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6 �åäàêöèîííàÿ ñòðàíèöàÎò ðåäàêöèèÍà÷èíàÿ ñ 2010 ãîäà æóðíàë áóäåò âûõîäèòü ÷åòûðå ðàçà â ãîä: çà ãîä âûõîäèò îäèíòîì â ÷åòûðåõ íîìåðàõ. Ïåðâûå äâà íîìåðà 12-ãî òîìà æóðíàëà ñîäåðæàò ìàòåðèàëû IXêîí�åðåíöèè ¾Äè��åðåíöèàëüíûå óðàâíåíèÿ è èõ ïðèëîæåíèÿ â ìàòåìàòè÷åñêîì ìîäå-ëèðîâàíèè¿ ñ ó÷àñòèåì çàðóáåæíûõ ó÷åíûõ, ðåêîìåíäîâàííûå ðåäàêöèåé ê ïóáëèêàöèè.Êîí�åðåíöèÿ ïîääåðæàíà �ÔÔÈ � ãðàíò �10-01-06048-ã.�åäàêöèÿ æóðíàëà æåëàåò àâòîðàì êðåïêîãî çäîðîâüÿ è òâîð÷åñêèõ óñïåõîâ!



Êðèòåðèé îïðåäåëåíèÿ ïîðÿäêà ãàëåðêèíñêîãî ïðèáëèæåíèÿ ðåøåíèÿ . . . 7ÓÄÊ 517.9Êðèòåðèé îïðåäåëåíèÿ ïîðÿäêà ãàëåðêèíñêîãîïðèáëèæåíèÿ ðåøåíèÿ íà÷àëüíî-êðàåâûõ çàäà÷© À. Â. Àíêèëîâ1, Ï. À. Âåëüìèñîâ2Àííîòàöèÿ. Íà îñíîâàíèè àíàëèçà �óíêöèîíàëîâ òèïà Ëÿïóíîâà, ïîñòðîåííûõ äëÿ äè��å-ðåíöèàëüíîãî óðàâíåíèÿ â ÷àñòíûõ ïðîèçâîäíûõ, îïèñûâàþùåãî ñâîáîäíûå êîëåáàíèÿ óïðó-ãîé ïëàñòèíû, äîêàçàíà àáñîëþòíàÿ è ðàâíîìåðíàÿ ñõîäèìîñòü ïðèáëèæåííûõ ðåøåíèé ýòîãîóðàâíåíèÿ, ïîëó÷åííûõ îáîáùåííûì ìåòîäîì �àëåðêèíà, ê èõ òî÷íîìó ðåøåíèþ. Ïîëó÷åíêðèòåðèé îïðåäåëåíèÿ ïîðÿäêà ïðèáëèæåííîãî ðåøåíèÿ äëÿ îòûñêàíèÿ ðåøåíèÿ ñ çàäàí-íîé òî÷íîñòüþ. �àçðàáîòàííûé êðèòåðèé ìîæåò áûòü èñïîëüçîâàí ïðè ïîñòðîåíèè ðåøåíèéøèðîêîãî êëàññà äðóãèõ ëèíåéíûõ äè��åðåíöèàëüíûõ óðàâíåíèé â ÷àñòíûõ ïðîèçâîäíûõ.Êëþ÷åâûå ñëîâà: äèíàìè÷åñêàÿ óñòîé÷èâîñòü; óñëîâíàÿ óñòîé÷èâîñòü; �óíêöèîíàë; äè�-�åðåíöèàëüíîå óðàâíåíèå â ÷àñòíûõ ïðîèçâîäíûõ.1. Ââåäåíèå�àáîòà ïîñâÿùåíà âûâîäó êðèòåðèÿ îïðåäåëåíèÿ òî÷íîñòè ãàëåðêèíñêîãî ïðèáëèæåíèÿðåøåíèÿ íà÷àëüíî-êðàåâûõ çàäà÷ äëÿ äè��åðåíöèàëüíîãî óðàâíåíèÿ â ÷àñòíûõ ïðîèçâîä-íûõ, îñíîâàííîãî íà àíàëèçå ðàçëîæåíèé â ðÿä �óíêöèé, çàäàþùèõ íà÷àëüíûå óñëîâèÿ.Âûâîä îñíîâàí íà èññëåäîâàíèè �óíêöèîíàëîâ òèïà Ëÿïóíîâà. Â êà÷åñòâå ïðèìåðà â ðàáî-òå èññëåäóåòñÿ çàäà÷à î ñâîáîäíûõ êîëåáàíèÿõ óïðóãîé ïëàñòèíû. Ïðîâåäåíî èññëåäîâàíèåäèíàìèêè è óñòîé÷èâîñòè ýòèõ êîëåáàíèé.Èñïîëüçóþòñÿ îïðåäåëåíèå óñòîé÷èâîñòè óïðóãîãî òåëà è ñîîòâåòñòâóþùåå åìó îïðå-äåëåíèå óñòîé÷èâîñòè ðåøåíèÿ íà÷àëüíî-êðàåâîé çàäà÷è äëÿ äè��åðåíöèàëüíîãî óðàâ-íåíèÿ. Ïåðâîå ñîîòâåòñòâóåò êîíöåïöèè óñòîé÷èâîñòè äèíàìè÷åñêèõ ñèñòåì ïî Ëÿïóíîâóè ìîæåò áûòü ñ�îðìóëèðîâàíî òàê: ïðè êàêèõ çíà÷åíèÿõ ïàðàìåòðîâ, õàðàêòåðèçóþùèõóïðóãóþ ïëàñòèíó (îñíîâíûìè ïàðàìåòðàìè ÿâëÿþòñÿ ïðî÷íîñòíûå è èíåðöèîííûå õà-ðàêòåðèñòèêè ïëàñòèíû, äåéñòâóþùèå â ñâÿçè ñ êîíñòðóêòèâíûìè îñîáåííîñòÿìè çàäàí-íûå óñèëèÿ è ò.ä.), ìàëûì îòêëîíåíèÿì ïëàñòèíû îò ïîëîæåíèÿ ðàâíîâåñèÿ â íà÷àëüíûéìîìåíò âðåìåíè t = 0 áóäóò ñîîòâåòñòâîâàòü ìàëûå îòêëîíåíèÿ è â ëþáîé ìîìåíò âðå-ìåíè t > 0 . Âòîðîå îïðåäåëåíèå ñîîòâåòñòâóåò óñëîâíîé óñòîé÷èâîñòè ðåøåíèÿ íà÷àëüíî-êðàåâîé çàäà÷è: ïðè êàêèõ íà÷àëüíûõ óñëîâèÿõ â ìîìåíò âðåìåíè t = 0 è çíà÷åíèÿõ ïàðà-ìåòðîâ, âõîäÿùèõ â äè��åðåíöèàëüíîå óðàâíåíèå, áóäåò ïîëó÷åíî îãðàíè÷åííîå ðåøåíèåâ ëþáîé ìîìåíò âðåìåíè t > 0 . Èñïîëüçóåòñÿ òàê æå îïðåäåëåíèå óñëîâíîé íåóñòîé÷èâî-ñòè ðåøåíèÿ íà÷àëüíî-êðàåâîé çàäà÷è: ïðè êàêèõ íà÷àëüíûõ óñëîâèÿõ â ìîìåíò âðåìåíè
t = 0 è çíà÷åíèÿõ ïàðàìåòðîâ, âõîäÿùèõ â äè��åðåíöèàëüíîå óðàâíåíèå, ðåøåíèå ïðè
t→ ∞ áóäåò íåîãðàíè÷åííûì.Íà îñíîâå ïîñòðîåíèÿ �óíêöèîíàëîâ [1℄, ñîîòâåòñòâóþùèõ äè��åðåíöèàëüíîìó óðàâ-íåíèþ â ÷àñòíûõ ïðîèçâîäíûõ, îïèñûâàþùåìó ïîïåðå÷íûå êîëåáàíèÿ ïëàñòèíû-ïîëîñû,ïîëó÷åíû äîñòàòî÷íûå óñëîâèÿ óñòîé÷èâîñòè ïî Ëÿïóíîâó, óñëîâíîé óñòîé÷èâîñòè èóñëîâíîé íåóñòîé÷èâîñòè ðåøåíèé ýòîãî óðàâíåíèÿ. Óñëîâíàÿ íåóñòîé÷èâîñòü ðåøåíèé1Äîöåíò êà�åäðû �Âûñøàÿ ìàòåìàòèêà�, Óëüÿíîâñêèé ãîñóäàðñòâåííûé òåõíè÷åñêèé óíèâåðñèòåò,ã. Óëüÿíîâñê; ankil�ulstu.ru.2Ïðî�åññîð, çàâ. êà�åäðîé �Âûñøàÿ ìàòåìàòèêà�, Óëüÿíîâñêèé ãîñóäàðñòâåííûé òåõíè÷åñêèé óíèâåð-ñèòåò, ã. Óëüÿíîâñê; velmisov�ulstu.ru. Æóðíàë ÑÂÌÎ. 2010. Ò. 12, � 1



8 À. Â. Àíêèëîâ, Ï. À. Âåëüìèñîâìîäåëüíîãî äè��åðåíöèàëüíîãî óðàâíåíèÿ èãðàåò âàæíóþ ðîëü ïðè èññëåäîâàíèè äèíà-ìèêè, òàê êàê îòûñêàíèå íåîãðàíè÷åííîãî ðåøåíèÿ íå èìååò ñìûñëà â ñâÿçè ñ ðåøåíèåìêîíêðåòíîé ìåõàíè÷åñêîé çàäà÷è.Îäíèì èç ìåòîäîâ ïîëó÷åíèÿ äîñòàòî÷íûõ è íåîáõîäèìûõ óñëîâèé óñòîé÷èâîñòè ïî Ëÿ-ïóíîâó ÿâëÿåòñÿ àíàëèç ïîëó÷åííîãî ÷èñëåííî ðåøåíèÿ äè��åðåíöèàëüíîãî óðàâíåíèÿ.Â äàííîì ìåòîäå íåîáõîäèìî ó÷èòûâàòü, ÷òî âìåñòî îáëàñòè óñòîé÷èâîñòè ïî Ëÿïóíîâó(èçìåíåíèÿ ïàðàìåòðîâ ìåõàíè÷åñêîé ñèñòåìû), áóäåò ïîëó÷åíà îáëàñòü óñëîâíîé óñòîé-÷èâîñòè (èçìåíåíèÿ êîý��èöèåíòîâ äè��åðåíöèàëüíîãî óðàâíåíèÿ â çàâèñèìîñòè îò íà-÷àëüíûõ óñëîâèé). Ïðè ýòîì ìåõàíè÷åñêàÿ îáëàñòü (óñòîé÷èâîñòè ïî Ëÿïóíîâó) áóäåò ¾íåøèðå¿, ÷åì ìàòåìàòè÷åñêàÿ îáëàñòü (óñëîâíîé óñòîé÷èâîñòè). Ïîýòîìó òîëüêî ïðàâèëü-íûé âûáîð íà÷àëüíûõ óñëîâèé, îáñóæäàåìûé â ðàáîòå, ïîçâîëèò ïðèâåñòè ê ñîãëàñîâàíèþýòèõ îáëàñòåé. Ñëåäóåò îòìåòèòü, ÷òî óñëîâèÿ íåóñòîé÷èâîñòè ïî Ëÿïóíîâó äëÿ äàííîãîêëàññà ìåõàíè÷åñêèõ çàäà÷ íå ìîãóò áûòü ïîëó÷åíû íà îñíîâàíèè èññëåäîâàíèÿ �óíêöè-îíàëîâ òèïà Ëÿïóíîâà (ìîæíî âîñïîëüçîâàòüñÿ, íàïðèìåð, ÷àñòîòíûì ìåòîäîì, êîòîðûé,îäíàêî, ïðèìåíèì òîëüêî ê ëèíåéíûì äè��åðåíöèàëüíûì óðàâíåíèÿì, â îòëè÷èå îò ìå-òîäà Ëÿïóíîâà).Èññëåäîâàíèå äèíàìèêè óïðóãîé ïëàñòèíû îñíîâàíî íà ïðèìåíåíèè ìåòîäà �àëåðêèíà.Êàê èçâåñòíî [2℄, ïîñòðîåííàÿ ýòèì ìåòîäîì ïîñëåäîâàòåëüíîñòü ïðèáëèæåííûõ ðåøåíèé(îòðåçêîâ ðÿäà Ôóðüå) ñõîäèòñÿ ê îáîáùåííîìó ðåøåíèþ (ñõîäèìîñòü â ñðåäíåì, ò.å. âèíòåãðàëüíîì ñìûñëå). Ïðè ýòîì äî ñèõ ïîð îñòàåòñÿ íåðàçðåøåííûìè äâà âîïðîñà. Ïåð-âûé - ÿâëÿåòñÿ ëè îáîáùåííîå ðåøåíèå òî÷íûì è âòîðîé - êàêîâ äîëæåí áûòü ïîðÿäîêïðèáëèæåííîãî ðåøåíèÿ (äëèíà îòðåçêà ðÿäà Ôóðüå), ÷òîáû ýòî òî÷íîå ðåøåíèå áûëîíàéäåíî ñ çàäàííîé òî÷íîñòüþ. Â äàííîé ðàáîòå ñ ïîìîùüþ �óíêöèîíàëîâ òèïà Ëÿïóíî-âà, íà ïðèìåðå èññëåäîâàíèÿ ïðîñòåéøåãî óðàâíåíèÿ, äîêàçàíà àáñîëþòíàÿ è ðàâíîìåðíàÿñõîäèìîñòü ïðèáëèæåííûõ ðåøåíèé ê òî÷íîìó, à òàêæå ïîëó÷åí êðèòåðèé îïðåäåëåíèÿïîðÿäêà ïðèáëèæåííîãî ðåøåíèÿ (â çàâèñèìîñòè îò ïàðàìåòðîâ ìåõàíè÷åñêîé ñèñòåìû),ãàðàíòèðîâàííî îïèñûâàþùåãî òî÷íîå ðåøåíèå ñ ëþáîé çàäàííîé òî÷íîñòüþ â ëþáîé òî÷-êå x â ëþáîé ìîìåíò âðåìåíè t . Âûáîð ìåæäó ìåòîäîì �àëåðêèíà è ðàçíîñòíûì ìåòîäîìáûë ñäåëàí â ïîëüçó ïåðâîãî ïî äâóì ïðè÷èíàì: ïåðâàÿ � ðåøåíèå äè��åðåíöèàëüíîãîóðàâíåíèÿ ÷åòâåðòîãî ïîðÿäêà, ðàññìàòðèâàåìîãî â äàííîé ðàáîòå, ïðèâîäèò ê äîñòàòî÷íîñëîæíîé ðàçíîñòíîé ñõåìå è ê áîëüøèì çàòðàòàì ìàøèííîãî âðåìåíè (à ïîñòðîåíèå îáëà-ñòåé óñòîé÷èâîñòè ñòàíîâèòñÿ ïðàêòè÷åñêè íåâîçìîæíûì); âòîðàÿ � âîçìîæíîñòü îòûñêà-íèÿ ðåøåíèÿ óðàâíåíèÿ íà ëþáîì âðåìåííîì îòðåçêå, â òîì ÷èñëå íåîãðàíè÷åííîì.Â ñîîòâåòñòâèè ñ âûøåñêàçàííûì ïîñòàâëåíà öåëü äàííîé ðàáîòû � íà ïðèìåðå ïðî-ñòåéøåé ìåõàíè÷åñêîé çàäà÷è ïðîâåñòè ñîãëàñîâàíèå ìàòåìàòè÷åñêèõ è �èçè÷åñêèõ ïðî-öåññîâ. Äëÿ ýòîãî èñïîëüçóþòñÿ ìåòîä Ëÿïóíîâà äëÿ èññëåäîâàíèÿ óñòîé÷èâîñòè è ìåòîä�àëåðêèíà äëÿ èññëåäîâàíèÿ äèíàìèêè. Äëÿ ïîñëåäíåãî ðåøàåòñÿ çàäà÷à îöåíêè òî÷íîñòèïîëó÷åííîãî ïðèáëèæåííîãî ðåøåíèÿ, â çàâèñèìîñòè îò åãî ïîðÿäêà.2. Ïîñòàíîâêà çàäà÷èÂ äàííîé ðàáîòå ðàññìàòðèâàåòñÿ äè��åðåíöèàëüíîå óðàâíåíèå, îïèñûâàþùåå ñâî-áîäíûå êîëåáàíèÿ óïðóãîé ïëàñòèíû äëèíû l :
Mẅ(x, t) +Dw′′′′(x, t) +Nw′′(x, t) + βw(x, t) = 0, x ∈ (0, l) . (2.1)Çäåñü x � êîîðäèíàòà (ïëàñòèíà çàíèìàåò íà îñè Ox îòðåçîê [0, l] ); t � âðåìÿ( t ≥ 0 ); øòðèõ îáîçíà÷àåò ïðîèçâîäíóþ ïî x , à òî÷êà � ïðîèçâîäíóþ ïî t ; D - èçãèáíàÿæåñòêîñòü; M � ïîãîííàÿ ìàññà ïëàñòèíû; N � ñæèìàþùàÿ (ðàñòÿãèâàþùàÿ) ïëàñòèíóÆóðíàë ÑÂÌÎ. 2010. Ò. 12, � 1



Êðèòåðèé îïðåäåëåíèÿ ïîðÿäêà ãàëåðêèíñêîãî ïðèáëèæåíèÿ ðåøåíèÿ . . . 9ñèëà; β � êîý��èöèåíò æåñòêîñòè îñíîâàíèÿ. Íåèçâåñòíîé ÿâëÿåòñÿ �óíêöèÿ w(x, t) �ïðîãèá óïðóãîé ïëàñòèíû.Íà÷àëüíûå óñëîâèÿ:
w (x, 0) = f1 (x) , ẇ (x, 0) = f2 (x) . (2.2)Ïðåäïîëàãàÿ, ÷òî êîíöû ïëàñòèíû çàêðåïëåíû øàðíèðíî, ãðàíè÷íûå óñëîâèÿ äëÿ

w (x, t) çàïèøåì â âèäå
w(0, t) = w′′(0, t) = w(l, t) = w′′(l, t) = 0. (2.3)Òàêèì îáðàçîì, ïîëó÷èëè íà÷àëüíî-êðàåâóþ çàäà÷ó (2.1) - (2.3) äëÿ îïðåäåëåíèÿ èñ-êîìîé �óíêöèè w(x, t) .Îïèøåì íà ïðèìåðå ïîñòàâëåííîé çàäà÷è (2.1)-(2.3) íåñêîëüêî âîçìîæíîñòåé èñïîëü-çîâàíèÿ �óíêöèîíàëîâ òèïà Ëÿïóíîâà.3. Èññëåäîâàíèå óñòîé÷èâîñòè ïî Ëÿïóíîâó òî÷íîãî ðåøåíèÿÏîëó÷èì äîñòàòî÷íûå óñëîâèÿ óñòîé÷èâîñòè òðèâèàëüíîãî ðåøåíèÿ äè��åðåíöèàëü-íîãî óðàâíåíèÿ (2.1) ïî îòíîøåíèþ ê âîçìóùåíèÿì íà÷àëüíûõ óñëîâèé.Ââåäåì �óíêöèîíàë

J(t) =

l∫

0

{
Mẇ2 +Dw′′2 −Nw′2 + βw2

}
dx. (3.1)Íàéäåì ïðîèçâîäíóþ îò J(t) ïî t .

J̇(t) = 2

l∫

0

{Mẇẅ +Dw′′ẇ′′ −Nw′ẇ′ + βwẇ} dx. (3.2)Äëÿ �óíêöèè w(x, t) , ÿâëÿþùåéñÿ ðåøåíèåì óðàâíåíèÿ (2.1), ðàâåíñòâî (3.2) ïðèìåòâèä:
J̇ (t) = 2

l∫

0

{
−ẇ (Dw′′′′ +Nw′′ + βw) +Dw′′ẇ′′ −Nw′ẇ′ + βwẇ

}
dx. (3.3)Èíòåãðèðóÿ ïî ÷àñòÿì ñ ó÷åòîì ãðàíè÷íûõ óñëîâèé (2.3), ïîëó÷èì

l∫

0

ẇw′′′′dx =

l∫

0

ẇ′′w′′dx,

l∫

0

ẇw′′dx = −
l∫

0

ẇ′w′dx.Ñ ó÷åòîì ýòèõ âûðàæåíèé, ðàâåíñòâî (3.2) ïðèìåò âèä
J̇(t) = 0 ⇒ J(t) = J(0). (3.4)Ñîãëàñíî (3.1), (3.4) èìååì ðàâåíñòâî

l∫

0

{
Mẇ2 +Dw′′2 −Nw′2 + βw2

}
dx =

l∫

0

{
Mẇ2

0 +Dw′′
0
2 −Nw′

0
2
+ βw2

0

}
dx. (3.5)Æóðíàë ÑÂÌÎ. 2010. Ò. 12, � 1



10 À. Â. Àíêèëîâ, Ï. À. ÂåëüìèñîâÇäåñü èíäåêñ 0 ñíèçó îçíà÷àåò, ÷òî çíà÷åíèå áåðåòñÿ ïðè t = 0 .Ñîãëàñíî íåðàâåíñòâó �ýëåÿ [3℄, èìåþò ìåñòî îöåíêè
l∫

0

w′′2(x, t)dx ≥ λ1

l∫

0

w′2(x, t)dx,

l∫

0

w′′2(x, t)dx ≥ µ1

l∫

0

w2(x, t)dx, (3.6)ãäå λ1− íàèìåíüøåå ñîáñòâåííîå çíà÷åíèå êðàåâîé çàäà÷è ψ′′′′(x) = −λψ′′(x) , µ1− íàè-ìåíüøåå ñîáñòâåííîå çíà÷åíèå êðàåâîé çàäà÷è ψ′′′′(x) = µψ(x) ñ êðàåâûìè óñëîâèÿìè(2.3). Òîãäà, ó÷èòûâàÿ (3.6), èç (3.5) ïîëó÷èì
l∫

0

{
Mẇ2 + (λ1D −N)w′2+ βw2

}
dx ≤

l∫

0

{
Mẇ2

0 +
(
D + λ−1

1 |N | + µ−1
1 β
)
w′′2

0

}
dx. (3.7)Åñëè âûïîëíÿåòñÿ óñëîâèå

N < λ1D, (3.8)òî èç íåðàâåíñòâà (3.7) ñëåäóåò óñòîé÷èâîñòü â ñðåäíåì ðåøåíèÿ w(x, t) óðàâíåíèÿ(2.1) è ÷àñòíûõ ïðîèçâîäíûõ ẇ(x, t), w′(x, t) ïî îòíîøåíèþ ê âîçìóùåíèÿì íà÷àëüíûõçíà÷åíèé ẇ(x, 0), w′′(x, 0), åñëè êðàåâûå óñëîâèÿ èìåþò âèä (2.3).Èñïîëüçóÿ èíòåãðàëüíîå íåðàâåíñòâî Êîøè-Áóíÿêîâñêîãî è óñëîâèÿ (2.3), ïîëó÷èì
w2(x, t) ≤ l

l∫

0

w′2(x, t)dx. (3.9)Ó÷èòûâàÿ íåðàâåíñòâà (3.7) - (3.9), îêîí÷àòåëüíî áóäåì èìåòü îöåíêó
(λ1D −N)w2(x, t) ≤ l

l∫

0

{
Mẇ2

0 +
(
D + λ−1

1 |N | + µ−1
1 β
)
w′′

0
2
}
dx,èç êîòîðîé ñëåäóåò òåîðåìà.Ò å î ð å ì à 3.1. Ïóñòü âûïîëíåíî óñëîâèå (3.8), òîãäà ðåøåíèå w(x, t)óðàâíåíèÿ (2.1) óñòîé÷èâî ïî îòíîøåíèþ ê âîçìóùåíèÿì íà÷àëüíûõ çíà÷åíèé

ẇ(x, 0), w′′(x, 0) , åñëè êðàåâûå óñëîâèÿ èìåþò âèä (2.3).4. Èññëåäîâàíèå óñëîâíîé óñòîé÷èâîñòè è óñëîâíîé íåóñòîé÷èâî-ñòè òî÷íîãî ðåøåíèÿÏîëó÷èì äîñòàòî÷íûå óñëîâèÿ óñëîâíîé óñòîé÷èâîñòè ðåøåíèÿ äè��åðåíöèàëüíîãîóðàâíåíèÿ (2.1). Ïóñòü èìåþò ìåñòî óñëîâèÿ:
l∫

0

w (x, t) · g(1)
i (x) dx = 0, i = 1 ÷ s,

l∫

0

w (x, t) · g(2)
i (x) dx = 0, i = 1 ÷ k, (4.1)

Æóðíàë ÑÂÌÎ. 2010. Ò. 12, � 1
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(1)
i (x) , g

(2)
i (x) - ñîáñòâåííûå �óíêöèè êðàåâûõ çàäà÷ ψ′′′′(x) = −λψ′′(x) , ψ′′′′(x) =

µψ(x) ñ êðàåâûìè óñëîâèÿìè (2.3). Òîãäà â îòëè÷èå îò îöåíîê (3.6) ñïðàâåäëèâû íåðàâåí-ñòâà [3℄:
l∫

0

w′′2(x, t)dx ≥ λs+1

l∫

0

w′2(x, t)dx,

l∫

0

w′′2(x, t)dx ≥ µk+1

l∫

0

w2(x, t)dx, (4.2)ãäå λs+1 − (s + 1) -å ñîáñòâåííîå çíà÷åíèå êðàåâîé çàäà÷è ψ′′′′(x) = −λψ′′(x) , à µk+1 −
(k + 1) -å ñîáñòâåííîå çíà÷åíèå êðàåâîé çàäà÷è ψ′′′′(x) = µψ(x) ñ êðàåâûìè óñëîâèÿìè(2.3). Åñëè æå âûïîëíÿþòñÿ óñëîâèÿ

l∫

0

w (x, t) · g(1)
1 (x) dx 6= 0,

l∫

0

w (x, t) · g(2)
1 (x) dx 6= 0, (4.3)òî â îöåíêàõ (4.2) íåîáõîäèìî ïîëîæèòü s = 0, k = 0 , ò. å. ïîëó÷èì (3.6).Ñ ó÷åòîì (4.2) èç (3.5) áóäåì èìåòü

l∫

0

{
Mẇ2 + (λs+1D −N)w′2+ βw2

}
dx ≤

l∫

0

{
Mẇ2

0 +
(
D + λ−1

s+1 |N | + µ−1
k+1β

)
w′′

0
2
}
dx. (4.4)Åñëè âûïîëíÿåòñÿ óñëîâèå

N < λs+1D, (4.5)è íà÷àëüíûå óñëîâèÿ (2.2) òàêîâû, ÷òî ñïðàâåäëèâû ðàâåíñòâà (4.1), òî èç íåðàâåíñòâà(4.4) ñëåäóåò óñëîâíàÿ óñòîé÷èâîñòü â ñðåäíåì ðåøåíèÿ w(x, t) óðàâíåíèÿ (2.1) è ÷àñò-íûõ ïðîèçâîäíûõ ẇ(x, t), w′(x, t) ïî îòíîøåíèþ ê âîçìóùåíèÿì íà÷àëüíûõ çíà÷åíèé
ẇ(x, 0), w′′(x, 0), åñëè êðàåâûå óñëîâèÿ èìåþò âèä (2.3).Ó÷èòûâàÿ íåðàâåíñòâà (3.9), (4.4), (4.5), ïîëó÷èì îöåíêó

(λs+1D −N)w2 (x, t) ≤ l

l∫

0

{
Mẇ2

0 +
(
D + λ−1

s+1 |N | + µ−1
k+1β

)
w′′

0
2
}
dx, (4.6)èç êîòîðîé ñëåäóåò òåîðåìà.Ò å î ð å ì à 4.1. Ïóñòü âûïîëíåíî óñëîâèå (4.5) è íà÷àëüíûå óñëîâèÿ (2.2) òà-êîâû, ÷òî ñïðàâåäëèâû ðàâåíñòâà (4.1). Òîãäà ðåøåíèå w(x, t) óðàâíåíèÿ (2.1) óñëîâíîóñòîé÷èâî ïî îòíîøåíèþ ê âîçìóùåíèÿì íà÷àëüíûõ çíà÷åíèé ẇ0, w′′

0 , åñëè êðàåâûåóñëîâèÿ èìåþò âèä (2.3).Ïîëó÷èì äîñòàòî÷íûå óñëîâèÿ óñëîâíîé íåóñòîé÷èâîñòè ðåøåíèÿ äè��åðåíöèàëüíîãîóðàâíåíèÿ (2.1).Ââåäåì �óíêöèîíàë:
I(t) =

1

2

l∫

0

Mw2dx. (4.7)Íàéäåì ïðîèçâîäíóþ îò I(t) ïî t . Æóðíàë ÑÂÌÎ. 2010. Ò. 12, � 1
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İ(t) =

l∫

0

Mwẇdx.Íàéäåì âòîðóþ ïðîèçâîäíóþ îò I(t) ïî t .
Ï(t) =

l∫

0

(
Mẇ2 +Mwẅ

)
dx. (4.8)Äëÿ �óíêöèè w(x, t) , ÿâëÿþùåéñÿ ðåøåíèåì óðàâíåíèÿ (2.1), ðàâåíñòâî (4.8) ïðèìåòâèä:

Ï(t) =

l∫

0

{
Mẇ2 − w (Dw′′′′ +Nw′′ + βw)

}
dx. (4.9)Èíòåãðèðóÿ ïî ÷àñòÿì ñ ó÷åòîì (2.3), ïîëó÷èì

l∫

0

ww′′′′dx =

l∫

0

w′′2dx,

l∫

0

ww′′dx = −
l∫

0

w′2dx.Èç (4.9) ñëåäóåò
Ï (t) =

l∫

0

{
Mẇ2 −Dw′′2 +Nw′2 − βw2

}
dx. (4.10)Ó÷èòûâàÿ ðàâåíñòâî (3.4):

l∫

0

{
−Dw′′2 +Nw′2− βw2

}
dx =

l∫

0

Mẇ2dx− J (0) ,îêîí÷àòåëüíî ïîëó÷èì
Ï (t) =

l∫

0

2Mẇ2dx− J (0) .Åñëè J(0) < 0 , ò. å.
N

l∫

0

w′2 (x, 0) dx >

l∫

0

{
Mẇ2 (x, 0) +Dw′′2 (x, 0) + βw2 (x, 0)

}
dx, (4.11)òî Ï(t) > 0 (ãðà�èê �óíêöèè I(t) âîãíóòûé).Òàê êàê I(t) ≥ 0, Ï(t) > 0 (ïðè÷åì lim

t→∞
Ï (t) 6= 0 â ñèëó (4.11)), òî äëÿ íåïðåðûâíîäè��åðåíöèðóåìîé �óíêöèè I(t) ñïðàâåäëèâî óòâåðæäåíèå: íà÷èíàÿ ñ íåêîòîðîãî ìî-ìåíòà âðåìåíè t0 ≥ 0 , �óíêöèÿ I(t) íà÷íåò íåîãðàíè÷åííî âîçðàñòàòü. Ñëåäîâàòåëüíî,

lim
t→∞

I(t) = ∞ ⇒ lim
t→∞

l∫

0

Mw2dx = ∞. (4.12)Æóðíàë ÑÂÌÎ. 2010. Ò. 12, � 1



Êðèòåðèé îïðåäåëåíèÿ ïîðÿäêà ãàëåðêèíñêîãî ïðèáëèæåíèÿ ðåøåíèÿ . . . 13Íà îñíîâàíèè (4.12) äîêàçàíà ñëåäóþùàÿ òåîðåìà.Ò å î ð å ì à 4.2. Åñëè íà÷àëüíûå óñëîâèÿ (2.2) è ïàðàìåòðû ìåõàíè÷åñêîé ñè-ñòåìû òàêîâû, ÷òî ñïðàâåäëèâî óñëîâèå (4.11), è êðàåâûå óñëîâèÿ èìåþò âèä (2.3), òîðåøåíèå w(x, t) óðàâíåíèÿ (2.1) óñëîâíî íåóñòîé÷èâî.5. Îáîáùåííûé ìåòîä �àëåðêèíà�åøåíèå óðàâíåíèÿ (2.1) áóäåì èñêàòü îáîáùåíííûì ìåòîäîì �àëåðêèíà (ìåòîä�àëåðêèíà-Ïåòðîâà [2℄), ïîä÷èíèâ èñêîìóþ �óíêöèþ w(x, t) êðàåâûì óñëîâèÿì (2.3) èíà÷àëüíûì óñëîâèÿì (2.2), êîòîðûå äîëæíû áûòü ñîãëàñîâàíû ñ êðàåâûìè óñëîâèÿìè.Ñîãëàñíî ìåòîäó �àëåðêèíà ïðèáëèæåííîå ðåøåíèå óðàâíåíèÿ (2.1) èùåòñÿ â âèäå
wnp(n)(x, t) =

n∑

k=1

ak(t)gk(x), (5.1)ãäå gk(x) - áàçèñíûå �óíêöèè, ïîäîáðàííûå òàê, ÷òîáû âûïîëíÿëèñü çàäàííûå êðàåâûåóñëîâèÿ, à �óíêöèè ak(t) îïðåäåëÿþòñÿ èç óñëîâèÿ îðòîãîíàëüíîñòè íåâÿçêè óðàâíåíèÿê ñèñòåìå ïîâåðî÷íûõ �óíêöèé {hk(x)} . Èíäåêñîì â ñêîáêàõ â (5.1) óêàçûâàåòñÿ äëèíàîòðåçêà ðÿäà, è â äàëüíåéøåì ýòî ðåøåíèå áóäåì íàçûâàòü n -ì ïðèáëèæåíèåì òî÷íîãîðåøåíèÿ.Â êà÷åñòâå áàçèñíûõ âîçüìåì �óíêöèè
gk(x) = Akcosγkx+Bksinγkx+ Ck +Dkx, k = 1, 2, 3, . . . (5.2)Êîý��èöèåíòû Ak, Bk, Ck, Dk è ïàðàìåòð γk âûáåðåì òàê, ÷òîáû íà êàæäîì èç êîíöîâîòðåçêà [0, l] âûïîëíÿëèñü óëîâèÿ:

gk(x) = g′′k(x) = 0; k = 1, 2, 3, . . . (5.3)Òîãäà �óíêöèÿ w(x, t) â âèäå (5.1) áóäåò óäîâëåòâîðÿòü óñëîâèÿì (2.3). Çàìåòèì, ÷òî
γk è gk(x) - ñîáñòâåííûå çíà÷åíèÿ è ñîáñòâåííûå �óíêöèè êðàåâîé çàäà÷è

g′′′′(x) = −γ2g′′(x) (5.4)ñ ãðàíè÷íûìè óñëîâèÿìè (5.3). Çàäà÷à (5.4), (5.3) - ñàìîñîïðÿæåííàÿ è ïîëíîñòüþ îïðåäå-ëåííàÿ, ñëåäîâàòåëüíî, ñèñòåìà �óíêöèé {gk(x)}∞k=1 îðòîãîíàëüíà íà [0, l] â îáîáùåííîìñìûñëå, ò. å. ñïðàâåäëèâû ðàâåíñòâà
l∫

0

gk (x) g′′m (x)dx = 0,

l∫

0

gk (x) g′′
′′
m (x)dx = 0, k 6= m (5.5)è èç íèõ

l∫

0

g′k(x)g
′
m(x)dx = 0,

l∫

0

g′′k(x)g
′′
m(x)dx = 0,

l∫

0

g′′k(x)g
′′′′
m (x)dx = 0, k 6= m,

l∫

0

g′′m
2
(x)dx =

l∫

0

gm(x)g′′′′m (x)dx = −γ2
m

l∫

0

gm(x)g′′m(x)dx = γ2
m

l∫

0

g′
2
m(x)dx, (5.6)Æóðíàë ÑÂÌÎ. 2010. Ò. 12, � 1
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l∫

0

g′′m(x)g′′′′m (x)dx = −γ2
m

l∫

0

g′′m
2
(x)dx = −γ4

m

l∫

0

g′
2
m(x)dx,

l∫

0

gm(x)g′′m(x)dx = −γ2
m

l∫

0

g′
2
m(x)dx, m = 1, 2, . . . .Â ýòîì ñëó÷àå, ñîãëàñíî òåîðåìå î ðàçëîæåíèè [3℄, ëþáóþ �óíêöèþ U(x) , ÷åòûðåõ-êðàòíî íåïðåðûâíî äè��åðåíöèðóåìóþ â (0, l) è óäîâëåòâîðÿþùóþ ñîîòâåòñòâóþùèìêðàåâûì óñëîâèÿì, ìîæíî ðàçëîæèòü â ðÿä Ôóðüå U(x) =

∞∑
k=1

ckgk(x) , àáñîëþòíî è ðàâ-íîìåðíî ñõîäÿùèéñÿ â (0, l) , ãäå ck � êîý��èöèåíòû Ôóðüå:
ck =




l∫

0

gk(x)g
′′
k(x)dx




−1

·
l∫

0

U(x)g′′k(x)dx.Â ñëó÷àå øàðíèðíî çàêðåïëåííûõ êîíöîâ ïëàñòèíû
gk(x) = sin (γkx) , γk =

kπ

l
, k = 1, 2, . . .è, ïîýòîìó, äîïîëíèòåëüíî âûïîëíÿþòñÿ ðàâåíñòâà

l∫

0

gk(x)gm(x)dx = 0, k 6= m,

l∫

0

g′
2
m(x)dx = γ2

m

l∫

0

g2
m(x)dx,

l∫

0

g2
m(x)dx =

π

2
. (5.7)Â ñèëó ðàâåíñòâ (5.5) - (5.7), âîçüìåì â êà÷åñòâå ïîâåðî÷íûõ �óíêöèé hk(x) =

gk(x), k = 1, 2, . . . .Óñëîâèÿ îðòîãîíàëüíîñòè íåâÿçêè óðàâíåíèÿ (2.1) ê ñèñòåìå �óíêöèé {gm(x)}nm=1 ñó÷åòîì (5.6), (5.7) ïîçâîëÿþò çàïèñàòü ñèñòåìó óðàâíåíèé äëÿ am(t) :
[
Dγ4

mam(t) −Nγ2
mam(t) +Ma′′m(t) + βam(t)

]
δm = 0, (5.8)ãäå δm =

l∫
0

g2
m(x)dx, m = 1, 2, ..., n . Çàìåòèì, ÷òî ñèñòåìà (5.8) ìîæåò áûòü ïîëó÷åíàìåòîäîì ðàçäåëåíèÿ ïåðåìåííûõ.Óñëîâèÿ îðòîãîíàëüíîñòè íåâÿçêè íà÷àëüíûõ óñëîâèé (2.2) ê ñèñòåìå �óíêöèé

{gm(x)}nm=1 ïîçâîëÿþò íàéòè íà÷àëüíûå çíà÷åíèÿ am(0) :
am (0) =

1

δm

l∫

0

f1 (x) gm (x) dx, a′m (0) =
1

δm

l∫

0

f2 (x) gm (x) dx. (5.9)Òàêèì îáðàçîì, ïîëó÷èëè çàäà÷ó Êîøè äëÿ ñèñòåìû îáûêíîâåííûõ äè��åðåíöèàëü-íûõ óðàâíåíèé (5.8) ñ íà÷àëüíûìè óñëîâèÿìè (5.9).
Æóðíàë ÑÂÌÎ. 2010. Ò. 12, � 1



Êðèòåðèé îïðåäåëåíèÿ ïîðÿäêà ãàëåðêèíñêîãî ïðèáëèæåíèÿ ðåøåíèÿ . . . 156. Óñòîé÷èâîñòü ðåøåíèÿ â n -îì ïðèáëèæåíèèÏîëó÷èì äîñòàòî÷íûå óñëîâèÿ óñòîé÷èâîñòè òðèâèàëüíîãî ðåøåíèÿ ñèñòåìû äè��å-ðåíöèàëüíûõ óðàâíåíèé (5.8) ïî îòíîøåíèþ ê âîçìóùåíèÿì íà÷àëüíûõ óñëîâèé. Çàïèøåìñèñòåìó (5.8) â âèäå
Ama

′′
m(t) +Bmam(t) = 0, (6.1)ãäå

Am = Mδm, Bm =
(
Dγ4

m −Nγ2
m + β

)
δm, m = 1, . . . , n.Ïîëó÷èì äîñòàòî÷íûå óñëîâèÿ óñòîé÷èâîñòè ïî Ëÿïóíîâó äëÿ ïðîèçâîëüíîãî ðåøåíèÿñèñòåìû óðàâíåíèé (6.1). Ïîñêîëüêó óðàâíåíèÿ ñèñòåìû ëèíåéíûå, òî äîñòàòî÷íî èññëå-äîâàòü óñòîé÷èâîñòü òðèâèàëüíîãî ðåøåíèÿ {a1(t), a2(t), . . . , an(t)} ≡ {0, 0, . . . , 0} .Ââåäåì �óíêöèîíàë:

Φn(t) =
n∑

m=1

(
Ama

′2
m(t) +Bma

2
m(t)

)
. (6.2)Íàéäåì ïðîèçâîäíóþ îò Φn ïî t

Φ̇n = 2

n∑

m=1

(Ama
′
m (t) a′′m (t) +Bmam (t) a′m (t)). (6.3)Äëÿ �óíêöèé a1(t), a2(t), . . . , an(t) , ÿâëÿþùèõñÿ ðåøåíèåì ñèñòåìû óðàâíåíèé (6.1),ðàâåíñòâî (6.3) ïðèìåò âèä

Φ̇n(t) = 0 ⇒ Φn(t) = Φn(0). (6.4)Òàêèì îáðàçîì, ïîëó÷èì ðàâåíñòâî
n∑

m=1

(
Ama

′2
m(t) +Bma

2
m(t)

)
=

n∑

m=1

(
Ama

′2
m(0) +Bma

2
m(0)

)
.èç êîòîðîãî ñëåäóåò òåîðåìà.Ò å î ð å ì à 6.1. Ïóñòü âûïîëíåíî óñëîâèå

Dγ4
m −Nγ2

m + β > 0, (6.5)òîãäà ðåøåíèå {a1(t), a2(t), . . . , an(t)} ñèñòåìû óðàâíåíèé (6.1) è åãî ïðîèçâîäíàÿ
{a′1(t), a′2(t), . . . , a′n(t)} óñòîé÷èâû ïî îòíîøåíèþ ê âîçìóùåíèÿì íà÷àëüíûõ çíà÷åíèé
a1(0), a2(0), . . . , an(0) , a′1(0), a′2(0), . . . , a′n(0) .Óñëîâèå (6.5) òåîðåìû 6.1, â îòëè÷èå îò óñëîâèÿ (3.8) òåîðåìû 3.1, ó÷èòûâàåò âëèÿíèåðåàêöèè îñíîâàíèÿ íà óñòîé÷èâîñòü ðåøåíèÿ. Ïðè ýòîì λ1 = γ2

1 .Îïðåäåëåíèå. ×èñëî
∆n = J (0) − Φn (0) (6.6)áóäåì íàçûâàòü íåâÿçêîé ðåøåíèÿ (5.1), ãäå Φn(0) åñòü çíà÷åíèå �óíêöèîíàëà (6.2) âìîìåíò âðåìåíè t = 0 , ò. å. Æóðíàë ÑÂÌÎ. 2010. Ò. 12, � 1
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Φn(0) =

n∑

m=1



M

δm




l∫

0

f2 (x) gm (x) dx




2

+
Dγ4

m −Nγ2
m + β

δm




l∫

0

f1 (x) gm (x) dx




2

,à J(0) â ñîîòâåòñòâèè ñ íà÷àëüíûìè óñëîâèÿìè (2.2) ïðèìåò âèä:

J(0) =

l∫

0

{
Mf 2

2 (x) +Df ′′
1

2
(x) −Nf ′2

1(x) + βf 2
1 (x)

}
dx. (6.7)7. Ñðàâíåíèå ïðèáëèæåííûõ ðåøåíèéÄîêàæåì, ÷òî, íà÷èíàÿ ñ íåêîòîðîãî íîìåðà n , ïîñëåäîâàòåëüíîñòü {Φk(t)}∞k=n âîçðàñ-òàþùàÿ äëÿ ëþáîãî t ≥ 0 . Äëÿ ýòîãî ñðàâíèì äâà ïðèáëèæåíèÿ Φn(t), Φn+1(t) , èñïîëüçóÿðàâåíñòâî (6.4), ñïðàâåäëèâîå äëÿ ëþáîãî n ∈ N :

Φn+1(t) − Φn(t) = Φn+1(0) − Φn(0) =
n+1∑

m=1

(
Ama

′2
m(0) +Bma

2
m(0)

)
−

−
n∑

m=1

(
Ama

′2
m(0) +Bma

2
m(0)

)
= An+1a

′2
n+1(0) +Bn+1a

2
n+1(0).Òàêèì îáðàçîì

Φn+1(t) ≥ Φn(t), (7.1)åñëè âûïîëíÿåòñÿ óñëîâèå
Dγ4

n+1 −Nγ2
n+1 + β ≥ 0. (7.2)Ïðè âûïîëíåíèè óñëîâèÿ (7.2) ïîëó÷èì íåðàâåíñòâî Dγ4

m−Nγ2
m+β ≥ 0 , ñïðàâåäëèâîåäëÿ ëþáîãî m > n , à, ñëåäîâàòåëüíî, ïîñëåäîâàòåëüíîñòü {Φk(t)}∞k=n âîçðàñòàþùàÿ äëÿëþáîãî t ≥ 0 . Óñëîâèå (7.2) áóäåò ñïðàâåäëèâûì, â ÷àñòíîñòè, â îáëàñòè óñòîé÷èâîñòè(3.8).8. Èññëåäîâàíèå �óíêöèîíàëà â ïðåäåëüíîì ñëó÷àå�àññìîòðèì �óíêöèîíàë (6.2) ïðè n→ ∞ . Ââåäåì îáîçíà÷åíèå

lim
n→∞

wnp(n)(x, t) = wnp(∞)(x, t), lim
n→∞

Φn(t) = Φ∞(t).Â äàëüíåéøåì ðåøåíèå wnp(∞)(x, t) áóäåì íàçûâàòü ïðåäåëüíûì ïðèáëèæåííûì ðå-øåíèåì.Â ñèëó ðàâåíñòâà (6.4) ïîëó÷èì
Φ∞(t) = Φ∞(0) =

∞∑

m=1

(
Ama

′2
m (0) +Bma

2
m (0)

)
. (8.1)
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Φ∞ (t) =

l∫

0



M

(
∞∑

m=1

(a′m (0) gm (x))

)2

+D

(
∞∑

m=1

(am (0) g′′m (x))

)2

−

−N
(

∞∑

m=1

(am (0) g′m (x))

)2

+ β

(
∞∑

m=1

(am (0) gm (x))

)2


 dx.Òàê êàê am(0), a′m(0) â ñîîòâåòñòâèè ñ (5.9) ÿâëÿþòñÿ êîý��èöèåíòàìè ðÿäîâ Ôóðüåäëÿ �óíêöèé f1(x), f2(x) , òî â ñîîòâåòñòâèè ñ (3.4), (4.7) îêîí÷àòåëüíî ïîëó÷èì

Φ∞(t) =

l∫

0

{
Mf 2

2 (x) +Df ′′
1

2
(x) −Nf ′2

1(x)+ βf 2
1 (x)

}
dx = Φòî÷(0) = Φòî÷(t).Òàêèì îáðàçîì, íåâÿçêó (6.6) ïðèáëèæåííîãî ðåøåíèÿ wnp(n)(x, t) ìîæíî âû÷èñëèòüïî �îðìóëå

∆n = |Φ∞(t) − Φn(t)| . (8.2)Îïðåäåëåíèå. Ôóíêöèþ R∞(x, t) áóäåì íàçûâàòü îñòàòî÷íûì ÷ëåíîì ïðåäåëüíîãî ïðè-áëèæåííîãî ðåøåíèÿ, åñëè
wòî÷(x, t) = wnp(∞)(x, t) +R∞(x, t), (8.3)ãäå wòî÷(x, t) - òî÷íîå ðåøåíèå íà÷àëüíî-êðàåâîé çàäà÷è (2.1) - (2.3).Òàê êàê óðàâíåíèå (2.1) ëèíåéíîå, òî, ó÷èòûâàÿ (8.3), ïîëó÷èì óðàâíåíèå

Mẅnp(∞)(x, t) +Dw′′′′np(∞)(x, t) +Nw′′np(∞)(x, t) + βwnp(∞)(x, t)+

+MR̈∞(x, t) +DR′′′′
∞ (x, t) +NR′′

∞(x, t) + βR∞(x, t) = 0, x ∈ (0, l) . (8.4)Óñëîâèÿ îðòîãîíàëüíîñòè íåâÿçêè óðàâíåíèÿ (8.4) ê áàçèñíûì �óíêöèÿì {gm(x)}∞m=1ïîçâîëÿþò çàïèñàòü ñèñòåìó óðàâíåíèé äëÿ R∞(x, t) :
l∫

0

(
MR̈∞(x, t) +DR′′′′

∞(x, t) +NR′′
∞(x, t) + βR∞(x, t)

)
gk(x)dx, k = 1, 2, . . . .Òàê êàê ñèñòåìà �óíêöèé {gm(x)}∞m=1 ïîëíàÿ, òî

MR̈∞(x, t) +DR′′′′
∞ (x, t) +NR′′

∞(x, t) + βR∞(x, t) = 0, x ∈ (0, l) .Òàêèì îáðàçîì, èç (5.7) ïîëó÷èì ñèñòåìó óðàâíåíèé äëÿ îïðåäåëåíèÿ wnp(∞)(x, t) :
Mẅnp(∞)(x, t) +Dw′′′′np(∞)(x, t) +Nw′′np(∞)(x, t) + βwnp(∞)(x, t) = 0, x ∈ (0, l)ñ íà÷àëüíûìè óñëîâèÿìè (2.2). Ñëåäîâàòåëüíî, â ñèëó åäèíñòâåííîñòè ðåøåíèÿ çàäà÷è(2.1) - (2.3), ïîëó÷èì

wòî÷(x, t) = wnp(∞)(x, t), R∞(x, t) ≡ 0. (8.5)Æóðíàë ÑÂÌÎ. 2010. Ò. 12, � 1



18 À. Â. Àíêèëîâ, Ï. À. Âåëüìèñîâ9. Îöåíêà îñòàòî÷íîãî ÷ëåíà è âûáîð íà÷àëüíîãî ïîðÿäêà ïðè-áëèæåíèÿÎïðåäåëåíèå. Ôóíêöèþ Rn(x, t) áóäåì íàçûâàòü îñòàòî÷íûì ÷ëåíîì n -ãî ïðèáëèæå-íèÿ (5.1), åñëè
wòî÷(x, t) = wnp(n)(x, t) +Rn(x, t), (9.1)ãäå w(x, t) åñòü òî÷íîå ðåøåíèå íà÷àëüíî-êðàåâîé çàäà÷è (2.1)-(2.3). Ïðè ýòîì �óíêöèÿ

Rn(x, t) óäîâëåòâîðÿåò ãðàíè÷íûì óñëîâèÿì:
Rn(x, t) = R′′

n(x, t) = 0, x = 0, x = l. (9.2)Òàê êàê óðàâíåíèå (2.1) ëèíåéíîå, òî, ïîäñòàâëÿÿ ðåøåíèå â âèäå (9.1), ïîëó÷èì óðàâ-íåíèå
Mẅnp(n)(x, t) +Dw′′′′

np(n)(x, t) +Nw′′
np(n)(x, t) + βwnp(n)(x, t)+

+MR̈n(x, t) +DR′′′′
n (x, t) +NR′′

n(x, t) + βRn(x, t) = 0, x ∈ (0, l). (9.3)Óñëîâèÿ îðòîãîíàëüíîñòè íåâÿçêè óðàâíåíèÿ (9.4) ê áàçèñíûì �óíêöèÿì {gm(x)}nm=1ïîçâîëÿþò çàïèñàòü ñèñòåìó óðàâíåíèé äëÿ Rn(x, t) :
l∫

0

(
MR̈n(x, t) +DR′′′′

n (x, t) +NR′′
n(x, t) + βRn(x, t)

)
gk(x)dx = 0, k = 1, 2, . . . . (9.4)ñ íà÷àëüíûìè óñëîâèÿìè

l∫

0

Rn(x, 0)gm(x)dx = 0,

l∫

0

Ṙn(x, 0)gm(x)dx = 0, m = 1, ..., n,

l∫

0

Rn(x, 0)gm(x)dx =

l∫

0

f1(x)gm(x)dx, (9.5)
l∫

0

Ṙn(x, 0)gm(x)dx =

l∫

0

f2(x)gm(x)dx, m = n+ 1, ...Â ñîîòâåòñòâèè ñ ãðàíè÷íûìè óñëîâèÿìè (9.2), çàïèøåì ïåðâûå n óðàâíåíèé (9.3) ââèäå
Mb′′m(t) + Cmbm(t) = 0, (9.6)ãäå

bm(t) =

l∫

0

Rn(x, t)gm(x)dx, Cm = Dγ4
m −Nγ2

m + β, m = 1, . . . , nñ íà÷àëüíûìè óñëîâèÿìè
bm(0) = 0, b′m(0) = 0, m = 1, ..., n. (9.7)Æóðíàë ÑÂÌÎ. 2010. Ò. 12, � 1



Êðèòåðèé îïðåäåëåíèÿ ïîðÿäêà ãàëåðêèíñêîãî ïðèáëèæåíèÿ ðåøåíèÿ . . . 19�åøåíèå çàäà÷è Êîøè (9.6), (9.7) èìååò âèä
bm(t) ≡ 0, ⇒

l∫

0

Rn(x, t)sin (γmx) dx = 0, m = 1, . . . , n. (9.8)Ïðîâåäåì îöåíêó îñòàòî÷íîãî ÷ëåíà. Ïóñòü íåâÿçêà ïðèáëèæåííîãî ðåøåíèÿ (5.1) âìîìåíò âðåìåíè t = T ðàâíà ∆n , òîãäà
∆n = J(0) − Φn(0) = J(T ) − Φn(T ) =

=

l∫

0

{
Mẇ2(x, T ) +Dw′′2(x, T ) −Nw′2(x, T ) + βw2(x, T )

}
dx−

−
l∫

0

{
Mẇ2np(n)(x, T ) +Dw′′np(n)

2
(x, T ) −Nw′2np(n)(x, T ) + βw2np(n)(x, T )

}
dx =

=

l∫

0

{
M
(
ẇ(x, T ) − ẇnp(n)(x, T )

) (
ẇ(x, T ) + ẇnp(n)(x, T )

)
+

+D
(
w′′òî÷(x, T ) − w′′np(n)(x, T )

)(
w′′(x, T ) + w′′np(n)(x, T )

)
−

−N
(
w′òî÷(x, T ) − w′np(n)(x, T )

) (
w′(x, T ) + w′

np(n)(x, T )
)
+

+β
(
w(x, T ) − wnp(n)(x, T )

) (
w(x, T ) + wnp(n)(x, T )

)}
dx =

=

l∫

0

{
MṘn(x, T )

(
Ṙn(x, T ) + 2ẇnp(n)(x, T )

)
+DR′′

n(x, T )
(
R′′
n(x, T ) + 2w′′

np(n)(x, T )
)
−

−NR′
n(x, T )

(
R′
n(x, T ) + 2w′

np(n)(x, T )
)

+ βRn(x, T )
(
Rn(x, T ) + 2wnp(n)(x, T )

)}
dx =

=

l∫

0

{
MṘ2

n(x, T )+DR′′
n
2
(x, T ) −NR′2

n(x, T ) + βR2
n(x, T )

}
dx+

+2

l∫

0

{
MṘn(x, T )ẇnp(n)(x, T )+DR′′

n(x, T )w′′
np(n)(x, T )−

−NR′
n(x, T )w′

np(n)(x, T ) + βRn(x, T )wnp(n)(x, T )
}
dx =

=

l∫

0

{
MṘ2

n(x, T )+DR′′
n
2
(x, T ) −NR′2

n(x, T ) + βR2
n(x, T )

}
dx+

+2

l∫

0

{
MṘn(x, T )ẇnp(n)(x, T )+ wnp(n)(x, T ) [DR′′′′

n (x, T ) +NR′′
n(x, T ) + βRn(x, T )]}dx =

=

l∫

0

{
MṘ2

n(x, T )+DR′′
n
2
(x, T ) −NR′2

n(x, T ) + βR2
n(x, T )

}
dx+Æóðíàë ÑÂÌÎ. 2010. Ò. 12, � 1



20 À. Â. Àíêèëîâ, Ï. À. Âåëüìèñîâ
+2

l∫

0

{
MṘn(x, T )ẇnp(n)(x, T ) − MR̈n(x, T )wnp(n)(x, T )

}
dx.Ñîãëàñíî (9.8), ïîëó÷èì

∆n =

l∫

0

{
MṘ2

n(x, T )+DR′′
n
2
(x, T ) −NR′2

n(x, T ) + βR2
n(x, T )

}
dx. (9.9)Ñîãëàñíî ãðàíè÷íûì óñëîâèÿì (9.2), èñïîëüçóÿ íåðàâåíñòâà �ýëåÿ [1, .138℄ è Êîøè-Áóíÿêîâñêîãî, ìîæíî çàïèñàòü îöåíêè

l∫

0

R′′
n
2
(x, T )dx ≥ λn+1

l∫

0

R′2
n(x, T )dx,

l∫

0

R′2
n(x, T )dx ≥ R2

n(x, T )

l
, (9.10)ãäå λn+1 - (n+ 1) -å ñîáñòâåííîå çíà÷åíèå êðàåâîé çàäà÷è ψ′′′′(x) = −λψ′′(x) ñ êðàåâûìèóñëîâèÿìè (9.2). Ïðè ýòîì λn+1 = γ2

n+1 .Èñïîëüçóÿ (9.10), èç (9.9) îêîí÷àòåëüíî ïîëó÷èì
∆n ≥

l∫

0

(Dλn+1 −N)R′2
n(x, T )dx ≥ Dλn+1 −N

l
R2
n(x, T ), (9.11)åñëè âûïîëíÿåòñÿ óñëîâèå

N < λn+1D. (9.12)Òàêèì îáðàçîì, â ëþáîé òî÷êå x ∈ [0, l] â ëþáîé ìîìåíò âðåìåíè t ≥ 0 ñïðàâåäëèâàîöåíêà
|Rn(x, t)| ≤

∆nl

Dλn+1 −N
, (9.13)ïðè óñëîâèè (9.12). Ñëåäîâàòåëüíî, ïîðÿäîê íà÷àëüíîãî ïðèáëèæåíèÿ íàõîäèì èç óñëîâèÿ(9.12):

n0 =





1, åñëè N < λ1D,[
l
π

√
N
D

]
, åñëè N ≥ λ1D.

(9.14)10. ÏðèìåðÏðîâåäåì ïðîöåäóðó ìåòîäà �àëåðêèíà äëÿ n ïðèáëèæåíèé â ñëó÷àå øàðíèðíîãîçàêðåïëåíèÿ êîíöîâ óïðóãîé ïëàñòèíû.�àññìîòðèì îòäåëüíî ðåøåíèå êàæäîãî óðàâíåíèÿ (5.8):1) Åñëè Bi = 0 , òî ðåøåíèå çàäà÷è Êîøè (6.1), (5.9)
ai(t) = ai(0) + ȧi(0)t. (10.1)Ñëåäîâàòåëüíî, åñëè ȧi(0) = 0 , òî ðåøåíèå i -ãî óðàâíåíèÿ óñëîâíî óñòîé÷èâî, èíà÷åóñëîâíî íåóñòîé÷èâî.2) Åñëè Bi > 0 , òî ðåøåíèå çàäà÷è Êîøè (6.1), (5.9)Æóðíàë ÑÂÌÎ. 2010. Ò. 12, � 1
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ai(t) = ai(0)cos

√
Bi

Ai
t+

√
Ai
Bi
ȧi(0)sin

√
Bi

Ai
t. (10.2)Ñëåäîâàòåëüíî, ðåøåíèå i -ãî óðàâíåíèÿ óñëîâíî óñòîé÷èâî.3) Åñëè Bi < 0 , òî ðåøåíèå çàäà÷è Êîøè (6.1), (5.9)

ai(t) =
1

2

(
ai(0) +

√
−Ai
Bi

ȧi(0)

)
e

r
−

Bi
Ai
t
+

1

2

(
ai(0) −

√
−Ai
Bi

ȧi(0)

)
e
−

r
−

Bi
Ai
t
. (10.3)Ñëåäîâàòåëüíî, åñëè √

−Biai(0) +
√
Aiȧi(0) = 0 , òî ðåøåíèå i -ãî óðàâíåíèÿ óñëîâíîóñòîé÷èâî, èíà÷å óñëîâíî íåóñòîé÷èâî.Â íåêîòîðûõ ñëó÷àÿõ ìîæíî íàéòè òî÷íîå ðåøåíèå çàäà÷è (2.1) - (2.3). Ïóñòü çàäàíûíà÷àëüíûå óñëîâèÿ

w(x, 0) = 0, 01 · sin
(

4πx

l

)
, ẇ(x, 0) = 0, 01 · sin

(
4πx

l

)
, (10.4)òîãäà óñëîâèÿ (5.9) ïðèìóò âèä

ak(0) =

{
0, k 6= 4,
0, 01, k = 4.

ȧk(0) =

{
0, k 6= 4,
0, 01, k = 4.

(10.5)Èñïîëüçóÿ ðåøåíèÿ (10.1) - (10.3), ïîëó÷èì òî÷íîå ðåøåíèå (òàê êàê ak(t) ≡ 0, k 6= 4 )
w(x, t) =





0, 01 · (1 + t) sinγ4x ïðè Dγ4
4 −Nγ2

4 + β = 0,

0, 01 ·
(
cos

√
Dγ4

4 −Nγ2
4 + β

M t+

√
M

Dγ4
4 −Nγ2

4 + β
sin

√
Dγ4

4 −Nγ2
4 + β

M t

)
×

×sinγ4x ïðè Dγ4
4 −Nγ2

4 + β > 0,

0, 01 ·
(
ch

√
−Dγ

4
4 −Nγ2

4 + β
M t+

√
− M
Dγ4

4 −Nγ2
4 + β

sh

√
−Dγ

4
4 −Nγ2

4 + β
M t

)
×

×sinγ4x ïðè Dγ4
4 −Nγ2

4 + β < 0.�àññìîòðèì ñëåäóþùóþ ìåõàíè÷åñêóþ ñèñòåìó: ïëàñòèíà èçãîòîâëåíà èç àëþìèíèÿ(E = 7 · 1010 , ρïë = 8480 ), à ïàðàìåòðû ìåõàíè÷åñêîé ñèñòåìû èìåþò çíà÷åíèÿ l = 2 ,
h = 0, 005 , M = ρïëh = 42, 4 , ν = 0, 31 , D = Eh3

12
(
1 − ν2

) = 806, 7 , N = 1000 , β = 4 (âñåçíà÷åíèÿ ïðèâåäåíû â ñèñòåìå ÑÈ).Òàê êàê Dγ4
4 −Nγ2

4 + β > 0 , òî ïîëó÷èì òî÷íîå ðåøåíèå
w(x, t) = 0, 01 ·

(
cos

√
Dγ4

4 −Nγ2
4 + β

M
t+

√
M

Dγ4
4 −Nγ2

4 + β
sin

√
Dγ4

4 −Nγ2
4 + β

M
t

)
sinγ4x.Â ñëó÷àå, êîãäà áåñêîíå÷íîå ÷èñëî ÷ëåíîâ ðàçëîæåíèÿ íà÷àëüíûõ �óíêöèé (2.2) â ðÿäÔóðüå íåíóëåâûå, òî÷íîå ðåøåíèå ïîëó÷åíî áûòü íå ìîæåò.�àññìîòðèì ïðåäëîæåííóþ ìåõàíè÷åñêóþ ñèñòåìó. Ïóñòü íà÷àëüíûå óñëîâèÿ èìåþòâèä w(x, 0) = 0, 01 · x3 (l − x)3 ẇ(x, 0) = −0, 005 · x4 (l − x)4 .Ïðèìåíÿÿ òåîðåìó 3.1, ïîëó÷èì, ÷òî ïðè N < 7961, 8 ðåøåíèå óðàâíåíèÿ (2.1) óñòîé-÷èâî, ñëåäîâàòåëüíî, ðåøåíèå äëÿ íàøåé ìåõàíè÷åñêîé ñèñòåìû óñòîé÷èâî ïî Ëÿïóíîâóè ïîðÿäîê íà÷àëüíîãî ïðèáëèæåíèÿ n0 = 1 . Æóðíàë ÑÂÌÎ. 2010. Ò. 12, � 1



22 Ïóñòü ðåøåíèå óðàâíåíèÿ (2.1) íåîáõîäèìî íàéòè ñ òî÷íîñòüþ ε = 10−10 . Ñ ïîìîùüþìàòåìàòè÷åñêîé ñèñòåìû Mathad äëÿ äàííûõ çíà÷åíèé ïàðàìåòðîâ ïîëó÷èì, ÷òî ïðè
n = 21 â ñîîòâåòñòâèè ñ (9.11) âûïîëíÿåòñÿ îöåíêà |Rn(x, t)| ≤ 7, 085 · 10−11 è ðåøåíèåèìååò âèä

w(x, t) =

21∑
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+ȧi (0)

√
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√
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ai(0) =
0, 02

π

l∫

0

x3 (l − x)3 sinγixdx, ȧi(0) = −0, 01

π

l∫

0

x4 (l − x)4 sinγixdx.11. Çàêëþ÷åíèåÍà îñíîâàíèè àíàëèçà �óíêöèîíàëîâ òèïà Ëÿïóíîâà, ïîñòðîåííûõ äëÿ äè��åðåíöè-àëüíîãî óðàâíåíèÿ â ÷àñòíûõ ïðîèçâîäíûõ, îïèñûâàþùåãî ñâîáîäíûå êîëåáàíèÿ óïðóãîéïëàñòèíû, äîêàçàíà àáñîëþòíàÿ è ðàâíîìåðíàÿ ñõîäèìîñòü ïðèáëèæåííûõ ðåøåíèé ýòîãîóðàâíåíèÿ, ïîëó÷åííûõ îáîáùåííûì ìåòîäîì �àëåðêèíà, ê èõ òî÷íîìó ðåøåíèþ. Ïîëó÷åíêðèòåðèé îïðåäåëåíèÿ ïîðÿäêà ïðèáëèæåííîãî ðåøåíèÿ äëÿ îòûñêàíèÿ òî÷íîãî ðåøåíèÿñ çàäàííîé òî÷íîñòüþ.�àáîòà âûïîëíåíà â ðàìêàõ ðåàëèçàöèè ÔÖÏ ¾Íàó÷íûå è íàó÷íî-ïåäàãîãè÷åñêèå êàä-ðû èííîâàöèîííîé �îññèè¿ (2009-2013ã.ã.), �Ê �Ï1122, à òàêæå ïîääåðæàíà ãðàíòîì �Ô-ÔÈ � 09-01-97005. Ñïèñîê ëèòåðàòóðû1. ØåñòàêîâÀ.À. Îáîáùåííûé ïðÿìîé ìåòîä Ëÿïóíîâà äëÿ ñèñòåì ñ ðàñïðåäåëåííûìèïàðàìåòðàìè. � Ì.: Íàóêà, 1990. � 320 ñ.2. Ìàð÷óê�.È., ÀãîøêîâÂ.È. Ââåäåíèå â ïðîåêöèîííî-ñåòî÷íûå ìåòîäû. � Ì.: Íàóêà,1981. � 416 ñ.3. ÊîëëàòöË. Çàäà÷è íà ñîáñòâåííûå çíà÷åíèÿ. � Ì.: Íàóêà, 1968. � 503ñ.Äàòà ïîñòóïëåíèÿ 22.05.2010
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23Criterion of determination of order of Galerkin'sapproximation of deision of initially boundary valueproblems© A. V. Ankilov3, P. A. Velmisov4Abstrat. On aount of analysis of the funtional of Lyapounov's type onstruted for partialdi�erential equation, desribing of the plate free vibrations, the absolute and uniform onvergeneof the approximate deisions of this equations obtained by the Galerkin's method to the exatdeision is proved. The riterion of determination of order of approximate deision for the �ndingof exat deision with given auray is obtained. The developed riterion is maybe used underonstruting of the deisions of broad lass of others linear partial di�erential equations.Key Words: dynami stability; onditional stability; funtional; partial di�erential equation.Referenes1. ShestakovA.A. Generalized diret Lyapounov's method for system with divided parameters. � Russia,Mosow: Siene, 1990. � 320 p.2. MarhukG. I., AgoshkovV. I. Leading into projetion-grid methods. � Russia, Mosow: Siene, 1981. �416 p.3. Kollat L. Eigenvalue problems. � Russia, Mosow: Siene, 1968. � 503 p.3Assoiate professor of Higher Mathematis Chair, Ulyanovsk State Tehnial University, Ulyanovsk;ankil�ulstu.ru.4Professor, Head of Higher Mathematis Chair, Ulyanovsk State Tehnial University, Ulyanovsk;velmisov�ulstu.ru.
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24 Â. Ç. �ðèíåñ, Å. ß. �óðåâè÷, Â. Ñ. ÌåäâåäåâÓÄÊ 517.938Î òîïîëîãè÷åñêè íåñîïðÿæåííûõ äè��åîìîð�èçìàõÌîðñà-Ñìåéëà ñ òðèâèàëüíûìè ïó÷êàìè ñåïàðàòðèñ© Â. Ç. �ðèíåñ1, Å. ß. �óðåâè÷2, Â. Ñ. Ìåäâåäåâ3Àííîòàöèÿ. �àáîòà ïîñâÿùåíà ïîñòðîåíèþ ïðèìåðà äâóõ òîïîëîãè÷åñêè íåñîïðÿæåííûõ ñî-õðàíÿþùèõ îðèåíòàöèþ äè��åîìîð�èçìîâ Ìîðñà-Ñìåéëà òðåõìåðíîé ñ�åðû ñ òðèâèàëüíû-ìè ïó÷êàìè ñåïàðàòðèñ è èçîìîð�íûìè ãðà�àìè.Êëþ÷åâûå ñëîâà: Òîïîëîãè÷åñêàÿ ýêâèâàëåíòíîñòü, äè��åîìîð�èçìû Ìîðñà-Ñìåéëà,ãðà� Ïåéêøîòî1. ÂâåäåíèåÍàïîìíèì, ÷òî äè��åîìîð�èçì f : Mn →Mn , çàäàííûé íà ãëàäêîì çàìêíóòîì ìíîãîîá-ðàçèè Mn , íàçûâàåòñÿ äè��åîìîð�èçìîì Ìîðñà-Ñìåéëà, åñëè âûïîëíÿþòñÿ ñëåäóþùèåóñëîâèÿ:1) íåáëóæäàþùåå ìíîæåñòâî Ω(f) êîíå÷íî è ñîñòîèò èç ãèïåðáîëè÷åñêèõ ïåðèîäè÷å-ñêèõ òî÷åê;2) óñòîé÷èâûå è íåóñòîé÷èâûå ìíîãîîáðàçèÿ ðàçëè÷íûõ ïåðèîäè÷åñêèõ òî÷åê ïåðåñå-êàþòñÿ òðàíñâåðñàëüíî.Â ýòîé ðàáîòå ìû áóäåì ðàññìàòðèâàòü äè��åîìîð�èçìû Ìîðñà-Ñìåéëà áåç ãåòåðî-êëèíè÷åñêèõ ïåðåñå÷åíèé, òî åñòü òàêèå äè��åîìîð�èçìû, äëÿ êîòîðûõ óñòîé÷èâîå èíåóñòîé÷èâîå ìíîãîîáðàçèÿ ðàçëè÷íûõ ñåäëîâûõ òî÷åê íå ïåðåñåêàþòñÿ.Ñëåäóÿ èäåÿì Å.À. Àíäðîíîâîé-Ëåîíòîâè÷, À.À. Ìàéåðà è Ì. Ïåéêøîòî, êàæäîìó òà-êîìó äè��åîìîð�èçìó f ïîñòàâèì â ñîîòâåòñòâèå îðèåíòèðóåìûé ãðà� Γ(f) , ìíîæåñòâîâåðøèí êîòîðîãî èçîìîð�íî íåáëóæäàþùåìó ìíîæåñòâó äè��åîìîð�èçìà, à ìíîæåñòâîðåáåð � ìíîæåñòâó ñåïàðàòðèñ ñåäëîâûõ ïåðèîäè÷åñêèõ òî÷åê. Äè��åîìîð�èçì f èíäó-öèðóåò íà ãðà�å Γ(f) àâòîìîð�èçì P (f) .Êàê ñëåäóåò, â ÷àñòíîñòè, èç ðàáîò [1℄, [9℄, â ñëó÷àå n = 2 ãðà� (îñíàùåííûé íåêî-òîðîé äîïîëíèòåëüíîé èí�îðìàöèåé î âçàèìíîì ðàñïîëîæåíèè ñåïàðàòðèñ) âìåñòå ñ àâ-òîìîð�èçìîì ÿâëÿåòñÿ ïîëíûì òîïîëîãè÷åñêèì èíâàðèàíòîì. Â ñëó÷àå n = 3 ñèòóàöèÿïðèíöèïèàëüíî èíàÿ: íà 3-ìíîãîîáðàçèÿõ ñóùåñòâóåò ñ÷åòíîå ìíîæåñòâî òîïîëîãè÷åñêèíåñîïðÿæåííûõ äè��åîìîð�èçìîâ Ìîðñà-Ñìåéëà ñ èçîìîð�íûìè ãðà�àìè. Ýòîò ý��åêòñâÿçàí ïðåæäå âñåãî  âîçìîæíîñòüþ äèêîãî âëîæåíèÿ çàìûêàíèÿ ñåïàðàòðèñ ñåäëîâûõïåðèîäè÷åñêèõ òî÷åê â íåñóùåå ìíîãîîáðàçèå, ÷òî ïðèâîäèò ê íåîáõîäèìîñòè ââåäåíèÿíîâûõ èíâàðèàíòîâ äëÿ îïèñàíèÿ òàêîé ñèòóàöèè (ñì. ðàáîòû [2℄-[6℄ â êîòîðûõ ïîëó÷åíàêëàññè�èêàöèÿ äè��åîìîð�èçìîâ Ìîðñà-Ñìåéëà â ïðåäïîëîæåíèÿõ ðàçëè÷íîé îáùíî-ñòè).Â ñëó÷àå n > 3 îäíîìåðíûå ñåïàðàòðèñû íå ìîãóò áûòü äèêî âëîæåíû è, êàê ïîêàçàíîâ ðàáîòå [10℄, ãðà� ñíîâà ÿâëÿåòñÿ ïîëíûì òîïîëîãè÷åñêèì èíâàðèàíòîì äëÿ ñîõðàíÿþ-ùèõ îðèåíòàöèþ äè��åîìîð�èçìîâ Ìîðñà-Ñìåéëà, ìíîæåñòâî íåóñòîé÷èâûõ ñåïàðàòðèñêîòîðûõ îäíîìåðíî è íå ñîäåðæèò ãåòåðîêëèíè÷åñêèõ ïåðåñå÷åíèé.1Ïðî�åññîð, Í�ÑÕÀ, Íèæíèé Íîâãîðîä; vgrines�yandex.ru.2Ñòàðøèé ïðåïîäàâàòåëü, ÍÍ�Ó èì. Í.È. Ëîáà÷åâñêîãî, Íèæíèé Íîâãîðîä; elena_gurevih�list.ru.3Ñòàðøèé íàó÷íûé ñîòðóäíèê, ÍÈÈ ÏÌÊ ïðè ÍÍ�Ó èì. Í.È. Ëîáà÷åâñêîãî, Íèæíèé Íîâãîðîä;medvedev�unn.a.ru.Æóðíàë ÑÂÌÎ. 2010. Ò. 12, � 1



Î òîïîëîãè÷åñêè íåñîïðÿæåííûõ äè��åîìîð�èçìàõ Ìîðñà-Ñìåéëà ñ . . . 25Â ñâÿçè ñ âûøåèçëîæåííûì åñòåñòâåííî âîçíèêàåò âîïðîñ: ÿâëÿåòñÿ ëè äëÿ n = 3òðåáîâàíèå îòñóòñòâèÿ äèêî âëîæåííûõ ïó÷êîâ ñåïàðàòðèñ ñåäëîâûõ ïåðèîäè÷åñêèõ òî÷åê(òî÷íîå îïðåäåëåíèå äàíî íèæå) äîñòàòî÷íûì äëÿ òîãî, ÷òîáû ãðà� äè��åîìîð�èçìà áûëïîëíûì òîïîëîãè÷åñêèì èíâàðèàíòîì.Â äàííîé ðàáîòå äàåòñÿ îòðèöàòåëüíûé îòâåò íà ýòîò âîïðîñ.2. Âñïîìîãàòåëüíûå îïðåäåëåíèÿ è �îðìóëèðîâêà ðåçóëüòàòàÏóñòü Mn � òîïîëîãè÷åñêîå ìíîãîîáðàçèå ðàçìåðíîñòè n ≥ 3 è Nk ⊂ int Mn � êîì-ïàêòíîå òîïîëîãè÷åñêîå ìíîãîîáðàçèå ðàçìåðíîñòè k < n , âîîáùå ãîâîðÿ, ñ íåïóñòûìêðàåì. Ñîãëàñíî [7℄ ìíîãîîáðàçèå Nk íàçûâàåòñÿ ëîêàëüíî ïëîñêèì â òî÷êå x ∈ Nk ,åñëè ñóùåñòâóåò îêðåñòíîñòü U(x) ⊂ Mn òî÷êè x è ãîìåîìîð�èçì ϕ : U(x) → R
n òàêîé,÷òî ϕ(Nk ∩ U(x)) ⊂ R

k , ãäå R
n � åâêëèäîâî ïðîñòðàíñòâî, à R

k ⊂ R
n � ãèïåðïëîñ-êîñòü ðàçìåðíîñòè k . Åñëè ìíîãîîáðàçèå Nk ÿâëÿåòñÿ ëîêàëüíî ïëîñêèì â êàæäîé ñâîåéòî÷êå, òî îíî íàçûâàåòñÿ ëîêàëüíî ïëîñêèì. Çàìåòèì, ÷òî â ïîñëåäíåì ñëó÷àå ìíîæåñòâî

Nk ÿâëÿåòñÿ ïîäìíîãîîáðàçèåì ìíîãîîáðàçèÿ Mn . Åñëè ìíîãîîáðàçèå Nk íå ÿâëÿåòñÿëîêàëüíî ïëîñêèì õîòÿ áû â îäíîé òî÷êå x ∈ Nk , òî îíî íàçûâàåòñÿ äèêèì â Mn .Ëîêàëüíàÿ ïëîñêîñòíîñòü ïîäìíîãîîáðàçèÿ Nk â ìíîãîîáðàçèè Mn â ðÿäå ñëó÷àåââëå÷åò çà ñîáîé "òðèâèàëüíîñòü"ïîäìíîãîîáðàçèÿ Nk , îçíà÷àþùóþ, ÷òî ìíîãîîáðàçèå
Nk ìîæåò áûòü ïåðåâåäåíî â ñòàíäàðòíûé îáúåêò ãîìåîìîð�èçìîì îáúåìëþùåãî ìíîãî-îáðàçèÿ Mn .Òàê, èç [11℄ ( §1 ãë. 4) ñëåäóåò, ÷òî ëîêàëüíî ïëîñêàÿ êîìïàêòíàÿ äóãà l 4 â åâêëèäî-âîì ïðîñòðàíñòâå Rn (èëè ëþáîì òðèàíãóëèðóåìîì ìíîãîîáðàçèè Mn ) ÿâëÿåòñÿ ðó÷íîé,òî åñòü ìîæåò áûòü ïåðåâåäåíà â îòðåçîê ïðÿìîé (îáúåäèíåíèå îäíîìåðíûõ ãðàíåé òðè-àíãóëÿöèè) ãîìåîìîð�èçìîì ïðîñòðàíñòâà Rn (ìíîãîîáðàçèÿ Mn ). Â ñèëó [7℄ ëîêàëüíîïëîñêàÿ ñ�åðà Sn−1 â Rn (Sn ) ÿâëÿåòñÿ òðèâèàëüíî âëîæåííîé, òî åñòü ìîæåò áûòüîòîáðàæåíà ãîìåîìîð�èçìîì ïðîñòðàíñòâà Rn (ñ�åðû Sn ) â ñòàíäàðòíóþ åäèíè÷íóþñ�åðó (ýêâàòîð).Îäíàêî, ïîâåäåíèå îáúåäèíåíèé ëîêàëüíî-ïëîñêèõ îáúåêòîâ ìîæåò áûòü áîëåå ñëîæ-íûì. Ïóñòü L = {L1, ..., Lk} � ìíîæåñòâî ïîïàðíî ðàçëè÷íûõ ïðÿìîëèíåéíûõ ëó÷åé âåâêëèäîâîì ïðîñòðàíñòâå R

3 , âûõîäÿùèõ èç íà÷àëà êîîðäèíàò O ( k > 1 ).Î ï ð å ä å ë å í è å 2.1. Ïîäìíîæåñòâî L ⊂ R3 íàçûâàåòñÿ k -ïó÷êîì, åñëèñóùåñòâóåò ãîìåîìîð�èçì h : L → L . Ïðè ýòîì k -ïó÷îê L íàçûâàåòñÿ ðó÷íûì, åñëèñóùåñòâóåò ãîìåîìîð�èçì H : R
3 → R

3 òàêîé, ÷òî H(L) = L ; â ïðîòèâíîì ñëó÷àå
k -ïó÷îê íàçûâàåòñÿ L äèêèì.Â ðàáîòå [8℄ ïîñòðîåí ïðèìåð òàê íàçûâàåìîãî óìåðåííî äèêîãî k -ïó÷êà, òî åñòü òàêîãîäèêîãî k -ïó÷êà L , ÷òî êàæäàÿ äóãà, âõîäÿùàÿ â ýòîò ïó÷îê, ÿâëÿåòñÿ ëîêàëüíî-ïëîñêîé.Â ðàáîòå [12℄ ïîñòðîåíû äè��åîìîð�èçìû Ìîðñà-Ñìåéëà íà ñ�åðå S3 , ñåïàðàòðèñûêîòîðûõ îáðàçóþò óìåðåííî äèêèå ïó÷êè. Îòñþäà ñëåäóåò, â ÷àñòíîñòè, ÷òî äâà äè��åî-ìîð�èçìà Ìîðñà-Ñìåéëà, èìåþùèå èçîìîð�íûå ãðà�û, ìîãóò áûòü òîïîëîãè÷åñêè íåñîïðÿæåííûìè äàæå â ñëó÷àå ëîêàëüíî-ïëîñêèõ ñåïàðàòðèñ.Îáîçíà÷èì ÷åðåç Σ6(S

3) êëàññ ñîõðàíÿþùèõ îðèåíòàöèþ äè��åîìîð�èçìîâ Ìîðñà-Ñìåéëà ñ�åðû S3 , îáëàäàþùèõ ñëåäóþùèìè ñâîéñòâàìè:1) äëÿ ëþáîãî f ∈ Σ6(S
3) íåáëóæäàþùåå ìíîæåñòâî Ω(f) ñîñòîèò â òî÷íîñòè èç 6íåïîäâèæíûõ òî÷åê: îäíîãî èñòî÷íèêà, ÷åòûðåõ ñåäåë è ïÿòè ñòîêîâ;4Êîìïàêòíîé äóãîé l ⊂ Mn áóäåì íàçûâàòü îáðàç îòðåçêà [0, 1] ïðè îòîáðàæåíèè e : [0, 1] → Mn ,òàêîì, ÷òî ñóæåíèå e íà l ÿâëÿåòñÿ ãîìåîìîð�èçìîì. Æóðíàë ÑÂÌÎ. 2010. Ò. 12, � 1



26 Â. Ç. �ðèíåñ, Å. ß. �óðåâè÷, Â. Ñ. Ìåäâåäåâ2) íåóñòîé÷èâûå ìíîãîîáðàçèÿ âñåõ ñåäëîâûõ òî÷åê îäíîìåðíû è èõ çàìûêàíèÿ ÿâëÿ-þòñÿ ðó÷íûìè äóãàìè;3) ñóùåñòâóåò ñòîêîâàÿ òî÷êà ω0 , â îáëàñòè ïðèòÿæåíèÿ W s(ω0) êîòîðîé ëåæàò â òî÷-íîñòè ÷åòûðå îäíîìåðíûå íåóñòîé÷èâûå ñåïàðàòðèñû l1, l2, l3, l4 (ïî îäíîé îò êàæäîéñåäëîâîé òî÷êè);4) ìíîæåñòâî L(f) =
i=4⋃
i=1

li ∪ ω0 ÿâëÿåòñÿ òðèâèàëüíûì ïó÷êîì â W s(ω0)
5.Îòìåòèì, ÷òî âñå äè��åîìîð�èçìû èç êëàññà Σ6(S

3) èìåþò èçîìîð�íûå ãðà�û.Ò å î ð å ì à 2.1. Ñóùåñòâóþò äâà òîïîëîãè÷åñêè íåñîïðÿæåííûõ äè��åîìîð-�èçìà f, f ′ ∈ Σ6(S
3) .3. Äîêàçàòåëüñòâî òåîðåìû 2.1.
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� è ñ ó í î ê 3.1Ôàçîâûé ïîðòðåò äè��åîìîð�èçìà èç êëàññà Σ5,∞(R3) .Îáîçíà÷èì ÷åðåç Σ5,∞(R3) êëàññ äè��åîìîð�èçìîâ åâêëèäîâîé ïëîñêîñòè òàêîé, ÷òîäëÿ ëþáîãî ãîìåîìîð�èçìà f ∈ Σ5,∞(R3) âûïîëíÿþòñÿ ñëåäóþùèå ñâîéñòâà:1) ñóùåñòâóåò øàð B3 ∈ R3 òàêîé, ÷òî f(B3) ⊂ int B3 è Ω(f) ⊂ int B3 ;2) Ω(f) ñîñòîèò â òî÷íîñòè èç ÷åòûðåõ ñåäëîâûõ è ïÿòè ñòîêîâûõ íåïîäâèæíûõ ãèïåð-áîëè÷åñêèõ òî÷åê;3) íåóñòîé÷èâûå ìíîãîîáðàçèÿ âñåõ ñåäëîâûõ òî÷åê îäíîìåðíû è èõ çàìûêàíèÿ ÿâëÿ-þòñÿ ðó÷íûìè äóãàìè;4) íà÷àëî êîîðäèíàò ÿâëÿåòñÿ ñòîêîâîé òî÷êîé ω0 , â îáëàñòè ïðèòÿæåíèÿ êîòîðîé ëå-æàò â òî÷íîñòè ÷åòûðå îäíîìåðíûå íåóñòîé÷èâûå ñåïàðàòðèñû l1, l2, l3, l4 (ïî îäíîéîò êàæäîé ñåäëîâîé òî÷êè äè��åîìîð�èçìà f );5Ìû îòîæäåñòâëÿåì çäåñü W s(ω0) ñ R3 .Æóðíàë ÑÂÌÎ. 2010. Ò. 12, � 1



Î òîïîëîãè÷åñêè íåñîïðÿæåííûõ äè��åîìîð�èçìàõ Ìîðñà-Ñìåéëà ñ . . . 275) ìíîæåñòâî L(f) =
i=4⋃
i=1

li ∪ ω0 ÿâëÿåòñÿ òðèâèàëüíûì ïó÷êîì â W s(ω0) .Ñ ïîìîùüþ îäíîòî÷å÷íîé êîìïàêòè�èêàöèè ïðîñòðàíñòâà R3 ëîáîé äè��åîìîð�èçì
f ∈ Σ5,∞(R3) ìîæíî äîîïðåäåëèòü äî äè��åîìîð�èçìà f̂ ∈ Σ6(S

3) 6, îãðàíè÷åíèå êîòî-ðîãî íà ñ�åðó S3 ñ îäíîé âûêîëîòîé òî÷êîé N òîïîëîãè÷åêè ñîïðÿæåíî äè��åîìîð-�èçìó f , à òî÷êà N ÿâëÿåòñÿ äëÿ äè��åîìîð�èçìà f̂ ãèïåðáîëè÷åñêèì èñòî÷íèêîì.Òàêèì îáðàçîì, äëÿ äîêàçàòåëüñòâà òåîðåìû 2.1. äîñòàòî÷íî ïîñòðîèòü äâà òîïîëîãè÷å-ñêè íåñîïðÿæåííûõ äè��åîìîð�èçìà f, f ′ èç Σ5,∞(R3) .Ñõåìà ïîñòðîåíèÿ äè��åîìîð�èçìîâ f, f ′ òàêîâà.Øàã 1. Ïîñòðîåíèå äè��åîìîð�èçìà f .Ïóñòü θ ∈ [0, π], ϕ ∈ [0, 2π], ρ ∈ [0,+∞) � ñ�åðè÷åñêèå êîîðäèíàòû â R3 . Âíà÷à-ëå îïðåäåëèì ïîòîê X t
0 ñîîòíîøåíèÿìè X t

0(θ, ϕ, ρ) = (θ, ϕ, e−tρ) . Ïîòîê X t
0 èìååò åäèí-ñòâåííîå ñîñòîÿíèå ðàâíîâåñèÿ - ãèïåðáîëè÷åñêèé óñòîé÷èâûé óçåë, íàõîäÿùèéñÿ â íà÷àëåêîîðäèíàò O . Ìîäè�èöèðóåì ïîòîê X t

0 â ñòèëå ×åððè ñëåäóþùèì îáðàçîì. Ôèêñèðóåì÷åòûðå òðàåêòîðèè ýòîãî ïîòîêà è �ðàçäóâàÿ� èõ, ïðèñîåäèíèì:1) â òî÷íîñòè 4 ñåäëà, äëÿ êîòîðûõ íåóñòîé÷èâûå ìíîãîîáðàçèÿ îäíîìåðíû è ïðèíàä-ëåæàò ïðÿìîëèíåéíûì ëó÷àì, èäóùèì èç íà÷àëà êîîðäèíàò;2) 4 óñòîé÷èâûõ óçëà, íå ñîâïàäàþùèõ ñ íà÷àëîì êîîðäèíàò è ëåæàùèõ â çàìûêàíèèíåóñòîé÷èâûõ ñåïàðàòðèñ ïðèñîåäèíåííûõ ñåäåë.Îáîçíà÷èì ïîëó÷åííûé ïîòîê X t è îïðåäåëèì äè��åîìîð�èçì f êàê ñäâèã íà åäè-íèöó âðåìåíè âäîëü òðàåêòîðèé ïîòîêà X t .Øàã 2 Ïîñòðîåíèå ãîìåîìîð�èçìà g , óäîâëåòâîðÿþùåãî ñëåäóþùèì óñëîâèÿì:1) g ÿâëÿååòñÿ äè��åîìîð�èçìîì âñþäó, êðîìå, âîçìîæíî, íà÷àëà êîîðäèíàò.2) Ω(g) = Ω(f) è g ñîâïàäàåò ñ äè��åîìîð�èçìîì f â èíâàðèàíòíûõ îêðåñòíîñòÿõóñòîé÷èâûõ è íåóñòîé÷èâûõ ìíîãîîáðàçèé ñåäëîâûõ íåïîäâèæíûõ òî÷åê.3) g òîïîëîãè÷åñêè íå ñîïðÿæåí  f ;Øàã 3 Ïîñòðîåíèå äè��åîìîð�èçìà f ′ .Cãëàäèì îòîáðàæåíèå g â îêðåñòíîñòè íà÷àëà êîîðäèíàò òàêèì îáðàçîì, ÷òîáû ïîëó-÷åííûé â ðåçóëüòàòå äè��åîìîð�èçì f ′ áûë òîïîëîãè÷åñêè ñîïðÿæåí ñ g .Ïî ïîñòðîåíèþ äè��åîìîð�èçìû f è f ′ ïðèíàäëåæàò êëàññó Σ5,∞(R3) è íå ÿâëÿ-þòñÿ òîïîëîãè÷åñêè ñîïðÿæåííûìè.Íèæå ìû ïîäðîáíî îïèñûâàåì ïîñòðîåíèå êàæäîãî äè��åîìîð�èçìà.3.1. �åàëèçàöèÿ øàãîâ 1)-3). Øàã 1Äëÿ ïðèñîåäèíåíèÿ ñåäëîâûõ ñîñòîÿíèé ðàâíîâåñèÿ ìû áóäåì èñïîëüçîâàòü âñïîìîãà-òåëüíûé ïîòîê Y t â åêëèäîâîì ïðîñòðàíñòâå R3 , è êîòîðûé çàäàåòñÿ ñëåäóþùåé ñèñòåìîéäè��åðåíöèàëüíûõ óðàâíåíèé:




ẋ = ψ1(x, y, z)
ẏ = yψ2(x, y, z).
ż = zψ3(x, y, z),ãäåãäå ψ1 : R

3 → R � ãëàäêàÿ �óíêöèÿ, òàêàÿ, ÷òî:a) ψ1(x, y, z) = −1 äëÿ ëþáûõ òî÷åê (x, y, z) , ëåæàùèõ âíå öèëèíäðà B1 =
{(x, y, z)||x| ≤ 1, y2 + z2| ≤ 1} ;6Ïîäðîáíîå îïèñàíèå ýòîé ïðîöåäóðû ñì. â [10℄. Æóðíàë ÑÂÌÎ. 2010. Ò. 12, � 1



28 Â. Ç. �ðèíåñ, Å. ß. �óðåâè÷, Â. Ñ. Ìåäâåäåâb) ψ1(x, y, z) < 0 äëÿ ëþáûõ òî÷åê (x, y, z) , ëåæàùèõ âíå øàðà B3 = {(x, y, z)|x2 +
y2 + z2 ≤ 1/16)} ;) ψ1(x, y, z) > 0 äëÿ ëþáûõ òî÷åê (x, y, z) ∈ B3 ;d) ψ1(x, y, z) ÿâëÿåòñÿ ðåãóëÿðíîé â òî÷êàõ îêðóæíîñòè ∂B3 ;äëÿ i = 2, 3 �óíêöèÿ ψi : R3 → R � ãëàäêàÿ �óíêöèÿ, óäîâëåòâîðÿþùàÿ ñëåäóþùèìóñëîâèÿì:a) ψi(x, y, z) = 0 äëÿ ëþáûõ òî÷åê (x, y, z) , ëåæàùèõ âíå öèëèíäðà B1 ;b) ψi(x, y, z) < 0 äëÿ ëþáûõ òî÷åê (x, y, z) ∈ B1 ;) ψi(x, y, z) = −1 äëÿ ëþáûõ òî÷åê (x, y, z) , ïðèíàäëåæàùèõ öèëèíäðó B2 =
{(x, y, z)|, |x| ≤ 1

2
, y2 + z2 ≤ 1

4
} .Ïîòîê Y t èìååò ðîâíî äâà ñîñòîÿíèÿ ðàâíîâåñèÿ: ñåäëî â òî÷êå P = (−1/4, 0, 0) èóñòîé÷èâûé óçåë â òî÷êå Q = (1/4, 0, 0) , îáà ñîñòîÿíèÿ ðàâíîâåñèÿ ÿâëÿþòñÿ ãèïåðáîëè÷å-ñêèìè. Íåóñòîé÷èâûìè ñåïàðàòðèñàìè òî÷êè P ÿâëÿåòñÿ èíòåðâàë {|x1| < 1

4
, x2 = 0, x3 =

0} , ëåæàùèé â îáëàñòè ïðèòÿæåíèÿ òî÷êè Q , è ìíîæåñòâî {x1 < −1
4
, x2 = 0, x3 = 0} .Äëÿ êàæäîãî i = 1, ..., 4 ïîëîæèì θi = π(i−1)

3
, ui = {(θ, ϕ, ρ)|θ ∈ [θi − ε, θi + ε], ϕ ∈

[−ε, ε], ρ ∈ [e−1, e]} , ãäå ε = π
12

(îáëàñòè u1, ..., u4 ïîïàðíî íå ïåðåñåêàþòñÿ).Îáîçíà÷èì ÷åðåç hi : B1 → ui äè��åîìîð�èçì, óäîâëåòâîðÿþùèé óñëîâèþ
hiY

th−1
i |

∂ui
= X t

0|∂ui
, i ∈ {1, ..., 4} è ïåðåâîäÿùèé îòðåçîê {|x| < 1, y = z = 0} â îò-ðåçîê {θ = θi, ϕ = 0, ρ ∈ [e−1, e]} .Îïðåäåëèì ïîòîê X t ñëåäóþùèì îáðàçîì:

X t(x) =





X t
0(x), åñëè x ∈ R3 \

4⋃
i=1

ui

hi(Y
t(h−1

i (x))), åñëè x ∈ ui, i ∈ {1, ..., 4}Â êàæäîé îáëàñòè ui ïîòîê X t èìååò äâà ãèïåðáîëè÷åñêèõ ñîñòîÿíèÿ ðàâíîâåñèÿ:óñòîé÷èâûé óçåë è ñåäëî, íåóñòîé÷èâûå ñåïàðàòðèñû êîòîðîãî îäíîìåðíû è ëåæàò íàëó÷å Li = {θ = θi, ϕ = 0} .Ñäâèã íà åäèíèöó âðåìåíè âäîëü òðàåêòîðèé ïîòîêà X t ÿâëÿåòñÿ èñêîìûì äè�åîìîð-�èçìîì f .Øàã 2Îïðåäåëèì âñïîìîãàòåëüíûé äè��åîìîð�èçì Φ : R3 \{O} → R3 \{O} ñîîòíîøåíèåì
Φ(θ, ϕ, ρ) = (θ, ϕ+ 2πψ(θ), e−1ρ),ãäå ψ(θ) : [0, π] → [0, 1] � ãëàäêàÿ �óíêöèÿ, ðàâíàÿ íóëþ ïðè θ ∈ [0, θ2 + ε] , ðàâíàÿåäèíèöå ïðè θ ∈ [θ3 − ε, π] è ìîíîòîííî âîçðàñòàþùàÿ îò íóëÿ äî åäèíèöû ïðè θ ∈

[θ2 + ε, θ3 − ε] .îãðàíè÷åíèå äè��åîìîð�èçìà Φ íà ãðàíèöó êàæäîé îáëàñòè Ui = {(θ, ϕ, ρ)|θ ∈ [θi −
ε, θi + ε], ϕ ∈ [−ε, ε], } ñîâïàäàåò ñ îãðàíè÷åíèåì äè��åîìîð�èçìà f íà ãðàíèöó ýòîéîáëàñòè.�îìåîìîð�èçì g : R3 → R3 çàäàäèì ñëåäóþùèì îáðàçîì.

g(x) =





x, åñëè x = O

f(x), åñëè x ∈
4⋃
i=1

Ui

Φ(x), åñëè x ∈ R3 \
4⋃
i=1

Ui.
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� è ñ ó í î ê 3.2Íåòðèâèàëüíàÿ äóãà b ∪ g(b) ∪ e2 ∪ e3 .Ç à ì å ÷ à í è å 3.1. Ïî ïîñòðîåíèþ ãîìåîìîð�èçì g ÿâëÿåòñÿ äè��åîìîð�èç-ìîì âñþäó, êðîìå, âîçìæíî, òî÷êè O , è îáëàäàåò ñëåäóþùèì ñâîéñòâîì:
• ëþáîé ñèíãóëÿðíûé äèñê7 D2 ∈ R3 , îãðàíè÷åííûé çàìêíóòîé äóãîé, ñîñòîÿùåé èçäóãè b = {(θ, ϕ, ρ) : θ ∈ [θ2, θ3], ϕ = 0, ρ = e−1} , åå îáðàçà g(b) = Φ(b) è îòðåçêîâ e2 =
{(θ, ϕ, ρ) : θ = θ2, ϕ = 0, ρ ∈ [e−1, e−2]} , e3 = {(θ, ϕ, ρ) : θ = θ2, ϕ = 0, ρ ∈ [e−1, e−2]} ,ïåðåñåêàåòñÿ ñ îáúåäèíåíèåì ëó÷åé L1 ∪ L4 (ñì. ðèñ. 3.2).Ë å ì ì à 3.1. Îòîáðàæåíèÿ f è g íå ÿâëÿþòñÿ òîïîëîãè÷åñêè ñîïðÿæåííûìè.Ä î ê à ç à ò å ë ü ñ ò â î. Ïðåäïîëîæèì ïðîòèâíîå: ïóñòü ñóùåñòâóåò ãîìåîìîð�èçì

h : R3 → R3 òàêîé, ÷òî g = h−1fh . Òàê êàê ìíîæåñòâî Q = R3 \ (L1 ∪ L4) èíâàðèàíòíîîòíîñèòåëüíî îòîáðàæåíèé f, g , òî âåðíî ðàâåíñòâî g|
Q

= h−1fh|
Q
.Ïðàâàÿ ÷àñòü ýòîãî ðàâåíñòâà èçîòîïíà â îáëàñòè Q òîæäåñòâåííîìó îòîáðàæåíèþ id :

Q → Q ïðè ïîìîùè èçîòîïèè H(x, t) : Q × [0, 1] → Q , çàäàííîé ñîîòíîøåíèåì H(x, t) =
h−1{ft[h(x)]} , ãäå ft � äè��åîìîð�èçì ñäâèãà íà âðåìÿ t ∈ [0, 1] âäîëü òðàåêòîðèéïîòîêà X t , ïîñòðîåííîãî íà ïåðâîì øàãå.Òîãäà è ãîìåîìîð�èçì g|

Q
, ñòîÿùèé â ïðàâîé ÷àñòè ðàâåíñòâà, èçîòîïåí òîæäåñòâåí-íîìó ïðè èçîòîïèè H(x, t) . �àññìîòðèì äóãó b èç çàìå÷àíèÿ 3.1. è å¼ îáðàç g(b) . Ïðè èçî-òîïèè H(x, t) äóãà g(b) íåïðåðûâíî äå�îðìèðóåòñÿ â äóãó b , ïðè êàæäàÿ äóãà bt = H(b, t)ëåæèò â îáëàñòè Q , è êîíöåâûå òî÷êè äóãè bt ïðèíàäëåæàò ëó÷àì L2 , L3 . Òîãäà îáúåäè-íåíèå ⋃

i∈[0,1]

bt îáðàçóåò ñèíãóëÿðíûé äèñê D2 , îãðàíè÷åííûé çàìêíóòîé äóãîé, ñîñòîÿùåéèç äóãè b , åå îáðàçà g(b) è îòðåçêîâ e2, e3 ëó÷åé L2 , L3 ñîîòâåòñòâåííî, öåëèêîì ëåæà-ùèé â îáëàñòè Q . Ïîëó÷àåì ïðîòèâîðå÷èå ñî ñâîéñòâîì äè��åîìîð�èçìà g , îïèñàííûìâ çàìå÷àíèè.Ä î ê à ç à ò å ë ü ñ ò â î ç à ê î í ÷ å í î.Øàã 37Ñèíãóëÿðíûì äèñêîì D2 íàçûâàåòñÿ îáðàç ñòàíäàðíîãî åäèíè÷íîãî äèñêà ïðè íåïðåðûâíîì îòîáðà-æåíèè. Æóðíàë ÑÂÌÎ. 2010. Ò. 12, � 1



30 Â. Ç. �ðèíåñ, Å. ß. �óðåâè÷, Â. Ñ. ÌåäâåäåâÎáîçíà÷èì ÷åðåç A : R3 → R3 ëèíåéíûé äè��åîìîð�èçì, ïîëó÷åííûé ñäâèãîì íàåäèíèöó âðåìåíè âäîëü òðàåêòîðèé ïîòîêà X t
0 .Ïîëîæèì Bδ = {(θ, ϕ, ρ) : ρ ≤ δ} , δ ∈ (0, e−1) . S0 = ∂Bδ , S1 = g(S0) . Îòìåòèì, ÷òî ïîïîñòðîåíèþ A(S0) = S1 .Îïðåäåëèì äè��åîìîð�èçì h : Bδ \ int g(Bδ) → Bδ \ int g(Bδ) ñëåäóþùèì îáðàçîì.Äëÿ ëþáîé òî÷êè x ∈ S0 ïîëîæèì h(x) = x , åñëè x ∈ S1 , òî ïîëîæèì h(x) = A[g1(x)] ,è, íàêîíåö, äëÿ ëþáîé âíóòðåííåé òî÷êè øàðîâîãî ñëîÿ Bδ \ int g(Bδ) îïðåäåëèì h(x)êàê ïðîèçâîëüíîå ïðîäîëæåíèå ãîìåîìîð�èçìîâ, çàäàííûõ íà ãðàíèöå. Äîîïðåäåëèì ãî-ìåîìîð�èçì h äî ãîìåîìîð�èçìà H : R3 → R3 ñëåäóþùèì îáðàçîì:

H(x) =





x, åñëè x ∈ O ∪R3 \Bδ

h(x), åñëè x ∈ Bδ \ int g(Bδ)
Ak(h(g−k(x))), åñëè x ∈ int g(Bδ),ãäå k ∈ N � òàêîå, ÷òî g−k(x) ∈ Bδ \ int g(Bδ) .Ïî ïîñòðîåíèþ H(x)|

int Bδ
= AHg−1

int Bδ
. Ïîëîæèì f ′ = HgH−1 . Ïî îïðåäåëåíèþ äè�-�åîìîð�èçì f ′ òîïîëîãè÷åñêè ñîïðÿæåí ñ g , äëÿ ëþáîé òî÷êè x ∈ Rn \ int Bδ ñïðà-âåäëèâî ðàâåíñòâî f ′(x) = g(x) è äëÿ ëþáîé òî÷êè x ∈ int Bδ ñïðàâåäëèâû ðàâåíñòâà
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Èòåðàòèâíûé ìåòîä ðåãóëÿðèçàöèè ïåpâîãî ïîpÿäêà äëÿ îáîáùåííûõ . . . 33ÓÄÊ 519.624.8Èòåðàòèâíûé ìåòîä ðåãóëÿðèçàöèè ïåpâîãî ïîpÿäêà äëÿîáîáùåííûõ âàðèàöèîííûõ íåðàâåíñòâ© È. Ï. �ÿçàíöåâà1Àííîòàöèÿ. Äëÿ îáîáùåííûõ âàðèàöèîííûõ íåðàâåíñòâ â áàíàõîâîì ïðîñòðàíñòâå ñ îïåðà-òîðàìè íåêîòîpîãî êëàññà ïðè ïðèáëèæåííîì çàäàíèè äàííûõ èññëåäîâàí èòåðàòèâíûé ìåòîäpåãóëÿpèçàöèè ïåpâîãî ïîpÿäêà.Êëþ÷åâûå ñëîâà: îáîáùåííîå âàpèàöèîííîå íåpàâåíñòâî, påãóëÿpèçàöèÿ, èòåpàöèÿ, îïå-pàòîp.1. Ïóñòü X � âåùåñòâåííîå på�ëåêñèâíîå áàíàõîâî ïpîñòpàíñòâî, ñòpîãî âûïóêëîåâìåñòå ñî ñâîèì ñîïpÿæåííûì X∗, Ω � âûïóêëîå çàìêíóòîå ìíîæåñòâî èç X, A : X →
X∗, B : X → X � íåêîòîpûå îòîápàæåíèÿ, ïpè÷åì Ω ⊂ R(B), M = {x | Bx ∈ Ω} ⊂
D(A), 〈x, y〉 ïpè x ∈ X è y ∈ X∗ åñòü îòíîøåíèå äâîéñòâåííîñòè ìåæäó ïpîñòpàíñòâàìè
X è X∗.Çàäà÷à íàõîæäåíèÿ ýëåìåíòà x ∈ X òàêîãî, ÷òî

〈Ax− f, Bx− u〉 ≤ 0, Bx ∈ Ω ∀u ∈ Ω, (1.1)íàçûâàåòñÿ îáîáùåííûì âàpèàöèîííûì íåpàâåíñòâîì (ñì. [1, 2℄).Î ï ð å ä å ë å í è å 1.1. . Îïåðàòîð A : X → X∗ íàçûâàåòñÿ B -ìîíîòîííûì,åñëè ñïpàâåäëèâî íåpàâåíñòâî
〈Ax−Ay,Bx− By〉 ≥ 0 ∀x, y ∈ D(A) ∩D(B).Ïóñòü âûïîëíåíû ñëåäóþùèå óñëîâèÿ:(à) îïåpàòîp A äåìèíåïpåpûâåí, B−1 � íåïpåpûâíîå íà Ω îòîápàæåíèå;(á) îïåpàòîp A ÿâëÿåòñÿ B -ìîíîòîííûì íà ìíîæåñòâå M, ò.å.

〈Ax− Ay,Bx− By〉 ≥ 0 ∀x, y ∈M. (1.2)Ââîäÿ îáîçíà÷åíèå Bx = v, îò (1.1) ïpèäåì ê îáû÷íîìó âàpèàöèîííîìó íåpàâåíñòâó
〈Cv − f, v − u〉 ≤ 0, v ∈ Ω ∀u ∈ Ω (1.3)íà âûïóêëîì çàìêíóòîì ìíîæåñòâå Ω, C = AB−1.Â íàøèõ ïpåäïîëîæåíèÿõ çàäà÷à (1.1) íåêîppåêòíà. Â äàííîé pàáîòå äëÿ påøåíèÿ ååáóäåì ñòpîèòü èòåpàòèâíûé ìåòîä påãóëÿpèçàöèè ïåpâîãî ïîpÿäêà.Ïóñòü äîïîëíèòåëüíî âûïîëíåíû ñëåäóþùèå óñëîâèÿ:(â) çàäà÷à (1.1) èìååò íåïóñòîå ìíîæåñòâî påøåíèé N ;(ã) îïåpàòîp A îãpàíè÷åí;(ä) äàííûå â (1.1) âîçìóùåíû, à èìåííî, âìåñòî {f, A,B,Ω} èçâåñòíû èõ ïpèáëèæåíèÿ

{fk, Ak, Bk,Ωk}, k = 1, ∞, ïpè÷åì
‖f − fk‖ ≤ δk; (1.4)1Ïpî�åññîp êà�åäpû ïpèêëàäíîé ìàòåìàòèêè, Íèæåãîðîäñêèé ãîñóäàðñòâåííûé òåõíè÷åñêèé óíèâåð-ñèòåò èìåíè �. Å. Àëåêñååâà, ã. Íèæíèé Íîâãîpîä; ryazantseva�waise.nntu.si-nnov.ruÆóðíàë ÑÂÌÎ. 2010. Ò. 12, � 1



34 È. Ï. �ÿçàíöåâà
Ak : X → X∗ � Bk -ìîíîòîííûå äåìèíåïpåpûâíûå îïåpàòîpû, Bk : X → X � äåìèíå-ïpípûâíûå îïåpàòîpû, èìåþùèå íåïpåpûâíûå îápàòíûå, ìíîæåñòâî Mk = {x | Bkx ∈
Ωk} ⊂ D(Ak);

‖Akx−Ax‖ ≤ hkg(‖x‖) ∀x ∈ D(A) = D(Ak); (1.5)
‖Bkx− Bx‖ ≤ βkq(‖x‖) ∀x ∈ D(B) = D(Bk); (1.6)

Ωk � âûïóêëîå çàìêíóòîå ìíîæåñòâî èç R(Bk), Ω ⊂ R(B),

r(Ω,Ωk) ≤ σk; (1.7)çäåñü g(s) è q(s) � íåîòpèöàòåëüíûå �óíêöèè ïpè s ≥ 0, ïåpåâîäÿùèå îãpàíè÷åííîåìíîæåñòâî â îãpàíè÷åííîå, r(Ω,Ωk) � õàóñäîp�îâî pàññòîÿíèå â ïpîñòpàíñòâå X ìåæäóìíîæåñòâàìè Ω è Ωk, {δk}, {hk}, {βk}, {σk} � ïîñëåäîâàòåëüíîñòè íåîòpèöàòåëüíûõ÷èñåë.Åñëè èòåpàòèâíûé ìåòîä ïåpâîãî ïîpÿäêà èç [3℄ ïpèìåíèòü äëÿ íàõîæäåíèÿ påøåíèÿâàpèàöèîííîãî íåpàâåíñòâà (1.3), òî îäíî èç äîñòàòî÷íûõ óñëîâèé ñõîäèìîñòè ìåòîäà ïpè-íèìàåò âèä
‖Cku− Cu‖ = ‖Ak(Bk)−1u−AB−1u‖ ≤ h̃kg̃(‖u‖), (1.8)ãäå h̃k ≥ 0 ïpè âñåõ k = 1,∞, g̃(s) � �óíêöèÿ òîãî æå êëàññà, ÷òî g(s) è q(s). Ïpîâåpèòüñïpàâåäëèâîñòü ïîñëåäíåãî íåpàâåíñòâà íåëåãêî, òàê êàê íåëèíåéíûå îïåpàòîpû B−1 è

(Bk)−1 íå âñåãäà ìîæíî ïpåäñòàâèòü â ÿâíîì âèäå. Óêàæåì äëÿ ïpèìåpà, ÷òî íàõîæäåíèåçíà÷åíèÿ îïåpàòîpà J−1, îápàòíîãî ê îïåpàòîpó äóàëüíîãî îòîápàæåíèÿ â ïpîñòpàíñòâàõÑîáîëåâà [4℄ � [6℄ â íåêîòîpîé òî÷êå, ñëåäóåò påøèòü êpàåâóþ çàäà÷ó (ñì. [7℄, .126). Ïî-ýòîìó â äàííîé pàáîòå èòåpàòèâíûå ìåòîäû påãóëÿpèçàöèè ñòpîÿòñÿ íåïîñpåäñòâåííî äëÿîáîáùåííîãî âàpèàöèîííîãî íåpàâåíñòâà (1.1). Ïpè äîêàçàòåëüñòâå ñèëüíîé ñõîäèìîñòèìåòîäà îò ïpåäïîëîæåíèÿ (1.8) óäàåòñÿ îòêàçàòüñÿ è çàìåíèòü åãî íåpàâåíñòâàìè (1.5),(1.6). Ïîñëåäíèå ëåãêî ïpîâåpÿþòñÿ äëÿ íåêîòîpûõ èçâåñòíûõ êëàññîâ íåëèíåéíûõ îïåpà-òîpîâ (ñì. [5℄, [8℄).Ñäåëàåì äîïîëíèòåëüíûå ïpåäïîëîæåíèÿ:(å) ïóñòü {αk} � áåñêîíå÷íî ìàëàÿ óáûâàþùàÿ ïîñëåäîâàòåëüíîñòü ïîëîæèòåëüíûõ ÷èñåë;(æ) ñïpàâåäëèâû íåpàâåíñòâà
‖Ax‖ ≤ p(‖Bx‖) ∀Bx ∈ Ω, x ∈ X,

‖Akx‖ ≤ p(‖Bkx‖) ∀Bkx ∈ Ωk, x ∈ X,çäåñü p(s) � íåîòpèöàòåëüíàÿ íåïpåpûâíàÿ ïpè s ≥ 0 �óíêöèÿ;(ç) ìàñøòàáíàÿ �óíêöèÿ µ(t) äóàëüíîãî îòîápàæåíèÿ Jµ (ñì. [4℄ � [6℄) îáëàäàåò ñâîéñòâîì
lim
t→+∞

tµ(t)

p(t)
= +∞. (1.9)Òåïåpü â ñèëó ñëåäñòâèÿ 1 èç [9℄ çàêëþ÷àåì, ÷òî ïîñëåäîâàòåëüíîñòü {xαk} påøåíèéîáîáùåííîãî âàpèàöèîííîãî íåpàâåíñòâà

〈Axαk + αkJ
µBxαk − f, Bxαk − By〉 ≤ 0, Bxαk ∈ Ω ∀By ∈ Ω (1.10)ñõîäèòñÿ ïî íîpìå ïpîñòpàíñòâà X ê B -íîpìàëüíîìó påøåíèþ x∗ îáîáùåííîãî âàpèà-öèîííîãî íåpàâåíñòâà (1.1), ò.å.

‖v∗‖ = ‖Bx∗‖ = {‖Bx‖ | Bx ∈ Ω, x ∈ N}.Æóðíàë ÑÂÌÎ. 2010. Ò. 12, � 1



Èòåðàòèâíûé ìåòîä ðåãóëÿðèçàöèè ïåpâîãî ïîpÿäêà äëÿ îáîáùåííûõ . . . 35Çàìåòèì, ÷òî â [9℄ óñòàíîâëåíà ñõîäèìîñòü
Bxαk → Bx∗ ïpè k → +∞. (1.11)Äàëåå áóäåì èñïîëüçîâàòü íåêîòîðûé îïåðàòîð îáîáùåííîãî ïðîåêòèðîâàíèÿ èç ïðî-ñòðàíñòâà X∗ íà âûïóêëîå çàìêíóòîå ìíîæåñòâî èç ïðîñòðàíñòâà X (ñðàâíè ñ [5℄, [6℄).Ïðèâåäåì íåêîòîðûå ðåçóëüòàòû, ñâÿçàííûå ñ ýòèì ïîíÿòèåì.Ïîñòðîèì �óíêöèîíàë

V µ(x, y) = Φ(‖Jµx‖) − 〈Jµx, y〉 + Ψ(‖y‖), (1.12)ãäå Ψ(t) =
∫ t
0
µ(s)ds, ν(τ) � �óíêöèÿ, îáðàòíàÿ ê µ(t), Φ(τ) =

∫ τ
0
ν(s)ds. Òîãäà (ñì. [5℄,[6℄)

S(Jµx) = gradJµxV
µ(x, y) = x− y, Ty = gradyV

µ(x, y) = Jµy − Jµx. (1.13)Îïåðàòîðû S : X∗ → X, T : X → X∗ ÿâëÿþòñÿ ñòpîãî ìîíîòîííûìè (ñì. [4℄, .313).Òåïåðü â ñèëó òåîðåìû 5.1 èç [4℄ äåëàåì âûâîä î ñòðîãîé âûïóêëîñòè �óíêöèîíàëà V µ(x, y)ïî ïåðåìåííûì Jµx è y.Íà îñíîâàíèè îïðåäåëåíèÿ îïåðàòîðà Jµ çàïèøåì ðàâåíñòâî
V µ(x, x) = Φ(µ(‖x‖)) − ‖x‖µ(‖x‖) + Ψ(‖x‖).Êðîìå òîãî, µ(0) = Φ(0) = Ψ(0) = 0, ÷òî âûòåêàåò èç îïðåäåëåíèÿ ýòèõ �óíê-öèé. Ïîñòðîèì �óíêöèþ ξ(s) = Φ(µ(s)) − sµ(s) + Ψ(s). Ëåãêî óáåäèòüñÿ, ÷òî ξ′(s) =

ν(µ(s))µ′(s) − µ(s) − sµ′(s) + µ(s) = 0 (�óíêöèþ µ(t) ñ÷èòàåì äè��åðåíöèðóåìîé). Íî
ξ(0) = 0. Òåì ñàìûì äîêàçàíî, ÷òî

V µ(x, x) = 0 ∀x ∈ X. (1.14)Òàê êàê V µ(x, y) åñòü âûïóêëûé ïî Jµx �óíêöèîíàë, òî (ñì. [4℄, .104)
V µ(z, y) − V µ(x, y) ≥ 〈Jµz − Jµx, x− y〉 ∀x, y, z ∈ X.Îòñþäà ïðè z = y â ñèëó (1.14) èìååì íåðàâåíñòâî

〈Jµx− Jµy, x− y〉 ≥ V µ(x, y). (1.15)Èç (1.12) è îïðåäåëåíèÿ îïåðàòîðà Jµ âûâîäèì íåðàâåíñòâî
V µ(x, y) ≥ Φ(µ(‖x‖)) − ‖y‖µ(‖x‖) + Ψ(‖y‖). (1.16)Ïîñêîëüêó Ψ(t)/t ∼ µ(t) ïðè t→ ∞, òî V µ(x, y) → +∞ ïðè ‖y‖ → ∞ è ëþáîì �èêñèpî-âàííîì x ∈ X. Òåïåðü ñ ó÷åòîì ñòðîãîé âûïóêëîñòè �óíêöèîíàëà V µ(x, y) ïî y äåëàåìâûâîä î ñóùåñòâîâàíèè åäèíñòâåííîãî ýëåìåíòà y ∈ X òàêîãî, ÷òî

V µ(x, y) = min{V µ(x, ξ) | ξ ∈ Ω} (1.17)(ñì. [4℄, ñ. 102, 119). Ñëåäîâàòåëüíî, ìîæíî ââåñòè îïðåäåëåíèå.Î ï ð å ä å ë å í è å 1.2. . Îïåðàòîð P µ
Ω : X∗ → X òàêîé, ÷òî

P µ
Ωz = y ∈ Ω, z = Jµx, (1.18)à ýëåìåíò y óäîâëåòâîðÿåò (1.17), íàçûâàåòñÿ îïåðàòîðîì îáîáùåííîãî ïðîåêòèðîâà-íèÿ. Æóðíàë ÑÂÌÎ. 2010. Ò. 12, � 1



36 È. Ï. �ÿçàíöåâàÏîäîáíî [6℄, ïàðàãðà� 3.4 äîêàçûâàåòñÿ óòâåðæäåíèå.Ë å ì ì à 1.2. . Ýëåìåíò y èç Ω óäîâëåòâîðÿåò (1.17), (1.18) òîãäà è òîëüêîòîãäà, êîãäà âûïîëíÿåòñÿ íåðàâåíñòâî
〈Jµy − Jµx, y − ξ〉 ≤ 0 ∀ξ ∈ Ω.Ïóñòü ìàñøòàáíàÿ �óíêöèÿ µ(t) = ts−1 ñ s ≥ 2, òîãäà îïåðàòîð Jµ è �óíêöèîíàë

V µ áóäåì îáîçíà÷àòü Js è V s ñîîòâåòñòâåííî. Ýòî ïðåäïîëîæåíèå ïðîäèêòîâàíî òåì, ÷òîîïåðàòîð Js è �óíêöèîíàë V s õîðîøî èçó÷åíû è èìåþò áîëåå ïðîñòîé âèä, ÷åì Jµ è V µïðè ïðîèçâîëüíîé �óíêöèè µ(t) (ñì. [4℄ � [6℄). Îïåðàòîð îáîáùåííîãî ïðîåêòèðîâàíèÿ íàîñíîâå �óíêöèîíàëà V s áóäåì îáîçíà÷àòü P s
Ω.Òàê êàê â íàøåì ñëó÷àå ν(τ) = τ 1/(s−1), Ψ(t) = ts/s, Φ(τ) = τm/m, 1/s + 1/m = 1, òî(1.16) ïðèìåò âèä

V s(x, y) ≥ ‖x‖s/m− ‖y‖‖x‖s−1 + ‖y‖s/s.Èñïîëüçóÿ òðèâèàëüíîå íåðàâåíñòâî
ar − br ≤ rar−1(a− b), r > 1è ñâÿçü âåëè÷èí s è m, íåòðóäíî óñòàíîâèòü, ÷òî

V s(x, y) ≥ ‖x‖s−2(‖x‖ − ‖y‖)2/m.Îòñþäà çàêëþ÷àåì, ÷òî V s(x, y) ≥ 0 ïðè âñåõ x è y èç X. Óñëîâèå (1.9) ïpè íàøåìâûáîpå ìàñøòàáíîé �óíêöèè ïpèíèìàåò âèä
lim
t→∞

ts

p(t)
= +∞. (1.19)Äàëåå ñ÷èòàåì, ÷òî (1.19) âûïîëíÿåòñÿ.�àññìîòpèì ìåòîä èòåpàòèâíîé påãóëÿpèçàöèè ñëåäóþùåãî âèäà

Bkuk = P s
Ωk

(JsBkuk −
JsBkuk − JsBk−1uk−1

τk
−

− γk[A
kuk + αkJ

sBkuk − fk]), k = 1, 2, ... , (1.20)ãäå ýëåìåíò u0 ∈ X çàäàåòñÿ, {τk} è {γk} � îãpàíè÷åííûå ïîñëåäîâàòåëüíîñòè ïîëî-æèòåëüíûõ ÷èñåë. Â ñèëó ëåììû 1.2. îò (1.20) ïåpåéäåì ê îáîáùåííîìó âàpèàöèîííîìóíåpàâåíñòâó
〈JsBkuk − JsBk−1uk−1 + τkγk(A

kuk + αkJ
sBkuk − fk), Bkuk − Bky〉 ≤ 0

∀Bky ∈ Ωk, Bkuk ∈ Ωk. (1.21)Íåòpóäíî óáåäèòüñÿ â ñòpîãîé Bk -ìîíîòîííîñòè è Bk -êîýpöèòèâíîñòè îïåpàòîpà Ck =
JsBk+τkγk(A

k+αkJ
sBk) (ñì. [9℄). Ñëåäîâàòåëüíî, ïî òåîpåìå 1 èç [9℄ îáîáùåííîå âàpèàöè-îííîå íåpàâåíñòâî (1.20), à çíà÷èò, è ópàâíåíèå (1.21) îäíîçíà÷íî pàçpåøèìû. Èññëåäóåìïîâåäåíèå ïîñëåäîâàòåëüíîñòè {uk} ïpè k → ∞.Ïpåäïîëîæèì, ÷òî ñóùåñòâóþò ïîëîæèòåëüíûå ïîñòîÿííûå a1 è a2 òàêèå, ÷òî

‖uk‖ ≤ a1, ‖Buk‖ ≤ a2, k = 1, 2, ... , (1.22)Æóðíàë ÑÂÌÎ. 2010. Ò. 12, � 1



Èòåðàòèâíûé ìåòîä ðåãóëÿðèçàöèè ïåpâîãî ïîpÿäêà äëÿ îáîáùåííûõ . . . 37è ïîñòpîèì ïîñëåäîâàòåëüíîñòü íåîòpèöàòåëüíûõ ÷èñåë {ρk}, ãäå
ρk = V s(Bkuk, Bx

α
k ) = ‖JsBkuk‖m/m− 〈JsBkuk, Bx

α
k 〉 + ‖Bxαk‖s/s, (1.23)çäåñü 1/m+ 1/s = 1. Èñïîëüçóÿ (1.13) è íåpàâåíñòâî (ñì. [6℄, .66)

‖x‖λ/λ− ‖y‖λ/λ ≥ 〈Jλy, x− y〉, λ > 1,èìååì
ρk − ρk−1 ≤ 〈JsBkuk − JsBk−1uk−1, B

kuk −Bxαk 〉 +

+ 〈JsBxαk − JsBk−1uk−1, Bx
α
k −Bxαk−1〉. (1.24)Â ñèëó óñëîâèÿ (1.7) ïpè êàæäîì k ≥ 1 íàéäóòñÿ ýëåìåíòû Bvk ∈ Ω è Bkwαk ∈ Ωk òàêèå,÷òî

‖Bkuk − Bvk‖ ≤ σk, ‖Bxαk − Bkwαk‖ ≤ σk. (1.25)Ïîëîæèâ â (1.21) y = wαk , à â (1.1) ïpè Jµ = Js, óìíîæåííîì íà γkτk, ïpèíèìàÿ y = vkè ñëîæèâ påçóëüòàòû, ïpèõîäèì ê íåpàâåíñòâó
〈JsBkuk − JsBk−1uk−1 + τkγk(A

kuk + αkJ
sBkuk − fk), Bkuk − Bkwαk 〉+

+τkγk〈Axαk + αkJ
sBxαk − f, Bxαk − Bvk〉 ≤ 0.Ïåpåïèøåì ïîñëåäíåå íåpàâåíñòâî â ñëåäóþùåé ýêâèâàëåíòíîé �îpìå, óäîáíîé äëÿ ïîëó-÷åíèÿ íóæíûõ îöåíîê:

〈JsBkuk − JsBk−1uk−1, B
kuk − Bxαk 〉 + 〈JsBxαk − JsBk−1uk−1, Bx

α
k − Bxαk−1〉 +

+ 〈JsBkuk − JsBk−1uk−1, Bx
α
k −Bkwαk 〉 −

− 〈JsBxαk − JsBk−1uk−1, Bx
α
k −Bxαk−1〉 +

+ τkγk{〈Akuk − Akxαk , B
kuk − Bkxαk 〉 +

+ 〈Akuk, (Bkxαk − Bxαk ) + (Bxαk − Bkwαk )〉 +

+ 〈Akxαk −Axαk , Bvk − Bxαk 〉 + 〈Akxαk , (Bkuk − Bvk) + (Bxαk −Bkxαk )〉 +

+ αk[〈JsBkuk − JsBxαk , B
kuk − Bxαk 〉 + 〈JsBkuk, Bx

α
k − Bkwαk 〉 +

+ 〈JsBxαk , Bkuk −Bvk〉] + 〈fk, Bvk − Bkuk〉 +

+ 〈f, Bkwαk −Bxαk 〉 + 〈f − fk, Bvk −Bkwαk 〉} ≤ 0. (1.26)Íà îñíîâàíèè (1.15) èìååì
〈JsBkuk − JsBxαk , B

kuk − Bxαk 〉 ≥ ρk. (1.27)Äàëåå íàéäåì îöåíêó ñâåpõó äëÿ ‖Bxαk − Bxαk−1‖. Â ñèëó (1.10) èìååì
〈Axαk−1 + αk−1J

µBxαk−1 − f, Bxαk−1 − By〉 ≤ 0, Bxαk−1 ∈ Ω ∀By ∈ Ω.Ïîëîæèâ â ïîëó÷åííîì íåpàâåíñòâå y = xαk , à â (1.10) � y = xαk−1 è ñëîæèâ påçóëüòàòû,çàïèøåì íåpàâåíñòâî
〈Axαk − Axαk−1, Bx

α
k −Bxαk−1〉 + αk〈JsBxαk − JsBxαk−1, Bx

α
k − Bxαk−1〉+

+(αk − αk−1)〈JsBxαk−1, Bx
α
k − Bxαk−1〉 ≤ 0.Æóðíàë ÑÂÌÎ. 2010. Ò. 12, � 1



38 È. Ï. �ÿçàíöåâàÓ÷èòûâàÿ çäåñü B -ìîíîòîííîñòü îïåpàòîpà A, îãpàíè÷åííîñòü ïîñëåäîâàòåëüíîñòè
{Bxαk} (ñì. (1.11)) è ñâîéñòâî äóàëüíîãî îòîápàæåíèÿ Js (ñì. [6℄, ñ.88), ïpèõîäèì ê íåpà-âåíñòâó

c‖Bxαk − Bxαk−1‖s−2δX(‖Bxαk − Bxαk−1‖/a4) ≤ a3
αk−1 − αk

αk
‖Bxαk − Bxαk−1‖,ãäå a3 > 0, c > 0, s ≥ 2, a4 = max{1, a5}, ‖Bxαk‖ ≤ a5 ïpè âñåõ k = 1, 2, ... , δX(τ) �ìîäóëü âûïóêëîñòè ïpîñòpàíñòâà X. Îòñþäà âûâîäèì îöåíêó

‖Bxαk − Bxαk−1‖ ≤ a4g
−1
X

(
a5
αk−1 − αk

αk

)
, a5 =

a3

c
, (1.28)çäåñü g−1

X (τ) � �óíêöèÿ, îápàòíàÿ ê �óíêöèè gX(ξ),

gX(ξ) ≤ δX(ξ)ξs−3. (1.29)Ïpåäïîëîæåíèÿ (ã), (1.5), (1.6) è (1.22) äàþò íåpàâåíñòâî
‖Akuk −Auk‖ ≤ hkg(‖uk‖), ‖Bkuk −Buk‖ ≤ βkq(‖uk‖),ò.å.

‖Akuk‖ ≤ a6(1 + hk), ‖Bkuk‖ ≤ ã6(1 + βk), a6 > 0, ã6 > 0. (1.30)Ñëåäîâàòåëüíî, ïîñëåäîâàòåëüíîñòè {Akuk}, {Bkuk} îãpàíè÷åíû. Òåïåpü, èñïîëüçóÿ (1.4)� (1.6), (1.24), (1.25), (1.27), (1.28), (1.30), èç (1.26) âûâîäèì îöåíêó
ρk ≤ (1 − ηk)ρk−1 + a7

[
γkτk(δk + hk + βk + σk) + σk + g−1

X

(
a5
αk−1 − αk

αk

)]
, (1.31)çäåñü a7 > 0,

ηk =
αkγkτk

1 + αkγkτk
≥ αkγkτk

1 + a0
, (1.32)

a0 = sup{αkγkτk | k = 1, 2, ... } > 0. Òåïåpü ëåììà èç [10℄, (1.31) è (1.32) îáåñïå÷èâàþòñïpàâåäëèâîñòü ñîîòíîøåíèé
lim
k→∞

ρk = lim
k→∞

V s(Bkuk, Bx
α
k ) = 0, (1.33)åñëè

lim
k→∞

δk + hk + βk
αk

= lim
k→∞

σk
αkγkτk

= lim
k→∞

g−1
X

(
a5

αk−1−αk

αk

)

αkγkτk
= 0, (1.34)

∞∑

k=1

αkγkτk = +∞. (1.35)Íåpàâåíñòâî (ñì. [6℄, ñ.98)
V s(x, y) ≥ ‖x− y‖s−2δX(‖x− y‖/a4), s ≥ 2,ñâîéñòâà �óíêöèè δX(ξ) (ñì. [6℄, ïàpàãpà� 1.2) è (1.33) ïîçâîëÿþò ñäåëàòü âûâîä î òîì,÷òî ‖Bkuk −Bxαk‖ → 0 ïpè k → ∞. Îòñþäà â ñèëó (1.6), (1.11), (1.22) è (à) èìååì ñõîäè-ìîñòü ïîñëåäîâàòåëüíîñòè {uk} ê B -íîpìàëüíîìó påøåíèþ îáîáùåííîãî âàpèàöèîííîãîíåpàâåíñòâà (1.1). Òåì ñàìûì äîêàçàíî óòâåpæäåíèå.Æóðíàë ÑÂÌÎ. 2010. Ò. 12, � 1



39Ò å î ð å ì à 1.1. . Ïóñòü X � âåùåñòâåííîå pàâíîìåpíî âûïóêëîå áàíàõîâî ïpî-ñòpàíñòâî ñî ñòpîãî âûïóêëûì ñîïpÿæåííûì, è âûïîëíåíû ïpåäïîëîæåíèÿ (à) � (ç),(1.19), (1.22), (1.34), (1.35). Òîãäà ïîñëåäîâàòåëüíîñòü {uk}, îäíîçíà÷íî îïpåäåëÿåìàÿèç (1.20) (èëè èç (1.21)), ñèëüíî ñõîäèòñÿ ïpè k → ∞ ê B -íîpìàëüíîìó påøåíèþ îáîá-ùåííîãî âàpèàöèîííîãî íåpàâåíñòâà (1.1).Ç à ì å ÷ à í è å 1.2. . Ñóùåñòâîâàíèå �óíêöèè gX(ξ), óäîâëåòâîðÿþùåé (1.29),äëÿ èçâåñòíûõ ïpîñòpàíñòâ îòìå÷àëîñü â [3℄.Ç à ì å ÷ à í è å 1.3. . Âîçìîæíûå îáîáùåíèÿ òåîðåìû 1.1. óêàçàíû â [9℄.Ñïèñîê ëèòåðàòóðû1. Siddiqi A.H., Ansari Q.H. General strongly nonlinear variational inequalities// J. Math.Anal. and Appl. 1992. V. 166. No 2. P. 386-392.2. Êîííîâ È.Ï. Êîìáèíèpîâàííûé påëàêñàöèîííûé ìåòîä äëÿ îáîáùåííûõ âàpèàöè-îííûõ íåpàâåíñòâ// Èçâåñòèÿ âóçîâ. Ìàòåìàòèêà. 2001. No 12. Ñ. 46-54.3. �ÿçàíöåâà È.Ï. �åãóëÿpèçîâàííûå ìåòîäû ïåpâîãî ïîpÿäêà äëÿ ìîíîòîííûõ âàpè-àöèîííûõ íåpàâåíñòâ ñ îïåpàòîpîì îáîáùåííîãî ïpîåêòèpîâàíèÿ//Æópíàë âû÷èñ-ëèòåëüíîé ìàòåìàòèêè è ìàòåìàòè÷åñêîé �èçèêè. 2005. T. 45. No 11. C. 1954-1962.4. Âàéíáåðã Ì.Ì. Âàðèàöèîííûé ìåòîä è ìåòîä ìîíîòîííûõ îïåðàòîðîâ â òåîðèè íåëè-íåéíûõ óðàâíåíèé. Ì.: Íàóêà, 1972. � 416.5. Alber Ya., Ryazantseva I. Nonlinear ill-posed problems of monotone type. Dordreht:Springer, 2006. � 410p.6. �ÿçàíöåâà È.Ï. Èçápàííûå ãëàâû òåîpèè îïåpàòîpîâ ìîíîòîííîãî òèïà. ÍèæíèéÍîâãîpîä: Í�ÒÓ, 2008. � 272.7. �àåâñêèé Õ., �påãåp Ê., Çàõàpèàñ Ê. Íåëèíåéíûå îïåpàòîpíûå ópàâíåíèÿ è îïåpà-òîðíûå äè��åðåíöèàëüíûå ópàâíåíèÿ. Ì.: Ìèp, 1978. � 336.8. �ÿçàíöåâà È.Ï. Óñòîé÷èâûå ìåòîäû påøåíèÿ íåëèíåéíûõ ìîíîòîííûõ íåêîppåêò-íûõ çàäà÷. Äèññ...ä.�.-ì.í. Íîâîñèáèpñê: Í�Ó, 1996. � 344.9. �ÿçàíöåâà È.Ï. Îïåpàòîpíûå ìåòîäû påãóëÿpèçàöèè îáîáùåííûõ âàpèàöèîííûõíåpàâåíñòâ//Òpóäû Ñpåäíåâîëæñêîãî ìàòåìàòè÷åñêîãî îáùåñòâà. 2009. T. 11. No 1.C. 52-64.10. Àïàpöèí À.Ñ. Ê ïîñòpîåíèþ èòåpàöèîííûõ ïpîöåññîâ â ãèëüáåpòîâîì ïpîñòpàí-ñòâå//Òpóäû ïî ïpèêëàäíîé ìàòåì. è êèáåpíåòèêå. Èpêóòñê, 1972. Ñ. 7-14.Äàòà ïîñòóïëåíèÿ 07.05.2010
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Â Ñðåäíåâîëæñêîì ìàòåìàòè÷åñêîì îáùåñòâåÓÄÊ 517.9Íåëèíåéíîå äè��åðåíöèàëüíîå óðàâíåíèå â ÷àñòíûõïðîèçâîäíûõ ïåðâîãî ïîðÿäêà ïëîòíîñòè äèñëîêàöèé© Ñ. Í. Àëåêñååíêî 1, Ñ. Í. Íàãîðíûõ 2Àííîòàöèÿ. Â ðàìêàõ òåîðèè óïðóãîñòè âûâåäåíî íîâîå óðàâíåíèå, îïèñûâàþùåå äèíàìè-êó ïëîòíîñòè äèñëîêàöèé. Èçëîæåíà ïðèíöèïèàëüíàÿ ñõåìà ïðèìåíåíèÿ ê ýòîìó óðàâíåíèþìåòîäà äîïîëíèòåëüíîãî àðãóìåíòàÊëþ÷åâûå ñëîâà: ïëîòíîñòü äèñëîêàöèé, íåëèíåéíîå óðàâíåíèå ïåðâîãî ïîðÿäêà, ìåòîääîïîëíèòåëüíîãî àðãóìåíòàÂ ðàáîòå [1℄ èçëîæåíà òåîðèÿ óïðóãîãî êðó÷åíèÿ ñòåðæíåé íà îñíîâå óðàâíåíèÿ Ïóàñ-ñîíà äëÿ �óíêöèè êðó÷åíèÿ íà ïëîñêîñòè. Ýòà òåîðèÿ ïîñëóæèëà îñíîâîé èññëåäîâàíèé ïîìåõàíèêå ðàçðóøåíèé â �óíäàìåíòàëüíîé ðàáîòå [2℄. Â íåé äëÿ ìîäåëèðîâàíèÿ ïðîöåññîâðàçðóøåíèÿ èñïîëüçóåòñÿ ëèíåéíîå ïñåâäîäè��åðåíöèàëüíîå óðàâíåíèå, âòîðîé ïîðÿäîêêîòîðîãî ñîîòâåòñòâóåò çàäà÷å äëÿ êðó÷åíèÿ ñòåðæíåé. Îäíàêî, â íåóïðóãîì ñëó÷àå ñóïåð-ïîçèöèÿ ñäâèãîâûõ è íîðìàëüíûõ íàïðÿæåíèé íàðóøàåòñÿ è óðàâíåíèå âòîðîãî ïîðÿäêàñòàíîâèòñÿ íåëèíåéíûì.Öåëÿìè íàñòîÿùåé ðàáîòû ÿâëÿþòñÿ: èçó÷åíèå ïðîöåññîâ ñêîëüæåíèÿ è ïåðåïîëçàíèÿäèñëîêàöèé ïðè êâàçèëèíåéíîì öèêëè÷åñêîì êðó÷åíèè; âûâîä íåëèíåéíîãî äè��åðåíöè-àëüíîãî óðàâíåíèÿ â ÷àñòíûõ ïðîèçâîäíûõ ïåðâîãî ïîðÿäêà äèíàìèêè ïëîòíîñòè äèñëîêà-öèé; èññëåäîâàíèå óñëîâèé ðàçðåøèìîñòè ïîëó÷åííîãî óðàâíåíèÿ; âû÷èñëåíèå ìîìåíòîâè æåñòêîñòè ñòåðæíåé.Ñîãëàñíî [1℄ ïîëíàÿ äèñòîðñèÿ ñðåäû Wik ñî ñêîëüçÿùèìè è ïåðåïîëçàþùèìè äèñëî-êàöèÿìè, òî÷å÷íûìè äå�åêòàìè, ïîðàì, òðåùèíàìè è ò.ä. ìîæåò áûòü ïðåäñòàâëåíà êàêñóììà óïðóãîé äèñòîðñèè ωik è ïëàñòè÷åñêîé äèñòîðñèè ω̃ik :

Wik = ωik + ω̃ik. (0.1)Ïîòîê äèñëîêàöèé jik îïðåäåëÿåòñÿ òàê:
−jik =

∂ω̃ik
∂t

. (0.2)Ïëàñòè÷åñêàÿ äå�îðìàöèÿ ũik èìååò âèä:
δũik
δt

= −1

2
(jik + jki). (0.3)Êèíåòèêà ñêîëüæåíèÿ ïëîòíîñòè äèñëîêàöèé νlm çàäà¼òñÿ âûðàæåíèåì:

jik = eilmνlkVm, (0.4)1Ïðî�åññîð êà�åäðû ìàòåìàòè÷åñêîãî àíàëèçà, Íèæåãîðîäñêèé ïåäóíèâåðñèòåò,ã. Íèæíèé Íîâãîðîä;sn-alekseenko�yandex.ru2Äîöåíò êà�åäðû òåîðåòè÷åñêîé �èçèêè, Íèæåãîðîäñêèé ïåäóíèâåðñèòåò,ã. Íèæíèé Íîâãîðîä;algoritm�sandy.ru Æóðíàë ÑÂÌÎ. 2010. Ò. 12, � 1



42 Ñ. Í. Àëåêñååíêî, C. Í. Íàãîðíûõãäå Vm - ñêîðîñòü ñêîëüæåíèÿ äèñëîêàöèé.Îòñþäà âûòåêàåò
ω̃ik = −eilmνlkLm. (0.5)ãäå Lm - äëèíà ïóòè ñêîëüæåíèÿ äèñëîêàöèè, ò.å. Vm = dLm

dt
.Óìíîæèì (0.1) íà σik - íàïðÿæåíèå â ñðåäå, òîãäà ïðè êðó÷åíèè öèëèíäðà óïðóãóþýíåðãèþ íà åäèíèöó äëèíû è ïëîùàäè ñòåðæíÿ ïðåäñòàâèì â âèäå:

σikωik = 2µτ 2(▽νlk)2, (0.6)ãäå µ -ìîäóëü ñäâèãà, τ = dϕ
dz
, ϕ -óãîë ïîâîðîòà ñòåðæíÿ äëèíîé dz , l 6= k .Â ðåçóëüòàòå ïîëó÷èì äëÿ ïðîèçâîëüíîé ñðåäû ñ ïîëíîé äå�îðìàöèåé εik :
εik = eilmνlkLm +

2µτ 2

σik
(▽νlk)2. (0.7)Îáîçíà÷èì ïëîòíîñòü ïåðåïîëçàþùèõ äèñëîêàöèé νlk = νH ïðè l 6= k âî âòîðîì÷ëåíå â ïðàâîé ÷àñòè �îðìóëû (0.7), à â ïåðâîì ÷ëåíå ïëîòíîñòü ñêîëüçÿùèõ äèñëîêàöèéîáîçíà÷èì νlk = νδ, l = k, l 6= k.Âîñïîëüçóåìñÿ ìîäåëüþ êèíåòèêè èç [3℄:

ν̇H = βνHνδ − a(νH)νH , (0.8)ãäå β - óäåëüíàÿ äîëÿ ïðåâðàùåíèÿ ñêîëüçÿùèõ äèñëîêàöèé â ïåðåïîëçàþùèå, a(νH) -ñòîê â ñðåäå (íàïðèìåð, íà ïîðû).Â èòîãå ïðèõîäèì ê íåëèíåéíîìó äè��åðåíöèàëüíîìó óðàâíåíèþ ïåðâîãî ïîðÿäêà:
v̇ + αv(∇v)2 + f(v) = 0, (0.9)ãäå v := νH(t, x1, x2), α := 2µτ2β

σL
, f(v) :=

(
a(v) − εβ

L

)
v , ñ íà÷àëüíûì óñëîâèåì

v(0, x1, x2) = ψ3(x1, x2), x
2
1 + x2

2 ≤ R2. (0.10)Â ñòàöèîíàðíîì ñëó÷àå èç (0.9) ñëåäóåò
α(∇v)2 =

εβ

L
− a(v). (0.11)Èçâåñòíî, ÷òî ýíåðãèÿ êðó÷åíèÿ åäèíèöû äëèíû ñòåðæíÿ åñòü èíòåãðàë ïî ïëîùàäèîò (0.6) ðàâíûé c̃τ 2/2 , ãäå c̃ - æåñòêîñòü. Òåì ñàìûì

c̃ = 4µ

∫
(∇v)2dS. (0.12)Â ïðèáëèæåíèè ìîäåëè [3℄ïðè cv ≪ 1

a(v) = aµ(1 − cv), (0.13)ãäå aµ, c - ïîñòîÿííûå ÷èñëà.Òîãäà c̃ - äëÿ êâàçèóïðóãîé ñðåäû áóäåò ðàâíà:
c̃ =

πR4

2
µ

[
1 − aµL

τRβ

(
1 − c b

πR2

)]
, (0.14)ãäå b - âåêòîð Áþðãåðñà, ÿâëÿþùèéñÿ �óíêöèåé îò t, x1, x2 ; R - ðàäèóñ ñòåðæíÿ.Æóðíàë ÑÂÌÎ. 2010. Ò. 12, � 1



Íåëèíåéíîå äè��åðåíöèàëüíîå óðàâíåíèå â ÷àñòíûõ ïðîèçâîäíûõ ïåðâîãî . . . 43Êâàçèëèíåéíûé ìîìåíò M äëÿ ñòåðæíÿ äëèííîé l èìååò âèä M = c̃τ l .Â ñðàâíåíèè ñ [1℄ M îñëàáëåí çà ñ÷åò ñòîêà íà ïîðû, íî óñèëåí èñòîêîì èç ïîð ïåðå-ïîëçàþùèõ äèñëîêàöèé v , ñ âåêòîðîì Áþðãåðñà b , äèíàìèêó êîòîðûõ è ðàñïðåäåëåíèå âñå÷åíèè äàþò ðåøåíèÿ äè��åðåíöèàëüíîãî óðàâíåíèÿ (0.9). Ïðè ìîìåíòå êðó÷åíèÿ ïðå-âûøàþùåì êðèòè÷åñêèé ìîìåíò íàñòóïàåò ðàçðóøåíèå.Òàêèì îáðàçîì, óðàâíåíèå (0.9) èìååò, âî-ïåðâûõ, �óíäàìåíòàëüíûé õàðàêòåð, êàêóðàâíåíèå äèíàìèêè ïëîòíîñòè äèñëîêàöèé v , ó÷èòûâàþùåå ðàçëè÷íûå ìåõàíèçìû ñòî-êîâ è èñòîêîâ (ò.å. âèäîâ íåëèíåéíîñòåé)â ìåõàíèêå ðàçðóøåíèÿ òâ¼ðäûõ òåë; à âî âòîðûõ,ïðèêëàäíîå çíà÷åíèå, òàê êàê ñ åãî ïîìîùüþ ñòàíîâèòñÿ âîçìîæíûì íàõîæäåíèå M âðàçëè÷íûõ êîíñòðóêòèâíûõ ýëåìåíòàõ ñ ðàçëè÷íûìè óïðî÷íÿþùèìè ìåõàíèçìàìè.Ñóùåñòâóþò ðàçëè÷íûå ìåòîäû èññëåäîâàíèÿ è íàõîæäåíèÿ ÷èñëåííûõ ðåøåíèé äëÿóðàâíåíèé â ÷àñòíûõ ïðîèçâîäíûõ ïåðâîãî ïîðÿäêà. Îòëè÷èòåëüíîé îñîáåííîñòüþ ìåòîäàäîïîëíèòåëüíîãî àðãóìåíòà [4, 5, 6℄ ÿâëÿåòñÿ òî, ÷òî îí äà¼ò âîçìîæíîñòü àíàëèçèðîâàòüóñëîâèÿ ñóùåñòâîâàíèÿ ðåøåíèé è ñòðîèòü ÷èñëåííûå ðåøåíèÿ â èñõîäíûõ êîîðäèíàòàõ.Îïèøåì ïðèíöèïèàëüíóþ ñõåìó èññëåäîâàíèÿ çàäà÷è (0.9) - (0.10) ñ ïîìîùüþ ýòî-ãî ìåòîäà. Âíà÷àëå ïðåîáðàçóåì óðàâíåíèå (0.9) ê ñèñòåìå êâàçèëèíåéíûõ óðàâíåíèé.Äëÿ ýòîãî ïðîäè��åðåíöèðóåì (0.9) ïî x1 è x2 è ââåäÿ íîâûå íåèçâåñòíûå �óíêöèè
p1(t, x1, x2) = ∂v(t,x1,x2)

∂x1
, p2(t, x1, x2) = ∂v(t,x1,x2)

∂x2
, ïðèä¼ì ê ñèñòåìå óðàâíåíèé

∂pi
∂t

+ 2α v

(
p1
∂pi
∂x1

+ p2
∂pi
∂x2

)
= Fi(t, p1, p2, v), (i = 1, 2), (0.15)ãäå Fi(t, p1, p2, v) = −α pi(p2

1 + p2
2) − (a(v) − γ)pi − a′(v)v pi .Èç (0.9) "ñêîíñòðóèðóåì"åù¼ îäíî óðàâíåíèå ñ òåì æå ñàìûì äè��åðåíöèàëüíûì îïå-ðàòîðîì:

∂v

∂t
+ 2α v

(
p1
∂v

∂x1

+ p2
∂v

∂x2

)
= F3(t, p1, p2, v), (i = 1, 2), (0.16)ãäå F3(t, p1, p2, v) = −(a(v) − γ)v + α v(p2

1 + p2
2) . Èç (0.10) åñòåñòâåííûì îáðàçîì ñëåäóþòíà÷àëüíûå óñëîâèÿ äëÿ p1 è p2 :

pi(0, x1, x2) = ψi(x1, x2), (i = 1, 2), (0.17)ãäå ψi(x1, x2) = ∂ψ3(x1,x2)
∂xi

.Ââèäó òîãî, ÷òî ìíîæåñòâî çíà÷åíèé íåçàâèñèìûõ ïåðåìåííûõ x1 è x2 , íà êîòîðîìçàäàíû íà÷àëüíûå äàííûå, îãðàíè÷åíî: x2
1 + x2

2 ≤ R2 , òî, ñðåäè ïðî÷èõ, ñòîèò è çàäà÷àîïðåäåëåíèÿ îáëàñòè ñóùåñòâîâàíèÿ ðåøåíèÿ, à,ãëàâíîå, âûÿñíåíèÿ ñîîòâåòñòâèÿ ìåæäóðåøåíèÿìè çàäà÷è è �èçè÷åñêîé ìîäåëüþ. Â ðàìêàõ äàííîé ðàáîòû ïðèìåì óïðîùàþùååïðåäïîëîæåíèå, ÷òî �óíêöèÿ ψ3(x1, x2) , à çíà÷èò è �óíêöèè ψi(x1, x2), i = 1, 2, îïðåäå-ëåíû íå òîëüêî ïðè x2
1 + x2

2 ≤ R2 , íî è â íåêîòîðîé îêðåñòíîñòè êðóãà x2
1 + x2

2 ≤ R2 ,äîñòàòî÷íîé äëÿ êîððåêòíîñòè íèæåñëåäóþùèõ âûêëàäîê.Ñîñòàâèì äëÿ çàäà÷è (0.15),(0.16), (0.17),(0.10) ðàñøèðåííóþ õàðàêòåðèñòè÷åñêóþ ñè-ñòåìó ñ äîïîëíèòåëüíûì àðãóìåíòîì:
dη1(s, t, x1, x2)

ds
= 2αw3(s, t, x1, x2)w1(s, t, x1, x2), η1(t, t, x1, x2) = x1,

dη2(s, t, x1, x2)

ds
= 2αw3(s, t, x1, x2)w2(s, t, x1, x2), η2(t, t, x1, x2) = x2,

dwi(s, t, x1, x2)

ds
= Fi(s, w1, w2, w3), (i = 1, 2, 3), (0.18)Æóðíàë ÑÂÌÎ. 2010. Ò. 12, � 1
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wi(0, t, x1, x2) = ψi(η1(0, t, x1, x2), η2(0, t, x1, x2)), (i = 1, 2, 3). (0.19)Òàê êàê â ïðàâóþ ÷àñòü (0.18) �óíêöèè ηi, i = 1, 2, ÿâíûì îáðàçîì íå âõîäÿò, òî ìûïðèõîäèì ê ñèñòåìå òðåõ èíòåãðàëüíûõ óðàâíåíèé îò òðåõ íåèçâåñòíûõ �óíêöèé:
wi(s, t, x1, x2) = ψi(x1 − 2α

t∫

0

w3(τ, t, x1, x2)w1(τ, t, x1, x2)dτ,

x2 − 2α

t∫

0

w3(τ, t, x1, x2)w2(τ, t, x1, x2)dτ) +

+

s∫

0

Fi(τ, w1(τ, t, x1, x2), w2(τ, t, x1, x2), w3(τ, t, x1, x2))dτ, (0.20)
(i = 1, 2, 3).Ñóùåñòâóåò è ìîæåò áûòü îïðåäåëåíà èç èñõîäíûõ äàííûõ òàêàÿ âåëè÷èíà T0 , ÷òî ïðè

0 < t ≤ T0 ñèñòåìà èíòåãðàëüíûõ óðàâíåíèé (0.20) èìååò íåïðåðûâíî äè��åðåíöèðóåìîåðåøåíèå. Ôóíêöèè pi(t, x1, x2) = wi(t, t, x1, x2), i = 1, 2, v(t, x1, x2) = w3(t, t, x1, x2) äà-äóò ðåøåíèå çàäà÷è (0.15),(0.16),(0.17),(0.10), à �óíêöèÿ v(t, x1, x2) áóäåò ðåøåíèåì çàäà-÷è (0.9),(0.10).Â çàâèñèìîñòè îò êîíêðåòíûõ ñâîéñòâ �óíêöèé è âåëè÷èí, âõîäÿùèõ â �èçè÷åñêóþìîäåëü, ìîæíî óêàçàòü óñëîâèÿ, êîãäà çàäà÷à (0.9), (0.10) áóäåò èìåòü ðåøåíèå íà çàäàí-íîì îòðåçêå âðåìåíè [0, T ] , èëè êîãäà ðåøåíèå ìîæåò îáðàòèòüñÿ â áåñêîíå÷íîñòü. Âìåñòåñ òåì, ñèñòåìà èíòåãðàëüíûõ óðàâíåíèé (0.20) ìîæåò áûòü èñïîëüçîâàíà äëÿ íàõîæäåíèÿ÷èñëåííîãî ðåøåíèÿ çàäà÷è (0.9),(0.10) â èñõîäíûõ êîîðäèíàòàõ.Ñïèñîê ëèòåðàòóðû1. Ëàíäàó Ë.Ä., Ëè�øèö Å.Ì. Òåîðèÿ óïðóãîñòè. Ì.Íàóêà.1987,ñ.245.2. �îëüäøòåéí �.Â., Åíòîâ Â.Ì. Êà÷åñòâåííûå ìåòîäû â ìåõàíèêå ñïëîøíûõ ñðåä.Ì.Íàóêà.1989,ñ.224.3. Êðóïêèí Ï.Ë., Êóðîâ È.Å., Íàãîðíûõ Ñ.Í., Öûâàíþê Ê.È. Ôåíîìåíîëîãè÷åñêàÿ ìî-äåëü ýâîëþöèè äèñëîêàöèîííûõ ñòðóêòóð ïðè öèêëè÷åñêîì êðó÷åíèè. ÔÌÌ, 1988,ò.66, â.5, ñ.978-984.4. Èìàíàëèåâ Ì.È., Àëåêñååíêî Ñ.Í. Ê òåîðèè íåëèíåéíûõ èíòåãðî-äè��åðåíöèàëüíûõ óðàâíåíèé â ÷àñòíûõ ïðîèçâîäíûõ òèïà Óèçåìà. ÄîêëàäûÀêàäåìèè íàóê, 1992, ò.323, �3. -5ñ.5. Èìàíàëèåâ Ì.È., Àëåêñååíêî Ñ.Í. Ê âîïðîñó ñóùåñòâîâàíèÿ ãëàäêîãî îãðàíè÷åííîãîðåøåíèÿ äëÿ ñèñòåìû äâóõ íåëèíåéíûõ äè��åðåíöèàëüíûõ óðàâíåíèé â ÷àñòíûõïðîèçâîäíûõ ïåðâîãî ïîðÿäêà. Äîêëàäû �ÀÍ, 2001, ò.379, �1. - 5 ñ.6. Àëåêñååíêî Ñ.Í., Íàãîðíûõ Ñ.Í. Ìàòåìàòè÷åñêîå ìîäåëèðîâàíèå âîëí â â ñëàáîäèñ-ñèïàòèâíûõ ñòðóêòóðàõ ñòèìóëèðîâàííîé äè��óçèè. Ìàòåðèàëû IV Âñåðîññèéñêîéíà÷íî-ìåòîäè÷.êîí�.14-16 ìàÿ 2009 ã."Ïðîáëåìû ñîâðåìåííîãî ìàòåìàòè÷. îáðàçî-âàíèÿ â âóçàõ è øêîëàõ �îññèè". -Êèðîâ: Èçä-âî Âÿò��Ó, 2009. -Ñ.55.Äàòà ïîñòóïëåíèÿ 02.05.2010Æóðíàë ÑÂÌÎ. 2010. Ò. 12, � 1



45The �rst-order nonlinear partial di�erential equation of thedisloation density© S. N. Alekseenko3, S. N. Nagornyh4Abstrat.Within the framework of the theory of elastiity, the new equation governing a dynamisof the disloation density is obtained. A basi sheme to apply the method of additional argumentfor solving this equation is presented.Key Words: disloation density, nonlinear �rst-order equation, loal reduibility, method ofadditional argument. Referenes1. Landau L.D., Lifshitz E.M. Theory of elastiity. � M.: Nauka, 1987. � 245 p.2. Goldshtein R.V., Entov V.M. Qualitative methods in the mehanis of ontinua.-M.: Nauka, 1989. 224 p.3. Krupkin P.L., Kurov I.E., Nagornyh S.N., Tyvanuk K.I. Phenomenologial model of evolution ofdisloation strutures at a ylial torsion. // FMM. � 1988. � Vol. 66, issue 5. � P. 978-984.4. Imanaliev M.I., Alekseenko S.N. On the theory of nonlinear integro-partial di�erential equations ofWhitham type. // Russian Aad. Si. Dokl. Math. Vol.323 (1992), � 3.5. Imanaliev M.I., Alekseenko S.N. To a problem of an existene of a smooth bounded solution for a systemof two nonlinear di�erential partial equations of the �rst order. //Russian Aad. Si. Dokl. Math. Vol.378(2001), � 1.6. Alekseenko S.N., Nagornyh S.N. Mathematial modeling of waves in weakly-dissipative strutures of thestimulated di�usion. // Materials of the IV All-Russia sienti�-methodial onferene, on May, 14 - 16,2009 - �Problems of the modern mathematial eduation in universities and shools of Russia �- Kirov:VyatGGU, 2009, P. 55.3The professor of the mathematial analysis hair, Nizhniy Novgorod State Pedagogial University, NizhniyNovgorod; sn-alekseenko�yandex.ru4The senior leture of the theoretial physis hair, Nizhniy Novgorod State Pedagogial University, NizhniyNovgorod; algoritm�sandy.ru
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46 Ò. Å. Áàäîêèíà, Î. Â. Ìàêååâà, Ä. Ý. �àõìàòóëëîâàÓÄÊ 517.927Ïîñòðîåíèå �óíêöèè �ðèíà äëÿ ìîäåëüíûõ ãðàíè÷íûõçàäà÷ ñî ñìåùåíèåì© Ò. Å. Áàäîêèíà1, Î. Â. Ìàêååâà2, Ä. Ý. �àõìàòóëëîâà3Àííîòàöèÿ. Äëÿ ïðîñòåéøèõ çàäà÷ Øòóðìà-Ëèóâèëëÿ ñ îäíèì è äâóìÿ ñìåùåíèÿìè ñòàí-äàðòíûìè ìåòîäàìè [1℄ âûïîëíåíî ïîñòðîåíèå �óíêöèè �ðèíà. Òåì ñàìûì äîêàçàíà �ðåä-ãîëüìîâîñòü ýòèõ çàäà÷.Êëþ÷åâûå ñëîâà: çàäà÷è Øòóðìà-Ëèóâèëëÿ, ñìåùåíèå â ãðàíè÷íûõ óñëîâèÿõ, �óíêöèÿ�ðèíà.1. ÂâåäåíèåÂ èçâåñòíûõ ðàáîòàõ À.Â. Áèöàäçå, À.À. Ñàìàðñêîãî [2℄ è Â.À. Èëüèíà, Å.È. Ìîèñå-åâà [3℄, [4℄ èññëåäîâàíû ìàòåìàòè÷åñêèå ìîäåëè, êîòîðûå âîçíèêàþò ïðè èçó÷åíèè ðÿäàïðèêëàäíûõ ïðîáëåì, ïðèâîäÿùèõ ê ðàññìîòðåíèþ íåëîêàëüíûõ ãðàíè÷íûõ çàäà÷ äëÿäè��åðåíöèàëüíûõ óðàâíåíèé. �àññìîòðåííûå íèæå ìîäåëüíûå çàäà÷è ñ îäíèì è äâó-ìÿ ñìåùåíèÿìè ïîñëóæèëè [5℄, [6℄ ïðèìåðîì èëëþñòðàöèè ìåòîäà ëîæíûõ âîçìóùåíèéäëÿ óòî÷íåíèÿ ïðèáëèæåííî çàäàííûõ ñïåêòðàëüíûõ õàðàêòåðèñòèê îáûêíîâåííûõ äè�-�åðåíöèàëüíûõ îïåðàòîðîâ. Ïðè ýòîì ñóùåñòâåííî èñïîëüçîâàëàñü, íî íå äîêàçûâàëàñü�ðåäãîëüìîâîñòü çàäà÷. Ïðèìåíåíèåì ðåçóëüòàòîâ ìîíîãðà�èè [1℄ ýòî âûïîëíåíî â íàñòî-ÿùåé ðàáîòå.Ïîëó÷åííûå ðåçóëüòàòû ïîääåðæàíû ïðîãðàììîé ðàçâèòèÿ íàó÷íîãî ïîòåíöèàëà âûñ-øåé øêîëû, ïðîåêò 2.1.1/6194 Ìèíèñòåðñòâà îáðàçîâàíèÿ è íàóêè �Ô.2. Îäíîìåðíàÿ çàäà÷à Áèöàäçå-ÑàìàðñêîãîÂ áàíàõîâîì ïðîñòðàíñòâå C2[(0, x0) ∪ (x0, 1)] ∩ C1[0, 1] ðàññìàòðèâàåòñÿ çàäà÷àØòóðìà-Ëèóâèëëÿ
u′′ + λu = 0, u(0) = 0, u(x0) = u(1). (2.1)Ôóíêöèåé �ðèíà çàäà÷è (2.1) íàçûâàåòñÿ �óíêöèÿ G(x, ξ) , óäîâëåòâîðÿþùàÿ óñëîâè-ÿì:1. G(x, ξ) íåïðåðûâíà äëÿ âñåõ çíà÷åíèé x è ξ èç èíòåðâàëà [0,1℄.2. Ïðè ëþáîì �èêñèðîâàííîì ξ ∈ [0, 1] G(x, ξ) èìååò ïî x íåïðåðûâíûå ïðîèçâîäíûå1-ãî è 2-ãî ïîðÿäêà ïðè x ∈ [0, ξ)∪ (ξ, 1] è G′

x(ξ + 0, ξ)−G′
x(ξ − 0, ξ) = 1 , è, êàê �óíêöèÿîò x , óäîâëåòâîðÿåò óðàâíåíèþ è ãðàíè÷íûì óñëîâèÿì (2.1).Óêàçàííûå óñëîâèÿ èñïîëüçóþòñÿ íèæå ïðè ïîñòðîåíèè �óíêöèè �ðèíà.1Àñïèðàíò êà�åäðû ïðèêëàäíîé ìàòåìàòèêè, Ìîðäîâñêèé ãîñóäàðñòâåííûé óíèâåðñèòåò èìåíèÍ. Ï. Îãàðåâà, ã. Ñàðàíñê; bad_zip�mail.ru2Äîöåíò êà�åäðû ìàòåìàòè÷åñêîãî àíàëèçà, Óëüÿíîâñêèé ãîñóäàðñòâåííûé ïåäàãîãè÷åñêèé óíèâåðñè-òåò èìåíè È. Í. Óëüÿíîâà, ã. Óëüÿíîâñê; omakeeva�hotbox.ru3Ñòóäåíò �èçèêî-ìàòåìàòè÷åñêîãî �àêóëüòåòà, Óëüÿíîâñêèé ãîñóäàðñòâåííûé ïåäàãîãè÷åñêèé óíèâåð-ñèòåò èìåíè È. Í. Óëüÿíîâà, ã. Óëüÿíîâñê.Æóðíàë ÑÂÌÎ. 2010. Ò. 12, � 1



Ïîñòðîåíèå �óíêöèè �ðèíà äëÿ ìîäåëüíûõ ãðàíè÷íûõ çàäà÷ ñî ñìåùåíèåì 47Ïóñòü ν2 = λ è y1 = cos(νx) , y2 = sin(νx) ëèíåéíî íåçàâèñèìûå ðåøåíèÿ óðàâíåíèÿ(2.1). Òîãäà äëÿ ξ ∈ [0, x0)

G(x, ξ) =





c1y1(x) + c2y2(x), 0 ≤ x < ξ,
d1y1(x) + d2y2(x), ξ < x < x0,
c3y1(x) + c4y2(x), x0 < x ≤ 1è ñèñòåìà äëÿ îïðåäåëåíèÿ êîý��èöèåíòîâ c1(ξ) , c2(ξ) , d1(ξ) , d2(ξ) , c3(ξ) , c4(ξ) ïðè-íèìàåò âèä





c1 = 0,
d1 · cos(νx0) + d2 · sin(νx0) − c3 · cos(νx0) − c4 · sin(νx0) = 0,

−d1 · ν sin(νx0) + d2 · ν cos(νx0) + c3 · ν sin(νx0) − c4 · ν cos(νx0) = 0,
c3 · (cos(νx0) − cos ν) + c4 · (sin(νx0) − sin ν) = 0,

c1 · cos(νξ) + c2 · sin(νξ) − c3 · cos(νξ) + c4 · sin(νξ) = 0,
c1 · ν sin(νξ) − c2 · ν cos(νξ) − d1 · ν sin(νξ) + d2 · ν cos(νξ) = 1.Îòêóäà âìåñòå ñ êîý��èöèåíòàìè c1 = 0 , d1 = c3 = −sin(νξ)

ν
, c2 = −1

ν

cos(ν x0−2ξ+1
2

)

cos(ν x0+1
2

)
,

d2 = c4 = −1

ν

sin(νξ) sin(ν x0+1
2

)

cos(ν x0+1
2

)
îïðåäåëÿåòñÿ �óíêöèÿ �ðèíà.Åñëè ξ ∈ (x0, 1] , òî

G(x, ξ) =





c1y1(x) + c2y2(x), 0 ≤ x < x0,
c3y1(x) + c4y2(x), x0 < x < ξ,
d3y1(x) + d4y2(x), ξ < x ≤ 1è c1 = c3 = 0 , d3 = −sin(νξ)
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)
.3. Ìîäåëüíûå çàäà÷è ñ äâóìÿ ñìåùåíèÿìèÂ ðàáîòàõ [3℄, [4℄ äëÿ óðàâíåíèÿ Øòóðìà-Ëèóâèëëÿ 2-ãî ïîðÿäêà ðàññìîòðåíû ñïåê-òðàëüíûå çàäà÷è ñ óñëîâèÿìè ñìåùåíèÿ ïåðâîãî ðîäà u(0) =

n∑

j=1

αju(x1j) , u(1) =

n∑

j=1

βju(x2j) èëè âòîðîãî ðîäà u′(0) =
n∑

j=1

αju
′(x1j) , u′(1) =

n∑

j=1

βju
′(x2j) . ×èñëà αj , βjëèáî íåïîëîæèòåëüíûå, ëèáî íåîòðèöàòåëüíûå è −∞ < α1 +α2 + . . .+αn ≤ 1 . Ìíîæåñòâàòî÷åê {x1j} , {x2j} , ãäå 0 < x11 < x12 < . . . < x1n < 1 è 0 < x21 < x22 < . . . < x2n < 1ìîãóò íàõîäèòüñÿ ìåæäó ñîáîé â ëþáûõ ñîîòíîøåíèÿõ.Â ïðîñòðàíñòâå C2[(0, x1) ∪ (x1, x2) ∪ (x2, 1)] ∩ C1[0, 1] , 0 < x1 < x2 < 1 çäåñü ðàñ-ñìàòðèâàþòñÿ ÷àñòíûå ñëó÷àè ýòèõ çàäà÷: A11 u(0) = u(x1), u(x2) = u(1) ; A12 u(0) =

u(x1), u
′(x2) = u′(1) ; A21 u

′(0) = u′(x1), u(x2) = u(1) ; A22 u
′(0) = u′(x1), u

′(x2) = u′(1) .
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48 Ò. Å. Áàäîêèíà, Î. Â. Ìàêååâà, Ä. Ý. �àõìàòóëëîâàÈñïîëüçóÿ ïðèâåäåííîå âûøå îïðåäåëåíèå �óíêöèè �ðèíà è ïðåäëîæåííóþ â [1℄ ñõåìóåå ïîñòðîåíèÿ â âèäå
G(x, ξ) =





c1y1(x) + c2y2(x), 0 ≤ x < ξ,
d1y1(x) + d2y2(x), ξ < x < x1,
c3y1(x) + c4y2(x), x1 < x < x2,
c5y1(x) + c6y2(x), x2 < x ≤ 1ïîëó÷àåì ñëåäóþùèå ðåçóëüòàòû.Çàäà÷à A11 .Äëÿ ξ ∈ [0, x1)
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c1 = − 1

2ν

sin(νξ) sin(ν x2−2x1+1
2

)

cos(ν x2−x1+1
2

) sin(ν x1

2
)
, d1 = c3 = c5 = − 1

2ν

sin(νξ) sin(ν x2+1
2

)

cos(ν x2−x1+1
2

) sin(ν x1

2
)
,

c2=
1

2ν

cos(νξ) sin(ν x2−2x1+1
2

)− sin(ν x2−2ξ+1
2

)

cos(ν x2−x1+1
2

) sin(ν x1

2
)

, d2 = c4 = c6 =
1

2ν

sin(νξ) cos(ν x2+1
2

)

cos(ν x2−x1+1
2

) sin(ν x1

2
)
.Äëÿ ξ ∈ (x1, x2)

c1 = c3 = −1

ν

sin(ν x2−2ξ+1
2

) cos(ν x1

2
)

cos(ν x2−x1+1
2

)
, d3 = c5 = −1

ν

sin(ν x2+1
2

) cos(ν 2ξ−x1

2
)

cos(ν x2−x1+1
2

)
,

c2 = c4 = −1

ν

sin(ν x2−2ξ+1
2

) sin(ν x1

2
)

cos(ν x2−x1+1
2

)
, d4 = c6 =

1

ν

cos(ν x2+1
2

) cos(ν 2ξ−x1

2
)

cos(ν x2−x1+1
2

)
.Äëÿ ξ ∈ (x2, 1]

c1 = c3 = c5 = −1

ν

sin(ν x2−2ξ+1
2

) cos(ν x1

2
)

cos(ν x2−x1+1
2

)
, d5 = −1

ν

sin(ν x2+1
2

) cos(ν 2ξ−x1

2
)

cos(ν x2−x1+1
2

)
,

c2 = c4 = c6 = −1

ν

sin(ν x2−2ξ+1
2

) sin(ν x1

2
)

cos(ν x2−x1+1
2

)
, d6 =

1

ν

cos(ν x2+1
2

) cos(ν 2ξ−x1

2
)

cos(ν x2−x1+1
2

)
.Æóðíàë ÑÂÌÎ. 2010. Ò. 12, � 1



Ïîñòðîåíèå �óíêöèè �ðèíà äëÿ ìîäåëüíûõ ãðàíè÷íûõ çàäà÷ ñî ñìåùåíèåì 49Çàäà÷à A21 .Äëÿ ξ ∈ [0, x1)
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cos(ν x1

2
) sin(ν x2−2ξ+1

2
)

sin(ν x2−x1+1
2

)
, d2 = c4 = c6 =

1

ν

sin(ν 2ξ−x1

2
) cos(ν x2+1

2
)

sin(ν x2−x1+1
2

)
.Äëÿ ξ ∈ (x1, x2)

c1 = c3 =
1

ν

sin(ν x1

2
) sin(ν x2−2ξ+1

2
)

sin(ν x2−x1+1
2

)
, d3 = c5 = −1

ν

sin(ν 2ξ−x1

2
) sin(ν x2+1

2
)

sin(ν x2−x1+1
2

)
,

c2 = c4 = −1

ν

cos(ν x1

2
) sin(ν x2−2ξ+1

2
)

sin(ν x2−x1+1
2

)
, d4 = c6 =

1

ν

sin(ν 2ξ−x1

2
) cos(ν x2+1

2
)

sin(ν x2−x1+1
2

)
.Äëÿ ξ ∈ (x2, 1]

c1 = c3 = c5 =
1

ν

sin(ν x2−2ξ+1
2

) sin(ν x1

2
)

sin(ν x2−x1+1
2

)
, d5= − 1

ν

sin(ν x2+1
2

) sin(ν 2ξ−x1

2
)

sin(ν x2−x1+1
2

)
,

c2 = c4 = c6 = −1

ν

sin(ν x2−2ξ+1
2

) cos(ν x1

2
)

sin(ν x2−x1+1
2

)
, d6=

1

ν

cos(ν x2+1
2

) sin(ν 2ξ−x1

2
)

sin(ν x2−x1+1
2

)
.Äëÿ áîëåå ñëîæíûõ çàäà÷à Øòóðìà-Ëèóâèëëÿ ñ îäíèì èëè íåñêîëüêèìè ñìåùåíèÿìè�óíêöèÿ �ðèíà îñòàåòñÿ ïðåæíåé.Ñïèñîê ëèòåðàòóðû1. Íàéìàðê Ì. À. Ëèíåéíûå äè��åðåíöèàëüíûå îïåðàòîðû. � Ì.: Íàóêà, 1969. � 528 .Æóðíàë ÑÂÌÎ. 2010. Ò. 12, � 1
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51Green funtions onstrution for model boundary valueproblems with displaements© T. E. Badokina4, O. V. Makeeva5, D. E. Rakhmatullova6Abstrat. For the simplest Sturm-Liouville problem with one or two displaements by standardmethods [1℄ Green funtions are onstruted. By this the Fredholm property for these problems isproved.Key Words: Sturm-Liouville problem; displaements in boundary onditions; Green funtions.Referenes1. Naymark M. A. Linear di�erential operators. � Ì.: Nauka, 1969. � 528 p.2. Bitsadze A. V., Samarskii A. A. On some simplest generalizations of linear ellipti boundary valueproblems // SSSR Doklady. � Mathematis. � 1969. � B. 185, � 4. � P. 739-740.3. Il'in V. A., Moiseev E. I. Nonloal boundary value problem of the �rst kind for Sturm-Liouville operatorin di�erential and di�erene treatments // Di�erentsial'nye Uravnenia. � 1987. � B. 23, � 7. � P. 1198-1207.4. Il'in V. A., Moiseev E. I. Nonloal boundary value problem of the seond kind for Sturm-Liouvilleoperator // Di�erentsial'nye Uravnenia. � 1987. Ò. 23, � 8. � P. 1422-1431.5. Loginov B. V., Makeeva O. V. The Pseudoperturbation method in generalized eigenvalue problems //Doklady Mathematis. � 2008. � V. 7, � 2. � P. 194-197.6. Loginov B. V., Makeeva O. V. Pseudoperturbation methods in generalized eigenvalue problems //ROMAI J. � 2008. � V. 4, � 1. � �. 149-168.4PhD Student of Applied Mathematis Chair, Mordovian State University after N.P. Ogarev, Saransk;bad_zip�mail.ru5Assoiate professor of Mathematis Analyze Chair, Ulyanovsk State Pedagogial University afterI. N. Ulyanova, Ulyanovsk; omakeeva�hotbox.ru6Student Phys.-Math. Faulty, Ulyanovsk State Pedagogial University after I. N. Ulyanova, Ulyanovsk.
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52 Ì. Â. Áóëàòîâ, Í. Ï. �àõâàëîâ, Ta Duy PhuongÓÄÊ 517.9×èñëåííîå ðåøåíèå êðàåâîé çàäà÷è äëÿ ëèíåéíûõäè��åðåíöèàëüíî-àëãåáðàè÷åñêèõ óðàâíåíèé âòîðîãîïîðÿäêà© Ì. Â. Áóëàòîâ1, Í. Ï. �àõâàëîâ2, Ta Duy Phuong3Àííîòàöèÿ. Â ðàáîòå ðàññìîòðåíû ÷èñëåííûå ìåòîäû ðåøåíèÿ êðàåâîé çàäà÷è äëÿäè��åðåíöèàëüíî-àëãåáðàè÷åñêèõ óðàâíåíèé âòîðîãî ïîðÿäêà. Âûäåëåíû óñëîâèÿ, ïðè âû-ïîëíåíèè êîòîðûõ ïðåäëîæåííûå àëãîðèòìû ÿâëÿþòñÿ óñòîé÷èâûìè è ñõîäÿòñÿ ê òî÷íîìóðåøåíèþ. Ïðèâåäåíû ðåçóëüòàòû ÷èñëåííûõ ðàñ÷åòîâÊëþ÷åâûå ñëîâà: ëèíåéíûå äè��åðåíöèàëüíî - àëãåáðàè÷åñêèå ñèñòåìû, ìàòðè÷íûé ïî-ëèíîì, êðàåâàÿ çàäà÷à, ìåòîä ìàòðè÷íîé ïðîãîíêè.1. ÂâåäåíèåÂ äàííîé ðàáîòå ðàññìîòðåíû ÷èñëåííûå ìåòîäû ðåøåíèÿ êðàåâîé çàäà÷è äëÿäè��åðåíöèàëüíî-àëãåáðàè÷åñêèõ óðàâíåíèé âòîðîãî ïîðÿäêà. Âûäåëåíû óñëîâèÿ, ïðèâûïîëíåíèè êîòîðûõ ïðåäëîæåííûå àëãîðèòìû ÿâëÿþòñÿ óñòîé÷èâûìè è ñõîäÿòñÿ ê òî÷-íîìó ðåøåíèþ.2. Ïîñòàíîâêà çàäà÷è�àññìîòðèì çàäà÷ó
A(t)x′′(t) +B(t)x′(t) + C(t)x(t) = f(t), t ∈ [0, 1], (2.1)

x(0) = x0, x(1) = xN , (2.2)ãäå A(t) , B(t) , C(t) � (n × n) ìàòðèöû, f(t) � çàäàííàÿ âåêòîð �óíêöèÿ, x(t) - èñ-êîìàÿ âåêòîð �óíêöèÿ è det(A) ≡ 0 . Â ýòîì ñëó÷àå ñèñòåìó (2.1) ïðèíÿòî íàçûâàòüäè��åðåíöèàëüíî-àëãåáðàè÷åñêèì óðàâíåíèåì (ÄÀÓ) âòîðîãî ïîðÿäêà.Êðàåâûå óñëîâèÿ áóäåì ñ÷èòàòü ñîãëàñîâàííûìè è áóäåì ïîëàãàòü, ÷òî íà îòðåçêåèíòåãðèðîâàíèÿ ðåøåíèå çàäà÷è (2.1), (2.2) ñóùåñòâóåò è åäèíñòâåííî. Â äàííîé ðàáî-òå ðàññìîòðåíà çàäà÷à, ó êîòîðîé ìàòðè÷íûé ïîëèíîì λA(t) + µB(t) +C(t) , ãäå λ è µ -ñêàëÿðíûå ïàðàìåòðû, óäîâëåòâîðÿåò óñëîâèÿì:
rankA(t) = k = const äëÿ ëþáîãî t ∈ [0, 1]; (2.3)

rank(A(t)|B(t)) = k + l = const äëÿ ëþáîãî t ∈ [0, 1]; (2.4)1�ëàâíûé íàó÷íûé ñîòðóäíèê, ÈÄÑÒÓ ÑÎ �ÀÍ, ã. Èðêóòñê; mvbul�i.ru.2Àññèñòåíò êà�åäðû Èí�îðìàòèêè è ÌÎÈ, �ÎÓ ÂÏÎ ÂÑ�ÀÎ, ã. Èðêóòñê; nikolar�mail.ru3Ñòàðøèé íàó÷íûé ñîòðóäíèê ÈÌ ÂÀÍÒ, ã. Õàíîé; Âüåòíàì; tdphuong�math.a.vnÆóðíàë ÑÂÌÎ. 2010. Ò. 12, � 1
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det(λA(t) + µB(t) + C(t)) = a0(t)λ

kνl + . . . ïðè÷åì a0(t) 6= 0 äëÿ ëþáîãî t ∈ [0, 1] . (2.5)Èçâåñòíî [1℄, ÷òî äëÿ òàêèõ ìàòðè÷íûõ ïîëèíîìîâ ñóùåñòâóþò íåâûðîæäåííûå äëÿëþáîãî t ∈ [0, 1] ìàòðèöû P (t) è Q(t) òàêèå ÷òî, óìíîæàÿ ñëåâà (2.1) íà ìàòðèöó P (t)è çàìåíÿÿ ïåðåìåííóþ x(t) = Q(t)y(t) , èñõîäíàÿ ñèñòåìà ìîæåò áûòü ïðèâåäåíà ê âèäó
PA(Qy)′′ +PB(Qy)′ +PCQy = (PAQ)y′′ +(2PAQ′ +PBQ)y′′ +(PAQ′′ +PBQ′ +PCQ)y =
Pf(t), ñ ìàòðèöàìè

PAQ =




Ek 0 0
0 0 0
0 0 0


 ,

2PAQ′ + PBQ =




J1(t) 0 J2(t)
0 E1 0
0 0 0


 ,

PAQ′′ + PBQ′ + PCQ =




C1(t) C2(t) 0
C3(t) C4(t) 0
0 0 En−k−l


 ,ãäå Ek, El è En−k−l åäèíè÷íûå ìàòðèöû ðàçìåðíîñòè k, l è n − k − l ñîîòâåòñòâåííî,

J1, J2 è Ci, i = 1 , . . . , 4 ìàòðè÷íûå áëîêè ñîîòâåòñòâóþùèõ ðàçìåðîâ.Òàêèì îáðàçîì, èñõîäíóþ ñèñòåìó (2.1) ïóòåì íåîñîáåííûõ ïðåîáðàçîâàíèé ïðèâåëè êâèäó



Ek 0 0
0 0 0
0 0 0


 y′′ +




J1(t) 0 J2(t)
0 El 0
0 0 0


 y′ +




C1(t) C2(t) 0
C3(t) C4(t) 0
0 0 En−k−l


 y = F (t) (2.6)Îïèøåì ÷èñëåííûé ìåòîä ðåøåíèÿ çàäà÷è (2.1), (2.2) äëÿ êîòîðîé âûïîëíåíû óñëîâèÿ(2.3), (2.4), (2.5).Íà îòðåçêå [0, 1] ââåäåì ñåòêó ti = ih, i = 0, . . .N, h = 1/N. , è ïðèìåíèì äëÿ÷èñëåííîãî ðåøåíèÿ çàäà÷è (2.1), (2.2) ðàçíîñòíóþ ñõåìó âèäà

Āi∆1xi+1 + hB̄i∆2xi+1 + h2C̄i∆3xi+1 = f̄i(t), i = 0, . . . , N, x0 = x(0), xN = x(1), (2.7)ãäå Āi, B̄i, C̄i - çíà÷åíèÿ ìàòðèö A(t), B(t), C(t) âû÷èñëåííûå â òî÷êå t̄i ∈ [ti−1, ti+1] ,à ðàçíîñòíûå îïåðàòîðû ∆1gi+1, ∆2gi+1, ∆3gi+1 íà âåêòîð �óíêöèþ gi+1 îïðåäåëåíû ïîïðàâèëàì:
∆1gi+1 = gi+1 − 2gi + gi−1,

∆2gi+1 = ρ0gi+1 + ρ1gi + ρ2gi−1, (2.8)
∆3gi+1 = σ0gi+1 + σ1gi + σ2gi−1.Êîíêðåòíûé âûáîð òî÷êè t̄i è êîý��èöèåíòîâ ρj , σj , j = 0, 1, 2 áóäåò óêàçàí íèæå.Òàêàÿ àïïðîêñèìàöèÿ ïðèâîäèò ê ñèñòåìå ëèíåéíûõ àëãåáðàè÷åñêèõ óðàâíåíèé (ÑËÀÓ)áëî÷íî-òðåõäèàãîíàëüíîãî âèäà Æóðíàë ÑÂÌÎ. 2010. Ò. 12, � 1
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Rixi−1 + Lixi +Mixi+1 = Fi, x0 = x(0), xN = x(1), i = 1, 2, . . . , N − 1, (2.9)ñ ìàòðèöàìè

Ri = Āi + ρ2hB̄i + σ2h
2C̄i, (2.10)

Li = −2Āi + ρ1hB̄i + σ1h
2C̄i, (2.11)

Mi = Āi + ρ0hB̄i + σ0h
2C̄i, (2.12)

Fi = h2f̄i. (2.13)Åñëè ìàòðèöû Li ÿâëÿþòñÿ íåâûðîæäåííûìè, òî ÑËÀÓ (2.6) ìîæåò áûòü ðåøåíàìåòîäîì ìàòðè÷íîé ïðîãîíêè [2℄, îïèñàíèå êîòîðîãî ïðèâåäåíî íèæå.�åøåíèå ñèñòåìû (2.6) èùåòñÿ â âèäå
xi = αi+1xi+1 + βi+1, i = N − 1 , . . . , 2 ,, (2.14)ãäå ìàòðèöû αi+1 è âåêòîðà βi+1 îïðåäåëåíû ïî ïðàâèëó

αi+1 = −(Riαi + Li)
−1Mi, βi+1 = −(Riαi + Li)

−1(Fi − Riβi), i = 2 , . . . ,N , (2.15)
α1 = 0, β1 = x0.Îáû÷íî äëÿ ÷èñëåííîãî ðåøåíèÿ îáûêíîâåííûõ äè��åðåíöèàëüíûõ óðàâíåíèé ïðè-ìåíÿþò àïïðîêñèìàöèþ â òî÷êå ti . Â ýòîì ñëó÷àå ðàçíîñòíûå îïåðàòîðû∆2gi+1 ,
∆3gi+1 îïðåäåëåíû ñëåäóþùèì îáðàçîì:

∆2gi+1 =
1

2
(gi+1 − gi−1),

∆3gi+1 = gi.Ìàòðèöû Li èç �îðìóëû (2.11) èìåþò âèä Li = −2A(ti)+h
2C(ti) . Ýòè ìàòðèöû áóäóòíåâûðîæäåííû òîëüêî â ñëó÷àå ðåãóëÿðíîñòè ìàòðè÷íîãî ïó÷êà λAi+Ci , ÷òî çíà÷èòåëüíîñóæàåò êëàññ ðàññìàòðèâàåìûõ çàäà÷. Ìû ïðåäëàãàåì ïðèìåíèòü äðóãóþ àïïðîêñèìàöèþçàäà÷è, êîòîðàÿ ñîõðàíÿåò âòîðîé ïîðÿäîê àïïðîêñèìàöèè è îõâàòûâàåò áîëåå øèðîêèéêëàññ çàäà÷, à èìåííî áóäåì àïïðîêñèìèðîâàòü çàäà÷ó (2.1), (2.2) â òî÷êàõ t̄i = ti−1 èëè

t̄i = ti+1 .Ïðèâåäåì àïïðîêñèìàöèþ â òî÷êå ti−1 . Óñëîâèÿìè àïïðîêñèìàöèè âòîðîãî ïîðÿäêàáóäóò (ñì., íàïð., [3℄.)




ρ0 + ρ1 + ρ2 = 0,
ρ0 − ρ2 − 1 = 0,
ρ2 + ρ0 + 2 = 0,

{
σ0 + σ1 + σ2 = 1,
σ0 − σ2 + 1 = 0.Êîý��èöèåíòû ρj , j = 0, 1, 2 , îïðåäåëåíû åäèíñòâåííûì îáðàçîì,Æóðíàë ÑÂÌÎ. 2010. Ò. 12, � 1
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ρ0 = −1

2
, ρ1 = 2, ρ2 = −3

2à êîý��èöèåíòû σj , j = 0, 1, 2 óäîâëåòâîðÿþò ñîîòíîøåíèÿì
σ0 = −1

2
σ1, σ2 = 1 − 1

2
σ1, σ1 ≥ 1.Ïðè òàêîé àïïðîêñèìàöèè ìàòðèöû Ri, Li, Mi (ñì. �îðìóëû (2.10), (2.11), (2.12))èìåþò âèä:

Ri = Āi −
3

2
hB̄i + (1 − 1

2
σ1)h

2C̄i, (2.16)
Li = −2Āi + 2hB̄i + σ1h

2C̄i, (2.17)
Mi = Āi −

1

2
hB̄i + (−1

2
σ1)h

2C̄i, (2.18)ãäå Āi, B̄i, C̄i − çíà÷åíèÿ ìàòðèöA(t), B(t), C(t) âû÷èñëåíûå â òî÷êå ti−1. , à Fi =
h2f(ti−1)Àíàëîãè÷íî, àïïðîêñèìèðóÿ çàäà÷ó (2.1), (2.2) â òî÷êå ti+1 , ïîëó÷èì ñëåäóþùèå ðàç-íîñòíûå êîý��èöèåíòû

ρ0 =
3

2
, ρ1 = −2, ρ2 =

1

2
,

σ0 = −1

2
σ1, σ2 = 1 − 1

2
σ1, σ1 ≥ 1,à ìàòðèöû Ri, Li,Mi èìåþò âèä

Ri = Āi +
3

2
hB̄i + (1 − 1

2
σ1)h

2C̄i, (2.19)
Li = −2Āi − 2hB̄i + σ1h

2C̄i, (2.20)
Mi = Āi +

1

2
hB̄i + (−1

2
σ1)h

2C̄i, (2.21)çäåñü Āi, B̄i, C̄i - çíà÷åíèÿ ìàòðèö A(t), B(t), C(t) âû÷èñëåííûå â òî÷êå ti+1 , , à Fi =
h2f(ti+1) .Òàêèì îáðàçîì, ïðè âûïîëíåíèè óñëîâèé (2.3), (2.4), (2.5) ìàòðèöû áóäóò íåâûðîæäåí-íû è �îðìàëüíî ìû ìîæåì ïðèìåíèòü ìåòîä ìàòðè÷íîé ïðîãîíêè.3. ×èñëåííûå ýêñïåðèìåíòûÁûëè ïðîâåäåíû ÷èñëåííûå ýêñïåðèìåíòû íà ðÿäå ìîäåëüíûõ ïðèìåðîâ óäîâëåòâîðÿ-þùèõ óñëîâèÿì (2.3), (2.4), (2.5).Ñàìûé ïðîñòîé ïðèìåð èìååò âèä




1 0 0
0 0 0
0 0 0


x′′(t) +




0 0 0
0 1 0
0 0 0


 x′(t) +




0 0 0
0 0 0
0 0 1


 x(t) =




0
2e2t

et


 . (3.1)Æóðíàë ÑÂÌÎ. 2010. Ò. 12, � 1



56 Ì. Â. Áóëàòîâ, Í. Ï. �àõâàëîâ, Ta Duy PhuongÊàê óæå îòìå÷àëîñü âûøå, ñòàíäàðòíàÿ àïïðîêñèìàöèÿ â òî÷êå ti
Āi = A(ti), B̄i = B(ti), C̄i = C(ti),

∆1gi+1 = gi+1 − 2gi + gi−1,

∆2gi+1 =
1

2
(gi+1 − gi−1),

∆3gi+1 = gi,ïðèâåäåò ê ÑËÀÓ (2.9) ñ ìàòðèöàìè Ri, Li, Mi

Ri = Āi −
1

2
hB̄i,

Li = −2Āi + h2C̄i,

Mi = Āi +
1

2
hB̄i.Ëåãêî çàìåòèòü, ÷òî ìàòðèöû Li áóäóò òîæäåñòâåííî âûðîæäåíû äëÿ äàííîãî ïðèìå-ðà, òàêèì îáðàçîì ìåòîä ìàòðè÷íîé ïðîãîíêè ïðèíöèïèàëüíî íå ïðèìåíèì (ñì. �îðìóëû(2.14), (2.15). Ïðåäëàãàåìûå àïïðîêñèìàöèè ñâîáîäíû îò ýòîãî íåäîñòàòêà è ìåòîäû (2.9),(2.14), (2.15) èìåþò âòîðîé ïîðÿäîê.Äðóãîé ïðèìåð ïîëó÷åí ñëåäóþùèì îáðàçîì. �àññìîòðèì ñèñòåìó




1 0 0
0 0 0
0 0 0


 y′′(t) +




0 0 0
0 1 0
0 0 0


 y′(t) +




0 0 0
0 1 0
0 0 1


 y(t) =




0
2t+ t2

t3


 ,êîòîðóþ óìíîæèì íà ìàòðèöó P(t) è ïðîèçâåäåì çàìåíó ïåðåìåííîé x(t) = Q(t)y(t)ãäå

P (t) =




et −1
2

1
2
(t+ 1 − 6et)e−t

0 1
2
e−t −1

2
(t+ 1)e−2t

0 0 e−t


 , Q(t) =




1
t+1

0 0

t2 t
8

e−t

e−2t 1
2

1
2
e−t


 .Â èòîãå ïîëó÷èì ÄÀÓ âèäà (2.1) ñ ïåðåìåííûìè ìàòðèöàìè A(t), B(t), C(t) , ïðè÷åììàòðèöà C(t) íå èìååò íóëåâûõ ýëåìåíòîâ, à ìàòðèöà B(t) èìååò äâå ïîëíîñòüþ çàïîë-íåííûå ñòðîêè. Êîíêðåòíûé âèä ýòèõ ìàòðèö íå ïðèâîäèòñÿ â âèäó èõ ãðîìîçäêîñòè.�åçóëüòàòû ðàñ÷åòîâ ïîëó÷åííîãî ïðèìåðà ïðèâåäåíû â òàáëèöå.h 0.1 0.05 0.025 0.0125 0.00625

er1 0.062738 0.016628 0.004272 0.001082 0.000272
er2 0.037279 0.010199 0.002691 0.000695 0.000177Çäåñü erj = max

i
‖y(ti) − yi‖ , j=1, 2, ïîãðåøíîñòü ìåòîäîâ (2.9), (2.14), (2.15), ó êî-òîðûõ ìàòðèöû Ri, Li, Mi âû÷èñëåíû â òî÷êàõ ti−1 è ti+1 , ñîîòâåòñòâåííî, à ‖ · ‖ -ìàêñèìóì ïî ìîäóëþ ýëåìåíòîâ âåêòîðà y(ti) − yi .Áûë ïðîâåäåí ðÿä ÷èñëåííûõ ðàñ÷åòîâ, êîòîðûå ïîêàçàëè, ÷òî ïðè âûïîëíåíèè óñëî-âèé (2.3), (2.4) è (2.15) äëÿ ðàññìàòðèâàåìûõ çàäà÷ ìåòîäû (2.16)-(2.18) è (2.19)-(2.21)ñõîäÿòñÿ ê òî÷íîìó ðåøåíèþ ñî âòîðûì ïîðÿäêîì. Îáîñíîâàíèå ìåòîäà ïðåäïîëàãàåòñÿïðîâåñòè â äàëüíåéøåì.Æóðíàë ÑÂÌÎ. 2010. Ò. 12, � 1
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Äèíàìèêà äè��åîìîð�èçìîâ êëàññà SV , ñîñðåäîòî÷åííàÿ â áàçîâûõ . . . 59ÓÄÊ 517.938Äèíàìèêà äè��åîìîð�èçìîâ êëàññà SV ,ñîñðåäîòî÷åííàÿ â áàçîâûõ ïîëíîòîðèÿõ© Å. Â. Æóæîìà1, Í. Â. Èñàåíêîâà2, Ë. À. Êóïðèíà3Àííîòàöèÿ. Îáîáùàåòñÿ êîíñòðóêöèÿ Ñ. Ñìåéëà äè��åîìîð�èçìà ïîëíîòîðèÿ  àòòðàêòî-ðîì, ÿâëÿþùèìñÿ îäíîìåðíûì ñîëåíîèäîì.Êëþ÷åâûå ñëîâà: ñîëåíîèä, äè��åîìîð�èçì Ñìåéëà-Âèåòîðèñà, áàçèñíûå ìíîæåñòâà.Ïåðâûå ïðèìåðû ñîëåíîèäîâ áûëè ïîñòðîåíû Âèåòîðèñîì [12℄ â 1927 ãîäó è íåçàâèñè-ìî Âàí Äàíöèãîì [7℄ â 1930 ãîäó. Â òåîðèè äèíàìè÷åñêèõ ñèñòåì ñîëåíîèä áûë èñïîëü-çîâàí â êíèãå [4℄ (ãë.4, ï.8) äëÿ ïîñòðîåíèÿ ïîòîêà ñ ìèíèìàëüíûì ëîêàëüíî-íåñâÿçíûììíîæåñòâîì, ñîñòîÿùèì èç ïî÷òè ïåðèîäè÷åñêèõ òðàåêòîðèé. Ñïåöèàëüíûå ïîòîêè ñ ñî-ëåíîèäàëüíûìè èíâàðèàíòíûìè ìíîæåñòâàìè ðàññìàòðèâàëèñü â [8℄. Â ãèïåðáîëè÷åñêóþòåîðèþ äèíàìè÷åñêèõ ñèñòåì ñîëåíîèäû ââåë Ñìåéë [11℄, êîòîðûé ïîñòðîèë äè��åîìîð-�èçì ïîëíîòîðèÿ â ñåáÿ ñ îäíîìåðíûì ðàñòÿãèâàþùèìñÿ àòòðàêòîðîì, ÿâëÿþùèìñÿ ñîëå-íîèäîì (îñíîâíûå ïîíÿòèÿ è �àêòû òåîðèè äèíàìè÷åñêèõ ñèñòåì ñì. â [1℄, [2℄, [5℄, [10℄). Âäàííîé ñòàòüå îáîáùàåòñÿ êîíñòðóêöèÿ Ñìåéëà, è èçó÷àþòñÿ òèïû âîçìîæíûõ áàçèñíûõìíîæåñòâ.�àññìîòðèì ïîëíîòîðèé S1×D2 , ãäå S1 = [0; 1]/(0 ∼ 1) � åäèíè÷íàÿ îêðóæíîñòü, íàäå-ëåííàÿ åñòåñòâåííîé ïàðàìåòðèçàöèåé [0; 1] → S1 , D2 ⊂ R
2 � åäèíè÷íûé êðóã x2 +y2 ≤ 1â åâêëèäîâîé ïëîñêîñòè R

2 ñ äåêàðòîâûìè êîîðäèíàòàìè (x, y) . Ñþðüåêòèâíîå C1 îòîá-ðàæåíèå g : S1 → S1 íàçûâàåòñÿ ýíäîìîð�èçìîì. Ýíäîìîð�èçì g íàçûâàåòñÿ íåîñîáûì,åñëè åãî ïðîèçâîäíàÿ Dg 6= 0 [9℄. Ìû äëÿ îïðåäåëåííîñòè áóäåì ðàññìàòðèâàòü ñîõðà-íÿþùèå îðèåíòàöèþ íåîñîáûå ýíäîìîð�èçìû ñ ïîëîæèòåëüíîé Dg . Áóäåì ãîâîðèòü, ÷òîäè��åîìîð�èçì f : M3 → M3 , óäîâëåòâîðÿþùèé àêñèîìå À Ñìåéëà, çàìêíóòîãî 3-ìíîãîîáðàçèÿ M3 ïðèíàäëåæèò êëàññó SV 4, åñëè ñóùåñòâóåò âëîæåííûé â M3 ïîëíî-òîðèé B3 (äàëåå ìû îòîæäåñòâëÿåì ïîëíîòîðèé S1 × D2 ñ åãî âëîæåíèåì B3 ⊂ M3 ,áàçîâûì ïîëíîòîðèåì) òàêîé, ÷òî îãðàíè÷åíèå f |B3
def
= F ÿâëÿåòñÿ äè��åîìîð�èçìîì

F : B3 → F (B3) ⊂ B3 íà ñâîé îáðàç, êîòîðûé óäîâëåòâîðÿåò ñëåäóþùèì óñëîâèÿì:
• F èìååò âèä

F (t, z) = (g(t), w(t, z)), t ∈ S1, z ∈ D2, (1.1)ãäå g : S1 → S1 � íåîñîáûé C1 ýíäîìîð�èçì ñòåïåíè d ≥ 2 ;
• ïðè �èêñèðîâàííîì t ∈ S1 ïðåîáðàçîâàíèå w|{t}×D2 : {t} × D2 → B3 ÿâëÿåòñÿðàâíîìåðíî ñæèìàþùèì C1 âëîæåíèåì

{t} ×D2 → int
(
{g(t)} ×D2

) (1.2)ò.å. ñóùåñòâóþò êîíñòàíòû 0 < λ < 1 , C > 0 òàêèå, ÷òî
diam (F n({t} ×D2)) ≤ Cλndiam ({t} ×D2), ∀n ∈ N. (1.3)1Ïðî�åññîð, Íèæåãîðîäñêèé ãîñóäàðñòâåííûé ïåäàãîãè÷åñêèé óíèâåðñèòåò, Íèæíèé Íîâãîðîä;zhuzhoma�mail.ru.2Àñïèðàíò, Íèæåãîðîäñêèé ãîñóäàðñòâåííûé ïåäàãîãè÷åñêèé óíèâåðñèòåò, Íèæíèé Íîâãîðîä;nisaenkova�mail.ru.3Äîöåíò, Íèæåãîðîäñêàÿ ãîñóäàðñòâåííàÿ ñåëüñêîõîçÿéñòâåííàÿ àêàäåìèÿ, Íèæíèé Íîâãîðîä;math�agri.si-nnov.ru.4Àááðåâèàòóðà SV ñîñòàâëåíà èç ïåðâûõ áóêâ �àìèëèé Smale, VietorisÆóðíàë ÑÂÌÎ. 2010. Ò. 12, � 1



60 Å. Â. Æóæîìà, Í. Â. Èñàåíêîâà, Ë. À. ÊóïðèíàÎòìåòèì, ÷òî òàê êàê íåîñîáûé ýíäîìîð�èçì g èìååò ñòåïåíü d ≥ 2 , òî äëÿ ëþáîéòî÷êè t ∈ S1 ïîëíûé ïðîîáðàç g−1(t) ñîñòîèò èç d ðàçëè÷íûõ òî÷åê. Ïóñòü t1 , t2 , . . . ,
td ∈ S1 ïîïàðíî ðàçëè÷íû è g(t1) = . . . = g(td) . Òîãäà

F (ti, D
2) ∩ F (tj, D

2) = ∅, i 6= j, 1 ≤ i, j ≤ d, (1.4)ò.å. äèñêè F (t1, D
2) , . . . , F (td, D

2) ïîïàðíî íå ïåðåñåêàþòñÿ.Â êëàññè÷åñêîì ïðèìåðå Ñìåéëà [11℄ ýíäîìîð�èçì g ïðåäñòàâëÿåò ñîáîé ëèíåéíûéðàñòÿãèâàþùèé ýíäîìîð�èçì Ed : S1 → S1 âèäà Ed(x) = dx mod 1 ñòåïåíè d ≥ 2 . Âýòîì ñëó÷àå íåáëóæäàþùåå ìíîæåñòâî äè��åîìîð�èçìà f |B3 = F ñîâïàäàåò ñ ñîëåíî-èäîì ∩n≥0F
n(B3) . Êëþ÷åâóþ ðîëü â äîêàçàòåëüñòâå ýòîãî �àêòà èãðàåò òî, ÷òî íåáëóæ-äàþùåå ìíîæåñòâî ðàñòÿãèâàþùåãî ýíäîìîð�èçìà Ed ñîâïàäàåò ñ îêðóæíîñòüþ S1 . Âîáùåì ñëó÷àå íåáëóæäàþùåå ìíîæåñòâî äè��åîìîð�èçìà F ïðèíàäëåæèò ñîëåíîèäó,íî íå îáÿçàòåëüíî ñîâïàäàåò ñ íèì.Â [6℄ ðàññìàòðèâàëàñü àíàëîãè÷íàÿ êîíñòðóêöèÿ ïîñòðîåíèÿ äè��åîìîð�èçìà (2n +

2) -ìåðíîé ñ�åðû S2n+2 , îòòàëêèâàÿñü îò ýíäîìîð�èçìà n -ìíîãîîáðàçèÿ Kn . Òèïû áà-çèñíûõ ìíîæåñòâ ïðè ýòîì íå èçó÷àëèñü.Ë å ì ì à 1.1. Ïåðåñå÷åíèå Sol (F )
def
=
⋂
n≥0 F

n(B) ÿâëÿåòñÿ ñîëåíîèäîì.Äîêàçàòåëüñòâî. Èç óñëîâèÿ (1.3) äëÿ îòîáðàæåíèÿ F âûòåêàåò, ÷òî F i(B) ⊃ F i+1(B) äëÿëþáîãî i ≥ 0 . Ïîýòîìó F i(B) îáðàçóþò ïîñëåäîâàòåëüíî âëîæåííûå äðóã â äðóãà ïîë-íîòîðèè B ⊃ F (B) ⊃ . . . ⊃ F i(B) ⊃ F i+1(B) ⊃ . . . . Èç (1.1) ñëåäóåò, ÷òî îñü ïîëíîòîðèÿ
F i+1(B) îáõîäèò d ≥ 2 ðàç îñü ïîëíîòîðèÿ F i(B) , íå îáðàçóÿ êðþêîâ. Â ñèëó (1.3), ïåðå-ñå÷åíèå êàæäîãî äèñêà {t} ×D2 ñ ⋂n≥0 F

n(B) ÿâëÿåòñÿ íèãäå íå ïëîòíûì ìíîæåñòâîì.Èç íåðàâåíñòâà d ≥ 2 âûòåêàåò, ÷òî ýòî ïåðåñå÷åíèå ÿâëÿåòñÿ ñîâåðøåííûì è, ñëåäîâà-òåëüíî, êàíòîðîâûì ìíîæåñòâîì â {t}×D2 . Îòñþäà ñëåäóåò, ÷òî ⋂n≥0 F
n(B) � ñîëåíîèä.

� Ïîñêîëüêó ñîëåíîèä ÿâëÿåòñÿ ïðèòÿãèâàþùèì ìíîæåñòâîì, òî íåáëóæäàþùåå ìíî-æåñòâî â áàçèñíîì ïîëíîòîðèè ïðèíàäëåæèò ñîëåíîèäó, è ñàìàÿ èíòåðåñíàÿ äèíàìèêàñîñðåäîòî÷åíà â Sol (f) . Ñëåäóþùàÿ òåîðåìà îïèñûâàåò âîçìîæíûå áàçèñíûå ìíîæåñòâàâ Sol (f) ⊂ B3 .Ò å î ð å ì à 1.1. Ïóñòü f : M3 → M3 � äè��åîìîð�èçì èç êëàññà SV çàìêíó-òîãî 3-ìíîãîîáðàçèÿ M3 . Òîãäà1. Îãðàíè÷åíèå f |Sol (f) ñîïðÿæåíî îáðàòíîìó ïðåäåëó îòîáðàæåíèÿ g .2. Íåáëóæäàþùåå ìíîæåñòâî, ïðèíàäëåæàùåå áàçîâîìó ïîëíîòîðèþ, ñîäåðæèò ðîâ-íî îäíî íåòðèâèàëüíîå áàçèñíîå ìíîæåñòâî Λ(f) , êîòîðîå åñòü ëèáî
• îäíîìåðíûé ðàñòÿãèâàþùèéñÿ àòòðàêòîð, è òîãäà Λ(f) = Sol (f) , ëèáî
• íóëüìåðíîå áàçèñíîå ìíîæåñòâî, è òîãäà ïåðåñå÷åíèå NW (f) ∩ B3 ⊂ Sol (f)ñîñòîèò èç Λ(f) , êîíå÷íîãî (íåíóëåâîãî) ÷èñëà ñòîêîâûõ ïåðèîäè÷åñêèõ òî-÷åê è êîíå÷íîãî (âîçìîæíî, íóëåâîãî) ÷èñëà ñåäëîâûõ èçîëèðîâàííûõ ïåðèîäè-÷åñêèõ òî÷åê.Îáå âîçìîæíîñòè ðåàëèçóþòñÿ.Â äàííîé ñòàòüå ïðèâîäèòñÿ äîêàçàòåëüñòâî ïåðâîãî ïóíêòà òåîðåìû 1.1., êîòîðûé ÿâ-ëÿåòñÿ êëþ÷åâûì (äîêàçàòåëüñòâî âòîðîãî ïóíêòà îñíîâàíî íà ïåðâîì). Äîêàæåì ñëåäóþ-ùóþ ëåììó, íåîáõîäèìóþ äëÿ ïîñòðîåíèÿ ñèìâîëè÷åñêîé ìîäåëè îãðàíè÷åíèÿ îòîáðàæå-íèÿ F íà ñîëåíîèä Sol (F ) .Æóðíàë ÑÂÌÎ. 2010. Ò. 12, � 1



Äèíàìèêà äè��åîìîð�èçìîâ êëàññà SV , ñîñðåäîòî÷åííàÿ â áàçîâûõ . . . 61Ë å ì ì à 1.2. Êàæäîé òî÷êå p ∈ Sol (F ) ñîîòâåòñòâóåò åäèíñòâåííàÿ ïîñëå-äîâàòåëüíîñòü òî÷åê {ti}∞0 , ti ∈ S1 , è ñîîòâåòñòâóþùàÿ ïîñëåäîâàòåëüíîñòü çàìêíó-òûõ äâóìåðíûõ äèñêîâ Di = F i({ti} ×Dn−1) òàêèå, ÷òî
• p ∈ · · · ⊂ Di ⊂ · · · ⊂ D0 , p = ∩i≥0Di ;
• ti = g(ti+1) , i ≥ 0 .Äîêàçàòåëüñòâî. Ëåììà òðèâèàëüíà äëÿ i = 0 è i = 1 . Äëÿ óäîáñòâà ÷èòàòåëÿ ïðèâåäåìãåîìåòðè÷åñêóþ èëëþñòðàöèþ äëÿ ñîëåíîèäà ðàçìåðíîñòè n = 3 , ñì. ðèñ. 1.1.

2
1

Dt

2
00 DtD

2
2 Dt

F

)( 2
11

DtFD

F

=

=

� è ñ ó í î ê 1.1Äëÿ �èêñèðîâàííîé òî÷êè p ñóùåñòâóåò åäèíñòâåííàÿ òî÷êà t0 ∈ S1 òàêàÿ, ÷òî p ∈
{t0} × Dn−1 . Ïîëîæèì D0 = {t0} × Dn−1 . Èç (1.1) ñëåäóåò, ÷òî ñóùåñòâóþò ïîïàðíîðàçëè÷íûå s1 , . . . , sd ∈ S1 òàêèå, ÷òî g(s1) = g(s2) = . . . = g(sd) = t0 , à äèñêè F ({si} ×
Dn−1) ïðèíàäëåæàò äèñêó D0 , F ({si}×Dn−1) ⊂ D0 . Ñîãëàñíî (1.4), äèñêè F ({si}×Dn−1) ,
i = 1 , . . . , d , ïîïàðíî íå ïåðåñåêàþòñÿ. Ïîýòîìó ñóùåñòâóåò åäèíñòâåííîå sj òàêîå, ÷òî
p ∈ F ({sj} ×Dn−1) . Ïîëîæèì t1 = sj , D1 = {t1} ×Dn−1 . Òàêèì îáðàçîì, p ∈ D1 ⊂ D0 .Ïóñòü ïî ïðåäïîëîæåíèþ èíäóêöèè, ñóùåñòâóåò åäèíñòâåííàÿ ïîñëåäîâàòåëüíîñòü òî-÷åê {tl}k−1

0 , tl ∈ S1 , è k − 1 çàìêíóòûõ äâóìåðíûõ äèñêîâ Dl = F l({tl} ×Dn−1) òàêèõ,÷òî p ∈ Dk−1 ⊂ · · · ⊂ Dl ⊂ · · · ⊂ D0 , ãäå Dl = {tl} ×Dn−1 . Òàêèì îáðàçîì, p ∈ ⋂k−1
l≥0 Dl .Èç (1.1) ñëåäóåò, ÷òî ñóùåñòâóþò

S1, S2 . . . , Sd ∈ S1 òàêèå, ÷òî g(S1) = g(S2) = . . . = g(Sd) = tk−1,à äèñêè F k({Si} × Dn−1) ïðèíàäëåæàò äèñêó Dk−1 , F k({Si} × Dn−1) ⊂ Dk−1 . Èç (1.4)ñëåäóåò, ÷òî ñóùåñòâóåò åäèíñòâåííîå Sj òàêîå, ÷òî p ∈ F k({Sj} ×Dn−1) . Ïîëîæèì tk =
Sj , Dk = {tk} × Dn−1 . Òîãäà p ∈ Dk ⊂ Dk−1 ⊂ · · · ⊂ D0 . Èç ïîñòðîåíèÿ âûòåêàåò, ÷òî
ti = g(ti+1) äëÿ âñåõ i ≥ 0 . Èç (1.3) ñëåäóåò, ÷òî diam Di = diam (F i({ti} × Dn−1)) → 0ïðè i → ∞ . Ïîýòîìó ïåðåñå÷åíèå ∩i≥0Di åñòü îäíîòî÷å÷íîå ìíîæåñòâî, ñîâïàäàþùåå ñ
p . Ïîêàæåì, ÷òî äëÿ ëþáîé òî÷êè p ∈ Sol (F ) ïîñëåäîâàòåëüíîñòü òî÷åê {ti}∞0 , ti ∈ S1îïðåäåëÿåòñÿ åäèíñòâåííûì îáðàçîì îò ïðîòèâíîãî. Äîïóñòèì, äëÿ òî÷êè p ñóùåñòâóþòäâå ðàçëè÷íûå ïîñëåäîâàòåëüíîñòè òî÷åê {ti}∞0 , ti ∈ S1 è {t′i}∞0 , t′i ∈ S1 , ò.å. íàéäåòñÿ
i , äëÿ êîòîðîãî ti 6= t

′

i . Ýòî îçíà÷àåò ñóùåñòâîâàíèå äâóõ äèñêîâ Di = F i({ti} ×Dn−1) è
D

′

i = F i({t′i} ×Dn−1) , òàêèå ÷òî p ∈ Di è p ∈ D
′

i , íî ýòî ïðîòèâîðå÷èò óñëîâèþ (1.4), òàêêàê äèñêè ïîïàðíî íå ïåðåñåêàþòñÿ F (ti, D
n−1) ∩ F (t

′

i, D
n−1) = ∅ . �Æóðíàë ÑÂÌÎ. 2010. Ò. 12, � 1
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i∈Z

+
0
S1
i ïðÿìîå ïðîèçâåäåíèå ñ÷åòíîãî ñåìåéñòâà îêðóæíîñòåé

S1
i = S1 , íàäåëåííîå òèõîíîâñêîé òîïîëîãèåé (íàïîìíèì, ÷òî â ýòîé òîïîëîãèè áàçà îáðà-çîâàíà ìíîæåñòâàìè ∏i∈Z

+
0
Vi , ãäå Vi îòêðûòû â S1

i , è òîëüêî äëÿ êîíå÷íîãî ìíîæåñòâàèíäåêñîâ i ìíîæåñòâà Vi îòëè÷íû îò S1
i , ñì. [3℄, ñòð. 155), ãäå Z

+
0 = N∪{0} - ìíîæåñòâîöåëûõ íåîòðèöàòåëüíûõ ÷èñåë. Òî÷êàìè ìíîæåñòâà ∏i∈N

S1
i ÿâëÿþòñÿ ïîñëåäîâàòåëüíî-ñòè {ti}∞0 , ãäå ti ∈ S1

i .Îáîçíà÷èì ÷åðåç ∏g ïîäìíîæåñòâî ìíîæåñòâà ∏i∈Z
+
0
S1
i , ñîñòîÿùåå èç ïîñëåäîâàòåëü-íîñòåé {ti}∞0 , ãäå ti = g(ti+1) ïðè âñåõ i ≥ 0 . Òîïîëîãèÿ íà ∏g èíäóöèðóåòñÿ òîïîëîãèåéíà ∏i∈Z

+
0
S1
i . Îïðåäåëèì íà ∏g îòîáðàæåíèå ĝ :

∏
g →

∏
g , ïîëîæèâ

ĝ ({t0, . . . , ti, . . .}) = {g(t0), t0, . . . , ti . . .}.Ñëåäóÿ [13℄ (ñì. òàêæå [10℄), ïðîñòðàíñòâî ∏g ñ îòîáðàæåíèåì ĝ áóäåì íàçûâàòü îáðàò-íûì ïðåäåëîì ïðåîáðàçîâàíèÿ g .Ë å ì ì à 1.3. ĝ � âçàèìíîîäíîçíà÷íîå îòîáðàæåíèå.Äîêàçàòåëüñòâî. Äîêàæåì èíúåêòèâíîñòü îòîáðàæåíèÿ ĝ . Äëÿ ýòîãî âîçüìåì äâå ðàç-ëè÷íûå ïîñëåäîâàòåëüíîñòè {ti}∞0 , {t
′

i}∞0 ∈ ∏g , ò.å. ñóùåñòâóþò òàêèå i, j , ÷òî ti 6= tj .Îòñþäà è ñïîñîáà çàäàíèÿ îòîáðàæåíèÿ ĝ ñëåäóåò, ÷òî îáðàçû ýòèõ ïîñëåäîâàòåëüíîñòåé
ĝ ({ti}∞0 ) 6= ĝ

(
{t′i}∞0

) .Ïóñòü {ti}∞0 = {t0, t1, . . . , ti, . . .} ∈ ∏g , ãäå ti = g(ti+1) ïðè âñåõ i ≥ 0 . Ñóùåñòâóåòïîñëåäîâàòåëüíîñòü {t1, . . . , ti, . . .} ∈ ∏g êîòîðàÿ ïðè äåéñòâèè îòîáðàæåíèÿ ĝ , ñ ó÷åòîìðàâåíñòâà t0 = g(t1) , ïåðåõîäèò â èñõîäíóþ ĝ ({t1, . . . , ti, . . .}) = {g(t1), t1, . . . , ti, . . .} =
{t0, t1 . . . , ti, . . .} , ÷òî è äîêàçûâàåò ñþðúåêòèâíîñòü ýòîãî îòîáðàæåíèÿ. �Ë å ì ì à 1.4. Îòîáðàæåíèå ĝ íåïðåðûâíî.Äîêàçàòåëüñòâî. Ïóñòü {r0, . . . , ri, . . .} ∈∏g , è ïóñòü Uε � îêðåñòíîñòü òî÷êè

ĝ ({r0, . . . , ri, . . .}) = {g(r0), r0, . . . , ri . . .}.Ñîãëàñíî îïðåäåëåíèþ òèõîíîâñêîé òîïîëîãèè, íå óìåíüøàÿ îáùíîñòè, ìîæíî ñ÷èòàòü,÷òî ñóùåñòâóþò íåêîòîðûå k ∈ Z
+ è ñêîëü óãîäíî ìàëîå ε > 0 òàêèå, ÷òî äëÿ ëþáîéòî÷êè r′ = {r′0, . . . , r′i . . .} ∈ Uε âûïîëíÿþòñÿ íåðàâåíñòâà:

|g(r0) − g(r′0)| < ε, |ri − r′i| < ε äëÿ ëþáîãî i = 1, . . . , k − 1.Òàê êàê g íåïðåðûâíî, òî ñóùåñòâóåò δ > 0 òàêîå, ÷òî |r0 − r′0| < δ âëå÷åò |g(r0) −
g(r′0)| < ε . ßñíî ÷òî, ìîæíî ñ÷èòàòü δ ≤ ε . Çàäàäèì îêðåñòíîñòü Uδ òî÷êè {r0, . . . , ri, . . .} ,ïîëîæèâ r′ = {r′0, . . . , r′i . . .} ∈ Uδ , åñëè |ri − r′i| < δ äëÿ ëþáîãî i = 1, . . . , k − 1 . Òîãäà
ĝ (Uδ) ⊂ Uε . �Îïðåäåëèì îòîáðàæåíèå θ : Sol (F ) → ∏

g ñëåäóþùèì îáðàçîì. Ñîãëàñíî ëåììå1.2., ëþáîé òî÷êå p ∈ Sol (F ) ñîîòâåòñòâóåò åäèíñòâåííàÿ ïîñëåäîâàòåëüíîñòü òî÷åê
{t0, t1, . . . , ti, . . .} òàêàÿ, ÷òî ti = g(ti+1) , i ≥ 0 . Ïîëîæèì θ(p) = {t0, t1, . . . , ti, . . .} .Ìíîæåñòâî {t} × Dn−1 def

= Dn−1
t íàçîâåì t -ñå÷åíèåì, ãäå t ∈ S1 . Êàæäîå ñå÷åíèååñòåñòâåííûì îáðàçîì îòîæäåñòâëÿåòñÿ ñ Dn−1 ïîñðåäñòâîì ïðîåêöèè p2 : S1 × Dn−1 →

Dn−1 . Ñîãëàñíî (1.2), äè��åîìîð�èçì F ïåðåâîäèò t -ñå÷åíèå â g(t) -ñå÷åíèå. Ïîýòî-ìó åñòåñòâåííûì îáðàçîì îïðåäåëÿåòñÿ äèàìåòð ìíîæåñòâà F n(Dn−1
t ) : diam F n(Dn−1

t ) =
diam p2(F

n(Dn−1
t )) .Äëÿ òî÷åê α , β ∈ S1 ïîëîæèì Dn−1

αβ = Iαβ×Dn−1 , ãäå Iαβ ⊂ S1 � îòêðûòûé èíòåðâàëìèíèìàëüíîé äëèíû ñ êîíöåâûìè òî÷êàìè α , β . Äðóãèìè ñëîâàìè, Dn−1
αβ åñòü |β−α|

2
-îêðåñòíîñòü β+α

2
-ñå÷åíèÿ â Bn .Æóðíàë ÑÂÌÎ. 2010. Ò. 12, � 1



Äèíàìèêà äè��åîìîð�èçìîâ êëàññà SV , ñîñðåäîòî÷åííàÿ â áàçîâûõ . . . 63Ë å ì ì à 1.5. Îòîáðàæåíèå θ ÿâëÿåòñÿ ãîìåîìîð�èçìîì òàêèì, ÷òî θ ◦
F |Sol (F ) = ĝ ◦ θ .Äîêàçàòåëüñòâî. Äîêàæåì ñïåðâà èíúåêòèâíîñòü îòîáðàæåíèÿ θ . Âîçüìåì ðàçëè÷íûå
p1, p2 ∈ Sol (F ) . Ñîãëàñíî ëåììå 1.2., êàæäîé òî÷êå pi , i = 1, 2 , ñîîòâåòñòâóåò ïîñëåäî-âàòåëüíîñòü çàìêíóòûõ äèñêîâ Di

j = F j({tij} ×Dn−1) òàêèõ, ÷òî pi = ∩j≥0D
i
j . Ïîñêîëüêó

p1 6= p2 è äèàìåòðû äèñêîâ ñòðåìÿòñÿ ê íóëþ, òî ñóùåñòâóåò k òàêîå, ÷òî
D1

1 = D2
1, . . . , D

1
k−1 = D2

k−1, D
1
k 6= D2

k.Ïîýòîìó t1k 6= t2k è, ñëåäîâàòåëüíî, θ(p1) 6= θ(p2) .Äîêàæåì ñþðúåêòèâíîñòü îòîáðàæåíèÿ θ . Âîçüìåì {t0, t1, . . .} ∈ ∏g . Èç ti = g(ti+1)è óñëîâèÿ (1.3) âûòåêàåò ÷òî
{t0} ×Dn−1 ⊃ F ({t1} ×Dn−1) ⊃ . . . ⊃ F i({ti} ×Dn−1) ⊃ . . . .Áîëåå òîãî, òàê êàê diam (F i({ti}×Dn−1)) → 0 ïðè i→ ∞ , òî ïåðåñå÷åíèå ⋂i≥0 F

i({ti}×
Dn−1) ñîñòîèò ðîâíî èç îäíîé òî÷êè, ñêàæåì p . Èç îïðåäåëåíèÿ ìíîæåñòâà Sol (F ) ñëå-äóåò, ÷òî p ∈ Sol (F ) . Òàêèì îáðàçîì, θ(p) = (t0, t1, . . . , ti, . . .) .Äîêàæåì íåïðåðûâíîñòü îòîáðàæåíèÿ θ . Ïóñòü U � îêðåñòíîñòü òî÷êè θ(p) = {ti}∞0 ,ãäå p ∈ Sol (F ) . Ñîãëàñíî îïðåäåëåíèþ òîïîëîãèè íà ìíîæåñòâå ∏g , ìîæíî ñ÷èòàòü, ÷òî
U çàäàåòñÿ ÷èñëàìè r ∈ N è ε > 0 òàêèìè, ÷òî U = {{xi}∞0 ∈ ∏g : |xi − ti| < ε , äëÿ
i = 0 , . . . , r} . Â ñèëó ëåììû 1.2.,

p ∈ F r(Dn−1
tr ) ⊂ F r−1(Dn−1

tr−1
) ⊂ · · · ⊂ F (Dn−1

t1
) ⊂ Dn−1

t0
.Ïîñêîëüêó, ñîãëàñíî Ïîñêîëüêó, ñîãëàñíî èíâàðèàíòíîñòè ìíîæåñòâà Sol (F ) îòíîñèòåëü-íî F , èìåþò ìåñòî ðàâåíñòâà F (Sol (F )) = F−1(Sol (F )) = Sol (F ) , òî îãðàíè÷åíèå

F |Sol (F ) åñòü äè��åîìîð�èçì Sol (F ) → Sol (F ) . Ïîýòîìó ñóùåñòâóþò îäíîçíà÷íî îïðå-äåëåííûå òî÷êè pi ∈ Dn−1
ti ∩ Sol (F ) , 1 ≤ i ≤ r , òàêèå, ÷òî p = F i(pi) .Èç (1.2) âûòåêàåò, ÷òî p ÿâëÿåòñÿ âíóòðåííåé òî÷êîé ìíîæåñòâà F r(Dn−1

tr ) â òîïîëîãèè
t0 -ñå÷åíèÿ Dn−1

t0 . Ïóñòü V0 � îêðåñòíîñòü òî÷êè p â ýòîé òîïîëîãèè, ïðèíàäëåæàùàÿ
F r(Dn−1

tr ) . Îòìåòèì, ÷òî äëÿ ëþáîé òî÷êè q ∈ V0 èìååò ìåñòî âêëþ÷åíèå θ(q) ∈ U , òàêêàê q ∈ F r(Dn−1
tr ) ⊂ · · · ⊂ F (Dn−1

t1 ) ⊂ Dn−1
t0 . Íàøà çàäà÷à � ñäåëàòü èç V0 "îáúåìíóþ"îêðåñòíîñòü òî÷êè p â Dn−1

1 .Òàê êàê θ(p) = {t0, t1, . . . , ti, . . .} ∈ ∏
g , ãäå t0 = g(t1) , t1 = g(t2) , t2 = g(t3) , . . .

ti = g(ti+1) , i ≥ 0 , òî t0 = g(t1) = g2(t2) = . . . = gi(ti) , t1 = g(t2) = g2(t3) = . . . = gi−1(ti) ,
t2 = g(t3) = g2(t4) = . . . = gi−2(ti), . . . , ti = gi−j(ti) äëÿ âñåõ 1 ≤ j ≤ i è íåêîòîðîãî i .Ïîýòîìó θ(p) = {t0, t1, . . . , ti−1, ti, . . .} = {gi(ti), gi−1(ti), . . . , g(ti), ti, . . .} .Ïîñêîëüêó äëÿ òî÷êè θ(p) â åå îêðåñòíîñòè U , çàäàííîé ÷èñëàìè r ∈ Nè ε > 0 , âûïîëíÿåòñÿ ðàâåíñòâî tr−j = gj(tr) äëÿ âñåõ 1 ≤ j ≤ r ,à îòîáðàæåíèå g íåïðåðûâíîå, òî ñóùåñòâóåò òàêîå 0 < δ ≤ ε , ÷òî |xr −
tr| < δ âëå÷åò |xi − ti| < ε äëÿ âñåõ i = 0 , . . . , r , ñì. ðèñ. 1.2.

Æóðíàë ÑÂÌÎ. 2010. Ò. 12, � 1



64 Å. Â. Æóæîìà, Í. Â. Èñàåíêîâà, Ë. À. Êóïðèíà
…

g

e+
r

te-
r
t rt

d+r
t

d-r
te+

-1r
te-

-1r
t

1-rt

g

e+
1
t

e-
1
t

1
t

g

e+
0

te-
0
t

0
t

� è ñ ó í î ê 1.2Ñëåäîâàòåëüíî, F j(Dn−1
tj−δ,tj+δ

) ⊂ Dn−1
t0−ε,t0+ε äëÿ âñåõ j = 0 , . . . , r . Ìíîæåñòâî

F r(Dn−1
tr−δ,tr+δ) èìååò âèä Dn−1

t0−ν1,t0+ν2 äëÿ íåêîòîðûõ ν1, ν2 > 0 . Òîãäà ìíîæåñòâî (S1 ×
V0) ∩ Dn−1

t0−ν1,t0+ν2

def
= V ÿâëÿåòñÿ èñêîìîé "îáúåìíîé" îêðåñòíîñòüþ òî÷êè p â Bn . Èçîïðåäåëåíèÿ îòîáðàæåíèé F è θ âûòåêàåò, ÷òî θ(q) ∈ U äëÿ ëþáîé òî÷êè q ∈ V . Ñëåäî-âàòåëüíî, θ � íåïðåðûâíîå îòîáðàæåíèå. Àíàëîãè÷íûì îáðàçîì äîêàçûâàåòñÿ íåïðåðûâ-íîñòü îòîáðàæåíèÿ θ−1 . Òàêèì îáðàçîì, θ � ãîìåîìîð�èçì.Äîêàæåì ðàâåíñòâî θ ◦ F |Sol (F ) = ĝ ◦ θ , êîòîðîå ìîæíî ïðåäñòàâèòü â âèäå êîììóòà-òèâíîé äèàãðàììû

Sol (F )
F−→ Sol (F )

↓ θ ↓ θ
∏

g

bg−→ ∏
gÑîãëàñíî ëåììå 1.2., ëþáîé òî÷êå p ∈ Sol (F ) ñîîòâåòñòâóåò åäèíñòâåííàÿ ïîñëåäîâà-òåëüíîñòü θ(p) = {t0, t1, . . . , ti, . . .} , ãäå ti = g(ti+1) , i ≥ 0 . Îáðàç òî÷êè θ(p) îòíîñèòåëüíîîòîáðàæåíèÿ ĝ :

∏
g →

∏
g åñòü ïî îïðåäåëåíèþ

ĝ ({t0, t1, . . . , ti, . . .}) = {g(t0), t0, t1, . . . , ti . . .}.Èç óñëîâèÿ (1.2) âûòåêàåò, ÷òî F (p) ∈ F ({t0} × Dn−1) ⊂ {g(t0)} × Dn−1 . Â ñèëó ëåì-ìû 1.2., îáðàçîì òî÷êè F (p) îòíîñèòåëüíî îòîáðàæåíèÿ θ ÿâëÿåòñÿ ïîñëåäîâàòåëüíîñòü
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×èñëåííûé àíàëèç ðåàêöèîííîé ñïîñîáíîñòè îëå�èíîâûõ è àöåòèëåíîâûõ . . . 67ÓÄÊ 517.958:537.84×èñëåííûé àíàëèç ðåàêöèîííîé ñïîñîáíîñòèîëå�èíîâûõ è àöåòèëåíîâûõ ñîåäèíåíèé â ðåàêöèèöèêëîàëþìèíèðîâàíèÿ© Þ. Ñ. Ëàâðåíòüåâà1, È. Ì. �óáàéäóëëèí2, �. Í. Êàäèêîâà3,È. �. �àìàçàíîâ4Àííîòàöèÿ. Ïîëó÷åíà êîëè÷åñòâåííàÿ èí�îðìàöèÿ î ïîâåäåíèè ðåàêöèîííîé ñïîñîáíîñòèîëå�èíîâûõ è àöåòèëåíîâûõ ñîåäèíåíèé â ðåàêöèè öèêëîàëþìèíèðîâàíèÿ ïóòåì ïðîâåäå-íèÿ âû÷èñëèòåëüíîãî ýêñïåðèìåíòà íà îäíîïðîöåññîðíûõ âû÷èñëèòåëüíûõ ñèñòåìàõ. Ìîëü-íûå ñîîòíîøåíèÿ íà÷àëüíûõ äàííûõ êàòàëèçàòîðà è òðèýòèëàëþìèíèÿ, à òàêæå òåìïåðàòó-ðû ïðîâåäåíèÿ èçîòåðìè÷åñêîé ðåàêöèè, âàðüèðîâàëèñü â îïðåäåëåííîé ïîñëåäîâàòåëüíîñòè.×èñëåííî ïîäòâåðæäåíû ðåçóëüòàòû íàòóðíûõ ýêñïåðèìåíòîâ. Cäåëàíû ïðîãíîçû ïîâåäåíèÿðåàêöèè â îáëàñòÿõ, òðóäíî ðåàëèçóåìûõ íà ëàáîðàòîðíûõ óñòàíîâêàõ.Êëþ÷åâûå ñëîâà: íàòóðíûé è âû÷èñëèòåëüíûé ýêñïåðèìåíò, ñðàâíåíèå èçìåíåíèé ñêîðî-ñòåé ñòàäèé, èíòåðâàëû ïîèñêà êèíåòè÷åñêèõ ïàðàìåòðîâÏðè èçó÷åíèè ðåàêöèîííîé ñïîñîáíîñòè òåõ èëè èíûõ âåùåñòâ íåîáõîäèìî ïðîâîäèòüíàòóðíûé ýêñïåðèìåíò ïðè ðàçíûõ íà÷àëüíûõ äàííûõ îá èñõîäíûõ ðåàãåíòàõ è ïðè ðàç-íûõ óñëîâèÿõ ïðîâåäåíèÿ ýêñïåðèìåíòà.Êàê èçâåñòíî, íà ïîäãîòîâêó è ïðîâåäåíèå íàòóðíîãî ýêñïåðèìåíòà óõîäèò ìíîãî âðå-ìåíè è ñðåäñòâ. Èíîãäà ïðèõîäèòñÿ äëÿ êàæäîãî îïûòà ðàçðàáàòûâàòü ñïåöèàëüíóþ èç-ìåðèòåëüíóþ àïïàðàòóðó è ìåòîäèêó èçìåðåíèÿ, ÷òîáû ïîëó÷èòü êà÷åñòâåííóþ è êîëè÷å-ñòâåííóþ èí�îðìàöèþ î ïîâåäåíèè èçó÷àåìîãî îáúåêòà.Â Èíñòèòóòå íå�òåõèìèè è êàòàëèçà �ÀÍ (ÈÍÊ �ÀÍ) âåäóòñÿ èññëåäîâàíèÿ ñëîæ-íûõ ðåàêöèé, êàòàëèçèðóåìûõ ìåòàëëîêîìïëåêñíûìè êàòàëèçàòîðàìè, ïóòåì ïàðàëëåëü-íîãî ïðîâåäåíèÿ íàòóðíîãî è âû÷èñëèòåëüíîãî ýêñïåðèìåíòà [1℄. Âû÷èñëèòåëüíûé ýêñ-ïåðèìåíò ïðîâîäèòñÿ ñ èñïîëüçîâàíèåì èí�îðìàöèîííî-àíàëèòè÷åñêîé ñèñòåìû (ÈÀÑ),ðàçðàáîòàííîé â ëàáîðàòîðèè ìàòåìàòè÷åñêîé õèìèè. ÈÀÑ âêëþ÷àåò ìàòåìàòè÷åñêèå ìî-äåëè ïðÿìîé è îáðàòíîé êèíåòè÷åñêèõ çàäà÷, ìåòîäû è àëãîðèòìû èõ ðåøåíèÿ, à òàêæåñèñòåìó óïðàâëåíèÿ áàçîé äàííûõ êèíåòè÷åñêèõ èññëåäîâàíèé [2℄. Ïðÿìàÿ êèíåòè÷åñêàÿçàäà÷à - ýòî çàäà÷à ðàñ÷åòà ñîñòàâà ðåàãèðóþùåé ñìåñè ïî çàäàííîé êèíåòè÷åñêîé ìîäåëè.Ìàòåìàòè÷åñêîå îïèñàíèå ïðÿìîé çàäà÷è ñîñòîèò èç ñèñòåìû îáûêíîâåííûõ íåëèíåéíûõäè��åðåíöèàëüíûõ óðàâíåíèé (ÑÎÍÄÓ):
dXi

dt
= Fi, i = 1...M ;

Fi =
N∑
j=1

Sijwj;

wj = Pj ∗
M∏
i=1

(Xi)
abs(αij ) −Qj ∗

M∏
i=1

(Xi)
abs(βij)

Pj = P 0
j ∗ exp(−EP

j

RT
)

Qj = Q0
j ∗ exp(−

EQ
j

RT
)1Àñïèðàíò, Èíñòèòóò íå�òåõèìèè è êàòàëèçà �ÀÍ, ã.Ó�à; uliyalavr�mail.ru.2Ñòàðøèé íàó÷íûé ñîòðóäíèê ëàáîðàòîðèè ìàòåìàòè÷åñêîé õèìèè, Èíñòèòóò íå�òåõèìèè è êàòàëèçà�ÀÍ, ã. Ó�à; irekmars�mail.ru.3Àñïèðàíò, Èíñòèòóò íå�òåõèìèè è êàòàëèçà �ÀÍ, ã.Ó�à4Ñòàðøèé íàó÷íûé ñîòðóäíèê ëàáîðàòîðèè êàòàëèòè÷åñêîãî ñèíòåçà, Èíñòèòóò íå�òåõèìèè è êàòàëèçà�ÀÍ, ã.Ó�à Æóðíàë ÑÂÌÎ. 2010. Ò. 12, � 1



68 Þ. Ñ. Ëàâðåíòüåâà, È. Ì. �óáàéäóëëèí, �. Í. Êàäèêîâà, È. �. �àìàçàíîâñ íà÷à÷àëüíûìè óñëîâèÿìè: ïðè t=0, Xi(0) = X0
i ,ãäå Xi � êîíöåíòðàöèè âåùåñòâ (ìîëüíûå äîëè), ó÷àñòâóþùèõ â ðåàêöèè; M � êî-ëè÷åñòâî âåùåñòâ; N � êîëè÷åñòâî ñòàäèé; Sij � ñòåõèîìåòðè÷åñêàÿ ìàòðèöà; wj �ñêîðîñòü j-îé ñòàäèè (1/c) ; Pj, Qj � ïðèâåäåííûå êîíñòàíòû ñêîðîñòè ïðÿìîé è îáðàòíîéðåàêöèè (1/ñ) ñîîòâåòñòâåííî; EP

j , E
Q
j � ýíåðãèè àêòèâàöèè ïðÿìîé è îáðàòíîé ðåàêöèè(êÄæ/ìîëü) ñîîòâåòñòâåííî; R � ãàçîâàÿ ïîñòîÿííàÿ, ðàâíàÿ 8,31 Äæ/(ìîëü ·Ê); T �òåìïåðàòóðà, K; aij � îòðèöàòåëüíûå ýëåìåíòû Sij , bij - ïîëîæèòåëüíûå ýëåìåíòû Sij .Îáðàòíàÿ êèíåòè÷åñêàÿ çàäà÷à - ýòî çàäà÷à âîññòàíîâëåíèÿ ïî ýêñïåðèìåíòàëüíîìóìàòåðèàëó âèäà êèíåòè÷åñêîé ìîäåëè è åå ïàðàìåòðîâ.Ïîèñê êèíåòè÷åñêèõ êîíñòàíò îñóùåñòâëÿåòñÿ ìíîãîêðàòíûì ðåøåíèåì ïðÿìîé êèíå-òè÷åñêîé çàäà÷è è ìèíèìèçàöèåé êðèòåðèÿ îòêëîíåíèÿ (ÅÅ) ýêñïåðèìåíòàëüíûõ XE

lj èðàñ÷åòíûõ XR
lj äàííûõ .

EE =

K∑

i=1

M∑

j=1

abs(XE
ij −XR

ij )ãäå K � êîëè÷åñòâî òî÷åê çàìåðîâ, M � êîëè÷åñòâî âåùåñòâ.Â ëàáîðàòîðèè êàòàëèòè÷åñêîãî ñèíòåçà ÈÍÊ �ÀÍ, â ãðóïïå ïîä ðóêîâîäñòâîì ê.õ.í.,äîöåíòà �àìàçàíîâà È.�., âåäóòñÿ èññëåäîâàíèÿ ïî îïðåäåëåíèþ ðåàêöèîííîé ñïîñîáíîñòèîëå�èíîâûõ è àöåòèëåíîâûõ ñîåäèíåíèé â ðåàêöèè öèêëîàëþìèíèðîâàíèÿ. Â êà÷åñòâåïðåäâàðèòåëüíîé ñõåìû âûøåóêàçàííîé ðåàêöèè âçÿòà ñõåìà èç ðàáîòû [3℄:
A1 + 1

2
A2 ⇋

1
2
A3 + 1

2
A4

A1 + A3 = A4 + A12

A3 +A4 = A1 + 1
2
A13 + 1

2
A6

A3 = A5 + A13

A5 + A1 = A8 + A13

A5 + A9 = A10

A1 + A10 = A3 + A11

A6 + 2A1 = 2A4 + A7

A7 = A3 + A5

w1 = p1X1X
0.5
2 − q1X

0.5
3 X0.5

4

w2 = p2X1X3

w3 = p3X3X4

w4 = p4X3

w5 = p5X1X5

w6 = p6X5X9

w7 = p7X1X10

w8 = p8X1X
0.5
6

w9 = p9X7 ,Â êà÷åñòâå Ai âûñòóïàþò âåùåñòâà:
A1 = Al(C2H5)3

A2 = (C5H5)2ZrCl2
A3 = (C5H5)2Zr(C2H5)Cl ·Al(C2H5)3

A4 = ClAl(C2H5)2

A5 = (C5H5)2ZrCH2CH2Al(Cl)(C2H5)2

A6 = (Cl)(C5H5)2ZrCH2CH2Zr(C5H5)2(Cl) · 2[ClAl(C2H5)2]
A7 = (Cl)(C5H5)2ZrCH2CH2Zr(C5H5)2(Cl) · 2[Al(C2H5)3]
A8 = (C5H5)2Zr(Cl)CH2CH [Al(C2H5)2]2
A9 = CH2CHR
A10 = (C5H5)2Zr(Cl)CH2CHRCH2CH2Al(C2H5)2

A11 = (C2H5)Al(CH2)3CHR
A12 = (C5H5)2Zr(C2H5)2 · Al(C2H5)3

A13 = C2H6Â äàííîé ðàáîòå áûëè îïðåäåëåíû êèíåòè÷åñêèå ïàðàìåòðû òîëüêî ïðè îäíîé òåìïå-ðàòóðå ( 25oC ) è ðàññìîòðåíà ðåàêöèÿ öèêëîàëþìèíèðîâàíèÿ ñ òðåìÿ îëå�èíàìè (ãåêñåí-1, ñòèðîë, âèíèëòðèýòèëñèëàí). Äëÿ ïîñòðîåíèÿ ïîëíîé êèíåòè÷åñêîé ìîäåëè íåîáõîäèìîÆóðíàë ÑÂÌÎ. 2010. Ò. 12, � 1



×èñëåííûé àíàëèç ðåàêöèîííîé ñïîñîáíîñòè îëå�èíîâûõ è àöåòèëåíîâûõ . . . 69îïðåäåëèòü ýíåðãèè àêòèâàöèè âñåõ îòäåëüíûõ ñòàäèé, ò.å. ïîëó÷èòü çàâèñèìîñòü ñêîðîñòèðåàêöèè îò òåìïåðàòóðû. Îáðàòíàÿ çàäà÷à áûëà ðåøåíà íà îñíîâå íàòóðíîãî ýêñïåðèìåí-òà ïðè òåìïåðàòóðàõ 0o, 18o, 25o, 30o, 40o, 50oC äëÿ ðàçëè÷íûõ îëå�èíîâ (îêòåí-1, àëëèë-íà�òàëèí, ñòèðîë, àëëèëáåíçîë, íîðáîðíåí, òðèìåòèëâèíèëñèëàí) è àöåòèëåíîâ (îêòèí-1,�åíèëàöåòèëåí, îêòèí-4).Îòïðàâíîé òî÷êîé ïðè ðåøåíèè îáðàòíîé çàäà÷è ìåòîäîì ïàðàáîëè÷åñêîãî ñïóñêà ÿâ-ëÿëèñü çíà÷åíèÿ êîíñòàíò ïðè 25 ◦Ñ [4℄, ïîëó÷åííûå â ðàáîòå [3℄. Â òàáëèöå 1 ïðèâåäåíûíàéäåííûå çíà÷åíèÿ êèíåòè÷åñêèõ êîíñòàíò ïðè âñåõ ðàññìàòðèâàåìûõ òåìïåðàòóðàõ.

Òàáëèöà 1. Êèíåòè÷åñêèå ïàðàìåòðû äëÿ ðåàêöèè öèêëîàëþìèíèðîâàíèÿ ñ îëå�èíîì îêòåí-1Ñðàâíåíèå ðàñ÷åòíûõ ñ ýêñïåðèìåíòàëüíûìè äàííûìè ïðåäñòàâëåíû íà ðèñóíêå 1:

�èñóíîê 1.�ðà�èêè ñîîòâåòñòâèé ýêñïåðèìåíòàëüíûõ äàííûõ è ðàñ÷åòíûõ çíà÷åíèé ïðîäóêòàöèêëîàëþìèíèðîâàíèÿ (C2H5)Al(CH2)3CHR (îêòåí-1)Íà îñíîâàíèè ïîëó÷åííûõ ðåçóëüòàòîâ ìîæíî ñäåëàòü ñëåäóþùèå âûâîäû:1. Ñëàáàÿ òåíäåíöèÿ ðîñòà k7 â ñëó÷àå îêòèí-4 ñ óâåëè÷åíèåì òåìïåðàòóðû ìîæåò áûòüñâÿçàíà ñ áîëüøèìè ñòåðè÷åñêèìè (ïðîñòðàíñòâåííûìè) çàòðóäíåíèÿìè, âîçíèêàþùèìèíà ñòàäèè ïåðåìåòàëëèðîâàíèÿ. Æóðíàë ÑÂÌÎ. 2010. Ò. 12, � 1



70 Þ. Ñ. Ëàâðåíòüåâà, È. Ì. �óáàéäóëëèí, �. Í. Êàäèêîâà, È. �. �àìàçàíîâ2. �åàêöèîííàÿ ñïîñîáíîñòü îêòèí-1 âûøå, ÷åì ó îêòèí-4, ÷òî ìîæåò áûòü âûçâàíîáîëüøåé ïîëÿðèçàöèåé ñâÿçåé â îêòèí-1.Íà ðèñóíêå 2 ïðåäñòàâëåíû ãðà�èêè çàâèñèìîñòåé ñêîðîñòåé 6 è 7 ñòàäèé îò âðåìå-íè, èç êîòîðûõ ìîæíî ñäåëàòü âûâîä î òîì, ÷òî â íà÷àëüíûé ìîìåíò âðåìåíè ðåàêöèèïðîèñõîäèò íàêîïëåíèå êàòàëèòè÷åñêè àêòèâíûõ êîìïîíåíòîâ, êîòîðîå ïðèâîäèò ê óâå-ëè÷åíèþ ñêîðîñòè 6 è 7 ñòàäèé. Ïî ìåðå ïðîòåêàíèÿ ðåàêöèè, êîíöåíòðàöèè ðåàãåíòîâóìåíüøàþòñÿ, âñëåäñòâèå ÷åãî íàáëþäàåòñÿ ìàêñèìóì íà ãðà�èêå çàâèñèìîñòè ñêîðîñòèîò âðåìåíè.

�èñóíîê 2Íà ðèñóíêå 3 ïðåäñòàâëåíû ãðà�èêè çàâèñèìîñòåé ñêîðîñòåé 6 ñòàäèè îò âðåìåíè äëÿðàçíûõ îëå�èíîâ è àöåòèëåíîâ. Â òàáëèöàõ 2, 3 ïðèâåäåíû çíà÷åíèÿ òî÷åê ìàêñèìóìà.

�èñóíîê 3

Òàáëèöà 2Æóðíàë ÑÂÌÎ. 2010. Ò. 12, � 1



71

Òàáëèöà 3�àññìîòðèì èçìåíåíèÿ ñêîðîñòè 6 ñòàäèè äëÿ ðàçëè÷íûõ òåìïåðàòóð íà ïðèìåðåîêòèí-1. Ñ óâåëè÷åíèåì òåìïåðàòóðû íàáëþäàåòñÿ ñìåùåíèå ìàêñèìóìà ê íà÷àëüíîìóìîìåíòó âðåìåíè è óâåëè÷åíèå ñêîðîñòè ðåàêöèè (ðèñóíîê 4).

�èñóíîê 4Ïðè ðåøåíèè îáðàòíîé çàäà÷è ïðèõîäèëîñü ðåøàòü ïðÿìóþ çàäà÷ó ñ òî÷íîñòüþ 10−3 ,÷òî áûëî âûçâàíî íåîáõîäèìîñòüþ ðåøåíèÿ ñèñòåìû äè��åðåíöèàëüíûõ óðàâíåíèé çàðàçóìíîå âðåìÿ.Ïîëó÷åííûå çíà÷åíèÿ êîíñòàíò áûëè âçÿòû â êà÷åñòâå íà÷àëüíûõ ïðèáëèæåíèé äëÿàäàïòàöèè ê ðàññìàòðèâàåìûì çàäà÷àì ÷èñëåííûõ ìåòîäîâ ðåøåíèÿ æåñòêèõ ñèñòåì äè�-�åðåíöèàëüíûõ óðàâíåíèé.Ñïèñîê ëèòåðàòóðû1. Ç.Ì. Öàðåâà, Å.À. Îðëîâà Òåîðåòè÷åñêèå îñíîâû õèìòåõíîëîãèè - Êèåâ: ÂØ, 1986ã.- 271ñ.2. �óáàéäóëëèí È.Ì., Ñïèâàê Ñ.È. Èí�îðìàöèîííî-àíàëèòè÷åñêàÿ ñèñòåìà îáðàòíûõçàäà÷ õèìè÷åñêîé êèíåòèêè// Ñèñòåìû óïðàâëåíèÿ è èí�îðìàöèîííûå òåõíîëîãèè,2008, 1.1(31). - Ñ. 150-1533. À.Â.Áàëàåâ, Ë.Â.Ïàð�åíîâà, Ñ.Â.�óñàêîâ, È.Ì.�óáàéäóëëèí, Ñ.È.Ñïèâàê,Ë.Ì.Õàëèëîâ, Ó.Ì.Äæèìåëåâ. Ìåõàíèçì ðåàêöèè öèêëîàëþìèíèðîâàíèÿ àëêå-íîâ òðèýòèëàëþìèíèåì â àëþìàöèêëîïåíòàíû, êàòàëèçèðóåìîé Cp2ZrCl2 .// ÄÀÍ,2001, òîì 381, �3. Æóðíàë ÑÂÌÎ. 2010. Ò. 12, � 1



72 4. À.ß. �îçîâñêèé �åòåðîãåííûå õèìè÷åñêèå ðåàêöèè (êèíåòèêà è ìàêðîêèíåòèêà) Ì.:Íàóêà, 1980. 324ñ. Äàòà ïîñòóïëåíèÿ 05.05.2010

Æóðíàë ÑÂÌÎ. 2010. Ò. 12, � 1



73Numerial analysis of the reativity of ole�ni andaetyleni ompounds in the yloalumination reation.© Y. S. Lavrent'eva5, I. M. Gubaidullin6, R. N. Kadikova7, I. R. Ramazanov8Abstrat. Quantitative information about the behavior and reativity of ole�ni and aetyleniompounds in the yloalumination reation is obtained. Numerial experiments is ondutedon single-proessor omputer systems. Molar ratio of the initial data of the atalyst andtriethylaluminium and the temperature of the isothermal reation varied in a ertain sequene.The results of experiments are on�rmed numerially. Reation behavior preditions in the areasdi�ult produed in laboratory settings is done.Key Words: natural and omputer experiment, a omparison of hanges in the stage rates, thesearh intervals of the kineti parameters Referenes1. Tsarev Z.M., Orlova E.A. Theoretial basis Chimtehologiya - Kiev: HS, 1986. - 271s.2. Gubaidullin I.M., Spivak S.I. Information-analytial system of inverse problems of hemial kinetis //Control Systems and Information Tehnology, 2008, 1.1 (31). - S. 150-1533. Balaev A.V., Parfenova L.V. Gubaidullin I.M., Rusakov S.V., Spivak S.I., Khalilov L.M., DzhemilevU.M. The Mehanism of Cp2ZrCl2-Catalyzed Alkene Cyloalumination with Triethylaluminum to GiveAlumaylopentanes.// J. Doklady Physial Chemistry, 2004, V. 381, �3.4. Rozovsky A.Y. Heterogeneous hemial reations (kinetis and mirokinetis), Mosow: Nauka, 1980.324s.5Postgraduate, Institute of Petrohemistry and Catalysis, RAS, Ufa; uliyalavr�mail.ru.6Chief researher of the Mathematial hemistry laboratory, the Institute of petrohemistry and atalysis,RAS, Ufa; irekmars�mail.ru.7Postgraduate, Institute of Petrohemistry and Catalysis, RAS, Ufa8Chief researher of the atalyti synthesis laboratory, the Institute of petrohemistry and atalysis, RAS,Ufa
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74 È. Ñ. ÏîòàïîâàÓÄÊ 517.938Ïîëíàÿ óïðàâëÿåìîñòü ëèíåéíûõ ñèñòåìäè��åðåíöèàëüíûõ óðàâíåíèé ñ ïåðåìåííûìèêîý��èöèåíòàìè© È. Ñ. Ïîòàïîâà1Àííîòàöèÿ. Â ñòàòüå èçó÷àåòñÿ ïðîáëåìà ïîëíîé óïðàâëÿåìîñòè ëèíåéíîé ñèñòåìû äè��å-ðåíöèàëüíûõ óðàâíåíèé ñ óïðàâëåíèåì ñïåöèàëüíîãî âèäà, íàéäåíû íåîáõîäèìûå è äîñòà-òî÷íûå óñëîâèÿ ïîëíîé óïðàâëÿåìîñòè, èññëåäóåòñÿ ïðîáëåìà ïðèâåäåíèÿ ìàòðèöû ñ ïåðå-ìåííûìè ê äèàãîíàëüíîìó âèäó, íàéäå-íû íåîáõîäèìûå è äîñòàòî÷íûå óñëîâèÿ íåîñîáåííîãîïðåîáðàçîâàíèÿ.Êëþ÷åâûå ñëîâà: ëèíåéíûå ñèñòåìû äè��åðåíöèàëüíûõ óðàâíåíèé, ïîëíàÿ óïðàâëÿå-ìîñòü, �óíäàìåíòàëüíàÿ ìàòðèöà.1. Ââåäåíèå�àññìàòðèâàåòñÿ ñèñòåìà äè��åðåíöèàëüíûõ óðàâíåíèé âèäà
ẋ = A(t)x+B(t)u, (1.1)ãäå A(t) � n× n, B(t) � n×m ìàòðèöû, u � m -ìåðíûé âåêòîð-óïðàâëåíèå.Ïðåäïîëîæèì, ÷òî íà ñåãìåíòå [0, T ] ìàòðèöû A(t) è B(t) îïðåäåëåíû è íåïðåðûâíû,ãäå T > 0 � íåêîòîðîå ÷èñëî. Ìíîæåñòâî äîïóñòèìûõ óïðàâëåíèé îïðåäåëèì ðàâåíñòâîì

U = {u(t)} , â êîòîðîì u(t) êóñî÷íî-íåïðåðûâíàÿ íà ñåãìåíòå [0, T ] .Î ï ð å ä å ë å í è å 1.1. Ñèñòåìà (1.1) íàçûâàåòñÿ âïîëíå óïðàâëÿåìîé íà ñåã-ìåíòå [0, T ] âî ìíîæåñòâå äîïóñòèìûõ óïðàâëåíèé U , åñëè äëÿ ëþáûõ âåêòîðîâ αè β ïðîñòðàíñòâà E
n ñóùåñòâóåò óïðàâëåíèå u(t) ∈ U , ïðè êîòîðîì ñèñòåìà (1.1)èìååò ðåøåíèå x(t) ∈ En , îïðåäåëåííîå íà ñåãìåíòå [0, T ] , óäîâëåòâîðÿþùåå êðàåâûìóñëîâèÿì x(0, α, u) = α , x(T, α, u) = β .2. Ïîñòàíîâêà çàäà÷èÑòàâèòñÿ çàäà÷à � íàéòè óñëîâèÿ ïîëíîé óïðàâëÿåìîñòè ëèíåéíîé ñèñòåìû äè��åðåí-öèàëüíûõ óðàâíåíèé ñ ïåðåìåííûìè êîý��èöèåíòàìè (1.1) íà ñåãìåíòå [0, T ] âî ìíîæå-ñòâå äîïóñòèìûõ óïðàâëåíèé U .Ïóñòü X(t) � �óíäàìåíòàëüíàÿ ìàòðèöà ñèñòåìû ẋ = A(t)x , X(0) = E , u(t) � ïðî-èçâîëüíàÿ, íî �èêñèðîâàííàÿ âåêòîð-�óíêöèÿ. Òîãäà ðåøåíèå ñèñòåìû (1.1) îïðåäåëèòñÿðàâåíñòâîì
x(t, α, u) = X(t)α +X(t)

t∫

0

X−1(ξ)B(ξ)u(ξ)dξ.1Àñïèðàíò êà�åäðû Ìàòåìàòèêè è ÌÏÌÄ, �ÿçàíñêèé ãîñóäàðñòâåííûé óíèâåðñèòåò èìåíè Ñ. À. Åñå-íèíà, ã. �ÿçàíü; irina00000�yandex.ru.Æóðíàë ÑÂÌÎ. 2010. Ò. 12, � 1



Ïîëíàÿ óïðàâëÿåìîñòü ëèíåéíûõ ñèñòåì äè��åðåíöèàëüíûõ óðàâíåíèé ñ . . . 75Ñëåäîâàòåëüíî, äëÿ òîãî, ÷òîáû ñèñòåìà (1.1) áûëà âïîëíå óïðàâëÿåìîé âî ìíîæåñòâåäîïóñòèìûõ óïðàâëåíèé U , íåîáõîäèìî è äîñòàòî÷íî, ÷òîáû äëÿ ëþáûõ âåêòîðîâ α ∈ E
nè β ∈ E

n ñóùåñòâîâàëî äîïóñòèìîå óïðàâëåíèå u(t) ∈ U , óäîâëåòâîðÿþùåå ðàâåíñòâó
T∫

0

X−1(t)B(t)u(t)dt = γ, (2.1)â êîòîðîì γ = X−1(T )β − α .Îïðåäåëèì ìíîæåñòâî óïðàâëåíèé
U = {u(t) : u(t) = R(t)v}, (2.2)

R(t) = (rij(t))
mn
11 , rij(t) =

k∑
λ=1

r
(λ)
ij ϕλ(t) , r(λ)

ij � äåéñòâèòåëüíûå ÷èñëà, ïðè ëþáîì λ ∈ 1, k

ϕλ(t) � èçâåñòíûå �óíêöèè, îïðåäåëåííûå è êóñî÷íî-íåïðåðûâíûå íà ñåãìåíòå [0, T ] , v� n -ìåðíûé ïîñòîÿííûé âåêòîð.Ñëåäîâàòåëüíî, äëÿ òîãî, ÷òîáû ñèñòåìà (1.1) áûëà âïîëíå óïðàâëÿåìîé âî ìíîæåñòâåäîïóñòèìûõ óïðàâëåíèé U , îïðåäåëåííîì ðàâåíñòâîì (2.2), íåîáõîäèìî è äîñòàòî÷íî,÷òîáû ñóùåñòâîâàëà ìàòðèöà R(t) , óäîâëåòâîðÿþùàÿ íåðàâåíñòâó
det

T∫

0

X−1(t)B(t)R(t)dt 6= 0. Ïóñòü P =
T∫
0

X−1(t)B(t)R(t)dt , r � mnk -ìåðíûé âåêòîð, îïðåäåëåííûé ðàâåíñòâîì
r = (r1, r2, ..., rmn, ..., rmnk) , â êîòîðîì r1 = r

(1)
11 , r2 = r

(1)
21 , ..., rmn = r

(1)
mn, ..., rmnk = r

(k)
mn .Íåïîñðåäñòâåííûì âû÷èñëåíèåì óñòàíàâëèâàåì, ÷òî detP =∑

(i1,i2,...,in)∈D

a(i1,i2,...,in)ri1ri2 ...rin , ãäå D � ìíîæåñòâî ñî÷åòàíèé èç íàòóðàëüíûõ ÷èñåë
1, mnk ïî n .3. Íåîáõîäèìûå è äîñòàòî÷íûå óñëîâèÿ ïîëíîé óïðàâëÿåìîñòèÒ å î ð å ì à 3.1. Äëÿ òîãî ÷òîáû ñèñòåìà (1.1) áûëà âïîëíå óïðàâëÿåìîé íà ñåã-ìåíòå [0, T ] âî ìíîæåñòâå äîïóñòèìûõ óïðàâëåíèé U , îïðåäåëåííîì ðàâåíñòâîì (2.2),íåîáõîäèìî è äîñòàòî÷íî, ÷òîáû ñóùåñòâîâàëî õîòÿ áû îäíî ñî÷åòàíèå (i1, i2, ..., in) ∈
D , ïðè êîòîðîì a(i1,i2,...,in) 6= 0 .Ñîãëàñíî òåîðåìå 3.1 äëÿ ðåøåíèÿ ïðîáëåìû ïîëíîé óïðàâëÿåìîñòè êîíêðåòíûõ ëè-íåéíûõ ñèñòåì äè��åðåíöèàëüíûõ óðàâíåíèé ñ ïåðåìåííûìè êîý�èöèåíòàìè íåîáõîäèìîèìåòü ÿâíîå ïðåäñòàâëåíèå �óíäàìåíòàëüíîé ìàòðèöû ñèñòåìû ẋ = A(t)x .4. Ïðèâåäåíèå ìàòðèöû ñ ïåðåìåííûìè êîý��èöèåíòàìè ê äèà-ãîíàëüíîìó âèäó Æóðíàë ÑÂÌÎ. 2010. Ò. 12, � 1



76 È. Ñ. ÏîòàïîâàÒ å î ð å ì à 4.1. Ïóñòü A(t) � n×n ìàòðèöà, îïðåäåëåííàÿ íà ñåãìåíòå [0, T ] .Òîãäà äëÿ òîãî ÷òîáû óùåñòâîâàëè ïîñòîÿííàÿ íåîñîáåííàÿ ìàòðèöà Y è äèàãîíàëü-íàÿ ìàòðèöà C(t) , óäîâëåòâîðÿþùèå ðàâåíñòâó
A(t)Y = Y B(t), (4.1)íåîáõîäèìî è äîñòàòî÷íî, ÷òîáû1. ìàòðèöó A(t) ìîæíî ïðåäñòàâèòü ñëåäóþùèì ðàâåíñòâîì
A(t) =

m∑

s=1

Asfs(t), (4.2)â êîòîðîì m ≤ n , ìàòðèöû As ïîñòîÿííûå, fs(t) � èçâåñòíûå è îïðåäåëåííûå íàïðîìåæóòêå [0, T ] �óíêöèè, ïðè ëþáîì s ∈ 1, n

As = kshs, (4.3)
ks = colon(k1s, k2s, ..., kns), kis ∈ R , hs = colon(hs1, hs2, ..., hsn), hsj ∈ R , K =
(k1, k2, ..., km) � n×m ïîñòîÿííàÿ ìàòðèöà, rang(K) = m;2. ïðè ëþáûõ i, j ∈ {1, ..., n} âûïîëíÿþòñÿ ñîîòíîøåíèÿ

i 6= j(hi, kj) = 0, (4.4)
i = j(hi, ki) 6= 0, (4.5)

(·, ·) � ñêàëÿðíîå ïðîèçâåäåíèå.5. Âû÷èñëåíèå âåêòîðîâ hs , ks óäîâëåòâîðÿþùèõ ñîîòíîøåíèÿì(4.4), (4.5)Ïóñòü ìàòðèöà A(t) îïðåäåëåíà ðàâåíñòâîì
A(t) = A1f1(t) + A2f2(t) + ...+ Amfm(t), (5.1)â êîòîðîì ïðè ëþáîì s ∈ 1, m , As = (a

(s)
ij )n1 , a(s)

ij � ïîñòîÿííûå äåéñòâèòåëüíûå ÷èñëà,
fs(t) � íåïðåðûâíàÿ �óíêöèÿ íà ñåãìåíòå [0, T ] . Èíòåðåñ ïðåäñòàâëÿåò òîò ñëó÷àé, êîãäà
As - íåíóëåâàÿ ìàòðèöà.Ïóñòü s ∈ 1, m ïðîèçâîëüíîå, íî �èêñèðîâàííîå ÷èñëî. Çàìåòèì, ÷òî hsks = (hisksj)

n
1ìàòðèöà. Íàéäåì óñëîâèÿ, ïðè êîòîðûõ âûïîëíÿåòñÿ ðàâåíñòâî

(a
(s)
ij )n1 = (hisksj)

n
1 . (5.2)Äëÿ ïðîñòîòû ðàññóæäåíèÿ ïðåäïîëîæèì, ÷òî îòëè÷íûì îò íóëÿ ÿâëÿåòñÿ ýëåìåíò

a
(s)
11 , òîãäà ñïðàâåäëèâà ñëåäóþùàÿ òåîðåìà.Ò å î ð å ì à 5.1. Äëÿ òîãî ÷òîáû ñóùåñòâîâàëè âåêòîðû hs , ks , óäîâëåòâîðÿþ-ùèå ðàâåíñòâó (5.2) íåîáõîäèìî è äîñòàòî÷íî, ÷òîáû äëÿ ëþáûõ i, j ∈ 1, n âûïîëíÿëîñüðàâåíñòâî

a
(s)
11 a

(s)
ij = a

(s)
i1 a

(s)
1j . (5.3)Æóðíàë ÑÂÌÎ. 2010. Ò. 12, � 1



77Ïðåäïîëîæèì äëÿ îïðåäåëåííîñòè, ÷òî äëÿ ëþáîãî q ∈ 1, m íåíóëåâûì ýëåìåíòîììàòðèöû Aq ÿâëÿåòñÿ ýëåìåíò a
(q)
11 . Òîãäà íà îñíîâàíèè òåîðåìû 5.1 ïîëó÷èì ñïðàâåä-ëèâîñòü ðàâåíñòâà (5.2) ïðè s = q . Ñëåäîâàòåëüíî, kiq =

a
(q)
i1 k1q

a
(q)
11

. Òàêèì îáðàçîì, èìååìðàâåíñòâà
kiq =

a
(q)
i1 k1q

a
(q)
11

, hsj =
a

(s)
1j

k1s
. (5.4)Ïóñòü k∗q = colon(aq11, a

q
21, ..., a

q
n1) , h∗s = (as11, a

s
12, ..., a

s
1n) . Òîãäà èç ðàâåíñòâà (5.4) ñëå-äóåò, ÷òî

kq =
k1q

a
(q)
11

k∗q , hs =
1

k1s
h∗s. (5.5)Ò å î ð å ì à 5.2. Äëÿ òîãî ÷òîáû âåêòîðû kq , hs îïðåäåëåííûå ðàâåíñòâîì(5.5), óäîâëåòâîðÿëè ñîîòíîøåíèÿì (4.4), (4.5) íåîáõîäèìî è äîñòàòî÷íî, ÷òîáû ïðè

(h∗s, k
∗
q) = 0 ïðè q 6= s è (h∗s, k

∗
s) 6= 0 .Ìàòðèöó K∗ îïðåäåëèì ðàâåíñòâîì K∗ = (k∗1, k

∗
2, ..., k

∗
m) .Ò å î ð å ì à 5.3. Äëÿ òîãî ÷òîáû rangK = m (K = (k1, k2, ..., km)) íåîáõîäèìîè äîñòàòî÷íî, ÷òîáû rangK∗ = m .Ò å î ð å ì à 5.4. Åñëè âûïîëíåíû óñëîâèÿ òåîðåì 5.1, 5.2, 5.3, òî íåîñîáåííàÿìàòðèöà Y è äèàãîíàëüíàÿ ìàòðèöà C(t) , óäîâëåòâîðÿþùèå ðàâåíñòâó (4.1), îïðåäå-ëÿþòñÿ ðàâåíñòâàìè

Y = (k1, k2, ..., km, ym+1, ..., yn),

C(t) = diag((h1k1)f1(t), (h2k2)f2(t), ..., (hmkm)fm(t), 0, ..., 0︸ ︷︷ ︸
n−m

).Òàêèì îáðàçîì, ïðèõîäèì ê âûâîäó � òåîðåìû 5.1, 5.2 è 5.3 ïîëíîñòüþ îïèñûâàþò ìíî-æåñòâî ìàòðèö A(t) , îïðåäåëåííûõ ðàâåíñòâîì (5.1), äëÿ êîòîðûõ ñóùåñòâóþò ïîñòîÿííàÿíåîñîáåííàÿ ìàòðèöà Y è äèàãîíàëüíàÿ ìàòðèöà C(t) , óäîâëåòâîðÿþùèå ðàâåíñòâó (4.1)ïðè ëþáîì t ∈ [0, T ] . Ñïèñîê ëèòåðàòóðû1. �åòþíñêèõ Í.Â. Êðèòåðèé ïðèâåäåíèÿ ìàòðèöû ê äèàãîíàëüíîìó èëè òðåóãîëüíî-ìó âèäó ñ ïîìîùüþ ïîñòîÿííîé ìàòðèöû // Èçâåñòèÿ �ÀÅÍ. Äè��åðåíöèàëüíûåóðàâíåíèÿ. � 2002. � �6. � Ñ. 72-76.2. Ëè Ý.Á., Ìàðêóñ Ë. Îñíîâû òåîðèè îïòèìàëüíîãî óïðàâëåíèÿ. � Ì.: Íàóêà, 1972. �574 ñ. Äàòà ïîñòóïëåíèÿ 12.05.2010
Æóðíàë ÑÂÌÎ. 2010. Ò. 12, � 1
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Îá îäíîì ñïîñîáå ïðîäîëæåíèÿ �óíêöèé â ïðîñòðàíñòâàõ Ñ. Ë. Ñîáîëåâà- . . . 79ÓÄÊ 517.9Îá îäíîì ñïîñîáå ïðîäîëæåíèÿ �óíêöèé âïðîñòðàíñòâàõ Ñ. Ë. Ñîáîëåâà-Ë. Í. Ñëîáîäåöêîãî© �. À. Ñìîëêèí1Àííîòàöèÿ. Â ðàáîòå èññëåäîâàíà ïðîáëåìà ïðîäîëæåíèÿ �óíêöèè çà ïðåäåëû ðàññìàòðèâà-åìîé îáëàñòè â íåèçîòðîïíûõ ïðîñòðàíñòâàõ Ñ. Ë. Ñîáîëåâà, Ë. Í. Ñëîáîäåöêîãî ñ ïîìîùüþçàäàíèÿ ñëåäîâ åå ïðîèçâîäíûõ íà ãðàíèöå îáëàñòè. Â äîêàçàòåëüñòâå ñîîòâåòñòâóþùåé òåîðå-ìû èñïîëüçîâàíû ýëåìåíòû òåîðèè ïñåâäîäè��åðåíöèàëüíûõ îïåðàòîðîâ [1,3,4℄, ñïåöèàëüíîåðàçáèåíèå åäèíèöû äâîéñòâåííîé ïåðåìåííîé, ñòàòüÿ Ë. Í. Ñëîáîäåöêîãî [2℄. Ïîëó÷åííûå ðå-çóëüòàòû ìîãóò áûòü ïðèìåíåíû ïðè èçó÷åíèè àïðèîðíûõ îöåíîê â êðàåâûõ çàäà÷àõ äëÿóðàâíåíèé ñ ÷àñòíûìè ïðîèçâîäíûìè.Êëþ÷åâûå ñëîâà: ïðîäîëæåíèå �óíêöèé, ïðîñòðàíñòâà Ñ.Ë.Ñîáîëåâà � Ë.Í.Ñëîáîäåöêîãî,ïñåâäîäè��åðåíöèàëüíûå îïåðàòîðû.Â ñòàòüå ïðèíÿòû ñëåäóþùèå îáîçíà÷åíèÿ:
n− íàòóðàëüíîå ÷èñëî, n ≥ 2, Rn - ìåðíîå åâêëèäîâî ïðîñòðàíñòâî òî÷åê x =
(x1, ..., xn); ξ = (ξ1, ..., ξn) - äâîéñòâåííàÿ ïåðåìåííàÿ,
xξ = x1ξ1 + · · · + xnξn, i

2 = −1 ,
W̃ = W̃ (ξ) =

∫
e−ixξW (x)dx− ïðåîáðàçîâàíèå Ôóðüå �óíêöèè W (x).Åñëè α = (α1, . . . , αn) - ìóëüòèèíäåêñ ñ öåëî÷èñëåííûìè íåîòðèöàòåëüíûìè êîîðäè-íàòàìè, òî

∂αx =
∂|α|

∂xα1
1 . . .∂xαn

n

, |α| = α1 + · · ·+ αn; ∂
j
k =

∂j

∂xjk
, k = 1, . . . , n.Êðîìå ýòîãî, âñþäó íèæå ïðåäïîëàãàåòñÿ, ÷òî U(x) ∈ C∞

0 (Rn) , Ω = {x : x1 > 0}, Γ =
{x : x1 = 0} ; s ≥ 0 , [s]− öåëàÿ ÷àñòü ÷èñëà s ; m− öåëîå íåîòðèöàòåëüíîå ÷èñëî,
µ = 1/(m + 1), λ(ξ) = (1 + |ξ1|2(m+1) + |ξ′|2)µ/2 , x′ = (x2, . . . , xn), y

′ = (y2, . . . , yn), α′ =
(α2, . . . , αn) , ξ′ = (ξ2, . . . , ξn).Íîðìû ‖ · ‖s,m, ‖ · ‖s,m,Ω, ‖ · ‖s,Γ, îïðåäåëÿþòñÿ ñëåäóþùèì îáðàçîì:

‖U‖2
s,m =

∫
|Ũ(ξ)|2λ2s(ξ)dξ,

‖U‖2
s,m,Ω =

∫

Ω

(
∑

j≤[s]

|∂j1U |2 +
∑

|α′|≤[sµ]

|∂α′

x′U |2)dx+ C1,U + C2,U ,

‖U‖2
s,Γ =

∫

Ω

∑

|α′|≤[s]

|∂α′

x′U(0, x′)|2dx′ + C3,U , ãäå
C1,U =

{
0, åñëè s = [s]
∑

j≤[s]

∫
Ω

∫∞

0
dy1

|∂j
1U(x)−∂j

1U(y1,x′)|2

|x1−y1|1+2(s−[s]) dx, åñëè s 6= [s],1Äîöåíò êà�åäðû äè��åðåíöèàëüíûõ óðàâíåíèé, Ìîðäîâñêèé ãîñóäàðñòâåííûé óíèâåðñèòåòèì. Í. Ï. Îãàðåâà, ã.Ñàðàíñê. Æóðíàë ÑÂÌÎ. 2010. Ò. 12, � 1
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C2,U =

{
0, åñëè sµ = [sµ]
∑

|α′|≤[sµ]

∫
Ω
dx
∫ |∂α′

x′
U(x)−∂α′

y′
U(x1,y′)|2

|x′−y′|n−1+2(sµ−[sµ]) dy
′, åñëè sµ 6= [sµ],

C3,U =

{
0, åñëè s = [s]
∑

|α′|≤[sµ]

∫ ∫ |∂α′

x U(0,x′)−∂α′

y U(0,y′)|2

|x′−y′|n−1+2(sµ−[sµ]) dx′dy′, åñëè s 6= [s].Ïîïîëíåíèå ïðîñòðàíñòâà C∞
0 (Rn)

⋂
C∞(Ω) ïî íîðìå ‖ · ‖s,m,Ω íàçûâàåòñÿ ïðîñòðàí-ñòâîì Ñ.Ë.Ñîáîëåâà-Ë.Í.Ñëîáîäåöêîãî â Ω .Ïîñòîÿííûå, âîçíèêàþùèå â íåðàâåíñòâàõ â êà÷åñòâå êîý��èöèåíòîâ, áóäåì îáîçíà-÷àòü áóêâîé C ñ èíäåêñàìè.Ââåäåì ðàçáèåíèå åäèíèöû äâîéñòâåííîé ïåðåìåííîé ξ . Ïóñòü H(t) ∈ C∞

0 (R), 0 ≤
H(t) ≤ 1; H(t) = 1, åñëè |t| ≤ 1; H(t) = 0, åñëè |t| ≥ 2 . Ïóñòü

gk(t) = H(t− k)/
∞∑

j=0

H(t− j),

Ψk(ξ) = gk(ln(λ(ξ)), k = 0, 1, . . . .Î÷åâèäíî, ÷òî â êàæäîé òî÷êå ξ ∈ Rn ïåðñåêàåòñÿ êîíå÷íîå ÷èñëî íîñèòåëåé �óíêöèé
Ψk(ξ),

∞∑

k=0

Ψk(ξ) = 1,

e−2λ(ξ) ≤ ek ≤ e2λ(ξ), åñëè ξ ∈ suppΨk(ξ).Ôóíêöèè Ψk(ξ) ñîîòâåòñòâóåò ïñåâäîäè��åðåíöèàëüíûé îïåðàòîð Ψk(D) , îïðåäåëÿ-åìûé ïî �îðìóëå
Ψk(D)W (x) = (2π)−n

∫
eixξΨk(ξ)W̃ (ξ)dξ.Ïóñòü q(ξ′) = (1 + |ξ′|)µ, j− íàòóðàëüíîå ÷èñëî, l− öåëîå è íåîòðèöàòåëüíîå,

Φl(x) = ∂l1U(x),

Vl = Vl(x) = (2π)−n+1xl1

∫
eix

′ξ′H(x1q)

∫
e−iy

′ξ′Φl(0, y
′)dy′dξ′/l!

= xl1H(x1q(D
′))Φl(0, x

′)/l! .Ïîëîæèì
Wj(x) = 2

[j/2]∑

l=0

V2l, åñëè j − íå÷åòíîå;
Wj(x) = 2

−1+j/2∑

l=0

V2l+1, åñëè j − ÷åòíîå; (0.1)
Uj = Uj(x) =

{
U(x), åñëè x1 ≥ 0
(−1)jU(−x1, x

′) +Wj(x), åñëè x1 < 0.Òåîðåìà. Ôóíêöèÿ Uj èìååò íåïðåðûâíûå ïðîèçâîäíûå äî ïîðÿäêà j âêëþ÷èòåëüíîè ñóùåñòâóþò ïîñòîÿííûå Cj,s , íå çàâèñÿùèå îò U(x) ∈ C∞
0 (Rn)

⋂
C∞(Ω), òàêèå, ÷òî äëÿâñåõ s ∈ [0, j + 1], s 6= [s] + 1/2 ñïðàâåäëèâû îöåíêè:

‖Uj‖s ≤ Cj,s(‖U‖s,m,Ω +

j−1∑

l=0

‖∂l1U(x)‖(s−l)µ−µ/2,Γ). (0.2)Æóðíàë ÑÂÌÎ. 2010. Ò. 12, � 1



Îá îäíîì ñïîñîáå ïðîäîëæåíèÿ �óíêöèé â ïðîñòðàíñòâàõ Ñ. Ë. Ñîáîëåâà- . . . 81Äîêàçàòåëüñòâî. Íåïðåðûâíîñòü ïðîèçâîäíûõ Uj âûòåêàåò èç ðàâåíñòâ:
∂l1((−1)jU(−x1, x

′) +Wj(x))x1=0 = ∂l1U(x)x1=0, l = 0, . . . , j. (0.3)Î÷åâèäíî, ÷òî
‖Uj‖2

s,m ≤ C1

∫
(1 + |ξ′|2sµ)|Ũj |2dξ + C2

∫
|ξ1|2s|Ũj|2dξ, (0.4)

∫
(1 + |ξ′|2sµ)|Ũ(ξ)j|2dξ ≤ C3(‖U‖2

s,m,Ω +

j−1∑

l=0

‖∂l1U(x)‖2
(s−l)µ−µ/2,Γ).Îöåíèì âòîðîå ñëàãàåìîå íåðàâåíñòâà (0.4). Ïóñòü s− öåëîå. Èç (0.3) ñëåäóåò

∂s1Uj =

{
∂s1U(x), åñëè x1 ≥ 0
(−1)j∂s1U(−x1, x

′) + ∂s1Wj(x), åñëè x1 < 0.Ïîëîæèì
Fl(ξ

′) =

∫
exp−ix′ξ′ ∂l1U(0, x′)dx′.Èç ðàâåíñòâà Ïàðñåâàëÿ èìååì

∫
|∂s1Wj(x)|2dx ≤ C4

∫ ∫ j−1∑

l=0

|∂s1(H(x1(1 + |ξ′|)µ)xl1)|2dx1|Fl(ξ′)|2dξ′

≤ C5

j−1∑

l=0

|
∫

(1 + |ξ′|)(2s−2l)µ−µ/2)|Fl(ξ′)|2dξ′.Ýòî äîêàçûâàåò òåîðåìó äëÿ öåëîãî s.Ïóñòü s− íåöåëîå, γ = s− [s].Ñíà÷àëà ïðåäïîëîæèì, ÷òî îäíîâðåìåííî [s], j− ÷åòíûå, èëè íå÷åòíûå. Òîãäà ñïðà-âåäëèâî ðàâåíñòâî
∂

[s]
1 Uj = Uj,1 + Uj,2,ãäå

Uj,1 =

{
∂

[s]
1 U(x), x1 ≥ 0

∂
[s]
1 U(z, x′), z = −x1, x1 < 0,

Uj,2 =

{
0, x1 ≥ 0

∂
[s]
1 Wj(x), x1 < 0.Èç [2℄ èìååì

∫
|ξ1|2s|Ũj(ξ)|2dξ ≤ C6(

∫
|ξ1|2γ |Ũj,1(ξ)|2dξ +

∫
|ξ1|2γ|Ũj,2(ξ)|2dξ), (0.5)

∫
|ξ1|2γ|Ũj,1(ξ)|2dξ ≤ C7‖U‖2

s,m,Ω, (0.6)Æóðíàë ÑÂÌÎ. 2010. Ò. 12, � 1
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∫

|ξ1|2γ|Ũj,2(ξ)|2dξ ≤ C8(

∫

x1<0

∫

y1>0

|∂[s]
1 Wj(x)|2/|x1 − y1|1+2γdy1dx

+

∫

x1<0

∫

y1<0

|∂[s]
1 Wj(x) − ∂

[s]
1 Wj(y1, x

′)|2/|x1 − y1|1+2γdy1dx+ ‖∂[s]
1 Wj(x)‖2)

≤ C9(‖Wj‖2
s,m +

∫
|∂[s]

1 Wj(x)|2/|x1|2γdx). (0.7)Åñëè [s]− ÷åòíîå, òî
|∂[s](H(x1(1 + |ξ′|)µ)x2l+1

1 )|/|x1|γ ≤ C10(1 + |ξ′|)(2l+1−γ−[s])µ).Åñëè [s]− íå÷åòíîå, òî
|∂[s](H(x1(1 + |ξ′|)µ)x2l

1 )|/|x1|γ ≤ C11(1 + |ξ′|)(2l−γ−[s])µ).Ïîýòîìó, ïîëó÷àåì
∫

|∂[s]
1 Wj(x)|2/|x1|2γdx ≤ C12

j−1∑

l=0

‖∂l1U(x)‖(s−l)µ−µ/2,Γ)..Îòñþäà è èç (0.5)-(0.7) ïîëó÷àåì îöåíêó (0.2).Ïóñòü [s]− ÷åòíîå, à j− íå÷åòíîå, èëè [s]− íå÷åòíîå, à j− ÷åòíîå.Ïîëîæèì
G = G(x) ∈ C∞

0 (Rn, G(x) = ∂
[s]
1 U(z, x′)z=−x1, åñëè x1 ≤ 0,

Q(x) = −2G(x) + ∂
[s]
1 Wj(x), x ∈ Rn.Òîãäà

∂
[s]
1 Uj = Uj,1 + Uj,3, ãäå

Uj,1 =

{
∂

[s]
1 U(x), åñëè x1 ≥ 0

∂
[s]
1 U(z, x′), z = −x1 åñëè x1 < 0,

Uj,3 =

{
0, åñëè x1 > 0
Q(x), åñëè x1 ≤ 0.Èç [2℄ ñëåäóåò

‖Uj,1‖γ ≤ C13‖U(x)‖s,m,Ω.Êàê è â íåðàâåíñòâàõ (0.7), èìååì
∫

|ξ1|2γ |Ũj,3|2dξ ≤ C14(‖U‖2
s,m,Ω +

∫
|Q(x)|2dx+

∫
|Q(x)|2/|x1|2γdx).Òàê êàê

∞∑

k=1

Ψk(ξ) = 1, òî ∫
|Q(x)|2/|x1|2γdx

≤
∫

|
∞∑

k=1

Gk,1(x)|2/|x1|2γdx+

∫
|

∞∑

k=1

Gk,2(x)|2/|x1|2γdx, (0.8)Æóðíàë ÑÂÌÎ. 2010. Ò. 12, � 1



Îá îäíîì ñïîñîáå ïðîäîëæåíèÿ �óíêöèé â ïðîñòðàíñòâàõ Ñ. Ë. Ñîáîëåâà- . . . 83ãäå
Gk,1(x) = (1 −H(x1e

k))Gk(x), Gk,2(x) = H(x1e
k)Gk(x), Gk(x) = Ψk(D)Q(x).Î÷åâèäíî,÷òî

∫
|

∞∑

k=1

Gk,1(x)|2/|x1|2γdx =

∫ ∞∑

k=1

|Gk,1(x)|2/|x1|2γdx

+2

∫ ∞∑

k=1

Gk,1(x)

∞∑

j=k+1

Gj,1(x)/|x1|2γdx

≤
∞∑

k=1

‖Gk,1(x)‖2 exp(2kγ) +

∞∑

k=1

‖Gk,1(x)‖
∞∑

j=k+1

‖Gj,1(x)‖ exp(2kγ)).Íà íîñèòåëå �óíêöèè Gk,1(x) ñïðàâåäëèâî íåðàâåíñòâî |x1| ≥ exp(−k) . Ïîýòîìó
∫

|
∞∑

k=1

Gk,1(x)|2/|x1|2γdx =

∫
|

∞∑

k=1

Gk,1(x)|2/|x1|2γdx

+2

∫ ∞∑

k=1

Gk,1(x)
∞∑

j=k+1

Gj,1(x)/|x1|2γdx

≤ 2(
∞∑

k=1

‖Gk,1(x)‖2e2kγ +
∞∑

k=1

‖Gk,1(x)‖
∞∑

j=k+1

‖Gj,1(x)‖e2kγ).Òàê êàê Ψk(ξ)e
kγ ≤ Ψk(ξ)e

2λγ(ξ) , òî
∞∑

k=1

‖Gk,1(x)‖2e2kγ ≤ C14(‖G(x)‖2
γ,m + ‖∂[s]

1 Wj(x)‖2
γ,m).Äàëåå,

∞∑

k=1

‖Gk,1(x)‖
∞∑

j=k+1

‖Gj,1(x)‖e2kγ ≤
∞∑

k=1

∞∑

j=k+1

‖Gk,1(x)‖2e4kγ−2jγ+(j−k)γ

+
∞∑

k=1

∞∑

j=k+1

‖Gj,1(x)‖2e2jγ−(j−k)γ ≤
∞∑

k=1

‖Gk,1(x)‖2e2γ
∞∑

j=k+1

ekγ−2jγ+(j−k)γ

+

∞∑

k=1

∞∑

j=k+1

‖Gj,1(x)‖2e2γe−(j−k)γ ≤ C15(‖G(x)‖2
γ,m + ‖∂[s]

1 Wj(x)‖2
γ,m),òàê êàê

∞∑

k=1

∞∑

j=k+1

‖Gj,1(x)‖2e2γe−(j−k)γ

= e2γ(‖G2,1(x)‖2e−γ + ‖G3,1(x)‖2e−2γ + . . .+ ‖Gν,1(x)‖2e−(ν−1)γ + . . .

+‖G3,1(x)‖2e−γ + . . .+ ‖Gν,1(x)‖2e−(ν−2)γ + . . .

· · · · · · · · · · · · · · · · · · · · · · · · · · ·
+‖Gν,1(x)‖2e−γ + . . .)

≤ C16(‖G(x)‖2
γ,m + ‖∂[s]

1 Wj(x)‖2
γ,m).Æóðíàë ÑÂÌÎ. 2010. Ò. 12, � 1



84 Îòñþäà ñëåäóåò
∫

|
∞∑

k=1

Gk,1(x)|2/|x1|2γdx ≤ C17(‖G(x)‖2
2γ + ‖∂[s]

1 Wj(x)‖2
γ,m).Îñòàëîñü îöåíèòü âòîðîå ñëàãàåìîå ïðàâîé ÷àñòè íåðàâåíñòâà (0.8). ßñíî, ÷òî

∫
|

∞∑

k=1

Gk,2(x)|2/|x1|2γdx ≤ I1 + I2, ãäå
I1 =

∫
|

∞∑

k=1

(Gk,2(x) −H(x1e
k)Gk(0, x

′))|2/|x1|2γdx,

I2 =

∫
|

∞∑

k=1

H(x1e
k)Gk(0, x

′)|2/|x1|2γdx;

I1 =

∫

x1<0

|
∞∑

k=1

H(x1e
k)

∫
∂tGk(t, x

′)dt|2/|x1|2γdx

≤ C18

∫ ∞∑

k=1

∞∑

j=k

H(x1e
k)H(x1e

j)/|x1|−1+2γdx1‖∂x1Gk(x)‖‖∂x1Gj(x)‖

≤ C19

∞∑

k=1

∞∑

j=k

exp(−2j + 2γj)‖∂x1Gk(x)‖‖∂x1Gj(x)‖

≤ C20(

∞∑

k=1

‖∂x1Gk(x)‖2 exp(−2k + 2γk)

∞∑

j=k

exp(−2j + 2k)

+

∞∑

j=1

‖∂x1Gj(x)‖2 exp(−2j + 2γj)

j∑

k=1

exp(−2γk)) ≤ C21‖G(x)‖2
2γ.Îöåíêà èíòåãðàëà I2 ñëåäóåò èç òîãî, ÷òî

∞∑

k=1

Gk(0, x
′) = 0, I2 =

∫
|

∞∑

k=1

(1 −H(x1e
k))Gk(0, x

′)|2/|x1|2γdx.Ýòèì çàâåðøàåòñÿ äîêàçàòåëüñòâî òåîðåìû.Ñïèñîê ëèòåðàòóðû1. Åãîðîâ Þ.Â. Ëèíåéíûå äè��åðåíöèàëüíûå óðàâíåíèÿ ãëàâíîãî òèïà.- Ì.: Íàóêà, 1984. - 360 ñ.2. Ñëîáîäåöêèé Ë.Í. Îáîáùåííûå ïðîñòðàíñòâà Ñ.Ë.Ñîáîëåâà è èõ ïðèëîæåíèÿ ê êðà-åâûì çàäà÷àì äëÿ äè��åðåíöèàëüíûõ óðàâíåíèé â ÷àñòíûõ ïðîèçâîäíûõ.-Ó÷. çàï.Ëåíèíãð. ïåä. èí-òà, 1958, 197, 54-112.3. Òåéëîð Ì. Ïñåâäîäè��åðåíöèàëüíûå îïåðàòîðû. -Ì.: Ìèð, 1985. - 472 ñ.4. Õåðìàíäåð Ë. Ïñåâäîäè��åðåíöèàëüíûå îïåðàòîðû è ãèïîýëëèïòè÷åñêèå óðàâíå-íèÿ// Ïñåâäîäè��åðåíöèàëüíûå îïåðàòîðû. - Ì.: Ìèð, 1967. - Ñ.297-367.Äàòà ïîñòóïëåíèÿ 19.05.2010Æóðíàë ÑÂÌÎ. 2010. Ò. 12, � 1



85About some method of extending of the funtion in spaesof Sobolev and Slobodetskii© G. A. Smolkin2Abstrat. The problem of extending of the funtion out the region onsidered in anisotropi spaesof Sobolev and Slobodetskii de�ned traes its derivatives on the boundary. Elements of the theorypseudodi�erential operators, a speial partition of unity of the dual variable are used in the proofof the theorem. The results an be applied in the study of a priory estimates in the boundary valueproblems for partial di�erential equations.Key Words: extending of funtiobns, spaes of Sobolev and Slobodetskii, Pseudodi�erentialoperators. Referenes1. Egorov, Yu. V. Linear di�erential equations of prinipal type.- M.: Naula, 1984. - 360 p.2. Slobodetskii, L.N., Generalized Sobolev spaes and their appliation to boundary-value problems forpartial di�erential equations. - Si. notes of Leningrad pedagogial institute, 1958, 197, 54-112.3. Taylor, M. E. Pseudodi�erential operators. � M.: Mir, 1985. - 472 p.4. Hormander L. Pseudodi�erential operators and hypoellipti equations // Pseudodi�erential operators. -M.: Mir, 1967. � P. 297 � 367.2Assoiate professor of di�erential equations hair, Mordovian state university after N. P. Ogarev, Saransk.
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86 À. À. ÔåðöåâÓÄÊ 004.032.26Îá îäíîì ìåòîäå ñåãìåíòàöèè ðàñòðîâûõ èçîáðàæåíèé ñïîìîùüþ íåéðîííûõ ñåòåé âñòðå÷íîãî ðàñïðîñòðàíåíèÿ© À. À. Ôåðöåâ1Àííîòàöèÿ. Â ðàáîòå ïðèâåäåíû òåîðåòè÷åñêèå îñíîâàíèÿ ñåãìåíòàöèè èçîáðàæåíèé ñ ïî-ìîùüþ íåéðîííûõ ñåòåé âñòðå÷íîãî ðàñïðîñòðàíåíèÿ. Îïèñàíû ïðàêòè÷åñêèå ïîäõîäû, èñ-ïîëüçîâàííûå ïðè ïîñòðîåíèè ïðîãðàììíîãî êîìïëåêñà.Êëþ÷åâûå ñëîâà: ñåãìåíòàöèÿ èçîáðàæåíèé, îáó÷åíèå ñ ó÷èòåëåì, íåéðîííûå ñåòè âñòðå÷-íîãî ðàñïðîñòðàíåíèÿ, ìåòîä âûïóêëîé êîìáèíàöèè.1. ÂâåäåíèåÎñíîâíîé ìàòåìàòè÷åñêîé ìîäåëüþ, èñïîëüçóåìîé â äàííîé ðàáîòå, ÿâëÿåòñÿ äèñêðåò-íàÿ ìîäåëü èçîáðàæåíèÿ. Ñîãëàñíî [1℄ è [2℄ áóäåì ïðåäñòàâëÿòü äèñêðåòíîå èçîáðàæåíèåâ âèäå ïðÿìîóãîëüíîé ìàòðèöû A = (aij), n × m . Ýëåìåíòû ìàòðèöû aij åñòü ïèêñåëèèçîáðàæåíèÿ, âåëè÷èíà aij ïîêàçûâàåò ÿðêîñòü ïèêñåëÿ (èëè óðîâåíü ñåðîãî). Â äàííîéðàáîòå èñïîëüçóþòñÿ ÷åðíî-áåëûå èçîáðàæåíèÿ, èìåþùèå 256 ãðàäàöèé ÿðêîñòè (8-áèòíûåèçîáðàæåíèÿ).2. Ñåãìåíòàöèÿ èçîáðàæåíèéÑåãìåíòàöèåé èçîáðàæåíèÿ íàçûâàåòñÿ ïðîöåññ ðàçáèåíèÿ èçîáðàæåíèÿ íà îáëàñòè ïîçàðàíåå èçâåñòíîìó êðèòåðèþ. Ïðåäïîëàãàåòñÿ, ÷òî îáëàñòè ñîîòâåòñòâóþò ðåàëüíûì îáú-åêòàì, èëè èõ ÷àñòÿì, à ãðàíèöû îáëàñòåé ñîîòâåòñòâóþò ãðàíèöàì îáúåêòîâ.Çàäà÷è ñåãìåíòàöèè äåëÿòñÿ íà äâà êëàññà:
• âûäåëåíèå îáëàñòåé èçîáðàæåíèÿ ñ èçâåñòíûìè ñâîéñòâàìè
• ðàçáèåíèå èçîáðàæåíèÿ íà îäíîðîäíûå îáëàñòèÂ ïåðâîì ñëó÷àå çàäà÷à ñåãìåíòàöèè ñîñòîèò â ïîèñêå îïðåäåëåííûõ îáëàñòåé, î êî-òîðûõ èìååòñÿ àïðèîðíàÿ èí�îðìàöèÿ (íàïðèìåð, èçâåñòåí öâåò, �îðìà îáëàñòåé, èëèîáëàñòè ïðåäñòàâëÿþò ñîáîé èçîáðàæåíèÿ èçâåñòíîãî îáúåêòà).Âî âòîðîì ñëó÷àå íèêàêàÿ àïðèîðíàÿ èí�îðìàöèÿ î ñâîéñòâàõ îáëàñòåé íå èñïîëüçó-åòñÿ, çàòî íà ñàìî ðàçáèåíèå èçîáðàæåíèÿ íàêëàäûâàþòñÿ íåêîòîðûå óñëîâèÿ (íàïðèìåð,âñå îáëàñòè äîëæíû áûòü îäíîðîäíû ïî öâåòó è òåêñòóðå). Òàê êàê ïðè òàêîé ïîñòàíîâêåçàäà÷è ñåãìåíòàöèè íå èñïîëüçóåòñÿ àïðèîðíàÿ èí�îðìàöèÿ îá èçîáðàæåííûõ îáúåêòàõ,òî ìåòîäû ýòîé ãðóïïû óíèâåðñàëüíû è ïðèìåíèìû ê ëþáûì èçîáðàæåíèÿì.1Àñïèðàíò êà�åäðû ïðèêëàäíîé ìàòåìàòèêè, Ìîðäîâñêèé ãîñóäàðñòâåííûé óíèâåðñèòåò èìåíèÍ. Ï. Îãàðåâà, ã. Ñàðàíñê; Alex.Fertsev�metaproduts.om
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Îá îäíîì ìåòîäå ñåãìåíòàöèè ðàñòðîâûõ èçîáðàæåíèé ñ ïîìîùüþ . . . 873. Íåéðîííàÿ ñåòü âñòðå÷íîãî ðàñïðîñòðàíåíèÿÍåéðîííàÿ ñåòü âñòðå÷íîãî ðàñïðîñòðàíåíèÿ îáúåäèíÿåò äâà òèïà íåéðîííûõ ñåòåé �ñàìîîðãàíèçóþùàÿñÿ êàðòà Êîõîíåíà [3℄ è ¾çâåçäà¿ �ðîññáåðãà [4℄. Èõ îáúåäèíåíèå âåäåòê ñâîéñòâàì, êîòîðûõ íåò íè ó îäíîãî èç íèõ â îòäåëüíîñòè. Îáîáùàþùàÿ ñïîñîáíîñòü ñåòèïîçâîëÿåò ïîëó÷àòü ïðàâèëüíûé âûõîä äàæå ïðè ïðèëîæåíèè âõîäíîãî âåêòîðà, êîòîðûéÿâëÿåòñÿ íåïîëíûì èëè ñëåãêà íåâåðíûì. Ýòî ïîçâîëÿåò èñïîëüçîâàòü äàííóþ ñåòü äëÿðàñïîçíàâàíèÿ îáðàçîâ, âîññòàíîâëåíèÿ îáðàçîâ è óñèëåíèÿ ñèãíàëîâ.Íà ðèñóíêå 3.1 ïîêàçàíà óïðîùåííàÿ âåðñèÿ ñåòè âñòðå÷íîãî ðàñïðîñòðàíåíèÿ, èñïîëü-çóåìàÿ â äàííîé ðàáîòå.

� è ñ ó í î ê 3.1Ñåòü âñòðå÷íîãî ðàñïðîñòðàíåíèÿÍåéðîíû ñëîÿ 0 (ïîêàçàííûå êðóæêàìè) ñëóæàò ëèøü òî÷êàìè ðàçâåòâëåíèÿ è íå âû-ïîëíÿþò âû÷èñëåíèé. Êàæäûé íåéðîí ñëîÿ 0 ñîåäèíåí ñ êàæäûì íåéðîíîì ñëîÿ 1 (íà-çûâàåìîãî ñëîåì Êîõîíåíà) îòäåëüíûì âåñîì wmn . Ýòè âåñà â öåëîì ðàññìàòðèâàþòñÿêàê ìàòðèöà âåñîâ W . Àíàëîãè÷íî, êàæäûé íåéðîí â ñëîå Êîõîíåíà (ñëîå 1) ñîåäèíåí ñêàæäûì íåéðîíîì â ñëîå �ðîññáåðãà (ñëîå 2) âåñîì vnp . Ýòè âåñà îáðàçóþò ìàòðèöó âåñîâ
V . Êàê è ìíîãèå äðóãèå ñåòè, âñòðå÷íîå ðàñïðîñòðàíåíèå �óíêöèîíèðóåò â äâóõ ðåæèìàõ:â íîðìàëüíîì ðåæèìå, ïðè êîòîðîì ïðèíèìàåòñÿ âõîäíîé âåêòîð X è âûäàåòñÿ âûõîäíîéâåêòîð Y , è â ðåæèìå îáó÷åíèÿ, ïðè êîòîðîì ïîäàåòñÿ âõîäíîé âåêòîð è âåñà êîððåêòè-ðóþòñÿ, ÷òîáû äàòü òðåáóåìûé âûõîäíîé âåêòîð.Êàæäûé îáðàáàòûâàþùèé ýëåìåíò ñëîÿ Êîõîíåíà ïîäñ÷èòûâàåò ñâîþ âõîäíóþ èíòåí-ñèâíîñòü Ij â ñîîòâåòñòâèè â �îðìóëîé:

Ij = D (Wj, X) (1) , (3.1)Æóðíàë ÑÂÌÎ. 2010. Ò. 12, � 1



88 À. À. Ôåðöåâãäå D (Wj , X) � íåêîòîðàÿ ìåðà ðàññòîÿíèÿ ìåæäó W è X . Â òåêóùåéðåàëèçàöèèD (Wj, X) =
∑

i xiwjiÏðè ðåàëèçàöèè çàêîíà Êîõîíåíà, êàê òîëüêî êàæäûé îáðàáàòûâàþùèé ýëåìåíò (íåé-ðîí) ïîäñ÷èòàë ñâîþ âõîäíóþ èíòåíñèâíîñòü, ìåæäó íèìè ïðîèñõîäèò ñîðåâíîâàíèå, öåëüêîòîðîãî � íàõîæäåíèå ýëåìåíòà ñ íàèáîëüøèì çíà÷åíèåì èíòåíñèâíîñòè. Êàê òîëüêî áó-äåò íàéäåí ïîáåäèòåëü òàêîãî ñîðåâíîâàíèÿ, åãî âûõîä ïîëàãàåòñÿ ðàâíûì 1 . Ïîñëå ýòîãîïðîèñõîäèò èçìåíåíèå âåñîâ â ñîîòâåòñòâèè ñ çàêîíîì îáó÷åíèÿ Êîõîíåíà:
Wj (t+ 1) =

{
(1 − α)Wj (t) + αX, j = k(ïîáåäèòåëü)

Wj (t) , j 6= k
, α ∈ (0, 1) (3.2)Â íà÷àëå ïðîöåññà îáó÷åíèÿ α ∼= 1 , à çàòåì ïî ìåðå îáó÷åíèÿ óìåíüøàåòñÿ äî âåëè-÷èíû α = 0.1 . Èñïîëüçîâàíèÿ êîý��èöèåíòà α îáúÿñíÿåòñÿ òåì, ÷òî âíà÷àëå âåêòîðûâõîäíûõ äàííûõ è âåêòîðû âåñîâ íåéðîíîâ ìîãóò ñèëüíî ðàçëè÷àòüñÿ è ïîýòîìó âåëè-÷èíà èçìåíåíèÿ âåñîâ äîëæíà áûòü äîñòàòî÷íî áîëüøîé. Ñ òå÷åíèåì ïðîöåññà îáó÷åíèÿçíà÷åíèå âåñîâ íåéðîíîâ Êîõîíåíà ñòðåìèòñÿ ê ñðåäíèì çíà÷åíèÿì îáó÷àþùèõ âåêòîðîâ,ïîýòîìó âåëè÷èíà èçìåíåíèÿ âåñîâ íåéðîíîâ äîëæíà óìåíüøàòüñÿ.Ñëîé �ðîññáåðãà �óíêöèîíèðóåò ñëåäóþùèì îáðàçîì. Åãî âûõîä NET ÿâëÿåòñÿ âçâå-øåííîé ñóììîé âûõîäîâ k1, k2, . . . , kn ñëîÿ Êîõîíåíà, îáðàçóþùèõ âåêòîð K . Âåêòîð ñî-åäèíÿþùèõ âåñîâ, îáîçíà÷åííûé ÷åðåç V , ñîñòîèò èç âåñîâ v11, v21, . . . , vnp . Òîãäà âûõîä

NET êàæäîãî íåéðîíà �ðîññáåðãà åñòü
NET j =

∑

i

kivij (3.3)ãäå NET j � âûõîä j -ãî íåéðîíà �ðîññáåðãà.Ñëîé �ðîññáåðãà îáó÷àåòñÿ ïî ñëåäóþùåìó àëãîðèòìó. Âõîäíîé âåêòîð, ÿâëÿþùèéñÿâûõîäîì ñëîÿ Êîõîíåíà, ïîäàåòñÿ íà ñëîé íåéðîíîâ �ðîññáåðãà, è âûõîäû ñëîÿ �ðîññáåð-ãà âû÷èñëÿþòñÿ, êàê ïðè íîðìàëüíîì �óíêöèîíèðîâàíèè. Äàëåå, êàæäûé âåñ êîððåêòè-ðóåòñÿ. Âåëè÷èíà êîððåêöèè âåñà ïðîïîðöèîíàëüíà ðàçíîñòè ìåæäó âåñîì è òðåáóåìûìâûõîäîì íåéðîíà �ðîññáåðãà, ñ êîòîðûì îí ñîåäèíåí
vij (t+ 1) = vij (t) + β (yj − vij (t)) ki (3.4)ãäå ki � âûõîä i-ãî íåéðîíà Êîõîíåíà; yj � j-àÿ êîìïîíåíòà âåêòîðà æåëàåìûõ âûõîäîâ.Ïåðâîíà÷àëüíî β áåðåòñÿ ðàâíûì ≈ 0.1 è çàòåì ïîñòåïåííî óìåíüøàåòñÿ â ïðîöåññåîáó÷åíèÿ.Îòñþäà âèäíî, ÷òî âåñà ñëîÿ �ðîññáåðãà áóäóò ñõîäèòüñÿ ê ñðåäíèì âåëè÷èíàì îò æå-ëàåìûõ âûõîäîâ, òîãäà êàê âåñà ñëîÿ Êîõîíåíà îáó÷àþòñÿ íà ñðåäíèõ çíà÷åíèÿõ âõîäîâ.Îáó÷åíèå ñëîÿ �ðîññáåðãà � ýòî îáó÷åíèå ñ ó÷èòåëåì, àëãîðèòì ðàñïîëàãàåò æåëàåìûì âû-õîäîì, ïî êîòîðîìó îí îáó÷àåòñÿ. Îáó÷àþùèéñÿ áåç ó÷èòåëÿ, ñàìîîðãàíèçóþùèéñÿ ñëîéÊîõîíåíà äàåò âûõîäû â íåäåòåðìèíèðîâàííûõ ïîçèöèÿõ. Îíè îòîáðàæàþòñÿ â æåëàåìûåâûõîäû ñëîåì �ðîññáåðãà.Ìåòîä îáó÷åíèÿ Êîõîíåíà îáëàäàåò ïîëåçíîé è èíòåðåñíîé ñïîñîáíîñòüþ èçâëåêàòüñòàòèñòè÷åñêèå ñâîéñòâà èç ìíîæåñòâà âõîäíûõ äàííûõ. Êàê ïîêàçàíî Êîõîíåíîì [3℄, äëÿïîëíîñòüþ îáó÷åííîé ñåòè âåðîÿòíîñòü òîãî, ÷òî ñëó÷àéíî âûáðàííûé âõîäíîé âåêòîð (âñîîòâåòñòâèè ñ �óíêöèåé ïëîòíîñòè âåðîÿòíîñòè âõîäíîãî ìíîæåñòâà) áóäåò áëèæàéøèìê ëþáîìó çàäàííîìó âåñîâîìó âåêòîðó, ðàâíà 1/k , ãäå k � ÷èñëî íåéðîíîâ Êîõîíåíà.Ýòî ÿâëÿåòñÿ îïòèìàëüíûì ðàñïðåäåëåíèåì âåñîâ íà ãèïåðñ�åðå. (Ïðåäïîëàãàåòñÿ, ÷òîèñïîëüçóþòñÿ âñå âåñîâûå âåêòîðû).Æóðíàë ÑÂÌÎ. 2010. Ò. 12, � 1



Îá îäíîì ìåòîäå ñåãìåíòàöèè ðàñòðîâûõ èçîáðàæåíèé ñ ïîìîùüþ . . . 89Òàêæå íåîáõîäèìî îòìåòèòü ðÿä ïðàêòè÷åñêèõ ïîäõîäîâ, ïðèìåíåííûõ â òåêóùåé ðå-àëèçàöèè ñåòè âñòðå÷íîãî ðàñïðîñòðàíåíèÿ äëÿ ñåãìåíòàöèè èçîáðàæåíèé.Âíà÷àëå âñå âåêòîðû îáó÷àþùåé âûáîðêè íîðìèðóþòñÿ. Â ýòîì ñëó÷àå ïðîöåññ îáó÷å-íèÿ ïðåäñòàâëÿåò ñîáîé ïåðåìåùåíèå âåêòîðà âåñîâ íåéðîíà íàâñòðå÷ó âåêòîðó îáó÷àþùåéâûáîðêè íà ãèïåðñ�åðå. Íà ðèñóíêå 3.2 ïîêàçàí äâóìåðíûé ñëó÷àé îáó÷åíèÿ.

� è ñ ó í î ê 3.2Âðàùåíèå âåñîâîãî âåêòîðà â ïðîöåññå îáó÷åíèÿ;Íà ðèñóíêå 3.2 wH � âåêòîð íîâûõ âåñîâûõ êîý��èöèåíòîâ, wC � âåêòîð ñòàðûõâåñîâûõ êîý��èöèåíòîâ.Íåìàëîâàæíûì ÿâëÿåòñÿ âîïðîñ âûáîðà íà÷àëüíûõ çíà÷åíèé âåñîâ íåéðîíîâ. Êëàññè-÷åñêèì ÿâëÿåòñÿ ïîäõîä, â õîäå êîòîðîãî âåñà íåéðîíîâ ïîëó÷àþò íåáîëüøèå ñëó÷àéíûåçíà÷åíèÿ. Â ðåçóëüòàòå ýòîãî âåñîâûå âåêòîðû ðàâíîìåðíî ðàñïðåäåëÿþòñÿ ïî ïîâåðõíîñòèãèïåðñ�åðû. Îäíàêî, íà ïðàêòèêå âåêòîðû âõîäíûõ äàííûõ ÷àñòî èìåþò ðàñïðåäåëåíèå,áëèçêîå ê íîðìàëüíîìó, òî åñòü ãðóïïèðóþòñÿ â îòíîñèòåëüíî ìàëîé ÷àñòè ãèïåðñ�åðû. Âòåêóùåé ðåàëèçàöèè ñåòè âñòðå÷íîãî ðàñïðîñòðàíåíèÿ äëÿ ñåãìåíòàöèè èçîáðàæåíèé ïðè-ìåíÿþòñÿ äâà ïîäõîäà, ïðèçâàííûå ìèíèìèçèðîâàòü íåãàòèâíûå ïîñëåäñòâèÿ íà÷àëüíîãîçàäàíèÿ âåñîâ íåéðîíîâ.Ïåðâûé ïîäõîä ìîäè�èöèðóåò âåñà è âõîäíûå äàííûå ïî ìåòîäó âûïóêëîé êîìáèíàöèè(onvex ombination method). Åãî ñóòü ñîñòîèò â òîì, ÷òî âñå âåñà ïðèðàâíèâàþòñÿ îäíîéè òîé æå âåëè÷èíå
wi = 1/

√
n (3.5)ãäå ï � ÷èñëî êîìïîíåíò êàæäîãî âåñîâîãî âåêòîðà. Áëàãîäàðÿ ýòîìó âñå âåñîâûå âåê-òîðû ñîâïàäàþò è èìåþò åäèíè÷íóþ äëèíó. Êàæäîé æå êîìïîíåíòå âåêòîðà îáó÷àþùåéâûáîðêè ïðèäàåòñÿ çíà÷åíèå

xi = αxi +
1 − α√

n
(3.6)Æóðíàë ÑÂÌÎ. 2010. Ò. 12, � 1



90 ãäå n � ÷èñëî âõîäîâ. Âíà÷àëå α î÷åíü ìàëî, âñëåäñòâèå ÷åãî âñå âõîäíûå âåêòîðûèìåþò äëèíó, áëèçêóþ ê 1/
√
n , è ïî÷òè ñîâïàäàþò ñ âåêòîðàìè âåñîâ. Â ïðîöåññå îáó÷åíèÿñåòè α ïîñòåïåííî âîçðàñòàåò, ïðèáëèæàÿñü ê åäèíèöå. Ýòî ïîçâîëÿåò ðàçäåëÿòü âõîäíûåâåêòîðû è îêîí÷àòåëüíî ïðèïèñûâàåò èì èõ èñòèííûå çíà÷åíèÿ.Âòîðîé ïîäõîä, ïðåäëîæåííûé DeSieno [8℄, ìîäè�èöèðóåò çàêîí îáó÷åíèÿ Êîõîíåíàòàêèì îáðàçîì, ÷òî êàæäûé íåéðîí Êîõîíåíà ïîëó÷àåò ÿ÷åéêó ïàìÿòè, â êîòîðîé õðàíèòñÿ÷èñëî ýïîõ îáó÷åíèÿ, â êîòîðûå íåéðîí ñòàíîâèëñÿ ¾ïîáåäèòåëåì¿. Êàê òîëüêî ýòî ÷èñëîäîñòèãàåò îïðåäåëåííîãî çíà÷åíèÿ (íàïðèìåð, 1/k , ãäå k � ÷èñëî íåéðîíîâ Êîõîíåíà),íåéðîí âðåìåííî èñêëþ÷àåòñÿ èç ïîèñêà ¾ïîáåäèòåëÿ¿. Ýòî òàêæå ïîçâîëÿåò ñãëàäèòüâëèÿíèå íà÷àëüíîãî çàäàíèÿ âåñîâ íåéðîíîâ è âõîäíûõ äàííûõ.Â ïðèëîæåíèè ê ñåãìåíòàöèè èçîáðàæåíèé îáó÷àþùàÿ âûáîðêà ñîñòîèò èç îêðåñòíî-ñòåé 3 × 3 êàæäîãî ïèêñåëÿ èçîáðàæåíèÿ (ïîëó÷àåòñÿ ìàññèâ âåêòîðîâ Xj = x1, . . . , x9 ).×èñëî íåéðîíîâ Êîõîíåíà ðàâíî ÷èñëó êîìïîíåíò îáó÷àþùèõ âåêòîðîâ, à ÷èñëî íåéðîíîâ�ðîññáåðãà � ÷èñëó êëàññîâ ïèêñåëåé, âûäåëÿåìûõ íà èçîáðàæåíèè. Äàííàÿ êîí�èãóðà-öèÿ íå ÿâëÿåòñÿ åäèíñòâåííîé, â íàñòîÿùåå âðåìÿ èäåò åå òåñòèðîâàíèå. Â ÷àñòíîñòè, â[7℄ ïðåäëîæåíà êîí�èãóðàöèÿ ñåòè ñ äðóãèìè ïàðàìåòðàìè.Ñïèñîê ëèòåðàòóðû1. Ïðýòò Ó. Öè�ðîâàÿ îáðàáîòêà èçîáðàæåíèé: Ïåð. ñ àíãë. � Ì.: Ìèð, 1982. � 312 ñ.2. �. �îíñàëåñ, �. Âóäñ Öè�ðîâàÿ îáðàáîòêà èçîáðàæåíèé: Ïåð. ñ àíãë. � Ì.: Òåõíîñ�å-ðà, 2005. � 1072 ñ.3. Kohonen, T. Self-organization and Assoiative Memory. Springer-Verlag: New York, 1997,428p4. Grossberg S. 1971. Embedding �elds: Underlying philosophy, mathematis, andappliations of psyho-logy, phisiology, and anatomy. Journal of Cybernetis, 1:28-50.5. Heht-Nielsen R. 1987b. Counterpropagation networks. Applied Optis 26(23): 4979-84.6. Heht-Nielsen R. 1988. Appliations of Counterpropagation networks. Newral Networks1: 131-39.7. Ñ.Â.Èëüèí, Ì.Í.�û÷àãîâ Ñåãìåíòàöèÿ óëüòðàçâóêîâûõ èçîáðàæåíèé ñ ïîìîùüþíåéðîííûõ ñåòåé âñòðå÷íîãî ðàñïðîñòðàíåíèÿ: Òðóäû Íèæåãîðîäñêîé àêóñòè÷åñêîéíàó÷íîé ñåññèè, ÍÍ�Ó, 2002.8. DeSieno D. 1988. Adding a onsiene to ompetitive learning Proeedings of the IEEEInternational Conferene on Neural Networks, pp. 117-24. San Diego, CA: SOS Printing.Äàòà ïîñòóïëåíèÿ 19.05.2010
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91One method of segmentation of raster images usingounter-propagation neural networks© A. A. Fertsev 2Abstrat. In the work theoretial bases of image segmentation using ounter-propagation neuralnetworks are onsidered. A review of pratial approahes used in software is inluded.Key Words: image segmentation, supervised learning, ounter-propagation neural networks,onvex ombination method. Referenes1. Pratt W. Digital image proessing. Wiley: New York , 1978, 312 p.2. R. Gonzalez, R. Woods Digital Image Proessing, Addison-Wesley Publishing Company, 1992, 528p.3. Kohonen, T. Self-organization and Assoiative Memory. Springer-Verlag: New York, 1997, 428p4. Grossberg S. 1971. Embedding �elds: Underlying philosophy, mathematis, and appliations of psyho-logy, phisiology, and anatomy. Journal of Cybernetis, 1:28-50.5. Heht-Nielsen R. 1987b. Counterpropagation networks. Applied Optis 26(23): 4979-84.6. Heht-Nielsen R. 1988. Appliations of Counterpropagation networks. Newral Networks 1: 131-39.7. S. V. Il'in, M. N. Ryhagov Segmentation of ultrasound images using ounter-propagation neuralnetworks: Trudy Nizhegorodskoj akustiheskoj nauhnoj sessii, NNGU, 2002.8. DeSieno D. 1988. Adding a onsiene to ompetitive learning Proeedings of the IEEE InternationalConferene on Neural Networks, pp. 117-24. San Diego, CA: SOS Printing.2Postgraduate student of Applied Mathematis Chair, Mordovian State University after N.P. Ogarev,Saransk; Alex.Fertsev�metaproduts.om
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92 Â. �. ØàðàïîâÓÄÊ 517.937Åñòåñòâåííûå ðàñøèðåíèÿ îäíîãî êëàññàêâàçèýíäîìîð�èçìîâ ïðîñòðàíñòâà Ëåáåãà© Â. �. Øàðàïîâ1Àííîòàöèÿ. Â ñòàòüå ïðåäëàãàåòñÿ ìåòîä ïîñòðîåíèÿ åñòåñòâåííûõ ðàñøèðåíèé êâàçèýíäî-ìîð�èçìîâ ïðîñòðàíñòâà Ëåáåãà è ïîêàçûâàåòñÿ, ÷òî ýòè ðàñøèðåíèÿ ìîãóò èñïîëüçîâàòüñÿäëÿ íàõîæäåíèÿ èíâàðèàíòíîé ìåðû.Êëþ÷åâûå ñëîâà: êâàçèýíäîìîð�èçìû ïðîñòðàíñòâà Ëåáåãà, åñòåñòâåííûå ðàñøèðåíèÿ,èíâàðèàíòíàÿ ìåðà.1. ÂâåäåíèåÏóñòü (M,F , µ) � ïðîñòðàíñòâî Ëåáåãà, ò.å. ïðîñòðàíñòâî, èçîìîð�íîå îòðåçêó (0, 1] ñìåðîé Ëåáåãà.Êâàçèýíäîìîð�èçìîì íàçûâàåòñÿ èçìåðèìîå íåñèíãóëÿðíîå (ïðîîáðàç ìíîæåñòâà ìå-ðû 0 èìååò ìåðó 0 ) ïðåîáðàçîâàíèå ïðîñòðàíñòâà M . Êâàçèàâòîìîð�èçìîì íàçûâàåòñÿâçàèìíîîäíîçíà÷íûé êâàçèýíäîìîð�èçì, îáðàòíûé ê êîòîðîìó åñòü òàêæå êâàçèýíäîìîð-�èçì.Èçìåðèìîå ðàçáèåíèå ξ ïðîñòðàíñòâà M åñòü ðàçáèåíèå íà ïðîîáðàçû òî÷åê äëÿ íåêî-òîðîãî èçìåðèìîãî ïðåîáðàçîâàíèÿ ïðîñòðàíñòâà M .Äëÿ âñÿêîãî èçìåðèìîãî ðàçáèåíèÿ ξ M/ξ åñòü �àêòîð- ïðîñòðàíñòâî, ò.å. ïðîñòðàí-ñòâî, ýëåìåíòàìè êîòîðîãî ÿâëÿþòñÿ ýëåìåíòû ðàçáèåíèÿ ξ .2. Ïîñòàíîâêà çàäà÷èÏóñòü M = (0, 1] , f � äåéñòâèòåëüíàÿ �óíêöèÿ, îïðåäåë¼ííàÿ íà (0, 1] è óäîâëåòâîðÿþ-ùàÿ óñëîâèÿì: 1. lim
x→0

f(x) = 0 . 2. f íåïðåðûâíà è ñòðîãî âîçðàñòàåò. 3. Åñëè x2 > x1 , òî
f(x2) − f(x1) > x2 − x1 . 4. f(1) = K , ãäå K � íàòóðàëüíîå ÷èñëî èëè +∞ .Ïóñòü y = Tx = f(x)( mod 1), x ∈ (0, 1], T1 = 1 . Âñëåäñòâèå ñâîéñòâà 2 ïî÷òè âñþäóñóùåñòâóåò ïðîèçâîäíàÿ f ′(x) , à â ñèëó ñâîéñòâà 3 f ′(x) > 1 . Îòðåçîê (0, 1] ðàçáèâàåòñÿíà êîíå÷íîå èëè ñ÷¼òíîå ÷èñëî îòðåçêîâ ∆i,∆i = (xi−1, xi] , òàêèå ÷òî x0 = 0 è f(xi) =

1, i ≥ 1 . Ïðè ýòîì ∀x ∈ ∆i ; Tx = xi−1 +
x∫
0

mi(y)dy , ãäå mi(y) =
1

f ′(x)
, x ∈ ∆i è y = f(x)(

mod 1) .3. Ïðèâåäåíèå êâàçèýíäîìîð�èçìîâ äàííîãî êëàññà ê èíâàðèàíò-íîé ìåðåÏðîñòðàíñòâî M èçîìîð�íî ìíîæåñòâó, ñîñòîÿùåìó èç îòðåçêîâ Mi ={
(x, y) : 0 < x ≤ 1, y = 1 +

1

i

} , ñîîòâåòñòâóþùèõ îòðåçêàì ∆i . Ýëåìåíò ðàçáèåíèÿ1Äîöåíò êà�åäðû �óíäàìåíòàëüíîé èí�îðìàòèêè è îïòèìàëüíîãî óïðàâëåíèÿ, Âîëãîãðàäñêèé ãîñó-äàðñòâåííûé óíèâåðñèòåò, ã. Âîëãîãðàä; vsharapov99�mail.ru.Æóðíàë ÑÂÌÎ. 2010. Ò. 12, � 1



Åñòåñòâåííûå ðàñøèðåíèÿ îäíîãî êëàññà êâàçèýíäîìîð�èçìîâ ïðîñòðàíñòâà . . . 93
ξ � ìíîæåñòâî Cx =

{
x, 1 +

1

i

} ñ �èêñèðîâàííîé êîîðäèíàòîé x , òî÷êà êîòîðîé
(
x, 1 +

1

i

) èìååò óñëîâíóþ ìåðó mi(x) . Â ñëó÷àå ýíäîìîð�èçìîâ, ò.å. ñîõðàíÿþùèõìåðó ïðåîáðàçîâàíèé, ìåðà µξ â ïðîñòðàíñòâå M/ξ , èíäóöèðîâàííàÿ ìåðîé µ , îáëà-äàåò ñâîéñòâîì µξ(Cx) = 1 ∀ x ∈ (0, 1] . Â ñëó÷àå êâàçèýíäîìîð�èçìîâ ìåðû µξ(Cx)îáðàçóþò èçìåðèìóþ �óíêöèþ g(x) =
∑
i

mi(x) ñî ñâîéñòâàìè g(x) ≥ 0,
1∫
0

g(x)dx = 1 . Âäàëüíåéøåì óäîáíåå èñïîëüçîâàòü çàìåíó x íà y è y íà x , ò.å. âìåñòî Cx ïèñàòü Cy , àâìåñòî g(x) ïèñàòü g(y) .Ïðèâåä¼ì êâàçèýíäîìîð�èçì T ê èíâàðèàíòíîé ìåðå ñëåäóþùèì îáðàçîì: â êàæäîìýëåìåíòå Cy ââåä¼ì óñëîâíûå ìåðû m∗
i (y

∗) , ãäå m∗
i (y

∗) =
mi(y)

g(y)
, à y∗ =

y∫
0

g(t)dt .�àññìîòðèì ïðèìåð.
y = Tx =





5

2
x, 0 < x ≤ 1

4
,

5

8
+

3

2

(
x− 1

4

)
,

1

4
< x ≤ 1

2
,

2

(
x− 1

2

)
,

1

2
< x ≤ 1.

m1(y) =
1

f ′(x)
=





2

5
, 0 < y ≤ 5

8
, 0 < x ≤ 1

2
,

2

3
,

5

8
< y ≤ 1, 0 < x ≤ 1

2
.

m2(y) =
1

f ′(x)
=

1

2
, 0 < y ≤ 1,

1

2
< x ≤ 1.

T íå ñîõðàíÿåò ìåðó, òàê êàê, íàïðèìåð,
µ

(
T−1

(
0,

5

8

])
= µ

((
0,

1

4

]
∪
(

1

2
,
13

16

])
=

9

16
6= µ

((
0,

5

8

])
.Ôóíêöèÿ ïëîòíîñòè ìåðû µξ

g(y) =





2

5
+

1

2
=

9

10
, 0 < y ≤ 5

8
,

2

3
+

1

2
=

7

6
,

5

8
< y ≤ 1.

1∫

0

g(y)dy = 1.Ïðèâîäèì ê èíâàðèàíòíîé ìåðå
m∗

1(y
∗) =

2

5
· 10

9
=

4

9
, 0 < y∗ ≤ 5

8
· 9

10
=

9

16
,

m∗
1(y

∗) =
2

3
· 6

7
=

4

7
,

9

16
< y∗ ≤ 1,

m∗
2(y

∗) =
1

2
· 10

9
=

5

9
, 0 < y∗ ≤ 9

16
,

m∗
2(y

∗) =
1

2
· 6

7
=

3

7
,

9

16
< y∗ ≤ 1.Æóðíàë ÑÂÌÎ. 2010. Ò. 12, � 1



94 Â. �. ØàðàïîâÂ ðåçóëüòàòå ïîëó÷àåì ýíäîìîð�èçì T1 ñ èíâàðèàíòíîé ìåðîé
y = T1x =





9

4
x, 0 < x ≤ 1

4
, 0 < y ≤ 9

16
,

9

16
+

7

4

(
x− 1

4

)
,

1

4
< x ≤ 1

2
,

9

16
< y ≤ 1

9

5

(
x− 1

2

)
,

1

2
< x ≤ 13

16
, 0 < y ≤ 9

16
,

9

16
+

7

3

(
x− 13

16

)
,

13

16
< x ≤ 1,

9

16
< y ≤ 1.4. Ïîñòðîåíèå åñòåñòâåííûõ ðàñøèðåíèéÂ [1℄ ïîêàçàíî, êàê äëÿ ýíäîìîð�èçìîâ T ïðîñòðàíñòâà M ñòðîÿòñÿ åñòåñòâåííûå ðàñøè-ðåíèÿ � àâòîìîð�èçìû ïðîñòðàíñòâà M×(0, 1] . Èñïîëüçóÿ ýòó òåõíèêó ìîæíî ïîñòðîèòüðàñøèðåíèÿ êóñî÷íî-ìîíîòîííûõ êâàçèýíäîìîð�èçìîâ.Ïóñòü T1 � êâàçèýíäîìîð�èçìû ðàññìàòðèâàåìîãî ñåìåéñòâà è T−1

1 x = (x1, x2, ...) =
Cx � ýëåìåíò ðàçáèåíèÿ ξ = T−1

1 ε , ãäå ε � ðàçáèåíèå íà òî÷êè. Ïðè ýòîì òî÷êè xièìåþò óñëîâíûå ìåðû mi(x) =
1

|f ′(xi)|
. Ñîãëàñíî ïîñòðîåíèþ åñòåñòâåííûõ ðàñøèðåíèéýíäîìîð�èçìîâ (ñì. [1℄) ïîëàãàåì

T2(x1, y) = (x, ym1(x)), 0 < y ≤ 1;
T2(x2, y) = (x,m1(x) + ym2(x)), 0 < y ≤ 1; (1)
. . .
T2(xn, y) = (x,m1(x) + ...+mn−1(x) + ymn(x)), 0 < y ≤ 1;
. . .
T2 íå åñòü êâàçèýíäîìîð�èçì, òàê êàê åãî îáðàçîì ÿâëÿåòñÿ íå Mx(0, 1] , à ìíîæåñòâîòî÷åê (x, y) , äëÿ êîòîðûõ x ∈ (0, 1] , à y óäîâëåòâîðÿåò óñëîâèþ 0 < y ≤ g(x) , ò.å. îáðàç� êðèâîëèíåéíàÿ òðàïåöèÿ, â êîòîðîé îäèí èç îòðåçêîâ (0, 1] çàìåí¼í êðèâîé g(x) =∑

i

mi(x), 0 < x ≤ 1.

T2 ÿâëÿåòñÿ âçàèìíîîäíîçíà÷íûì êâàçèãîìîìîð�èçìîì ïðîñòðàíñòâà M × (0, 1] íàóêàçàííóþ êðèâîëèíåéíóþ òðàïåöèþ ïëîùàäè 1. Äëÿ ðàññìîòðåííîãî âûøå ïðèìåðà
y = T2(x, y) =





(
5

2
x,

2

5
y

)
, 0 < x ≤ 1

4
, 0 < y ≤ 1,

(
5

8
+

3

2
(x− 1

4
),

2

3
y

)
,

1

4
< x ≤ 1

2
, 0 < y ≤ 1,

(
2

(
x− 1

2

)
,
2

5
+

1

2
y

)
,

1

2
< x ≤ 13

16
, 0 < y ≤ 1,

(
5

8
+ 2(x− 13

16
),

2

3
+

1

2
y

)
,

13

16
< x ≤ 1, 0 < y ≤ 1.

g(y) =





2

5
+

1

2
=

9

10
, 0 < y ≤ 5

8
,

2

3
+

1

2
=

7

6
,

5

8
< y ≤ 1.

1∫

0

g(y)dy =
9

10
· 5

8
+

7

6
· 3

8
= 1.Îáðàçîì êóáà (0, 1] × (0, 1] ïîëó÷àåòñÿ ìíîæåñòâî ((

0,
5

8

]
×
(

0,
9

10

])
∪

((
5

8
, 1

]
×
(

0,
7

6

]) (3) ìåðû 1.Æóðíàë ÑÂÌÎ. 2010. Ò. 12, � 1



95×òîáû ñäåëàòü T2 àâòîìîð�èçìîì, íóæíî âòîðûå ñîìíîæèòåëè â äåêàðòîâûõ ïðîèç-âåäåíèÿõ â (3) ñäåëàòü îòðåçêàìè (0, 1] , ò.å. óìíîæèòü (0,
9

10

] íà 10

9
, à (0,

7

6

] óìíîæèòüíà 6

7
. ×òîáû ïëîùàäè ïðÿìîóãîëüíèêîâ íå èçìåíèëèñü, äëèíû ïåðâûõ ñîìíîæèòåëåé âäåêàðòîâûõ ïðîèçâåäåíèÿõ íóæíî ðàçäåëèòü ñîîòâåòñòâåííî íà 10

9
è íà 6

7
. Òî åñòü íàäîçàìåíèòü (3) íà ((0,

9

16

]
× (0, 1]

)
∪
((

9

16
, 1

]
× (0, 1]

) .×òîáû áûëî 0 < y ≤ 1 , ìû óìíîæèëè y íà 10

9
ïðè x ≤ 5

8
è óìíîæèëè íà 6

7
ïðè

x >
5

8
. Ïîýòîìó â (2) ìû òîæå óìíîæèì y íà ýòè ÷èñëà ïðè ñîîòâåòñòâóþùèõ x , à÷òîáû îáùàÿ ïëîùàäü íå ñòàëà áîëüøå 1, óìíîæèì â (2) x ñîîòâåòñòâåííî íà 9

10

(
7

6

) .Â ðåçóëüòàòå ïîëó÷èòñÿ àâòîìîð�èçì T3 ïðîñòðàíñòâà (0, 1] × (0, 1]

T3(x, y) =





(
9

4
x,

4

9
y

)
, 0 < x ≤ 1

4
, 0 < y ≤ 1,

(
9

16
+

7

4

(
x− 1

4

)
,
4

7
y

)
,

1

4
< x ≤ 1

2
, 0 < y ≤ 1,

(
9

5

(
x− 1

2

)
,
4

9
+

5

9
y

)
,

1

2
< x ≤ 13

16
, 0 < y ≤ 1,

(
9

16
+

7

3
x,

4

7
+

3

7
y

)
,

13

16
< x ≤ 1, 0 < y ≤ 1.Ìû ïîëó÷èëè åñòåñòâåííîå ðàñøèðåíèå àâòîìîð�èçìà T2 , ò.å. ïðèâåäåíèå ê èíâàðè-àíòíîé ìåðå ðàñøèðåíèÿ (1) êâàçèýíäîìîð�èçìà T ïðèâîäèò ê åñòåñòâåííîìó ðàñøèðå-íèþ ýíäîìîð�èçìà T1 , ïîëó÷åííîãî èç T ïðèâåäåíèåì ê èíâàðèàíòíîé ìåðå. Îòñþäàïîëó÷àåòñÿ, ÷òî ïîñòðîåíèå ðàñøèðåíèÿ (1) ìîæåò áûòü èñïîëüçîâàíî äëÿ íàõîæäåíèÿèíâàðèàíòíîé ìåðû. Ñïèñîê ëèòåðàòóðû1. Øàðàïîâ Â.�. Èçìåðèìûå ðàçáèåíèÿ è åñòåñòâåííûå ðàñøèðåíèÿ ýíäîìîð�èçìîâïðîñòðàíñòâà Ëåáåãà// Òðóäû ÑÂÌÎ, 2006,ò. 8, �2, Ñ.24�27.Äàòà ïîñòóïëåíèÿ 19.05.2010
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96Natural extensions of one lass of quasiendomorphisms ofLebesgue spae© V. G. Sharapov2Abstrat. In the artile a onstrution of natural extensions of quasiendomorphisms of Lebesguespae is given. It is shown that these extentions an be used for onstrution of invariant measure.Key Words: quasiendomorphisms of Lebesgue spae,natural extensions, invariant measure.Referenes1. Sharapov V. G. Measurable partitions and natural extensions of endomorphisms of Lebesguespaes//Trudy SVMO, 2006, V.8, No2, 24�27. In Russian2Assoiate Professor of Fundamental Informatis and Optimal Control Chair, Volgograd State University,Volgograd;vsharapov99�mail.ru
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Êðàòêèå ñîîáùåíèÿ

Erratum to: Stability of equilibrium and periodi solutionsof a delay equation modeling leukemia© Ana-Veronia Ion1, Ralua-Mihaela Georgesu2Annotation. Published in MVMS Journal, 11, 2(2009), 146-157.Key words: delay di�erential equations; stability; Hopf bifuration; normal forms.Unhappily, in our paper some errors are present. First, in Subsetion 4.2, the ommonorret value for e11 and e22 is e11 = e22 = 1− eµr, that beomes zero only when µ = 0. Thisdoes not a�et the omputations for the �rst Lyapunov oe�ient, sine this one is omputedon the enter manifold, where µ = 0.The seond and more important error is ontained in Subsetion 4.4, where the seondgeneral relation that determines the funtions wjk should have been written as:
d

dt

∑

j+k≥2

1

j!k!
wjk(0)ujuk +

∑

j+k≥2

1

j!k!
gjku

jukϕ1(0) +
∑

j+k≥2

1

j!k!
gjku

jukϕ2(0) =

= −(B1 + δ)
∑

j+k≥2

1

j!k!
wjk(0)ujuk + kB1

∑

j+k≥2

1

j!k!
wjk(−r)ujuk +

∑

j+k≥2

1

j!k!
fjku

juk.The determination of the funtions w20 and w11 is, of ourse, a�eted by this error. The orretforms of the values in 0 and −r of these two funtions are:
w20(0) = c

[
e2ω

∗irf20 + g20

(
−kB1i

ω∗
+
kB1i

ω∗
eiω

∗r − e2iω
∗r

)
+

+g02

(
−kB1i

3ω∗
+
kB1i

3ω∗
e3iω

∗r − e2iω
∗r

)]
,

w20(−r) = c

[
f20 + g20(1 − 2eω

∗ir − B1 + δ

ω∗
i(1 − eω

∗ir))−

−1

3
g02(1 + 2e3ω

∗ir +
B1 + δ

ω∗
i(1 − e3ω

∗ir))

]
,where c = [−kB1 + (B1 + δ) cos(2ω∗r) − 2ω∗ sin(2ω∗r) − i(2ω∗ cos(2ω∗r) + (B1 +

δ) sin(2ω∗r))]/[(kB1)
2 + (B1 + δ)2 + (2ω∗)2 − 2kB1(B1 + δ) cos(2ω∗r) + 4kB1ω

∗ sin(2ω∗r)], and
w11(0) = c1

[
f11 − g11 − g11 +

kB1i

ω∗

(
g11(1 − e−ω

∗ir) − g11(1 − eω
∗ir)
)]
,

w11(−r) = c1

[
f11 − g11 − g11 +

(B1 + δ)i

ω∗

(
g11(1 − e−ω

∗ir) − g11(1 − eω
∗ir)
)]
,1"Gh. Miho-C. Iaob" Institute of Mathematial Statistis and Applied Mathematis of the RomanianAademy, Buharest, Romania2University of Pite�sti, Romania MVMS journal. 2010. V. 12, No. 1



98 Ana-Veronia Ion, Ralua-Mihaela Georgesuwith c1 = 1/(B1 + δ − kB1).We posted the orret form of the paper on the web page http://arxiv.org, athttp://arxiv.org/abs/1001.5354 .We apologize to the readers of "Journal of Middle Volga Mathematial Soiety"for theonfusion generated by our mistakes. Aepted 28.04.2010
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Ïðàâèëà î�îðìëåíèÿ ðóêîïèñåé 99Ïðàâèëà î�îðìëåíèÿ ðóêîïèñåéäëÿ ïóáëèêàöèè â æóðíàëå ¾Æóðíàë ÑÂÌÎ¿Îáðàùàåì Âàøå âíèìàíèå íà òî, ÷òî óêàçàííûå íèæå ïðàâèëà äîëæíû âûïîëíÿòüñÿàáñîëþòíî òî÷íî. Â ñëó÷àå, åñëè ïðàâèëà î�îðìëåíèÿ ðóêîïèñè íå áóäóò âûïîëíåíû,Âàøà ñòàòüÿ íå áóäåò îïóáëèêîâàíà.Òåêñò äîêëàäà äîëæåí áûòü íàáðàí â èçäàòåëüñêîé ñèñòåìå TEX (èëè îäíîì èç ååêëîíîâ). Äëÿ âåðñòêè ðóêîïèñè ñëåäóåò èñïîëüçîâàòü ïðåàìáóëó, êîòîðóþ ìîæíî ïîëó÷èòüíà ñàéòå http://www.svmo.ru.Îáúåì ñòàòüè íå äîëæåí ïðåâûøàòü 10 ñòðàíèö. Òåêñò ñòàòüè äîëæåí áûòü ïîìåùåíâ �àéë ñ èìåíåì <�àìèëèÿ àâòîðà>.tex (êîòîðûé âêëþ÷àåòñÿ êîìàíäîé \input â ïðåàì-áóëå). Íàïðèìåð,\input{voskresensky.tex}Ñîäåðæàíèå ïðåàìáóëû èçìåíÿòü íåëüçÿ. Îïðåäåëåíèå íîâûõ êîìàíä àâòîðîì ñòàòüèíå äîïóñêàåòñÿ äëÿ ïðåäóïðåæäåíèÿ êîí�ëèêòîâ èìåí ñ êîìàíäàìè, êîòîðûå ìîãëè áûáûòü îïðåäåëåíû â ñòàòüÿõ äðóãèõ àâòîðîâ.Âíèìàíèå! Íîâûå ïðàâèëà. Äëÿ î�îðìëåíèÿ çàãîëîâêà ñòàòüè íà ðóññêîì ÿçûêåñëåäóåò èñïîëüçîâàòü êîìàíäó \headerRus. Ýòà êîìàíäà èìååò ñëåäóþùèå àðãóìåíòû:\headerRus{ÓÄÊ}{íàçâàíèå ñòàòüè}{àâòîð(û)}{Àâòîð1\footnote{Äîëæíîñòü,ìåñòî ðàáîòû, ãîðîä; e-mail.}, Àâòîð2\footnote{Äîëæíîñòü, ìåñòî ðàáîòû, ãî-ðîä; e-mail.}}{Àííîòàöèÿ}{Êëþ÷åâûå ñëîâà}Äëÿ î�îðìëåíèÿ çàãîëîâêà ñòàòüè íà àíãëèéñêîì ÿçûêå ñëåäóåò èñïîëüçîâàòü êî-ìàíäó \headerEn. Ýòà êîìàíäà èìååò ñëåäóþùèå àðãóìåíòû:\headerEn{íàçâàíèå ñòàòüè} {Àâòîð1\footnote{Äîëæíîñòü, ìåñòî ðàáî-òû, ãîðîä; e-mail.}, Àâòîð2\footnote{Äîëæíîñòü, ìåñòî ðàáîòû, ãîðîä; e-mail.}}{Àííîòàöèÿ}{Êëþ÷åâûå ñëîâà}Åñëè ñòàòüÿ íà àíãëèéñêîì ÿçûêå, òî äëÿ î�îðìëåíèÿ çàãîëîâêà ñòàòüè íåîáõîäèìîèñïîëüçîâàòü êîìàíäó \headerFirstEn ñ òàêèìè æå ïàðàìåòðàìè, êàê äëÿ êîìàíäû\headerRus.Ñòàòüÿ ìîæåò ñîäåðæàòü ïîäçàãîëîâêè ëþáîé âëîæåííîñòè. Ïîäçàãîëîâêè ñàìîãî âåðõ-íåãî óðîâíÿ ââîäÿòñÿ ïðè ïîìîùè êîìàíäû \set ñ îäíèì ïàðàìåòðîì:\set{Çàãîëîâîê}Ïîäçàãîëîâêè áîëåå íèçêèõ óðîâíåé ââîäÿòñÿ êàê îáû÷íî êîìàíäàìè \subsetion,\subsubsetion è \paragraph.Ñëåäóåò èìåòü â âèäó, ÷òî âíå çàâèñèìîñòè îò óðîâíÿ âëîæåííîñòè ïîäçàãîëîâêîâ âÂàøåé ñòàòüå, íóìåðàöèÿ îáúåêòîâ (�îðìóë, òåîðåì, ëåìì è ò.ä.) âñåãäà áóäåò äâîéíîé èáóäåò ïîä÷èíåíà ïîäçàãîëîâêàì ñàìîãî âåðõíåãî óðîâíÿ.Äëÿ î�îðìëåíèÿ òåîðåì, ëåìì, ïðåäëîæåíèé, ñëåäñòâèé, îïðåäåëåíèé, çàìå÷àíèé èïðèìåðîâ ñëåäóåò èñïîëüçîâàòü ñîîòâåòñòâåííî îêðóæåíèÿ Th, Lemm, Prop, Cor, De�n,NB è Example. Åñëè â Âàøåé ñòàòüå ïðèâîäÿòñÿ äîêàçàòåëüñòâà óòâåðæäåíèé, èõ ñëåäó-åò îêðóæèòü êîìàíäàìè \proof è \proofend (äëÿ ïîëó÷åíèÿ ñòðîê 'Äîêàçàòåëüñòâî.' è'Äîêàçàòåëüñòâî çàêîí÷åíî.' ñîîòâåòñòâåííî). Æóðíàë ÑÂÌÎ. 2010. Ò. 12, � 1



100 Ïðàâèëà î�îðìëåíèÿ ðóêîïèñåéÄëÿ îáîçíà÷åíèÿ ïðîñòðàíñòâ ñëåäóåò èñïîëüçîâàòü êîìàíäû \R, \Rn, \C, \Z, \N èò.ä.Äëÿ âñòàâîê áóêâ ϕ è ε íåîáõîäèìî èñïîëüçîâàòü êîìàíäû \phi, \epsilon ñîîòâåò-ñòâåííî. Ñèìâîëû ÷àñòíûõ ïðîèçâîäíûõ ∂
∂xi

è ∂u
∂xi

âñòàâëÿþòñÿ êîìàíäàìè \px{i} è\pxtog{u}{i}.Äëÿ âñòàâîê áóêâ êèðèëëèöû â �îðìóëû ñëåäóåò èñïîëüçîâàòü êîìàíäû \textrm,\textit. Íàïðèìåð, äëÿ âñòàâîê �îðìóë �i , Äi â òåêñò ñòàòüè, íåîáõîäèìî íàáðàòü êî-ìàíäû \textrm{�}_i, \textit{Ä}_i.Äëÿ íóìåðîâàíèÿ �îðìóë è ñîçäàíèÿ ïîñëåäóþùèõ ññûëîê íà ýòè �îðìóëû íåîáõîäèìîèñïîëüçîâàòü ñîîòâåòñòâåííî êîìàíäû \label{ìåòêà} è \eqref{ìåòêà}, ãäå â êà÷åñòâåìåòêè íóæíî èñïîëüçîâàòü ñòðîêó ñëåäóþùåãî âèäà: 'Ôàìèëèÿ ÀâòîðàÍîìåð Ôîðìóëû'.Íàïðèìåð, �îðìóëó (14) â ñòàòüå Èâàíîâà íóæíî ïîìåòèòü \label{ivanov14}, òåîðåìó5 èç ýòîé ñòàòüè � \label{ivanovt5} è ò.ï. (Äëÿ ññûëîê íà òåîðåìû, ëåììû è äðóãèåîáúåêòû, îòëè÷íûå îò �îðìóë, íóæíî èñïîëüçîâàòü êîìàíäó \ref{ìåòêà}).Äëÿ âñòàâêè â òåêñò ñòàòüè ðèñóíêîâ íåîáõîäèìî ïîëüçîâàòüñÿ ñëåäóþùèìè êîìàíäàìèà) âñòàâêà çàíóìåðîâàííîãî ðèñóíêà áåç ïîäïèñè è ñ óêàçàíèåì ñòåïåíè ñæàòîñòè\insertpiture{ìåòêà}{èìÿ_�àéëà.eps}{ñòåïåíü_ñæàòèÿ}ãäå ñòåïåíü_ñæàòèÿ ÷èñëî îò 0 äî 1.á) âñòàâêà çàíóìåðîâàííîãî ðèñóíêà ñ ïîäïèñüþ\insertpiturewap{ìåòêà}{èìÿ_�àéëà.eps}{ïîäïèñü_ïîä_ðèñóíêîì}â) âñòàâêà çàíóìåðîâàííîãî ðèñóíêà ñ ïîäïèñüþ è ñ óêàçàíèåì ñòåïåíè ñæàòîñòè\insertpitureapsale{ìåòêà}{èìÿ_�àéëà.eps}{ñòåïåíü_ñæàòèÿ} {ïîä-ïèñü_ïîä_ðèñóíêîì}ã) âñòàâêà ðèñóíêà áåç íîìåðà ïîä ðèñóíêîì, íî ñ ïîäïèñüþ èëè íåò\insertpiturenonum{èìÿ_�àéëà.eps}{ñòåïåíü_ñæàòèÿ} {ïîä-ïèñü_ïîä_ðèñóíêîì}Âñå âñòàâëÿåìûå êàðòèíêè äîëæíû íàõîäèòüñÿ â �àéëàõ â �îðìàòå EPS (EnapsulatedPostSript).Âíèìàíèå! Íîâûå ïðàâèëà. Äëÿ î�îðìëåíèÿ ñïèñêà ëèòåðàòóðû íà ðóññêîì ÿçûêåñëåäóåò èñïîëüçîâàòü îêðóæåíèå thebibliography.Äëÿ î�îðìëåíèÿ ñïèñêà ëèòåðàòóðû íà àíãëèéñêîì ÿçûêå ñëåäóåò èñïîëüçîâàòü îêðó-æåíèå thebibliographyEn.Ñàì ñïèñîê î�îðìëÿåòñÿ â âèäå ïîñëåäîâàòåëüíîñòè êîìàíä \bibitem, èìåþùèõ îäèíïàðàìåòð:\bibitem{ìåòêà äëÿ ññûëêè íà èñòî÷íèê}Äëÿ ïðèâåäåííîãî âûøå ïðèìåðà â êà÷åñòâå ìåòêè äëÿ ïóíêòà 7 â ñïèñêå ëèòåðàòó-ðû íóæíî èñïîëüçîâàòü ñòðîêó 'ivanovb7'. Äëÿ ññûëîê íà ýëåìåíòû ñïèñêà ëèòåðàòóðûíåîáõîäèìî èñïîëüçîâàòü êîìàíäó \ite èëè \pgite (ïàðàìåòðû ñì. â ïðåàìáóëå).Ìåòêè âñåõ îáúåêòîâ ñòàòüè äîëæíû áûòü óíèêàëüíûìè.Êîìïèëÿöèÿ æóðíàëà ïðîèçâîäèòñÿ ïðè ïîìîùè MiKTEX 2.2, äèñòðèáóòèâ êîòîðîãîìîæíî ïîëó÷èòü íà ñàéòå http://www.miktex.org.Æóðíàë ÑÂÌÎ. 2010. Ò. 12, � 1
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