áóäåò âûïîëíÿòüñÿ

ρ(f(p, t),M) →
t→∞

0,

òî èíâàðèàíòíîå ìíîæåñòâî M íàçûâàåòñÿ àñèìïòîòè÷åñêè óñòîé÷èâûì.

Ñîãëàñíî òåðìèíîëîãèè À.Ì. Ëÿïóíîâà, óñòîé÷èâîñòü èíâàðèàíòíîãî ìíîæåñòâà M
îçíà÷àåò óñòîé÷èâîñòü âñåõ äâèæåíèé f(p, t) , ãäå p ∈ M , ïî îòíîøåíèþ ê âåëè÷èíå
ρ(p,M) .

Î ï ð å ä å ë å í è å 1.5. Àâòîêîëåáàíèåì äèíàìè÷åñêîé ñèñòåìû f(p, t) íàçû-
âàåòñÿ èíâàðèàíòíîå óñòîé÷èâîå ïî Ëÿïóíîâó è àñèìïòîòè÷åñêè óñòîé÷èâîå ìíîæå-
ñòâî M , íå èìåþùåå ñîáñòâåííîãî ïîäìíîæåñòâà ñ òàêèìè æå ñâîéñòâàìè [1].

Î ï ð å ä å ë å í è å 1.6. Òî÷êà q ∈ R íàçûâàåòñÿ ω - ïðåäåëüíîé òî÷êîé äâè-
æåíèÿ äèíàìè÷åñêîé ñèñòåìû f(p, t) , åñëè ñóùåñòâóåò ïîñëåäîâàòåëüíîñòü çíà÷åíèé
ïàðàìåòðà {tk} : tk →

k→∞
∞ òàêàÿ, ÷òî

f(p, tk) →
k→∞

q.

Ìíîæåñòâî ω - ïðåäåëüíûõ òî÷åê èíäèâèäóàëüíîãî äâèæåíèÿ f(p, t) îáîçíà÷èì Ωp .
Ýòî ìíîæåñòâî ÿâëÿåòñÿ èíâàðèàíòíûì è ñâÿçíûì [2]. Â íàøåì ñëó÷àå, êîãäà òðàåêòîðèè
âñåõ äâèæåíèé ïðèíàäëåæàò îãðàíè÷åííîìó ìíîæåñòâó R , ìíîæåñòâî Ωp íå ïóñòî äëÿ
ëþáîé òî÷êè p ∈ R [3]. Îáîçíà÷èì Ωf ñîâîêóïíîñòü âñåõ ω - ïðåäåëüíûõ òî÷åê äâèæåíèÿ
f(p, t) ïðè p ∈ R : Ωf =

∪
p∈R

Ωp .

1 àñïèðàíò ÑÏáÃÓ ô-ò ÏÌ-ÏÓ, ã.Ñàíêò-Ïåòåðáóðã; ddemidova@mail.ru
2 ïðîôåññîð ÑÏáÃÓ ô-ò ÏÌ-ÏÓ, ã. Ñàíêò-Ïåòåðáóðã; ddemidova@mail.ru
3 ïðîôåññîð ÑÏáÃÓ ô-ò ÏÌ-ÏÓ, ã. Ñàíêò-Ïåòåðáóðã; ddemidova@mail.ru
4 àñïèðàíò ÑÏáÃÓ ô-ò ÏÌ-ÏÓ, ã. Ñàíêò-Ïåòåðáóðã; ddemidova@mail.ru
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Ò å î ð å ì à 1.3. Ìíîæåñòâî Ωf ÿâëÿåòñÿ èíâàðèàíòíûì, óñòîé÷èâûì ïî Ëÿ-
ïóíîâó è àñèìïòîòè÷åñêè óñòîé÷èâûì ìíîæåñòâîì äèíàìè÷åñêîé ñèñòåìû f(p, t) .

Ä î ê à ç à ò å ë ü ñ ò â î. Ìíîæåñòâî Ωf ÿâëÿåòñÿ èíâàðèàíòíûì, òàê êàê ïðåäñòàâëÿåò
ñîáîé ñîâîêóïíîñòü èíâàðèàíòíûõ ìíîæåñòâ Ωp , ãäå òî÷êè p ïðèíàäëåæàò çàìêíóòîìó
ìíîæåñòâó R . Äîêàæåì ñâîéñòâî åãî óñòîé÷èâîñòè ïî Ëÿïóíîâó. Ïîêàæåì ñíà÷àëà, ÷òî
f(p, t) →

t→∞
M ∀p ∈ R . Äåéñòâèòåëüíî [4], äëÿ êàæäîãî èíäèâèäóàëüíîãî äâèæåíèÿ f(p, t)

âûïîëíåíî

ρ(f(p, t),Ωp) →
t→∞

0.

Íî ïî ñâîéñòâó ìåòðè÷åñêîãî ðàññòîÿíèÿ ñïðàâåäëèâî

ρ(f(p, t),Ωf ) ≤ ρ(f(p, t),Ωp).

Ýòî îçíà÷àåò, ÷òî ïî ëþáîìó ε > 0 ìîæíî óêàçàòü T òàêîå, ÷òî ïðè t > T áóäåò âûïîë-
íåíî ρ(f(p, t),Ωf ) < ε ∀p ∈ R . Ïî ñâîéñòâó íåïðåðûâíîñòè f(p, t) ïî ñâîèì àðãóìåíòàì
ïî âåëè÷èíàì T , ε ìîæíî óêàçàòü âåëè÷èíó δ > 0 òàêóþ, ÷òî ïðè ρ(p,Ωf ) < δ áóäåò
âûïîëíåíî ρ(f(p, t),Ωf ) < ε ïðè 0 ≤ t ≤ T .

Ïîêàæåì, ÷òî íàéäåííàÿ âåëè÷èíà δ óäîâëåòâîðÿåò îïðåäåëåíèþ óñòîé÷èâîñòè ïî Ëÿ-
ïóíîâó. Äåéñòâèòåëüíî, ïðè âûïîëíåíèè óñëîâèÿ ρ(p,Ωf ) < δ âåëè÷èíà ρ(f(p, t),Ωf ) îñòà-
åòñÿ ìåíüøå âåëè÷èíû ε íà èíòåðâàëå [0, T ] ïî ñâîéñòâó èíòåãðàëüíîé íåïðåðûâíîñòè è
íà èíòåðâàëå (T,+∞) ïî äîêàçàííîìó âûøå ñâîéñòâó, èç êîòîðîãî ñëåäóåò òàêæå àñèìï-
òîòè÷åñêàÿ óñòîé÷èâîñòü ìíîæåñòâà Ωf .
Ä î ê à ç à ò å ë ü ñ ò â î ç à ê î í ÷ å í î.

Ò å î ð å ì à 1.4. Ìíîæåñòâî Ωf ñîäåðæèò àâòîêîëåáàíèå.

Ä î ê à ç à ò å ë ü ñ ò â î. Äåéñòâèòåëüíî, åñëè ó Ωf íåò ñîáñòâåííîãî ïîäìíî-
æåñòâà ñ óñòàíîâëåííûìè ñâîéñòâàìè, òî îíî ñàìî ÿâëÿåòñÿ àâòîêîëåáàíèåì, åñëè åñòü,
òî âîçüìåì ýòî ïîäìíîæåñòâî â êà÷åñòâå "ïîäîçðèòåëüíîãî"íà àâòîêîëåáàíèå. Ïðîäîëæàÿ
äàííûé ïðîöåññ, ìîæíî íàéòè ìíîæåñòâî, îáëàäàþùåå óñòàíîâëåííûìè â òåîðåìå 1 ñâîé-
ñòâàìè è íå èìåþùåå ñîáñòâåííîãî ïîäìíîæåñòâà ñ óêàçàííûìè ñâîéñòâàìè, êîòîðîå è
áóäåò ÿâëÿòüñÿ àâòîêîëåáàíèåì.

Èç ïîëó÷åííîãî ðåçóëüòàòà ñëåäóåò íàëè÷èå ïðåäåëüíîãî ðåæèìà ó áðîóíîâñêîãî äâè-
æåíèÿ. Èíûìè ñëîâàìè, ñîâîêóïíîñòü äâèæåíèé â îãðàíè÷åííîì ìíîæåñòâå èìååò ïðå-
äåëüíûé ðåæèì, îäíàêî ñòðóêòóðà ýòîãî ïðåäåëüíîãî ðåæèìà ìîæåò áûòü âåñüìà ñëîæ-
íîé. Èìåþùèåñÿ ïðèìåðû ñòðàííûõ àòòðàêòîðîâ äîêàçûâàþò ýòî.

Íàëè÷èå òîëüêî íåóñòîé÷èâûõ ïî îòíîøåíèþ ê ðàññòîÿíèþ ìåæäó íèìè äâèæåíèé,
ïðèíàäëåæàùèõ ïðåäåëüíîìó ðåæèìó, ïîêàçûâàåò, ÷òî â ýòîì ñëó÷àå òðàåêòîðèè ïðå-
äåëüíîãî ðåæèìà Ωf áóäóò ïëîòíûìè [4].
Ä î ê à ç à ò å ë ü ñ ò â î ç à ê î í ÷ å í î.

Ç à ì å ÷ à í è å 1.1. Ñëåäóåò îòìåòèòü, ÷òî ïîíÿòèå óñòîé÷èâîñòè è àñèìï-
òîòè÷åñêîé óñòîé÷èâîñòè èíâàðèàíòíîãî ìíîæåñòâà ïîäðàçóìåâàåò åãî èçîëèðîâàí-
íîñòü, ò.å. ÷òî ñóùåñòâóþò òî÷êè ïðîñòðàíñòâà, íå ïðèíàäëåæàùèå èíâàðèàíòíîìó
ìíîæåñòâó è íàõîäÿùèåñÿ â åãî äîñòàòî÷íî ìàëîé îêðåñòíîñòè. Åñëè òàêèõ òî÷åê
íåò, òî è èññëåäîâàíèå óñòîé÷èâîñòè èíâàðèàíòíîãî ìíîæåñòâà ñòàíîâèòñÿ áåññìûñ-
ëåííûì. Âîçìîæíî, ÷òî óñëîâèå ñëåäîâàëî áû âêëþ÷èòü

Ðàáîòà âûïîëíåíà ïðè ôèíàíñîâîé ïîääåðæêå ÐÔÔÈ (ïð. ℵ 10-08-000624).
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ÓÄÊ 517.929

Îáîáùåíèå ðåáåðíîé òåîðåìû

c⃝ Ñ. Â. Çóáîâ 1, Ì. Â. Ñòðåêîïûòîâà 2, Î. Ñ. Ñòðåêîïûòîâà 3

Àííîòàöèÿ. Ðàáîòà ÿâëÿåòñÿ ïðîäîëæåíèåì èññëåäîâàíèé àâòîðîâ ïî ðîáàñòíîìó ïîâåäåíèþ
èíòåðâàëüíûõ ñåìåéñòâ ïîëèíîìîâ. Äîêàçàíî îáîáùåíèå ðåáåðíîé òåîðåìû äëÿ àôôèííûõ
ñåìåéñòâ ïîëèíîìîâ èç êëàññà (n, k) - ýêâèâàëåíòíîñòè. Îáñóæäàþòñÿ ñõîäñòâî è ðàçëè÷èÿ
íåïðåðûâíîãî è äèñêðåòíîãî ñëó÷àåâ.

Êëþ÷åâûå ñëîâà: ñåìåéñòâî ïîëèíîìîâ, ïàðàëëåëåïèïåä, ðåáåðíûé ïîëèíîì, ìíèìàÿ îñü,
ýêâèâàëåíòíîñòü.

Êàê èçâåñòíî, äëÿ èíòåðâàëüíûõ ñåìåéñòâ ïîëèíîìîâ íåîïðåäåëåííûìè ïàðàìåòðàìè
ÿâëÿþòñÿ ñàìè êîýôôèöèåíòû ïîëèíîìîâ. Çäåñü ðàññìàòðèâàåòñÿ áîëåå ñëîæíûé ñëó÷àé
- àôôèííîå ñåìåéñòâî ïîëèíîìîâ

F̃ (s,Q) = {F (s, q) = F0(s) + q1F1(s) + . . .+ qlFl(s), |qi| ≤ γ, i = 1, l}. (1.1)

ñ ïàðàìåòðàìè, èçìåíÿþùèìèñÿ â êóáå, γ - ðàçìàõ íåîïðåäåëåííîñòè êîýôôèöèåíòîâ,

Q = {q ∈ Rl : ∥q∥∞ ≤ γ}. (1.2)

ãäå ∥q∥∞ - íîðìà, ∥q∥∞ = max
1≤i≤l

|qi| .
Çàìåòèì, ÷òî Q ìîæåò áûòü ïàðàëëåëåïèïåäîì, åñëè |qi| ≤ αiγ , αi - ìàñøòàáíûå

ìíîæèòåëè, αi > 0 . Îäíàêî, çàìåíîé q̃i =
qi
αi

ìîæíî ëåãêî ñâåñòè çàäà÷ó, ãäå Q - ïàðàë-

ëåëåïèïåä, ê çàäà÷å, ãäå Q̃ - êóá.

Î ï ð å ä å ë å í è å 1.7. Îäíîìåðíîå ñåìåéñòâî âèäà

{F (s, q) : |qi| = γ, i ̸= k, |qk| ≤ γ} (1.3)

íàçûâàåòñÿ ðåáåðíûì ïîëèíîìîì, à âåðøèííûìè ïîëèíîìàìè íàçûâàþòñÿ ïîëèíîìû âè-
äà F (s, q) , qi = ±γ , i = 1, l .

Ãåîìåòðè÷åñêè âåðøèííûå è ðåáåðíûå ïîëèíîìû ñîîòâåòñòâóþò âåðøèíàì è ðåáðàì
êóáà (1.2), ò. å. ðåáåðíûé ïîëèíîì "ñîåäèíÿåò"äâà "ñîñåäíèõ"âåðøèííûõ ïîëèíîìà (ñîîò-
âåòñòâóþùèõ ñîñåäíèì âåðøèíàì êóáà), è âñåãî èìååòñÿ l · 2l−1 ðåáåðíûõ ïîëèíîìîâ.

Î ï ð å ä å ë å í è å 1.8. Íàçîâåì ïîëèíîì ñòåïåíè n èç êëàññà (n, k) - ýêâè-
âàëåíòíîñòè, åñëè ó íåãî k êîðíåé ñïðàâà, à n − k ñëåâà îò ìíèìîé îñè ñ ó÷åòîì
êðàòíîñòåé.

Ò å î ð å ì à 1.5. Åñëè ïîëèíîìû ñ êîìïëåêñíûìè êîýôôèöèåíòàìè φ1(s) è φ2(s)
ïðèíàäëåæàò êëàññó (n, k) - ýêâèâàëåíòíîñòè, òî äëÿ ïðèíàäëåæíîñòè ýòîìó êëàññó
ëèíåéíîãî ïîëèòîïà αφ1(s) + (1−α)φ2(s) , α ∈ [0, 1] íå ïåðåñåêàë îòðèöàòåëüíóþ âåùå-
ñòâåííóþ ïîëóîñü. Î÷åâèäíî ÷òî, ïðè k = 0 ïîëó÷èì èçâåñòíûé êðèòåðèé óñòîé÷èâî-
ñòè ëèíåéíîãî ïîëèòîïà [2].

1 Äîöåíò, ôàêóëüòåò ÏÌ-ÏÓ ÑÏáÃÓ, ã. Ñàíêò-Ïåòåðáóðã; ddemidova@mail.ru
2 Äîöåíò, ôàêóëüòåò ÏÌ-ÏÓ ÑÏáÃÓ, ã. Ñàíêò-Ïåòåðáóðã; ddemidova@mail.ru
3 Àñïèðàíò, ôàêóëüòåò ÏÌ-ÏÓ ÑÏáÃÓ, ã. Ñàíêò-Ïåòåðáóðã; ddemidova@mail.ru
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Ñïðàâåäëèâî ñëåäóþùåå óòâåðæäåíèå - îáîáùåíèå ðåáåðíîé òåîðåìû.

Ò å î ð å ì à 1.6. Ïóñòü F̃ (s,Q) - àôôèííîå ñåìåéñòâî ïîëèíîìîâ (1.1) ñ âåùå-
ñòâåííûìè êîýôôèöèåíòàìè è âûïîëíÿþòñÿ óñëîâèÿ:

deg Fi(s) ≤ F0(s), i = 1, l, degF0(s) = n, (1.4)

γ
l∑

i=1

|ain| < |a0n|, γ
l∑

i=1

|ai0| < |a00|, (1.5)

ãäå aim , i = 1, l - êîýôôèöèåíòû ïðè sm ïîëèíîìîâ Fi(s) . Ïóñòü ïîëèíîì F0(s) èç
êëàññà (n, k) - ýêâèâàëåíòíîñòè. Òîãäà äëÿ ïðèíàäëåæíîñòè âñåãî àôôèííîãî ñåìåéñòâà
(1.1) êëàññó (n, k) - ýêâèâàëåíòíîñòè íåîáõîäèìî è äîñòàòî÷íî âûïîëíåíèå îäíîãî èç
äâóõ óñëîâèé:

• ëèáî äëÿ ëþáîé ïàðû Fµ(s) , Fη(s) âåðøèííûõ ïîëèíîìîâ, ÿâëÿþùèõñÿ êîíöàìè
ðåáåðíîãî ïîëèíîìà, äëÿ èõ ãîäîãðàôîâ

Fµ(jω) = gµ(ω) + jhµ(ω) èFη(jω) = gη(ω) + jhη(ω)

âûïîëíÿåòñÿ: åñëè ω = ω0 âåùåñòâåííûé ïîëîæèòåëüíûé êîðåíü óðàâíåíèÿ

gµ(ω)hη(ω)− gη(ω)hµ(ω) = 0, (1.6)

òî ïðè ω = ω0 âûïîëíÿåòñÿ íåðàâåíñòâî

gµ(ω)gη(ω) + hµ(ω)hη(ω) > 0. (1.7)

Ïðîâåðêà ïåðâîãî óñëîâèÿ - ïðèíàäëåæíîñòü ëèíåéíîãî ïîëèòîïà (ðåáåðíîãî ïîëè-
íîìà) êëàññó (n, k) - ýêâèâàëåíòíîñòè, ïðîâîäèòñÿ ñ ïîìîùüþ ãðàôè÷åñêîãî êðèòåðèÿ
ïðèíàäëåæíîñòè ëèíåéíîãî ïîëèòîïà êëàññó (n, k) - ýêâèâàëåíòíîñòè, äëÿ âåùåñòâåííî-
ãî ñëó÷àÿ (òåîðåìà 1), äëÿ êîòîðîãî ðîáàñòíûé êðèòåðèé Íàéêâèñòà ÿâëÿåòñÿ ÷àñòíûì
ñëó÷àåì ïðè k = 2 [2], êàê è ðåáåðíàÿ òåîðåìà îá óñòîé÷èâîñòè àôôèííîãî ñåìåéñòâà
ïîëèíîìîâ äëÿ ïðèâåäåííîé âûøå òåîðåìû [4].

Ä î ê à ç à ò å ë ü ñ ò â î. Äîñòàòî÷íîñòü. Ìû âîñïîëüçóåìñÿ òåîðåìîé èç [55]
(îáîáùåíèå ïðèíöèïà èñêëþ÷åíèÿ íóëÿ) ñ q0 = 0 (ýòî çíà÷èò, ÷òî F0(s) èç êëàññà (n, k)
- ýêâèâàëåíòíîñòè), òîãäà íåðàâåíñòâà (4-5) ãàðàíòèðóþò óñëîâèå an(q) ̸= 0 , q ∈ Q , äëÿ
ñòàðøåãî êîýôôèöèåíòà ïîëèíîìà F (s, q) . Îñòàåòñÿ ïðîâåðèòü 0 ̸∈ S(ω) . Îáëàñòü S(ω)
èìååò âèä

S(ω) = {z ∈ C : z = F0(jω) +
l∑

i=1

qiFi(jω), ∥q∥∞ ≤ γ},

ò. å. àôôèííûé äâóìåðíûé îáðàç l - ìåðíîãî êóáà. Òàêîé îáðàç ÿâëÿåòñÿ ìíîãîóãîëü-
íèêîì, ñòîðîíû êîòîðîãî - îáðàçû ðåáåð êóáà Q . Ïîñêîëüêó 0 ̸∈ S(0) (â ñèëó (1.5)), òî
ìîæåò îêàçàòüñÿ 0 ∈ S(ω) , ëèøü åñëè 0 áóäåò ïðèíàäëåæàòü ãðàíèöå S(ω) äëÿ íåêîòîðî-
ãî ω > 0 . Îäíàêî ýòî íåâîçìîæíî, òàê êàê ãðàíèöà ñîîòâåòñòâóåò ðåáåðíûì ïîëèíîìàì,
à îíè ïî ïðåäïîëîæåíèþ íàõîäÿòñÿ â êëàññå (n, k) - ýêâèâàëåíòíîñòè.

Âî âòîðîì ñëó÷àå, åñëè íîëü ïîïàë íà ðåáðî ãðàíèöû S(ω) äëÿ íåêîòîðîãî ω = ω0 ,
ω0 > 0 , òî ýòî îçíà÷àëî áû, ÷òî âåêòîðû (gµ(ω0), hµ(ω0)) , (gη(ω0), hη(ω0)) ÿâëÿþòñÿ êîë-
ëèíåàðíûìè äëÿ êàêîé-òî ïàðû (µ, η) , µ ̸∈ η è âûïîëíÿåòñÿ ðàâåíñòâî èç (1.6). Íî, òàê
êàê ýòè âåêòîðû ðàçíîíàïðàâëåíû, òî íåðàâåíñòâî (1.7) áûëî áû íàðóøåíî.
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Íåîáõîäèìîñòü î÷åâèäíà, òàê êàê èç ïðèíàäëåæíîñòè àôôèííîãî ñåìåéñòâà êëàññó
(n, k) - ýêâèâàëåíòíîñòè ñëåäóåò ïðèíàäëåæíîñòü ðåáåðíûõ ïîëèíîìîâ ýòîìó æå êëàññó.
Âòîðîå óñëîâèå ñëåäóåò èç òîãî, ÷òî ðåáðà ãðàíèöû ìíîæåñòâà S(ω) íå ñîäåðæàò íóëÿ,
÷òî îçíà÷àåò îòñóòñòâèå ðàçíîíàïðàâëåííûõ ïàð âåêòîðîâ (gµ(ω), hµ(ω)) è (gη(ω), hη(ω))
ïðè íåêîòîðîì ω0 > 0 . Õîòÿ ðåáðà S(ω) ìîãóò ïåðåñåêàòü ìíèìóþ è âåùåñòâåííóþ îñè
êîìïëåêñíîé ïëîñêîñòè è ïðè íåêîòîðûõ ω0 ðàâåíñòâî â (1.6) ìîæåò âûïîëíÿòüñÿ.
Ä î ê à ç à ò å ë ü ñ ò â î ç à ê î í ÷ å í î.

Ç à ì å ÷ à í è å 1.2. Ïðè k = 0 èç òåîðåìû 1.6. ïîëó÷èì ðåáåðíóþ òåîðåìó äëÿ
àôôèííîãî ñåìåéñòâà ïîëèíîìîâ ñ âåùåñòâåííûìè êîýôôèöèåíòàìè.

Îáîáùåíèå ðåáåðíîé òåîðåìû (òåîðåìà 1.6.) ïîçâîëÿåò ïîëó÷èòü ýôôåêòèâíóþ ôîð-
ìóëèðîâêó ïðèíàäëåæíîñòè àôôèííîãî ñåìåéñòâà êëàññó (n, k) - ýêâèâàëåíòíîñòè, åñëè
÷èñëî l íåîïðåäåëåííûõ ïàðàìåòðîâ ìàëî. Â ýòîì ñëó÷àå ñëåäóåò ïðîâåðèòü âñå ðåáåð-
íûå ïîëèíîìû. Îíè ïðåäñòàâëÿþò ñîáîé îäíîïàðàìåòðè÷åñêèå ñåìåéñòâà âèäà αM(s) +
(1 − α)N(s) (ãäå 0 ≤ α ≤ 1 è M(s) , N(s) - äâà ñîñåäíèõ âåðøèííûõ ïîëèíîìà), è
â ñîîòâåòñòâèè ñ îáîáùåííûì êðèòåðèåì Íàéêâèñòà (òåîðåìà 1.5.), ðîëü òî÷êè -1 çäåñü
èãðàåò (1 − α)/α èõ ïðèíàäëåæíîñòü òîìó æå êëàññó (n, k) - ýêâèâàëåíòíîñòè ðàâíî-
ñèëüíà òîìó, ÷òî ïîëèíîìû M(s) , N(s) èç êëàññà (n, k) - ýêâèâàëåíòíîñòè, à ãîäîãðàô
G(jω) =M(jω)/N(jω) íå ïåðåñåêàåò îòðèöàòåëüíóþ âåùåñòâåííóþ ïîëóîñü. Äåéñòâèòåëü-
íî,

∆Arg(αM(jω) + (1− α)N(jω)) =

= ∆ArgN(jω) + ∆Arg(
1− α

α
+
M(jω)

N(jω)
) =

π

2
(n− 2k).

Òàê êàê ∆ArgN(jω) = π
2
(n−2k) , òî ∆Arg((1−α)/α+W (jω)) = 0 . Îäíàêî, åñëè l âåëèêî,

òî ÷èñëî òàêèõ ïðîâåðîê çíà÷èòåëüíî (äàæå äëÿ l = 5 íóæíî ïðîâåðèòü l · 2l−1 = 80
ðåáåðíûõ ïîëíèìîâ).

Ïóñòü àôôèííîå ñåìåéñòâî ñòðîèòñÿ íà áàçå ïîëèíîìîâ Fi(s) ñ êîìïëåêñíûìè êîýô-
ôèöèåíòàìè, à ìíîæåñòâî ïàðàìåòðîâ Q , Q ∈ Rl . Òîãäà èìååò ìåñòî îáîáùåíèå òåîðåìû
1.6. ñ ïî÷òè òîé æå ôîðìóëèðîâêîé, åñëè äîáàâèòü, ÷òî âñå Fi(s) - ïîëèíîìû ñ êîìïëåêñ-
íûìè êîýôôèöèåíòàìè. Êðîìå òîãî, â óñëîâèÿõ (6-7) íàäî ðàññìàòðèâàòü ÷àñòîòû ω0 ,
ω ∈ (−∞,+∞) . Â äîêàçàòåëüñòâå ïðèìåíÿþòñÿ îáîáùåííèå ïðèíöèïà èñêëþ÷åíèÿ íóëÿ
èëè îáîáùåíèå êðèòåðèÿ Ìèõàéëîâà äëÿ ñåìåéñòâ ïîëèíîìîâ ñ êîìïëåêñíûìè êîýôôèöè-
åíòàìè.

Ç à ì å ÷ à í è å 1.3. Ïîñòðîèòü êðèòåðèè ïðèíàäëåæíîñòè àôôèííûõ ñå-
ìåéñòâ ïîëèíîìîâ ñ êîìïëåêñíûìè ïàðàìåòðàìè, ò. å. q = (q1, q2, . . . , ql)

T , q ∈ Q ,
Q ∈ C l íå óäàåòñÿ äàæå â ïðîñòåéøåì ñëó÷àå - èññëåäîâàíèå ðîáàñòíîé óñòîé÷èâîñòè
òàêîãî ñåìåéñòâà ( k = 0 ).

Äåëî â òîì, ÷òî ãðàíèöà ìíîæåñòâà S(ω) â ýòîì ñëó÷àå ñîñòîèò èç êóñêîâ êðèâûõ è
ìíîæåñòâî S(ω) ìîæåò áûòü íåâûïóêëûì.

Äëÿ àôôèííîãî ñåìåéñòâà äèñêðåòíûõ ïîëèíîìîâ âåðíû ðåáåðíàÿ òåîðåìà äëÿ èññëå-
äîâàíèÿ ðîáàñòíîé óñòîé÷èâîñòè è åå îáîáùåíèå (òåîðåìà 1.6.) äëÿ èññëåäîâàíèÿ íåóñòîé-
÷èâîñòè â ñîîòâåòñòâóþùèõ ôîðìóëèðîâêàõ. Êðîìå òîãî, ìàêñèìàëüíûé ðàçìàõ íåîïðåäå-
ëåííîñòè ïðèíàäëåæíîñòè àôôèííîãî ñåìåéñòâà êëàññó (n, k) - ýêâèâàëåíòíîñòè ìîæíî
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íàéòè íå òîëüêî ãðàôè÷åñêè, íî è ïî ôîðìóëàì èç [4], àíàëîãè÷íûì ôîðìóëàì äëÿ èí-
òåðâàëüíûõ äèñêðåòíûõ ñåìåéñòâ (ìíîæåñòâî S(ω) äëÿ àôôèííîãî ñåìåéñòâà ÿâëÿåòñÿ
2l -óãîëüíèêîì, ãäå ìíîæåñòâî ïàðàìåòðîâ q ∈ Q , Q ⊂ Rl ).

Òàêèì îáðàçîì, êàê â ñëó÷àå èññëåäîâàíèÿ íà ðîáàñòíóþ óñòîé÷èâîñòü àôôèííûõ ñå-
ìåéñòâ ïîëèíîìîâ, òàê è â ñëó÷àå èõ ïðîâåðêè íà ðîáàñòíóþ íåóñòîé÷èâîñòü ýòè ïîëèíîìû
ìîæíî èññëåäîâàòü ñ ïîìîùüþ àíàëèòè÷åñêèõ è ãðàôè÷åñêèõ êðèòåðèåâ, êàê â íåïðåðûâ-
íîì, òàê è â äèñêðåòíûõ ñëó÷àÿõ.

Ðàáîòà âûïîëíåíà ïðè ôèíàíñîâîé ïîääåðæêå ÐÔÔÈ (ïð. ℵ 10-08-00624).
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Ìàòåìàòè÷åñêàÿ æèçíü

Âëàäèëåí Àëåêñàíäðîâè÷ Òðåíîãèí
(12.08.1931 - 28.09.2013)

28 ñåíòÿáðÿ 2013 ãîäà óøåë èç æèçíè âûäàþùèé-
ñÿ ó÷åíûé-ìàòåìàòèê è ïåäàãîã, Çàñëóæåííûé äåÿ-
òåëü íàóêè Ðîññèéñêîé Ôåäåðàöèè, äîêòîð ôèçèêî-
ìàòåìàòè÷åñêèõ íàóê, ïðîôåññîð Â. À. Òðåíîãèí.
Îí ðîäèëñÿ 12 àâãóñòà 1931 ã. â ã. Êûøòûì ×å-
ëÿáèíñêîé îáëàñòè. Åãî ìàòü, Åâãåíèÿ ßêîâëåâíà,
áûëà äî÷åðüþ ñâÿùåííèêà, ïðåäñåäàòåëÿ ïåðìñêî-
ãî õîðîâîãî îáùåñòâà. Ïîñëå îêîí÷àíèÿ Ïåðìñêîãî
ãîñóíèâåðñèòåòà ðàáîòàëà ïðåïîäàâàòåëåì, à ïîçä-
íåå äîöåíòîì èñòîðèè ÑÑÑÐ â âóçàõ, áûëà ó÷àñò-
íèöåé è èíâàëèäîì Âåëèêîé Îòå÷åñòâåííîé âîé-
íû. Îòåö, Òðåíîãèí Àëåêñàíäð Ôåäîðîâè÷, ïîòîìîê
óðàëüñêèõ ìàñòåðîâ, áûë Óïîëíîìî÷åííûì Öâåò-
ìåòçîëîòà íà Óðàëå ïî îõðàíå îò õèùåíèé çîëîòà è
äðàãîöåííûõ ìåòàëëîâ, ïîçäíåå áûë ïðåäñåäàòåëåì
Ñâåðäëîâñêîãî ãîðèñïîëêîìà. Ñ 1941 ã. îí ó÷àñòâî-
âàë â Âåëèêîé Îòå÷åñòâåííîé âîéíå è ïîãèá ïîä Ñòà-
ëèíãðàäîì â 1942 ãîäó.

Â 1950 ãîäó Â. À. Òðåíîãèí îêîí÷èë â ã. Óæãîðî-
äå ñðåäíþþ øêîëó ñ çîëîòîé ìåäàëüþ è áûë íàãðàæ-
äåí ãðàìîòîé ÖÊ ÂËÊÑÌ, êàê ëó÷øèé ó÷åíèê øêîë
Óæãîðîäà â ïåðèîä 1945-1950 ãã. Â 1950 ãîäó îí ïîñòóïèë íà ìåõàíèêî-ìàòåìàòè÷åñêèé
ôàêóëüòåò ÌÃÓ èì. Ì. Â. Ëîìîíîñîâà. Äàâ âûñîêóþ îöåíêó ýòîé ðàáîòå, À. Ã. Êóðîø
ëè÷íî ïðåäñòàâèë è ðåêîìåíäîâàë åãî ÷ëåíó-êîððåñïîíäåíòó ÀÍ ÑÑÑÐ Ëàçàðþ Àðîíîâè-
÷ó Ëþñòåðíèêó, ïîä ðóêîâîäñòâîì êîòîðîãî Âëàäèëåí Àëåêñàíäðîâè÷ âûïîëíèë êóðñîâûå
è äèïëîìíóþ ðàáîòó ¾Îá îäíîçíà÷íîñòè ïðåäñòàâëåíèÿ ôóíêöèè ìíîãèõ ïåðåìåííûõ ñó-
ïåðïîçèöèåé ôóíêöèé ìåíüøåãî ÷èñëà ïåðåìåííûõ â áàíàõîâûõ ïðîñòðàíñòâàõ¿, îïóáëè-
êîâàííóþ â ÄÀÍ ÑÑÑÐ.

Çàêîí÷èâ ñ îòëè÷èåì â 1955 ãîäó ìåõìàò ÌÃÓ Â. À. Òðåíîãèí áûë ðàñïðåäåëåí íà ðà-
áîòó íà êàôåäðó âûñøåé ìàòåìàòèêè ÌÔÒÈ. Â òå÷åíèå 17 ëåò ðàáîòû â ÌÔÒÈ, Â. À. Òðå-
íîãèí ïðîøåë ïóòü îò àññèñòåíòà äî ïðîôåññîðà, âåäóùåãî ëåêòîðà ïî êóðñàì ìàòåìàòè÷å-
ñêîãî àíàëèçà, ôóíêöèîíàëüíîãî àíàëèçà, ëèíåéíîé àëãåáðû è àíàëèòè÷åñêîé ãåîìåòðèè.
Â 1960 ãîäó îí çàùèòèë êàíäèäàòñêóþ äèññåðòàöèþ ¾Ðàçâåòâëåíèå ðåøåíèé íåëèíåéíûõ
óðàâíåíèé â áàíàõîâûõ ïðîñòðàíñòâàõ¿, à â 1967 ãîäó - äîêòîðñêóþ äèññåðòàöèþ ¾Íåêî-
òîðûå âîïðîñû òåîðèè ôóíêöèîíàëüíûõ è äèôôåðåíöèàëüíûõ óðàâíåíèé â áàíàõîâûõ
ïðîñòðàíñòâàõ¿.

Â 1972 ãîäó Â. À. Òðåíîãèí áûë íàïðàâëåí Ìèíèñòåðñòâîì â Ìîñêîâñêèé èíñòèòóò ñòà-
ëè è ñïëàâîâ (ÌÈÑèÑ) íà äîëæíîñòü çàâåäóþùåãî êàôåäðîé ìàòåìàòèêè. Â ýòîé äîëæ-
íîñòè îí ðàáîòàë äî 1993 ãîäà, ñ òåõ ïîð ÿâëÿëñÿ ïðîôåññîðîì òîé æå êàôåäðû, à â 2010
ãîäó ïîëó÷èë áîëåå âûñîêèé ðàíã ïðîôåññîðà-èññëåäîâàòåëÿ.
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Ìàòåìàòè÷åñêàÿ îáùåñòâåííîñòü ÑÑÑÐ, ÑÍÃ è çàïàäíûõ ãîñóäàðñòâ çíàêîìà ñ ìà-
òåìàòè÷åñêèì òâîð÷åñòâîì ïðîôåññîðà Â. À. Òðåíîãèíà åùå ñ 60-õ ãîäîâ. Â 1962 ãîäó
â Óñïåõàõ ìàòåìàòè÷åñêèõ íàóê (òîì 17, �2) ïóáëèêóåòñÿ ðàáîòà Ì. Ì. Âàéíáåðãà è
Â. À. Òðåíîãèíà ¾Ìåòîäû Ëÿïóíîâà è Øìèäòà â òåîðèè íåëèíåéíûõ óðàâíåíèé è èõ
äàëüíåéøåå ðàçâèòèå¿, ñîñòàâèâøàÿ îñíîâó èõ ìîíîãðàôèè ¾Òåîðèÿ âåòâëåíèÿ ðåøåíèé
íåëèíåéíûõ óðàâíåíèé¿ (Ì., Íàóêà, 1969), â îñíîâå êîòîðîé ñîäåðæèòñÿ ¾ïðèíöèï êîíå÷-
íîìåðíîñòè¿ Â. À. Òðåíîãèíà èññëåäîâàíèÿ íåëèíåéíûõ ÿâëåíèé, ñî÷åòàíèÿ àëãåáðàè÷å-
ñêèõ, àñèìïòîòè÷åñêèõ, âàðèàöèîííûõ, òîïîëîãè÷åñêèõ, à â äàëüíåéøåì ïðèáëèæåííûõ è
òåîðåòèêî-ãðóïïîâûõ ìåòîäîâ â ïðèìåíåíèè ê ýêâèâàëåíòíûì óðàâíåíèÿì ðàçâåòâëåíèÿ è
îòðàæåíî ñîâðåìåííîå ñîñòîÿíèå òåîðèè âåòâëåíèÿ è áèôóðêàöèé â åñòåñòâåííî-íàó÷íûõ
äèñöèïëèíàõ. Ìîíîãðàôèÿ Â.À. Òðåíîãèíà ¾Ôóíêöèîíàëüíûé àíàëèç¿ (Ì., Íàóêà, 1980)
â êîìïëåêòå ñ êíèãîé ¾Çàäà÷è è óïðàæíåíèÿ ïî ôóíêöèîíàëüíîìó àíàëèçó¿ (â ñîàâòîð-
ñòâå ñ Á. Ì. Ïèñàðåâûì è Ò. Ñ. Ñîáîëåâîé, Ì., Íàóêà, 2002, 2005), ïîëó÷èâøàÿ ãðèô
ÌèíÂÓÇà êàê ó÷åáíèêà (ïåðåâåäåí íà ôðàíöóçñêèé ÿçûê) è ñîîòâåòñòâåííî êàê ó÷åáíîãî
ïîñîáèÿ (ïåðåâåäåíî íà ôðàíöóçñêèé è èñïàíñêèé ÿçûêè) ÿâëÿåòñÿ ëó÷øèì ðóêîâîäñòâîì
äëÿ àñïèðàíòîâ è ñïåöèàëèñòîâ ïî ïðèêëàäíîé ìàòåìàòèêå.

Â 1972 ãîäó ïðîôåññîð Â. À. Òðåíîãèí áûë âêëþ÷åí â ñîñòàâ Íàó÷íî-ìåòîäè÷åñêîãî
Ñîâåòà ïî ìàòåìàòèêå Ìèíèñòåðñòâà îáðàçîâàíèÿ è íàóêè ÐÔ ïðèêàçîì ìèíèñòðà è âñêî-
ðå ñòàë ÷ëåíîì åãî Ïðåçèäèóìà. Â Íàó÷íî-ìåòîäè÷åñêîì ñîâåòå îí ñðàçó æå âîçãëàâèë
êîìèññèþ ïî ïðèåìó â âóçû ÑÑÑÐ è ìíîãèå ãîäû ÿâëÿëñÿ àâòîðîì ïðîãðàììû ïî ìàòåìà-
òèêå äëÿ ïîñòóïàþùèõ â âóçû. Ïî âîïðîñàì ïðèåìà â âóçû îí âûñòóïàë â ïåðèîäè÷åñêîé
ïå÷àòè è ïî òåëåâèäåíèþ.

Îò ñâîåãî ó÷èòåëÿ ïðîôåññîðà Ë. À. Ëþñòåðíèêà Â. À. Òðåíîãèí ïåðåíÿë ïîñòîÿííûé
èíòåðåñ ê ïðèêëàäíûì çàäà÷àì. Çäåñü ñëåäóåò îòìåòèòü ñîâìåñòíóþ ñ Ã. À. Òèðñêèì ðà-
áîòó ïî îïðåäåëåíèþ òåìïåðàòóðíîãî ïîëÿ îõëàæäàåìîé ëîïàòêè ãàçîâîé òóðáèíû (1959)
è àâòîìîäåëüíîé çàäà÷è âÿçêîãî ãèïåðçâóêîâîãî óäàðíîãî ñëîÿ (1974), èçó÷åíèå ÿâëåíèÿ
âûïó÷èâàíèÿ ãèáêèõ ïëàñòèí, èññëåäîâàíèÿ ïî äëèííûì è óåäèíåííûì âîëíàì ñ ïðèëî-
æåíèÿìè â ãèäðîäèíàìèêå è ñàìîîðãàíèçàöèè (1964, 1967, 1986, 2006). Ïðîâåäåííàÿ íà
êàôåäðå ìàòåìàòèêè ÌÈÑèÑ ïîä ðóêîâîäñòâîì Â. À. Òðåíîãèíà èññëåäîâàòåëüñêàÿ ðà-
áîòà ïî óíèôèêàöèè è ñòàíäàðòèçàöèè ìàðîê ñòàëåé è ñïëàâîâ áûëà óäîñòîåíà òðåòüåé
ïðåìèè ìèíèñòåðñòâà ¾çà ëó÷øóþ íàó÷íóþ ðàáîòó¿.

Çà 55 ëåò íàó÷íîé è ïåäàãîãè÷åñêîé äåÿòåëüíîñòè ïðîôåññîðîì Â. À. Òðåíîãèíûì
âíåñåí îãðîìíûé âêëàä â ïîäãîòîâêó èíæåíåðîâ, ó÷åíûõ è ïðèêëàäíèêîâ âûñøåé êëàñ-
ñèôèêàöèè. Â àñïèðàíòóðå ÌÔÒÈ è ÌÈÑèÑ îí ïîäãîòîâèë ðÿä ñïåöèàëèñòîâ â îáëà-
ñòè íåëèíåéíîãî àíàëèçà è àñèìïòîòè÷åñêèõ ìåòîäîâ, óñïåøíî ðàáîòàþùèõ â Ðîññèè è
çà ðóáåæîì. Â 1968 ãîäó Â. À. Òðåíîãèí âûïîëíèë ñîâìåñòíî ñî ñòàðøèì íàó÷íûì ñî-
òðóäíèêîì Èíñòèòóòà ìàòåìàòèêè èì. Â. È. Ðîìàíîâñêîãî ÀÍ ÑÑÑÐ Á. Â. Ëîãèíîâûì
íåñêîëüêî ïåðñïåêòèâíûõ ðàáîò, ñîçäàâøèõ òåîðèþ âåòâëåíèÿ ðåøåíèé íåëèíåéíûõ óðàâ-
íåíèé â óñëîâèÿõ ãðóïïîâîé èíâàðèàíòíîñòè - íîâîå íàïðàâëåíèå â òåîðèè íåëèíåéíûõ
óðàâíåíèé, êîòîðîå ëåãëî â îñíîâó èõ äàëüíåéøèõ ñîâìåñòíûõ èññëåäîâàíèé (1971 - 1990)
è äîêòîðñêóþ äèññåðòàöèþ Á. Â. Ëîãèíîâà (1982). Â 1972 ã. Â. À. Òðåíîãèí è Í. À. Ñè-
äîðîâ (Èðêóòñêèé ãîñ. Óíèâåðñèòåò) äîêàçûâàþò ñàìóþ îáùóþ òåîðåìó ñóùåñòâîâàíèÿ
òî÷åê áèôóðêàöèè îò ñîáñòâåííîãî çíà÷åíèÿ íå÷åòíîé àëãåáðàè÷åñêîé êðàòíîñòè ëèíå-
àðèçàöèè, à â äàëüíåéøåì, â òå÷åíèå 70-õ ãîäîâ, ðàçðàáàòûâàþò òåîðèþ ðåãóëÿðèçàöèè
çàäà÷ òåîðèè âåòâëåíèÿ, ïîñëóæèâøóþ îñíîâîé äëÿ ñîçäàíèÿ óñòîé÷èâûõ àëãîðèòìîâ ðå-
øåíèÿ ýòèõ çàäà÷ ñîñòàâèâøóþ îñíîâó äîêòîðñêîé äèññåðòàöèè Í. À. Ñèäîðîâà (1983).
Ñîòðóäíè÷åñòâî Â. À. Òðåíîãèíà ñ Í. À. Ñèäîðîâûì è Á. Â. Ëîãèíîâûì, ñîçäàâøèõ ñâîè
ìàòåìàòè÷åñêèå øêîëû â Èðêóòñêå, Òàøêåíòå è Óëüÿíîâñêå ïðîäîëæàëîñü è äàëåå (1993,
1996, 1997, 2003, 2007, 2010).
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Èññëåäîâàíèÿ Â. À. Òðåíîãèíà â ôóíêöèîíàëüíîì àíàëèçå, àñèìïòîòè÷åñêèõ è ïðè-
áëèæåííûõ ìåòîäàõ, äèôôåðåíöèàëüíûõ óðàâíåíèÿõ è ìàòåìàòè÷åñêîé ôèçèêå îòðàæåíû
áîëåå ÷åì â 350 íàó÷íûõ è ìåòîäè÷åñêèõ ðàáîòàõ â öåíòðàëüíûõ è çàðóáåæíûõ æóðíàëàõ,
ìîíîãðàôèÿõ ïåðåâåäåííûõ íà èíîñòðàííûå ÿçûêè. Ðàçâèâàâøèåñÿ èì íàó÷íûå íàïðàâ-
ëåíèÿ - òåîðèÿ âåòâëåíèÿ è áèôóðêàöèé, òåîðèÿ ïîãðàíè÷íîãî ñëîÿ â íåëèíåéíûõ óðàâ-
íåíèÿõ ñ ÷àñòíûìè ïðîèçâîäíûìè, ìåòîäû ðåãóëÿðèçàöèè è ñèììåòðèéíûå (ãðóïïîâûå)
ìåòîäû â íåëèíåéíîì àíàëèçå, èññëåäîâàíèÿ ïî äëèííûì è óåäèíåííûì âîëíàì è òåîðèè
ñàìîîðãàíèçàöèè (ïðåäïðèíÿòûå åùå â ïåðèîä íàïèñàíèÿ äîêòîðñêîé äèññåðòàöèè) îêàçà-
ëè çíà÷èòåëüíîå è ïëîäîòâîðíîå âëèÿíèå íà ðàçâèòèå ìàòåìàòèêè â ýòèõ íàïðàâëåíèÿõ;
îíè áûëè èñïîëüçîâàíû âî ìíîãèõ ïðèëîæåíèÿõ ê ìåõàíèêå è ôèçèêå, âû÷èñëèòåëüíîé
ìàòåìàòèêå.

Â. À. Òðåíîãèí - àêòèâíûé ó÷àñòíèê ìåæäóíàðîäíûõ êîíôåðåíöèé è ñèìïîçèóìîâ ðàç-
ëè÷íîãî ðàíãà. Áûë ÷ëåíîì äåëåãàöèè ÑÑÑÐ íà ìåæäóíàðîäíîé êîíôåðåíöèè ïî ñèíãó-
ëÿðíûì âîçìóùåíèÿì è òóðáóëåíòíîñòè â Ëèîíå, Ôðàíöèÿ, 1979 ã. (ïóáëèêàöèÿ â Lecture
Notes in Mathematics). Ñðåäè íèõ ñèìïîçèóìû GAMM (Ìåæäóíàðîäíîå îáùåñòâî ïðè-
êëàäíîé ìàòåìàòèêè è ìåõàíèêè) Ãàìáóðã - 1993, 1995, Ôðåéáóðã - 2000 (Ãåðìàíèÿ), Ïàäóÿ
- 2003 (Èòàëèÿ), Öþðèõ - 2007 (Øâåéöàðèÿ), Ãðàö - 2011 (Àâñòðèÿ); ICIAM (Ìåæäóíà-
ðîäíûé êîíãðåññ ïðîìûøëåííîé è ïðèêëàäíîé ìàòåìàòèêè) - Ãàìáóðã, 1995 ã. (Ãåðìàíèÿ),
Ýäèíáóðã - 1999 ã. (Âåëèêîáðèòàíèÿ), Öþðèõ - 2007 (Øâåéöàðèÿ), Âàíêóâåð - 2011 (Êà-
íàäà); IÑM (Ìåæäóíàðîäíûé êîíãðåññ ìàòåìàòèêîâ) Ìîñêâà - 1965 ã., Âàðøàâà è Áåðëèí
- 1998 ã.; EuroMech â Êîïåíãàãåíå â 2001 ã., îí âûñòóïàë â êà÷åñòâå ïðèãëàøåííîãî ëåê-
òîðà íà êîíôåðåíöèÿõ îðãàíèçîâàííûõ IFNA (Ìåæäóíàðîäíàÿ Ôåäåðàöèÿ íåëèíåéíûõ
àíàëèòèêîâ) â Ãðåöèè, Èòàëèè è Òóðöèè, áûë ïðèãëàøåííûì ïðîôåññîðîì â Ëåéïöèã-
ñêîì óíèâåðñèòåòå (ÃÄÐ 1973 è Àëæèðå Óíèâåðñèòåò Àííàáà 1979) ïðèíèìàë ó÷àñòèå
â åæåãîäíûõ êîíôåðåíöèÿõ CAIM (Ìåæäóíàðîäíàÿ êîíôåðåíöèÿ ïî ïðèêëàäíîé è ïðî-
ìûøëåííîé ìàòåìàòèêå) â Ðóìûíèè: Ïèòåøòè - 2002 ã., Ìèîâåíè - 2006 ã. è Îðàäåÿ - 2007
ã., êîíãðåññû ISAAC â Êàíàäå 1999 ã., ßïîíèè 2002, Ñèöèëèè 2005 ã. è Ìîñêâå 2011 ã.), êîí-
ôåðåíöèè è øêîëû-ñåìèíàðû â Ìîðäîâñêîì ãîñóäàðñòâåííîì óíèâåðñèòåòå ñ 2004 ãîäà è
ìíîãèõ äðóãèõ, ÷àñòî ñ ãðàíòàìè îðãêîìèòåòîâ íà ó÷àñòèå. Îí ÿâëÿëñÿ ÷ëåíîì Ìîñêîâñêî-
ãî ìàòåìàòè÷åñêîãî îáùåñòâà, Ñðåäíåâîëæñêîãî ìàòåìàòè÷åñêîãî îáùåñòâà, ROMAI (Ðó-
ìûíñêîãî ìàòåìàòè÷åñêîãî îáùåñòâà), AMS (Àìåðèêàíñêîãî ìàòåìàòè÷åñêîãî îáùåñòâà),
GAMM è ISAAC, âõîäèë â ðåäêîëëåãèè ìàòåìàòè÷åñêèõ æóðíàëîâ: ROMAI Journal, Æóð-
íàë Ñðåäíåâîëæñêîãî ìàòåìàòè÷åñêîãî îáùåñòâà, Èçâåñòèÿ Èðêóòñêîãî ãîñóäàðñòâåííîãî
óíèâåðñèòåòà, ñåðèÿ ¾Ìàòåìàòèêà¿.

Áèáëèîãðàôè÷åñêèå ñâåäåíèÿ î ïðîôåññîðå Â. À. Òðåíîãèíå ïðèâåäåíû â èçäàíèÿõ
¾Ìàòåìàòèêà â ÑÑÑÐ¿, ¾Ìåõàíèêà â ÑÑÑÐ¿, ¾Who's Who in the World¿ (1999-2001),
¾Çíàìåíèòûå ðóññêèå¿ (1999), ÓÌÍ (2001), Soviet Mathematical surveys 2001, ýëåêòðîí-
íûé ðåñóðñ: http://misis.ru/ru/5717.

Âñþ ñâîþ æèçíü Âëàäèëåí Àëåêñàíäðîâè÷ ïîñâÿòèë ðàáîòå íà áëàãî Ðîññèéñêîé íàóêè
è îáðàçîâàíèÿ. Åãî èìÿ ñîõðàíèòüñÿ â èñòîðèè ìàòåìàòèêè. Ñâåòëàÿ ïàìÿòü î Âëàäèëåíå
Àëåêñàíäðîâè÷å áóäåò æèòü â íàøèõ ñåðäöàõ äîëãèå ãîäû.

Ñ. Í. Àëåêñååíêî, Ä. È. Áîÿðêèí, Ï. À. Âåëüìèñîâ, Â. Ê. Ãîðáóíîâ,

Â. Ç. Ãðèíåñ, Þ. Í. Äåðþãèí, Ð. Â. Æàëíèí, Å. Á. Êóçíåöîâ,

Á. Â. Ëîãèíîâ, Ò. Ô. Ìàìåäîâà, Ñ. Ì. Ìóðþìèí, È. Ï. Ðÿçàíöåâà,

Â. È. Ñàôîíêèí, Ñ. È. Ñïèâàê, Ë. À. Ñóõàðåâ, Â. Ô. Òèøêèí,

È. È. ×ó÷àåâ, Ï. À. Øàìàíàåâ.
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Ïðàâèëà îôîðìëåíèÿ ðóêîïèñåé

äëÿ ïóáëèêàöèè â æóðíàëå ¾Æóðíàë ÑÂÌÎ¿

Îáðàùàåì Âàøå âíèìàíèå íà òî, ÷òî óêàçàííûå íèæå ïðàâèëà äîëæíû âûïîëíÿòüñÿ
àáñîëþòíî òî÷íî. Â ñëó÷àå, åñëè ïðàâèëà îôîðìëåíèÿ ðóêîïèñè íå áóäóò âûïîëíåíû,
Âàøà ñòàòüÿ íå áóäåò îïóáëèêîâàíà.

Òåêñò äîêëàäà äîëæåí áûòü íàáðàí â èçäàòåëüñêîé ñèñòåìå TEX (èëè îäíîì èç åå
êëîíîâ). Äëÿ âåðñòêè ðóêîïèñè ñëåäóåò èñïîëüçîâàòü ïðåàìáóëó, êîòîðóþ ìîæíî ïîëó÷èòü
íà ñàéòå http://www.svmo.ru.

Îáúåì ñòàòüè íå äîëæåí ïðåâûøàòü 10 ñòðàíèö. Òåêñò ñòàòüè äîëæåí áûòü ïîìåùåí
â ôàéë ñ èìåíåì <ôàìèëèÿ àâòîðà>.tex (êîòîðûé âêëþ÷àåòñÿ êîìàíäîé \input â ïðåàì-
áóëå). Íàïðèìåð,

\input{voskresensky.tex}

Ñîäåðæàíèå ïðåàìáóëû èçìåíÿòü íåëüçÿ. Îïðåäåëåíèå íîâûõ êîìàíä àâòîðîì ñòàòüè
íå äîïóñêàåòñÿ äëÿ ïðåäóïðåæäåíèÿ êîíôëèêòîâ èìåí ñ êîìàíäàìè, êîòîðûå ìîãëè áû
áûòü îïðåäåëåíû â ñòàòüÿõ äðóãèõ àâòîðîâ.

Äëÿ îôîðìëåíèÿ çàãîëîâêà ñòàòüè íà ðóññêîì ÿçûêå ñëåäóåò èñïîëüçîâàòü êîìàíäó
\headerRus. Ýòà êîìàíäà èìååò ñëåäóþùèå àðãóìåíòû:

\headerRus{ÓÄÊ}{íàçâàíèå ñòàòüè}{àâòîð(û)}{Àâòîð1\footnote{Äîëæíîñòü,
ìåñòî ðàáîòû, ãîðîä; e-mail.}, Àâòîð2\footnote{Äîëæíîñòü, ìåñòî ðàáîòû, ãî-
ðîä; e-mail.}}{Àííîòàöèÿ}{Êëþ÷åâûå ñëîâà}

Äëÿ îôîðìëåíèÿ çàãîëîâêà ñòàòüè íà àíãëèéñêîì ÿçûêå ñëåäóåò èñïîëüçîâàòü êî-
ìàíäó \headerEn. Ýòà êîìàíäà èìååò ñëåäóþùèå àðãóìåíòû:

\headerEn{íàçâàíèå ñòàòüè} {Àâòîð1\footnote{Äîëæíîñòü, ìåñòî ðàáî-
òû, ãîðîä; e-mail.}, Àâòîð2\footnote{Äîëæíîñòü, ìåñòî ðàáîòû, ãîðîä; e-
mail.}}{Àííîòàöèÿ}{Êëþ÷åâûå ñëîâà}

Åñëè ñòàòüÿ íà àíãëèéñêîì ÿçûêå, òî äëÿ îôîðìëåíèÿ çàãîëîâêà ñòàòüè íåîáõîäèìî
èñïîëüçîâàòü êîìàíäó \headerFirstEn ñ òàêèìè æå ïàðàìåòðàìè, êàê äëÿ êîìàíäû
\headerRus.

Ñòàòüÿ ìîæåò ñîäåðæàòü ïîäçàãîëîâêè ëþáîé âëîæåííîñòè. Ïîäçàãîëîâêè ñàìîãî âåðõ-
íåãî óðîâíÿ ââîäÿòñÿ ïðè ïîìîùè êîìàíäû \sect ñ îäíèì ïàðàìåòðîì:

\sect{Çàãîëîâîê}

Ïîäçàãîëîâêè áîëåå íèçêèõ óðîâíåé ââîäÿòñÿ êàê îáû÷íî êîìàíäàìè \subsection,
\subsubsection è \paragraph.

Ñëåäóåò èìåòü â âèäó, ÷òî âíå çàâèñèìîñòè îò óðîâíÿ âëîæåííîñòè ïîäçàãîëîâêîâ â
Âàøåé ñòàòüå, íóìåðàöèÿ îáúåêòîâ (ôîðìóë, òåîðåì, ëåìì è ò.ä.) âñåãäà áóäåò äâîéíîé è
áóäåò ïîä÷èíåíà ïîäçàãîëîâêàì ñàìîãî âåðõíåãî óðîâíÿ.

Äëÿ îôîðìëåíèÿ òåîðåì, ëåìì, ïðåäëîæåíèé, ñëåäñòâèé, îïðåäåëåíèé, çàìå÷àíèé è
ïðèìåðîâ ñëåäóåò èñïîëüçîâàòü ñîîòâåòñòâåííî îêðóæåíèÿ Th, Lemm, Prop, Cor, De�n,
NB è Example. Åñëè â Âàøåé ñòàòüå ïðèâîäÿòñÿ äîêàçàòåëüñòâà óòâåðæäåíèé, èõ ñëåäó-
åò îêðóæèòü êîìàíäàìè \proof è \proofend (äëÿ ïîëó÷åíèÿ ñòðîê 'Äîêàçàòåëüñòâî.' è
'Äîêàçàòåëüñòâî çàêîí÷åíî.' ñîîòâåòñòâåííî).
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Äëÿ îáîçíà÷åíèÿ ïðîñòðàíñòâ ñëåäóåò èñïîëüçîâàòü êîìàíäû \R, \Rn, \C, \Z, \N è
ò.ä.

Äëÿ âñòàâîê áóêâ φ è ε íåîáõîäèìî èñïîëüçîâàòü êîìàíäû \phi, \epsilon ñîîòâåò-
ñòâåííî. Ñèìâîëû ÷àñòíûõ ïðîèçâîäíûõ ∂

∂xi
è ∂u

∂xi
âñòàâëÿþòñÿ êîìàíäàìè \px{i} è

\pxtog{u}{i}.
Äëÿ âñòàâîê áóêâ êèðèëëèöû â ôîðìóëû ñëåäóåò èñïîëüçîâàòü êîìàíäû \textrm,

\textit. Íàïðèìåð, äëÿ âñòàâîê ôîðìóë Ãi , Äi â òåêñò ñòàòüè íåîáõîäèìî íàáðàòü êî-
ìàíäû \textrm{Ã}_i, \textit{Ä}_i.

Äëÿ íóìåðîâàíèÿ ôîðìóë è ñîçäàíèÿ ïîñëåäóþùèõ ññûëîê íà ýòè ôîðìóëû íåîáõîäèìî
èñïîëüçîâàòü ñîîòâåòñòâåííî êîìàíäû \label{ìåòêà} è \eqref{ìåòêà}, ãäå â êà÷åñòâå
ìåòêè íóæíî èñïîëüçîâàòü ñòðîêó ñëåäóþùåãî âèäà: 'Ôàìèëèÿ ÀâòîðàÍîìåð Ôîðìóëû'.
Íàïðèìåð, ôîðìóëó (14) â ñòàòüå Èâàíîâà íóæíî ïîìåòèòü \label{ivanov14}, òåîðåìó
5 èç ýòîé ñòàòüè � \label{ivanovt5} è ò.ï. (Äëÿ ññûëîê íà òåîðåìû, ëåììû è äðóãèå
îáúåêòû, îòëè÷íûå îò ôîðìóë, íóæíî èñïîëüçîâàòü êîìàíäó \ref{ìåòêà}).

Äëÿ âñòàâêè â òåêñò ñòàòüè ðèñóíêîâ íåîáõîäèìî ïîëüçîâàòüñÿ ñëåäóþùèìè êîìàíäà-
ìè:

à) âñòàâêà çàíóìåðîâàííîãî ðèñóíêà áåç ïîäïèñè è ñ óêàçàíèåì ñòåïåíè ñæàòîñòè

\insertpicture{ìåòêà}{èìÿ_ôàéëà.eps}{ñòåïåíü_ñæàòèÿ}

ãäå ñòåïåíü_ñæàòèÿ ÷èñëî îò 0 äî 1.

á) âñòàâêà çàíóìåðîâàííîãî ðèñóíêà ñ ïîäïèñüþ

\insertpicturewcap{ìåòêà}{èìÿ_ôàéëà.eps}{ïîäïèñü_ïîä_ðèñóíêîì}

â) âñòàâêà çàíóìåðîâàííîãî ðèñóíêà ñ ïîäïèñüþ è ñ óêàçàíèåì ñòåïåíè ñæàòîñòè

\insertpicturecapscale{ìåòêà}{èìÿ_ôàéëà.eps}{ñòåïåíü_ñæàòèÿ} {ïîä-
ïèñü_ïîä_ðèñóíêîì}

ã) âñòàâêà ðèñóíêà áåç íîìåðà ïîä ðèñóíêîì, íî ñ ïîäïèñüþ èëè íåò

\insertpicturenonum{èìÿ_ôàéëà.eps}{ñòåïåíü_ñæàòèÿ} {ïîä-
ïèñü_ïîä_ðèñóíêîì}

Âñå âñòàâëÿåìûå êàðòèíêè äîëæíû íàõîäèòüñÿ â ôàéëàõ â ôîðìàòå EPS (Encapsulated
PostScript).

Âíèìàíèå! Íîâûå ïðàâèëà. Äëÿ îôîðìëåíèÿ ñïèñêà ëèòåðàòóðû íà ðóññêîì ÿçû-
êå ñëåäóåò èñïîëüçîâàòü îêðóæåíèå thebibliography. Ñïèñîê öèòèðóåìîé ëèòåðàòó-
ðû äîëæåí áûòü îôîðìëåí â ôîðìàòå AMSBIB. Ïîäðîáíîñòè ñìîòðèòå â ïðèëàãàåìîì
ôàéëå amsbib.pdf. Äëÿ ïðàâèëüíîé ðàáîòû äàííîãî ñòèëÿ îôîðìëåíèÿ ëèòåðàòóðû íåîá-
õîäèìî èñïîëüçîâàòü ñòèëåâîé ôàéë svmobib.sty (ïðèëàãàåòñÿ).

Ñïèñîê ëèòåðàòóðû íà àíãëèéñêîì ÿçûêå îôîðìëÿòü íå íóæíî.
Ñïèñîê ëèòåðàòóðû íà ðóññêîì ÿçûêå îôîðìëÿåòñÿ â âèäå ïîñëåäîâàòåëüíîñòè êîìàíä

\RBibitem{ìåòêà äëÿ ññûëêè íà èñòî÷íèê}.

Äëÿ ïðèâåäåííîãî âûøå ïðèìåðà â êà÷åñòâå ìåòêè äëÿ ïóíêòà 7 â ñïèñêå ëèòåðàòó-
ðû íóæíî èñïîëüçîâàòü ñòðîêó 'ivanovb7'. Äëÿ ññûëîê íà ýëåìåíòû ñïèñêà ëèòåðàòóðû
íåîáõîäèìî èñïîëüçîâàòü êîìàíäó \cite èëè \pgcite (ïàðàìåòðû ñì. â ïðåàìáóëå).

Ìåòêè âñåõ îáúåêòîâ ñòàòüè äîëæíû áûòü óíèêàëüíûìè.
Êîìïèëÿöèÿ æóðíàëà ïðîèçâîäèòñÿ ïðè ïîìîùè MiKTEX 2.9, äèñòðèáóòèâ êîòîðîãî

ìîæíî ïîëó÷èòü íà ñàéòå http://www.miktex.org.
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Àëôàâèòíûé óêàçàòåëü

Àáçàëèëîâà Ë. Ð. 35

Àíêèëîâ À. Â. 49

Áåðåçîâñêàÿ Þ. Â. 58

Áëèñòàíîâà Ë. Ä. 41

Âåëüìèñîâ Ï. À. 49

Âîðîáüåâ Â. À. 58

Ãðèíåñ Â. Ç. 21

Ãóáàéäóëëèí È. Ì. 70

Åíèêååâ Ì. Ð. 70

Æóæîìà Å. Â. 21

Çóáîâ Â. È. 41, 166

Çóáîâ È. Â. 41, 166

Çóáîâ Ñ. Â. 164, 169

Çóáîâà À. Ô. 166

Êàíòîð Î. Ã. 133

Êàïêàåâà Ñ. Õ. 76

Êàðàñåâ À. Â. 140

Êèì-Òÿí Ë. Ð. 8

Êî÷íåâ À. Þ. 58

Êóçåíêîâ Î. À. 89

Êÿøêèí À. À. 100

Ëåâ÷åíêî Þ. À. 108

Ëèòâèíîâ Â. Ë. 112

Ëîãèíîâ Á. Â. 8, 100

Ìåäâåäåâ Â. Ñ. 21

Ìåäâåäèê Ì. Þ. 148

Ïî÷èíêà Î. Â. 120

Ðàõèìîâ Ä. Ã. 126

Ðîìàíîâ À. À. 120

Ðóññàê Þ. Á. 8

Ðÿáîâà Å. À. 89

Ðÿçàíöåâà È. Ï. 29

Ñàëàõîâ È. Ð. 133

Ñïèâàê Ñ. È. 35, 133

Ñòðåêîïûòîâ C. A. 41

Ñòðåêîïûòîâà Ì. Â. 41, 169

Ñòðåêîïûòîâà Î. Ñ. 166, 169

Ñóäàêîâ Â. À. 49

Òàëàíîâ Â. Ì. 140

Òàëàíîâ Ì. Â. 140

Òðåíîãèí Â. À. 173

Öóïàê À. À. 148

Øàìàíàåâ Ï. À. 100

Øèëîâñêàÿ À. À. 108

Þëäàøåâ Ò. Ê. 158
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Â 2008 ã. íà XVI Ìåæäóíàðîäíîé ïðîôåññèîíàëüíîé
âûñòàâêå ¾Ïðåññà¿ æóðíàë ¾Òðóäû Ñðåäíåâîëæñêîãî
ìàòåìàòè÷åñêîãî îáùåñòâà¿ óäîñòîåí Çíàêà îòëè÷èÿ
¾Çîëîòîé ôîíä ïðåññû-2008¿ â íîìèíàöèè ¾Íàóêà, òåõ-
íèêà, íàó÷íî-ïîïóëÿðíàÿ ïðåññà¿.

Ñ 2009 ãîäà æóðíàë íîñèò íàçâàíèå ¾Æóðíàë Ñðåäíå-
âîëæñêîãî ìàòåìàòè÷åñêîãî îáùåñòâà¿.

Óâàæàåìûå ÷èòàòåëè è ïîäïèñ÷èêè!

Ïîäïèñêà íà æóðíàë ¾Æóðíàë Ñðåäíåâîëæñêîãî ìàòåìàòè÷å-
ñêîãî îáùåñòâà¿ îñóùåñòâëÿåòñÿ ÷åðåç îòäåëåíèÿ ïî÷òîâîé ñâÿçè
¾Ïî÷òà Ðîññèè¿ íà âñåé òåððèòîðèè Ðîññèéñêîé Ôåäåðàöèè.

Ïîäïèñíîé èíäåêñ æóðíàëà â êàòàëîãå Ðîññèéñêîé ïðåññû
¾Ïî÷òà Ðîññèè¿ � 38278.

Æóðíàë ÑÂÌÎ. 2013. Ò. 15, � 3



180 Äëÿ çàìåòîê

Äëÿ çàìåòîê

Æóðíàë ÑÂÌÎ. 2013. Ò. 15, � 3


