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8 �åäàêöèîííàÿ ñòðàíèöàÎò ðåäàêöèèÆóðíàë ¾Òðóäû Ñðåäíåâîëæñêîãî ìàòåìàòè÷åñêîãî îáùåñòâà¿ î�èöèàëüíî èçìåíèëñâîå íàçâàíèå íà ¾Æóðíàë Ñðåäíåâîëæñêîãî ìàòåìàòè÷åñêîãî îáùåñòâà¿. Âñå ëó÷øèå òðà-äèöèè, ñëîæèâøèåñÿ â ¾ïðåäøåñòâåííèêå¿, áóäóò ñîõðàíåíû è ïðåóìíîæåíû â ýòîì æóð-íàëå ñ íîâûì íàçâàíèåì. Îäíà èç òàêèõ òðàäèöèé � ýòî îòáîð ðàáîò äëÿ ïóáëèêàöèé. Ïðåä-âàðèòåëüíî ðàáîòû, â îñíîâíîì, äîêëàäûâàþòñÿ íà êîí�åðåíöèÿõ èëè øêîëàõ-ñåìèíàðàõ,êîòîðûå ïðîâîäÿòñÿ Ñðåäíåâîëæñêèì ìàòåìàòè÷åñêèì îáùåñòâîì è Ìîðäîâñêèì ãîñóäàð-ñòâåííûì óíèâåðñèòåòîì èì. Í. Ï. Îãàðåâà. Çäåñü ðàáîòû ïîäâåðãàþòñÿ çäîðîâîé êðèòèêåè íå�îðìàëüíîìó îáñóæäåíèþ, ñòàíîâèòñÿ ÿñíîé èõ íîâèçíà è àêòóàëüíîñòü, íàìå÷àþò-ñÿ ðåöåíçåíòû èç ÷ëåíîâ ðåäêîëëåãèè è èç ïðèñóòñòâóþùèõ íà ïîäîáíûõ ìåðîïðèÿòèÿõâåäóùèõ ó÷åíûõ. Æóðíàë Ñðåäíåâîëæñêîãî ìàòåìàòè÷åñêîãî îáùåñòâà ïóáëèêóåò ñòàòüèïî ìàòåìàòèêå, èí�îðìàòèêå è ìåòîäèêå èõ ïðåïîäàâàíèÿ. Íàñòîÿùèé íîìåð ñîñòàâëåíèç ðàáîò, ïðîøåäøèõ ðåöåíçèðîâàíèå è ýêñïåðòèçó íà IV Ìåæäóíàðîäíîé íàó÷íîé øêîëå-ñåìèíàðå ¾Ìàòåìàòè÷åñêîå ìîäåëèðîâàíèå, ÷èñëåííûå ìåòîäû è êîìïëåêñû ïðîãðàìì¿,êîòîðàÿ ïðîâîäèëàñü ïðè �èíàíñîâîé ïîääåðæêå �ÔÔÈ, ãðàíò � 09-01-06812-ìîá_ã. Ýòîòíîìåð æóðíàëà ñîäåðæèò ðàáîòû êàê íà÷èíàþùèõ ó÷åíûõ, òàê è èçâåñòíûõ ñïåöèàëèñòîâïî ìàòåìàòè÷åñêîìó ìîäåëèðîâàíèþ.�åäàêöèÿ æóðíàëà æåëàåò àâòîðàì êðåïêîãî çäîðîâüÿ è òâîð÷åñêèõ óñïåõîâ!



Ê íàèëó÷øåé ïàðàìåòðèçàöèè 9ÓÄÊ 519.622Ê íàèëó÷øåé ïàðàìåòðèçàöèè
© Å. Á. Êóçíåöîâ1Àííîòàöèÿ. ×èñëåííîå ðåøåíèå ñèñòåìû íåëèíåéíûõ àëãåáðàè÷åñêèõ èëè òðàíñöåíäåíò-íûõ óðàâíåíèé, ñîäåðæàùèõ íåñêîëüêî ïàðàìåòðîâ, èçó÷àåòñÿ ñ ïîçèöèè ìåòîäà ïðîäîëæå-íèÿ ðåøåíèÿ ïî ïàðàìåòðó. �àññìàòðèâàåòñÿ çàäà÷à ïàðàìåòðè÷åñêîãî ïðèáëèæåíèÿ êðèâûõè ïîâåðõíîñòåé.Êëþ÷åâûå ñëîâà: ñèñòåìà íåëèíåéíûõ óðàâíåíèé ñ ïàðàìåòðàìè, íàèëó÷øèå ïàðàìåòðû,íàèëó÷øàÿ ïàðàìåòðèçàöèÿ êðèâûõ, ïîâåðõíîñòåé.1. ÂâåäåíèåÌíîãèå ìàòåìàòè÷åñêèå ìîäåëè îïèñûâàþòñÿ èëè ìîãóò áûòü ñâåäåíû ê èññëåäîâàíèþñèñòåì íåëèíåéíûõ àëãåáðàè÷åñêèõ èëè òðàíñöåíäåíòíûõ óðàâíåíèé âèäà
Fi(x1, . . . , xn, p1, . . . , pm) = 0, i = 1, 2, . . . , n, (1.1)ñîäåðæàùèõ íåèçâåñòíûå ïåðåìåííûå x1, . . . , xn è íåïðåðûâíî èçìåíÿþùèåñÿ ïàðàìåòðû

p1, p2, . . . , pm , ïðèíàäëåæàùèå íåêîòîðîìó ìíîæåñòâó P : {p0
l ≤ pl ≤ p∗l , l = 1, 2, . . . , m} .Óðàâíåíèÿ òèïà (1.1) ïîëó÷àþòñÿ, íàïðèìåð, ïðè ðåøåíèè ìåòîäîì êîíå÷íûõ ýëåìåí-òîâ íåëèíåéíûõ ñòàòè÷åñêèõ çàäà÷ ìåõàíèêè äå�îðìèðóåìîãî òâåðäîãî òåëà, à òàêæå ïðèïàðàìåòðè÷åñêîì ïðèáëèæåíèè êðèâûõ è ïîâåðõíîñòåé.Ïóñòü ðåøåíèå ñèñòåìû óðàâíåíèé (1.1) èçâåñòíî ïðè íåêîòîðûõ çíà÷åíèÿõ ïàðàìåò-ðîâ, ò.å.

xi = xi0 ïðè pl = pl0, i = 1, 2, . . . , n, l = 1, 2, . . . , m.Òðåáóåòñÿ íàéòè ðåøåíèå ñèñòåìû (1.1) ïðè äðóãèõ çíà÷åíèÿõ ïàðàìåòðîâ èç ìíîæå-ñòâà P .Î ï ð å ä å ë å í è å 1.1. Ïîäïðîñòðàíñòâî, çàäàâàåìîå â ïðîñòðàíñòâå Rn+m :
{x1, . . . , xn, p1, . . . , pm} ñèñòåìîé óðàâíåíèé (1.1) ïðè ðàçëè÷íûõ çíà÷åíèÿõ ïàðàìåòðîâ
p1, . . . , pm , ïðèíàäëåæàùèõ íåêîòîðîìó ìíîæåñòâó P ⊂ Rm , íàçîâåì ïîäïðîñòðàí-ñòâîì ìíîæåñòâà ðåøåíèé ñèñòåìû óðàâíåíèé (1.1).Îäíèì èç íàèáîëåå åñòåñòâåííûõ è ý��åêòèâíûõ ìåòîäîâ èññëåäîâàíèÿ ïîñòàâëåííîéçàäà÷è ÿâëÿåòñÿ ìåòîä ïðîäîëæåíèÿ ðåøåíèÿ ïî ïàðàìåòðó [1℄.Çàìåòèì, ÷òî ïðîäîëæåíèå ðåøåíèÿ ïî ïàðàìåòðàì çàäà÷è p1, . . . , pm íå âñåãäà ìîæåòîêàçàòüñÿ óäà÷íûì. Â [1℄ ýòî îáñòîÿòåëüñòâî ïîÿñíÿåòñÿ ïðè ðåøåíèè îäíîïàðàìåòðè÷å-ñêîé ñèñòåìû óðàâíåíèé.Îñíîâíîé öåëüþ äàííîé ðàáîòû ÿâëÿåòñÿ îáîáùåíèå ðåçóëüòàòîâ ðàáîòû [1℄, â êîòîðîéðàññìàòðèâàåòñÿ îäíîïàðàìåòðè÷åñêèé ñëó÷àé, íà ìíîãîïàðàìåòðè÷åñêèé, ò.å. íà ñëó÷àéñèñòåìû íåëèíåéíûõ óðàâíåíèé (1.1).1Ïðî�åññîð êà�åäðû äè��åðåíöèàëüíûõ óðàâíåíèé, Ìîñêîâñêèé àâèàöèîííûé èíñòèòóò (ãîñóäàð-ñòâåííûé òåõíè÷åñêèé óíèâåðñèòåò), ã. Ìîñêâà; kuznetsov�mai.ru.
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10 Å. Á. Êóçíåöîâ2. Ìíîãîìåðíàÿ ïàðàìåòðèçàöèÿÂêëþ÷èì ïàðàìåòðû ñèñòåìû (1.1) â ÷èñëî íåèçâåñòíûõ, ò.å. ââåäåì îáîçíà÷åíèÿ
xn+1 = p1, . . . , xn+m = pm . Òîãäà ñèñòåìà óðàâíåíèé (1.1) ïðèìåò âèä

Fi(x1, . . . , xn+m) = 0, i = 1, 2, . . . , n. (2.1)Ïóñòü íåèçâåñòíûå x1, . . . , xn+m ÿâëÿþòñÿ äè��åðåíöèðóåìûìè �óíêöèÿìè íåêîòî-ðûõ m ïàðàìåòðîâ µ1, . . . , µm , ò.å. xj = xj(µ1, . . . , µm) , (j = 1, 2, . . . , n + m) , äè��å-ðåíöèàëû êîòîðûõ ìîãóò áûòü ïðåäñòàâëåíû â âèäå
dµl =

n+m∑

j=1

αljdxj , l = 1, 2, . . . , m. (2.2)Çäåñü âåêòîð αl = (αl1, . . . , αl(n+m))
T , (l = 1, 2, . . . , m) çàäàåò íàïðàâëåíèå, â êîòîðîìâûáèðàåòñÿ ïàðàìåòð µl . Ïðèäàâàÿ êîìïîíåíòàì âåêòîðà αl ðàçëè÷íûå çíà÷åíèÿ, ìîæíîçàäàòü â ïðîñòðàíñòâå Rn+m : {x1, x2, . . . , xn+m} ëþáîå íàïðàâëåíèå. Òàê, åñëè âåêòîð

αl âçÿòü â âèäå αl = (1, 0, . . . , 0)T , òî ïàðàìåòð µl áóäåò âû÷èñëÿòüñÿ â íàïðàâëåíèèèçìåíåíèÿ ïåðåìåííîé x1 .Äëÿ òîãî ÷òîáû âñå âûáèðàåìûå íàïðàâëåíèÿ áûëè ðàâíîïðàâíûìè, âåêòîðû αl äîëæ-íû áûòü îäèíàêîâîé äëèíû. Ïóñòü îíè áóäóò åäèíè÷íûìè.Î÷åâèäíî, ÷òî ñèñòåìà âåêòîðîâ α1, . . . , αm äîëæíà áûòü ëèíåéíî íåçàâèñèìîé. Â ïðî-òèâíîì ñëó÷àå èç m ïàðàìåòðîâ p1, . . . , pm ìîæíî îáðàçîâàòü ëèíåéíóþ êîìáèíàöèþ è÷èñëî ïàðàìåòðîâ â ñèñòåìå (1.1) ìîæåò áûòü óìåíüøåíî.Óðàâíåíèÿ ïðîäîëæåíèÿ ðåøåíèÿ ïîëó÷èì, åñëè íàðÿäó ñ ðàâåíñòâàìè (2.2) çàïèøåìäè��åðåíöèàëû óðàâíåíèé ñèñòåìû (2.1). Òîãäà ïîëó÷àåì ñèñòåìó óðàâíåíèé ïðîäîëæå-íèÿ ðåøåíèÿ âèäà



α11 α12 . . . α1(n+m)... ... . . . ...
αm1 αm2 . . . αm(n+m)

F11 F12 . . . F1(n+m)... ... . . . ...
Fn1 Fn2 . . . Fn(n+m)







dx1...
dxm
dxm+1...
dxn+m




=




dµ1...
dµm
0...
0




. (2.3)

Çäåñü ââåäåíû ñëåäóþùèå îáîçíà÷åíèÿ Fij = ∂Fi/∂xj , i = 1, 2, . . . , n, j =
1, 2, . . . , n+m .Äëÿ òîãî ÷òîáû îñóùåñòâèòü ïðîöåññ ïðîäîëæåíèÿ ðåøåíèÿ, ñèñòåìó (2.3) ñëåäóåòðàçðåøèòü îòíîñèòåëüíî äè��åðåíöèàëîâ dx1, . . . , dxn+m , ñëåäîâàòåëüíî, ìàòðèöà ýòîéñèñòåìû äîëæíà áûòü íåâûðîæäåííîé. Ïîýòîìó âåêòîðû α1, α2, . . . , αm íå äîëæíû ïðè-íàäëåæàòü ïîäïðîñòðàíñòâó Ln ⊂ Rn , îáðàçîâàííîìó ñòðîêàìè ìàòðèöû ßêîáè ñèñòåìû(2.1), ò.å. ïîñëåäíèìè n ñòðîêàìè ìàòðèöû ñèñòåìû (2.3). Ïóñòü ýòè âåêòîðû ïðèíàäëå-æàò ïîäïðîñòðàíñòó Bm ⊂ Rm . Â ñèëó ëèíåéíîé íåçàâèñèìîñòè âåêòîðîâ α1, α2, . . . , αm ,îíè îáðàçóþò â ïîäïðîñòðàíñòâå Rm áàçèñ.Ââåäåì åùå îäíî ïîíÿòèå.Î ï ð å ä å ë å í è å 2.1. Ïîäïðîñòðàíñòâî â Rm , îáðàçîâàííîå âåêòîðàìè, îð-òîãîíàëüíûìè ñòðîêàì ìàòðèöû ßêîáè ñèñòåìû óðàâíåíèé (2.1), ò.å. ïîñëåäíèì nñòðîêàì ìàòðèöû ñèñòåìû (2.3), íàçîâåì êàñàòåëüíûì ïîäïðîñòðàíñòâîì.Æóðíàë ÑÂÌÎ. 2009. Ò. 11, � 2



Ê íàèëó÷øåé ïàðàìåòðèçàöèè 11Î÷åâèäíî, ÷òî ïðîöåññ ðàçðåøåíèÿ ñèñòåìû óðàâíåíèé (2.3) îòíîñèòåëüíî äè��åðåí-öèàëîâ áóäåò òåì ý��åêòèâíåå, ÷åì ìàòðèöà ñèñòåìû áóäåò ëó÷øå îáóñëîâëåííîé.Â êà÷åñòâå ìåðû îáóñëîâëåííîñòè D ñèñòåìû ëèíåéíûõ óðàâíåíèé ïðèìåì âåëè÷èíóîïðåäåëèòåëÿ det A ìàòðèöû A ýòîé ñèñòåìû, äåëåííóþ íà ïðîèçâåäåíèå êâàäðàòè÷íûõíîðì åãî ñòðîê. Äëÿ êâàäðàòíîé ìàòðèöû A = ‖aij‖ ïîðÿäêà n ìåðó îáóñëîâëåííîñòèìîæíî ïðåäñòàâèòü â âèäå
D =

det A

l1l2 . . . ln
,ãäå li =

√
n∑
j=1

a2
ij, (i = 1, 2, . . . , n) .Â ñèëó íåðàâåíñòâà Àäàìàðà äëÿ îïðåäåëèòåëåé |D| ∈ [0, 1] è áîëüøåìó çíà÷åíèþ |D|ñîîòâåòñòâóåò ëó÷øàÿ îáóñëîâëåííîñòü ñèñòåìû óðàâíåíèé.Ò å î ð å ì à 2.1. Äëÿ òîãî ÷òîáû ñèñòåìà ëèíåéíûõ óðàâíåíèé ïðîäîëæåíèÿ ðå-øåíèÿ (2.3) áûëà íàèëó÷øèì îáðàçîì îáóñëîâëåííîé, íåîáõîäèìî è äîñòàòî÷íî, ÷òî-áû â ëþáîé òî÷êå ãëàäêîãî ïîäïðîñòðàíñòâà ìíîæåñòâà ðåøåíèé ñèñòåìû íåëèíåéíûõóðàâíåíèé (2.1), ïàðàìåòðû ïðîäîëæåíèÿ ðåøåíèÿ µ1, . . . , µm ÿâëÿëèñü áû äëèíàìè äóã,âû÷èñëÿåìûõ âäîëü m âåêòîðîâ îðòîíîðìèðîâàííîãî áàçèñà êàñàòåëüíîãî ïîäïðîñòðàí-ñòâà.3. ×èñëåííûå ðàñ÷åòûÂ ïðèêëàäíûõ èññëåäîâàíèÿõ êðèâàÿ îáû÷íî çàäàåòñÿ íå ñèñòåìîé, à íàáîðîì òî÷åê

(xi, yi, zi), i = 1, 2, . . . , n.Äëÿ ðåøåíèÿ çàäà÷è ïàðàìåòðè÷åñêîé èíòåðïîëÿöèè òðåáóåòñÿ ïîñòðîèòü ñèñòåìó�óíêöèé
x = X(t), y = Y (t), z = Z(t),îïðåäåëÿþùèõ ãëàäêóþ êðèâóþ â ïðîñòðàíñòâå R3 , êîòîðûå ïðè íåêîòîðûõ âûáðàí-íûõ çíà÷åíèÿõ ïàðàìåòðà ti, i = 1, . . . , n ïðèíèìàþò íàïåðåä çàäàííûå çíà÷åíèÿ

xi, yi, zi, i = 1, 2, . . . , n , ò.å. óäîâëåòâîðÿþò óñëîâèÿì
X(ti) = xi, Y (ti) = yi, Z(ti) = zi, i = 1, 2, . . . , n.Îäíàêî ïðîáëåìà âûáîðà ïàðàìåòðà ÿâëÿåòñÿ íåîäíîçíà÷íîé. Âûáîð ïàðàìåòðà èìååòðåøàþùåå âëèÿíèå íà �îðìó ïðèáëèæàþùåé êðèâîé. Ïðè íåóäà÷íîì âûáîðå ïàðàìåòðà íàêðèâîé ìîãóò ïîÿâëÿòüñÿ îñöèëëÿöèè, à â íåêîòîðûõ ñëó÷àÿõ äàæå ïåòëè. Ïîýòîìó ìîæíîïîñòàâèòü âîïðîñ î âûáîðå íàèëó÷øåãî ïàðàìåòðà. Åñëè ýòó çàäà÷ó èçó÷àòü ñ ïîçèöèèìåòîäà ïðîäîëæåíèÿ ðåøåíèÿ ïî ïàðàìåòðó, òî íàèëó÷øèì ïàðàìåòðîì áóäåò äëèíó äóãè

λ , âû÷èñëÿåìàÿ âäîëü èíòåðïîëèðóåìîé êðèâîé.Òàê êàê èíòåðïîëèðóåìàÿ êðèâàÿ çàðàííåå íåèçâåñòíà, òî ÷àñòî èñïîëüçóåìàÿ íà ïðàê-òèêå õîðäîâàÿ ïàðàìåòðèçàöèÿ, ïðè êîòîðîé â êà÷åñòâå ïàðàìåòðà âûáèðàåòñÿ äëèíà ëî-ìàíîé, ñîåäèíÿþùåé óçëîâûå òî÷êè, ÿâëÿåòñÿ áëèçêîé ê íàèëó÷øåé.Ïðèìåð 1. �àññìîòðèì èíòåðïîëÿöèþ ëåìíèñêàòû Áåðíóëëè, çàäàâàåìîé â äåêàðòî-âûõ êîîðäèíàòàõ (x, y) óðàâíåíèåì
F (x, y) = (x2 + y2)2 − (x2 − y2) = 0. (3.1)Æóðíàë ÑÂÌÎ. 2009. Ò. 11, � 2



12 Îöåíêè áëèçîñòè ìíîæåñòâ òî÷åê ïîëó÷åííûõ ïàðàìåòðè÷åñêèõ êðèâûõ ê ìíîæåñòâóòî÷åê èñõîäíîé êðèâîé, çàäàííîé óðàâíåíèåì (3.1), ðàññ÷èòûâàëèñü â ìåòîäå Õàóñäîð�à.Ïîä õàóñäîð�îâûì ðàññòîÿíèåì ìåæäó äâóìÿ òî÷å÷íûìè îãðàíè÷åííûìè ìíîæåñòâàìèE è F ïîíèìàåòñÿ âåëè÷èíà
r(E,F ) = max[max

P∈E
min
Q∈F

ρ(P,Q),max
P∈F

min
Q∈E

ρ(P,Q)]. (3.2)Ïðèáëèçèì êðèâóþ (3.1) ïàðàìåòðè÷åñêèìè êóáè÷åñêèìè ñïëàéíàìè. Èíòåðïîëÿöèÿïðîâîäèëàñü ïî ñåìè óçëîâûì òî÷êàì, ïðè÷åì ïîñëåäíÿÿ òî÷êà ñîâïàäàëà ñ ïåðâîé.Ïðè èñïîëüçîâàíèè íàèëó÷øåé ïàðàìåòðèçàöèè îøèáêà ïðèáëèæåíèÿ ñîñòàâèëà âåëè-÷èíó r = 10−5 . Ïðè èñïîëüçîâàíèè õîðäîâîé ïàðàìåòðèçàöèè r=0.0358, ïðè èñïîëüçî-âàíèè öåëî÷èñëåííîé ïàðàìåòðèçàöèè (ti, i = 0, 1, . . . , n) � r=0.1516, ïðè èñïîëüçîâàíèèöåíòðîñòðåìèòåëüíîé ïàðàìåòðèçàöèè � r=0.1084.Ïðèìåð 2. �àññìîòðèì èíòåðïîëÿöèþ îäíîïîëîñíîãî ãèïåðáîëîèäà, çàäàâàåìîãîóðàâíåíèåì
x2 − y2 + z2 − 1 = 0,ïàðàìåòðè÷åñêèìè áèêóáè÷åñêèìè ñïëàéíàìè.Îøèáêè èíòåðïîëÿöèè âû÷èñëÿëèñü â ìåòðèêå Õàóñäîð�à (3.2).Ïðè èñïîëüçîâàíèè åñòåñòâåííîé ïàðàìåòðèçàöèè ëèíèé ñåòêè îøèáêà ïðèáëèæåíèÿñîñòàâèëà r=0.08, ïðè èñïîëüçîâàíèè õîðäîâîé ïàðàìåòðèçàöèè � r=0.11, ïðè èñïîëüçî-âàíèè öåëî÷èñëåííîé ïàðàìåòðèçàöèè � r=0.22, ïðè èñïîëüçîâàíèè öåíòðîñòðåìèòåëü-íîé ïàðàìåòðèçàöèè � r=0.19.Ñïèñîê ëèòåðàòóðû1. Øàëàøèëèí Â.È., Êóçíåöîâ Å.Á. Ìåòîä ïðîäîëæåíèÿ ðåøåíèÿ ïî ïàðàìåòðó èíàèëó÷øàÿ ïàðàìåòðèçàöèÿ â ïðèêëàäíîé ìàòåìàòèêå è ìåõàíèêå. Ì.: ÝäèòîðèàëÓ�ÑÑ, 1999. � 222 ñòð. Äàòà ïîñòóïëåíèÿ 08.04.2008
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14 È. Ì. �óáàéäóëëèí, Ê. Ô. Êîëåäèíà, Ñ. È. ÑïèâàêÓÄÊ 519.876.5Ïîñëåäîâàòåëüíî-ïàðàëëåëüíîå îïðåäåëåíèåêèíåòè÷åñêèõ ïàðàìåòðîâ
© È. Ì. �óáàéäóëëèí1, Ê. Ô. Êîëåäèíà2, Ñ. È. Ñïèâàê3Àííîòàöèÿ. Â ðàáîòå âûÿâëåí âíóòðåííèé ïàðàëëåëèçì èññëåäóåìîãî îáúåêòà, ïðåäëîæåíàìîäåëü ðàñïàðàëëåëèâàíèÿ âû÷èñëèòåëüíîãî ïðîöåññà, ñèñòåìàòèçèðîâàíà çàäà÷à â èí�îð-ìàöèîííî-àíàëèòè÷åñêóþ ñèñòåìó îáðàòíûõ çàäà÷ õèìè÷åñêîé êèíåòèêè.Êëþ÷åâûå ñëîâà: èí�îðìàöèîííî-àíàëèòè÷åñêàÿ ñèñòåìà, âíóòðåííèé ïàðàëëåëèçì, êèíå-òè÷åñêàÿ ìîäåëü, áàçà äàííûõ êèíåòè÷åñêèõ èññëåäîâàíèé.1. Èí�îðìàöèîííî-àíàëèòè÷åñêàÿ ñèñòåìà îáðàòíûõçàäà÷ õèìè÷åñêîé êèíåòèêèÂ íàñòîÿùèå âðåìÿ, ñ öåëüþ èçó÷åíèÿ çàêîíîìåðíîñòåé ìåòàëëîêîìïëåêñíîãî êàòàëèçà, âÈíñòèòóòå íå�òåõèìèè è êàòàëèçà �ÀÍ, ïîä ðóêîâîäñòâîì ÷ë.-êîðð. �ÀÍÄæåìèëåâà Ó.Ì., ïðîâîäÿòñÿ èññëåäîâàíèÿ ìåõàíèçìîâ ñëîæíûõ ðåàêöèé öèêëî-,ãèäðî- è êàðáîìåòàëëèðîâàíèÿ îëå�èíîâ. Èññëåäîâàíèÿ ïðåäñòàâëÿþò ñîáîé êîìïëåêññëåäóþùèõ ìåòîäîâ 1.1. Ïåðâîå - äèíàìè÷åñêàÿ ßÌ� ñïåêòðîñêîïèÿ (óñòàíîâëåíèåñòðóêòóðû ïðîìåæóòî÷íûõ áèìåòàëëè÷åñêèõ êîìïëåêñîâ, îòâåòñòâåííûõ çà îáðàçîâàíèåöåëåâûõ àëþìàöèêëîïåíòàíîâ) [1℄. Âòîðîå - êâàíòîâî-õèìè÷åñêèå ðàñ÷åòû (îïðåäåëåíèåãåîìåòðè÷åñêèõ è ýíåðãåòè÷åñêèõ ïàðàìåòðîâ ïåðåõîäíûõ ñîñòîÿíèé) [2℄. Òðåòüå -ñîâðåìåííûå èí�îðìàöèîííûå òåõíîëîãèè ìàòåìàòè÷åñêîãî ìîäåëèðîâàíèÿ êèíåòèêèñëîæíûõ õèìè÷åñêèõ ðåàêöèé (ïîñòðîåíèå êèíåòè÷åñêèõ ìîäåëåé íà îñíîâå ðåøåíèÿ îá-ðàòíûõ çàäà÷ õèìè÷åñêîé êèíåòèêè) [3℄. Èí�îðìàöèîííî-àíàëèòè÷åñêàÿ ñèñòåìàîáðàòíûõ çàäà÷ õèìè÷åñêîé êèíåòèêè (ÈÀÑ ÎÇÕÊ) ñîñòîèò èç âõîäíûõ (ýêñïåðèìåí-òàëüíûå äàííûå, ïðåäëîæåííûå ìåõàíèçìû ïðîòåêàíèÿ ðåàêöèè), âûõîäíûõ (ðàñ÷åòíûåäàííûå ïî êàæäîìó âåùåñòâó, êèíåòè÷åñêèå ïàðàìåòðû) èí�îðìàöèîííûõ ïîòîêîâ, ìåòî-äîâ (ìåòîäû ðåøåíèÿ ïðÿìîé è îáðàòíîé çàäà÷è), òåõíè÷åñêèõ ñðåäñòâ îáðàáîòêè èí�îð-ìàöèè (îäíîïðîöåññîðíûå, ìíîãîïðîöåññîðíûå êîìïüþòåðû, ñóïåðêîìïüþòåðû). Âñå òðèìåòîäà äîïîëíÿþò äðóã äðóãà è ïîçâîëÿþò ïîëó÷àòü äîñòîâåðíûå ðåçóëüòàòû.Ñ èíòåíñèâíûì ðàçâèòèåì òåõíîëîãèè ïàðàëëåëüíûõ âû÷èñëåíèé [4℄ (ïîÿâëåíèå ñó-ïåðêîìïüþòåðîâ è ïàðàëëåëüíûõ àëãîðèòìîâ) ðàñøèðÿåòñÿ ïåðå÷åíü ìåòîäîâ îáðàáîòêèäëÿ ÈÀÑ ÎÇÕÊ. Ñ îäíîé ñòîðîíû, âîçíèêàåò âîçìîæíîñòü ïàðàëëåëüíîãî èçó÷åíèÿ ñàìîãîîáúåêòà - ðàçáèåíèå îáùåé çàäà÷è íà íåñêîëüêî íåçàâèñèìûõ ïîäçàäà÷, ñ äðóãîé ñòîðîíû,âîçìîæíîñòü èñïîëüçîâàíèÿ ïàðàëëåëüíûõ àëãîðèòìîâ äëÿ ÷èñëåííîãî ðåøåíèÿ ñèñòåìóðàâíåíèé ìàòåìàòè÷åñêèõ ìîäåëåé îáúåêòîâ. Â äàííîé ðàáîòå ðàññìàòðèâàþòñÿ ïðèí-öèïû âíóòðåííåãî ïàðàëëåëèçìà â îáðàòíûõ çàäà÷àõ õèìè÷åñêîé êèíåòèêè è ðàçëè÷íûåóðîâíè ðàñïàðàëëåëèâàíèÿ.1Äîöåíò, Èíñòèòóò íå�òåõèìèè è êàòàëèçà �ÀÍ, ã.Ó�à; irekmars�mail.ru.2Ñ.í.ñ, àñïèðàíò, Èíñòèòóò íå�òåõèìèè è êàòàëèçà �ÀÍ, ã.Ó�à; irekmars�mail.ru.3Çàâåäóþùèé ëàáîðàòîðèåé ¾Ìàòåìàòè÷åñêîé õèìèè¿ ÈÍÊ �ÀÍ, Èíñòèòóò íå�òåõèìèè è êàòàëèçà�ÀÍ, ã.Ó�à; irekmars�mail.ru.
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� è ñ ó í î ê 1.1Îáúåêò èññëåäîâàíèÿ2. Âíóòðåííèé ïàðàëëåëèçì èññëåäóåìîãî îáúåêòàÏðè ïåðâîíà÷àëüíîé ïîñòàíîâêå ýêñïåðèìåíòà ñëîæíîé õèìè÷åñêîé ðåàêöèè òðóäíîîïðåäåëèòü îêîí÷àòåëüíî âåðíûé ìåõàíèçì, ïî êîòîðîìó ïðîèñõîäèò ðåàêöèÿ. Ïîýòîìóõèìèêè-ýêñïåðèìåíòàòîðû íà îñíîâàíèè ýêñïåðèìåíòàëüíûõ, òåîðåòè÷åñêèõ äàííûõ ïðåä-ëàãàþò ïåðâîíà÷àëüíûé âàðèàíò ìåõàíèçìà ðåàêöèè, êîòîðûé, â äàëüíåéøåì, íàîñíîâàíèè äîïîëíèòåëüíûõ èññëåäîâàíèé, òàêèõ êàê êâàíòîâî-õèìè÷åñêèå ðàñ÷åòû, óòî÷-íÿåòñÿ.�åàêöèÿ ãèäðîàëþìèíèðîâàíèÿ îëå�èíîâ ÿâëÿåòñÿ îäíîé èç êëþ÷åâûõ â ñèñòåìå ðåàê-öèé ìåòàëëîêîìïëåêñíîãî êàòàëèçà. Íàøè èññëåäîâàíèÿ ÿâëÿþòñÿ ÷àñòüþ èññëåäîâàíèéïî óñòàíîâëåíèþ ìåõàíèçìà ðåàêöèè. Â èíñòèòóòå ïîëó÷àþò è ýêñïåðèìåíòàëüíóþ èí�îð-ìàöèþ, è âåäóòñÿ êâàíòîâî-õèìè÷åñêèå èññëåäîâàíèÿ, â ðåçóëüòàòå êîòîðûõ áûëè ïðåäëî-æåíû ñëåäóþùèå ìåõàíèçìû ïðîòåêàíèÿ ðåàêöèè [5℄ (2.1)Íà ñõåìå 2.1 ïðåäñòàâëåí âòîðîé ýòàï äåòàëèçàöèè ðåàêöèè. Áûëè ñäåëàíû âûâîäû,÷òî íå òîëüêî ìîíîìåð ðåàãèðóåò ñ ÀÎÑ, íî è ñàì äèìåð âñòóïàåò â ðåàêöèþ ñ àëêåíîì(âòîðàÿ ñòàäèÿ). Ïðîàíàëèçèðîâàâ ïîëó÷åííûå ñòàäèè, îáúåäèíèâ íåêîòîðûå èç íèõ, áûëèïðåäëîæåíû îáîáùåííûå ñõåìû 5, 6 ðåàêöèè ãèäðîàëþìèíèðîâàíèÿ îëå�èíîâ.Òàêèì îáðàçîì, ïðèõîäèòñÿ ðàáîòàòü ñ íåñêîëüêèìè ìåõàíèçìàìè, îáðàáàòûâàòü áîëü-øîå ÷èñëî ýêñïåðèìåíòîâ, ïîýòîìó âîçíèêàåò íåîáõîäèìîñòü ñîçäàíèÿ ñïåöèàëüíûõ áàçäàííûõ, êîòîðûå áóäóò âêëþ÷àòü â ñåáÿ âñå ýòè ñõåìû ïðîòåêàíèÿ ðåàêöèè è ýêñïåðèìåí-òàëüíûå äàííûå.
Æóðíàë ÑÂÌÎ. 2009. Ò. 11, � 2
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� è ñ ó í î ê 2.1Ìåõàíèçìû ðåàêöèè ãèäðîàëþìèíèðîâàíèÿ îëå�èíîâ3. Áàçû äàííûõ êèíåòè÷åñêèõ èññëåäîâàíèéÍà 3.1 ïðåäñòàâëåíà áàçà äàííûõ êèíåòè÷åñêèõ èññëåäîâàíèé, êîòîðàÿ ïðåäñòàâëÿåò ñîáîéâõîäíûå, âûõîäíûå èí�îðìàöèîííûå ïîòîêè è ìåòîäû îáðàáîòêè èí�îðìàöèè.Âõîäíûå èí�îðìàöèîííûå ñîñòîÿò èç ñõåì ïðîòåêàíèÿ ðåàêöèé (â âèäå ìàòðèö) èýêñïåðèìåíòàëüíûõ äàííûõ: óñëîâèÿ ïðîâåäåíèÿ ýêñïåðèìåíòà, êîíöåíòðàöèè íàáëþ-äàåìûõ âåùåñòâ ïî âðåìåíè. Â ìåòîäàõ îáðàáîòêè èí�îðìàöèè ñîäåðæàòñÿ áàçà àëãî-ðèòìîâ ðåøåíèÿ çàäà÷, ïàðàìåòðû óïðàâëåíèÿ ðàñ÷åòîì. Âûõîäíûå èí�îðìàöèîííûåïîòîêè ïðåäñòàâëÿþò ñîáîé ðàçëè÷íîå îòîáðàæåíèå ðàñ÷åòíûõ çíà÷åíèé êîíöåíòðàöèéâåùåñòâ ïî âðåìåíè è çíà÷åíèÿ êèíåòè÷åñêèõ ïàðàìåòðîâ (êîíñòàíò ñêîðîñòåé è ýíåðãèéàêòèâàöèè).Â íà÷àëå, ïðè èññëåäîâàíèè ðåàêöèè áûë ñîçäàí îäèí �àéë ñ äàííûìè äëÿ îáùåé è÷àñòíûõ ñõåì ïî ÀÎÑ è îëå�èíàì. Íî ýòî âûçûâàëî íåóäîáñòâà ïðè ðàñ÷åòàõ, òàê êàêíåëüçÿ áûëî îäíîâðåìåííî ðåøàòü çàäà÷ó è äëÿ ÷àñòíûõ ñõåì, è äëÿ îáîáùåííûõ ñõåì (I3.1). Äàëåå îí áûë ðàçáèò íà äâå áàçû - ñ ÷àñòíûìè ñõåìàìè è îáîáùåííûìè (II 3.1). Îä-íàêî, äàëüíåéøåå äåòàëèçèðîâàíèå ñõåì, ìíîæåñòâî âàðèàíòîâ ìåõàíèçìîâ äëÿ êàæäîãîÀÎÑ è îëå�èíîâ çàñòàâèëè ðàçäåëèòü áàçó íà ÷åòûðå, ïî òðåì ÀÎÑ è îëå�èíàì [6℄. Ýòîïîçâîëÿåò âåñòè ïàðàëëåëüíûé ðàñ÷åò ïî ýòèì ðåàêöèÿì è èñïîëüçîâàòü ðàíåå ïîëó÷åííûåðåçóëüòàòû (III 3.1).
Æóðíàë ÑÂÌÎ. 2009. Ò. 11, � 2
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� è ñ ó í î ê 3.1Áàçà äàííûõ êèíåòè÷åñêèõ èññëåäîâàíèé4. �àñïàðàëëåëèâàíèå âû÷èñëèòåëüíîãî ïðîöåññàîïðåäåëåíèÿ êèíåòè÷åñêèõ ïàðàìåòðîâ ñëîæíûõ õèìè÷åñêèõðåàêöèéÍà 4.1 ïðåäñòàâëåí îáùèé ïðèíöèï ðàñïàðàëëåëèâàíèÿ âû÷èñëèòåëüíîãî ïðîöåññà ïîñòðî-åíèÿ êèíåòè÷åñêîé ìîäåëè õèìè÷åñêîé ðåàêöèè[4℄.Ìàòåìàòè÷åñêîå ìîäåëèðîâàíèå íà îñíîâàíèè ïðåäëîæåííîé ñõåìû ïîçâîëÿåò ñäåëàòüäîïîëíèòåëüíûå âûâîäû î òåõ èëè èíûõ ñòàäèÿõ è î ñàìîì ìåõàíèçìå â öåëîì. Êðîìåòîãî, äëÿ ñëîæíûõ ðåàêöèé õàðàêòåðíî ðàçáèåíèå íà íåñêîëüêî áîëåå ïðîñòûõ, äëÿ óïðî-ùåíèÿ ïîèñêà âåðíîãî ìåõàíèçìà. Òàêèì îáðàçîì, íà êàêîì òî ýòàïå ìàòåìàòèê èìååòäåëî ñ ìíîæåñòâîì ìåõàíèçìîâ, êàê îáùåé ñõåìû, òàê è ÷àñòíûõ ðåàêöèé. Ïðè îáðàáîòêåýòèõ ìåõàíèçìîâ íåîáõîäèìî ó÷èòûâàòü êèíåòè÷åñêèå ïàðàìåòðû îáùèõ ñòàäèé, êîòîðûåíå äîëæíû â îáùåì ñëó÷àå çàâèñåòü îò ìåõàíèçìà. Ïîýòîìó âîçíèêàåò íåîáõîäèìîñòüðàñïàðàëëåëèâàíèÿ ïî îòäåëüíûì ðåàêöèÿì ãðóïï ìåõàíèçìîâ. Ýòî ïåðâûé óðîâåíü ðàñ-ïàðàëëåëèâàíèÿ (4.2).Ìû èìååì ãðóïïó ìåõàíèçìîâ, êàæäûé èç êîòîðûõ ñîñòîèò èç íåñêîëüêèõ ðåàêöèé,îïðåäåëÿòü êèíåòè÷åñêèå ïàðàìåòðû, ïî êîòîðûì ìîæíî ïàðàëëåëüíî. Ò.å. çàäà÷ó ïîêàæäîé ðåàêöèè áóäåò ðåøàòü îòäåëüíûé ïðîöåññîð. Óïðàâëÿþùèé êîìïüþòåð ïåðåäàåòêîìïüþòåðàì-ðàáîòíèêàì îòäåëüíóþ ðåàêöèþ.
Æóðíàë ÑÂÌÎ. 2009. Ò. 11, � 2
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� è ñ ó í î ê 4.1Ìîäåëü ðàñïàðàëëåëèâàíèÿ âû÷èñëèòåëüíîãî ïðîöåññà îïðåäåëåíèÿ êèíåòè÷åñêèõ ïàðàìåòðîâñëîæíîé ðåàêöèè

� è ñ ó í î ê 4.2Ïåðâûé óðîâåíü ðàñïàðàëëåëèâàíèÿÊàæäûé ïðîöåññîð ðåøàåò çàäà÷ó ïî ñâîåé ðåàêöèè è âîçâðàùàåò êèíåòè÷åñêèå ïàðàìåò-ðû (ýíåðãèè àêòèâàöèè è êîíñòàíòû ñêîðîñòè). Äàëåå óïðàâëÿþùèé êîìïüþòåð âûäåëÿåòíàáîð îáùèõ êîíñòàíò. Äëÿ êàæäîé êîíñòàíòû èç ýòîãî íàáîðà ïðîèñõîäèò ðåøåíèå îá-ðàòíîé çàäà÷è, ïðè ýòîì ó÷àñòâóþò òîëüêî òå ìåõàíèçìû, ãäå ýòà êîíñòàíòà ïðåäñòàâëåíà.Æóðíàë ÑÂÌÎ. 2009. Ò. 11, � 2



Ïîñëåäîâàòåëüíî-ïàðàëëåëüíîå îïðåäåëåíèå êèíåòè÷åñêèõ ïàðàìåòðîâ 19Ïðè ïîèñêå çíà÷åíèÿ îáùåé êîíñòàíòû âñå îñòàëüíûå êîíñòàíòû îñòàþòñÿ íåèçìåííûìè,ò.å. �èêñèðóþòñÿ. Ïîñëåäîâàòåëüíî ïåðåáèðàÿ âåñü íàáîð îáùèõ êîíñòàíò, ïîëó÷àåì â èòî-ãå íàáîð, îäèíàêîâî õîðîøî îïèñûâàþùèé âñå ìåõàíèçìû ïðåâðàùåíèé. Äàëåå �èêñèðóÿîáùèå êîíñòàíòû, îïðåäåëÿåì çíà÷åíèÿ íåçàâèñèìûõ êîíñòàíò.Äàëåå ðàññìîòðèì, êàê ðåøàåò ñâîþ çàäà÷ó êàæäûé èç ïðîöåññîðîâ. Êîòîðûé óæå íàñëåäóþùåì óðîâíå ñàì ÿâëÿåòñÿ óïðàâëÿþùèì (ñåðâåðîì) (4.3).

� è ñ ó í î ê 4.3Âòîðîé óðîâåíü ðàñïàðàëëåëèâàíèÿÑåðâåð ïî ñâîåé ðåàêöèè ðàñïðåäåëÿåò êàæäóþ òåìïåðàòóðó ïî îòäåëüíûì ïðî-öåññîðàì. Ò.å. êàæäûé ïðîöåññîð ðåøàåò îáðàòíóþ çàäà÷ó äëÿ ñâîåãî ýêñïåðèìåíòà. Äàëåå,îïðåäåëèâ ñâîè êîíñòàíòû ñêîðîñòåé, ïðîöåññîð ïåðåäàåò èõ ñåðâåðó.Ñåðâåð, èìåÿ äëÿ êàæäîé êîíñòàíòû íåñêîëüêî çíà÷åíèé ïðè ðàçíûõ òåìïåðàòóðàõ,ðåøàåò ñèñòåìó óðàâíåíèé, ñîñòàâëåííóþ èç óðàâíåíèÿ Àððåíèóñà ïî êàæäîé êîíñòàíòåïðè ðàçíûõ òåìïåðàòóðàõ ìåòîäîì íàèìåíüøèõ êâàäðàòîâ, ïîëó÷àåò çíà÷åíèÿ ýíåðãèéàêòèâàöèè äëÿ êàæäîé ñòàäèè. À äàëåå èç òîãî æå óðàâíåíèÿ Àððåíèóñà ìîæíî îïðåäåëèòüêàæäóþ èç êîíñòàíò ñêîðîñòåé äëÿ ëþáîé òåìïåðàòóðû. Íà ñëåäóþùåì óðîâíå ïðîèñõîäèòðàñïàðàëëåëèâàíèå ñàìîãî ìåòîäà ìèíèìèçàöèè �óíêöèîíàëà.Íàìè ðàññìîòðåíî äâà ìåòîäà ìèíèìèçàöèè �óíêöèîíàëà. Ïåðâûé - ìíîãîìåðíûé ìå-òîä ¾ïîëîâèííîãî äåëåíèÿ¿ ñ ðàñïðåäåëåíèåì òî÷åê ïî ðàâíîìåðíîé ñåòêå (4.4).Äàííûé ìåòîä ïðåäïîëàãàåò àïðèîðíîå çíàíèå îáëàñòè èçìåíåíèÿ êèíåòè÷åñêèõ ïàðà-ìåòðîâ. Ïðîñòðàíñòâî ïàðàìåòðîâ (ìíîãîìåðíûé ïðÿìîóãîëüíûé ïàðàëëåëåïèïåä) ðàçáè-âàåòñÿ íàäâîå ïî êàæäîé êîîðäèíàòå, âñåãî ïîëó÷àåòñÿ 2k ìíîãîìåðíûõ ïðÿìîóãîëüíûõïàðàëëåëåïèïåäîâ (k - êîëè÷åñòâî êèíåòè÷åñêèõ êîíñòàíò).
Æóðíàë ÑÂÌÎ. 2009. Ò. 11, � 2
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� è ñ ó í î ê 4.4Ìíîãîìåðíûé ìåòîä ïîëîâèííîãî äåëåíèÿ ñ íàõîæäåíèåì çíà÷åíèé �óíêöèîíàëà â óçëàõðàâíîìåðíîé ñåòêèÄàëåå â êàæäîì òàêîì ïàðàëëåëåïèïåäå äåéñòâóåò îäèí ïðîöåññîð ìíîãîïðîöåññîðíîéâû÷èñëèòåëüíîé ñèñòåìû (ÂÑ), íàêëàäûâàÿ ðàâíîìåðíóþ ñåòêó íà îòâåäåííîå åìó ïîä-ïðîñòðàíñòâî è âû÷èñëÿÿ çíà÷åíèÿ ìèíèìèçèðóåìîãî �óíêöèîíàëà â óçëàõ ýòîé ñåòêè.Äàëåå ïðîèçâîäèòñÿ ñðàâíåíèå ïîëó÷åííûõ çíà÷åíèé è âûÿâëåíèå íàèìåíüøåãî èç íèõ, âðåçóëüòàòå ÷åãî ó êàæäîãî ïðîöåññîðà ïîÿâëÿåòñÿ èí�îðìàöèÿ î íàèìåíüøåì çíà÷åíèè�óíêöèîíàëà â îòâåäåííîì åìó ïîäïðîñòðàíñòâå. Ïîñëå ñðàâíåíèÿ ïîëó÷åííûõ çíà÷åíèéâûáèðàåòñÿ ïîäïðîñòðàíñòâî ñ íàèìåíüøèì çíà÷åíèåì �óíêöèîíàëà, è ïðîöåäóðà ïîâòî-ðÿåòñÿ ñ íîâûìè ãðàíèöàìè ïðîñòðàíñòâà è áîëåå ïîäðîáíîé ñåòêîé.×èñëî èñïîëüçóåìûõ ïðîöåññîðîâ â äàííîì ìåòîäå - 2k, íî îíî ìîæåò áûòü êðàòíîóâåëè÷åíî çà ñ÷åò ðàñïðåäåëåíèÿ ïîëó÷àåìûõ ïîäïðîñòðàíñòâ ìåæäó íåñêîëüêèìè ïðî-öåññîðàìè. Ïðåèìóùåñòâîì äàííîãî ìåòîäà ÿâëÿåòñÿ áûñòðàÿ ñõîäèìîñòü, à îñíîâíûìíåäîñòàòêîì - áîëüøàÿ âåðîÿòíîñòü îòáðàñûâàíèÿ ãëîáàëüíîãî ìèíèìóìà. Âòîðîé - ãåíå-òè÷åñêèé àëãîðèòì ñ ïîñëåäóþùèì ïîêîîðäèíàòíûì ñïóñêîì (4.5).Äàííûé ìåòîä, êàê è ïðåäûäóùèé, ïðåäïîëàãàåò àïðèîðíîå çíàíèå îáëàñòè èçìåíåíèÿêèíåòè÷åñêèõ ïàðàìåòðîâ. Ïðè ýòîì â ïðîñòðàíñòâå ïàðàìåòðîâ ïðîèñõîäèò ïñåâäîñëó-÷àéíîå ðàñïðåäåëåíèå òî÷åê ïî ÷èñëó ïðîöåññîðîâ (èëè êðàòíî åìó), èç êîòîðûõ êàæäûéïðîöåññîð îñóùåñòâëÿåò ïîêîîðäèíàòíûé ñïóñê ê áëèæàéøåìó ëîêàëüíîìó ìèíèìóìó. Äà-ëåå ïðîèçâîäèòñÿ ñðàâíåíèå ïîëó÷åííûõ çíà÷åíèé ñ îòáðàñûâàíèåì 75% áîëüøèõ, âìåñòîêîòîðûõ îñóùåñòâëÿåòñÿ ðàññòàíîâêà íîâûõ òî÷åê ïî íîðìàëüíîìó ðàñïðåäåëåíèþ âîêðóãîñòàâøèõñÿ òî÷åê ñ ïîâòîðåíèåì âûøåóêàçàííîé ïðîöåäóðû.
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� è ñ ó í î ê 4.5�åíåòè÷åñêèé àëãîðèòì ñ ìèíèìèçàöèåé �óíêöèîíàëà ìåòîäîì ïîêîîðäèíàòíîãî ñïóñêà×èñëî èñïîëüçóåìûõ ïðîöåññîðîâ â äàííîì ìåòîäå - 2k, íî îíî ìîæåò áûòü êðàòíî óâå-ëè÷åíî çà ñ÷åò ðàñïðåäåëåíèÿ êðàòíî áîëüøåãî ÷èñëà òî÷åê ìåæäó ïðîöåññîðàìè. Ïðå-èìóùåñòâîì äàííîãî ìåòîäà ÿâëÿåòñÿ îòñóòñòâèå îòáðàñûâàíèÿ îáëàñòåé, ïîòåíöèàëüíîìîãóùèõ ñîäåðæàòü ãëîáàëüíûé ìèíèìóì, à îñíîâíûì íåäîñòàòêîì - äîñòàòî÷íî íèçêàÿñêîðîñòü ñõîäèìîñòè.5. Êèíåòè÷åñêàÿ ìîäåëü ñëîæíîé õèìè÷åñêîé ðåàêöèèÍà 5.1 ïðåäñòàâëåíà ñõåìà ïðåâðàùåíèé ÷àñòíûõ ðåàêöèé ãèäðîàëþìèíèðîâàíèÿ âòîðî-ãî ýòàïà äåòàëèçàöèè. Êèíåòè÷åñêèå ïàðàìåòðû ñòàäèé ðåàêöèè. Íà 5.2 - ðàñ÷åòíûå èýêñïåðèìåíòàëüíûå çíà÷åíèÿ êîíöåíòðàöèé âåùåñòâ ïî âðåìåíè.Ñðàâíèâàÿ ñêîðîñòè ïðÿìîé è îáðàòíîé ðåàêöèè îáðàçîâàíèÿ ìîíîìåðíîãî êîìïëåêñàìîæíî ñäåëàòü âûâîä, ÷òî â èíòåðâàëå òåìïåðàòóð −60 � −500 Ñ ðàâíîâåñèå ñìåùåíî âñòîðîíó äèìåðíîé �îðìû, íî ñ óâåëè÷åíèåì òåìïåðàòóðû äîëÿ ìîíîìåðà â ñìåñè âîçðàñ-òàåò.Ñàìîé áûñòðîé îêàçàëàñü ðåàêöèÿ ïåðåõîäà ìîíîìåðà â íåàêòèâíûé òðèãèäðèäíûéêîìïëåêñ (ÍÒÊ). �àâíîâåñèå ñìåùåíî â ñòîðîíó ÍÒÊ, îñîáåííî ïðè íèçêèõ òåìïåðàòóðàõ.Âûñîêàÿ ñêîðîñòü ãèäðîìåòàëëèðîâàíèÿ îáåñïå÷èâàåòñÿ ñóùåñòâîâàíèåì îáðàòíîé ðå-àêöèè ïåðåõîäà ÍÒÊ â àêòèâíûé ïî îòíîøåíèþ ê îëå�èíàì ìîíîìåð.Â ðåàêöèè ãèäðîìåòàëëèðîâàíèÿ îëå�èíîâ äâóìåðíûì êîìïëåêñîì ëèìèòèðóþùèìèîêàçàëèñü ðàâíîâåðîÿòíûå ñòàäèè âçàèìîäåéñòâèÿ ìîíîìåðíîãî êîìïëåêñà ñ àëêåíàìè(ÄÈÁÀ�, ÄÈÁÀÕ, ÒÈÁÀ). Æóðíàë ÑÂÌÎ. 2009. Ò. 11, � 2



22 È. Ì. �óáàéäóëëèí, Ê. Ô. Êîëåäèíà, Ñ. È. Ñïèâàê�åçóëüòàòû âòîðîé äåòàëèçàöèè óäîâëåòâîðÿþò óñëîâèÿì òîãî ÷òî, îáðàòíàÿ êîíñòàí-òà íàìíîãî áîëüøå ïðÿìîé äëÿ ïåðâîé ñòàäèè. È èçìåíåíèå êîíöåíòðàöèè ïî ÄÈÁÀ�îïèñûâàåòñÿ ëó÷øå, ÷åì â ïåðâîé äåòàëèçàöèè.

� è ñ ó í î ê 5.1Êèíåòè÷åñêàÿ ìîäåëü ÷àñòíûõ ðåàêöèé êàòàëèòè÷åñêîãî ãèäðîàëþìèíèðîâàíèÿ îëå�èíîâ ïîâòîðîìó ýòàïó äåòàëèçàöèèÍà 5.2 òàêæå ïðåäñòàâëåíû ïåðâîíà÷àëüíûå ðåçóëüòàòû ìîäåëèðîâàíèÿ îáùåé ñõåìûðåàêöèè â ïðèñóòñòâèè äèèçîáóòèëàëþìèíèéõëîðèäà ïðè ðàçëè÷íûõ êîíöåíòðàöèÿõ öèð-êîíèåâîãî êàòàëèçàòîðà. Ïðè êîíöåíòðàöèÿõ 0.18 ììîëü è 0.3 ììîëü íàáëþäàåòñÿ èíäóê-öèîííûé ïåðèîä, îïðåäåëåíèå õàðàêòåðèñòèê êîòîðîãî ïðîèñõîäèò â íàñòîÿùåå âðåìÿ.Òàêèì îáðàçîì, â ðàáîòå âûÿâëåí è èññëåäîâàí âíóòðåííèé ïàðàëëåëèçìðàññìàòðèâàåìîé çàäà÷è ïîñòðîåíèÿ ìåõàíèçìà ñëîæíîé õèìè÷åñêîé ðåàêöèè, ñ ïîìî-ùüþ äåòàëèçàöèè ÷àñòíûõ ðåàêöèé. Íà îñíîâå äâîéíîé äåòàëèçàöèè ÷àñòíûõ ðåàêöèé îï-ðåäåëåíû êèíåòè÷åñêèå êîíñòàíòû îáùåãî ìåõàíèçìà, â òîì ÷èñëå äëÿ ýêñïåðèìåíòîâ ñ èí-äóêöèîííûì ïåðèîäîì. �àçðàáîòàíû ìåòîäû ïîèñêà ãëîáàëüíîãî ìèíèìóìà �óíêöèîíàëàíåâÿçêè ñ èñïîëüçîâàíèåì òåõíîëîãèè ïàðàëëåëüíûõ âû÷èñëåíèé (ìåòîäìíîãîìåðíîãî ïîëîâèííîãî äåëåíèÿ ñ ðàñïðåäåëåíèåì òî÷åê ïî ðàâíîìåðíîé ñåòêå;ãåíåòè÷åñêèé àëãîðèòì ñ ìóòàöèåé ìåòîäîì ïîêîîðäèíàòíîãî ñïóñêà). �àçðàáîòàíà èí�îð-ìàöèîííî-àíàëèòè÷åñêàÿ ñèñòåìà îáðàòíûõ çàäà÷ õèìè÷åñêîé êèíåòèêè ñ èñïîëüçîâàíèåìòåõíîëîãèé ïîñëåäîâàòåëüíûõ è ïàðàëëåëüíûõ âû÷èñëåíèé.
Æóðíàë ÑÂÌÎ. 2009. Ò. 11, � 2
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� è ñ ó í î ê 5.2Ñðàâíåíèå ðàñ÷åòíûõ è ýêñïåðèìåíòàëüíûõ äàííûõÑïèñîê ëèòåðàòóðû1. Õàëèëîâ Ë.Ì., Ïàð�åíîâà Ë.Â., �óñàêîâ Ñ.Â., Èáðàãèìîâ À.�., Äæåìèëåâ Ó.Ì. Ñèí-òåç è ïðåâðàùåíèÿ ìåòàëëîöèêëîâ. Ñîîáùåíèå 22. Èññëåäîâàíèå ìåõàíèçìà êàòàëè-çèðóåìîãî Cp2ZrCl2 öèêëîàëþìèíèðîâàíèÿ îëå�èíîâ òðèýòèëàëþìèíèåì â àëþìè-íàöèêëîïåíòàíû ìåòîäîì ñïåêòðîñêîïèè ßÌ�// Èçâ. ÀÍ, Ñåð. õèì.-2000.-�12.- C.2086-20932. Ïàíêðàòüåâ Å.Þ., Òþìêèíà T.Â., Ïàð�åíîâà Ë.Â., Õàëèëîâ Ë.Ì., ÕóðñàíÑ.Ë., Äæåìèëåâ Ó.M. DFT-èññëåäîâàíèå ìåõàíèçìà ãèðîàëþìèíèðîâàíèÿ îëå�èíîâXAlBui2, êàòàëèçèðóåìîãî Cp2ZrCl2. I. Ìîäåëèðîâàíèå îáðàçîâàíèÿ èíòåðìåäèàòîââ ðåàêöèè HAlBui2 ñ Cp2ZrCl2// Organometalli
s.- 2009.- Ò. 28.- �. 4.- Ñ. 968-977.3. �óáàéäóëëèí È.Ì., Ñïèâàê Ñ.È. Èí�îðìàöèîííî-àíàëèòè÷åñêàÿ ñèñòåìà îáðàòíûõçàäà÷ õèìè÷åñêîé êèíåòèêè// Ñèñòåìû óïðàâëåíèÿ è èí�îðìàöèîííûå òåõíîëîãèè,2008, �1.1(31). - Ñ. 150-1534. Âîåâîäèí Âë.Â. �åøåíèå áîëüøèõ çàäà÷ â ðàñïðåäåëåííûõ âû÷èñëèòåëüíûõ ñðåäàõ// Àâòîìàòèêà è òåëåìåõàíèêà, 2006. - �5, ñ. 32-45.5. Âèëüäàíîâà �.Ô. Íîâûå ãèäðîìåòàëëèðóþùèå ðåàãåíòû íà îñíîâå êîìïëåêñîâL2ZrH2 è XnAlR3-n è ìåõàíèçì èõ äåéñòâèÿ: àâòîðå�. äèññ. . . . êàíä. õèì. íàóê.Ó�à, 2007. -25 ñ. Æóðíàë ÑÂÌÎ. 2009. Ò. 11, � 2



24 6. Ñîêîëèíñêèé Ë.Á. Îðãàíèçàöèÿ ïàðàëëåëüíîãî âûïîëíåíèÿ çàïðîñîâ âìíîãîïðîöåññîðíîé ìàøèíå áàç äàííûõ ñ èåðàðõè÷åñêîé àðõèòåêòóðîé //Ïðîãðàììèðîâàíèå. - 2001. N6. Ñ.13-29.
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26 Â. Ç. �ðèíåñ, Ë. À. Êóïðèíà, Î. Â. Ïî÷èíêà, À. Å. ØèøåíêîâàÓÄÊ 517.956.2
f -àäàïòèðîâàííàÿ �èëüòðàöèÿ äëÿ äè��åîìîð�èçìîâÌîðñà-Ñìåéëà
© Â. Ç. �ðèíåñ1, Ë. À. Êóïðèíà2, Î. Â. Ïî÷èíêà3, À. Å. Øèøåíêîâà4Àííîòàöèÿ. Â ðàáîòå ââîäèòñÿ ïîíÿòèå è äîêàçûâàåòñÿ ñóùåñòâîâàíèå f -àäàïòèðîâàííîé�èëüòðàöèè äëÿ äè��åîìîð�èçìîâ Ìîðñà-Ñìåéëà íà ìíîãîîáðàçèÿõ ðàçìåðíîñòè n ≥ 2 .Ïîêàçûâàåòñÿ, ÷òî äëÿ ãðàäèåíòíî-ïîäîáíûõ äè��åîìîð�èçìîâ, çàäàííûõ íà ìíîãîîáðàçè-ÿõ ðàçìåðíîñòè 3, ñóùåñòâîâàíèå ìèíèìàëüíîé f -àäàïòèðîâàííîé �èëüòðàöèè ðàâíîñèëüíîïî÷òè ðó÷íîìó âëîæåíèþ ñåïàðàòðèñ ñåäëîâûõ òî÷åê.Êëþ÷åâûå ñëîâà: �èëüòðàöèÿ, äè��åîìîð�èçì Ìîðñà-Ñìåéëà, ðó÷íîå âëîæåíèå ñåïàðà-òðèñ.1. ÂâåäåíèåÏóñòü f : Mn → Mn, n ≥ 2 � äè��åîìîð�èçì Ìîðñà-Ñìåéëà. Ïðåäñòàâèì ìíîæåñòâî
Perf ïåðèîäè÷åñêèõ òî÷åê f êàê îáúåäèíåíèå ïîïàðíî íåïåðåñåêàþùèõñÿ ïîäìíîæåñòâ
Perf = Per+

f ∪ Per−f , ãäå Per+
f (Per−f ) � ìíîæåñòâî âñåõ ïåðèîäè÷åñêèõ òî÷åê p ∈ Perfòàêèõ, ÷òî dimW u

p ≤ 1 (dimW u
p > 1) . Òîãäà ìíîæåñòâî Per+

f (Per−f ) ñîñòîèò èç ñòîêîâ
∆+
f (èñòî÷íèêîâ ∆−

f ) è ñåäåë Σ+
f (Σ−

f ). Ïîëîæèì A+
f = cl(W u

Σ+
f

) (A−
f = cl(W s

Σ−
f

) ) è
L+
f = A+

f \ Σ+
f (L−

f = A−
f \ Σ−

f ).Ñëåäóÿ Ñ. Ñìåéëó [7℄, ââåäåì îòíîøåíèå ÷àñòè÷íîãî ïîðÿäêà ≺ íà ìíîæåñòâå ïåðèî-äè÷åñêèõ òî÷åê f ñëåäóþùèì îáðàçîì:
p ≺ q ⇐⇒ W s

p ∩W u
q 6= ∅.Ïîñëåäîâàòåëüíîñòü ðàçëè÷íûõ ïåðèîäè÷åñêèõ òî÷åê p = r0, r1, . . . , rk = q ( k ≥ 1 )òàêèõ, ÷òî r0 ≺ r1 ≺ · · · ≺ rk íàçûâàåòñÿ öåïüþ äëèíû k , ñîåäèíÿþùåé p è q . Ìàêñèìóìäëèí öåïåé, ñîåäèíÿþùèõ p è q îáîçíà÷àåòñÿ beh(q|p) . Äëÿ ïîëíîòû ïîëîãàþò beh(q|p) =

0 , åñëè W u
q ∩W s

p = ∅ .Ïîëîæèì k+ = max
p,q∈Per+f

beh(q|p) . Òîãäà ìû ìîæåì ïðåäñòàâèòü ìíîæåñòâî Per+
f åäèí-ñòâåííûì îáðàçîì êàê îáúåäèíåíèå ïîïàðíî íåïðåñåêàþùèõñÿ f -èíâàðèàíòíûõ ïîäìíî-æåñòâ, Per+

f = Per+
k+ ∪ · · · ∪ Per+

0 , îïðåäåëÿåìûõ ñëåäóþùèìè �îðìóëàìè:
p ∈ Per+

k+ ⇐⇒ íå ñóùåñòâóåò òî÷êè q ∈ Per+
f ( q 6= p ) òàêîé, ÷òî p ≺ q ,

p ∈ Per+
k+−j ⇐⇒ p /∈ Per+

k+−i, i ∈ {0, . . . , j − 1} è íå ñóùåñòâóåò òî÷êè q ∈
(Per+

k+ ∪ · · · ∪ Per+
k+−j+1) ( q 6= p ) òàêîé, ÷òî p ≺ q .Íà ðèñóíêå 1.1 èçîáðàæåí �àçîâûé ïîðòðåò äè��åîìîð�èçìà Ìîðñà-Ñìåéëà f : S

3 →
S3 . Îêîëî êàæäîé ïåðèîäè÷åñêîé òî÷êè p ∈ Per+

f â ñêîáêàõ ñòîèò ÷èñëî i òàêîå, ÷òî
p ∈ Per+

i .1Ïðî�åññîð Í�ÑÕÀ, Í�ÑÕÀ, Íèæíèé Íîâãîðîä; vgrines�yandex.ru.2Äîöåíò Í�ÑÕÀ, Í�ÑÕÀ, Íèæíèé Íîâãîðîä; math�agri.s
i-nnov.ru.3Äîöåíò ÍÍ�Ó, ÍÍ�Ó èì. Í. È. Ëîáà÷åâñêîãî, Íèæíèé Íîâãîðîä; olga-po
hinka�yandex.ru.4Äîöåíò Í�ÑÕÀ, Í�ÑÕÀ, Íèæíèé Íîâãîðîä; math�agri.s
i-nnov.ru.
Æóðíàë ÑÂÌÎ. 2009. Ò. 11, � 2
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� è ñ ó í î ê 1.1Ïîëîæèì A+
k+ = Per+

f è A+
k+−j = Per+

f \
j−1⋃
i=0

Per+
k+−i for j ∈ {1, . . . , k+} . Äëÿ

i ∈ {0, . . . , k+} îáîçíà÷èì ÷åðåç ∆+
i , Σ+

i (∆+

A+
i

, Σ+

A+
i

) ìíîæåñòâî âñåõ ñòîêîâ, ñåäåë, ñî-îòâåòñòâåííî, èç ìíîæåñòâà Per+
i (A+

i ) . Ïîëîæèì A+
i = cl(W u

A+
i

) , îáîçíà÷èì ÷åðåç m+
i÷èñëî êîìïîíåíò ñâÿçíîñòè ìíîæåñòâà A+

i è ïîëîæèì g+
i = m+

i + |Σ+

A+
i

| − |∆+

A+
i

| 5.Î ï ð å ä å ë å í è å 1.1. Ïîñëåäîâàòåëüíîñòü P+
0 , . . . , P

+
k+ ïîäìíîæåñòâ ìíîãî-îáðàçèÿ Mn íàçîâåì f -àäàïòèðîâàííîé �èëüòðàöèåé äëÿ f , åñëè:1) P+

i ÿâëÿåòñÿ îáúåäèíåíèåì m+
i ïîïàðíî íåïåðåñåêàþùèõñÿ n -øàðîâ ñ 1-ðó÷êàìèè W s

σ∩P+
i ñîñòîèò â òî÷íîñòè èç îäíîãî (n−1) -ìåðíîãî çàìêíóòîãî äèñêà äëÿ êàæäîéñåäëîâîé òî÷êè σ ∈ Σ+

i ;2) A+
i ⊂ f(P+

i ) ⊂ int P+
i ⊂W s

A+
i

è Pi ⊂ int Pi+1 .Ïóñòü P+
0 , . . . , P

+
k+ � f -àäàïòèðîâàííàÿ �èëüòðàöèÿ äëÿ f . Ïî ïîñòðîåíèþ ìíîæå-ñòâî ∆+

i ëèáî ïóñòî, ëèáî ñîñòîèò èç èçîëèðîâàííûõ â A+
i òî÷åê äëÿ i ∈ {0, . . . , k+} .Äëÿ ëþáîãî ìíîæåñòâà P+

i , i ∈ {0, . . . , k+} f -àäàïòèðîâàííîé �èëüòðàöèè ïîëîæèì
S+
i = ∂P+

i , P̂+
i = P+

i ∩ W s
∆+

i

, P̃+
i = P+

i \ P̂+
i è D+

i = W s
Σ+

i

∩ P̃+
i . Äëÿ íåêîòîðîéòðóá÷àòîé îêðåñòíîñòè V (D+

i ) ⊂ P̃+
i ìíîæåñòâà D+

i ïîëîæèì Q+
i = P̃+

i \ int V (D+
i )è N+

i = Q+
i \ int P+

i−1 . Çàìåòèì, ÷òî ïî ïîñòðîåíèþ ìíîæåñòâà D0 , Q0 , N0 ÿâëÿþòñÿïóñòûìè.Î ï ð å ä å ë å í è å 1.2. f -àäàïòèðîâàííàÿ �èëüòðàöèÿ P+
0 , . . . , P

+
k+ äëÿ f íà-çûâàåòñÿ ìèíèìàëüíîé, åñëè:5Çäåñü è âåçäå äàëåå |A| � ìîùíîñòü ìíîæåñòâà A . Æóðíàë ÑÂÌÎ. 2009. Ò. 11, � 2



28 Â. Ç. �ðèíåñ, Ë. À. Êóïðèíà, Î. Â. Ïî÷èíêà, À. Å. Øèøåíêîâà1) ðîä g(P+
i ) ðàâåí6 g+

i äëÿ êàæäîãî i ∈ {0, . . . , k+} ;2) äëÿ êàæäîãî i ∈ {1, . . . , k+} ñóùåñòâóåò òðóá÷àòàÿ îêðåñòíîñòü V (D+
i ) ìíîæå-ñòâà D+

i òàêàÿ, ÷òî N+
i äè��åîìîð�íî S+

i−1 × [0, 1] .Îñíîâíûì ðåçóëüòàòîì ðàáîòû ÿâëÿþòñÿ ñëåäóþùèå òåîðåìû.Ò å î ð å ì à 1.1. Äëÿ ëþáîãî äè��åîìîð�èçìà Ìîðñà-Ñìåéëà f : Mn →Mn, n ≥
2 ñóùåñòâóåò f -àäàïòèðîâàííàÿ �èëüòðàöèÿ.Ò å î ð å ì à 1.2. �ðàäèåíòíî-ïîäîáíûé äè��åîìîð�èçì f : M3 → M3 îáëàäàåòìèíèìàëüíîé �èëüòðàöèåé òîãäà è òîëüêî òîãäà, êîãäà ìíîæåñòâî L+

f ñîñòîèò èçîäíîé òî÷êè èëè ïî÷òè ðó÷íî âëîæåíî â M3 .2. Ñóùåñòâîâàíèå f -àäàïòèðîâàííîé �èëüòðàöèè×òîáû äîêàçàòü, ÷òî ëþáîé äè��åîìîð�èçì Ìîðñà-Ñìåéëà f : Mn → Mn îáëàäàåò
f -àäàïòèðîâàííîé �èëüòðàöèåé ìû áóäåì èñïîëüçîâàòü ñëåäóþùóþ ëåììó.Ë å ì ì à 2.1. Ïóñòü Op � èçîëèðîâàííàÿ ãèïåðáîëè÷åñêàÿ ïåðèîäè÷åñêàÿ îðáèòàäè��åîìîð�èçìà f : Mn → Mn òàêàÿ, ÷òî dimW u

p = q . Òîãäà ñóùåñòâóåò îêðåñò-íîñòü UOp îðáèòû Op è �óíêöèÿ Ìîðñà ϕOp : UOp → R ñî ñëåäóþùèìè ñâîéñòâàìè:1) ϕOp(f(x)) < ϕOp(x) äëÿ ëþáîãî x ∈ (f−1(UOp) \ Op) è ϕOp(f(x)) = ϕOp(x) äëÿ
x ∈ Op ;2) CrϕOp

= Op è êàæäàÿ êðèòè÷åñêàÿ òî÷êà èìååò èíäåêñ q ;3) (W u
r ∩UOp) ⊂ Ox1 . . . xq è (W s

r ∩UOp) ⊂ Oxq+1 . . . xn äëÿ êîîðäèíàò Ìîðñà x1, . . . , xnâ îêðåñòíîñòè òî÷êè r ∈ Op .Ä î ê à ç à ò å ë ü ñ ò â î. Ïîñêîëüêó Op � ãèïåðáîëè÷åñêîå ìíîæåñòâî, òî äëÿêàæäîé òî÷êè r ∈ Op êàñàòåëüíîå ïðîñòðàíñòâî TrM
n ðàñêëàäûâàåòñÿ â ïðÿìóþ ñóììóïîäïðîñòðàíñòâ TrMn = TrW

u
r ⊕TrW s

r òàêèõ, ÷òî Drf(TrW
u
r ) = Tf(r)W

u
f(r) è Drf(TrW

s
r ) =

Tf(r)W
s
f(r) . Áîëåå òîãî, ñóùåñòâóåò ìåòðèêà Ëÿïóíîâà ‖·‖ íà Mn è êîíñòàíòà 0 < λ < 1òàêèå, ÷òî ‖Df−1(vu)‖ ≤ λ ‖vu‖ , ‖Df(vs)‖ ≤ λ ‖vs‖ äëÿ êàæäîãî vu ∈ Eu è vs ∈ Es , ãäå

Eu =
⋃
r∈Op

TrW
u
r è Es =

⋃
r∈Op

TrW
s
r .Îïðåäåëèì îòîáðàæåíèå ϕ : Eu ⊕ Es → R �îðìóëîé ϕ(vu, vs) = −‖vu‖2 + ‖vs‖2 .Ïðîâåðèì, ÷òî ϕ(Df(vu, vs)) < ϕ(vu, vs) äëÿ ëþáîãî íåíóëåâîãî vu ∈ Eu è vs ∈ Es .Äåéñòâèòåëüíî, ϕ(Df(vu, vs)) − ϕ(vu, vs) = −‖Df(vu)‖2 + ‖Df(vs)‖2 + ‖vu‖2 − ‖vs‖2 ≤

− 1
λ2 ‖vu‖2 + λ2 ‖vs‖2 + ‖vu‖2 − ‖vs‖2 ≤ −( 1

λ2 − 1) ‖vu‖2 − (1 − λ2) ‖vs‖2 < 0 äëÿ ëþáîãîíåíóëåâîãî vu ∈ Eu è vs ∈ Es .Îòîæäåñòâèì ìàëóþ îêðåñòíîñòü UOp îðáèòû Op ñ îêðåñòíîñòüþ íóëåâîãî ñå÷å-íèÿ Eu⊕Es ïîñðåäñòâîì äè��åîìîð�èçìà, êîòîðûé ïåðåâîäèò ëîêàëüíîå íåóñòîé÷èâîå(óñòîé÷èâîå) ìíîãîîáðàçèå â Eu (Es ). Òîãäà äëÿ êàæäîãî v = (vu, vs) ∈ UOp ìû èìå-åì f(vu, vs) = Df(vu, vs) + o(v) . Ñëåäîâàòåëüíî ϕ(f(vu, vs)) < ϕ(vu, vs) äëÿ íåíóëåâîãî
(vu, vs) ∈ UOp , åñëè îêðåñòíîñòü UOp âûáðàíà äîñòàòî÷íî ìàëîé. Òàêèì îáðàçîì, ϕOp = ϕ� èñêîìàÿ �óíêöèÿ.Ä î ê à ç à ò å ë ü ñ ò â î ç à ê î í ÷ å í î.6Ïóñòü P � îáúåäèíåíèå ïîïàðíî íåïåðåñåêàþùèõñÿ 3-øàðîâ ñ 1-ðó÷êàìè P0, . . . , Pm ðîäîâ
g0, . . . , gm . ×èñëî g(P ) = g0 + · · · + gm ìû íàçûâàåì ðîäîì P .Æóðíàë ÑÂÌÎ. 2009. Ò. 11, � 2



f -àäàïòèðîâàííàÿ �èëüòðàöèÿ äëÿ äè��åîìîð�èçìîâ Ìîðñà-Ñìåéëà 29Ò å î ð å ì à 1.1. Äëÿ ëþáîãî äè��åîìîð�èçìà Ìîðñà-Ñìåéëà f : Mn →Mn, n ≥ 2ñóùåñòâóåò f -àäàïòèðîâàííàÿ �èëüòðàöèÿ.Ä î ê à ç à ò å ë ü ñ ò â î. Äîêàæåì ëåììó èíäóêöèåé ïî i = 0, . . . , k+ .Ïóñòü i = 0 . Ïî ïîñòðîåíèþ ìíîæåñòâî A+
0 ñîñòîèò èç ãèïåðáîëè÷åñêèõ ñòîêîâ. Âñèëó ëåììû 2.1., ñóùåñòâóåò îêðåñòíîñòü UA+

0
⊂ W s

Per+0
ìíîæåñòâà A+

0 è �óíêöèÿ ϕA+
0

:

UA+
0
→ R òàêàÿ, ÷òî ϕA+

0
(A+

0 ) = 0 è äëÿ íåêîòîðîãî ε0 > 0 ìíîæåñòâî P+
0 = ϕ−1

A+
0

([0, ε0])ÿâëÿåòñÿ îáúåäèíåíèåì m+
0 n -øàðîâ è A+

0 ⊂ f(P+
0 ) ⊂ int P+

0 ⊂W s
A0

i
.Ïóñòü ïî ïðåäïîëîæåíèþ èíäóêöèè ìû ïîñòðîèëè ìíîæåñòâî P+

i ñî ñâîéñòâàìè 1) è2) èç îïðåäåëåíèÿ 1.1. Ïîñòðîèì ìíîæåñòâî P+
i+1 .

� è ñ ó í î ê 2.1Åñëè ∆+
i+1 = ∅ , òî P̂+

i+1 = ∅ . Åñëè ∆+
i+1 6= ∅ , òî ∆+

i+1 ñîñòîèò èç ãèïåðáîëè÷åñêèõñòîêîâ è, ïîäîáíî ñëó÷àþ i = 0 , ñóùåñòâóåò îáúåäèíåíèå |∆+
i+1| n -øàðîâ òàêèõ, ÷òî

∆+
i+1 ⊂ f(P+

i+1) ⊂ int P+
i+1 ⊂W s

∆+
i+1

.Ñîãëàñíî òåîðåìå î òðàíñâåðñàëüíîñòè (ñì. [3℄, òåîðåìà 2.1) ìû ìîæåì ïðåäïîëîæèòü,÷òî S+
i òðàíñâåðñàëüíî ïåðåñåêàåò ìíîæåñòâî W u

Σ+
i+1

; îáîçíà÷èì ÷åðåç ni ÷èñëî òî÷åêïåðåñå÷åíèÿ. Ïîëîæèì Mi = W s
A+

i

\A+
i , M̂i = Mi/f è îáîçíà÷èì ÷åðåç p : Mi → M̂i åñòå-ñòâåííóþ ïðîåêöèþ. Òàê êàê M̂i ïîëó÷àåòñÿ èç êîáîðäèçìà P+

i \ int f(P+
i ) ñêëåèâàíèåìåãî ãðàíèö â ñèëó f , òî p(W u

Σ+
i+1

) ÿâëÿåòñÿ îáúåäèíåíèåì óçëîâ, êîòîðûå òðàíñâåðñàëüíîïåðåñåêàþ p(S+
i ) â ni òî÷êàõ. Âûáåðåì òðóá÷àòóþ îêðåñòíîñòü T̂ ⊂ M̂ i óçëîâ p(W u

Σ+
i+1

)òàê, ÷òî T̂ ∩ p(S+
i ) ñîñòîèò èç ni 2-äèñêîâ. Ïîëîæèì T = p−1(T̂ ) .Ñîãëàñíî ëåììå 2.1., ñóùåñòâóåò îêðåñòíîñòü UΣ+

i+1
⊂ (T ∪ W s

Σ+
i+1

) ìíîæåñòâà Σ+
i+1è ýíåðãåòè÷åñêàÿ �óíêöèÿ ϕΣ+

i+1
: UΣ+

i+1
→ R äëÿ f òàêàÿ, ÷òî ϕΣ+

i+1
(Σ+

i+1) = 0 . Äëÿìàëûõ ε > 0 êàæäàÿ êîìïîíåíòà ñâÿçíîñòè ìíîæåñòâà V := ϕ−1((−∞, ε]) èìååò âèä
{(x1, x2, x3) ∈ UΣ+

i+1
| −x2

1 + x2
2 + x2

3 ≤ ε} â ëîêàëüíûõ êîîðäèíàòàõ. Â ñèëó λ -ëåììû (ñì.[5℄, λ -ëåììà), ñóùåñòâóåò ÷èñëî q ∈ N òàêîå, ÷òî f−q(S+
i ) òðàíñâåðñàëüíî ïåðåñåêàåò Vè f(V ) ïî ni 2-äèñêàì; áîëåå òîãî, òàê êàê ϕΣ+

i+1
� �óíêöèÿ Ëÿïóíîâà äëÿ f íà UΣ+

i+1
,òî (f(V ) \ int f−q(P+

i )) ⊂ int V (ñì. ðèñóíîê 2.1). Ñëåäîâàòåëüíî, P̃+
i+1 = f−q(P+

i ) ∪ V �Æóðíàë ÑÂÌÎ. 2009. Ò. 11, � 2



30 Â. Ç. �ðèíåñ, Ë. À. Êóïðèíà, Î. Â. Ïî÷èíêà, À. Å. Øèøåíêîâàîáúåäèíåíèå 3-øàðîâ ñ 1-ðó÷êàìè, êîòîðîå ïîëó÷àåòñÿ èç 3-øàðîâ ñ 1-ðó÷êàìè f−q(P+
i )ïðèêëåèâàíèåì 1-ðó÷åê V \ int f−q(P+

i ) ; áîëåå òîãî, f(P̃+
i+1) ⊂ int P̃+

i+1 , äåéñòâèòåëüíî,ýòî âåðíî äëÿ òî÷åê x ∈ f−q(P+
i ) , òàê êàê f−q(P+

i ) � f -ñæèìàåìî è âåðíî äëÿ òî÷åê
x ∈ V \ f−q(P+

i ) , òàê êàê (f(V ) \ int f−q(P+
i )) ⊂ int V . Ïîëîæèì Pi+1 = P̂+

i+1 ∪ P̃+
i+1 . Ïîïîñòðîåíèþ Pi+1 � f -ñæèìàåìî. Åãî ñãëàæèâàíèå óäîâëåòâîðÿåò ñâîéñòâàì 1) è 2) èçîïðåäåëåíèÿ 1.1.Ä î ê à ç à ò å ë ü ñ ò â î ç à ê î í ÷ å í î.

� è ñ ó í î ê 2.23. Ñâîéñòâà f -àäàïòèðîâàííîé �èëüòðàöèèÏ ð å ä ë î æ å í è å 3.1. Ïóñòü A1 ⊃ A2 ⊃ · · · ⊃ Ak ⊃ . . . � ïîñëåäîâà-òåëüíîñòü êîìïàêòíûõ ñâÿçíûõ ïîäìíîæåñòâ íîðìàëüíîãî ïðîñòðàíñòâà X . Òîãäà
A =

∞⋂
k=1

Ak � íåïóñòîå ñâÿçíîå êîìïàêòíîå ïîäìíîæåñòâî X .Ä î ê à ç à ò å ë ü ñ ò â î. Êîìïàêòíîñòü ìíîæåñòâà A ñëåäóåò èç òîãî, ÷òî ïåðåñå÷åíèåçàìêíóòûõ îãðàíè÷åííûõ ìíîæåñòâ çàìêíóòî è îãðàíè÷åíî. Ïîêàæåì, ÷òî A íåïóñòî.�àññìîòðèì ïîñëåäîâàòåëüíîñòü {xk} ⊂ A1 òàêóþ, ÷òî xi ∈ Ai . Òàê êàê A1 êîìïàêòíî,òî íå óìåíüøàÿ îáùíîñòè ìîæíî ñ÷èòàòü, ÷òî ñóùåñòâóåò òî÷êà x ∈ A1 ÿâëÿþùàÿñÿïðåäåëîì ïîñëåäîâàòåëüíîñòè {xk} (â ïðîòèâíîì ñëó÷àå ìîæíî ðàññìîòðåòü ñõîäÿùóþñÿïîäïîñëåäîâàòåëüíîñòü). Íåòðóäíî âèäåòü, ÷òî x ∈ Ai äëÿ ëþáîãî i ∈ N , òàê êàê âñå÷ëåíû ïîñëåäîâàòåëüíîñòè {xk} , íà÷èíàÿ ñ i -îãî ïðèíàäëåæàò Ai . Îòêóäà x ∈ A .Ïîêàæåì, ÷òî A ñâÿçíî. Ïðåäïîëîæèì ïðîòèâíîå, A = B∪C , ãäå B è C � çàìêíóòûåíåïåðåñåêàþùèåñÿ ìíîæåñòâà. Òîãäà ñóùåñòâóþò îòêðûòûå íåïðåñåêàþùèåñÿ îêðåñòíîñòè
UB è UC ìíîæåñòâ B è C . Â ñèëó âëîæåííîñòè ñóùåñòâóåò íîìåð k0 ∈ N òàêîé, ÷òî
Ak0 ⊂ (UB ∪UC) . Òàê êàê Ak0 ñâÿçíî, òî Ak0 ïðèíàäëåæèò ëèáî UB ëèáî UC . Ïîëîæèìäëÿ îïðåäåëåííîñòè Ak0 ⊂ UB , òîãäà Ak0 ∩ UC = ∅ . Ïîëó÷èëè ïðîòèâîðå÷èå ñ òåì, ÷òî
C ⊂ Ak0 .Ä î ê à ç à ò å ë ü ñ ò â î ç à ê î í ÷ å í î.Ë å ì ì à 3.1.Æóðíàë ÑÂÌÎ. 2009. Ò. 11, � 2



f -àäàïòèðîâàííàÿ �èëüòðàöèÿ äëÿ äè��åîìîð�èçìîâ Ìîðñà-Ñìåéëà 311) Äëÿ ëþáîé f -àäàïòèðîâàííîé �èëüòðàöèè P+
0 , . . . , P

+
k+ , ìíîæåñòâî P+

k+ ÿâëÿåò-ñÿ ñâÿçíûì.2) Ìíîæåñòâî A+
f ÿâëÿåòñÿ ñâÿçíûì àòòðàêòîðîì7 ðàçìåðíîñòè ≤ 1 .Ä î ê à ç à ò å ë ü ñ ò â î. Ïî ïîñòðîåíèþ P+

k+ ÿâëÿåòñÿ çàõâàòûâàþùåé îêðåñòíî-ñòüþ äëÿ A+
f è, ñëåäîâàòåëüíî, A+

f ÿâëÿåòñÿ àòòðàêòîðîì. Ïîñêîëüêó A+
f ñîñòîèò èçêîíå÷íîãî ÷èñëà ãëàäêèõ ïîäìíîãîîáðàçèé ðàçìåðíîñòåé ≤ 1 (ñì. [7℄, ïðåäëîæåíèå 2.3),òî òîïîëîãè÷åñêàÿ ðàçìåðíîñòü àòòðàêòîðà A+

f òàêæå ≤ 1 . Äëÿ äîêàçàòåëüñòâà ñâÿçíî-ñòè àòòðàêòîðà A+
f äîñòàòî÷íî ïîêàçàòü, ÷òî ìíîæåñòâî P+

k+ ñâÿçíî. Òîãäà àòòðàêòîð
A+
f áóäåò ñâÿçíûì êàê ïåðåñå÷åíèå êîìïàêòíûõ ñâÿçíûõ âëîæåííûõ ìíîæåñòâ (ñì. ïðåä-ëîæåíèå 3.1.).Ïðåäïîëîæèì ïðîòèâíîå, òî åñòü ïðåäïîëîæèì, ÷òî ìíîæåñòâî P+

k+ íå ñâÿçíî. Òîãäàìû ìîæåì ïðåäñòàâèòü P+
k+ êàê îáúåäèíåíèå ïîïàðíî íåïåðåñåêàþùèõñÿ çàìêíóòûõ ïîä-ìíîæåñòâ X1 è X2 . Íå óìåíüøàÿ îáùíîñòè áóäåì ñ÷èòàòü, ÷òî f(Xj) ⊂ int Xj, j = 1, 2(â ïðîòèâíîì ñëó÷àå ìîæíî ïðîâåñòè ðàññóæäåíèÿ äëÿ ïîäõîäÿùåé ñòåïåíè äè��åîìîð-�èçìà f ). Ïîëîæèì X̃j =
⋃
n≤0

fn(int Xj) . Ïî ïîñòðîåíèþ X̃1 è X̃2 íå ïóñòûå îòêðûòûåïîïàðíî íåïåðåñåêàþùèåñÿ ìíîæåñòâà òàêèå, ÷òî X̃1 ∪ X̃2 = W s
Per+f

= Mn \A−
f . Òàêèì îá-ðàçîì, ìíîæåñòâî Mn \A−

f íå ñâÿçíî. Ïîëó÷èëè ïðîòèâîðå÷èå ñ òåì, ÷òî ìíîæåñòâî A−
f ,èìåþùåå òîïîëîãè÷åñêóþ ðàçìåðíîñòü ≤ (n − 2) , äåëèò ìíîãîîáðàçèå Mn (ñì. òåîðåìóî ðàçáèâàþùèõ ìíîæåñòâàõ, [4℄, ãëàâà 4, 
ëåäñòâèå 1 òåîðåìû IV).Ä î ê à ç à ò å ë ü ñ ò â î ç à ê î í ÷ å í î.Çàìåòèì, ÷òî ìíîæåñòâî A−

f ÿâëÿåòñÿ ðåïåëëåðîì äè��åîìîð�èçìà f , ïîñêîëüêóèìååò çàõâàòûâàþùóþ îêðåñòíîñòü Mn \ P+
k+ . Êðîìå òîãî, ïðèìåíÿÿ ðàññóæäåíèÿ âûøåäëÿ A−

f , ìîæíî äîêàçàòü, ÷òî äëÿ n ≥ 3 ðåïåëëåð A−
f ÿâëÿåòñÿ ñâÿçíûì.4. Ñâÿçü f -àäàïòèðîâàííîé �èëüòðàöèè ñ âëîæåíèåì ñåïàðàòðèñÏóñòü f : M3 →M3 � ãðàäèåíòíî-ïîäîáíûé äè��åîìîð�èçì, ω � ñòîê f è Lω � îáú-åäèíåíèå âñåõ íåóñòîé÷èâûõ îäíîìåðíûõ ñåïàðàòðèñ, ñîäåðæàùèõ ω â ñâîèõ çàìûêàíèÿõ.Î ï ð å ä å ë å í è å 4.1. Ïó÷îê ñåïàðàòðèñ Lω íàçûâàåòñÿ ðó÷íûì, åñëè ñóùå-ñòâóåò ãîìåîìîð�èçì ψ : W s

ω → R òàêîé, ÷òî ψ(ω) = O è ψ(ℓ ∪ ω) � ëó÷ ñ íà÷àëîìâ òî÷êå O äëÿ êàæäîé ñåïàðàòðèñû ℓ ⊂ Lω . Ìû íàçîâåì ìíîæåñòâî L+
f ãðàäèåíòíî-ïîäîáíîãî äè��åîìîð�èçìà f ðó÷íûì â M3 , åñëè òàêîâûìè ÿâëÿþòñÿ Lω äëÿ êàæäîãîñòîêà ω .Î ï ð å ä å ë å í è å 4.2. Ïó÷îê ñåïàðàòðèñ Lω íàçûâàåòñÿ ïî÷òè ðó÷íûì, åñëèñóùåñòâóåò ãëàäêèé 3-øàð Bω ⊂ W s

ω òàêîé, ÷òî ω ∈ int Bω è ℓ ∩ ∂Bω ñîñòîèò âòî÷íîñòè èç îäíîé òî÷êè äëÿ êàæäîé ñåïàðàòðèñû ℓ ⊂ Lω . Ìû íàçîâåì ìíîæåñòâî
L+
f ãðàäèåíòíî-ïîäîáíîãî äè��åîìîð�èçìà f ïî÷òè ðó÷íûì â M3 , åñëè òàêîâûìè ÿâ-ëÿþòñÿ Lω äëÿ êàæäîãî ñòîêà ω .Åñëè ïó÷îê Lω ñîñòîèò â òî÷íîñòè èç îäíîé ñåïàðàòðèñû ℓ , òî ïîíÿòèÿ ðó÷íîñòèè ïî÷òè ðó÷íîñòè ñîâïàäàþò (ñì. [2℄, òåîðåìà 6). Â ñëó÷àå áîëüøåãî ÷èñëà ñåïàðàòðèñ7Êîìïàêòíîå ïîäìíîæåñòâî A êîìïàêòíîãî ìåòðè÷åñêîãî ïðîñòðàíñòâà X íàçûâàåòñÿ àòòðàêòîðîìäèñêðåòíîé äèíàìè÷åñêîé ñèñòåìû f íà X , åñëè îíî èìååò êîìïàêòíóþ îêðåñòíîñòü N 6= X òàêóþ, ÷òî

f(N) ⊂ int N è A =
⋂

k∈N

fk(N) . Îêðåñòíîñòü N íàçûâàåòñÿ çàõâàòûâàþùåé. �åïåëëåð îïðåäåëÿåòñÿ êàêàòòðàêòîð äëÿ f−1 . Æóðíàë ÑÂÌÎ. 2009. Ò. 11, � 2



32 Â. Ç. �ðèíåñ, Ë. À. Êóïðèíà, Î. Â. Ïî÷èíêà, À. Å. Øèøåíêîâàèç ðó÷íîñòè ñëåäóåò ïî÷òè ðó÷íîñòü, îäíàêî, îáðàòíîå ñëåäñòâèå íåâåðíî. Íà ðèñóíêå4.1 èçîáðàæåí �àçîâûé ïîðòðåò ãðàäèåíòíî-ïîäîáíîãî äè��åîìîð�èçìà íà S3 ñ ïî÷òèðó÷íûì, íî íå ðó÷íûì ïó÷êîì ñåïàðàòðèñ (äîêàçàòåëüñòâî ýòîãî �àêòà ìîæíî íàéòè âðàáîòå [1℄).

� è ñ ó í î ê 4.1Ò å î ð å ì à 1.2. �ðàäèåíòíî-ïîäîáíûé äè��åîìîð�èçì f : M3 → M3 îáëàäàåòìèíèìàëüíîé �èëüòðàöèåé òîãäà è òîëüêî òîãäà, êîãäà ìíîæåñòâî L+
f ñîñòîèò èçîäíîé òî÷êè èëè ïî÷òè ðó÷íî âëîæåíî â M3 .Ä î ê à ç à ò å ë ü ñ ò â î. Ïóñòü f : M3 →M3 � ãðàäèåíòíî-ïîäîáíûé äè��åîìîð�èçì.Òàê êàê f íå ñîäåðæèò ãåòåðîêëèíè÷åñêèõ òî÷åê, òî âîçìîæíû äâà ñëó÷àÿ: 1) k+ =

0 è 2) k+ = 1 . Â ñëó÷àå 1), L+
f ñîñòîèò èç îäíîé òî÷êè. Â ñëó÷àå 2), L+

f ÿâëÿåòñÿîäíîìåðíûì êëåòî÷íûì êîìïëåêñîì, ñîñòîÿùèì èç |∆+
f | íóëüìåðíûõ êëåòîê (ñòîêîâ) è èç

|Σ+
f | îäíîìåðíûõ êëåòîê (íåóñòîé÷èâûõ ìíîãîîáðàçèé ñåäëîâûõ òî÷åê èç Σ+

f ). Â ñëó÷àå1) êðèòåðèé î÷åâèäåí. Äîêàæåì åãî â ñëó÷àå 2).Íåîáõîäèìîñòü. Èç îïðåäåëåíèÿ ìèíèìàëüíîé �èëüòðàöèè ñëåäóåò, ÷òî P+
k+ � 3-øàðñ g+

k+ 1-ðó÷êàìè. Âûáåðåì òðóá÷àòóþ îêðåñòíîñòü V (D+
k+) 2-äèñêîâ D+

k+ = P+
k+ ∩W s

Σ+
f

òà-êóþ, ÷òî ℓ∩∂V (D+
k+) ñîñòîèò â òî÷íîñòè èç îäíîé òî÷êè äëÿ êàæäîé ñåïàðàòðèñû ℓ ⊂ L+

fè f(B+) ⊂ intB+ äëÿ B+ = P+ \ int V (D+
k+) . Òîãäà B+ ÿâëÿåòñÿ îáúåäèíåíèåì |∆+

f |ïîïàðíî íåïåðåñåêàþùèõñÿ 3-øàðîâ ñ 1-ðó÷êàìè ðîäà g(B+) = 0 è P+
k+ èìååò ãîìîòî-ïè÷åñêèé òèï êëåòî÷íîãî êîìïëåêñà ñ |∆+

f | íóëüìåðíûìè è |Σ+
f | + g(B+) îäíîìåðíûìèêëåòêàìè. Òîãäà ïî �îðìóëå ýéëåðîâîé õàðàêòåðèñòèêè äëÿ êëåòî÷íîãî êîìïëåêñà ïîëó-÷àåì, ÷òî 1−g+

k+ = |∆+
f |− |Σ+

f |−g(B+) . Îòêóäà g(B+) = 0 . Òàêèì îáðàçîì, B+ ÿâëÿåòñÿîáúåäèíåíèåì 3-øàðîâ, óäîâëåòâîðÿþùèõ óñëîâèÿì îïðåäåëåíèÿ 4.2. è, ñëåäîâàòåëüíî,ìíîæåñòâî L+
f ïî÷òè ðó÷íî âëîæåíî.Äîñòàòî÷íîñòü. Ñëåäóåò èç ïîñòðîåíèÿ f -àäàïòèðîâàííîé �èëüòðàöèè (ñì. òåîðåìó1.1.) ñ ó÷åòîì ïî÷òè ðó÷íîñòè ìíîæåñòâà L+

f .Ä î ê à ç à ò å ë ü ñ ò â î ç à ê î í ÷ å í î.Íà ðèñóíêå 4.2 ïðåäñòàâëåíà f -àäàïòèðîâàííàÿ �èëüòðàöèÿ äëÿ ïðèìåðà, ïîñòðîåí-íîãî Ïèêñòîíîì â [6℄. Â ñèëó äèêîñòè ñåïàðàòðèñû ℓ2 , èçîáðàæåííûé äè��åîìîð�èçì
f íå îáëàäàåò ìèíèìàëüíîé �èëüòðàöèåé. Òàê P+

1 ÿâëÿåòñÿ çàïîëíåííûì òîðîì, à íå3-øàðîì.Æóðíàë ÑÂÌÎ. 2009. Ò. 11, � 2



33

1

0

� è ñ ó í î ê 4.2Áëàãîäàðíîñòè. Ïåðâûé è òðåòèé àâòîðû ïîääåðæàíû ãðàíòîì �ÔÔÈ íîìåð 08-01-00547. Ñïèñîê ëèòåðàòóðû1. H. Debrunner, R. Fox. A mildly wild imbedding of an n-frame. Duke Math. Journal.1960. V. 27, 425-429.2. Harrold O.G., Gri�th H.C., Posey E.E. A 
hara
terization of tame 
urves in three-spa
e.Trans. AMS. 1955. V. 79, 12-34.3. Õèðø Ì. Äè��åðåíöèàëüíàÿ òîïîëîãèÿ. Ìîñêâà. 1979. 281 ñ.4. Hurewi
z W., Wallman H. Dimension Theory. Prin
eton University Press. Prin
ewton,NJ. 1984.5. Palis J. On Morse-Smale dynami
al systems. Topology. 1969. V. 8, � 4, 385-404.6. Pixton D. Wild unstable manifolds. Topology. 1977. V. 16, � 2, 167-172.7. Ñìåéë Ñ. Äè��åðåíöèðóåìûå äèíàìè÷åñêèå ñèñòåìû. Óñïåõè ìàò. íàóê. 1970. Ò. 25,� 1, 113-185.

Æóðíàë ÑÂÌÎ. 2009. Ò. 11, � 2



34
f -adapted �ltration for Morse-Smale di�eomorphisms
© V. Z. Grines8, L. A. Kuprina9, O. V. Po
hinka10, A. E. Shishenkova11Abstra
t. We introdu
e the 
on
ept and prove existing of f -adapted �ltration for Morse-Smale di�eomorphisms on manifold of diomension n ≥ 2 . It is shown that for gradient-likedi�eomorphisms given on 3-manifolds, existing of minimal �ltration is equivalent to almost tameembedding of separatri
es of saddle periodi
 points.Key Words: �ltration, Morse-Smale di�eomorphism, tame embedding of separatri
es.Referen
es1. H. Debrunner, R. Fox. A mildly wild imbedding of an n-frame. Duke Math. Journal. 1960. V. 27, 425-429.2. Harrold O.G., Gri�th H.C., Posey E.E. A 
hara
terization of tame 
urves in three-spa
e. Trans. AMS.1955. V. 79, 12-34.3. Hirs
h, Di�erential topology. Graduated texts in mathemati
s. V 33, Springer-Verlag 1976.4. Hurewi
z W., Wallman H. Dimension Theory. Prin
eton University Press. Prin
ewton, NJ. 1984.5. Palis J. On Morse-Smale dynami
al systems. Topology. 1969. V. 8, � 4, 385-404.6. Pixton D. Wild unstable manifolds. Topology. 1977. V. 16, � 2, 167-172.7. Smale S. Di�erential dynami
 system. Bull. Amer. Math. So
. 73, 1967, 747-817.8Professor, head of 
hair, Nizhny Novgorod State Agri
ultural A
ademy, Nizhny Novgorod;vgrines�yandex.ru.9Asso
iate professor of NGSHA, Nizhny Novgorod State Agri
ultural A
ademy, Nizhny Novgorod;math�agri.s
i-nnov.ru.10Asso
iate professor of NNGU, Nizhny Novgorod State University, Nizhny Novgorod; olga-po
hinka�yandex.ru.11Asso
iate professor of NGSHA, Nizhny Novgorod State Agri
ultural A
ademy, Nizhny Novgorod;math�agri.s
i-nnov.ru.

MVMS journal. 2009. V. 11, No. 2



Óñòîé÷èâîñòü ðåøåíèé îäíîãî êëàññà íåëèíåéíûõ äè��åðåíöèàëüíûõ . . . 35ÓÄÊ 517.9Óñòîé÷èâîñòü ðåøåíèé îäíîãî êëàññà íåëèíåéíûõäè��åðåíöèàëüíûõ óðàâíåíèé â ÷àñòíûõ ïðîèçâîäíûõâ àýðîóïðóãîñòè
© À. Â. Àíêèëîâ1, Ï. À. Âåëüìèñîâ2Àííîòàöèÿ. Ïîëó÷åíû óñëîâèÿ óñòîé÷èâîñòè ðåøåíèé îäíîãî êëàññà íåëèíåéíûõ äè��å-ðåíöèàëüíûõ óðàâíåíèé â ÷àñòíûõ ïðîèçâîäíûõ, îïèñûâàþùèõ äèíàìèêó óïðóãèõ ïëàñòèíïðè âçàèìîäåéñòâèè ñî ñâåðõçâóêîâûì ïîòîêîì ãàçà.Êëþ÷åâûå ñëîâà: äèíàìè÷åñêàÿ óñòîé÷èâîñòü; íåëèíåéíîñòü; äè��åðåíöèàëüíîå óðàâíå-íèå; ÷àñòíûå ïðîèçâîäíûå; óïðóãàÿ ïëàñòèíà; ñâåðõçâóêîâîå îáòåêàíèå.1. Ââåäåíèå�àáîòà ïîñâÿùåíà èññëåäîâàíèþ äèíàìè÷åñêîé óñòîé÷èâîñòè óïðóãèõ ïëàñòèí, íàõîäÿ-ùèõñÿ âî âçàèìîäåéñòâèè ñ ïîòîêîì èäåàëüíîãî ãàçà. Ïðåäïîëàãàåòñÿ ñâåðõçâóêîâîé ðå-æèì îáòåêàíèÿ.Ïðèíÿòûå â ðàáîòå îïðåäåëåíèÿ óñòîé÷èâîñòè óïðóãîãî òåëà ñîîòâåòñòâóþò êîíöåï-öèè óñòîé÷èâîñòè äèíàìè÷åñêèõ ñèñòåì ïî Ëÿïóíîâó. Ìåõàíè÷åñêîå ïîâåäåíèå ìàòåðèàëàïëàñòèí îïèñûâàåòñÿ íåëèíåéíûìè ìîäåëÿìè óïðóãîãî òåëà. Àýðîãèäðîäèíàìè÷åñêàÿ íà-ãðóçêà îïðåäåëÿåòñÿ èç àñèìïòîòè÷åñêèõ óðàâíåíèé àýðîãèäðîìåõàíèêè.Èññëåäîâàíèå óñòîé÷èâîñòè ïðîâîäèòñÿ íà îñíîâå ïîñòðîåíèÿ ïîëîæèòåëüíî îïðåäå-ëåííûõ �óíêöèîíàëîâ, ñîîòâåòñòâóþùèõ ìîäåëüíûì èíòåãðî-äè��åðåíöèàëüíûì óðàâíå-íèÿì â ÷àñòíûõ ïðîèçâîäíûõ. Ïîëó÷åííûå óñëîâèÿ óñòîé÷èâîñòè äâèæåíèÿ óïðóãèõ ýëå-ìåíòîâ íàëàãàþò îãðàíè÷åíèÿ íà ñêîðîñòü ïîòîêà, çíà÷åíèÿ ñæèìàþùèõ(ðàñòÿãèâàþùèõ)óñèëèé, æåñòêîñòü ïëàñòèí è îñíîâàíèé, êîý��èöèåíòû äåìï�èðîâàíèÿ, à òàêæå äðóãèåïàðàìåòðû ìåõàíè÷åñêèõ ñèñòåì. Ïðè äîçâóêîâîì îáòåêàíèè ïëàñòèí è êîíñòðóêöèé èñ-ñëåäîâàíèå äèíàìè÷åñêîé óñòîé÷èâîñòè ðàíåå áûëè ïðîâåäåíû â ðàáîòàõ [1℄, [2℄.2. Èññëåäîâàíèå óñòîé÷èâîñòè�àññìîòðèì ìîäåëüíîå óðàâíåíèå, îïèñûâàþùåå ïîïåðå÷íûå êîëåáàíèÿ óïðóãîéïëàñòèíû-ïîëîñû ïðè îáòåêàíèè åå ñâåðõçâóêîâûì ïîòîêîì ãàçà (ðèñ. 2.1):
Mẅ +




Dw′′
√√√√
(
1 + w′2

)3




′′

+ β2ẇ
′′′′ − ϑẅ′′ +N(t)w′′ + β1ẇ + β0w = −α (ẇ + V w′) ,

x ∈ (0, l).

(2.1)Çäåñü w(x, t) - ïðîãèá ïëàñòèíû; x - ïðîäîëüíàÿ êîîðäèíàòà, t - âðåìÿ; M , D - ïîãîí-íàÿ ìàññà è èçãèáíàÿ æåñòêîñòü ïëàñòèíû; β2 , β1 - êîý��èöèåíòû âíóòðåííåãî (ìîäåëü1Äîöåíò êà�åäðû ¾Âûñøàÿ ìàòåìàòèêà¿, Óëüÿíîâñêèé ãîñóäàðñòâåííûé òåõíè÷åñêèé óíèâåðñèòåò,Óëüÿíîâñê.2Ïðî�åññîð, çàâ. êà�åäðîé ¾Âûñøàÿ ìàòåìàòèêà¿, Óëüÿíîâñêèé ãîñóäàðñòâåííûé òåõíè÷åñêèé óíè-âåðñèòåò, Óëüÿíîâñê; velmisov�ulstu.ru. Æóðíàë ÑÂÌÎ. 2009. Ò. 11, � 2



36 À. Â. Àíêèëîâ, Ï. À. ÂåëüìèñîâÔîéõòà) è âíåøíåãî äåìï�èðîâàíèÿ (ìàòåðèàëà ïëàñòèíû è îñíîâàíèÿ); ϑ - êîý��è-öèåíò, ó÷èòûâàþùèé èíåðöèþ âðàùåíèÿ; N - ñæèìàþùåå (N > 0 ) èëè ðàñòÿãèâàþùåå(N < 0 ) ïðîäîëüíîå óñèëèå; β0 - êîý��èöèåíò æåñòêîñòè îñíîâàíèÿ (ìîäåëü Âèíêëå-ðà); α = α0ρ0a0 = const > 0 , ãäå ρ0, a0 - ïëîòíîñòü ãàçà è ñêîðîñòü çâóêà â îäíîðîäíîìíåâîçìóùåííîì ïîòîêå (α0 = 1 ïðè îäíîñòîðîííåì îáòåêàíèè, α0 = 2 ïðè äâóñòîðîí-íåì îáòåêàíèè); V - ñêîðîñòü íàáåãàþùåãî îäíîðîäíîãî ïîòîêà (V = const > 0 ); øòðèõîáîçíà÷àåò ïðîèçâîäíóþ ïî êîîðäèíàòå x , òî÷êà - ïðîèçâîäíóþ ïî âðåìåíè t .
� è ñ ó í î ê 2.1Ïðèìåð îáòåêàíèÿ êîíñòðóêöèè ñ óïðóãèì ýëåìåíòîìñâåðõçâóêîâûì ïîòîêîì ãàçàÀýðîäèíàìè÷åñêàÿ íàãðóçêà îïðåäåëÿåòñÿ âûðàæåíèåì F = α (ẇ + V w′) , ñïðàâåäëè-âûì ïðè äîñòàòî÷íî áîëüøèõ ñêîðîñòÿõ ñâåðõçâóêîâîãî ïîòîêà V . Âûðàæåíèå äëÿ Fïîëó÷åíî ñ ïîìîùüþ ðåøåíèÿ ñîîòâåòñòâóþùåé ëèíåéíîé íåñòàöèîíàðíîé àýðîäèíàìè÷å-ñêîé çàäà÷è íà îñíîâå ïðåîáðàçîâàíèÿ Ëàïëàñà è ïîñëåäóþùåãî èñêëþ÷åíèÿ ïîòåíöèàëàñêîðîñòè (÷òî ñîãëàñóåòñÿ ñ ãèïîòåçîé ïëîñêèõ ñå÷åíèé Èëüþøèíà À.À.).Èçãèáàþùèé ìîìåíò Mx è ïåðåðåçûâàþùàÿ ñèëà Qx â óêàçàííîé ìîäåëè îïðåäåëÿ-þòñÿ âûðàæåíèÿìè

Mx =
Dw′′

√(
1 + w′2

)3 + β2ẇ
′′, Qx = ϑẅ′ −


 Dw′′

√(
1 + w′2

)3 + β2ẇ
′′




′

. (2.2)Ââåäåì â ðàññìîòðåíèå �óíêöèîíàë
Φ(t)=

1

2

l∫

0

{
Mẇ2+2Mθwẇ + (β0+ β1θ+αθ)w

2+ β2θw
′′2+ ϑẇ ′ 2+ 2ϑθw′ẇ′−Nw′2

}
dx, (2.3)ãäå θ > 0 - íåêîòîðûé ïîëîæèòåëüíûé ïîñòîÿííûé ïàðàìåòð.Ïóñòü êîíöû ïëàñòèíû çàêðåïëåíû æåñòêî èëè øàðíèðíî, òîãäà ãðàíè÷íûå óñëîâèÿäëÿ w(x, t) èìåþò âèä

1) w(x, t) = w′(x, t) = 0, 2) w(x, t) = w′′(x, t) = 0; x = 0 èëè x = l. (2.4)Â ñëó÷àå øàðíèðíîãî çàêðåïëåíèÿ êîíöà ïëàñòèíû èçãèáàþùèé ìîìåíò, îïðåäåëÿåìûéïî �îðìóëå (2.2), ðàâåí íóëþ: Mx = 0 .Ïðîâåäåì îöåíêè äëÿ �óíêöèîíàëà (2.3) è åãî ïðîèçâîäíîé, èñïîëüçóÿ íåðàâåíñòâà,ñïðàâåäëèâûå ïðè óñëîâèÿõ (2.4):
l∫

0

w′′2(x, t)dx ≥ λ1

l∫
0

w′2(x, t)dx,
l∫

0

ẇ ′′ 2 (x, t)dx ≥ λ1

l∫
0

ẇ ′ 2 (x, t)dx,
l∫

0

ẇ ′′ 2 (x, t)dx ≥

≥ µ1

l∫
0

ẇ 2 (x, t)dx, w2(x, t) ≤ l
l∫

0

w′ 2 (x, t)dx,
l∫

0

w′ 2 (x, t)dx ≥ η1

l∫
0

w2(x, t)dx,

(2.5)Æóðíàë ÑÂÌÎ. 2009. Ò. 11, � 2



Óñòîé÷èâîñòü ðåøåíèé îäíîãî êëàññà íåëèíåéíûõ äè��åðåíöèàëüíûõ . . . 37ãäå λ1, µ1, η1 � íàèìåíüøèå ñîáñòâåííûå çíà÷åíèÿ êðàåâûõ çàäà÷ ψ′′′′ = −λψ′′, ψ′′′′ = µψ,
ψ′′ = −ηψ [3℄ ñ ãðàíè÷íûìè óñëîâèÿìè (2.4).Íàéäåì ïðîèçâîäíóþ îò Φ ïî t :

Φ̇(t) =

l∫

0

{
Mẇẅ +Mθẇ2 +Mθwẅ + (β0 + β1θ + αθ)wẇ + β2θw

′′ẇ′′ + ϑẇ′ẅ′+

+ ϑθ ẇ′ 2 + ϑθw′ẅ′ −Nw′ẇ′ − 0, 5Ṅw′2
}
dx.Äëÿ �óíêöèè w(x, t) , ÿâëÿþùåéñÿ ðåøåíèåì óðàâíåíèÿ (2.1), ýòî ðàâåíñòâî ïðèìåòâèä

Φ̇(t) =

l∫

0




−ẇ







Dw′′

√(
1 + w′2

)3




′′

+ β2ẇ
′′′′ − ϑẅ′′ +Nw′′ + β1ẇ + β0w + α (ẇ + V w′)


 +

+Mθẇ2 − θw







Dw′′

√(
1 + w′2

)3




′′

+ β2ẇ
′′′′ − ϑẅ′′ +Nw′′ + β1ẇ + β0w + α (ẇ + V w′)


+

+ (β0 + β1θ + αθ)wẇ + β2θw
′′ẇ′′ + ϑẇ′ẅ′ + ϑθ ẇ′ 2 + ϑθw′ẅ′ −Nw′ẇ′ − 0, 5Ṅw′2

}
dx. (2.6)Ïðîâåäåì èíòåãðèðîâàíèå ïî ÷àñòÿì ñ ó÷åòîì óñëîâèé (2.4):

l∫

0

w


ϑẅ

′′ −




Dw′′

√(
1 + w′2

)3
+ β2ẇ

′′




′′
 dx =

l∫

0

wQ′
xdx = wQx|l0 −

l∫

0

w′Qxdx =

= −
l∫

0

ϑw′ẅ′dx+

l∫

0

w′M ′
xdx = −

l∫

0

ϑw′ẅ′dx+ w′Mx|l0 −
l∫

0

w′′Mxdx =

= −
l∫

0

ϑw′ẅ′dx−
l∫

0

β2w
′′ẇ′′dx−

l∫

0

Dw′′2

√(
1 + w′2

)3
dx, (2.7)

l∫

0

ẇ


ϑẅ

′′ −




Dw′′

√(
1 + w′2

)3
+ β2ẇ

′′




′′
 dx = −

l∫

0


ϑẇ

′ẅ′ + β2 ẇ
′′ 2 +

Dẇ′′w′′

√(
1 + w′2

)3


 dx,

l∫

0

ww′dx =
w2

2

∣∣∣∣
l

0

= 0,

l∫

0

ẇw′′dx = −
l∫

0

ẇ′w′dx,

l∫

0

ww′′dx = −
l∫

0

ẇ′
2
dx,

l∫

0

ẇẇ′′′′dx =

l∫

0

ẇ′′ 2 dx.Æóðíàë ÑÂÌÎ. 2009. Ò. 11, � 2



38 À. Â. Àíêèëîâ, Ï. À. ÂåëüìèñîâÓ÷èòûâàÿ ýòè ðàâåíñòâà, èç (2.6) ïîëó÷èì
Φ̇(t) = −

l∫

0





Dθw′′2

√(
1 + w′2

)3
+

Dẇ′′w′′

√(
1 + w′2

)3
+ β2 ẇ

′′ 2 + (β1 + α−Mθ) ẇ2 + αV ẇw′− (2.8)
−(Nθ + 0, 5Ṅ)w′2 + β0θw

2 − ϑθ ẇ′ 2

}
dx.Ïóñòü âûïîëíÿþòñÿ óñëîâèÿ

D > 0, β0 > 0, β1 > 0, β2 > 0, θ > 0. (2.9)Òîãäà, ó÷èòûâàÿ âòîðîå íåðàâåíñòâî (2.5), à òàêæå íåðàâåíñòâî
Dθw′′2

√(
1 + w′2

)3
≥ Dθw′′2

(
1 + w′2

)3 ,èç (2.8) ïîëó÷èì
Φ̇(t) = −

l∫

0





Dθw′′2

(
1 + w′2

)3 +
Dẇ′′w′′

√(
1 + w′2

)3
+ (β2 − λ−1

1 ϑθ) ẇ′′ 2 + (β1 + α−Mθ) ẇ2 + αV ẇw′−

−(Nθ + 0, 5Ṅ)w′2 + β0θw
2

}
dx. (2.10)�àññìàòðèâàÿ êâàäðàòè÷íûå �îðìû îòíîñèòåëüíî w′′√
(1 + w′2)3

, ẇ′′ è ẇ, w′ , ïîëó÷èì,ñîãëàñíî êðèòåðèþ Ñèëüâåñòðà, óñëîâèÿ èõ ïîëîæèòåëüíîé îïðåäåëåííîñòè:
β2 − λ−1

1 ϑθ > 0, D ≤ 4θ
(
β2 − λ−1

1 ϑθ
)
, β1 + α−Mθ > 0,

Nθ + 0, 5Ṅ < 0, −4 (β1 + α−Mθ)
(
Nθ + 0, 5Ṅ

)
> α2V 2.

(2.11)Ñ ó÷åòîì (2.11) ïîëó÷èì Φ̇ ≤ 0 . Ñëåäîâàòåëüíî,
Φ(t) ≤ Φ(0). (2.12)Îöåíèì �óíêöèîíàë (2.3) ñëåäóþùèì îáðàçîì

Φ(t) ≥ 1

2

l∫

0

{
Mẇ2 + 2Mθwẇ + (β0 + β1θ + αθ)w2 +

[
λ1β2θ − sup

t
N − ϑθ2

]
w′2+

+ϑ (ẇ′ + θw′)
2
}
dx ≥ 1

2

l∫

0

Mẇ2 + 2Mθwẇ + (β0 + β1θ + αθ)w2+Æóðíàë ÑÂÌÎ. 2009. Ò. 11, � 2
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+ψ

[
λ1β2θ − sup

t
N − ϑθ2

]
w′2 + (1 − ψ)

[
λ1β2θ − sup

t
N − ϑθ2

]
w′2

}
dx ≥ (2.13)

≥ 1 − ψ

2l

[
λ1β2θ − sup

t
N − ϑθ2

]
w2 +

1

2

l∫

0

{
Mẇ2 + 2Mθwẇ+

+

(
β0 + β1θ + αθ + ψη1

[
λ1β2θ − sup

t
N − ϑθ2

])
w2

}
dx,ãäå ψ ∈ (0, 1) - íåêîòîðàÿ ïîñòîÿííàÿ âåëè÷èíà.Ïðè âûâîäå (2.13) áûëî ñäåëàíî ïðåäïîëîæåíèå:

λ1β2θ − sup
t
N − ϑθ2 > 0. (2.14)Êâàäðàòè÷íàÿ �îðìà â (2.13) áóäåò ïîëîæèòåëüíî îïðåäåëåííîé ïðè óñëîâèè

β0 + β1θ + αθ + ψη1

[
λ1β2θ − sup

t
N − ϑθ2

]
> Mθ2. (2.15)Åñëè âûïîëíÿåòñÿ óñëîâèå

β0 + β1θ + αθ > Mθ2, (2.16)òî ìîæíî ïîëîæèòü ψ = 0 , èíà÷å ïîëîæèì
ψ =

Mθ2 − β0 − β1θ − αθ

η1

[
λ1β2θ − sup

t
N − ϑθ2

] ,è óñëîâèå (2.15) çàïèøåòñÿ â âèäå
β0 + β1θ + αθ < Mθ2,

Mθ2 − β0 − β1θ − αθ

η1

[
λ1β2θ − sup

t
N − ϑθ2

] ∈ (0, 1) . (2.17)Òîãäà ïðè âûïîëíåíèè óñëîâèÿ (2.16) èëè (2.17) îêîí÷àòåëüíî ïîëó÷èì
Φ(t) ≥ (1 − ψ)

2l

[
λ1β2θ − sup

t
N − ϑθ2

]
w2(x, t). (2.18)Îöåíèì Φ(0) :

Φ(0)=
1

2

l∫

0

{
Mẇ2

0+ 2Mθw0ẇ0 + (β0+β1θ+αθ)w
2
0+ β2θw

′′
0
2
+ ϑẇ ′

0
2
+ 2ϑθw′

0ẇ
′
0 −N0w

′
0
2
}
dx ≤

≤ 1

2

l∫

0

{
M(1 + θ)ẇ2

0 + (β0+β1θ+αθ+Mθ)w2
0+ β2θw

′′
0
2
+ ϑ(1 + θ)ẇ ′

0
2
+ (|N0| + ϑθ)w′

0
2
}
dx ≤

≤ 1

2

l∫

0

{[
β2θ+λ

−1
1 (|N0|+ϑθ)+µ−1

1 (β0+β1θ+αθ+Mθ)
]
w′′

0
2
+
[
ϑ+η−1

1 M
]
(1+θ)ẇ ′

0
2
}
dx. (2.19)Æóðíàë ÑÂÌÎ. 2009. Ò. 11, � 2



40 À. Â. Àíêèëîâ, Ï. À. ÂåëüìèñîâÑ ó÷åòîì (2.12), (2.18), (2.19) ïîëó÷èì íåðàâåíñòâî
(1 − ψ)

l

[
λ1β2θ − sup

t
N − ϑθ2

]
w2(x, t) ≤ (2.20)

≤
l∫

0

{[
β2θ+λ

−1
1 (|N0|+ϑθ)+µ−1

1 (β0+β1θ+αθ+Mθ)
]
w′′

0
2
+
[
ϑ+η−1

1 M
]
(1+ θ)ẇ ′

0
2
}
dx.Åñëè âûïîëíÿåòñÿ óñëîâèå (2.16), òî èç (2.20) ïîëó÷èì íåðàâåíñòâî

[
λ1β2θ − sup

t
N − ϑθ2

]
w2(x, t)

l
≤ (2.21)

≤
l∫

0

{[
β2θ+λ

−1
1 (|N0|+ϑθ)+µ−1

1 (β0+β1θ+αθ+Mθ)
]
w′′

0
2
+
[
ϑ+η−1

1 M
]
(1+ θ)ẇ ′

0
2
}
dx,èç êîòîðîãî ñëåäóåò òåîðåìàÒ å î ð å ì à 2.1. Ïóñòü âûïîëíåíû óñëîâèÿ (2.9), (2.11), (2.14) è (2.16). Òîãäà ðå-øåíèÿ óðàâíåíèÿ (2.1) áóäóò óñòîé÷èâû ïî îòíîøåíèþ ê âîçìóùåíèþ íà÷àëüíûõ çíà-÷åíèé ẇ′

0, w
′′
0 , åñëè w(x, t) óäîâëåòâîðÿåò êðàåâûì óñëîâèÿì (2.4).Åñëè âûïîëíÿþòñÿ óñëîâèÿ (2.17), òî èç (2.20) ïîëó÷èì íåðàâåíñòâî
([
λ1β2θ − sup

t
N − ϑθ2

]
− η1

[
Mθ2 − β0 + β1θ + αθ

]) w2 (x, t)

η1l
≤

≤
l∫

0

{[
β2θ+λ

−1
1 (|N0|+ϑθ)+µ−1

1 (β0+β1θ+αθ+Mθ)
]
w′′

0
2
+
[
ϑ+η−1

1 M
]
(1+ θ)ẇ ′

0
2
}
dx,èç êîòîðîãî ñëåäóåò òåîðåìàÒ å î ð å ì à 2.2. Ïóñòü âûïîëíåíû óñëîâèÿ (2.9), (2.11), (2.14) è (2.17). Òîãäà ðå-øåíèÿ óðàâíåíèÿ (2.1) áóäóò óñòîé÷èâû ïî îòíîøåíèþ ê âîçìóùåíèþ íà÷àëüíûõ çíà-÷åíèé ẇ′

0, w
′′
0 , åñëè w (x, t) óäîâëåòâîðÿåò êðàåâûì óñëîâèÿì (2.4).Àíàëîãè÷íûì ìåòîäîì ìîæíî ïðîâåñòè èññëåäîâàíèå óñòîé÷èâîñòè íóëåâîãî ðåøåíèÿíåëèíåéíîãî èíòåãðî-äè��åðåíöèàëüíîãî óðàâíåíèÿ
Mẅ +




Dw′′
√√√√
(
1 + w′2

)3




′′

+ β2ẇ
′′′′ − ϑẅ′′ +N(t)w′′ + β1ẇ + β0w−

−w′′

(
µ

l∫
0

w′2(x, t)dx+ ν d
dt

l∫
0

w′2(x, t)dx

)
= −α (ẇ + V w′) , x ∈ (0, l).ãäå ν, µ - â îáùåì ñëó÷àå íåîòðèöàòåëüíûå �óíêöèè âðåìåíè. Ñëàãàåìûå, ñîäåðæàùèå èí-òåãðàëüíûå ÷ëåíû, ó÷èòûâàþò âëèÿíèå íåëèíåéíîãî ïðîäîëüíîãî óñèëèÿ, êîòîðîå âîçíè-êàåò â öèëèíäðè÷åñêîé ïëàñòèíå èç-çà îãðàíè÷åíèé, íàëîæåííûõ íà ïåðåìåùåíèÿ êîíöîâïëàñòèíû x = 0, x = l . Â ýòîì ñëó÷àå èñïîëüçóåòñÿ �óíêöèîíàë

H(t) = Φ(t) +
1

4
(µ+ 2θν)




l∫

0

w′2(x, t)dx




2
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41ïðîèçâîäíàÿ êîòîðîãî îïðåäåëÿåòñÿ âûðàæåíèåì
Ḣ = Φ̇ − 1

2
ν


 d

dt

l∫

0

w′2(x, t)dx




2

− µθ




l∫

0

w′2(x, t)dx




2

.Äëÿ îáåñïå÷åíèÿ óñòîé÷èâîñòè ðåøåíèé ê ïåðå÷èñëåííûì â òåîðåìàõ 2.1., 2.2. óñëîâèÿìñëåäóåò äîáàâèòü ñëåäóþùèå
µ ≥ 0, ν ≥ 0.�àáîòà âûïîëíåíà ïðè �èíàíñîâîé ïîääåðæêå ãðàíòà �ÔÔÈ 09-01-97005-ð_ïîâîëæüå_à. Ñïèñîê ëèòåðàòóðû1. ÀíêèëîâÀ.Â., ÂåëüìèñîâÏ.À. Óñòîé÷èâîñòü âÿçêîóïðóãèõ ýëåìåíòîâ ñòåíîê ïðî-òî÷íûõ êàíàëîâ. � Óëüÿíîâñê: Óëüÿíîâñê. ãîñ. òåõíè÷. óí-ò, 2000. � 115 ñ.2. ÀíêèëîâÀ.Â., ÂåëüìèñîâÏ.À., �îðáîêîíåíêîÂ.Ä., ÏîêëàäîâàÞ.Â. Ìàòåìàòè÷å-ñêîå ìîäåëèðîâàíèå ìåõàíè÷åñêîé ñèñòåìû "òðóáîïðîâîä - äàò÷èê äàâëåíèÿ". � Óëüÿ-íîâñê: Óëüÿíîâñê. ãîñ. òåõíè÷. óí-ò, 2008. � 188 ñ.3. ÊîëëàòöË. Çàäà÷è íà ñîáñòâåííûå çíà÷åíèÿ. � Ì.: Íàóêà, 1968. � 503ñ.Äàòà ïîñòóïëåíèÿ: 17.08.2009
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© Á. Â. Ëîãèíîâ1, Î. Â. Ìàêååâà2Àííîòàöèÿ. Ïðåäëîæåí ïðîöåññ ïîñòðîåíèÿ îïåðàòîðà ëîæíîãî âîçìóùåíèÿ â óñëîâèÿõ,êîãäà îáîáùåííàÿ çàäà÷à íà ñîáñòâåííûå çíà÷åíèÿ îáëàäàåò ãðóïïîâîé ñèììåòðèåé. Íà îñíîâåîïðåäåëåíèÿ òàêîãî îïåðàòîðà ìîæíî ïðèìåíÿòü èòåðàöèîííûå ïðîöåññû [2℄-[3℄ óòî÷íåíèÿïðèáëèæåíèé ê ñïåêòðàëüíûì õàðàêòåðèñòèêàì ïðÿìîé è ñîïðÿæåííîé çàäà÷.Êëþ÷åâûå ñëîâà: îáîáùåííàÿ çàäà÷à íà ñîáñòâåííûå çíà÷åíèÿ, ìåòîä ëîæíûõ âîçìóùåíèé,ãðóïïîâàÿ ñèììåòðèÿ.1. ÂâåäåíèåÂ 1961 ã. Ì.Ê. �àâóðèí ïðåäëîæèë ìåòîä ëîæíûõ âîçìóùåíèé (ËÂ) [1℄ äëÿ ñàìîñîïðÿ-æåííûõ îïåðàòîðîâ â ãèëüáåðòîâîì ïðîñòðàíñòâå. Ìåòîä îñíîâàí íà ïîñòðîåíèè îïåðà-òîðà âîçìóùåíèÿ, òàêîãî, ÷òî çàäàííûå ïðèáëèæåíèÿ ê ñïåêòðàëüíûì õàðàêòåðèñòèêàìñòàíîâÿòñÿ òî÷íûìè äëÿ âîçìóùåííîãî îïåðàòîðà, ñ ïîñëåäóþùèì èõ óòî÷íåíèåì èòå-ðàöèîííûìè ìåòîäàìè. Â ðÿäå íàøèõ ðàáîò ìåòîä ËÂ ðàñïðîñòðàíåí íà îáùèé ñëó÷àéäîñòàòî÷íî ãëàäêèõ, ïðåæäå âñåãî ëèíåéíûõ, îïåðàòîð-�óíêöèé ñïåêòðàëüíîãî ïàðàìåò-ðà â áàíàõîâûõ ïðîñòðàíñòâàõ ïðè ñèììåòðè÷íîì èñïîëüçîâàíèè ñîáñòâåííûõ �óíêöèé èîáîáùåííûõ æîðäàíîâûõ öåïî÷åê (ÎÆÖ) ïðÿìîé è ñîïðÿæåííîé çàäà÷ ñî ìíîãèìè ïðè-ëîæåíèÿìè [2℄-[3℄. Â ðàáîòå [4℄ ïðèâåäåíà îáùàÿ ñõåìà ìåòîäà ïðè íàëè÷èè ãðóïïîâîéñèììåòðèè ëèíåéíîé ïî ñïåêòðàëüíîìó ïàðàìåòðó îïåðàòîð-�óíêöèè. Äëÿ ñëó÷àÿ äèñ-êðåòíîé (íåïðåðûâíîé) ãðóïïîâîé ñèììåòðèè ñîáñòâåííûå ýëåìåíòû è îáîáùåííûå æîðäà-íîâû öåïî÷êè ïðÿìîé è ñîïðÿæåííîé çàäà÷ ìîãóò áûòü âîññòàíîâëåíû äåéñòâèåì ãðóïïû(äåéñòâèåì èí�èíèòåçèìàëüíûõ îïåðàòîðîâ ñîîòâåòñòâóþùåé àëãåáðû Ëè) íà áàçèñíûåýëåìåíòû ïîðîæäàþùèõ òðàåêòîðèè ïîäïðîñòðàíñòâ. Ïðîñòåéøèì ïðèìåðîì ñëóæèò îïå-ðàòîð ïîâîðîòà íà ñîáñòâåííîì ïîäïðîñòðàíñòâå N(B) = {s2, st, t2} , ãäå ïîðîæäàþùèåïîäïðîñòðàíñòâà îáðàçîâàíû áàçèñíûìè ýëåìåíòàìè s2 è t2 . Ïîýòîìó äëÿ ïîñòðîåíèÿîïåðàòîðà ËÂ, îáëàäàþùåãî ãðóïïîâîé ñèììåòðèåé çàäà÷è, íóæíî çíàòü ïðèáëèæåíèÿ êóêàçàííûì áàçèñíûì ýëåìåíòàì. Îñíîâíûìè òðóäíîñòÿìè ðåàëèçàöèè ìåòîäà ËÂ â óñëî-âèÿõ ãðóïïîâîé ñèììåòðèè ÿâëÿåòñÿ ïîñòðîåíèå áàçèñíûõ ïðèáëèæåíèé ïðè íàëè÷èè ñòà-öèîíàðíûõ ïîäãðóïï è ïåðåõîä ê ëèíåéíûì êîìáèíàöèÿì, îáåñïå÷èâàþùèì âûïîëíåíèåñîîòíîøåíèé áèîðòîãîíàëüíîñòè ïðèáëèæåíèé äëÿ ýëåìåíòîâ ÎÆÖ, íåîáõîäèìûõ äëÿ íà-ñëåäîâàíèÿ ãðóïïîâîé ñèììåòðèè îïåðàòîðîì ËÂ. Óñòîé÷èâîñòü ìåòîäà ïî îòíîøåíèþ êâû÷èñëèòåëüíûì ïîãðåøíîñòÿì îáîñíîâûâàåòñÿ ðåãóëÿðèçàöèåé çàäà÷ òåîðèè áè�óðêà-öèé, ïðåäëîæåííîé Â.À. Òðåíîãèíûì è Í.À. Ñèäîðîâûì â 70-õ ãîäàõ.�àáîòà ïîääåðæàíà ãðàíòîì �ÔÔÈ-�óìûíñêàÿ Àêàäåìèÿ 07-01-91680-�À-à.1Ïðî�åññîð êà�åäðû âûñøåé ìàòåìàòèêè, Óëüÿíîâñêèé ãîñóäàðñòâåííûé òåõíè÷åñêèé óíèâåðñèòåò,ã. Óëüÿíîâñê; loginov�ulstu.ru.2Äîöåíò êà�åäðû ìàòåìàòè÷åñêîãî àíàëèçà, Óëüÿíîâñêèé ãîñóäàðñòâåííûé ïåäàãîãè÷åñêèé óíèâåðñè-òåò èì. È.Í. Óëüÿíîâà, ã. Óëüÿíîâñê; omakeeva�hotbox.ru.
Æóðíàë ÑÂÌÎ. 2009. Ò. 11, � 2



44 Á. Â. Ëîãèíîâ, Î. Â. Ìàêååâà2. Ïîñòðîåíèå îïåðàòîðà ËÂ â óñëîâèÿõ ãðóïïîâîé èíâàðèàíòíî-ñòèÄëÿ óïðîùåíèÿ èçëîæåíèÿ ðàññóæäåíèÿ â îáùåì ñëó÷àå íåïðåðûâíîé ãðóïïîâîé ñèì-ìåòðèè èëëþñòðèðóþòñÿ èõ ðåàëèçàöèåé äëÿ îäíîìåðíûõ ïîðîæäàþùèõ ïîäïðîñòðàíñòâ.Â áàíàõîâûõ ïðîñòðàíñòâàõ E1 è E2 ðàññìîòðèì ëèíåéíóþ ïî ñïåêòðàëüíîìó ïàðà-ìåòðó çàäà÷ó íà ñîáñòâåííûå çíà÷åíèÿ
(A0 − tA1)x = 0. (2.1)Çäåñü A0 : E1 ⊃ D(A0) → E2 , A1 : E1 ⊃ D(A1) → E2 � ïëîòíî çàäàííûåçàìêíóòûå ëèíåéíûå îïåðàòîðû, ïðè÷åì D(A0) ⊂ D(A1) è A1 ïîä÷èíåí A0 (ò. å.

‖A1x‖E2 ≤ ‖A0x‖E2 + ‖x‖E1 íà D(A0) ) èëè D(A1) ⊂ D(A0) è A0 ïîä÷èíåí A1(ò. å. ‖A0x‖E2 ≤ ‖A1x‖E2 + ‖x‖E1 íà D(A1) ). Ïóñòü íåèçâåñòíîå ñîáñòâåííîå çíà÷åíèå
λ ÿâëÿåòñÿ �ðåäãîëüìîâîé òî÷êîé îïåðàòîð-�óíêöèè A0 − tA1 ñ ñîáñòâåííûìè ýëå-ìåíòàìè N(A0 − λA1) = span{ϕ(1)

1 , . . . , ϕ
(1)
n } = En

1 (λ) = En
1 ⊂ E1 , N(A∗

0 − λA∗
1) =

span{ψ(1)
1 , . . . , ψ

(1)
n } = E∗

2,n(λ) = E∗
2,n ⊂ E∗

2 è îòâå÷àþùèìè èì A1 - è A∗
1 -æîðäàíîâûìèöåïî÷êàìè [5℄ ñ äëèíàìè p1 ≤ p2 ≤ . . . ≤ pn

(A0 − λA1)ϕ
(s)
i = A1ϕ

(s−1)
i , (A∗

0 − λA∗
1)ψ

(s)
i = A∗

1ψ
(s−1)
i , s = 2, . . . , pi, i = 1, . . . , n,

k = det[〈A1ϕ
(pi)
i , ψ

(1)
j 〉] 6= 0, L = det[Lij ] 6= 0, Lij = [〈A1ϕ

(pi+1−s)
i , ψ

(r)
j 〉]r=1,pj

s=1,pi

. (2.2)Â ñòàòüå [6℄ äîêàçàíî ñëåäóþùåå óòâåðæäåíèåË å ì ì à 2.1. Ýëåìåíòû ϕ
(s)
i , ψ(r)

j , s(r) = 1, . . . , pi(pj) , i, j = 1, . . . , n A1 - è A∗
1 -æîðäàíîâûõ íàáîðîâ, îòâå÷àþùèõ �ðåäãîëüìîâîé òî÷êå λ îïåðàòîð-�óíêöèè A0 − λA1ìîãóò áûòü âûáðàíû òàê, ÷òîáû âûïîëíÿëèñü ñëåäóþùèå ñîîòíîøåíèÿ áèîðòîãîíàëü-íîñòè

〈ϕ(s)
i , γ

(r)
j 〉 = δijδsr, 〈z(s)

i , ψ
(r)
j 〉 = δijδsr, s(r) = 1, . . . , pi(pj),

γ
(r)
j = A∗

1ψ
(pj+1−r)
j , z

(s)
i = A1ϕ

(pi+1−s)
i , i, j = 1, . . . , n.

(2.3)Ïðåäïîëàãàåòñÿ, ÷òî óðàâíåíèå (2.1) èíâàðèàíòíî îòíîñèòåëüíî l-ïàðàìåòðè÷åñêîéíåïðåðûâíîé ãðóïïû G ∋ g(a1, . . . , al) . Ýòî îçíà÷àåò, ÷òî ñóùåñòâóþò ïðåäñòàâëåíèÿ
Lg â ïðîñòðàíñòâå E1 è Kg â ïðîñòðàíñòâå E2 òàêèå, ÷òî îïåðàòîðû A0 è A1 ñïëå-òàþòñÿ ýòèìè ïðåäñòàâëåíèÿìè: AiLg = KgAi , i = 0, 1 . Èçâåñòíî, ÷òî ïîäïðîñòðàí-ñòâà En

1 è E∗
2,n èíâàðèàíòíû îòíîñèòåëüíî ïðåäñòàâëåíèé Lg è K∗

g . Òîãäà â íåêî-òîðîì áàçèñå {ϕi}n1 â En
1 ∋ ϕ =

n∑

i=1

ξiϕi äåéñòâèå Lg â En
1 îïðåäåëÿåòñÿ ìàòðèöåé

Ag = [αij(g)]
n
i,j=1 = [αij(a)]

n
i,j=1 : Lgϕi = A′

gϕi =
n∑

j=1

αji(g)ϕj (ξ̃i = (Agξ)i =
n∑

j=1

αij(g)ξj) ,
i = 1, n . Àíàëîãè÷íî ïðåîáðàçîâàíèå K∗

g â èíâàðèàíòíîì ïîäïðîñòðàíñòâå E∗
2,n îïðåäå-ëÿåò ðàâåíñòâàìè K∗

gψk =

n∑

j=1

βkj(g)ψj , k = 1, n ìàòðèöó Bg = [βij(g)]
n
i,j=1 . Áóäåì ñ÷èòàòüâûïîëíåííûìÓñëîâèå I. Ïðÿìîå äîïîëíåíèå E∞−n

1 = (I − P )En
1 , ïîðîæäåííîå ïðîåêòîðîì P =

n∑

k=1

〈·, γ(1)
k 〉ϕ(1)

k , èíâàðèàíòíî îòíîñèòåëüíî îïåðàòîðîâ L(a) .Æóðíàë ÑÂÌÎ. 2009. Ò. 11, � 2



Îïåðàòîð ëîæíîãî âîçìóùåíèÿ â îáîáùåííîé çàäà÷å íà ñîáñòâåííûå . . . 45Èíâàðèàíòíîñòü ïîäïðîñòðàíñòâà En
1 îòíîñèòåëüíî ãðóïïû L(a) ïîçâîëÿåò íà îñíî-âå [7℄ äàòü ñëåäóþùóþ ãåîìåòðè÷åñêóþ èíòåðïðåòàöèþ äåéñòâèÿ L(a) â En

1 . Ïóñòü
{Ij(ξ)}l1j=1 � ïîëíàÿ ñèñòåìà �óíêöèîíàëüíî íåçàâèñèìûõ èíâàðèàíòîâ â En

1 , ξ =
(ξ1, . . . , ξn) ∈ Ξnϕ = Ξn . Ïîäïðîñòðàíñòâî En

1 (ñîîòâåòñòâåííî Ξn ) ðàññëàèâàåòñÿ íà òðàåê-òîðèè O(ϕ) = {L(a)ϕ|a ∈ D ⊂ Rl} (O(ξ) = {A(a)ξ|a ∈ D ⊂ Rl} ). Ïîäïðîñòðàíñòâî (ìíî-ãîîáðàçèå) M ⊂ En
1 èëè â êîîðäèíàòíîì ïðåäñòàâëåíèè M ⊂ Ξn íàçîâåì ïîðîæäàþùèìòðàåêòîðèþ O(ϕ) , ñîîòâåòñòâåííî O(ξ) , åñëè îíî ñîäåðæèò íåêîòîðóþ òî÷êó ýòîé òðàåê-òîðèè. Â En

1 (Ξn ) ñóùåñòâóåò ïîëíàÿ ìèíèìàëüíàÿ ñèñòåìà M = {Mj}s1 ïîðîæäàþùèõïîäïðîñòðàíñòâ (ìíîãîîáðàçèé) Mj , dimMj ≤ l1 , n−l1 ≤ l òàêàÿ, ÷òî äëÿ ëþáîãî ϕ ∈ En
1( ξ ∈ Ξn ) íàéäóòñÿ a ∈ D ⊂ Rl è ÷èñëî j , òàêèå, ÷òî L(a)ϕ ∈Mj (A(a)ξ ∈Mj ). Åñëè ìè-íèìàëüíàÿ ñèñòåìà M ñîñòîèò èç ïîðîæäàþùèõ ïîäïðîñòðàíñòâ (ìíîãîîáðàçèé) îäíîéðàçìåðíîñòè l1 , òî áóäåì ãîâîðèòü, ÷òî ãðóïïà G äåéñòâóåò â En

1 (Ξn ) l1 -îïòèìàëüíî. Âýòîì ñëó÷àå â En
1 ñóùåñòâóåò áàçèñ {ϕj}n1 , â êîòîðîì äëÿ ëþáîãî ϕ ∈ En

1 íàéäóòñÿ a ∈ Dè èíâàðèàíòû r1(ξ), . . . , rl1(ξ) , òàêèå, ÷òî L(a)ϕ =

l1∑

k=1

rk(ξ)ϕ(k) ∈Mj0 , ϕ(k) ∈ (ϕ1, . . . , ϕn) .�àçìåðíîñòü òðàåêòîðèé îáùåãî ïîëîæåíèÿ (ñòàðøåé ðàçìåðíîñòè) ðàâíà n− l1 ≤ l .Äàëåå ïðåäïîëàãàåì, ÷òî ïðåäñòàâëåíèÿ Lg â En
1 è K∗

g â E∗
2,n èìåþò ïîëíûå ñèñòåìû

l1 �óíêöèîíàëüíî íåçàâèñèìûõ èíâàðèàíòîâ. Â [4℄ ïîêàçàíî, ÷òî åñëè ðåãóëÿðèçîâàííûéïî Øìèäòó îïåðàòîð B̂ = B +

n∑

j=1

〈·, γi〉zi òàêæå îáëàäàåò ãðóïïîâîé èíâàðèàíòíîñòüþè âûïîëíåíî óñëîâèå I, òî ìàòðèöû Bg è Ag ýêâèâàëåíòíû, ò.å. â íåêîòîðîì áàçèñåñîâïàäàþò. Â [4℄, [8℄-[9℄ ïîêàçàíî, ÷òî òî÷íûå ñîáñòâåííûå ýëåìåíòû è îòâå÷àþùèå èìÎÆÖ ïðÿìîé è ñîïðÿæåííîé çàäà÷ ïðåîáðàçóþòñÿ ñîîòâåòñòâåííî îïåðàòîðàìè Lg è K∗
gò.å. òîé æå ìàòðèöåé A′

g . Åñëè ïîëíûé êàíîíè÷åñêèé æîðäàíîâ íàáîð (ÎÆÍ) çàíóìåðî-âàí ïî âîçðàñòàíèþ äëèí ÎÆÖ òî ðåãóëÿðèçîâàííûé ïî Øìèäòó îïåðàòîð B̂ îáëàäàåòãðóïïîâîé èíâàðèàíòíîñòüþ ò.å. Bg = Ag òîãäà è òîëüêî òîãäà, êîãäà ïîäïðîñòðàíñòâî
E2,n = span{z1, . . . , zn} èíâàðèàíòíî îòíîñèòåëüíî îïåðàòîðîâ Kg è ìàòðèöà Ag áëî÷íî-äèàãîíàëüíà.Ïîäïðîñòðàíñòâà En

1 è E∗
2,n èíâàðèàíòíû ñîîòâåòñòâåííî îòíîñèòåëüíî èí�èíèòåçè-ìàëüíûõ îïåðàòîðîâ ïðåäñòàâëåíèé L(a) è K∗(a) è â îáùåì ñëó÷àå èõ áàçèñû âîññòà-íàâëèâàþòñÿ äåéñòâèåì èí�èíèòåçèìàëüíûõ îïåðàòîðîâ íà áàçèñíûå ýëåìåíòû ïîðîæ-äàþùèõ ïîäïðîñòðàíñòâ. Òàê äëÿ îäíîìåðíûõ ïîðîæäàþùèõ ïîäïðîñòðàíñòâ áàçèñíûåýëåìåíòû ϕk (ψk ) îïðåäåëÿþòñÿ �îðìóëàìè ϕk+1 = Xkϕ1 (ψk+1 = Ykψ1 ), ãäå Xk ( Yk )èí�èíèòåçèìàëüíûå îïåðàòîðû ïðåäñòàâëåíèé L(a) (K∗−1

(a) ), k = 1, . . . , l . Ïîýòîìóïðèáëèæåíèÿ ê òî÷íûì ñîáñòâåííûì âåêòîðàì áóäóò îïðåäåëÿòüñÿ äåéñòâèåì èí�èíèòå-çèìàëüíûõ îïåðàòîðîâ íà ñ÷èòàþùèåñÿ çàäàííûìè ïðèáëèæåíèÿ ê ñîáñòâåííûì ýëåìåí-òàì ïîäïðîñòðàíñòâ, ïîðîæäàþùèõ òðàåêòîðèè ñòàðøèõ ðàçìåðíîñòåé.Ñîãëàñíî [10℄ äîêàçûâàåòñÿ ñëåäóþùåå óòâåðæäåíèåË å ì ì à 2.2. Ïóñòü ïî �îðìóëàì (2.3) ïîñòðîåíû ïðèáëèæåíèÿ ê ÎÆÖ, îò-âå÷àþùèå ïðèáëèæåíèÿì ê ñîáñòâåííûì ýëåìåíòàì ïîðîæäàþùèõ ïîäïðîñòðàíñòâ.Ïåðåõîäÿ ê ëèíåéíûì êîìáèíàöèÿì ìîæíî îïðåäåëèòü ñèñòåìû {γ(s)
k0 }l1,pk

k,s=1 , γ
(s)
k0 =

A∗
1ψ

(pk+1−s)
k0 è {z(j)

i0 }l1,pi
i,j=1 , z(j)

i0 = A1ϕ
(pi+1−j)
k0 , îòâå÷àþùèå óêàçàííûì ñîáñòâåííûì ýëå-ìåíòàì è óäîâëåòâîðÿþùèå ñîîòíîøåíèÿì áèîðòîãîíàëüíîñòè 〈ϕ(j)

i0 , γ
(s)
k0 〉 = δikδjs ,

〈z(j)
i0 , ψ

(s)
k0 〉 = δikδjs , i, k = 1, . . . , l1 , j(s) = 1, . . . , pi(pk) .Ä î ê à ç à ò å ë ü ñ ò â î. Ïóñòü îïðåäåëåíû ïðèáëèæåíèÿ ê ñîáñòâåí-íûì ýëåìåíòàì ïîðîæäàþùèõ ïîäïðîñòðàíñòâ è îòâå÷àþùèì èì æîðäàíîâûì öåïî÷-Æóðíàë ÑÂÌÎ. 2009. Ò. 11, � 2



46 Á. Â. Ëîãèíîâ, Î. Â. Ìàêååâàêàì: {ϕ(j)
i0 }l1,pi

1 , {ψ̃(ν)
µ0 }l1,pµ

1 è z
(j)
i0 = A1ϕ

(pi+1−j)
i0 . Ïîëàãàÿ γ̃

(ν)
µ0 = A∗

1ψ̃
(pµ+1−ν)
µ0 îáðàçóåìëèíåéíûå êîìáèíàöèè γ

(s)
k0 =

l1∑

µ=1

pµ∑

ν=1

Ksν
κµγ̃

(ν)
µ0 , ïîä÷èíèâ èõ óñëîâèÿì 〈ϕ(j)

i0 , γ
(s)
k0 〉 = δikδjs ,

i, k = 1, . . . , l1 , j(s) = 1, . . . , pi(pk) . Òîãäà êîý��èöèåíòû K lν
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i0 . Òàêèì îáðàçîì, ïîñòðîåíû ïðèáëèæå-íèÿ ê ÎÆÖ ñîáñòâåííûõ ýëåìåíòîâ, óäîâëåòâîðÿþùèå ñîîòíîøåíèÿì áèîðòîãîíàëüíîñòè(2.3).Ïðè âîññòàíîâëåíèè ñ ïîìîùüþ èí�èíèòåçèìàëüíûõ îïåðàòîðîâ áàçèñîâ â En
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2,nìîæåò îêàçàòüñÿ, ÷òî êîëè÷åñòâî ïîñòðîåííûõ ïðèáëèæåíèé ïðåâûøàåò n . Ñðåäè íèõíóæíî âûáðàòü íàèáîëåå óäàëåííûå îò ëèíåéíûõ îáîëî÷åê çàäàííûõ ïðèáëèæåíèé. Äëÿîäíîìåðíûõ ïîðîæäàþùèõ ïîäïðîñòðàíñòâ äîñòàòî÷íî ðàññìîòðåòü íîðìû ‖ϕ10 − ϕk0‖ ,

‖ψ10 − ψk0‖ , k = 2, . . . , l + 1 , ãäå ϕr+1,0 = Xrϕ10 (ψr+1,0 = Yrψ10 ), r = 1, . . . , l è âûáðàòüñðåäè ïîëó÷åííûõ ïðèáëèæåíèé n − 1 íàèáîëåå óäàëåííûõ îò ϕ10 (ψ10 ). Ýòîé ïðîöå-äóðîé èñêëþ÷àåòñÿ äåéñòâèå ñòàöèîíàðíûõ ïîäãðóïï. Äàëåå ïî �îðìóëàì (2.3) ñòðîÿòñÿïðèáëèæåíèÿ ê A1 - (A∗
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47Ç à ì å ÷ à í è å 2.1. Íàëè÷èå ïîëíîé áèîðòîãîíàëüíîñòè ïîñòðîåííûõ ÎÆÍïðèâåäåò ê ðåäóêöèè (ñîêðàùåíèþ) ÷èñëà ðåøàåìûõ óðàâíåíèé â ïðåäëîæåííûõ íà îñíî-âå ïîñòðîåíèÿ ËÂ îïåðàòîðà èòåðàöèîííûõ ïðîöåññàõ [2℄-[3℄. Ïðè îòñóòñòâèè ïîëíîéáèîðòîãîíàëüíîñòè ðåäóêöèè íå áóäåò. Â ýòîì ñëó÷àå ïîëó÷åííûå ðåçóëüòàòû òîëüêîîïðåäåëÿþò ïðîöåññ ïîñòðîåíèÿ ïðèáëèæåííûõ ÎÆÍ â óñëîâèÿõ ãðóïïîâîé ñèììåòðèè.Ç à ì å ÷ à í è å 2.2. Îáîáùåíèå ïðåäëîæåííîãî ïðîöåññà íà ñëó÷àé äèñêðåòíîéãðóïïîâîé ñèììåòðèè î÷åâèäíî. Çäåñü ïðåäëîæåííûé ïðîöåññ íà îñíîâå äåéñòâèÿ îïå-ðàòîðîâ ïðåäñòàâëåíèÿ ñðàçó ïðèâåäåò ê ïîëíîé áèîðòîãîíàëüíîñòè è âîçìîæíîñòèïîñòðîåíèÿ îïåðàòîðà ËÂ áåç ïîâòîðíîãî ïðèìåíåíèÿ ëåììû 2.2.�àññìîòðåí ïðèìåð ñïåêòðàëüíîé çàäà÷è ïî Ý. Øìèäòó äëÿ ñèñòåìû u′′ + λv = 0 ,
v′′ + λu = 0 , u, v ∈ C2([−1, 0)

⋃
(0, 1])

⋂
C1[−1, 1] , u(−1) = 0 , u(0) = u(1) , v(−1) = v(0) ,

v(1) = 0 . Ñïèñîê ëèòåðàòóðû1. �àâóðèí Ì.Ê. Î ìåòîäå ëîæíûõ âîçìóùåíèé äëÿ íàõîæäåíèÿ ñîáñòâåííûõ çíà÷åíèé// ÆÂÌèÌÔ, 1961, Ò.1; � 5. - C. 751-770.2. Loginov B.V., Makeeva O.V. Pseudoperturbation method in generalized eigenvalueproblems // ROMAI J., 2008, V.4.3. Ëîãèíîâ Á.Â., Ìàêååâà Î.Â. Ìåòîä ëîæíûõ âîçìóùåíèé â îáîáùåííûõ çàäà÷àõ íàñîáñòâåííûå çíà÷åíèÿ // Äîêëàäû �ÀÍ, 2008, �419 (2). - Ñ. 160-163.4. Ëîãèíîâ Á.Â. Òåîðèÿ âåòâëåíèÿ ðåøåíèé íåëèíåéíûõ óðàâíåíèé â óñëîâèÿõ ãðóï-ïîâîé èíâàðèàíòíîñòè. � Òàøêåíò: Ôàí, 1985. - 184 
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ht,2003, V.2. - P. 617-644.10. Ëîãèíîâ Á.Â., Ìàêååâà Î.Â., Öûãàíîâ À.Â. Óòî÷íåíèå ïðèáëèæåííî çàäàííûõ æîð-äàíîâûõ öåïî÷åê ëèíåéíîé îïåðàòîð-�óíêöèè ñïåêòðàëüíîãî ïàðàìåòðà íà îñíîâåòåîðèè âîçìóùåíèé // Ìåæâóç. ñáîðíèê íàó÷íûõ òðóäîâ "Ôóíêöèîíàëüíûé àíàëèç",Óëüÿíîâñê: Óë�ÏÓ, 2003, âûï.38. - Ñ. 53-62. Äàòà ïîñòóïëåíèÿ 12.08.2009Æóðíàë ÑÂÌÎ. 2009. Ò. 11, � 2



48Pseudoperturbation operator in generalized eigenvalueproblem under group symmetry
© B. V. Loginov3, O. V. Makeeva4Abstra
t. It is suggested pro
ess for pseudoperturbation operator 
onstru
tion when an 
onsideredgeneralized eigenvalue problem pro
ess an group symmetry. On the base of introdu
ing su
hoperator iterational pro
esses [2℄-[3℄ 
an be applied for re�ning of approximations to spe
tral
hara
teristi
s of dire
t and 
onjugate problems.Key Words: generalized eigenvalue problem, pseudoperturbation method, group symmetry.Referen
es1. Gavurin M.K. On pseudoperturbation method for eigenvalues determination // J. Comput. Math. Math.Phys. 1, 5 (1961), 751-770, Russian, Engl. transl.2. Loginov B.V., Makeeva O.V. Pseudoperturbation method in generalized eigenvalue problems // ROMAIJ., 2008, V.4.3. Loginov B.V., Makeeva O.V. The Pseudoperturbation method in generalized eigenvalue problems //Doklady Mathemati
s, 77, 2 (2009), 194-197. Pleiades Publ., Ltd.; Dokl. Akad. Nauk 419, 2 (2009),160-163.4. Loginov B.V. Bran
hing Theory of Solutions of Nonlinear Equation under Group Symmetry Conditions.� Tashkent: Fan, A
ad. S
i. Uzbek SSR (1985).5. Vainberg M.M., Trenogin V.A. Bran
hing theory of solutions of nonlinear equations. � Mos
ow: Nauka(1969); Engl. transl. Volters-Noordorf Int. Publ., Leyden (1974).6. Loginov B.V., Rousak Yu.B. Generalized Jordan stru
ture in bran
hing theory // Dire
t and InverseProblems for Partial Di�erential Equations (M.S. Salakhitdinov-ed), Akad. Nauk UzbekSSR, Tashkent,Fan, (1978), 133-148.7. Eisenhart L.P. Continue transformation groups. � M.:IL (1947).8. Loginov B.V. Solutions bran
hing of nonlinear equations and group symmetry // Vestnik of SamaraState University. 4, 10 (1998), 15-70.9. Karas�ozen B., Konopleva I., Loginov B. Hereditary symmetry of resolving systems for nonlinearequations with Fredholm operators // Nonl. Anal. Appl.: to V. Lakshmikantham on his 80-th Birthday.(R.P. Agarwal, D. O'Regan-eds.), Kluwer A
ad. Publ. Dordre
ht. V.2 (2003), 617-644.10. Loginov B.V., Makeeva O.V., Tsyganov A.V. Re�ning of approximately given Jordan 
hains of linearoperator-fun
tion of spe
tral parameter on the base of perturbation theory // Interuniv. Pro
. �Fun
tionalAnalysis�, Ulyanovsk Pedagogi
al University, 38 (2003), 53-62.3Professor of Higher Mathemati
s Chair, Ulyanovsk State Te
hni
al University, Ulyanovsk; loginov�ulstu.ru.4Asso
iate professor of Mathemati
s Analyze Chair, Ulyanovsk State Pedagogi
al University afterI. N. Ulyanova, Ulyanovsk; omakeeva�hotbox.ru.
MVMS journal. 2009. V. 11, No. 2



Èí�îðìàöèîííàÿ ñèñòåìà ïî ïðîáëåìàì ãðàâèòàöèîííîãî ìîäåëèðîâàíèÿ . . . 49
Â Ñðåäíåâîëæñêîì ìàòåìàòè÷åñêîì îáùåñòâåÓÄÊ 004.415+519.673+531.5Èí�îðìàöèîííàÿ ñèñòåìà ïî ïðîáëåìàìãðàâèòàöèîííîãî ìîäåëèðîâàíèÿ ïðîòÿæåííûõ îáúåêòîâ
© Â. À. Àêóëîâ1Àííîòàöèÿ. �àçðàáîòàíà ñïåöèàëèçèðîâàííàÿ èí�îðìàöèîííàÿ ñèñòåìà (ÀÈÑÎÀ), îðèåí-òèðîâàííàÿ íà ðåøåíèå çàäà÷ ãðàâèòàöèîííîãî ìîäåëèðîâàíèÿ ïðîòÿæåííûõ îáúåêòîâ íàöåíòðîáåæíûõ ìàøèíàõ (öåíòðè�óãàõ). Â îñíîâó ñèñòåìû ïîëîæåíû àâòîðñêèå ìîäåëè ñî-ñòîÿíèé îáúåêòîâ âîçäåéñòâèé è êðèòåðèè ñîîòâåòñòâèÿ èñêóññòâåííîé è åñòåñòâåííîé ñèë òÿ-æåñòè, ïîñòðîåííûå íà ïðèíöèïàõ àíàëèòè÷åñêîé ìåõàíèêè. ÀÈÑÎÀ îáúåäèíÿåò òðè �óíêöè-îíàëüíûõ êîìïîíåíòà: �èçè÷åñêîå ìîäåëèðîâàíèå (ñîáñòâåííî öåíòðè�óãè), ìàòåìàòè÷åñêèåìîäåëè è èí�îðìàöèîííóþ ïîääåðæêó ïðèíÿòèÿ ðåøåíèé.Êëþ÷åâûå ñëîâà: èí�îðìàöèîííàÿ ñèñòåìà, ãðàâèòàöèîííîå ìîäåëèðîâàíèå, èñêóññòâåí-íàÿ ñèëà òÿæåñòèÏðèìåíåíèå èñêóññòâåííîé ñèëû òÿæåñòè (ÈÑÒ) ê èññëåäîâàíèþ ïðèðîäíûõ è ðóêî-òâîðíûõ îáúåêòîâ, ïîëó÷èâøåå íàèìåíîâàíèå ãðàâèòàöèîííîå ìîäåëèðîâàíèå (�Ì) íàøëîøèðîêîå ïðèìåíåíèå â ðàçëè÷íûõ ïðåäìåòíûõ îáëàñòÿõ. Ïðèìåðàìè ñëóæàò èñïûòàíèÿè òàðèðîâêè ïðèáîðîâ îòâåòñòâåííîãî íàçíà÷åíèÿ (öåíòðîáåæíûå ñòåíäû), èññëåäîâàíèÿïðî÷íîñòè îáúåêòîâ â ñòðîèòåëüñòâå è ãîðíîì äåëå, îòáîð è ïîäãîòîâêà ýêèïàæåé ñêîðîñò-íûõ ñàìîëåòîâ è êîñìè÷åñêèõ àïïàðàòîâ, ëå÷åíèå áîëüíûõ òðàâìàòîëîãè÷åñêîãî è íåâðî-ëîãè÷åñêîãî ïðî�èëÿ è ò. ä. Ïëàíèðóåòñÿ ïðèìåíåíèå ÈÑÒ â Êîñìîñå â êà÷åñòâå èíñòðó-ìåíòà íàó÷íûõ èññëåäîâàíèé è ïðîòèâîäåéñòâèÿ íåâåñîìîñòè, ÷òî âàæíî äëÿ óñïåøíîãîâûïîëíåíèÿ äëèòåëüíûõ è ñâåðõäëèòåëüíûõ ïîëåòîâ, âêëþ÷àÿ ìåæïëàíåòíûå ìèññèè [4℄,[6℄, [7℄. Êàê èçâåñòíî, ëþáàÿ ìîäåëü, à �Ì ÿâëÿåòñÿ îäíîé èç �èçè÷åñêèõ ðàçíîâèäíîñòåé,òðåáóåò îöåíêè àäåêâàòíîñòè, ïîñêîëüêó îíà (ìîäåëü) ïðåäñòàâëÿåò ñîáîé óïðîùåííûé¾àíàëîã îðèãèíàëà¿ [5℄. �àññìîòðèì ýòó çàäà÷ó ïðèìåíèòåëüíî ê ìîäåëèðîâàíèþ åñòå-ñòâåííîé ñèëû òÿæåñòè (ÅÑÒ), êîòîðàÿ àêòóàëüíà â öåëîì ðÿäå ïðèëîæåíèé. �ëàâíûå èçíèõ � ïèëîòèðóåìàÿ êîñìîíàâòèêà è ãðàâèòàöèîííàÿ òåðàïèÿ [4℄, [6℄, [7℄. Íà ðèñ. 1.1 ïðåä-ñòàâëåíû ñòðóêòóðû ÅÑÒ (Çåìëÿ, Ìàðñ, Ëóíà) è ÈÑÒ, ãåíåðèðóåìîé êîðîòêîðàäèóñíîéöåíòðè�óãîé (ÖÊ�).Çäåñü: +Gz � ìîäóëü ïåðåãðóçêè, ñîçäàâàåìîé ÈÑÒ è ÅÑÒ; z � ïðîäîëüíàÿ êîîð-äèíàòà, îòñ÷èòûâàåìàÿ, ñîîòâåòñòâåííî, îò ïîâåðõíîñòè ïëàíåòû èëè îñè âðàùåíèÿ; h �ïðîòÿæåííîñòü îáúåêòà â íàïðàâëåíèè 0z ; ω � óãëîâàÿ ñêîðîñòü âðàùåíèÿ ðîòîðà ÖÊ�,ãäå ω1 < ω2 < ω3 . Êàê âèäíî, àäåêâàòíîñòü â �îðìå áàëàíñà ïåðåãðóçîê äîñòèãàåòñÿòîëüêî â òî÷êàõ ïåðåñå÷åíèÿ õàðàêòåðèñòèê: ãîðèçîíòàëåé (ÅÑÒ) è ñåìåéñòâà íàêëîí-íûõ (ÈÑÒ). Â îñòàëüíûõ òî÷êàõ áàëàíñ îòñóòñòâóåò, ïðè÷åì ïî ìåðå èõ óäàëåííîñòè ðàñ-ñîãëàñîâàíèå òîëüêî âîçðàñòàåò. Ñëåäîâàòåëüíî, ÖÊ� îñóùåñòâëÿåò àäåêâàòíîñòü, êîòî-ðóþ ìîæíî êëàññè�èöèðîâàòü êàê âåñüìà óñëîâíóþ, òî÷å÷íóþ. Â ñâÿçè ñ óñëîâíîñòüþàäåêâàòíîñòè ñëåäóåò ðàçëè÷àòü äâå ãðóïïû îáúåêòîâ �Ì: òî÷å÷íûå è ðàñïðåäåëåííûå.1Äîöåíò êà�åäðû ¾Èí�îðìàöèîííûå òåõíîëîãèè¿ Ñàì�ÒÓ, Ñàìàðñêèé ãîñóäàðñòâåííûé òåõíè÷åñêèéóíèâåðñèòåò, ã. Ñàìàðà; vanger�it.samgtu.ru

Æóðíàë ÑÂÌÎ. 2009. Ò. 11, � 2



50 Â. À. Àêóëîâ

� è ñ ó í î ê 1.1Ñòðóêòóðíûå ðàçëè÷èÿ ÈÑÒ è ÅÑÒÏîä òî÷å÷íûìè (ÒÎ) ïîíèìàþòñÿ îáúåêòû, ðàçìåðû êîòîðûõ ñòîëü ìàëû ïî ñðàâíåíèþñ ðàäèóñîì âðàùåíèÿ, ÷òî âíóòðåííèì ïåðåïàäîì ïåðåãðóçîê ìîæíî ïðåíåáðå÷ü. Åñëè æåðàçìåðû îáúåêòîâ ñîèçìåðèìû ñ ðàäèóñîì, òî ïåðåïàä ñòàíîâèòñÿ çíà÷èòåëüíûì, è òà-êèå îáúåêòû äàëåå îòíåñåíû ê êàòåãîðèè ïðîòÿæåííûõ (ÏÎ). Êàê ñëåäóåò èç ðèñ. 1.1, àäëÿ ýòîãî äîñòàòî÷íî ïðîàíàëèçèðîâàòü èçìåíåíèå +Gz íà èíòåðâàëå z/h = [0, 1] , îò-íîñèòåëüíàÿ âåëè÷èíà ïåðåãðóçîê â ÏÎ äîñòèãàåò 100%. Îòìåòèì, ÷òî ïåðåõîä ïî ñõåìå¾ÒÎ � ÏÎ¿ ñîïðîâîæäàåòñÿ ñëåäóþùèìè êà÷åñòâåííûìè èçìåíåíèÿìè. Âåëè÷èíà è òî÷-êà ïðèëîæåíèÿ ïåðåãðóçîê ïðè �Ì ñòàíîâÿòñÿ íåîïðåäåëåííûìè; ïåðåãðóçêà óòðà÷èâàåòêðèòåðèàëüíûå �óíêöèè è ïåðåõîäèò â ðàçðÿä ïðîìåæóòî÷íûõ ïàðàìåòðîâ; ïðîöåäóðûîöåíêè àäåêâàòíîñòè óñëîæíÿþòñÿ. Âñëåäñòâèå ïåðå÷èñëåííûõ è èì ïîäîáíûõ �àêòîðîâèí�îðìàöèîííîå îáåñïå÷åíèå �Ì, ïîñòðîåííîå íà ¾òî÷å÷íîé¿ èäåîëîãèè, ñòàíîâèòñÿ íåäî-ñòàòî÷íûì. Îñîáóþ àêòóàëüíîñòü ïðèîáðåòàåò êîìïëåêñ çàäà÷ ïî ðàçðàáîòêå ìåòîäîëîãèè,îðèåíòèðîâàííîé íà îöåíêó è îáåñïå÷åíèå àäåêâàòíîñòè ÈÑÒ è ÅÑÒ ïðèìåíèòåëüíî êðàñïðåäåëåííûì îáúåêòàì. Â Ñàì�ÒÓ (äîö. Â. À. Àêóëîâ) ïðåäëîæåí îäèí èç âàðèàíòîâðåøåíèÿ ïîñòàâëåííîé çàäà÷è, ïðåäóñìàòðèâàþùèé åãî ðåàëèçàöèþ â âèäå ïðîáëåìíî-îðèåíòèðîâàííîé àâòîìàòèçèðîâàííîé èí�îðìàöèîííîé ñèñòåìû ïî îöåíêå àäåêâàòíîñòè(ÀÈÑÎÀ) [1 - 3℄. Â öåëÿõ ñîêðàùåíèÿ èçëîæåíèÿ îãðàíè÷èìñÿ àíàëèçîì ñòðóêòóðíîéñõåìû ÀÈÑÎÀ (ðèñ. 1.2), êðàòêîé õàðàêòåðèñòèêîé ðåøàåìûõ çàäà÷ è ìàòåìàòè÷åñêèõìîäåëåé, ïðåäñòàâëåííûõ â êîíå÷íîé �îðìå è ðåàëèçîâàííûõ â ÀÈÑÎÀ.Â êà÷åñòâå îáúåêòîâ �Ì âûáðàíî âåñüìà ïðåäñòàâèòåëüíîå ïîäìíîæå-ñòâî �Î, ñîäåðæàùèõ ïðîòÿæåííûå òðóáîïðîâîäû ñ æèäêîñòüþ [1℄. Â îñíî-âó êîíöåïöèè ÀÈÑÎÀ ïîëîæåí ïðèíöèï âîñïðîèçâåäåíèÿ ñîñòîÿíèé îáúåê-òîâ, à íå ïàðàìåòðîâ ÈÑÒ. Ïðåäóñìîòðåíî, ÷òî íà ýòàïàõ, ïðåäøåñòâóþùèõ�Ì, òàêèå ïàðàìåòðû îïðåäåëÿþòñÿ ìåòîäîì êîìïüþòåðíîãî ìîäåëèðîâàíèÿ.
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� è ñ ó í î ê 1.2Ñòðóêòóðíàÿ ñõåìà ÀÈÑÎÀ äëÿ îöåíêè àäåêâàòíîñòè ÈÑÒ è ÅÑÒÊðîìå òîãî, ó÷òåíî, ÷òî â ðÿäå ïðèëîæåíèé ÷åëîâåê (êîñìîíàâò, èñïûòàòåëü, ïàöèåíòãðàâèòàöèîííîé òåðàïèè) ïðèíèìàåò íåïîñðåäñòâåííîå ó÷àñòèå â ñåàíñàõ âðàùåíèÿ, ïî-òðåáîâàâøåå ðàçðàáîòêè ìåð ïàðàìåòðè÷åñêîé áåçîïàñíîñòè. Â èòîãå ÀÈÑÎÀ ïðèîáðåëàäâóõóðîâíåâóþ èåðàðõè÷åñêóþ ñòðóêòóðó, îáúåäèíÿþùóþ â ñåáå òðè �óíêöèîíàëüíûõêîìïîíåíòà: �èçè÷åñêîå ìîäåëèðîâàíèå, ò. å. ñîáñòâåííî �Ì (ñì. óðîâåíü I, ðèñ. 1.2), ìà-òåìàòè÷åñêîå ìîäåëèðîâàíèå, îáåñïå÷èâàþùåå �Ì âõîäíûìè äàííûìè (ïîç. 3), è èí�îð-ìàöèîííóþ ïîääåðæêó ïðèíÿòèÿ ðåøåíèé (ïîç.4), îáðàçóþùèå ñòðóêòóðó, îáîçíà÷åííóþêàê ¾Óðîâåíü II¿. Ñåðèÿ çàäà÷ ìîäåëèðîâàíèÿ, íàçâàííûõ, èñõîäÿ èç ìàòåìàòè÷åñêîãîñìûñëà, ïðÿìûìè (ïîç. 3.1), çàêëþ÷àþòñÿ â îöåíêå àäåêâàòíîñòè ÈÑÒ è ÅÑÒ (ñõîäñòâà,ñòåïåíü ðàçëè÷èé). Îáðàòíûå çàäà÷è (ïîç. 3.2) ñîñòîÿò â îïðåäåëåíèè èíäèâèäóàëèçèðî-âàííûõ ðåæèìîâ èñïûòàíèé, îáåñïå÷èâàþùèõ ëèáî ìèíèìóì îòëè÷èé, èç ÷èñëà âîçìîæ-íûõ (ïîç. 3.2.1), ëèáî çàäàííûå, ïðè÷åì ðàçíîíàïðàâëåííûå ðàññîãëàñîâàíèÿ (ïîç. 3.2.2).Êàê ïðÿìûå, òàê è îáðàòíûå çàäà÷è ðåøåíû â 2-õ ïîñòàíîâêàõ: èíòåãðàëüíîé è ëîêàëüíîé(ñì. íèæå).
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52 Â. À. Àêóëîâ2. Ïðÿìûå çàäà÷è ìîäåëèðîâàíèÿ â èíòåãðàëüíîé ïîñòàíîâêå.Îíè ðåøàþòñÿ ñ ïîìîùüþ êðèòåðèÿ àäåêâàòíîñòè âèäà:
δ =

(
ω2

3βg

h3 − R2
1(3h− 2R1)

(h−R1)2
− 1

)
100% (2.1)Çäåñü: β - áåçðàçìåðíûé êîý��èöèåíò, ó÷èòûâàþùèé ìíîãîîáðàçèå âèäîâ ÅÑÒ (Çåìëÿ,Ìàðñ, Ëóíà, äð. âàðèàíòû). β = a/g , ãäå , g - óñêîðåíèå ñâîáîäíîãî ïàäåíèÿ, ñîîòâåò-ñòâåííî, íà îäíîé èç ïëàíåò è íà Çåìëå. Îñòàëüíûå îáîçíà÷åíèÿ è óïðîùåííûé âàðèàíòðàñ÷åòíîé ñõåìû ïðèâåäåíû íà ðèñ. 3.Ôèçè÷åñêèé ñìûñë êðèòåðèÿ (2.1) ñîñòîèò â ñîïîñòàâëåíèè ýíåðãèè, ïîëó÷åííîé æèä-êîñòüþ, çàêëþ÷åííîé â îáúåêòå, êàê ñî ñòîðîíû åñòåñòâåííîé, òàê è èñêóññòâåííîé ãðà-âèòàöèè (ý��åêò áóñòåðà) [1℄ � [3℄. Âîçìîæíû òðè ñëó÷àÿ, îòëè÷àþùèåñÿ âåëè÷èíîé èçíàêîì δ . Åñëè δ = 0 , èìååò ìåñòî àäåêâàòíîñòü, ïîä êîòîðîé ïîíèìàåòñÿ ìèíèìóìîòëè÷èé èç ÷èñëà âîçìîæíûõ, îöåíèâàÿ èõ ñ ýíåðãåòè÷åñêèõ ïîçèöèé. Åñëè δ < 0 ,ÖÊ� ñîîáùàåò îáúåêòó ìåíüøå ýíåðãèè, ÷åì ÅÑÒ, à åñëè δ > 0 , ñîîòíîøåíèå èçìåíÿ-åòñÿ íà ïðîòèâîïîëîæíîå. Îòìåòèì ñëåäóþùèå íàèáîëåå âàæíûå ìîìåíòû. Âî-ïåðâûõ,ìîäåëèðîâàíèå ïî �îðìóëå (2.1) îçíà÷àåò ïàññèâíóþ îöåíêó, ò. å. ðåãèñòðàöèþ ñîñòîÿ-íèé ÏÎ, ïðè çàäàííûõ èñïûòàòåëÿìè ïàðàìåòðàõ âñåé ñèñòåìû, âêëþ÷àÿ ÖÊ� è îáú-åêò �Ì. Âî-âòîðûõ, â (2.1) ó÷èòûâàåòñÿ ðàñïðåäåëåíèå æèäêîñòè è åå ¾ýíåðãîâîîðó-æåííîñòü¿ íà âñåì ïðîòÿæåíèè òðóáîïðîâîäà, ÷òî è ïîñëóæèëî îñíîâàíèåì äëÿ íàçâà-íèÿ � ¾èíòåãðàëüíàÿ îöåíêà¿. Â-òðåòüèõ, ïåðåãðóçêà +Gz òðàíñ�îðìèðîâàëàñü â êà-òåãîðèþ ïðîìåæóòî÷íûõ ïàðàìåòðîâ è, ÷òî îñîáåííî âàæíî, â ÷àñòíûé ñëó÷àé ïðåä-ëàãàåìîãî êðèòåðèÿ (2.1). Ïîñëåäíåå óòâåðæäåíèå ñëåäóåò èç (2.1) ïðè R1 = 0 : δ =(

+Gmax
z

3β

)
100% . Çäåñü +Gmax

z - ïåðåãðóçêà íà ïåðè�åðèéíîì ðàäèóñå z = h (ñì. ðèñ. 2.1).

� è ñ ó í î ê 2.1Ñõåìà îáîçíà÷åíèé, ïðèíÿòûõ â (2.1) � (4.2)Ñëåäóåò îáðàòèòü îñîáîå âíèìàíèå íà òî, ÷òî ïðè îòñóòñòâèè ïîëíî-öåííîãî êðèòåðèÿ àäåêâàòíîñòè ÈÑÒ è ÅÑÒ, ïàðàìåòð +Gmax
z íàøåë ñà-ìîå øèðîêîå ïðèìåíåíèå â ðàçëè÷íûõ ïðèëîæåíèÿõ, â òîì ÷èñëå, êîñìè÷å-ñêèõ [4℄, [6℄. Ìîäåëü (2.1) ðåàëèçîâàíà â áëîêå 3.1.1 ÀÈÑÎÀ (ðèñ. 1.2) ñÆóðíàë ÑÂÌÎ. 2009. Ò. 11, � 2



Èí�îðìàöèîííàÿ ñèñòåìà ïî ïðîáëåìàì ãðàâèòàöèîííîãî ìîäåëèðîâàíèÿ . . . 53âèçóàëèçàöèåé ðåçóëüòàòîâ íà ýêðàíå ÏÊ â âèäå òèïîâîãî îêíà (ðèñ. 2.2).

� è ñ ó í î ê 2.2Òèïîâîé ýêðàí ÀÈÑÎÀ äëÿ ðåøåíèÿ ïðÿìûõ çàäà÷ â èíòåãðàëüíîé è ëîêàëüíîé ïîñòàíîâêåÎñîáî îòìåòèì, ÷òî ïðåäëàãàåìûé èíòåð�åéñ îáåñïå÷èâàåò ðåæèì ìàññîâîãî ðåøåíèÿçàäà÷ ïî îöåíêå àäåêâàòíîñòè ÈÑÒ è ÅÑÒ, ÷òî âàæíî ñ òî÷êè çðåíèÿ ïðàêòè÷åñêîé çíà-÷èìîñòè ñ ó÷åòîì ìíîæåñòâà ÏÎ è ìíîæåñòâà ïðåäìåòíûõ îáëàñòåé.3. Îáðàòíûå çàäà÷è ìîäåëèðîâàíèÿ â èíòåãðàëüíîé ïîñòàíîâêå.Îíè çàêëþ÷àþòñÿ â îïðåäåëåíèè èíäèâèäóàëèçèðîâàííûõ ðåæèìîâ �Ì, îáåñïå÷èâàþùèõàäåêâàòíîñòü ÈÑÒ è ÅÑÒ. Ïîä ýòèì ïîíèìàþòñÿ äâà ñîñòîÿíèÿ îáúåêòîâ �Ì: ëèáî ñîîò-âåòñòâèå ÈÑÒ è ÅÑÒ (ýíåðãåòè÷åñêèé áàëàíñ: δ = 0 , ñì. ïîç. 3.2.1, ðèñ. 1.2), ëèáî çàäàííûåóðîâíè ðàññîãëàñîâàíèé ( δ < 0 èëè δ > 0 , ñì. ïîç. 3.2.2). Ìîäåëèðîâàíèå âûïîëíÿåòñÿïî �îðìóëå (3.1), êîòîðàÿ ïîëó÷åíà ðàçðåøåíèåì (2.1) îòíîñèòåëüíî ω , ÷òî è îïðåäåëèëîíàçâàíèå çàäà÷ � ¾îáðàòíûå¿.
ω = ±5, 425(h− R1)

√
β(1 + 0, 01δ)

h3 −R2
1(3h− 2R1)

(3.1)Îòìåòèì ñëåäóþùèå íàèáîëåå âàæíûå ìîìåíòû. Âî-ïåðâûõ, ìîäåëü (3.1) óñòðàíÿåòíåîïðåäåëåííîñòü ¾òî÷å÷íîãî¿ ïîäõîäà ê îöåíêå àäåêâàòíîñòè �Ì â ñëó÷àå �Î. Îíà îäíî-çíà÷íî îïðåäåëÿåò ðåæèìû èñïûòàíèé, îáåñïå÷èâàþùèå ðàçíîîáðàçèå òðåáîâàíèé, ïðåäú-ÿâëÿåìûõ ê �Ì, îñóùåñòâëÿþùåìó ìîäåëèðîâàíèå ÅÑÒ. Â èõ ÷èñëå: ìíîæåñòâî îáúåêòîâ,Æóðíàë ÑÂÌÎ. 2009. Ò. 11, � 2



54 Â. À. Àêóëîâîòëè÷àþùèõñÿ ãàáàðèòàìè è ðàñïîëîæåíèåì íà ñòîëå ÖÊ�; ìíîæåñòâî èõ ñîñòîÿíèé (δ) ;ìíîãîîáðàçèå ïëàíåò (β) ; ïðîìåæóòî÷íûå âàðèàíòû β . Âî-âòîðûõ, äëÿ ïîëó÷åíèÿ îï-òèìàëüíîãî ðåæèìà, êîòîðîìó ñîîòâåòñòâóåò ìèíèìóì îòëè÷èé èç ÷èñëà âîçìîæíûõ, äî-ñòàòî÷íî â (3.1) ïîëîæèòü δ = 0 . Â-òðåòüèõ, äëÿ ïîëó÷åíèÿ çàäàííîãî ðàññîãëàñîâàíèÿÈÑÒ è ÅÑÒ, ÷òî âàæíî ñ íàó÷íî-ïðàêòè÷åñêîé òî÷êè çðåíèÿ, äîñòàòî÷íî â (3.1) ïîëîæèòüñîîòâåòñòâóþùåå çíà÷åíèå δ ñ ó÷åòîì âåëè÷èíû è çíàêà. Ñ öåëüþ óäîáñòâà ïðèìåíåíèÿ(3.1) â ÀÈÑÎÀ ïðåäóñìîòðåí îòäåëüíûé òèïîâîé ýêðàí, êîòîðûé, êàê è â ñëó÷àå ïðÿìûõçàäà÷, îáåñïå÷èâàåò ìàññîâîñòü ïðîãîíîâ.4. Ïðÿìûå è îáðàòíûå çàäà÷è �Ì â ëîêàëüíîé ïîñòàíîâêå.Â öåëîì ðÿäå ïðèëîæåíèé íåîáõîäèìà îöåíêà àäåêâàòíîñòè ÈÑÒ è ÅÑÒ íà ëîêàëüíîìó÷àñòêå ãèäðàâëè÷åñêîé ñèñòåìû (ñì. ðèñ. 2.1, èíòåðâàë [z1, z2] , ãäå R1 ≤ z1 < z2 ≤ h ).Êàê ñëåäñòâèå ðàçëè÷èé â çàêîíàõ ðàñïðåäåëåíèÿ ãèäðîñòàòè÷åñêîãî äàâëåíèÿ (ëèíåé-íîñòü) è èíåðöèîííîãî äàâëåíèÿ (ñåìåéñòâî ïàðàáîë, ñìåùåííûõ îòíîñèòåëüíî íà÷àëàêîîðäèíàò), âçàèìíîå ðàñïîëîæåíèå ýïþð ðàñïðåäåëåíèÿ äàâëåíèÿ îòëè÷àåòñÿ è êîëè-÷åñòâåííûì, è êà÷åñòâåííûì ðàçíîîáðàçèåì. Ñîçäàåòñÿ ìíîæåñòâî ñîñòîÿíèé îáúåêòîâ,êîãäà èíòåãðàëüíàÿ îöåíêà, à îíà óñðåäíÿåò ýíåðãèþ æèäêîñòè íà èíòåðâàëå [R1, h] íåñîâïàäàåò ñ ëîêàëüíîé îöåíêîé. Îïóñêàÿ ïðåîáðàçîâàíèÿ (èíòåãðèðîâàíèå çàêîíîâ ðàñ-ïðåäåëåíèÿ äàâëåíèÿ íà èíòåðâàëå [z1, z2] ), ïðèâåäåì êîíå÷íóþ �îðìóëó äëÿ îöåíêè àäå-êâàòíîñòè â ëîêàëüíîé ïîñòàíîâêå:
δ =

(
ω2

3gβ

z2
2 + z2z1 + z2

1 − 3R2
1

z2 + z1 − 2R1

− 1

)
100% (4.1)Îòìåòèì, ÷òî ìîäåëü (4.1) ÿâëÿåòñÿ àíàëîãîì (2.1). Îíà ðåàëèçîâàíà â áëîêå 3.1.1 ÀÈÑ(ñì. ðèñ. 1.2) è äëÿ óäîáñòâà ïîëüçîâàòåëÿ ðåøàåòñÿ íà òîì æå ýêðàíå, ÷òî è èíòåãðàëüíàÿçàäà÷à (ñì. ðèñ. 2.2). Ñ òî÷êè çðåíèÿ �Ì îñîáûé èíòåðåñ ïðåäñòàâëÿåò çàäà÷à, ïîëó÷èâøàÿíàèìåíîâàíèå ¾îáðàòíîé çàäà÷è â ëîêàëüíîé ïîñòàíîâêå¿. Äëÿ åå ðåøåíèÿ äîñòàòî÷íîîïðåäåëèòü ω èç ñîîòíîøåíèÿ (4.1)

ω = ±5, 425

√
β(z2 + z1 − 2R1)(0, 01δ + 1)

z2
2 + z1z2 + z2

1 − 3R2
1

(4.2)Ó÷èòûâàÿ ëîãè÷åñêîå ñõîäñòâî îáðàòíûõ çàäà÷ (3.1) è (4.2) äëÿ èõ ðåøåíèÿ îòâåäåí îäèíè òîò æå ýêðàí èíòåð�åéñà ïîëüçîâàòåëÿ.5. Èí�îðìàöèîííàÿ ïîääåðæêà ïðèíÿòèÿ ðåøåíèé.Óêàçàííûé êîìïëåêñ çàäà÷ îáëàäàåò îñîáîé àêòóàëüíîñòüþ â �Ì ñ íåïîñðåäñòâåííûì ó÷à-ñòèåì ÷åëîâåêà â ñåàíñàõ âðàùåíèÿ êàê â óñëîâèÿõ Çåìëè, òàê è Êîñìîñà [4℄, [6℄. �åçóëü-òàòû ìîäåëèðîâàíèÿ, à îíè âêëþ÷àþò â ñåáÿ êàê ïåðå÷èñëåííûå, òàê è íåêîòîðûå äðóãèåäàííûå, â ÷àñòíîñòè ýïþðû ðàñïðåäåëåíèÿ ãèäðîñòàòè÷åñêîãî è èíåðöèîííîãî äàâëåíèÿ,ðàñïðåäåëåíèÿ ïåðåãðóçîê (ñì. ãðà�èê íà ðèñ. 2.2), ïîñòóïàþò â áëîê 4 ÀÈÑÎÀ (ðèñ. 1.2).Íà îñíîâàíèè ïîëó÷åííîé èí�îðìàöèè îòâåòñòâåííûå èñïîëíèòåëè �Ì ïðèíèìàþò ðåøå-íèå ëèáî î ïðîâåäåíèè èñïûòàíèé, êîòîðîå ïî îáðàòíîé ñâÿçè (ÎÑ1) ïåðåäàåòñÿ íà óðî-âåíü �èçè÷åñêîãî ìîäåëèðîâàíèÿ (ïîç. 2), ëèáî âûïîëíÿþò êîððåêöèþ èñõîäíûõ äàííûõñ ïîâòîðíûì ìîäåëèðîâàíèåì (ÎÑ2 èëè ÎÑ3). Â çàêëþ÷åíèå îòìåòèì, ÷òî àïðîáàöèÿÆóðíàë ÑÂÌÎ. 2009. Ò. 11, � 2



55ïðåäëàãàåìîé ÀÈÑÎÀ íà ðåàëüíîé èí�îðìàöèè, ïðåäîñòàâëåííîé Èíñòèòóòîì ìåäèêî-áèîëîãè÷åñêèõ ïðîáëåì �ÀÍ �Ô, à îí ÿâëÿåòñÿ îäíèì èç ìèðîâûõ ëèäåðîâ ïî îáåñïå÷å-íèþ ïèëîòèðóåìîé êîñìîíàâòèêè [4℄, [7℄, ïîêàçàëà åå âûñîêóþ ý��åêòèâíîñòü, íàó÷íóþíîâèçíó è ïðàêòè÷åñêóþ çíà÷èìîñòü.Ñïèñîê ëèòåðàòóðû1. Àêóëîâ Â. À. Áèîìåõàíè÷åñêèé êðèòåðèé àäåêâàòíîñòè ìîäåëüíîé è åñòåñòâåííîéñèëû òÿæåñòè //Àâèàêîñìè÷åñêàÿ è ýêîëîãè÷åñêàÿ ìåäèöèíà, � �1, Ò 39. �1. -� Ñ.59 � 61.2. Àêóëîâ Â. À. Îöåíêà àäåêâàòíîñòè èñêóññòâåííîé è åñòåñòâåííîé ñèëû òÿæåñòè ìå-òîäàìè ìíîãîìåðíîãî àíàëèçà// Âåñòíèê Ñàì�ÒÓ, ñåðèÿ ¾Ôèçèêî - ìàòåìàòè÷åñêèåíàóêè¿, 2006. -� âûïóñê 42,. -� Ñ.174 -� 178.3. Àêóëîâ Â. À. Òåîðèÿ ãðà�îâ â îöåíêå ñîîòâåòñòâèÿ èñêóññòâåííîé è åñòåñòâåííîé ñèëòÿæåñòè (öåíòðè�óãà, Çåìëÿ, Ëóíà, Ìàðñ) // SPEXP 2008: Ñá. íàó÷. òð. Ìåæäóíà-ðîäíîé íàó÷íî-ïðàêòè÷åñêîé êîí�åðåíöèè. � Ñàìàðà:Ñ�ÀÓ, Åâðîï. Êîñì. àãåíñòâî(ESA), 3 � 10 ñåíòÿáðÿ 2008.4. Êîòîâñêàÿ À. �., Âèëü-Âèëüÿìñ È. Ô., Ëóêüÿíþê Â. Þ. Ïðîáëåìà ñîçäàíèÿ èñêóñ-ñòâåííîé ñèëû òÿæåñòè ñ ïîìîùüþ öåíòðè�óãè êîðîòêîãî ðàäèóñà äëÿ ìåäèöèíñêîãîîáåñïå÷åíèÿ ìåæïëàíåòíûõ ïèëîòèðóåìûõ ïîëåòîâ // Àâèàêîñìè÷åñêàÿ è ýêîëîãè-÷åñêàÿ ìåäèöèíà, 2003. Ò. 37. �5. -� Ñ 36 � 39.5. Øåííîí �. Èìèòàöèîííîå ìîäåëèðîâàíèå ñèñòåì -� èñêóññòâî è íàóêà. -� Ì.: Ìèð,1978. � 418 ñ.6. Êîòîâñêàÿ À. �., Øèïîâ À. À., Âèëü �Âèëüÿìñ È. Ô. Ìåäèêî�áèîëîãè÷åñêèå àñïåêòûïðîáëåìû ñîçäàíèÿ èñêóññòâåííîé ñèëû òÿæåñòè / Ì: Ñëîâî, 1986. � Ñ. 203.7. Mars-500 experiment // www.suzym
hale.
om/
osmonavtka/mars500.htm (19.04.09).Äàòà ïîñòóïëåíèÿ 27.08.2009
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Ïîñòðîåíèå ðàñøèðåííîé õàðàêòåðèñòè÷åñêîé ñèñòåìû äëÿ èäåàëüíîãî ãàçà . . . 57ÓÄÊ 517.956Ïîñòðîåíèå ðàñøèðåííîé õàðàêòåðèñòè÷åñêîé ñèñòåìûäëÿ èäåàëüíîãî ãàçà â ýëëèïòè÷åñêîì ñëó÷àå
© Ñ. Í. Àëåêñååíêî1, Ò. À. Øåìÿêèíà2Àííîòàöèÿ. Â äàííîé ñòàòüå èññëåäóåòñÿ ñèñòåìà äâóõ êâàçèëèíåéíûõ äè��åðåíöèàëüíûõóðàâíåíèé â ÷àñòíûõ ïðîèçâîäíûõ ïåðâîãî ïîðÿäêà. Â ÷àñòíîì ñëó÷àå ýòà ñèñòåìà îïèñûâà-åò ïëîñêîå óñòàíîâèâøååñÿ áåçâèõðåâîå äâèæåíèå èäåàëüíîãî ãàçà ïðè îòñóòñòâèè òðåíèÿ èòåïëîïðîâîäíîñòè â îêðåñòíîñòè ïîâåðõíîñòè ïåðåõîäà îò äîçâóêîâûõ ñêîðîñòåé ê ñâåðõçâóêî-âûì. Îñíîâíûì ìåòîäîì èññëåäîâàíèÿ ÿâëÿåòñÿ ìåòîä äîïîëíèòåëüíîãî àðãóìåíòà. Èñõîäíàÿñèñòåìà ïðèâîäèòñÿ ê õàðàêòåðèñòè÷åñêîé �îðìå, êîãäà êàæäîå óðàâíåíèå ñîäåðæèò ïðîèç-âîäíûå òîëüêî îò îäíîé íåèçâåñòíîé �óíêöèè. Äëÿ ñèñòåìû óðàâíåíèé ñòðîèòñÿ ðàñøèðåííàÿõàðàêòåðèñòè÷åñêàÿ ñèñòåìà ñ äîïîëíèòåëüíûì àðãóìåíòîì. Ïðè îïðåäåëåííîì çíà÷åíèè äî-ïîëíèòåëüíîãî àðãóìåíòà ðåøåíèå ðàñøèðåííîé õàðàêòåðèñòè÷åñêîé ñèñòåìû äàåò ðåøåíèåèñõîäíîé ñèñòåìû óðàâíåíèé.Êëþ÷åâûå ñëîâà: äè��åðåíöèàëüíûå óðàâíåíèÿ â ÷àñòíûõ ïðîèçâîäíûõ ïåðâîãî ïîðÿäêà,ìåòîä äîïîëíèòåëüíîãî àðãóìåíòà, ðàñøèðåííàÿ õàðàêòåðèñòè÷åñêàÿ ñèñòåìà.1. Ïîñòàíîâêà çàäà÷è�àññìàòðèâàåòñÿ ñèñòåìà óðàâíåíèé [1℄ ïëîñêîãî óñòàíîâèâøåãîñÿ áåçâèõðåâîãî äâè-æåíèÿ èäåàëüíîãî ãàçà ïðè îòñóòñòâèè òðåíèÿ è òåïëîïðîâîäíîñòè â îêðåñòíîñòè ïîâåðõ-íîñòè ïåðåõîäà îò äîçâóêîâûõ ñêîðîñòåé ê ñâåðõçâóêîâûì:
{

∂θ(ψ,ϕ)
∂ϕ

− P (W (ψ, ϕ))∂W (ψ,ϕ)
∂ψ

= 0,
∂θ(ψ,ϕ)
∂ψ

+Q(W (ψ, ϕ))∂W (ψ,ϕ)
∂ϕ

= 0,
(1.1)ãäå

P (W (ψ, ϕ)) = (1 − (κ− 1)W 2

2a2
0

)
1

κ−1 ≥ p∗ > 0,

Q(W (ψ, ϕ)) =
(1 − (κ+1)W 2

2a20
)

W (1 − (κ−1)W 2

2a20
)

−κ
κ−1

≥ q∗ > 0,

W =
√
u2 + v2 - âåëè÷èíà ñêîðîñòè; u, v - ñîñòàâëÿþùèå ñêîðîñòè ïî îñÿì x, y ñî-îòâåòñòâåííî, íî âìåñòî �óíêöèé u è v ââåäåíû ïîëÿðíûå êîîðäèíàòû u = W cos θ ,

v = W sin θ , ãäå θ - óãîë ìåæäó âåêòîðîì ñêîðîñòè è îñüþ x ; κ = cp/cv - ïîêàçàòåëüàäèàáàòû; a2
0 - ñêîðîñòü çâóêà â ïîêîÿùåìñÿ ãàçå; ϕ(x, y) - ïîòåíöèàë ñêîðîñòåé è ψ(x, y)- �óíêöèÿ òîêà. Ïðåäïîëàãàåì, ÷òî 1 < κ < 2 , W 2(ψ, ϕ) <

2a20
κ+1

.Ñèñòåìà óðàâíåíèé (1.1) áóäåò ýëëèïòè÷åñêîãî òèïà, êîãäà âåëè÷èíà ñêîðîñòè ãàçà Wáóäåò ìåíüøå ñêîðîñòè çâóêà è ãèïåðáîëè÷åñêîãî - êîãäà âåëè÷èíà ñêîðîñòè ãàçà W áóäåòáîëüøå ñêîðîñòè çâóêà. Ýòà ñèñòåìà ÿâëÿåòñÿ ÷àñòíûì ñëó÷àåì ñèñòåìû Ô.È.Ôðàíêëÿ [1℄.Â äàííîé ðàáîòå ðàññìàòðèâàåòñÿ ýëëèïòè÷åñêèé ñëó÷àé.1Ïðî�åññîð êà�åäðû ìàòåìàòè÷åñêîãî àíàëèçà, Àðçàìàññêèé ïåäàãîãè÷åñêèé èíñòèòóò, ã. Àðçàìàñ;sn-alekseenko�yandex.ru.2Äîöåíò êà�åäðû âûñøåé ìàòåìàòèêè, Ñàíêò-Ïåòåðáóðãñêèé �îñóäàðñòâåííûé Ïîëèòåõíè÷åñêèé óíè-âåðñèòåò, ã. Ñàíêò-Ïåòåðáóðã; sh_tat�mail.ru. Æóðíàë ÑÂÌÎ. 2009. Ò. 11, � 2



58 Ñ. Í. Àëåêñååíêî, Ò. À. ØåìÿêèíàÂ êà÷åñòâå îáëàñòè îïðåäåëåíèÿ âîçüìåì
Ω̃ = {(ψ, ϕ) : −∞ < ψ < +∞, 0 ≤ ϕ ≤ ϕM , ϕM > 0. Ïîñòàâèì äëÿ ñèñòåìû óðàâíåíèé (1.1) çàäà÷ó Êîøè:

θ(ψ, 0) = θ0(ψ),W (ψ, 0) = W0(ψ). (1.2)2. Ïîñòðîåíèå ðàñøèðåííîé õàðàêòåðèñòè÷åñêîé ñèñòåìûÄëÿ èññëåäîâàíèÿ çàäà÷è (1.1), (1.2) ïðèìåíÿåòñÿ ìåòîä äîïîëíèòåëüíîãî àðãóìåíòà[2℄. Âíà÷àëå èñõîäíóþ ñèñòåìó ïðèâîäèì ê òàê íàçûâàåìîé õàðàêòåðèñòè÷åñêîé �îðìå,êîãäà êàæäîå óðàâíåíèå ñîäåðæèò ïðîèçâîäíûå òîëüêî ïî îäíîé íåèçâåñòíîé �óíêöèè. Âäàííîì ñëó÷àå ýòî áóäåò ñèñòåìà èç äâóõ óðàâíåíèé
{ ∂z

∂ϕ
+ ie ∂z

∂ψ
= F,

∂W
∂ϕ

+ ie∂W
∂ψ

= G2,
(2.1)

z(ψ, 0) = Φ(ψ),W (ψ, 0) = W0(ψ). (2.2)Çäåñü e(W (ψ, ϕ)) =
√

P (W (ψ,ϕ))
Q(W (ψ,ϕ))

, �óíêöèè F,G2 âûðàæàþòñÿ ÷åðåç èñõîäíûå äàííûå
Φ,W0 ÿâíûì îáðàçîì.Äîêàçàíî ñëåäóþùåå ïðåäëîæåíèå.Ï ð å ä ë î æ å í è å 2.1. Ôóíêöèÿ W îïðåäåëÿåìàÿ èç çàäà÷è (2.1), (2.2), è�óíêöèÿ θ ,îïðåäåëÿåìàÿ èç çàäà÷è:

{
∂θ
∂ϕ

+ ie ∂θ
∂ψ

= Re(z) − iIm(z),

θ(ψ, 0) = θ0(ψ),
(2.3)áóäóò ðåøåíèåì èñõîäíîé çàäà÷è (1.1), (1.2).�àñøèðåííàÿ õàðàêòåðèñòè÷åñêàÿ ñèñòåìà áóäåò èìåòü âèä





dw1(ψ,ϕ,s)
ds

= G2(w1(ψ, ϕ, s), w2(ψ, ϕ, s)),

w1(ψ, ϕ, 0) = W0(ψr − i
ϕ∫
0

e(w1(ψ, ϕ, τ))dτ),

dw2(ψ,ϕ,s)
ds

= F (w1(ψ, ϕ, s), w2(ψ, ϕ, s)),

w2(ψ, ϕ, 0) = Φ(ψr − i
ϕ∫
0

e(w1(ψ, ϕ, τ))dτ).

(2.4)
Èñêîìûå �óíêöèè w1(ψ, ϕ, s), w2(ψ, ϕ, s) çàâèñÿò, êðîìå ψ, ϕ , åùå îò îäíîãî äîïîëíè-òåëüíîãî àðãóìåíòà s . Íà÷àëüíûå äàííûå - �óíêöèè W0,Φ ñ÷èòàåì ïðîäîëæåííûìè âêîìïëåêñíóþ ïëîñêîñòü.Îñíîâíûì ïðåèìóùåñòâîì íîâîé ðàñøèðåííîé õàðàêòåðèñòè÷åñêîé ñèñòåìû ïî ñðàâíå-íèþ ñ ñèñòåìîé óðàâíåíèé â ðàáîòàõ [3℄, [4℄ ÿâëÿåòñÿ òî, ÷òî â íåé ïîëíîñòüþ îòñóòñòâóþòÆóðíàë ÑÂÌÎ. 2009. Ò. 11, � 2



59ñóïåðïîçèöèè íåèçâåñòíûõ �óíêöèé, è ñåé÷àñ çíà÷èòåëüíî óäîáíåå èññëåäîâàòü åå ìåòî-äîì ïîñëåäîâàòåëüíûõ ïðèáëèæåíèé.Èíòåãðèðóÿ äè��åðåíöèàëüíûå óðàâíåíèÿ èç (2.4) ïî s è ó÷èòûâàÿ íà÷àëüíûå óñëî-âèÿ òàì æå, ïðèõîäèì ê ýêâèâàëåíòíîé ñèñòåìå èíòåãðàëüíûõ óðàâíåíèé:





w1(ψ, ϕ, s) = W0(ψr − i
ϕ∫
0

e(w1(ψ, ϕ, τ))dτ) +
s∫
0

G2(w1(ψ, ϕ, s), w2(ψ, ϕ, s))dτ,

w2(ψ, ϕ, s) = Φ(ψr − i
ϕ∫
0

e(w1(ψ, ϕ, τ))dτ) +
s∫
0

F (w1(ψ, ϕ, s), w2(ψ, ϕ, s))dτ.
(2.5)Äîêàçûâàåòñÿ, ñëåäóþùåå ïðåäëîæåíèå.Ï ð å ä ë î æ å í è å 2.2. Åñëè ðåøåíèÿ ñèñòåìû óðàâíåíèé (2.5) óäîâëåòâîðÿ-þò îïðåäåëåííûì óñëîâèÿì ãëàäêîñòè, òîãäà �óíêöèè W (ψ, ϕ) = w1(ψ, ϕ, ϕ) , z(ψ, ϕ) =

w2(ψ, ϕ, ϕ) , ÿâëÿþòñÿ ðåøåíèåì çàäà÷è (2.1), (2.2).À òàê êàê ðàíåå äîêàçàíî, ÷òî �óíêöèè θ(ψ, ϕ),W (ψ, ϕ) , îïðåäåëÿåìûå èç çàäà÷è (2.1),(2.2), (2.3) ÿâëÿþòñÿ ðåøåíèåì èñõîäíîé çàäà÷è (1.1), (1.2), òî ìû ïîëó÷àåì îñíîâíîéðåçóëüòàò.À èìåííî, ÷òî �óíêöèè θ(ψ, ϕ),W (ψ, ϕ) , îïðåäåëÿåìûå èç ðàñøèðåííîé õàðàêòåðèñòè-÷åñêîé ñèñòåìû (2.4), áóäóò ðåøåíèåì èñõîäíîé çàäà÷è (1.1), (1.2), åñëè îíè óäîâëåòâîðÿþòîïðåäåëåííûì óñëîâèÿì ãëàäêîñòè.Äîêàçàòåëüñòâî ëîêàëüíîãî ñóùåñòâîâàíèÿ ðåøåíèÿ çàäà÷è ìîæåò áûòü ïîëó÷åíî ìå-òîäîì ïîñëåäîâàòåëüíûõ ïðèáëèæåíèé.Ñïèñîê ëèòåðàòóðû1. Ôðàíêëü Ô. È. Èçáðàííûå òðóäû ïî ãàçîâîé äèíàìèêå. � Ì.: Íàóêà, 1973.�712 ñ.2. Àëåêñååíêî Ñ. Í., Ïàíêîâ Ï. Ñ., Êîñîâ Ñ. �. Ïðèìåíåíèå ìåòîäà äîïîëíèòåëüíîãîàðãóìåíòà ê ðåøåíèþ çàäà÷è Êîøè äëÿ ñèñòåìû óðàâíåíèé èçîýíòðîïè÷åñêîãî äâè-æåíèÿ áàðîòðîïíîãî ãàçà// Èññëåä. ïî èíòåãðî-äè��åðåíöèàëüíûì óðàâíåíèÿì. -Áèøêåê: Èëèì, 2004, - Âûï.33, - Ñ. 43-48.3. Àëåêñååíêî Ñ.Í., Øåìÿêèíà Ò.À., ×åçãàíîâ Â.Ñ. Ëîêàëüíîå ñóùåñòâîâàíèå îãðàíè-÷åííîãî ðåøåíèÿ ñèñòåìû Ôðàíêëÿ â ýëëèïòè÷åñêîì ñëó÷àå// Èññëåä. ïî èíòåãðî-äè��åðåíöèàëüíûì óðàâíåíèÿì. - Áèøêåê: Èëèì, 2006, - Âûï.35, - Ñ. 148-152.4. Àëåêñååíêî Ñ.Í., Øåìÿêèíà Ò.À., Áàëàêèðåâà Â.Á. Ïîñòðîåíèå ðàñøèðåííîé õà-ðàêòåðèñòè÷åñêîé ñèñòåìû äëÿ ñèñòåìû Ôðàíêëÿ â ýëëèïòè÷åñêîì ñëó÷àå// ÒðóäûÑðåäíåâîëæñêîãî ìàòåìàòè÷åñêîãî îáùåñòâà, 2007, Ò.9; �1, - Ñ. 53-61.Äàòà ïîñòóïëåíèÿ 27.08.2009
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Ýëëèïòè÷åñêàÿ êðàåâàÿ çàäà÷à, âûðîæäàþùàÿñÿ íà ãðàíèöå 61ÓÄÊ 517.9Ýëëèïòè÷åñêàÿ êðàåâàÿ çàäà÷à, âûðîæäàþùàÿñÿ íàãðàíèöå
© Ä. È. Áîÿðêèí1Àííîòàöèÿ. Â ðàáîòå ðàññìàòðèâàåòñÿ ýëëèïòè÷åñêàÿ êðàåâàÿ çàäà÷à ñ âûðîæäåíèåì íàãðàíèöå. Ïîëó÷åíû àïðèîðíûå îöåíêè äëÿ ðåøåíèÿ çàäà÷è. Ïðè èññëåäîâàíèè èñïîëüçóþòñÿìåòîäû �óíêöèîíàëüíîãî àíàëèçà è ãåîìåòðèè ãëàäêèõ ìíîãîîáðàçèé.Êëþ÷åâûå ñëîâà: ýëëèïòè÷åñêèå îïåðàòîðû, ãëàäêîå ìíîãîîáðàçèå, ïðåîáðàçîâàíèå Ôóðüå,óñëîâèå Ëîïàòèíñêîãî1. Ïîñòàíîâêà çàäà÷è�àññìîòðèì (n−i)−ìåðíûå ãëàäêèå ìíîãîîáðàçèÿ Γn−i , i = 1, ..., k , k ≤ n−1 , ïðè÷åì
Γn−1 ⊃ Γn−2 ⊃ ... ⊃ Γ1 ⊃ Γ0 . Íà êàæäîì Γn−i ïðè k < n− 1 îïðåäåëèì íåâûðîæäàþùåå-ñÿ âåêòîðíîå ïîëå ñ ãëàäêèìè âåùåñòâåííûìè êîý��èöèåíòàìè µi òàêèì îáðàçîì, ÷òîáûýòî ïîëå êàñàëîñü Γn−i âäîëü Γn−i−1 , íî íå êàñàëîñü Γn−i−1 . Íà Γ1 îïðåäåëèì íåâûðîæ-äàþùååñÿ âåêòîðíîå µn−1 ñ ãëàäêèìè âåùåñòâåííûìè êîý��èöèåíòàìè, êîòîðîå ìîæåòêàñàòüñÿ Γ1 â òî÷êå Γ0 .Ïðåäïîëîæèì, ÷òî âñå ìíîãîîáðàçèÿ Γn−i îòíîñÿòñÿ ê ïåðâîìó êëàññó. Ïðîäîëæèìãëàäêèì îáðàçîì ïîëÿ µ1, ..., µi â äîñòàòî÷íî ìàëóþ îêðåñòíîñòü Ωi ìíîãîîáðàçèÿ Γn−i−1â G . Ïðåäïîëîæèì, ÷òî â Ωi ïîëÿ µ1, ..., µi ëèíåéíî íåçàâèñèìûå, â ýòîé îêðåñòíîñòè èõìîæíî äîïîëíèòü äî áàçèñà { µ1, ..., µi, ..., µn } .Òàê êàê âñå Γn−i îòíîñÿòñÿ ê ïåðâîìó êëàññó, òî ìîæíî óòâåðæäàòü, ÷òî â
G ñóùåñòâóåò (n− 1) -ìåðíîå ãëàäêîå ìíîãîîáðàçèå Nn−1 , ïðîõîäÿùåå ÷åðåç Γn−2 òðàíñ-âåðñàëüíî ê ïîëþ µ1 , ïðè÷åì êàæäóþ òî÷êó èç Ω1 ìîæíî ñîåäèíèòü ñ Nn−1 èíòåãðàëü-íîé êðèâîé ïîëÿ µ1 . Äàëåå, îïðåäåëèì (n − i)−ìåðíûå ãëàäêèå ìíîãîîáðàçèÿ Nn−i ,
i = 2, ..., k ñî ñëåäóþùèìè ñâîéñòâàìè:1. Nn−i ∈ Nn−i+1 ;2. Nn−i ïðîõîäèò ÷åðåç Γn−i−1 òðàíñâåðñàëüíî ê ïîëþ µi è êàæäóþ òî÷êó èç Nn−i+1ìîæíî ñîåäèíèòü ñ Nn−i èíòåãðàëüíîé êðèâîé ïîëÿ µi .Çàìåòèì, ÷òî â îêðåñòíîñòè òî÷êè Γ0 ìíîãîîáðàçèå N1 áóäåò ÿâëÿòüñÿ âíóòðåííåéíîðìàëüþ ê ãðàíèöå Γ îáëàñòè G , ïðîâåäåííîé â òî÷êå Γ0 .�àññìîòðèì êðàåâóþ çàäà÷ó

Lu = f (1.1)â G,
µ1(x,D)u = ϕ1, (1.2)íà Γn−1 ,1Äîöåíò êà�åäðû ïðèêëàäíîé ìàòåìàòèêè, Ìîðäîâñêèé ãîñóäàðñòâåííûé óíèâåðñèòåò èì.Í.Ï.Îãàðåâà, ã. Ñàðàíñê; uralsib3�saransk-
om.ru. Æóðíàë ÑÂÌÎ. 2009. Ò. 11, � 2



62 Ä. È. Áîÿðêèí
µi(x,D)u = ϕi, (1.3)íà Γn−i, i = 2, ..., k = n− 1 ,ãäå L - ýëëèïòè÷åñêèé îïåðàòîð âòîðîãî ïîðÿäêà ñ êîý��èöèåíòàìè èç êëàññà

C3,α(Ḡ) ; µ1(x,D) - äè��åðåíöèðîâàíèå âäîëü ãëàäêîãî âåêòîðíîãî ïîëÿ µ1 ; µi(x,D) -äè��åðåíöèðîâàíèå âäîëü ãëàäêîãî âåêòîðíîãî ïîëÿ µi .Ç à ì å ÷ à í è å 1.1. Â ëîêàëüíîé ñèñòåìå êîîðäèíàò { µ1, ..., µi, ..., µn } îïåðà-òîð L íà Nn−i
⋂

Ωi , i = 1, ..., k − 1 ìîæíî ïðåäñòàâèòü â âèäå
L = Li +

i∑

q=1

liq (µq (x,D)) , (1.4)ãäå Li - ýëëèïòè÷åñêèé îïåðàòîð âòîðîãî ïîðÿäêà ïî µi+1, ..., µn ; liq - äè��åðåíöèàëü-íûé îïåðàòîð ïåðâîãî ïîðÿäêà ïî ïåðåìåííûì µq, ..., µn .Ç à ì å ÷ à í è å 1.2. Ïðè k = n − 1 ìíîãîîáðàçèå N2 , ïðîõîäÿùåå ÷åðåç Γ1òðàíñâåðñàëüíî ê ïîëþ µn−1 , áóäåò èìåòü ðàçìåðíîñòü ðàâíîå 2.Òàê êàê íå âûðîæäàþùååñÿ âåêòîðíîå ïîëå µn−1 ïî ïðåäïîëîæåíèþ èìååò òîëüêîâåùåñòâåííûå êîý��èöèåíòû, òî óñëîâèå Øàïèðî � Ëîïàòèíñêîãî âûïîëíÿåòñÿ íà Γ1 äëÿîïåðàòîðîâ Ln−2, µ
n−1(x,D) äàæå â ñëó÷àå, êîãäà ïîëå µn−1 êàñàåòñÿ êðèâîé Γ1 â òî÷êå

Γ0 .Ç à ì å ÷ à í è å 1.3. Åñëè æå µn−1(x,D) - îïåðàòîð òèïà Êîøè � �èìàíà, òîåñòü µn−1(x,D) = µn−1
1 (x) ∂

∂ν
+ i ·µn−1

2
∂
∂τ
, ãäå i2 = −1 , ν, τ - åäèíè÷íûå âåêòîðû íîðìàëèè êàñàòåëüíîé ê Γ1 , òî íà Γ1 äëÿ îïåðàòîðîâ Ln−2, µ

n−1(x,D) óñëîâèå Øàïèðî � Ëîïà-òèíñêîãî ìîæåò íå âûïîëíÿòüñÿ, â ýòîì ñëó÷àå íà îïåðàòîð µn−1(x,D) íàêëàäûâàåòñÿäîïîëíèòåëüíîå óñëîâèå, à â òî÷êå êàñàíèÿ Γ0 íåîáõîäèìî çàäàòü çíà÷åíèÿ �óíêöèè u .Çàäà÷à (1.1) � (1.2) - (1.3) � íåòåðîâà.Òåïåðü ïóñòü k < n− 1 , òî åñòü âìåñòî óñëîâèé (1.3) èìååì
µi(x,D)u = ϕi, (1.5)íà Γn−i, i = 2, ..., k < n− 1 ,Â ýòîì ñëó÷àå íà n−k−1 äîïîëíèòåëüíî îïðåäåëÿåì
u = ϕk+1, (1.6)íà Γn−k−1 ,Çàäà÷à (1.1) � (1.2) � (1.5) � (1.6) - íåòåðîâà.
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Ýëëèïòè÷åñêàÿ êðàåâàÿ çàäà÷à, âûðîæäàþùàÿñÿ íà ãðàíèöå 632. Âñïîìîãàòåëüíûå ïîñòðîåíèÿ è ïðåäëîæåíèÿÎïðåäåëèì ìíîãîîáðàçèÿ Γ̄n−i = Γn−i\Γn−(i+1) , äëÿ i = 1, ..., k − 1 è Γ̄n−k = Γn−k .Ìíîãîîáðàçèå, ïðîõîäÿùåå ÷åðåç Γ̄n−(i+1) òðàíñâåðñàëüíî ê ïîëþ µi , îáîçíà÷èì ÷åðåç
N̄n−i . Çàìåòèì, ÷òî ìíîãîîáðàçèÿ Γ̄n−(i+1) , N̄n−i èìåþò âñå ñâîéñòâà ïóíêòîâ à) è á) âïîñòàíîâêå çàäà÷è. Êðîìå òîãî, îòìåòèì, ÷òî ïîëå µi , îïðåäåëåííîå íà Γn−i , íå êàñàåòñÿýòîãî ìíîãîîáðàçèÿ â òî÷êàõ Γ̄n−i .Ïðåäëîæåíèå 2.1. Äëÿ êàæäîé òî÷êè P , ïðèíàäëåæàùåé ìíîãîîáðàçèþ Γ̄n−(i+1) ,
i = 1, ..., k − 1 , ñóùåñòâóåò ñèñòåìà êîîðäèíàò z1, ..., zn ñ öåíòðîì â ýòîé òî÷êå è òàêàÿ,÷òî â íåêîòîðîé åå îêðåñòíîñòè:1. Ïîëÿ µ1 (x,D) , ..., µi (x,D) ñîâïàäàþò ñîîòâåòñòâåííî ñ ïîëÿìè

∂

∂z1
, ...,

∂

∂zi
.2. Ìíîãîîáðàçèå Γ̄n−(i+1) , îïðåäåëÿåòñÿ óðàâíåíèÿìè z1 = ... = zi = zn = 0 .3. Ìíîãîîáðàçèå N̄n−i , ïðîõîäÿùåå ÷åðåç Γ̄n−(i+1) , îïèñûâàåòñÿ óðàâíåíèÿìè z1 = ... =

zi = 0 .Ï ð å ä ë î æ å í è å 2.1. Ñóùåñòâóåò ðàçáèåíèå åäèíèöû
ψ1
M+1(x) +

k−1∑

i=2

(
ψi+1
M+1(x) ·

(
M∑

τ=1

ψiτ (x)

))
+

M∑

τ=1

ψkτ (x) = 1, k = 2, ..., n− 1, (2.1)òàêîå, ÷òî ψiτ ∈ C∞(Ḡ) .Ïðè÷åì ψi+1
M+1(x) = 0 â íåêîòîðîé d/2− îêðåñòíîñòè ìíîãîîáðàçèÿ Γ̄n−(i+1) , i =

1, ..., k − 1 , è ðàâíà 1 âíå ýòîé îêðåñòíîñòè, à â íîñèòåëå êàæäîé èç îñòàëüíûõ �óíêöèé
ψiτ îïðåäåëåíà ñèñòåìà êîîðäèíàò z1, ..., zn , óäîâëåòâîðÿþùàÿ óñëîâèÿì ïðåäëîæåíèÿ 2.1è µ1(x,D)ψi+1

τ = ... = µi(x,D)ψi+1
τ = 0 â íåêîòîðîé îêðåñòíîñòè ìíîãîîáðàçèÿ Γ̄n−(i+1) .Ç à ì å ÷ à í è å 2.1. Ïðè k = 1 ïîëó÷àåòñÿ ðàçáèåíèå åäèíèöû
ψM+1(x) +

M∑

τ=1

ψτ (x) = 1, (2.2)ïðè÷åì ψM+1(x) = 0 â îêðåñòíîñòè ìíîãîîáðàçèÿ n−2 .Ç à ì å ÷ à í è å 2.2. Èç ïîñòðîåíèÿ ðàçáèåíèÿ åäèíèöû (2.1) ñëåäóåò, ÷òî
Supp(ψ1

M+1(x))
⋂
...
⋂
Supp

(
ψiM+1(x) ·

(∑M
τ=1 ψ

i−1
τ (x)

))⋂
...
⋂

⋂
Supp

(∑M
τ=1 ψ

k
τ (x)

)
= ∅.

(2.3)Îïðåäåëèì �óíêöèè1. hk1(x) =
∑M

τ=1 ψ
k
τ (x) , hi1(x) = ψi+1

M+1(x)
(∑M

τ=1 ψ
i
τ (x)

) , i = 2, ..., k − 1 , h1
1(x) =

ψ1
M+1(x).Ôóíêöèÿ hi1(x) áóäåò ðàâíà 1 â íåêîòîðîé d/2− îêðåñòíîñòè ìíîãîîáðàçèÿ Γ̄n−i èðàâíà 0 âíå d− îêðåñòíîñòè Γ̄n−i . Òî åñòü �óíêöèÿ hi1(x) áóäåò ÿâëÿòüñÿ ñðåçàþùåé�óíêöèåé äëÿ ìíîãîîáðàçèÿ Γ̄n−i , i = 1, ..., k . Æóðíàë ÑÂÌÎ. 2009. Ò. 11, � 2



64 Ä. È. Áîÿðêèí2. hk(x) =
∑M

τ=1 ψ
k
τ (x) , hi(x) =

(∑k
τ=i h

τ
1(x)

) , i = 2, ..., k − 1 ,
h1(x) = ψ1

M+1(x)Ôóíêöèÿ hi(x) áóäåò ðàâíà 1 â íåêîòîðîé d/2− îêðåñòíîñòè ìíîãîîáðàçèÿ n−i èðàâíà 0 âíå d− îêðåñòíîñòè Γn−i . Òî åñòü �óíêöèÿ hi(x) áóäåò ÿâëÿòüñÿ ñðåçàþùåé�óíêöèåé äëÿ ìíîãîîáðàçèÿ n−i , i = 1, ..., k .Ïóñòü U îêðåñòíîñòü ïðîèçâîëüíîé òî÷êè P ∈ Γ̄n−2 ñ äîñòàòî÷íî ìàëûì äèà-ìåòðîì d è z1, ..., zn ñèñòåìà êîîðäèíàò, ââåäåííàÿ â ïðåäëîæåíèè 2.1. Òàê êàê Γ̄n−2ìíîãîîáðàçèå ïåðâîãî êëàññà, òî êàæäóþ òî÷êó îêðåñòíîñòè U ìîæíî ñîåäèíèòü ñ ìíî-ãîîáðàçèåì N̄n−1 , îïèñûâàþùèéñÿ óðàâíåíèåì z1 = 0 , îòðåçêîì, ïàðàëëåëüíûì îñè 0z1 ,öåëèêîì ëåæàùèì â G è èìåþùèì äëèíó ≤ d .Ë å ì ì à 2.1. Äëÿ ëþáîãî ε1 > 0 íàéäåòñÿ òàêîå d , ÷òî åñëè äèàìåòð îêðåñò-íîñòè U ðàâåí d , �óíêöèÿ u ∈ Hs (G) ïðè s ≥ 0 è u(x) = 0 âíå U , òî
∥∥∥∥
∫ z1

0

u(ξ1, z2, ..., zn)dξ1

∥∥∥∥
s

≤ ε1 ‖u‖sÀíàëîãè÷íàÿ ëåììà ñïðàâåäëèâà è äëÿ òî÷êè P ∈ ¯n−(i+1) , i ≤ k − 1 . Îïÿòüðàññìîòðèì îêðåñòíîñòü U òî÷êè P äîñòàòî÷íî ìàëîãî äèàìåòðà d , â êîòîðîé ñóùåñòâóåòñèñòåìà êîîðäèíàò z1, ..., zn èç ïðåäëîæåíèÿ 2.1. Íàïîìíèì, ÷òî â ýòîé ñèñòåìå êîîðäèíàòìíîãîîáðàçèÿ N̄n−i è Γ̄n−(i+1) îïèñûâàþòñÿ ñîîòâåòñòâåííî óðàâíåíèÿìè z1 = ... = zi = 0è z1 = ... = zi = zn = 0 . Îáîçíà÷èì ÷åðåç Un−i ïåðåñå÷åíèå îêðåñòíîñòè U ñ N̄n−i ,à ÷åðåç di - äèàìåòð Un−i . Çàìåòèì, ÷òî di ≤ d .Ë å ì ì à 2.2. Äëÿ ëþáîãî εi > 0 íàéäåòñÿ òàêîå di , ÷òî åñëè äèàìåòð îêðåñò-íîñòè Un−i òî÷êè P ∈¯n−(i+1) , i ≤ k − 1 ðàâåí di , �óíêöèÿ u ∈ Hs (G) ïðè s ≥ 0 è
u(x) = 0 âíå Un−i , òî

∥∥∥∥
∫ zi

0

u(0, ..., 0ξi1, zi+1, ..., zn)dξi

∥∥∥∥
s

≤ εi ‖u(0, ..., 0, zi, ..., zn‖s .Èç ëåìì 2.1 è 2.2. ñëåäóåòË å ì ì à 2.3. Äëÿ ëþáîãî ε > 0 íàéäåòñÿ òàêîå d , ÷òî åñëè äèàìåòð îêðåñò-íîñòè U òî÷êè P ∈¯n−(i+1) , i = 1, ..., k − 1 ðàâåí d , �óíêöèÿ u ∈ Hs (G) ïðè s ≥ 1 è
u(x) = 0 âíå U , òî ñïðàâåäëèâî íåðàâåíñòâî

‖u‖s ≤ ε

(∥∥∥∥
∂u

∂z1

∥∥∥∥
s

+
i−1∑

q=1

∥∥∥∥
∂uq

∂zq+1

∥∥∥∥
Un−q

s

)
+
∥∥ui
∥∥Un−i

s
,ãäå uq = u(0, ..., 0, zq+1, ..., zn) , ui = u(0, ..., 0, zi+1, ..., zn) , Un−q = U
⋂
N̄n−q , Un−i =

U
⋂
N̄n−i .3. Àïðèîðíûå îöåíêè äëÿ ðåøåíèé êðàåâîé çàäà÷èÒ å î ð å ì à 3.1. Åñëè u ∈ Hs+1(G) , d > 0 - äîñòàòî÷íî ìàëîå ÷èñëî è s > 3

2
, òîñóùåñòâóåò òàêàÿ ïîñòîÿííàÿ C > 0 , íå çàâèñÿùàÿ îò u , ÷òî âûïîëíÿþòñÿ îöåíêèÆóðíàë ÑÂÌÎ. 2009. Ò. 11, � 2



Ýëëèïòè÷åñêàÿ êðàåâàÿ çàäà÷à, âûðîæäàþùàÿñÿ íà ãðàíèöå 651. ïðè k = n− 1

C−1 ( ‖u‖s +
∥∥µ1(x,D)h2u

∥∥
s
+

k−1∑

i=2

(

i−1∑

q=1

∥∥µq+1(x,D)hq+2u
∥∥Nn−q

s
+

i∑

q=1

∥∥hq+1u
∥∥Nn−q

s
)) ≤

≤ (‖f‖s−2 +
∥∥µ1(x,D)h2f

∥∥
s−2

+
k−1∑

i=2

(
i−1∑

q=1

∥∥µq+1(x,D)hq+2f
∥∥Nn−q

s
+

i∑

q=1

∥∥hq+1f
∥∥Nn−q

s−2
) +

+ ‖ϕ1‖n−1

s−
3
2

+ ‖h2ϕ1‖n−1

s−
1
2

+
∑k−1

i=2 (
∑i−1

q=1(‖ϕq+1‖n−(q+1)

s−
3
2

+ ‖hq+2ϕq+1‖n−(q+1)

s−
1
2

))+

+
∑k−1

i=2 ‖ϕi+1‖
n−(i+1)

s−
3
2

+ ‖u‖0

)
≤

≤ C ( ‖u‖s +
∥∥µ1(x,D)h2u

∥∥
s
+

k−1∑

i=2

(
i−1∑

q=1

∥∥µq+1(x,D)hq+2u
∥∥Nn−q

s
+

i∑

q=1

∥∥hq+1u
∥∥Nn−q

s
)) ,ãäå f = Lu â G , ϕi = µi(x,D)u íà n−i .2. ïðè k < n− 1

C−1 ( ‖u‖s +
∥∥µ1(x,D)h2u

∥∥
s
+

k∑

i=2

(

i−1∑

q=1

∥∥µq+1(x,D)hq+2u
∥∥Nn−q

s
+

i∑

q=1

∥∥hq+1u
∥∥Nn−q

s
)) ≤

≤ (‖f‖s−2 +
∥∥µ1(x,D)h2f

∥∥
s−2

+
k∑

i=2

(
i−1∑

q=1

∥∥µq+1(x,D)hq+2f
∥∥Nn−q

s
+

i∑

q=1

∥∥hq+1f
∥∥Nn−q

s−2
) +

+
∥∥ϕ1

∥∥n−1

s−
3
2
+
∥∥h2ϕ1

∥∥n−1

s−
1
2
+

k∑

i=2

(

i−1∑

q=1

(
∥∥ϕq+1

∥∥n−(q+1)

s−
3
2

+
∥∥hq+2ϕq+1

∥∥n−(q+1)

s−
1
2

))+
∥∥ϕk+1

∥∥n−(k+1)

s−
3
2

+ ‖u‖0

)
≤

≤ C ( ‖u‖s +
∥∥µ1(x,D)h2u

∥∥
s
+

k−1∑

i=2

(
i−1∑

q=1

∥∥µq+1(x,D)hq+2u
∥∥Nn−q

s
+

i∑

q=1

∥∥hq+1u
∥∥Nn−q

s
)) ,ãäå f = Lu â G , ϕi = µi(x,D)u íà n−i , ϕk+1 = u íà n−(k+1) .Ñ ë å ä ñ ò â è å 3.1. Ïðîñòðàíñòâà ðåøåíèé îäíîðîäíûõ çàäà÷1. Lu = 0 â G , µ1(x,D)u = 0 íà n−1 , µi(x,D)u = 0 , i = 1, ..., k , k = n− 1 , íà n−i .Æóðíàë ÑÂÌÎ. 2009. Ò. 11, � 2



66 2. Lu = 0 â G , µ1(x,D)u = 0 íà n−1 , µi(x,D)u = 0 , i = 1, ..., k , k < n − 1 , íà n−i .
µk+1(x,D)u = 0 íà n−k−1 .êîíå÷íîìåðíûÑ ë å ä ñ ò â è å 3.2. Îáîçíà÷èì ÷åðåç s(G) ïðîñòðàíñòâî �óíêöèé ñ êîíå÷íîéíîðìîé

‖u‖
s(G) = ‖u‖s +

∥∥µ1(h2u)
∥∥
s
+

k∑

i=2

∥∥µi(hi+1u)
∥∥Nn−(i−1)

s
,à ÷åðåç n−i

s , i = 1, ..., k − 1 - ïðîñòðàíñòâà �óíêöèé, îïðåäåëåííûõ íà n−i ñ êîíå÷íîéíîðìîé
‖u‖n−i

S
=
∥∥hi1u

∥∥n−i

s
+
∥∥hi+1u)

∥∥n−i

s+1
,ãäå hi1 , hi - �óíêöèè, îïðåäåëåííûå â ïðåäëîæåíèè 2.2. Òîãäà îáëàñòü çíà÷åíèé îïå-ðàòîðîâ1. u → (Lu , µi(x,D)u , µk(x,D)u ) , k = n− 1 , äåéñòâóþùåãî èç s(G) â s−2(G) ×n−1

s−
3
2

×...×n−(k−1)

s−
3
2

×H
s−

3
2
(n−k) ;2. u→ (Lu , µi(x,D)u , u ) , k < n− 1 ,äåéñòâóþùåãî èç s(G) â s−2(G)×n−1

s−
3
2

×...×n−k

s−
3
2

×H
s−

1
2
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68 �. Â. Æàëíèí, Å. Å. ÏåñêîâàÓÄÊ 517.9Î âûáîðå èíòåðïîëÿöèîííîãî ïîëèíîìà â ñóùåñòâåííîíåîñöèëëèðóþùèõ ñõåìàõ
© �. Â. Æàëíèí1, Å. Å. Ïåñêîâà2Àííîòàöèÿ. Â ðàáîòå ïðåäëîæåí íîâûé ñïîñîá âûáîðà èíòåðïîëÿöèîííîãî ïîëèíîìà â ñó-ùåñòâåííî íåîñöèëëèðóþùèõ ñõåìàõ äëÿ ÷èñëåííîãî ðåøåíèÿ ñèñòåì óðàâíåíèé ãàçîâîé äè-íàìèêè.Êëþ÷åâûå ñëîâà: óðàâíåíèÿ ãàçîâîé äèíàìèêè, ENO ñõåìà, ñóùåñòâåííî íåîñöèëëèðóþ-ùèå ñõåìû�àññìîòðèì ñèñòåìó óðàâíåíèé ãàçîâîé äèíàìèêè â ïåðåìåííûõ Ýéëåðà:
dU

dt
+
dF (U)

dx
= 0, (1.1)ãäå

U =



ρ
ρu
e


 , F (U) =




ρu
p+ ρu2

u(e+ p)


 , u = ρ(e+

u2

2
).Ñèñòåìà çàìûêàåòñÿ óðàâíåíèåì ñîñòîÿíèÿ

p = (γ − 1)ερ.Çäåñü ρ - ïëîòíîñòü, u - ñêîðîñòü, ε - óäåëüíàÿ âíóòðåííÿÿ ýíåðãèÿ íà åäèíèöó îáúåìà,
p - äàâëåíèå, γ - ïîêàçàòåëü àäèàáàòû.Äëÿ ïîñòðîåíèÿ äèñêðåòíîé ìîäåëè îáëàñòü íåïðåðûâíîãî èçìåíåíèÿ àðãóìåíòà çàìå-íèì äèñêðåòíîé ñåòêîé, ðàâíîìåðíîé ïî êàæäîìó íàïðàâëåíèþ.Äëÿ àïïðîêñèìàöèè ñèñòåìû óðàâíåíèé (1.1) èñïîëüçîâàëàñü äè��åðåíöèàëüíî-ðàçíîñòíàÿ ñõåìà [3, 4℄:

dUi
dt

+
Fi+1/2 − Fi−1/2

∆x
= 0, (1.2)ãäå Fi+1/2 = F (U−

i+1/2, U
+
i+1/2) - äèñêðåòíûå ïîòîêè, êîòîðûå âû÷èñëÿëèñü ïî ñõåìå ðàñïàäàðàçðûâà [1, 2℄.Çäåñü U−

i+1/2, U
+
i+1/2 � ¾ëåâûå¿ è ¾ïðàâûå¿ çíà÷åíèÿ âåêòîðà U íà ãðàíèöå ìåæäó iè i+ 1 ÿ÷åéêàìè. Äëÿ èõ ðàñ÷åòà áóäåì èñïîëüçîâàòü ENO àëãîðèòì [5℄, èçìåíèâ ñïîñîáâûáîðà øàáëîíà.Ïóñòü äàíà ðàâíîìåðíàÿ ñåòêà ñ øàãîì ∆x :

x1/2 < x3/2 < ...xN−1/2 < xN+1/2.Îáîçíà÷èì ÿ÷åéêó ñåòêè (xi−1/2, xi+1/2) çà Ii . �àññìîòðèì �óíêöèþ ν(x) , è ïðåäïîëîæèì,÷òî èçâåñòíû ñðåäíèå çíà÷åíèÿ ýòîé �óíêöèè â ÿ÷åéêàõ Ii :
ν̄i =

1

∆x

xi+1/2∫

xi−1/2

ν(ξ) dξ, i = 1, 2, ..., N. (1.3)1Ñòàðøèé ïðåïîäàâàòåëü êà�åäðû ïðèêëàäíîé ìàòåìàòèêè, Ìîðäîâñêèé ãîñóäàðñòâåííûé óíèâåðñèòåòèì. Í. Ï. Îãàðåâà; zhrv�appmath.mrsu.ru.2Ìàãèñòðàíò êà�åäðû ïðèêëàäíîé ìàòåìàòèêè, Ìîðäîâñêèé ãîñóäàðñòâåííûé óíèâåðñèòåòèì. Í. Ï. Îãàðåâà.Æóðíàë ÑÂÌÎ. 2009. Ò. 11, � 2



Î âûáîðå èíòåðïîëÿöèîííîãî ïîëèíîìà â ñóùåñòâåííî íåîñöèëëèðóþùèõ . . . 69Äëÿ êàæäîé ÿ÷åéêè Ii(i = 1, 2, ..., N) ïîñòðîèì ïîëèíîì p(x) ñòåïåíè íå áîëüøå k − 1 ,êîòîðûé áû èíòåðïîëèðîâàë �óíêöèþ ν(x) ñ ïîðÿäêîì òî÷íîñòè k â ïðåäåëàõ äàííîéÿ÷åéêè, ò.å.
p(x) = ν(x) +O(∆xk), (1.4)ïðè x ∈ Ii, è âûïîëíåíî óñëîâèå

1

∆x

xi+1/2∫

xi−1/2

p(x)dx = ν̄i. (1.5)Òîãäà, îáîçíà÷èâ ν−i+1/2 = p(xi+1/2), ν
+
i−1/2 = p(xi−1/2), ïîëó÷èì

ν−i+1/2 = ν(xi+1/2) +O(∆xk), ν+
i−1/2 = ν(xi−1/2) +O(∆xk). (1.6)Òàêîé ïîëèíîì ìîæíî ïîëó÷èòü, åñëè ðàññìîòðåòü ïåðâîîáðàçíóþ V (x) �óíêöèè ν(x) :

V (x) =

x∫

−∞

ν(ξ)dξ, (1.7)è ïîñòðîèâ ïîëèíîì P (x) ñòåïåíè k , êîòîðûé áóäåò èíòåðïîëèðîâàòü �óíêöèþ V (x) íàãðàíèöàõ ÿ÷ååê ñåòêè, ïîëîæèòü p(x) = P ′(x) .Òàêèì ñïîñîáîì ìîæíî ïîëó÷èòü k ïîëèíîìîâ pr(x), r = 0, ..., k − 1 , êàæäûé èç êîòî-ðûõ áóäåò ñîîòâåòñòâîâàòü øàáëîíó Sr = {xi−r−1/2, ..., xi−r+k+1/2} ,r=0,...,k-1.Äàëåå èç k ïîëèíîìîâ âûáåðåì òîò, äëÿ êîòîðîãî îïèñûâàåìàÿ èì êðèâàÿ èìååò íàè-ìåíüøóþ äëèíó lr íà èíòåðâàëå Ii :
lr =

xi+1/2∫

xi−1/2

√
1 + (p′r(x))

2 (1.8)Çíà÷åíèå âûðàæåíèÿ (1.8) áóäåì âû÷èñëÿòü ìåòîäîì òðàïåöèé:
lk ≈ ∆x

4




√
1 + (p′(xi−1/2))2

2 +

+
√

1 + (p′(xi−1/4))2 +
√

1 + (p′(xi))2 +
√

1 + (p′(xi+1/4))2+

√
1 + (p′(xi+1/2))2

2




(1.9)
�àñ÷åòû ïî äàííîé ñõåìå áûëè âûïîëíåíû äëÿ çàäà÷è �èìàíà ñ íà÷àëüíûìè äàííûìèÑîäà è íà÷àëüíûìè äàííûìè Ëàêñà.Íà÷àëüíûå äàííûå Ñîäà:

(ρ1, ν1, p1) = (1, 0, 1), (ρ2, ν2, p2) = (0.125, 0, 0.1). (1.10)Íà÷àëüíûå äàííûå Ëàêñà:
(ρ1, ν1, p1) = (0.445, 0.698, 3.528), (ρ2, ν2, p2) = (0.5, 0, 0.571). (1.11)Æóðíàë ÑÂÌÎ. 2009. Ò. 11, � 2



70 �. Â. Æàëíèí, Å. Å. ÏåñêîâàÇàäà÷à ðàññìàòðèâàëàñü íà îòðåçêå [−1, 1] , êîíòàêòíûé ðàçðûâ ðàñïîëàãàëñÿ â òî÷êå
x = 0 . Èñïîëüçîâàëàñü ðàâíîìåðíàÿ ñåòêà ñ øàãîì ∆x = 2 · 10−3 ïî ïðîñòðàíñòâåííîéïåðåìåííîé, øàã ïî âðåìåíè áûë ðàâåí ∆t = 10−4 . �àñ÷åò âåëñÿ äî âðåìåíè t=0.2 äëÿçàäà÷è ñ äàííûìè Ñîäà è äî âðåìåíè t = 0.13 äëÿ çàäà÷è Ëàêñà. Ïîëó÷åííûå ðåçóëüòàòûñðàâíèâàëèñü ñ ðåçóëüòàòàìè ðàñ÷åòîâ, â êîòîðûõ ¾ëåâûå¿ è ¾ïðàâûå¿ çíà÷åíèÿ âåêòîðà
U íà ãðàíèöàõ ìåæäó ÿ÷åéêàìè ðàññ÷èòûâàëèñü ñ èñïîëüçîâàíèåì WENO àëãîðèòìà [6℄.
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78 È. Æ. ÈáàòóëèíÓÄÊ 517.9Î äèñêðåòèçàöèè ðåøåíèé çàäà÷è Êîøè äëÿ óðàâíåíèÿÊëåéíà-�îðäîíà ñ íà÷àëüíûìè óñëîâèÿìè èç êëàññîâÍèêîëüñêîãî
© È. Æ. Èáàòóëèí1Àííîòàöèÿ. Â ðàáîòå ïîëó÷åíû îïòèìàëüíûå ïîðÿäêè äèñêðåòèçàöèè ðåøåíèé çàäà÷è Êîøèäëÿ óðàâíåíèÿ Êëåéíà-�îðäîíà ñ íóëåâîé íà÷àëüíîé ñêîðîñòüþ â ìåòðèêå Lq,∞ .Êëþ÷åâûå ñëîâà: äè��åðåíöèàëüíûå óðàâíåíèÿ â ÷àñòíûõ ïðîèçâîäíûõ, çàäà÷à Êîøè,óðàâíåíèå Êëåéíà-�îðäîíà, êâàíòîâàÿ òåîðèÿ ïîëÿ, ðÿä Ôóðüå, �óíêöèîíàë.1. ÂâåäåíèåÏðåäìåòîì èññëåäîâàíèÿ â ñòàòüå ÿâëÿåòñÿ çàäà÷à Êîøè äëÿ óðàâíåíèÿ Êëåéíà-�îðäîíà ( s = 1, 2, . . . )
∂2u

∂t2
=
∂2u

∂x2
1

+ . . .+
∂2u

∂x2
s

− u (u = u(x, t), 0 ≤ t <∞, x ∈ Rs) , (1.1)
u(x, 0) = f1(x),

∂u

∂t
(x, 0) = f2(x) (x ∈ Rs) , (1.2)

f1 ∈ Hr1
2 (0, 1)s, f2 ∈ Hr1

2 (0, 1)s, r1 > 2 +
s

2
, r2 > 1 +

s

2
. (1.3)Â êâàíòîâîé òåîðèè ïîëÿ óðàâíåíèå (1.1) ðàññìàòðèâàþò êàê ïîëåâîå óðàâíåíèå (ñì.,íàïðèìåð, [1, 
. 42℄).Óðàâíåíèå Êëåéíà-�îðäîíà èìååò êàê íåêîòîðûå îáùèå ñâîéñòâà, òàê è ñåðüåçíûå îò-ëè÷èÿ ñ âîëíîâûì óðàâíåíèåì (ñì., íàïðèìåð, [2℄), à óðàâíåíèå Øðåäèíãåðà ÿâëÿåòñÿíåðåëÿòèâèñòñêèì ïðèáëèæåíèåì äëÿ óðàâíåíèÿ Êëåéíà � �îðäîíà (ñì., íàïðèìåð, [1, 
.41℄).2. Ïîñòàíîâêà çàäà÷èÂ èçó÷àåìîì çäåñü ñëó÷àå çàäà÷à (1.1)-(1.3) èìååò ÿâíîå ðåøåíèå â âèäå ñóììû àáñî-ëþòíî ñõîäÿùåãîñÿ êðàòíîãî �óíêöèîíàëüíîãî ðÿäà, êîòîðûé ïîëíîñòüþ îïðåäåëÿåòñÿíàáîðàìè {f̂1(m)}m∈Zs è {f̂2(m)}m∈Zs êîý��èöèåíòîâ Ôóðüå (ïîäðîáíåå ñì. [3℄). Ïî-ýòîìó âîçíèêàåò ïðîáëåìà ïðèáëèæåíèÿ ðåøåíèÿ (îáúåêòà áåñêîíå÷íîãî) ïî êîíå÷íîé÷èñëîâîé èí�îðìàöèè çàäàííîãî îáúåìà N , ïîëó÷åííîé îò �óíêöèé f1 è f2 , êîòîðûåïðèíàäëåæàò êëàññàì �óíêöèé, îäíîïåðèîäè÷åñêèõ ïî êàæäîé èç ñâîèõ s ïåðåìåííûõ,

F (1) = Hr1
2 (0, 1)s , F (2) = Hr2

2 (0, 1)s ñîîòâåòñòâåííî (îïðåäåëåíèå êëàññîâ ñì., íàïðèìåð,[3, 4℄). Îñòàíîâèìñÿ áîëåå ïîäðîáíî íà ïîñòàíîâêå ðàññìàòðèâàåìîé çàäà÷è (â ðåäàêöèèèç [5 - 6℄).Äëÿ çàäàííîãî öåëîãî ïîëîæèòåëüíîãî N âûáèðàåì öåëûå ïîëîæèòåëüíûå ÷èñëà N1è N2 òàêèå, ÷òî N1 +N2 = N , äàëåå îò �óíêöèé f1 è f2 áåðåì ÷èñëîâóþ èí�îðìàöèþ,1Ïðåïîäàâàòåëü êà�åäðû �óíäàìåíòàëüíîé è ïðèêëàäíîé ìàòåìàòèêè, Åâðàçèéñêèé íàöèîíàëüíûéóíèâåðñèòåò èì. Ë. Í. �óìèëåâà, ã. Àñòàíà, Êàçàõñòàí; mathibragim�mail.ru.Æóðíàë ÑÂÌÎ. 2009. Ò. 11, � 2



Î äèñêðåòèçàöèè ðåøåíèé çàäà÷è Êîøè äëÿ óðàâíåíèÿ Êëåéíà-�îðäîíà ñ . . . 79îáúåìà N1 è N2 ñîîòâåòñòâåííî, òî åñòü �óíêöèîíàëû èç L(1)
N1

è L
(2)
N2
, ïðè÷åì L

(1)
N1

è L
(2)
N2
,ìîãóò áûòü ëþáûìè, åäèíñòâåííûì åñòåñòâåííûì îãðàíè÷åíèåì ÿâëÿåòñÿ òî, ÷òî ïåðâûå

N1 �óíêöèîíàëîâ äîëæíû áûòü îïðåäåëåíû íà ëèíåéíîé îáîëî÷êå íà êëàññå �óíêöèé
F (1) , îñòàâøèåñÿ N2 �óíêöèîíàëà � íà ëèíåéíîé îáîëî÷êå íà F (2) .Îòìåòèì íåêîòîðûå ïðèìåðû �óíêöèîíàëîâ1. l(f) = f(ξ) - çíà÷åíèÿ â òî÷êå;2. l(f) = 〈f, g〉 - ñêàëÿðíîå ïðîèçâåäåíèå, â ÷àñòíîñòè, êîý��èöèåíòû Ôóðüå ïîòîé èëè èíîé ÎÍÑ;3. l(f) - âñå âîçìîæíûå ëèíåéíûå �óíêöèîíàëû;4. l(f) - êàêèå-òî �óíêöèîíàëû, íî íå âñå.Ïîëó÷åííóþ èí�îðìàöèþ ïåðåðàáàòûâàåì ñ ïîìîùüþ àëãîðèòìà ϕN(τ1, . . . , τs; x, t) äî�óíêöèè îò òåõ æå ïåðåìåííûõ, ÷òî è �óíêöèÿ u(x, t; f1, f2) - ðåøåíèå çàäà÷è (1.1)- -(1.3), êîíå÷íî æå, îò �óíêöèè ϕN(τ1, . . . , τs; x, t) òðåáóåì òîëüêî, ÷òîáû îíà ïðèíàäëåæàëàíîðìèðîâàííîìó ïðîñòðàíñòâó �óíêöèé Y, îïðåäåëåííûõ íà ΩY = [0, 1]s × [0,+∞) .Â êà÷åñòâå àëãîðèòìà ϕN(τ1, . . . , τs; x, t) ìîãóò ñëóæèòü1) êîíå÷íûå ñóììû âèäà N∑

k=1

τkρk(t)ψk(x) , ãäå {ψk}∞k=1 -- ñèñòåìà Õààðà, Ôðàíêëèíà, Óîëøà è ò.ä.,- áàçèñ â áàíàõîâîì ïðîñòðàíñòâå B ,- áàçèñ �èññà â V ,- ñèñòåìà íåíóëåâûõ ýëåìåíòîâ ñåïàðàáåëüíîãî ãèëüáåðòîâîãî ïðîñòðàíñòâà H ,ÿâëÿþùèåñÿ �ðåéìîì,- îðòîíîðìèðîâàííûé áàçèñ ïðîñòðàíñòâà L2 (R1) , ïîðîæäåííûé �óíêöèåé
ψ ∈ L2 (R1) , íàçûâàåìîé âñïëåñêîì.2) êîíå÷íûå ñóììû âèäà N∑

k=1

τkρk(t)DN(x− ξk) , ãäå DN - ñïåöèàëüíîå ÿäðî.3) ðåøåíèå ðàçíîñòíîé ñõåìû ñîñòàâëåííîé äëÿ çàäà÷è (1.1)-(1.3).Òåì ñàìûì, ïåðåáèðàÿ âñåâîçìîæíûå íàáîðû (l(N);ϕN) ≡ (l
(1)
1 , . . . , l

(1)
N1
, l

(2)
1 , . . . , l

(2)
N2

;ϕN)ìû ìîæåì ïîëó÷èòü âåñü àðñåíàë, èçó÷àåìûé â òåîðèè ïðèáëèæåíèé è âû÷èñëèòåëüíîéìàòåìàòèêå.Ïîãðåøíîñòü ïðèáëèæåíèÿ èçìåðÿåì â íîðìå ïðîñòðàíñòâà Y , äàëåå áåðåì ñóïðåìó-ìû ïî êëàññàì F (1) , F (2) , ÷òîáû çíàòü íàèõóäøóþ ïîãðåøíîñòü ïî êëàññàì, îñòàëüíûåíå õóæå, çàòåì ñðåäè âñåâîçìîæíûõ àãðåãàòîâ ïðèáëèæåíèÿ âûáèðàåì íàèëó÷øèé è ïî-ñëåäíåå, ðàññìàòðèâàåì ìèíèìóì, ïåðåáèðàÿ âñåâîçìîæíûå ïàðû íàòóðàëüíûõ ÷èñåë N1 ,
N2 : N1 + N2 = N , ïîñêîëüêó âàæíî âçÿòü òàêîå êîëè÷åñòâî èí�îðìàöèè îò êàæäîé èç�óíêöèé f1 è f2 (îáùåå êîëè÷åñòâî èí�îðìàöèè N ), ÷òîáû ïîðÿäîê ïîãðåøíîñòè áûëêàê ìîæíî ìåíüøå:

min
N1 +N2 = N
N1 ≥ 1, N2 ≥ 1

inf
(l(N);ϕN )∈L

(1)
N1

×L
(1)
N2

×{ϕN}

sup
f1 ∈ F (1)

f2 ∈ F (2)

‖u(·; f1, f2) − ϕN (l
(1)
1 , . . . , l

(2)
N2

; ·)‖Y (2.1)Çàäà÷à çàêëþ÷àåòñÿ â ïîëó÷åíèè îöåíîê ñâåðõó è îöåíîê ñíèçó äëÿ âåëè÷èíû (2.1) (æå-ëàòåëüíî ñîâïàäàþùèõ ñ òî÷íîñòüþ äî êîíñòàíò) è â óêàçàíèè âû÷èñëèòåëüíîãî àãðåãàòà,ðåàëèçóþùåãî îöåíêó ñâåðõó.×åðåç c(α, β, . . .) áóäåì îáîçíà÷àòü íåêîòîðûå ïîëîæèòåëüíûå âåëè÷èíû, ðàçëè÷íûå,âîîáùå ãîâîðÿ, â ðàçíûõ �îðìóëàõ è çàâèñÿùèå ëèøü îò óêàçàííûõ â ñêîáêàõ ïàðàìåòðîâ.Æóðíàë ÑÂÌÎ. 2009. Ò. 11, � 2



80 È. Æ. ÈáàòóëèíÅñëè {PN}∞N=1 � ïîñëåäîâàòåëüíîñòü ïîëîæèòåëüíûõ ÷èñåë è {QN}∞N=1 � ïðîèçâîëü-íàÿ ÷èñëîâàÿ ïîñëåäîâàòåëüíîñòü, òî çàïèñü QN ≪
α,β,...

PN îçíà÷àåò, ÷òî íàéäåòñÿ ïîñòî-ÿííàÿ c(α, β, . . .), äëÿ êîòîðîé ïðè êàæäîì öåëîì ïîëîæèòåëüíîì N âûïîëíåíî íåðà-âåíñòâî |QN | ≤ c(α, β, . . .)PN . Åñëè æå {PN}∞N=1 è {QN}∞N=1 � äâå ïîñëåäîâàòåëüíîñòèïîëîæèòåëüíûõ ÷èñåë, òî çàïèñü QN ≍
α,β,...

PN îçíà÷àåò, ÷òî îäíîâðåìåííî âûïîëíÿþòñÿñîîòíîøåíèÿ QN ≪
α,β,...

PN è PN ≪
α,β,...

QN .3. Îïòèìàëüíûå ïîðÿäêè äèñêðåòèçàöèè ðåøåíèé çàäà÷è (1.1)-(1.3)Êîíêðåòèçèðóÿ â (2.1) ïðîñòðàíñòâà, êëàññû, è ìíîæåñòâà L
(1)
N1
, L(2)

N2
ïîëó÷àåì ðàç-ëè÷íûå ïîñòàíîâêè çàäà÷ (ñì., íàïð., [5-9℄ è èìåþùóþñÿ â íèõ áèáëèîãðà�èþ).Â ðàáîòå [3℄ â ñëó÷àå u(x, t; f1, f2) � ðåøåíèå çàäà÷è (1.1)-(1.3): L(1)

N1
è L

(2)
N2

- ìíîæå-ñòâà N1 è N2 ÷ëåííûõ íàáîðîâ âñåõ âîçìîæíûõ ëèíåéíûõ �óíêöèîíàëîâ, îïðåäåëåííûõíà ëèíåéíûõ îáîëî÷êàõ íà êëàññàõ Hr1
2 (0, 1)s è Hr2

2 (0, 1)s ñîîòâåòñòâåííî, Y = L2,∞ =
= L2,∞(0, 1)s × [0,+∞) áûëà äîêàçàíà ñëåäóþùàÿÒ å î ð å ì à À. Ïóñòü äàíû öåëîå ïîëîæèòåëüíîå ÷èñëî s , ïîëîæèòåëüíûå r1 è
r2 òàêèå, ÷òî

r1 > 2 +
s

2
, r2 > 1 +

s

2
.Òîãäà èìåþò ìåñòî ñîîòíîøåíèÿ (N = 1, 2, . . .)

min
N1+N2=N

N1≥1,N2≥1

inf
lk∈L

(k)
Nk

k=1,2,ϕN

sup
f1∈H

r1
2 (0,1)s

f2∈H
r2
2 (0,1)s

∣∣∣
∣∣∣u(·; f1, f2) − ϕN(l

(1)
1 , . . . , l

(2)
N2

; ·)
∣∣∣
∣∣∣
L2,∞

≍
r1,r2,s

N
−

min{r1;r2+1}
s .Äàííàÿ ðàáîòà ïîñâåùåíà ñëó÷àþ u(x, t; f1, 0) � ðåøåíèå çàäà÷è (1.1)-(1.3):

f1 ∈ Hr1
2 (0, 1)s , f2 ≡ 0 , L(1)

N - ìíîæåñòâî N ÷ëåííûõ íàáîðîâ âñåõ âîçìîæíûõ ëèíåéíûõ�óíêöèîíàëîâ, îïðåäåëåííûõ íà ëèíåéíîé îáîëî÷êå íà êëàññå Hr1
2 (0, 1)s , Y = Lq,∞ =

= Lq,∞(0, 1)s × [0,+∞) , 2 ≤ q ≤ +∞ . ÑïðàâåäëèâàÒ å î ð å ì à. Ïóñòü äàíû öåëîå ïîëîæèòåëüíîå ÷èñëî s , ïîëîæèòåëüíîå r1 è
2 ≤ q ≤ +∞ òàêèå, ÷òî

r1 > 2 +
s

2
.Òîãäà èìåþò ìåñòî ñîîòíîøåíèÿ (N = 1, 2, . . .)

inf
l1 ∈ L

(1)
N ,

ϕN

sup
f1∈H

r1
2 (0,1)s

∣∣∣
∣∣∣u(·; f1, 0) − ϕN(l

(1)
1 , . . . , l

(1)
N ; ·)

∣∣∣
∣∣∣ ≍
r1,q,s

N−
r1
s

+( 1
2
− 1

q ). (3.1)Ä î ê à ç à ò å ë ü ñ ò â î. Îòìåòèì îñíîâíûå ìîìåíòû äîêàçàòåëüñòâà äàííîé òåîðåìû.Îöåíêà ñíèçó ïðîâîäèòñÿ ñ ïîìîùüþ ïîñòðîåíèÿ òðèãîíîìåòðè÷åñêîãî ìíîãîëåíà b(x)ñî ñïåêòðîì â (2n−1, 2n]s
⋂
Zs , ãäå n = 1 +

[
log2 2N

s

] , [·] � öåëàÿ ÷àñòü ÷èñëà. Òðèãîíî-ìåòðè÷åñêèé ìíîãî÷ëåí b(x) âûáèðàåòñÿ òàêèì îáðàçîì, ÷òî äëÿ íàïåðåä çàäàííûõ ëè-íåéíûõ �óíêöèîíàëîâ l1, . . . , lN âûïîëíåíî lj(b) = 0 ( j = 1, . . . , N ) è ||b||L∞ ≥ 2−nrN1/2 ,
||b||L2 = 2−nr , b ∈ Hr1

2 (0, 1)s (î ñóùåñòâîâàíèè ïîäîáíîãî ìíîãî÷ëåíà ñì. [3, 7℄). Äàëåå,Æóðíàë ÑÂÌÎ. 2009. Ò. 11, � 2



Î äèñêðåòèçàöèè ðåøåíèé çàäà÷è Êîøè äëÿ óðàâíåíèÿ Êëåéíà-�îðäîíà ñ . . . 81îöåíèâàÿ ñíèçó sup
f1∈H

r1
2 (0,1)s

∣∣∣
∣∣∣u(·; f1, 0) − ϕN(l

(1)
1 , . . . , l

(1)
N ; ·)

∣∣∣
∣∣∣
Lq,∞(0,1)s×[0,+∞)

÷åðåç ||b||Lq , ñ ïî-ìîùüþ íåðàâåíñòâà ðàçíûõ ìåòðèê è îïðåäåëåíèÿ èí�èíèìóìà ïîëó÷àåì îöåíêó ñíèçó â(3.1).Îöåíêà ñâåðõó. Ïîñêîëüêó ðåøåíèå çàäà÷è (1.1) ñ íà÷àëüíûìè óñëîâèÿìè
u(x, 0) = f1(x) , ∂u

∂t
(x, 0) = 0 (x ∈ Rs) , f1 ∈ Hr1

2 (0, 1)s , ïðåäñòàâèìî â âèäå àáñîëþòíî ñõî-äÿùåãîñÿ ðÿäà u(x, t) =
∑
m∈Zs

f̂(m) cos(t
√

4π(m,m) + 1)e2πi(m,x) (ñì. [3℄), òî, ðàññìàòðèâàÿâ êà÷åñòâå àãðåãàòà ϕN(l
(1)
1 , . . . , l

(1)
N ; x, t) ñîîòâåòñâåííî ÷àñòè÷íóþ ñóììó ðÿäà (N ≥ 3s) :

ϕN(l
(1)
1 , . . . , l

(1)
N ; x, t) =

N ′∑

k=1

f̂(ν(k)) cos(t
√

4π(ν(k), ν(k)) + 1)e2πi(ν
(k),x),ãäå {ν(k)}N ′

k=1 - íåêîòîðîå óïîðÿäî÷åíèå ìíîæåñòâà In = {(m1, . . . , ms) : max
j=1,...,s

|mj| ≤ 2n} ,
N ′ = (2n + 1)s , n =

[
log2(

s
√
N − 1)

]
−1 è, ïðèìåíÿÿ íåðàâåíñòâà ðàçíûõ ìåòðèê, ïîëó÷àåìîöåíêó ñâåðõó â (3.1).Çàìå÷àíèå. Ïðè q = 2 èç âûøåóêàçàííîé òåîðåìû ïîëó÷àþòñÿ ñîîòâåòñòâåííî íåóëó÷-øàåìûå ïîðÿäêè ïîãðåøíîñòåé äèñêðåòèçàöèè ðåøåíèé çàäà÷è Êîøè äëÿ óðàâíåíèèÊëåéíà-�îðäîíà ñ íà÷àëüíûìè óñëîâèÿìè u(x, 0) = f1(x) , ∂u

∂t
(x, 0) = 0 (x ∈ Rs) ,

f1 ∈ Hr1
2 (0, 1)s , r1 > 2 + s

2
, ïî òî÷íîé èí�îðìàöèè, êîòîðûå áûëè ïîëó÷åíû ðàíåå â [3℄.4. Çàêëþ÷åíèåÏðàêòè÷åñêèé ñìûñë ïîëó÷åííûõ ðåçóëüòàòîâ çàêëþ÷àåòñÿ â òîì, ÷òî, èñïîëüçóÿ âåñüàðñåíàë, èçó÷àåìûé â òåîðèè ïðèáëèæåíèé è âû÷èñëèòåëüíîé ìàòåìàòèêå, áåðÿ îò �óíê-öèè f1 ∈ Hr1

2 (0, 1)s èí�îðìàöèþ îáúåìà N â âèäå ðàçëè÷íûõ ëèíåéíûõ �óíêöèîíàëîâ, íîðàññìàòðèâàÿ êàê ëèíåéíûå òàê è íå ëèíåéíûå àëãîðèòìû ïðèáëèæåíèÿ ðåøåíèé çàäà÷èÊîøè äëÿ óðàâíåíèÿ Êëåéíà-�îðäîíà ñ íà÷àëüíûìè óñëîâèÿìè
u(x, 0) = f1(x),

∂u

∂t
(x, 0) = 0(x ∈ Rs),è èçìåðÿÿ ïîãðåøíîñòü â ìåòðèêå Lq,∞(0, 1)s× [0,+∞) , ñ òî÷íîñòüþ äî êîíñòàíò íå çàâè-ñÿùèõ îò N ïîëó÷èòü îöåíêó ëó÷øå, ÷åì N−
r1
s

+( 1
2
− 1

q ) íåëüçÿ , è àãðåãàòîì, ðåàëèçóþùèìîöåíêó ñâåðõó ÿâëÿåòñÿ (N ≥ 3s )
ϕN(l

(1)
1 , . . . , l

(1)
N ; x, t) =

N ′∑

k=1

f̂1(ν
(k)) cos(t

√
4π2(ν(k), ν(k)) + 1)e2πi(ν

(k),x),ãäå {ν(j)}N ′

j=1 - íåêîòîðîå óïîðÿäî÷åíèå ìíîæåñòâà In , N ′ = (2n+1 + 1)
s ,

n =
[
log2(

s
√
N − 1)

]
− 1 . Ñïèñîê ëèòåðàòóðû1. �àéäåð Ë. Êâàíòîâàÿ òåîðèÿ ïîëÿ. � Ì.: Ïëàòîí, 1998. � 512 ñ.2. Äóäíèêîâà Ò.Â., Êîìå÷ À.È. Î äâóõ-òåìïåðàòóðíîé çàäà÷å äëÿ óðàâíåíèÿ Êëåéíà-�îðäîíà// �îññèéñêèé æóðíàë Ìàò. Ôèçèêè, 2005, Ò. 12, �. 3, Ñ. 301-325.Æóðíàë ÑÂÌÎ. 2009. Ò. 11, � 2
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© Î. Å. Êàëåäèí1, Ë. À. Ñóõàðåâ2Àííîòàöèÿ. Â ðàáîòå äàåòñÿ êðàòêîå îïèñàíèå ïðîãðàììíîãî ïàêåòà Cone è åãî âîçìîæíî-ñòåé ïðè ïîñòðîåíèè ìàòåìàòè÷åñêèõ ìîäåëåé äèíàìè÷åñêèõ ïðîöåññîâ, îñíîâàííûõ íà èç-âåñòíûõ ñòàòèñòè÷åñêèõ äàííûõ.Êëþ÷åâûå ñëîâà: ìàòåìàòè÷åñêàÿ ìîäåëü, äè��åðåíöèàëüíîå âêëþ÷åíèå, êîíóñ âîçìîæ-íûõ ðåøåíèé, �óíêöèîíàë êà÷åñòâà, ñòðóêòóðà ïðîãðàììû, ïðîãðàììíîå îáåñïå÷åíèå.Íà ñåãîäíÿøíèé äåíü íàóêà äîñòàòî÷íî äàëåêî ïðîäâèíóëàñü â ðàçðàáîòêå òåõíîëîãèéïðîãíîçèðîâàíèÿ. Ñïåöèàëèñòàì õîðîøî èçâåñòíû ìåòîäû ìàòåìàòè÷åñêîé ñòàòèñòèêè,íåéðîñåòåâîãî ïðîãíîçèðîâàíèÿ, íå÷¼òêîé ëîãèêè è ò.ï. �àçðàáîòàíû ñîîòâåòñòâóþùèåïðîãðàììíûå ïàêåòû, íî íà ïðàêòèêå îíè, ê ñîæàëåíèþ, íå âñåãäà äîñòóïíû ðÿäîâîìóïîëüçîâàòåëþ. Ïðè ýòîì ÷àñòî ïðîãíîçû ñîñòàâëÿþòñÿ ñ èñïîëüçîâàíèåì ïðîãðàììíîãîïðîäóêòà äëÿ ðàáîòû ñ ýëåêòðîííûìè òàáëèöàìè Mi
rosoft Ex
el.Â äàííîé ðàáîòå ïðåäñòàâëåíî îïèñàíèå ïðîãðàììíîãî îáåñïå÷åíèÿ äëÿ ïîñòðîåíèÿïðîãíîçà ðàçâèòèÿ äèíàìè÷åñêîãî ïðîöåññà ïî èçâåñòíûì ìíîãîëåòíèì ñòàòèñòè÷åñêèìäàííûì. Èññëåäóåìûå ïðîöåññû ïðåäïîëàãàþòñÿ ïåðèîäè÷åñêèìè èëè ¾ñåçîííûìè¿. Äåëîâ òîì, ÷òî ïîíÿòèå ¾ñåçîí¿ â ïðîãíîçèðîâàíèè ïðèìåíèì ê ëþáûì ñèñòåìàòè÷åñêèì êî-ëåáàíèÿì. Íàïðèìåð, åñëè ðå÷ü èä¼ò îá èçó÷åíèè òîâàðîîáîðîòà â òå÷åíèå íåäåëè, òî ïîäòåðìèíîì ¾ñåçîí¿ ïîíèìàåòñÿ îäèí äåíü. Êðîìå òîãî, öèêë êîëåáàíèé ìîæåò ñóùåñòâåííîîòëè÷àòüñÿ (êàê â áîëüøóþ, òàê è â ìåíüøóþ ñòîðîíó) îò âåëè÷èíû â îäèí ãîä. È åñëèóäà¼òñÿ âûÿâèòü âåëè÷èíó öèêëà ýòèõ êîëåáàíèé, òî òàêóþ ñòàòèñòè÷åñêóþ èí�îðìàöèþìîæíî èñïîëüçîâàòü äëÿ ïðîãíîçèðîâàíèÿ ñ èñïîëüçîâàíèåì ïðîãðàììíîãî ïàêåòà Cone.Ïàêåò Cone ïðåäíàçíà÷åí äëÿ ðåøåíèÿ çàäà÷è â ñëåäóþùåé ìàòåìàòè÷åñêîé ïîñòàíîâ-êå.
• Èìåþòñÿ ñòàòèñòè÷åñêèå äàííûå � áàçà äàííûõ XT0,T1 . Ïðåäïîëàãàåòñÿ, ÷òî îíèîïèñûâàþò íåêîòîðûé ïðîöåññ x = x(t), t ∈ [T0, T1] è x ∈ AC[T0, T1], ãäå AC[T0, T1] -êëàññ àáñîëþòíî-íåïðåðûâíûõ �óíêöèé íà [T0, T1] .
• Òðåáóåòñÿ íàéòè âñå òàêèå àáñîëþòíî íåïðåðûâíûå �óíêöèè íà [T0, T1] , êîòîðûåïîðîæäàþò áàçó äàííûõ XT0,T1 . Çäåñü èçâåñòåí ñëåäóþùèé ðåçóëüòàò [1℄: âñå òàêèå�óíêöèè óäîâëåòâîðÿþò ðåøåíèþ äè��åðåíöèàëüíîãî âêëþ÷åíèÿ

dx

dt
∈ F (t, x),ãäå F (tx, ) - ìíîãîçíà÷íàÿ �óíêöèÿ, êîòîðóþ ìîæíî ïîñòðîèòü çàäàâ åå "ãðàíè-öû"ïðèìåíåíèÿ. Òî åñòü äè��åðåíöèàëüíîå âêëþ÷åíèå çàìåíÿåòñÿ äè��åðåíöèàëü-íûì íåðàâåíñòâîì

µ(t, x) ≤ dx

dt
≤ λ(t, x).Äëÿ ïîñòðîåíèÿ �óíêöèé λ = λ(t, x) è µ = µ(t, x) ìîæíî ïðèìåíÿòü ðàçëè÷íûå ìå-òîäû, ëèøü áû âûïîëíÿëèñü óñëîâèÿ ñóùåñòâîâàíèÿ ðåøåíèÿ çàäà÷è Êîøè - óñëîâèÿ1Àñïèðàíò êà�åäðû ïðèêëàäíîé ìàòåìàòèêè Ìîðä�Ó, Ìîðäîâñêèé ãîñóäàðñòâåííûé óíèâåðñèòåò, ã.Ñàðàíñê; kaledinoe�gmail.
om.2Çàâ. êà�. àëãåáðû è ãåîìåòðèè Ìîðä�Ó, Ìîðäîâñêèé ãîñóäàðñòâåííûé óíèâåðñèòåò, ã. Ñàðàíñê;suharev_la�mail.ru.Æóðíàë ÑÂÌÎ. 2009. Ò. 11, � 2



Ïðîãðàììíûé ïàêåò Cone. Ñòðóêòóðà è ðåàëèçàöèÿ 85Çàðåìáû. Ïîýòîìó �óíêöèè λ è µ ïðåäïîëàãàþòñÿ êâàçèìîíîòîííî íåóáûâàþùè-ìè. Ñåãìåíò [T0, T1] - ýòî ó÷àñòîê, íà êîòîðîì ïîâåäåíèå âåêòîðà x = x(t) èçâåñòíî- îíî îïðåäåëåíî ñòàòèñòèêîé. Ïîâëèÿòü íà âåêòîð x = x(t) óæå íåò âîçìîæíîñòè,ïîýòîìó ïðîìåæóòîê [T0, T1] íàçûâàþò íåóïðàâëÿåìûì [1℄.
• Íà ïðîìåæóòêå [T1, T2] - â "íîâîì"ñåçîíå, íåîáõîäèìî ïîñòðîèòü ïðîãíîç, �óíê-öèþ x = x(t), êîòîðàÿ îïèñûâàëà áû âñå âîçìîæíûå ïîâåäåíèÿ ïðîöåññà. Èññëå-äîâàíèå ïîâåäåíèÿ ðåøåíèé äè��åðåíöèàëüíûõ âêëþ÷åíèé ìîæíî ïðîâîäèòü áåçèñïîëüçîâàíèÿ �óíêöèîíàëà êà÷åñòâà, è ñ íèì � I = I(t, x, u). Çäåñü ïðåäïîëàãà-åòñÿ, ÷òî íà ïðîìåæóòêå [T1, T2] èìååòñÿ âîçìîæíîñòü óïðàâëÿòü ïðîöåññîì ñ ïî-ìîùüþ íåêîòîðîé �óíêöèè u = u(t) èç íåêîòîðîãî êëàññà äîïóñòèìûõ óïðàâëåíèé
K ⊂ AC[T1, T2] . ßñíî, ÷òî x = x(t, x, u) ∈ AC[T1, T2] è íà ïðîìåæóòêå [T1, T2] óäî-âëåòâîðÿåò íîâîìó äè��åðåíöèàëüíîìó âêëþ÷åíèþ

dx

dt
∈ F1(t, x, u). Çàäà÷à ñîñòîèò â òîì, ÷òîáû ïîñòðîèòü ïðàâóþ ÷àñòü ýòîãî âêëþ÷åíèÿ. À èìåííî,ïîñòðîèòü êâàçèìîíîòîííûå �óíêöèè λ = λ1(t, x, u) è µ = µ1(t, x, u) òàêèå, ÷òî

µ1(t, x, u) ≤
dx

dt
≤ λ1(t, x, u)ïðè âñåõ t ∈ [T1, T2] è äîïóñòèìûõ óïðàâëåíèÿõ u ∈ K.�åøàòü òàêóþ çàäà÷ó ïðÿìûìè âû÷èñëåíèÿìè áåç ïðèâëå÷åíèÿ ÷èñëåííûõ ìåòîäîâ èñîçäàíèÿ ïðîãðàììíîãî îáåñïå÷åíèÿ, ïî êðàéíåé ìåðå, íåðàöèîíàëüíî. Ïîýòîìó ìû ïðåä-ëàãàåì äëÿ ðåøåíèÿ ïîñòàâëåííûõ çàäà÷ (õîòÿ áû â íåêîòîðûõ ÷àñòíûõ ñëó÷àÿõ) èñïîëüçî-âàòü ñïåöèàëèçèðîâàííîå ïðîãðàììíîå îáåñïå÷åíèå "Cone". Öåëü ïàêåòà "Cone ïîñòðîèòüãðàíèöû êîíóñà âîçìîæíûõ ðåøåíèé ïðè ðàçëè÷íûõ óïðàâëåíèÿõ ñ çàäàííûì �óíêöèî-íàëîì êà÷åñòâà è áåç íåãî.

� è ñ ó í î ê 1.1�ëàâíîå îêíî ïðèëîæåíèÿ, îæèäàþùåå èìïîðòà äàííûõÏðîãðàììíûé ïàêåò ¾Cone¿ ñîñòîèò èç íåñêîëüêèõ íåçàâèñèìûõ áëîêîâ. Îêíî ïðèëî-æåíèÿ ïîñëå åãî çàïóñêà âûãëÿäèò òàê, êàê ïîêàçàíî íà ðèñóíêå 1.1:Æóðíàë ÑÂÌÎ. 2009. Ò. 11, � 2



86 Î. Å. Êàëåäèí, Ë. À. ÑóõàðåâÂ áëîêå ââîäà äàííûõ ïðîèñõîäèò èìïîðò äàííûõ â ñèñòåìó è ïðîâåðêà íà êîððåêò-íîñòü. Ïîñëå ïåðåäà÷è äàííûõ ïðèëîæåíèþ, ïîñëåäóþùåé ïðîâåðêè èõ íà êîððåêòíîñòü,ïðîèñõîäèò, ñîáñòâåííî, îáðàáîòêà äàííûõ - ïîñòðîåíèå ðàçäåëåííûõ ðàçíîñòåé, ïîèñêìàêñèìóìîâ è ìèíèìóìîâ ðàçäåëåííûõ ðàçíîñòåé. Ïî îêîí÷àíèè ýòàïà ïîñòðîåíèÿ ìèíè-ìóìîâ è ìàêñèìóìîâ ðàçäåëåííûõ ðàçíîñòåé, ìåíþ ïðîãðàììû ïðåäóñìàòðèâàåò âûáîðìåòîäà ïîñòðîåíèÿ êîíóñà âîçìîæíûõ òðàåêòîðèé. Áëîê ¾Ïîñòðîåíèå êîíóñà âîçìîæíûõðåøåíèé íà íåóïðàâëÿåìîì ó÷àñòêå¿ ìîæíî ðåàëèçîâàí äâóìÿ ìåòîäàìè.
• Åñëè �óíêöèè ïðàâûõ ÷àñòåé äëÿ óðàâíåíèé ñðàâíåíèÿ µ è λ èùóòñÿ â âèäå ìàê-ñèìóìîâ è ìèíèìóìîâ ïðîèçâîäíûõ íà ñîîòâåòñòâóþùèõ ðàçáèåíèÿõ ñåòêè. Â ýòîìñëó÷àå ðåøåíèÿ óðàâíåíèé ñðàâíåíèÿ - ëîìàíûå, ñîñòàâëåííûå èç ïðÿìûõ

y = kx+ C.

• Åñëè �óíêöèè µ è λ - àïïðîêñèìèðóþòñÿ äðóãèì ñïîñîáîì. Â ýòîì ñëó÷àå äëÿ ïî-ñòðîåíèÿ êîíóñà âîçìîæíûõ òðàåêòîðèé íåîáõîäèìî ñíà÷àëà ðåøåíèå ñîîòâåòñòâóþ-ùèõ óðàâíåíèé ñðàâíåíèÿ.Âûáðàâ ñîîòâåòñòâóþùèé ïóíêò ìåíþ, ìû ìîæåì, íàïðèìåð, ìåòîäîì ¾ëîìàíûõ¿ ïîñòðî-èòü êîíóñ âîçìîæíûõ ðåøåíèé íà íåóïðàâëÿåìîì ó÷àñòêå. �åçóëüòàò ïîñòðîåíèé îòîáðà-æàåòñÿ ãðà�è÷åñêè (ñì. ðèñ. 1.2). Äîïóñêàåòñÿ âûâîä ðåçóëüòàòà â îòäåëüíûé ãðà�è÷åñêèé�àéë.

� è ñ ó í î ê 1.2Êîíóñ âîçìîæíûõ òðàåêòîðèéÇàäàâ â íàñòðîéêàõ íóæíûé �óíêöèîíàë êà÷åñòâà è íà÷àëüíûå äàííûå, ìîæíî ïîñòðî-èòü ïðîãíîç ðàçâèòèÿ ïðîöåññà è îòîáðàçèòü åãî â ãðà�è÷åñêîì âèäå. Ýòî óæå óïðàâëÿå-ìûé ó÷àñòîê [T1, T2]. Íà íåì ïîëó÷åííûé ïðîãíîç îòîáðàæàåòñÿ â âèäå îòäåëüíîãî îêíàïðèëîæåíèÿ â ãðà�è÷åñêîì âèäå è â âèäå áàçû äàííûõ. Âîçìîæåí âûâîä ïðîãíîçà â îò-äåëüíûé �àéë. Ôóíêöèîíàë êà÷åñòâà íàêëàäûâàåò ñåðüåçíûå îãðàíè÷åíèÿ íà ÷èñëåííûåìåòîäû ðåøåíèÿ. Ìû çäåñü ïðåäëàãàåì èñïîëüçîâàòü ñòàíäàðòíûé ïîäõîä: �óíêöèîíàëêà÷åñòâà çàìåíÿåòñÿ íà ñåòêå èíòåãðàëüíîé ñóììîé. Â ýòîì ñëó÷àå âîçíèêàåò íåîáõîäè-ìîñòü ðåøàòü ñèñòåìó, âîîáùå ãîâîðÿ, íåëèíåéíûõ àëãåáðàè÷åñêèõ óðàâíåíèé. Â äàëüíåé-øåì ïðåäïîëàãàåòñÿ ÷èñëåííî ðåàëèçîâàòü Ìåòîä íàõîæäåíèÿ îïòèìàëüíûõ óïðàâëåíèÿñ ïîìîùüþ ïðèíöèïà ìàêñèìóìà Ïîíòðÿãèíà.Æóðíàë ÑÂÌÎ. 2009. Ò. 11, � 2



Ïðîãðàììíûé ïàêåò Cone. Ñòðóêòóðà è ðåàëèçàöèÿ 87

� è ñ ó í î ê 1.3Êîíóñ âîçìîæíûõ òðàåêòîðèéÁëîê ñõåìà ðàáîòû ïðèëîæåíèÿ ïðåäñòàâëåíà íà ðèñóíêå

� è ñ ó í î ê 1.4Áëîê-ñõåìà ðàáîòû ïðèëîæåíèÿÏðèëîæåíèå äëÿ ïðîãíîçèðîâàíèÿ Cone ðàçðàáàòûâàëîñü â ñðåäå Visual Studio 2008 ïîäïëàò�îðìó .net framework. Äëÿ êîððåêòíîé åãî ðàáîòû íåîáõîäèìî íàëè÷èå óñòàíîâëåííîéíà êîìïüþòåðå áèáëèîòåêè .net framework 2.0 è âûøå. Æóðíàë ÑÂÌÎ. 2009. Ò. 11, � 2



88 Ñïèñîê ëèòåðàòóðû1. Âîñêðåñåíñêèé Å. Â. Àíàëèç áàç äàííûõ è ïðîãðàììíûõ äâèæåíèé// Òðóäû ÑÂÌÎ,2008. � Ò. 10, � 1. � C. 8�13.2. Áàõâàëîâ Í. Ñ. ×èñëåííûå ìåòîäû/ Í. Ñ. Áàõâàëîâ, Í. Ï. Æèäêîâ, �. Ì. Êîáåëü-êîâ � Ì.: Áèíîì.Ëàáîðàòîðèÿ çíàíèé, 2008. � 636 
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90 Ë. Þ. Êàòàåâà, È. Å. ÁåëîöåðêîâêàÿÓÄÊ 539.3Èññëåäîâàíèÿ ìàòåìàòè÷åñêèõ ìîäåëåéðàñïðîñòðàíåíèÿ ïîæàðà äëÿ îïðåäåëåíèÿ çàâèñèìîñòèñêîðîñòè ðàñïðîñòðàíåíèè îò óãëà íàêëîíà
© Ë. Þ. Êàòàåâà1, È. Å. Áåëîöåðêîâêàÿ2Àííîòàöèÿ. Â ðàáîòå ðàññìàòðèâàåòñÿ âëèÿíèå óãëà íàêëîíà íà ñêîðîñòü ðàñïðîñòðàíåíèÿïîæàðà. Çà îñíîâó áûëè âûáðàíû ìîäåëü �ðèøèíà [3℄. �åçóëüòàòû ðàñ÷åòîâ ñðàâíèâàëèñü ñèçâåñòíûìè ðåçóëüòàòàìè, ïîëó÷åííûìè íà îñíîâå ìîäåëåé Äîððåðà [1℄, �îòåðìåëà [2℄, à òàê-æå ñ èçâåñòíûìè ýêñïåðèìåíòàëüíûìè äàííûìè ïî ìîäåëèðîâàíèþ ïîæàðîâ íà íàêëîíåííûõïîâåðõíîñòÿõ. Â ðåçóëüòàòå ïîëó÷åíà çàâèñèìîñòü ñêîðîñòè ðàñïðîñòðàíåíèÿ ïîæàðà îò óãëàíàêëîíà ïîäñòèëàþùåé ïîâåðõíîñòè.Êëþ÷åâûå ñëîâà: ëåñíûå ïîæàðû, ìàòåìàòè÷åñêîå ìîäëèðîâàíèå ëåñíûõ ïîæàðîâ.1. ÂâåäåíèåÖåëüþ äàííîé ðàáîòû ÿâëÿåòñÿ ñðàâíåíèÿ ìîäåëè Äîððåðà, �îòåðìåëà è �ðèøèíàäëÿ îïðåäåëåíèÿ çàâèñèìîñòè ñêîðîñòè ðàñïðîñòðàíåíèè îò óãëà íàêëîíà. Äàííàÿ ñòàòüÿïîäãîòîâëåíà ñ èñïîëüçîâàíèåì çàðóáåæíûõ è îòå÷åñòâåííûõ ïóáëèêàöèé, îïèñûâàþùèõìîäåëè ðàñïðîñòðàíåíèÿ ïîæàðà [1℄, [2℄, [3℄. �àññìàòðèâàåìàÿ òåìàòèêà àêòóàëüíà â ñè-ëó òîãî, ÷òî ó÷åò óãëà íàêëîíà ïîäñòèëàþùåé ïîâåðõíîñòè âíîñèò ñóùåñòâåííûé âêëàä âðàñïðîñòðàíåíèÿ îãíÿ. Íà íàñòîÿùèé ìîìåíò íå ñóùåñòâóåò åäèíîé ñèñòåìû êëàññè�èêà-öèè ìîäåëåé ðàñïðîñòðàíåíèÿ ïîæàðîâ. Ñîãëàñíî Âåáåðó [4℄, âñå ìàòåìàòè÷åñêèå ìîäåëèëåñíûõ ïîæàðîâ ìîãóò áûòü êëàññè�èöèðîâàíû ñëåäóþùèì îáðàçîì: ýìïèðè÷åñêèå (èëèñòàòèñòè÷åñêèå), ïîëóýìïèðè÷åñêèå (èëè ïîëó�èçè÷åñêèå ìîäåëè), �èçè÷åñêèå (èëè àíà-ëèòè÷åñêèå). Ñðåäè îñíîâíûõ ìàòåìàòè÷åñêèõ ìîäåëåé ïðîãíîçèðóþùèõ ðàñïðîñòðàíåíèåïîæàðîâ ñëåäóåò âûäåëèòü: ìîäåëü Äîððåðà, �îòåðìåëà è ìîäåëü �ðèøèíà. Ñëåäóåò ñêà-çàòü, ÷òî ýìïèðè÷åñêèå ìîäåëè íå äåëàþò íèêàêèõ ïîïûòîê ó÷åñòü �èçè÷åñêèå ìåõàíèçìûè, ïî ñóòè, ÿâëÿþòñÿ ñòàòèñòè÷åñêèìè îïèñàíèÿìè ðåàëüíûõ èëè òåñòîâûõ ïîæàðîâ. Îíèíå èñïîëüçóþò íèêàêîãî �èçè÷åñêîãî ìîäåëèðîâàíèÿ äëÿ îïèñàíèÿ òåïëîïåðåíîñà èç çîíûãîðåíèÿ â åùå íåòðîíóòûé îãíåì ó÷àñòîê. Ýìïèðè÷åñêèå �îðìóëû áûëè âûâåäåíû èç àíà-ëèçà íàêîïëåííûõ äàííûõ î ïîæàðàõ è ïîãîäíûõ óñëîâèÿõ. Íà áàçå èõ áûëè ïîñòðîåíû,íàïðèìåð, êàíàäñêàÿ è àâñòðàëèéñêàÿ ñèñòåìû [5℄.2. Ìîäåëü �îòåðìåëàÍàèáîëåå âàæíàÿ ïîëóýìïèðè÷åñêàÿ ìîäåëü áûëà ñîçäàíà �îòåðìåëîì [2℄, êîòîðàÿ ïî-ëîæåíà â îñíîâó ìíîãèõ ñèñòåì ïðîãíîçà â ÑØÀ è â äðóãèõ ñòðàíàõ. Ìîäåëü áûëà ðàçðà-áîòàíà äëÿ ïðåäñêàçàíèÿ ñêîðîñòè ðàñïðîñòðàíåíèÿ îãíÿ âî �ðîíòå ïîæàðà â çàâèñèìîñòèîò ëåñíîãî ãîðþ÷åãî ìàòåðèàëà (Ë�Ì), ïîãîäû è îñîáåííîñòåé ðåëüå�à. Â ìàòåìàòè÷åñêîéìîäåëè ãîðåíèÿ, ðàçðàáîòàííîé �îòåðìåëîì â 1972 ãîäó, ïðèâîäèòñÿ �îðìóëà äëÿ îïðå-äåëåíèÿ ñêîðîñòè, ñ êîòîðîé îãîíü áóäåò ðàñïðîñòðàíÿòüñÿ ïî îäíîðîäíîìó òîïëèâíîìó1Äîöåíò êà�åäðû ïðèêëàäíîé ìàòåìàòèêè, Íèæåãîðîäñêèé ãîñóäàðñòâåííûé òåõíè÷åñêèé óíèâåðñèòåòèì. �.Å.Àëåêñååâà, ã. Íèæíèé Íîâãîðîä; miran_kaspir�mail.ru.2Àññèñòåíò êà�åäðû ïðèêëàäíîé ìàòåìàòèêè, Íèæåãîðîäñêèé ãîñóäàðñòâåííûé òåõíè÷åñêèé óíèâåð-ñèòåò èì. �.Å.Àëåêñååâà, ã. Íèæíèé Íîâãîðîä; miran_kaspir�mail.ru.Æóðíàë ÑÂÌÎ. 2009. Ò. 11, � 2



Èññëåäîâàíèÿ ìàòåìàòè÷åñêèõ ìîäåëåé ðàñïðîñòðàíåíèÿ ïîæàðà äëÿ . . . 91ìàññèâó.
R =

Irξ(1 + ϕw + ϕs)

ρbQigε
(2.1)ãäå R - ýòî ñêîðîñòü ðàñïðîñòðàíåíèÿ îãíÿ, èçìåðÿåòñÿ â �óòàõ â ìèíóòó; Ir - ýòî èíòåí-ñèâíîñòü ðåàêöèè, âåëè÷èíà ýíåðãèè, âûñâîáîæäàåìàÿ åäèíèöåé ïëîùàäè �ðîíòà îãíÿ,èçìåðÿåòñÿ áåò/�óò 2 /ìèíóòû; ξ - ýòî êîý��èöèåíò ðàñïðîñòðàíåíèÿ òåïëîâîãî ïîòîêà(îòíîøåíèå èíòåíñèâíîñòè ðåàêöèè íàãðåâàþùåé ñìåæíûå ÷àñòèöû òîïëèâà äî âîçãîðà-íèÿ); ϕw - áåçðàçìåðíûé êîý��èöèåíò, êîòîðûé áåðåò â ðàñ÷åò âëèÿíèå âåòðà íà óâå-ëè÷åíèå; ϕs - áåçðàçìåðíûé êîý��èöèåíò, êîòîðûé áåðåò â ðàñ÷åò âëèÿíèå íàêëîíà íàóâåëè÷åíèå; ρb - ýòî âåëè÷èíà ñðåäíåãî êîëè÷åñòâà òîïëèâà íà êóáè÷åñêèé �óò òîïëèâíîéïîâåðõíîñòè (�óíòû/�óò 3 ); ε - ýòî çíà÷åíèå ïðîïîðöèè òîïëèâíûõ ÷àñòèö íàãðåòûõ äîòåìïåðàòóðû âîçãîðàíèÿ â ìîìåíò íà÷àëà îòêðûòîãî ãîðåíèÿ; Qig - ýòî ñðåäíÿÿ âåëè-÷èíà òåïëà íåîáõîäèìàÿ äëÿ ïîäæîãà �óíòà òîïëèâà (áåò/�óíò). Â äàííîé ìîäåëè óãîëíàêëîíà ïîâåðõíîñòè îïðåäåëÿåò áåçðàçìåðíûé êîý��èöèåíò

ϕs = 5, 275β−0,3tan2ϕ(ãäå β -êîý��èöèåíò ïëîòíîñòè Ë�Ì), êîòîðûé âìåñòå ñ êîý��èöèåíòîì, îòâå÷àþùèì çàý��åêòèâíóþ ñêîðîñòü âåòðà ϕw , âõîäèò â âûðàæåíèå, îïðåäåëÿþùåå ñêîðîñòü ðàñïðî-ñòðàíåíèÿ. �àññìîòðèì ìîäåëü �îòåðìåëÿ ïðè îòñóòñòâèè âåòðà, òîãäà ñëàãàåìîå
ϕw = 0 → R =

Irξ(1 + ϕs)

ρbεQigÂõîäíûå äàííûå âîçüìåì èç ñòàòüè [6℄:
β = 0, 6

σ = (
β

3, 34
)0,8189 = 0, 245150101

ξ = (192 + 0, 259σ)−1 exp (0, 792 + 0, 681σ0,5)(β + 0, 1) = 0, 01147712

Ir
ρbεQig

=
R

ξ
= 69, 70386253Íà ãðà�èêå (5.1) âèäíî, ÷òî ñ óâåëè÷åíèåì óãëà íàêëîíà ïîäñòèëàþùåé ïîâåðõíîñòèñêîðîñòü ðàñïðîñòðàíåíèÿ ïîæàðà óâåëè÷èâàåòñÿ, ïðàêòè÷åñêè ëèíåéíî.3. Ìîäåëü ÄîððåðàÂ ðàáîòå [1℄ ìàòåìàòè÷åñêàÿ ìîäåëü ðàñïðîñòðàíåíèÿ ëåñíîãî ïîæàðà, â îïðåäåëåííîéìåðå ó÷èòûâàåò âçàèìîäåéñòâèå ïðîöåññîâ ãîðåíèÿ íàïî÷âåííîãî ïîêðîâà è ÿðóñîâ ðàñòè-òåëüíîñòè. �àñïðîñòðàíåíèå ïðîöåññà ãîðåíèÿ ïî òðåõìåðíîìó ñëîþ Ë�Ì ðàññìàòðèâàåòñÿâ íåïîäâèæíîé ñèñòåìå êîîðäèíàò x, y, z . Çà�èêñèðóåì íåïîäâèæíóþ òî÷êó C = (x, y, z)è âûäåëèì â åå îêðåñòíîñòè ýëåìåíòàðíûé îáúåì ∆V . Ë�Ì â îêðåñòíîñòÿõ òî÷êè C âíåêîòîðûé ìîìåíò âðåìåíè ìîæåò íàõîäèòüñÿ â îäíîì èç òðåõ ñîñòîÿíèé, îïèñûâàåìûõ�óíêöèåé s(x, y, z, t) :

s(x, y, z, t) =





0, åñëè â òî÷êå Câ ìîìåíò âðåìåíè tèìååòñÿ íåíóëåâîéçàïàñ ãîðþ÷åãî w(x, y, z, t) > 0, íî ãîðåíèÿ íå ïðîèñõîäèò;
1, åñëè w(x, y, z, t) > 0 è ãîðåíèå ïðîèñõäèò
2, w(x, y, z, t) = 0, ò.å. ãîðíèå íå âîçìîæíî,Æóðíàë ÑÂÌÎ. 2009. Ò. 11, � 2



92 Ë. Þ. Êàòàåâà, È. Å. Áåëîöåðêîâêàÿãäå w(x, y, z, t) > 0 - íåíóëåâîé çàïàñ Ë�Ì. Îáëàñòè, ñîîòâåòñòâóþùèå s = 0, s = 1, s = 2Äîðððåð îáîçíà÷àåò ñîîòâåòñòâåííî Ω0(t),Ω1(t),Ω2(t) . Â ìîäåëè Äîððåðà [1℄ ó÷èòûâàåòñÿóðàâíåíèÿ òåïëîâîãî áàëàíñà â òâåðäîé �àçå ãîðþ÷åãî, â êàæäîé òî÷êå ñëîÿ Ë�Ì.
∂H(x, y, z, t)

∂t
= ϕe(x, y, z, t) − k(x, y, z)[H(x, y, z, t) −H0(x, y, z)]+ (3.1)

+

∫ ∫ ∫

Ω(t)

ϕ(x1, y1, z1, t)ξν(x− x1, y − y1, z − z1)dx1dy1dz1�äå H(x, y, z, t) - ýíòàëüïèÿ òâåðäîé �àçû Ë�Ì ñ ó÷åòîì íàãðåâàíèÿ è èñïàðåíèÿ âëàãè(Äæ/ì 3 ); ϕ(x, y, z, t) - ýíåðãèÿ, îáðàçóþùàÿñÿ ïðè ãîðåíèè ñëîÿ (Âò/ì −3 ); ϕe(x, y, z, t) -ýíåðãèÿ, ïîñòóïàþùàÿ îò âíåøíèõ èñòî÷íèêîâ (Âò/ì −3 ); ξν(x− x1, y − y1, z − z1) - �óíê-öèÿ �ðèíà, îïèñûâàþùàÿ âëèÿíèå òåïëîâîãî ý��åêòà ðåàêöèè ãîðåíèÿ, ïðîèñõîäÿùåé âîêðåñòíîñòè òî÷êè C1 = (x1, y1, z1) ∈ Ω1 , íà ñêîðîñòü ïîãëîùåíèÿ òåïëà Ë�Ì â îêðåñò-íîñòè òî÷êè C(x, y, z) ∈ Ω0 (ì −3 ); k(x, y, z) - êîý��èöèåíò òåïëîïîòåðü (ñ −1 ).
H(x, y, z) = H0(x, y, z), (x, y, z) ∈ Ω0ãäå H0(x, y, z) - íà÷àëüíîå çíà÷åíèå ýíòàëüïèè.

fα

x

y

z

0 ),,( 1111 zyxC =
dS

fh

1x

C
ϖ

ϕ
bϕ

1y

1z

C
1

1

� è ñ ó í î ê 3.1Ñõåìàòè÷åñêîå ïðåäñòàâëåíèå ëîêàëüíîãî ïëàìåíèÄîððåð ñ÷èòàåò, ÷òî ëîêàëüíîå ïëàìÿ, âîçíèêøåå â îêðåñòíîñòè òî÷êè C1 =
(x1, y1, z1) ∈ Ω1 , ïðåäñòàâëÿåò ñîáîé êîíóñ (3.1). Êîíóñ èìååò âûñîòó hf è îòêëîíåí îòâåðòèêàëüíîé îñè z íà óãîë αf , òîãäà �óíêöèÿ âëèÿíèÿ ïëàìåíè:

ξ(x− x1, y − y1, z − z1) = ξ(ρ, ϕ, z − z1) =

=
a0η(z − z1)

cosαf
exp

−
ρ(ϕ,z−z1)cos2αf

p0(1+sin2αf )(1−sinαf cos(ϕ−ϕb)) ; (3.2)
(x, y, z) ∈ Ω0, (x1, y1, z1) ∈ Ω1, 0 ≤ z, z1 ≤ δÇäåñü (ϕ, ρ, z) - öèëèíäðè÷åñêàÿ ñèñòåìà êîîðäèíàò ñ îñüþ z , ïðîõîäÿùåé ÷åðåç òî÷êó

C1
1 , ëåæàùóþ íà îñè ëîêàëüíîãî ïëàìåíè; δ - òîëùèíà ñëîÿ ãîðþ÷åãî; ϕ - óãîë ìåæäóîñüþ ox è âåêòîðîì âåòðà C1

1C ; ϕb - óãîë ìåæäó C1
1C è âåêòîðîì ω ; p0 -õàðàêòåðíàÿäëèíà çàòóõàíèÿ ( p0 ìîæåò áûòü îöåíåíà âåëè÷èíîé 0,05 - 2 ì) ïðè αf = 0. Âåëè÷èíû

hf è îïðåäåëÿþòñÿ âçàèìîäåéñòâèåì î÷àãà ïîæàðà ñ àòìîñ�åðîé, çàâèñèìîñòü η(z − z1), îïðåäåëÿþùàÿ çàêîí îñëàáëåíèÿ òåïëîâîãî ïîòîêà ïî âåðòèêàëè. Ïàðàìåòð a0 (ì −3 )îïðåäåëÿåò äîëþ âûäåëÿþùåãîñÿ òåïëà, êîòîðîå èäåò íà ðàñïðîñòðàíåíèå ãîðåíèÿ [6℄.Æóðíàë ÑÂÌÎ. 2009. Ò. 11, � 2



Èññëåäîâàíèÿ ìàòåìàòè÷åñêèõ ìîäåëåé ðàñïðîñòðàíåíèÿ ïîæàðà äëÿ . . . 93�àñïðîñòðàíåíèå ãîðåíèÿ ïî òîíêîìó îäíîðîäíîìó ñëîþ.Ýòîò ÷àñòíûé ñëó÷àé ìîæåò ðàññìàòðèâàòüñÿ êàê ìîäåëü íèçîâîãî ëåñíîãî ïîæàðà. Äëÿîäíîðîäíîãî ñëîÿ ââåäåì ñëåäóþùèå îáîçíà÷åíèÿ:
Φ(x, y, t) = Φ

Φe(x, y, t) = 0

k(x, y) = kïðè(x, y) ∈ D1(t)

ϕb = 0.Ó÷èòûâàÿ, ÷òî δ ≺ p0 ïîëó÷èì óðàâíåíèå íàãðåâà ãîðþ÷åãî:
∂H(x, y, t)

∂t
= a0Φeδ(1 +

δ

3hf
)

∫ ∫

D1(t)

exp
−

ρcos2αf

p0(1+sin2αf )(1−sinαf cosϕ) ρdρdϕ− (3.3)
−k[H(x, y, t) −H0(x, y)]

H(x, y, t) = H0(x, y)(x, y) ∈ D0(t)Òàê êàê îáëàñòü D1(t) ïðîèçâîëüíàÿ, òî èíòåãðàë ìîæåò áûòü îïðåäåëåí ÷èñëåíî. Äëÿîöåíêè âçàèìîäåéñòâèÿ Ë�Ì â îêðåñòíîñòè òî÷êè C ñ îáëàñòüþ D1 äîñòàòî÷íî óìåòüðàññ÷èòûâàòü èíòåãðàëû (3.4) äëÿ ýëåìåíòàðíûõ ó÷àñòêîâ ãðàíèöû ñðàâíèòåëüíî ïðîñòîéêîí�èãóðàöèè.
x

y

ρ

ϕ

p

1D∂

� è ñ ó í î ê 3.2Ñõåìà ãðàíèöû ïîæàðà.Ôóíêöèÿ ó÷èòûâàþùàÿ âëèÿíèå ãåîìåòðèè ó÷àñòêà �ðîíòà íà òåïëîïåðåäà÷ó â îêðåñò-íîñòü òî÷êè C ∈ D0 (3.2)
p

ρ
= cosϕ→ ρ =

p

cosϕ

Θ(αf , p) =
1

π

∫ π
2

−π
2

∫ ∞

p
cosϕ

exp
−

ρcos2αf

(1+sin2αf )(1−sinαf cosϕ) ρdρdϕ (3.4)Åñëè â ìîìåíò âðåìåíè t∗ = p0
v

ýíòàëüïèÿ â òî÷êå äîñòèãàåò êðèòè÷åñêîãî çíà÷åíèÿ
H(x, y, t∗) = H∗(x, y) è ïðîèñõîäèò âîñïëàìåíåíèå Ë�Ì, òîãäà èç óðàâíåíèÿ (3.3) ñ ó÷åòîì(3.4) ïåðåïèøåòñÿ:

H ∗ (x, y) −H0(x, y)

πa0p2
0δΦ(1 + δ

3hf
)

=

∫ p0
v

0

exp−k(
p0
v

)−τ [Θ(αf ,
p0 − vτ

ρ0
) − Θ(αf ,

p0 − vτ + v
Γ

ρ0
)]dτ (3.5)Æóðíàë ÑÂÌÎ. 2009. Ò. 11, � 2



94 Ë. Þ. Êàòàåâà, È. Å. Áåëîöåðêîâêàÿ
(x, y) ∈ D0Âûðàæåíèå (3.5) äàåò ñâÿçü ìåæäó ïàðàìåòðàìè ìîäåëè ïðè óñòàíîâèâøåìñÿ äâèæåíèè�ðîíòà. Â ÷àñòíîñòè, åñëè èçâåñòíû âñå ïàðàìåòðû êðîìå , òî åãî ìîæíî ðàññìàòðèâàòüêàê èíòåãðàëüíîå óðàâíåíèå îòíîñèòåëüíî . �ðà�èê çàâèñèìîñòè ñêîðîñòè ðàñïðîñòðàíå-íèÿ îò óãëà íàêëîíà 0 ≤ ϕ ≤ 25 (5.1)Äàííàÿ ìîäåëü ïîçâîëÿåò ïðîâîäèòü êîëè÷åñòâåííûé è êà÷åñòâåííûé àíàëèç ðàçëè÷-íûõ ðåæèìîâ ðàñïðîñòðàíåíèÿ �ðîíòîâ ïîæàðà: ïåðåõîä �ðîíòà ÷åðåç ðàçðûâ â ñëîåË�Ì, �îðìèðîâàíèÿ àâòîìîäåëüíîãî �ðîíòà, âçàèìîäåéñòâèÿ ïðîöåññîâ ãîðåíèÿ äâóõ ïà-ðàëëåëüíûõ ñëîåâ Ë�Ì.4. Ìîäåëü �ðèøèíà�àññìîòðèì çàäà÷ó î ðàñïðîñòðàíåíèè îäíîìåðíîãî íèçîâîãî ïîæàðà. Ôèçè÷åñêè çà-äà÷à ñòàâèòñÿ ñëåäóþùèì îáðàçîì: èçâåñòíû ñêîðîñòü âåòðà è òåìïåðàòóðà îêðóæàþùåéñðåäû, ãåîìåòðè÷åñêèå, ñòðóêòóðíûå è ðåàêöèîííûå ñâîéñòâà ïîëîãà ëåñà, òåìïåðàòóðà èðàçìåðû î÷àãà âîñïëàìåíåíèÿ, òðåáóåòñÿ îïðåäåëèòü çàâèñèìîñòü ñêîðîñòü ðàñïðîñòðàíå-íèÿ ëåñíîãî ïîæàðà îò óãëà íàêëîíà. Äëÿ ïðîñòîòû àíàëèçà ñäåëàåì ñëåäóþùèå äîïóùå-íèÿ: 1. Ñðåäà ÿâëÿåòñÿ ñåðîé è ïÿòè�àçíîé, âêëþ÷àþùåé â ñåáÿ ñóõîå îðãàíè÷åñêîå âå-ùåñòâî, âîäó â æèäêî-êàïåëüíîì ñîñòîÿíèè, êîêñèê, çîëó è ãàçîâóþ �àçó. 2. �àçîâàÿ �àçàñîñòîèò èç êèñëîðîäà, ãîðþ÷èõ êîìïîíåíòîâ ïðîäóêòîâ ïèðîëèçà, èíåðòíûõ êîìïîíåíòîââîçäóõà, à òàêæå âîäÿíîãî ïàðà è èíåðòíûõ ïðîäóêòîâ ãîðåíèÿ. 3. �ðàäèåíò òåìïåðàòóðûïîïåðåê ïîëîãà ëåñà ìàë ïî ñðàâíåíèþ ñ ãðàäèåíòîì òåìïåðàòóðû â ïðîäîëüíîì íàïðàâ-ëåíèè. Èñïîëüçóÿ ìàòåìàòè÷åñêóþ �îðìóëèðîâêó ìîäåëè �ðèøèíà, ïîâåðíåì îñü ox íàóãîë α.

cosα =
x

x1
→ x = x1cosα

∂

∂x
=

∂

∂(x1cosα)
=

1

cosα

∂

∂x1Ïðåäïîëîæèì, ÷òî âåñü �ðîíò äâèæåòñÿ ñ îäíîé è òîé æå ñêîðîñòüþ, - ýòî ñêîðîñòü ðàñ-ïðîñòðàíåíèÿ ïîæàðà. ξ = x1 − ωt - äåêàðòîâà êîîðäèíàòà â ïîäâèæíîé ñèñòåìå îòñ÷åòà,ñâÿçàííîé ñ ïîëîæåíèåì ìàêñèìàëüíîãî ïðî�èëÿ òåìïåðàòóðû.
d

dξ
= − 1

ω

d

dt
(4.1)Îáîçíà÷èì u1

∞ = u∞
cosα

; D1
T = DT

cos2α
; λ1

T = λT

cos2α
.Óðàâíåíèå ïèðîëèçà:

ρ1ω
dϕ1

dξ
= R1;R1 = k01ρ1ϕ1 exp−

E1
RT ; (4.2)Óðàâíåíèå èñïàðåíèÿ:

ρ2ω
dϕ2

dξ
= R2;R2 = k02ρ2ϕ2 exp−

E2
RT ; (4.3)Óðàâíåíèå ãîðåíèÿ òâåðäîãî âåùåñòâà:

ρ3ω
dϕ3

dξ
= −αcR1 +

Mc

M1
R3;R3 = k03sσρ5c1ϕ3 exp−

E3
RT ; (4.4)Æóðíàë ÑÂÌÎ. 2009. Ò. 11, � 2
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dϕ4

dξ
= 0; (4.5)Óðàâíåíèå äè��óçèé:

d

dξ
(ρ5D

1
T

dcα
dξ

) − ρ5(u
1 − ω)

dcα
dξ

+R5α − cαQ =
α

cpα
(cα − cα∞), α = 1, 2, 3 (4.6)

R51 = −R3 −
M1

2M2
R5;R52 = (1 − αc)vΓR1 − R5;R53 = 0;

R5 = M2k05(
c1M

M1
)0,25(

c2M

M2
)T−2,25 exp−

E3
RTÓðàâíåíèå çàêîíà ñîõðàíåíèå ýíåðãèè:

d

dξ
(λ1

T

dT

Dξ
) − [ρ5(u

1 − ω)cp5 − ω

4∑

i=1

ρiϕicpi]
dT

dξ
− α

h
(T − T∞) + q3R3 − q2R2 + q5R5 = 0 (4.7)

u1 = u1
∞

ρ5 =
ρ∞T∞M

−1
∞

T
∑4

i=1
cα
Mα

;

4∑

i=1

cα = 1;Q = (1 − αc)R1 +R2 +
Mc

M1
R3 (4.8)

u = u∞Ê ñèñòåìå (4.2)-(4.8) ãðàíè÷íûå óñëîâèÿ:
dcα
dξ

= 0,
dT

dξ
= 0; (4.9)

ξ = −∞;T = T∞, cα = cα∞, ϕi = ϕi; (4.10)
ξ = +∞;T = T∞, cα = cα∞, ϕi = ϕi; (4.11)Çäåñü t - âðåìÿ, x - äåêàðòîâà êîîðäèíàòà â ñèñòåìå êîîðäèíàò, ñâÿçàííîé ñ ñåðåäèíîéïåðâîíà÷àëüíîãî î÷àãà ïîæàðà (îñü x íàïðàâëåíà â ñòîðîíó íåâîçìóùåííîé ñêîðîñòè âåò-ðà, ïàðàëëåëüíîé ãîðèçîíòàëüíîé ïîäñòèëàþùåé ïîâåðõíîñòè); u - êîìïîíåíòà ñêîðîñòèâ âûáðàííîé ñèñòåìå êîîðäèíàò; ϕi, cα - îáúåìíûå äîëè �àç è ìàññîâûå êîíöåíòðàöèèêîìïîíåíòîâ ñîîòâåòñòâåííî (ãàçîâîé �àçû α = 1 ñîîòâåòñòâóåò O2 , α = 2 - ãîðþ÷èìêîìïîíåíòàì ïðîäóêòîâ ïèðîëèçà, α = 3 - èíåðòíûì êîìïîíåíòàì âîçäóõà, α = 4 -âîäÿíîìó ïàðó è èíåðòíûì ïðîäóêòàì ðåàêöèé îêèñëåíèÿ, ïèðîëèçà è ãîðåíèÿ êîêñà);

Q - ìàññîâàÿ ñêîðîñòü îáðàçîâàíèÿ ãàçîâîé �àçû;R5α - ìàññîâûå ñêîðîñòè îáðàçîâàíèÿêîìïîíåíòîâ ãàçîâîé �àçû; R1, R2, R3, R5 - ìàññîâûå ñêîðîñòè ðåàêöèè ïèðîëèçà ñóõîãîîðãàíè÷åñêîãî âåùåñòâà Ë�Ì, èñïàðåíèÿ âîäû èç Ë�Ì, ãîðåíèÿ êîêñîâîãî îñòàòêà è ãàçî-îáðàçíûõ ãîðþ÷èõ ïðîäóêòîâ ïèðîëèçà ñîîòâåòñòâåííî; ρi - èñòèííàÿ ïëîòíîñòü i- �àçû;
Mα,Mc,M - ìîëåêóëÿðíûå ìàññû êîìïîíåíòîâ ãàçîâîé �àçû, óãëåðîäà è âñåé ñìåñè ãà-çîâ ñîîòâåòñòâåííî; λT , DT - êîý��èöèåíòû òóðáóëåíòíîé òåïëîïðîâîäíîñòè è äè��óçèèñîîòâåòñòâåííî; T - òåìïåðàòóðà ãàçîâîé �àçû; α - êîý��èöèåíò âíóòðåííåãî òåïëîîá-ìåíà; R - óíèâåðñàëüíàÿ ãàçîâàÿ ïîñòîÿííàÿ; q2, q3 è q5 - òåïëîâûå ý��åêòû ïðîöåññîâèñïàðåíèÿ, ãîðåíèÿ êîíäåíñèðîâàííîãî ãîðþ÷åãî è ãàçîîáðàçíîãî ãîðþ÷åãî ïðîäóêòà ïè-ðîëèçà ñîîòâåòñòâåííî; k01, k02, k03, E1, E2, E3 - ïðåäýêñïîíåíòû ðåàêöèé ïèðîëèçà, ïðîöåñ-ñîâ èñïàðåíèÿ è ãîðåíèÿ êîíäåíñèðîâàííîãî ïðîäóêòà ïèðîëèçà (êîêñèêà); sσ - óäåëüíàÿïîâåðõíîñòü êîíäåíñèðîâàííîãî ïðîäóêòà ïèðîëèçà; αc, vΓ - êîêñîâîå ÷èñëî Ë�Ì è äî-ëÿ ãîðþ÷åãî ãàçà â ãàçîîáðàçíûõ ïðîäóêòàõ ïèðîëèçà ñîîòâåòñòâåííî; h - âûñîòà ëåñà;Æóðíàë ÑÂÌÎ. 2009. Ò. 11, � 2



96 Ë. Þ. Êàòàåâà, È. Å. Áåëîöåðêîâêàÿèíäåêñû ,−∞ è +∞ îòíîñÿòñÿ ê ïàðàìåòðàì íåâîçìóùåííîãî ïîòîêà, ïàðàìåòðàì íàâåðõíåé è íèæíåé ãðàíèöàõ ïîëîãà ëåñà.Èç (4.9)-(4.11)→
dϕi
dξ

|ξ=±∞ = 0 (4.12)Äëÿ âûïîëíåíèÿ óñëîâèé (4.9)-(4.12) ïðè T∞ < T < T∗ òðåáóåòñÿ:
Ri = 0;Rα = 0;R5 = 0;α = 1, 2; i = 1, 2, 3Àíàëèòè÷åñêèì ðåøåíèåì óðàâíåíèé (4.2)-(4.8) ñ ãðàíè÷íûìè óñëîâèÿìè (4.9)-(4.11)áóäåò:

ω̄ =
q̄ +

√
(q̄)2 − 4e(Θ0 − 1)(1 + π)

2q̄(1 + π)
(4.13)Çäåñü T0 - ìàêñèìàëüíàÿ òåìïåðàòóðà âî �ðîíòå ëåñíîãî ïîæàðà; q̄ - áåçðàçìåðíûå çíà-÷åíèÿ êîý��èöèåíòîâ òåïëî è ìàññîîáìåíà:

q̄ = [−[
q3M1αc
Mc

+ q5(1 − αc)vΓ]c1ϕ1 + q2ρ2ϕ2](c5cp5T∞)−1;

π - ýòî áåçðàçìåðíàÿ îáúåìíàÿ òåïëîåìêîñòü êîìïîíåíòîâ êîíäåíñèðîâàííîé �àçû:
π =

∑4
i=1 ρiϕicpi
ρ5∞cp5

;

θ0 =
T0

T∞
, ω̄ =

ω

u∞
; e =

αλ1
T

h(c5cp5u1)2
.5. Ñðàâíåíèå äâóõ ìîäåëåé�àññìîòðèì ÷àñòíûé ñëó÷àé ìîäåëè [1℄, êîãäà αf = 0, H∗(x, y) = H∗, H0(x, y) =

H0; (x, y) ∈ D0,Φ(x, y) = Φ; (x, y) ∈ D1 , ò.å äâèæåíèå ïðÿìîëèíåéíîãî �ðîí-òà ïðîèñõîäèò ïî îäíîðîäíîìó ñëîþ Ë�Ì ïðè îòñóòñòâèè âåòðà. Òîãäà Θ(0, p) =
1
π

∫ π
2

−π
2

∫∞
p

cosϕ
exp (−ρ)ρdρdϕ â ñòàòüå [1℄ ïîñëå àïïðîêñèìàöèè

Θ(0, p) = m exp−qp, m = 1, 2146; q = 0, 9105. (5.1)Ïîñëå ïîäñòàíîâêè (5.1) â (3.5), ïîëó÷èì
H∗ −H0

πa0p2
0δΦ(1 + δ

3hf
)

=
1 − exp

−qv
Γp0

p0k + qv
(5.2)Óðàâíåíèå (5.2) èìååò òîëüêî îäíî óñòîé÷èâîå ðåøåíèå:

v =
πa0p

3
0mδΦ(1 + δ

3hf
)

q(H∗ −H0)
. (5.3)Ïåðåïèøåì �îðìóëó (2.1) â îáîçíà÷åíèÿõ ïðèíÿòûõ Äîððåðîì:

v =
ξ0δΦ

H∗ −H0
(5.4)Æóðíàë ÑÂÌÎ. 2009. Ò. 11, � 2



Èññëåäîâàíèÿ ìàòåìàòè÷åñêèõ ìîäåëåé ðàñïðîñòðàíåíèÿ ïîæàðà äëÿ . . . 97ãäå ξ0 - êîý��èöèåíò, îïðåäåëÿþùèé äîëþ òåïëîâîãî ïîòîêà, èäóùóþ íà ðàñïðîñòðàíåíèåãîðåíèÿ. Ýòîò êîý��èöèåíò îïðåäåëÿåòñÿ ïàðàìåòðàìè Ë�Ì. Ñðàâíèâàÿ (5.3) è (5.4),ïîëó÷èì ñîîòíîøåíèå
πa0p

3
0m(1 + δ

3hf
)

q
= ξ0,êîòîðîå ñâÿçûâàåò ïàðàìåòðû �óíêöèè âëèÿíèÿ ξv(x, y, z) ñ êîý��èöèåíòîì ξ0 èç ìîäåëè[2℄ è ïîçâîëÿåò îïðåäåëÿòü ýòè ïàðàìåòðû íà îñíîâå äàííûõ î Ë�Ì. Çàâèñèìîñòü ñêîðîñòèðàñïðîñòðàíåíèÿ ïîæàðà äëÿ òðåõ ìîäåëåé ïðèâåäåíû íà (5.1)

Зависимость скорости от угла

y = 8E-10x6 - 5E-08x5 + 1E-06x4 - 8E-06x3 + 2E-05x2 - 1E-05x + 0,005

R2 = 0,9995

0

0,01

0,02

0,03

0,04

0,05

0,06

0 5 10 15 20 25 30 35 40 45

угол в градусах

Ск
ор

ос
ть

,м
/с

Зависимость для модели Ротермела Зависимость для модели Доррера
Зависимость для модели Гришина Полиномиальный (Зависимость для модели Доррера)� è ñ ó í î ê 5.1Çàâèñèìîñòü ñêîðîñòè ðàñïðîñòðàíåíèÿ îò óãëà íàêëîíà äëÿ ðàññìàòðèâàåìûõ ìîäåëåé6. Çàêëþ÷åíèåÍà íàñòîÿùèé ìîìåíò ýìïèðè÷åñêèå è ïîëóýìïèðè÷åñêèå ìîäåëè øèðîêî èñïîëüçóþò-ñÿ íà ïðàêòèêå. Âåáåð [4℄ çàìå÷àåò, ÷òî íà ìíîãèå êëþ÷åâûå âîïðîñû î ïîæàðå íå ìîãóòáûòü íàéäåíû îòâåòû â ðàìêàõ òàêèõ ìîäåëåé, òàê êàê îíè ÷àñòî õàðàêòåðíû èìåííîäëÿ òåõ ýêñïåðèìåíòàëüíûõ óñëîâèé, â êîòîðûõ îíè áûëè ðàçðàáîòàíû. Ñòàíîâèòñÿ ïî-íÿòíûì, ÷òî òðåáóåòñÿ ðàçðàáîòêà ñòðîãèõ �èçè÷åñêèõ ìîäåëåé ëåñíûõ ïîæàðîâ "íîâîãîïîêîëåíèÿ". Â äàííîé ðàáîòå áûëî ïîêàçàíî, ÷òî ñðàâíåíèå ìîäåëåé Äîððåðà è �îòåðìåëà,�ðèøèíà ïîçâîëÿò îïðåäåëèòü îáëàñòü çíà÷åíèé ïàðàìåòðîâ ìàòåìàòè÷åñêîé ìîäåëè äëÿèññëåäîâàíèÿ çàâèñèìîñòè ñêîðîñòè ðàñïðîñòðàíåíèÿ îò óãëà íàêëîíà. Ïðè èñïîëüçîâàíèèýìïèðè÷åñêèõ äàííûõ ìîäåëè �îòåðìåëà â ìîäåëè Äîððåðà áûëà îïðåäåëåíà çàâèñèìîñòüñêîðîñòè ðàñïðîñòðàíåíèÿ îò óãëà íàêëîíà è ïîêàçàíî, ÷òî ìîäåëü �îòåðìåëà ïðè óãëàõíàêëîíà äî 23 ãðàäóñîâ äàåò çàâûøåííûå çíà÷åíèÿ ñêîðîñòè ðàñïðîñòðàíåíèÿ ïîæàðà,à ìîäåëü Äîððåðà äàåò çíà÷åíèÿ áëèçêèå ê ìîäåëè �ðèøèíà, îäíàêî ïðè óãëàõ íàêëîíàáîëåå 23 ãðàäóñà ìîäåëü Äîððåðà èìååò îãðàíè÷åíèÿ, ìîäåëü �îòòåðìåëà äàåò çàíèæåí-íûå çíà÷åíèÿ ñêîðîñòè ðàñïðîñòðàíåíèÿ ïîæàðà â òî âðåìÿ êàê äàæå óïðîùåííàÿ ìîäåëü�ðèøèíà ïðè ýòîì íå èìååò îãðàíè÷åíèé. Æóðíàë ÑÂÌÎ. 2009. Ò. 11, � 2
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100 À. À. ÊîñîâÓÄÊ 531.36Î ãèðîñêîïè÷åñêîé ñòàáèëèçàöèè íåëèíåéíûõ èíåêîíñåðâàòèâíûõ ñèñòåì
© À. À. Êîñîâ1Àííîòàöèÿ. �àññìàòðèâàåòñÿ çàäà÷à ãèðîñêîïè÷åñêîé ñòàáèëèçàöèè äëÿ ìåõàíè÷åñêèõ ñè-ñòåì, ñîäåðæàùèõ íåêîíñåðâàòèâíûå ïîçèöèîííûå ñèëû. Âûÿâëåí êëàññ íåëèíåéíûõ ïîòåí-öèàëüíûõ ñèñòåì, äëÿ êîòîðîãî çàäà÷à ãèðîñòàáèëèçàöèè ðàçðåøèìà.Êëþ÷åâûå ñëîâà: ìåõàíè÷åñêàÿ ñèñòåìà, ãèðîñêîïè÷åñêèå ñèëû, ãèðîñêîïè÷åñêàÿ ñòàáè-ëèçàöèÿ.1. ÂâåäåíèåÇàäà÷à î ãèðîñêîïè÷åñêîé ñòàáèëèçàöèè ÿâëÿåòñÿ êëàññè÷åñêîé è èññëåäîâàëàñü â öå-ëîì ðÿäå ðàáîò (ñì., íàïðèìåð, [1℄�[9℄ è óêàçàííóþ òàì áèáëèîãðà�èþ). Îäíàêî, ïî ìåò-êîìó âûðàæåíèþ Â. Â. Êîçëîâà [9℄ ¾Íåñìîòðÿ íà îáèëèå ðåçóëüòàòîâ â ýòîì íàïðàâëåíèè,çàäà÷à î ãèðîñêîïè÷åñêîé ñòàáèëèçàöèè íå ìîæåò ñ÷èòàòüñÿ èñ÷åðïàííîé¿. Â äîïîëíåíèåîòìåòèì òîëüêî, ÷òî ñðàâíèòåëüíî ìàëî èçó÷åííûìè ÿâëÿþòñÿ ñëó÷àè ýòîé çàäà÷è, êîãäàïîòåíöèàëüíûå ñèëû íåëèíåéíû [4℄, à òàêæå êîãäà â ñèñòåìå ïðèñóòñòâóþò íåêîíñåðâà-òèâíûå ïîçèöèîííûå ñèëû. Îñíîâíàÿ öåëü ñòàòüè ñîñòîèò â òîì, ÷òîáû íà îñíîâå ïðåä-ëîæåííîãî â [10℄ ïîäõîäà ïîëó÷èòü óñëîâèÿ ãèðîñêîïè÷åñêîé ñòàáèëèçàöèè äëÿ ëèíåéíûõñèñòåì ñ íåêîíñåðâàòèâíûìè ñèëàìè. �àññìàòðèâàþòñÿ ÷àñòíûå ñëó÷àè íåêîíñåðâàòèâíûõñèñòåì, êîãäà ÷èñëî ñòåïåíåé ñâîáîäû n ðàâíî 3 èëè 4. Íà îñíîâå êîíñòðóêöèè ïåðâîãîèíòåãðàëà, ïðåäëîæåííîé â [5℄, âûäåëåí êëàññ íåëèíåéíûõ ïîòåíöèàëüíûõ ñèñòåì, äëÿêîòîðîãî çàäà÷à ãèðîñêîïè÷åñêîé ñòàáèëèçàöèè ðàçðåøèìà.Ïðèâîäèòñÿ ðÿä ïðèìåðîâ, èëëþñòðèðóþùèõ ïîëó÷åííûå ðåçóëüòàòû.2. Î ãèðîñêîïè÷åñêîé ñòàáèëèçàöèè îäíîãî êëàññà íåëèíåéíûõïîòåíöèàëüíûõ ñèñòåì�àññìîòðèì ìåõàíè÷åñêóþ ñèñòåìó ïðè äåéñòâèè ïîòåíöèàëüíûõ ñèë è ãèðîñêîïè÷å-ñêèõ ñèë, óðàâíåíèÿ äâèæåíèÿ êîòîðîé èìåþò âèä
d

dt

∂T

∂q̇
− ∂T

∂q
+Gq̇ +

∂Π

∂q
= 0. (2.1)Çäåñü q ∈ Rn è q̇ ∈ Rn � ñîîòâåòñòâåííî âåêòîðû îáîáùåííûõ êîîðäèíàò è ñêîðî-ñòåé, êîòîðûå ïðåäñòàâèìû â âèäå qT =

(
qT1 , . . . , q

T
m

)
, qk ∈ Rnk , n = n1 + . . . + nk +

. . . + nm . Êèíåòè÷åñêàÿ ýíåðãèÿ T =
1

2
q̇TA(q)q̇ ïðåäïîëàãàåòñÿ ïðåäñòàâèìîé â âèäå

T =
1

2

m∑

k=1

ϕk (s1, . . . , sm) qTk qk, ãäå ϕk (s1, . . . , sm) íåïðåðûâíî äè��åðåíöèðóåìûå, ñòðîãîïîëîæèòåëüíûå �óíêöèè àðãóìåíòîâ sj = qTj qj = ‖qj‖2 , j = 1, m . Ïîòåíöèàëüíàÿ ýíåð-ãèÿ Π (q) = Φ (s1, . . . , sm) � íåïðåðûâíî äè��åðåíöèðóåìàÿ �óíêöèÿ òåõ æå àðãóìåíòîâ1Âåäóùèé íàó÷íûé ñîòðóäíèê, Èíñòèòóò äèíàìèêè ñèñòåì è òåîðèè óïðàâëåíèÿ ÑÎ �ÀÍ, ã. Èðêóòñê;kosov-idstu�mail.ru.Æóðíàë ÑÂÌÎ. 2009. Ò. 11, � 2
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sj = qTj qj, ïðè÷åì Φ (0) = 0. Ïðåäïîëàãàåòñÿ, ÷òî ñðåäè ÷èñåë ck =

∂Φ (0)

∂sk
, k = 1, m,èìåþòñÿ îòðèöàòåëüíûå, òîãäà ïîëîæåíèå ðàâíîâåñèÿ q = q̇ = 0 ñèñòåìû (2.1) ïðè îòñóò-ñòâèè ãèðîñêîïè÷åñêèõ ñèë G ≡ 0 çàâåäîìî áóäåò íåóñòîé÷èâûì. Çàäà÷à ãèðîñêîïè÷åñêîéñòàáèëèçàöèè ñîñòîèò â òîì, ÷òîáû âûáðàòü êîñîñèììåòðè÷åñêóþ ìàòðèöó G ãèðîñêîïè-÷åñêèõ ñèë òàê, ÷òîáû ïîëîæåíèå ðàâíîâåñèÿ q = q̇ = 0 ñèñòåìû (2.1) ñòàëî óñòîé÷èâûì.Áóäåì âûáèðàòü ýòó ìàòðèöó áëî÷íî-äèàãîíàëüíîé G = diag (Gk, k = 1, m), ãäå ñòîÿùèåíà äèàãîíàëè áëîêè Gk ÿâëÿþòñÿ êîñîñèììåòðè÷åñêèìè ìàòðèöàìè ðàçìåðà nk × nk.Ñèñòåìà (2.1) ÿâëÿåòñÿ íåëèíåéíîé âçàèìîñâÿçàííîé ñèñòåìîé, íî åå ëèíåéíàÿ ÷àñòüðàñïàäàåòñÿ íà m èçîëèðîâàííûõ ïîäñèñòåì ñ ãèðîñêîïè÷åñêèìè ñèëàìè è ïîòåíöèàëü-íûìè ñèëàìè, èìåþùèìè îäèíàêîâûå êîý��èöèåíòû Ïóàíêàðå.Ò å î ð å ì à 1. Åñëè âñåì íåïîëîæèòåëüíûì êîý��èöèåíòàì Ïóàíêàðå ck =

∂Φ (0)

∂sk
≤ 0 ñîîòâåòñòâóþò ÷åòíûå ðàçìåðíîñòè nk âåêòîðîâ ñîñòîÿíèÿ qk ∈ Rnk ïîä-ñèñòåì, òî çàäà÷à ãèðîñêîïè÷åñêîé ñòàáèëèçàöèè íåëèíåéíîé ñèñòåìû (2.1) ðàçðåøèìà.Ïðè ýòîì äëÿ ïîëîæèòåëüíûõ êîý��èöèåíòîâ ck =

∂Φ (0)

∂sk
> 0 ãèðîñêîïè÷åñêèå ñèëûìîæíî íå ïðèñîåäèíÿòü, ò.å. ìîæíî ñ÷èòàòü ñîîòâåòñòâóþùèå ìàòðèöû Gk = 0 , äëÿíóëåâûõ ck =

∂Φ (0)

∂sk
= 0 ñîîòâåòñòâóþùèå ìàòðèöû ìîãóò áûòü âçÿòû ñêîëü óãîäíîìàëûìè íåâûðîæäåííûìè detGk 6= 0 , äëÿ îòðèöàòåëüíûõ ck =

∂Φ (0)

∂sk
< 0 ñîîòâåò-ñòâóþùèå ãèðîñêîïè÷åñêèå ñèëû äîëæíû áûòü äîñòàòî÷íî èíòåíñèâíûìè, ìàòðèöû

Gk âûáèðàþòñÿ òàê, ÷òîáû áûëî λmin(G
T
kGk) > 8|ck| max

j=1,m
ϕj(0).Ï ð è ì å ð 1. Ïîëîæåíèå ðàâíîâåñèÿ q1 = q2 = 0 ïîòåíöèàëüíîé ñèñòåìû ñ äâóìÿñòåïåíÿìè ñâîáîäû è ïîòåíöèàëüíîé ýíåðãèåé Π (q) =

1

1 + (q2
1 + q2

1)
2 − 1 íåóñòîé÷èâî,ïîñêîëüêó â ïîëîæåíèè ðàâíîâåñèÿ ïîòåíöèàëüíàÿ ýíåðãèÿ èìååò ìàêñèìóì. �àçëîæåíèåïîòåíöèàëüíîé ýíåðãèè â ðÿä íà÷èíàåòñÿ ñ �îðìû 4-é ñòåïåíè. Â ñîîòâåòñòâèè ñ òåîðåìîé1 ïîñëå ïðèñîåäèíåíèÿ ãèðîñêîïè÷åñêèõ ñèë ïîëîæåíèå ðàâíîâåñèÿ q1 = q2 = 0 ñèñòåìû

q̈1 − hq̇2 −
2q1 (q2

1 + q2
2)(

1 + (q2
1 + q2

2)
2
)2 = 0 , q̈2 + hq̇1 −

2q2 (q2
1 + q2

2)(
1 + (q2

1 + q2
2)

2
)2 = 0óñòîé÷èâî ïðè ëþáîì h 6= 0 .Ï ð è ì å ð 2. Ïîòåíöèàëüíàÿ ýíåðãèÿ Π (q1, q2, q3) = q2

3 − (q2
1 + q2

2) (1 + q2
3) â ïîëîæå-íèè ðàâíîâåñèÿ q1 = q2 = q3 = 0 èìååò ñåäëîâóþ òî÷êó, ïîýòîìó ðàâíîâåñèå íåóñòîé÷èâî.Â ñîîòâåòñòâèè ñ òåîðåìîé 1 ïîñëå ïðèñîåäèíåíèÿ ãèðîñêîïè÷åñêèõ ñèë ñ h > 2

√
2, ýòîïîëîæåíèå ðàâíîâåñèÿ äëÿ ñèñòåìû

q̈1 − hq̇2 − 2q1
(
1 + q2

3

)
= 0, q̈2 + hq̇1 − 2q2

(
1 + q2

3

)
= 0, q̈3 + 2q3

(
1 − q2

1 − q2
2

)
= 0ñòàíîâèòñÿ óñòîé÷èâûì.3. �èðîñêîïè÷åñêàÿ ñòàáèëèçàöèÿ ñèñòåì ñ íåêîíñåðâàòèâíûìèñèëàìè�àññìîòðèì ìåõàíè÷åñêóþ ñèñòåìó

q̈ +Gq̇ + (C + P ) q = 0. (3.1)Æóðíàë ÑÂÌÎ. 2009. Ò. 11, � 2



102 À. À. ÊîñîâÇäåñü q ∈ Rn è q̇ ∈ Rn � ñîîòâåòñòâåííî âåêòîðû îáîáùåííûõ êîîðäèíàò è ñêîðîñòåé.Ïîñòîÿííûå êâàäðàòíûå ìàòðèöû C = CT ïîòåíöèàëüíûõ è P = −P T , P 6= 0 íåêîíñåð-âàòèâíûõ ïîçèöèîííûõ ñèë ñ÷èòàþòñÿ çàäàííûìè. Ïîñòîÿííàÿ êîñîñèììåòðè÷åñêàÿ êâàä-ðàòíàÿ ìàòðèöà G = −GT ãèðîñêîïè÷åñêèõ ñèë ïîäëåæèò âûáîðó ñ öåëüþ îáåñïå÷åíèÿóñòîé÷èâîñòè ïîëîæåíèÿ ðàâíîâåñèÿ q = q̇ = 0 ñèñòåìû (3.1) ïî Ëÿïóíîâó. Äàëåå áóäóòðàññìîòðåíû äâà ÷àñòíûõ ñëó÷àÿ çàäà÷è ãèðîñêîïè÷åñêîé ñòàáèëèçàöèè: ñëó÷àé ñèñòåìû(3.1) ñ òðåìÿ ñòåïåíÿìè ñâîáîäû (n = 3) è ñëó÷àé ñèñòåìû (3.1) ñ ÷åòûðüìÿ ñòåïåíÿìèñâîáîäû (n = 4) è áëî÷íîé ìàòðèöåé C + P ñïåöèàëüíîãî âèäà.�àññìîòðèì ñëó÷àé ñèñòåìû ñ òðåìÿ ñòåïåíÿìè ñâîáîäû. Ïóñòü ñèñòåìà (3.1) ïðåäñòàâ-ëåíà â âèäå
q̈ + h




0 −g1 −g2

g1 0 −g3

g2 g3 0


 q̇ +




c1 −p1 −p2

p1 c2 −p3

p2 p3 c3


 q = 0. (3.2)Ò å î ð å ì à 2. Åñëè âûïîëíåíû íåðàâåíñòâà

c1c2c3 + c1p
2
3 + c2p

2
2 + c3p

2
1 > 0,

c1 (c2 − c3)
2 p2

1p
2
2 + c2 (c1 − c3)

2 p2
1p

2
3 + c3 (c2 − c1)

2 p2
3p

2
2 > 0,

(c2 − c3)
2 p2

1p
2
2 + (c1 − c3)

2 p2
1p

2
3 + (c2 − c1)

2 p2
3p

2
2 > 0,òî ñóùåñòâóþò òàêèå çíà÷åíèÿ g1, g2, g3 è h0 > 0 , ÷òî ïðè h > h0 âñå êîðíè õàðàê-òåðèñòè÷åñêîãî óðàâíåíèÿ áóäóò ÷èñòî ìíèìûìè è ðàçëè÷íûìè, ò.å. ñèñòåìà áóäåòóñòîé÷èâîé.Ïåðâîå íåðàâåíñòâî � íåîáõîäèìîå óñëîâèå ñòàáèëèçàöèè det (C + P ) > 0.Âòîðîå íåðàâåíñòâî � íåîáõîäèìîå óñëîâèå ñòàáèëèçàöèè ïðè ñêîëü óãîäíî áîëüøèõ

h→ +∞ .Òðåòüå íåðàâåíñòâî íåîáõîäèìî â òîì æå ñìûñëå, êàê è âòîðîå, è íåîáðåìåíèòåëüíî(ñóììà êâàäðàòîâ çàâåäîìî íåîòðèöàòåëüíà).Íåîáõîäèìî îòìåòèòü, ÷òî çàäà÷à ãèðîñòàáèëèçàöèè ïîòåíöèàëüíîé ñèñòåìû ñ òðåìÿñòåïåíÿìè ñâîáîäû ðàññìîòðåíà â [8℄. Ñëó÷àé ñèñòåìû (3.2) ñ ïðèñóòñòâèåì íåêîíñåðâà-òèâíûõ ñèë ïî ñðàâíåíèþ ñî ñëó÷àåì ãèðîñòàáèëèçàöèè ïîòåíöèàëüíîé ñèñòåìû èìååòíåêîòîðûå îñîáåííîñòè:1) âîçìîæíà ñòàáèëèçàöèÿ ñèñòåìû ñ íå÷åòíûì ÷èñëîì îòðèöàòåëüíûõ êîý��èöèåíòîâóñòîé÷èâîñòè Ïóàíêàðå;2) ìíîæåñòâî ñòàáèëèçèðóþùèõ êîý��èöèåíòîâ {g1, g2, g3} íå ÿâëÿåòñÿ òðåõìåðíûì:åñëè âåêòîðû (p1, p2, p3) è (c3p1, c2p2, c1p3) íå êîëëèíåàðíû, òî âåêòîð ñòàáèëèçèðóþùèõêîý��èöèåíòîâ (g1, g2, g3) îïðåäåëÿåòñÿ îäíîçíà÷íî ñ òî÷íîñòüþ äî ïîñòîÿííîãî ìíîæèòå-ëÿ, åñëè æå ýòè âåêòîðû êîëëèíåàðíû, òî âåêòîð ñòàáèëèçèðóþùèõ êîý��èöèåíòîâ ëåæèòâ îðòîãîíàëüíîé ê íèì ïëîñêîñòè.Ï ð è ì å ð 3. Ñèñòåìà
q̈ + h




0 −2 −1
2 0 0
1 0 0



 q̇ +




1 −1 −2
1 0 −1
2 1 0



 q = 0ñîõðàíÿåò óñòîé÷èâîñòü òîëüêî â êîíå÷íîì äèàïàçîíå 0.86 < hmin < 0.87 ≤ h ≤ 1.29 <
hmax < 1.30 .Ïåðâîå è òðåòüå íåðàâåíñòâà èç óñëîâèé òåîðåìû 2 çäåñü âûïîëíåíû: 1 > 0, 5 > 0.Âòîðîå íåðàâåíñòâî îáðàùàåòñÿ â ðàâåíñòâî 0 = 0.Æóðíàë ÑÂÌÎ. 2009. Ò. 11, � 2



Î ãèðîñêîïè÷åñêîé ñòàáèëèçàöèè íåëèíåéíûõ è íåêîíñåðâàòèâíûõ ñèñòåì 103�àññìîòðèì ñèñòåìó ñ áëî÷íîé ìàòðèöåé ïîçèöèîííûõ ñèë
q̈ + hGq̇ +




c1 −p1 0 0
p1 c1 0 0
0 0 c2 −p2

0 0 p2 c2


 q = 0. (3.3)Çäåñü c1, c2, p1, p2 � íåêîòîðûå ÷èñëà, îòëè÷íûå îò íóëÿ, ïðè÷åì c1 è c2 îäíîãî çíàêà,òàê ÷òî c1c2 > 0.Îòìåòèì, ÷òî ïðè îòñóòñòâèè ãèðîñêîïè÷åñêèõ ñèë (ò.å. G = 0) ñèñòåìà (3.3) ðàñïàäà-åòñÿ íà äâå íåçàâèñèìûå ïîäñèñòåìû ñ äâóìÿ ñòåïåíÿìè ñâîáîäû. Ýòè ïîäñèñòåìû íåóñòîé-÷èâû è íå ìîãóò áûòü ñòàáèëèçèðîâàíû ãèðîñêîïè÷åñêèìè ñèëàìè êàæäàÿ ïî îòäåëüíîñòè.Âîçìîæíîñòü ñòàáèëèçàöèè íà îñíîâå ãèðîñêîïè÷åñêîé ñâÿçè ïîäñèñòåì óñòàíàâëèâàåòñÿñëåäóþùåé òåîðåìîé.Ò å î ð å ì à 3. Åñëè êîý��èöèåíòû Ïóàíêàðå îäíîãî çíàêà, ò.å. c1c2 > 0, òîìîæíî óêàçàòü êîñîñèììåòðè÷åñêóþ ìàòðèöó G è ÷èñëî h0 > 0 òàêèå, ÷òî ïðè âñåõ

h > h0 âñå êîðíè õàðàêòåðèñòè÷åñêîãî óðàâíåíèÿ ñèñòåìû (3.3) áóäóò ÷èñòî ìíèìûìèè ðàçëè÷íûìè, ò.å. ñèñòåìà áóäåò óñòîé÷èâîé.�àáîòà âûïîëíåíà ïðè ïîääåðæêå Ïðîãðàììû � 15 ÎÝÌÌÏÓ �ÀÍ, ñîâìåñòíîãî ïðî-åêòà � 45 ÑÎ �ÀÍ è ÄÂÎ �ÀÍ è �ÔÔÈ (ïðîåêò � 08-08-92208_à_�ÔÅÍ).Ñïèñîê ëèòåðàòóðû1. ×åòàåâ Í.�. Óñòîé÷èâîñòü äâèæåíèÿ. �àáîòû ïî àíàëèòè÷åñêîé ìåõàíèêå. � Ì.: Èçä-âî ÀÍ ÑÑÑ�, 1962.2. Ìåðêèí Ä.�. �èðîñêîïè÷åñêèå ñèñòåìû. � Ì.: Íàóêà, 1974.3. Ëàõàäàíîâ Â.Ì. Î ñòàáèëèçàöèè ïîòåíöèàëüíûõ ñèñòåì // Ïðèêëàäíàÿ ìàòåìàòèêàè ìåõàíèêà. � 1975. � Ò. 39, âûï. 1. � Ñ. 53�58.4. �óø Í., Àáåòñ Ï., Ëàëóà Ì. Ïðÿìîé ìåòîä Ëÿïóíîâà â òåîðèè óñòîé÷èâîñòè. � Ì.:Ìèð, 1980.5. Àíòîí÷èê Â.Ñ. Ê âîïðîñó ãèðîñêîïè÷åñêîé ñòàáèëèçàöèè // Èññëåäîâàíèÿ ïî ïðè-êëàäíîé ìàòåìàòèêå. � Ñàðàíñê: Èçä-âî Ìîðäîâ. óí-òà. � 1982. � C. 5�7.6. Êàðàïåòÿí À.Â. Ê âîïðîñó î ãèðîñêîïè÷åñêîé ñòàáèëèçàöèè // Teorijska i primenjenamehanika. � 1994. � V. 20. � P. 89�93.7. Áóëàòîâè÷ �.Ì. Îá óñòîé÷èâîñòè ëèíåéíûõ ïîòåíöèàëüíûõ ãèðîñêîïè÷åñêèõ ñèñòåìâ ñëó÷àÿõ, êîãäà ïîòåíöèàëüíàÿ ýíåðãèÿ èìååò ìàêñèìóì // Ïðèêëàäíàÿ ìàòåìàòèêàè ìåõàíèêà. � 1997. � Ò. 61, âûï. 3. � Ñ. 385�389.8. Êîçëîâ Â.Â. Î ñòàáèëèçàöèè íåóñòîé÷èâûõ ðàâíîâåñèé çàðÿäîâ ñèëüíûìè ìàãíèò-íûìè ïîëÿìè // Ïðèêëàäíàÿ ìàòåìàòèêà è ìåõàíèêà. � 1997. � Ò. 61, âûï. 3. � Ñ.390�397.9. Êîçëîâ Â.Â. Îãðàíè÷åíèÿ êâàäðàòè÷íûõ �îðì íà ëàãðàíæåâû ïëîñêîñòè, êâàäðàò-íûå ìàòðè÷íûå óðàâíåíèÿ è ãèðîñêîïè÷åñêàÿ ñòàáèëèçàöèÿ // Ôóíêöèîíàëüíûé àíà-ëèç è åãî ïðèëîæåíèÿ. � 2005. � Ò. 39, âûï. 4. � Ñ. 32�47.Æóðíàë ÑÂÌÎ. 2009. Ò. 11, � 2
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106 È. Í. Êóäàøêèí, �. À. Êóðíîñîâ
Ïðèëîæåíèå ðàçíîñòíûõ ñõåì ê èññëåäîâàíèþíåñòàöèîíàðíîãî òåïëîîáìåíà ãàçîðàçðÿäíûõ ëàìï
© È. Í. Êóäàøêèí1, �. À. Êóðíîñîâ2Àííîòàöèÿ. Â ñòàòüå äà¼òñÿ ÷èñëåííûé ìåòîä ðåøåíèÿ äè��åðåíöèàëüíîãî óðàâíåíèÿ â÷àñòíûõ ïðîèçâîäíûõ, îïèñûâàþùåãî ðàñïðåäåëåíèå òåìïåðàòóðû ïî öèëèíäðè÷åñêîìó ýëåê-òðîäó ãàçîðàçðÿäíûõ ëàìï â íåñòàöèîíàðíîì ðåæèìå èõ �óíêöèîíèðîâàíèÿ.Êëþ÷åâûå ñëîâà: ðàçíîñòíûå ñõåìû, ãàçîðàçðÿäíûå ëàìïû.�àññìîòðèì îäíîìåðíóþ ìàòåìàòè÷åñêóþ ìîäåëü ìåòàëëè÷åñêîãî ïðîâîäíèêà ýëåêòðè-÷åñêîãî òîêà (èìåþùåãî �îðìó ñòåðæíÿ êîíå÷íûõ ðàçìåðîâ), äëèíà êîòîðîãî íàìíîãîáîëüøå åãî äèàìåòðà. Ïîìåñòèì íà÷àëî ñèñòåìû îòñ÷¼òà â öåíòð ðàáî÷åãî òîðöà è íàïðà-âèì àáñöèññó âäîëü îñè ñèììåòðèè ê ïðîòèâîïîëîæíîìó êîíöó ñòåðæíÿ. Â îáùåì âèäåóðàâíåíèå òåïëîîáìåíà ïðîâîäíèêà ýëåêòðè÷åñêîãî òîêà ñ îêðóæàþùåé ñðåäîé èìååò âèä[1℄

CρF
δT

δt
=

δ

δx
(λF

δT

δx
) + qdjF − qwF

δS

δx
, (1)ãäå C - óäåëüíàÿ òåïëî¼ìêîñòü, ρ - ïëîòíîñòü, λ - êîý��èöèåíò òåïëîïðîâîäèìîñòè è

F - ïëîùàäü ïîïåðå÷íîãî ñå÷åíèÿ ìàòåðèàëà ñòåðæíÿ, t - âðåìÿ; qdj - òåïëî, ïîëó÷àå-ìîå ýëåìåíòîì ñòåðæíÿ çà ñ÷åò íàãðåâàíèÿ åãî ýëåêòðè÷åñêèì òîêîì; qw - ïîòîê ýíåðãèè,óõîäÿùèé ñ áîêîâîé ïîâåðõíîñòè ñòåðæíÿ âñëåäñòâèå êîíâåêòèâíîãî è ëó÷èñòîãî òåïëî-îáìåíà; S - ïëîùàäü îõëàæäàåìîé áîêîâîé ïîâåðõíîñòè.Óðàâíåíèå (1) îòðàæàåò áàëàíñ ýíåðãèè ýëåìåíòà ïðîâîäíèêà äëèíîé dx è ïëîùàäüþïîïåðå÷íîãî ñå÷åíèÿ S, íàõîäÿùåãîñÿ íà ðàññòîÿíèè x îò íà÷àëà ñèñòåìû îòñ÷¼òà. Ëåâàÿ÷àñòü îòîáðàæàåò èçìåíåíèå âíóòðåííåé ýíåðãèè, â ïðàâîé ÷àñòè ïåðâîå ñëàãàåìîå ó÷è-òûâàåò íàãðåâàíèå âñëåäñòâèå òåïëîïðîâîäèìîñòè ìàòåðèàëà, âòîðîå - çà ñ÷¼ò âûäåëåíèÿäæîóëåâà òåïëà ïðè ïðîõîæäåíèè ýëåêòðè÷åñêîãî òîêà, òðåòüå - îõëàæäåíèå êîíâåêòèâ-íûìè ïîòåðÿìè âî âíóòðèëàìïîâîé ãàçîâîé ñðåäå è ëó÷èñòûì òåïëîîáìåíîì.Â ãàçîðàçðÿäíûõ èñòî÷íèêàõ ñâåòà âûñîêîãî è ñâåðõâûñîêîãî äàâëåíèÿ ÷àùå âñåãîïðèìåíÿþòñÿ ýëåêòðîäû öèëèíäðè÷åñêîé �îðìû. Ïóñòü ýëåêòðîä èìååò ðàäèóñ r , òîãäàïëîùàäü åãî ïîïåðå÷íîãî ñå÷åíèÿ F = πr2 , ïëîùàäü áîêîâîé ïîâåðõíîñòè S = 2πrx .Ïîäñòàâëÿÿ ýòè �îðìóëû â (1), ïîëó÷èì
CρF

δT

δt
=

δ

δx
(λ
δT

δx
) + qdj − qw

2qw
r
, (2)Ïóñòü â ïîñëåäíåì óðàâíåíèè êîý��èöèåíò òåïëîïðîâîäèìîñòè ìàòåðèàëà λ ïîñòîÿ-íåí, äæîóëåâà ýíåðãèÿ qdj è òåïëîâûå ïîòåðè ýëåêòðîäà qw âû÷èñëÿþòñÿ ïî èçâåñòíûì�îðìóëàì qdj = j2 · R(t) è qw = qconv + qrad . Çäåñü j - ïëîòíîñòü ýëåêòðè÷åñêîãî òîêà,

R(T ) - ýëåêòðè÷åñêîå ñîïðîòèâëåíèå ýëåêòðîäà, qconv - êîíâåêòèâíûå ïîòåðè ýíåðãèè, qrad- ýíåðãèÿ ëó÷èñòîãî èçëó÷åíèÿ. Ïðè ïåðåäà÷å òåïëà òåïëîïðîâîäíîñòüþ îò ñòåðæíÿ ÷åðåçîêðóæàþùèé åãî ãàç, âåëè÷èíà òåïëîâîãî ïîòîêà â ïîãðàíè÷íîì ñëîå îêîëî òâ¼ðäîãî òåëàïîä÷èíÿåòñÿ çàêîíó Íüþòîíà
qconv = αk(T − Tg),1Äîöåíò êà�åäðû àëãåáðû è ãåîìåòðèè, Ìîðäîâñêèé ãîñóíèâåðñèòåò èì. Í.Ï. Îãàð¼âà, ã. Ñàðàíñê.2Äîöåíò êà�åäðû àëãåáðû è ãåîìåòðèè, Ìîðäîâñêèé ãîñóíèâåðñèòåò èì. Í.Ï. Îãàð¼âà, ã. Ñàðàíñê.Æóðíàë ÑÂÌÎ. 2009. Ò. 11, � 2



Ïðèëîæåíèå ðàçíîñòíûõ ñõåì ê èññëåäîâàíèþ íåñòàöèîíàðíîãî òåïëîîáìåíà . . . 107ãäå αk - êîý��èöèåíò òåïëîîòäà÷è, T - òåìïåðàòóðà ñòåðæíÿ, Tg - òåìïåðàòóðà îêðó-æàþùåãî åãî ãàçà íà âíåøíåé ïîâåðõíîñòè ïîãðàíè÷íîãî ñëîÿ.Òîãäà ñ ó÷¼òîì ýòèõ äîïóùåíèé èìååì
CρF

δT

δt
= λ

δ2T

δx2
− j2R(T ) − 2UT v(T 4 − T 4

g ) + α(T − Tg)

r
. (3)Ïóñòü â íà÷àëüíûé ìîìåíò âðåìåíè t = 0 ðàñïðåäåëåíèå òåìïåðàòóðû ïî ñòåðæíþïîä÷èíÿåòñÿ íà÷àëüíîìó óñëîâèþ

T (0, x) = ϕ(x). (4)Ïðåäïîëîæèì òàêæå, ÷òî â ðàáî÷èé òîðåö (x = 0) ïîñòóïàåò ìîùíîñòü Q = Q(t),èçìåíÿþùàÿñÿ âî âðåìåíè, à ñ ïðîòèâîïîëîæíîãî òûëüíîãî êîíöà ïðîèñõîäèò îòâîä òåïëàèçëó÷åíèåì è êîíâåêöèåé. Òîãäà íà êîíöàõ ñòåðæíÿ ñïðàâåäëèâû ãðàíè÷íûå óñëîâèÿ
δT

δx
|x=0 = −Q(t)

λπr2
= q1(t), (5)

δT

δx
|x=l = −qw(T ) = q2(T ). (6)Òðåáóåòñÿ íàéòè ðåøåíèå óðàâíåíèÿ (3), óäîâëåòâîðÿþùåå êðàåâûì óñëîâèÿì (4) - (6).Óïðîñòèì çàäà÷ó è áóäåò èñêàòü ðåøåíèå ïðè C = C(T ) = const. Ââåäåì îáîçíà÷åíèÿ

a2 = λ
Cρ
, f(x, t, T ) =

j2·R(T )− 2qw
r

Cρ
, òîãäà óðàâíåíèå (3) ïðèìåò âèä
δT

δt
= a2 δ

2T

δx2
+ f(t, x, T ). (7)�åøåíèå çàäà÷è (7), (4) - (6) áóäåì èñêàòü ìåòîäîì ñåòîê. Ó÷èòûâàÿ òî îáñòîÿòåëüñòâî,÷òî òåïëî�èçè÷åñêèå õàðàêòåðèñòèêè ìàòåðèàëà ýëåêòðîäà λ, C îïðåäåëÿþòñÿ ïðèáëè-æ¼ííî, îñòàíîâèìñÿ íà êëàññè÷åñêîé ÿâíîé ñõåìå. Îáû÷íî â òåîðåòè÷åñêèõ èññëåäîâàíèÿõïðåäïî÷òåíèå îòäà¼òñÿ íåÿâíûì ñõåìàì, òàê êàê â íèõ îòñóòñòâóþò îãðàíè÷åíèÿ íà äëèíûøàãîâ. Îäíàêî ÿâíûå ñõåìû ïðè îáÿçàòåëüíîñòè îãðàíè÷åíèé îáëàäàþò òåì äîñòîèíñòâîì,÷òî ïîçâîëÿþò ïðîâîäèòü êîìïüþòåðíûå ðàñ÷¼òû â èíòåðàêòèâíîì ðåæèìå.Â îáëàñòè

0 ≤ x ≤ l, (8)

0 ≤ t ≤ t (9)ââåä¼ì ñåòêó
xm = mh, m = 0, 1, 2, ...,M, h =

l

M
, (10)

tn = nτ, n = 0, 1, 2, ..., N, τ =
t

N
. (11)Ñ ïîìîùüþ ÷åòûð¼õòî÷å÷íîãî øàáëîíà

[nτ, (m− 1)h]; [nτ,mh]; [nτ, (m+ 1)h]; [(n+ 1)τ,mh]çàìåíèì íåïðåðûâíóþ çàäà÷ó (7), (4)-(6) äèñêðåòíîé. Òîãäà óðàâíåíèå (7) ïðèìåò âèä
Tm,n+1 − Tm,n

τ
= a2Tm+1,n − 2Tm,n + Tm−1,n

h2
+ fm,n, (12)Æóðíàë ÑÂÌÎ. 2009. Ò. 11, � 2



108 È. Í. Êóäàøêèí, �. À. Êóðíîñîâãäå fm,n = f(nτ,mh, Tm).Íà÷àëüíîå óñëîâèå (4) çàìåíèòñÿ ñåòî÷íûì
Tm,0 = ϕ(mh), (13)à ãðàíè÷íûå óñëîâèÿ (5) è (6) çàïèøóòñÿ â âèäå

T−1,n − T1,n

2h
− q1(n, τ) = 0, (14)

TM+1,n − TM−1,n

2h
− q2(TM,n) = 0. (15)Ïåðåïèøåì ñåòî÷íîå óðàâíåíèå (12) â óäîáíîì äëÿ âû÷èñëåíèÿ çíà÷åíèé òåìïåðàòóðûâ óçëàõ (n + 1) -ãî ñëîÿ ïî èçâåñòíûì çíà÷åíèÿì íà n -ì ñëîå

Tm,n+1 =
a2τ

h2
(Tm+1,n + Tm−1,n) + (1 − 2a2τ

h2
)Tm,n + τ · fm,n. (16)Çíà÷åíèÿ òåìïåðàòóðû íà íóëåâîì ñëîå îïðåäåëÿþòñÿ ñîîòíîøåíèåì (13).Â ìàòðè÷íîé �îðìå ïîñëåäíÿÿ �îðìóëà (16) çàïèøåòñÿ êàê

{
T (n+1) = AT (n) + τ · f (n),

T (0) = ϕ, n = 0, 1, 2, ..., N − 1,
(17)ãäå T (n) = {T1,n, T2,n, ..., TM−1,n} - âû÷èñëèòåëüíûé âåêòîð ñòîëáåö; ϕ =

{ϕ(h), ϕ(2h), ..., ϕ((M − 1)h)} - âåêòîð-ñòîëáåö íà÷àëüíûõ çíà÷åíèé; T (n+1) =
{T1,n+1, T2,n+1, ..., TM−1,n+1} - èñêîìûé âåêòîð ñòîëáåö; A - êâàäðàòíàÿ òð¼õäèàãîíàëüíàÿìàòðèöà ïîðÿäêà M − 1

A =




1 − 2X X 0 . . . 0 0 0
X 1 − 2X X . . . 0 0 0
0 X 1 − 2X . . . 0 0 0
. . . . . . . . . . . . . . . . . . . . .
0 0 0 . . . 0 X 1 − 2X



.ãäå X = a2·τ

h2 .Îñíîâíîé ïðîáëåìîé ïðèìåíåíèÿ ïðèìåíåíèÿ ìåòîäà ñåòîê ÿâëÿåòñÿ âûÿâëåíèå óñëî-âèé óñòîé÷èâîñòè ðàçíîñòíîé ñõåìû. Â ðàáîòå [2℄ óñòàíîâëåíî, ÷òî åñëè â (7) �óíêöèè
a2, f(t, x, T ) îãðàíè÷åíû è ðàâíîìåðíî íåïðåðûâíû ïî âñåì àðãóìåíòàì è, êðîìå òîãî,äëÿ f(t, x, T ) âûïîëíåíî óñëîâèå Ëèïøèöà

|f(t, x, T1) − f(t, x, T2)| ≤ L · |T1 − T2|,ãäå L ïîëîæèòåëüíîå ÷èñëî, à ïðàâàÿ ÷àñòü (4) èíòåãðèðóåìà, òî åñëè ïðåäñòàâèòü (16) ââèäå
Tm,n+1 =

1∑

ξ=−1

Cξ(t, x, 0)Um+ξ,n + τ · fm,n, (18)ïðè÷¼ì êîý��èöèåíòû Cξ óäîâëåòâîðÿþò óñëîâèþ
|

1∑

ξ=−1

Cξ(t, x, 0) · exp(iξβ)| ≤ exp(−µβ2), (19)Æóðíàë ÑÂÌÎ. 2009. Ò. 11, � 2



Ïðèëîæåíèå ðàçíîñòíûõ ñõåì ê èññëåäîâàíèþ íåñòàöèîíàðíîãî òåïëîîáìåíà . . . 109ãäå |β| ≤ π è ïîñòîÿííàÿ µ > 0 , ñõåìà (16) ÿâëÿåòñÿ óñòîé÷èâîé [2℄.Ñ ó÷¼òîì ââåäåííîãî ðàíåå îáîçíà÷åíèÿ X = a2 τ
h2 èìååì C−1 = = C1 = X, C0 = 1−2Xè ëåâàÿ ÷àñòü (19) ïðèíèìàåò âèä

|
1∑

ξ=−1

Cξ(t, x, 0) · exp(iξβ)| = |X · [exp(−iβ) + exp(iβ)] + 1 − 2X| =

= |1 − 4X · sin2 β

2
|. (20)Íà îñíîâàíèè (20) äëÿ âûïîëíåíèÿ íåðàâåíñòâà (19) íåîáõîäèìî, ÷òîáû |1−4X·sin2 β

2
| ≤

1 ïðè |β| ≤ π , íî òîãäà èç ïîñëåäíåãî ñëåäóåò, ÷òî X ≤ 1
2
.Îáðàòíî, åñëè âûïîëíÿåòñÿ íåðàâåíñòâî (19), òî èç ðàçëîæåíèÿ â ðÿäû

1 − 4X · sin2 β

2
= 1 − 4X

β2

4
+ ...,

exp(µβ2) = 1 + µβ2 + ...âûòåêàåò, ÷òî µ ≤ X ≤ 1
2
. �àâíîìåðíàÿ íåïðåðûâíîñòü è îãðàíè÷åííîñòü �óíêöèé a2, fñëåäóåò íåïîñðåäñòâåííî èç èõ ïðåäñòàâëåíèÿ.Òàêèì îáðàçîì, óñëîâèå óñòîé÷èâîñòè ñõåìû (16) áóäåò èìåòü ìåñòî â òîì ñëó÷àå, åñëèìåæäó øàãàìè ñåòêè ïî âðåìåíè τ è ïî äëèíå ýëåêòðîäà h áóäåò âûïîëíÿòüñÿ íåðàâåíñòâî

τ ≤ h2

2a2
. (21)�åøåíèå ñåòî÷íîé çàäà÷è (12) - (15) ïðîâîäèòñÿ â ñëåäóþùåé ïîñëåäîâàòåëüíîñòè [3℄.1. Ïðîèçâîëüíûì îáðàçîì çàäàåòñÿ øàã ñåòêè âäîëü ýëåêòðîäà h è ïî �îðìóëå (21)âû÷èñëÿåòñÿ ìàêñèìàëüíîå çíà÷åíèå øàãà ïî âðåìåíè τ.2. Â ñîîòâåòñòâèè ñ íà÷àëüíûì óñëîâèåì (13) íàõîäèòñÿ ðàñïðåäåëåíèå òåìïåðàòóðûïî ýëåêòðîäó â íóëåâîì ñëîå (n = 0)

Tm,0 = ϕ(mh); m = 0, 1, 2, ...,M.3. Äîïóñòèì, ÷òî ðåøåíèå ñåòî÷íîé êðàåâîé çàäà÷è (12) - (15) âû÷èñëåíî íà ñëîÿõñåòêè ñ íîìåðàìè 0, 1, 2, ..., m.4. Äëÿ ñëîÿ ñ íîìåðîì (m + 1) çíà÷åíèÿ òåìïåðàòóðû â óçëàõ ðàññ÷èòûâàþòñÿ ïîñîîòíîøåíèþ (16)
Tm,n+1 = C−1Tm−1,n + C0Tm,n + C1Tm+1,n + τ · fm,n,

m = 0, 1, 2, ...,M − 1; n = 0, 1, 2, ..., N − 1.Â ÷àñòíîñòè, ïðè m = 0 èìååì
T0,n+1 = C−1T−1,n + C0T0,n + C1T1,n + τ · f0,n.Çíà÷åíèå T−1,n â ëåâîì �èêòèâíîì óçëå íàõîäèòñÿ èç ãðàíè÷íîãî óñëîâèÿ (14)

T−1,n = T1,n + 2h · q1(nτ),Æóðíàë ÑÂÌÎ. 2009. Ò. 11, � 2



110à ïðè m = M èç (15) ïîëó÷èì çíà÷åíèå òåìïåðàòóðû â ïðàâîì �èêòèâíîì óçëå
TM+1,n = TM−1,n + 2h · q2(TM,n).Äàííûé àëãîðèòì ðåøåíèÿ çàäà÷è ðàñïðåäåëåíèÿ òåìïåðàòóðû ïî öèëèíäðè÷åñêîìóýëåêòðîäó ïðè èçâåñòíûõ ãðàäèåíòàõ òåìïåðàòóðû íà åãî êîíöàõ îòíîñèòåëüíî ëåãêî ðåà-ëèçóåòñÿ â ïðîãðàììíîì îáåñïå÷åíèè äëÿ ïåðñîíàëüíûõ êîìïüþòåðîâ íà ÿçûêàõ ïðîãðàì-ìèðîâàíèÿ âûñîêîãî óðîâíÿ.Èçâåñòíûì íåäîñòàòêîì èçëîæåííîãî ìåòîäà ÿâëÿåòñÿ íàëè÷èå îãðàíè÷åíèÿ (21) íàâûáîð øàãîâ ñåòêè, ïîýòîìó äëÿ ïîäáîðà ïîäõîäÿùèõ çíà÷åíèé h è τ íåîáõîäèìî ïðîâå-ñòè ðÿä âû÷èñëèòåëüíûõ ýêñïåðèìåíòîâ ñ êîìïüþòåðíîé ïðîãðàììîé.Ñïèñîê ëèòåðàòóðû1. Ò¼ìêèí À.Ò. Îáðàòíûå ìåòîäû òåïëîïðîâîäèìîñòè. Ì.: Ýíåðãèÿ, 1973. 326 ñ.2. Ñàìàðñêèé À.À. Òåîðèÿ ðàçíîñòíûõ ñõåì. Ì.:Íàóêà, 1977. 656 ñ.3. Êóäàøêèí È.Í. Èññëåäîâàíèå ìàòåìàòè÷åñêèõ ìîäåëåé òåìïåðàòóðíîãî ðåæèìàýëåêòðîäîâ è èõ ïðèìåíåíèå â ñèñòåìå àâòîìàòèçèðîâàííîãî ïðîåêòèðîâàíèÿ èñòî÷-íèêîâ ñâåòà: Àâòîðå�. äèñ. êàíä. òåõí. íàóê. Ë., 1989. 19 ñ.

Æóðíàë ÑÂÌÎ. 2009. Ò. 11, � 2
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112 Ò. Ë. ËüâîâàÓÄÊ 517.925Ñóùåñòâîâàíèå ïåðèîäè÷åñêèõ ðåæèìîâ âìàòåìàòè÷åñêèõ ìîäåëÿõ íåëèíåéíûõ ýëåêòðè÷åñêèõöåïåé
© Ò. Ë. Ëüâîâà1Àííîòàöèÿ. Â ñòàòüå ïîëó÷åíû íåîáõîäèìûå óñëîâèÿ ñóùåñòâîâàíèÿ ïåðèîäè÷åñêîãî ðåæè-ìà ðàáîòû ìàòåìàòè÷åñêîé ìîäåëè íåëèíåéíîé ýëåêòðè÷åñêîé öåïè.Êëþ÷åâûå ñëîâà: ìàòåìàòè÷åñêàÿ ìîäåëü íåëèíåéíîé ýëåêòðè÷åñêîé öåïè, ïåðèîäè÷åñêèéðåæèì ðàáîòû ýëåêòðè÷åñêîé öåïè, ñèñòåìà íåëèíåéíûõ äè��åðåíöèàëüíûõ óðàâíåíèé.1. ÂâåäåíèåÍåëèíåéíûìè ýëåêòðè÷åñêèìè öåïÿìè ÿâëÿþòñÿ öåïè, ïàðàìåòðû êîòîðûõ çàâèñÿòîò òîêà è íàïðÿæåíèÿ. Ñòðîãî ãîâîðÿ, âñå ýëåêòðè÷åñêèå öåïè íåëèíåéíû. Íî âî ìíîãèõïðàêòè÷åñêèõ ñëó÷àÿõ ýòà íåëèíåéíîñòü ñòîëü ñëàáî âûðàæåíà, ÷òî ïðè àíàëèçå ïðîöåññîââ öåïè åþ ïðåíåáðåãàþò. Ýòî äàåò âîçìîæíîñòü ðàçâèòü òåîðèþ ëèíåéíûõ ýëåêòðè÷åñêèõöåïåé, è ïðèìåíÿòü åå äëÿ ðàñ÷åòà ýëåêòðîòåõíè÷ñêèõ óñòðîéñòâ.Îäíàêî ñóùåñòâóþò ýëåìåíòû öåïè, íåëèíåéíîñòü õàðàêòåðèñòèê êîòîðûõ âûðàæå-íà âåñüìà ðåçêî. Öåïè, ñîäåðæàùèå òàêèå ýëåìåíòû, îáëàäàþò ðÿäîì ñâîéñòâ, êîòîðûåîòñóòñòâóþò ó ëèíåéíûõ öåïåé. Ýòè ñâîéñòâà ïîçâîëÿþò ñîçäàâàòü îñíîâàííûå íà íèõ àâ-òîìàòè÷åñêèå ñèñòåìû óïðàâëåíèÿ è ðåãóëèðîâàíèÿ, óñòðîéñòâà äëÿ ïðåîáðàçîâàíèÿ ýëåê-òðîìàãíèòíîé ýíåðãèè, óñòðîéñòâà ïåðåäà÷è èí�îðìàöèè, ñòàáèëèçàòîðû íàïðÿæåíèÿ èëèòîêà, ãåíåðàòîðû è ò. ä.Òåîðåòè÷åñêèå èññëåäîâàíèÿ ïðîöåññîâ â íåëèíåéíûõ ýëåêòðè÷åñêèõ öåïÿõ îêàçû-âàþòñÿ ìíîãî ñëîæíåå èññëåäîâàíèÿ ïðîöåñîâ â ëèíåéíûõ öåïÿõ. Ìàòåìàòè÷åñêàÿ ìîäåëüíåëèíåéíîé öåïè îïèñûâàåòñÿ íåëèíåéíûìè äè��åðåíöèàëüíûìè óðàâíåíèÿìè
F (ẋ, x, t) = 0, (1.1)êîòîðûå ñîñòàâëÿþòñÿ íà îñíîâå ïåðâîãî è âòîðîãî çàêîíîâ Êèðõãî�à. Çàìåòèì, ÷òî òîëü-êî â èñêëþ÷èòåëüíûõ ñëó÷àÿõ ðåøåíèå óðàâíåíèÿ (1.1) ìîæíî íàéòè â çàìêíóòîé �îðìå.Â íåëèíåéíûõ ýëåêòðè÷åñêèõ öåïÿõ â îáùåì ñëó÷àå âîçìîæíû ñëåäóþùèå ðåæè-ìû: ñîñòîÿíèå ðàâíîâåñèÿ; ïåðèîäè÷åñêîå äâèæåíèå ïðè îòñóòñòâèè â ñèñòåìå èñòî÷íèêîâÝÄÑ (òîêà) � àâòîêîëåáàíèÿ; ïåðèîäè÷åñêîå äâèæåíèå ñ ÷àñòîòîé èñòî÷íèêà ïåðèîäè÷å-ñêîé ÝÄÑ (òîêà) � âûíóæäåííûå êîëåáàíèÿ; ðåçîíàíñíûå ÿâëåíèÿ íà âûñøèõ, íèçøèõ èäðîáíûõ ãàðìîíèêàõ; êâàçèïåðèîäè÷åñêèå ïðîöåññû ïî òèïó àâòîìîäóëÿöèè, à òàêæå ðÿääðóãèõ, áîëåå ñëîæíûõ òèïîâ ðåæèìîâ [1℄.2. Ïîñòàíîâêà çàäà÷èÄëÿ ðàñ÷åòà ðåæèìà ìàòåìàòè÷åñêîé ìîäåëè ýëåêòðè÷åñêîé öåïè, ñîäåðæàùåé íåëè-íåéíûå è ëèíåéíûå ýëåìåíòû, ðàçäåëèì åå íà ëèíåéíóþ è íåëèíåéíóþ ÷àñòè. Â ýòîì1Àññèñòåíò êà�åäðû âûñøåé ìàòåìàòèêè, �ÿçàíñêèé ãîñóäàðñòâåííûé ðàäèîòåõíè÷åñêèé óíèâåðñèòåò,ã. �ÿçàíü; lvovatl�yandex.ru.Æóðíàë ÑÂÌÎ. 2009. Ò. 11, � 2



Ñóùåñòâîâàíèå ïåðèîäè÷åñêèõ ðåæèìîâ â ìàòåìàòè÷åñêèõ ìîäåëÿõ . . . 113ñëó÷àå, ïîëó÷èì ñèñòåìó äè��åðåíöèàëüíûõ óðàâíåíèé
ẋ = Ax+ ϕ(t) + f(t, x, λ), (2.1)ãäå A � n × n ïîñòîÿííàÿ ìàòðèöà, x � n -ìåðíûé âåêòîð ïåðåìåííûõ ñîñòîÿíèÿ, ϕ(t)� n -ìåðíûé âåêòîð âîçäåéñòâèé, f(t, x, λ) � n -ìåðíàÿ âåêòîð-�óíêöèÿ, îïðåäåëÿåìàÿíåëèíåéíûìè ýëåìåíòàìè ýëåêòðè÷åñêîé öåïè, λ � l -ìåðíûé âåêòîð, õàðàêòåðèçóþùèéîñîáåííîñòè öåïè, íåó÷òåííûå ïðè ñîñòàâëåíèè ìîäåëè (2.1). Êîý��èöèåíòû ìàòðèöû Aîïðåäåëÿþòñÿ òîïîëîãèåé ëèíåéíîé ÷àñòè ýëåêòðè÷åñêîé öåïè.Ñòàâèòñÿ çàäà÷à ïîëó÷èòü óñëîâèÿ ñóùåñòâîâàíèÿ ïåðèîäè÷åñêîãî ðåøåíèÿ ñèñòå-ìû (2.1), äðóãèìè ñëîâàìè, íàéòè óñëîâèÿ ïðè êîòîðûõ â ìàòåìàòè÷åñêîé ìîäåëè íåëèíåé-íîé ýëåêòðè÷åñêîé öåïè ñóùåñòâóåò ïåðèîäè÷åñêèé ðåæèì èçìåíåíèÿ òîêà è íàïðÿæåíèÿ.3. Îñíîâíîé ðåçóëüòàò�àññìîòðèì ñèñòåìó óðàâíåíèé (2.1). Ïîëàãàåì, ÷òî âûïîëíåíû ñëåäóþùèå óñëîâèÿ:1) âåêòîð-�óíêöèÿ ϕ(t) îïðåäåëåíà è íåïðåðûâíà äëÿ t ∈ (−∞; +∞) , ω -ïåðèîäè÷åñêàÿ;2) âåêòîð-�óíêöèÿ f(t, x, λ) îïðåäåëåíà è íåïðåðûâíà íà ìíîæåñòâå

(−∞; +∞)×En×Λ(δ0) , ãäå Λ(δ0) = {λ ∈ El : |λ|≤δ0} , f(t, x, 0) ≡ 0 è lim
λ→0

f(t,x,λ)
|λ|

= 0ðàâíîìåðíî îòíîñèòåëüíî ïåðåìåííûõ t, x íà ëþáîì çàìêíóòîì, îãðàíè÷åííîì ìíîæå-ñòâå, ïðèíàäëåæàùåì (−∞; +∞)×En ;3) ñèñòåìà (2.1) óäîâëåòâîðÿåò óñëîâèÿì ñóùåñòâîâàíèÿ, åäèíñòâåííîñòè è íåïðå-ðûâíîé çàâèñèìîñòè ðåøåíèÿ îò íà÷àëüíûõ äàííûõ è ïàðàìåòðà [2℄ íà ëþáîì çàìêíóòîì,îãðàíè÷åííîì ìíîæåñòâå (−∞; +∞)×En×Λ(δ0) .Ïóñòü âåêòîð-�óíêöèÿ x(t, c) , ãäå c ∈ G(µ0) = {c∈ En : |c|≤µ0} , ÿâëÿåò-ñÿ ω -ïåðèîäè÷åñêèì ðåøåíèåì ñèñòåìû ëèíåéíûõ äè��åðåíöèàëüíûõ óðàâíåíèé
ẋ = Ax+ ϕ(t) .Âûïîëíèì çàìåíó ïåðåìåííûõ y = x− x(t, c) , òîãäà óðàâíåíèå (2.1) ïðèìåò âèä

ẏ = Ay + f(t, y + x(t, c), λ). (3.1)Ââåäåì â ðàññìîòðåíèå ìíîæåñòâà
D(δ0) = {(t, y, c, λ) : t ∈ [0;ω], y ∈ En, |y|≤δ0, c ∈ G(µ0), λ ∈ Λ(δ0)},
W (δ0) = {α ∈ En, |α|≤δ0},ãäå µ0 > 0 , δ0 > 0 íåêîòîðûå �èêñèðîâàííûå ÷èñëà.Íåïîñðåäñòâåííî ïîäñòàíîâêîé ìîæíî óáåäèòüñÿ, ÷òî ïðè λ = 0 , y ≡ 0 áóäåò ðå-øåíèåì (3.1). Òîãäà íà îñíîâàíèè òåîðåìû î ñóùåñòâîâàíèè, åäèíñòâåííîñòè è íåïðåðûâ-íîé çàâèñèìîñòè ðåøåíèÿ îò íà÷àëüíûõ äàííûõ è ïàðàìåòðà ïîëó÷àåì, ÷òî ñóùåñòâóþò÷èñëà µ∈(0;µ0] , δ∈(0; δ0] , ïðè êîòîðûõ äëÿ ëþáûõ α∈W (δ) , c∈G(µ) , λ∈Λ(δ) , ñèñòå-ìà óðàâíåíèé (3.1) èìååò åäèíñòâåííîå ðåøåíèå y(t, α, c, λ) , îïðåäåëåííîå íà ñåãìåíòå
[0;ω] , íåïðåðûâíîå íà ìíîæåñòâå [0;ω]×W (δ)×G(µ)×Λ(δ) è óäîâëåòâîðÿþùåå íåðàâåí-ñòâó |y(t, α, c, λ)|≤δ0 .Î ï ð å ä å ë å í è å 3.1. �åøåíèå t→ y(t, α, c, λ) , y(0, α, c, λ) = α ñèñòåìû (3.1)áóäåì íàçûâàòü ω -ïåðèîäè÷åñêèì, åñëè ñóùåñòâóþò âåêòîðû α∈W (δ0) , c∈G(µ0) ,
λ∈Λ(δ0) ïðè êîòîðûõ âûïîëíÿåòñÿ ðàâåíñòâî

y(0, α, c, λ) = y(ω, α, c, λ) = α.Æóðíàë ÑÂÌÎ. 2009. Ò. 11, � 2



114 Ò. Ë. ËüâîâàÏðåäïîëîæèì, ÷òî âåêòîð-�óíêöèþ f(t, y + x(t, c), λ) ìîæíî ïðåäñòàâèòü â âèäå
f(t, y + x(t, c), λ) = f(t, x(t, c), λ) +D(t, x(t, c), λ) · y + Pk(t, x(t, c), λ, y) + o(|y|k),ãäå D(t, x(t, c), λ) � çíà÷åíèå ìàòðèöû ßêîáè âåêòîð-�óíêöèè f(t, x, λ) ïðè

x = x(t, c) , íåïðåðûâíîå ïî ïåðåìåííûì t, c, λ íà ìíîæåñòâå [0;ω]×G(µ0)×Λ(δ0) ;
Pk(t, x(t, c), λ, y) � âåêòîð-�îðìà k -ãî ïîðÿäêà îòíîñèòåëüíî ïåðåìåííîé y , k > 1 ;
lim
y→0

o(|y|k)
|y|k

= 0 , lim
λ→0

D(t, x(t, c), λ) = 0 , ðàâíîìåðíî îòíîñèòåëüíî t, c íà ìíîæåñòâå
[0;ω]×G(µ0) . Âåêòîð-�îðìó Pk(t, x(t, c), λ, y) âñåãäà ìîæíî ïðåäñòàâèòü ðàâåíñòâîì
Pk(t, x(t, c), λ, y) = Q(t, x(t, c), λ, y)·y , ãäå Q(t, x(t, c), λ, y) ìàòðèöà, íåïðåðûâíàÿ ïîïåðåìåííûì t, c, λ, y íà ìíîæåñòâå [0;ω]×G(µ0)×Λ(δ0)×D(δ0) è lim

λ→0
Q(t, x(t, c), λ, y) = 0ðàâíîìåðíî îòíîñèòåëüíî t, c, λ íà ìíîæåñòâå [0;ω]×G(µ0)×Λ(δ0) .Ñèñòåìà óðàâíåíèé (3.1) ïðèìåò âèä

ẏ = Ay + f(t, x(t, c), λ) +D(t, x(t, c), λ) · y + Pk(t, x(t, c), λ, y) + o(|y|k). (3.2)Îäíîâðåìåííî ñ (3.2) ðàññìîòðèì ñèñòåìó
ż = Az + f(t, x(t, c), λ) +D(t, x(t, c), λ) · y(t, α, c, λ)+

+Pk

(
t, x(t, c), λ, y(t, α, c, λ)

)
+ o(|y(t, α, c, λ)|k). (3.3)Ñïðàâåäëèâà ñëåäóþùàÿÒ å î ð å ì à 3.1. �åøåíèå t→ y(t, α, c, λ) , y(0, α, c, λ) = α ñèñòåìû (3.2) ÿâëÿ-åòñÿ ðåøåíèåì ñèñòåìû (3.3). È íàîáîðîò, ðåøåíèå ñèñòåìû (3.3) t→ z(t) , z(0) = αÿâëÿåòñÿ ðåøåíèåì ñèñòåìû (3.2), è äëÿ ëþáîãî t ∈ [0;ω] ñïðàâåäëèâî ðàâåíñòâî

z(t) = y(t, α, c, λ) .Ñèñòåìà óðàâíåíèé (3.3) ýòî ëèíåéíàÿ íåîäíîðîäíàÿ ñèñòåìà. Ïóñòü X(t) ,
X(0) = E �óíäàìåíòàëüíàÿ ìàòðèöà ñèñòåìû ż = Az , òîãäà íà îñíîâàíèè òåîðåìû (3.1.)áóäåò

y(t, α, c, λ) = X(t)·α +X(t)·
t∫

0

X−1(ξ)·
[
f(ξ, x(ξ, c), λ) +D(ξ, x(ξ, c), λ) · y(ξ, α, c, λ)+

+Pk(ξ, x(ξ, c), λ, y(ξ, α, c, λ)) + o(|y(ξ, α, c, λ)|k)
]
dξ.Ò å î ð å ì à 3.2. �åøåíèå ñèñòåìû (3.2) t→ y(t, α, c, λ) , y(0, α, c, λ) = α ìîæíîïðåäñòàâèòü â âèäå

y(t, α, c, λ) = X(t)·α + o(|γ|), (3.4)ãäå γ = (α, λ) � âåêòîð è |γ| = max{|α|, |λ|} .Ä î ê à ç à ò å ë ü ñ ò â î. 1 ) Ïîêàæåì, ÷òî âåëè÷èíà y(t,α,c,λ)
|γ|

îãðàíè÷åíà íà ìíîæåñòâå
[0;ω]×W (δ)×G(µ)×Λ(δ) ïðè γ 6= 0 .Òàê êàê, âåêòîð-�óíêöèÿ t→ y(t, α, c, λ) ðåøåíèå (3.2), òî äëÿ ëþáîãî t ∈ [0;ω]áóäåò âûïîëíåíî ðàâåíñòâî

ẏ(t, α, c, λ) = A · y(t, α, c, λ) + f(t, x(t, c), λ) +D(t, x(t, c), λ) · y(t, α, c, λ)+Æóðíàë ÑÂÌÎ. 2009. Ò. 11, � 2
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+Pk

(
t, x(t, c), λ, y(t, α, c, λ)

)
+ o(|y(t, α, c, λ)|k).Îòêóäà ïîëó÷èì

|y(t, α, c, λ)|≤|α| +
t∫

0

∣∣∣f(ξ, x(ξ, c), λ)
∣∣∣dξ +

t∫

0

∥∥∥A +D(ξ, x(ξ, c), λ)+

+Q
(
ξ, x(ξ, c), λ, y(ξ, α, c, λ)

)
+
o(|y(ξ, α, c, λ)|k)
|y(ξ, α, c, λ)|

∥∥∥·|y(ξ, α, c, λ)|dξ.Ïóñòü M = sup
[0;ω]×G(µ)×Λ(δ)

∥∥∥A +D(t, x(t, c), λ) +Q
(
t, x(t, c), λ, y(t, α, c, λ)

)
+ o(|y(t,α,c,λ)|k)

|y(t,α,c,λ)|

∥∥∥ .Òîãäà |y(t, α, c, λ)|≤|α| +
t∫

0

|f(ξ, x(ξ, c), λ)|dξ +
t∫

0

M ·|y(ξ, α, c, λ)|dξ . Ïî ëåììå �ðîíóîëëà-Áåëëìàíà, äëÿ ëþáîãî t ∈ [0;ω] , è ëþáûõ âåêòîðîâ α∈W (δ) , c∈G(µ) , λ∈Λ(δ) èìååì
|y(t, α, c, λ)|≤

(
|α| +

ω∫
0

|f(t, x(t, c), λ)|dt
)
·exp(Mω) . Ñëåäîâàòåëüíî, lim

γ→0
y(t, α, c, λ) = 0ðàâíîìåðíî ïî t ∈ [0;ω] è c∈G(µ) , à òàê æå

|y(t, α, c, λ)|
|γ| ≤

(
|α| +

ω∫
0

|f(t, x(t, c), λ)|dt
)
·exp(Mω)

|γ| =

=
( |α|
|γ| +

1

|λ| ·
ω∫

0

|f(t, x(t, c), λ)|dt· |λ||γ|
)
·exp(Mω)Òî åñòü, âåëè÷èíà y(t,α,c,λ)

|γ|
îãðàíè÷åíà íà ìíîæåñòâå [0;ω]×W (δ)×G(µ)×Λ(δ) ïðè γ 6= 0 .2) Óáåäèìñÿ, ÷òî

X(t)·
t∫

0

X−1(ξ)·
[
f(ξ, x(ξ, c), λ) +D(ξ, x(ξ, c), λ) · y(ξ, α, c, λ)+

+Pk(ξ, x(ξ, c), λ, y(ξ, α, c, λ)) + o(|y(ξ, α, c, λ)|k)
]
dξ = o(|γ|),à ýòî çíà÷èò,

lim
γ→0

(
1

|γ| ·X(t)·
t∫

0

X−1(ξ)·
[
f(ξ, x(ξ, c), λ) +D(ξ, x(ξ, c), λ) · y(ξ, α, c, λ)+

+Pk(ξ, x(ξ, c), λ, y(ξ, α, c, λ)) + o(|y(ξ, α, c, λ)|k)
]
dξ

)
= 0ðàâíîìåðíî îòíîñèòåëüíî t ∈ [0;ω] è c∈G(µ) .Äåéñòâèòåëüíî, lim

γ→0

f(t,x(t,c),λ)
|γ|

= lim
γ→0

f(t,x(t,c),λ)
|λ|

· |λ|
|γ|

= 0 ðàâíîìåðíî îòíîñèòåëüíî
t ∈ [0;ω] è c∈G(µ) , lim

γ→0

D(t,x(t,c),λ)·y(t,α,c,λ)
|γ|

= lim
γ→0

(
D(t, x(t, c), λ) · y(t,α,c,λ)

|γ|

)
= 0 ðàâíîìåðíîîòíîñèòåëüíî t ∈ [0;ω] è c∈G(µ) , à òàê æå

lim
γ→0

Pk(t, x(t, c), λ, y(t, α, c, λ))

|γ| = lim
γ→0

(
Q(t, x(t, c), λ, y(t, α, C, λ))·y(t, α, c, λ)

|γ|
)

= 0Æóðíàë ÑÂÌÎ. 2009. Ò. 11, � 2



116 Ò. Ë. Ëüâîâàè lim
γ→0

o(|y(t,α,c,λ)|k)
|γ|

= lim
γ→0

o(|y(t,α,c,λ)|k)
|y(t,α,c,λ)|

· |y(t,α,c,λ)|
|γ|

= 0 ðàâíîìåðíî îòíîñèòåëüíî t ∈ [0;ω] è
c∈G(µ) .Èòàê ïîëó÷èì, äëÿ ëþáîãî ε > 0 ñóùåñòâóåò δ1 ∈ (0; δ0] , òàêîå ÷òî, äëÿ ëþáîãîâåêòîðà γ , |γ| < δ1 âûïîëíÿåòñÿ íåðàâåíñòâî

∣∣∣∣
1

|γ| ·
[
f(t, x(t, c), λ) +D(t, x(t, c), λ)·y(t, α, c, λ) + Pk(t, x(t, c), λ, y(t, α, c, λ))+

+o(|y(t, α, c, λ)|k)
]∣∣∣∣ < εïðè ëþáûõ t ∈ [0;ω] è c∈G(µ) . ×òî è òðåáîâàëîñü äîêàçàòü.Ä î ê à ç à ò å ë ü ñ ò â î ç à ê î í ÷ å í î.Íà îñíîâàíèè îïðåäåëåíèÿ (3.1.) èìååì, ðåøåíèå t→ y(t, α, c, λ) áóäåò ω -ïåðèîäè÷åñêèì òîãäà è òîëüêî òîãäà, êîãäà ñóùåñòâóþò âåêòîðû α∗ ∈W (δ) , c∗ ∈ G(µ) ,

λ∗ ∈ Λ(δ) óäîâëåòâîðÿþùèå ðàâåíñòâó
[X(ω) − E]·α+X(ω)·

ω∫

0

X−1(t)·
[
f(t, x(t, c), λ) +D(t, x(t, c), λ) · y(t, α, c, λ)+

+Pk(t, x(t, c), λ, y(t, α, c, λ)) + o(|y(t, α, c, λ)|k)
]
dt = 0. (3.5)Ñîãëàñòíî (3.4), ñèñòåìó óðàâíåíèé (3.5) ìîæíî ïðåäñòàâèòü â âèäå

[X(ω) − E]·α + Fp(γ, c) + o(|γ|p) = 0, (3.6)ãäå p > 1 , Fp(γ, c) � âåêòîð-�îðìà ïîðÿäêà p , îòíîñèòåëüíî γ . Òàê êàê X(t) � �óíäà-ìåíòàëüíàÿ ìàòðèöà è ðåøåíèå x(t, c) � ω -ïåðèîäè÷åñêîå, òî det [X(ω) −E] = 0 .Ïóñòü ìàòðèöà R = X(ω) −E , rangR = r , 0 ≤ r < n . Âûïîëíèì çàìåíó ïåðåìåí-íûõ α = Hβ , âåêòîð β � �óíäàìåíòàëüíàÿ ñèñòåìà ðåøåíèé óðàâíåíèÿ R · α = 0 , åãîðàçìåðíîñòü (n− r) .Ñèñòåìà (3.6) ïðèìåò âèä
Fp(v, c) + o(|v|p) = 0, (3.7)ãäå v = (β, λ) .Îáîçíà÷èì v = ρ·e , ρ > 0 , âåêòîð e = (eβ , eλ) , òîãäà óðàâíåíèå (3.7) ìîæåò áûòüçàïèñàíî òàê
Fp(e, c) +O(ρ, |e|) = 0,ãäå lim

ρ→0
O(ρ, |e|) = 0 ðàâíîìåðíî îòíîñèòåëüíî e , |e| ≤ ∆ è c ∈ G(µ) , ∆ > 1 � íåêîòîðîå÷èñëî.Ò å î ð å ì à 3.3. Åñëè äëÿ ëþáûõ âåêòîðîâ e , |e| = 1 è c ∈ G(µ) , Fp(e, c) 6= 0 ,òî ñóùåñòâóåò îêðåñòíîñòü òî÷êè v = 0 , â êîòîðîé íåò ðåøåíèÿ óðàâíåíèÿ (3.7) îò-ëè÷íîãî îò íóëÿ.Ä î ê à ç à ò å ë ü ñ ò â î. Ïî óñëîâèèþ Fp(e, c) 6= 0 ïðè ëþáûõ e , |e| = 1 è c ∈ G(µ) ,ìíîæåñòâî {e : |e| = 1}×G(µ) çàìêíóòî è îãðàíè÷åíî, à �óíêöèÿ Fp(e, c) íåïðåðûâíàíà ýòîì ìíîæåñòâå. Òîãäà ïî òåîðåìå Âåéðøòðàññà, ñóùåñòâóåò ÷èñëî m > 0 , òàêîå ÷òî

|Fp(e, c)| ≥ m äëÿ ëþáûõ e è c , ïðèíàäëåæàùèõ ìíîæåñòâó {e : |e| = 1}×G(µ) .Æóðíàë ÑÂÌÎ. 2009. Ò. 11, � 2



117Òàê êàê v = (β, λ) = ρ·e , à |e| = 1 , òî |v| = ρ . Èç lim
ρ→0

O(ρ, 1) = 0 ñëåäóåò, ñóùåñòâî-âàíèå ÷èñëà δ ∈ (0; δ0] , òàêîãî ÷òî, äëÿ ëþáûõ ρ ∈ (0; δ) è c ∈ G(µ) âûïîëíÿåòñÿ íåðàâåí-ñòâî |O(ρ, 1)| < m
2
. Ïîëó÷èì |Fp(e, c) +O(ρ, 1)| ≥ |Fp(e, c)| − |O(ρ, 1)| > m− m

2
= m

2
> 0 .Òàêèì îáðàçîì, äëÿ ëþáûõ e , |e| = 1 , c ∈ G(µ) è ρ ∈ (0; δ) áóäåò Fp(e, c) +O(ρ, 1) 6= 0 .À ýòî çíà÷èò, ÷òî ñèñòåìà (3.7) íå èìååò íåíóëåâîãî ðåøåíèÿ â îêðåñòíîñòè òî÷êè v = 0 ,îïðåäåëåííîé ñîîòíîøåíèåì {v : v = ρ·e, ρ ∈ (0, δ), |e| = 1} ïðè ëþáîì c ∈ G(µ) .Ä î ê à ç à ò å ë ü ñ ò â î ç à ê î í ÷ å í î.Èç òåîðåìû (3.3.) ñëåäóåò, ÷òî íåîáõîäèìûì óñëîâèåì ñóùåñòâîâàíèÿ íåíóëåâî-ãî ω -ïåðèîäè÷åñêîãî ðåøåíèÿ óðàâíåíèÿ (3.1) ÿâëÿåòñÿ íàëè÷èå âåêòîðîâ e∗ , |e∗| = 1 è

c∗ ∈ G(µ) , ïðè êîòîðûõ Fp(e
∗, c∗) = 0 .Åñëè òàêèõ âåêòîðîâ íåò, òî ðåøåíèåì ñèñòåìû (3.7) áóäåò âåêòîð v = 0 , à ýòîçíà÷èò, ñèñòåìà óðàâíåíèé (3.1) èìååò òîëüêî íóëåâîå ðåøåíèå y ≡ 0 . Ñëåäîâàòåëüíî,ðåæèì ðàáîòû ýëåêòðè÷åñêîé öåïè, ìàòåìàòè÷åñêàÿ ìîäåëü êîòîðîé çàäàíà óðàâíåíèåì(2.1), áóäåò îïðåäëÿòüñÿ ëèíåéíîé ÷àñòüþ öåïè. Òàê êàê âåêòîð-�óíêöèÿ x(t, c) � ω -ïåðèîäè÷åñêàÿ, òî è ðåæèì ðàáîòû áóäåò ïåðèîäè÷åñêèì.Ñïèñîê ëèòåðàòóðû1. Áåññîíîâ Ë.À. Íåëèíåéíûå ýëåêòðè÷åñêèå öåïè. � Ì.: Âûñø. øê., 1977. � 343 ñ.2. Êîääèíãòîí Ý.À. è Ëåâèíñîí Í. Òåîðèÿ îáûêíîâåííûõ äè��åðåíöèàëüíûõ óðàâíå-íèé. � Ì.: ÈË, 1958. � 474 ñ. Äàòà ïîñòóïëåíèÿ 01.07.2009
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© Í. È. Îâñÿííèêîâà1Àííîòàöèÿ. Â äàííîé ðàáîòå ïîñòðîåíà äèñêðåòíàÿ óïðàâëÿåìàÿ ìîäåëü ðàñïðîñòðàíåíèÿèí�åêöèîííîãî çàáîëåâàíèÿ, ïåðåäàâàåìîãî êîíòàêòíûì ïóò¼ì. Öåëüþ óïðàâëåíèÿ ÿâëÿåòñÿìèíèìèçàöèÿ çàòðàò íà ïîãàøåíèå ýïèäåìèè ïðè èìåþùèõñÿ îãðàíè÷åíèÿõ íà óïðàâëåíèå èíà÷àëüíûõ äàííûõ.Êëþ÷åâûå ñëîâà: îïòèìàëüíîå óïðàâëåíèå, âàêöèíàöèÿ, èçîëÿöèÿ, èí�îðìàöèîííî-îáðàçîâàòåëüíàÿ ïðîãðàììà1. Ìàòåìàòè÷åñêàÿ ïîñòàíîâêà çàäà÷è�àññìîòðèì äèíàìèêó ïðîöåññà ýïèäåìèè â ñîîáùåñòâå, ñîñòîÿùåì èç n ãðóïï, âêëþ÷èâóïðàâëåíèå âàêöèíàöèåé, èçîëÿöèåé è èí�îðìàöèîííî-îáðàçîâàòåëüíîé ïðîãðàììîé:





xi+1
j = xij − xij∆t(1 − wij)

n∑
k=1

βjky
i
k − ∆t(vij + µjx

i
j − Λj),

yi+1
j = yij + xij∆t(1 − wij)

n∑
k=1

βjky
i
k − ∆t((γj + µj + µ̃j)y

i
j + uij)

(1.1)ãäå xij , xi+1
j � ÷èñëåííîñòü ïîäâåðæåííûõ èí�åêöèîííîìó çàáîëåâàíèþ â j -é ãðóïïå íà

i -îì è íà (i+1) -îì øàãå, yij , yi+1
j � ÷èñëåííîñòü èí�èöèðîâàííûõ íà i -îì è íà (i+1) -îìøàãå, γjyij � êîëè÷åñòâî ëþäåé, âîññòàíîâèâøèõ ñâî¼ çäîðîâüå â j -òîé ñîöèàëüíîé ãðóï-ïå íà i -îì øàãå áåç âîçäåéñòâèÿ âíåøíèõ ñðåäñòâ: êàðàíòèíà, âàêöèíàöèè è ïð. ( γ−1 �ñðåäíåå âðåìÿ åñòåñòâåííîãî âûçäîðîâëåíèÿ ïðè äàííîì èí�åêöèîííîì çàáîëåâàíèè), βijk� êîý��èöèåíò ðîñòà, õàðàêòåðèçóþùèé ÷àñòîòó âñòðå÷ çäîðîâûõ ëþäåé j -òîé ãðóïïû ñèí�èöèðîâàííûìè ëþäüìè k -òîé ãðóïïû íà i -îì øàãå, µj � êîý��èöèåíò åñòåñòâåííîéñìåðòíîñòè ëþäåé â j -òîé ãðóïïå, µ̃j � êîý��èöèåíò ñìåðòíîñòè îò äàííîé èí�åêöèè â

j -òîé ãðóïïå, Λj � ñðåäíÿÿ ñêîðîñòü ðîæäàåìîñòè â j -òîé ãðóïïå, x0
j , y0

j � èçâåñòíûåçíà÷åíèÿ â íà÷àëüíûé ìîìåíò âðåìåíè, vij � ñêîðîñòü âàêöèíàöèè ïîäâåðæåííûõ èí�èöè-ðîâàíèþ â j -òîé ãðóïïå íà i -òûé ìîìåíò âðåìåíè, uij � ñêîðîñòü âûâåäåíèÿ èí�èöèðî-âàííûõ íà êàðàíòèí â j -òîé ãðóïïå íà i -òûé ìîìåíò âðåìåíè, wij � äîëÿ ïîäâåðæåííûõèí�èöèðîâàíèþ, íà êîòîðûõ óñïåøíî âîçäåéñòâîâàëè èí�îðìàöèîííî-îáðàçîâàòåëüíîéïðîãðàììîé â j -òîé ãðóïïå íà i -òûé ìîìåíò âðåìåíè.Ôóíêöèîíàë:
I(v, u, w) =

n∑

j=1

q−1∑

i=0

(
yij + djv

i
j + cju

i
j + ljw

i
jx
i
j

)
∆t+

n∑

j=1

bjy
q
j → inf (1.2)õàðàêòåðèçóåò öåëü óïðàâëåíèÿ, êîòîðàÿ ñîñòîèò â òîì, ÷òîáû ìèíèìèçèðîâàòü çàòðàòûíà ïîãàøåíèå ýïèäåìèè, ãäå dj � îòíîñèòåëüíàÿ ñòîèìîñòü âàêöèíàöèè â j -òîé ãðóïïå,

cj � îòíîñèòåëüíàÿ ñòîèìîñòü êàðàíòèíà â j -òîé ãðóïïå, lj � îòíîñèòåëüíàÿ ñòîèìîñòüèí�îðìàöèîííî-îáðàçîâàòåëüíîé ïðîãðàììû â j -òîé ãðóïïå (ñòîèìîñòü îäíîãî èí�èöè-ðîâàííîãî ÷åëîâåêà äëÿ îáùåñòâà ïðèìåì çà åäèíèöó), bj � îòíîñèòåëüíàÿ ñòîèìîñòü1Ñòàðøèé ïðåïîäàâàòåëü êà�åäðû ïðèêëàäíîé ìàòåìàòèêè, Ïîìîðñêèé �îñóäàðñòâåííûé Óíèâåðñèòåòèì. Ì. Â. Ëîìîíîñîâà, ã. Àðõàíãåëüñê; imaginary-aim�hotmail.
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120 Í. È. Îâñÿííèêîâàîñòàòî÷íîãî áîëüíîãî â j -òîé ãðóïïå ( bj ≥ 1 , òàê îñòàâøèåñÿ áîëüíûå ìîãóò âûçâàòüíîâóþ ýïèäåìèþ).Îãðàíè÷åíèÿ íà óïðàâëåíèÿ çàäàíû â ñëåäóþùåì âèäå:
0 ≤ vij ≤ Aj , 0 ≤ uij ≤ Bj, 0 ≤ wij ≤ Cj, i = 1;n, j = 0, q − 1 (1.3)Íà÷àëüíûå óñëîâèÿ:

x0
j , y

0
j , j = 1, n (1.4)

{
xi ∈ Xi ⊂ Rn, i = 0; q

yi ∈ Yi ⊂ Rn, i = 0; q

[v]q−1
0 = (v0, v1, . . . , vq−1), [u]q−1

0 = (u0, u1, . . . , uq−1), [w]q−1
0 = (w0, w1, . . . , wq−1)

V 0(x, y) � ìíîæåñòâî äîïóñòèìûõ óïðàâëåíèé âàêöèíàöèåé, U0(x, y) � ìíîæåñòâî äî-ïóñòèìûõ óïðàâëåíèé êàðàíòèíîì, W 0(x, y) � ìíîæåñòâî äîïóñòèìûõ óïðàâëåíèé ïðî-ãðàììîé ¾Çäîðîâüå¿, D0 � ìíîæåñòâî äîïóñòèìûõ ïðîöåññîâ, Di � ìíîæåñòâî êîìïîíåíòäîïóñòèìûõ ïðîöåññîâ è ïîäìíîæåñòâ G1
i ⊂ Xi , G2

i ⊂ Yi � ìíîæåñòâ äîñòèæèìîñòè íà
i -òîì øàãå i = 0; q .�àçîáü¼ì îòðåçêè óïðàâëåíèÿ [0; umax] , [0; vmax] , [0;wmax] ðàâíîîòñòîÿùèìè òî÷êàìè:

0 = u0 < u1 < · · · < ul = umax, ∆u = ui+1 − ui, i = 0; l− 1

0 = v0 < v1 < · · · < vr = vmax, ∆v = vi+1 − vi, i = 0; r − 1

0 = w0 < w1 < · · · < wk = wmax, ∆w = wi+1 − wi, i = 0; k − 1Ïîñòðîèì ñåòêó, ñîñòîÿùóþ èç òî÷åê (xi, yj) : 0 ≤ i ≤ m , 0 ≤ j ≤ n , τ = xmax

m
,

h = ymax

n
.2. Àëãîðèòì ñèíòåçà óïðàâëåíèÿI ýòàï (ïî óáûâàþùåìó èíäåêñó k ).

k = q Bq(x, y) =
n∑

j=0

bjy
q
j

k = q − 1 Bq−1(x, y) = inf
u∈Uq−1

v∈V q−1

w∈W q−1

{
n∑

j=1

(
yq−1
j + djv

q−1
j + ljw

q−1
j xq−1

j + cju
q−1
j

)
∆t+

+
n∑

j=0

bj

(
yq−1
j +

[
xq−1
j

(
1 − wq−1

j

) n∑

k=1

βjky
q−1
k − µjy

q−1
j − µ̃jy

q−1
j − γjy

q−1
j − uq−1

j

])
∆t

}Äëÿ êàæäîé òî÷êè (xi, yj) èç äîïóñòèìîé îáëàñòè íàõîäèì íàáîð óïðàâëåíèé, ìèíè-ìèçèðóþùèõ �óíêöèþ Áåëëìàíà Bq−1(x, y) .
k = q − 2 Bq−2(x, y) = inf

u∈Uq−2

v∈V q−2

w∈W q−2

{
n∑

j=1

(
yq−2
j + djv

q−2
j + ljw

q−2
j xq−2

j + cju
q−2
j

)
∆t+
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Ïîèñê îïòèìàëüíîãî óïðàâëåíèÿ â ìîäåëè ýïèäåìèè 121
+Bq−1

([
xq−2
j − ∆t

[
xq−2
j

(
1 − wq−2

j

) n∑

k=1

βjky
q−2
k + µjx

q−2
j − Λj + vq−2

j

]]
,

[
yq−2
j + ∆t

[
xq−2
j

(
1 − wq−2

j

) n∑

k=1

βjky
q−2
k − (µj + µ̃j + γj) y

q−2
j − uq−2

j

]]}Äëÿ êàæäîé òî÷êè (xi, yj) èç äîïóñòèìîé îáëàñòè íàõîäèì íàáîð óïðàâëåíèé, ìèíè-ìèçèðóþùèõ �óíêöèþ Áåëëìàíà Bq−2(x, y) , è òàê äëÿ êàæäîãî k = q − 3, . . . , 0 .Íàõîäèì ìíîæåñòâî G1
0 ⊂ X0 , G2

0 ⊂ Y0 è äëÿ êàæäîãî x ∈ G1
0 , y ∈ G2

0 îïðåäåëÿåììíîæåñòâà V 0(x, y) , U0(x, y) , W 0(x, y) .
B0(x, y) = inf

u∈U0

v∈V 0

w∈W 0

{
n∑

j=1

(
y0
j + djv

0
j + ljw

0
jx

0
j + cju

0
j

)
∆t

+B1

([
x0
j +

(
x0
j∆t

(
1 − w0

j

) n∑

k=1

βjky
0
k − ∆t

(
µjx

0
j − Λj + v0

j

)
)]

,

[
y0
j + x0

j∆t
(
1 − w0

j

) n∑

k=1

βjky
0
k − ∆t

(
µjy

0
j + µ̃jy

0
j + γjy

0
j + u0

j

) ]
)}Íàõîäèì B0(x, y) è v0(t) , u0(t) , w0(t) äëÿ êàæäîãî x ∈ G1

0 , y ∈ G2
0 .Èòàê, íà ïåðâîì ýòàïå ðåøåíèÿ çàäà÷è äëÿ êàæäîãî x ∈ G1

k , y ∈ G2
k , k = 0, . . . q − 1íàõîäÿòñÿ çíà÷åíèÿ �óíêöèè Áåëëìàíà B0(x, y) è êîìïîíåíòû îïòèìàëüíîãî óïðàâëåíèÿ

ṽk(x, y) , ũk(x, y) , w̃k(x, y) äëÿ êàæäîãî x ∈ G1
k , y ∈ G2

k , k = 0, . . . q − 1 . Íàéäåííîå íàI ýòàïå îïòèìàëüíîå óïðàâëåíèå ÿâëÿåòñÿ ñèíòåçîì. Â îòëè÷èå îò ïðîãðàììíîãî óïðàâ-ëåíèÿ, êîòîðîå çàâèñèò òîëüêî îò ìîìåíòà âðåìåíè t (øàã k ) è îïðåäåëåíî òîëüêî äëÿòî÷åê x̃k , ỹk , k = 0, . . . q − 1 , ïðèíàäëåæàùèõ îïòèìàëüíîé òðàåêòîðèè, ñèíòåçèðóþùàÿ�óíêöèÿ óïðàâëåíèÿ ṽk(x, y) , ũk(x, y) , w̃k(x, y) îïðåäåëåíà äëÿ âñåõ òî÷åê x ∈
q−1⋃
k=0

G1
k ,

y ∈
q−1⋃
k=0

G2
k . Òàêèì îáðàçîì, ðåøåíèå óðàâíåíèÿ Áåëëìàíà ðàâíîñèëüíî ðåøåíèþ ïðîáëå-ìû ñèíòåçà äëÿ çàäà÷è, êîòîðàÿ çàêëþ÷àåòñÿ â ïîñòðîåíèè îïòèìàëüíîãî óïðàâëåíèÿ â�îðìå ñèíòåçà, çàâèñÿùåãî îò ñîñòîÿíèÿ ñèñòåìû xk ∈ G1

k , yk ∈ G2
k íà êàæäîì øàãå.II ýòàï.Íàõîäèòñÿ x̃0 ∈ G1

0 , ỹ0 ∈ G2
0 � îïòèìàëüíàÿ òî÷êà èç óñëîâèÿ ìèíèìèçàöèè �óíêöèè

B0(x, y) íà ìíîæåñòâå G0 è îïòèìàëüíîå çíà÷åíèå öåëåâîé �óíêöèè:
I∗0 = B0(x̃0, ỹ0) = inf

x,y∈G0

B0(x, y)III ýòàï (ïî âîçðàñòàþùåìó èíäåêñó k )Ïîñëåäîâàòåëüíî ïðèìåíÿÿ íàéäåííûé îïòèìàëüíûé ñèíòåç vk(x, y) , uk(x, y) , wk(x, y)è îïåðàòîð ïåðåõîäà ñ ó÷¼òîì íà÷àëüíîé �àçîâîé òî÷êè, íàõîäèì îïòèìàëüíóþ òðà-åêòîðèþ [x̃]q0 = (x̃0, x̃1, . . . , x̃q) , [ỹ]q0 = (ỹ0, ỹ1, . . . , ỹq) è ñîîòâåòñòâóþùåå ÎÓ: [ṽ]q−1
0 =

(ṽ0, ṽ1, . . . , ṽq−1) , [u]q−1
0 = (u0, u1, . . . , uq−1) , [w]q−1

0 = (w0, w1, . . . , wq−1) . x̃0 , ỹ0 � íàéäåíîíà II ýòàïå; v0(x, y) , u0(x, y) , w0(x, y) � íàéäåíî íà I ýòàïå.
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122 Í. È. Îâñÿííèêîâà3. Àíàëèç ðåçóëüòàòîâ ðåøåíèÿÄëÿ íà÷àëüíûõ äàííûõ x0 = 3500 , y0 = 300 è îãðàíè÷åíèÿõ íà óïðàâëåíèå: 0 ≤ vi ≤ 20 ,
0 ≤ ui ≤ 50 , 0 ≤ wi ≤ 0, 2 , i = 0; q − 1 çà�èêñèðóåì îòíîñèòåëüíûå ñòîèìîñòè: âàêöèíà-öèè îäíîãî ÷åëîâåêà d , èí�îðìàöèîííîé ïðîãðàììû íà îäíîãî ÷åëîâåêà l , îñòàòî÷íóþñòîèìîñòü áîëüíîãî b , áóäåì ìåíÿòü îòíîñèòåëüíóþ ñòîèìîñòü èçîëÿöèè îäíîãî áîëüíîãî
c . Èç ðèñ. 3.1 âèäíî, ÷òî ñ ðîñòîì îòíîñèòåëüíîé ñòîèìîñòè èçîëÿöèè óïðàâëåíèå êàðàí-òèíîì (èçîëÿöèåé) ñòðåìèòåëüíî ñíèæàåòñÿ, óñèëèâàåòñÿ óïðàâëåíèå ñ ïîìîùüþ âàêöè-íàöèè è èí�îðìàöèîííîé ïðîãðàììû. Ñóììàðíûå çàòðàòû íà ïîãàøåíèå ýïèäåìèè ñíîâàâîçðîñëè (çà ñ÷¼ò øòðà�à çà îñòàòî÷íûõ áîëüíûõ). Ïðè ïîâûøåíèè ñòîèìîñòè êàðàíòèíàîñòàòî÷íîå ÷èñëî ïîäâåðæåííûõ èí�èöèðîâàíèþ ñíèæàåòñÿ ÷àñòè÷íî çà ñ÷¼ò óñèëåíèÿóïðàâëåíèÿ âàêöèíàöèåé, ÷àñòè÷íî çà ñ÷¼ò ïåðåõîäà â ÷èñëî èí�èöèðîâàííûõ. Îáùàÿýïèäåìèîëîãè÷åñêàÿ êàðòèíà óõóäøàåòñÿ.

� è ñ ó í î ê 3.1�åøåíèå çàäà÷è îïòèìàëüíîãî óïðàâëåíèÿ ýïèäåìèåé ìåòîäîì ñèíòåçà óïðàâëåíèé âçàâèñèìîñòè îò ñòîèìîñòè êàðàíòèíà.Çà�èêñèðóåì îòíîñèòåëüíûå ñòîèìîñòè: èçîëÿöèè îäíîãî áîëüíîãî c , èí�îðìàöèîí-íîé ïðîãðàììû íà îäíîãî ÷åëîâåêà l , îñòàòî÷íóþ ñòîèìîñòü áîëüíîãî b , áóäåì ìåíÿòüÆóðíàë ÑÂÌÎ. 2009. Ò. 11, � 2



Ïîèñê îïòèìàëüíîãî óïðàâëåíèÿ â ìîäåëè ýïèäåìèè 123îòíîñèòåëüíóþ ñòîèìîñòü âàêöèíàöèè îäíîãî ÷åëîâåêà d . Èç ðèñ. 3.2 âèäíî, ÷òî ñ ðî-ñòîì îòíîñèòåëüíîé ñòîèìîñòè âàêöèíàöèè óïðàâëåíèå ñ ïîìîùüþ âàêöèíàöèè ñíèæàåòñÿ,óïðàâëåíèå èçîëÿöèåé íåìíîãî óñèëèâàåòñÿ, ñóììàðíûå çàòðàòû íà ïîãàøåíèå ýïèäåìèèíåçíà÷èòåëüíî âîçðîñëè. Ïðè ïîâûøåíèè ñòîèìîñòè âàêöèíàöèè îñòàòî÷íîå ÷èñëî ïîä-âåðæåííûõ èí�èöèðîâàíèþ ïîâûøàåòñÿ èç-çà ñíèæåíèÿ óïðàâëåíèÿ âàêöèíàöèåé.

� è ñ ó í î ê 3.2�åøåíèå çàäà÷è îïòèìàëüíîãî óïðàâëåíèÿ ýïèäåìèåé ìåòîäîì ñèíòåçà óïðàâëåíèé âçàâèñèìîñòè îò ñòîèìîñòè âàêöèíàöèè.Çà�èêñèðîâàâ îòíîñèòåëüíûå ñòîèìîñòè: âàêöèíàöèè îäíîãî ÷åëîâåêà d , èçîëÿöèèîäíîãî áîëüíîãî c , îñòàòî÷íóþ ñòîèìîñòü áîëüíîãî b è ìåíÿÿ îòíîñèòåëüíóþ ñòîèìîñòüèí�îðìàöèîííîé ïðîãðàììû íà îäíîãî ÷åëîâåêà l , ïîëó÷èì:
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124 Í. È. Îâñÿííèêîâà

� è ñ ó í î ê 3.3�åøåíèå çàäà÷è îïòèìàëüíîãî óïðàâëåíèÿ ýïèäåìèåé ìåòîäîì ñèíòåçà óïðàâëåíèé âçàâèñèìîñòè îò ñòîèìîñòè èí�îðìàöèîííîé ïðîãðàììû.Èç ðèñ. 3.3 âèäíî, ÷òî ñ ðîñòîì îòíîñèòåëüíîé ñòîèìîñòè èí�îðìàöèîííîé ïðîãðàììûóïðàâëåíèå èí�îðìàöèîííîé ïðîãðàììîé ñíèæàåòñÿ, óïðàâëåíèå âàêöèíàöèåé è êàðàíòè-íîì óñèëèâàåòñÿ. Ñóììàðíûå çàòðàòû íà ïîãàøåíèå ýïèäåìèè âîçðîñëè (çà ñ÷¼ò øòðà�àçà îñòàòî÷íûõ áîëüíûõ è äîðîãîãî óïðàâëåíèÿ êàðàíòèíîì). Ïðè ïîâûøåíèè ñòîèìîñòèèí�îðìàöèîííîé ïðîãðàììû îñòàòî÷íîå ÷èñëî ïîäâåðæåííûõ èí�èöèðîâàíèþ ñíèæàåòñÿ÷àñòè÷íî çà ñ÷¼ò óñèëåíèÿ óïðàâëåíèÿ âàêöèíàöèåé, ÷àñòè÷íî çà ñ÷¼ò ïåðåõîäà â ÷èñëîèí�èöèðîâàííûõ. Îáùàÿ ýïèäåìèîëîãè÷åñêàÿ êàðòèíà óõóäøàåòñÿ.4. ÂûâîäÑ ðîñòîì ñòîèìîñòè êàêîãî-òî âèäà óïðàâëåíèÿ ïðîäîëæèòåëüíîñòü åãî ñíèæàåòñÿ, íî â òîæå âðåìÿ ðàñò¼ò ïðîäîëæèòåëüíîñòü äðóãèõ óïðàâëåíèé. Óâåëè÷èâàåòñÿ ñóììàðíàÿ ñòî-èìîñòü çàòðàò íà ïîãàøåíèå ýïèäåìèè. Îáùàÿ ýïèäåìèîëîãè÷åñêàÿ êàðòèíà óõóäøàåòñÿ.Æóðíàë ÑÂÌÎ. 2009. Ò. 11, � 2



125Íà ðåøåíèå çàäà÷è ìåòîäîì ñèíòåçà óïðàâëåíèÿ îêàçûâàåò âëèÿíèå øàã ÷èñëåííîãîìåòîäà: óìåíüøåíèå øàãà ∆t âûçûâàåò ðîñò ñóììàðíûõ çàòðàò íà ïîãàùåíèå ýïèäåìèè,ñ óìåíüøåíèåì øàãà ∆x = ∆y óìåíüøàåòñÿ îñòàòî÷íîå ÷èñëî ïîäâåðæåííûõ èí�èöèðî-âàíèþ (çà ñ÷¼ò ïåðåõîäà èõ â ðàçðÿä áîëüíûõ). Ñòðóêòóðà óïðàâëåíèÿ è äèíàìèêà x(t) è
y(t) ïðàêòè÷åñêè íå èçìåíÿþòñÿ.Ñïèñîê ëèòåðàòóðû1. Àíäðååâà Å.À., Öèðóë¼âà Â.Ì. ×èñëåííûå ìåòîäû ðåøåíèÿ ýêñòðåìàëüíûõ çàäà÷.Òâåðü: Òâ�Ó, 1999.- ñòð. 230-305.2. Åâòóøåíêî Þ.�. Ìåòîäû ðåøåíèÿ ýêñòðåìàëüíûõ çàäà÷ è èõ ïðèìåíåíèå â ñèñòåìàõîïòèìèçàöèè. Ì.: Íàóêà, 1982.3. Àíäðååâà Å.À., Îâñÿííèêîâà Í.È. �àçðàáîòêà àëãîðèòìà è ïðîãðàììû óïðàâëåíèÿïðîöåññîì ýïèäåìèè// Ïðîãðàììíûå ïðîäóêòû è ñèñòåìû, �3(87), 2009, � 
 .126-128.
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Óïðàâëÿåìîñòü çà áåñêîíå÷íîå âðåìÿ è àñèìïòîòè÷åñêîå ðàâíîâåñèå. 127ÓÄÊ 517.956Óïðàâëÿåìîñòü çà áåñêîíå÷íîå âðåìÿ è àñèìïòîòè÷åñêîåðàâíîâåñèå.
© À. Þ. Ïàâëîâ1Àííîòàöèÿ. �àññìàòðèâàåòñÿ çàäà÷à îá óïðàâëÿåìîñòè çà áåñêîíå÷íîå âðåìÿ â íåêîòîðîìêëàññå äîïóñòèìûõ óïðàâëåíèé äëÿ íåëèíåéíûõ ñèñòåì ÎÄÓ. Ïîëó÷åíû äîñòàòî÷íûå óñëîâèÿñóùåñòâîâàíèÿ óïðàâëåíèÿ êîãäà òðåáîâàíèå àñèìïòîòè÷åñêîãî ðàâíîâåñèÿ ó ïåðâîãî ïðèáëè-æåíèÿ ñíÿòî.Êëþ÷åâûå ñëîâà: ñèñòåìû ÎÄÓ, ìàòåìàòè÷åñêàÿ òåîðèÿ óïðàâëåíèÿ, óïðàâëÿåìîñòü çàáåñêîíå÷íîå âðåìÿ, àñèìïòîòè÷åñêîå ðàâíîâåñèå.Âàæíóþ ðîëü â ìàòåìàòè÷åñêîé òåîðèè óïðàâëåíèÿ èãðàþò çàäà÷è îá óïðàâëÿåìîñòèñèñòåì äè��åðåíöèàëüíûõ óðàâíåíèé çà êîíå÷íîå è áåñêîíå÷íîå âðåìÿ.Ïðè óïðàâëÿåìîñòè çà êîíå÷íîå âðåìÿ ïðîèçâîëüíàÿ �èêñèðîâàííàÿ òî÷êà ïåðåâîäèò-ñÿ â äðóãóþ ïðîèçâîëüíóþ òî÷êó çà îïðåäåëåííîå âðåìÿ T . Â ñëó÷àå óïðàâëÿåìîñòè çàáåñêîíå÷íîå âðåìÿ �èêñèðîâàííàÿ òî÷êà ïåðåâîäèòñÿ â ñêîëü óãîäíî ìàëóþ îêðåñòíîñòüäðóãîé òî÷êè, ïðè÷åì â äàëüíåéøåì èç ýòîé îêðåñòíîñòè ïåðåâîäèìàÿ òî÷êà íå âûõîäèò.Â ðàáîòå [1℄ ïðî�åññîðîì Å.Â. Âîñêðåñåíñêèì ðàññìîòðåí âîïðîñ îá óïðàâëÿåìîñòèíåëèíåéíûõ ñèñòåì âèäà
∂x

∂t
= A(t)x+B(t)u+ f(t, x, u) + F (t) (1.1)çà êîíå÷íîå è áåñêîíå÷íîå âðåìÿ â îïðåäåëåííûõ êëàññàõ äîïóñòèìûõ óïðàâëåíèé K.Äàííûå óñëîâèÿ ïîëó÷åíû íà îñíîâå àñèìïòîòè÷åñêîé òåîðèè èíòåãðèðîâàíèÿ óðàâíå-íèé äâèæåíèÿ è ìåòîäà ñðàâíåíèÿ. Ïðè÷åì óðàâíåíèåì ñðàâíåíèÿ ÿâëÿåòñÿ
∂y

∂t
= A(t)y +B(t)u+ F (t) (1.2). Îäíèì èç óñëîâèé óïðàâëÿåìîñòè çà áåñêîíå÷íîå âðåìÿ ÿâëÿåòñÿ ñóùåñòâîâàíèå àñèìï-òîòè÷åñêîãî ðàâíîâåñèÿ ó ñèñòåìû ïåðâîãî ïðèáëèæåíèÿ

∂y

∂t
= A(t)y (1.3). Äëÿ ñèñòåìû (1.3) ñóùåñòâîâàíèå àñèìïòîòè÷åñêîãî ðàâíîâåñèÿ ñëåäóþùåå.Ïóñòü Y (t) - �óíäàìåíòàëüíàÿ ìàòðèöà óðàâíåíèÿ (1.3), íîðìèðîâàííàÿ â íóëå, Y (0) =

E , lim
t→+∞

Y (t) = Y (+∞) , detY (+∞) 6= 0 .Òîãäà ãîâîðÿò, ÷òî ñèñòåìà (1.3) èìååò àñèìïòîòè÷åñêîå ðàâíîâåñèå. Îäíàêî ìîæíîïîêàçàòü, ÷òî ýòî óñëîâèå íå ÿâëÿåòñÿ â îáùåì ñëó÷àå íåîáõîäèìûì äëÿ óïðàâëÿåìîñòèñèñòåìû (1.1) çà áåñêîíå÷íîå âðåìÿ.Ïðèìåð. �àññìîòðèì ñêàëÿðíîå óðàâíåíèå
∂x

∂t
= −x+ u (1.4)Óðàâíåíèå ïåðâîãî ïðèáëèæåíèÿ1Äîöåíò êà�åäðû ïðèêëàäíîé ìàòåìàòèêè, Ì�Ó èì Í.Ï.Îãàðåâà, ã. Ñàðàíñê; appmath�svmo.ru.Æóðíàë ÑÂÌÎ. 2009. Ò. 11, � 2
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∂y

∂t
= −y (1.5)íå èìååò àñèìïòîòè÷åñêîãî ðàâíîâåñèÿ, òàê êàê îáùåå ðåøåíèå óðàâíåíèÿ:

y(t) = ce−t (1.6)è, ñëåäîâàòåëüíî, lim
t→+∞

Y (t) = 0 , ∀c ∈ R .Ïîêàæåì, ÷òî óðàâíåíèå (1.4) ÿâëÿåòñÿ óïðàâëÿåìûì çà áåñêîíå÷íîå âðåìÿ. Ïóñòü òî÷-êó x0 ïî òðàåêòîðèè óðàâíåíèÿ (1.4) íåîáõîäèìî ïåðåâåñòè çà áåñêîíå÷íîå âðåìÿ â òî÷êó
x1 , òî åñòü x(t0) = x0 , x(+∞0) = x1 .×àñòíîå ðåøåíèå óðàâíåíèÿ (1.4), ïðîõîäÿùåå ÷åðåç òî÷êó (t0 , x0) èìååò âèä:

x(t) = e−t(

t∫

t0

esu(s)ds+ x0e
to) (1.7)Íàéäåì òàêîå óïðàâëåíèå u ,÷òî lim

t→∞
x(t) = x1 .

lim
t→∞

x(t) = lim
t→∞

t∫
t0

esu(s)ds+ x0e
t0

et
(1.8). Åñëè ïîòðåáîâàòü íåïðåðûâíîñòü �óíêöèè íà ïðîìåæóòêå [t0 ,+∞) , òî ê ïîñëåäíåìóïðåäåëó ìîæíî ïðèìåíèòü ïðàâèëî Ëîïèòàëÿ. Òîãäà

lim
t→∞

x(t) = lim
t→∞

etu(t)

et
= lim

t→∞
u(t) (1.9). Òî åñòü èñêîìûì óðàâíåíèåì ìîæåò áûòü ëþáàÿ íåïðåðûâíàÿ �óíêöèÿ òàêàÿ, ÷òî

lim
t→∞

u(t) = x1 . Â ÷àñòíîñòè, ìîæíî ïîëîæèòü u(t) = x1 ; u(t) = x1 + 1
t
; u(t) = x1 − 1

t
.Òàêèì îáðàçîì, ñèñòåìà (1.4) ÿâëÿåòñÿ óïðàâëÿåìîé çà áåñêîíå÷íîå âðåìÿ, õîòÿ óðàâ-íåíèå ïåðâîãî ïðèáëèæåíèÿ íå èìååò àñèìïòîòè÷åñêîãî ðàâíîâåñèÿ.Îïðåäåëåííûé èíòåðåñ ïðåäñòàâëÿþò êëàññû óðàâíåíèé, äëÿ êîòîðûõ ñóùåñòâîâàíèåàñèìïòîòè÷åñêîãî ðàâíîâåñèÿ ó óðàâíåíèÿ ïåðâîãî ïðèáëèæåíèÿ íå ÿâëÿåòñÿ íåîáõîäè-ìûì èëè íåîáõîäèìûì è äîñòàòî÷íûì óñëîâèåì. Íàéäåì êëàññ äè��åðåíöèàëüíûõ ñè-ñòåì, óïðàâëÿåìûõ çà áåñêîíå÷íîå âðåìÿ â íåêîòîðîì êëàññå äîïóñòèìûõ óïðàâëåíèé áåçïðåäïîëîæåíèÿ ñóùåñòâîâàíèÿ àñèìïòîòè÷åñêîãî ðàâíîâåñèÿ ñèñòåìû ïåðâîãî ïðèáëèæå-íèÿ ∂x

∂t
= A(t)x .�àññìîòðèì ñèñòåìó

{
∂x
∂t

= A(t)x+ f(t, x, u),
x(t0) = x0, x(+∞) = x1,

(1.10)ãäå x(t) ⊂ Rn , u(t) ⊂ Rm ,
T ≤ t < +∞ ,
A(.) : [T,+∞) →Hom (Rn, Rn) - íåïðåðûâíîå îòîáðàæåíèå,
f ∈ C([T,+∞) ×Rn × Rm × Rn) .Íåîáõîäèìî ïåðåâåñòè òî÷êó x0 â òî÷êó x1 ïî òðàåêòîðèè óðàâíåíèÿ (1.10) çà áåñêî-íå÷íîå âðåìÿ.Æóðíàë ÑÂÌÎ. 2009. Ò. 11, � 2



129Ïóñòü y = x − x1 . Òîãäà ẏ = ẋ (òî÷êîé îáîçíà÷åíà ïðîèçâîäíàÿ ïî t ), x = y + x1 .Ñèñòåìà (1.10) ïåðåïèøåòñÿ â âèäå
{
ẏ = A(t)y + A(t)x1 + f(t, y + x1, u),
y(t0) = x0 − x1, y(+∞) = 0.

(1.11)Îáîçíà÷èì ϕ(t) = A(t)x1 , f̃(t, y, u) = f(t, y + x1, u) . Ïðåäïîëîæèì, ÷òî ‖f̃(t, y, u) +
ϕ(t)‖ ≤ ψ(t)‖y‖ + η(t, u(t)) , ãäå ψ ∈ C([t0,+∞), R) , η ∈ C([t0,+∞) ×Rm, R).Òîãäà áóäåì èìåòü

‖y(t)‖ ≤
t∫
t0

η(l, u(l)) exp

(
t∫
l

(Λ(s) + ψ(s))ds

)
dl + ‖x0 − x1‖ exp

(
t∫
t0

(Λ(s) + ψ(s))ds

)
=

exp

(
t∫
t0

(Λ(s)+ψ(s))ds

)[
‖x0−x1‖+

t∫
t0

η(l, u(l)) exp

[
t∫
l

(Λ(s)+ψ(s))ds−
t∫
t0

(Λ(s)+ψ(s))ds

]
dl

]
=

exp

(
t∫
t0

(Λ(s) + ψ(s))ds

)[
‖x0 − x1‖ +

t∫
t0

η(l, u(l)) exp

[
t∫
l

(Λ(s) + ψ(s))ds

]
dl

]Ïîñëåäíåå âûðàæåíèå ïðè t→ 0 äîëæíî ñòðåìèòüñÿ ê íóëþ.�àññìîòðèì lim
t→+∞

‖x0−x1‖+
t∫

t0

η(l,u(l)) exp

(
t∫
l

(Λ(s)+ψ(s))ds

)
dl

exp

(
−

t∫
t0

(Λ(s)+ψ(s))ds

) .Ïðåäïîëîæèì, ÷òî âûïîëíÿåòñÿ ñëåäóþùåå óñëîâèå
+∞∫
t0

(Λ(s) + ψ(s))ds = −∞ , +∞∫
t0

η(l, u(l)) exp

(
t0∫
l

(Λ(s) + ψ(s))ds

)
dl = ∞ ,à �óíêöèÿ u(t) òàêîâà, ÷òî ê ïðåäåëó ìîæíî ïðèìåíèòü ïðàâèëî Ëîïèòàëÿ. Òîãäàïîñëåäíèé ïðåäåë ðàâåí

lim
t→+∞

η(l,u(l)) exp

(
t0∫

l

(Λ(s)+ψ(s))ds

)

− exp

(
−

t∫
t0

(Λ(s)+ψ(s))ds

)
(Λ(t)+ψ(t))

= − lim
t→+∞

η(t,u(t))
Λ(t)+ψ(t)

.Òàêèì îáðàçîì, äîêàçàíà ñëåäóþùàÿ òåîðåìà.Ò å î ð å ì à 1.1. Åñëè äëÿ ñèñòåìû (1.10) è óïðàâëåíèÿ u(t) âûïîëíÿåòñÿ
+∞∫
t0

(Λ(s) + ψ(s))ds = −∞ , +∞∫
t0

η(l, u(l)) exp

(
t0∫
l

(Λ(s) + ψ(s))ds

)
dl = ∞ ,è lim

t→+∞

η(t,u(t))
Λ(t)+ψ(t)

= 0 , òî ëþáóþ òî÷êó x0 ∈ Rn ìîæíî ïåðåâåñòè â òî÷êó x1 ∈ Rn çàáåñêîíå÷íîå âðåìÿ ïî òðàåêòîðèè ñèñòåìû (1.10).Ñïèñîê ëèòåðàòóðû1. Âîñêðåñåíñêèé Å.Â. Àñèìïòîòè÷åñêèå ìåòîäû: Òåîðèÿ è ïðèëîæåíèÿ. ÑÂÌÎ, 2001.�300ñ. Äàòà ïîñòóïëåíèÿ 11.11.2009
Æóðíàë ÑÂÌÎ. 2009. Ò. 11, � 2
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© Ñ. È. Ñïèâàê1, À. Ñ. Èñìàãèëîâà2Àííîòàöèÿ. Èññëåäîâàí ìåòîä àíàëèçà íååäèíñòâåííîñòè ðåøåíèÿ îáðàòíûõ çàäà÷ õèìè÷å-ñêîé êèíåòèêè. �àññìîòðåí àëãîðèòì îïðåäåëåíèÿ ÷èñëà è âèäà íåçàâèñèìûõ ïàðàìåòðè÷å-ñêèõ �óíêöèé êîíñòàíò, âêëþ÷àþùèé â ñåáÿ õàðàêòåðèñòèêè ïîãðåøíîñòè èçìåðåíèé.Êëþ÷åâûå ñëîâà: Ìåõàíèçì ñëîæíîé õèìè÷åñêîé ðåàêöèè, îáðàòíûå çàäà÷è, ìàòåìàòè÷å-ñêàÿ èíòåðïðåòàöèÿ èçìåðåíèé, ïîãðåøíîñòü ýêñïåðèìåíòà.1. ÂâåäåíèåÎñíîâíàÿ ïðîáëåìà, âîçíèêàþùàÿ ïðè èññëåäîâàíèè îáðàòíûõ çàäà÷ õèìè÷åñêîé êèíå-òèêè, � íåîäíîçíà÷íîñòü ðåøåíèÿ [1℄, [2℄. Ïðè÷èíà � íåäîèí�îðìàòèâíîñòü êèíåòè÷åñêèõèçìåðåíèé: â ýêñïåðèìåíòå èçìåðÿþòñÿ òîëüêî èñõîäíûå âåùåñòâà è ïðîäóêòû ðåàêöèè,îòñóòñòâóåò èí�îðìàöèÿ ïî ïðîìåæóòî÷íûì âåùåñòâàì [3℄. Òàêèì îáðàçîì, ïîâûøàåòñÿñòåïåíü íåîïðåäåëåííîñòè ïðè îöåíèâàíèè ïàðàìåòðîâ ìàòåìàòè÷åñêèõ ìîäåëåé êèíåòèêèñëîæíûõ ðåàêöèé [4℄, [5℄.Îñíîâíûì àïïàðàòîì èññëåäîâàíèÿ ñòàëà òåîðèÿ �óíêöèé, ìàòðèöû ßêîáè ÷àñòíûõïðîèçâîäíûõ îò èçìåðÿåìûõ õàðàêòåðèñòèê ïî èñêîìûì êîíñòàíòàì.Öåëü íàñòîÿùåé ðàáîòû - èññëåäîâàíèå îäíîçíà÷íîñòè ðåøåíèÿ îáðàòíûõ çàäà÷ õèìè-÷åñêîé êèíåòèêè â óñëîâèÿõ, îïðåäåëÿåìûõ íàëè÷èåì ïîãðåøíîñòè ýêïåðèìåíòà.2. Àíàëèç íååäèíñòâåííîñòè ðåøåíèÿ îáðàòíîé çàäà÷è ñ ó÷åòîìïîãðåíîñòè ýêñïåðèìåíòàÊèíåòè÷åññêàÿ ìîäåëü ìîæåò áûòü ïðåäñòàâëåíà â âèäå
da

dt
= f(a, k),ãäå a = (a1, . . . , an) � âåêòîð êîíöåíòðàöèé âåùåñòâ, k = (k1, . . . , ks) � âåêòîð êèíåòè-÷åñêèõ êîíñòàíò, f = (f1, f2) � âûïèñûâàþòñÿ â ñîîòâåòñòâèè ñ çàêîíîì äåéñòâóþùèõìàññ.Åñëè èçìåðÿþòñÿ êîíöåíòðàöèè ÷àñòè âåùåñòâ, òî âåêòîð êîíöåíòðàöèè ìîæíî ðàçáèòüíà äâà ïîäâåêòîðà:

a = (x′, y),1Ïðî�åññîð, çàâåäóþùèé êà�åäðîé ìàòåìàòè÷åñêîãî ìîäåëèðîâàíèÿ, �ÎÓ ÂÏÎ ¾Áàøêèðñêèé ãîñó-äàðñòâåííûé óíèâåðñèòåò¿, ã. Ó�à; S.Spivak�bashnet.ru.2Äîöåíò êà�åäðû ìàòåìàòè÷åñêîãî ìîäåëèðîâàíèÿ, Íå�òåêàìñêèé �èëèàë �ÎÓ ÂÏÎ ¾Áàøêèðñêèéãîñóäàðñòâåííûé óíèâåðñèòåò¿, ã.Íå�òåêàìñê; IsmagilovaAS�rambler.ru.Æóðíàë ÑÂÌÎ. 2009. Ò. 11, � 2



132 Ñ. È. Ñïèâàê, À. Ñ. Èñìàãèëîâàãäå x′ = (x′1, . . . , x
′
n1

) è y = (y1, . . . , yn2) ñîîòâåòñòâóþò èçìåðÿåìûì è íåèçìåðÿåìûìâåùåñòâàì, n1 + n2 = n .Êîíöåíòðàöèÿ íåèçìåðÿåìûõ âåùåñòâ îïðåäåëÿåòñÿ èç íåêîòîðûõ äîïîëíèòåëüíûõ ñî-îòíîøåíèé. Ñèñòåìà êèíåòè÷åñêèõ óðàâíåíèé ïðèîáðåòàåò âèä




dx
dt

= f1(x
′, y, k);

f2(x
′, y, k) = 0;

x′(0) = x′0.

(2.1)Ïîãðåøíîñòü ε ðàññìàòðèâàåòñÿ êàê äîïîëíèòåëüíûé ïàðàìåòð, êîòîðûé íå âõîäèò âñèñòåìó óðàâíåíèé, à âõîäèò â x .Ìîæíî ðàññìàòðèâàòü ñèòóàöèè, êîãäà
x′ = x+ xε, x′ = x+ ε, x′ = xε,ãäå 0 6 ε| 6 ε1 , ε1 � ïðåäåëüíàÿ äîïóñòèìàÿ ïîãðåøíîñòü èçìåðåíèÿ.Èäåÿ ñîñòîèò â òîì, ÷òî ε âõîäèò â âåêòîð îïðåäåëÿåìûõ ïàðàìåòðîâ, êîòîðûé áóäåòèìåòü âèä:
k′ = k′(k, ε) = (k1, . . . , ks; ε1, . . . , εn)Ìîäåëè, äëÿ êîòîðûõ ÷èñëî ëèíåéíî íåçàâèñèìûõ ñòîëáöîâ ìàòðèöû ßêîáè ÷àñòíûõïðîèçâîäíûõ îò èçìåðÿåìûõ êîìïîíåíò ïî èñêîìûì êîíñòàíòàì ìåíüøå îáùåãî ÷èñëàèñêîìûõ êîíñòàíò, íàçûâàþòñÿ íåëèíåéíûìè ìîäåëÿìè íåïîëíîãî ðàíãà (ÍÌÍ�).Â ýòîì ñëó÷àå çàäà÷à èìååò áåñêîíå÷íîå ìíîæåñòâî ðåøåíèé, îïðåäåëåíèÿ êîíñòàíò íåèìååò ñìûñëà. Òîãäà ðåøàåòñÿ çàäà÷à îïðåäåëåíèÿ âèäà íåçàâèñèìûõ ïàðàìåòðè÷åñêèõ�óíêöèé (ÍÏÔ), äëÿ êîòîðûõ ëîêàëüíàÿ íåèäåíòè�èöèðóåìîñòü áóäåò óñòðàíåíà.Òîãäà äîñòàòî÷íî èññëåäîâàòü ìàòðèöó
U =

(
∂f1

∂k′

)
−
(
∂f1

∂y

)(
∂f2

∂y

)−1(
∂f2

∂k′

) (2.2)ÿâíûé âèä êîòîðîé îïðåäåëÿåòñÿ ïðàâûìè ÷àñòÿìè ñèñòåìû (2.1).Èç ýòîãî ñëåäóåò ñóùåñòâîâàíèå íåíóëåâîé ìàòðèöû A , çàâèñÿùåé òîëüêî îò k è ε ,òàêîé ÷òî
U · A ≡ 0.Åñëè ýòà ìàòðèöà íàéäåíà, òî áàçèñ íåçàâèñèìûõ ÷àñòíûõ ðåøåíèé ñèñòåìû
∂ρ

∂k′
· A = 0,ãäå ρ1(k, ε), . . . , ρm(k, ε) � ñèñòåìà ÍÏÔ, m � ÷èñëî ëèíåéíî íåçàâèñèìûõ ñòîëáöîâ ìàò-ðèöû ßêîáè.3. Ïðèìåð�àññìîòðèì íåëèíåéíûé îòíîñèòåëüíî íåèçìåðÿåìûõ âåùåñòâ ìåõàíèçì ðåàêöèè ïè-ðîëèçà ýòàíà.

C2H6 → 2CH3

CH3 + C2H6 → CH4 + C2H5

C2H5 ⇆ C2H4 +H
H + C2H6 ⇆ H2 + C2H5

2C2H5 → C2H4 + C2H6Æóðíàë ÑÂÌÎ. 2009. Ò. 11, � 2



Èí�îðìàòèâíîñòü êèíåòè÷åñêèõ èçìåðåíèé ïðè îïðåäåëåíèè ïàðàìåòðîâ . . . 133Èçìåðÿþòñÿ ñ ïîãðåøíîñòüþ êîíöåíòðàöèè ÷åòûðåõ âåùåñòâ: C2H6 , CH4 , C2H4 , H2 ;íå èçìåðÿþòñÿ êîíöåíòðàöèè ïðîìåæóòî÷íûõ âåùåñòâ: CH3 , C2H5 , H .Ïðåäïîëîæèì, ÷òî ïðîìåæóòî÷íûå âåùåñòâà ïîä÷èíÿþòñÿ óñëîâèÿì êâàçèñòàöèîíàð-íîñòè. Ñèñòåìà îáûêíîâåííûõ äè��åðåíöèàëüíûõ óðàâíåíèé èìååò âèä
dx1
dt

= −k1x
′
1 − k2x

′
1y1 − k4x

′
1y3 + k40x

′
4y2 + k5y

2
2 = f11,

dx2
dt

= k2x
′
1y1 = f12,

dx3
dt

= k3y2 + k30x
′
3y3 + k5y

2
2 = f13,

dx4
dt

= k4x
′
1y3 − k40x

′
4y2 = f14,

2k1x
′
1 − k2x

′
1y1 = f21 = 0,

k2x
′
1y1 − k3y2 + k30x

′
3y3 + k4x

′
1y3 − k40x

′
4y2 − 2k5y

2
2 = f22 = 0,

k3y2 − k30x
′
3y3 − k4x

′
1y3 + k40x

′
4y2 = f23 = 0.Ïóñòü èçìåðÿåìûå ñ ïîãðåøíîñòüþ êîíöåíòðàöèè èñõîäíûõ âåùåñòâ èìåþò âèä:

x′i = xi + xiε, 1 6 i 6 4.Òîãäà âåêòîð îïðåäåëÿåìûõ ïàðàìåòðîâ èìååò âèä:
k′(k, ε) = (k1, k2, k3, k4, k5, k30, k40, ε1, ε2, ε3, ε4)Äëÿ âû÷èñëåíèÿ ìàòðèöû U ïðîäè��åðåíöèðóåì âûðàæåíèÿ f11, f12, f13, f14, f21, f22, f23ïî k′ è y , ïîäñòàâèì â (2.2).Ìàòðèöà U èìååò ðàçìåðíîñòü (4 × 11) . Åå ýëåìåíòû âûãëÿäÿò ñëåäóþùèì îáðàçîì:

u11 = −2x′1

(
1 +

k3k4x
′
1 − k30k40x

′
3x

′
4

4k5y2 (k30x
′
3 + k4x

′
1)

) , u12 = 0 ,
u13 = −y2

k4x
′
1

k30x
′
3 + k4x

′
1
, u14 = −x′1y3

k30x
′
3

k30x
′
3 + k4x

′
1
,

u15 = 2y2
2
k3k4x

′
1 − k30k40x

′
3x

′
4

4k5y2(k30x
′
3 + k4x

′
1)
, u16 = x′3y3

k4x
′
1

k30x
′
3 + k4x

′
1

,
u17 = x′4y2

k30x
′
3

k30x
′
3 + k4x

′
1

, u19 = 0 ,
u18 = −2k1x1

(
1 +

k3k4x
′
1 − k30k40x

′
3x

′
4

4k5y2 (k30x
′
3 + k4x

′
1)

)
− k4y3x1

k30x
′
3

k30x
′
3 + k4x

′
1
,

u1,10 = k30x3y3
k4x

′
1

k30x
′
3 + k4x

′
1

, u1,11 = k40x4y2
k30x

′
3

k30x
′
3 + k4x

′
1

,
u21 = 2x′1 , u22 = u23 = u24 = u25 = u26 = u27 = 0 ,
u28 = 2k1x1 , u29 = u2,10 = u2,11 = 0 ,
u31 = x′1

(
1 +

k3k4x
′
1 − k30k40x

′
3x

′
4

4k5y2(k30x
′
3 + k4x

′
1)

) , u32 = 0 , u33 = y2
k4x

′
1

k30x
′
3 + k4x

′
1

,
u34 = x′1y3

k30x
′
3

k30x
′
3 + k4x

′
1
, u35 = −2y2

2
k3k4x

′
1 − k30k40x

′
3x

′
4

4k5y2(k30x
′
3 + k4x

′
1)
,

u36 = −x′3y3
k4x

′
1

k30x
′
3 + k4x

′
1
, u37 = −x′4y2

k30x
′
3

k30x
′
3 + k4x

′
1
, u39 = 0 ,

u38 = k1x1

(
1 + 2

k3k4x
′
1 − k30k40x

′
3x

′
4

4k5y2 (k30x
′
3 + k4x

′
1)

)
+ k4y3x1

k30x
′
3

k30x
′
3 + k4x

′
1

,
u3,10 = −k30x3y3

k4x
′
1

k30x
′
3 + k4x

′
1
, u3,11 = −k40x4y2

k30x
′
3

k30x
′
3 + k4x

′
1
,

u41 = 2x′1
k3k4x

′
1 − k30k40x

′
3x

′
4

4k5y2(k30x
′
3 + k4x

′
1)
, u42 = 0 , u43 = y2

k4x
′
1

k30x
′
3 + k4x

′
1

,Æóðíàë ÑÂÌÎ. 2009. Ò. 11, � 2
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u44 = x′1y3

k30x
′
3

k30x
′
3 + k4x

′
1

, u45 = −2y2
2
k3k4x

′
1 − k30k40x

′
3x

′
4

4k5y2(k30x
′
3 + k4x

′
1)
,

u46 = −x′3y3
k4x

′
1

k30x
′
3 + k4x

′
1

, u47 = −x′4y2
k30x

′
3

k30x
′
3 + k4x

′
1

,
u48 = 2k1x1

k3k4x
′
1 − k30k40x

′
3x

′
4

4k5y2(k30x
′
3 + k4x

′
1)

+ k4y3x1
k30x

′
3

k30x
′
3 + k4x

′
1

, u49 = 0 ,
u4,10 = −k30x3y3

k4x
′
1

k30x
′
3 + k4x

′
1
, u4,11 = −k40x4y2

k30x
′
3

k30x
′
3 + k4x

′
1
.Ìàòðèöà ñâÿçåé âûãëÿäèò ñëåäóþùèì îáðàçîì:

A =




0 0 0 0 0 k1

1 1 1 1 1 1

0 0 k3
k5

0 0 0

0 k4 0 0 0 k4

0 0 2 0 0 0
0 k30 0 0 −k30 0

0 0 k40
k5

−k40 0 0

0 0 0 0 0 −(1 + ε1)
1 1 1 1 1 1
0 0 0 0 (1 + ε3) 0
0 0 0 (1 + ε4) 0 0




(3.1)
Çàìåòèì, ÷òî â ìàòðèöå U , âî âòîðîì ñòîëáöå, ñîîòâåòñòâóþùåì êîíñòàíòå k2 , è âäåâÿòîì ñòîëáöå, ñîîòâåòñòâóþùåì ïîãðåøíîñòè ε2 , ñòîÿò 0. Ýòî îçíà÷àåò, ÷òî êîíöåí-òðàöèè èçìåðÿåìûõ âåùåñòâ íå çàâèñÿò îò k2 è ε2 .Ñèñòåìà ñîîòâåòñòâóþùàÿ (3.1) áóäåò èìåòü âèä:

k4
∂ρ
∂k4

+ k30
∂ρ
∂k30

= 0

k3
k5

∂ρ
∂k3

+ 2
∂ρ
∂k5

+ k40
k5

∂ρ
∂k40

= 0

−k40
∂ρ
∂k40

+ (1 + ε4)
∂ρ
∂ε4

= 0

−k30
∂ρ
∂k30

+ (1 + ε3)
∂ρ
∂ε3

= 0

k1
∂ρ
∂k1

+ k4
∂ρ
∂k4

− (1 + ε1)
∂ρ
∂ε1

= 0Òàêèì îáðàçîì, íåçàâèñèìûé áàçèñ ðåøåíèé ìîæåò ñîñòîÿòü èç ñëåäóþùèõ êîìïîíåíò
ρ1 = k30

k4
,

ρ2 =
k2

3
k5
,

ρ3 = k1 + k4

k1k4(1 + ε1)
,

ρ4 = k30(1 + ε3),
ρ5 = k40(1 + ε4). (3.2)

Òàêèì îáðàçîì, äîñòóïíàÿ ýêñïåðèìåíòàëüíàÿ èí�îðìàöèÿ â ìåõàíèçìå ðåàêöèè ïè-ðîëèçà ýòàíà ïîçâîëÿåò îïðåäåëèòü íå âñå ñåìü èñêîìûõ êèíåòè÷åñêèõ êîíñòàíò, à òîëü-êî ïÿòü èõ íåçàâèñèìûõ ïàðàìåòðè÷åñêèõ �óíêöèé, çàäàâàåìûõ ñèñòåìîé �îðìóë (3.2).Îòìåòèì, ÷òî êîìïëåêñû ρ4 è ρ5 åñòü íå ÷òî èíîå, êàê êèíåòè÷åñêèå êîíñòàíòû k30 è
k40 , ñ òî÷íîñòüþ ε3 è ε4 ñîîòâåòñòâåííî. Â òî æå âðåìÿ âèä êîìïëåêñà ρ3 íå ïîçâîëÿåòÆóðíàë ÑÂÌÎ. 2009. Ò. 11, � 2



135ïðîâåñòè ñîäåðæàòåëüíóþ èíòåðïðåòàöèþ. Ïî-âèäèìîìó, âîïðîñ ìîæåò ïðîÿñíèòüñÿ ïîñëåîáðàáîòêè ðåàëüíîãî ýêñïåðèìåíòà.Ñïèñîê ëèòåðàòóðû1. Ñïèâàê Ñ.È., �îðñêèé Â.�. Íååäèíñòâåííîñòü ðåøåíèÿ çàäà÷è âîññòàíîâëåíèÿ êèíå-òè÷åñêèõ êîíñòàíò // Äîêëàäû Àêàäåìèè íàóê, 1981, Ò.267; N2, - Ñ.412-415.2. �îðñêèé Â.�., Ñïèâàê Ñ.È. Èññëåäîâàíèå èäåíòè�èöèðóåìîñòè ïàðàìåòðîâ -îäèí èç âàæíåéøèõ ýòàïîâ ïîñòðîåíèÿ ìàòåìàòè÷åñêèõ ìîäåëåé â õèìèè //Æóðí.ñòðóêòóðíîé õèìèè, 1988, Ò.29; N 6, - Ñ.119-125.3. ßáëîíñêèé �.Ñ., Ñïèâàê Ñ.È. Ìàòåìàòè÷åñêèå ìîäåëè õèìè÷åñêîé êèíåòèêè. - Ì.:Çíàíèå, 1977.4. Êóíöåâè÷ À.Ä., Êóäàøåâ Â.�., Ñïèâàê Ñ.È., �îðñêèé Â.�. �ðóïïîâîé àíàëèç èäåí-òè�èöèðóåìîñòè ïàðàìåòðîâ ìàòåìàòè÷åñêèõ ìîäåëåé íåñòàöèîíàðíîé õèìè÷åñêîéêèíåòèêè // Äîêëàäû Àêàäåìèè íàóê, 1992, Ò.326; N 4, - Ñ.658-661.5. Áåðäíèêîâà Ì.Ë., Ñïèâàê Ñ.È. Àíàëèç îäíîçíà÷íîñòè ðåøåíèÿ îáðàòíûõ çàäà÷ õè-ìè÷åñêîé êèíåòèêè ñ ó÷åòîì ïîãðåøíîñòè èçìåðåíèé // Äîêëàäû Àêàäåìèè íàóê,1996, Òîì 351; N 4, - Ñ.482-484. Äàòà ïîñòóïëåíèÿ 15.09.2009
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Ìîäåëèðîâàíèå ïðîöåññà ñòðàõîâàíèÿ ìåòîäîì Ìîíòå-Êàðëî 137ÓÄÊ 519.8Ìîäåëèðîâàíèå ïðîöåññà ñòðàõîâàíèÿ ìåòîäîìÌîíòå-Êàðëî
© Ñ. È. Ñïèâàê1, Ñ. È. Ëóêàøêèí2Àííîòàöèÿ. Â ñòàòüå ðàññìàòðèâàåòñÿ ìåòîä èìèòàöèîííîãî ìîäåëèðîâàíèå (ìåòîä Ìîíòå-Êàðëî) ïðîöåññà ñòðàõîâàíèÿ â êðèòè÷åñêèõ ñèòóàöèÿõ. Ïðàêòè÷åñêîå ïðèìåíåíèå äàííîãîìåòîäà ïðèâåäåíî ñ èñïîëüçîâàíèåì ðåàëüíûõ äàííûõ.Êëþ÷åâûå ñëîâà: Èìèòàöèîííîå ìîäåëèðîâàíèå, àêòóàðíàÿ ìàòåìàòèêà, âåðîÿòíîñòü ðà-çîðåíèÿ.1. ÂâåäåíèåÎñíîâà óñïåøíîãî �óíêöèîíèðîâàíèÿ ëþáîé �èíàíñîâîé ñòðóêòóðû - êîíòðîëü áàëàí-ñà âõîäÿùèõ è èñõîäÿùèõ ïîòîêîâ äåíåæíûõ ñðåäñòâ. Â ñòàòüå àíàëèçèðóåòñÿ ïàðàìåòðûïîñòóïëåíèÿ ïðåìèé, âûïëàò è âîçâðàòîâ ïî ÎÑÀ�Î. Â êà÷åñòâå ïðèìåðà ðàññìàòðè-âàþòñÿ äàííûå î äåÿòåëüíîñòè ðåãèîíàëüíîãî �èëèàëà îäíîé èç ðîññèéñêèõ ñòðàõîâûõêîìïàíèé çà 2004 ã. Ïðèíèìàåòñÿ ïðåäïîëîæåíèå î òîì, ÷òî ðàñïðåäåëåíèå òðåáîâàíèéî âûïëàòå íàõîäèòñÿ â íåêîòîðîì êëàññå ðàñïðåäåëåíèé. Òîãäà âîçíèêàåò çàäà÷à îöåíêèïàðàìåòðîâ, îò êîòîðûõ çàâèñÿò ðàñïðåäåëåíèÿ, ëåæàùèå â óïîìÿíóòîì ñåìåéñòâå. Ýòèîöåíêè ïðîâîäÿòñÿ ñ ïîìîùüþ äàííûõ î òðåáîâàíèÿõ ñòðàõîâûõ âûïëàò è ïîäõîäÿùèõìåòîäîâ (íàïðèìåð, ìåòîäà ìîìåíòîâ èëè ìåòîäà ìàêñèìàëüíîãî ïðàâäîïîäîáèÿ).2. Ìîäåëü èçìåíåíèÿ êàïèòàëà ñòðàõîâîé êîìïàíèèÝêîíîìè÷åñêèé ñìûñë ñòðàõîâàíèÿ ñîñòîèò â òîì, ÷òî áû ñ îäíîé ñòîðîíû ñòðàõîâàÿêîìïàíèÿ ïîëó÷èëà ïðèáûëü, à ñ äðóãîé ñòîðîíû êëèåíò ýòîé êîìïàíèè çà ñðàâíèòåëüíîíåáîëüøóþ ïëàòó ñíÿë ñ ñåáÿ ÷àñòü ðèñêîâ, òåì ñàìûì, îáåñïå÷èâ ñåáå áîëåå óñòîé÷èâîåïîëîæåíèå. Èçìåíåíèå êàïèòàëà ñòðàõîâîé êîìïàíèè â ìîìåíò âðåìåíè t îïèñûâàåòñÿñëåäóþùåé �îðìóëîé [1℄, [2℄:
U(t) = u0 +

Mt∑

i=1

pi −
Nt∑

j=1

yj (2.1)ãäå u0 - íà÷àëüíûé êàïèòàë, Mt - êîëè÷åñòâî ïðèíÿòûõ ïðåìèé ê ìîìåíòó t , pi- âåëè÷èíà i -òîé ïðåìèè, Nt - êîëè÷åñòâî âûïëàò ê ìîìåíòó t , yj - âåëè÷èíà j-òîéâûïëàòû.×àñòî â ïðàêòèêå ñòðàõîâàíèÿ ÎÑÀ�Î, íàïðèìåð, ïðè ïðîäàæå àâòîìîáèëÿ, ðèñêè ñâÿ-çàííûå ñî ñòðàõîâàíèåì ãðàæäàíñêîé îòâåòñòâåííîñòè îòïàäàþò. Â òîì ñëó÷àå, åñëè ñðîêäåéñòâèÿ ïîëèñà ñòðàõîâàíèÿ íå èñòåê, ñòðàõîâàòåëü èìååò ïðàâî îáðàòèòüñÿ â ñòðàõîâóþêîìïàíèþ, ñ òðåáîâàíèåì âåðíóòü åìó íåèñïîëüçîâàííóþ ÷àñòü óïëà÷åííîé ñòðàõîâîé ïðå-ìèè ïðîïîðöèîíàëüíî îñòàâøåìóñÿ ñðîêó äåéñòâèÿ äîãîâîðà. Ýòî íàçûâàåòñÿ âîçâðàòîì.1Ïðî�åññîð, çàâåäóþùèé êà�åäðîé ìàòåìàòè÷åñêîãî ìîäåëèðîâàíèÿ, Áàøêèðñêèé ãîñóäàðñòâåííûéóíèâåðñèòåò; S.Spivak�bashnet.ru.2Àñïèðàíò êà�åäðû ìàòåìàòè÷åñêîãî ìîäåëèðîâàíèÿ, Áàøêèðñêèé ãîñóäàðñòâåííûé óíèâåðñèòåò;sergeylu�mail.ru. Æóðíàë ÑÂÌÎ. 2009. Ò. 11, � 2



138 Ñ. È. Ñïèâàê, Ñ. È. ËóêàøêèíÒàêèì îáðàçîì, ñîîòíîøåíèå (2.1) ìîæíî óòî÷íèòü, äîáàâèâ åùå îäèí èñõîäÿùèé ïîòîêâîçâðàòîâ. Òîãäà èçìåíåíèå êàïèòàëà ñòðàõîâîé êîìïàíèè â ìîìåíò âðåìåíè t çàïèøåòñÿñëåäóþùèì îáðàçîì:
U(t) = u0 +

Mt∑

i=1

pi −
Nt∑

j=1

yj −
Lt∑

j=1

vk (2.2)ãäå u0 , Mt , pi , Nt , yj - èç �îðìóëû (2.1), Lt - êîëè÷åñòâî âîçâðàòîâ ê ìîìåíòó t ,
vk - âåëè÷èíà k -òîãî âîçâðàòà.3. Ñòðóêòóðà ïðîöåññîâ ïîñòóïëåíèÿ ïðåìèé, âûïëàò è âîçâðàòîâÊàê ïðàâèëî, âåëè÷èíà ïðåìèè íå ÿâëÿåòñÿ ïîñòîÿííîé âåëè÷èíîé äëÿ âñåõ êîíòðàê-òîâ, à ìåíÿåòñÿ îò ðàçëè÷íûõ ïàðàìåòðîâ. Ýòî êàñàåòñÿ âûïëàò è âîçâðàòîâ ñòðàõîâûõïðåìèé. Äëÿ èìèòàöèîííîãî ìîäåëèðîâàíèÿ îïðåäåëèì �óíêöèè ðàñïðåäåëåíèÿ âõîäÿùèõè èñõîäÿùèõ ïîòîêîâ.3.1. ÂûïëàòûÄëÿ ïðåäâàðèòåëüíîé îöåíêè ðàñïðåäåëåíèÿ, ëåæàùåãî â îñíîâå äàííûõ î ñòðàõîâûõ âû-ïëàòàõ, èñïîëüçóåì ãèñòîãðàììó, â êîòîðîé äàííûå ðàçáèòû íà ðàâíûå ïðîìåæóòêè, èñòàòèñòè÷åñêèå õàðàêòåðèñòèêè ýòîé âûáîðêè ïðèâåäåíû â Òàáëèöå 1.Êîëè÷åñòâî çíà÷åíèé 502Ñðåäíåå 15 577,99Ìåäèàíà 8 844,06Ìîäà 28 500,00Ñòàíäàðòíîå îòêëîíåíèå 17 645,91Äèñïåðñèÿ âûáîðêè 311 378 138,60Àñèììåòðè÷íîñòü 2,37Ìèíèìóì 313,04Ìàêñèìóì 114 000,00Êîý��èöèåíò âàðèàöèè 1,13Òàáëèöà 1.
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Ìîäåëèðîâàíèå ïðîöåññà ñòðàõîâàíèÿ ìåòîäîì Ìîíòå-Êàðëî 139Ìû âèäèì, ÷òî ðàñïðåäåëåíèå àññèìåòðè÷íî è ñìåùåíî âëåâî. Òàê æå èç-âåñòíî (íàïðèìåð [3℄), ÷òî äëÿ ýêñïîíåíöèàëüíîãî ðàñïðåäåëåíèÿ êîý��èöèåíòâàðèàöèè ðàâåí cv = 1 , à àñèììåòðèÿ v = 2 . Ó íàøåãî ðàñïðåäåëå-íèÿ cv = 1, 13 è v = 2, 37 . Áóäåì ïðîâåðÿòü ãèïîòåçó î ëîãíîðìàëü-íîì ðàñïðåäåëåíèè, òàê êàê îíî òàêæå óäîâëåòâîðÿåò äàííûì õàðàêòåðèñòèêàì.Ïîñòðîèì ãðà�èê ïëîòíîñòè ëîãíîðìàëüíîãî ðàñïðåäåëåíèÿ ïîâåðõ ãèñòîãðàììû.

� è ñ ó í î ê 3.2Ôóíêöèÿ ïëîòíîñòè ëîãíîðìàëüíîãî ðàñïðåäåëåíèÿÏëîòíîñòü ëîãíîðìàëüíîãî ðàñïðåäåëåíèÿ èìååò âèä
f(x) =

1√
2πxσ

exp−(ln x− µ)2

2σ2
. (3.1)Îöåíêà ìàêñèìàëüíîãî ïðàâäîïîäîáèÿ äëÿ ïàðàìåòðîâ ëîãíîðìàëüíîãî ðàñïðåäåëåíèÿ

µ̃ =

∑n
i=1 lnXi

n
, σ̃ =

[∑n
i=1(ln x− µ)2

n

] 1
2 (3.2)Ïîëó÷àåì µ = 9, 1446 è σ = 1, 0229 . Äëÿ òîãî, ÷òîáû êðèòåðèé áûë íåñìåùåííûì,ïðè ðàçáèåíèè íà èíòåðâàëû áóäåì èñïîëüçîâàòü ðàâíîâåðîÿòíîñòíûé ïîäõîä. �àçîáüåìíà 20 ðàâíîâåðîÿòíîñòíûõ èíòåðâàëîâ è ïðèìåíèì êðèòåðèé χ2 .
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140 Ñ. È. Ñïèâàê, Ñ. È. Ëóêàøêèí
i Èíòåðâàë Ni npi

(Ni−npi)
2

npi1 [0,00; 1740,76) 17 25,1 3,862 [1740,76; 2524,25) 20 25,1 1,303 [2524,25; 3243,58) 28 25,1 0,304 [3243,58; 3958,84) 34 25,1 2,335 [3958,84; 4696,93) 31 25,1 1,126 [4696,93; 5476,33) 22 25,1 0,447 [5476,33; 6313,56) 29 25,1 0,528 [6313,56; 7226,07) 27 25,1 0,139 [7226,07; 8234,28) 31 25,1 1,1210 [8234,28; 9363,74) 27 25,1 0,1311 [9363,74; 10648,12) 29 25,1 0,5212 [10648,12; 12133,78) 23 25,1 0,1913 [12133,78; 13887,50) 20 25,1 1,3014 [13887,50; 16010,65) 23 25,1 0,1915 [16010,65; 18667,43) 29 25,1 0,5216 [18667,43; 22147,82) 18 25,1 2,8017 [22147,82; 27031,76) 16 25,1 5,1818 [27031,76; 34734,86) 22 25,1 0,4419 [34734,86; 50368,48) 23 25,1 0,1920 [ 50386,48; ∞ ) 33 25,1 1,89
χ2 = 24, 49Òàáëèöà 2.Òàê êàê χ2

18;0,90 = 25, 98 [4℄, òî åñòü χ2 íå ïðåâûøàåò ýòî çíà÷åíèå, ìû ïðèíèìàåìãèïîòåçó î ëîãíîðìàëüíîì ðàñïðåäåëåíèè íà óðîâíå α = 0, 10 .3.2. Ïðåìèè è âîçâðàòûÀíàëîãè÷íûì ñïîñîáîì ïîâåðåðÿþòñÿ ãèïîòåçû î òîì, ÷òî ïðåìèè èìåþò ãàììà-ðàñïðåäåëåíèå
d(x) (3.3)ñ ïàðàìåòðàìè a = 2, 44 è b = 653, 09 , ãäå Γ(a) =

∫ ta−1

−t
dt . À âîçâðàòû ðàñïðåäåëåíû ïîçàêîíó �óìáåëÿ

g(x) =
1

b
exp

(
−x− a

b
− exp

(
−x− a

b

)) (3.4)ñ ïàðàìåòðàìè a = 709, 05 è b = 456, 16 .3.3. Èíòåíñèâíîñòü ïðåìèé, âûïëàò è âîçâðàòîâÍà ñëåäóþùåì ýòàïå íåîáõîäèìî ïðîàíàëèçèðîâàòü âðåìÿ íàñòóïëåíèÿ âûïëàò, âîç-âðàòîâ è ïîñòóïëåíèÿ ïðåìèé. Àíàëèçèðóÿ äàííûå î âðåìåíè, ìû ïîëó÷èì õàðàêòåðèñòèêèèíòåíñèâíîñòè ñîîòâåòñòâóþùèõ ïðîöåññîâ. Íèæå ïðèâåäåíà òàáëèöà â êîòîðîé ñîäåðæèò-ñÿ ñðåäíÿÿ è ìàêñèìàëüíàÿ èíòåíñèâíîñòü äëÿ ïðåìèé, âûïëàò è âîçâðàòîâ.Æóðíàë ÑÂÌÎ. 2009. Ò. 11, � 2



Ìîäåëèðîâàíèå ïðîöåññà ñòðàõîâàíèÿ ìåòîäîì Ìîíòå-Êàðëî 141Èíòåíñèâíîñòü Ïðåìèè Âûïëàòû Âîçâðàòû
λ 86,37 1,78 0,07
λmax 1640 11 3Òàáëèöà 3.4. �åíåðèðîâàíèå íåñòàöèîíàðíîãî ïóàññîíîâñêîãî ïðîöåññàÑòîõàñòè÷åñêèé ïðîöåññ {N(t), t ≥ 0} ñ÷èòàåòñÿ ïóàññîíîâñêèì, åñëè õàðàêòåðèçóåòñÿñëåäóþùèìè ñâîéñòâàìè:1. Òðåáîâàíèÿ ïîñòóïàþò ïî îäíîìó â êàæäûé ìîìåíò âðåìåíè.2. N(t + s) − N(t) - ÷èñëî ïîñòóïëåíèé òðåáîâàíèé â èíòåðâàëå âðåìåíè (t, t + s] íåçàâèñèò îò {N(u), 0 ≤ u ≤ t}3. �àñïðåäåëåíèå N(t+ s) −N(t) íå çàâèñèò îò t äëÿ âñåõ t, s ≥ 0 .Åñëè âûïîëíÿþòñÿ ïóíêòû 1 è 2 ïóàññîíîâñêîãî ïðîöåññà, à λ çàâèñèò îò âðåìå-íè, òî òàêîé ïðîöåññ íàçûâàåòñÿ íåñòàöèîíàðíûì ïóàññîíîâñêèé ïðîöåññîì. Äëÿ ãåíå-ðàöèè íåñòàöèîíàðíîãî ïðîöåññà Ïóàññîíà âîñïîëüçóåìñÿ ìåòîäîì ïðîðåæèâàíèÿ. Ïóñòüèíòåíñèâíîñòü íåñòàöèîíàðíîãî ïðîöåññà Ïóàññîíà λ(t) íå ïðåâûøàåò íåêîòîðîãî çíà÷å-íèÿ λmax = max{λ(t)} . Ìû áóäåì ãåíåðèðîâàòü ñòàöèîíàðíûé ïóàññîíîâñêèé ïðîöåññ äëÿ

λmax , à çàòåì "ïðîðåæèâàåì"êîëè÷åñòâî ti , îòáðàñûâàÿ êàæäîå çíà÷åíèå ti ñ âåðîÿòíî-ñòüþ 1 − λ(ti)
λmax

. Òîãäà àëãîðèòì ãåíåðàöèè áóäåò âûãëÿäåòü ñëåäóþùèì îáðàçîì [3℄:1. Îïðåäåëÿåì ti = ti−1 .2. �åíåðèðóåì U1 è U2 êàê íåçàâèñèìûå è îäèíàêîâî ðàñïðåäåëåííûå âåëè÷èíû ñ ðàñ-ïðåäåëåíèåì U(0, 1) íåçàâèñèìî îò ïðåäûäóùèõ ñëó÷àéíûõ âåëè÷èí.3. Çàìåíÿåì t íà t− ( 1
λmax

) lnU1 .4. Åñëè U2 ≤ λt
λmax

, òîãäà ti = t . Â ïðîòèâíîì ñëó÷àå âîçâðàùàåìñÿ ê øàãó 2.5. ×èñëåííûé ýêñïåðèìåíòÂàæíî ìîäåëèðîâàòü ïðîöåññ ðèñêà âî âðåìåíè, ïîòîìó ÷òî êîìïàíèÿ ìîæåò ðàçî-ðèòüñÿ â êàêîé-òî îïðåäåëåííûé ìîìåíò âðåìåíè, íî ïîòîì âíîâü óâåëè÷èòü êîëè÷åñòâîïðåìèé. Òàêèì îáðàçîì, ðàñ÷åò âåðîÿòíîñòè ðàçîðåíèÿ ñ ïîìîùüþ àãðåãèðîâàííûõ çàíåîáõîäèìûé ïåðèîä äàííûõ áóäåò íåêîððåêòíûì. Ïóñòü âðåìÿ ìåæäó ïîñòóïëåíèÿìèòðåáîâàíèé ïðåäñòàâëÿåò ñîáîé íåñòàöèîíàðíûé ïóàññîíîâñêèé ïðîöåññ. Òåïåðü ïðåäïî-ëàãàÿ, ÷òî íà÷àëüíûé êàïèòàë , ïîñ÷èòàåì âåðîÿòíîñòü ðàçîðåíèÿ, èñïîëüçóÿ ïîëó÷åííûåâ ðåçóëüòàòå àíàëèçà äàííûå. �àçîðèâøèìñÿ áóäåì ñ÷èòàòü ïðîöåññ, â êîòîðîì êàïèòàë ≤0. Áóäåì ìîäåëèðîâàòü òðè íåñòàöèîíàðíûõ ïóàññîíîâñêèõ ïðîöåññà, îäèí áóäåò ìîäåëè-ðîâàòü ïðîìåæóòêè âðåìåíè ìåæäó ïîñòóïëåíèÿìè ïðåìèé, äðóãîé - ìåæäó âûïëàòàìè,òðåòèé - ìåæäó âîçâðàòàìè. Ïðåìèè â ýòè ïðîìåæóòêè âðåìåíè áóäóò ãåíåðèðîâàòüñÿñîãëàñíî ãàììà-ðàñïðåäåëåíèþ, óáûòêè - ïî ëîãíîðìàëüíîìó çàêîíó, à âîçâðàòû - ïî çà-êîíó �óìáåëÿ. Áóäåì ìîäåëèðîâàòü ïðîöåññû ïîñòóïëåíèÿ ïðåìèé, âûïëàò è âîçâðàòîâ âîâðåìåíè. Òîãäà àëãîðèòì ãåíåðèðîâàíèÿ ïðîöåññîâ áóäåò âûãëÿäåòü ñëåäóþùèì îáðàçîì:Æóðíàë ÑÂÌÎ. 2009. Ò. 11, � 2
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© Ï. À. Øàìàíàåâ1Àííîòàöèÿ. Â ðàáîòå ïîëó÷åíû äîñòàòî÷íûå óñëîâèÿ ëîêàëüíîé ïðèâîäèìîñòè ñèñòåì äè�-�åðåíöèàëüíûõ óðàâíåíèé ñ âîçìóùåíèÿìè âûñøèõ ïîðÿäêîâ ê ëèíåéíûì ñèñòåìàì ñ ïîñòî-ÿííîé ìàòðèöåé. Äîêàçàòåëüñòâî îñíîâàíî íà ïîñòðîåíèè ëÿïóíîâñêîãî ïðåîáðàçîâàíèÿ.Êëþ÷åâûå ñëîâà: îáûêíîâåííûå ñèñòåìû äè��åðåíöèàëüíûõ óðàâíåíèé, ëîêàëüíàÿ ïðè-âîäèìîñòü, ëÿïóíîâñêèå ïðåîáðàçîâàíèÿ.1. ÂâåäåíèåÎïðåäåëåíèå ïðèâîäèìîñòè äëÿ ëèíåéíûõ ñèñòåì äè��åðåíöèàëüíûõ óðàâíåíèé ââå-äåíî â çíàìåíèòîé ðàáîòå À.Ì.Ëÿïóíîâà ¾Îáùàÿ çàäà÷à îá óñòîé÷èâîñòè äâèæåíèÿ¿ [1℄.Â ñëó÷àå íåëèíåéíûõ ñèñòåì äè��åðåíöèàëüíûõ óðàâíåíèé ïîíÿòèå ïðèâîäèìîñòè áóäåìïîíèìàòü â ñìûñëå îïðåäåëåíèÿ Å.Â.Âîñêðåñåíñêîãî, ïðèâåäåííîãî â ðàáîòå [2℄.�àññìîòðèì ìíîæåñòâî âñåõ ñèñòåì äè��åðåíöèàëüíûõ óðàâíåíèé âèäà
dx

dt
= f(t, x), (1.1)ãäå x ∈ Rn , à âåêòîð-�óíêöèÿ f(t, x) òàêàÿ, ÷òî

f ∈ C
(k,l)(T × R

n,Rn), k ≥ 0, l ≥ 1, T = [T,+∞), f(t, 0) ≡ 0. (1.2)Íå îãðàíè÷èâàÿ îáùíîñòè áóäåì ñ÷èòàòü T ≥ 0 .Ïîíÿòèå ïðèâîäèìîñòè îïðåäåëåíî äëÿ ñèñòåì, ðåøåíèÿ êîòîðûõ ïðîäîëæèìû âïðàâîïðè t ≥ T äëÿ âñåõ íà÷àëüíûõ äàííûõ (t0, x0) èç (T ×Rn) . Åñëè æå ó ñèñòåìû èìåþòñÿêàê ïðîäîëæèìûå òàê è íåïðîäîëæèìûå ðåøåíèÿ, òî âîïðîñ î ïðèâîäèìîñòè ìîæíî ðàñ-ñìàòðèâàòü ëèøü äëÿ òîé îáëàñòè ïðîñòðàíñòâà (T × Rn) , â êîòîðîì ðåøåíèÿ x(t : t0, x0)ñèñòåìû (1.1) ïðîäîëæèìû âïðàâî ïðè t ≥ T . Òàêîé âèä ïðèâîäèìîñòè áóäåì íàçûâàòüëîêàëüíîé ïðèâîäèìîñòüþ [6℄.Ïðåäïîëîæèì, ÷òî ó ñèñòåì âèäà (1.1) ñóùåñòâóåò ñîâîêóïíîñòü ðåøåíèé, îïðåäåëåí-íûõ ïðè âñåõ t ≥ T , ïðè÷åì ýòè ðåøåíèÿ çàïîëíÿþò íåêîòîðóþ îáëàñòü D ïðîñòðàíñòâà
Rn+1 :

D =
{

(t, x) : t ∈ T , x ∈ Xt, Xt ⊆ R
n
}
,ãäå Xt (t ∈ T ) � îáëàñòè, ñîäåðæàùèå îêðåñòíîñòü íóëÿ, ïðè÷åì ñóùåñòâóåò øàð Sp ⊂ Rn ,�èêñèðîâàííîãî ðàäèóñà p > 0 , òàêîé, ÷òî Sp ⊂ Xt ïðè âñåõ t ∈ T .Åñëè ó ñèñòåìû âèäà (1.1) ðåøåíèÿ x(t : t0, x0) , ãäå (t0, x0) ∈ T × Rn , îïðåäåëåíû ïðèâñåõ t ≥ T , òî ìíîæåñòâî âñåõ ñèñòåì äè��åðåíöèàëüíûõ óðàâíåíèé âèäà (1.1) îáîçíà÷èìñèìâîëîì Ξ [2℄, [3℄.1Çàâåäóþùèé êà�åäðîé ïðèêëàäíîé ìàòåìàòèêè, Ìîðäîâñêèé ãîñóäàðñòâåííûé óíèâåðñèòåò èìåíèÍ. Ï. Îãàðåâà, ã. Ñàðàíñê; shamanaevpa�math.mrsu.ru. Æóðíàë ÑÂÌÎ. 2009. Ò. 11, � 2



146 Ï. À. ØàìàíàåâÅñëè æå ó ñèñòåìû âèäà (1.1) ñóùåñòâóåò ñîâîêóïíîñòü ðåøåíèé x(t : t0, x0) , îïðå-äåëåííûõ ïðè âñåõ t ≥ T , ëèøü òîëüêî ïðè (t0, x0) ∈ D , òî ìíîæåñòâî âñåõ ñèñòåìäè��åðåíöèàëüíûõ óðàâíåíèé âèäà (1.1) îáîçíà÷èì ñèìâîëîì Ω .Î÷åâèäíî, ÷òî åñëè Xt = R
n ïðè âñåõ t ∈ T , òî â ýòîì ñëó÷àå D = T × R

n . Îòêóäàñëåäóåò, ÷òî äëÿ ëþáûõ (t0, x0) ∈ T ×Rn âñå ðåøåíèÿ ñèñòåì èç ìíîæåñòâà Ω îïðåäåëåíûïðè âñåõ t ≥ T . Ñëåäîâàòåëüíî, ìíîæåñòâà Ω è Ξ ñèñòåì äè��åðåíöèàëüíûõ óðàâíåíèéñîâïàäàþò. Â îáùåì ñëó÷àå Ξ ⊆ Ω .�àññìîòðèì ïðåîáðàçîâàíèå
x = ϕ(t, y)èç ëÿïóíîâñêîé ãðóïïû (LG,Ξ) (ñì. [2℄) íà ìíîæåñòâå Ω . Ïðè êàæäîì �èêñèðîâàííîì

t ∈ T ýòî ïðåîáðàçîâàíèå ïðåäñòàâëÿåò ñîáîé âçàèìíî îäíîçíà÷íîå îòîáðàæåíèå
x = ϕt(y), x, y ∈ R

n.Òàê êàê îòîáðàæåíèå ϕt ÿâëÿåòñÿ âçàèìíî îäíîçíà÷íûì îòîáðàæåíèåì ïðîñòðàíñòâà
Rn íà ñåáÿ, òî

x = ϕt(y), y ∈ Vt, x ∈ Ut = ϕt
(
Vt
)
, (1.3)(ãäå Vt ⊂ Rn � îáëàñòü, ñîäåðæàùàÿ îêðåñòíîñòü íóëÿ) òàêæå ÿâëÿåòñÿ âçàèìíî îäíîçíà÷-íûì îòîáðàæåíèåì îáëàñòè Vt íà îáëàñòü Ut .Ïîä îïðåäåëåíèåì ëîêàëüíîé ïðèâîäèìîñòè ñèñòåì äè��åðåíöèàëüíûõ óðàâíåíèé áó-äåì ïîíèìàòü îïðåäåëåíèå èç ðàáîòû [6℄.Î ï ð å ä å ë å í è å 1.1. Äâå ñèñòåìû èç ìíîæåñòâà Ω íàçîâåì ëîêàëüíî ïðè-âîäèìûìè, åñëè ñóùåñòâóåò ïðåîáðàçîâàíèå ϕ ∈ (LG,Ξ) òàêîå, ÷òî ïðè êàæäîì �èê-ñèðîâàííîì t ∈ T äè��åîìîð�èçì

ϕt : Vt 7→ Ut, (1.4)(çäåñü, Xt ⊃ Vt , Ut � îáëàñòè, ñîäåðæàùèå îêðåñòíîñòè íóëÿ, ïðè÷åì ñóùåñòâóåò øàð
Sp ⊂ Rn �èêñèðîâàííîãî ðàäèóñà p > 0 , òàêîé, ÷òî Sp ⊂ Vt, Ut ïðè âñåõ t ∈ T ), ïå-ðåâîäèò òî÷êè y ∈ Vt , ïðèíàäëåæàùèå ðåøåíèÿì îäíîé ñèñòåìû, â ñîîòâåòñòâóþùèåòî÷êè x ∈ Ut äðóãîé ñèñòåìû.Ñäåëàåì íåñêîëüêî çàìå÷àíèé îòíîñèòåëüíî ñîãëàñîâàííîñòè îïðåäåëåíèé ïðèâîäèìî-ñòè è ëîêàëüíîé ïðèâîäèìîñòè èç ðàáîò [1, 2, 6℄Ç à ì å ÷ à í è å 1.1. Ïóñòü Xt = Rn ïðè âñåõ t ∈ T , è êðîìå ýòîãî, Vt è Ut ïðèâñåõ t ∈ T òàêæå ñîâïàäàþò ñî âñåì ïðîñòðàíñòâîì Rn Òîãäà, åñëè äâå ñèñòåìû äè�-�åðåíöèàëüíûõ óðàâíåíèé ÿâëÿþòñÿ ëîêàëüíî ïðèâîäèìûìè ñîãëàñíî îïðåäåëåíèþ (1.1.),òî, âñå ðåøåíèÿ îäíîé ñèñòåìû ïåðåâîäÿòñÿ ïðåîáðàçîâàíèåì ϕ ∈ (LG,Ξ) â ðåøåíèÿäðóãîé ñèñòåìû, à ýòî îçíà÷àåò, ÷òî ýòè ñèñòåìû ÿâëÿþòñÿ ïðèâîäèìûìè â ñìûñëåðàáîò [2℄, [3℄.Ç à ì å ÷ à í è å 1.2. Åñëè Ω ÿâëÿåòñÿ ìíîæåñòâîì âñåõ ëèíåéíûõ ñèñòåì äè�-�åðåíöèàëüíûõ óðàâíåíèé, òî èç ëîêàëüíîé ïðèâîäèìîñòè äâóõ ñèñòåì èç Ω ñëåäóåòèõ ïðèâîäèìîñòü ïî Ëÿïóíîâó.
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Äîñòàòî÷íûå óñëîâèÿ ëîêàëüíîé ïðèâîäèìîñòè ñèñòåì äè��åðåíöèàëüíûõ . . . 1472. Ïîñòàíîâêà çàäà÷è�àññìîòðèì ñèñòåìó äè��åðåíöèàëüíûõ óðàâíåíèé èç Ω âèäà
dx

dt
= Ax+ g(t, x), (2.1)ãäå �óíêöèÿ g óäîâëåòâîðÿåò óñëîâèþ

||g(t, u)− g(t, v)|| ≤ ψ(t)Φ(η)||u− v||, u, v ∈ R
n, (2.2)çäåñü ψ ∈ C(T , R+) , ψ(t) ≤ C ïðè âñåõ t ∈ T , Φ(z) � ïîëîæèòåëüíàÿ íåïðåðûâíàÿíåóáûâàþùàÿ �óíêöèÿ ïðè âñåõ z > 0 , η = max {||u||, ||v||} .Ñòàâèòñÿ çàäà÷à î ëîêàëüíîé ïðèâîäèìîñòè ñèñòåìû äè��åðåíöèàëüíûõ óðàâíåíèé(2.1) ê ñèñòåìå

dy

dt
= Ay, y ∈ R

n. (2.3)Ââåäåì ñëåäóþùèå îáîçíà÷åíèÿ: Λ � ìàêñèìàëüíîå ÷èñëî èç âåùåñòâåííûõ ÷àñòåéñîáñòâåííûõ çíà÷åíèé ìàòðèöû A ; λ � ìèíèìàëüíîå ÷èñëî èç âåùåñòâåííûõ ÷àñòåé ñîá-ñòâåííûõ çíà÷åíèé ìàòðèöû A ; m1 + 1 � ìàêñèìàëüíûé ïîðÿäîê æîðäàíîâîé êëåòêèìàòðèöû A , ñîîòâåòñâóþùèé ñîáñòâåííîìó çíà÷åíèþ, âåùåñòâåííàÿ ÷àñòü êîòîðîãî ðàâ-íà λ ; m2 +1 � ìàêñèìàëüíûé ïîðÿäîê æîðäàíîâîé êëåòêè ìàòðèöû A , ñîîòâåòñâóþùèéñîáñòâåííîìó çíà÷åíèþ, âåùåñòâåííàÿ ÷àñòü êîòîðîãî ðàâíà Λ .Ïóñòü Y (t−s) � ìàòðèöà Êîøè ëèíåéíîé ñèñòåìû (2.3), íîðìèðîâàííàÿ â íóëå. Òîãäàäëÿ íåå ñïðàâåäëèâû îöåíêè [4, ñ.302℄
||Y (t− s)|| ≤ KeΛ(t−s)ρm2(t− s) t ≥ s, (2.4)
‖Y (t− s)‖ ≤ Keλ(t−s)ρm1(t− s) t ≤ s, (2.5)ãäå K � êîíñòàíòà;

ρβ(t) =

{
1 åñëè | t | < 1,

| t |β åñëè| t | ≥ 1.
(2.6)ãäå β � öåëîå íåîòðèöàòåëüíîå ÷èñëî.Îïðåäåëèì �óíêöèþ [5℄

w = Ψ(z, c) =

z∫

c

ds

Φ0(s)
, c > 0, Φ0(s) = sΦ(s), (2.7)ïðè÷åì, Ψ(+∞, c) < +∞ , è ñ�îðìóëèðóåì âñïîìîãàòåëüíóþ ëåììó.Ë å ì ì à 2.1. Ïóñòü �óíäàìåíòàëüíàÿ ìàòðèöà Y (t− t0) ñèñòåìû (2.3) îãðàíè-÷åíà ïðè âñåõ t ≥ t0 è ñõîäèòñÿ èíòåãðàë

+∞∫

T

ψ(τ)dτ. (2.8)Òîãäà, ðåøåíèÿ x(t : t0, x0) ñèñòåìû (2.1), íà÷àëüíûå äàííûå (t0, x0) êîòîðûõ óäîâëåò-âîðÿþò óñëîâèþ
(t0, x0) ∈ D1, ãäå D1 =



(t, v) :

t∫

T

ψ(τ)dτ < Ψ(+∞, ||v||), t ≥ T, v ∈ R
n



 , (2.9)Æóðíàë ÑÂÌÎ. 2009. Ò. 11, � 2



148 Ï. À. Øàìàíàåâîãðàíè÷åíû ïðè âñåõ t ≥ t0 , ïðè÷åì äëÿ íèõ ñïðàâåäëèâà îöåíêà
‖x(t : t0, x0)‖ ≤ Ψ−1

(∫ t

t0

ψ(τ)dτ, ||x0||
)
, t ≥ t0. (2.10)Ä î ê à ç à ò å ë ü ñ ò â î. Äîêàçàòåëüñòâî îñíîâàíî íà ïðèìåíåíèè ëåììû Áèõàðè [5℄.Çàïèøåì ðåøåíèå x(t : t0, x0) ñèñòåìû (2.1) â âèäå ðåøåíèÿ èíòåãðàëüíîãî óðàâíåíèÿ

x(t) = Y (t− t0)x0 +

t∫

t0

Y (t− s)g(s, x(s))ds, (2.11)Ó÷èòûâàÿ îãðàíè÷åííîñòü �óíäàìåíòàëüíîé ìàòðèöû Y (t−t0) ñèñòåìû (2.3) ïðè âñåõ
t ≥ t0 , îöåíèì íîðìó ðåøåíèÿ x(t : t0, x0)

‖x(t : t0, x0)‖ ≤ ‖Y (t− t0)‖ ||x0|| +
t∫

t0

‖Y (t− τ)‖ ‖g(τ, x(τ))‖dτ.Îòñþäà ïîëó÷èì
‖x(t : t0, x0)‖ ≤ K||x0|| +K

t∫

t0

ψ(τ)Φ0 (‖x(τ)‖) dτ,ãäå ||Y (t− t0)|| ≤ K ïðè âñåõ t ≥ t0 , K � êîíñòàíòà.Ïðèìåíÿÿ ëåììó Áèõàðè ([5, ñ.110℄), èìååì
||x(t)|| ≤ Ψ−1

(∫ t

t0

ψ(τ)dτ, ||x0||
)
, t ≥ t0.Ëåììà 2.1 äîêàçàíà.3. Äîñòàòî÷íûå óñëîâèÿ ëîêàëüíîé ïðèâîäèìîñòèÂ ðàáîòå [6℄ ïîëó÷åíû äîñòàòî÷íûå óñëîâèÿ ëîêàëüíîé ïðèâîäèìîñòè íåëèíåéíûõ ñè-ñòåì äè��åðåíöèàëüíûõ óðàâíåíèé ñ âîçìóùåíèÿìè, ðîñò êîòîðûõ ïðè ||x|| → +∞ ìî-æåò èìåòü áîëåå âûñîêèé ïîðÿäîê ÷åì âåêòîðíûå ïîëèíîìû âûñøèõ ïîðÿäêîâ, ê ëèíåéíûìñèñòåìàì ñ íóëåâîé ìàòðèöåé.Â ñëåäóþùåé òåîðåìå äîñòàòî÷íûå óñëîâèÿ ëîêàëüíîé ïðèâîäèìîñòè ñèñòåì ñ âîçìó-ùåíèÿìè âûñøèõ ïîðÿäêîâ ê ëèíåéíûì ñèñòåìàì ñ ïîñòîÿííîé ìàòðèöåé.Ò å î ð å ì à 3.1. Ïóñòü âûïîëíÿþòñÿ âñå óñëîâèÿ ëåììû 2.1, ñïðàâåäëèâî óñëî-âèå

tm2ψ(t) → 0 ïðè t→ +∞ (3.1)è �óíêöèÿ Ψ−1 óäîâëåòâîðÿåò óñëîâèþ Ëèïøèöà â íóëå
|Ψ−1(w, c)| ≤ K|c|, c = ||v||, (w, v) ∈ D1, (3.2)ãäå K � êîíñòàíòà. Òîãäà ñèñòåìû (2.1) è (2.3) ÿâëÿþòñÿ ëîêàëüíî ïðèâîäèìûìè.Æóðíàë ÑÂÌÎ. 2009. Ò. 11, � 2



Äîñòàòî÷íûå óñëîâèÿ ëîêàëüíîé ïðèâîäèìîñòè ñèñòåì äè��åðåíöèàëüíûõ . . . 149Ä î ê à ç à ò å ë ü ñ ò â î. Äîêàçàòåëüñòâî îñíîâàíî íà ïîñòðîåíèè ëÿïóíîâñêîãîïðåîáðàçîâàíèÿ èç (LG,Ξ) .Ó÷èòûâàÿ óñëîâèå (2.10) è (3.2), ïîëó÷èì
‖x(t : t0, x0)‖ ≤ K||x0||, (t0, x0) ∈ D1. (3.3)Ïðèìåíèì ïðèíöèï ëèíåéíîãî âêëþ÷åíèÿ [4, ñ.557℄ ê ðàçíîñòè ðåøåíèé x(1)(t : t0, u) è

x(2)(t : t0, v) ñèñòåìû (2.1). Ó÷èòûâàÿ îöåíêó (2.10), ïîëó÷èì
‖x(1)(t : t0, u) − x(2)(t : t0, v)‖ ≤ KΨ−1(w(t), ||u− v||), (t0, u), (t0, v) ∈ D1. (3.4)Ïóñòü �óíêöèÿ Ψ−1(w, c) îïðåäåëåíà è íåïðåðûâíà ïðè |c| ≤ R(t) , t ≥ T . Îïðåäåëèìâåêòîð-�óíêöèþ ϕ0(s, t, v) ñëåäóþùèì îáðàçîì

ϕ0(s, t, v) =





x(s : t, v), ïðè ||v|| ≤ R(t)

x

(
s : t,

v

||v||R(t)

)
, ïðè ||v|| > R(t).

(3.5)Èç îïðåäåëåíèÿ ìíîæåñòâà D1 â ëåììå 2.1 ñëåäóåò, ÷òî
ϕ0(s, t, v) = x(s : t, v), åñëè (t, v) ∈ D1. (3.6)Òîãäà âåêòîð-�óíêöèÿ ϕ0(s, t, v) , îïðåäåëåííàÿ ïî �îðìóëå (3.5), óäîâëåòâîðÿåò óñëî-âèþ Ëèïøèöà ïî ïåðåìåííîé v âî âñåì ïðîñòðàíñòâå Rn [4, ñ.555℄

||ϕ0(s, t, v) − ϕ0(s, t, u)|| ≤ K||u− v||, s ≥ t, ∀u, v ∈ R
n. (3.7)Â ïðîñòðàíñòâå R

n ïðè êàæäîì �èêñèðîâàííîì t ðàññìîòðèì îïåðàòîð
Pv = −

+∞∫

t

Y (t− s)g(s, ϕ0(s, t, v))ds, (3.8)ãäå ϕ0 � îïðåäåëåí ïî �îðìóëå (3.5).Ïîêàæåì, ÷òî îïåðàòîð P ÿâëÿåòñÿ îïåðàòîðîì ñæàòèÿ â Rn . Ïóñòü u , v ∈ Rn . Òîãäà,ó÷èòûâàÿ îãðàíè÷åííîñòü ðåøåíèé ñèñòåìû (2.1), êîãäà íà÷àëüíûå äàííûå óäîâëåòâîðÿþòóñëîâèþ (t0, x0) ∈ D1 è ñïðàâåäëèâîñòü îöåíîê (2.5) è (3.7), èìååì
||Pu− Pv|| ≤ KK1

+∞∫

t

eλ(t−s)sm2 ψ(s)|Ψ−1(w(s), ||u− v||)|ds.Èñïîëüçóþ (3.2), ïîëó÷èì
||Pu− Pv|| ≤ K2K1

+∞∫

t

eλ(t−s)sm2 ψ(s)ds ||u− v||.Çà�èêñèðóåì θ , òàêîå ÷òî 0 < θ < 1 . Òîãäà, ó÷èòûâàÿ óñëîâèå (2.8), ìîæíî ïîäîáðàòü
T , òàêîå, ÷òî ïðè âñåõ t ≥ T

K2K1

+∞∫

t

eλ(t−s)sm2 ψ(s)ds ≤ θ.Æóðíàë ÑÂÌÎ. 2009. Ò. 11, � 2



150Ñëåäîâàòåëüíî, îïåðàòîð P ÿâëÿåòñÿ îïåðàòîðîì ñæàòèÿ â Rn è ïåðåâîäèò ïðîñòðàí-ñòâî Rn â Rn .Òàê êàê Rn � áàíàõîâî ïðîñòðàíñòâî, òî âñå óñëîâèÿ òåîðåìû ï.10.1 [4, ñ.506℄ âûïîë-íåíû, è ñëåäîâàòåëüíî, ïðè ëþáîì u ∈ R
n óðàâíåíèå

v = u+ Φv (3.9)èìååò â R
n åäèíñòâåííîå ðåøåíèå è îíî ìîæåò áûòü ïîëó÷åíî ìåòîäîì ïîñëåäîâàòåëüíûõïðèáëèæåíèé, íà÷èíàþùèõñÿ ñ ëþáîãî ýëåìåíòà v(0) ∈ Rn .Ïîëàãàÿ L = I −Φ , ãäå I � òîæäåñòâåííûé îïåðàòîð â Rn , çàïèøåì óðàâíåíèå (3.9)â âèäå

Lv = u. (3.10)Òàê êàê îíî èìååò åäèíñòâåííîå ðåøåíèå ïðè ëþáîì u ∈ R
n , òî ñóùåñòâóåò [4℄ îáðàò-íûé îïåðàòîð L−1 òàêîé, ÷òî

L−1u = v. (3.11)Ïîëîæèì
ϕ(t, v) ≡ Lv ∀ t ≥ T, (3.12)

ϕ−1(t, u) ≡ L−1u ∀ t ≥ T. (3.13)Òàêèì îáðàçîì, ïðåîáðàçîâàíèå (3.12) óäîâëåòâîðÿåò îïðåäåëåíèþ 1.1 è, ñëåäîâàòåëü-íî, ñèñòåìû (2.1) è (2.3) ÿâëÿþòñÿ ëîêàëüíî ïðèâîäèìû.Ñïèñîê ëèòåðàòóðû1. Ëÿïóíîâ À.Ì. Îáùàÿ çàäà÷à îá óñòîé÷èâîñòè äâèæåíèÿ. � Ë.; Ì.: ÎÍÒÈ, 1935. �336 ñ.2. Âîñêðåñåíñêèé Å.Â. Î ïðèâîäèìîñòè íåëèíåéíûõ äè��åðåíöèàëüíûõ óðàâíåíèé//Èçâ. âóçîâ. Ìàòåìàòèêà. � 1998. � �9. � Ñ.33-37.3. Âîñêðåñåíñêèé Å.Â. Ëÿïóíîâñêèå ãðóïïû ïðåîáðàçîâàíèé // Èçâ. âóçîâ. Ìàòåìàòèêà.� 1994. � �7. � Ñ.13-19.4. Áûëîâ Á.Ô., Âèíîãðàä �.Ý., �ðîáìàí Ä.Ì., Íåìûöêèé Â.Â. Òåîðèÿ ïîêàçàòåëåé Ëÿ-ïóíîâà è åå ïðèëîæåíèÿ ê âîïðîñàì óñòîé÷èâîñòè. � Ì.: Íàóêà, 1966. � 576 ñ.5. Äåìèäîâè÷ Á.Ï. Ëåêöèè ïî ìàòåìàòè÷åñêîé òåîðèè óñòîé÷èâîñòè. � Ì.: Íàóêà, 1967.� 472 ñ.6. Øàìàíàåâ Ï.À. Î ëîêàëüíîé ïðèâîäèìîñòè ñèñòåì äè��åðåíöèàëüíûõ óðàâíåíèé ñâîçìóùåíèÿìè â âèäå îäíîðîäíûõ âåêòîðíûõ ïîëèíîìîâ // Òðóäû Ñðåäíåâîëæñêîãîìàòåìàòè÷åñêîãî îáùåñòâà. � 2003. � Ò. 5, � 1. � Ñ. 145-151.7. Øàìàíàåâ Ï.À. Î ëîêàëüíîé ïðèâîäèìîñòè ñèñòåì äè��åðåíöèàëüíûõ óðàâíåíèé ñâîçìóùåíèÿìè âûñøèõ ïîðÿäêîâ ê ëèíåéíûì ñèñòåìàì ñ íóëåâîé ìàòðèöåé// ÒðóäûÑðåäíåâîëæñêîãî ìàòåìàòè÷åñêîãî îáùåñòâà. � 2008. � Ò. 10, � 2. � Ñ. 213-217.
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 solutions of a delayequation modeling leukemia
© An
a-Veroni
a Ion1, Ralu
a-Mihaela Georges
u2Annotation. We 
onsider a delay di�erential equation that o

urs in the study of 
hroni
myelogenous leukemia. The equation was investigated numeri
ally in [8℄, [9℄, where also some
on
lusions regarding the stability of equilibria are given. In [6℄ the �rst author studied in detailthe stability of the two equilibrium points and obtained results that do not agree to those of [8℄,[9℄. In the present work, we shortly remind the results of [6℄ and then 
on
entrate on the study ofstability of periodi
 solutions emerged by Hopf bifur
ation from the non-trivial equilibrium point.We give the algorithm for the 
onstru
tion of a 
enter manifold at a typi
al point (in the parameterspa
e) of Hopf bifur
ation, and of a unstable manifold in the vi
inity of su
h a point (where su
h amanifold exists). Then we �nd the normal form of the equation restri
ted to the 
enter manifold,by 
omputing the �rst Lyapunov 
oe�
ient. The normal form allows us to establish the stabilityproperties of the periodi
 solutions o

urred by Hopf bifur
ation.A
knowledgement.Work supported by Grant 11/05.06.2009within the framework of the RussianFoundation for Basi
 Resear
h - Romanian A
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ation; normal forms.1. The problemWe 
onsider the delay di�erential equation that o

urs in the study of periodi
 
hroni
myelogenous leukemia [8℄, [9℄

ẋ(t) = −
[

β0

1 + x(t)n
+ δ

]
x(t) + k

β0x(t− r)

1 + x(t− r)n
. (1.1)Here β0, n, δ, γ, r are positive parameters and k = 2e−γr . The unknown fun
tion, x(·),should also be nonnegative, being a non-dimensional density of 
ells. We do not insist more onthe signi�
an
e of the fun
tion x(.) or in that of the parameters, sin
e these are extensivelypresented in [8℄, [9℄. Anyway, inasmu
h as the equation represents a good model for the periodi

hroni
 myelogenous leukemia, both the equilibrium solutions and the periodi
 solutions areimportant, as are their stability properties.In the following we use the spa
e B = C([−r, 0],R) (the spa
e of 
ontinuous, real valuedfun
tions de�ned on [−r, 0], with the supremum norm, denoted by |x|0 ). Given a fun
tion

x : [−r, T ) 7→ R, T > 0 and a 0 ≤ t < T, we de�ne the fun
tion xt ∈ B by xt(s) = x(t+ s).Equation (1.1) may be written as
ẋ = h(xt), (1.2)where h : B 7→ R, and we impose to this equation the initial 
ondition
x0 = ϕ ∈ B. (1.3)In [6℄ we proved that problem (1.2), (1.3) has an unique, de�ned on [−r,∞) boundedsolution.1"Gh. Miho
-C. Ia
ob" Institute of Mathemati
al Statisti
s and Applied Mathemati
s of the RomanianA
ademy, Bu
harest, Romania.2University of Pite�sti, Romania.MVMS journal. 2009. V. 11, No. 2



Stability of equilibrium and periodi
 solutions of a delay equation modeling leukemia 1531.1. Equilibrium solutionsAs shown in [8℄, the equilibrium points of the problem are
x1 = 0, x2 = (

β0

δ
(k − 1) − 1)1/n.The se
ond one is a

eptable from the biologi
al point of view if and only if is stri
tly positivethat is, if and only if

β0

δ
(k − 1) − 1 > 0. (1.4)In terms of r, the above inequality may be written as

r < rmax := −1

γ
ln

1

2

(
1 +

δ

β0

)
,and sin
e the delay r is positive, the 
ondition δ/β0 < 1 follows.The biologi
al interpretation of fun
tion β [8℄ shows that the 
ondition β(x2) = δ/(k−1) >

0 should be ful�lled. This is equivalent to k > 1.The linearized equation around one of the equilibrium points is
ż(t) = −[B1 + δ]z(t) + kB1z(t− r), (1.5)with B1 = β ′(x∗)x∗ + β(x∗), x∗ = x1 or x∗ = x2.The eigenvalues of the in�nitesimal generator of the semigroup of operators generated byequation (1.5) are the solutions of the 
hara
teristi
 equation

λ + δ +B1 = kB1e
−λr. (1.6)2. Stability of equilibrium solutionThe study in [6℄ has lead us to the following 
on
lusions (obtained by using the results in [1℄).2.1. Stability of x1In this 
ase B1 = β0. The equilibrium point x1 is stable as long as it is the single equilibriumpoint, that is when β0

δ
(k− 1) ≤ 1 . When the se
ond equilibrium point o

urs ( β0

δ
(k− 1) > 1 ),

x1 be
omes unstable. For β0

δ
(k − 1) = 1, equation (1.6) admits the solution λ = 0. Hen
e the
hange of stability o

urs by traversing the eigenvalue λ = 0.2.2. Stability of x2In this 
ase,

B1 = β0[n− (n− 1)A]/A2 (2.1)where A = β0(k − 1)/δ.We still rely on [6℄ in this subse
tion. Let us de�ne for future use
rn = −1

γ
ln

{
1

2

(
δ

β0

n

n− 1
+ 1

)}
.We have the following distin
t situations. MVMS journal. 2009. V. 11, No. 2
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uI. B1 < 0 that is equivalent to β0

δ
(k−1) > n

n−1
, and, in terms of r, equivalent to 0 ≤ r ≤ rn.Two sub
ases are to be 
onsidered.I.A. B1 < 0 and δ + B1 < 0. In this 
ase Reλ < 0 for all eigenvalues λ if and only if

|δ +B1| < |kB1| and
arccos ((δ +B1)/kB1)

ω0
< r <

1

|δ +B1|
, (2.2)where ω0 is the solution in (0, π/r) of the equation ω cot(ωr) = −p. Hen
e when the above
onditions are satis�ed, the equilibrium solution x2 is stable.When r|δ + B1| = 1, the solution x2 is unstable [6℄.I.B. B1 < 0 and δ +B1 > 0.In this 
ase, Reλ < 0 for all eigenvalues λ if and only if

δ +B1 > |kB1| or

{
δ +B1 ≤ |kB1| and r <

arccos ((δ +B1)/kB1)

ω0

} (2.3)where ω0 is de�ned as above.Remarks. a) If B1 < 0, δ + B1 = 0, the solution is stable if and only if −kB1r < π/2while, for this 
ase, the point kB1r = −π/2 is a Hopf bifur
ation point.b) Assume that we vary r and keep all the other parameters �xed. The 
onditions (2.2)or (2.3) for r are not as simple as they seem, be
ause B1 is itself a fun
tion of r, (being afun
tion of k ). Let us 
onsider the fun
tion
h(r) = T−1(−(δ +B1(r))r) − arccos

(
δ +B1(r)

k(r)B1(r)

)
. (2.4)If for a 
ertain r∗ we have h(r∗) = 0 (that is the 
ondition for the 
hange of stability), inorder to �nd whether a value r1 in a neighborhood of r∗ is in the stability zone or not, wehave to know the sign of h(r1) , hen
e we have to study the monotony properties of fun
tion hin a neighborhood of r∗ . This will be done in the last se
tion for an example.II. B1 > 0 that is equivalent to β0

δ
(k − 1) < n

n−1
, and, in terms of r, equivalent to

rn ≤ r ≤ rmax.In this 
ase, we 
an only have δ + B1 > 0, and, by [1℄, Reλ < 0 for all eigenvalues λ ifand only if kB1 < δ +B1.By using (2.1) we see the above inequality is equivalent to β0(k−1)
δ

> 1 that is alreadysatis�ed, sin
e x2 exists is positive. It follows that if B1 > 0 then x2 is stable.3. Hopf bifur
ation pointsBy denoting λ = µ + iω, and by equating the real, respe
tively the imaginary part of the
hara
teristi
 equation (1.6), we obtain
µ+ δ +B1 = kB1e

−µr cos(ωr), (3.1)
ω = −kB1e

−µr sin(ωr).It is useful to 
onsider the 
ase µ = 0 in the above equations,
δ +B1 = kB1 cos(ωr), (3.2)
ω = −kB1 sin(ωr).MVMS journal. 2009. V. 11, No. 2
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ussion, in I., the 
ase
r =

arccos((δ +B1)/(kB1))

ω0

(3.3)o

urs on the frontier of the stability domain. This relation, together with ω0 cot(ω0r) = −(δ+
B1) imply that ω0 =

√
(kB1)2 − (δ +B1)2 and that the pair µ∗ = 0, ω∗ = ω0 represents asolution of (3.1).Hen
e a point in the parameter spa
e, where relation (3.3) is satis�ed, might be a Hopfbifur
ation point when one of the parameters is varied. The Hopf bifur
ation may be either anon-degenerated or a degenerated one.To be more pre
ise, we 
onsider the ve
tor of parameters (β0, n, δ, γ, r) and denote it by

a = (ai)1≤i≤5.We 
hoose a point in the parameter spa
e, a
∗ = (a∗i )1≤i≤5, su
h that, for this 
hoi
e ofparameters, there are two pure imaginary eigenvalues λ̃1,2(a

∗) = ±iω∗, ω∗ := ω(a∗) > 0 andall other eigenvalues λ have stri
tly negative real parts (i.e. a point where 
ondition (3.3)holds).In the following we keep �xed all parameters ex
epting one, aj , that we vary ( j �xed,
1 ≤ j ≤ 5, ). For further simpli
ity, we denote aj := α, su
h that λ̃1,2(a) be
omes λ̃1,2(α) andsu
h that Reλ̃1,2(α

∗) = 0 .If ∂Reλi

∂α
(α∗) 6= 0, i = 1, 2, then at α∗ a Hopf bifur
ation o

urs and, in a neighborhood U∗of α∗, either to the left or to the right of α∗ we have Reλ̃1,2(α) < 0, while Reλ̃1,2(α) > 0 atthe opposite side of α∗. We assume that the neighborhood U∗ is su
h that for all α ∈ U∗

j allother eigenvalues besides λ̃1,2 have real parts less than a �xed negative value.4. On the stability properties of the periodi
 solutions emerged byHopf bifur
ationWe 
onsider a periodi
 solution o

ured by Hopf bifur
ation, as des
ribed in the previousse
tion. In order to establish whether or not su
h a periodi
 solution is stable, we have to
ompute the normal form of the redu
ed to the 
enter manifold (or to the unstable manifold)problem. In this se
tion we present the algorithm for obtaining this normal form and the
onsequen
es on the stability of periodi
 solutions.Sin
e we study lo
al bifur
ations around x2, throughout this se
tion we work with eq. (1.1)translated by x2, that is the new unknown fun
tion z = x− x2 is 
onsidered.4.1. The delay equation as an equation in a Bana
h spa
eWe assume that we are in one of the situations, mentioned in Se
tion 3, where a Hopf bifur
ationo

urs. In order to 
onstru
t the 
enter (or the unstable) manifold at the equilibrium point x2we need to write our equation as a di�erential equation in a Bana
h spa
e. We use the methodof Teresa Faria, from [2℄, as we did also in [4℄, [5℄. We 
onsider the spa
e
B0 =

{
ψ : [−r, 0] 7→ R, ψ is continuous on [−r, 0) ∧ ∃ lim

s→0
ψ(s) ∈ R

}
,that is formed of fun
tions ψ = ϕ+ σd0, where ϕ ∈ B, σ ∈ R and

d0 : [−r, 0] 7→ R,

d0(s) =

{
0, s ∈ [−r, 0),
1, s = 0. MVMS journal. 2009. V. 11, No. 2
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e B0 is normed by ‖ψ‖ = |ϕ|0 + |σ|. The linearized equation (1.5) 
an be written as
ż = Lzt, (4.1)

Lϕ =

∫ 0

−r

dη(θ)ϕ(θ),(the integral is a Stieljes one) with
η(s) =





−kB1, s = −r;
0, s ∈ (−r, 0);

−(B1 + δ), s = 0.Nonlinear equation (1.1) may be written as
ż(t) = L(zt) + f(z(t), z(t− r)), (4.2)where f(·, ·) 
omprises the nonlinear terms of the equation. Sin
e z(t) and z(t − r) arefun
tions of zt, eq. (4.2) may be written as

ż(t) = L(zt) + f̃(zt). (4.3)In [2℄, the linear operator A : C1([−r, 0],R) ⊂ B0 7→ B0

A(ϕ) = ϕ̇+ d0[L(ϕ) − ϕ̇(0)] (4.4)is de�ned and it is proved that this is the in�nitesimal generator of the semigroup of operators
{S(t)}t≥0 given by S(t)(ϕ) = zt(ϕ), where z(t, ϕ) is the solution of equation (4.1) with theinitial 
ondition z0 = ϕ. Then the nonlinear equation may be written as an equation in B0,that is

dzt
dt

= A(zt) + d0f̃(zt). (4.5)4.2. Spa
e of eigenfun
tions 
orresponding to λ̃1,2 , the proje
tor on this spa
eWe return for the moment to the linear equation (1.5). The eigenfun
tions 
orresponding tothe two eigenvalues λ̃1,2 = µ(α) ± iω(α) are given by ϕ1,2(s) = eλ̃1,2s, s ∈ [−r, 0]. Sin
e theeigenfun
tions are 
omplex fun
tions, we need to use the 
omplexi�
ation of the spa
e B, B0that we denote by BC , B0C , respe
tively. We denote by M the subspa
e of BC generated by
ϕ1,2(·).In [2℄ a proje
tor de�ned on M is 
onstru
ted. For its 
onstru
tion we need a bilinear formthat is de�ned by using the transposed equation of the linearized equation. The transposedequation is

ẏ(s) = −
∫ 0

−r

y(s− θ)d[η(θ)],hen
e
ẏ(s) = (B1 + δ)y(s) − kB1y(s+ r).The 
hara
teristi
 equation for the adjoint problem is

λ = B1 + δ − kB1e
λr,that admits the solutions λ1,2 = −µ(α)±iω(α). The 
orresponding eigenfun
tions are ψ1(ζ) =

e(−µ+iω)ζ , ψ2(ζ) = e(−µ−iω)ζ , ζ ∈ [0, r] .MVMS journal. 2009. V. 11, No. 2
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 solutions of a delay equation modeling leukemia 157In order to 
onstru
t the proje
tor de�ned on B0C with values on M, we de�ne the bilinearform [3℄
〈ψ, ϕ〉 = ψ(0)ϕ(0) −

∫ 0

−r

∫ θ

0

ψ(ζ − θ)dη(θ)ϕ(ζ)dζ =

= ψ(0)ϕ(0) + kB1

∫ 0

−r

ψ(ζ + r)ϕ(ζ)dζ,where ψ : [0, r] → R.We look for linear 
ombinations of the ve
tors ψj , that we will denote Ψi, i = 1, 2, su
hthat 〈Ψi, ϕj〉 = δij . For this we determine the 2× 2 matrix E, with elements eij = 〈ψi, ϕj〉 .
e11 = (ψ1, ϕ1) = ψ1(0)ϕ1(0) + kB1

∫ 0

−r

e(−µ+iω)(θ+r)e(µ+iω)θdθ = 0,

e12 = (ψ1, ϕ2) = ψ1(0)ϕ2(0) + kB1

∫ 0

−r

e(−µ+iω)(θ+r)e(µ−iω)θdθ = 1 + (δ +B1 + µ− iω)r,

e21 = (ψ2, ϕ1) = ψ2(0)ϕ1(0) + kB1

∫ 0

−r

e(−µ−iω)(θ+r)e(µ+iω)θdθ = 1 + (δ +B1 + µ+ iω)r,

e22 = (ψ2, ϕ2) = ψ2(0)ϕ2(0) + kB1

∫ 0

−r

e(−µ−iω)(θ+r)e(µ−iω)θdθ = 0.We have detE = e11e22 − e12e21 = −[(1 + (δ +B1 + µ)r)2 + ω2r2]. Sin
e
(

Ψ1

Ψ2

)
= E−1

(
ψ1

ψ2

)
,we obtain

Ψ1 =
1

detE
[e22ψ1 − e12ψ2] =

−e12
detE

ψ2, Ψ2 = Ψ1.We 
an now write the proje
tor de�ned on B0C and with values on M. It is given, for
ψ = ϕ+ d0σ ∈ B0C by

P(ψ) = (〈Ψ1, ϕ〉 + Ψ1(0)σ)ϕ1 + (〈Ψ2, ϕ〉 + Ψ2(0)σ)ϕ2. (4.6)If σ = 0 and, thus, ψ = ϕ ∈ BC , we have P(ϕ) = 〈Ψ1, ϕ〉ϕ1 + 〈Ψ2, ϕ〉ϕ2.Now, for the solution z(·, ϕ) of (4.5) we 
an write
zt = ϕ1u1(t) + ϕ2u2(t) + v(t),with u1(t) = 〈Ψ1, zt〉, u2(t) = 〈Ψ2, zt〉, v = (I − P)zt.We proje
t now the equation (4.5) by P, to obtain,

du

dt
= Bu + Ψ(0)f̃(ϕ1u1 + ϕ2u2 + v), (4.7)where

u =

(
u1

u2

)
, B =

(
λ̃1 0

0 λ̃2

)
, Ψ =

(
Ψ1

Ψ2

)
.Remark that u1, u2 are 
omplex fun
tions, but, sin
e our initial problem is formulated interms of real fun
tions, we have u1 = u2, and the two s
alar equations 
omprised in (4.7) areMVMS journal. 2009. V. 11, No. 2
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omplex 
onjugated one to the other. Hen
e it su�
es to study one of the them, let us say theequation for u1. We denote u1 = u and the equation to be studied in the following is
du

dt
= (µ+ iω)u+ Ψ1(0)f̃(ϕ1u+ ϕ2u+ v), (4.8)where, as the above 
omputations show,

Ψ1(0) =
1 + (δ +B1 + µ− iω)r

[1 + (δ +B1 + µ)r]2 + ω2r2
. (4.9)4.3. The equation restri
ted to the invariant (
enter or unstable) manifoldFor those α ∈ U∗ where Reλ̃1,2(α) ≥ 0, sin
e all other eigenvalues have negative real part,there is a lo
al invariant manifold, the lo
al unstable manifold, W u

loc, for Reλ̃1,2(α) > 0, orthe lo
al 
enter manifold, W c
loc, for α∗ (Reλ̃1,2(α

∗) = 0 ).The lo
al invariant manifold is an at least C1 invariant manifold, tangent to the spa
e Mat the point z = 0 (that is x = x2 ), and it is the graph of a fun
tion w(α)(·) de�ned on aneighborhood of zero in M and taking values in (I − P)BC . A point on the lo
al invariantmanifold has the form uϕ1 + uϕ2 + w(α)(uϕ1 + uϕ2). Sin
e it is an invariant manifold, ifthe initial 
ondition is taken on the manifold, then its image through the semigroup {T̃ (t)}t≥0,

T̃ (t)(ϕ) = zt(ϕ) , is still on it ( T̃ (t)(ϕ) = T (t)(ϕ) − x2, where T (t) is de�ned at the end ofSubse
tion 1.1). Hen
ẽ
T (t)(ϕ) = u(t)ϕ1 + u(t)ϕ2 + w(α)(u(t)ϕ1 + u(t)ϕ2), (4.10)with u(·), solution of the equation
du

dt
= λ̃1(α)u+ Ψ1(0)f̃(ϕ1u+ ϕ2u+ w(α)(uϕ1 + uϕ2)), (4.11)with the initial 
ondition u(0) = u0, where P(ϕ) = u0ϕ1 + u0ϕ2. The real and the imaginaryparts of this 
omplex equation, represent the two-dimensional restri
ted to the 
enter manifoldproblem. We 
an study this problem with the tools of planar dynami
al systems theory (see,e.g. [7℄).4.4. The normal form of the redu
ed equationIn order to �nd the normal form of equation (4.11) we must 
onsider the series of powers of

u, u for w(α) and for f̃(zt). We set
w̃(α)(u, u) =

∑

j+k≥2

1

j!k!
wjk(α)ujuk, (4.12)where w̃(α)(u, u) := w(α)(u(t)ϕ1 + u(t)ϕ2), wjk(α) ∈ B, u : [0,∞) 7→ C.

f̃(zt) is, due to (4.10), a fun
tion of u, u, and we develop it in a series of powers
f̃(zt) =

∑

j+k≥2

1

j!k!
fjk(α)ujuk. (4.13)Equation (4.11) be
omes

du

dt
= λ̃1(α)u+

∑

j+k≥2

1

j!k!
gjk(α)ujuk, (4.14)MVMS journal. 2009. V. 11, No. 2
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 solutions of a delay equation modeling leukemia 159where gjk(α) = Ψ1(0)fjk(α). If the �rst Lyapunov 
oe�
ient at α∗ , [7℄,
l1(α

∗) =
1

2ω∗2
Re(ig20(α

∗)g11(α
∗) + ω∗g21(α

∗)) (4.15)is not equal to zero, at α = α∗ our equation presents a non-degenerated Hopf bifur
ation.We assume that the initial fun
tion, ϕ, is on the invariant manifold. We give the algorithmfor 
omputing the �rst Lyapunov 
oe�
ient. We are interested in the nonlinear part of ourequation. We 
onsider the fun
tion β(x)x, 
ompute its derivatives of higher order than one atthe point x2, and denote them Bn

Bn = β(n)(x2)x2 + nβ(n−1)(x2).Let F be the fun
tion F (z) = 1
2!
B2z

2 + 1
3!
B3z

3 + 1
4!
B4z

4 + ... . The nonlinear part of the RHSof (4.2) is f(z(t), z(t − r)) = −F (z(t)) + kF (z(t − r)), or, in terms of zt, the fun
tion f̃ of(4.3) is f̃(zt) = −F (zt(0)) + kF (zt(−r)).The normal form of the restri
tion of the problem to the unstable manifold is [7℄
d

dt
u = (β(α) + i)u+ su|u|2, (4.16)where β(α) = µ(α)/ω(α), s = sign(l1(α

∗)). For α = α∗, β(α∗) = 0, and the normal form onthe 
enter manifold is obtained. The existen
e and stability properties of the 
y
le emerged byHopf bifur
ation are given by the signs of β(α) (for α ∈ U∗ ) and l1(α
∗). We must 
ompute

l1(α
∗), given by (4.15).In order to identify the 
oe�
ients gjk(α∗) we must �nd the 
oe�
ients for the series of f̃ .The following 
omputations are done at α = α∗, but for simpli
ity, the parameter will not bewritten.We have (by denoting ϕ1 = ϕ )

f̃(zt) = −F ([T̃ (t)ϕ](0)) + kF ([T̃ (t)ϕ](−r)) = (4.17)
= − 1

2!
B2[uϕ(0) + uϕ(0) +

1

2
w20(0)u2 + w11(0)uu+

1

2
w02(0)u2 + ...]2−

− 1

3!
B3[uϕ(0) + uϕ(0) +

1

2
w20(0)u2 + w11(0)uu+

1

2
w02(0)u2 + ...]3 − ....+

+
1

2!
kB2[uϕ(−r) + uϕ(−r) +

1

2
w20(−r)u2 + w11(−r)uu+

1

2
w02(−r)u2 + ...]2+

+
1

3!
kB3[uϕ(−r) + uϕ(−r) +

1

2
w20(−r)u2 + w11(−r)uu+

1

2
w02(−r)u2 + ...]3 + ... =

=
∑

j+k≥2

1

j!k!
fjku

juk.The se
ond order terms are
−1

2
B2(u

2 + 2uu+ u2) +
kB2

2
(u2ϕ2(−r) + 2uu+ u2ϕ2(−r)),and the 
oe�
ients

f20 = B2(kϕ
2(−r) − 1) = −B2(1 − ke−2ω∗ir);

f11 = B2(k − 1); MVMS journal. 2009. V. 11, No. 2
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f02 = B2(kϕ

2(−r) − 1) = −B2(1 − ke2ω
∗ir)follow. From here, we already �nd gij = Ψ1(0)fij, i+ j = 2, with Ψ1(0) given in (4.9).In order to determine l1 we still need to 
ompute the 
oe�
ient g21. From (4.17) we obtain

f21 = −1

2
B2[w11(0) +

1

2
w20(0)− ke−iω

∗rw11(−r)−
1

2
keiω

∗rw20(−r)]−
1

2
B3(1− ke−iω

∗r), (4.18)hen
e we have to determine w20(0), w20(−r), w11(0), w11(−r).The fun
tions wjk ∈ BC are determined from [10℄, [4℄
∂

∂s

∑

j+k≥2

1

j!k!
wjk(s)u

juk =
∑

j+k≥2

1

j!k!
gjku

jukϕ1(s)+

+
∑

j+k≥2

1

j!k!
gjku

jukϕ2(s) +
∂

∂t

∑

j+k≥2

1

j!k!
wjk(s)u

juk,and the integration 
onstants are determined from
d

dt

∑

j+k≥2

1

j!k!
wjk(0)ujuk +

∑

j+k≥2

1

j!k!
gjku

jukϕ1(0) +
∑

j+k≥2

1

j!k!
gjku

jukϕ2(0) =

−
∑

j+k≥2

1

j!k!
wjk(−r)ujuk +

∑

j+k≥2

1

j!k!
fjku

juk.Hen
e, the fun
tion w20(·) is solution of the di�erential equation,
w′

20(s) = 2ω∗iw20(s) + g20ϕ(s) + g02ϕ(s).We integrate between −r and 0 and obtain
w20(0) − w20(−r)e2ω

∗ir =
g20i

ω∗
(1 − eω

∗ir) + g02

i

3ω∗
(1 − e3ω

∗ir).We also have the relation
2ω∗iw20(0) + g20 + g02 = −w20(−r) + f20.From the two relations above, we get

w20(0) = c

[
e2ω

∗irf20 + g20

(
i

ω∗
− i

ω∗
eiω

∗r − e2iω
∗r

)
+

+g02

(
i

3ω∗
− i

3ω∗
e3iω

∗r − e2iω
∗r

)]
,

w20(−r) = c

[
f20 + g20(1 − 2eω

∗ir) − 1

3
g02(1 + 2e3ω

∗ir)

]
,where c = [1 + 2ω∗ sin(2ω∗r) − 2iω∗ cos(2ω∗r)]/(1 − 4ω∗ sin(2ω∗r) + 4ω∗2).We now 
ompute w11. It is the solution of

d

ds
w11(s) = g11e

ω∗is + g11e
−ω∗is.MVMS journal. 2009. V. 11, No. 2
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w11(0) = w11(−r) −

i

ω∗
g11(1 − e−ω

∗ir) +
i

ω∗
g11(1 − eω

∗ir).The se
ond relation is here
g11 + g11 = −w11(−r) + f11 ⇔ w11(−r) = −g11 − g11 + f11.It follows that
w11(0) = g11 + g11 − f11 −

i

ω∗
g11(1 − e−ω

∗ir) +
i

ω∗
g11(1 − eω

∗ir).Now we have all the elements for determining f21 by formula (4.18), and then we 
an 
ompute
g21 = Ψ1(0)f21.and after that, the �rst Lyapunov 
oe�
ient, that determines the stability properties of theperiodi
 orbit emerged by Hopf bifur
ation.The above indi
ated 
omputations, are easy to perform with a 
omputing program (Maplee.g.), for a given Hopf bifur
ation point, i.e. if all the parameters are known. If we try tomake the 
omputations with all parameters non-determined, we are lead to very 
ompli
atedexpressions that 
an not be handled even by the program Maple itself, and that 
an not beanalyzed theoreti
ally.4.5. An exampleIn order to provide an example, we 
hoose the following "strategy"for �nding Hopf bifur
ationpoints. We 
hoose n∗, β∗

0 , δ
∗, k∗, in a zone of parameters a

eptable from biologi
al point ofview. With this values of the parameters we 
an 
ompute B∗

1 , (the value of B1 at theseparameters values), p∗ = δ∗ + B∗
1 , q

∗ = k∗B∗
1 , and determine ω∗ and r∗ su
h that a Hopfbifur
ation a
tually takes pla
e. That is we set ω∗ =

√
(q∗)2 − (p∗)2, r∗ = arccos(p∗/q∗)/ω∗.On
e r∗ determined, we 
an also 
ompute γ∗ .As above, we 
hoose one of the parameters aj to be the variable one and 
he
k the 
onditionthat the 
urve λ1(aj) a
tually 
rosses the imaginary axis in the 
omplex plane, when aj variesaround a∗j . This 
an be done by example by di�erentiating relations (3.1) with respe
t to ajand by solving the obtained system of equations with respe
t to µ′(a∗j ), ω

′(a∗j) .The example. We 
onsider the following sele
tion of parameters:
n∗ = 12, β∗

0 = 1.77, δ∗ = 0.05, k∗ = 1.180746972 (⇔ γ∗r∗ = 0.527).These parameters were 
hosen in the zone of biologi
al interest, as 
an be seen in [8℄.We �nd then x2 = 1.150859618, B∗
1 = −2.524121872, p∗ = δ∗ +B∗

1 = −2.474121872, q∗ =
k∗B∗

1 = −2.980349005, ω∗ =
√
q∗2 − p∗2 = 1.661686238,

r∗ = arccos(p∗/q∗)/ω∗ = .3559207407, γ∗ = 1.48067.We 
hoose to vary r and, by di�erentiating the relations (3.1) with respe
t to r �nd that
µ′(r∗) = 25.66.The �rst Lyapunov 
oe�
ient is easily 
omputed sin
e all the parameters are known, byfollowing the algorithm in the previous subse
tion. We get

11(r
∗) = −87.387. MVMS journal. 2009. V. 11, No. 2
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uThus the normal form of the restri
tion of the equation to the unstable and to the 
entermanifold is (by (4.16))
d

dt
u = (β(r) + i)u− u|u|2,with β(r) = µ(r)

ω(r)
and β(r∗) = 0. The normal form in polar 
oordinates is

{
ρ̇ = (β(r) − ρ2)ρ,

θ̇ = 1.We are interested in the behavior of the solutions on a small neighborhood of r∗. Sin
e µ′(r∗) >
0, on su
h a neighborhood r < r∗ ⇒ µ(r) < 0 ⇒ β(r) < 0, and only the equilibrium solution
z = 0 ⇔ x = x2 exists, and it is stable, while r > r∗ ⇒ µ(r) > 0 ⇒ β(r) > 0. Thus a stableperiodi
 solution exists for r > r∗ .
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) r=0.36.Fig.1) Traje
tories obtained by numeri
al integration of eq. (1.1) for initial 
ondition
ϕ(s) = cos( π

2r
s) for r around the Hopf bifur
ation value r∗ .These assertions seem in 
ontradi
tion with the 
ondition of stability (2.2). A
tually thereis no 
ontradi
tion. The fun
tion h de�ned in (2.4) satis�es, for the 
hosen parameters values,

h(r∗) = 0 and dh
dr

(r∗) = −20.236. Thus, r < r∗ ⇒ h(r) > 0 and the equilibrium point x2 isstable, while for r > r∗ , h(r) < 0 and the equilibrium point is unstable.The numeri
al integration 
on�rms our theoreti
al analysis, as the �gures above show.Referen
esMVMS journal. 2009. V. 11, No. 2
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Polynomials based methods for linear non
onstant
oe�
ients eigenvalue problems
© Flori
a Ioana Dragomires
u1, Adelina Georges
u2Annotation. A method based on generalized Ja
obi polynomials is proposed to solve theeigenvalue problem governing the Lyapunov stability of the me
hani
al equilibria of 
ertain �uidso

urring in 
omplex 
ir
umstan
es. Two 
on
rete natural 
onve
tion problems of great interestfrom the appli
ations point of view are numeri
ally investigated. Fairly a

urate approximations ofthe lower part of the spe
trum are given in 
omparison with other numeri
al evaluations existingin the literature.A
knowledgement. This work was supported by the Grant 11/5.06.2009 within the frameworkof the Russian Foundation for Basi
 Resear
h - Romanian A
ademy 
ollaboration.AMS Mathemati
s Subje
t Classi�
ation (2000): 65L10; 65L15; 65L60;76E06.Key words: Lyapunov stability; high order two-point boundary value problem; spe
tral methods.1. Introdu
tionSpe
tral methods have been applied with great su

ess to various physi
al problems from s
ien
eand engineering for whi
h the evolution of perturbations is governed by linear or nonlineareigenvalue problems [1℄, [5℄, [6℄,[11℄, [13℄. The main reason of their extensive use is the higha

ura
y of these methods and the fa
t that the expansion fun
tions usually have a basi
property: they are easy to evaluate either Fourier series based on trigonometri
 fun
tions orpolynomials expansions are 
onsidered.Usually the linearization pro
ess in a hydrodynami
 stability problem in
reases the
onditions number of the problem making the solution more sensitive to small perturbations.The resulting eigenvalue problem depends on the spe
trum of the operator obtained by thelinearization of the mapping that de�ne the initial and boundary 
onditions eigenvalue problem.The use of 
lassi
al Ja
obi polynomials as trial fun
tions in weighted Galerkin-type methodsis motivated by the fa
t that spe
tral approximations of the eigenfun
tions in an eigenvalueproblems is usually 
onsidered as a �nite expansion of eigenfun
tions of a singular Sturm-Liouville problem and Ja
obi polynomials are in fa
t eigenfun
tions of su
h a problem [2℄. Forproblems with singular or degenerated 
oe�
ients or some problems on in�nite intervals theJa
obi polynomials are of great interest [8℄, [9℄.A dual-Petrov-Galerkin method based on Ja
obi polynomials was introdu
ed in [10℄ for thirdand higher odd-order di�erential equations. It was proven that their use simplify the numeri
alanalysis of the spe
tral approximations. The Chebyshev and Legendre polynomials (regainedas parti
ular 
ases of Ja
obi polynomials) have been widely used in the literature with goodresults in [4℄, [6℄,[12℄.The main obje
tive of the paper is to point out the major dependen
e of the approximationsproperties of spe
tral methods on the 
hoi
e of the basis fun
tions. General Ja
obi polynomialsbased spe
tral methods for di�erential equations were not widely used in mathemati
al physi
sproblems. In [2℄ Ja
obi-Galerkin methods for fourth - order equations in two dimensions are1University "Politehni
a"of Timisoara, Department of Mathemati
s, P-ta Vi
toriei, No.2, 300006, Timisoara,Romania, ioana.dragomires
u@mat.upt.ro.2A
ademy of Romanian S
ientists, Splaiul Independentei, No. 54, 050094 Bu
harest, Romania,adelinageorges
u@ yahoo.
om.MVMS journal. 2009. V. 11, No. 2



Polynomials based methods for linear non
onstant 
oe�
ients eigenvalue problems 165
onsidered proving that for a suitable sele
tion of the parameters α , β the resulting systemsof equations to be solved are diagonals, simplifying the numeri
al pro
edure.As examples of appli
ations, we 
onsidered two parti
ular physi
al problems governed byhigh-order di�erential equations with variable 
oe�
ients. The eigenvalue problem governingthe stability of the �uid motion in both 
ases has a general formulation
{
AU = Ra · BU, in Ω
CU = 0, on ∂Ω (1.1)with A , B non
onstant elements matrix high order di�erential operators and C a lineardi�erential operator de�ned on the boundary ∂Ω of the domain of de�nition Ω by
C(U, DU) = 0. (1.2)This paper is organized as follows. In this se
tion we introdu
e some generalized Ja
obipolynomials [2℄ and motivate their use for the approximation of the orthogonal proje
tion onsome Hilbert spa
e for our type of problems. The se
ond se
tion is devoted to the analyti
aland numeri
al appli
ations of the proposed method to the parti
ular physi
al problems. Some�nal remarks are given in the 
on
lusion se
tion of the paper.Let us introdu
e the di�erential operators A , B from (1.1)-(1.2). In both 
ases, the generalformulation of our problems leads to the two-point boundary value problem

{
(D2 − a2)2W = f(z)Θ,
(D2 − a2)Θ = −a2Rag(z)W,

(1.3)so A =

(
(D2 − a2I)2 f(z)

O (D2 − a2I)

) and B =

(
O O

−a2g(z) O

) . The boundary 
onditionsde�ning the operator C have the form
W = DW = Θ = 0 at z = 0, 1. (1.4)Here f , g are two inde�nitely derivable fun
tions 
hara
terizing the basi
 �ow, W,Θ theamplitudes of the velo
ity and the temperature perturbation �elds, (W,Θ) representing the
orresponding eigenve
tor for the eigenvalue Ra .A suitable approa
h imply a transformation of the physi
al domain onto the standardinterval of de�nition of Ja
obi polynomials, i.e. x = 2z− 1 , su
h that the boundary 
onditionsare written at −1 and 1
W = DW = Θ = 0 at x = −1, 1. (1.5)The weighted residual method proposed here imply a spe
tral expansion of ea
h 
omponentof the eigenve
tor using 
ombination of generalized Ja
obi polynomials fun
tions that satisfythe boundary 
onditions (1.4).Let us re
all that the Ja
obi polynomials P α,β

n (x) , n > 0 are de�ned by the Rodriguesformula [9℄
P α,β
n =

(−1)n

2nn!
(1 − x)−α(1 + x)−βDn[(1 − x)α+n(1 + x)β+n], (1.6)with D =

d

dx
and α, β two 
omplex parameters.The 
lassi
al Ja
obi polynomials asso
iated with the real parameters α, β > −1 are asequen
e of orthogonal polynomials, i.e.

∫ 1

−1

P (α,β)
m (x)P (α,β)

n (x)ωα,β(x)dx = γα,βn δn,m (1.7)MVMS journal. 2009. V. 11, No. 2
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uwith ωα,β(x) = (1 − x)α(1 + x)β the Ja
obi weight fun
tion, δn,m the Krone
ker symbol and
γα,βn =

2λΓ(n+ α + 1)Γ(n+ β + 1)

(2n+ λ)Γ(n + 1)Γ(n+ λ)
, λ = α + β + 1.Ja
obi polynomials 
an also be de�ned using (1.6) for α, β < −1 . However, the mainproperty used in numeri
al appli
ations, the orthogonality in L2

ωα,β for all α , β of thesepolynomials it is no longer valid.Following [11℄ to a

ount for the homogeneous boundary 
onditions, let us de�ne the spa
e
PN of all polynomials of degree less or equal to N , N = 1, 2, ... . We are interested in the
onstru
tion of an approximation spa
e of the form M = {v ∈ PN |v = Dv = 0 at x = ±1} .Let us introdu
e the fun
tions ϕk ∈ M , k = 1, 2, ... , [9℄

ϕ(x) = (1 − x2)2 · P α,β
k (x), k = 1, . . . , Nwhi
h ful�lls the boundary 
onditions (1.4). Using the properties of the Ja
obi polynomials itis easy to verify that the fun
tions ϕk(x) , 0 < k < N − 4 , are linearly independent and thedimension of the 
orresponding generated spa
e N = span{ϕ0(x), . . . , ϕN−4(x)} is equal to

N − 3 . In fa
t, these fun
tion 
an be viewed as generalized Ja
obi polynomials [2℄ sin
e we 
anwrite
ϕ(x) = (1 − x)2(1 + x)2P α,β

n (x) = P α′,β′

n (x).The above expression point out that a 
ertain type of indexes for generalized Ja
obi polynomialsmust be used. In fa
t, in [12℄ it was proven that when developing and analyzing Chebyshevspe
tral methods for boundary value problems the generalized Ja
obi polynomials with indexes
(−1/2 − k,−1/2 − l) , k, l ∈ Z are the most 
onvenient 
hoi
e.Let us introdu
e the expansion series W =

N−4∑
k=0

Wkϕk(x), Θ =
N−4∑
k=0

Θkϕk(x), with Wk =

(W,ϕk(x)) and Θk = (Θ, ϕk(x)) and the s
alar produ
t (·, ·) taken with respe
t to the Hilbertspa
e L2
ωα,β .Repla
ing the expansion fun
tions in the system (1.3) and imposing the 
ondition that theequations in (1.3) be orthogonal on {ϕi}i=1,...,N−4 leads to an algebrai
 system in the unknown
oe�
ients Wk , Θk . Not all these 
oe�
ients vanish so the 
ondition that the determinant ofthe algebrai
 system be equal to zero leads to the se
ular equation whi
h gives us the 
riti
alvalues of the Rayleigh number.The formulas for the Ja
obi 
oe�
ients of all the derivatives of the fun
tions o

urring in(1.3) 
an be found in [2℄.2. Parti
ular physi
al 
onve
tion problemsWe 
onsidered two 
on
rete physi
al 
ases: one 
on
erning a 
onve
tion problem for a variablegravity �eld [6℄ and the other one for a 
onve
tion problem with an internal heat sour
e [4℄.2.1. A 
onve
tion problem with variable gravity �eldThe 
onve
tion problem investigated in this se
tion arises in a horizontal layer of �uid heatedfrom below for a variable gravity �eld. The gravity �eld varying a
ross the layer 
an be
onsidered linear or not [5℄, [6℄. Here our investigation 
on
erns only a linearly de
reasing gravity�eld orthogonal on the �uid layer and assumed to depend on the verti
al 
oordinate z only[13℄. The linear stability against normal mode perturbations is governed by a two-point problemMVMS journal. 2009. V. 11, No. 2



Polynomials based methods for linear non
onstant 
oe�
ients eigenvalue problems 167for ordinary di�erential equations of the form (1.3) with f(z) = 1 − εz and g(z) = 1 , with
ε the s
ale parameter for the variable gravity �eld. The analyti
al and numeri
al investigationof the problem was also performed in [3℄, using a shifted Legendre polynomials based methodfor the 
ase of linear stability of the me
hani
al equilibrium of the �uid layer. In this paperwe apply the above des
ribed method for various 
ases of the parameters de�ning the Ja
obipolynomials. The 
hosen basis of expansion fun
tions leads to sparse matri
es, with bandedsubmatri
es whose size are equal to the number of generalized Ja
obi polynomials used in theexpansions.Numeri
al evaluations of the Rayleigh number for various values of the wavenumber andvarious linear de
reasing gravity �elds are presented in Table 1 in 
omparison with previousresults obtained also by us for either trigonometri
 expansion fun
tions or shifted Legendrepolynomials. The following physi
al 
on
lusion is pointed out: the stability domain in
reasesas the gravity �eld is linearly de
reasing a
ross the layer.

ε a2 Raα,β=−1/2 Raα,β=0 Raα,β=1/2 Ratrig[6] RaSLP [6]

0 9.711 1730.0 1748.5 1743.9 1715.079356 1749.975727

0.01 9.711 1738.8 1757.2 1752.8 1723.697848 1758.769253

0.2 9.711 1922.2 1942.3 1937.5 1905.643719 1944.243122

0.2 12.0 1951.3 1969.6 1965.1 1937.927940 1977.079049

0.2 14.5 2037.1 2053.9 2049.9 2026.289430 3475.507241

1 10.0 3434.5 3470.8 3461.8 3431.318766 3475.507241Table 1. Numeri
al evaluations of the Rayleigh number for various values of the parameters ε and
a and various parameters α, β .It is 
lear that for the same small value of the spe
tral parameter, N = 3 , the numeri
alresults obtained here are similar, but not the best. However, we remarked that the ne
essary
omputational time is signi�
antly redu
ed in this 
ase.In Table 2 the numeri
al evaluations of the �rst and se
ond eigenvalue, respe
tively, arepresented for in
reasing values of the spe
tral parameter N . The results are obtained for the
lassi
al Rayleigh-B�enard 
onve
tion and they show a quite good agreement with previousexisting values for the 
riti
al Rayleigh number.

N Ra1 Ra2

2 1790.0 27286

5 1757.2 25801

10 1729.7 25443

12 1726.6 25326

14 1724.6 25306

15 1724.5 25272Table 2. Numeri
al evaluations of the �rst and the se
ond eigenvalue for α = β = 0 , a2 = 9.711 ,
ε = 0 for various values of the spe
tral parameter N .The de
reasing of both eigenvalues to well known numeri
al values with an in
reasing Nmarks a numeri
al 
onvergen
e of the algorithm (Fig. 1 a), b)).
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Fig. 1. The de
reasing values of the �rst and the se
ond eigenvalue Ra for an in
reasing spe
tralparameter N .2.2. A 
onve
tion problem with an internal heat sour
eThe motion in the atmosphere or mantle 
onve
tion in the Earth are two among phenomena ofnatural 
onve
tion indu
ed by internal heat sour
es. Natural 
onve
tion o

urring in industrialdevi
es by internal heating [14℄ is another example for whi
h an investigation of the e�e
tof internal heat generation on �uids �ows is needed. All these motions bifur
ate from the
ondu
tion state as a result of its loss of stability. In spite of their importan
e, due to theo

urren
e of variable 
oe�
ients in the nonlinear partial di�erential equations governing theevolution of perturbations around the basi
 equilibrium, few systemati
 studies were performed.Most of the investigations only 
onsider the mu
h simpler 
ase of uniform heat generation. In[15℄ experimental investigations were 
arried out pointing out that a dilation of 
onve
tion
ells o

urs with an in
reasing rate of internal heat generation. The physi
al model of natural
onve
tion in the presen
e of an uniform internal heat sour
e, investigated in this paper,
on
erning a horizontal layer of vis
ous in
ompressible �uid with 
onstant vis
osity and thermal
ondu
tivity 
oe�
ients ν and k , was also treated in [16℄. Velt
hiev [16℄ fo
ussed on the verti
aldistribution of the total heat �uxes and their individual 
omponents for small and moderatesuper
riti
al Rayleigh number. An analyti
al investigation of the eigenvalue problem dedu
edby us in [4℄ was performed in [7℄. Here we are 
on
erned with the approximative numeri
alevaluations of the 
riti
al Rayleigh number at whi
h the instability sets in. These resultsobtained for various types of polynomial approximations when generalized Ja
obi polynomialsare 
onsidered, are presented in 
omparison with the ones obtained by using other type ofpolynomials (Table 3).The asso
iated eigenvalue problem in a horizontal �uid layer bounded by two rigid walls,governing the stability of the basi
 motion against normal mode perturbations, dedu
ed by us in[4℄, has the form from (1.3) with f(z) = 1 and g(z) = 1−Nhcz . The eigenvalue is the Rayleighnumber R and Nhc is a dimensionless parameter 
hara
terizing the heating (
ooling) rate ofthe layer. Although it looks like a simple swit
h in the expression of the unknown fun
tions fand g this new model support most of the times a di�erent approa
h from the �rst ben
hmarkmodel [7℄.
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Nhc a2 Raα,β=−1/2 Raα,β=0 Rahyp[7] RaSLP [5]

0 9.711 1730.2 1780.9 1708.54 1715.079324

1 9.711 1727.04 1745.3 1651.04 1711.742588

2 9.711 1717.5 1735.9 1609.12 1701.891.001

1 10.0 1727.1 1745.1 1651.1 1712.257687

4 10.0 1680.6 1696.4 1560.8 1664.341789

4 12.0 1699.4 1699.7 1739.2 1685.422373

10 9.0 1503.2 1524.6 1366.02 1482.527042

11 9.0 1468.0 1489.4 1366.05 1446.915467

12 9.0 1432.7 1454.2 1354.7 1411.401914Table 3. Numeri
al evaluations of the Rayleigh number for various values of the parameters Nhcrepresenting the heating (
ooling rate) and a and various types of polynomials.3. Con
lusionsA family of generalized Ja
obi polynomials with indexes (α, β) of the form (−1/2− k,−1/2−
k) , k ∈ Z is proposed in order to solve a 
lass of eigenvalue problems governing the linearstability of the me
hani
al equilibria of 
ertain types of �uids motions. For boundary 
onditions
orresponding to rigid boundary surfa
es 
ase, Fourier series based on the proposed generalizedJa
obi polynomials basis led to a good numeri
al algorithm. In general, the method 
an besu

essfully used for spe
tral approximations of di�erential equations with suitable boundary
onditions whi
h are automati
ally satis�ed by the expansion fun
tions. Orthogonal familiesof generalized Ja
obi polynomials 
an be 
onstru
ted starting from the proposed one with alarge appli
ability to solve partial or ordinary di�erential equations with 
onstant or varying
oe�
ients.In spite of the existen
e of many theoreti
al bases, the 
omplexity in redu
ing the
omputation of the 
riti
al Rayleigh number using spe
tral methods 
omes from the ne
essitythat these fun
tions satisfy all less simpler boundary 
onditions.Referen
es1. Canuto,C., Hussaini, M.Y., Quarteroni, A., Zang, T.A., Spe
tral methods. Evolution to
omplex geometries and appli
ations to �uid dynami
s, Springer, 2007.2. Doha, E.H., Bhrawy, A.H., E�
ient spe
tral-Galerkin algorithm for dire
t solution offourth-order di�erential eqautions using Ja
obi polynomials, Appl. Num. Math., 58(2008),1224-1244.3. Dragomires
u, I., A SLP-based method for a 
onve
tion problem for a variable gravity�eld, Pro
eedings of Aplimat 2007, Bratislava, 149-154.4. Dragomires
u, F.I., Georges
u, A., Stability bounds in a problem of 
onve
tion withuniform internal heat sour
e, Pro
. of ICNPAA 2006, Seenith Sivasundaram (ed.),Cambridge S
ienti�
 Publishers Ltd, 2007, 163-170.5. Dragomires
u, F.I., Shifted polynomials in a 
onve
tion problem, Appl.Math&Inf. S
i.Journal, 2, 2 (2008), 163-172. MVMS journal. 2009. V. 11, No. 2
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Êðàòêèå ñîîáùåíèÿÓÄÊ 517.9Î ñèñòåìàõ íàáëþäåíèÿ
© Ï. À. Áàëàõíèí1,À. Â. Çóáîâ2,Í. Â. Çóáîâ3Àííîòàöèÿ. Äëÿ ëèíåéíûõ ñòàöèîíàðíûõ ñèñòåì íàáëþäåíèÿ ðåøåíà çàäà÷à îïðåäåëåíèÿìèíèìàëüíîãî ÷èñëà âûõîäîâ, ïðè êîòîðûõ ðàññìàòðèâàåìóþ ñèñòåìó ìîæíî ñäåëàòü ïîëíî-ñòüþ íàáëþäàåìîé. Çàäà÷è ïîäîáíîãî ðîäà ÷àñòî âîçíèêàþò ïðè ñîçäàíèè ñèñòåì íàáëþäåíèÿ.Êëþ÷åâûå ñëîâà: âåêòîð íàáëþäåíèÿ, ðàíã ìàòðèöû, ìàòðèöà, ìíîãî÷ëåí, ñòîëáåö, ñîá-ñòâåííîå ÷èñëî.�àññìîòðèì ëèíåéíóþ ñòàöèîíàðíóþ ñèñòåìó íàáëþäåíèÿ

Ẋ = AX, Y = CX, (1.1)ãäå C - ïîñòîÿííàÿ ìàòðèöà ðàçìåðà r×n , Y = (y1, . . . , yr)
T - âåêòîð íàáëþäåíèé (âûõîäûñèñòåìû).Ïîñòàâèì çàäà÷ó ïîèñêà ìèíèìàëüíîãî ÷èñëà p âûõîäîâ, ïðè êîòîðûõ îòêðûòàÿ ñèñòå-ìà Ẋ = AX ìîæåò áûòü ñäåëàíà íàáëþäàåìîé ïóòåì âûáîðà ñîîòâåòñòâóþùåé ìàòðèöû

C ðàçìåðà p × n ïîëíîãî ðàíãà, ò. å. çàäà÷ó ñòðóêòóðíîé ìèíèìèçàöèè ñèñòåìû íàáëþ-äåíèÿ.Î ï ð å ä å ë å í è å 1.1. Íàçîâåì õàðàêòåðèñòèêîé íàáëþäàåìîñòè ñèñòåìû(1.1) ìèíèìàëüíîå ÷èñëî p âûõîäîâ, ïðè êîòîðûõ îòêðûòàÿ ñèñòåìà Ẋ = AX ìî-æåò áûòü ñäåëàíà íàáëþäàåìîé ïóòåì âûáîðà ñîîòâåòñòâóþùåé ìàòðèöû C ðàçìåðà
p× n ïîëíîãî ðàíãà.Ñïðàâåäëèâà òåîðåìà.Ò å î ð å ì à 1.1. Õàðàêòåðèñòèêà íàáëþäàåìîñòè ìàòðèöû A ðàâíà p , ãäå p =
maxi=1,k pi , à pi - ÷èñëî ëèíåéíî íåçàâèñèìûõ ñîáñòâåííûõ âåêòîðîâ ñîîòâåòñòâóþùèõðàçëè÷íûì ñîáñòâåííûì ÷èñëàì λi (i = 1, k) ìàòðèöû A , ò. å. âñåãäà ìîæíî âûáðàòü
p ëèíåéíî íåçàâèñèìûõ âåùåñòâåííûõ âåêòîðîâ C1, . . . , Cp , ÿâëÿþùèõñÿ ñòðîêàìè ìàò-ðèöû C òàê, ÷òî ñèñòåìà (1.1) áóäåò íàáëþäàåìîé.Äîêàçàòåëüñòâî òåîðåìû öåëèêîì îïèðàåòñÿ íà òîò �àêò, ÷òî åñëè âåëè÷èíà p äëÿìàòðèöû A , ÿâëÿåòñÿ ìàêñèìàëüíûì ÷èñëîì ëèíåéíî íåçàâèñèìûõ ñîáñòâåííûõ âåêòîðîâñîîòâåòñòâóþùèõ ðàçëè÷íûì ñîáñòâåííûì ÷èñëàì λi (i = 1, k) ýòîé ìàòðèöû, òî âñåãäàìîæíî âûáðàòü p ëèíåéíî íåçàâèñèìûõ âåùåñòâåííûõ âåêòîðîâ C1, . . . , Cp , ÿâëÿþùèõñÿñòîëáöàìè ìàòðèöû C òàê, ÷òî ðàíã ìàòðèöû V T = [CT , ATCT , . . . , (An−1)TCT ] áûë ðàâåí
n . Åñëè æå ðàíã ìàòðèöû C ìåíüøå p , òî ñèñòåìà (1.1) íå ÿâëÿåòñÿ íàáëþäàåìîé.1Àññèñòåíò �àêóëüòåòà ÏÌ-ÏÓ ÑÏá�Ó, Ñàíêò-Ïåòåðáóðãñêèé ãîñóäàðñòâåííûé óíèâåðñèòåò, ã. Ñàíêò-Ïåòåðáóðã; a_v_zubov�mail.ru.2Äîöåíò �àêóëüòåòà ÏÌ-ÏÓ ÑÏá�Ó, Ñàíêò-Ïåòåðáóðãñêèé ãîñóäàðñòâåííûé óíèâåðñèòåò, ã. Ñàíêò-Ïåòåðáóðã; a_v_zubov�mail.ru.3Ïðî�åññîð �àêóëüòåòà ÏÌ-ÏÓ ÑÏá�Ó, Ñàíêò-Ïåòåðáóðãñêèé ãîñóäàðñòâåííûé óíèâåðñèòåò, ã. Ñàíêò-Ïåòåðáóðã; a_v_zubov�mail.ru. Æóðíàë ÑÂÌÎ. 2009. Ò. 11, � 2



172Ñ ë å ä ñ ò â è å 1.1. Åñëè õàðàêòåðèñòè÷åñêèé ìíîãî÷ëåí ìàòðèöû A ñîâïàäà-åò ñ åãî ìèíèìàëüíûì ìíîãî÷ëåíîì, òî ñèñòåìà (1.1) ìîæåò áûòü ñäåëàíà íàáëþäàå-ìîé ñ ïîìîùüþ ñêàëÿðíîé ñèñòåìû íàáëþäåíèÿ.Ñïèñîê ëèòåðàòóðû1. Çóáîâ À. Â., Äèêóñàð Â. Â., Çóáîâ Í. Â. Ñòðóêòóðíàÿ ìèíèìèçàöèÿ ñèñòåì óïðàâ-ëåíèÿ // Òð. ÈÑÀ �ÀÍ. Äèíàìèêà íåîäíîðîäíûõ ñèñòåì. Ò. 31(2). Ì.: Èçä-âî ËÊÈ,2007. Ñ. 34-43.2. Çóáîâ À. Â., Çóáîâ Í. Â. Òåîðèÿ óñòîé÷èâîñòè è ïðèìåíåíèå ê çàäà÷àì ÷èñëåííîãîàíàëèçà. Ó÷. ïîñ. ÑÏá.: Èçä-âî ÍÈÈ Õèìèè ÑÏá�Ó, 2010, - 102 ñ.3. Áëèñòàíîâà Ä. Ë., Çóáîâ È. Â., Çóáîâ Í. Â., Ñåâåðöåâ Í. À. Êîíñòðóêòèâíûå ìåòîäûòåîðèè óñòîé÷èâîñòè è èõ ïðèìåíåíèå ê çàäà÷àì ÷èñëåííîãî àíàëèçà. Ó÷. ïîñ. ÑÏá.:Èçä-âî ÍÈÈ Õèìèè ÑÏá�Ó, 2002, 119 ñ.4. Ìóòëó Î. Â. Îñíîâû óïðàâëåíèÿ äâèæåíèåì. (Èññëåäîâàíèå ðàâíîìåðíîé óñòîé÷è-âîñòè ïî Ëÿïóíîâó) Ó÷. ïîñ. ÑÏá., 2007. 92 ñ.5. Çóáîâ À. Â. Ñòàáèëèçàöèÿ è óïðàâëåíèå â äèíàìè÷åñêèõ ñèñòåìàõ. Ó÷. ïîñ. ÑÏá.:ÑÏá�Ó, 2007, 132 ñ.6. Çóáîâ À. Â., Àëèäðèññè Ì. À. �àñ÷åò è ñòàáèëèçàöèÿ ïðîãðàììíûõ òðàåêòîðèéìåõàíè÷åñêèõ ñèñòåì. Ó÷. ïîñ. ÑÏá.: ÑÏá�Ó, 2008, 68 ñ.Äàòà ïîñòóïëåíèÿ 27.08.2009
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174 Ñ. À. Äóòîâ, À. Â. Çóáîâ, Í. Â. ÇóáîâÓÄÊ 517.9Çàäà÷à îá óñòîé÷èâîñòè
© Ñ. À. Äóòîâ1, À. Â. Çóáîâ2, Í. Â. Çóáîâ3Àííîòàöèÿ. Â íàñòîÿùåé ðàáîòå âûâîäÿòñÿ óñëîâèÿ àñèìïòîòè÷åñêîé óñòîé÷èâîñòè íóëåâî-ãî ðåøåíèÿ ñèñòåìû îáûêíîâåííûõ äè��åðåíöèàëüíûõ óðàâíåíèé ñ îäíîðîäíûìè ïðàâûìè÷àñòÿìè è äàþòñÿ òî÷íûå îöåíêè ðàññòîÿíèÿ èíòåãðàëüíîé êðèâîé äî ïîëîæåíèÿ ðàâíîâåñèÿ,à òàêæå èçëàãàåòñÿ ðÿä ïðèìåíåíèé ïîëó÷åííûõ ðåçóëüòàòîâ.Êëþ÷åâûå ñëîâà: �óíêöèÿ, ìíîæåñòâî, èíòåãðàëüíàÿ êðèâàÿ, ïîðÿäîê, íåðàâåíñòâî, óñòîé-÷èâîñòü, ïðîñòðàíñòâî.Î ï ð å ä å ë å í è å 1.2. Âåùåñòâåííóþ îäíîçíà÷íóþ íåïðåðûâíóþ �óíêöèþ
X(x1, . . . , xn) , çàäàííóþ â En , áóäåì íàçûâàòü î ä í î ð î ä í î é ï î ð ÿ ä ê à µ èîáîçíà÷àòü X(µ) , µ = p/q , ãäå p è q - íàòóðàëüíûå ÷èñëà, q íå÷åòíîå, åñëè äëÿ ëþáîéâåùåñòâåííîé ïîñòîÿííîé c èìååò ìåñòî ðàâåíñòâî X(cx1, . . . , cxn) = cµX(x1, . . . , xn) ;ïðè ýòîì âåëè÷èíó cµ áóäåò ñ÷èòàòü ïîëîæèòåëüíîé ïðè p ÷åòíîì, à ïðè p íå÷åòíîì- âåùåñòâåííîé, èìåþùåé çíàê c .Î ï ð å ä å ë å í è å 1.3. Âåùåñòâåííóþ îäíîçíà÷íóþ íåïðåðûâíóþ �óíêöèþ
V (x1, . . . , xn) , çàäàííóþ â En , áóäåì íàçûâàòü ï î ë î æ è ò å ë ü í î - î ä í ð î ä í î éï î ð ÿ ä ê à m > 0 è îáîçíà÷àòü V [m] , åñëè äëÿ ëþáîé âåùåñòâåííîé âåëè÷èíû c èìååòìåñòî ðàâåíñòâî V (cx1, . . . , cxn) = |c|mV (x1, . . . , xn) ; ïðè ýòîì âåëè÷èíó |c|m ñ÷èòàåìïîëîæèòåëüíîé.�àññìîòðèì ñèñòåìó îáûêíîâåííûõ äè��åðåíöèàëüíûõ óðàâíåíèé

dxs
dt

= X(µ)
s (x1, . . . , xn) (s = 1, . . . , n). (1.1)Äàëåå ÷åðåç

x = x(t, x(0)) (1.2)áóäåì îáîçíà÷àòü èíòåãðàëüíóþ êðèâóþ ñèñòåìû (1.1) òàêóþ, ÷òî x(0, x(0)) = x(0) , ãäå x- âåùåñòâåííûé n -ìåðíûé âåêòîð (x1, . . . , xn) . ßñíî, ÷òî âìåñòå ñ èíòåãðàëüíîé êðèâîé(1.2) ñèñòåìà (1.1) èìååò ñåìåéñòâî èíòåãðàëüíûõ êðèâûõ, çàâèñÿùåå îò îäíîé ïðîèçâîëü-íîé âåùåñòâåííîé ïîñòîÿííîé c , ïðåäñòàâèìîå â �îðìå
x = cx(cµ−1t, x(0)) = x(t, cx(0)).Ò å î ð å ì à 1.2. 1) Ïðè p ÷åòíîì íóëåâîå ðåøåíèå ñèñòåìû (1.1) íå ìîæåòáûòü àñèìïòîòè÷åñêè óñòîé÷èâûì.2) Åñëè p íå÷åòíî è µ 6= 1 , òî íóëåâîå ðåøåíèå ñèñòåìû (1.1) ìîæåò áûòü àñèìï-òîòè÷åñêè óñòîé÷èâûì ëèøü ïðè âåùåñòâåííûõ âîçìóùåíèÿõ.1Àññèñòåíò �àêóëüòåòà ÏÌ-ÏÓ ÑÏá�Ó, Ñàíêò-Ïåòåðáóðãñêèé ãîñóäàðñòâåííûé óíèâåðñèòåò, ã. Ñàíêò-Ïåòåðáóðã.2Äîöåíò �àêóëüòåòà ÏÌ-ÏÓ ÑÏá�Ó, Ñàíêò-Ïåòåðáóðãñêèé ãîñóäàðñòâåííûé óíèâåðñèòåò, ã. Ñàíêò-Ïåòåðáóðã, a_v_zubov�mail.ru.3Ïðî�åññîð �àêóëüòåòà ÏÌ-ÏÓ ÑÏá�Ó, Ñàíêò-Ïåòåðáóðãñêèé ãîñóäàðñòâåííûé óíèâåðñèòåò, ã. Ñàíêò-Ïåòåðáóðã.Æóðíàë ÑÂÌÎ. 2009. Ò. 11, � 2



1753) Åñëè µ = 1 , òî íóëåâîå ðåøåíèå ñèñòåìû (1.1) ìîæåò áûòü àñèìïòîòè÷åñêèóñòîé÷èâûì ïðè ëþáûõ êîìïëåêñíûõ âîçìóùåíèÿõ.Ïðè ïîìîùè ðåçóëüòàòîâ, ñîäåðæàùèõñÿ â ðàáîòå [1℄, ìîæíî ïîêàçàòü, ÷òî èíòå-ãðàëüíûå êðèâûå ñèñòåìû (1.1) óäîâëåòâîðÿþò íåðàâåíñòâó
|x(t, x(0)| < At−α (1.3)ïðè |x(0)| = 1 , ãäå A è α - ïîëîæèòåëüíûå ïîñòîÿííûå, åñëè òîëüêî íóëåâîå ðåøåíèåñèñòåìû (1.1) àñèìïòîòè÷åñêè óñòîé÷èâî è Xµ

s ∈ C(ν) , ò. å. �óíêöèè X
(µ)
s íåïðåðûâíîäè��åðåíöèðóåìû ïî âñåì ñâîèì àðãóìåíòàì â En äî ïîðÿäêà ν ≥ 1 âêëþ÷èòåëüíî.Òàêèì îáðàçîì, â äàëüíåéøåì íåðàâåíñòâî (1.3) ïðè X

(µ)
s ∈ C(ν) , ν ≥ 1 ñëåäóåò ñ÷è-òàòü ýêâèâàëåíòíûì àñèìïòîòè÷åñêîé óñòîé÷èâîñòè.Ò å î ð å ì à 1.3. Åñëè èíòåãðàëüíûå êðèâûå ñèñòåìû (1.1) óäîâëåòâîðÿþò íåðà-âåíñòâó (1.3), òî ñóùåñòâóþò ïîñòîÿííàÿ m > µ− 1 è äâå �óíêöèè W [m] è V [m+1−µ] ,îáëàäàþùèå ñëåäóþùèìè ñâîéñòâàìè:1) �óíêöèè V [m−µ+1] è −W [µ] îïðåäåëåííî-îòðèöàòåëüíûå;2) �óíêöèÿ V [m−µ+1](x(t, x(0))) íåïðåðûâíî äè��åðåíöèðóåìà ïî t è èìååò ìåñòî ðà-âåíñòâî

dV [m−µ+1]

dt
= W [m].Åñëè, êðîìå òîãî, X(µ)

s ∈ C(ν) , ν ≥ 1 , òî �óíêöèþ W [m] ìîæíî âûáðàòü òàê, ÷òî�óíêöèÿ V [m−µ+1] ∈ C(ν) ÿâëÿåòñÿ åäèíñòâåííûì ðåøåíèåì ñèñòåìû
n∑

i=1

∂V

∂xi
Xµ
i = W [m];

n∑

i=1

xi
∂V

∂xi
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m
i=1 . Îáó÷åíèå îçíà÷àåò âû-âåäåíèå �óíêöèè, êîòîðàÿ íàèëó÷øèì îáðàçîì îòîáðàæàåò îòíîøåíèÿ ìåæäó âõîäíûìèäàííûìè xi è ñîîòâåòñòâóþùèìè èì âûõîäíûìè yi . �ëàâíûì âîïðîñîì òåîðèè îáó÷åíèÿÿâëÿåòñÿ òî, íàñêîëüêî õîðîøî ýòà �óíêöèÿ îáîáùàåò äàííûå, òî åñòü íàñêîëüêî õîðîøîîíà ñ÷èòàåò âûõîäíûå ïàðàìåòðû äëÿ íå âñòðå÷àâøèõñÿ ðàíåå âõîäíûõ ïàðàìåòðîâ.�àññìîòðèì àëãîðèòì ïîñòðîåíèÿ èñêîìîé îáîáùàþùåé �óíêöèè f : X → Y (ãäå X- çàìêíóòîå ïîäìíîæåñòâî Rn è Y ⊂ R ).1. Íà÷èíàåì ñ "òðåíèðîâî÷íîãî"ìíîæåñòâà Sm = (xi, yi)

m
i=1 .2. Âûáèðàåì ñèììåòðè÷íóþ, ïîëîæèòåëüíî îïðåäåëåííóþ �óíêöèþ Kx(x

′) = K(x, x′) ,íåïðåðûâíóþ íà X×Y . ßäðî K(t, s) ïîëîæèòåëüíî îïðåäåëåíî, åñëè ∑n
i,j=1 cicjK(ti, tj) ≥

0 äëÿ ëþáûõ n ∈ N è ëþáîãî âûáîðà t1, . . . , tn ∈ X è c1, . . . , cn ∈ R .3. Îïðåäåëÿåì f : X → Y â âèäå f(x) =
∑m

i=1 ciKxi
(x) , ãäå c = (c1, . . . , cm) è

(mγ I +K)c = y, (1.1)ãäå I - åäèíè÷íàÿ ìàòðèöà, K - êâàäðàòíàÿ ìàòðèöà, ñîñòîÿùàÿ èç ýëåìåíòîâ Ki,j =
K(xi, xj) , è y - âåêòîð ñ êîîðäèíàòàìè yi . Ïàðàìåòð γ - ïîëîæèòåëüíîå, âåùåñòâåííîå÷èñëî.Ëèíåéíàÿ ñèñòåìà óðàâíåíèé (1.1), ñîäåðæàùàÿ m íåèçâåñòíûõ, ÿâëÿåòñÿ êîððåêòíîé,òàê êàê ìàòðèöà K ïîëîæèòåëüíà, à ìàòðèöà (mγ I + K) ñòðîãî ïîëîæèòåëüíà. ×èñëîîáóñëîâëåííîñòè ÿâëÿåòñÿ õîðîøèì, åñëè ÷èñëî mγ äîñòàòî÷íî âåëèêî. Ïîäîáíûé òèïóðàâíåíèé èçó÷àëñÿ åùå ñî âðåìåí �àóññà, è àëãîðèòìû èõ ðàöèîíàëüíîãî ðàçðåøåíèÿïðåäñòàâëÿþò îäíó èç íàèáîëåå èçó÷åííûõ îáëàñòåé ÷èñëåííîãî àíàëèçà.1Àññèñòåíò �àêóëüòåòà ÏÌ-ÏÓ ÑÏá�Ó, Ñàíêò-Ïåòåðáóðãñêèé ãîñóäàðñòâåííûé óíèâåðñèòåò, ã. Ñàíêò-Ïåòåðáóðã, a_v_zubov�mail.ru.Æóðíàë ÑÂÌÎ. 2009. Ò. 11, � 2



Ìîäåëèðîâàíèå ñàìîîáó÷àþùèõñÿ ñèñòåì 181Îïèñàííûé àëãîðèòì ìîæåò áûòü âûâåäåí èç ðåãóëÿðèçàöèè Òèõîíîâà. Äëÿ òîãî ÷òîáûíàéòè ìèíèìèçàòîð îøèáêè, ìû ìîæåì ïîïðîáîâàòü ðåøèòü íåêóþ çàäà÷ó - íàçûâàåìóþÇàäà÷åé Ìèíèìèçàöèè Ýìïèðè÷åñêîãî �èñêà (ÌÝ�) - íàõîæäåíèÿ �óíêöèè â ïðîñòðàí-ñòâå H , êîòîðàÿ ìèíèìèçèðóåò âûðàæåíèå
1

m

m∑

i=1

(f(xi) − yi)
2, (1.2)êîòîðîå, âîîáùå ãîâîðÿ, ÿâëÿåòñÿ íåêîððåêòíûì. Êîððåêòíîñòü (1.2) çàâèñèò îò âûáîðàïðîñòðàíñòâà ãèïîòåç H . Ñîãëàñíî Òèõîíîâó, ìû áóäåì ìèíèìèçèðîâàòü íå â ïðîñòðàí-ñòâå H , à â ïðîñòðàíñòâå ãèïîòåç Hk äëÿ êàæäîãî �èêñèðîâàííîãî ïàðàìåòðà γ ñëåäó-þùèé ðåãóëÿðèçèðîâàííûé �óíêöèîíàë

1

m

m∑

i=1

(yi − f(xi))
2 + γ · ‖f‖K2, (1.3)ãäå ‖f‖2

k - íîðìà â HK �èëüáåðòîâîì Ïðîñòðàíñòâå Âîñïðîèçâîäÿùåãî ßäðà (�ÏÂß),îïðåäåëåííîì ÿäðîì K . Ïîñëåäíåå ñëàãàåìîå â âûðàæåíèè (1.3) - íàçûâàåìîå ðåãóëÿðè-çàòîðîì - îáåñïå÷èâàåò ãëàäêîñòü è åäèíñòâåííîñòü ðåøåíèÿ.Ñíà÷àëà îïðåäåëèì íîðìó ‖f‖K2 . �àññìîòðèì ïðîñòðàíñòâî ëèíåéíîé îáîëî÷êè îò
KX̄j

. Çäåñü ïðèíÿòî îáîçíà÷åíèå X̄j , ÷òîáû ïîä÷åðêíóòü òî, ÷òî ýëåìåíòû X , èñïîëü-çóåìûå â ýòîé êîíñòðóêöèè, íå èìåþò, âîîáùå ãîâîðÿ, íè÷åãî îáùåãî ñ òðåíèðîâî÷íûììíîæåñòâîì (xi)
m
i=1 . Îïðåäåëèì âíóòðåííåå ïðîèçâåäåíèå â ýòîì ïðîñòðàíñòâå, ïîëîæèâ

〈Kx, Kx̄j
〉 = K(x, x̄j) è ëèíåéíî ïðîäîëæèâ äî ∑r

j=1 ajKx̄j
. Ïîïîëíåíèå ïðîñòðàíñòâà àñ-ñîöèèðîâàííîé íîðìîé åñòü �ÏÂß, òî åñòü �èëüáåðòîâûì ïðîñòðàíñòâîì HK ñ íîðìîé

‖f‖2
K . Çàìåòèì, ÷òî 〈f,Kx〉 = f(x) äëÿ f ∈ HK (ïðîñòî ïîëîæèòü f = KX̄j

è ïðîäîëæèòüëèíåéíî).Äëÿ òîãî ÷òîáû ìèíèìèçèðîâàòü �óíêöèîíàë â âûðàæåíèè (1.3), ìû âîçüìåì åãî ïðî-èçâîäíóþ ïî f , ðàññìîòðèì åå íà ýëåìåíòå f̄ èç �ÏÂß è ïðèðàâíÿåì íóëþ. Òîãäà ìûïîëó÷èì
1

m

m∑

i=1

(yi − f(xi))f̄(xi) − γ · 〈f, f̄〉 = 0. (1.4)Âûðàæåíèå (1.4) äîëæíî áûòü èñòèííûì äëÿ ëþáûõ f̄ . Â ÷àñòíîñòè, ïîëîæèâ f̄ =

Kx , ìû èìååì f(x) =
∑m

i=1 ciKxi
(x) , ãäå ci = yi−f(xi)

mγ
. Òîãäà óðàâíåíèå (1.4) ïîëó÷àåòñÿïîäñòàíîâêîé ïðåäïîñëåäíåãî âûðàæåíèÿ â ïîñëåäíåå âûðàæåíèå.�àññìîòðèì âûøåïðèâåäåííûé àëãîðèòì â êîíòåêñòå �óíäàìåíòàëüíûõ ïîíÿòèé òåî-ðèè îáó÷åíèÿ, îäíèì èç êîòîðûõ ÿâëÿåòñÿ îøèáêà îáîáùåíèÿ. Äëÿ ýòîãî ïðåäïîëîæèì,÷òî (xi, yi)

m
i=1 - ñëó÷àéíûå äàííûå. Òîãäà ñóùåñòâóåò íåèçâåñòíàÿ âåðîÿòíîñòíàÿ ìåðà ρíà ïðîèçâîäÿùåì ìíîæåñòâå X × Y , èç êîòîðîãî âûáèðàþòñÿ äàííûå.Ýòà âåðîÿòíîñòíàÿ ìåðà ρ îïðåäåëÿåò �óíêöèþ fp : X → Y , çàäàâàåìóþ âûðàæåíèåì

fp(x) =
∫
ydρx , ãäå ρx - óñëîâíàÿ ìåðà íà X × Y .Â ñèëó òàêîãî ïîñòðîåíèÿ fp , ìîæíî ãîâîðèòü î òîì, ÷òî îíà ÿâëÿåòñÿ òî÷íîé �óíê-öèåé âõîäíûõ/âûõîäíûõ ïàðàìåòðîâ, îòðàæàþùåé ñðåäó, îáåñïå÷èâàþùóþ äàííûå. Òîãäàðàçìåð îøèáêè �óíêöèè f åñòü ∫

X
(f − fp)

2dρX , ãäå ρX - ìåðà íà X , ïîðîæäåííàÿ ρ(èíîãäà íàçûâàåìàÿ ìàðãèíàëüíîé ìåðîé).Ìîæíî ñêàçàòü, ÷òî çàäà÷åé òåîðèè îáó÷åíèÿ ÿâëÿåòñÿ "íàõîæäåíèå"�óíêöèè f , ìè-íèìèçèðóþùåé ýòó îøèáêó. Äëÿ íàõîæäåíèÿ òàêîé �óíêöèè âàæíî èìåòü â íàëè÷èèïðîñòðàíñòâî H - ïðîñòðàíñòâî ãèïîòåç - äëÿ ðàáîòû. Òîãäà ðàññìàòðèâàþò âûïóêëîåÆóðíàë ÑÂÌÎ. 2009. Ò. 11, � 2



182 Î. À. Çóáîâàïðîñòðàíñòâî íåïðåðûâíûõ �óíêöèé f : X → Y (ãäå Y ⊂ R ), êîòîðîå, áóäó÷è ïîäìíî-æåñòâîì C(X) , ÿâëÿåòñÿ êîìïàêòíûì, ãäå C(X) - Áàíàõîâî ïðîñòðàíñòâî íåïðåðûâíûõ�óíêöèé ñ ìåðîé ‖f‖ = maxX |f(x)| .Íà÷íåì ñ äàííûõ (xi, yi)
m
i=1 = z , è, ìèíèìèçèðóÿ ïî f ∈ H 1

m

∑m
i=1(f(xi)−yi)2 , ïîëó÷èìåäèíñòâåííóþ ãèïîòåçó fz : X → Y . Ýòà fz íàçûâàåòñÿ ýìïèðè÷åñêèì îïòèìóìîì, è ìûìîæåì ñîñðåäîòî÷èòüñÿ íà çàäà÷å îöåíèâàíèÿ

∫

X

(fz − fp)
2dρX . (1.5)Íà äàííîì ýòàïå óäîáíî ðàçáèòü ýòó çàäà÷ó íà íåñêîëüêî øàãîâ ïîñðåäñòâîì îïðåäåëå-íèÿ "äåéñòâèòåëüíîãî îïòèìóìà" fH , âçÿâ ìèíèìóì îò èíòåãðàëà ∫

X
(f −fp)2 â ïðîñòðàí-ñòâå H . Òîãäà

∫

X

(fz − fp)
2 = S(z,H) +

∫

X

(fH − fρ)
2 = S(z,H) + A(H), (1.6)ãäå S(z,H) =

∫
X

(fz − fρ)
2 −

∫
X

(fH − fρ)
2 .Ïåðâîå ñëàãàåìîå â ïðàâîé ÷àñòè âûðàæåíèÿ (1.6) (S) äîëæíî áûòü îöåíåíî ïî âå-ðîÿòíîñòè ïî ïàðàìåòðó z , è ýòà îöåíêà íàçûâàåòñÿ îøèáêîé âûáîðêè (èíîãäà îøèáêîéîöåíêè). Âòîðîå ñëàãàåìîå, (A) , íàçûâàåòñÿ îøèáêîé àïïðîêñèìàöèè. Ñíà÷àëà ðàññìîò-ðèì îöåíêó äëÿ îøèáêè âûáîðêè, êîòîðàÿ áóäåò èìåòü âèä S(z,H) ≤ ε ñ áîëüøîé äîñòî-âåðíîñòüþ, ýòà äîñòîâåðíîñòü áóäåò çàâèñåòü îò ε è îò îáúåìà âûáîðêè m .Ïóñòü ÷èñëî Cov# (H, η) åñòü êîëè÷åñòâî øàðîâ ðàäèóñà η â ïðîñòðàíñòâå H , íåîá-õîäèìîå äëÿ ïîêðûòèÿ H .Ñïðàâåäëèâî ñëåäóþùåå.Ò å î ð å ì à 1.6. Ïðåäïîëîæèì, ÷òî |f(x)−y| ≤M äëÿ âñåõ f ∈ H è äëÿ ïî÷òèâñåõ (x, y) ∈ X × Y . Òîãäà

Probz∈(X×Y )m{S(z,H) ≤ ε} ≤ 1 − δ, (1.7)ãäå δ =Cov# (H, ε/24M)e−mε/288M
2 .Îøèáêà àïïðîêñèìàöèè ∫

X
(fH − fρ)

2 ìîæåò áûòü èññëåäîâàíà ñëåäóþùèì îáðàçîì.Ïóñòü B : L2 → L2 åñòü êîìïàêòíûé, ñòðîãî ïîëîæèòåëüíûé (ñàìîñîïðÿæåííûé) îïåðà-òîð, E - ãèëüáåðòîâî ïðîñòðàíñòâî {g ∈ L2, ‖B−sg‖ < ∞} ñî ñêàëÿðíûì ïðîèçâåäåíèåì
〈g, h〉E = 〈B−sg, B−sh〉L2 . Êðîìå òîãî, ïðåäïîëîæèì, ÷òî E → L2 ìîæíî ðàçëîæèòü â
E → C(X) → L2 ñ õîðîøî îáóñëîâëåííûì è êîìïàêòíûì âêëþ÷åíèåì JE : C(X) � E .Ò å î ð å ì à 1.7. Ïóñòü 0 < r < s è H åñòü JE(BR) , ãäå BR - ýòî øàð ðàäèóñà
R â E . Òîãäà ‖fρ − fH‖2 ≤ (1/R)2r/s−r‖B−rfρ‖2s/s−r .Â ýòîé çàïèñè ‖ · ‖ îçíà÷àåò íîðìó â ïðîñòðàíñòâå èíòåãðèðóåìûõ ñ êâàäðàòîì íàìíîæåñòâå X �óíêöèé ñ ìåðîé ρX .Çàäà÷ó îöåíêè îøèáêè îáîáùåíèÿ ìîæíî ðàññìàòðèâàòü è â äðóãîé �îðìå, îòëè÷íîéîò (1.5). Äëÿ ýòîãî ïðåäñòàâèì äåéñòâèòåëüíûé îïòèìóì â âèäå:

fH = min
H

{max
X

(f − fρ)
2}, (1.8)à ýìïèðè÷åñêèé îïòèìóì â âèäå:

fz = min
H

{ 1

m

m∑

i=1

(f(xi) − yi)
}. (1.9)Äàëåå, âìåñòî îöåíêè îøèáêè îáîáùåíèÿ â �îðìå (1.8) ìîæíî èññëåäîâàòü âûðàæåíèåÆóðíàë ÑÂÌÎ. 2009. Ò. 11, � 2
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max
X

(fz − fp)
2. (1.10)Òîãäà îøèáêà âûáîðêè áóäåò èìåòü âèä:

S ′(z,H) = max
X

{(fz − fH)((fz + fH) − 2fp)}, (1.11)à îøèáêà àïïðîêñèìàöèè (ñ ó÷åòîì âûðàæåíèÿ (1.7))
A′(H) = max

X
(min

H
{max

X
(f − fp)

2} − fp)
2. (1.12)Ïîäñòàâèâ (1.7) è (1.8) â (1.11), ìû ïîëó÷èì:

S ′(z,H) = max
X

{
min
H

(
1

m

m∑

i=1

(f(xi) − yi)
2 −max

X
(f − fp)

2)×

×[min
H

(
1

m

m∑

i=1

(f(xi) − yi)
2 +max

X
(f − fp)

2) − fp]

}
. (1.13)Ñïèñîê ëèòåðàòóðû1. Í. Â. Çóáîâ, À. Ô. Çóáîâà. Áåçîïàñíîñòü �óíêöèîíèðîâàíèÿ òåõíè÷åñêèõ ñèñòåì.Ó÷. ïîñ. ÑÏá.: Èçä-âî ÑÏá�Ó, 2009, 343 ñ.2. À. Â. Çóáîâ, Í. Â. Çóáîâ. Òåîðèÿ óñòîé÷èâîñòè è ïðèìåíåíèå ê çàäà÷àì ÷èñëåííîãîàíàëèçà. Ó÷. ïîñ. ÑÏá.: Èçä-âî ÍÈÈ Õèìèè ÑÏá�Ó, 2010, 102 ñ.3. À. Â. Çóáîâ, Í. Â. Çóáîâ, À. Ô. Çóáîâà, Î. Â. Ìóòëó, Ì. Â. Ñòðåêîïûòîâà. �àñ÷åòóñòîé÷èâîñòè ðåøåíèé äè��åðåíöèàëüíûõ óðàâíåíèé âòîðîãî ïîðÿäêà ñ ïðèëîæå-íèÿìè. Ó÷. ïîñ. ÑÏá.: ÑÏá�Ó, 1999, 184 ñ.4. Í. Â. Çóáîâ, Î. Â. Ìóòëó. Ìåòîäû èññëåäîâàíèÿ �åíîìåíîëîãè÷åñêèõ óðàâíåíèéíåéðîäèíàìèêè. Ó÷. ïîñ. ÑÏá.: "Ìîáèëüíîñòü-ïëþñ", 2007, 92 ñ.5. Í. Â. Çóáîâ, Ñ. Â. Çóáîâ. Ëåêöèè ïî ìàòåìàòè÷åñêèì ìåòîäàì ñòàáèëèçàöèè äèíà-ìè÷åñêèõ ñèñòåì. ÑÏá.: Èçä-âî ÑÏá�Ó, 2007, 352 ñ.6. Ñ. Â. Çóáîâ. Èññëåäîâàíèå óñòîé÷èâîñòè ðàñ÷åòíûõ äâèæåíèé.ÑÏá.: Ìîáèëüíîñòüïëþñ, 2007, 158 ñ. Äàòà ïîñòóïëåíèÿ 27.08.2009
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n∑

s=1

∂zj
∂xs

(

n∑

i=1

psi(t)xi +Xs(x1, . . . , xn, z1, . . . , zk, t)) +
∂zj
∂t

=

=

k∑

i=1

qji(t)zi +

n∑

i=1

rji(t)xi + Zj(x1, . . . , xn, z1, . . . , zk, t),

j = 1, . . . , k. (1.1)Ïðåäïîëîæèì, ÷òî �óíêöèè Xs , Zj ðàçëàãàþòñÿ â ðÿäû ïî öåëûì ïîëîæèòåëüíûìñòåïåíÿì âåëè÷èí x1, . . . , xn , z1, . . . , zk :
Xs =

∑

∑n
1 mi+

∑k
1 ni≥2

P (m1,...,mn,n1,...,nk)
s (t)xm1

1 · · ·xmn
n · zn1

1 · · · znk
k ,

Zj =
∑

∑n
1 mi+

∑k
1 ni≥2

Q
(m1,...,mn,n1,...,nk)
j (t)xm1

1 · · ·xmn
n · zn1

1 · · · znk
k ,

s = 1, . . . , n j = 1, . . . , k ;ñõîäÿùèåñÿ ïðè |xi| ≤ z0 , |zi| ≤ z0 , t > 0 .×åðåç λs , s = 1, . . . , n , îáîçíà÷èì õàðàêòåðèñòè÷íûå ÷èñëà ñèñòåìû
dxs
dt

=

n∑

i=1

psi(t)xi, s = 1, . . . , n, (1.2)÷åðåç µ1, . . . , µk - õàðàêòåðèñòè÷íûå ÷èñëà ñèñòåìû
dzj
dt

=
k∑

i=1

qji(t)zi, j = 1, . . . , k. (1.3)1Àññèñòåíò �àêóëüòåòà ÏÌ-ÏÓ ÑÏá�Óá Ñàíêò-Ïåòåðáóðãñêèé ãîñóäàðñòâåííûé óíèâåðñèòåò, ã. Ñàíêò-Ïåòåðáóðã; a_v_zubov�mail.ru.2Ïðî�åññîð �àêóëüòåòà ÏÌ-ÏÓ ÑÏá�Ó, Ñàíêò-Ïåòåðáóðãñêèé ãîñóäàðñòâåííûé óíèâåðñèòåò, ã. Ñàíêò-Ïåòåðáóðã; a_v_zubov�mail.ru.3Äîöåíò �àêóëüòåòà ÏÌ-ÏÓ ÑÏá�Ó, Ñàíêò-Ïåòåðáóðãñêèé ãîñóäàðñòâåííûé óíèâåðñèòåò, ã. Ñàíêò-Ïåòåðáóðã; a_v_zubov�mail.ru.4Àññèñòåíò �àêóëüòåòà ÏÌ-ÏÓ ÑÏá�Ó, Ñàíêò-Ïåòåðáóðãñêèé ãîñóäàðñòâåííûé óíèâåðñèòåò, ã. Ñàíêò-Ïåòåðáóðã; a_v_zubov�mail.ru.5Äîöåíò �àêóëüòåòà ÏÌ-ÏÓ ÑÏá�Ó, Ñàíêò-Ïåòåðáóðãñêèé ãîñóäàðñòâåííûé óíèâåðñèòåò, ã. Ñàíêò-Ïåòåðáóðã; a_v_zubov�mail.ru. Æóðíàë ÑÂÌÎ. 2009. Ò. 11, � 2



186Ò å î ð å ì à 1.8. Åñëè 1) λs > 0 , s = 1, . . . , n ; 2) µσ = λσ , σ = 1, . . . , β ; 3) ñè-ñòåìû (1.2) è (1.3) ïðàâèëüíûå, òî ñóùåñòâóåò ãðóïïà �óíêöèé zj(x1, . . . , xn, t, c1, . . . , cβ)
(j = 1, . . . , k) , êàæäàÿ èç êîòîðûõ çàâèñèò îò β ïðîèçâîëüíûõ ïîñòîÿííûõ, îáëàäàþùàÿñâîéñòâàìè:1) Ôóíêöèè zj ðàçëàãàþòñÿ â ðÿäû zj =

∑∞
m=1 z

(m)
j , j = 1, . . . , k , ñõîäÿùèåñÿ ïðè

|xs| ≤ x0(t) 6= 0 , t ∈ [0,+∞) , |cσ| ≤ c0 , s = 1, . . . , n ; σ = 1, . . . , β . Ôóíêöèè z
(m)
jÿâëÿþòñÿ îäíîðîäíûìè �îðìàìè ñòåïåíè m îòíîñèòåëüíî x1, . . . , xn , êîý��èöèåíòûêîòîðûõ ñóòü �óíêöèè t è îäíîâðåìåííî ïîëèíîìû îòíîñèòåëüíî c1, . . . , cβ .2) Ôóíêöèè zj(x1, . . . , xn, t, c1, . . . , cβ) óäîâëåòâîðÿþò ñèñòåìå (1.1).Ñïèñîê ëèòåðàòóðû1. Ëÿïóíîâ À. Ì. Îáùàÿ çàäà÷à îá óñòîé÷èâîñòè äâèæåíèÿ. Õàðüêîâ, 1892.2. Çóáîâ Â. È. Ëåêöèè ïî òåîðèè óïðàâëåíèÿ. ÑÏá. Èçä-âî Ëàíü, 2009. 400 ñ.3. Çóáîâ À. Â., Çóáîâ Í. Â., Ëàïòèíñêèé Â. Í. Äèíàìèêà óïðàâëÿåìûõ ñèñòåì. ÑÏá.:ÑÏá�Ó, 2008. 336 ñ.4. Ñòðåêîïûòîâà Ì. Â. Èññëåäîâàíèå ðàâíîâåñíûõ äâèæåíèé. ÑÏá.: ÑÏá�Ó, 2007. 95 ñ.Äàòà ïîñòóïëåíèÿ 27.08.2009
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188 À. Â. Çóáîâ, À. Ñ. Ñòðåêîïûòîâà, Ì. Â. ÑòðåêîïûòîâàÓÄÊ 517.9Àñèìïòîòè÷åñêèå ïîëîæåíèÿ ïîêîÿ
© À. Â. Çóáîâ1, À. Ñ. Ñòðåêîïûòîâà2, Ì. Â. Ñòðåêîïûòîâà3Àííîòàöèÿ. Èçó÷àåòñÿ ïðåäåëüíîå ïîâåäåíèå äâèæåíèé ïðè íåîãðàíè÷åííîì âîçðàñòàíèèâðåìåíè, êîãäà ïðåäåëüíîå ìíîãîîáðàçèå íå ñîñòîèò èç òðàåêòîðèé ñèñòåìû äè��åðåíöèàëü-íûõ óðàâíåíèé, äâèæåíèÿ êîòîðîé èçó÷àþòñÿ. Â øèðîêîì êëàññå ñëó÷àåâ òàêîå ïîâåäåíèåäâèæåíèé ñâîäèòñÿ ê ïîÿâëåíèþ àñèìïòîòè÷åñêèõ ïîëîæåíèé ïîêîÿ. Äàþòñÿ óñëîâèÿ âîç-íèêíîâåíèÿ òàêèõ ïîëîæåíèé.Êëþ÷åâûå ñëîâà: �óíêöèÿ, ðåøåíèå, ñõîäèìîñòü, ñâîéñòâî, ïåðåìåííàÿ, ðÿä, êîý��èöèåíò,èíòåãðàë, ìàòðèöà.�àññìîòðèì ñèñòåìó
dxs
dt

=
n∑

i=1

(asi + ϕsi(t
α))xi + fs(t), s = 1, . . . , n. (1.1)Ôóíêöèè ϕsi , fs âåùåñòâåííû, íåïðåðûâíû, çàäàíû ïðè t ∈ (−∞,+∞) , α = p/q , ãäå

q íå÷åòíî.Ò å î ð å ì à 1.9. Ïóñòü1) ñîáñòâåííûå ÷èñëà ìàòðèöû {asi} èìåþò îòëè÷íûå îò íóëÿ âåùåñòâåííûå ÷à-ñòè;2) �óíêöèè ϕsi(t) è èíòåãðàëû ∫ t
0
ϕsi(τ)dτ îãðàíè÷åíû ïðè t ∈ (−∞,+∞) è α > 1 ;3) �óíêöèè fs îãðàíè÷åíû ïðè t ∈ (−∞,+∞) .Òîãäà ñèñòåìà (1.1) èìååò åäèíñòâåííîå îãðàíè÷åííîå ðåøåíèå ïðè t ∈ (−∞,+∞) .Ò å î ð å ì à 1.10. Åñëè âûïîëíåíû âñå óñëîâèÿ òåîðåìû 1.9. è |fs(t)| → 0 ïðè

t → ±∞ , òî åäèíñòâåííîå îãðàíè÷åííîå ðåøåíèå òîæå áóäåò îáëàäàòü ñâîéñòâîì
xs(t) → 0 ïðè t → ±∞ . Ýòî æå ñâîéñòâî ñîõðàíÿåòñÿ äëÿ êâàçèëèíåéíûõ ñèñòåì,åñëè ìàëûé ïîëîæèòåëüíûé ïàðàìåòð óäîâëåòâîðÿåò óñëîâèþ µ ≤ µ0 , ãäå µ0 äîñòà-òî÷íî ìàëî. Åñëè ïðè ýòîì âñå ñîáñòâåííûå ÷èñëà ìàòðèöû A èìåþò îòðèöàòåëüíûåâåùåñòâåííûå ÷àñòè, òî âñå ðåøåíèÿ êâàçèëèíåéíîé ñèñòåìû, íà÷èíàþùèåñÿ èç íåêî-òîðîé òî÷êè xs = 0 , áóäóò òîæå îáëàäàòü ñâîéñòâîì xs(t) → 0 ïðè t → +∞ , òàê÷òî xs = 0 ÿâëÿåòñÿ àñèìïòîòè÷åñêèì ïîëîæåíèåì ïîêîÿ.Ò å î ð å ì à 1.11. Åñëè âûïîëíåíû âñå óñëîâèÿ òåîðåìû 1.9. è

fs =

+∞∑

k=−∞

fske
iPk(t),ãäå Pk - ïîëèíîì ñ âåùåñòâåííûìè êîý��èöèåíòàìè ñòåïåíè mk ≥ 2 , òî ñóùåñòâóåòåäèíñòâåííîå îãðàíè÷åííîå ðåøåíèå, îáëàäàþùåå ñâîéñòâîì xs(t) → 0 ïðè t→ ±∞ .Åñëè, êðîìå òîãî, âñå ñîáñòâåííûå ÷èñëà ìàòðèöû {asi} èìåþò îòðèöàòåëüíûå âåùå-ñòâåííûå ÷àñòè, òî âñå ðåøåíèÿ ñèñòåìû (1.1) áóäóò îáëàäàòü ñâîéñòâîì xs(t) → 0 ïðè

t→ +∞ . Òî÷êà xs = 0 ÿâëÿåòñÿ àñèìïòîòè÷åñêèì ïîëîæåíèåì ïîêîÿ,1Äîöåíò �àêóëüòåòà ÏÌ-ÏÓ ÑÏá�Ó, Ñàíêò-Ïåòåðáóðãñêèé ãîñóäàðñòâåííûé óíèâåðñèòåò, ã. Ñàíêò-Ïåòåðáóðã; a_v_zubov�mail.ru.2Àññèñòåíò �àêóëüòåòà ÏÌ-ÏÓ ÑÏá�Ó, Ñàíêò-Ïåòåðáóðãñêèé ãîñóäàðñòâåííûé óíèâåðñèòåò, ã. Ñàíêò-Ïåòåðáóðã; a_v_zubov�mail.ru.3Äîöåíò �àêóëüòåòà ÏÌ-ÏÓ ÑÏá�Ó, Ñàíêò-Ïåòåðáóðãñêèé ãîñóäàðñòâåííûé óíèâåðñèòåò, ã. Ñàíêò-Ïåòåðáóðã; a_v_zubov�mail.ru.Æóðíàë ÑÂÌÎ. 2009. Ò. 11, � 2
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Î ÷èñëåííîì ìîäåëèðîâàíèè ñòàäèè òóðáóëåíòíîãî ïåðåìåøèâàíèÿ ïðè . . . 191ÓÄÊ 531.36Î ÷èñëåííîì ìîäåëèðîâàíèè ñòàäèè òóðáóëåíòíîãîïåðåìåøèâàíèÿ ïðè ðàçâèòèè íåóñòîé÷èâîñòè�èõòìàéåðà-Ìåøêîâà
© �. Â. Æàëíèí1Àííîòàöèÿ. Â ðàáîòå ïðåäñòàâëåíû ðåçóëüòàòû ïðÿìîãî ÷èñëåííîãî ìîäåëèðîâàíèÿ òóðáó-ëåíòíîãî ïåðåìåøèâàíèÿ ïðè ðàçâèòèè íåóñòîé÷èâîñòè �èõòìàéåðà-Ìåøêîâà ñ èñïîëüçîâà-íèåì ñóùåñòâåííî íåîñöèëëèðóþùèõ ñõåì âûñîêîãî ïîðÿäêà òî÷íîñòè. Ïîëó÷åíû ðåçóëüòàòûáîëåå áëèçêèå ê ýêñïåðèìåíòàëüíûì, ÷åì â ïðåäûäóùèõ ðàáîòàõ.Êëþ÷åâûå ñëîâà: ïðÿìîå ÷èñëåííîå ìîäåëèðîâàíèå, íåóñòîé÷èâîñòü �èõòìàéåðà-Ìåøêîâà,ñóùåñòâåííî íåîñöèëëèðóþùèå ñõåìû âûñîêîãî ïîðÿäêà òî÷íîñòè, WENO-ñõåìûÂ ðàáîòàõ [3�5℄ ïðåäëîæåíû ñóùåñòâåííî íåîñöèëëèðóþùèå ñõåìû âûñîêîãî ïîðÿäêàòî÷íîñòè äëÿ ÷èñëåííîãî ðåøåíèÿ ìíîãîìåðíûõ óðàâíåíèé ãàçîâîé äèíàìèêè â ïåðåìåí-íûõ Ýéëåðà. �åçóëüòàòû ÷èñëåííîãî ìîäåëèðîâàíèÿ ðàçâèòîé ñòàäèè òóðáóëåíòíîãî ïå-ðåìåøèâàíèÿ ïðè ðàçâèòèè íåóñòîé÷èâîñòè �èõòìàéåðà-Ìåøêîâà ñ èñïîëüçîâàíèåì óêà-çàííûõ ñõåì ïðåäñòàâëåíû â ðàáîòàõ [4�5℄. �åçóëüòàòû ÷èñëåííûõ ýêñïåðèìåíòîâ â ýòèõðàáîòàõ áîëåå áëèçêè ê ðåçóëüòàòàì íàòóðíûõ ýêñïåðèìåíòîâ [2℄, ÷åì ðåçóëüòàòû äðóãèõàâòîðîâ [1℄.Â ðàáîòå [4℄ ìîäåëèðîâàíèå îñóùåñòâëÿëîñü íà äîñòàòî÷íî ãðóáîé ñåòêå (øàã ñåòêèïî ïðîñòðàíñòâåííûì ïåðåìåííûì ðàâíÿëñÿ 1 ìì, íà÷àëüíûå âîçìóùåíèÿ íà êîíòàêòíîìðàçðûâå çàäàâàëèñü íà äâóõ ñëîÿõ ÿ÷ååê). Çäåñü ïðåäñòàâëåíû ðåçóëüòàòû ìîäåëèðîâàíèÿýòîé æå çàäà÷è íà ñåòêå ñ øàãîì 0,5 ìì. Íà÷àëüíûå âîçìóùåíèÿ òàê æå çàäàâàëèñü íàäâóõ ñëîÿõ ñåòêè, â ðåçóëüòàòå àìïëèòóäà íà÷àëüíûõ âîçìóùåíèé âäâîå óìåíüøèëàñü.
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194 Á. Â. Ëîãèíîâ, Î. Â. ÌàêååâÓÄÊ 517.988.67Ìåòîäû òåîðèè áè�óðêàöèé â çàäà÷å î êðèñòàëëèçàöèèæèäêîãî �àçîâîãî ñîñòîÿíèÿ â ñòàòèñòè÷åñêîé òåîðèèêðèñòàëëà
© Á. Â. Ëîãèíîâ1, Î. Â. Ìàêååâ2Àííîòàöèÿ. Îñíîâíàÿ ÷àñòü ðàáîòû îïóáëèêîâàíà ïîä òåì æå íàçâàíèåì â ò. 11, �1. Êðàòêîèçëîæåíî (ï. 2) ïðèëîæåíèå ðåçóëüòàòîâ [16�21℄ ê çàäà÷å î êðèñòàëëèçàöèè æèäêîãî �àçî-âîãî ñîñòîÿíèÿ â ñòàòèñòè÷åñêîé òåîðèè êðèñòàëëà, îïèñûâàåìîé íåëèíåéíûì èíòåãðàëüíûìóðàâíåíèåì òèïà �àììåðøòåéíà ñ èíòåãðàëàìè ïî âñåìó ïðîñòðàíñòâó R3 ñ ÿäðàìè, çàâè-ñÿùèìè îò ìîäóëÿ ðàçíîñòè àðãóìåíòîâ. Âñå ðåøåíèÿ èìåþò ïðîñòîé òèï è, ñîîòâåòñòâåííî,äîïóñêàþò ñèììåòðèþ òîëüêî ñèììîð�íûõ ïðîñòðàíñòâåííûõ êðèñòàëëîãðà�è÷åñêèõ ãðóïï.Îñíîâíîå âíèìàíèå óäåëåíî çàäà÷å êðèñòàëëèçàöèè ñî ñëîæíûìè ðåøåòêàìè (ï. 3), îïèñû-âàåìîé ñèñòåìàìè èíòåãðàëüíûõ óðàâíåíèé òèïà �àììåðøåéíà. Âîçíèêàåò âåêòîðíîå ïîä-ïðîñòðàíñòâî íóëåé è, ñîîòâåòñòâåííî, âåêòîðíûé ñëó÷àé âåòâëåíèÿ ñ âûñîêèìè ïîðÿäêàìèâûðîæäåíèÿ. Òåì ñàìûì óêàçàí ïîäõîä ê áè�óðêàöèîííûì çàäà÷àì, äîïóñêàþùèì ñèììåò-ðèþ íåñèììîð�íûõ êðèñòàëëîãðà�è÷åñêèõ ãðóïï. Â êà÷åñòâå êîíêðåòíîãî ïðèìåðà ðàññìîò-ðåíî ïîñòðîåíèå óðàâíåíèÿ ðàçâåòâëåíèÿ äëÿ çàäà÷è êðèñòàëëèçàöèè ñ ñèììåòðèåé ãðóï-ïû C5

2h ìîíîêëèííîé ñèíãîíèè, îïèñûâàåìîé ñèñòåìîé ÷åòûðåõ íåëèíåéíûõ èíòåãðàëüíûõóðàâíåíèé. Ïîñòðîåííîå óðàâíåíèå ðàçâåòâëåíèÿ íàñëåäóåò óêàçàííóþ ñèììåòðèþ. Âûïèñà-íà àñèìïòîòèêà ðàçâåòâëÿþùèõñÿ ðåøåíèé. �àññìîòðåí ñëó÷àé ñëîæíîé ðåøåòêè, ñîñòîÿùåéèç îäèíàêîâûõ ïîäðåøåòîê, ÷òî ñîîòâåòñòâóåò îäíîìó áè�óðêàöèîííîìó ïàðàìåòðó. Çäåñüïðåäñòàâëåí ïóíêò 5 ñòàòüè ÒÑÂÌÎ ò. 11, �1, â êîòîðîì êðàòêî ðàññìîòðåí áîëåå ñëîæ-íûé ñëó÷àé ðàçëè÷íûõ ïîäðåøåòîê. Íàèáîëåå îáùàÿ ñèòóàöèÿ áóäåò ïðåäìåòîì äàëüíåéøèõèññëåäîâàíèé.Êëþ÷åâûå ñëîâà: çàäà÷è î íàðóøåíèè ñèììåòðèè; ñòàòèñòè÷åñêàÿ òåîðèÿ êðèñòàëëà; íåëè-íåéíûå èíòåãðàëüíûå óðàâíåíèÿ òèïà �àììåðøòåéíà; áè�óðêàöèÿ è ñèììåòðèÿ1. ÂâåäåíèåÍèæå íàìå÷åí ïëàí èññëåäîâàíèÿ êðèñòàëëèçàöèè ñî ñëîæíûìè ðåøåòêàìè îáùåãî òèïà.Ïîëó÷åííûå â îáåèõ ÷àñòÿõ ðàáîòû ðåçóëüòàòû ïîääåðæàíû ãðàíòàìè �ÔÔÈ-�óìûíñêàÿÀêàäåìèÿ, ïðîåêò �07-01-91680à, è ïðîåêòîì No 2.1.1/6194 ïðîãðàììû �ÍÏÂØ Ìèíîáð-íàóêè �Ô.5. Ñëîæíûå ðåøåòêè îáùåãî òèïàÎñòàâëÿÿ îáùèé ñëó÷àé êðèñòàëëèçàöèè ñ íåñêîëüêèìè ïîäðåùåòêàìè, ñîñòàâëåííûìèèç îäèíàêîâûõ ÷àñòèö â êàæäîì êëàññå, íî îðèåíòèðîâàííûõ ïî-ðàçíîìó è îòëè÷àþùè-ìèñÿ ÷àñòèöàìè â ðàçíûõ êëàññàõ, âûïèøåì ñèñòåìó èíòåãðàëüíûõ óðàâíåíèé çàäà÷è îêðèñòàëëèçàöèè ñ ñèììåòðèåé ñëîæíîé ãðàíåöåíòðèðîâàííîé è îáúåìíîöåíòðèðîâàííîéêóáè÷åñêîé ðåøåòêè. Ñîîòâåòñòâåííî â âåðøèíàõ è öåíòðàõ ãðàíåé (âåðøèíàõ è öåíòðå)ýëåìåíòàðíîãî êóáà ðàñïîëîæåíû ðàçíûå ÷àñòèöû è ñèñòåìà íåëèíåéíûõ èíòåãðàëüíûõóðàâíåíèé òèïà �àììåðøòåéíà ñîñòîèò èç äâóõ óðàâíåíèé è ñîäåðæèò äâà ïàðàìåòðà λ1è λ2 .1Óëüÿíîâñêèé ãîñóäàðñòâåííûé òåõíè÷åñêèé óíèâåðñèòåò, Óëüÿíîâñê; loginov�ulstu.ru.2Óëüÿíîâñêèé ãîñóäàðñòâåííûé òåõíè÷åñêèé óíèâåðñèòåò, Óëüÿíîâñê; o.makeev�ulstu.ru.Æóðíàë ÑÂÌÎ. 2009. Ò. 11, � 2



195Íà÷àëî êðèñòàëëèçàöèè ðàññìàòðèâàåòñÿ êàê ïîòåðÿ óñòîé÷èâîñòè îäíîðîäíîãî ðàñ-ïðåäåëåíèÿ ïëîòíîñòåé u10 è u20 , M = 2 : ui0 + 1
θ

∑3
j=1

1
λj0
euj0Kij0 = 0 , Kij0 =

∫∞

0
Kij(|q−

q′|)dq′ = 4π
∫∞

0
ρ2K(ρ)dρ ñ óñëîâèåì íîðìèðîâêè 1

|Π0|
( 1
λ10
eu10 + 1

λ20
eu20) = 1 , ãäå Π0 �îáúåì ýëåìåíòàðíîé ÿ÷åéêè, èëè äâóìÿ óñëîâèÿìè íîðìèðîâêè â êàæäîé èç ïîäðåøåòîê.�åøåíèÿ ñîîòâåòñòâóþùåé ñèñòåìû (3.2), îòâåòâëÿþùèåñÿ îò îäíîðîäíîãî ðàñïðåäåëåíèÿïëîòíîñòåé, èùóòñÿ â âèäå us(q) = us0 + ws(q) .

Bsws ≡ ws(q) +
2∑

j=1

µj0

∫
Ksj(|q − q′|wj(q′))dq′ =

2∑

j=1

εj

∫
Ksj(|q − q′|)ewjq′dq′−

−
2∑

j=1

µj0

∫
Ksj(|q − q′|)[ewj(q

′) − wj(q
′) − 1]dq′ ≡ Rs(w, ε), s = 1, 2 (5.1)ãäå 1

θλj
= 1

θλj0
+ εj = µj0 + εj . Ýëåìåíòàðíàÿ ÿ÷åéêà ïåðèîäè÷íîñòè îáðàçîâàíà äâóìÿòðîéêàìè áàçèñíûõ âåêòîðîâ akj = ajek , k = 1, 2, 3 , j = 1, 2 , a1 = 2 , a2 = 1 ñ ñîîò-âåòñòâóþùèìè âåêòîðàìè l

(k)
j = 1

aj
ek â îáðàòíîé ðåøåòêå 〈aσj , l(s)j 〉 = δsσ . Îáùèé âåêòîðîáðàòíîé ðåøåòêè çàïèñûâàåòñÿ â âèäå lkj = (m

(s)
kj , l

(s)
j ) =

∑3
s=1m

(s)
kj l

(s)
j . Äëÿ îïèñàíèÿ ïîä-ïðîñòðàíñòâà íóëåé ëèíåàðèçîâàííîé ñèñòåìû (5.1) ðàçëîæèì �óíêöèè ws â ðÿäû Ôóðüåïî îáðàòíîé ðåøåòêå wj(q) =

∑
k wkje

2πi〈lkj ,q〉 . Ïîñëå ïîäñòàíîâêè ðàçëîæåíèé â (5.1) èïåðåõîäà ê ïîëÿðíûì êîîðäèíàòàì ïðèõîäèì ê ñèñòåìå
∑

k

{
wmk1

[1 + µ10K11(
mk1

a1
)]e

2πi
a1

〈mk1,q〉 + µ20wmk2
K12(

mk2

a2
)e

2πi
a2

〈mk2,q〉
}

= 0 (5.2)
∑

k

{
µ10wmk1

K21(
mk1

a1
)e

2πi
a1

〈mk1,q〉 + wmk2
[1 + µ20K22(

mk2

a2
)]e

2πi
a2

〈mk2,q〉
}

= 0ãäå Iksσ(j) = Ksσ(
mkj

aj
) =

2aj

Rkj(mkj)

∫∞

0
ρKsσ(ρ) sin 2πρ

aj
Rkj(mkj)dρÂûáèðàÿ â (5.2) ñíà÷àëà ïðè a1 = 2 , a2 = 1 m

(1)
ks = ±1 , m(2)

ks = ±1 , m(3)
ks = ±1 ,

s = 1, 2 , à çàòåì ïðè a1 = 2 , a2 = 1 m
(s)
k1 = ±1 , m(r 6=s)

k1 = ±1 ; m(s)
k2 = ±1 , m(r 6=s)

k2 = ±1 ,
s = 1, 2, 3 ïðèõîäèì ê óñëîâèÿì êðèñòàëëèçàöèè ñîîòâåòñòâåííî ñ ãðàíåöåíòðèðîâàííîé(îáúåìíîöåíòðèðîâàííîé) ÿ÷åéêîé ïåðèîäè÷íîñòè â âèäå ñîîòâåòñòâóþùèõ îïðåäåëèòåëåéñèñòåìû (5.2).Ç à ì å ÷ à í è å 5.1. Äëÿ ïîëó÷åíèÿ êðèòåðèÿ êðèñòàëëèçàöèè ê ñèñòåìå èíòå-ãðàëüíûõ óðàâíåíèé (5.1) ñëåäóåò äîáàâèòü óñëîâèÿ íîðìèðîâêè ï. 3, ãäå V êðàòíî ÿ÷åé-êå ïåðèîäè÷íîñòè Π0 [3, 4℄ 1

|Π0|

∫
Π0

[ 1
λ1
eu10+w1(q) + 1

λ2
eu20+w2(q)]dq = 1 èëè óñëîâèåì íîðìè-ðîâêè â êàæäîé èç ïîäðåøåòîê euj0

|Πj |λj

∫
ewj(q)dq = 1 . Ýòè óñëîâèÿ ïîçâîëÿò îïðåäåëèòü íåòîëüêî êðèòè÷åñêîå çíà÷åíèå òåìïåðàòóðû êðèñòàëëèçàöèè, íî è çàêðèòè÷åñêîå ïîâåäå-íèå êðèñòàëëà, ðàçûñêèâàÿ ðåøåíèå â âèäå ðÿäîâ ïî îáùåìó ìàëîìó ïàðàìåòðó ε = θ−θ0

θ0
,

λj = λj0 + νj(ε) . Äàòà ïîñòóïëåíèÿ 20.08.2009
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ation theory methods in problem about
rystallization of liquid phase state in statisti
al 
rystaltheory
© B. V. Loginov3, O. V. Makeev4Abstra
t. Appli
ations of the results [16�21℄ are brie�y presented (p. 2) to the problem on
rystallization of liquid phase state in statisti
al 
rystal theory governed by nonlinear integralequation of Hammerstein type with integrals on the whole spa
e R3 and kernels dependingon modulus of arguments di�eren
e. All solutions have primary type and respe
tively allowonly symmetry of symmorphi
 spatial 
rystallographi
 groups. Basi
 attention is paid (p. 3) to
rystallization problem with 
omposite latti
es governed by systems of nonlinear Hammerstein typeintegral equations. Here ve
torial zero-subspa
e arise and respe
tively ve
torial bifur
ation withhigher orders of degenera
y. By this an approa
h is indi
ated to bifur
ation problems allowing non-symorphi
 
rystallographi
 group symmetries. As 
on
rete example it is 
onsidered the 
onstru
tionof the bifur
ation equation for 
rystallization problem with the group C5

2h symmetry of mono
lini
syngony governed by the system of four nonlinear integral equations. The 
onstru
ted bran
hingequation inherits the indi
ated symmetry. Bifur
ating solutions are written out. It is 
onsidered only
ase of 
omposite latti
e 
onsisting of the identi
al sublatti
es that 
orresponds to one bifur
ationparameter. Here n.5 of the arti
le Pro
. MVMS v. 11, No. 1 is presented in whi
h more 
ompli
ated
ase of di�erent sublatti
es is brie�y 
onsidered. The most general situation will be subje
t of futureinvestigations.Key Words: symmetry breaking problems; statisti
al theory of 
rystal; nonlinear integralequations of Hammerstein type; bifur
ation and symmetry3Ulyanovsk state te
hni
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© Ò. Â. Êîðìèëèöûíà1Àííîòàöèÿ. Îáñóæäàþòñÿ ðàçëè÷íûå ïîäõîäû ê èçó÷åíèþ àëãîðèòìîâ âû÷èñëèòåëüíîé ìà-òåìàòèêè ñ ïðèìåíåíèåì ñïåöèàëèçèðîâàííûõ ìàòåìàòè÷åñêèõ ïðîãðàìì.Êëþ÷åâûå ñëîâà: ÷èñëåííûå ìåòîäû, ïðîãðàììû, àëãîðèòìû.Äëÿ èçó÷åíèÿ àëãîðèòìîâ îñíîâíûõ ÷èñëåííûõ ìåòîäîâ íåîáõîäèìî ïðîâîäèòü ïåðâî-íà÷àëüíóþ èõ ðåàëèçàöèþ êàê ìîæíî ïîäðîáíåå. Äëÿ àâòîìàòèçàöèè íåèçáåæíûõ ãðî-ìîçäêèõ ðàñ÷åòîâ íà ýòîì ýòàïå ìîæíî ðåêîìåíäîâàòü èñïîëüçîâàòü ýëåêòðîííûå òàáëè-öû, à èìåííî òîëüêî èõ âîçìîæíîñòü íåïîñðåäñòâåííîãî ïåðåñ÷åòà ïî �îðìóëàì. Âñòðîåí-íûå àëãîðèòìû òèïà "Ïîèñê ðåøåíèé"èëè ïîñòðîåíèå ïðèáëèæàþùåãî ìíîãî÷ëåíà ìåòî-äîì íàèìåíüøèõ êâàäðàòîâ ñëåäóåò èñïîëüçîâàòü íåñêîëüêî ïîçäíåå. Îäíàêî ïîñëå ïðèîá-ðåòåíèÿ îïðåäåëåííûõ íàâûêîâ íàñòóïàåò ýòàï íåïîñðåäñòâåííîãî èñïîëüçîâàíèÿ âû÷èñ-ëèòåëüíûõ ñõåì.Íà ýòîì ýòàïå óñïåøíîå ðåøåíèå çàäà÷è çàâèñèò óæå íå ñòîëüêî îò çíàíèÿ âûáðàííî-ãî ÷èñëåííîãî ìåòîäà äëÿ ðåàëèçàöèè ìàòåìàòè÷åñêîé ìîäåëè, ñêîëüêî îò ïðàâèëüíîñòèïðîâåäåíèÿ âû÷èñëåíèé. Èìåííî íà ýòîì ýòàïå ìîæíî èñïîëüçîâàòü ìîùíûå âû÷èñëè-òåëüíûå è àíàëèòè÷åñêèå âîçìîæíîñòè ñèñòåì ñèìâîëüíîé ìàòåìàòèêè (MathCad, Maple,Mathemati
a è äð).Ïðîáëåìó âûáîðà ñèñòåìû ñèìâîëüíîé ìàòåìàòèêè êàæäûé èññëåäîâàòåëü ðåøàåò ïî-ñâîåìó â çàâèñèìîñòè îò ðåøàåìûõ çàäà÷ è ìàòåðèàëüíûõ âîçìîæíîñòåé. Äîñòîéíóþ àëü-òåðíàòèâó êîììåð÷åñêèì ïðîãðàììíûì ïðîäóêòàì ñîñòàâëÿþò ñâîáîäíî ðàñïðîñòðàíÿå-ìûå ñèñòåìû Maxima, S
ilab, Gap, O
tave è äðóãèå.Îäíàêî èñïîëüçîâàíèå òàêèõ ïðîãðàìì ïðåäñòàâëÿåò îïðåäåëåííûå òðóäíîñòè, òàê êàêíå âñå èç íèõ õîðîøî äîêóìåíòèðîâàíû è íå âñå èìåþò óäîáíóþ âñòðîåííóþ ñïðàâî÷íóþèí�îðìàöèþ, õîòÿ îò âåðñèè ê âåðñèè ýòè íåäîñòàòêè óñòðàíÿþòñÿ.Óêàæåì åùå îäèí âàðèàíò ðåøåíèÿ ïðîáëåìû - èíòåðàêòèâíûå âû÷èñëåíèÿ â ðåñóð-ñàõ îðèãèíàëüíûõ ñèñòåì ñèìâîëüíîé ìàòåìàòèêè. �àçðàáîò÷èêè íàçâàííûõ âûøå êîì-ìåð÷åñêèõ ïðîäóêòîâ â ðàçíûõ öåëÿõ (ýòî è ðåêëàìà ñàìîãî ïðîäóêòà, è ïîïóëÿðèçàöèÿêëàññà ñèñòåì àíàëèòè÷åñêèõ âû÷èñëåíèé) â ïîñëåäíåå âðåìÿ ïðåäñòàâëÿþò ïîëüçîâàòå-ëÿì áåñïëàòíûé ñåðâèñ - ïîëó÷åíèå ðåçóëüòàòîâ, êàê ÷èñëåííûõ, òàê è àíàëèòè÷åñêèõ, íàïëàò�îðìàõ ñâîèõ ïðîãðàìì â Èíòåðíåò.Ïðèâåäåì ïðèìåðû.Ìíîãèå èññëåäîâàòåëè ïîëüçîâàëèñü ñèñòåìîé MathCad äëÿ ÷èñëåííûõ è àíàëèòè÷å-ñêèõ ðàñ÷åòîâ. Â íàñòîÿùåå âðåìÿ, áëàãîäàðÿ îãðîìíîé ðàáîòå ðîññèéñêèõ ó÷åíûõ, ñîòðóä-íè÷àþùèõ ñ ðàçðàáîò÷èêàìè ñèñòåì ñèìâîëüíîé ìàòåìàòèêè, îòêðûò äîñòóï ê ðåøåíèþìàòåìàòè÷åñêèõ çàäà÷ â ðåæèìå äîñòóïà ïî àäðåñó http://mas.exponenta.ru. �åñóðñû ýòî-ãî ñàéòà è ðàíüøå ñîñòàâëÿëè áîëüøîé áàíê ïðîãðàìì äëÿ ïðîâåäåíèÿ ìàòåìàòè÷åñêèõâû÷èñëåíèé. Ïðîåêò ðåàëèçóåòñÿ â ðàìêàõ ðàçâèòèÿ ìíîãîëåòíèõ òâîð÷åñêèõ ñâÿçåé, ñó-ùåñòâóþùèõ ìåæäó Ñàíêò-Ïåòåðáóðãñêèì �îñóäàðñòâåííûì Ïîëèòåõíè÷åñêèì óíèâåðñè-òåòîì è îáðàçîâàòåëüíûì ìàòåìàòè÷åñêèì ñàéòîì Exponenta.ru â ÷àñòè ðàçðàáîòêè, èçó-1Äîöåíò êà�åäðû èí�îðìàòèêè è âû÷èñëèòåëüíîé òåõíèêè, Ìîðäîâñêèé ãîñóäàðñòâåííûé ïåäàãîãè-÷åñêèé èíñòèòóò èì. Ì. Å. Åâñåâüåâà, ã. Ñàðàíñê; kortv58�mail.ru.Æóðíàë ÑÂÌÎ. 2009. Ò. 11, � 2



198 Ò. Â. Êîðìèëèöûíà÷åíèÿ è âíåäðåíèÿ íîâûõ èí�îðìàöèîííûõ òåõíîëîãèé, ïåðñïåêòèâíûõ îáðàçöîâ íàó÷íîãîïðîãðàììíîãî îáåñïå÷åíèÿ â îáðàçîâàíèå è íàó÷íûå èññëåäîâàíèÿ.Ïðîåêò àäðåñîâàí ïðåèìóùåñòâåííî ñòóäåíòàì âóçîâ, â òîì ÷èñëå - ïðàêòè÷åñêè ïðè-ìåíÿþùèì Math
ad äëÿ ðåøåíèÿ ïðî�èëüíûõ çàäà÷; ïðåïîäàâàòåëÿì âóçîâ, â òîì ÷èñëå- ïðàêòè÷åñêè èñïîëüçóþùèì Math
ad è MAS äëÿ ñîñòàâëåíèÿ çàäàíèé è òåñòîâ; íàó÷-íûì ðàáîòíèêàì è èíæåíåðàì, â òîì ÷èñëå - ïðàêòè÷åñêè èñïîëüçóþùèì Math
ad â ñâîèõèññëåäîâàíèÿõ.Ïðîåêò ðåàëèçóåòñÿ ïîýòàïíî, ñåé÷àñ äëÿ ïîëüçîâàòåëåé îòêðûòû àëãîðèòìû ÷èñëåí-íîãî è àíàëèòè÷åñêîãî èíòåãðèðîâàíèÿ, ïîèñê íóëÿ �óíêöèè ìåòîäîì Íüþòîíà.Áîëåå ðàçíîîáðàçíû àëãîðèòìû çàäà÷ ëèíåéíîé àëãåáðû: ðåøåíèå ñèñòåìû ëèíåéíûõàëãåáðàè÷åñêèõ óðàâíåíèé; äèàãîíàëèçàöèÿ âåùåñòâåííîé ñèììåòðè÷íîé ìàòðèöû; ïîëó-÷åíèå ëèíåéíîé �îðìû, ýêâèâàëåíòíîé êâàäðàòè÷íîé �îðìå; âû÷èñëåíèå êîðíÿ ñèììåò-ðè÷íîé ìàòðèöû (àëüòåðíàòèâà ïðåîáðàçîâàíèþ Õîëåöêîãî).Êîìïàíèÿ Wolfram Resear
h 18 ìàÿ 2009 ãîäà îáúÿâèëà î çàïóñêå Wolfram|Alpha - ïåð-âîé â ìèðå èíòåðàêòèâíîé ñèñòåìû ìàòåìàòè÷åñêèõ çíàíèé, äîñòóïíîé áåñïëàòíî â ñåòèÈíòåðíåò. Wolfram|Alpha îñíîâàíà íà ðàçðàáîòàííîé ó÷åíûì Ñòå�åíîì Âîëü�ðàìîì ïðî-ãðàììå òåõíè÷åñêèõ ðàñ÷åòîâ Mathemati
a è íà åãî èññëåäîâàíèÿõ, îïóáëèêîâàííûõ âêíèãå "A New Kind of S
ien
e".Ñèñòåìà Wolfram|Alpha áûëà ïîëíîñòüþ ïîñòðîåíà è ðàçâåðíóòà íà îñíîâå òåõíîëîãèéïðîãðàììû Mathemati
a êîìïàíèè Wolfram Resear
h. Wolfram|Alpha ñîäåðæèò îêîëî øå-ñòè ìèëëèîíîâ ñòðîê êîäîâ ïðîãðàììû Mathemati
a. Ñèñòåìà Wolfram|Alpha áëàãîäàðÿòåõíîëîãèè gridMathemati
a çàïóùåíà ïàðàëëåëüíî íà 10 000 ïðîöåññîðíûõ ÿäðàõ. Ïðè÷åìêàæäûé çàïðîñ, ïîñòóïàþùèé â ñèñòåìó, îáñëóæèâàåòñÿ ïðîãðàììîé webMathemati
a.Îñíîâíàÿ öåëü Wolfram|Alpha - ñäåëàòü ñèñòåìàòè÷åñêèå çíàíèÿ äîñòóïíûìè êàæäîìóïîëüçîâàòåëþ Èíòåðíåòà. Wolfram|Alpha èñïîëüçóåò ìèëëèîíû òåðàáàéò äàííûõ è ñèíòå-çèðóåò èõ â íîâûå êîìáèíàöèè è ïðåçåíòàöèè. Ñèñòåìà îòâå÷àåò íà âîïðîñû, ðåøàåò óðàâ-íåíèÿ, ñîïîñòàâëÿåò ðàçëè÷íûå òèïû äàííûõ, ïðåäñêàçûâàåò ïîâåäåíèå è ìíîãîå äðóãîå.Ïåðå÷èñëèì ÷åòûðå ñîñòàâëÿþùèõ Wolfram|Alpha.1) Íàáîð äàííûõ. Wolfram|Alpha ñîäåðæèò òåðàáàéòû �àêòè÷åñêèõ äàííûõ èç øè-ðîêîãî ñïåêòðà îáëàñòåé. Êîìàíäû ýêñïåðòîâ è èññëåäîâàòåëåé ñîáèðàëè è ñîðòèðîâàëèäàííûå, ïðåîáðàçóÿ èõ â âû÷èñëÿåìûå �îðìû, êîòîðûå ìîãóò áûòü ðàñïîçíàíû è èñïîëü-çîâàíû êîìïüþòåðíûìè àëãîðèòìàìè.2) Äèíàìè÷åñêèå âû÷èñëåíèÿ. Êîãäà ñèñòåìà Wolfram|Alpha ïîëó÷àåò ïîëüçîâàòåëü-ñêèé çàïðîñ, îíà èçâëåêàåò ñîîòâåòñòâóþùèå äàííûå èç ñâîé áàçû è çàòåì ïðèìåíÿåòíåîáõîäèìûå èç èìåþùèõñÿ äåñÿòêîâ òûñÿ÷ àëãîðèòìîâ, ñîçäàâàÿ è ñèíòåçèðóÿ íîâûåçíàíèÿ, îòíîñÿùèåñÿ ê çàïðîñó.3) Èíòóèòèâíî ïîíÿòíûé ÿçûê. ×òîáû äàòü âîçìîæíîñòü ñèñòåìå Wolfram|Alpha ïîíè-ìàòü ââîäèìûå çàïðîñû, åå ðàçðàáîò÷èêè èññëåäîâàëè ñïîñîáû, êîòîðûìè ëþäè âûðàæàþòèäåè â ïðåäìåòíûõ îáëàñòÿõ, è ïîñòåïåííî ðàçðàáàòûâàëè àëãîðèòìû, ÷òîáû îíè ìîãëèàâòîìàòè÷åñêè ðàñïîçíàâàòü çàïðîñû.4) Âû÷èñëèòåëüíàÿ ýñòåòèêà. Wolfram|Alpha òàêæå îëèöåòâîðÿåò íîâûé ïîäõîä ê äè-çàéíó ïîëüçîâàòåëüñêîãî èíòåð�åéñà. Ñèñòåìà âîñïðèíèìàåò ïîëüçîâàòåëüñêèå ââîäû èñîçäàåò íàñòðàèâàåìóþ ñòðàíèöó ÿñíûõ è óäîáíî ïðåäñòàâëåííûõ âû÷èñëåííûõ çíàíèé.Ýëåêòðîííûé ðåñóðñ äîñòóïåí ïî àäðåñó http://www.wolframalpha.
om. Ïîëåçíóþèí�îðìàöèþ ìîæíî íàéòè ïî àäðåñó http://www.softline.ru/s
ien
e/ Îòìåòèì ðåñóð-ñû äðóãîé èçâåñòíîé ñèñòåìû ñèìâîëüíîé ìàòåìàòèêè Maple, äîñòóïíûå ïî àäðåñóhttp://www.maplesoft.
om/appli
ations/Category.aspx. Íà ñàéòå äîñòóïíû ãîòîâûå äîêó-ìåíòû ñ ðåøåíèÿìè êîíêðåòíûõ çàäà÷. Àâòîðàìè àëãîðèòìîâ ÿâëÿþòñÿ ó÷åíûå ðàçíûõñòðàí. Îïðåäåëÿåòñÿ ðåéòèíã è êà÷åñòâî ïðåäëàãàåìûõ àëãîðèòìîâ.Æóðíàë ÑÂÌÎ. 2009. Ò. 11, � 2



199Ìîæåò ïîêàçàòüñÿ, ÷òî ïðè íàëè÷èè òàêèõ ìîùíûõ âîçìîæíîñòåé ó ñïåöèàëèçèðîâàí-íûõ ìàòåìàòè÷åñêèõ ïàêåòîâ èñ÷åçàåò íåîáõîäèìîñòü ïîëó÷åíèÿ êëàññè÷åñêîãî ìàòåìà-òè÷åñêîãî îáðàçîâàíèÿ, òàê êàê ýòè ñèñòåìû "äåëàþò âñå ñàìè". Ýòî â êîðíå íåâåðíî,òàê êàê êëþ÷åâàÿ ïðîáëåìà ïðè ïðîâåäåíèè ðàçëè÷íîãî ðîäà èññëåäîâàíèé - �îðìóëè-ðîâêà çàäà÷è è ïîñòðîåíèå ìàòåìàòè÷åñêîé ìîäåëè - ïî-ïðåæíåìó îñòàåòñÿ ïðåðîãàòèâîéèññëåäîâàòåëÿ, à ìàòåìàòè÷åñêèì ïðîãðàììàì îòâîäèòñÿ ðîëü ëèøü èñïîëíèòåëåé.Äàòà ïîñòóïëåíèÿ 27.08.2009
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Ïåðå÷åíü äèññåðòàöèé 201Ïåðå÷åíü äèññåðòàöèé, çàùèùåííûõâ äèññåðòàöèîííîì ñîâåòå Ä 212.117.14 â 2009 ãîäóÂ ïåðèîä ñ 1 ÿíâàðÿ ïî 1 èþíÿ 2009 ãîäà â äèññåðòàöèîííîì ñîâåòå Ä 212.117.14 áûëèçàùèùåíû ñëåäóþùèå äèññåðòàöèîííûå ðàáîòû íà ñîèñêàíèå ó÷åíîé ñòåïåíè êàíäèäàòà�èçèêî-ìàòåìàòè÷åñêèõ íàóê. 14 ìàÿ 2009 ã.×èñëåííûé ýêñïåðèìåíò, ìîäåëèðîâàíèå ñòðóêòóðû, îïòèìèçàöèÿ ñîñòàâàùåáåíî÷íî-ïåñ÷àíîãî êàðêàñíîãî (ÙÏÊ) ìàòåðèàëà.Þ. À. ÏîëåòàåâÑïåöèàëüíîñòü: 05.13.18Íàó÷íûé ðóêîâîäèòåëü: ä. òåõí. í., ïðî�åññîð Á. Ì. ËþïàåâÎ�èöèàëüíûå îïïîíåíòû: ä. òåõí. í., ïðî�åññîð �. �. Áîëäûðåâê. �.-ì. í., Ä. È. ÁîÿðêèíÂåäóùàÿ îðãàíèçàöèÿ: Âîðîíåæñêèé �îñóäàðñòâåííûé Àðõèòåêòóðíî-Ñòðîèòåëüíûé Óíèâåðñèòåò (Â�ÀÑÓ)28 ìàÿ 2009 ã.Ìàòåìàòè÷åñêîå ìîäåëèðîâàíèå íåñòàöèîíàðíîãî âûíóæäåííîãîêîìáèíàöèîííîãî ðàññåÿíèÿ ñâåòà.Ä. È. ËîãèíîâÑïåöèàëüíîñòü: 05.13.18Íàó÷íûé ðóêîâîäèòåëü: ä. �.-ì. í., äîöåíò Í. È. ØàìðîâÎ�èöèàëüíûå îïïîíåíòû: ä. �.-ì. í., âåäóùèé íàó÷íûé ñîòðóäíèê Þ. À. Àâåòèñÿíê. �.-ì. í., äîöåíò, Ä. È. ÁîÿðêèíÂåäóùàÿ îðãàíèçàöèÿ: �ÎÓÂÏÎ ¾Ñàðàòîâñêèé ãîñóäàðñòâåííûéòåõíè÷åñêèé óíèâåðñèòåò¿28 ìàÿ 2009 ã.Ìàòåìàòè÷åñêîå ìîäåëèðîâàíèå, ðàñ÷åò è îöåíêà ïàðàìåòðîâý��åêòèâíûõ îõëàäèòåëåé ìîùíûõ ñèëîâûõ ïîëóïðîâîäíèêîâûõïðèáîðîâ.À. À. ÑàâàíèíÑïåöèàëüíîñòü: 05.13.18Íàó÷íûé ðóêîâîäèòåëü: ä. òåõí. í., ïðî�åññîð Ñ. À. Ïàí�èëîâÎ�èöèàëüíûå îïïîíåíòû: ä. òåõí. í., ïðî�åññîð Å. Ì. �åé�ìàíê. �.-ì. í., äîöåíò, Â. È. Ñà�îíêèíÂåäóùàÿ îðãàíèçàöèÿ: Ô�Ó ¾�îññèéñêèé Öåíòð èñïûòàíèé è ñåðòè�èêàöèè -Ìîñêâà¿ (¾�ÎÑÒÅÑÒ - Ìîñêâà¿)
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202 Ïðàâèëà î�îðìëåíèÿ ðóêîïèñåéÏðàâèëà î�îðìëåíèÿ ðóêîïèñåéäëÿ ïóáëèêàöèè â æóðíàëå ¾Æóðíàë ÑÂÌÎ¿Îáðàùàåì Âàøå âíèìàíèå íà òî, ÷òî óêàçàííûå íèæå ïðàâèëà äîëæíû âûïîëíÿòüñÿàáñîëþòíî òî÷íî. Â ñëó÷àå, åñëè ïðàâèëà î�îðìëåíèÿ ðóêîïèñè íå áóäóò âûïîëíåíû,Âàøà ñòàòüÿ íå áóäåò îïóáëèêîâàíà.Òåêñò äîêëàäà äîëæåí áûòü íàáðàí â èçäàòåëüñêîé ñèñòåìå TEX (èëè îäíîì èç ååêëîíîâ). Äëÿ âåðñòêè ðóêîïèñè ñëåäóåò èñïîëüçîâàòü ïðåàìáóëó, êîòîðóþ ìîæíî ïîëó÷èòüíà ñàéòå http://www.svmo.ru.Îáúåì ñòàòüè íå äîëæåí ïðåâûøàòü 10 ñòðàíèö. Òåêñò ñòàòüè äîëæåí áûòü ïîìåùåíâ �àéë ñ èìåíåì <�àìèëèÿ àâòîðà>.tex (êîòîðûé âêëþ÷àåòñÿ êîìàíäîé \input â ïðåàì-áóëå). Íàïðèìåð,\input{voskresensky.tex}Ñîäåðæàíèå ïðåàìáóëû èçìåíÿòü íåëüçÿ. Îïðåäåëåíèå íîâûõ êîìàíä àâòîðîì ñòàòüèíå äîïóñêàåòñÿ äëÿ ïðåäóïðåæäåíèÿ êîí�ëèêòîâ èìåí ñ êîìàíäàìè, êîòîðûå ìîãëè áûáûòü îïðåäåëåíû â ñòàòüÿõ äðóãèõ àâòîðîâ.Âíèìàíèå! Íîâûå ïðàâèëà. Äëÿ î�îðìëåíèÿ çàãîëîâêà ñòàòüè íà ðóññêîì ÿçûêåñëåäóåò èñïîëüçîâàòü êîìàíäó \headerRus. Ýòà êîìàíäà èìååò ñëåäóþùèå àðãóìåíòû:\headerRus{ÓÄÊ}{íàçâàíèå ñòàòüè}{àâòîð(û)}{Àâòîð1\footnote{Äîëæíîñòü,ìåñòî ðàáîòû, ãîðîä; e-mail.}, Àâòîð2\footnote{Äîëæíîñòü, ìåñòî ðàáîòû, ãî-ðîä; e-mail.}}{Àííîòàöèÿ}{Êëþ÷åâûå ñëîâà}Äëÿ î�îðìëåíèÿ çàãîëîâêà ñòàòüè íà àíãëèéñêîì ÿçûêå ñëåäóåò èñïîëüçîâàòü êî-ìàíäó \headerEn. Ýòà êîìàíäà èìååò ñëåäóþùèå àðãóìåíòû:\headerEn{íàçâàíèå ñòàòüè} {Àâòîð1\footnote{Äîëæíîñòü, ìåñòî ðàáî-òû, ãîðîä; e-mail.}, Àâòîð2\footnote{Äîëæíîñòü, ìåñòî ðàáîòû, ãîðîä; e-mail.}}{Àííîòàöèÿ}{Êëþ÷åâûå ñëîâà}Åñëè ñòàòüÿ íà àíãëèéñêîì ÿçûêå, òî äëÿ î�îðìëåíèÿ çàãîëîâêà ñòàòüè íåîáõîäèìîèñïîëüçîâàòü êîìàíäó \headerFirstEn ñ òàêèìè æå ïàðàìåòðàìè, êàê äëÿ êîìàíäû\headerRus.Ñòàòüÿ ìîæåò ñîäåðæàòü ïîäçàãîëîâêè ëþáîé âëîæåííîñòè. Ïîäçàãîëîâêè ñàìîãî âåðõ-íåãî óðîâíÿ ââîäÿòñÿ ïðè ïîìîùè êîìàíäû \se
t ñ îäíèì ïàðàìåòðîì:\se
t{Çàãîëîâîê}Ïîäçàãîëîâêè áîëåå íèçêèõ óðîâíåé ââîäÿòñÿ êàê îáû÷íî êîìàíäàìè \subse
tion,\subsubse
tion è \paragraph.Ñëåäóåò èìåòü â âèäó, ÷òî âíå çàâèñèìîñòè îò óðîâíÿ âëîæåííîñòè ïîäçàãîëîâêîâ âÂàøåé ñòàòüå, íóìåðàöèÿ îáúåêòîâ (�îðìóë, òåîðåì, ëåìì è ò.ä.) âñåãäà áóäåò äâîéíîé èáóäåò ïîä÷èíåíà ïîäçàãîëîâêàì ñàìîãî âåðõíåãî óðîâíÿ.Äëÿ î�îðìëåíèÿ òåîðåì, ëåìì, ïðåäëîæåíèé, ñëåäñòâèé, îïðåäåëåíèé, çàìå÷àíèé èïðèìåðîâ ñëåäóåò èñïîëüçîâàòü ñîîòâåòñòâåííî îêðóæåíèÿ Th, Lemm, Prop, Cor, De�n,NB è Example. Åñëè â Âàøåé ñòàòüå ïðèâîäÿòñÿ äîêàçàòåëüñòâà óòâåðæäåíèé, èõ ñëåäó-åò îêðóæèòü êîìàíäàìè \proof è \proofend (äëÿ ïîëó÷åíèÿ ñòðîê 'Äîêàçàòåëüñòâî.' è'Äîêàçàòåëüñòâî çàêîí÷åíî.' ñîîòâåòñòâåííî).Æóðíàë ÑÂÌÎ. 2009. Ò. 11, � 2



Ïðàâèëà î�îðìëåíèÿ ðóêîïèñåé 203Äëÿ îáîçíà÷åíèÿ ïðîñòðàíñòâ ñëåäóåò èñïîëüçîâàòü êîìàíäû \R, \Rn, \C, \Z, \N èò.ä.Äëÿ âñòàâîê áóêâ ϕ è ε íåîáõîäèìî èñïîëüçîâàòü êîìàíäû \phi, \epsilon ñîîòâåò-ñòâåííî. Ñèìâîëû ÷àñòíûõ ïðîèçâîäíûõ ∂
∂xi

è ∂u
∂xi

âñòàâëÿþòñÿ êîìàíäàìè \px{i} è\pxtog{u}{i}.Äëÿ âñòàâîê áóêâ êèðèëëèöû â �îðìóëû ñëåäóåò èñïîëüçîâàòü êîìàíäû \textrm,\textit. Íàïðèìåð, äëÿ âñòàâîê �îðìóë �i , Äi â òåêñò ñòàòüè, íåîáõîäèìî íàáðàòü êî-ìàíäû \textrm{�}_i, \textit{Ä}_i.Äëÿ íóìåðîâàíèÿ �îðìóë è ñîçäàíèÿ ïîñëåäóþùèõ ññûëîê íà ýòè �îðìóëû íåîáõîäèìîèñïîëüçîâàòü ñîîòâåòñòâåííî êîìàíäû \label{ìåòêà} è \eqref{ìåòêà}, ãäå â êà÷åñòâåìåòêè íóæíî èñïîëüçîâàòü ñòðîêó ñëåäóþùåãî âèäà: 'Ôàìèëèÿ ÀâòîðàÍîìåð Ôîðìóëû'.Íàïðèìåð, �îðìóëó (14) â ñòàòüå Èâàíîâà íóæíî ïîìåòèòü \label{ivanov14}, òåîðåìó5 èç ýòîé ñòàòüè � \label{ivanovt5} è ò.ï. (Äëÿ ññûëîê íà òåîðåìû, ëåììû è äðóãèåîáúåêòû, îòëè÷íûå îò �îðìóë, íóæíî èñïîëüçîâàòü êîìàíäó \ref{ìåòêà}).Äëÿ âñòàâêè â òåêñò ñòàòüè ðèñóíêîâ íåîáõîäèìî ïîëüçîâàòüñÿ ñëåäóþùèìè êîìàíäàìèà) âñòàâêà çàíóìåðîâàííîãî ðèñóíêà áåç ïîäïèñè è ñ óêàçàíèåì ñòåïåíè ñæàòîñòè\insertpi
ture{ìåòêà}{èìÿ_�àéëà.eps}{ñòåïåíü_ñæàòèÿ}ãäå ñòåïåíü_ñæàòèÿ ÷èñëî îò 0 äî 1.á) âñòàâêà çàíóìåðîâàííîãî ðèñóíêà ñ ïîäïèñüþ\insertpi
turew
ap{ìåòêà}{èìÿ_�àéëà.eps}{ïîäïèñü_ïîä_ðèñóíêîì}â) âñòàâêà çàíóìåðîâàííîãî ðèñóíêà ñ ïîäïèñüþ è ñ óêàçàíèåì ñòåïåíè ñæàòîñòè\insertpi
ture
aps
ale{ìåòêà}{èìÿ_�àéëà.eps}{ñòåïåíü_ñæàòèÿ} {ïîä-ïèñü_ïîä_ðèñóíêîì}ã) âñòàâêà ðèñóíêà áåç íîìåðà ïîä ðèñóíêîì, íî ñ ïîäïèñüþ èëè íåò\insertpi
turenonum{èìÿ_�àéëà.eps}{ñòåïåíü_ñæàòèÿ} {ïîä-ïèñü_ïîä_ðèñóíêîì}Âñå âñòàâëÿåìûå êàðòèíêè äîëæíû íàõîäèòüñÿ â �àéëàõ â �îðìàòå EPS (En
apsulatedPostS
ript).Âíèìàíèå! Íîâûå ïðàâèëà. Äëÿ î�îðìëåíèÿ ñïèñêà ëèòåðàòóðû íà ðóññêîì ÿçûêåñëåäóåò èñïîëüçîâàòü îêðóæåíèå thebibliography.Äëÿ î�îðìëåíèÿ ñïèñêà ëèòåðàòóðû íà àíãëèéñêîì ÿçûêå ñëåäóåò èñïîëüçîâàòü îêðó-æåíèå thebibliographyEn.Ñàì ñïèñîê î�îðìëÿåòñÿ â âèäå ïîñëåäîâàòåëüíîñòè êîìàíä \bibitem, èìåþùèõ îäèíïàðàìåòð:\bibitem{ìåòêà äëÿ ññûëêè íà èñòî÷íèê}Äëÿ ïðèâåäåííîãî âûøå ïðèìåðà â êà÷åñòâå ìåòêè äëÿ ïóíêòà 7 â ñïèñêå ëèòåðàòó-ðû íóæíî èñïîëüçîâàòü ñòðîêó 'ivanovb7'. Äëÿ ññûëîê íà ýëåìåíòû ñïèñêà ëèòåðàòóðûíåîáõîäèìî èñïîëüçîâàòü êîìàíäó \
ite èëè \pg
ite (ïàðàìåòðû ñì. â ïðåàìáóëå).Ìåòêè âñåõ îáúåêòîâ ñòàòüè äîëæíû áûòü óíèêàëüíûìè.Êîìïèëÿöèÿ æóðíàëà ïðîèçâîäèòñÿ ïðè ïîìîùè MiKTEX 2.2, äèñòðèáóòèâ êîòîðîãîìîæíî ïîëó÷èòü íà ñàéòå http://www.miktex.org. Æóðíàë ÑÂÌÎ. 2009. Ò. 11, � 2
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