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X{ypHaH Cpe,ZLHeBOJI)KCKOFO MaTeMaTn4eCKoro O6HJ;€CTB&

Hayunbrit xxypnat

Hayunbriit penensupyemsrii 2kypHasl «2Kypuan CpegHeBoIKCKOro MaTeMaTHIeCKOro 00-
eCTBa» MyOJNKyeT OPUTHHAJBHBIE CTATBA U 0030PBI O HOBBIX 3HAYMMBIX PE3yJIbTaTax Ha-
YVUIHBIX UCCJIeIOBAHUI B obsiacTu byHIAMEHTAJIBHON U IPUKJIAIHON MATEMATHKHI, & TAKXKe
CTaThU, OTparKalole COObITHSI B MaTeMaTHIeCcKoit ku3un B Poccun u 3a pybezkom.

Ocuosuble pyopukn )xypuasa: «Maremarukas, «[IpukiajHas MaTeMaTnKa 1 MEXaAHUKA,
«MareMaTuIeckoe MOJIETUPOBAHNE U HHMDOPMATHKAS.

Kypuan sxonut B Ilepeuens penensupyembix Hayanbix u3ganuii (BAK) no caemyromumm
HaydqHBIM crerpagbaocTsaM (¢ 20.03.2023):

1.1.1. DBemecTBeHHBIl, KOMIUIEKCHBIA ¥  (QYHKIMOHAJBHBIN aHamm3  (dbusuko-
MaTeMATUIECKIe HAyKN)

1.1.2. Muddepennnanbuple ypaHeHHss § MaTeMaTudyeckas dusnka (dbusuko-
MaTeMaTHIECKUEe HAYKH)

1.1.5. Maremarudeckasi JIOTHKa, ajredpa, TeOpWs 4YUCe] W JUCKPETHAS MATEMATHKA
(dbusuko-maTemMarnyecKue HayKu)

1.1.6. BeruncauressHast MaTeMaTuka ((bU3NKO-MATEMATHIECKHE HAYKH)

1.1.8. Mexanuka JiehopMUPyeMOro TBEPJIOro TeJia (TeXHUIECKHNe HayKH )

1.1.8. Mexanuka nedopmupyeMoro TBepiaoro rena ((pusnko-MareMaTudecKue HayKin)

1.1.9. MexaHuKa »KUJKOCTH, Ta3a ¥ IJIa3Mbl (TEXHNYIECKHE HAYKH )

1.1.9. MexaHnuka »KHJKOCTH, Ia3a U IJIa3Mbl ((DU3NKO-MaTEeMATHIECKHE HAYKN)

1.2.2. Maremaruieckoe MOJIEJUPOBAHNE, UUCIEHHBIE METOJbI U KOMILIEKCHI IIPOIDaAMM
(dusuro-maTemaTHIeCKnE HAYKN)

ZKypuan BxomuT B MeXKIyHapojaHble 6a3bl ganubix Scopus (¢ 9.05.2023) u Zentralblatt
MATH (zbMATH), sritouer B DOAJ (Directory of Open Access Journals) u CrossRef.

B 6aszy gammbix Scopus KypHad BxoauT 1o HampasjenusM Applied Mathematics,
Computational Mathematics, Mathematics (miscellaneous) Control and Optimization.
Ksapruns CiteScore: Q4.

2Kypnas uagekcupyercs: B bubsmorpadudeckoii 6a3e JaHHBIX HAYIHBIX IIyOJIMKAIII pOC-
cuiickux yueHbix — Poccuitckuii unzgekc naygnoro nuruposanus (PUHIL) u pasmemen na
obrmepoccuiickom maremarndeckom moprase Math-Net.Ru.

[Tommucka Ha KypHAJ OCYIIECTBIISETCS Yepe3 MHTEPHET-MATra3uH MEPUOUIECKUX U3/1a-
unit «IIpecca mo nmoanuckes. Iloanucuoit uuaexkc n3manus — £94016.

MarepuaJibl xKypHaJia gocTynab o jmnensun Creative Commons Attribution
4.0 International License.

YYPEIUTEJIN: mexxperunonaiabuas obmecTBeHHas opranusanus «Cpenne-Bomkckoe MaTemMaTmaeckoe 06-
LIECTBO», (bellepalIbHOE roCyJapCTBEHHOE OI0[P)KETHOE 06pa30BaTEILHOE yIPEXK/IEHIE BBICIIEr0 0Opa30BaHus
«Hanuonansusiil ucciregoBarensckuit Mopaosckuii rocynapcrsenustil yuusepcurer uM. H. IT. Orapésa». Ax-
pec yupemureneit: 430005, Poccusi, Peciybsimka Mopposus, r. Capanck, yi. Boabmesucrckasi, 1. 68.
N3AATEJIb: denepansroe rocyapcTBeHHOE GIOIXKETHOE 06PAa30BATEIBLHOE YUPEXKIEHUE BBICIIEro 00pa3o-
BaHus «Hanmonanbusblil ncciaenosarensckuit Mopgosckuii rocynapcrBennsit yausepcurer uMm. H. IT. Orapé-
Ba». Anpec uzmaresns: 430005, Poccus, Pecniybiuka Mopnosus, r. Capanck, yi. Boabimesucrckast, 1. 68.

PEJAKIVA: mexxpernonanbHas obiiecrBeHHas opranunsanus «Cpenne-Boikckoe MaTeMaTniecKoe ooIe-
cTBO». Anpec penaxiuu: 430005, Poccusi, Pecriybiiuka Mopaosus, r. Capasck, yi. BosbineBucrckast, 1. 68.

Tes.: 8(8342)270-256, e-mail: journal@svmo.ru, web: http://journal.svmo.ru
(© ®I'BOY BO «MTI'Y um. H.II. Orapesas, 2025
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PEJIAKIIMOHHAST KOJIJIETMSI

Tumkuna Baaguvup ®PemopoBud — rIaBHBIN pemakTop, diaeH-KoppecnongenT PAH, mpo-
deccop, JOKTOP (DU3MKO-MATEMATHIECKUX HAYK, 3aBEAYIOMINN OT/IEJIOM UNCIEHHBIX METOJOB B Me-
xanuke ciutomHoii cpeast UIIM um. M. B. Kengeima PAH (Mocksa, Poccust)

IITamanaeB IlaBes1 AHATOJILEBUY — 3aMECTUTEJb [VIABHOIO PEJAKTOPA, KAHUAAT (DUIUKO-
MaTEMATUIECKUX HAyK, BEIYIIUN WHIKEHEP-UCCJIEeI0BATEh HAYYHOTO IMEHTPa WHMOOPMAIMOHHBIX
TEXHOJIOTMH U UCKYCCTBEHHOTO MHTEJIIEKTa, Hayano-Texuonmornaeckuii ynusepcurer «Cupuycs (dbe-
nepasibHas reppuropus «Cupnycs, Pocens)

Asmmvos ITaskat ApudgxkanoBud — akajgemuk Axkanemun Hayk Pecriybsimku Y36ekucras,
mpodeccop, TOKTOP (PU3UKO-MATEMATHIECKAX HAyK, mpodeccop dbmmana MIY nmernn M. B. Jlo-
MoHocoBa B TI. Tarmkenre, nmpodeccop HanmonanbHoro ynusepcurera Y30ekucrana uMmeHun Mupso
Vayr6eka (Tamkent, Pecy6inka Y3bekucras)

AnnpeeB Anekcanap CepreeBud — mpodeccop, TOKTOP PU3NKO-MATEMATHIECKUX HAYK, 38~
Beaytomuii Kadeapoit nadopManonHoit 6esonacHoct u Teopun yupasienns PI'BOY BO «Vibs-
HOBCKUI IOCYZIaDCTBEHHBIN yHUBepcuTer»> (YibsiHOBCK, Poccust)

AronoB IMTaBkar AGmynnaeBud — akajgeMuk Axkanemnu Hayk Pecniybiuku Yzbekucran,
npodeccop, HOKTOp (PU3UKO-MATEMATUIECKUX HAyK, JUpeKTop MHCTUTyTa MareMaTHKU WMEHU
B. 1. Pomanosckoro Axkanemun Hayk Peciy6imkn Y36ekucran (Tamkent, Pecriy6inka YaGekucras)

Beasmucos IIérp AsnekcanapoBud — npodeccop, JOKTOP (PU3NKO-MATEMATHIECKUX HAYK,
npodeccop Kadenpsl «Boicmas maremarukay @PI'BOY BO «YibsiHOBCKUIA roCyIapCTBEHHBIN TeX-
Huueckuil yHuBepcurer» (YibsiHOBCK, Poccust)

Top6ynos Baagumup KoHcTanTMHOBUY — mpodeccop, JT0KTOp (PUBNKO-MATEMATHIECKUX
HayK, upodeccop kadeapsl 1udposoit skonomukn OT'BOY BO «YibsHOBCKHI rocyapcTBeHHBIM
yHuBepcuters> (YIbsiHOBCK, Poccust)

T'y6aiinynnua Upek MapcoBud — n0KTOp PU3NKO-MATEMATHIECKUX HAYK, TPOdeccop, 3a-
Be/LyIOIIMii JlabopaTopueil MaTeMaTHuIecKOi XUMUN, BeJlyIINi Hay IHbIH cOTPpyAHUK VHCcTHTyTa Hed-
TEXUMUU U KaTajn3a — 000COOJIEHHOTO CTPYKTYPHOTO noapasaesenns PerepaibHOro rocyaapcTBeH-
HOTO OIO/I?KETHOTO HAYYHOTO yUIpEeXKIeHUsi ¥ GUMCKOro (denepaibHOTO UCCIEI0BATEIbCKOTO IIEHTPA
Poccuiickoii akanemun Hayk (Yda, Poccus).

Heprorun F0puit HukosiaeBud — 10KTOp PU3MKO-MATEMATUIECKUX HAYK, TTPOMECCOD, TIaB-
HBII HayJHBINA coTpyaHUK MHCcTHTyTa Teopernyeckoii u Mmaremarudeckoil dpusuku OIYIT "POLAI]
BHUN>®"(Capos, Poccus)

2Kabko Augekceii IlerpoBud — mpodeccop, TOKTOp (PUBUKO-MATEMATHIECKUX HAYK, 3aBe-
nytommuit kadenpoit reopun ynpasienus PT'BOY BO «Caunkr-Ilerepbyprekuii rocyiapCTBeHHbBIH
yuusepcurers (Cankr-Ilerepbypr, Poccus)

2Kerasos Banenrun IBanoBuy — mpodeccop, TOKTOP (pU3UKO-MATEMATHIECKUX HAYK, TIPO-
deccop radenpor quddepennuanbubix ypapuenunit PTAOY BO «Kazanckuit dbemepasibablii yHEA-
Bepcurer» (Kasanb, Poccust)

Bousoreix Hukoumaii FOpseBuy — mpodeccop, J0KTOp PU3UKO-MATEMATHIECKAX HAYK, TU-
pekrop Mucruryra nudopManoHHbIX TexHosioruii, Maremaruku u mexanuku @TAOY BO «Hanwm-
OHAJIbHBIN ucciieoBaTenbekuit Huxkeropomackuit rocymaperBennbiii yausepcurer um. H. W. Jloba-
uesckoro» (Hmxuuit Hosropox, Poccust)

KanbmenoB Twiabicoek IllapunoBuu — akagemuk HAH PK, npodeccop, nokrop dpusuko-
MaTeMaTHu4eCKuX HayK, mpodeccop kadeapbl MaTeMaTHKu VHCTATYTa MATEMATUKNA ¥ MaTeMaThde-
ckoro mozenmpoBanusi Komurera Hayk MOH PK, mpodeccop otnmena muddepennunaabHbIx ypas-
nenniit Kazaxckoro Haimonasbaoro yausepcurera umenn Asnb-Qapabu (Ammvars, Pecnybiuka Ka-
3aXCTaH)

Kamaukun Agekcanap MuxaitimoBud — npodeccop, JOKTOp PU3UKO-MATEMATHIECKAX Ha-
VK, 3aBemayronmiit kadeapoii Boicuieii Maremaruku PTBOY BO «Cankr-Tlerepbyprekuii rocynap-
crBenublii yausepcurer» (Caukt-Ilerepbypr, Poccust)
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Kpuscknii Banagumup HukosaeBuu — mpodeccop, JTOKTOp (bU3UMKO-MATEMATHIECCKAX Ha-
yK, npodeccop Kadeapsr umHdoOpMaTuku n KoMmnbiorepHbix Texnosoruit PI'BOY BIIO «Cankr-
IMerepbyprekwuit ropubrtit yansepcuter» (Cankrt-Ilerepbypr, Poccns)

KysbmunueB Hukouaii JImMmurpueBud — npodeccop, JTOKTOp PU3UKO-MATEMATHIECKUX HAYK,
npodeccop Kadeapbl KOHCTPYKTOPCKO-TexHoorndeckoii nadopmaruku PT'BOY BO «MI'Y wuwm.
H.TII. Orapésa» (Capanck, Poccus)

Kysnenos EBrenuit BopucoBu4 — npodeccop, 10KTOp (pU3uKO-MaTeMaTHIeCKUX HAYK, PO~
deccop kadeapsl mojenuposanus quHamudeckux cucreM PI'BOY BO «MockoBckuii aBuaninoHHbII
nHCTUTYT (HALMOHAJIBHBIA HccIenoBaTenbekuit yausepcurer)» (Mocksa, Poccust)

Kysnenmos Muxauna MBanoBu4 — npodeccop, JOKTOp PUUKO-MATEMATUIECKUX HAYK, PO~
deccop kadenpsl anrebpbl, reOMETPpUU U JUCKPETHON Maremarnky MHcTHTyTa HHPOPMAIMOH-
HBIX TEXHOJIOTUH, MATEMATUKN U MEXaHUKM, HUXKEropoJCKuil rocyIJapCTBEHHbBIH YHUBEPCUTET WM.
H. U Jlo6a4esckoro (Huxunit Hosropox, Poccust)

JleoutreB BukTop JleoHTbeBUY — JOKTOD (DU3MKO-MaTEMATHIECKUX HayK, podeccop Ha-
YYHOTO IeHTpa MupoBoro ypoBHsi «llepemosbie mmdposbie Texmonornn» Cankr-IleTepbyprckoro
nosuTexHnIeckoro yuusepcurera Ilerpa Besukoro (Caunxr-IlerepGypr, Poccust)

Magsnues JImurpuit CepreeBuud — mpodeccop, JOKTOp (DU3NKO-MATEeMaTUIeCKUX HAyK,
mpodeccop Kadeapsl npukaamaHoit marematuku u nHbopMmaruku OPI'BOY BO «Harmmonanbubrit
nccenoBarenbckuit yuusepcurer "Broicimas mkosa sxonomuku"» (Huxnuit Hosropos, Poccust)

MapTteinos Cepreii IBanoBu4 — npodeccop, JOKTOp (DU3MKO-MATEMATHIECKUAX HAYK, TJIaB-
uotit Hayanslil corpyaauk HOL Iommrexuntueckoro uncrturyra BY BO «Cypryrckuit rocyzapcTsen-
uplii yausepcurer» (Cypryr, Poccus)

Maryc Ilerp IlaBmoBuu — wwien-koppecnonnenr HAH Benapycn, nokrop dusuko-
MaTEeMATUIECKUX HayK, TPodeccop, IJIaBHBI HaydHbIH coTpyauuk WHcruryTa Maremaruku Ha-
MOHAJIbHON akajemun HayK Bemapycu (Munck, Benapycs)

Mopozkun Hukosaii JaunmaoBud — npodeccop, JOKTOP (PUUMKO-MATEMATHIECKAX HAYK,
npesunear PT'BOY BO «Bamkupckuii rocyzapcrsennstii yausepceurer» (Y dba, Poccust)

ITouynuka Ousbra BuranbeBHa — npodeccop, TOKTOp PU3NKO-MATEMATHIECKUX HAYK, 3aBe-
nyroruit Kadenpoit dyngamentanbaoi maremaruku PI'BOY BO «HanmonaabHBIN ncceIoBaTe b=
ckmit yamsepcuter "Bpicmas mkosa sxkonomuku'» (Hukanit Hosropoa, Poccus)

Paguyenko Baamumup IlaBiaoBuu — mpodeccop, TOKTOp (PpU3UKO-MATEMATUIECKUX HAYK,
3aBeayronmii kadenpoit «IIpuknannas maremarnkn u nadopmarukas PI'BOY BO «Camapckwuit
rOCY/IApCTBEHHBIA TexHmaeckuii yuusepcurer» (Camapa, Poccns)

PazanneBa Mpuna IlpokodbeBHa — mpodeccop, JTOKTOp (PUBMKO-MaTEMATHIECKUX HAYK,
npodeccop kKadeaprl npukiaauaoit marematuku PI'BOY BO «Hukeroposackuit rocymapcTBeHHBIH
rexundecknii yausepcurer uMm P. E. AnekceeBa» (Hmxumit Hosropog, Poccust)

Cenun IIérp BacunbeBuu — npodeccop, JOKTOP TEXHUYECKUX HAyK, PYKOBOJANUTEb Bhiciei
MIKOJIBI Pa3BUTHs Hay4IHO-OOpasoBaresbHoro norennuana, PI'BOY BO «MI'Y um. H.II. Orapésa»
(Capanck, Poccust)

Cunopos Huxkounaii AsnekcaunapoBud — ripodeccop, JTOKTOp (PU3NKO-MaTEMATHIECKUX HAYK,
npodeccop Kadeapsl MATEMaTHIeCKOT0 aHam3a u quddepeHaabHbIX ypaBHennil Vlucruryta Ma-
remaruku, skoHoMuku u uadopmaruku PI'BOY BO «Mpkyrckuit rocyIapCTBEeHHBIN YHUBEPCATET»
(Upkyrck, Poccus)

Crapoctua Huxkoumaii BaagumupoBuy — npodeccop, TOKTOP TEXHUYECKUX HAYK, HAYAb-
HUK oTnesierus, ucruryT Teoperndeckoii u maremarudeckoit pusuku OTVII «POAI-BHUND D »,
(Capos, Poccus)

CyxapesB JleB AjiekcaHapOBUY — KaHIUIAT (PUSUKO-MATEMATHIECKUX HAYK, JOIEHT Kade-
pot marematuku, DI'BOY BO «MI'Y um. H. I1. Orapésas, npesugentr Cpenne-Bokckoro marema-
trdeckoro obmecrsa (Capanck, Poccnst)

Apymiknna Hagexxga I'imeGoBHa — mpodeccop, TOKTOp TEXHUIECKUX HayK, pekTop PI'BOY
BO «VYiabsaHOBCKMI rOCyIapCTBEHHBIN TeXHUUECKUH yHUBEpCUTET> (YIIbAHOBCK, Poccus)
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Awnnoramusi. CtaThsl MOCBSIIEHA TPUMEHEHUIO ABTOPCKOW MPOIEAYPBl OPTOrOHAIA3AINN
GUHUTHBIX QYHKIW, He PA3PYIIAIOIIeil X KOHEUHbIE HOCUTEH, K citaitnam [Ilernbepra Tpe-
Theil creneru. OnuceiBaeTcs o0IIMiA aIropuT™M MoudUKaIUN MaTepUHCKOro ciiaiina [1len-
Gepra B paMKax 3TOI IpoIieypbl opToronasn3amyi. [lokazaHo, 4To B ciIydae NCIOIb30BAHNST
BOCBMU CTYIIEHYATHIX (DYyHKIMIA 1t Mogudukanuun marepunckoro citaiina [Ilenbepra Tpe-
TBHEH CTEIEeHN JIOCTUTIAETCsI OPTOTOHAIU3AIMS TOPOXKIAEMOI0 UM CETOYHOI0 Habopa CIJIAiHOB
6e3 U3MEHeHUs KOHEYHBIX HOCUTe el CrIaiiHoB. HaliileHbl mecTHaIaTh BApUaHTOB OPTOTO-
nasu3anun ciaitaos [llernbepra TpeTbeit cTreneHu cTymeHYATbIMU DYHKIUsIMA. B mepBoit
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TOB UMEIOT JIeficTBUTE IbHBIE 3HadYeHus. MomudunupoBanuble criaiiabl [[lenbepra Bropoit
TPYIIBI TPEICTABISAIOT cCOO0M CyMMBI 4eTHOU u HedeTHOH dymkimit. /Jokazana Tteopema o
[OPsIZIKE allIpOKCUMauu 060t dyrkmmn npocrpancrBa CobosieBa JTMHEHHBIMUA KOMOMHA~
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Abstract. The article is devoted to the application of the author’s orthogonalization
procedure of finite functions, which does not destroy their finite supports, to Schoenberg
splines of the third degree. A general algorithm for modifying the Schoenberg mother spline
within the framework of this orthogonalization procedure is described. It is shown that
orthogonalization of the grid set of splines generated by the Schoenberg spline is achieved
without changing the finite supports of the splines in the case of using eight step functions
to modify the mother spline. Sixteen variants of orthogonalization for the cubic Schoenberg
splines by step functions are found. In the first group of eight variants, all coefficients
of the modifying step functions have real values, but the Schoenberg splines after such
modification are not even or odd functions. In each of the eight variants of the second group,
two coefficients are complex, and the remaining six coefficients have real values. The modified
Schoenberg splines of the second group are sums of even and odd functions. A theorem on
the order of approximation of any function from the Sobolev space by linear combinations
of constructed orthogonal Schoenberg splines is proved.
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1. Bsegenue

B 1946 roxy B crarwe [1] I. J. Schoenberg Buepsbie 10CTPOMII KYCOUHO-IIOIMHOMHUAIBHBIE
CIUIAHBI TPEThell CTeleHu, UMerolye KoHednble HocurTeau [—2, 2]. Marepunckuil ciuiaiin
[MenGepra cocTouT U3 veThipex Kybuduecknx byHKIHUi, 3a7aHHBIX HA OTpe3Kax [—2, —1],
[-1, 0], [0,1], [1,2], koTOpBIE B TOuKax ¢ kKoopauHaram (—1), 0, 1 compsiratorcst APYT ¢ Apy-
TOM, ero MacIITaDMPOBAHUE W TPAHCJIATINS TOPOXKIAET CETOUHYIO cucreMmy ciuiaitnoB [1len-
6epra. B Toukax comnpsikenust KyOmaeckux dacreii obmmit rpaduk craiina [Ilenbepra me
“MeeT Pa3PhIBOB U U3JIOMOB, IOCKOJIBKY BO BCEX TOYKAX ODJIACTH OIPEIEJIEHNUsI CILIANHA nMe-
eTCsl HENPEPBIBHOCTD CILIaiiHa M €ro mepBoi mpou3BoaHoii. HempepbiBHOM BO BCex TOUKAX
00J1aCTH OIpEJIEJIEHNSI, B TOM YHCJIE, BO BCEX TOYKAX COIPSI?KEHUS JacTeil CIIJIaiiHa, SIBJISIETCST
TaK»Ke ero BTopas IIPOU3BOJIHASI, YTO OIPEIE/IsieT BeJININHY AedeKTa ClLlaiiHa paBHYIO €/1u-
HATE. DTO XapaKTEPU3YeT BBICOKUIT YPOBEHb HEMPEPBIBHOCTH U TyiaakocTu ciiaiiaos [len-
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Gepra u O0DBSICHSET WX IMUPOKOE IIPUMEHEHNE B TEOPUU AIMMPOKCUMAIMH U B METO/AX BbI-
YUCJINTENHFHON MaTeMAaTUKN U MEXaHUKU. Teopust ciuraiiHoB BO3HUKIIA B 1946 rosy nociie co-
snanns ciyaitaoB [llenbepra u Hagasa ObicTpo pasBuBaThes. [losBuics kimace B-craitnos,
OJIHMM U3 BaXKHEUIUX [IPUMEPOB KOTOPBIX sBUIUCH citaitabl [1lenbepra — B-cruiaitasr Tpe-
et creneru. Tepmun B-crutaiia 6pur npemymoxken . Illenbeprom. B coBpemennoit Teopun
ciuiaitaoB B-cruraiimom HaA3bIBAIOT (DYHKIMIO ¢ MUHUMAJBHBIM KOHEYHBIM HOCHUTEJIEM I
3a/IaHHOM CTEIeHH CILIaliHa U MOPsIKa ero riagkoctr. OKa3ajaoch, 9To 10 CO3IaHUs CILIaii-
HoB IIlenGepra u 710 Ha4yasia TEOPHUH CIJIAMHOB y2Ke ObLIM H3BECTHBI CHUCTEMBI CETOYHBIX
CTyIeHUYATHIX 6a3ucHbIX DYHKIUHA [2] U crCTeMBI CeTOYHBIX (PUHUTHBIX KYCOTHO-JIMHEHHBIX
Gasucubix Gynkumii Padepa-Illaygepa [3-4], koropsle coorBercTByIOT B-CruiafiHam coor-
BETCTBEHHO HYJIEBOI U mepBoii cremeneit. Ho cucrembl CTymeHIATHIX U KyCOYHO-TMHERHBIX
ceTOYHbIX (UHUTHLIX OasucHbix (yHkimii, co3mannsie B 1910 romay, He mpuBean TOrIa K
MIOSIBJIEHUIO M PA3BUTHUIO TEOPHUHU CIJIAWHOB IIOCKOJIBKY JJIs HUX, B OTJIMYHME OT CILIAHOB
IITenGepra, uiest CONpsizKeHUsI KOHEYHBIX YaCTell MHOMOYJIEHOB B IIpeJiejiax KOHEYHOIO HOCHU-
TeJIs MaTEePUHCKOTO CIJIaifHa He HAXO/IMIACh, IO-BUJIUMOMY, HA IEPETHEM ILIaHE ITPOIE/Ly PhI
UX TOCTPOEHMUS.

IIpouemypa I'pama-IIIMuara opToroHau3amnumu cucTeM MYHKINN, TPUMEHIeMAast I Op-
TOroHaIN3aIUU HAOOPOB CILIANHOB Ha KaXK/0# CETKe U3 I0CJIeI0BATEILHOCTH CETOK, BO3HU-
KaIoIell Mpu CTYIIEHNH CeTOK B 0OJIACTH, PA3pyNIaeT KOHEYHbIE HOCUTEU UCXOJIHON CUCTEe-
MbI citaitHoB. CJie/oBaTe/IbHO, OPTONOHAJIN3AIUsI CILJIAHOB C IIOMOIIBIO IIPOIe Ly phl ['pama-
IIImuara, aro ormMevaercs B MoHorpadun [5], IpUBOAUT K yTpaTe BaxKHEHIIEro JIJIs MHOTUX
AJTOPUTMOB BaPUAIMOHHO-CETOUHBIX MeToioB (BCM), B wacTHOCTH, METO/Ia KOHEUHBIX dJIe-
MEHTOB, CBONCTBA (PUHUTHOCTH 0A3UCHBIX (DyHKIMH. VIMEHHO CBOWCTBO (DUHUTHOCTH CILIali-
HOB IIO3BOJIMJIO B cepenune 20 Beka yCTPAHUTb OCHOBHOI HEJIOCTATOK MATPHI] CUCTEM Ce-
TOYHBIX ypaBHeHuil, Bosaukarmomux B BCM, a nuMeHHO, TOT HEIOCTATOK, KOTOPBIil CBSI3aH C
ILIOXOM OOYCJIOBJIEHHOCTBIO TAKUX MATPUIL, BEI3BAHHbBIN IPUMEHEHNEM He (DPUHUTHBIX Oa3uc-
weix dyukimit. [Tostomy B anropurmax BCM, B wacTHOCTH, METO/1a KOHEIHBIX IJIEMEHTOB,
HaYaJI1 aKTUBHO [IPUMEHATHCS CHUCTEMBI CIJIAWHOB, HEe 00JIAJABIINE CBOWCTBOM OPTOrOHA b~
HOCTH JIayKe Ha OT/EJIbHBIX CETKaX.

B BCM [6], ocHOBaHHBIX Ha BAPUAIMOHHOM IpHHIUIE JIarpaHkKa 1 CBsI3aHHBIX C IIPHMe-
HEHWEM CILIAHOB, OTCYTCTBUE Y CILIAHOB CBONCTBA OPTOTOHAJIBLHOCTH HE OKA3aJI0Ch KPU-
TUYHBIM U HE MIPUBEJIO K 3aMeJICHUIO PA3BUTUSI TAKUX METOJIOB.

OnHaKO, OTCYTCTBYE CBOWCTBA OPTOIOHAJILHOCTH CILIAAHOB Ha, KasKI0# OT/IeJIbHON CeTKe
SHAYUTEJILHO 3aTOpMO3MIIo B KoHIE 20 Beka passurue cMemanubix BCM [6], ocHoBaHHBIX Ha
BapHUAIMOHHBIX NpuHIMIIaX Peiiccuepa n Xy-Barmmiyy Mexanuku j1epOpMUDPYEMOro TBEPIOrO
Tesa. [IpuanHOR 3TOro SBUJIOCH TO, YTO B TAKUX METOJAX C KaXKIbIM y3JIOM CETKH CBsI3a-
HO B HECKOJIBKO pa3 OO0JIbIe y3JI0BBIX HEM3BECTHHIX 10 cpaBHeHUio ¢ BCM, ocHoBaHHBIMEI
HA BAPUAIMOHHOM HpuHIMIe JlarpamxKa (HalpuMep, B T€OPUH YIPYIOCTU JEBATH Y3JI0BBIX
HEU3BECTHBIX — IIECTh KOMIIOHEHT TE€H30Da HAIPSKEHUN M TPU KOMIIOHEHTHI BEKTOpa IIepe-
Merennit B cmermanaom BCM, Bmecro Tpex HemsBecTHbIX — B BCM, ocHOBaHHOM Ha Bapu-
aronHoM npunimne Jlarpamka). B urore okazasioch, 9TO MaTPUIA CETOYHBIX yPABHEHUI
cmerranaoro BCM comepkuT mpuMepHO Ha MOPSIOK OOJIbIIE 3JIEMEHTOB [0 CPABHEHUIO C
BCM, ocHoBaHHBIM Ha BapUAIMOHHOM MpUHIHIE JlarpaHxka. T0 TOTPeOOBAIO 3HAUNTEb-
HOT'O YBEJIMYEHUs BBIUUCIUTEJHHBIX 3aTPAT IPU DEIIeHnuH, HAIPUMED, 33a491 YIPYTOCTH.
Ho cmemannsiit BCM jmaer Ha Toit 2Ke ceTke GoJiee Tiiagkue u 00jiee TOUHbBIE PElIeHusl st
nedopMaIuii ¥ CUJIOBBIX (DAKTOPOB — IIPOU3BOJIHBIX KOMIIOHEHT BEKTOPa IIEPEMEIeHUil. DTO
nocTomHCTBO cMermanabix BCM u apyrue ux moJIoKuTe/IbHbIE XapaKTePUCTUKHU, HAIIPUMED,
ompeie/isieMble OTCYTCTBHEM HEOOXOIMMOCTH YIOBJIETBOPSITh KAKNE-JIHO0 TPAHUIHBIE YCJIO-
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BUs 0 BapbUpoBaHus (yHKIHoHAJa Peitccrepa mmm dyHKimonamsa Xy-Barmmiy n 10 pe-
[IEHUS CUCTEMBI CETOYHBIX YPABHEHU, IIOCKOJIbKY BCE FPAHUYHbBIE YCJIOBUS SBJISIIOTCS €CTe-
CTBEHHBIMU, IIPUBEJIO K IIOUCKY IIyTHU IIPEOJOJIeHUs O0IIero Hejpoctarka cMmemanabix BCM,
BBI3BAHHOT'O BO3pACTaHUEM 00beMa BBIYHCJIUATE]bHBIX 3aTPaT Ha IOJIYYEeHHE DEIIeHNN M0
cpapaernto ¢ BCM, ocHoBaHHBIM Ha BapualnoHHOM mpuHIiuie Jlarpamxka.

C 1993 rozma, B KOTOpOM OBLIN BIEPBBIE CO3/IaHBI OPTOrOHAJIBHBIE KYCOIHO-JIMHEHHBIE
CILIAHBI, aBTOPOM JAHHOI CTATHU U €r0 yYeHMKAMU ObLIN ITOCTPOEHBI U HUCCJIEI0BAHBI Op-
TOIOHAJIbHBIE KYCOYHO-KBa IPATUYHbIE CILUIAfIHBI Ha KOHEYHBIX OTPE3KaX, & TaK»Ke KyCOYHO-
JINHEWHBIE U KYCOYHO-KBaJ[PATUIHBIE CILUIANHBI Ha MPSIMOYTOJIBHBIX M TPEYTOJbHBIX KOHEU-
HBIX HOCUTEJISX. DTU U JIPYIHEe OPTOrOHAJbHBIE CILJIAWHBI MPEJCTABJIEHBl U CACTEMATU3U-
poBaubl B KHure [6], B KOTOPOW YKa3bIBAIOTCS OCHOBHBbIE HaydHbIe PAbOTHI ABTOPA U €ro
YVU€HHUKOB, IIOCBAIIEHHBIE BOSHUKHOBEHNIO B 1993 rogy Teopum opTOrOHaJIbHBIX CILUIAHHOB 1
ee JasbHeitmeMy passuTuio. Hampumep, B 7] mokasbiBaeTcst IpIMeHEHNE OPTOTOHAJBHBIX
CILIAHOB B aJIFOPUTMaX JYMCJIEHHBIX METOJIOB, & B [8] — IIpHM MOCTPOEHMH HOBOIO IOTEHIU-
aJia B3aMMOJIEHCTBYS aTOMOB, CHUZKAIOIIEr0 BpeMsl pacueTa JUHAMUKI HAHOCHCTEM aTOMOB
¢ moMmoIpio KoMbiorepa. OCHOBHas 1esib co3manus B 1993 romy OpTOroHa bHBIX CILIAii-
HOB OBLJIA CBSI3aHA C MIPEOJIOJIEHNEM YKA3aHHOTO BBIMIE HeIocTaTKa cMmenmanabix BCM. 9tor
megoctarok cMmenanubix BCM 6611 TpeoosieH, OCKOIBKY OPTOTOHAJIBHBIE CIIAWHBI 03~
BOJIMJIA UCKJIIOYATH BCE CHJIOBBIE y3JIOBble HEM3BECTHBIE U3 IJI006AIBHON CUCTEMBI CETOUHBIX
YPaBHEHUil [0 HaJaJia PEIleHUs] ITON CUCTEMBl YPABHEHUII HA KOMIIbIOTEPE, IIPUYEM TaKOe
HCKJTIOUEHNE OKA3aJI0Ch BO3MOYXKHBIM ITPOBOIUTH TAKXKE B aHAJIUTHIECKOU dopme mpu Hop-
MHUPOBAHUU CACTEMbI CETOYHBIX YPABHEHUIA.

B kuwure [6] ObIM mpeIIOXKEHBI [TBe TIPOEMLYPHI OPTOTOHAN3AIAN CIIAWHOB ¢ COXpa-
HEHUEM IIPU 3TOM, B OTJIMYKE OT IPOIeAypsl opToronanudanuu ['pama-IIImuara, pazmepos
KOHEUYHBIX HOcUTejeil ciutaiiHoB. [Ipu 9TOoM, JaHHBIE TPOIEAYPHI OBLIM UCIIOJIb30BAHBI JIJIsI
OPTOTOHAJIM3AINY KYCOIHO-JIMHENHBIX U KyCOUHO-KBaIPATUIHBIX ciutaitHoB. [Ipumepsr op-
TOrOHAJIBHBIX KYCOUHO-KyOmdeckux ciuiafinos [IlenGepra B [6] e npusoggrcs.

C nanpHefiimuM pa3BUTHEM U C IMUPOKUM MPUMEHEHHEM MOJUHOMUAJBHBIX CIIANHOB
[MenGepra cBst3aHbl MHOTHE CTaThu, B ToM uucie, crarbu V. IllenGepra, mampumep, [9].
B maremaTnueckoil CTaTHCTHKE, BBIYUCIUTE/IBHON MaTeMaTHKe, CTATUCTHIECKON PaJIoTex-
HUKE U B JIDyIUX O0/IACTSIX HAYKW U TEXHUKU MPUMEHSIOTCH IOJUHOMUAJBHBIE CILIAHBI
IITenGepra HedeTHBIX creneHeii 1o 13-ii crenenn BrarounresnsHo [10-11]. B pabore [10] Briep-
Bble NPUBOASATCS TOYHbIe (hbopmysbl juis ciutaiina [Ilenbepra 15-ii cremenu. B crarbe [12]
OTMeYaeTcs IEeHTPAJIbHAA POJIb U B HacTosdllee BpeMms ciuiaiinos [Ilenbepra B 4ducieHHOM
aHaJIn3e, PaCcCMaTPUBAIOTCSI TeopeTuiecKre Bonpockl npobiemsl [Hentepra [12], ceszanHoi
¢ moctpoeHreM ciulaitHos. B pa6ote [13] coobraercs, aro sddexTuBHOE perneHne 3a1a4
BOCCTAHOBJIEHUsSI BEKTOPHBIX M TEH30DHBIX IOJIEH 10 PEe3y/bTaTaM IMPOCBEYNBAHUS WCCJIE-
IyeMbIX OOBEKTOB B MEJUIMHE, OMOJIOTHH, JIEKTPOHHOW MUKPOCKOIUU OBLIO IOJYyYEHO C
HCIIOJIb30BAHNEM B KAYECTBE AIIPOKCUMUPYIOIEH TOC/IEI0BATEILHOCTH TOTEHITUAIBHBIX 1
COJIEHOUJIAJILHBIX BEKTOPHBIX I10JIell, IOCTPOEHHBIX Ha OCHOBE JIByMepHbIX B-criaiinos. B pa-
Gore [14] TPUBOJATCS PE3YIIBTATHI TEOPETUIECKUX MCCIIJOBAHNT 3aBUCHMOCTH TIOTPEITHOCTH
NpUOINKEHNsT OCTATOYHO IVIAIKONH DYHKIMN B-crutaifiHaMu TpeTheil CTeeHn OT BEeJTMINHBL
rmapaMerpa CMEIeHUsT UCXOIHBIX TaHHBIX. 110/IydeHbl yCJIOBUsI, IPUA BBIIOJHEHUN KOTOPBIX
Kybudaeckuil B-ciitaitn BoccraHaBmBaeT MHOIOYJIEHB! 10 N-if crenenu. B crarpe [15] naercs
0630p passutust Teopuu craiuos Illenbepra. PassuTust, KOTOpoe sIBISIETCS aKTyaJbHBIM
HalpaBJIeHMEM TEOPUU AIIPOKCUMAINA U CefYac, eMy ITOCBSIIIEHbl MHOI'ME CTaTbH, HAIlPU-
Mmep, [16-17].

B nanmnoit craTrhe paccMaTpuBaeTCst IPUMEHEHNE aBTOPCKON T€OMETPUIECKOM IPOIIEIY Phl
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oproroHajuzanun ciuaiftHos [6] k ciaitnam [len6epra. Ouucan obumit aaropurm Moudu-
KaIliy MaTepuHCKOro Kybudeckoro ciiaiina [Ilenbepra B paMKax reOMeTPUTIECKOH TPOTIETy-
PBI, KOTOPBII MOXKeT OBITh HCIIOJIb30BAH TAaK¥Ke JIJIsi OPTOroHasm3amu ciiaitnos [1lenbepra
JIPYTUX HEYEeTHBIX crereHeii j10 15-it crenenu sriounresbho [10]. Tlokazano, uro B ciyuae
WCITO/Tb30BAHUST BOCBMHU CTYIEHYATHIX (DYHKIMIA JJIsi MOIU(DUKAIINN MATEPUHCKOTO CILIaii-
na Illenbepra Tperneil cTemeHN JOCTUTAeTCsi BO3MOXKHOCTD €0 OPTOTOHAJIN3AINY HA CETKE
6e3 M3MEHeHUsI KOHETHOIO HOCUTENs cruiaiina. HaiijileHbl HeCKOIbKO BapMaHTOB OPTOTOHA~
smzaruu ciutaitaoB [llenGepra Tperbeil cTeneHn CTyHeHIaTHIME (DYHKIIUSIMEI, IMEIOITIME He
TOJIBKO JIeACTBUTE/IbHBIE, HO W KOMILJIEKCHbIE KOY(DMDUIINEHTHI, a TAK¥Ke MMEIOIIUMUA TOJIb-
KO JleiicTBuTE/IbHBIE KO3ddunmentrl. Joka3aHa TeopeMa o MOPSIIKE alllPOKCUMAIMN JTFO00H
dyuknun npocrpancrea CobosieBa JIMHEHHBIMA KOMOUHAIUSMHI TOCTPOEHHBIX OPTOTOHAJIb-
HBIX CeTOUHDLIX craitaoB [Tlenbepra.

2. Cmnaitabl I1len6epra TpeTbeii cTenneHu u IIPoOIeAypa UX OPTOro-
HaJIn3alnu, He N3MEHAIONass KOHEeYHble HOCUTEJIN CILJIAiHOB

Marepunckunii crutaita [Ilen6epra tperbeit crenenn numeer suf [1], [18]

0, x> 2,
2-a)3/6, 1<z <2,
PV ()= 1430 —a) +3(1— )2 — 30— 2)%]/6, 0 <2 < 1, 1

0B (=), 2 <0.

st oproronanau3anun ceToIHbIX ciutaiinoB Illenbepra KaKaplit W3 T€ThIPEX OTPE3KOB
[-2, —1], [-1, 0], [0, 1], [1, 2], BMecTe cOCTABIAIOMUX KOHEYHBIH HOCcuTesb crulaiina Illen-
Gepra TpeTheil crenenn, pazbupaercs Ha N yIacTKOB OMUHAKOBOM JymHbI paBHOit 1/N. Heko-
TOPBIE U3 9TUX YIACTKOB B IIPeJIesIax KaxK10ro u3 orpeskos [—2, —1], [—1, 0], [0, 1], [1, 2] BBI-
OUPAOTCsT B KAYECTBE KOHEUHBIX HOCHUTEJIEH BCIIOMOTATEIHHBIX (DUHUTHBIX (DYHKITHI, Ipe/I-
Ha3HAYEHHBIX st Momudukanun ciaiinoB [llenbepra ¢ 1eap0 UX OPTOrOHAIU3AIANA HA
KaK/JI0l KOHKPETHOU CeTKe.

B caygae N = 10 B KadecTBe JIBYX KOHEYHBIX HOCUTEJIEH BCIOMOTATEIbHBIX (PYHKIIUM,
HanpuMep, Ha orpe3ke [0, 1], MOryT GbITh B3sITHI J1Ba O0beANHEHNsT YeThIPEX U3 JIECATH YIacT-
KOB, a MMEHHO:

[0, 0.1]U 0.1, 0.2] U [0.2, 0.3] U [0.3, 0.4],
0.6, 0.7] U[0.7, 0.8] U [0.8, 0.9] U [0.9, 1.0].

BenomoraTeibHbIME (DYHKIUSAMEI HA 9TUX JABYX KOHEUHBLIX HOCUTEJNSAX SABJISIOTCS B (PyHK-
[IUU, TOJIyYEHHBIE U3 MaTepUHCKOro ciuiaiina [1lenbepra ero cxkatuem B JECSTh pa3 U Tepe-
MeleHreM Bipaso coorBercrBenHo Ha 0.2 u 0.8 (MacmTabupoBaHUeM U TPAHCIUPOBAHUEM )
B1oab ocu Ox. AHajormdsbiM 00pa30M Ha COOTBETCTBYIONIMX YACTAX OTPE3KOB [—2, —1],
[—1, 0], [1, 2] dopMHUPYIOTCST U PACHIONATAIOTCS €IMIE TECTh BCIOMOTATENBHBIX MACIITAGHPO-
BaHHBIX M TPAHCJUPOBaHHBIX ciutaiinos I1lenGepra. Bee BoceMb BCIIOMOraTeIbHBIX CILIANHOB
ITen6epra ucmob3yoTes 1iist MoauduKammu MaTepuHckoro ciuiaiina [ler6epra ¢ miesibio op-
TOTOHAJIU3AIIH TOPOXKIAEMON TAKUM MATEPUHCKUM CIJIAHOM CUCTEMbI CETOYHBIX (OYHKITHIA
0JTIOOHO TOMY, KaK 9TO MPOBOIUTCS U UCCJIELyeTCs Jajiee B CIydae CTYIIeHIaAThIX BCIOMOTa-
TeTbHBIX DYHKITAIN.
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I[Ipu N = 5 B gpyrom BapuanTe IOCTPOEHUS BCIIOMOTATEIBHBIX (DYHKIUI UCIIOIB3YIOTCS
cryneHyarsie OyHKIANA

. _ 1, T € [ai,bi}, - ) . 1, xTr € [Ci,di], -

o1 (w) = { 0, z ¢ [a;, by, (=1234), vi)= 0, = ¢ [c;,dil, (i=1,234),

npuveM KOHeuHble HOcUTeNn [a;,b;] dyHxumit @; umeror sux [0.2, 0.4], [0.6, 0.8], [1.2, 1.4],

[1.6, 1.8] coorBercTBeHHO JyIst § = 1, 2,3, 4, & KOHEUHBIE HOCUTEIH [¢;, d;] DyHKIMIA 1); uMeroT

Bug [—0.4, —0.2], [-0.8,—0.6], [-1.4, —1.2], [-1.8, —1.6] coorBercTBenHO 113t © = 1,2, 3, 4.
Marepunckwuit crtaitn [Tlenbepra Tperbeil crenenu mociie MOAUMUKAIINA UMEET BUL

4

O(x) = P (2) + ) [Aiti(w) + Bipi() ], (2.2)

i=1

rie A;, B;—HeusBecTHBIE TIOCTOSTHHBIE KO(DMUIMEHThI. 3HAYEHUs ITUX BOCbME KO3 duiu-
€HTOB HAXOJSTCS U3 YCJIOBUI OPTOrOHAJIBHOCTH

+oo

/ B(2)(x — 3)dz = 0, (2.3)
+oo

/ (2)D(z — 2)dz = 0, (2.4)

+oo
/ O(z)®(x — 1)dx =0, (2.5)
—0o0

MO/UIMPOBAHHOIO MATEPUHCKOro cruiaifna (2.2) u tpex ciutaitnos ®(x — 3), ®(x — 2),
®(x — 1), noyUeHHBIX TIEepeMerienreM BaoJb ocu Ox MOIubUIMPOBAHHOIO MATEPUHCKOTO
CIUTaliHa ¥ MMEIOIAX HeIyCThIe TIEPECeTeHrs NX KOHEUHBIX HOCUTEEH ¢ KOHETHBIM HOCHTE-
JeM crutaiina ®(z).

Hapsisty ¢ ycioBusiMu OpTOTOHAJIBHOCTH JIOJIZKHBI TAKKE BBIMIOJIHATHCS J[BA HEOOXOMMBIX
YCJIOBHSI alllIPOKCUMAIMN PA3JIMIHbIX QyHKIMI MoguduimposanabiMu ciutaiinamu IlenGep-
ra:

Ay +A3+By+By,=0, Ay + A4+ By +B3=0, (26)

cOPMUPOBAHHBIX C YIETOM PACIIOJIOKEHNs KOHEIHBIX HOCcHTeIel PyHKIUR @;, 1; HA KaxK-
JI0if U3 9eTHIPEX OCHOBHBIX dacTeil KOHeYHBIX HocuTeseil dyukiuit ®(z), ®(x — 3), ¢(z — 2),
®(x — 1). HeobX0AuMOCTh STUX YCJIOBHH JJIsi TOrO, 9TO0bI MOAUQMUINPOBAHHBIE CIIAKHBI
IITenbepra obiiagaiv cBOCTBaAMHU AIIPOKCUMAIIAN, OyJeT MOKa3aHa Jajee B J0Ka3aTejIb-
CTBE TEOPEMBI.

3. VYcijoBusi OPTOrOHAJBHOCTH MOAMQPUIIMPOBAHHBIX CILJIAaiiHOB
IIIenGepra

VYesosue oproronanabrocTr (2.3) nByx crutaitios I[lenGepra, CMeNEHHBIX JPYT OTHOCH-
TEJIFHO JIpyTa Ha TPH IIara CeTKU, MMeeT BU/T

/+°° O(z)®(z — 3)dx = /12 ®(2)D(x — 3)da =

— 0o

= /1 [(2—2)%/6 + Bsps(x) + Bapa(x)] [(x — 1)?/6 + Agps(z) + Azps(z)]dz =0

V. L. Leontiev. On orthogonalization of Schoenberg splines
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U IPUBOJUT K YPaBHEHUIO

0.007142857143/36 + 0.006A3/6 + 0.07A4/6+
+0.006B3/6 + 0.07B4/6 + 0.2(A3By + A4Bs) = 0. (3.1)

Venosue oproronasnbuoctu (2.4) nyx caitnos [lenGepra, CMENIEHHBIX JPYT OTHOCH-
TeJILHO JIPyTa Ha JIBa Iara CeTKH, 3alMChIBACTCA B (hopMe

—+00 1 2
/ B(2)D(z — 2)dz = /0 B(2)D(x — 2)dz + /1 B(2)D(z — 2)da —

- /01{[1 +3(1— ) +3(1 — 2)°=3(1 — 2)%]/6 + Bror (2)+
+ Bawa(z)}2® /6 + Aspr () + Asa(z)]da+
+ /12 [(2 = 2)° /6 + Bapa(x) + Bagpa(@)|{[1 +3(z — 1) + 3(x — 1)*—
—3(x — 1)°]/6 + Agps(x) + Arpa(z) }dz =0

U JaeT ypaBHEHUe

0.4285714286/18 + 0006(A1 + Bl)/6 + 007(A2 + B2)/6 + 0.418(A3 + Bg)/6+
+ 0706(A4 + B4)/6 + 02(A134 + AsB3 + A3Bs + A4Bl) =0. (32)

VYesosue oproronanabHocTH (2.5) nByx cruiaitnos IIlenGepra, CMeNEHHBIX JIPYI OTHOCH-
TeJIbHO JIpyra Ha OJUH Iar CeTKH, MMeIOoIee BU/L

+o0 0 1 2
/ @(x)@(x—l)da::/ @(x)@(x—l)dx—k/o @(x)@(x—l)dm—l—/l O(2)P(x—1)de =

—o0 -1

_ /O1 (14 3(1+ 2) + 3(1+ 2)2=3(1 + 2)°1/6 + A1tbs () +
h Agta () }(x + 1)3/6 + Agiy () + Astha(a)|da+
+ /01{[1 +3(1—2)+3(1 —2)*=3(1 — 2)%]/6 + By (x)+
+ Bowo(x) H{[1 + 3z + 32°—323] /6 + A1pa(x) + Azepy(2) }da+
+ (2 216+ Bupale) + Baga(@){[1 +32 — )+
+3(2—2)% = 3(2 — 1)%]/6 + Byips(x) + Bay(x)]}dax = 0,

mpeodbpas3yeTcs B ypaBHEHNE

8.5071428568/36 + 0.488( A1 + B1)/6 + 0.712(As + By)/6+
+0.706(As3 4 B3)/6 + 0.418(A4 + By)/6+
+ 0.2(14132 + AsBy + A1As + Ay Ay + B1Bs + BQB4) =0. (33)

Jleoutses B. JI.. O6 oproronanuszamuu ciiainos Illenbepra



118 Zhurnal Srednevolzhskogo Matematicheskogo Obshchestva. 2025. Vol. 27, No. 2.

4. Pemenus cucteMbl ypaBHEHU OPTOrOHAJILHOCTY U AIlITPOKCUMa-
nuu

4.1. IlepBas mpoliegypa OpTOroHAIN3ANN

Pemenune cucreMbl ceMy ypaBHEHHil JIJIsi BOCbMH HEM3BeCTHBIX Koadpdunuentos A;, B;,
i =1,2,3,4, cocrosimeit u3 tpex ycsosuii oproronaiasaoctu (3.1), (3.2), (3.3), a Takxke u3
YETBIPEX JIOTIOJHATEILHAX YCIOBUI

Ay = —DBy, Ay = —B;, A3 = —By4, Ay = —DBs,

00€eCIIevnBAIOIIIX BHIIOJIHEHNE HEOOXOMMBIX YCJIOBUIl annpokcumanus (2.6) 1 aBIIsonxCcst
[0 CPABHEHWIO ¢ yeaoBusiMu (2.6) 6osiee KECTKUMM OrPAHUIEHUSIMI Ha MCKOMbIe Ko3bdu-
[MEHTHI, IaeT BOCEMb BAPUAHTOB 3HAYEHUN NCKOMBIX BOCBMU KO(D(DUIMEHTOB, B KAXKJIOM U3
KOTOPBIX J1Ba KO3 uUmeHTa NMET KOMILIEKCHbIE 3HAYCHUS, & MIEeCTb KOI(PMUIUEHTOB —
IeCTBUTE/IbHbIE 3HAUEHUS:

4.1.1) Ay = —By = —0.1200000000 — 0.6860771393 i, Ay = —B; = —1.221676965,
Az = —By = —0.02666666667, Ay = —Bs = —0.02246871482;

4.1.2) Ay = —By = —0.1200000000 + 0.6860771393 i, Ay = —B; = —1.221676965,
Az = —B, = —0.02666666667, Ay = —Bs = —0.02246871482;

4.1.3) A1 = —By = —0.1200000000 — 0.6860771393 Az = —B, = —0.02666666667,
Ay = —B; = 1.461676965, A4 = —Bs = 0.07580204816;

4.1.4) Ay = —By = —0.1200000000 + 0.6860771393 4 Ay = — By = 1.461676965,
As = —By = —0.02666666667, A4 = —B3 = 0.07580204816;

4.1.5) Ay = —By = —1.272994032 Ay = —B; = 0.1200000000,
Az = —By = —0.08384285986, Ay = —B3 = 0.02666666667 — 0.02923749910 4;

4.1.6) A1 = —By = 1.032994032 Ay = —B; = 0.1200000000,
Az = —B, = 0.03050952652, Ay = —Bs = 0.02666666667 — 0.02923749910 4;

4.1.7) Ay = —By = —1.272994032 As = —B; = 0.1200000000,
Az = —B, = —0.08384285986, Ay = —Bs = 0.02666666667 + 0.02923749910 4;

4.1.8) Ay = —By =1.032994032 As = —B; = 0.1200000000,
As = —B, = 0.03050952652, Ay = —Bs = 0.02666666667 + 0.02923749910 ¢;

e ¢ — MHAMAs €IMHUIIA.
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4.2. Bropas npouieaypa OpTOroHAJIA3AINNA

Perenne cucreMbl BOCbME ypaBHEHUH /71l BOCBME HEM3BECTHBIX Koadbdunnentos A;, B;,
i =1,2,3,4, cocrosimeit u3 tpex ycsosuii oproronaiasaoctr (3.1), (3.2), (3.3), a Takxke u3
YCJIOBUSI AIIIIPOKCHMAIIIH

A1+ A3+ B+ By =0

1 9eTbIpeXx JOIOJTHUTEIbHUX yCHOBHﬁ
A2:O7 A4:07 Bl :07B3:03

3aJIA0INX 3HAYEHUsI JeThIpeX KOd(P@MUIMEHTOB U 00ECIeUNBAIOIINX BIIIOJHEHUE BTOPOTO
HEOOXOIMMOr0 yeJI0BHUs annpokcuMalmn (2.6), 1aeT BoceMb BAPUAHTOB 3HAYEHUI HEHYJIEBBIX
qeThIpex KO3 OUINEHTOB, B KaXKJIOM I3 KOTOPHIX BCe KOI(DMUIINEHTHI NMEIOT JeHCTBUTE b
HbIE 3HAYEHUST:

4.2.1) Ay = —0.4542027438, Az = —0.05736803426,
By = 1.242145729, B4y = —0.7305749508;

4.2.2) A; = 1.056525497, As = —0.04522084077,
By = —0.9528901871, B, = —0.05841446882;

4.2.3) A; = 1.008878332, As = 0.06310933384,
By = —1.061220362, By = —0.01076730437;

4.2.4) A, = —1.179353124, As = 1.591327502,
By = —0.4065498075, By = —0.005424570197;

4.25) A, = 1.002145729, Az = —0.7839082841,
By = —0.2142027438, By = —0.004034700930;

4.2.6) A; = —1.192890187  Ag = —0.1117478022,
By = 1.296525497, By = 0.008112492567;

4.2.7) Ay = —1.301220362,  As = —0.06410063771,
Bs = 1.248878332, By = 0.1164426672;

4.2.8) A = —0.6465493075 As = —0.05875790353,
By = —0.9393531243, B, = 1.644660835.

BapuanTol pemenuii 4.2.1-4.2.8 comepzkaT BoceMb JeiiCTBUTEIbHBIX 3HAUEHHUIT KO3 hu-
muenToB A;, B; crynenuarsix dyuknuii ¢; (), (), i = 1,2, 3,4. Oyuxiusa, mogudunupy-
fontas marepuHckuii crutaiin [Ilen6epra n cocTosmas u3 YeTbIpex CTyIeHIaAThIX (DyHKIM, He

Jleourwes B. JI.. O6 oproronamnsamuu ciiaiinos Illenbepra
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SIBJISIETCs] Y€THON MJIM HEYETHOM, modromMy ciuiaita [Tlernbepra mocite MOIuMUKAIIANA OCTAETCS
JeficTBUTeIbHON (DyHKIMEH, KOTOpas He sIBJISETCS IeTHON M HEeYIETHOI.

Kaxoe permenne u3 4.1.1-4.1.8 comepKuT JiBa KOMILJIEKCHBIX 3HAYMEHUS U IECTh Jeii-
CTBUTEJIbHBIX 3HaueHnit koaddurmentos A;, B; crynenuarsix dyHkuuii o;(z), ¥;(z), i =
1,2,3,4. Cmraita [Ilenbepra mocse MogmduKaum CTAHOBATCs (DYHKITUEH ¢ KOMILIEKCHBIMUI
3HAYEHUSIMU, KOTOPas MPEJCTABIAET cOO0 CyMMYy YeTHOM W HEYETHON (DYHKIWIT, ITOCKOIb-
Ky dyHKImMA, Moaudunmupyoomas Marepuackuit crtaiiin [Ilenbepra n cocrosias n3 YeThIpex
CTyHneHYaThIX DYHKIWIA, siByisieTcs: HedeTHoi. Cire/lyeT OTMETUTD, 9TO B Y€ThIPEX BAPUAHTAX
pemenwuit 4.1.1-4.1.8 BeIMYUHBI JEHCTBUTEIBHON U MHUMOI YacTell KOMILIEKCHBIX KO3 du-
[IMEHTOB MOYTHU Ha J[BA MOPSIKA MEHBITE BEJTUINH MAKCUMAJIbHBIX 3HAYCHUI JeHCTBUTETb-
HBIX KO3 PUITNEHTOB.

5. MHccaenoBanme amnmpoKCHUMATUBHBIX CBOMCTB OPTOTrOHAJBHBIX
ciiaiinoB IllenGepra

B wuccnenoBanuu cBoiicts MomudurmpoBanHbix ciutaitnos [llenbepra mpu ammpokcuMa-
uu (GyHKIUA ¢ TOMOIIBIO JIMHEHHBIX KOMOMHAIIUN CETOYHBIX CILJIAHOB, IIOPOXK/IEHHBIX MO-
JucunmpoBanabiM MaTepuHcKkuM citaiitnom [llenbepra, 3/1ech paccMarpuBaercs: Macrabu-
poBanublit MaTepuHcKuii ciutaita [[lenbepra Tperbeit crenenn

0, x > 10,
(2 —2/5)%/6, 5 <z < 10,
3 3 _
o (x) = ¥ (x/5) = [143(1 — 2/5) + 3(1 — 2/5)2 — 3(1 — 2/5)%]/6, 0 <z < 5,

©® (—x/5), = <0.

C yuerom macmTabupoBaHUs MATEPUHCKOTO CILIafiHa ¢ KOHEUHOTO HOocuTesst [—2, 2] Ha
KoHeuHbli HocuTesb [—10, 10] KoHeuHble HOCUTENN [a;,b;] DyHKIME @; TakKe MacHITabU-
pytorcs u Gepyres B Buze: [1, 2], [3, 4], [6, 7], [8, 9] coorBercTBenHO it @ = 1,2,3,4, a
KOHEUHbIe HOCUTENH [¢;,d;] dyukumit ¢¥; — B Buge: [—2, —1], [—4,—3], [-7, —6], [-9, —8§]
COOTBETCTBEHHO i 1 = 1,2, 3, 4.

Teopema 5.1. Jlaa moboti dynwuyuu u € W2(R) cywecmeyrom maxue xosdduuu-
enmos {u;}, wmo npu h — 0

2 2
u(@) = Y uwi®i)|| < CoRPulyy. Dol <eullyg (5.1)
(@) W (4)

ECAU BOIMONHAIOMCA YCAOBUA
Ay +A3+ By + By, =0,As+ A4+ By + B3 =0.

3aech h —mar cerku, C, ¢ — nocTosiHHbIE, He 3aBucsInye or h u ot u(z), ®;(x) — cerounbie
CILTAMHBI, TIOJIyYeHHbIE MACIITaOUPOBAHUEM U CMEINeHneM BJIoJb ocu Ox MoaudUInpoBat-
HOr'O cTyneHYaTbiMu byHKImamMu Marepuackoro ciuiaitna [llenbepra @ (z) rperbeit crenenu,
WS, W2 — rumbeprossr poctpanctsa Coboena.
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HoxkazaTeancTso. [IpeobpazoBanne Oypbe

A +oo .
B = oz | P,

MO,&I/I(I)I/IHI/IPOB&HHOI‘O CTyIIeHIaTbhIMU beHKI_[I/ISII\/II/I MaTEPUHCKOI'O cILiaiiHa H_[eH6epra

() +Z (Aiys(2) + Bipi(x))
MMeeT BHJL
4
(&) = ¢ (O + D _(Aihi(&) + Bigi(€))-
i=1
ITockombKy
. 1 —10i —5d i i
(2m)' 200 (€) = gapzga (77 — 4077 46— 4e7 4-€10) =
4
1 2 _iBeia sin(§§)
:W(e 2‘5_6 25) :5( g; s (5.2)
n
4 ~
(2m)*/? Z(Aﬂ/)i(f) + Bipi(§)) =
i=1
a2 (s 2 in & 38 in & 2 (eos 8 G & 7€ in &
—Al5 <cos 5 sm2 + 7 sin sm2> +A2€ (cos sm +z sin 5 sm2> +
2 13§ . & 13¢ . ¢ 2 17¢ 5 . 17E €
+A35 (cos 751712 +1 sm—sm 2) +A4g < 7 sin 5 sstm 2) +
2 (s 2 an & s i 3 2 (eos e sin € _isin Cain s
—l—Bl5 (cos 2 sln2 1 sin — sin 2) —l—ng (COb bln % sin 5 sm2 +
4 B2 (eos BEgin & _; m& &) B2 (cos o5 § L
3€cos2s2zs 52 582 2zs2s2—
3 17
= (Alcos;—i—Adco 7£+Bgco ; 40052§>—

1
Alsm—ngsl 3£+B281 72€+B4s1n)

J‘n\l\.’) M\N) «/‘MM
w\m w\m [\p\m

(Agcos+A4co L€+Blcos3—+B co 5)
2 2 2
2 . 7 17 3
gl §< AQSm?&—A4 7§+Blsm§—|—33 1112§>7 (5.3)

TO

$(0) # 0, (5.4)

TaK Kak B COOTBETCTBUE C (5.2)

~(3) . 5 . Sin(§§> B 5
P (0) = (2m)1/2 glg%) ( ; - (2n)l/2

Jleourses B. JI.. O6 oproronanuszamun ciiaiinos Illenbepra




122 Zhurnal Srednevolzhskogo Matematicheskogo Obshchestva. 2025. Vol. 27, No. 2.

a n3 (5.3) cremyer, 9To
4

> (Aihi(€) + Bigi(€))

i=1

£=0
Nmeem nasiee

(2m)! /22083 (6) = 20 (Sin(25>>3 § cos(3¢) — 5 sin(3¢)

m , 5.5
3 ¢ & (5:5)
a TaKKe
g &
277 1/2672 zwz +Bz§01(§))—
1 3 13 7 17
(sm+2§cos§> [AlcostrAgcos2§+Bgcos§+B4cos 25] —
£ 3 s 3§ 13 sin 13¢ 7 - 7€ 17 sin 17¢
— —sin=> | A= A —— + By—sin — + By — sin —
gme g Sy T sy sm o 4 Bag sin 4 Bagsin o7 )

. 1 1 3 13 7 17
—22(—5251n§+2§cos§)< Aj sin 25 Az sin 25—&—32511125—1—34511125)—
—igsiné —A1§c 35 Ag L%+B27 15+B417 76 +
€2 2 2

1 & 1 & g 17¢ 3¢ 13¢
+2< 5251112Jr2£cos >{A2cos2+A4cos 5 +B10052+B3(:os 5
2 ¢ 7,75 7,175 3.35 13,135
— —sin=> | Ag—= Aj—sin— + By=-sin— + B -
gsm2<22 Ny s Bigsing F By s
. 1 1 7 17 3 13
—22(—5281112-{-250085) <—A251n§—A4s ;—&—Blsln;—i—Bgsm;)
2 . 7 7 17 3 13 13
—zfsm§<—A22 s—g—A4 754-31 —€+Bg ;). (5.6)
Cornacuo (5.5) mostyanm
—oB) (2rj) =0 Vj:0#j€Z.
dg
N3 (5.6) cremyet, aro
d o, -
[d§ Z(Aidji(g) + Bii(€)) =0Vj:0#j€2Z,
i=1 §=2mj

k
[IOCKOJIBKY, BO-IIEPBBIX, B (5.6) aBe cymMbl DyHKIU cos — f , k=3,7,13, 17, nHaxomsmuecst

B KBaJ[PATHBIX CKOOKaX JiUId 3HaYeHnit £ = 27j UMeroT 3Ha‘{eHI/I${ paBHBbIe HYJ/IIO, TaK KaK BCe

dyukmun cos —, k = 3, 7, 13, 17 B kBaApaTHBIX CKOOKAX IIPXA ITOM DPABHBI OTHOBPEMEHHO

Jbo (+1) nnm (—1) B 3aBUCUMOCTH OT 3HAYEHUS j U TaK KAK BBIIOJIHAIOTCS YCJIOBUSI

A+ A3+ By +B4=0, Ay+As+Bi1+B3=0,
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BO-BTOPBIX, ITOCKOJIbKY JIJIsI 3HaUeHN & = 27Tj paBHBI HYJIIO 3HAYEHUS BCeX QPYHKIMI sin >

k=1,3,7, 13, 17, Bxonamue B Boipazkenue (5.6).

ITosTomy
d . . . .
d—g@(%r])zo Vji:0£5€Z (5.7)
u, cueposarenbHo, B coorBerctBun ¢ (5.4) u (5.7) BBIIOJIHSIOTCH BCE YCJIOBHS TEOPEMBI
Crpenra-@ukca [18] mus 3HaUeHUs: napamerpa p = 1 9TOH TEOPEMBI, OIPEJEIITEMOro To-
PSLAKOM TIpOM3BOIHON (5.7).

ITosroMy OIeHKa TIOIPENTHOCTH ANPOKCHMANuK u3 GopMyanpoBku Teopembl CTpeHra-
Dukca [18]

u(x) — Zuq‘bz(x)
()

< (C.ppti=s HU||W2p+1 , Z |Uz‘2 <c ||U||%/Vz‘,J
(@)

w3

IPUHUMAET B PacCMaTpuBaeMoM ciaydae g p = 1, s = 0 Bug (5.1).
HJokazaTeabCcTBO 3aBepIIeHO.

CoruiacHo 1101y 9eHHOi 311ech oneHke (5.1) anmnpoKCMMATUBHBIX CBOXCTB MOAUMDUIMPOBAH-
ueix ciutaitnoB [llerbepra moc/e0BaTe/IbHOCTD JTUHEHHBIX KOMOMHAIINN CEeTOYHBIX HaOOPOB
oproronasbHbx crtaiiHos ITenGepra Y, u;®;(x) Ipu cTpeMIIEHHN BeJMYNHBI IITAra, CETKH
K HYJIIO CXOAUTCSI K AlNpPOKCUMUpyeMol dbyHKIuM 4(Z) ¢ JIOCTATOYHO BBICOKON CKOPOCTBIO,
MIPONOPIINOHAILHON KBaApATy IIara CEeTKU.

6. 3akiroueHue

B craThe ¢ MOMOIIBIO MPOEYPHI OPTOrOHAIM3aIMN GUHATHBIX QyHKIWMiA [6] mocTpo-
€HbI, C COXpAHEHNEM DPa3MepOB KOHEYHBIX HOCUTEJIEN CILIAHOB, IMECTHA/IIATH Pa3JIMIHbIX
MOAM(PUIIMPOBAHHBIX MaTepuHCKuX ciaiinos Illen6Gepra Tperbeii crenenu. Ilepsas rpym-
a4 BOCbMH CILIAHHOB COJIEPYKUT CILIAHHBI, TPUHUMAIOIINE KOMILIEKCHBIE 3HAYEHUsI, BTOPAst
IPyIIa BOCBMH PA3JIMIHBIX CILTARHOB COCTOUT M3 CILUIAHHOB, MMEIOIINX TOJIBKO JTeHCTBATE b-
HbIE 3HAYEHUSI.

OpTOroHa bHOCTh CETOYHBIX HABGOPOB IOCTPOEHHBIX MOJAUMUITMPOBAHHBIX CIJIAfHOB
IIlenGepra Hapsy cO CBOWCTBOM WX (PUHUTHOCTH, MOPOXKJIAIONIMM Pa3peKeHHOCTb IJIO-
GaJIbHBIX MATPHUI] CETOYHBLIX YPABHEHHA, SBISETCA IEHHEHIINM CBOMCTBOM OPTOTOHAJIBHBIX
crutaiinos Ilen6Gepra, cyImecTBEHHO TMOBLIMAIOIMNM 3P (MEKTUBHOCTh W PAIMOHAILHOCTD AJI-
roputMoB anupokcumanuu [6], [8] u anropuTMOB BAPUAIMOHHO-CETOUHBIX M IPOEKIMOHHO-
CETOYHBIX MeTOMIOB [6—7], 3HAYMTENbHO CHUYKAS JJIS HAX BBIUUCIUTENbHBIE 3aTPATHI HA, MO~
JIydeHHe pellleHHii 110 CPaBHEHUIO C aJTOPUTMAMHU, B KOTOPBIX UCIIOIb3YIOTCS KJIACCHICCKUE
crtaiinnl [lenGepra wim apyrue CILIaiHbL, HE ABJISIIONIIECS OPTOrOHAJILHBIMU Ha CEeTKAaX.

Cuenyiomas cTaThbs, KOTOpas ABUTCS TIPOJOJKEHAEM JIAHHON CTAThU, OYJIET COAEPKATD
AHAJIOTMIHBIE PE3YJILTATHI UCCJIEI0BAHMIN, OJyYEHHbIE JIJIST CJIydast, B KOTOPOM OPTOTOHAa-
smusanus criaitios [1lenGepra TpeTheil cTeNeHn BBITIOIHIETCs ¢ UCIIOIb30BAHUEM JYETHIPEX
crtajinos [1lerbepra, UMerONUX KOHEYHBIE HOCUTEHM, PA3MepPbl KOTOPBIX MEHbINE pa3Mepa
KOHEYHOI'O HOCHTEJISI MaTEepUHCKOTo cIliaiiHa. JIoka3aHO, 9TO MOPSIOK allllPOKCUMAIAN He
YMEHBIIAETCS B PE3YJILTATE TAKOH OpTOroHajmsanyn ciiaiinos [1lenGepra.
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O6 oagHOM aJIrOpUTMeE PeHIeHUs 3342491 OBICTPOAEeCTBUSI

B JIMHEMHBIX CUCTEMAaX C BBIITYKJIBIMHN OI'paHWYeHNnAMN Ha

Cl)aBOBI)Ie IepeMeHnnblie 1 yIipaBJjieHue
H. 1. Mopos3kun, B. 1. Tkaues, H. H. Mopo3kun

PI'BOY BO Ygpumcruid ynusepcumem naykyu u mexnoaoeul (2. Yda, Poccuiickasn
Pedepavun)

Awnsoranus. Vccienyercs 3a/iada OUCKa ONTUMAIBLHOTO 1O OBICTPOJEHCTBHIO YIIPABJICHUST
B CJIy4ae, KOI/a MPOIECC OMUCHIBAETCS CHUCTEMON JIMHEWHBIX OOBIKHOBEHHBIX AuddOepeHIin-
AJIbHBIX YPABHEHU C HEJIMHEHHBIMU BBINYKJIBIMUA OMPAHUYCHUAME Ha (DA30BbIE TIePEMEHHbIE
u yupasJienue. [lyrem nepexosa 13 n-MepHOIro eBKJIU0Ba IIPOCTPAHCTBA B I'MJILOEPTOBO IPO-
CTPAHCTBO 33/1a9a ONTUMAJBHOTO YIPABJIEHUs] C OIPAHUYEHUSIMU Ha (Pa30Bble MEePEMEHHBIE
U yIpaBJIeHHEe CBOJUTCHA K 3aJ@4de ONTUMAJbHOrO ObICTpojeicTBus 6e3 orpanumyueHuii. lo-
Ka3aHOo, YTO 00JIaCTh JOCTUKUMOCTH B HOBOM IPOCTPAHCTBE SIBJISIETCS BBIILYKJIBIM MHOXE-
crBoM. JJist pelieHust OTyYeHHONW 33189 HMCIOJIb3YETCs MOIUMUITMPOBAHHBIA METOJT Pas3-
JEJIIONUX runepryiockocreit. OJHUM U3 KIIIOYEBBIX MOMEHTOB 9TOIO METO/a, OT KOTOPOIo
3aBUCHUT CKOPOCTH CXOJUMOCTH AJIOPUTMA, SIBJISIETCS HAXOXKJIEHUE HOPMAJIH Pa3/IesIsiomeit
CUIEPIUIOCKOCTH. B Hacrosmeilt pabore HOpMaJIb Pa3desIsaionieil IHIepIIOCKOCTH Ha KaK-
JIOl UTepalnyuu CTPOUTCS MIyTeM MUHUMHU3AIUKA (DYHKIIMOHAJIA TUIA PACCTOSHUS HA BBIILYK-
JI0i1 060JI0YKE OIOPHBIX K MHOXKECTBY JIOCTHXKUMOCTH TOYEK, [OJIYIECHHBIX HA IPEIbLIYIINX
urepanusx. [lociie HAXOXKIEHNST HOPMAJIH, PA3IEISIIONIENl TUIIEPILIOCKOCTH, CTPOUTCS OIOP-
Hasl K 00JIaCTH JIOCTUKUMOCTH TUIIEPILIIOCKOCTb, KOTOPAasl 3aTeM HEIIPEPBIBHO IIEPEHOCUTCSI 110
BO3PaCTAHUIO BDEMEHU ¥ HaXOJIUTCsI IIEPBbII MOMEHT BPEMEHH, IIPU KOTOPOM OIIOPHAsI TUIIEP-
IJIOCKOCTH JIOCTUTHET 33/ ]AHHON KOHEYHONW TOYKHU. TOT MOMEHT BPEMEHU U MPUHUMAETCS 33
ouepejiHOe npubJinKenne BpeMenu oeicrpogeiicteus. ChopMyImpoBaHa TEOpeMa O CXOIMMO-
CTU II0CJIE/IOBATEJIHHBIX TPUOJIMZKEHI 110 BDEMEH! K 3HAYEHUIO BPEMEH! ObICTPOIEHCTBIS 1
0 cy1aboii CXOIUMOCTH TIOCJIEI0BATEIbHOCTH YIIPABJICHU K ONTUMAJILHOMY yIIPaBJIeHUIO. AJi-
FOPUTM alpOOMPOBAH Ha PENICHUH 33129 BHEIIHEr0 HArPEeBA HEOTPAHUYEHHOM IJIACTUHBI /10
3aJJaHHON TEMIIEPATYPBI 38 MUHUMAJIBHOE BPEMSI C yIETOM OI'PAHMYEHUI HA PACTSATUBAIOIINE
¥ CXKUMAOIINE TeEPMOHAIpsizkeHusi. | [puBeieHb! pe3y/IbTaThl BEIYUCIUTEIBHOTO SKCIIEPUMEH-
Ta.
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linear systems with convex restrictions on phase
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Abstract. The problem optimal speed control is investigated in the case when the process
is described by a system of linear ordinary differential equations with nonlinear convex
restrictions on phase variables and control. By moving from n-dimensional Euclidean space
to Hilbert space, the optimal control problem with restrictions on phase variables and
control is reduced to an optimal speed problem without restrictions. It is shown that the
reachability region in the new space is a convex set. To solve the resulting problem, a modified
method of separating hyperplanes is used. One of the key points of this method, on which
the convergence speed of the algorithm depends, is finding the normal to the separating
hyperplane. In this work, this normal at each iteration is constructed by minimizing a
distance-type functional on the convex hull of points supporting the reachability set obtained
at previous iterations. After finding the normal to the separating hyperplane, a hyperplane
supporting the reachable region is constructed, which is then continuously transferred in
increasing time and the first moment in time is found at which the supporting hyperplane
reaches the given end point. This moment is taken as the next approximation to the
performance time. A theorem is formulated on the convergence of successive approximations
in time to the value of the performance time and on the weak convergence of a sequence of
controls to an optimal control. The algorithm is tested by solving the problem of external
heating of an unlimited plate to a given temperature in a minimal time, taking into account
restrictions on tensile and compressive thermal stresses. The results of a computational
experiment are presented.
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1. Bsegenne

[TepBble aJrOpuTMBI PEIeHns] JIBYXTOYETHON 3a/1a91 JTHHEHHOTO OBICTPOAeHCTBYS ObLIH
npenyoxkenst H. H. Kpacosckuum [1], a amropurmbr paccmorpentoro Huzke tama JI. Hefimras-
oM [2] n 2K. UtoHoM [3] HA OCHOBE reOMeTPUIeCcKOl MHTEPHPETAIMN YCJIOBUN OITHMAIb-
nocru, ciaenannoit J1. Jlaccanem [4]. B stux paborax maxoxjenus ynpasienus u’(t) € U,
MEPEBOJIAIIETO CUCTEMY

d
d—f:A(T)x+B(T)u+D(T),O<T<T (1.1)
U3 TIOJIOZKEHU ST
z(0) = xo # Ogn (1.2)
B nojioxkenne Opn 3a MuanMasbHoe BpeMs t0, 0 < t0 < T, cBoauiach K PereHnio 3a1a4m
max t° (1)) (1.3)
o

ITpu sToM BpeMs OnIcTpomelicTsus t0 OompeeIaeTcs U3 YCIOBH

(¥ (t°), 0 — 2(1%)) = 0, (1.4)
rae ¢ = 1 (T) — pelleHre CUCTEMBI

dp 7 _

L = ATy, 9(0) =4 (15)

A(r), B(7), D(T) — MaTpuupsl pa3MepHOCTH COOTBETCTBEHHO (n X n), (n x m), (n X 1) ¢
KYCOYHO-HENPEPHIBHBIME KO3 dunuenTamu, u = u(7) — yIpasieHie U3 MHOXKecTBa U

U={u=(ui(r),....un(r)),u € LY[0,T),u; <u(r) <uf,i=Tm,7€0,T]} (1.6)

ITpu pemennu 3anauu (1.3) Ha Kaxk0# k-0ii nTepanuu CTPOUIACH OLEHKA Tj CHHU3Y Bpe-
MeHU OBICTPOJEHCTBUS MCXO/s U3 BBIIOJHEHUS YCIOBUA

(¥(7%),0pn — (7)) =0 (1.7)

JJ1st HAXOXKIEHUsT CJIEIYIONIEro MPUOJINKEHNS METOAOM T'DAUEHTHOTO CITyCKa KOPPEK-
TupoBaJsoch Hanpasierue ¥(0) = ¢y Tak, YTOOBI IIPU T = Tj BBIIOJIHIIOCH HEPABEHCTBO

(¥(m%),0pn — z(73)) <0,
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rue x(7x) olopHas K MHOXKeCTBY JocTuzkumMocTu cucreMsbl (1.1), (1.2) Touka, coorBecTBYIO-
mas Hopmasn 1 (0) = 1. Jasnee omopHasi rUIepyioCKOCTb HEIPEPBIBHO [IEPEHOCHIIACH [IPH
T > Tf, JIO IEPBOTO MOMEHTa T*, IIPH KOTOPOM BBIIIOJIHSIIOCH PABEHCTBO

(¥(77),0pn —2(77)) =0

DTOT MOMEHT BPEMEHU U MPUMAJICS 38 OYepeIHOe TPUOIIMKEHNEe BPeMEHH ObICTPOIECHCTBIS
Thk+1-

OjtHaKO, IPU PEIIeHNN TPAKTHIECKUX 33189 BBISICHIJIOCh, 9TO IPEJIOKEHHBIE METOIbI
IJIOXO CXOZSATCS U3-3a “oppaykHocTr’ GyHKImU t(1)o). B paborax [5-7| GbuIn mpesioxkKeHbl
MOIM(PUKAIIANA ITUX aJTOPUTMOB, KOTOPbIE, OJIHAKO, CYIIECTBEHHO HE YJIYUIIWIA UX CXOJIU-
MOCTb.

H.E. Kupuabiv B paorax [8-9| 6BLIO NMpemIozkeHO B KAUECTBE HOPMAJHU, Da3JIesIsio-
el TUIepPIUIOCKOCTH, Ha KaXKJI0i MTepaluy UCIOIb30BaTh (DYHKIHIO THIIA PACCTOSHUS OT
TouKn Opr JIO OTPE3KA, COEUMHSIONEro TouKy & (7x) u3 (1.7) u aHAJIOIMYHYIO TOUKY, MOJIY-
YeHHYIO Ha MpeJbIAyIneil nreparuu. B aToM ciiyuae 3HAUMTETLHO CHUKACTCS TPYI0EMKOCTD
OTJ/IEJILHOM UTEpaIud, HO CKOPOCTh CXOIUMOCTH, OCOOEHHO TIpU Tpub/InKeHuu K Touke Ogn,
[O-[IPE?KHEMY OCTaBaJIach HeBbICOKOIL. g yiyumenus cxomumoctu B padotre [10] H. E. Ku-
PUHBIM OBLIO MPEJTIOKEHO UCKATH MUHUMYM (DYHKITUH THIIA PACCTOSHUS HEe HA OTPE3KE, & HA
BBIITYKJIOH 000JIOUKE TOYEK MHOYKECTBA JIOCTUKUMOCTH, TIOJIyYeHHBIX Ha MPEIbIIYIINX HUTe-
paImusx, KaxXkjaasi U3 KOTOPBIX Ha COOTBETCTBYIOIIEH MTepaIliid UCKAJACh KaK TOYKA, MUHU-
MU3UPYIoMAas QyHKIMIO TUIA PACCTOSHUSA. AJITOPUTM CTAJ CXOJIUTHCS 3HAUUTEHHO JIyUIIe,
7 ObLI Ha3BAH MHOTONIATOBBIM JBOWCTBEHHBIM aJTOPUTMOM DPEIIeHUs 3aJa9u ObICTPOJIEi-
crBus. Tem He MeHee, eciin 00IACTD JOCTUKUMOCTH MIPEICTABISIA CODOM BBITYKJIOE CUIBLHO
BBITSIHYTOE MHOYKECTBO, TO CKOPOCTH CXOJIMMOCTH OCTaBaJaCh HU3KOW. ABTOpOM B pabore
[11] B KavYecTBe TOYEK, MOJIyUEHHBIX HA NPEIBULYIIMX UTEPAIUIX, HA BBILYKJIONH 060I0UKe
KOTOPBIX MUHUMHU3UPYETCsi (PYHKIUsI TUIA PACCTOSIHUS, OBLIO MPEJJIOKEHO HCIOJIb30BATh
OTIOPHBIE K MHOYXKECTBY JOCTUYKUMOCTH TOYKU. Ha KOHKPETHBIX MpuMepax ObLIo MoKa3a-
HO, 9TO Takas MOJUMUKAIMS JelaeT aJTOPUTM JOCTATOYHO F(DHEKTUBHBIM JIJIsi DEIIEHUST
JIIOOBIX 3aJ1a1 JuHEHHOTro ObIcTposeiicTBusA. [loydeHHbINt anmropuT™ JaJjee ObLT J0padoTaH
JIJIsI PEIlleHns] 3a/1a49 JBYXTOYEIHOI'O ObICTPO/IECTBIS, OIMCHIBAEMbIX JIMHEHHBIMU CHCTEMA-
M g HepeHnraabHBIX YPABHEHUH ¢ JIMHEWHBIME OTPAHMYIEHUSIME Ha (pa30BbIe TEpEMEHHBIE
u yupasiieHue [12] .

B nacrosmmeit pabore mpesmmaraercsa MOANGMUKAINA MHOTOITATOBOTO JIBOMCTBEHHOTO AJI-
ropuT™Ma Ha CJIydaii, Korja OrpaHuvdeHus Ha (a3oBble IePEMEHHBIE U YIPABJIECHHUE SBJISIOTCS
HEJIMHEHBIMU U BBITYKJIBIMU 110 IIEPEMEHHBIM T, U.

2. IlocranoBka 3aga4un

ITpeaosoxkum, 9To Ipolece onuckiBaercs cucreMoit ypasruenuit (1.1)—(1.2) ¢ vesuneii-
HBIMU BBITYKJIBIMA OIPDAHUYEHUAMA BUIA

C(z,u,7) <0, (2.1)
roe C(z,u,7) = (c1(x,u,7),...,¢q(x,u, 7)), byukuun ¢;(z,u,7), i = 1,2,...,¢ KycodIno-

HEIIPEPBIBHBI 110 T, BHIILYKJIBI, HEIPePhIBHO-Aud depeHnupyemsl 1o T 1 u. Kpome toro, 6ymem
[IPEIIIOJIAraTh, YTO IPOU3BOAHBIE 1O (X, u) YIOBIETBOPSIOT yCaoBuio JIummnuna, a nMeHHO

Co(z+ Az, u+ Au, 7) — Cp(x,u, 7) < Li(Az + Au), (2.2)

N. D. Morozkin, V.I. Tkachev, N. N. Morozkin. About an algorithm for solving the speed problem in. ..
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Culx + Az, u+ Au,7) — Cy(z,u,7) < Lo(Az + Au) (2.3)

npu Beex (¢ + Az, u+ Au,7), (x,u,7) € R x U x [0,T], L1, Ly = const > 0.

Bagaua 1. Haiitu ynpasnenne u°(7) € U, npu xoropom cucrema (1.1) nepeiiger us
cocrostnusg (1.2) B Touky Ogpn 3a MunnMasmbhoe Bpems t° € (0,7] u mpu 3TOM MOYTH TIPU
Beex 7 € (0,t%] 6yayT BBIMOMHEHH! Orpanmenns (2.1).

3. ®PopmysmpoBKa 3aja4u 0e€3 orpaHMYEHUl B TMIb0EPTOBOM ITPO-
CTPaHCTBEe

BseeM JIOIOIHUTENLHBIH YIIPaBIAIONHit napamerp v € V,
V={v=(v1,...,09) :v € L0, T),v; >0,i =1,2,...,q}

" BEKTOP-(PYHKITHIO

Mz, u,v,7,t) = (hi(z,u,v, T, 1), ..., he(x, u, v, 7,1)), (3.1)
e
U3 (3.1)—(3.2) caenyer, uro orpanuyenusi (2.1) GyuayT BBIIOJHEHBI, €CJIU
hi(z,u,v,7,t) =0,i=1,q,7 € [0,T].
BBeniem HOBBIH yrpaBgIoNnii mapamMeTp
w=(u,v) eUxV =0 (3.3)
U BEKTOP-DYHKIIUIO
p(w,t) = (h(z,u,v,7,t),2(t)). (3.4)

Bekrop-bykuus p(w,t) nupuHaekuT ruisbeproBy upocrpactsy P ¢ siemenTamu
f=1(9(r),9),9(r) € L[0,T],y € R"
U ¢ HOPMOM

I f 2= / (9(), g())dr + (4,). (3.5)

[Tepedopmupyem 3amady 1 B rumpbepToBOM IpocTpaHcTBe P Kak 3aady 0e3 orpaHmde-
Huit Ha a30BbIE TIEPEeMEHHbBIE.
Sagaua 2. Haiitu yupasienne w® € ) u naumensinee Bpems t° € [0, 7], upu KoTopbix
BBITIOJIHUTCST PABEHCTBO
p(w®,t%) = (Org 0,79, Or~) = Op.
MHoxecTBO

Z(t) ={p=plwt) :w e Q} (3.6)

HA30BEM MHOXKECTBOM JIOCTUZKHMOCTH B PACCMATPUBAEMOM THJILOEPTOBOM IPOCTpaHcTBe P.

ITokakeM, 9TO MHOXKeCTBO Z(t) sIBJIsieTCsl BBIIYKJIBIM. TOrjia Jyuisl PerieHus 3ajadu 2
MOXKHO BOCIIOJIB30BATHCsSI MHOIONIATOBBIM JIBOMCTBEHHBIM AJTOPUTMOM, J10paboTaB ero Ha
citydait orpanndennii Tuna (2.1).
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4. BhIMYyKJIOCTh JOCTUKUMOTO MHOXKecTBa Z (1)

[Tycrs suementsl p1 = p(wi,t) u p2 = p(ws,t) upunaminexar Z(t). Ilokaxkem, uro jjist
moboro A € [0, 1] anement

p3 = p(ws, t) = Ap1 + (1 = N)p2 = Az, ur,vi, 7,t) + (1 — N h(x, ug,v2, 7, )+
+ /\xl(t) + (1 — )\).Tg(t) (41)

npusagexut Z(t). 3neck wi = w1 (1) = (u1(7),v1(7)) € Q, we = wa(7) = (u2(7),v2(7)) €
Q, 21 = 21(7) = 2(wi(7),7), v2 = 22(7) = z(uz(7),7), T € [0,t] — pemenns cucremb
(1.1)—(1.2) upu v = uq(7), u = uz(7).

JIJ1s1 9TOrO JIOCTATOMHO MOKA3aTh, YTO YHPABJISIONMI IapamMeTp

w3 = w3(7) = (u3(7),v3(7)), (4.2)

COOTBETCTBYIONIHI SJIEMEHTY Ps3, IPHHAJJIEXKUT MHOKecTBY ) = U X V.
Muozxkectso gocrmxkumoctu G(t) muneitnoit cucremst (1.1)—(1.2) Bbmykao [13], ciaenosa-
TesibHO, ecan x1(t), z2(t) € G(t), To BekTOP-bOYHKIUA T3

Tr3 = $3(t) = )\331(25) + (1 — /\)xg(t), A€ [0, 1] (43)
rakxke npunaiexxur G(t), a ynpasienue
uz(t) = Aur(7) + (1 — Nua(r), 7€10,¢] (4.4)

COOTBETCTBYET 3JIEMEHTY '3 () W MTPUHAJIEXKAT MHOKECTBY U.

ITokazkeMm, uro cyuiecrByer ynpasienue vs(7) € V rtakoe, 9ro ajement ps(ws,t), oupe-
nensieMblii cormacuo (4.1), npunangexur Z(t).

Beenem obo3naueHne

r2(z,u, ) = (r¥(x,u,7), .. rg(x,u,r)), T € [0,t], (4.5)

rie

ri(z,u,7) = max {¢;(z,u,7),0}, i=1,q.

Oyukuun ¢;(x,u, ), i = 1,¢ 00 ycaoBuaM 3aa49u BeILyKJbl 10 (2, u). Ciegosarensho [14],
BBIIYKJIBI Takxke 10 (z,u) dyukmuu r;(x,u,7), i = 1,q U, B CHIly HEOTPHUIATEILHOCTH
7;(Z,u, T), BBILYKJIbI TAKXKe 110 9TUM lIepeMeHHbIM 1 BeKTop-pyHkuusM (4.5). Ilosoxum

h(zs,us,vs, 7,t) = Ah(z1,u1,v1,7,t) + (1 — N)h(z2, ua, va, 7, ).

IMockoabky h(z,u,v,7,t) =0 upu 7 € (t;T], T0

h(I3,U3,’U3,T, t) = )\7'2(9:171“,7-) + (1 - )\)7'2(1‘27UQ,7') + Avl(T) + (1 - A)UQ(T) =
r2(x3,u3,T) + v3(T).

31ecn

v3(T) = )\7"2(551»U1a )+ (1 - A)TZ(I'Q»U% T) — 7"2(553»?13, T)+
+ A (1) + (1 = Nve(7), 7 € [0,¢], (4.6)
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TJIe o3, U3 OTpeesIsTioTcs: cormacho (4.3)—(4.4). Bexrop-dyukimmn r2(x, u, T), onpe/iesseMbre
corytaco (4.5), BBITYKJIBL 110 (Z, ), CJIEOBATENHHO, BBIIOJHEHO HEPABEHCTBO

7“2(31‘3,U3,T) =ri(\z + (I =XNao, ug + (1 = Nug, 7) <
< )\?”2($1,’u,1, T)+(1— )\)7"2(:E2,UQ, 7). (4.7)

U3 uepasencrsa (4.7) BbITeKaer, 4To onpemesgeMplii coracuo (4.6) napamerp vs > 0 u,
CJTETOBATENTLHO, TPUHAIEXKUT V. BeImykiocTs MuOXKecTBa Z (t) mOoKazaHa.

5. IlocTpoeHue onmopHOII TUIIEPIIJIOCKOCTH C 3aJJaHHO HOPMAaJIbIO

Paccmorpum dyuxnmonast
q tr 1
p(pvtk) = Z/ hi(x(T)au(T)»U(T)aTatk)dT+ E(x(uatk)ax(u’tk))’ (51)
i=170

XapaKTePU3yIOLUINil B OIPEIENeHHOM CMbICTIe paccrosiHue oT Touku 0, mo Z(ty). Pemmm
3a/1a9y
p(pstr) = inf{p(p,tx) : p € Z(t)}, (5.2)

Te. p € Z(ty), bmxkaiimas x 0, B cMblcIe MuHnMyMa ¢yuxnuonana (5.1). B kadecrse na-
[IPABJICHHs] HOPMAJIH, IIPH KOTOPO#l COOTBETCTBYIOINIAs OHOPHAS TUIIEPIIOCKOCTh B MOMEHT
BpeMeHH tj, OymeT OTHeNsITh MHOXKeCTBO Z (t) u Touky 0, Gepércst aHTHrpaaneHT dyHKIU-
onamna (5.1) B TOuKe P, T.€.

e = (=1La0,1), —2(tk))- (5.3)

st mocTpoenust onopHoii K Z (t)) TUIEPILIOCKOCTH ¢ HOPMAJIBIO ) HEOGXOIUMO PelnTh
3aj1a9y

Btk) = (I, p(@, tr) = sup {(l, p(w, t)) : w € 2} . (5.4)

W3 koHKpeTHOTO BUja 371eMeHTa p(w,t) B (3.4) n Buma HopMan I B (5.3) caeyer, ato

o(7) = 030017 (5.5)
ITpu srom yupasienue 4(7), 7 € [0, ] HAXOAUTCH IyTEM pelieHus 3aJ1a90

J(,ty) = vrgé% J(u, ty), (5.6)

rie

q ety

J(u,ty) = Z/ r2(x,u, 7)dr + (&, 2(u, t1,)). (5.7)
i=170

Bagaga (5.6) pemaercst MeToqoM ycsaoBHOrO rpajuenta[lb]. CxomuMocTb TOro Me-
Toga Oymer obecriedena, ecau OyHKIWOHAJN (5.7) sBJISETCH BBILYKJBIM, HEIPEPBIBHO-
nuddepeniupyemMsiM 110 © € U ¢ IpOU3BOIHBIMHA, YAOBJIETBOPAIOIMNMY ycaoBuio Jlunrmuia.
Brinykiocts dynknuonana (5.7) mo u € U BbTeKaeT U3 BuIyKIocTu byHKIH 77 (2, u, T) 110
(2, u). HenpepbiBrOCTD, 1uddepennupyemMocts u JIMIIIHUIEBOCTH IIPOM3BOIHOM 110 U (DyHK-
moHasa (5.7) BBITEKaeT M3 CBONCTB BeKTOp-DyHKIWMHU ¢(T,u,T) n HepaseHcTB (2.2), (2.3).
Crocob muddepennupoBannst GYHKIMOHAJIOB BI0Jb TPAEKTOPHUIl yIPABJISEMONl CHCTEMBI
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onucan B pabore [16]. B mamewm ciyuae rpaguent dynkiuonasna (5.7) 6yjaeT BbIUUCIATHCS
o popmyie

Jo(u,7) = Ry(a(u,7),u(r),7) = BY(r)e(r), 7€ 0,4, (5.8)
rie z(u, 7) — perenne cucreMs! (1.1)—(1.2), (7) — pemenue cucrems! gud depeHnnatbHbIX
yYpaBHEHUN

{dﬁf) = Ry(e(u,7),u(r),7) — AT()(r), 7€ [0,t], (59)
¢(Tk) = —Li'(tk).
3xecn
R, (z,u,T) = 22 [ci(z,u, 7))y 7z, u, 7), (5.10)
Ry(z,u,7) =2 ‘ [ci(z,u, 7))o ri(z,u,T). (5.11)

Il
-

?

Ormernm, 4yto cucrema (5.9) uarerpupyercs or tj 70 HyJs.

6. Ilomck HaIIpaBJIEHUs HOpMaJIn paB,I[e.TIHIOIJ_lef/.I ruIiepIrjioCKoCTn

B npesgpiayiemM myHKTe OBLIO yKa3aHO, 9TO Ha KaKJoil k-0if mTepanuu B KadecTBe Ha-
[IPABJICHNs] HOPMAJIU PA3E/IAIONIEel MUIEePIIOCKOCTH MOXKHO B3ATh BEKTOD li, OUpeje/ise-
Mbtii coryiacuo (5.3). st Toro, 9Tobbl HARTH TOT BEKTOP HEOOXOIUMO 3HATH TOUKY P(tk),
KOTOpas HaxoAuTcd u3 pemenus 3anaan (5.2). Haittu Touky p(t) Z0CTATOYHO CJIOKHO, O~
CKOJIbKY MHOXKeCTBO Z (lf,) apUOPHO HEU3BECTHO.

Bynem nckarb npubnnzkennoe perienne 3amaun (5.2), a UMEHHO: UCKaTh pernenue (5.2)
Ha BBIMYKJIO# oGosouke Touek py u pU), j = 2.'s, npunamiexamux Z(ty), tie p, — 6mm-
waifmas k 0, Touka, nosyuennas na k-oit mreparmu, p?, pl), j = 37s - onopmbie k
Z(tx) TOYKH, NOJy9eHHbIE HA TEKyIell U IpeablIyux urepanusax. 3aech px = (hg, ¢(tx)),
p(j) = (h(j)am(j)(tk))a j=2,s,

hi = h(m(ukaT)vuk(T)a@k(T),Ta tk),
A9 = (e, 7), 0 (7),09) (7). 1),
vp(r) = v (1) = Ozsf0,17+ zp(t) = z(ug, t), 29 (1) = z(u9), t;).

Homoxum pY) = py, i HaiizeM OC/Ie0BATETHHOCTS TOYEK fim = (Gjn Yjn)s for = pM,
Gjn € L&[0,T], yjn € R, j =1,s, n=1,2,..., pealu3yIOmux PEIICHHE 33121l

P(finti) = min p(P? + a(fj—in — ), th), j=T1,s.

C yuéroM KOHKpeTHOro Bua GyHKIMOHATA p(p, ty;) PEIeHre 381841 MUHUMA3AIAH MOK-
HO 3aIicaTh B BUJE

fim=0=a; )PP + ajnfiam §=T75,
rae o, € [0,1], Gmmkaiiiee 9UCIO IHCIO K @, BBIUUCIAETCS IO GOPMyIIe
9. . — R@ @)y ) .
it 2B o 20 )y, -2 (£ 0,
(yj—l,n — l‘(j), Yji—1,n — x(ﬂ)) ' '
1, ecmn || yj—1., — 29 |=0wu 0,1, < RV,
0, ecJm || Yj—1,n — .’E(J) ||: Ou 0‘7‘,1’“ Z R(J)
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31ech
q

. . tk . .
RY) = R(uY) 1)) = Z/ r2(z(w?, 1), w9 (1), 7)dr, j=T1,s, (6.1)
0

i=1

rme uD = (1), u® = (7), z(u9),7), j =1, s — pernenms cucrems auddepeHIIATBHBIX
ypasrenuit (1.1)—(1.2) ma npomexyrke [0,t;) upu 4(7) — yupasienue, HalijjeHHOe Ha k-OM
mare kak pertenne (5.6).

Besmaunst 6, BBIYHCIISIOTCS 10 CJIELYIOMIIM PEKYPPEHTHBIM (hbopMyIaM

Oimn=RY + ;0 1, —RD), j=T5 n=12..
0o, = RW.

ITponenypa 3aKaHIMBAETCS] HAXOXKIEHNEM fg . YIIPaBJIeHNe wj,n(ﬁ'), COOTBETCTBYIOIIEE [,
nMeeT BUJL

wj.n(7) = (Orgp0,1) j,n (7)), 7 € [0, 2],

[le yIpaBIeHns Uj ,(7), B ciiLy juHeiiHOCTH cucTeMsl (1.1), BeramcssoTes mo (opiyte

Wjn(T) = 0 (7) + jn(Uj—1.n(T) =0 (7)), = 1,5, (6.2)
uo,1 = ug(7), 7 € [0,tx].
Ecim
| p(fsmti) = p(fonte) [> €1, (6.3)

rJie €1 — 3aJ]aHHAasI TOYHOCTD BBIXOA, TO, MOJOXKUB N = N+ 1, IUKJI ToBTOpsieTcs. B mpoTus-
HOM cJIydae 3a IPUOJIIKeHHoe peltenue 3a1a4u (5.2) npuaumaercs f ,, a COOTBETCTBYIONIEE
3JIeMEHTY fs , YIPaBJICHHE 3allUCHIBACTCA B BUIE

ws,n(7) = (03[0, T, us (7)), 7 € [0, tk],

rae us ., (7) Boraucasercsa no dhopmyne (6.2).

OTMeTHM, UTO IPH TIOUCKe f ,, MBI HCIOMb30oBasm wucaa RY), j = 1,5, onpenensiembie
cormacruo (6.1). CremoBarensro, 3amomunars Bektop-dbyukmmn h(z), u) v0) 1 1) mer
HEOOXOIMMOCTH, JTOCTATOYHO 3amoMHATD uncaa RY), j = 1) s, aro u GyIer HCIOIb30BAHO B
OIUCAHHOM HHZKE AJITOPUTME.

7. AaropurMm perieHus 33a9u

IIycrs K k-0if uTEpaIuu n3BECTHHL:

tr <0, uy, = up(T) € U, z, = x(up, tr), ) = u(j)(T), 27 = x(u(j),tk),j =2,s,7 €[0,t],

Rk = R(Uk,tk;), R(]) = R<u(j)7tk)7.7 = 27 S,
ITar 1. ITocTpoum OIOPHYIO MMIEPIIOCKOCTb K MHOXKECTBY Z (t)) ¢ HOPMAJIBIO
Iy = (—1Lsp,17; —Tk)

1 HaiijleM ynpaBjieHue @ = (OLg[o,T] ,a(r), T € ]0,t]), a Takke 3emenHT P = p(@, ty). Beramc-

i 3 (tx) = (Ig, —p). Ecim B(tk) > 0, TO MOCTPOEHHAsT OMOPHAST TUIIEPILTIOCKOCTH OTIEJISIET
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MHOZKeCTBO Z (t),) OT TOUKM 0p, ITO O3BOJIAET TepeiTh K mary 2. Vinade, omoXKuB ty1 = i,
epexo/iuM K mary 4.

IITar 2. NaTerpupyeM Mo BO3PACTAHUIO T OT T, = tp cucteMy auddepeHnnaabHbIX
ypaBHeHU

% = A(r)x + B(t)u+ D(7), x(m) = z(a,t), (7.1)
% - 7AT11Z) + Rm(xa U,T), w(tk) = *x(ﬂ;tk); (72)

¢ ynpasienuneM u = u*(7) € U, KOTOpOe HAXOJUTCSI U3 yCJIOBUSI
H(w7x7 u*”r) = max H(’ll)7 x’ u? T)7 (7'3)
YueU

e
q

Z 2 T
H(¢,x,u,7‘)=— Ti(%”ﬂ')‘“ﬂ (A(T)J?—FB(T)U,—FD(T))

i=1
R, (z,u,T) onpenensiercs cornacHo (5.11). Marerpuposanne BeeTcst 10 TEX 10D, MOKA OMOP-
Hasl THIEPIUIOCKOCTb HE JOCTHIHET TOUKy 0p, T.e. JIO IIepBOIO MOMEHTA BPEMEHH T, IIpH
KOTOPOM BBITIOJIHSIETCST HEPABEHCTBO

W(U*a T*)7 _x(U*v T*)) S 0.
DTOT MOMEHT U MPUHUMAETCH 38 g4 1. 1LoJI0KUM

T =2(tpr1) = o(u”, try1)

() = {a(T) 7€ [0, ]

7 ’ v == 0 q .
u*(T)7 T 6 [tk,tk+1] U(T) L2[07T]

IITar 3. MuoxkecrBo Z(t) MOXKeT OKa3aTbCd HEMOHOTOHHBIM, T.e. UPU Tpi1 > g,
Z(ty) ¢ Z(tk+1). IpounTerpupyem Ha npomexyTie (ty,trr1] cucremy nudddepernnaib-
uex ypasmennmit (1.1) ¢ madampupiMu yemosmamu z(ty) = g, 2(ty) = 29, j = 2,5 upn
HekoropoM ynpasienuu u**(7) € U. Ilosyuennsie yupaienuss 0603HAYUM 4Y€PE3 Ugt1 U

u, j =25,

ub (1), T €0,k ) u (1), T €[0,t4]
Uk+1 =\ u =9 ;
w (1), T E (t,thy1) w* (1), T € (tk,tpt1)

a COOTBETCTBYIOITHIE STHM yIPABJICHUAM BEKTOPBI GyieM 0603Hauath Ty 1 = (tt1), 29) =
20 (ty11), j = 2, 5. TlapasiesbHO BEIMACIIM

4q trt1
Rig1 = R(upsr,tesr) = Re + ) / r2(2(ups1, 7)), upsr (1), T)dT,
i=1"tk

_ . _ 1. et _ _
RY = R(uW ty11) = R, ty) + ) / ri (@, 7),ul?(r),7)dr, j=2

i=1"71tk

,S.
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Illar 4. Yaamum cpean Todex x7) (tka1), 7 = 2,5 TOUKy, HAubOJIEE YIAJECHHYIO OT TOYKH
0, B cumbicite dynknuonaa (5.1). Ilepenymepyenm MOy 9eHHYIO MOCIIEI0BATEILHOCTD TOYEK,
naunnasg ¢ j = 3. Homoxum ) (t4 1) = Z(ty), u? (1) = a(7), 7 € [0, t441] 1 BerUICITIAM

q tht1
2 2 2 2 2
R = R ti) = Y [ e, 7), 0 (), r)dr.
i=1"0
Ionoxum k =k + 1, tj, = tx41 1 HepexoauM K mary b.

ITar 5. Ucnonb3ys NoydeHHBIE TOYKH X, x(J)(tk), j = 2,8 B COOTBETCTBUU C ITyHK-
ToM 6, HaitmeM s1eMeHT fs, = (gsn,Ysn) U, COMNIACHO COOTHOIIEHMIO (6.2), ympasieHue
Us,n(T), T € [0,t]. Ecim

p(fsnst) < €2,
rjie €9 — 3aJlaHHAsI TOYHOCTH PEIeHrs 3aJ[a4u, TO 3a/a4a PelleHa U BpeMsi ObICTPOIeHCTBIS
t9 = t;,, a onTHMAJIbHOE yIpaBJIeHUEe UMeeT BULL

OJO(T) = (OLg[O,T]7Us,n(T))aT S [O,tk])

WNnade, Beraucius

4ty
Ry = R(ugn,tr) = Z/ 72 (2 (s, T), Us (), T)dT
i=1"0

U TOJIOKUB U = Uk (T) = Us n(7), T € [0, 1], zr = x(us, tx), mepexonuM K mary 1.

Teopema 7.1. Ilocaedosamenvrocmu, NOCMPOEHHBIE COAACHO NPUBEIEHHOMY BBIULE
AN20PUMMY, MAKOBbL, 4Mo ecau tp — 00, mo 3adaua (1.2) me umeem pewenus, uHade
limy oo tr, = t° u das ar06wz €3 u 4 > 0 cywecmeyem womep k*, maxots wmo npu k > k*

q tr
latust) <20 > [ rHatura(o), i <<
i=170

npedea (1), T € [0,t°] w060t caaboczodawetica modnocaedosamenvnocmu ug(T) ecmo
ONMUMANLHOE YNPABAECHUE.

JlokazaTe/beTBO TEOPEMbI AHAJIOTMYHO J0KA3aTEJLCTBY TeopeMbl 2 B [17].

8. PeByJ’IbTaTbI BbIIMCJINTEJIBHOI'O 3KCIIEpMMEHTAa

IIpeamoxkeHnbIit aJropuT™M OBLT ATPOOMPOBAH Ha 33/ade ONTUMAJILHOTO MO OLICTPOIeH-
CTBUIO YIIPABJIEHUN BHEITHUM HaIrPEBOM HEOI'PAHWYEHHO IJIACTUHBI JI0 3aJ@HHON IOCTO-
SIHHOM 110 CEeYeHMIO TeMmilepaTypbl. 1peboBajoch, YTOOBI HarpeBaeMoe U3Jeje B IIPOIecce
HarpeBa He Pa3pyIIIIOCh OT BO3HUKAIONIUX CKUMAONINX U PACTATMBAIOIIAX TEPMOHAIIPSI-
JKEHUI.

IIporecc Harpesa ONMUCHIBAETCH CJIEAYIONIAM OTHOMEPHBIM YPABHEHHEM TEIIOIPOBO/IHO-
crH

ot O0x?
T(z,0) =T" = const, x € 0,7, (8.2)

2
o(@,t) _ 0Tt oz tso (8.1)
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A% = o(T.(t) - T(z,1), t>0, (8:3)
OT (x,t)
2\ = > :
ox =0 Oa L2 O’ (8 4)

rae T'(z,t) — Temneparypa, °C, & — IPOCTPAHCTBEHHAsST KOOPIUHATA, T — IIOJOBAHA TOJIIIIU-
HbI TLJTACTHHBI, M, @ — KO3(DMUIMEHT TeMIIepaTypoIpoBOHOCTH, M2 /49ac, A — Koaddumment
rertonposouocTu, Br/(M-°C), a — koscdbdunuent rermnoodbmena, Br/(m?-°C), T.(t) — Tem-
neparypa rpefomeit cpenpl (ynpasastommii mapametp), T.(t) € Lo[0,t] w mourn npm Beex
t € [0,] npurumaer snauenus us orpeska [T, T+, T+ > T~ > TY.

Byznem cunrarh, uTo Harpesaemoe msnenne xpynkoe. Torma [18] orpanuvenust Ha TepMo-
HANPSKEHUs 3AIUILYTC B BUJIE

—0c(T) < 0y4(r,T) < 0,(T), (8.5)

rae 0.(T), 0,(T) — 3HAYMEHUS IPEEIOB IPOIHOCTU Ha CKaTue u pacrskenue, Mlla, oy (r, T'),
i = &,y — IJIaBHble KOMIOHEHTHI TeH30pa HanpsizkeHnil, MIIa, KOTOpble B pacCMaTPHBAEMOM
cilydae HAXOAATCs U3 penleHus ypasHenus: Troamens-Heiimana aHanTHIeCKN.
Ananormano paboram [12], [17] sanumem coornomntenns (8.1)-(8.4) B Ge3pasMepHBIX €11
HHIAX U BBIIOJHUAM 3aMEHY [EPEMEHHDIX TaK, 4TOObI 3a/JAHHOE KOHEYHOE COCTOSIHHE CTAJIO
HyJIeBbIM. K IIOJIyIeHHBIM ypaBHEHUsIM IIPIMEHUM MHTErPAIbHOE KOCHHYC IPeobpa30oBaHme
Dypoe. B pesysbrarte penieHne ypaBHEHUs TEILUIONPOBOJHOCTH 3aIIUIIETCS B BUJE DsiJia

T) = i Dyxn(7) cos(pnl), 1€10,1], (8.6)
TIe [y, N = 1,2,... — KOpHA ypaBHEHUST
B; cos(pin) — pin sin(py) =0, B; = %57 D, = e iB;Z) T
Zn(7), n = 1,2, ... — pemenue nudHEPEHIMAILHOTO yPABHEHMsI
dx;ifﬂ = 122, (1) + pnu(1), ,(0) =20, Nn=1,2,... (8.7)

u(7T) — Ge3pasmepHas TemiiepaTypa rperolreil cpejpbl (6e3pasMepHbI yIPABIISIONHI Tapa-
MeTD).
Hepagsencrsa (8.5) sanumryrcst B Bujie

> 1430 6l
Fo[l— — — B; < o.(0(1,7)), 8.8
; BT T T e COS(un)] = 2:{0(L,7)) (85)
> 1 +3T)B; + 6T 1 6
E 1——=)| <0o,(6(0,7)). 8.9
— 12 COS(un)( u%)] p(600.7)) ®.9)
2Bz .
3necs F,, = 2 Bg—&— B

HapaMeTp I' € [0,1] xapakTepusyeT CTelleHb 3allleMJIeHHs] OT I0BOPOTa KPAeB ILIACTU-
wel. [' = 0 B ciygae kectkoro 3armemyennsi, ' = 1 st ¢cBOOOIHBIX KpaeB IJIACTHHBI. B
HACTOsIIel paboTe pacCMaTPUBAJIOCH XKECTKOe 3areMmienne, T.e. I' = (.
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[epeiiiem K KOHEUHOMEpHOI ammpokcuMaryu 3a7adu. OrpaHnIuMcst B COOTHOIIEHUSIX
(8.6)—(8.9) nepseivu N unenamu (n = 1, N). Ipeamomnoxkum, uro o.(0(1,7)) u 0,(6(0, 7))
SIBJISIFOTCSL BBIITYKJIBIMU ¥ HEIPEPBIBHO JudDepeHImpyeMbIMU, IPOU3BOIHAasI 110 6 yioBJIe-
TBOpster ycsosuto Jlummmuia. Toria st pentenus 3aj1aun noucka ynpasienus ul(7), te-
peBoggmiero cucremy (8.7) U3 xo B HyJIb 38 MUHUMAJIHHOE BPEMsl, MOXKHO BOCIIOJIb30BATHCS
BBINEYKA3AHHBIM AJITOPUTMOM.

[IpuBesieM pe3ysIbTATBl BBIYUCIUTEIHLHOIO SKCIEPUMEHTA. DyleM cauraTh, 9To 3Hade-
HUSI MEXAHUIECKUX U TeIIOPU3NIECKUX KOIDDUIMEHTOB, KPOME IPEJIEIOB XPYIIKOM PO~
HOCTH Ha cKaTue o.(f) u pacrsikenne o,(6), SBIAIOTCS HOCTOSHHLIME U PABHBIMU A\ =
23 Br/(m-°C), a = 0,0153 M2 /gac, T = 0,23 M, a = 200 Br/(m?-°C), ar = 0,18-107% 1/°C,
E =0,145-10'? mIla, v = 0, 3, rae o — K03 UIHEAT THHEHHOro pacumpenys, F — MomyIb
yrpyroctu, v — koaddurment Ilyaccona.

HauanbHaas temmeparypa npunnMasiack pasaoit 20°C, koreunas temmepatypa — 920°C.
Temmneparypa rpetorueii cpeast T.(t) € [800°C,1600°C]. laHHble 3aBUCHMOCTH OT TeMIIE-
paTyphl MIPEIEIOB XPYIKOl IIPOYHOCTH Ha CXKATHE W PACTSKEHUE I PACCMaTPUBAEMOTO
MaTepuaja npejcraBieHsl B Tabsmie 8.1. DTu januble ObLIN MTOJIYYEHBl IKCIEPUMEHTAb-
HbIM 1yTeM B MHcTHTyTe 1IpobiieM cepxiuiacruguoctu MerasioB PAH (r. Yda).

Tabaumna 8.1. 3aBUCUMOCTH MPEIEIOB XPYIKOM MTPOYHOCTH HA CXKATHE U
pacTdaXKeHne OT TeMIIepaTyphl

Table 8.1. Dependence of brittle compressive and tensile strength limits on
temperature

Temmeparypa, °C 20 975 | 1050 | 1100 1150
cxKaTHe 1500 | 700 | 470 310 | 210-240
pactsikenne | 980 | 540 | 370 200 140

IIpenen mpounoctu, mlla

Tabnauunble 3HAYEHHUS IPEEIOB IPOYHOCTH HA CXKATHE U PACTsI?KEHIE II0CJIE ITEPEX0/Ia K
06e3pa3sMepHBIM BEJIMINHAM, AIITPOKCUMUPOBAIUCH (DYHKITAIME

0c(0) = (—0,023 - 20003030 1 () 747),

op(0) = (—0,003 - 209169 1 0 476),

KOTOPBIE SIBJISIOTCSI BBITYKJIBIMU 110 Oe3pasmMepHoil Temieparype 6.

3ajada pemanach s caydas N = 6, TOCKOJBKY IIpU JajbHeleM yBeanderann N
BpeMsi OBICTPOJICHCTBYS U3MEHSIJIOCh He3HaunTebHO. Hike Ha pucynke 8.1 mpeJicTaBeHbI
pe3yJIbTaThl PACYETOB.

3 pucynka 8.1 ciemyer, 9To ONITUMAJIBHOE YIIPABIEHIE UMEET JOCTATOTHO MHOTO TOUYEK
MIEPEKJTIOUEHUST , OCOOEHHO, B IEPBOI MTOJIOBUHE BPEMEHHU HArpeBa. AHAJIN3 Pe3yIbTATOB Pac-
q€Ta IIOKa3bIBAET, YTO CKOPOCTh HAI'PeBa MaTepHuaJia C BbIIEyKa3aHHBIMU CBOHCTBAMU OI'Da-
HUYUBAETCS C2KUMAIOIIUMU TEPMOHAIIPS2KEHUSIMU HA TOBEPXHOCTH HATPEBAEMOI IIJIACTUHBI.
Cireyer mouepKHyTh, YTO B HAYYHO JinTepaType OOBIYHO PACCMATPUBAIOTCS MaTEPUAJIBI,
B KOTOPBIX CKOPOCTH HAIPEBA OrPAHUIMBAETCS PACTATUBAIOIIUME TepMOHANpsizKerusiMu [19].
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Fig. 8.1. Graph of the change in time of the control speed setting (1) and graphs of
the change in time of the panel temperature (2) and the center temperature (3) for
the obtained control mode
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Opuzunasvhas cmamos
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I/ICCJIG,HOBELHI/IG YNCJIEHHBIX ME€TO/J0B pelieHms
HeJIMHEIHOM cucTeMbI CIIpOCa M IIpeajIozKeHund
9HEepreTnIeCKmux pecypcoB

B. 4. Bol, C. Hofxiﬂr,naMl’2, A.N. ,Z[per‘nal, . H. CI/I,ZLOpOBl

1 . . o o

Hprymekut nayuonaavrod uccaedosamenveruli mexnuveckul yrusepcumem (Hp-
kymex, Poccus)

Qﬂncmumym mamemamury Axademuu nayx Xonanyu (Gorconuocoy, Kumaii)

Awnusorauusi. B manHOM uccieioBaHUM PeaM30BAHBI U ONEHEHbI PA3JIMYHBIE YUCJIEHHBIE
MeTOJIbI JJIsl PEIIeHs] HeJUHEHHON cucreMbl TuddepeHIualbHbIX YPABHEHU, MOIEIUpY-
IoIell JUHAMUKY CIPOCa W IIPEJIOXKEHUSI SHEPIeTUIECKUX pecypcoB. VcIosb30BaHBI Kak
omuomarosbie Meroasl (psz Teitmopa, meron Pyrre—KyTTbl), TAK 1 MHOTOIIATOBBIE METOJIBI
(Amamca—Barmdopra, MeTon nporaosa—kKoppekuun Anamca). IIoMuMO CTaHIZAPTHBIX METO-
JIOB 9€TBEPTOrO IMOPsiJIKA, [IPUMEHSIINCh TaKXKe MEeTOJbI 00jiee BBICOKOIO IOPSIKA, TaKue
kak merton Pyrre-KyrTer nmaroro nmopsaka n meron psga Teitopa mecroro nmopsiaka. Kpo-
Me TOro, HApsAy C YUCICHHBIMM MeTOJaMu ¢ (DUKCUPOBAHHBIM IIIArOM, ObLIN PEaIn30BaHbI
¥ OIIEHEHBI METObI C aIalTUBHBIM IIArOM, BKJIFO4Yas siBHBIM MeTon Pynre—KyrTer nmopsiaka
5(4) (RK45), siubiit Meron Pyrre-Kyrrsr nopsiaka 8(5,3) (DOP853), nesiBublil MeToxn Pyw-
re-Kyrrer cemeiicra Radau ITA nopsinka 5 (Radau), HesBHbII MeTos Ha OoCHOBe (hOPMYII
o6parnoro quddepennuposanust (BDF), a takske kom6uauposansslit merozn Anamca/BDF ¢
asromarmaeckum nepexsodennem (LSODA). Tlomyvennble pe3ysibTaThl MOKA3BIBAIOT, IYTO B
PACCMOTPEHHBIX CJLy4asiX OHOIIArOBbIe METObI ObLin 60s1ee 3(pDEKTUBHBI, €M MHOI'OIIATO-
Bble, [P OTCJIE’KUBAHUY OBICTPBIX U3MEHEHUI CHCTEMBI, TOT[a KaK MHOTOIIATOBbIE METOIBI
TpebOBaM MEHbIIE BPEMEHU HA BBIUMCICHWS. JHMCJIEHHBIE METOJbI C AJAIITUBHBIM IIArOM
[IPOJIEMOHCTPUPOBAJIA KaK I'MOKOCTb, TaK U YCTOWYMBOCTD. 1loCpescTBOM OLIEHKHU U aHAJIU-
3a YHCJIEHHBIX PEIIeHU, IOy 9€HHbIX PA3JIMYHBIMA METOLaMU, UCCIIELYIOTCS TMHAMUYIECKIE
XapaAKTEPUCTUKU U TIOBEJEHUE CUCTEMBbI.

KuarogyeBbie ciioBa: cucreMa CIpoca U MpeJIoyKeHUusl SHepruu, Meto] PyHre—KyTToI, ps
Teitnopa, meron Anamca—Barnidopra, meros npornosnpoBanus—koppekimu Anamca, RK45,
DOP853, Radau, BDF, LSODA
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1. Introduction

Numerical methods constitute a major branch of mathematical research, aimed at solving
problems where finding explicit analytical solutions is challenging. One such class of problems
includes nonlinear differential equations and their systems. In mathematics, differential
equations and their systems, particularly initial value problems, have been extensively
studied due to their role as powerful tools for modeling real-world problems [1-2]. In
the context of the growing urgency to use energy resources efficiently and sustainably,
forecasting and stabilizing energy resources supply and demand play a crucial role. Mei
Sun et al. proposed a nonlinear system of differential equations to describe the energy
resources supply-demand system [3—4], which was formulated based on a real-world problem
to ensure the stability of energy resources supply and demand between the eastern and
western regions of China. Studies have shown that this system exhibits chaotic and highly
nonlinear behavior [5], making it extremely complex to obtain exact solutions. In this case,
employing numerical methods to obtain approximate solutions presents a more practical and
feasible approach.

Numerical methods constitute a broad research field encompassing various techniques
that have been extensively developed and studied, each demonstrating suitability and
effectiveness for specific types of problems [6]. However, for the nonlinear energy resources
supply-demand system, most existing studies primarily focus on stabilizing the chaotic
behavior of the system [7-8], while in-depth investigations into numerical methods for
solving the system remain limited. Recently, a study by Vo et al. proposed using physics-
informed neural networks to solve this system. Although this approach shows great potential,
it has certain drawbacks, such as requiring significant computational power from modern
computing systems and being time-consuming due to the need for model training [9].

In this paper, we conduct an in-depth study by implementing numerical methods to solve
the nonlinear energy resources supply-demand system. The numerical methods employed
include representative one-step methods such as the Taylor series method and the Runge-
Kutta method. Multi-step methods such as Adams-Bashforth, Adams-Moulton, and the
Adams-Predictor-Corrector method [10] are also considered. Additionally, adaptive step-
size methods such as: RK45 [11-12], DOP853 [13], Radau [14], BDF [15], LSODA [16]
are implemented. Notably, for fixed-step methods, we deploy higher-order approaches such
as RK5 and the sixth-order Taylor series method. The numerical solutions obtained from
these higher-order methods are then used to assess the accuracy of lower-order fourth-order
methods. Beyond solving the system, this study also evaluates and compares numerical
methods based on criteria such as accuracy, convergence speed, computational efficiency, and
stability, aiming to identify the most suitable and effective methods for the given system.
All numerical methods are implemented in Python [17], For adaptive step-size methods, we
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utilize numerical solvers from the SciPy library [18], which is integrated into the Python
programming language.

Main contributions of the Study: Implement various numerical methods for solving the
nonlinear energy resources supply-demand system. Implement high-order numerical methods
to solve the nonlinear energy resources supply-demand system. Analyze, evaluate, and
compare the effectiveness of numerical methods for the nonlinear differential equation system
describing the energy resources supply-demand problem. Analyze and explore the behavioral
characteristics of the system through numerical solutions.

The paper is structured into five main sections: Section 1. provides a general introduction.
Section 2. describes the nonlinear differential equation system for the energy resources
supply-demand problem. Section 3. presents the numerical methods used in this study to
solve the energy resources supply-demand system. Section 4. proposes several approaches for
analyzing and evaluating the effectiveness of the implemented numerical methods. Finally,
Section 5. presents the main results of the study.

2. System description

To model the distribution of energy resources supply and demand between different
regions C and D, Mei et al. formulated three-dimensional and four-dimensional nonlinear
differential equation systems. In this study, we focus on numerically solving the four-
dimensional energy resources supply-demand system. The mathematical formulation of this
system is given below [4]:

21 (1) = a1 (£)(1 — ) — ag(wa(t) + 23(t)) — dswa(t),

) = —z122(t) — 2023(t) + 2321 (1) [N — (21(t) — 23(2))],
) )

) )

(2.1)

The initial conditions of the system (2.1) are given by z;(ty) = b;, and [9] z;'(¢) denotes
the derivative of the function x;(t) with respect to the variable t, where ¢ € {1,2,3,4}.
2;(t) are the unknown functions to be determined, where the energy demand in region D is
represented by x1(t), the energy supply from region C to region D is represented by xo(t),
the imported energy resources into region D are represented by z3(t), and the renewable
energy resources in region D are represented by x4(t). With the constants of the system
satisfying the following conditions a;,d;, 2;,s;, N, M > 0 and N < M. The system (2.1) is
in a chaotic state with the coefficients a; = 0.09, as = 0.15, z; = 0.06, 25 = 0.082, z3 = 0.07,
$1=0.2,50=0.5,83=04, M =18 N =1,d; =0.1, dy = 0.06, d3 = 0.08, and the initial
conditions z1(0) = 0.82, 22(0) = 0.29, z5(0) = 0.48, 24(0) = 0.1 [4-5].

3. Numerical Methods

To facilitate the presentation of numerical methods, the differential equation system (2.1)
is rewritten as follows:

Let fi1, f2, f3, fa denote the functions representing the right-hand side of the differential
equation system (2.1), and let by, by, b3, by denote the initial values corresponding to the
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four components of the system, given by:

fl(t,xl, $2,$3,CL‘4) = alxl(t) (1 — .’L‘}w(t)) — (lQ(!EQ(f) + 1’3(t)) — d3{,134(t)7

fa(t,x1, o, 23, 4) = —2122(t) — 20w3(t) + 2321 () [N — (21(t) — z5(¢))],
f3(t,$1,$2,l‘3, 3;‘4) = 8133‘3(?5)(82331(25) — 83),
Ja(t, w1, 22,23, 24) = d121 (1) — dawa(l),

we can rewrite the general form of the system as follows:
x' =f(t,x) , x(tg) = b.
where x, f, and b are vectors defined as follows:

X = [$17$271‘37$4]T7 f= [f13f27f3af4]T’ b= [b15b2a63ab4]T'

In this study, we define x(¢;) as the exact solutions of the system at time ¢; and denote x;
as the approximate solutions of the system at time ¢;, obtained using numerical methods.

3.1. Single step methods

In the field of numerical methods, a class of techniques for solving differential equation
systems in which the solution at any time ¢;;1 is approximated solely based on the solution
at the previous time step ¢; is referred to as single-step numerical methods [10].

3.1.1. Taylor Series Method

Taylor’s method is a powerful explicit single-step numerical method [19-20], Its
foundation is based on the Taylor series expansion, a fundamental concept in function
approximation theory. According to this principle, the value of a function at any given point
can be approximated using a nearby known point, represented by a polynomial and its
higher-order derivatives, as given by the Taylor series. In the Taylor numerical method, the
solution at time ;1 is approximated using its value at ¢; through the following formula [10]:

2 3 p
Xip1 = X; + hxy + %Xi” + %xi’” + ..+ %Xi(p), (3.1)
where:
h: is the step size.
p: is the order of the derivative.
xl(.k): the values of the k-th order derivatives of the solution functions at time ¢;.

To implement this numerical method, one of the crucial aspects is determining the
expressions for the higher-order derivatives of the system. This task is not straightforward.
In this study, we have determined the expressions for computing the derivatives up to the
sixth order for the solution functions of the differential equation system (2.1). The detailed
expressions are presented below:

Ezxpressions for the first-order derivatives of the solution functions:

A0 = a1 (00— ) aa(aa(t) + 2a(0)) — diaa)
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25D (t) = —z12a(t) — z025(t) + 23z (8)[N — (21(t) — 23(2))],
xgl)(t) = s1x3(t)(s221(t) — s3),
() = dya (t) — daa(t).

Ezxpressions for the second-order derivatives of the solution functions:

mgz) (t) = alxgl)(t) [1 - ij\}(t)]

—az [a§7(0) + 2§ (1)] — dsalV 1),
2 (0) = 2 (0) = 20l (1) + 201 (1) [287(8) = 21" (0)] + 20l (O IV = (1) + 2 (1))
x:(f)(t) = slszxg(t)xgl)(t) + slxgl)(t) [saw1(t) — s3],
2P () = dyat) (1) — daai) (1),
Ezxpressions for the third-order derivatives of the solution functions:

2.’171 (t)

i } —a {xéz) (t) + acgf) (t)} — d3.’1)£12)(t) - 2a1{]\4,

2D(1) = ana® (1) [1 -

acé?’) (t) = —zlxg)(t) - Zgl‘éz)( ) + 22325 1) { )}
+z521(t) [0 (1) = 217 (8)] + 20017 (8) [N = 21(8) + 25(0)]
2 () = s150w3(8) 2> (1) + 2518020 ()25 (8) + 5125 () [sa1 () — s3],
() = i (1) — o ().
Ezxpressions for the fourth-order derivatives of the solution functions:

(1) (2)
2 p
#7(t) = aral® (1) [1 - x;,(ﬂ —a [59(0) + 20(0)] - dyald(p) - DAL,

w$0() = =228 () — 20087 (1) + 3202 (1) [0 (1) - 2V (1)
+ 32520 (1) 287 (1) = 2l (0)] + zs21(0) [+ (1) =2l 1)
+ 232 () [NV = 21 (8) + a3(8)]
257 (t) = sisows ()2t (1) +Bsispal ) ()25 (1) +3s1s0al? ()28 (1) + 1257 (8) [s221 () — s3],

2V (t) = diz®P (1) — dozP (1)

Ezxpressions for the fifth-order derivatives of the solution functions:

o) =an (1= 2H0) a0 - (0 + o)) - a0

8a1x(1)( )xgg)(t) Ga [mf) (t)} i

M M ’
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(1) = =128 (1) — 208" (1) + 4z [+ (1) = 21V (1) P (1)
+ 625|257 (1) — 27 (1) 2P (1) + 42 [257(0) 2V (0] o (1)
b2 [0 = 2P (0] an(0) + 22 [V~ (0) + wa(0)] P 1),
2P (t) = s1s0a3(0)al? (1) + 4515028 (0)2lP (1) + 651502 ()2 (1)
+ 48182£E(13)(t)1':(31)(t) + 51 [s221 — s3] xgl) (1),
2P () = dia{? () — dazi? (1),

Ezxpressions for the sixth-order derivatives of the solution functions:

o0 =an |1 2O 00) = 02 [o70) 4 40 0)] - a0

M
1 4 2 3
Coa 05 2 (1) (1)
M YoM

20 () = =22l () = 290 (1) + 52 [250 () — 2V ()] 17 (1)
+ 1023 [xz(f)(t) — xgz)(t)} xgg) (t)+10z3 {xég) (t) — scgg) (t)} a:§2) (t)
+525 [287(6) = 2{0(0)] 21V (1) + 25 287 ) — 27 )] @1 (1)
+ 23 [N — @1 () + 2s(8)] 21 (1),
2O (t) = s15023()2$” (1) + 5s1502( (D)2l (1) + 105150212 ()2 (1)
+ 1Os152x(13) (t)xg)(t) + 581829954)(1?)1:(31)@) + 51 [s221(t) — s3] x§5) (t),
20 () = dya® (t) — daz (1),

The error of the Taylor series numerical method is determined based on the order of the
derivative. Specifically, a fourth-order Taylor series requires the use of derivative values up
to the fourth order. In the theory of numerical methods, this method has a global error of
O(h*) and a local error of O(h%). Similarly, a sixth-order Taylor series method has a global
error of O(h%) and a local error of O(hT) [6, 10, 13].

3.1.2. Runge-Kutta Fourth Order Method

Among single-step numerical methods, the Runge-Kutta method is one of the most
widely used approaches [17], particularly for solving scientific and engineering problems,
which are often represented by nonlinear differential equation systems. Unlike the Taylor
method, which requires computing high-order derivatives to approximate function values at
a given point, the Runge-Kutta method approximates the solution using K intermediate
stages [19]. The Runge-Kutta method includes both explicit and implicit forms [13-14].
In this study, we employ two commonly used Runge-Kutta formulas to solve the energy
supply-demand system (2.1): the fourth-order and fifth-order Runge-Kutta methods. The
fourth-order formula is presented below [10]:

1
Xi+1 = X5 + 6 (k1 + 21{2 + 2k3 + k4) . (32)
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Where:
k1 = hf(ti,Xi),
ko = hf (t; + &,x; + k1),
ks = hf (t; + &,x; + ko),
k4 = hf (tz + h,Xi + k3)

The fourth-order formula utilizes four intermediate stages, k1 to k4, as defined above.
This method has a global error of O(h*) and a local error of O(h®) [6, 10, 13].

3.1.3. Runge-Kutta Fifth Order Method

In this study, we implement the explicit fifth-order Runge-Kutta numerical method
with high accuracy. This formula, proposed by Butcher, employs six intermediate stages
to approximate the solutions of system (2.1) and is described as follows [20]:

Where
kl - f(thxz)a
k2:f(tl+1h X; + lklh)
kng(tl-i-ih X; + 1k1h+ leh)
k4 = (tl + %h X; — 1k2h + kgh)
(

ks =f (t; + 3h, xit 1 Skih+ fkah),
ke =1 (t; + h,x; — k1h+ 2k2h+ 2ksh — Lkyeh + Eksh).

This method has a global error of O(h%) and a local error of O(h°) [6, 10, 13].

3.2. Multi step methods

Unlike single-step numerical methods, multi-step numerical methods are designed to
determine approximate solutions of a differential equation system at time ¢;;1 not only
based on the solution at ¢; but also by utilizing information from the solutions of the system
at multiple previous time steps [6]. These methods include explicit, implicit, and a combined
form of both, known as the predictor-corrector method. In this study, we implement one of
the representative formulas of this approach, the Adams family of formulas, to solve system
(2.1) [10].

Similar to single-step numerical methods, the accuracy of a multi-step numerical method
is evaluated based on its order. A method of order p has a local accuracy of O(hP*!) and a
global accuracy of O(hP) [6, 10, 19].

3.2.1. Adams-Bashforth Methods

The Adams-Bashforth method is a typical explicit multi-step method [6, 13] used
for solving nonlinear differential equation systems. In this study, we implement the
fourth-order Adams-Bashforth formula to solve the energy supply-demand system. In this
approach, the value of the solution function at any given time is approximated based
on the four most recently computed solution values. Given a dataset containing j values
(ti,£) (tiz1,fi1), .oy (tijg1, fi_j11), the fourth-order Adams-Bashforth formula (j = 4) is
presented below [10]:
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h
Xi+1 = X; + ﬂ [55fl —59f;,_1 + 37f;,_5 — 9f1’_3] . (34)

To implement this method, the first step requires knowing the four initial solution values.
Therefore, to determine the solution values from x; to x4, a single -step method must be
used. In this study, these initial values are obtained using the RK4 method.

3.2.2. Adams-Moulton Methods

The Adams-Moulton methods are an implicit multistep approach [13, 14]. This method
is similar to the Adams-Bashforth method; however, the solution values are approximated
not only based on previous steps but also on the predicted step at ¢;;1. Considering a
dataset with ] +1 pOil’ltS (ti+1, fi+1) 5 (tl‘, fz) 5 (tifl, fifl) g eeey (ti,jJrl, fi*j+1) with ] = 3 the
fourth-order Adams-Moulton formula is given as follows [10]:

h
Xi+1 = X5 + ﬂ [9fi+1 + 19f1 - 5f7;71 + fifz] . (35)

3.2.3. Predictor-Corrector Methods

The Predictor-Corrector numerical method is a multi-step technique that combines both
explicit and implicit multi-step methods. This approach consists of two main steps [13, 14]:

Predictor: Use an explicit multi-step numerical method to approximate the solution at
step ti41

Corrector: The approximated solution obtained from the predictor step at ¢;;; is then
substituted into an implicit method to refine the approximation.

In this study, we implement the fourth-order Adams-Bashforth-Moulton Predictor-
Corrector numerical method to solve system (2.1), where the fourth-order Adams-Bashforth
formula is used in the Predictor step, and the fourth-order Adams-Moulton formula is used in
the Corrector step. Additionally, the four initial approximate solution values are determined
using the RK4 method. The specific formulas are presented below [10]:

Predictor P: Fourth-order Adams-Bashforth method.

h
x®) =%, + 5 [95%i — 59F;_y + 376,y — OF; 4] (3.6)
Corrector C: Fourth-order Adams-Moulton method.

c h
Xz('—i-)l =X; + ﬂ [gf (t7;+1, Xz(']—?i-)l) + 19f7, - 5f7;71 + f1;21| . (37)

3.3. Adaptive numerical methods

One of the key techniques in solving nonlinear differential equation systems is the use of
numerical methods capable of automatically adapting the step size flexibly. These numerical
methods typically combine pairs of higher-order and lower-order methods to estimate errors
and adjust the step size accordingly for different solution regions [21]. This approach ensures
the maintenance of accuracy while simultaneously enhancing computational efficiency.

In this study, we implement adaptive step-size numerical methods supported by the
solve_ivp library [18], including the RK45 method [11, 12]; the DOP853 method [13]; the
Radau method [14]; the BDF method [15]; and the LSODA method [16]. To adjust the
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adaptive step size, these numerical methods utilize two critical error tolerance parameters:
Relative tolerances (rtol) and Absolute tolerances (atol), ensuring that the estimated local
error of the solution satisfies the following condition [18]:

Local _error < atol 4 rtol x |x|.

where:

Local _error: is the estimated value of the local error.

rtol: is the relative tolerance.

atol: is the absolute tolerance.

x: represents the approximate solutions of the differential equation system at the
considered time point.

4. FEvaluation Method

Since the exact solution of the nonlinear energy resources supply-demand system is
unknown, evaluating numerical methods in this case is a challenging task. In this study,
we propose several approaches to assess the numerical methods implemented as follows:

a) Evaluating the accuracy of numerical methods by comparing the residual
between the left-hand side and the right-hand side:

To implement this method, the first task is to approximate the left-hand side of system
(2.1). In this study, based on the discrete solutions obtained from numerical methods, we
construct a first-order derivative approximation of the solution functions at the solution
points. Several approaches can be used for this purpose, such as finite difference methods or
function approximation. In this study, we approximate the system’s solution functions using
high-order spline interpolation [21] based on the discrete solution points, then compute
the approximate derivatives at these points. Simultaneously, the obtained solutions are
substituted into the right-hand side of the system. The Mean Absolute Error (MAE)
method [9] is used to measure the discrepancy between the left-hand side and the right-
hand side. A smaller MAE value indicates that the obtained solutions better satisfy system
(2.1). The formula below describes this approach:

Cresiaua = 7 O I¥'s — £ (t1,%)] (4.1)
t;eT

Where:

€residual: 18 the residual error to be computed for the system’s solutions.

x';: represents the derivative approximation of the solution functions of the system
at t;, obtained using numerical solutions.

L: is the total number of solution points considered.

T = (to, t1, ..., t,—1): is the set of selected time points.

b) Evaluating the accuracy of numerical methods using reference solutions:

One of the limitations of the residual-based evaluation method described above is that
the approximation of derivatives on the left-hand side may still introduce errors, depending
on the approximation method used. Consequently, this evaluation approach may not be
entirely accurate. In this study, we incorporate an additional evaluation method by using
reference solutions. According to numerical method error theory, a higher-order numerical
method or one using a smaller step size theoretically yields lower errors [6, 10, 13]. Based on
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this principle, we use the solutions obtained from higher-order methods as reference solutions
to assess the accuracy of solutions derived from lower-order methods or methods with larger
step sizes. Specifically, in this study, for fixed-step methods, the solutions obtained from
fourth-order methods are compared with those obtained from higher-order methods, namely
RK5 and sixth-order Taylor. A fourth-order method whose solutions closely match those of
higher-order methods is theoretically considered to have better accuracy.

For numerical methods with adaptive step sizes, we select a method and set its absolute
and relative error tolerances, as well as its maximum step size, to very low values. This
ensures that the solutions obtained using this method are theoretically more accurate. These
solutions are then used as reference solutions to evaluate the accuracy of numerical methods
configured with higher absolute and relative error tolerances, as well as larger maximum step
sizes. The Mean Absolute Error (MAE) method is then employed to evaluate the errors, and
its mathematical formulation is as follows:

€crror = % Z ’Xiilower - Xiihigher|' (42)
t,eT
Where:
€crror: Lhe error between the lower-accuracy method and the higher-accuracy method.
X; lower: The solution of the method with theoretically lower accuracy at t;
xi_higher: The solution of the method with theoretically higher accuracy at ¢;
L: The total number of solution points considered.
T = (to,t1,...,tr—1): is the set of selected time points.

¢) Convergence Rate Evaluation:

In this study, we employ numerical methods of the same fourth order to compare
their convergence rates. This is achieved by solving system (2.1) using these methods
with progressively smaller step sizes. Theoretically, as the step size decreases, the obtained
solution becomes more accurate. Therefore, if a method’s solution at a larger step size
rapidly approaches its solution at smaller step sizes, that method exhibits a faster empirical
convergence rate. We apply the following formula to evaluate the convergence rate of these
methods:

L% Z ‘Xi_hI*Xi_h2|
t; €T

Cspeed = (43)

L% > ‘Xi7h2 - Xi7h3|
t;€T>
Where:
Cspeed: The index for evaluating the convergence rate of the method
X; h,: Solutions obtained by the numerical method with step size hy at time t;
X; syt Solutions obtained by the numerical method with step size ho at time ¢;
X; hst Solutions obtained by the numerical method with step size hs at time ¢;
Ly: Total number of solution points compared between the numerical method using
step sizes hi and ho
T1 = (to,t1,...,tr,—1): the set of time points used to compare the solutions obtained
by the numerical method using two different step sizes, h; and heo.
Ls: Total number of solution points compared between the numerical method using
step sizes ho and hg
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Ty = (to,t1,...,tr,—1): the set of time points used to compare the solutions obtained
by the numerical method using two different step sizes, ho and hs.

For this evaluation method, the numerical methods being compared must have the same
order and be solved using the same step sizes hi, ho, and hg, satisfying the condition hy >
hs > hg. In this study, we use step sizes that decrease uniformly, specifically ho = hy/2;
hs = ha/2. A method with a higher Cypeeq value indicates a faster convergence rate within
the considered step size range.

5. Results

In this study, we conduct experiments to solve the differential equation system (2.1),
using the parameter values and initial conditions provided in Section 2., over the interval
t = [0,5000]. Table 5.1 presents the accuracy of fixed-step numerical methods using the
residual comparison approach based on formula 4.1, with the step size set to h = 0.01,
thereby obtaining L = 500, 000 discrete solution points. For this evaluation method, the step
size must be sufficiently small to ensure a more accurate approximation of the derivatives
on the left-hand side. In this study, from the discrete solution set obtained using numerical
methods, we apply a fifth-degree spline function to approximate the unknown functions [21],
then compute the approximate derivatives of these functions at the solution points. This
allows us to determine the approximated values on the left-hand side of the system.

The results indicate that single-step numerical methods, such as Runge-Kutta and
Taylor methods, achieve higher accuracy compared to multi-step methods, including Adams-
Bashforth and Adams Predictor-Corrector. Among them, although both exhibit similar
accuracy, the Taylor method requires less computation time than the Runge-Kutta method.
Additionally, although the RK5 method has a lower order than the sixth-order Taylor
method, it has a longer computation time. However, RK5 can achieve comparable accuracy
to the sixth-order Taylor method, suggesting that despite its higher computational cost, it
exhibits stability and effective error control. The Adams-Bashforth method demonstrates
the lowest accuracy but is also the most computationally efficient.

Tabmuma 5.1. OneHKa MOrPEeNrHOCTH YUCIEHHBIX METOOB ¢ (PUKCUPOBAHHBIM
maroM npu h = 0.01 Ha ocHOBe MeTO/1a CpaBHEHUS OCTATKA

Table 5.1. Error Evaluation of Fixed-Step Numerical Methods with h = 0.01 based
on the Residual Comparison Approach.

Method X1(t) error | X2(t) error | X3(t) error | X4(t) error | Time (s)
RK4 2.32198x 10712 | 1.95121x10712 | 2.19175x 10712 | 1.08941x 10712 | 12.508
RK5 2.14742x 10712 | 1.87919x 10712 | 2.15478x 10712 | 1.08296x 10712 |  25.666

Taylor Order 4 | 2.22146x10712 | 2.44939x 1072 | 2.80666x 10712 | 1.09848x10712 |  9.255
Taylor Order 6 | 2.14760x10712 | 1.87941x107'2 | 2.15499% 10712 | 1.08320x10712 | 14.861
Adams-BF 4 | 6.41036x1071° | 3.42839x1071% | 6.61115x10710 | 2.00785x107%° |  5.575
Adams-PC 4 | 2.18936x10719 | 1.10598 x 10710 | 2.18661x1071° | 6.93564x 1071 |  10.037

Figures 5.1, 5.2, 5.3, and 5.4 respectively illustrate the numerical solutions of system (2.1)
obtained using fourth-order methods. The numerical solutions exhibit strong oscillations
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with the presence of high-frequency regions, indicating the system’s strong mnonlinear
characteristics. If the step size h is not sufficiently small, the method may fail to capture
the rapid changes in the solution, leading to significant error accumulation as the solution
domain ¢ increases. A distinction can be observed between the solutions obtained from single-
step methods, namely RK4 and the fourth-order Taylor method, and those obtained from
multi-step methods, such as Adams-Bashforth and Adams Predictor-Corrector.
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Time Time
a) @1(t) b) w5(t)
109 50
Z s g2
N 0.0
0 1000 2000 3000 4000 5000 0 1000 2000 3000 4000 5000
Time Time
c) x3(t) d) xa(t)

Puc. 5.1. Yucsuennsle pemennst cucreMsl (2.1), mosrydeHHbIE ¢ UCIOIB30BAHAEM
merona PK4 npu mare h = 0.01

Fig. 5.1. Numerical solutions of the system (2.1), obtained using the RK4 method
with A = 0.01
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Puc. 5.2. Yucsiennble perenus, moJrydeHHbIE C UCIIOJB30BAHUEM MeToja Teiopa
qerBépToro nopsiaka npu mare h = 0.01

Fig. 5.2. Numerical solutions obtained using the fourth-order Taylor method with
h =0.01

V.T. Vo, S. Noeiaghdam, A.I. Dreglea, D. N. Sidorov. A Study of Numerical Methods for Solving the. ..



156 Zhurnal Srednevolzhskogo Matematicheskogo Obshchestva. 2025. Vol. 27, No. 2.

X1(1)

0
-10
0 1000 2000 3000 4000 5000 0 1000 2000 3000 4000 5000
Time Time
a) z1(t) b) w(t)
107 50
s §2,5
0l 0.0
0 1000 2000 3000 4000 5000 0 1000 2000 3000 4000 5000
Time Time
¢) w3(t) d) w4(t)

Puc. 5.3. Yucsennbie penienus, moJydYeHHbIE C UCIOJIb30BaHuEM MeToja Anamca —
Bamdopra gyerBéproro nopsiyika npu mare h = 0.01

Fig. 5.3. Numerical solutions obtained using the fourth-order Adams-Bashforth
method with h = 0.01
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MIPOTHO3a~KOPPEKIINU YeTBEPTOTO Hopsifka mpu mare h = 0.01

Fig. 5.4. Numerical solutions obtained using the fourth-order Adams
Predictor-Corrector method with A = 0.01

Figures 5.5 and 5.6 illustrate the numerical solutions of system (2.1) obtained using
the higher-order methods RK5 and sixth-order Taylor. It is observed that the numerical
solutions obtained from both methods exhibit minimal differences, indicating that with a
step size of h = 0.01, the solutions are relatively convergent over the interval ¢t = [0, 5000].
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Fig. 5.5. Numerical solutions obtained using the RK5 method with h = 0.01
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Fig. 5.6. Numerical solutions obtained using the sixth-order Taylor method with
h =0.01

Figures 5.7 and 5.8 illustrate the numerical solutions of system (2.1) using the high-order

methods RK5 and sixth-order Taylor with a step size of h = 0.01. It is observed that as the
time domain extends to ¢ = [0, 10000], the accumulated error increases significantly, leading
to considerable discrepancies between the numerical solutions obtained by the two methods.
Therefore, for the examined time domain, reducing the step size may be necessary to ensure
greater accuracy and convergence of the solution.
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Fig. 5.7. Numerical solutions obtained using the RK5 method with h = 0.01 and
t = [0,10000]
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Puc. 5.8. Yucniennnie pernenus, moyIeHHbIE C UCITOIb30BaHNEM MeToma Teitaopa
mrectoro nopsizka npu mare h = 0.01 u ¢ = [0, 10000]

Fig. 5.8. Numerical solutions obtained using the sixth-order Taylor method with
h =0.01 and ¢ = [0, 10000]

Figures 5.9 illustrate the numerical solutions of system (2.1) in a three-dimensional space,
obtained using the sixth-order Taylor method, with a step size of h = 0.01 and ¢ = [0, 5000].
It is observed that the system’s solutions in the chaotic state exhibit a complex dynamical

structure.
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Puc. 5.9. I'padwuku npoeknnmit GpazoBbix Tpaekropuii cucrems! (2.1), mosydennoie
JHCAeHHBIM MeTonoM Teiiopa mecroro nopsaxa npu h = 0.01 u t = [0, 5000], za
COOTBETCTBYIOIINE TPEXMEPHBIE TOJIITPOCTPAHCTBA

Fig. 5.9. Graphs of projections of phase trajectories of the system (2.1), obtained
by the sixth-order Taylor numerical method for A = 0.01 and ¢t = [0, 5000], onto the
corresponding three-dimensional subspaces

Tables 5.2 and 5.3 present the results of comparing fourth and fifth-order fixed-step
numerical methods with the higher-order sixth-order Taylor method, using formula 4.2 over
the solution domain ¢ = [0,5000] at different step sizes of 0.1 and 0.01. The results indicate
that, compared to fourth-order methods, the solutions obtained from the fifth-order RK5
method exhibit significantly lower error when compared to the sixth-order Taylor method.

When comparing the numerical solutions obtained from different fourth-order methods
with those from the sixth-order method, the results indicate that single-step fourth-order
methods yield lower errors than multi-step methods. Among them, the fourth-order Taylor
and fourth-order Runge-Kutta methods demonstrate comparable error levels, but the fourth-
order Taylor method requires less computation time than the fourth-order Runge-Kutta
method. However, at a larger step size (h = 0.1), the RK4 method produces solutions with
lower error than the fourth-order Taylor method. As the step size decreases, the results from
Tables 5.2 and 5.3 further show that the single-step methods RK4 and fourth-order Taylor
exhibit a faster error reduction rate compared to multi-step methods based on the Adams
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formula. Consequently, their solutions converge more rapidly to the sixth-order method’s
solutions.

Tabsinga 5.2. CpaBHeHHUE OTPEIIHOCTEH YUCIEHHBIX METO0B YeTBEPTOrO U
[SITOTO MOPsifiKa ¢ MeTonoM Teitsopa mecroro nopsinka npu mare b = 0.1
Table 5.2. Error comparison of fourth-order and fifth-order numerical methods
with the sixth-order Taylor method at h = 0.1

Method X1(t) error | X2(t) error | X3(t) error | X4(t) error | Time (s)
RK4 0.3201646816 | 0.3074583273 | 0.2545435753 | 0.2405862251 1.301
RK5 0.0106139637 | 0.0066821595 | 0.0025826036 | 0.0091452239 2.548

Taylor order 4 | 0.3677339589 | 0.5283631888 | 0.3963504489 | 0.3275716874 0.933
Adams-BF 4 0.9803687400 | 1.0451732467 | 0.8478472690 | 0.7701285329 0.584
Adams-PC 4 | 0.9257142090 | 1.0183955740 | 0.7794342566 | 0.7509303939 1.016

Tabunia 5.3. CpaBHeHHUe [TOTPEIIHOCTEN YNCIEHHBIX METO0B YeTBEPTOrO U
MSITOrO MOpsijiKa ¢ MeTojoM Teiiopa 1mecroro nopsigka mnpu mare h = 0.01
Table 5.3. Error comparison of fourth-order and fifth-order numerical methods
with the sixth-order Taylor method at A = 0.01

Method X1(t) error | X2(t) error | X3(t) error | X4(t) error | Time (s)
RK4 0.0016633238 | 0.0011119776 | 0.0004133325 | 0.0013543109 12.508
RK5 8.11004x107% | 5.47477x 107" | 2.01610x107% | 6.55285x10°% |  25.666

Taylor order 4 | 0.0013549301 | 0.0009225286 | 0.0003366501 | 0.0010875024 9.255
Adams-BF 4 0.6969048783 | 0.9875354755 | 0.7338413482 | 0.6110239391 5.575
Adams-PC 4 0.6352375876 | 0.8482451456 | 0.6250611408 | 0.5381780426 10.037

Tables 5.4 and 5.5 present the errors between the numerical solutions obtained using
fourth-order methods and the fifth-order Runge-Kutta method over the solution domain
t = [0,5000], at step sizes of 0.1 and 0.01. The results exhibit similar trends to those
observed when comparing these methods with the sixth-order Taylor method.

Tabauna 5.4. CpaBHeHNE TOTPENTHOCTEN MEXK/Iy UNCTEHHBIMUA METOIAMU
4eTBEPTOro nmopsaaka u MerogoM Pynre-Kyrrol naroro nopsanka (RK5) npu mare

=0.1
Table 5.4. Comparison of errors bethen f(())urth—order numerical methods and RK5
at h =0.1
Method X1(t) error | X2(t) error | X3(t) error | X4(t) error | Time (s)
RK4 0.3222448445 | 0.3093120751 | 0.2551649732 | 0.2409296628 1.301
Taylor order 4 | 0.3686927666 | 0.5287241577 | 0.3957364282 | 0.3253967559 0.933
Adams-BF 4 | 0.9800879315 | 1.0470551703 | 0.8487057242 | 0.7690135558 0.584
Adams-PC 4 | 0.9219998790 | 1.0193316583 | 0.7804187325 | 0.7464283058 1.016
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Tabsua 5.5. CpaBHeHHE OrPEIIHOCTEH MEXK /Ly YNCIEHHBIMUA METO/[aMU
9eTBEPTOro mopsika u MerogoM Pynre-Kyrror naroro nmopsanka (RK5) npu mare
h =0.01
Table 5.5. Comparison of errors between fourth-order numerical methods and RK5
at h =0.01

Method

X1(t) error

X2(t) error

X3(t) error

X4(t) error

Time (s)

RK4

0.0015822653

0.0010573021

0.0003931734

0.0012888379

12.508

Taylor order 4

0.0014360006

0.0009772263

0.0003568097

0.0011529920

9.255

Adams-BF 4

0.6969151280

0.9875166627

0.7338327435

0.6110366128

5.575

Adams-PC 4

0.6352336703

0.8482619023

0.6250628251

0.5381703950

10.037

To evaluate the convergence rate of numerical methods, this study applies various fourth-
order numerical methods to solve system (2.1) over the solution domain ¢ = [0, 5000], with
progressively decreasing step sizes, starting from h = 0.5. The error between numerical
solutions at successive step size reductions (each step size being half of the previous one) is
measured, and the convergence rate is computed using formula 4.3 proposed in this study.
The results, presented in Table 5.6, show that for larger initial step sizes, all numerical
methods exhibit similar convergence rates, mostly around 1. This indicates that all the
methods converge slowly or have not yet stabilized within the considered step size range.

Tables 5.7 and 5.8 present results for further reductions in step size, showing that single-
step methods demonstrate an increasing convergence rate, which becomes significantly higher
as the step size decreases. In contrast, multi-step methods exhibit a slower and inconsistent
convergence rate. These findings indicate that single-step methods tend to converge more
effectively than multi-step methods, while multi-step methods may require smaller step sizes
to achieve convergence. This result is also consistent with previous evaluations based on the
residual method and reference solutions obtained from higher-order numerical methods.

Tabsmia 5.6. CpaBHeHHE CKOPOCTEN CXOAMMOCTH YHCJIEHHBIX METOJ[OB Y€TBEPTOrO
nopsifka ¢ puUKCHpoBaHHBIM maroM mpu hy = 0.5, he = 0.25, hs = 0.125
Table 5.6. Comparison of the convergence rates of fourth-order fixed-step methods
at h1 = 0.5, ho = 0.25, h3 = 0.125

Method X1(t) speed | X2(t) speed | X3(t) speed | X4(t) speed
RK4 1.485 1.132 1.209 1.445
Taylor order 4 1.235 1.042 1.174 1.124
Adams-BF 4 1.285 1.369 1.383 1.269
Adams-PC 4 1.047 0.769 0.816 0.935

Tabsma 5.7. CpaBHeHHE CKOPOCTEl CXOAMMOCTH YHUCJIEHHBIX METOJIOB Y€TBEPTOrO
ropsifika, ¢ pukcupoBaHHbIM ItaroM npu hy = 0.125, he = 0.0625, hs = 0.03125
Table 5.7. Comparison of the convergence rates of fourth-order fixed-step methods
at hy = 0.125, hp = 0.0625, hs = 0.03125

Method X1(t) speed | X2(t) speed | X3(t) speed | X4(t) speed
RK4 1.942 2.531 2.392 2.119
Taylor order 4 1.665 2.916 2.637 1.888
Adams-BF 4 1.166 1.427 1.363 1.268
Adams-PC 4 1.176 1.945 1.776 1.321
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Tabsua 5.8. CpaBHeHHE CKOPOCTEN CXOAMMOCTH YHCJIEHHBIX METOJ[OB Y€TBEPTOrO
nopsifka ¢ dpukcupoBanHbiM maroM npu by = 0.03125, he = 0.015625,
hs = 0.0078125
Table 5.8. Comparison of the convergence rates of fourth-order fixed-step methods
at hy = 0.03125, he = 0.015625, hs = 0.0078125

Method X1(t) speed | X2(t) speed | X3(t) speed | X4(t) speed
RK4 8.040 8.849 11.401 8.316
Taylor order 4 7.196 8.843 16.467 6.634
Adams-BF 4 1.140 1.082 1.150 1.060
Adams-PC 4 1.162 1.169 1.175 1.177

In this study, adaptive step-size numerical methods supported by the SciPy library [17-
18] are implemented to solve the differential equation system (2.1). These methods include
RK45, DOP853, Radau, BDF, and LSODA. The system (2.1) is solved over the domain
t = [0,5000], discretized into L = 500,000 equally spaced solution points.

Tables 5.9 present the accuracy evaluation of these methods using the residual-based
measurement defined in equation 4.1, with the parameter max step = 0.01, atol = 10~ '?
and rtol = 107%. The results indicate that adaptive single-step methods, such as RK45,
DOPS853, and Radau, achieve higher accuracy than adaptive multi-step methods, namely
BDF and LSODA, with DOP853 exhibiting the best accuracy.

Tabaumna 5.9. CpaBHeHUE TOI'PEINTHOCTENH aJAITUBHBIX YUCJIEHHBIX METOJIOB C
HCITOJIb30BAHUEM METO/Ia U3MEPEHUsI OCTATKA

Table 5.9. Comparison of the errors of adaptive numerical methods using the
residual measurement method

Method X1(t) error | X2(t) error | X3(t) error | X4(t) error | Time (s)
RK45 1.62218x1071* | 3.18855x 10714 | 1.81544x 10714 | 1.93451x107 1 | 54.624
DOP853 | 1.60911x107 % | 3.14930x 107 | 1.79521x 10~ | 1.91034x 107 | 104.688
Radau 3.13656x 10714 | 6.87510x 10714 | 6.66809x 1074 | 1.93717x107 | 140.390
BDF 2.23207x 10712 | 7.22017x 10712 | 9.07787x 10712 | 5.86248x 1073 | 87.648
LSODA  |2.33088x10712 | 2.10136x10712 | 2.35122x 10712 | 1.14341x 1072 | 18.278

In addition to evaluating the accuracy of adaptive numerical methods through residual
error measurement between the left-hand and right-hand sides, this study also assesses
these methods by comparing them with reference solutions, as presented in Section 4.
Specifically, two methods were selected to generate reference solutions: DOP853, a high-
order method representing single-step numerical methods, and BDF, representing multi-step
numerical methods. These methods were assigned stringent accuracy parameters (i.e., small
values for atol, rtol and max step). The system (2.1) is then solved using the two selected
reference methods to obtain highly accurate solutions, which serve as reference solutions
for comparison and evaluation. The adaptive numerical methods under assessment were
assigned lower accuracy requirements.

Tables 5.10 and 5.11 present the errors when comparing the solutions of adaptive
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numerical methods configured with accuracy settings of atol = 107%, rtol = 107%, and max
step = 0.1 to the highly accurate reference solutions obtained using the selected reference
methods, DOP853 and BDF (atol = 107'2, rtol = 107 and max step — 0.01), over
the interval ¢ = [0,5000]. The results show that adaptive single-step numerical methods
continue to outperform adaptive multi-step numerical methods. Among them, DOP853
achieves the highest accuracy, followed by the single-step methods Radau and RK45, which
have comparable accuracy. However, Radau requires a longer computation time, which is

entirely expected due to its implicit nature.

Tabsinga 5.10. CpaBHeHUE MOTPENTHOCTEN MeXK/ly aJallTUBHBIMYA YUCJIEHHBIMU

METOaMH ¢ HU3KUMHU HACTpOiikamu TodHOCTH (atol = 1079 rtol = 107% u
makcumaabubli mar = 0.1) u stamonasim merogom DOP853, nacTpoeHHbIM Ha
BBICOKYIO TouHOCTb (atol = 107'2, rtol = 107%, max step = 0.01)

Table 5.10. Error comparison between adaptive numerical methods with lower
accuracy settings (atol = 107%, rtol = 107° and max step=0.1) and the reference
method DOP853, set with parameters for high accuracy (atol = 10712,
rtol = 107%, max step = 0.01)

Method X1(t) error | X2(t) error | X3(t) error | X4(t) error | Time (s)
RK45 0.0847663554 | 0.0813651643 | 0.0571416993 | 0.0634416895 5.662
DOP853 | 1.23895x107% | 8.36145x 107 | 3.07995x 107 | 1.00127x107% |  10.392
Radau 0.0759208190 | 0.0708642717 | 0.0474347373 | 0.0559951801 13.920
BDF 0.6086937873 | 0.5833698577 | 0.5198981051 | 0.4354076134 8.677
LSODA 0.5265124258 | 0.4244004704 | 0.3941582924 | 0.3654465934 2.146

Tabauma 5.11. CpaBHeHne MOTPENTHOCTEN MEXKIY aJAlTHBHBIMU IUCICHHBIMU
METO/IaMU € HU3KUMU HACTPOikamu ToqnocTu (atol = 107%, rtol =107% u
MakcuMaJibHbIH mar = 0.1) u sranorssiM MeTonoM BDF| HACTPOEHHBIM Ha BBICOKYIO
toanocts (atol = 1072, rtol = 107%, max step = 0.01)

Table 5.11. Error comparison between adaptive numerical methods with lower
accuracy settings (atol = 107, rtol = 107°® and max step=0.1) and the reference
method BDF, set with parameters for high accuracy (atol = 1072, rtol = 107°,
max step = 0.01)

Method X1(t) error | X2(t) error | X3(t) error | X4(t) error | Time (s)
RK45 0.1099220031 | 0.1186788941 | 0.0876441707 | 0.0886665677 5.662
DOP853 0.0668795589 | 0.0457344731 | 0.0317789621 | 0.0591959604 10.392
Radau 0.1023159919 | 0.1080904800 | 0.0780278565 | 0.0848352444 | 13.920
BDF 0.6065371580 | 0.6115335048 | 0.5396587152 | 0.4378548469 8.677
LSODA 0.5309210513 | 0.4370703576 | 0.4003046808 | 0.3784663871 2.146

Figures 5.10, 5.11, 5.12, 5.13, and 5.14 respectively depict the numerical solutions of
system (2.1) using the adaptive numerical methods RK45, DOP853, Radau, BDF, and
LSODA over the domain ¢ = [0,5000], with max step = 0.01, atol = 10~'2, rtol = 107%.
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Fig. 5.10. Numerical solutions obtained using the RK45 method
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Puc. 5.11. Yucnennsle penreHust, moyydeHHble ¢ UCIOab30BanneM Meromga DOP853

Fig. 5.11. Numerical solutions obtained using the DOP853 method
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Puc. 5.12. Yucnennsie pernrenusi, mMoIydYeHHbIE C UCIOIb30BaHneM MeToga Radau

Fig. 5.12. Numerical solutions obtained using the Radau method
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Puc. 5.13. Yucnenusle pemnrenusi, MoJIy9eHHbIE C UCIOIb30BaHneM Meroza BDF

Fig. 5.13. Numerical solutions obtained using the BDF method
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Puc. 5.14. Yucnennble perieHus, MoJyYeHHbIE ¢ UCIOIb30BanueM Meroga LSODA

Fig. 5.14. Numerical solutions obtained using the LSODA method

Figures 5.15 and 5.16 illustrate the numerical solutions of the system over the extended
time domain ¢ = [0, 10000], obtained using two highly regarded numerical methods: DOP853
and Radau. It can be observed that as the time domain increases, the solutions no longer
maintain the similarity seen in figures 5.11 and 5.12 (where ¢ < 5000). Furthermore, a
comparison of the numerical results in the domain ¢ > 5000 obtained using the RK5 and
sixth-order Taylor methods as shown in figures 5.7 and 5.8, reveals that when the system is in
a chaotic state, the accumulated error increases rapidly, leading to significant discrepancies
in the numerical solutions and making convergence difficult within this domain.
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Fig. 5.15. Numerical solutions obtained using the DOP853 method with
t = [0, 10000]
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Fig. 5.16. Numerical solutions obtained using the Radau method with ¢ = [0, 10000]
6. Conclusion

In this study, we implemented numerical methods to solve the nonlinear energy resources

supply-demand system, including single-step methods, multi-step methods, and adaptive
step-size methods. The effectiveness of these methods was analyzed and evaluated for
the given problem. Experimental results indicate that, in the considered cases, single-step
methods were more effective than multi-step methods in terms of accuracy and convergence
speed, while multi-step methods demonstrated higher computational efficiency, as they
required less computation time. Adaptive step-size numerical methods demonstrated both
flexibility and stability. Based on the evaluation and analysis of the system’s numerical
solutions, the system exhibits nonlinearity and chaotic behavior. In addition, the system’s
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components change rapidly and influence each other significantly, potentially leading to
irregular oscillations and the emergence of complex dynamics. Therefore, to ensure numerical
stability and accurately simulate the long-term dynamic behavior of the system, it is
essential to employ high-order numerical methods combined with an appropriate step size.
In this study, we focused on implementing representative numerical methods to solve the
nonlinear energy resources supply-demand system, in which certain aspects of the system’s
behavior were observed through numerical solutions. To gain a more comprehensive and
in-depth understanding, future research should extend the experimental scope, investigate a
wider range of solution domains and parameters, and analyze the effectiveness of numerical
methods when applied to more complex cases of the system.
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MmuoxkectBa Bpamenus SO(3)-pacimpennii

KBa3UIIepnoanIeCKNX IIOTOKOB
A.H. Caxapos

Huotcezopodekuti  2ocydapecmeennoili  a2papHO-MeTHOA02UNECKUT — YHUBEPCUMEM
um. JI. . @aopenmovesa (2. Huorcrnuti Hoseopod, Poccudickas Pedepavus)

AmnHoranusi. B Hacrosiei ctaTbe CTPOUTCS KJIACC CHENUAIbHBIX IIOTOKOB HA MHOTOMEDHOM
TOpPE M TOIIOJIOIMYECKHUI MHBAPHUAHT TAKUX IIOTOKOB — MHOYKECTBO BpAIleHHsI. Takue IIOTOKH
BOBHUKAIOT B IMPOIIECCE PUBEIEHNsT K TPEYTOJIBHOMY BUIY JIMHEWHBIX CUCTEM AudDepeHIiu-
aJbHBIX YPABHEHHUI ¢ KBa3UIIepUOAMIecKUMU Kodddunmenramu. B mporiecce Takoro mpuse-
JIEHUSI IIOJIy9aeTCsl CUCTEMA HEJIMHENHBIX MuddepeHINaIbHbIX YPABHEHNN HA MHOIOMEPHOM
TOpe, KOTOpas IOPOXKIaeT IIPOEKTUBHBIN ITIOTOK, MHAYIUPYEMBIII MCXONHON JIMHEHHON CcH-
cremoii. B paBore crpourcs asropurm SO(n)-pacmmpenns KBa3UIIEPUOAMIECKON JTMHEHHOM
cucremsl. IIpu 9TOM MCHONIB3YIOTCS U3BECTHBIE PE3YJILTATHI U3 TEOPUU MATPUYHBIX MDY U
anre6p Jlu. Ilomydennasi cucrema ypaBHEHMH JIOIYCKAaeT MOHIKEHUE MOPSIIKA, UTO IIO3BO-
JIIET 3aIMCaTh IIPaBble YACTH B BUJE TPUIOHOMETPUIECKUX MIOJIMHOMOB OT YIVIOB Diljiepa Ha
cdepe. Cayuait n = 3 paccMaTpUBaeTCs OTIEIBHO. Y PABHEHHS, OIPEIeJISIONe TPOEKTHB-
HBII TTOTOK, 3aIlIACBIBAIOTCS B sIBHOM Bujie. | [pOEKTUBHBIN ITOTOK OMpesie/IeH Ha TOpe pa3Mep-
HOCTH M+ 2, TJie T — pa3MEePHOCTDb UCXOAHOTO Topa. CTPYKTYypa 9TOr0 IMOTOKA OMPEIeIsaeTCs
TOIIOJIOTMYECKUMU MHBapHaHTaMu IoTokKa. Hanpumep, HeocoObIil TOTOK Ha IBYMEPHOM TODE
MMEET TOMOJIOTUIECKHi MHBapuanHT — aucio spamenus (A. Ilyankape). Mcnonbsys meron M.
DpMaHa, yAaeTcsa J0Ka3aTh CyNECTBOBAHUE M €JMHCTBEHHOCTH BEKTOpaA BpaleHus (p1, p2)
1uIst ipoekTrBHOrO 1oToka Ha T™ 2. C momorrsio Teopuu C. ITIBapiMaHa ope e/ IeH s MHO-
2KeCTBA BpAIEHNUs IJIsT TIOTOKOB Ha KOMITAKTHBIX METPUIECKUX MPOCTPAHCTBAX MOKA3BIBAET-
cs1, 970 KOMIIOHEeHTa p2 = 0. 3ech ucnosb3dyercs (akT, 9To pa3sMEepHOCTh MAKCHUMAJbHOM
TOPUYECKO mozaire6psl ajare6psel so(3) paBHa eJuHUIIE.
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Abstract. In this paper, we construct a class of special flows on a multidimensional torus
and a topological invariant of such flows, i.e. a rotation set. Such flows arise while reducing
linear systems of differential equations with quasiperiodic coefficients to a triangular form.
In the process of such a reduction, we obtain a system of nonlinear differential equations on
a multidimensional torus, which generates a projective flow induced by the original linear
system. In this paper, we use known results from the theory of matrix groups and Lie
algebras and construct an algorithm for SO(n)-extension of a quasiperiodic linear system.
The resulting system of equations admits a reduction in order, which allows us to write the
right-hand sides as trigonometric polynomials in Euler angles on a sphere. The case n = 3 is
considered separately. The equations defining the projective flow are written explicitly. The
projective flow is defined on a torus of dimension m + 2, where m is the dimension of the
original torus. The structure of this flow is determined by topological invariants of the flow.
For example, a non-singular flow on a two-dimensional torus has a topological invariant —
the rotation number (A. Poincare). Using M. Herman’s method, it is possible to prove the
existence and uniqueness of the rotation vector (pi1,p2) for the projective flow on T™ 2
Using S. Schwartzman’s theory defining the rotation set for flows on compact metric spaces,
it is shown that the component ps = 0. Here, the fact is used that the dimension of the
maximal toric subalgebra of the algebra so(3) is equal to one.
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1. Bsegenne

IIpu ommcanwu JOKAJIBLHOTO TOBEJEHUsST TPACKTOPHUI HEIMHEHHOW cucTeMbl auddepeH-
[MaJIbHBIX yPABHEHUI MCIIOJIb3YIOTCSI JIUHEHbIe CUCTeMbl B Bapuamusax. JIJis mIpujioKeHuit
BaKHO OITMCAHNE JUHAMUKY TAKUX CUCTEM JIJIsl PEIeHNIl Ha MHBAPUAHTHBIX MHOTOO0Pa3UsiX
UCXOIHON cucreMbl M (epuofmyecKre penieHus, MHBAPUAHTHBIE TOPbI € KBA3UIIEPUOJIU-
YECKMMHU TPAEKTOPHUAMH HA HUX U T.IL.). OJHUM M3 METOIOB HMCCJENOBAHUS TAKUX CHCTEM
SIBJISIETCSI METOJI, TPYIIIOBOTO PACIINPEHUS, TTIO3BOJISIIOIINI TPUBECTU JIMHEHHYIO CUCTEMY K
TPEeyroJIbHOMY BHIy. TaKoe paciliupeHne 03BOJISieT OIUCATh IMHAMUKY B TEPMUHAX CBONCTB

A. N. Sakharov. Rotation sets of SO(3)-extensions of quasiperiodic flows
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TPAEeKTOPHUil HEJIMHEHHON CUCTEMBI HA KOMIIAKTHOM MHOT000Opasuu. 371eCh B KAYECTBE TPYTI-
bl PACIIUPEHUsI €CTECTBEHHO MCIIOJIB30BATh KOMIIAKTHYIO MATPpUUHYIO rpymmy. IIporemsypa
PACIIMPEHUS CBOJUTCS K MOCTPOCHUIO BEKTOPHOI'O 01 B ajredpe JIu 91oit rpynnel. Tak Kax
Takas ajrebpa 06/1a/1aeT KOMMYTATHBHON TOPUIECKOH 1OAaIrebpoii, T0 BO3HUKAET BEKTOD-
HOE TI0JIe Ha, paccJIoeHnn ¢ 6a30it M n ciioem Top. HAyIupyeMblii TOTOK Ha 3TOM PACCIOCHUN
AMEET TOIOJOTHIECKUH MHBAPUAHT — MHOXKECTBO Bpamenus. ONUCAHUIO CTPYKTYPBI 3TOTO
9TOr0 MHOYKECTBA B IPOCTENIIIEM CJIydae MOCBSINEHA 9Ta paboTa.

Kiaccuueckoe monsitue uucia BpaiieHust BeejeHo A. Ilyankape st HEOCOOBIX ITOTO-
koB Ha Tope T?2. 3aciTyra pacpocTpaHEeHUs ITOTO TIOHATHA JJIA TIPOU3BOIBHBIX TIOTOKOB HA
KOMIIAKTHBIX MeTpruecKux npocrpancrsax npunasyexxur C. Hsapumany [1]. B otsmuane
OT TeOMeTPUYECKOTO onpenenenus [lyankape, OH BBOJUT YUCTO anrebpamdeckoe MOHSATHE
ACUMIITOTUIECKOTO IMKJIA, UCIOJIb3Ys MHBAPUAHTHYIO MEPY IOTOKA. DTO MOHSTHE COBIA-
Jaer ¢ onpejenernem IlyaHkape B cydae TOTOKOB Ha TOpe. 3aMeTHUM, YTO HA IIOBEPXHO-
CTAX poza GOJIbIIE €UHUIII AHAJOIOM YHUC/Ia BPAINECHUS SABJISAETC TOMOTONMYECKUNA KJIACC
ppamienus (C.X. Apancon, B.3. I'purec [2]). IToaromy JasbHeilie pe3yabTaThl KAcaTCs,
B OCHOBHOM, CTPYKTYPbI MHOXKECTB BPAINEHHUs IIOTOKOB Ha MHOTOMEPHBIX TOpax. Passmurme
9THX Hjieil MOxKHO HaiiTn B 0630pe M. ITosmkorra [3).

PaceMoTpuM BelecTBEHHYO JIMHEHHYIO CHCTEMY C KBA3UIIEPUOJANIECKIMU KO3 DUIINEH-
TaMn

p=w, T=Alp)r, cR”" xecR" (1.1)

rie ¢ — yriaoBble KoopauHarsl Ha Tope T™, A(p) — Marpuna-dyHKIMsA Ha TOPE, W — BEK-
TOp C PAIMOHAJIBHO HE3aBUCHMBIMU KOMIIOHEHTaMU. Takasi cucreMa IIOPOXK/JIAeT IOTOK Ha
paccioernu T™ X R™, KoTOpbIil Ha3bIBAETCS JIMHENHBIM PACIHIMPEHNEM IIOTOKa Ha Tope. u-
HaMmuKa cucteMbl (1.1) jerko omnmnceiBaercst, koryua A(p) — rpeyrosbHas Marpuia. Cucremy,
HE SIBJIAIONLYIOCSI TPEYTOJIbHOM, ¢ HOMOIIBIO I'PYIIIOBOIO PACIIMPEHUs] MOXKHO IIPUBECTH K
TPEyTOJHLHOMY BUIY. AGCTpaKTHAasl TeoOpeMa O MPUBEJICHUN K TAKOMY BUJLYy TPOU3BOJIBLHOTO
JIMHEIHOTO PACIINPEHNs] MUHIMAIBHOTO TIOTOKa TprHayexkut .Y, Bpormrreitay ([4], Teo-
pema 5.8). IIpon3BosibHASI HEABTOHOMHAS JINHEIHAST CUCTEMA TAKYKe TIPUBOMMA K TPEYTOJIb-
HOMY BHy coriacHo teopeme Ileppona [5]. B cayvae rpynmst SO(n) nosmyuaem cucreMmy Ha
koMnakTHOM MuHOrooOpasun T™ x SO(n), KoTopasg MOPOKIAET NOTOK, HasbiBaeMblit SO(n)-
pacmupenneM motoka Ha Tope T7". CykeHne Ha KaKOe-Jimb0 MUHAMAIbHOE MHO2KECTBO 9TOTO
[IOTOKA JiaeT PeKyppeHTHoe npeobpasoBanue cucreMbl (1.1) K TpeyroabHOMY BUILY.
Haubosee noapobuo usyuen ciaydvaii SO(2)-pacuupennii. Ilycts n = 2 u marpuna A B

(1.1) myeer Bug (( )b ))
Ag) = (08 ) ).

c(p) —ale)
Tor/:(a IIOTOK Ha Tope Tm+1 Hopoxgae'rc;{ BeKTOprIM II0JIEM

p=w, 0="b(w)—c(p)+ (b() + () cos d + 2a(p) sin 6. (1.2)
Uncao MUHAMATBHBIX MHOYKECTB y 9TOTO IIOTOKa paBHO jmbo 1, mmbo 2, mubo Top Tm+H!
npescTaBiasgeT coboil HecueTHOe OObeIMHEHNEe MUHMMAJBHBIX MHOXKECTB (Teopema 8, [6]).
TTorok mMeeT TOMOJIOrUYECKiT MHBAPUAHT — YUCJIO BPAIIEHUS] CJIOS:

0(t, ¢o,60)

p= fim S

KOTOpOE He 3aBUCAT OT HadaJbHBIX JIAHHBIX perenus (¢, ) (P. dxxoucon, FO. Mozep [7],
M. Opwman [8]). IIpu m > 1 uucsio BpaleHus CJI0s HE SABJSETCS MOJHBIM TOIIOJOIHYECKIM

Caxapos A. H.. Muoxecrsa Bpamenus SO(3)-pacimupennii KBa3uIEepUOJHIECKUX IOTOKOB



174 Zhurnal Srednevolzhskogo Matematicheskogo Obshchestva. 2025. Vol. 27, No. 2.

HHBAPHUAHTOM, TaK KaK HE ONpPEIE/IdeT OJHO3HAYHO TOMOJIOTHI0 MUHUMAJILHBIX MHOXKECTB:
MUHAMAJILHOE MHOXKECTBO Jin6o Top T™ ¢ KBA3WIEPUOAUIECCKUM IIOTOKOM Ha HEM, JU6O
noutu asromopdnoe pactmpenne’ moroxa ma T™ (P.9. Bunorpax [9]), 6o Top T™H
[IOTOK H& KOTOPOM He siBjisiercsi KBasunepuoaunueckum (P. JIzkoncon [10]).

SBameuanue 1.1. Ecau s (1.2) npasyro wacmv dan 0 samenumv npouseoavHOT
pynryueti a(p, 0) na mope T™ mo maxoti nomox maxoice umeem wucao 6pawenus caos,
He 3asucauee om HauaAbLHOLL darnolr [11]. Paccmompum amy cucmemy Kax cucmemy ypas-
HEHUL TAPAKMEPUCTIUK KEA3UNUHETHO20 YPABHEHUA 6 YACTIHOLT NPOU3BOIHDIT

00 o0 00
wi— fwea—+ -+ wn=— =alp,0).

dp1 D2 Dom
Pewenua amozo ypasnenus 0(p,n) nepuoduunvt no @ U Yoo6AEMEOPAIOM DPAEEHCMEY
O(p,n+2m) = 2w+ 6(p,n). Taxum obpazom, pewenus (UHMEPANLHBIE NOBEPTHOCTIU) 00Pa-
3YIOM CAOEHUE M-MEPHBLT UUAUHIPOS, YUCAO BPAUEHUA CA0% p pedonanchoe: lp— (k |w) = 0.
Ecau p payuonasvho, mo aubo 6ce YusuHopb CAOEHUA M-MEPHDLE MOPbL, AUOO CYULeCTNEYem,
YEMHOE YUCAO T-MEPHHLT TMOPOE, & OCMAALHBIE UUAUHOPYL ACUMNMOMUUECKY CTPEMATNCA
k num. IIpu uppayuonasvrom p kascovll yusundp Aubo 6cody NAOMHO NEPECEKAEMCHA C
Koopdunamoti 0, aubo cyuecmeyem UHBAPUAHIMHOE MHOHCECTNEO, NEPECEHEHUE KOMOPORO C
koopduramot 6 — xKanmoposo muoscecmeo [12].

Cremyromuii 10 CI0XKHOCTH Ciaydait coorBercrByer cucreMme (1.1) pasmepHocTH TpH.
31ech yiaercs BLISIBUTh OCHOBHBIE OCOOEHHOCTH, BO3HUKAIONIUE IIPH HCCJICIOBAHUA MHOTO-
MepHBIX cucreM. B pabore crpoutcs ajropurs nocrpoenus SO(n)-paciimpenus KBa3uiepu-
OJIMIECKOT0 TOTOKA Ha Tope T | HHAYIUPOBAHHOTO JTUHEAHBIM PACITUPEHIEM ITPOU3BOILHON
pasmeproctu (paszen 2). B paszmesne 3 nponeaypa SO(3)-pacumpenus OpUBOIUT K MOTOKY
ma Tope T2, Jlj1s1 HOCTPOEHMS MHOYKECTBA BPAIIEHHS 3TOTO MOTOKA UCIOIb3YeTCs YHIBED-
caJibHOe TIOHsITHE acuMmITornaeckoro rukia Isapivana (paszern 4).

2. IIpoekTuBHOEe pacHIMpeHNEe, AaCCOIMNPOBAHHOE C JIMHENHBIM pac-
HIMpeHnueM

Onumem anroput™ npusegenust cucremsl (1.1) K TpeyronsaOMy By ¢ momomnibio SO(n)-
pacrupennst. Ilycrs A(p) = S(p) + R(p) pasinoxkerne marpuiibl A(@) Ha CAMMETPHUIECKYTO
U aHTUCHMMETDPUYECKYIO YacTu. ByjieMm uckarh Takyto marpuiy @ € SO(n), 4robbl 3aMena
« = Qy upusogmia cucremy (1.1) K TpeyroabHOMY BUILY:

Q'Q = QA(P)Q—T(p.Q).

3aech T(p, Q) — BepXHETPEYTONbHAsT MATPUIIA, & CAMBOJ ' 0003HAYAET TPAHCIIOHUPOBAHUE.
Tak kak marpuna Q'S(¢)Q cuMmerpryecKasi, TO CIPABEJJINBO IPEICTABJIEHIE

Q'S(p)Q = D(p,Q) + P(¢,Q) + P'(¢,Q),

rue D(p, Q) — muaronasbhas Mmarpuna, P(p, Q) — BepXHsis TPEYrojibHasi MATPUIA C HYJIEBOi
nnaroHasabio. Ilosoxus

T(p,Q) = D(p,Q) +2P(p,Q),

! MurmmanbHOe MHOKeCTBO M Takoe, UTO CYIIECTBYeT XOT# Gbl OHA TOUKa ¢, € T™ c HYIbMEpHBIM
cnoem: card{ My} = 1.

A. N. Sakharov. Rotation sets of SO(3)-extensions of quasiperiodic flows
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[TOJIYIaeM CJIEIYIONLYI0 CUCTEMY YPABHEHU JJIsT MATPUbBI ()

¢ =w, QQ=QRPQ+P(p,Q) —PlpQ). (2.1)

Ota cucrema onpegenser notok P ma T™ x SO(n), KOTOPbI UMeeT MUHUMAJIbHBIE MHO-
skecTBa. HampuMep, eciii MEHAMAIBHOE MHOMKECTBO HEIPHBOIUMEL TOPZ, TO IPH yCJIOBUH
1noaHTOBOCTH BEKTOPA 4aCTOT KBA3UIIEPUOIMYECKUX pellenuti Ha Tope cucrema (1.1) npu-
BOJIIMA K CHCTeMe C IIOCTOsIHHOM Marpwurieit [13].

Tun 1 KOJIMYeCcTBO MHBAPUAHTHBIX MHOXKECTB cucTeMbl (2.1) Tpebyer ee JI0NOJHUTEb-
HOro ajrebpamdyeckoro aHajmsa. [IpaBast 4acTh ypaBHEeHUs s () IPUHUMAET 3HAYEHUS B
so(n) — anrebpe JIn Bcex KOCOCUMMETDHUYECKUX BEIIECTBEHHBIX MATPUIL HOPsKa 1. Koop-
JUHATHAsT 3aUCh cucTeMbl (2.1) 3aBucur or crnocoba napamerpusanuu rpymmnbt SO(n) u
cTpyKTyphl anrebpst so(n). enrp Lo anrebpsl So(n) COCTOUT U3 BCeX KOCOCUMMETPUIECKUX
BEIIECTBEHHBIX MATPHIL BUIa (IIPU HEUETHBIX 70)

. 0 -1 0 -1 0 -1
Y—dlag(01<1 0)792<1 0)779[77,/2] (1 O)’O)

Jpyroe Ha3BaHHe IeHTpa — MaKCUMaJIbHasi TOpHUecKasl nojasrebpa aarebpot so(n). Torma
so(n) gBJisIeTCsl TPAMO¥ CyMMOI HOIIIPOCTPAHCTB BUIA

Lo ={X €so(n): [Y,X]=a(H)X,Y € Ly},

rne o € L. Orciona nosyuaercst pasioxenune Kaprana

so(n) = Lo & | @ La (2.2)

a0

(mopobHBIE JeTan 9TOH KOHCTPYKIWMH MOYXKHO Haiitu B [14]).

Cucrema (2.1) onpezesisieT penenne ¢ TOUHOCTBIO J0 MHOKUTEIS U3 IOAIPYIIIbI CTAbUIIb-
roctu SO(n — 1). Tak kax S"~! = SO(n)/SO(n — 1), To ecTeCTBEHHO BBECTH CJleTylomee
olpe/esIeHue.

Oupenenenue 2.1. Cyscenue nomoxa, onpedesnemozo (2.1), na paccaoenue
T™ x S™~! nasvieaemes npoexmueHbLM PACUUPERUEM, ACCOUUUPOSAHHBIM C AUHETIHDIM Pac-
WUPEHUEM KEA3UNEPUOIUMECKO20 NOMOKA HA MOPE.

3. T'pymma SO(3)

B cayuae SO(3)-pacmupenus TpexmepHoii cucremst (1.1) pemenne Q(1, @, Qo) CHCTEMBI
(2.1) ompe/iesIeHO ¢ TOYHOCTBIO 10 TIPOM3BOJIBHOTO MHOYKATEJS M3 TIOATPYTIIBI CTAOMIEHOCTH
SO(2) rpymmsr SO(3). Tax xak S? = SO(3)/SO(2), To MPOEKTUBHBII MOTOK OIpeJIeIeH Ha
muoroo6paszun T™ x §2.

Banumewm cucremy (2.1) B koopauuarax (@, 0), tae — 8 = (61, 603) — yrus Diiepa. Mar-
punia (Q B 3TUX KOOP/IMHATAX BBITJISIAT TaK

cosf)y —sinf; O 1 0 0
Q= |sinf; cos#; O 0 cosfy —sinfy |, 0<6;<2m, 0<6,<m.
0 0 1 0 sinfy  cosfy

2Top, comepKamiuii BCIOAY ILIOTHYIO TPAEKTOPHIO.
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Homycrmm, uro A(p) = A(p) + R(p), e A(p) = diag(Ai(p), X2(9), A3(p)), a

0 —ri(p) —raep)
R(p) = | ri(e) 0 —r3(¢)
r2(p)  T3() 0

Torma cucrema (2.1) B 9TUX KOOPMHATAX BBITIAIAT TAK®

0 01 0 0 f1(e,01,62) 0
$=w, =01 0 O] =|—fi(p,01,62) 0 fa(p,01,62) | . (3.1)
0 —6 0 0 —fa(p, 01,02) 0

DTO MATPUYHOE YPABHEHUE MOXKHO 3aIMCATh B BUJE CJIEIYIONMEH CHCTEMbI

p=w,
0, = fi(p,01,62) = r1(p) — M sin 20, cos 20,
2 (3.2)

0y = £29(<p, 01,02) = r3(p) cos by — ra(p) sinb1+
TE2 (cos? 01 (M () — Aa(0) — Aa(0) + Aal)).

Hycrs F(‘Pv 01, 02) = (fl(‘Pa 01, 62)7 f2(<)07 01, 92)) Tak xak F(‘pv 01, O) = F((P, 01, W)a TO
IpaBble JacTH CHCTeMBI (3.2) ompeIeNIaoT Heocoboe BeKTopHoe Toie Ha paccioermn T x T2,
XOTsl TIepBOHAYATBbHO cucTeMa (3.2) paccMmaTpuBajgach Ha MHOroo6paszmm T™ x S2. Dror
deHOMEH BO3HUKAET IOCJIE CJIEYIONIEH “Xupyprudeckoit” omepaiun: pa3yThusi CEBEPHOTO U
JI07KHOTO TIOJIIOCOB cpephl S2 B OKPYKHOCTH I 3aTeM CKJICHBAHISA STHX OKpy:KHOcTeil. Takoil
K€ BBIBOJ] MOYKHO CJIeJIaTh, paccMarpuBas MaTpuly A(y) ¢ Ipou3BOILHON CUMMETPUYECKO
qacThio? .

HanomunM, uTo pemenust cuctembl (3.2) ma Tope T™ 2 o6ianaroT cBOHCTBOM MepHO-
JMYIHOCTH 2-I'0 POJia OTHOCUTE/IbHO HAYAJIBHBIX JIaHHBIX. [[ycTh KOMIIOHEHTa w1 BEKTOpa w

pasna 1. Torga cucrema (3.2) 3anuCHIBAETCS B BUIE HEABTOHOMHON CHCTEMBI

b=,
9:1 = f1(t, @,01,02), (3.3)
92 = f2(t7¢791»92)7

e ¢ = (p2,-.., Om), @ = (wWa,...,wn). OToOpakeHre MOHOAPOMUHU JJIsI TIOTOKA, TIOPOXK-
naenmoro cuctemoit (3.3), 3To romeomopdusm Topa T

H(¢,0) = (1 + ¢,0 + u(9,0)). (3.4)
Baecy T = 27@0. Oyukuus u(¢p, 0) 2w-nepuogrIHa 110 BCEM [IEPEMEHHBIM 1

lu(g,8)] < 27 (3.5)

3KOppeKTHOCTb 9TUX BBIBOJOB IMPOBEPEHA B CHCTEME aHAJNTHYECKHUX Bhrauciaenuii Maple.
4310 crencTBEe TOro hakTa, YTO HPOM3BOILHAS CHMMETPUYECKAS MATPHUIA IPHBOIUTCS K JHATOHAb-
HOMY BH/JIy OPTOTOHAJIbHBIM IIPE0OPa30BaHUEM.

A. N. Sakharov. Rotation sets of SO(3)-extensions of quasiperiodic flows
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4. MHo>KeCTBO BpallleHH’sI CJIOsI

st cucreMbl HA TOPe €CTeCTBEHHO MTOCTABUTEH BOIPOC O CYIIECTBOBAHUU BEKTOpPA Bpa-
IIEHUsI IOTOKA, IIOPOXKAeMOro cucreMoii (3.2), Koropasi onpejiesisier IIOTOK Ha PACCIIOEHUN
¢ 6azoit T™ u cioem T?. TeoMeTpudecKuii BEKTOP BpalleHus /I cucTeMbl (3.2) 3T0 BEKTOD
(w, p), TIe ABYMEpHLI BEKTOP P — BEKTOpP Bpamienus cjosa T2 ompeesserca Tak

t
ple.0) = Jim ¢! [ Flip+ ws,0(s.0.0)ds (4.1)
0

e (¢ + wt, 0(t, ¢, 0)) — permernne (3.2). OGoCHOBaHME ITOrO ONPE/IEJIEHHsST COCTOUT B JI0-
Ka3aTeJIbCTBE CYIIECTBOBAHMS 9TOrO mpezena Just Becex (¢, 0). Kpome Toro, ecrecTBeHHO
PaccMOTPETh BOILPOC O €r0 3aBUCUMOCTU OT HAYAJBHBIX JAHHBIX.

Pacemorpum cHauasma udacTHble caydan. [Ipemmosnoxum, aro ucxonHas cucrema (1.1)
GJI0UHO-IMAroHAIbHA. B aTOM city4ae cucreMa (3.2) IPpHHAMAET BHJL

p=w,
9'1 =r1(p) — M sin 265, (4.2)
0, = 0.

Cucrema (4.2) npencrasisier coboil 1eKapTOBO IIPOU3BEJIEHNE JBYX HE3ABHCHMBIX CHCTEM,
HpuyeM BTopasi — TPUBHAJIBLHOE PACIIMPEHUe KBA3UIIEPUOIMIECKOro TIOTOKa, a Tepsas — S1-
pacIMpenne KBa3UIIEPHOANIECKOTO NOTOKA. MCII0 BPAIIEHNUS CJI0ST P TIOTOKA TAKOH CHCTEMBI
CYIIECTBYET U HE 3aBUCHT OT HAYAJIbHBIX JaHHbIX [11]. Takum 06pasoM, B 9TOM CIIyHdae BEKTOD
Bpamenus — (p,0).
Eme onun kpafinuit ciayuait — marpuna A(e) kococummerpuana. Cucrema (3.2) B aTOM

CIIytae TaKoBa

P =w,

01 =r1(ep), (4.3)

0y = r3(p) cos By — ro(g) sin by

Dra cucreMa MHTErpUpyeMa B KBAAPATYPaX U, OUYEBUJHO, UMEET BEKTOD BPAIICHUs CJIOS
(p,0), e p — cpeanee 3nadenne dbyaxnuu 71 (). OQHAKO, IMHAMUKA TAKOH CUCTEMbI MOXKET
ObITH JocTaTOYHO ciaoxkHOil. Hampumep, B pabore [15] moka3aHo cyliecTBOBaHIE MHOXKECTBA
B tuna G4 B npocrpanctse C°(T™, s0(3)) Takoro, uro npu A(p) € B NOTOK, OO 1aeMbiii
cucremoit (3.2), MUHEMATIEH .

Bekrop Bpaienus ciosi romeoMopdusma (3.4)

n—1

p(.0) = Tim 3" u(,,0) (1.4)

n—o00 27N
k=0

COBIIAJIAET ¢ BeKTOPOM Bpaitenus (4.1), eciu (¢y,, 0y ) — urepanuu rouku (¢, @) nom geiictsu-
eM 3Toro romeomopdumsma. Cremyst bynmamentanpaoil pabore M. Dpmana (8], mokaskem,
aro nipesien (4.4) cymecryer juist Beex 6.

5 JlokazaTeapcTBO 3TOro haxTa CyMIECTBEHHO yIPOIIACTCS, €CJIH MPEIIOIOXKITh, YTO HHTETPAJIBI OT KBa-
3uneproanIeckux QyHKuii ro(wt), r3(wt) He SABIAIOTCH KBA3UIEPHOIUIECKUMH (DYyHKIUIMU.
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JJemma 4.1. ITycmo mowka ¢ € T™ 1 duxcuposana. Tozda

1. sexmop spawerua p(¢p,0) ne 3asucum om 6;

2. ecau npedea (4.4) cywecmeyem das nexomopozo By, mo on cywecmeyem das scex 6.
Hokasareubctso. Ucnouassyem nepasenctso (3.5). Toraa

47

u(@,01) — u(6,02)] <

Crie1oBaTeIbHO, €CII MPeJies CYIECTBYET, TO OH HE 3aBUCHT OT 6.
Joka3zaTelbCTBO 3aBepIIeHO.

JlokazaTenbCcTBO CyliecTBOBaHUsS npejea (4.4) OCHOBAHO HA CJIEYIONIEM DPe3yJIbTaTe
([8], §5.4, nemma).

JIemma 4.2. Ilycmv X — xomnaxmnoe npocmpancmeo, G — 2omeomoppuzm X, h €
C°(X,R). IIycmw

p = ! h(z)dp,

2de (I — NPOU3BOALHAA UHBAPUGHMMHAA omHocumenvho G Hopmuposannas mepa. Tozda no-

caedosamenvHocmos GyYHKUUL
n—1

G @)
k=0

Pa6HOMEPHO cxodumes x p-

Teopema 4.1. Jlasa mobox ¢ u 0 npeden (4.4) cywecmsyem u ne sasucum om
evibopa mouxu (¢, 0).

HokaszaTenbcTso. Kemm py u s — JIBe MHBApUAHTHBIE HOPMUPOBAHHBIE MEDBI
oTobpaxkeHus MOHOApomun H , To 06e OHM MPOEKTUPYIOTCS B €IMHCTBEHHYIO NHBAPUAHTHY IO
mepy v (mepy Xaapa) na tope T™ 1. Cormacuo sprojuueckoit Teopeme Bupkroda-Xunanna
CYITeCTBYeT MHOYKECTBO MOJHOM Mepbl B C T™ ™! Takoe, uro ecim (¢, 0) € B x T2, To

|
—_

n

'U,(Hk(d),e)) — P = (P17P2)7 n — 0o,
0

1
2mn

=~
Il

rie p ne zapucut or (¢,0). Tax kax muOMKecTBO B X T? gBjIfeTCS MHOMKECTBOM MOJHOM
MepbI OTHOCUTEJNIBHO [i] U fi2, TO

wl6.0)di = [ u(@.0)du: = p,
']I‘m+1 'H‘m+1

HpI/IMeHS{H JIEMMY 4.2 x 0601M KOMIIOHEHTaM BEKTOpa P, IMoJydaeM YTBEP2K/JICHUE TCOPEMDBI.
,ZLOKa3aTeJIbCTBO 3aBepIineH o.

Bameuanue 4.1. Fwe 6 0dnoti ussecmnot pabome M. Ipmana [16] paccmampusa-
EMCA NPOOAEMA CYULECTNBOBAHUS eOUHCTMEEHH020 6EKMOPE BPGULEHUA OAS 20MEOMOPPHUIMOE
mopos. Edurncmeennocms maxo2o 8exmopa 6pauseHus 6 0anHOT CUMYAUUY CYUECTBEHHO

A. N. Sakharov. Rotation sets of SO(3)-extensions of quasiperiodic flows
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0CHOBAHO HA AemMe 4.2, KOmopas 30ect Cnpasediusa, mak xax omobpaxrcerue mMorodpo-
muu H 2omomonno mooscdecmeennomy. B ynomarnymoti pabome [16] nocmpoerve npumepo
omobpasicenuti mopa, He 20MOMONHBIT MOHCIECTNGEHHOMY, K020 CLOOUMOCTND 6 Aemme 3.2
ne 6ydem pasromepnoti. Konempyrxyuu M. Dpmana ocrosans, 1a peayisvmamax u3eecmmot
pabomu, X. Propcmenbepaa [17].

Tenepnb, ucnosb3ys Teopuio acumuroTudeckux 1ukios IIBaprmana [1], mokaxkem, 4To
y BEKTOpa BPAINEHHUS CJIOS P KOMIOHETHa po = (. YUMCIEHHBIA SKCIEPUMEHT MOKA3LIBAET
CIIPABEIUBOCTD ITOTO TIPEIIONOKeHNs (CM. PUCYHOK 4.1, T7e mokasaH rpaduk 3aBUCAMOCTH
0T HapaMeTpa € BeKTOpa BPAIeHHs CUCTeMBI (3.2) ¢ OJMHOMUAJILHON 3aBUCUMOCTBIO OT ).

08 = 0.8

0.6 i 0.6

0.4 / 0.4

7

p (e) °'z p,(e) *
02 / 02

-04 / -04

06| -06

08— -08

Puc. 4.1. KoMIIOHEHTBI BEKTOPa BpAIIEHUs CJI0si cucTeMbl Buaa (3.2): a) auciio
BPAIEHUS CJIOs 2-TO ypaBHEHUs cucTeMbl (3.2), b) 9uc/io BpameHus Caos 3-ro
ypaBHeHHsi cucreMsl (3.2)

Fig. 4.1. Components of the layer rotation vector of the system of the type (3.2):
a) the layer rotation number of the 2nd equation of the system (3.2), b) the layer
rotation number of the 3rd equation of the system (3.2)

Paccmorpum koucrpykiuio I[IBapiivMana /it TOTOKA {CI)t} Ha MHOroobpasuu ) = T™ X
SO(n). InBapuanTHast Mepa MOTOKA /i OLPEJIeIIseT TOMOMOPdH3M IpymIr X, : H >, z2) - R
creytomum obpaszom. I'pymma HY (Y, Z) usomopdua hbaKTop-TpOCTPaHCTBY HEPEPBIBHBIX
orobpazkennit h : Y — S! mo oTHOIEHNIO M30TOMMIECKOH SKBHBAIEHTHOCTH. s 1106010
HEMPEePBIBHOTO 0TOOparkeHusi h MOYKHO TIOCTPOUTD HENMPEPBhIBHYI0 DYHKINO @ R X Y — Y
takyio, ato h(®t(y)) = h(y)e*®Y) u a(t + s,9) = a(t,®*(y)) + a(s,y) (1-komukmn oTo6-
paxenusi h). ITo teopeme Bupkroda-Xununna s jr060it MHBAPUAHTHON Mephl IpeJest
a*(y) = t_l)igloo t~la(t,y) cymecTByer ayis mouTn Beex y € ) OTHOCHTETHLHO MEpPBI [ 1

/a*(y)du = /a(l,y)du-

Yy Yy

Caxapos A. H.. Muoxecrsa Bpamenus SO(3)-paciupenuii KBa3uIepUOAHIECKUX TOTOKOB
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Torma romomopdusM X, Ompe/enseTcsa paBeHCTBOM

Xulh] = /a*(y)dﬂ,

y

rae [h] obosHataeT M30TONMYUECKHIt KiIacc sxkBuBastenTHOCTH h. O6pas W, romomopdusma
X, HA3BIBAETCsI TPYIIIOi (i-KPyJIeHHsl (f-aCUMITOTHYeCKNM IKJIoM). Eciu W), = 0, To ro-
~Y p—

BOPAT, YTO BEKTOPHOE IIOJIC [-TOMOJIOTUYECKU TpubuanabHo. Ecm W, = Z, o W, = p,Z
JIIL HeKOTOoporo p,, > 0. B aTom cirytae nosre Ha3bIBaeTCS (4-FOMOIOTHYCCKH PAIOHAILHBIM.
Bo Beex apyrux ciyuqasx, W, = p1Z + po + -+ + prZ, te p,, = (p1,...,pk) — BEKTOD C
pAaIMOHAIBHO He3aBUCUMbBIMU KoMIoHeHTaMu U m < k < m+ ¢, rue { — pa3MepHOCTh MaKCHU-
MaJIbHON TOpHYIECKOil nogaredpst asredpsl Jlu rpynnet SO(n). B namewm ciayuae £ = 1, tak
KaK Pa3MepPHOCTh MaKCHMAJIBHON TOPMIECKOi ofaare6phl anreGpsl so(3) paBHA eJUHHUIIE.

Teopema 4.2. Mruoscecmso epawerus cucmemv (2.1) cocmoum us odnozo eexmopa
(p,0).

JoxasaTeuabcTB o. MaTpunbsl MaKCHMAIBHON TOPUIECKON MOIATIreOpB! AJIreOph
so(3) mmeror Bug,

0 —p O
p 0 0
0 00

CrenoBaresibHO, yunThiBas, 9To onpesesnenne [[IBapriMana wnces BpalleHUs COBIATAET C
OOBITHBIM B CJIyvae IMMOTOKOB Ha TOPE, MOJIYIaeM

t
p1= fliglot_l fi(ws, 8(s))ds = | fi(w,B)dp,
/ ! y/

t
po = lim ¢! / fo(ws, B(s))ds = / fa(w,0)du =0,
0 y

TaK KaK 3TU IIpeJaesbl HEe 3aBUCAT OT BI)I60pa I/IHBapI/IaHTHOfI MeEpPbI U.
HJokazaTealbCcTBO 3aBepIIeEHO.

Bameuanue 4.2. Jocmouncmeo xoncmpyruyuu Ileapumara 6 mom, wmo ona npu-
MEHUMA OAS N100020 HENPEPBLIEHOZ0 MOMOKA HA KOMNAKIMHOM MEMPUUECKOM NPOCTNPAHCINGE.
C dpy20t cmoporvl 9ma KOHCMPYKUUS 3a6UCUIN 0M, 6bl00Pa UHBAPUAHMHOT MEPDL TOOKA.

Ommemum, 4¥mo npoodpas MOHAMUSL ACMNINOTNUYECKO20 UUKAG MOHCHO HATMu 6 padome
H.M. Kpwaosa v H.H. Bozoaobosa [18], nocsawentols ceazam ap200uneckoli meopuu u
monoao2uueckolti dunamuru. eticmeumenvro, 00uH U3 pe3ysbmamos 3mot pabomo, maxos:
ecau f(y) — nenpepvisras GYHKUUL HA MEMPUYECKOM KOMNAKME ), Ha KOmopom deticmaeyem
nenpepvisnbiti nomox ® ¢ uneapuanmmoti mepoti 1, Mo mrodicecmseo mouex Yy € Y maxuz,

wmo
t

tim ¢t [ (@ ()ds = [ F)dn
N

t—o0
0

6

ABAAEMCA MHONCECTNEOM® NOAHOU MEPDL.

606]llerI/IH5{TOe Ha3BaHUE — MHO?KECTBO KBa3UPEryJIdPHBIX TOYEK IIOTOKAa.
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Jlist OUEeHKH Ync/ia MUHMMAJIBHBIX MHOXKECTB cucTeMbl (2.1) paccMOTpUM KOMIUIEKCHYTO
JBYMEPHYIO JINHEIIHYIO CUCTeMY

p=w, &=Ap)x, =xcC> (4.5)

IPUBOAUTCS K TPEYTOJBHOMY BHJY € IIOMOIINBIO 3amenbl € = Uy, rue U € SU(2), ecim U

ABJIFETCA pelieHnueM CI/ICTBI\H)I7

¢=w, UU=URU+ P (p,U) - Pp,U),

KoTOpas omnpe/iesiser motok Ha T™ x SU(2). Cyxenue sroro notoka ua T™ X S? — mpoekTus-
weIit motok. CormacHo Teopeme 2 u3 [19] or mMeer smbo oxmO, MU6O MBA, IGO0 KOHTHHYYM
MUHUMAJIbHBIX MHOXKECTB. AHAJIOIMYHOE 3aKJI0YEHNe CIIPABEJINBO U JIJIsl TIOTOKA, OIIPe/Ie-
asiemoro (3.2), tak kak rpymma SO(3) uzomopdna daxrop-rpynme SU(2)/{+E}.

5. 3akJIIo4YnTe/IbHbIE 3aMeYaHus

Ucnounb3yst usBectHOe npejcraBienne Marpui u3 SU(2), MOXKHO 3ammcaTh ypaBHEHHsI
IPOEKTHBHOIO pacuiupenust cucreMbl (4.5) B cdepudeckux koopunarax. OHU SIBISIOTCSH
cucreme ypasaernuit Ha Tope T™ 12, momo6HoI cucreme (3.2). Tak Kak MaKcuMaJbHAs TOPH-
yeckast nojasredpa aaredpbl su(2) uMeer pasMepHOCTb 1, TO MHOKECTBO BDAIIEHUSI CJIOS —
BekTOp BHja (p,0).

ITpu n > 3 npoekTUBHOE paciIupenue, coorBercrByomiee (2.1), mopoxiaer cucreMy Ha
Tope Tm+n—1 .

p=w, 60=F(p0), (5.6)

rue 0 — Bekrop cdepudeckux Koopaunar, F(p, 0) — TpuroHoMeTpudecKuil moJuHOM OT [epe-
MEeHHOIT 6 ¢ meproamIecKuMu 1o @ Kodddunuentamu®. Onucanne THHAMIKE 3TOH CHCTEMBI
IIOMOTJIO OBl PEIUTD PsiJL 33124, CBA3AHHBIX C T€OPHeil JIMHEHHBIX PACHINPEHNil KBA3UIIep-
OIUIeCKUX TTOTOKOB. Harpumep, MOXKHO pacCMOTPETH CJIEIYIONINe TUIIOTE3bI:

1. MHOKeCTBO BpallleHUsI COCTOUT U3 €UHCTBEHHOTO BEKTOpa (W, P).
2. CymectsyeT peobpasoBanne, BO3MOXKHO dhopMasbHoe, cucteMbl (5.6) K Buy”
p=w, I=p.

Ecu s1u runoressl cnpaseniusbl, To cucreMa (1.1) miagkum (aHAJIUTHIECKUM) IPeobpaszo-
BaHUEM IIPUBOJUTCHA K CACTEMe C IMOCTOAHHON TPEeyTroJbHONU MaTpHIei.
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Panru njianapHocTu MoJiyrpynmnoBbIX MHOT0OOOpa3uii,
MMOPOXK/I€HHBIX MNOJIyI'PYIIIIaMi 4YeTBEPTOTO IMOPIIKa

. B. Comomarun

®I'BOY BO «OmI'IlYs (2. Omcx, Poccutickas @Pedepayus)

AnHoTauusa. B jganHOM cTarhbe TPOBOANUTCS KJIACCUMUKAIIAA MHOIOOOpa3uii, MOPOXK IEHHBIX
[TOJIyIPYIIIAaMHU YETBEPTOIO IOPsKa, 0 UX paHraM uranapHoctu. Lless ucciieoBanus 3a-
KJTIOYAETCs B YCTAHOBJIEHUH TIOJTHOTO TIEPeYHsI BO3MOXKHBIX 3HAYEHUI PAHTOB IJIAHAPHOCTU
U BBISBJIEHUU OCHOBHBIX (DAKTODPOB, OIPEIESISIONIUX BO3MOXKHOCTD IJIOCKON YKJIAJIKU I'Da-
doB Ky cBO60IHBIX TOIYyTpyII paccMaTpuBaeMbIX MHOroo6pasuii. [IpuMensiorcss MeToabt
Teopun rpadoB U aIredPHI TOKIECTB, UCIOJb3ys MHHOBAIMOHHBIE AJTOPUTMUYECKUE ITOJI-
XOJIBI JIJIsI IPOBEPKH PABEHCTB IIOCPEJICTBOM aBTOMATU3MPOBAHHBIX CUCTEM JOKA3aTEJIHCTBA
Prover9 u Mace4. CymiecrByromue miockue ykiaaaku jjs rpados Kasm paccmarpuBaeMbix
MOJIyTPYTI MPE/ICTABIEHBI HA PUCYHKaX. B ciaydae OTCyTCTBHS IJIAHAPHOCTH YKA3bIBAET-
Csl KOHKPETHBIN OOHApY>KEHHBIN 3allpelEHHbIi MUHOD: HOJHBIA I'pad MATOro MopsiaIka Uin
ITOJIHBIN IBYA0IbHBIN rpad. Ocoboe BHUMAHME YIeJIsIeTCsl CTATUCTUIECKO 00paboTKe MOoJTy-
YEHHBIX PE3YJIbTATOB METOAOM TJIABHBIX KOMIIOHEHT M MOCTPOEHUIO MEPAPXUIECKON KIacTe-
pusaruu. Ha pucyHkax npuBejieHbl nepapXuiecKre J1epeBbsd, (DaKTOPHbIE IIOCKOCTH, KOppe-
JIAIIMOHHBIE KPYT'H, CTOJIONEBBIE JUArPaMMBbI Pa3JI02KEeHUsI 00IIeil MHEPIUH 110 KOOPAMHATHBIM
ocsim. XOTs U paHee MIaHAPHOCTH rpada Ksau cBobomHOM mOTyrpy sl MHOTOOOpa3us HHTY-
WTUBHO CBA3BIBAJIACH CO CTEIEHBIO CJIOXKHOCTH OIIPEJIEJIAIONINX TOXKIECTB, B JAHHO! pabdoTe
9Ta 3aBUCHUMOCTH BIIEPBBIE IIOJIyYaeT CTPOroe KOJUYIECTBEHHOE BBIDAXKEHUeE, IPHUBEICHHOE B
Tabiuax. B paMkax mcciieoBaHUsT BBOSITCST BCIIOMOTATEIbHBIE TAPAMETPHI, UTO MTO3BOJIS-
€T 3HAYUTEJIbHO IIOBBICUTH OOBSICHUTEJBHYIO CHJIY MOJEIN U Pa3JeIUTh MHOroOOpa3us Ha
IPYNIBL IO TOIOJOTMYECKUM XapaKTepUCTHKaM. B pesysbrare aHain3a yCTaHOBJIEHO, UTO
BeLymuMH (DAKTOPAMHU, BIUSIIONINMY Ha 3HAYEHNE PAHIOB, SIBJISIOTCS IapaMeTPhl, OTParXKa-
IOIIIIe PA3HOCTHU MO3UIHI CUMBOJIA «Z» B TOXKJECTBaX 0A3WCHOIO HaOOpA.

KumaroueBbie ciioBa: rpad Koamim, maemMroreHTHbIE U HEUJIEMIIOTEHTHBIE MOJIYTPYIIIbI, Te-
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Abstract. This paper classifies semigroup varieties generated by fourth-order semigroups
according to their planarity ranks. The aim of the study is to establish a complete list of
possible values of planarity ranks and to identify the main factors determining the possibility
of planar stacking of Cayley graphs of free semigroups of the considered varieties. Methods
from graph theory and algebras of identities are applied, using innovative algorithmic
approaches to verify equality via the automated proof systems Prover9 and Mace4. The
existing flat graph stackings for the Cayley graphs of the semigroups under consideration
are shown in the figures. If there is no planarity, the particular forbidden minor discovered
is indicated: a complete fifth-order graph or a complete bipartite graph containing three
vertices in each of the parts. Special attention is paid to the statistical processing of the
obtained results by the principal components analyse and the construction of hierarchical
clustering. The figures show hierarchical trees, factor planes, correlation circles, and column
diagrams of general inertia decomposition along coordinate axes. Although the planarity of
the Cayley graph for a free semigroup of a manifold was previously intuitively associated
with the complexity degree of the defining identities, in this paper this dependence is for the
first time given a rigorous quantitative expression, depicted in tables. Within the framework
of the study, auxiliary parameters are introduced, which allows to significantly increase the
explanatory power of the model and divide manifolds into groups according to topological
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the value of ranks are the parameters reflecting the differences of positions of the symbol
«z» in the basis identities.

Keywords: Cayley graph, idempotent and non-idempotent semigroups, permutable and
non-permutable semigroups, semigroup varieties, planarity ranks, principal component
analysis

For citation: D.V. Solomatin. Planarity ranks of semigroup varieties generated
by semigroups of order four. Zhurnal Srednevolzhskogo matematicheskogo obshchestva.
27:2(2025), 185-228. DOI: 10.15507/2079-6900.27.202502.185-228

About the authors:

Denis V. Solomatin, Ph.D. (Phys.-Math.), Associate Professor, Department of
Mathematics and Methods of Teaching Mathematics, Omsk State Pedagogical University
(14 Tukhachevsky Emb., Omsk 644099, Russia), ORCID: https://orcid.org/0000-0002-9356-
9890, solomatin dv@omgpu.ru

1. Bseagenue

Temaruka HacTosdIIEeH cTaThu OepeT cBOE Hada o ¢ nmpeacTaBaennoit JI.M. MapTbiHOBBIM
Pa3BEPHYTON MOTHUBAIIMN K MU3YUEHUIO TOHATUS PAHTa ILUIAHAPHOCTHU IS MOJIYTPYIIIOBBIX
MHoroobpasuii [1]. Hamomuum, 4ro paHroM MJIAHAPHOCTH IIOJIYTPYIIIOBONO MHOIOOGpa3ust

D. V. Solomatin. Planarity ranks of semigroup varieties generated by semigroups of order four
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Ha3bIBAETCS HAMOOJIbIIIEE KOJIUIECTBO 00PA3yIONUX CBOOOIHOM MOIYTPYIIIbl JAHHOIO MHO-
roobpasusi, OTHOCUTETHLHO KOTOPBIX rpad Kaau sToit momyrpynmnst mianapen. Vctoputieckn
nepBasl MOJIHAs KJACCU(UKAIUS [IOJIyTPYIIIOBBIX MHOr0oOOpasuii 1o paHraM ILJIAHAPHOCTH
ObliIa TIOCTPOEHA B KJIACCE MHOIOOOPA3Mit KOMMYTATUBHBIX MOHOMIOB [2]. CpaBHUTEIBHO
HEJABHO ObLIa 3aBepIleHa KJAcCH(PUKAIUS MHOr000pasnii MOPOXKIEHHBIX ITOJIYTDYIIIAMEI
Tperbero nopsiika [3]. Ilpogoikas uccienoBanus B HAIPABJICHUN YBEJIUICHUN OPSIJIKA [0~
POXKIAIONINX HOJYI'PYIII 33[a/IMMCsI BOIIPOCOM KJIACCHMUKAIINYA MHOr0o00pa3nii OPOXK 1eH-
HBIX IIOJIyT'PYIIIAMU YETBEPTOrO IOPSIKA C IIJIbI0 IOJIyYeHUs B JIaJIbHENIIeM BO3MOXKHOIO
0000IIeHNsT HA MOJIYyTPYIIILI IPOU3BOJIBHOTO MTOPSIIIKA.

Nsyuenne MHOro0Opasnii mOJyrpyIii, MOPOXKIEHHBIX OJIYyTPYIIIAMA 9€TBEPTOrO OPSII-
K&, BAXXHO 10 Py OOBEKTHUBHBIX HpuduH. [loayrpymnmbl 4eTBepTOro MOpsiaKa SBISIOTCS
OIHAMH M3 CaMBIX MIPOCTBIX HETPUBUAJILHBIX ajaredpamdeckux CTPYKTyp. V3ydas mx, MbI
[oJIy4aeM IIpeJICTaBjIeHne 0 (PyHIAMEHTAJbHBIX CBOHCTBaX M IIOBEJIEHUU OOJiee CIIOKHBIX
[OJIYTPYIII U ajirebpandeckux cucreM. MHOroobpasust mOJIyIPYIII OLPEIesISIIOTCS HabopaMu
TOXKJIECTB WJIM YPABHEHUil, KOTOPBHIM JOJI?KHBI YJIOBJIETBOPSTH JIEMEHTHI mojIyrpyii. Uc-
CJIeZIOBAaHUE TOJIYTPYII YeTBEPTOrO IMOPSIKA IOMOTAET B BBHISBJICHUU U ITOHUMAHUU ITUX
9KBAIMOHAJIBHLIX 0Aa3MCOB, KOTOPBbIE MOTYT IPUMEHSATHCH K 00Jiee KPYIHBIM U CJIO2KHBIM
nosyrpymnnamM. V3ydennre noaMHOroo6pas3uil, IOPOXKIEHHBIX ITOJIYTPYIIIIAMI YeTBEPTOIO IO-
psifika, criocobeTByeT 60JIee IMIMPOKOMY IIOHUMAHUIO PEIIETOYHON CTPYKTYPBI MHOINOOOpa3Hii
[MOJIyTPYIIIL. DTO BKJIOUaeT B cebsi BBISIBJIEHHE TOIO, KAK PA3JIMYHbBIE [IOJMHOIO00pa3usi Co-
OTHOCSITCS APYT C JAPYTOM W KaK OHU BIHCHIBAIOTCS B OOIYIO0 KJIACCH(DUKAIUIO MTOJIYTPYIII.
3HaHUs, TOJIyYeHHBIE [IPU U3y IeHUH [TOJIYyTPYII HOPSIKA YeThIPe, MOy T UMETh IIPUMEHEHIE
B JIpDYTHX ODJIACTSX MaTEMATHUKU, TAKAX KAK TEOPUs I'PYIII, TEOPHs KOJIEI U JaKe TEOPETU-
yeckast napopmaTuka. CoCpeoTOYNBIINCh HA TOIYTPYINIAX MMOPsIKa YeThIpe, IMOIpobyeM
3aJI02KUTh IIPOYHYIO OCHOBY JIjIsl U3yJeHus: O0Jiee CJIOXKHBIX ajredpandecKux CTPYKTYP U UX
IPUJIOXKEHU.

[Tosyrpymmbr 1eTBepTOro MOpsaKa BKIOYAIOT P PA3HOOOPA3HBIX CTPYKTYP, TAKUX KaK
KOMMYTATUBHBIE U HEKOMMYTATUBHBIE IIOJyTI'PYIIIbI, PEry/IsSPHbIE U HEPEryJIsSpHBbIE IOJIy-
TPYIIBI, UAEMIOTEHTHbIE U HEUJIEMIIOTEHTHbIE IOJIyrpyibl. Borpock! mraHapHOCTH I'pa-
doB Ka/i 1mosiyrpyIiin HEKOTOPBIX U3 MEPEYUC/IEHHBIX KJIACCOB BCECTOPOHHE HM3yYAJIMCh W
paHee, HanpuMep, B cepun pador [4-6]. [TomobHoe pasHOOGpa3ue JeaeT pacCMaTpHBaeMble
MIOJIYTPYIIIIBI UAEATbHBIMA O0ObEKTAMU Il MOHNMAHUST TOTO, KAK Pa3/IMIHbIE CTPYKTYPHBIE
CBOICTBa BJIUSIOT HA MOBEJEHNE U KJACCHMDUKAIIMIO MHOro0Opasnii MOJYIPYIII [0 PAHTAM
mranapaocTu. 3ydenue 3Tux HEOOJBINTUX MOJYTPYIINI IOMOTraeT B pa3paboTKe MOapOOHOI
CHUCTEMBI KJIACCU(PUKAIMH, TaK KaK IIOHUMasl BCe BO3MOXKHbBIE IOJIYI'PYIIIbI 38 IaHHOIO IIO-
PsiiKa, MOYXKHO KJIACCU(PUIIMPOBATH UX B PA3JIMYHbIE PA3HOBUIHOCTHU, 9TH KJIACCU(DUKAIII
MIOCJTY>KAT OCHOBOM 1151 TOHMMAHUs 00JIee CIIOXKHBIX MTOIYTPYII U UX B3anMOCBsizeit. MaJibie
MIOJIyTPYIIIBI, TAKHAE KAK IOJIyTPYIIIBl YeTBEPTOrO MOPSIIKA, MOIIAIOTCA BBIYUCIEHUSIM, ITO
IIO3BOJIET UCCJIEI0BATENISM HCIIOIb30BATE AJTOPUTMUIECKIE METOIBI JJIsI HCIEPIIBIBAIOIIETO
U3YUEHUsT X CBOMCTB. DTOT BBIYUCJATEIbHBIN MOJXO/T TOMOraeT (hOpMyJIMPOBATD T'MIIOTE-
3bI U JIOKA3BIBATH TEOPEMbI METOIAMU MAaTEMATUIECKON CTATUCTUKM, KOTOPbIE HEBO3MOXKHO
peanm3oBaTh Bpy4HYO. [loyrpyIimbl MOTyT MOIEIMPOBATH Pa3IUIHBIE ITPOIECCHl Peasib-
HOTO MUPa, TaKWe KaK KOHEYHBIE aBTOMATHI B MH(MOPMATHUKE, OMOJOTHIECKUE MPOIECCHl 1
9KOHOMUYECKNE CHCTeMbI. 110/Iyrpynnbl 4eTBepTOoro mopsiaKa MPeIOCTABISIOT IPOCTHIE, HO
HETPUBUAJIbHBIE MOJIENN I TaKux spiieHnii. [lonnMmanne 3Tux Mozesell MOXKeT IPUBECTH
K IOHUMAaHUIO 0OJiee CJIOXKHBIX CHUCTEM, TJIe IOJIyTPYIIIbI 00Jiee BBICOKOI'O IOPSIKA UMEIOT
boJtee CJIOXKHBIE B3aUMOCBsi3U. Kpome TOro, m3ydeHue MOJIyIPYIIl epeceKaeTcst C JIPYTHu-
MH ODJIACTSIMUA MATEMATHKM, TAKUMHM KAK TEOPHUsl KOJIEIl, TEOPUsl PEIIeTOK U TOIIOJIOTHUS.
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[Tosyrpymmbl 4eTBepTOro MoOpsijiKa IacTo CIIyKAT (PyHIAMEHTAIbHBIMA [IPUMEPAMHI B ITHUX
cBsa3ax. Hamnpumep, nonnMmanne MHOrooOpasnii, MOPOXKIEHHBIX STUMU IOJYTPYIIIAMHU, MO-
JKET IMPOJIUTh CBET Ha CTPYKTYPY OIpPeJeeHHbIX KOJIEI[ UJIN TOIOJOTUIO ajredpandecKux
MHOT000pa3nii.

B kauecTBe momosHUTEIEHON MOTHBAIMN K M3ydeHU0 IpadoB Kaaum cBOOOMHBIX MOITY-
rPyII MHOr00Opa3uii MOIyTPYIII, MOPOXKIEHHBIX [TOIYTPYIIAME 9€TBEPTOTO IMOPSIKA, OCY-
MIECTBUM KDATKWit 0630p TEPEIOBBIX CcTaTell B pycie obo3HAMEeHHON TemaTnku. Pabora [7]
IpeJIocTaBdgeT IIyOoKuil anan3 peryisgpaoctu rpados Koy, nosydeHHbIX U3 HOJIyIPYIIIL,
9TO MMeeT pelaolee 3HAYEeHUEe [P M3YYEeHUU YCTONIMBOCTH CTPYKTYPHBIX CBONCTB I'pa-
¢ oB. ABTOPBI J€TaIbHO OIMCHIBAIOT AJTOPUTMUIECKUE MTOIXObI JJIsI KJAACCU(DUKAIIAU U JI0-
Ka3aTeJIbCTBA PErYJISIPHOCTH, YTO MO3BOJISET UCIOJIb30BATH UX METOBI B Ipujokennsax. Co-
OTHOIIEHHE MEKJLy PEryJSPHOCTBIO U TONOJOIHIECKUME OrPAHMYEHUAME (HAIIPUMED, Yepe3
KPUTEPUN PACKPACKU WM OTPAHUIEHUS THCJIa TPaHell) CTAaHOBUTCS OCOOEHHO 3HAUUMBIM B
cJlydyae KOHEYHBIX aJIredpandecKuX CUCTEM, TAKUX KaK IOJIyTPYIIIbI YeTBEPTOro Mopsijaka. B
pabote [8] mpe102KeH O/IX0/I, OCHOBAHHBIN Ha aHaJsu3e rpadoB, chOPMUPOBAHHBIX 110 TIPHH-
[UITY TIePeceYeHns MOITHOCTElH B IUKJINIeCKUX rpynax. HecMoTpst Ha 09eBUIHBIE PA3THIUS
MEeXK/Iy T'PYIIIaMU U HOJyTPYIIIaMi, TPUMEHEHHBIE METObI TO3BOJIAIOT BBISBATH II€PECEKa-
IOIIUECH HOACTPYKTYPHI, YTO UCHOJIB3YETCS IPU U3YyUYEHUH MHOrOOODa3uil, MOJIyIEeHHBIX U3
KOHEYHBIX ToJIyrpyti. CormocTaBiisiss 3TU MMOJXOIbI ¢ pacCMaTPUBAEMOIN TeMOil, MOXKHO 3a-
METHUTb, 9TO KOMOWHAIUs MUK/JIMIECKUX CBOWCTB U I€peCevYeHril BJIMsSeT Ha BO3MOXKHOCTH
ILUTAHAPHOTO MIPE/ICTABICHUS .

Asropsl uccienoBanus [9] BBOAAT MOHATHE HAIPABJIEHHBIX CUIBHO PEryJISPHBIX rpadoB
Kossn, mocTpoeHHBIX HA OCHOBE JUITUKINYECKUX I'PYII. Takoil B3IVIs] PACIIUpPseT TPaIu-
[MOHHBIE PAMKU CHMMETPUYHBIX KOHCTPYKIWA, JEMOHCTPUPYS, 9TO JazKe [IPU HAJUYIUU Ha-
IpaBJieHUsI B pEOpax COXPaHSIIOTCs OIpeJIeJIEHHbIe peryJisipable cBoiicTsa. Ilpu pacemorpe-
HAW KOHEYHBIX HOJIYIPYII WAEH JAaHHOU pabOThI TO3BOJISIOT IIPOBECTU MAPAJIIEN U 3anuM-
CTBOBaTh METObBI I aHajau3a rpada cBoOOIHON MOJyrpyHiIbl MHOTOOOpasus. s oren-
KU IUIAHAPHOCTH 4YaCcTO 0Oparnaiorcs K packpacke rpados. B srom konrexkcre crarbs [10]
CTAHOBUTCST OCOOEHHO MEHHON. ABTODBI ITOKA3bIBAIOT, KAK MUHUMAJIbHAS PacKpacKka rpados
Ksm MoxkeT ci1y>KUTh MHIMKATOPOM TOITOJIOTUYECKOH CJIOXKHOCTHU, & YCTAHOBJIEHHBIE UMU
KPUTEPHUU TO3BOJISIIOT OIEHUTh, HACKOJIBKO OJIM3Ka JIaHHAsl CTPYKTypa K IIAaHAPHON. DT
pe3yJIbTaThl HAIPSAMYIO MEPEKJINKAIOTCS C MOCTABJICHHON HAMU 3aJadeil OlpeeIeHIs PaH-
OB ILUIAHAPHOCTH, [TOCKOJIBKY MO3BOJISIIOT YCTAHOBUTDH KOJIMYIECTBEHHBIE T'DAHUIIBI U YCIOBHUS
JJIsI CYIIIeCTBOBAHUS ILIAHAPHOIO Irpada.

Emé onun Ba)XHBIN BKJIAJ B apryMEHTAIMIO UCCJIe0BaHUN rpadOB MOJIyIPyIl BHOCUT
pabota [11], B KOTOPOi NPUBOIUTCS XapaAKTEPUCTUKA KOHEUHO-TIPOCTHIX JUIPAdOB, acCoIu-
WPOBAHHBIX C MOJyrpynnaMu. Takoil aHaJM3 MO3BOJISIET BBIIEIUTD (DYHIAMEHTAJIbHBIE KOM-
[TOHEHTHI, OTBETCTBEHHBIE 33 TOIMOJIOIMYeCcKre CcBoiicTBa rpada. IIpumenénubie MeTomp! Jie-
KOMIIO3UIIUU U CTPYKTYPHOI'O aHAJII3a [IO3BOJISIOT IIEPEHECTH UX Ha U3y UeHne MHOT00Opasmit
HMOPOXKIEHHBIX ITOJIYTPYIIIAMH YE€TBEPTOrO MOPSIKA, TJe IPOCTOTa CTPYKTYPhI CTAHOBUTCS
OJIHUM U3 KJIIOUEBBIX KPUTEpHeB IIaHapHOCTH. Pabora [12] comepKuT BapUaIuio Ha TeMy
rpadoB Kam jj1st MUK/IM9IecKuX rpyIin COCTABHOIO OpsiaKa. Vlcxos u3 pe3ysibTaToB JaHHOM
paboThI, MOYXKHO yTBEPK/IATD, UTO JaKe HEDOJBITOEe N3MEHEHNE Ha Oa3e CTaHIAPTHOrO I'pa-
¢doBOrO TpeAcTaBIeHns] CIOCOOHO CYIIECTBEHHO CKA3aThCsl HA TOIMOJIOIMYECKHX CBOMCTBAX
[TOJIYIEHHOHM CTPYKTYPBI. DTOT TIPUMED JEMOHCTPHUPYET, KaK aHAJOTUIHbIE MOIUMDUKAIIHT
MOT'YT OBbITH IIPUMEHEHBI JIJIsI U3y YEHUs] BJIUSIHUSI KOMITO3UIIMOHHBIX CBOUCTB IIOJIYIPYII YeT-
BEPTOrO MOPSIJIKA HA PAHIU IJIAHAPHOCTH WX MHOT00OpA3Mii.

Wurepecusiit mojxos K anajusy IOCKux rpados peasnmsyerca B [13], rae paccmarpu-
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BaeTcda Tumore3a Pymneda B deThIpEXMEpPHOM MpocTpaHcTBe. HecMOoTpst Ha TO, ITO TeMma
WCCJIeIOBAHUST 3aTPAruBaeT BOIPOCHI MHOTOMEPHON I'e€OMETPHH, METOJIbI IKCIIEPUMEHTAI b
HOI MATEeMAaTHKH, [IPUMEHEHHBIE aBTOPAMU, AT IIEHHOEe IMIPEJICTABJIEHIE O TOM, KakK IIPO-
CTPaHCTBEHHBIE COODPAYKEHUsI MOI'YT OBITh HMHTErPUPOBAHBI B AHAJIN3 IJIAHAPHBIX CTPYKTYP.
Tlepexon or 4eThIpEXMEPHOTO Ciiyvas K U3YUEHUIO IIOCKUX MOJIYIDYII ITO3BOJISET BhIPa-
60TaTh HOBBIE TUIIOTE3BI OTHOCUTEIBHO COOTHOIIEHUSA PA3MEPHOCTH U TOIMOJOTMIECKON IPO-
crotel rpada. Hakoremn, craths [14] meMoHCTPUPYET, KAK T€OMETPUIECKOE MOJIETMPOBAHAE
C HCIOJIB30BaHUEM KOHMUTYPAIUIl CONMPUKACAIONINXCS IPIMOYTOIBHUKOB MOYKET OKA3aTh-
CsI MOIITHBIM WHCTPYMEHTOM J[IJIsl aHAJIU3a JUCKPETHBIX CTPYKTYP. Ilonxos, ocHOBaHHBIN Ha
BU3yAJM3AINN KACAHUS U IIPOCTPAHCTBEHHOTO PACIIOJIOXKEHUsI OOBEKTOB, IMO3BOJISET KOJIU-
9eCTBEHHO OIEHNBATH KPUTEPUH ILIAHAPHOCTH, 9TO HATOJKHYJIO HAC HA MBICJIb O CTATUCTHU-
YeCKOI MHTEPIPETAIINN PAHTOB ILUIAHAPHOCTH MHOT0OOpa3uil, BOBHUKAIONINX M3 KOHEYHBIX
OJIYTPYIIL. 371eCh TeOMeTpUIecKast HHTYHIsT CTAHOBUTCS JOMOJHEHHEM CTPOroMy aJreb-
paMIecKOMY aHAJIU3Y.

Takum 06pa3oM, mHTErpalusi BCexX 3TUX pabOT IMO3BOJISET CO3ATh MPOYHBIN TEOpeTH-
qeckuil MyHIAMEHT UCCIEIOBAHNS] PAHTOB IIJIAHAPHOCTHA MHOT000PA3mil Oy TPYIIIL, TTOPOXK-
JIGHHBIX TIOJIyTPYTIIaMU 9€TBEPTOro nopsijika. OObeInHeHne Pe3yILTATOB 0 AHAJIU3Y CTPYK-
Typ rpadoB, MeTOIaM PACKPACKH, AJITOPUTMUIECKIM ITOJIX0/IAM K OIIPE/ICJIEHUAIO PETyJIsTPHO-
CTH ¥ T€OMETPUYIECKON MHTEPIIPETAIIMH CJIOXKHBIX JUCKPETHBIX 00BEKTOB CII0COOCTBYET (hop-
MHUPOBaHUIO BCECTOPOHHEHN MeTOI0JIOrMH. TaKoil My IbTHAMCIUILIMHAPHBIHA ITOIX0/] He TOJBKO
pacIupsieT TeOpeTUIeCcKyo 6a3y Halreir paboThl, HO U OTKPBIBAET MEPCIEKTUBBI I JTaIb-
HEHIUX SMIINPUIECKUX UCCIIeIOBAHUN 1 Pa3pabOTOK HOBBIX METOIOB B aOCTPAKTHOI ajarebpe
U JUCKPETHON MaTeMaTHKe.

Pestomupyst ckazaHHOE TPUXOJUM K BBIBOJLY: HAXOJSICh B PYCJIe aKTYaJbHON MeXK IyHa-
POJIHOI TEMATUKY TIOJIyTPYIIIIBI Y€TBEPTOrO MOPSIJIKA JOCTYIIHBI CTYJIEHTAM U HAYUHAFOIIAM
HCCJIeZIOBATEIISIM, 9TO Je/IaeT WX [PEeKPacHbIMEU yueOHbiMEU mocobusmu. x rpadsr Kamm
JOCTABJISIIOT KOHKPETHBIE IPUMEDDI, WIIIOCTPUPYIOINEe abCTPAKTHBIE KOHIIEIIIUNA B TEOPUU
noyrpymmn u aarebpe. Pabora ¢ aTuMu HeOOIBITUME CTPYKTYPaMH ITIOMOTAET Pa3BUTh UHTY-
o u GyHIAMEHTAIbHbIE 3HAHUsI, KOTOPbIe HEOOXOIUMBI JIJIsi U3y9eHusT 00Jiee CIIOXKHBIX
TeM B MareMaTuKe. Pa3pabaTbiBaTh HOBbIE U COBEPIIIEHCTBOBATH CYIIECTBYIOIIUE aJIIOPUTMBI
JIIS KJIACCU(DUKAIIMYA W aHAJM3a TOJyIPYII MOYXKHO TECTUPYsl WX Ha TOJIyIPYIIIax YeTBep-
TOTO TOPSAKA. 3aT€M 3TH AJTOPUTMBI PACIPOCTPAHAIOTCSA HA MOJIyTPYIIbI 00jiee BHICOKUX
MOPSIZIKOB, MO0 HA OCHOBE TJIyOOKOr0 TIOHMMAHUS CBOWCTB U OCOGEHHOCTEH MAJTBIX TIOJTYyTPYIII,
HEPeJIKO Tak (pOPMUDPYIOTCs UJIeH, IPUMEHUMBIE K O0Jiee ITMPOKUM KJIACCaM ajredpanaecKux
crpykTyp. HakoHerl, u3ydeHue moJyrpyIil Y€TBEPTOro MOPSIKA YacTO IMIPUBOJIUT K (DOPMY-
JINPOBAHWIO HOBBIX I'UIIOTE3 U OTKPBITHIX IIPOOJIEM, PEIleHe KOTOPBIX CIOCOOCTBYET HOBBIM
MaTEeMaTUIeCKUM OTKDPBITUSIM.

2. OcHoBHBIE onpeaejieHnsi Teopun maHapHbIxX rpadoB Kaiamu, 060-
3HaYeHUs U BCIOMOTraTeJibHbI€ pe3yJibTaThl 0 KOHEYHO Oa3upye-
MbIX MHOT'000pa3usixX, HOPOXKAECHHBIX MOJYTPYIIIaMUA Y€TBEPTOTO
mopsigKa

HanoMHIM HEKOTOpBIE OIPEICICHE ¥ TeOPEMbI U3 TeOPHU TpadOB U TEOPUH HOTYTPYIIT
HCHOJIL3yeMble B KOHTEKCTEe CHCTeMaTHIeCKHX MCCIeOBaHUii PAHIrOB IJIAHADHOCTH IIOJIY-
IPYTIIOBBIX MHOTOOGpasmit [15].

Oupenenenune 2.1. [lrockum 2pagom nadvieaemcs obvkHOBEHHIT 2pad, KaxHcAol
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BEPWUHE KOMOPO20 NOCNABACHA 8 COOMBEMCMBUE MOYKAE NAOCKOCTIU, 6 PEOPAM — HENDEDHLE-
HbLE NAOCKUE AUHUY 0e3 camonepeceuerull, He UMeUue 00UUT MOYEK KPOME B03MONCHO
00UUT BEPUIUH.

Onpenesnenune 2.2. Jlsa 2paga nasviearomes uzomopdrowmu dpye 0pyey moz0a u
MoAvKo mozda, K020a cywecmeyem OUEKMUBHOE 0TOOPANHCEHUE MHONMCECTNEA SBEPULUH 00-
H020 2pada Ha MHONCECMBO GePWUH OPY2020 2Pada COTPAHAIOULEE OMHOUEHUE CMENCHOCTNU
GEPULUH.

Onunpenenenue 2.3. Beaxutl epag u3domopPruiiti nAoCKOMY HA3BLEAEMCA NAGHAD-
HOLM.

Onpenesnenune 2.4. /lsa 2pada nasviearomes 2omeomopdrovimu dpye dpyey, ecau
OHU MO2YM, BBIMB NOAYUERDL U3 00HO20 U MO20 dHCE 2pada NYmeém nodpasbuerus e2o péoep.

Teopema 2.1. I'pad sAsasemcsa NAGHGPHLM 0200 U MOALKO Mo20a, k0206 OH He
codepotcum nodepaga 2omeomopdrozo nosnomy epady Ky, codeporcawemy 5 sepwun, uau
noaromy deydoavromy epady Ks 3, codeporcawemy no 3 sepwunnt 6 £acdoti us doser.

Ounpepnemenue 2.5. I'pagom Koru noayepynno, S omHoCumesvHo mMHodHcecmsea
obpasyrowux eé anemenmos X naszvieaem opuenmuposarnvil myasvmuepap Cay(S, X) ¢ no-
MEUYEHHBLMU PEOPAMU, MHONHCECTNBO BEPULUH KOMOPo20 cosnadaem ¢ S, a pPebpo HauuHa0-
WEECA 68 BEPUIUHE G U 3AKAHUUBAIOULEECH 6 GepuiuHe b nomeueno asemenmom T € X moada
U MoAbKo mozda, kozda 6 noayepynne S umeem mecmo pasencmeo ax = b. Jleewili epad Ko-
au LCay(S, X) onpedeasemes deoticmeennoim 06pasom nymém 3amenv. paseHcmea ax = b
pasercmeom xa = b.

Onpenenenune 2.6. Ocrosol [nesozo] epagia Koau nosyepynnv. S ommocumens-
HO MHodtcecmsa obpasyrouur eé aremernmos X nazweaem obviknosennvil epad SCay(S, X)
[SLCay(S, X)] noaywennod us ucxoonoeo Cay(S, X) [LCay(S, X)] ydarernuem memox, ne-
meas, HanpasieHHocmu pébep u 3amenol Kpamuur dye 00num pPedbpom COeOUHAIOUWUM Me
a1ce BEPULUNDL.

Ounpenenenune 2.7. Togopum, wmo nosyepynna S donyckaem niaHaprol [1esvid]
epap Koau, ecau omHocumenvHo Hekomopo2o MUHUMAALHOZ0 MHOHCECTNEA HEPASAONCUMVLL
obpasyrowuzr X epagp SCay(S, X) [SLCay(S, X)] umeem naockyro yxaadxy.

Oupenenenue 2.8. Panzom naanapnocmu mmozoobpasus var{c} sadanmozo cu-
cmemoti mostcdecms o Ha3veaemces makoe Hamypaivhoe wucao . (var{o}) = n, wmo ceo-
600HaA N-NOPOHCOEHHAA NOAY2DPYNNA MHO02000pasus var{o}, obosnauaemasn 6 daavHeTWEM
kax Fp(var{c}), donyckaem naanapnud epad Koau omHocumesvHo n-snemenmnozo mHo-
orcecmea 06pasyouUT, Ho omHocumesvro (n + 1)-asemenmuozo mmodcecmea 06pasyOUUT
ceobodraa (n + 1)-noposcdennasn nosyepynna Fi1(var{o}) mnozoobpasua var{c} yorce ne
donyckraem naanaprozo epaga Koru. B caywae, xoz2da 0aa HEmMPusuasbHo20 MoAYy2pynno-
6020 MH02000pas3us var{o} maxozo HAMYPaAALHOZ0 N HE CYULECTNEYEM 2080PUM, MO MO
MH02006pasue umeem GeckoreuHoill pare NAGHAPHOCIU U nuwem T (var{c}) = co.

Onpepgenenue 2.9. Cucmeme moocdecms o nocmagum 6 coomeemcmeue 060U-
CMBEHHYIO CUCTNEMY T scaroe moscdecmeo Komopot chopMUPOBaAHO U3 Modcdecms U = v
CUCTNEMDL T NYMEM HANUCGHUA CA08 U U U 8 00pamHoti NOCAEI08AMEALHOCTNY OYKE.

D. V. Solomatin. Planarity ranks of semigroup varieties generated by semigroups of order four



2Kypnas CpeHeBoKCKOro MareMarnieckoro obrmecrsa. 2025. T. 27, Ne 2. 191

Oupenenenue 2.10. Mnozoobpasue (9K6aUUOHANDHBIL KAACC) YHUBEPCANLHOIT
anzebp HA3vIBAEMCA KOHEUHO OA3UPYEMBIM, ECAU CYUWECTNBYEM KOHEUHOE MOOMHOHNCECTEO
mootcdecms MHo2000pa3us, U3 KOMoOpPo2o cAedyrom 6ce 0CANDHBIE MOAHCIECNEA.

Onpenesenune 2.11. Axecebpa Ha3vieaemcs KOHEUHO 0G3UPYEMOT, ECAU MHO2000-
pasue, Komopoe OHG MOPOAHCAAEM, KOHEUHO 6a3UPYEMO.

B pa6ore [16] nepeuncienbl Bce KOHEUHO Ha3upyeMble MHOIOOOPa3Usl, IOPOXKIEHHbIE TI0-
JIyTPYIIIIaMA 9eTBEPTOrO MOPSIIKA.

Jlemma 2.1. [16]. Bee s03mootchbie KoHewHbie 6a3UCHL U3 Modtcdecms om J08yxr ne-
DEMEHHVT OAA NOAY2PYNNOBHLT MH02000pa3Ul, NOPOHCOEHHBLT NOAYZDYNNAMU HEMEEPMO20
nopaAdKa ¢ MoOUHOCMBIO J0 UBOMOPPHUMA U C NOYHOCTNDIO 00 GHIMUUSOMODPUIMA NEPEUUCAE-
Hov Huorce. Tlepevie desamov Gopmupyrom 6a3ucv. MorcIecme mmo2006pasuti, NOPOHCOEHHDLT
HE UOEMMOMEHMHDIMU U He NEPECTNAHOBOUHULMU NOAYZPYNNAMU YEMEEPMO20 NOPAIKA:

m1) S(4,4) u S(6,17) umerom basuc {ryxr = 2%y = xy? = xy};

m2) S(4,11) umeem 6basuc {x’y = xy, zy? = ;L’yo:};
m3) S(4,21) umeem basuc {x> = IES ryr = x? yw = xy? x = ayx? = xyzy = 22y =yay};
m4) S(4,22) umeem 6azuc {x* = 23, ryr = 22 yx = xy T = :ryac = xyxy = yry};
m5) S(4,23) umeem 6basuc {x? = Jc3 ryx = yz?, 2%y® = y*2?};
m6) S(4,25) umeem 6asuc {xy = xy TYr = y};
m7) S(5,2) umeem 6asuc {x? = 23, zyr =z y}
m8) S(6,23) umeem Gasuc {x = :ZZ :cy:z: = 2%y};
m9) S(6,25) umeem 6basuc {x = 23, xyz? = vy, vy*r = vyxy}.

Jlasee sanuwem KoHewHbIE 6a3ucm mootcdecms 0as  MH02000pa3ull, NOPOHCOCHHHIT
ocmasvHomy 116 noAy2pynnamMu 4emeepmozo nopaoka.

Kommymamusnwie:

m10) S(5,9), S(5,12), S(5,18), S(6,8) u S(6,11) umerom 6basuc {xy = yr, *r = x%};

ml11) S(7,25) umeem 6asuc {zy = yr, zy*> = x};

ml12) S(5,14), S(6,13), S(6,18), S(7,8), S(7,10), S(7,12) u S(7,18) umerom 6asuc
{ry = yz, = =2%};

m13) S(6,24) u S(7,22) umerom 6asuc {zy = yxr, x = x1};

ml14) S(8,1) umerom 6asuc {ry = yr, zy* = x}.

m15) S(3,3), S(3,21), S(3,24), S(3,25), S(5,11), S(6,2), S(6,4) u S(6,10) umerom
basuc {zy = yx, xy* = vy};

m16) S(3,10) umeem 6asuc {xy = yx, xyz = 2?};

m17) S(3,1) umeem 6asuc {xy = yx, vy? = xy, > = y*};

m18) S(3,13), S(4,15), S(4,17), S(4,19), S(4,20), S(5,5), S(5,6) u S(6,7) umerom
basuc {zy = yz, 2 = 23};

m19) S(4,3), S(6,16), S(6,21), S(7,5), S(7,9) u S(7,15) ¢ 5a3ucom {zy=yx, vy’=2y};
m20) S(7,3), S(7,13) u S(7,23) umerom basuc {ry = yx, x> =y*, zy° = zy};

m21) S(5,8), S(7,7) u S(7,17) umerom 6asuc {xy = yx, x? = x*};

m22) S(7,21) u S(7,24) umerom 6asuc {xy = yx, ryz> = ry};

m23) S(3,17) u S(6,3) umerom 6asuc {ry = yx, xyz* = wyz};

m24) S(3,11) u S(3,16) umerom basuc {ry = yz, ryz = 2°};

m25) S(4,18) umeem 6asuc {vy = yz, 23 = 21};

m26) S(3,2) u S(3,20) umerom basuc {vy = yz, 23 =1y>, vyz® = vyz};

m27) S(7,4) u S(7,14) umerom 6asuc {xy =y, xy = sz Yz’ = wyz};

m28) S(3,12) umeem 6asuc {zy = yr, 2y = xy? , ryzw = x}.
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Iepecmarosounvie:
m29) S(3,18) umeem basuc {wvyz = x2y, rYyz = Yyrz, Yz = TY>};

m30) S(3,4) umeem 6asuc {xyz = w2y, TYyz = Yz, ryz = 1‘2}

m31) S(3,5) umeem 6asuc {xyz = w2y, vyz = yrz, vyz = 2°};

m32) S(7,2) umeem 6asuc {xy = x};

m33) S(5,10), S(5,13), S(5,16), S(5,17), S(5,20), S(5,22), S(5,23), S(6,9), S(6,12)

u S(6,15) umerom 6asuc {ryz = 2y, * = x?};

m34) S(7,20) umeem basuc {wyz = xzy, vy> =x};

m35) S(5,25) u S(7,11) umerom 6asuc {xyz = xzy, v =3};

m36) S(3,9), S(4,12) u S(4,14) umerom 6asuc {zvy = x2};

m37) S(3,23), S(4,1), S(4,13), S(5,19) u S(6,6) umerom 6asuc {vyz = w2y, %y =
=y, zy® = xy};

m38) S(4,9)7, S(4,24) u S(5,3) umerom 6asuc {zvyz = x2y, ry> = vy};

m39) S(5,1) u S(5,7) umerom basuc {xyz = vzy, v* = 23};

m40) S(3,19) umeem basuc {wvyz = zzy, ryz = 23};

m4l) S(3,15) u S(4,16) umerom 6asuc {zyz = yxz, 2 =23, 2%y* = y?2?};

m42) S(3,6) S(3,7), 5(3,8), 5(3,22), S(4,2), S(4,6), S(4, ) u S(6,5) umerom 6asuc

{zyz = yxz, 2%y = vy, xy® = ya};

ma43) S(4,10), S(7,6) u S(7,16)°" umerom 6asuc {ryz = yrz, 2%y?> = y?z?, 23y =
=zy, ay® =y},

mdd) S(7,19) umeem 6asuc {xyz = x2, = x?};

m45) S(5,24) umeem basuc {vyrz = xyz, vyzy = x2y?, T = 1°};

m46) S(4,5) u S(4,8) ¢ basucom {xyrz = 2%yz, vyzy = v29?, 2%y = 2y, TY2* = W2Y°};

mA4T) S(3,14) umeem basuc {wvy*z = vyz, ryr = yry, v° = 23};

m48) S(5,4) umeem 6aszuc {xy* = vy, r’y = 2?}.

Hodemnomenmmnvie HenepecmanosouHvle:

m49) S(5,15), S(5,21), S(6,1), S(6,14), S(6,19), S(6,20) u S(7,1) umerom 6asuc
{zyr = 2y, v = 2%};

mb50) S(6,22) umeem basuc {vyrz = ryz, x = 22}.

w

3. Kimaaccudukaiuss MHOTOoOOpasmii mOpoOXKAEHHBIX MOJIyTPYIIIaMU
YeTBEPTOTrO MOpsAKa M0 PaHraM IJIaHAPHOCTU

Teopema 3.1. Paneu naagraprocmu nosy2pynnosus Mmo2000pasuti noposrcoeHHvle
NOAY2PYNNAMYU Hemeepmozo nopadka pasuv, 1, 2, 8, 4 uau co. Ilpu amom das nopooicden-
HOLT HE UDEMNOMEHMHBIMU U HE NEPECTNAHOBOUHBMY NOAYPYNNAMU YEMBEPMO20 NOPAJKA
UMENM MECTNO PABEHCMNEA:

ro (var{ml}) = oo, ry (Var{n(ﬁ}) =2, v (var{m2}) = oo, 7, (Var{n(a}) =2,

ro (var{m3}) =2, r, Var{m?)}) , rr (var{md}) =2, r, (V&Y{M}) =2,
%}) rx (var{m6}) = oo, 1y (Var{r<n_6}) =2,

(
ro (var{mb}) =2, r, (Var{
ro (var{mT7}) =3, r (Var{;n_?})

=2, rp (var{m8}) =3, r, (var{n<78}) =1,
ro (var{m9}) = 3, r, (Var{r<n_9}) =2;

0AA KOMMYMATMUBHOLT:
rx (var{ml10}) = r, (Var{%}) 3, rr (var{mll}) = ry (V&I‘{TT<L—11}> =
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r (var{m12}) = rx (var{n%}) =2,
rr (var{m14}) = rx (var{m}) _
T (var{ml6}) = r, (var{r<n—16}) =3,
T (var{ml8}) = r, (var{nm}) =
ro (var{m20}) = r, (var{nﬁ)}) =2,
v (var{m22}) = rx (var{n<1—22}) _
rr (var{m24}) = rr (var{m24} ) =
ra (var{m26}) = rx (var{n<1—26}) -
ra (var{m28}) = ry (Var{%}) -
AR MEPECTNANOBOMHUE:

1 (var{m29}) = 0o, 7 (Var m29}

(
r (var{m31}) = oo, ry (Var m<—31}
rr (var{m33}) =4, (V&I"{;;LE’B})
ro (var{m35}) = 2, r, (Var{%})
ro (var{m37}) =3, ry (Var{;n—37})
rr (var{m39}) = 2, r» (var{n%})
rr (var{md1}) = 2, ry (var{m41})
v (var{md3}) = 1, r» (var{m})
ra (var{m45}) = 4, r» (var{n%})

rx (var{md7}) =2, rp (Var{m<—47}> =2,

3

]

—_
ot

|

3, rr (var{ml17}) = ry ( var{m17
2, rp (var{m19}) = r, Var{m
2, rx =Tr <_1
1, rx (var{m23}) = r Var{rm

AAA/?/—\/—\/-\
&
=
El
o

) = 00, 1 (var{m30}) = oo,

) = 00, T (var{m32}) = oo, 1,

| 5

[N}
N

o~

)
}) =3,
}) = oo,
}) =2,
}) =2,
}) =2,
b =2,
} =2,

var{n?%()}) = 00,

Var{m<—32}) =4,

ro (var{m34}) =3, r; (V&I‘{Tm}) =2

=1, rr (var{m36}) = oo, 1, (Var{nﬁ}) =2,
=3, rp (var{m38}) = 3, r (Var{n%}) =2,
=2, r; (var{md0}) = o0, 7, (var{n%}) =2,
=2, rp (var{m42}) =3, r, (var{mTZ}) =3,
=2, rp (var{md4}) =4, r, (var{n%}) =4,
=4, ry (var{m46}) = 3, r» (var{%}) =2,
rp (var{md8}) = oo, r, (Var{rm}) =2;

05 UOEMNOMEHTNHLET HENEPECTNAHOBOYHVIL:
rx (var{m49}) = oo, 1, (Var{r%}) =2, rp (var{m50}) = 4, r, (Var{rm}) =2.

s mokazaTesibCTBa TEOPEMBI BLIYUC/IMM PAHT TIJIAHAPHOCTH KarKJIOTO U3 MOJIyTPYIIIOo-
BBIX MHOI000pa3wuii, IOPOXKIEHHBIX MOJIYTPYIIIIAMA Y€TBEPTOrO MOPsIKa. Takue MHOroobpa-
3ust UMEIOT ba3uc ToxkIecTB onucaHHblil B Jlemme 2.1. Ilpu srom jy1a onmcanust MmapmpyTa
MEXK/Iy BEPIIMHAMUA U1 U VU, OYIET MCIIOIB30BATHCHA 3AIMUCH U] — Vg — - - - — U, KOTOPas O03Ha-

qaeT, 4T0 B rpade Kanu comepkurcss n momapHO pas/IMYHBIX BEPUIUH U1, Vg, . .

., Up TAKUX,

ITO BO MHOXKECTBE 00OPA3yIOMUX HANJAETCS 3JIeMEHT x; € X JJIs KOTOPOTO U;L; = U;y1 WIA
v; = Vip1x; (mbO T;v; = vy WA T;v; = Viy1, B ciaydae jesoro rpada Ksum), npu Beex
poryctuMbix ¢ = 1 =+ (n — 1). IIpoBepuTh UCTUHHOCTH HANIEHHBIX PABEHCTB U HEPABEHCTB
MOKHO cpencrBamu Prover9 [17] u Maced [18] coorsercrBenno. Tak, Hanpumep, IpoBepUThH
paBeHCTBO aab = ab B MHOTOOOpA3WHU TOJYTPYII 33 JAHHOM CHCTEMON TOXKIECTB M1 MOXKHO
C TIOMOIIBIO CJIEYIOIEr0 3aIpoca;

formulas(assumptions).

(xl % 22) x 2l = (21 * x1) * 22.
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(zlx2l) x 22 = (z1 * 22) * x2.
(zlx22) x 22 =zl % 22

end_of list.
formulas(goals).
(cl*cl)*c2=cl*c2.
end_of list.

HoxkxaszaTeabcTso.

I'pad Komm nukamdeckoit ¢BOOOTHON MOIYTPYIIIBI BCIKOIO MHOT0O00Opa3us IJIAHAPEH,
I03TOMY Oy/eM € JIByX 00pa3ymomux HaYMHATH aHan3 aHapaoctu rpada Ksmm cBobos-
HO MOJIyTPYIIIBI KaXKJI0T0 U3 MOJIYIPYIIIOBBIX MHOI00Opa3uil, MOPOKIEHHBIX TOJIyTPyIIIa-
MU 9eTBEPTOrO MOPSIKA.

Bazuc m1:

Anamusupyst ¢BOOOHBIE MOIYTPYIIIIBI MHOTOOOPA3USI, ONPEJIEJISIEMOr0 CUCTEMON TOXK-
nectB ml B IEPBYIO O04Yepeib, 3aMETUM, YTO KayKJI0e TOXKECTBO, KOTOPOMY Y/IOBJIETBOPSIIOT
MIOJIYTPYIIIBI JJAHHOTO MHOTO00pa3usi, MMeeT TAKO! BUJI U = ¥, YTO CJIOBA U U U HAYMHAIOTCS C
omHOI u Toit ke OykBbl. CitemoBarenbHO, rpad Kamm n-nopoxpennoit cBoOOIHOIM MOTyTPyII-
Bl COCTOUT M3 7 TOMAPHO U30MOPMHBIX CBI3HBIX KOMIIOHEHT. Bce HAYMHAIONINECS HA OJTHY
U Ty 2Ke OYKBY BepIIMHBI C(DOPMUPYIOT KAYKYIO U3 CBA3HBIX KOMIIOHEHT. K IMHCTBEHHO BO3-
MOXKHBIMH IIUKJIAMY JIJIMHBI O0JIbINEH 2 B KaXKJI0i 13 KOMIIOHEHT Oy/IyT IUKJIbI JIJIMHBI 3 Ha
BEpIIUHAX T, T2, TY, TJe T 7 1 IPUHAJIEXKAT MHOKECTBY 00Pa3yIOIINX, OTHOCUTEILHO KOTO-
poro crpoutcs rpad Kamm cBoboaHoit mosryrpynimbl. Bee 3Tu 1UKJIBI BHYTPH OJIHON CBS3HOM
KOMITOHEHTBI Tpada, comepzKalieil Bce BEepITUHbI HATHHAIOININECT Ha T, OyAyT UMeTh obIee
pe6po {z, 2%}, Ho oTmIaThCa TpeTheil BepmuHoil y. Clle0BATETLHO, MOTYT OBITh Y/TOXKEHBI
Ha [IJIOCKOCTH 0e3 mepecedenust pebep MOC/IeI0BATEIbHBIM CJIOKEHUEM OJ[HOT'O TIUKJIA BHYTPU
Jpyroro nukJia. J1o KarX 101 13 BEPIIUH OTJUYHBIX OT 3TUX TPEX IIMKJIOB OY/IyT IPOU3PACTATh
JIePEBbsi, TO €CTh AIUKJINIECKHUE CBsI3HbIE IPadbl TAKIM 00PAa30M, UTO UHBIX ITUKJIOB HE C(HOp-
MuUpyeTcs U IIocKas yKiaaaka ocaosbl rpada Cay(F, (var{ml}), X = {z,y,...}) Oyaer Bo3-
MOXKHA JIJIs 106010 gncia obpasyomux |X| = n < co. Takum obpaszom, r, (var{ml}) = co.
B katwectBe miumoctparun vHa Puc. 3.1 mpejcraBieHa ogHa U3 MATUA MOMAPHO U30MOPMHDBIX
CBSI3HBIX KOMIIOHEHT OCHOBBI rpada Kamau nosyrpymnusr Fs(var{m1}).

ITnockas yknazaka rpada SLCay(Fy(var{ml}), {a,b}) upencrasiena ua Puc. 3.2. Haib-
Helilee yBeJIMYeHne 9nucia 00pasyoux MPUBOJNT K TOSBJICHUIO ToArpada romeoMopdHOTro
rpady K3 3 Ha CIIEIYIOIIIX IEBSTU IIOIAPHO HellePeCeKAIONIXCsl MAPIIPYTaX MKy BEePIIH-
HAMU U3 MHOXKeCTB {ca, cba, cab} u {ba, bea, acb}: ca—a—ba; ca—bea; ca—ac—c—be—cb—ach;
cba — ba; cba — bea; cba — ach; cab — ab — ba; cab — bea; cab — ach.

Bazuc m2:

B ocnose rpados Ko ¢cBOGOIHBIX OJIYIPYII MHOr00Opas3us var{mz2} jeKur CBa3HbIi
rpad, B KOTOPOM JIFOObIE JIBa IIPOCTHIX IIMKJIA UMET He 0ojiee ABYX OOIIMX BEPIIUH. DTO
YCJIOBHE CHJIBHO OIPAHMYMBAET TOIOJIOTHIO I'pada 1 UMeeT BaXKHOe 3HAYEHUE B TEOPHUH I'Da-
dos. Takoit rpad siBjIsieTcst IIAHAPHBIM OJIAr0Iapsi CBOEMY YHUKAJILHOMY CBOMCTBY: JIIOOBIE
JIBA MPOCTHIX IUKJIa B HEM WMEIOT He 6oJiee JBYX ODIIUX BEPIIUH. DTO OMPAHUIUBAET KO-
JIMIECTBO TEPECEeIeHN MeXK Ty IUKJIAME, ITO MMO3BOJISIET PA3MeIaTh ero Ha, IJIOCKOCTH 6e3
epecevdeHnii pédbep, TaK KakK IMO3BOJISIET «Pa3/esisiThy ITU IUKJIBI B IIPOCTPAHCTBE, COXPa-
Hed rpad mmanapHbiM. B kadectBe mintoctparuu Ha Puc. 3.3 npencrasiiena onHa u3 nATH
[OIIAPHO M30MOP(MHBIX CBA3HBIX KOMIIOHEHT OCHOBHI Ipada Ko nonyrpynnst Fi(var{m2}).

[Tnockast yriragka rpada SLC’ay(FQ(var{ﬂ<72})7 {a, b}) upexncrasiena ua Puc. 3.4. Tab-
Helfliee yBeJIndYeHne 9nuciia 00pasyolnx MPUBOJNT K HOSBIEHUIO TToArpada romeoMopdHOro
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Puc. 3.1. Ogna u3 ngaru CBI3HBIX KOMIIOHEHT OCHOBBI rpada Kamu mosmyrpymimsr
Fs(var{m1})

Fig. 3.1. One of the five connected components of the Cayley graph base of the
semigroup Fs(var{m1})

a b
a? ba ab b?

Puc. 3.2. ITnockas ykmnanka rpada SLCay(Fa(var{ml}),{a,b})
Fig. 3.2. Planar embedding of the graph SLCay(Fz(var{m1}), {a,b})

rpady K33 Ha CIELYIONMX JIEBATH HOIAPHO HEIlEPECEKAIONIUXCA MAPIIPyTaX MEXKIY Bep-
muHaM# 13 MHOXKecTB {a,b,c} u {a?,b%, c*}: a — a?; a — ba — aba — b?; a — ca — aca — c?;
b—ab—ba®—a? b—b%b—cb—bchb—c? c—ac—ca® —a?; ¢ — be — cb? — b?; ¢ — .

Bazuc m3: “

I'padsr Kau cBoGOmHBIX 2-TI0POXK AEHHBIX MOy TPy I MHOToOOpasuii var{m3} u var{m3}
B OCHOBe CBO€ll nMeroT m3obpazkennble Ha Puc. 3.5 muanapubie rpadubl.

A rpadb Ksim cBOGOJHBIX M-HOPOXKJIEHHBIX IIOJYIPYII MHOrootpasuit var{m3} u
var{m3}, upu n > 3, B cBoeil ocHoBe cozmepxkar noarpad romeomopdusi Ks 3 Ha ciery-
FONUX JIEBATH MapIIPyTax Me¥ly BepITMHAMHI U3 MHOWKecTB {a,a?b,aca} u {a?, aba,ac},
¢ TOYHOCTBIO JI0 OOpalleHns CJIoB: a — a’; a — ab — aba; a — ac; a?b — a?; a’b — aba;

a?b— a?bc — abca — acb — ac; aca — a*c— a?; aca — ac; aca — ca — ¢ — cb—beb — be — b— ba — aba;
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Puc. 3.3. Onna u3 nsaTu CBI3HBIX KOMIIOHEHT OCHOBBI Tpada Kamm moxyrpynms

Fs(var{m2})

Fig. 3.3. One of the five connected components of the Cayley graph base of the
semigroup Fs(var{m2})

a b

a’? ab

ba b?
aba
Puc. 3.4. Ilnockas yknanka rpada SLCay(Fa(var{m2}),{a,b})
Fig. 3.4. Planar embedding of the graph SLCay(Fa(var{m2}), {a,b})

aca — ac.
Baszuc m4: -
I'padur Ko cBOGOIHBIX 2-MOPOXK AEHHDBIX MOy TPyl MHOrooOpasuii var{m4} u var{m4}
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a b a b
a? ab ba b2 a? ba ab b2
a’h \ / b%a ba? ab?
aba aba
a) b)

Puc. 3.5. Ilinockas ykuanka rpados a) SCay(Fz(var{m3}), {a,b});
b) SLCay(Fz(var{m3}),{a,b})
Fig. 3.5. Planar embedding of a) SCay(F2(var{m3}),{a,b});
b) SLCay(F>(var{m3}),{a,b})

B OCHOBe CBOell mMeroT n3obpazkenuble Ha Puc. 3.6 mwianapubie rpadml.

a b a b
a? ab ba b? a? ba ab b?
a®b, b%a ba? a ab?
a2b2 ‘ b2a? b2a2 ‘ a?b?
aba aba
a) b)

Puc. 3.6. Ilnockas yxmaaka rpados a) SCay(Fs(var{m4}), {a,b});
b) SLCay(F2(var{m4}),{a,b})
Fig. 3.6. Planar embedding of a) SCay(F»(var{m4}), {a,b});
b) SLCay(F>(var{m4}),{a,b})

A rpadbr Ksiu cBOGOIHBIX N-TIOPOXKIEHHBIX TIOJMYTPYII MHOTooGpasmit var{md} mu
var{n?i}, opu n > 3, B cBOelt OCHOBe comepzkaT moarpad romeoMopdueri K33 Ha TeX XKe
JIEBSITH MapIIPyTax, KOTOPble yKa3aHbl Bhlie Jis var{m3} u var{n%}.

Bazuc mb:

I'pader Ko cBoGOIHBIX 2-OPOXK AEHHBIX Oy IPYII MHOrooOpasuii var{m5} u Var{m(_f)}
B OCHOBE CBOeil mMeroT m300pakennble Ha Puc. 3.7 manapubie rpadsbl.

I'pad Kasm cBOGOIHOM 1-TTOPOK IEHHON 0Ty TPYIIITBl MHOT000Opasust var{m5}, npun > 3,
B CBOEIi OCHOBE COZIep2KUT HoArpad romeoMopdublit K3 3 Ha CJELYIOMNX IEBATH MapIIPyTax
Me¥Kly BepIImHAMHI U3 MHOXKecTB {a,b,c} u {a?,b% c?}: a — a?; a — ab — ab® — b%a — b?;
a—ac—ac® —c2a—c?; b—ba—aba—a’b—a?; b—b%; b—bc—bc? —c*b—c?; c—ca—aca—a*c—a’;
¢ —cb—beb—b2c—b% ¢ — 2.

A rpad Komm cBoGOIHON n-TTOPOXKIECHHON TOJYTPYIIIIBI MHOTOOODA3MUs var{F{BL pu
n > 3, B cBoeil 0CHOBe comepxKuT noxarpad romeoMopdHblil K33 Ha CIEIYONNX NEBATH
MapIIpyTax MeK/Ty BepmiuHamu u3 MHoxecTs {ba,ba?, a?b} u {a?,b%a?, cba’}, ¢ TounocTbIO
110 obpamieHnst cios: ba — a — a?; ba — b%a — b%a?; ba — cba — cba?; ba® — a?; ba® — b%a?;
ba? — cba?; a?b—ab—b—b? — cb? — ¢2b% — b%c — bc — ¢ — ac — a*c — 2a? — ca® — a?; a?b—b%a?;
a?b — ca®b — cb?a® — cba?.
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ab?

aba

a)

Puc. 3.7. Iliockas ykiaaka rpados
a) SCay (F» (var {mb}),{a,b}) = SCay (F> (var {m41}),{a,b});
b) SLCay (F» (var {m5}),{a,b}) = SLCay(F>(var{m4l}), {a,b})
Fig. 3.7. Planar embedding of
a) SCay (F» (var {mb}),{a,b}) = SCay (F> (var {m41}),{a,b});
b) SLCay (F» (var {m5}),{a,b}) = SLCay(F>(var{m4l}),{a,b})

Bazuc m6:

AHajiornyHo TOMy, KaK B OCHOBaX rpadoB K3/m cBOOOIHBIX MMOJIYyTPYIIII MHOIOOOpa3nii
MMOPOXKJIAEMBIX CHCTEMaMU TOXKIeCTB ml u m2 Kaxkjas [apa IPOCTHIX IUKJIOB MMeja He
6oJtee BYX OOIMMX BEPINWH, YTO IIPUBOAMIO K BO3MOXKHOCTH ILJIOCKOH YKJIAJKW, B OCHOBE
rpada Kauu n-nopoxiennoii ¢cBo60oaHo# 1oty rpynisl MHOroobpasus var{m6} Ta e cury-
anus. B wacTHOCTH, OJ[HA U3 HATH CBSI3HBIX KOMIIOHEHT OCHOBBI rpada Kamu mosyrpyrist
F5(var{m6}), nomyckarommast IUIOCKYIO YKJI&JIKy, IIpe/icTaBieHa Ha Puc. 3.8.

[Tockast ykjajka oCHOBBI JieBOro rpada Kajm cBoOOMHOMN 2-II0POK IEHHON IOy I'PYIIIbI
muoroo6pasus var{m6} mpencrasrena ma Puc. 3.9.

JleBbiit rpad Kau cBOGOMHON n-TIOPOKIEHHON TIOJNYTPYIIbl MHOrooOpa3us var{m6},
IpHu n > 3, B CBOEHl OCHOBE CONEPXKUT Hoarpad romeoMopduslil K3 3 Ha CIeAYIOINX AEBATH
MapIIpPyTaxX MeK/ Ty BepIIMHAME U3 MHOXKeCTB {ba, b2a, cab} u {cba, aba, ab}: ba—cba; ba—aba;
ba —a—ca— aca —ac— c—be—beb—cb—b— ab; b%>a— cba; b*a — aba; b*a — ab; cab— acba — cba;
cab — aba; cab — ab.

Bazuc m7:

ITnockas ykiajka ocuosel rpada Cay(F3(var{m7}), {a,b, c}) dopmupyercsa B Buse mwioc-
KUX YKJIQJIOK TPeX MOMAPHO M30MOP(MHBIX CBI3HBIX KOMIIOHEHT, OJ[HA U3 KOTOPBIX ITPEJICTaB-
snena Ha Puc. 3.10.

I'pad Kam cBoGOIHOMN n-IOPOXKIEHHOM MOy TPy bl MHOroOOpasuii var{m7} u var{mg8},
mpu n > 4, B cBoeil OCHOBe cofiep:KUT moArpad romeoMopdHsit K3 3 Ha CIeIYIONNX JeBATH
MapIIpyTax MKy BepIuHaMu 13 MEOKecTB {ab, abc?, abed} n {a?be, abe, ab®c}: ab— a?b—
a’be; ab — abe; ab — ab? — ab®c; abc? — a?bc® — a?be; abc? — abe; abc® — ab®c? — ab’c; abed —
a?bed — a?be; abed — abe; abed — abed — ab?c.

[Tockast ykjaika oCHOBBI JieBOro rpada Kajm cBoOOMHON 2-II0POK IEHHOMN IOy I'PYIIIIbI
MHOroo6pasusi var{m?7} upenacrasiesa Ha Puc. 3.11. A sesbiii rpad Kaam cobomHoil n-
[OPOXKIEHHOM TI0JIyTPYIIIBI MHOrooOpa3us var{m7}, upu n > 3, B CBOEH OCHOBE COJEPIKUT
moarpad romeomopduslit K33 Ha CIIEAYIOMUX IEBSTH MApUIPyTaX MeKIy BepIINHAMU U3
MHOXKeCTB {a,b,c} u {a?,b?,c%}: a — a®; a — ba — b%a — ab® — b*; a — ca — c*a — ac® — ¢,
b—ab—aba—ba®—a?; b—b%; b—cb—c?b—bc? —c?; c—ac—aca—ca® —a?; ¢c—be—beb— cb? —b?;
c—c2.

Bazuc m8:

ITnockas ykiaika ocuosel rpada Cay(F3(var{m8}), {a, b, c}) dopmupyercs B Buse mwioc-
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Puc. 3.8. Oxna u3 nsaTu CBI3HBIX KOMIIOHEHT OCHOBBI Tpada Kaim moxyrpynmsr

Fs(var{m6})

Fig. 3.8. One of the five connected components of the Cayley graph base of the
semigroup Fs(var{m6})

a aba b
ba ab

a? b?a b?

Puc. 3.9. Ilnockas yknanka rpada SLCay(Fa(var{m6}),{a,b}) u
SLCay(Fz(var{m38}),{a,b})

Fig. 3.9. Planar embedding of the graph SLCay(F2(var{m6}), {a,b}) and
SLCay(F>(var{m38}),{a,b})

KUX yKJIQJIOK TPeX MOMapHO N30MOP(HBIX CBI3HLIX KOMIIOHEHT, OJJHA N3 KOTOPBIX IIPEICTaB-
sera #a Puc. 3.10. A g Gosbiero yncia obpagdyoonmx ocHoBa rpada Kaim mosryrpynis
F, (var{m8}) comepxut nonrpad romeomopdustit K3 3 Takoil ke Kak 1 ocHoBa rpada Kamm
nosyrpyumnst F, (var{m7}), upu n > 4.

Jlesnriit rpad Kamum nonyrpynnst F, (var{m8}) upu n > 2 B coeii ocHOBe 0OHAPYKUBAET
nonrpad romeomopduslit rpady K33 Ha CIEIYIOMUX IEBATH IIOIAPHO HEIEPECEKAIOIHXCS

Cosomarun JI. B.. Pauru mianapHOCTH MOJIYTPYIIIOBBIX MHOTOO6DA3Hil, MOPOXKJACHHBIX HOJIYTDYIIIAMH . . .



200 Zhurnal Srednevolzhskogo Matematicheskogo Obshchestva. 2025. Vol. 27, No. 2.

ab%ab?*cab*c* abc abcN\ab a ac/ ach/ ach? ach*c™\achi\ac

a’b?\@?b?a’b?c? a’bcia’bc a’b a? a’c\g?cb\g?ch? a?ch*ch?chc/a?c?

Puc. 3.10. Ilinockast ykiaaKa OfHON M3 TPEX MOIAPHO U30MOP(MHBIX CBI3HBIX

kommonenT rpada SCay(Fs(var{m7}),{a,b,c}) u SCay(Fs(var{m8}), {a,b,c})

Fig. 3.10. Planar embedding of one of three pairwise isomorphic connected
components of the graph SCay(Fs(var{m7}),{a,b,c}) and
SCay(Fs (var{ms}), {a, b, c})

Puc. 3.11. Ilnockas ykmnanaka rpada SLCay (F» (var {mT7}),{a,b}) n
SLCay (F» (var {m39}), {a, b})

Fig. 3.11. Planar embedding of the graph SLCay (F> (var {m7}),{a,b}) and
SLCay (F» (var {m39}), {a, b})

MapIIpyTax MeK/Ty BepIIHHaMU U3 MHOxkecTs {ab, ba,b%a?} u {ba?, aba,ab®}: ab— ba?; ab —
aba; ab—b—b? —ab?; ba — a — a® — ba?; ba — aba; ba — ab?; b*>a® — ba?; b%a® — aba; b2a? — ab?.

Basuc m9:

I'pad Ko nonyrpynnst F, (var{m9}), rue n < 3, jomnyckaer IIOCKYIO YKIIAJIKY B CUILY
TOr'O, 9TO KayKJasi U3 CBI3HBIX KOMIIOHEHT €r0 OCHOBBI sIBJIsieTCsl TutaHapHoil. OiHa u3 Tpéx
TAKUX CBA3HBIX KOMIOHEHT OCcHOBBI rpada Kaim nonyrpynnst Fs(var{m9}) nzobpakena Ha
Puc. 3.12.

[Mocsienyronee yBesndenne qucia oOpa3yonux TPUBOIUT K MOSIBJIEHUIO B OCHOBE I'pa-
da Ko nosyrpyunst F,(var{m9}), rue n > 4, noarpada romeomopduoro rpady K na
CJIETYIONINX JIECATH TONAPHO HEIEPECEKAIOINXCS MAPIIPYTaX MEXK/y BEPIIMHAMHA MHOYKe-
crBa {abed, abeda, abedb, abede, abed? }: abed — abeda; abed — abedb; abed — abede; abed — abed?;
abeda — abedab — abedb; abeda — abedac — abede; abeda — abedad — abed?; abedb— abedbe— abede;
abedb — abedbd — abed?; abede — abeded — abed?.

ITnockas ykiaazaka ocHoBbI JieBoro rpada Kasm nogxyrpynust Fy(var{m9}) upencrasiena
na Puc. 3.13.

st Tpex obpasyronmx u 6osee B ocHOBe JieBoro rpada Kamm nonyrpynmnst F, (var {m9}),
rme n > 3, obHapyrkuBaeTcs noarpad romeoMopdHslil rpady Kz 3 Ha CIEIYIONHX JeBs-
TH IONAPHO HEIEPECeKAIOINX sl MapIIpyTaX MeXKJly BeplluHamMu u3 MHOXKecTB {a,b,c} n
{a?,b2,c*}: a—a?; a—ba—ab? —b?; a—ca—ac® —c?; b—ab—ba® —a?; b—b%; b—cb—bc? — c?;
c—ac—ca® —a?; ¢ —bc—cb? — b c— 2.

KommyTaTusmbre:

Basuc m10:

Panr mianapaocT MHOr00Opa3us KOMMYTATUBHBIX MOJIYTPYII UIEMIIOTEHTOB U3BECTEH
gaBHO. JIJIs TOTHOTHI M3JIOYKEHUsI HAIOMHUM JIMIIb, YTO ILJIOCKAsl YKJIaJKa OCHOBBI I'Da-
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Puc. 3.12. Oxna u3 Tpex CBA3HBIX KOMIIOHEHT OCHOBBI rpada Kaiu moayrpyibst

Fs(var{m9})

Fig. 3.12. One of the three connected components of the Cayley graph base of the
semigroup Fj(var{m9})

ab bab

b2a
b%aba® L

N\&’b_dbabalaba {,2p
b b?
a2b2 ab? lba a?b?a

b?a? b%a

ba? ab?a
Puc. 3.13. Ilnockast yknaiaka rpada SLCay(Fz(var{m9}), {a,b})
Fig. 3.13. Planar embedding of the graph SLCay(F»(var{m9}), {a,b})

da Ksmu 3-mopoxk1enHoit cBo6oIHOM MOy TIPyIIIbl pACCMaTPUBAEMOI0 MHOIOOOPa3Usl HMeeT
n3obparkeHHbIil Ha Puc. 3.14 Bug, a JajbHeiiee yBeJInmdeHne 9ucia o6pa3ylomux IIPUBO-
JIUT K MOSABJIeHUIO Hoarpada romeomopduoro rpady Ks 3 Ha CIeLyOmMuX NeBATH IOIAPHO
HEINePeceKAIOIUXC sl MAPIIPyTax MexKJy BepiiuHamu u3 MHOxKecTB {a, b, abc} u {abd, ab, ac}:
a— ad — abd; a — ab; a — ac; b — bd — abd; b — ab; b — bc — ¢ — ac; abc — abed — abd; abc — ab;
abc — ac.

Basuc m11:

ITnockas ykiaagra rpada SCay(Fs(var{mll}),{a,b,c}) upencrasiena ma Puc. 3.15.

Costomarun JI. B.. Pauru mianapHOCTH MOJIYTPYIIIOBBIX MHOTOOODA3HIt, MOPOXKACHHBIX HOJIYTDYIIIAMH . . .
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Puc. 3.14. Ilnockas yknanka rpada SCay(Fs(var{m10}),{a,b, c})
Fig. 3.14. Planar embedding of the graph SCay(F3(var{m10}), {a,b,c})

VBenuuenne unciia o6pa3yonmx TPUBOANAT K MOSBJICHUIO B ocHOBe rpada Kasm mosyrpyr-
sl Fy,(var{m11}), rae n > 4, noxrpada romeomopduoro rpady Ks Ha Cemyonmx Jecs-
TH TIOIAPHO HEMePeceKAIONIXCs MapIIPYyTaX MezKTy BepIUHaME MHOXkecTBa {a, b, ¢, d, a?}:
a—ab—b;a—ac—c,a—ad—d;a—a? b—bc—c;b—bd—d; b—a?; c—cd—d; c—a?; d—a?.

ab b

ac

abc bc
Puc. 3.15. Iliockaa ykiaanka rpada SCay(Fs(var{mll}),{a,b,c})
Fig. 3.15. Planar embedding of the graph SCay(F3(var{m11}),{a,b,c})

Basuc m12:

ITnockas yxiaaka rpada SCay(Fa(var{m12}),{a,b}) npeacrasiena na Puc. 3.16. Yse-
JITYEeHNE YACIa OOpasyoNUX NPUBOIUT K MOSIBIEHUIO B OCHOBE rpada Kamm momyrpytmb
F,(var{m12}), tne n > 3, nmoarpada romeomopduoro rpady Ks3 Ha CIEIYIOMUX AEBs-
THU HONIAPHO HEIIEPECEKAOINXC ST MAaPIIPyTax MeXK/[y BEPIIMHAMA U3 MHOXKECTB {a, b, abc} n
{a?b,ab,ac}: a — a® — a?b; a — ab; a — ac; b — b* — ab® — a®b? — ab; b — ab; b — be — ¢ — ac;
abc — a?be — a®b; abc — ab; abe — ac.

Puc. 3.16. Ilnockas ykaanka rpada SCay(Fa(var{m12}), {a,b})
Fig. 3.16. Planar embedding of the graph SCay(Fz(var{m12}), {a,b})

Basuc m13:

B ocnoge rpada Ksmu nomyrpynms F, (var{m13}), rme n > 2, obHapyzkuBaercs moarpad
romeoMopdusblil rpady Ks 3 Ha CIIeAyIOMUX JeBATH IIOIAPHO HellepPeceKaloIuXcsa MapIpy-
Tax MexJly BepIIMHAMU u3 MHoxkecTB {ab,a®b? a?b?} u {a?b®,a?b,ab®}: ab — ab® — a?b?;
ab — a?b; ab — ab?; a3b? — a®b® — a?b?; a®b? — a®b — a?b; a®b? — ab?; a?b? — a?b3; a?b? — a?b;
a’b? — ab?.

Baszuc m14:
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B ocnose rpada Ko nosyrpymust Fy, (var{m14}), rne n > 2, obuapyxusaercs moiarpad
roMeoMopdubIil rpady K33 Ha CIeIyOMUX IeBATH IOIapHO HellePeCeKAIOMUXCs MapIIpy-
Tax MKy BepIIMHAME U3 MHOXKeCTB {a,b,ab’} u {ab,b? a?b}: a — ab; a — a* — b* — b?;
a—a®—a%b; b—ab; b—b% b—a®b— a?b; ab® — ab; ab® — b%; ab® — a®b? — a>b.

Basuc m1b5:

ITnockas ykiaagra rpada SCay(Fs(var{ml5}),{a,b,c}) upencrasiena ma Puc. 3.17.
VBenmyenne duciaa odpa3yIionX IPUBOAUT K MOABJIEHNIO B ocHOBe I'pada Kaau momyrpym-
ust Fy, (var{m15}), rae n > 4, noarpada romeomopduoro rpady K3 3 Ha CieLyOmux AeBsi-
TH TIOIAPHO HeTePeceKaoNuxcs MapIpyTaX MeyKly BepIIMHAME W3 MHOXKECTB {a, b, a’} u
{ac,ab,ad}: a — ac; a — ab; a — ad; b — bec — ¢ — ac; b — ab; b — bd — d — ad; a* — ac; a® — ab;
a® — ad.

Puc. 3.17. Ilnockas ykaanka rpada SCay(Fs(var{ml5}),{a,b, c})
Fig. 3.17. Planar embedding of the graph SCay(F3(var{m15}),{a,b,c})

Bazuc m16:

ITnockas ykaazka rpada SCay(Fs(var{ml6}),{a,b,c}) npencrasiena wa Puc. 3.18.
VYBesmuenue uncia o6pasyonux NPUBOJUT K MOSABJICHUIO B 0cHOBE rpada Kamm momyrpymn-
sl Fy, (var{m16}), rme n > 4, monrpada romeomopduoro rpady K3 3 Ha creIylomux IeBs-
TH TOMAPHO HETIePeCeKAIONIIXCs MaPIIPYTaX MKy BepIIHHAME W3 MHOKeCTB {a,a’, b} u

{ab,c,d}: a —ab; a — ac — ¢; a — ad — d; a* — ab; a®> — ¢; a®> — d; b—ab; b—bc — ¢; b— bd — d.

a ab

WAVAW
VAV

c ch

Puc. 3.18. Iliockan yknanka rpada SCay(Fs(var{m16}), {a,b,c})
Fig. 3.18. Planar embedding of the graph SCay(F3(var{m16}),{a,b,c})

Basuc m1T7:

3aMeruM, UTO U3 yKA3aHHOTO 0a3mca TOXKJIECTB CPEIU MPOYNX BBIBOIUMO TOXKJIECTBO
xy = zt, a OECKOHEYHOCTh PAaHIa IUIAHAPHOCTUH MHOI000pa3us MOIYIPYII C HYJIEBBIM yMHO-
JKEHUEM U3BECTHA MaBHO. JlJ1s IOJTHOTHI N3/I02KEeHNsT HAIIOMHUM JIAIIb, 9TO IJIOCKAs YKJIA/IKA
ocHOBBI rpada Kamu n-mopok ieHHoi cBOOOIHON TOJIYTPYIIILI PACCMATPUBAEMOr0 MHOT'000-
pa3us UMeeT BHJL 3Be31bl K ,, ABIAIONIENCS ITOJHBIM JIBYJOIBHBIM I'PadOM, COIEePKAIITIM
OJIHy BEpIIUHY B IIEPBOHA U3 HOJIeHd U N BEPIINH BO BTOPOM’ HoJie.

Baszuc m18:
3aMeruM, JaHHas CUCTEeMa TOXKJIECTB II0XOXKa Ha cucreMy ml2 ¢ eIMHCTBEHHBIM OTJIM-
YMeM B TOM, ITO BMECTO T = X° MMeeT MecTo T2 = z°, Clle/0BaTeIbHO, BCE CKA3AHHOE B

nyHkTe ml12 orHOCHTEILHO OCHOB rpador Kaym nosryrpymnm umeer mecto ajist m18, Tak Kak
B cooTBeTCTBYIOIMUX rpadax K jumb Ha cMeHy pa3sHOHAIIPABJIEHHBIX MAPAJLIEIBHBIX JIyT
MIPUXOJIAT METIIN.
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Basuc m19:

ILnockas yxiazaka rpada SCay(Fa(var{m19}),{a,b}) npexcrasiena ua Puc. 3.19. Vse-
JITYeHne 9ncsia o0pasyIonX MPUBOJIUT K IMOSBJIEHUIO B ocHOBe rpada Ksmam momyrpymmss
F,(var{m19}), tme n > 3, moarpacda romeomopduoro rpady K33 Ha CICIYIOMUX IEBs-
TH TIOTAPHO HeIepPeceKaloNuXcsa MAPIIPYyTax Me¥Ky BepIIHHAME U3 MHOXKeCTB {a,b,a®} n
{a?,ab,ac}: a — a%; a — ab; a — ac; b — b*> — ab® — a®b? — a®b — a?; b — ab; b — bc — ¢ — ac;

a’® — a?; a3 — ab; a® — ac.

Puc. 3.19. Ilnockas yknanka rpada SCay(Fz(var{m19}), {a,b})
Fig. 3.19. Planar embedding of the graph SCay(Fz(var{m19}), {a,b})

Bazuc m20:

ITnockas yxiazaka rpada SCay(Fa(var{m20}), {a,b}) upeacrasiena na Puc. 3.20. Vse-
JITIEHUEe TUC/Ia 0OPa3yIoNUX MPUBOJUT K MOSBJIEHWIO B ocHOBe rpada Kamm momyrpymmsr
F,(var{m20}), tme n > 3, moarpacda romeomopduoro rpady K33 Ha CIeIyIOMUX IeBs-
TH TIOTIAPHO HeTIePeCeKaoNIXcsl MapIIpyTaX MezKy BEePITHHAME W3 MHOXKeCTB {a, b,a®} n
{a?, ab,ac}: a — a?; a — ab; a — ac; b — a?; b — ab; b — bc — ¢ — ac; a® — a?; a® — ab; a3 — ac.

a2

ab
Puc. 3.20. Ilnockas ykaanka rpada SCay(Fa(var{m20}), {a,b})
Fig. 3.20. Planar embedding of the graph SCay(Fz(var{m20}), {a,b})

Bazuc m21:

ITnockas yrimazaka rpada SCay(Fa(var{m21}),{a,b}) upeacrasnena na Puc. 3.21. Vse-
JITYEeHUe YHC/Ia 0OpasyloNux NPUBOIUT K IMOSBJICHUIO B ocHoBe rpada Ksiam momyrpymnmsn
F,(var{m21}), tme n > 3, moarpada romeomopduoro rpady K33 Ha CIeIyIOMUX IEBs-
TU [OLAPHO HEIEePECEKAIONMXC s MaPUIPYTax MeXKJy BEepIIUHAMU u3 MHOXKeCTB {a, b, abc} u
{a?b,ab,ac}: a — a? — a®b; a — ab; a — ac; b — b* — ab® — a®b? — ab; b — ab; b — bc — ¢ — ac;
abe — a?be — a®b; abe — ab; abe — ac.

Basuc m22:

B ocnoge rpada Kanu nosnyrpynust F, (var{m22}), rae n > 2, obHapyzkusaercs moarpad
romeomopdusit rpady K33 Ha CIEAYONUX AEBATH IIONAPHO HEIEPECEKAIOMIUXCS MAapIl-
pyTax Mexy BepmmHaME 3 MEOKecTB {a?,b% a*} u {a®, ab,ab?}: a® — a®; a® — a — ab;
a? — a?b? —ab?; b® — a3 b2 — b — ab; b2 — ab?; a* — a®; a* — ab; a* — ab®.

Basuc m23:
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Puc. 3.21. Ilnockas yknanka rpada SCay(Fa(var{m21}), {a,b})
Fig. 3.21. Planar embedding of the graph SCay(Fz(var{m21}),{a,b})

ITnockas yxiazaka rpada SCay(Fa(var{m?23}),{a,b}) upeacrasiena na Puc. 3.22. Vse-
JITIEHUEe THC/Ia 0OPa3yIoNUX MPUBOAUT K MOSBJICHHUIO B ocHOBe rpada Kamm momyrpymmst
F,(var{m23}), tme n > 3, moarpacda romeomopduoro rpady K33 Ha CIEIyIOMUX IeBs-
TH MOMAPHO HETIEPECEKAIOMUXCS MAPIIPYTaxX MeXKy BEPIIMHAMHU U3 MHOXKECTB {a, b, abc} n
{a?b,ab,ac}: a — a® — a®b; a — ab; a — ac; b — b* — a?b; b — ab; b — bc — ¢ — ac; abe — a?b;
abc — ab; abc — ac.

Puc. 3.22. Ilnockas yknanka rpada SCay(Fz(var{m23}), {a,b})
Fig. 3.22. Planar embedding of the graph SCay(F2(var{m23}), {a,b})

Bazuc m24:

ITnockas ykaajgka rpada SCay(Fs(var{m24}),{a,b,c}) npencrasiena ma Puc. 3.23.
Veenudenne 4yucia 06pa3yIonyx OPUBOAMT K IIOABJICHHIO B ocHoBe rpada Kamu mosyrpyn-
sl I, (var{m24}), tae n > 4, nonrpada romeomopduoro rpady K 3 Ha CIIe/IyIONMX JeBs-
TH TIOIAPHO HeTIePeceKaroNuXcs MapIIpyTaX MezKIy BEePITHHAME W3 MHOXKeCTB {a,b,a®} n
{ab,ac,ad}: a — ab; a — ac; a — ad; b — ab; b — bc — ¢ — ac; b— bd — d — ad; a® — ab; a® — ac;
a’® — ad.

a ab

VAV

c C

Puc. 3.23. Iliockaa ykiaanka rpada SCay(Fs(var{m24}),{a,b,c})
Fig. 3.23. Planar embedding of the graph SCay(F3(var{m24}), {a,b,c})
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Baszuc m25:
3aMeruM, JaHHasl CUCTEeMa TOXKJIECTB IIOXOXKa Ha cucreMy m2l ¢ eIMHCTBEHHBIM OTJIM-
YmeM B TOM, 4TO BMecTo 22 = x* mMeer Mecro 23 = z?, cieoBaTesbHO, BCE CKA3aHHOE B

nyuakre m21 orHOCHTEILHO OCHOB rpados Kaym nosryrpymnmn umeer Mecto ajist m25, Tak Kak
B cooTBeTCTBYIOIMUX rpadax Kaim umb Ha cMeHy pa3sHOHAIIPABJIEHHBIX MAPAJLICTBHBIX TyT
MIPUXOIST TETIIH.

Basuc m26:

3aMeTHM, 9TO CHCTEMBI TOXKIAECTB m24 m m26 SKBUBAJIEHTHBI, TAK KaK U3 MHOXKECTBA
Toxects {zy = yzr, x° = y3, wyz® = ryz} BEIBOIUMO KazKI0€ U3 TOXKIECTB BO MHOKECTBE
{zy = yz, zyz = 23}, BepHa u obparnas BeBOgUMOCTL. ClleJ0BATE/ILHO, BCE CKA3AHHOE B
nyHkTe m24 orHOCUTEBHO OCHOB rpados Kaau moxyrpymnm umeer mecto s m26.

Basuc m27:

ITnockas yxmaaka rpada SCay(Fa(var{m27}),{a,b}) npencrasnena na Puc. 3.24. Vse-
JINYEeHUEe 4YKCJia 00pa3yIoluX IIPUBOJUT K IOSIBJIEHUIO B OCHOBe I'pada Kam mosyrpyiiss
F,(var{m27}), toe n > 3, noarpada romeomopduoro rpady Ks 3 Ha CIeLyOMUX AEBATH
HOMAPHO HeNlepeceKalomuxcst MapIIpyTaX MeXK/ly BepIIMHAMHI U3 MHOxkKecTB {a,a’,a’b} n

{a?,ab,ac}: a—a?; a—ab; a—ac; a® —a?; a® —ab; a® — ac; a®*b—a?; a®*b—ab; a*b—bc—c— ac.

Puc. 3.24. Ilnockas yknanka rpada SCay(Fz(var{m27}), {a,b})
Fig. 3.24. Planar embedding of the graph SCay(Fz(var{m27}),{a,b})

Basuc m?28:

ITnockas yrimaaka rpada SCay(Fa(var{m28}),{a,b}) nupeacrasiena na Puc. 3.25. Vse-
JIMYEeHUe YHC/Ia 0OpasyoNux NPUBOIUT K IMOSBJICHUIO B ocHoBe rpada Ksiam momyrpymmsn
F,(var{m28}), tme n > 3, moarpada romeomopduoro rpady K33 Ha CIEIYIOMUX IEBs-
TH TOAPHO HETIEPECEKAIOMIUXCS MAPIIPYTaX MeXKy BEPITMHAMHI U3 MHOXKECTB {a, b, abc} m
{a?b,ab,ac}: a — a® — a®b; a — ab; a — ac; b—b? — a?b; b — ab; b — bc — ¢ — ac; abc — a* — a?b;
abc — ab; abc — ac.

4

a
Puc. 3.25. [lnockas ykaanka rpada SCay(Fa(var{m28}), {a,b})
Fig. 3.25. Planar embedding of the graph SCay(F>(var{m28}),{a,b})
IIepecTanoBounbre:
Bazuc m29:

JlaHHO! cHuCTeMe TOXKJECTB SKBUBAJIEHTHa cucTeMa {Xyz = wvw}, APYIUMH CJIOBaMU,
€10 TOPOXKIAETCST MHOTO00Opa3ne HUJIBIIOTEHTHBIX [MOJIYTPYII CTYIIEHN HUJIBIIOTEHTHOCTA 3.
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BeckoneunocTh paHra mIaHAPHOCTH TAKOTO MHOTOOOpA3Wsl M3BECTHA JIABHO. JIJIst TOJTHOTHI
M3JI0YKEHUsT HAIOMHIM JIWIIb, 9TO [UIOCKYTO YKJIaJIKy OCHOBBI TPABOTO (COOTBETCTBEHHO JIEBO-
ro) rpada Kasm ¢cBo6omHON n-TI0POXK I€HHO# IOy PYIIIBL TAKOIO MHOI00OpAas3usl, IPU JIEOGOM
HATYPAJIBHOM 7, OTHOCUTEJIbHO MHOYXKECTBa 00pa3ylonux X , MOXKHO IIOJIyYUTh CJIEILYFOIIAM
00pa3oM: COEJMHUB KaXK/IyI0 OJHOOYKBEHHYIO BepinHy s € X pedpoM ¢ JBYyXOYKBEHHBIMU
BepmmHamu st (coorBeTCTBEHHO ts), Tae s,t € X, nomyunm rpad, asisomuiics obbenu-
HEHHeM 7 CBSI3HBIX KOMIIOHEHT, HOIapHO H30MOP(dHBIX 3Be3ze K ,; mocie 3Toro, Kaxkiast
JBYXOyKBEHHAsI BEPIITUHA COEJMHIETCS PEOPOM € €JIMHCTBEHHON TPeXOYKBEHHON BEPIIMHOMN
rpada, 9To BCerja BO3MOXKHO B CHJLY TOI'O, YTO OO'beINHEHNE 7, CBSI3HBIX KOMIIOHEHT, ITOIap-
HO n30MOpPdHBIX 3Be3/e K ;, ABIAeTCA BHENTHEIIAHAPHBIM I'PadoM.

Bazuc m30:

ITnockyio ykiazKy OCHOBBI IIpaBoro (coorsercrTBeHHO JieBoro) rpada Kamu csobommoit
N-TIOPOZKIEHHOM Oy Tpy bl MHOr00Gpasus var{m30}, npu J060M HATYPAIBHOM 7, OTHO-
CUTEJIBHO MHOXKEeCTBa, 00pasyrommux X, MOXKHO IOJIyYUTh CJIEILYIONIUM OOPa30M: COEIUHUB
KaXKJIyl0 ONHOOYKBEHHYIO Bepiiuay s € X pebpoM ¢ AByXOyKBEHHBIMU BepriuHamu st (Co-
orBercTBeHHo ts), rme s € X, t € X\{s}, moayuum rpad, apisompuiics 00beIuHEHTEM
N CBSI3HBIX KOMIIOHEHT, [IOHApHO M30MODPGHBIX 3Be3ne K ,_1; IIOCTe ITOro, KayKkiasl Bep-
IMITHA COeIUHSIETCsT peOpPOM € €IMHCTBEHHOM TpexOyKBEHHOI BepIuHON rpada, UTo BCeria
BO3MOYKHO B CHJIy TOTO, 9TO OObeJMHEHHWE 7l CBA3HBIX KOMIIOHEHT, ITOIAPHO M30MOP(HBIX
3Be3ze K ,_1 ABJIAETCA BHENTHEIIAHAPHBIM I'padoM.

Bazuc m31:

Januoil cucreMe TOXKJIECTB SKBUBAJICHTHA CUCTEMA { LYz = uvw }, IIOITOMY BCE CKA3aHHOE
BCe CKa3aHHOe B MyHKTe m29 oTHOCHTETHLHO OCHOB rpados Kajum momyrpymm umeer Mecto
st m31.

Basuc m32:

MHuoroo6paszue var{m32} sBisiercs MHOrooOpasmeM IOJIYyTPYIIl JIEBBIX HyJel, a
Var{m}, — MOJIyI'PYIII IPAaBBIX HyJeidl, B ocHOBe mpaBbix rpados Ksmm cobomubix n-
MTOPOXKIEHHBIX ITOJIYTPYII KOTOPBIX JIeXKaT COOTBETCTBeHHO Ipyia O, , He COolep:Kallas HU
ojHOrO pebpa, u nosHbl rpad K,, comepkaiuii Bce BO3MOKHbIe pébpa. [loaromy nepsbie
JIOIYCKAIOT TIOCKYIO YKJIAJKY IIPHU JIFOOOM HATYPAJBbHOM 7, & BTOPBIE TOJBKO mpu 1 < 4.

Bazuc m33:

Ocuosa mpaBoro rpada Kaym n-mmopoxkieHHoit ¢cBOOGOTHON TOTYTPYIIBI JJAHHOTO MHOTO-
obpasus upejcrasiser coboil AU3bIOHKTHOE 00beunenne 1 rpados (n — 1)-mepHbIX Ky6oB
@1, CIeI0BaTENIBHO, JIOMYCKAeT IIOCKYIO YKJIaAKy npu n < 4. A npu n > 5 He jomyc-
KaeT IJIOCKON YKJIAJK!, TaK KaK CONEpPXKUT mojarpad romeomopdusiii rpady K Ha ciemy-
FOIUX JIECSITU TIOMAPHO HEMePECEeKAIOMUXC sl MapIIpyTaX MeKy BEPIIMHAME U3 MHOXKECTBA
{a,ab,ac,ad,ac}: a — ab; a — ac; a — ad; a — ae; ab — abc — ac; ab — abd — ad; ab — abe — ae;
ac — acd — ad; ac — ace — ae; ad — ade — ae.

ITnockas yknagka rpada SLCay(Fs(var{m33}),{a,b, c}) npencrasnena ua Puc. 3.26.
VBeumuenne ducia 0OpasyOIUX MPUBOIUT K IOSBJIEHHIO B OCHOBe JjieBoro rpada Kamm
nosyrpymmst Fy, (var{m33}), rme n > 4, noarpada romeomopduoro rpady Ks 3 Ha ciegy-
FOIUX JIEBATH TIONAPHO HEMEPECEKAIONUXCI MAPIIPYyTax MEXKJy BepITUHAMHU U3 MHOYKECTB
{ab, ba,beca} n {ca, cba,dba}: ab—b— cb — bc — ¢ — ac — ca; ab — cba; ab — dba; ba — a — ca;
ba — cba; ba — dba; bca — ca; bea — cba; bea — deba — cdba — dba.

Basuc m34:

Ocuoa mpasoro rpada Ksmun n-nopoxpennoit cBOGOIHON MOTyTPYIIIbI JAHHOTO MHOTO-
o0pas3us MmpeCcTaB/IsieT co00i MM3BIOHKTHOE 00benHeHne 1 Tpad OB N-MepHBIX KyO00B @,
CJIEJIOBATENIHHO, JOMYCKAeT IJIOCKYI0 YKaanky npu n < 3. A mpu n > 4 He IOIycKaer
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Puc. 3.26. Iliockas ykmanka rpada SLCay(Fs(var{m33}),{a,b,c})
Fig. 3.26. Planar embedding of the graph SLCay(Fs(var{m33}), {a,b,c})

IJIOCKOM YKJIQJKM, TaK Kak Couep:KuT mnoiarpad romeomopdubiii rpady Ky Ha Caeryio-
HIUX JECSATH HOIAPHO HEIEPECEKAIONIUXC MAPIIPYTaX MEXKJLy BEPIIMHAMEU U3 MHOXKECTBA
{a,a? ab,ac,ad}: a — a?; a — ab; a — ac; a — ad; a®> — a®b — ab; a? — a?
ab — abc — ac; ab — abd — ad; ac — acd — ad.

ILnockas ykananka rpada SLCay(Fa(var{m34}), {a, b}) npencrasnena na Puc. 3.27. Vse-
JIMYEHUE YUC/Ia 0Opa3youX MPUBOJUT K IIOABJICHUIO B OCHOBE JieBoro rpada Ksam noy-
rpymnet Fy, (var{m34}), rtne n > 3, moarpada romeomopduoro rpady Ks 3 Ha ClIedylommx
JIEBATHU [IONAPHO HEIIEPECEKAIOIIUXCsl MAPIIPyTaX MEeXKJy BEepIIMHAMEU U3 MHOXKecTB {a, b, c}
m{a®,b*,c?}:a—a*a—b*a—c%b—a?b—b%b—c%c—a® c—b% c— 2

c—ac; a® — a®d — ad;

(7.2

bZ

ab,
aba

ba b2a

Puc. 3.27. Ilnockas yknanka rpada SLCay(Fa(var{m34}), {a,b})
Fig. 3.27. Planar embedding of the graph SLCay(Fz(var{m34}), {a,b})

Basuc m35:

ILnockas yknaaxa rpada SCay (Fp (var{m35}), {a,b}) upeacrasiena na Puc. 3.28.
VBenauuenne uncia o6pasyromuX IPUBOIUT K IOSBJIEHHIO B ocHOBe rpada Ksmm mosry-
rpymnet F, (var {m35}), rme n > 3, moarpada romeomopduoro rpady Ks 3 Ha ciaemyio-
MUX JIEBATH TONMAPHO HEMEePECEKAIOINXCS MapHIPyTaX MEXKJy BEPITUHAMEM W3 MHOXKECTE
{a,abQ,abc} u {ab, a?b, ac}: a — ab; a — a® — a®b; a — ac; ab® — ab; ab® — a?b? — a?b;
ab® — ab?c — ab?c® — abc® — ac? — ac; abc — ab; abe — a?be — a?b; abe — ac.

a ab ab?® b ba ba?

a? a’b a*b®> b* bab ba’b

Puc. 3.28. Ilnockas yknaaka rpada
SCay (Fa (var {m35}) ,{a,b}) = SCay (F> (var {m39}), {a, b})

Fig. 3.28. Planar embedding of the graph
SCay (Fz (var {m35}) , {a,b}) = SCay (F> (var {m39}), {a, b})

B rpade SLCay(F,(var{m35}),{a,b}) npu n > 2 obHapyxkusaercst nojrpad romeo-
Mopdublit rpady Kz 3 Ha CIELYIOMUX JEBATH IIOMNAPHO HEIEPECEKAIONIUXCH MapIIPyTax
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MeXKJy BEpITHHAMHI W3 MHOXKECTB {ab, ba, b2a2} u {ba2, aba, abQ}: ab — ba?; ab — aba;
ab —b—b% — ab?; ba — a — a®> — ba?; ba — aba; ba — ab?; b%a? — ba?; b*a? — aba; b*a® — ab?.

Basuc m36:

Ocnogoii ipaBoro rpada Kam cBOOOIHON N-ITOPOXK IEHHON TOJIyIPYIIIBI MHOI000pa3ust
var{m36} saBisgercs napocoyeranue, COCTOSINEE U3 N MONAPHO HECMEXKHBIX PEGEp, CIIe0Ba-
TeJIbHO, OHA JIOIYCKAET IIOCKYIO YKJIAJIKY HIPH JIIOOOM HATYDAJILHOM 7.

ILnockas yknanka rpada SLCay(F,(var{m36}),{a,b}) upu n = 2 npexcrasieHa Ha
Puc. 3.29, a pu n > 3 B 3TOM rpade obHapyKuBaeTcs moarpad romeoMopdHbIit rpady
K3 3 Ha CIIeyIONUX JEBATH MOIAPHO HelepeceKaloNXCcs MapIIpyTaX MeKIy BepIINHAMN

u3 MHOXKecCTB {a,b,c} u {aQ,ba,ca}: a—a’* a—ba;a—ca;b—a% b—ba; b— ca; c— a?
c—ba; ¢ — ca.

ba
Puc. 3.29. Ilnockas ykaanka rpada SLCay(Fa(var{m36}), {a,b})
Fig. 3.29. Planar embedding of the graph SLCay(Fz(var{m36}), {a,b})

Basuc m3T:

ITnockas ykmauka rpada SCay(F,(var{m37}),{a,b,c}) upu n = 3 upexacrasiena Ha
Puc. 3.30, a mpu n > 4 B 3ToM rpade obuapyxkuBaercs noarpad romeomopdusiii rpady
K5 Ha cileyromux gecaTu IONapHO HellepeceKaroIXCcs MapIIpyTaxX MeXK 1y BEPIIHHAMA U3
MHOKECTBA, {a,aQ,ab, ac, ad}: a—a? a—ab; a—ac, a— ad; a® — ab; a®> — ac; a® — ad;
ab — abc — ac; ab — abd — ad; ac — acd — ad.

a b c
ab v ac  ba bc  ca ch
abc bac cab

Puc. 3.30. ITnockas ykmnanka rpada SCay(Fs(var{m37}),{a,b, c})
Fig. 3.30. Planar embedding of the graph SCay(F3(var{m37}), {a,b,c})

ITnockas ykaanaka rpada SLCay(F, (var{m37}),{a,b,c}) upu n = 3 upexcrasieHa Ha
Puc. 3.31, a mpu n > 4 B 3TOM rpade obHapyxRmuBaercs noarpad romeomMopdHsiii rpady
K3 3 Ha CIeAyIONUX AEBSTH HMOIAPHO HEIEePECEKAIONINXC sl MapIIPyTaX MeKIy BepIINHAMI
N3 MHOXKECTB {a,az,b} u {ba,ca,da}: a — ba; a — ca; a — da; a®> — ba; a® — ca; a® — da;
b—ab—ba;b—cb—bc—c—ac—ca;b—db—bd—d— ad— da.

Bazuc m38:

Ocuosa mpasoro rpada Kam n-1mopoxieHHoit ¢cBOOO/IHON HOTYTPYIIIBI JJAHHOI'O MHOTO-
obpasus mpecTaBisieT coboi TM3BIOHKTHOE 00benHeHne 1 TPad OB N-MepHBIX KyO0B @,
CJIEJIOBATEIIHHO, JIOMYCKAeT TIOCKYIO YKIaAKy npu n < 3. A mpu n > 4 He JOIyCKaeT II0C-
KO# yKJIaJK’, TaK KaK CO/EpKUT moArpad romeomopdubiit rpady K5 Ha Tex XKe JIeCITH 10-
apHO HellepeceKalomuxesl MapIIpyTax MexK Iy BepIIMHAME U3 MHO:KecTBa {a, a?, ab, ac, ad}
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ba a ca

Puc. 3.31. Iliockas ykmanka rpada SLCay(Fs(var{m37}),{a,b,c})
Fig. 3.31. Planar embedding of the graph SLCay(Fs(var{m37}), {a,b,c})

9TO W B OCHOBe ITpaBoro rpada Kamm n-mopoxeHHoit ¢cBOOOIHOM MOJTYTPYIITbl MHOTOOOPa-
sus var{ma34}.

[Tnockas ykiauka ocHOBBI JieBOro rpada Kajm cBobOMHOIN 2-IIOPOKIEHHON IOy I'PYIIIIbI
MHOroobpasust var{ma38} npejcrasiena Ha Puc. 3.9. A npn nanpHeeM yBeJnIeHnn IUCIa
obpasyromux B 3ToM rpade obHapykuBaercs moarpad romeomopdusiit rpady Ks Ha ciaemy-
FOIUX JIECSITU TIOMAPHO HElePeCceKaIoMUXCsl MapIIpyTax MeyKJy BEPIIMHAME U3 MHOXKECTBA
{ab, ba, aba, b’a, cba}: ab—b—cb—achb—bc — ¢ — ac — aca — ca — a — ba; ab — aba; ab — b3a;
ab — cba; ba — aba; ba — b%a; ba — cba; aba — ba; aba — cba; b%a — cba.

Bazuc m39:
3aMeTnM, JaHHASA CHCTEeMa TOXKIECTB ITOX0XKa Ha CUCTEMY M35 C eIMHCTBEHHBIM OTJIMIH-
€M B TOM, ITO BMECTO T = I MMeeT MecTo &2 = &3, CJIeJ0BATENIFHO, BCe CKA3AHHOE B IIyHKTE

M35 OTHOCUTEJBHO OCHOB NpaBbIx I'pados Kau nosyrpynn umeer Mecto it m39, Tak Kak
B COOTBETCTBYIOMMUX I'padax Kou b Ha cMeHy pasHOHAIIPABJIEHHBIX MaPAJLIEIbHBIX JIyT
NPUXOJSAT TIETIIN.

[Tockast ykajKa oCHOBBI JieBOro rpada Ko cBoboIHONE 2-TOPOXKIEHHON MOy TPYIITbI
mHoroobpasust var{m39} npeacrasiena na Puc. 3.11. A sesbiit rpad Kouu cBoGomnoit n-
MOPOKIEHHON MOy Tpynbl MEOrooOpasus var{m39}, mpu n > 3, B cBOeil OCHOBE COJEPIKUT
Takoil ke noxarpad romeomopdusiii Ks3 Ha JeBATH MapHIpyTaX MeXKJly BePIIHHAMU U3
mHoxkecTB {a,b,c} u {a? b?, c*} kax u B sesom rpade Ksmmu cBOGOIHOM N-OPOKIEHHOI
HOJTyrpyIIIBl MHOTOOGpa3us var{m7}, upu n > 3, He cMoTpst Ta To, uTo rpadsl Kaau srnx
MOJIYTPYIII HE M30MOP(MHBI, TaK KAK COAEPKAT Pa3HOE KOJMIECTBO BEPIIIHH.

Bazuc m40:

Tak kak ocHoba rpada Ksam momyrpymusr F, (var {m40}) npezacrapiser coboii o0b-
€JIMHEHNE 1, TIONIAPHO U30MOPGHBIX MEXKJLy COOOM IJIAHAPHBIX MOJHBIX ABYAOJbHBIX IpadoB
K, conepxaniux 1-6yKBeHHyI0 1 3-OyKBEHHYIO BEPIINHBI B OJHOM J0JI€, a BCe 2-0yKBEHHbIE
BEPIIUHBI B JIpyToii moste, 1o rpad Kam aroit mosmyrpymnmnst mianaped npu jobom n € N.

ITnockas yknanka rpada SLCay(Fy(var{m40}), {a,b}) npeacrasrena na Puc. 3.32. A
ocHoBa sieBoro rpada Kamm nomyrpymmnsr Fy, (var{m40}) npu n > 3 comepxut noarpad ro-
MeoMopdublit rpady K3 3 Ha CIeLyOMUX AEBATH HONAPHO HELEPECEKAIONNKCH MAPIIPYTaxX
MeXKJly BEPIIMHAMM U3 MHOXKECTB {a, a3, ba? } u {a? ba,ca}: a —a?; a —ba; a — ca; a® — a?;
a® — ba; a® — ca; ba® — a?; ba® — ba; ba® — ca.

Basuc m41:

ILnockas yknaaxa rpabda SCay (Fz (var {m41}),{a,b}) npexcrasrena na Puc. 3.7.a, rak
KaK €CJId TOXKJECTBa U3 CJOB HaJl JABYXOYKBEHHBIM AJI(DABUTOM YJIOBJIETBOPSIIOT CHUCTEME
TOXKIeCTB M41l, TO OHU YJOBJIETBOPSAIOT U CHCTEME MH. 3aMETUM IIPU ITOM, UTO TaK KaK
rpad Ko cBoGomHO n-TIOpOXKAEHHOI IOy rpyInbl MHOrooOpasust var{mb}, mist n > 3
B CBOeji OCHOBE COAEPKUT moarpad romeoMopdusii K33 Ha JAEBATH MAPIIPYTax MEXKIY
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a3

‘,

ba?
Puc. 3.32. Ilnockas ykmnanaka rpada SLCay(Fz(var{m40}), {a,b})
Fig. 3.32. Planar embedding of the graph SLCay(F2(var{m40}), {a, b})

BepITMHAME U3 MHOXKecTB {a, b, c} u {a?,b?, ¢®} npoxosanux uepes BepIIMHBI ABJISIONTHECST
cJI0BaMU HaJl JIBYXOYKBEHHBIM aJipaBUTOM, TO ITOT YK€ HOArpad MOKHO OOHAPYKHUTH U B
OCHOBE CBOGOJIHOI N-NOPOKIEHHON MOy rPyIIbl MHOrOO6pas3ust var{m41}, nmpu n > 3.

ITnockas ykiaaxa rpada SLCay (Fa (var {m41}),{a,b}) upencrasnena na Puc. 3.7.b,
TaK Kak OISITH K€, eCJIU TOXKJECTBa M3 CJIOB HaJ ABYXOyKBEHHBIM ajihaBUTOM yIOBJIETBO-
PSIIOT cucTeMe TOXKIeCTB m4l, TO OHU YIOBJIETBOPSIOT U CUCTEME M5,

A neniit rpad Kam cBoGoaHON N-TIOPOXKIEHHON MOTyTrpyInbl MHOrOOGpasust var{41},
mpu n > 3, B cBOeil OCHOBe cofepKUT ToArpad roMeoMopdHEIit K3 3 Ha CIIYIONNX JeBATH
MapHIpyTax MeKIy BepHuHaMu u3 MHOXkKecTs {ba,ba?,ca’®} u {a?,b%a?, cba’}: ba — a — a?;
ba — b%a — b%a?; ba — cba — cba?; ba? — a?; ba® — b%a?; ba® — cba?; ca® — a?; ca® — c2a? — a’c—
ac — ¢ — be — b%c — ?b% — cb? — b% — b — ab — a®b — b%a?; ca® — cba?.

Basuc m42:

ITnockas ykiazaka rpada SCay(Fs(var{m42}),{a,b,c}) upencrasnena na Puc. 3.33.a.
VBesmuenne ducia 00pa3yIoux MPUBOJUT K MOSABJIEHUIO B ocHOBe rpacda Kanu mosyrpyn-
sl F,, (var {m42}), tne n > 4, noarpada romeomopduoro rpady K3 3 Ha CIIEIYIONHX JIEBs-
TH IOIAPHO HEIEPECEKAIOIINXC MapIIPyTaX MeXK/y BepIIUHAMU U3 MHOXKECTB {a, a?, b} u
{ac, ab, ad}: a—ac; a—ab; a—ad; a* —ac; a? — ab; a® — ad; b—bc—bea — cb— ¢ — ca— aca — ac;
b — ba — aba — ab; b — bd — bda — db — d — da — ada — ad.

ch?
a) b)

Puc. 3.33. [lnockas ykiaanka rpada a) SCay(Fs(var{m42}),{a,b,c});
b) SLCay(F3(var{m42}), {a,b, c})
Fig. 3.33. Planar embedding of the graph a) SCay(F3(var{m42}), {a,b, c});
b) SLCay(F3(var{m42}),{a,b,c})

ITnockas yxiazaxa rpada SLCay(F3(var{m42}), {a,b, c¢}) npencrasiena na Puc. 3.33.b.
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VBenmyenne Yucsia 0Opa3yIONNX MPUBOIUT K IOSBJIEHHIO B OCHOBe JjieBoro rpada Kamm
nosyrpymmst Fy, (var {m42}), rme n > 4, noarpada romeomopduoro rpady K; Ha ciemy-
IOIIUX JIECSITU TOITAPHO HEIIEPECEKAOINXC Sl MapIIPyTaxX MEXKJy BepIIMHAMU U3 MHOXKECTBA
{a,az, ba, ca, da}: a—a’ a—ba; a—ca; a—da; a® —ba® — ba; a®> — ca® — ca; a® — da® — da;
ba — cba — ca; b — dba — da; ca — dca — da.

Basuc m43:

B ocnose rpada Kanu nomyrpynmsr F, (var{m42} npu n > 2 obuapyxkusaercsa moarpad
romeoMopdublil rpady Ks 3 Ha cieAyIOmuX JeBATH IIOIAPHO HellePeCeKaloIuXcsa MapIIpy-
TaxX MeXKJIy BEepIINHAMU U3 MHOXKECTB {ab7 a’b?, azba} u {aQb, aba, abz}: ab—a —a® — a’b;
ab — aba; ab — ab?; a?b? — a?b; a®b? — aba; ab? — ab?; a®ba — a?b; a*ba — aba; a’ba — ab?.

Puc. 3.34. Iliockaa ykiaaaka rpada SLCay(Fy(var{m43}), {a,b})
Fig. 3.34. Planar embedding of the graph SLCay(Fz(var{m43}), {a,b})

ITnockas ykaazka rpada SLCay(Fa(var{m43}), {a,b}) upencrasiena na Puc. 3.34. A
ocuoBa Jieporo rpada Kasu nonyrpynust F, (var{m43}) upu n > 3 comepxur noarpad ro-
MeoMopdHEIi Tpady K3 3 Ha CIEIYIONIX JEBATH IOAPHO HelepeCeKaIoNIXCsa MapIIpyTax
Mexk /1y BepimmHamu u3 Muoxkects {a,a®,ba® } u {a?, ba, ca®}: a — a*; a — ba; a — ca — ca?;
a’® —a?; a® — ba® — bab — b2a? — b%a — ba; a® — ca® — ca?; ba® — a?; ba® — ba; ba® — cba® — ca®.

Basuc m44:

OcuoBbl mipaBoro u JieBoro rpada Kamm n-mopoxkpeHHoit ¢cBoOOIHOM TOJyIPYIITbI MHO-
roobpasusg var{m44} saBiagi0TCs IU3bBIOHKTHBIM 00'beIUHEHUEM 7 OIAPHO N30MOPhHBIX K,
nosiabIX rpadoB nopsyika n. CrenoBaresibHO, TpaBbiii u JieBblil Tpad Kamm mosyrpyriss
F,, (var {m44}) nonyckaer miockywo ykiaaaky npu n < 4. A qist n > 5 ocHOBa ImPaBoro
rpada Ksmu nomyrpymmner F, (var{m44}) conepxxur noarpad romeomopdusiii rpady Ky Ha
CJIEJTYTOIINX JIECSITU MONAPHO HEIePEeCEeKAOINXC MapPIIPyTaX MEXKy BEPIIMHAMU M3 MHO-
xkecrBa {a,ab,ac,ad,ae }: a — ab; a — ac; a — ad; a — ae; ab — ac; ab — ad; ab — ae; ac — ad;
ac — ae; ad — ae. B meBoM rpade aHasormIHbBIM 00pa3oM 0OHAPYKUBAETCS MOATrpad ro-
MeoMopdHEI rpady K5 Ha CAEIYIONNX AECATH MOMAPHO HEEPECEKAIOINKCI MapIIPyTax
MeXK/[y BepIIMHAME U3 MHOXKecTBa {a, ba, ca,da,ea }: a — ba; a — ca; a — da; a — ea; ab — ca;
ba — da; ba — ea; ca — da; ca — ea; da — ea.

Baszuc m4bs:

Ipad SCay(Fy(var{m45}),{a,b, c,d}) cocrout u3 4eTbIpéx ONAPHO U30MOPMHBIX CBsI3-
HBIX KOMIOHEHT. [1y1ocKast yKjaka OJIHOI M3 9TUX KOMIIOHEHT IpejcraBiena Ha Puc. 3.35.
B ocuoee rpada Kamm moayrpynusr F,(var {m45}) mist n > 5 nanbHeiimee yBeaudeHune
4HC/Ia 00pa3yoMNX IPUBOJUT K TOABIEHHIO ToArpada romeoMopdHoro rpady Ks 3 Ha cire-
JYIOMINX JEeBITH ITOTAPHO HEITEPECEKAIOIINXCS MaPIIPyTaxX MK Iy BEpIIHHAME U3 MHOXKECTB
{a,ab,aba } u {abe,abd,abe}: a — ac — achb — abc; a — ad — adb — abd; a — ae — aeb — abe;
ab — abc; ab — abd; ab — abe; aba — abc; aba — abd; aba — abe.
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Puc. 3.35. [Liockas ykJajika OJHOI M3 YeTHIPEX NONAPHO M30MOPQHBIX CBAZHBIX
xomuoHenT rpada SCay(Fy(var{m45}),{a,b,c,d})

Fig. 3.35. Planar embedding of one of the four pairwise isomorphic connected
components of the graph SCay(Fy(var{m45}),{a,b,c,d})

Toxmecrsa xyrz = 2’yz m xyzy = Tzy? 3epKAJbHO CHMMETPUYHBI JpPYT
mast gapyra,  mostomy rpad  SLCay(Fy(var{mdb}),{a,b,c,d}) wusomopden rpady
SCay(Fy(var{m45}),{a,b,c,d}) u umeer IUIOCKYIO YKJIAJIKy KAaXKJOH M3 UYeTHIPEX CBO-
UX KOMIIOHEHT aHAJOTUYHYIO IpejcTaBieHHol Ha Puc. 3.35 ¢ TouHOCTBIO 110 OOpaIeHus
HOpAAKa CIeJOBaHAA OyKB B CJI0BAX COOTBETCTBYIOIIUX BEPIIUH. A B OCHOBE JIEBOTO Tpada
Ksmu monyrpynmet F, (var {m45}) mas n > 5 nanbHelimee yBeIndeHne Iuciia 06pasyommx
AHAJIOTUIHBIM 00pPa30M HPHUBOJUT K NOsiBJIeHNIO HoArpada romeomopduoro rpady Ks 3 Ha
CIICAYIONHX JIEBATH IOIIAPHO HEIIePEeCEKAIOMUXCA MAPHIPYTaX MEXKy BePHIMHAMH U3 MHO-
KecTB {a, ba,aba } u {cba, dba, eba}: a — ca—beca — cba; a —da—bda — dba; a — ea — bea — eba;
ba — cba; ba — dba; ba — eba; aba — cba; aba — dba; aba — eba.

Bazuc m46:

ITnockas ykianka rpada SCay(F3(var{m46}),{a,b, c}) npeacrasnena na Puc. 3.36. A B
ocrose rpada Ko nonayrpynner F, (var {m46}) must n > 4 nanpHeiiee yBeJnueHne IuCIa
00pa3yIoNINX NPUBOAUT K TOABJIEHMIO moarpada romeomopdHoro rpady Ks 3 Ha ciemy-
IOIIUX JIEBATH IIONAPHO HEIEPECEKAIOMMUXCA MAPIIPYTaX MEXKJy BEpIIMHAME U3 MHOKECTB
{a,a{aba } u {ab,ac,ad}: a — ab; a — ac; a — ad; a® — ab; a®> — ac; a®> — ad; aba — ab;
aba — abc — abca — achb — ac; aba — abd — abda — adb — ad.

ITnockas yxaagaka rpada SLCay(Fa(var{m46}), {a,b}) nupeacrasnena na Puc. 3.37. A B
ocHoge Jieoro rpada Kamm nosyrpynmesr Fy, (var {m46}) mis n > 3 nanbHeiiniee yseanuenne
9HCTIa 00pa3yoMuX IPUBOJNT K MOABIEHNIO ToArpada romeomopdHaoro rpady Ks 3 Ha cire-
JIIOIIIX JEBATH MONAPHO HENEPECEKAIONMXCA MAPIIPYTaX ME2K Ly BEPIIMHAME U3 MHOKECTB
{a,b,c} u {a® b% c®}: a — a®; a — ba — aba — b*; a — ca — aca — c; b — ab — ba® — a®; b — b?;
b—cb—beb— % ¢ —ac—ca® —a?; ¢ — be — cb? — b2; ¢ — 2.

Basuc mA4T:

[Tnockas yknazaka rpada SCay(Fy(var{m47}), {a,b}) npeacrasiena na Puc. 3.38.a. A B
ocuoe rpada Kamu nonyrpyuust F, (var {m47}) upu n > 3 obuapyzkusaercs mnoarpad ro-
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a b c
ab, a? \ac bg b% \\bc cq c2 \¢ch
abq, ba’ ca?
aca beh ch?
abc ab=ca ach bac ba=ca bca cab ca=ba cha

Puc. 3.36. [lnockas ykaanka rpada SCay(Fs(var{m46}),{a,b, c})
Fig. 3.36. Planar embedding of the graph SCay(F3(var{m46}), {a,b,c})
, ba?
a a ab b

2
ba aba b

Puc. 3.37. Ilnockas ykaanka rpada SLCay(Fa(var{m46}), {a,b})
Fig. 3.37. Planar embedding of the graph SLCay(Fz(var{m46}), {a,b})

MeoMopdHEIi Tpady K3 3 Ha CIEIYIONIX JEBATH TONAPHO HelepeCeKaIONIXCsA MapIIPyTax
MeXKJIy BEpITHHAMU U3 MHOXKECTB {a, a?b, aca} u {a?, aba,ac}: a — a?; a — ab — aba; a — ac;
a?b — a?; a®b — aba; a®b — a®bc — abca — achb — ac; aca — a’c — a?; aca — ca — ¢ — cb — beb —

bc — b — ba — aba; aca — ac.

ab ab? ba? ba ba b%a a®b ab
a — \ b a — \ b
( (
2. @ 2 2. @ 2
a a’b b?a b @ pa?  ab? b
a) b)

Puc. 3.38. Ilnockas ykiauka rpada a) SCay(Fs(var{m47}),{a,b});
b) SLCay(F>(var{m47}),{a,b})
Fig. 3.38. Planar embedding of the graph a) SCay(Fz(var{m47}),{a,b});
b) SLCay(F>(var{m47}),{a,b})

ITnockas yknanxa rpada SLCay(Fy(var{m4T7}),{a,b}) npeacrasmena na Puc. 3.38.Db.
A B ocHoBe sieBoro rpada Kssm noayrpynust Fy,(var {m47}) upu n > 3 obHapyKusaercs
nonrpad romeomopdusit rpady K33 Ha CIeIyOMUX IEBATH IOIAPHO HEIEPECEKAIOIIKCS
MAapIIpyTax MKy BEPITHHAMI U3 MHOYKECTB {a, ba?, aca} u {a?, aba, ca}: a—a?; a—ba—aba;
a — ca; ba® — a?; ba? — aba; ba® — cba® — acba — bea — ca; aca — ca® — a?; aca — ac — ¢ — be —
beb — ¢b — b — ab — aba; aca — ca.

Bazuc m48:

Ocuosa rpada Ksim nonyrpymst F, (var {m48}) mianapsa npu 060M n, Tak Kak OHa
SIBJISIETCSl U3BIOHKTHLIM 00beJUHEeHneM 7 IOJIHBIX ABYAOIbHEIX rpados K1, comeprralmux
OJIHY BEPIIMHY B IIEPBOM [10J€ U 7T BEPIIXH BO BTOPOWH J10J1€.

ITnockas yxkaaaka rpada SLCay(Fy(var{m48}),{a,b}) npencrasnena na Puc. 3.39. A
B ocHose Jiesoro rpada Ksmu nomyrpynner F,(var {m48}) npu n > 3 obuapykusaercs
nonrpad romeomopdusit rpady K33 Ha CIEIYIOMUX IEBATH IOIAPHO HEIEPECEKAIOIIXCS
MapIIpyTax MeK/ly BepITHHAMI U3 MHOXKecTB {a, ab, ac} u {a?, ba, ca}: a—a?; a —ba; a— ca;
ab — a2; ab — ba; ab — ca; ac — a?; ac — ba; ac — ca.
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ba h?

a? ab
Puc. 3.39. Ilnockas ykmnaaka rpada SLCay(Fa(var{m48}), {a,b})
Fig. 3.39. Planar embedding of the graph SLCay(F2(var{m48}), {a,b})

I/Iﬂel\«TIIOTeHTHbIe HeHepeCTaHOBO‘{HbIe:

Basuc m49:

Ocuosa rpada Kauu nonyrpymnust F, (var {m49}) mianapsa npu Ja060M 1, TAK KaK siBJIst-
€TCS AIUKJITIECKAM TPaOM, TO €CTh JIECOM, COCTOSIIIAM U3 71 JIEPEBBEB, KAasKI0€ U3 KOTOPBIX
comeprur 1+ (n—1)+(n—-1)(n—2)+...+(n—-I=1 + 37} H;Zilj BEpPITIUH, YTO
ocJIe YIpOIeHusl Bblpazkenus pasuo 1+ e(n — 1) floo t";z dt.

ITnockas yxaazaka rpada SLCay(Fy(var{m49}), {a,b}) upencrasnena na Puc. 3.40. A
B ocHoBe Jieporo rpada Kamm nomyrpynnst F,(var {m49}) npu n > 3 obHapyKupaercs
noarpad romeoMopdHsIit Tpady K3 3 Ha CIEIYIONNX IeBATH ITONAPHO HelepeCceKAONTIXC s
MapInpyTax MexKy BepiuuHaMu u3 muoxkects {ach, ba,bea} u {ca, cab, cba}: achb — cb — be —
¢ — ac — ca; achb — cab; achb — cba; ba — a — ca; ba — ab — cab; ba — cba; beca — ca; bea — cab;
bca — cba.

Puc. 3.40. Iliockas yxmangka rpada SLCay(F»(var{m49}), {a,b})
Fig. 3.40. Planar embedding of the graph SLCay(Fz(var{m49}), {a, b})

Baszuc m50:

Ipad SCay(Fy(var{m50}), {a,b, ¢, d}) cocrout u3 4eTbIpéx mONapHo u30MOPMHBIX CBsI3-
HBIX KOMIOHEHT. [1jtockast yKjaka OJHOM M3 TAKUX CBSI3HBIX KOMIIOHEHT IPEJICTABJIEHA HA
Puc. 3.41. Ho yxe npu BbIOOpe msiTu 0b6pa3yiomux B ocHOBe rpada Ksmm mosyrpymist
F, (var{m50}), tne n > 5, obrapyxusaercst noarpad romeomopbusit rpady Ky Ha ciemy-
TOIUX JIECSITU TIONAPHO HEIEePECEeKAIOIMMUXC sl MapIIpyTaX MeKJy BEPIIMHAME U3 MHOXKECTBA
{abcd, abeda, abedb, abede, abede}: abed — abeda; abed — abedb; abed — abede; abed — abede;
abcda — abedb; abeda — abedce; abeda — abede; abedb — abedce; abedb — abede; abede — abede.

ITnockas ykmana ocHoBbl jieBoro rpada Ksmu noayrpynust F, (var{m50}) upu n = 2
npescTaBaena Ha Puc. 3.42, a manbHeiiee yBegndeHne Incjia 00pa3yionnx IPUBOIUT K 10~
aByleHnIo noArpada romeomopduoro rpady Ks s Ha CIIELyONUX JEBATH HOIAPHO HEIEpe-
CEKAIOIIUXCsl MAPIIPyTaxX MeXKJly BepIIMHaMu U3 MHOXKecTB {acba, ba,beca} n {ca, caba, cba}:
acba — baca — aca — ca; acba — caba; acba — cba; ba — a — ca; ba — aba — caba; ba — cba; bea — ca;
bca — caba; bea — cba.

JlokaszaTeabCcTBO 3aBepIIeHoO.

4. Craructudeckasi oopaboTKka pe3yJjbTaToOB

JIJtst TIOJTHOTBI KAPTUHBI OCYIIECTBUM CTATHUCTUYECKYIO 0OpabOTKY IOJIyYeHHBIX DPE3YJib-
raro Merogom PCA [19] ¢ mocemyomeit kKinacrepusanyeil pacCMOTPEHHBIX MHOI0O6pa3uii
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ab ac ad
abc bd ach, cd adb, dc
aba aca ada
abca abda acba acda adba adca
abch abdb, achc, acdc, adbd, adcd,
abcd abdce achd acdbg adbc adcbe
abcdal abdca acbda acdba adbca adcba
abcdb, abdch acbdb, acdbc, adbch adchg
abcdce abdcd ¢ achdce acdbd ¢ adbcd ¢ adcbd ¢

Puc. 3.41. Ilnockas ykiagka OIHON M3 I€THIPEX MOMAPHO M30MOPMHBIX CBI3HBIX

kommoneHT rpada SCay(Fy(var{m50}),{a,b,c,d})

Fig. 3.41. Planar embedding of one of the four pairwise isomorphic connected
components of the graph SCay(Fy(var{m50}), {a,b,c,d})

a ba aba
—eo o
b ab bab

Puc. 3.42. Ilnockas yknanka rpada SLCay(Fa(var{m50}), {a,b})
Fig. 3.42. Planar embedding of the graph SLCay(Fz(var{m50}), {a, b})

10 X paHram mwiaHapHocT. Anaimus riuasabix kommnoneHT (PCA) — s1o momublii craTucTu-
YeCKHIl METOJI, UCHOJb3YeMbIil B PA3IUIHBIX 00JIACTSIX JJIsi YIIPOIIEHUsI CJIOKHBIX HAOOPOB
nauabix. PCA momMoraer cOKpaTUTh KOJUYIECTBO MEPEMEHHBIX B HAOOPE JAHHBIX, COXPAHSIS
GOJIBIIIYIO YaCTh MCXOMHON M3MEHYMBOCTH, YTO yIIPOIIAeT aHau3 u pusyasmsarmio. Cokpa-
mas kosmuectBo m3Mepenuii, PCA obecneunsaer Gosee apdekTuBHOE XpaHeHue u 0ojee
6pICTPYIO 00pabOTKy 63 3HAYUTEIHHOI MOTePH WHGOPMAINHA, UTO MOMOraeT OT(UIBTPO-
BBIBATH IIYM W3 JIAHHBIX, TEM CAMBIM TOBBIIIAS KA9€CTBO U TOYHOCTH MOJesieil. DTOT Me-
TOJ, Ipeobpa3yeT MHOTOMEPHBIE JAaHHBIE B JIBYXMEPHOE WJIA TPEXMEPHOE IPOCTPAHCTBO, ITO
VIPOIIAEeT BU3YAJM3AIUIO U TIOHNMAaHIEe 3aKOHOMEPHOCTE! U TeHIeHIN, KPOME TOr0, OIpe-
JlesisieT HauboJlee 3HAUNMbIe [IPU3HAKU ([JIAaBHbIE KOMIIOHEHTBI) B Ha0Ope JaHHBIX, KOTOPHIE
MOXKHO UCIIOJIb30BATH B KAYECTBE BXOIHBIX TIEPEMEHHBIX JJIs MOJIeJIel MAITUHHOTO 00y Ie€HUs.
B obpaborke m3obpazkenuit u koMmibiorepaoM 3pernn PCA ucmonb3yercs Jjis pacno3HaBa-
HUst 00pPa30B U CTPYKTYP B JAHHBIX, HAIIPUMED, B CHCTEMAX PACIO3ZHABAHUS JIHII.

Beeném B pacemorpenue psiz pakTopos: f1) konmmuectso ToxAecTs; 2) KosmyecTBo GyKB
BO BCex ciioBax; f3) MakcumasbHas JymHa ci10B; {4) MuHUMaIbHAsT JyinHA cJI0B; {5) "acTora
cumBoJia x; f6) wacrora cumBosia y; {7) wacrora cumsosia z; {8) wacrora cumsosa w; {9) pas-
HOCTh MEXKJly MAKCUMAJbHOW U MUHUMAJBHON jyiuHoi cjioB; {10) MakcumasbHas pa3HOCTDb
JIMH CJIOB B TOXKIecTBax; f11) MUHUMAaJIbHAS PA3HOCTD JJINH CJIOB B ToXK1ecTBax; {12) koswm-
YeCTBO Pa3HBIX OYKB BO BCex cjoBax; {13) MUHMMAaJIbLHOE KOJIMYECTBO PA3HLIX OYKB B CJIOBAX;
f14) MmakcuMasbHOE KOJIMIECTBO Pa3HBIX OYyKB B cJ0Bax; 15) MakcuMasbHAsT PA3HOCTb MeK-
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Jly IIePBBIM BXOXKJleHHeM OYKBbI T B JIEBOM U IpaBoM cjioBe; f16) MakcuMasbHas Pa3sHOCTD
MeKJly II€PBBIM BXOXKJieHHeM OyKBbI y B JIeBOM U IIpaBoM ciioBe; f17) MakcuMasbHas pas-
HOCTh MEKJIy MEPBBIM BXOXKJI€HHEeM OYKBBI Z B JIEBOM U MPaBoM cJjiose; f18) MakcumasbHast
PA3HOCTH MEXKJLy MEPBLIM BXOXKJICHUEM OYKBBI W B JIEBOM U IPABOM cJioBe; f19) Munmnmain-
Has PA3HOCTH MEXKJy IIEPBBIM BXOXKJEHMEM OYyKBBI & B JIEBOM U IpaBoM cjioBe; £20) Mu-
HUMAJIbHAS PA3HOCTh MEXKJIy [IEPBBIM BXOXKJIEHHEM OYKBBI Y B JIEBOM M IIPABOM cJioBe; {21)
MUHUMAJIbHAS PA3HOCTH MEXKJIY IIEPBBIM BXOKJIeHUeM OYKBBI 2 B JIEBOM U IIPABOM CJioBe; {22)
MUHUMaJIbHAsI PA3HOCTb MEXKJLY IEPBbIM BXOXKJIEHUEeM OyKBBI w B JIEBOM U IIPABOM CJIOBE;
£23) makcuMasbHAST PA3HOCTH MEXKJLY IIOCJIEJHUM BXOXKJIEHHEM OYKBBI L B JIEBOM U IIPABOM
ciose; £24) MakcuMasibHAS PA3HOCTH MEXKJY HMOCJIEJIHUM BXOXKIECHUEM OYKBBI Y B JIEBOM U
npaBoM cjioBe; £25) MakcuMabHas PA3HOCTD MEXKLY MOCJIEJIHUM BXOXKI€HIEM OYKBbI 2 B Jie-
BOM U [IpaBOM cJioBe; {26) MakcuMmaibHast PA3HOCTD MEKJLY IIOCJIEHIM BXOXKJIEHHEM OyKBbI
W B JIEBOM U TIPABOM CJIOBe; {27) MUHUMAJbHAST PA3SHOCTD MEXKIy TOCTEIHUM BXOXKICHUEM
GyKBBL & B JIEBOM U IPABOM CJIOBe; [28) MUHMMAJIbHAS PA3HOCTH MEXKJLY MOCIEIHUM BXOXK-
JleHueM OYKBBI i B JICBOM M IIPABOM CJIOBe; {29) MUHUMAJIbLHAS PAZHOCTH MEXKILY MOCJIEIHUM
BXO2KJIeHreM OYKBBI 2 B JIEBOM U IIPaBoM cJioBe; £30) MUHUMAJIbHAS PA3HOCTH MEXKILY TIOCTIEI-
HUM BXOXKJIeHHeM OYKBBI W B JIEBOM U [IpaBOM cJioBe; f31) MakcuMasbHas PA3HOCTb MEXKILY
[IEPBBIM ¥ HOCJEIHUM BXOXK/EHIEM OYKBBI T B JIEBOM U LIPABOM cJioBe; {32) MakcuMaJibHast
Pa3HOCTHb MEXKJIy IEePBBIM U ITOCJIEIHUM BXOXKJIEHUEM OYKBBI i B JIEBOM U IIPABOM CJIOBE;
£33) mMakcuMmasbHAs PA3HOCTH MEXKJLY IIEPBBIM U MOCJIEIHUM BXOXKJIEHUEM OYKBBI 2 B JIEBOM
u 1paBoM cjiose; £34) MakcuMasibHAS PA3HOCTH MEXKJLY HEPBBIM U MOCJEJIHUM BXOXKJICHUEM
OGyKBBI W B JIEBOM U IIPABOM CJIOBe; {35) MUHUMAJIbHAS PA3HOCTH MEXKJY [EPBBIM U II0CJIEI-
HUM BXOXKJIeHHEM OyKBBI & B JIEBOM U IIPABOM cJioBe; £36) MUHMMAaJbHAS PA3HOCTH MEXKILY
[EPBBIM U MOCJIEHAM BXOXKJEHNEM OYyKBBI § B JIEBOM U NPAaBOM cJioBe; f37) MuHMMAaIbHAsS
Pa3HOCTb MEXKJIy IEPBBIM W IIOCJIEHUM BXOXKJIEHHEM OYKBBI Z B JIEBOM U IIPABOM CJIOBE;
£38) MuHUMAJIbHAS PA3HOCTH MEXKJLY IEPBBIM U MOCJIEAHUM BXOXKJEHUEM OYKBBI W B JIEBOM
7 TIpaBOM CJIOBE.

Pasnesrenne MHOrooOpasuii 110 3HAYEHUSIM PAHIOB ILIAHAPHOCTHU T, MerogoMm PCA majo
npescTaBaennbie B Tabsmre 4.1 pe3yabTaTh.

Tabauna 4.1. Koppessiimn nexoiHbIX (PaKTOPOB 10 OCSIM

Table 4.1. Correlations of initial factors along the axes

ITo neproit ocu (Along the first axis) ITo BrOpoit ocu (Along the second axis)
correlation p-value correlation p.value
f17 8.475E-01 8.455E-15 3 7.233E-01 2.975E-09
£33 8.097E-01 1.082E-12 f1 6.824E-01 4.813E-08
25 8.097E-01 1.082E-12 2 6.739E-01 8.127E-08
f14 7.409E-01 7.636E-10 £5 6.403E-01 5.508E-07
f12 7.409E-01 7.636E-10 31 6.323E-01 8.435E-07
f7 5.876E-01 7.244E-06 19 6.040E-01 3.411E-06
f4 5.377E-01 5.655E-05 f6 5.771E-01 1.147E-05
20 5.036E-01 1.931E-04 23 4.387E-01 1.438E-03
34 4.941E-01 2.655E-04 f15 4.235E-01 2.178E-03
26 4.941E-01 2.655E-04 34 4.229E-01 2.213E-03
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ITo nepsoii ocu (Along the first axis) ITo Bropoii ocu (Along the second axis)
f18 4.941E-01 2.655E-04 26 4.229E-01 2.213E-03
£8 4.941E-01 2.655E-04 f18 4.229E-01 2.213E-03
f16 4.706E-01 5.628E-04 8 4.229E-01 2.213E-03
37 4.441E-01 1.235E-03 f14 2.998E-01 3.442E-02
29 4.441E-01 1.235E-03 f12 2.998E-01 3.442E-02
f21 4.441E-01 1.235E-03 f11 -2.801E-01 4.881E-02
£36 3.817E-01 6.239E-03 20 -3.691E-01 8.351E-03
28 2.845E-01 4.521E-02 £36 -4.838E-01 3.713E-04
£35 -3.119E-01 2.745E-02 28 -6.662E-01 1.287E-07
f9 -3.405E-01 1.553E-02

f10 -4.466E-01 1.150E-03

[Tpu sTOM pa3sie/ieHre 3HAUEHMUIL T IO BTOPOIl OCH UMEET CJIEIYIONINE XaPaKTePUCTUKU:
R2 =4.321F — 01, p.value = 3.172F — 05.

Hasee obHApYKUIOCH, 4TO HanboJbmuit Kodddurment koppessmun r = 0.59612874 ¢
HabOpOM HAMJIEHHBIX 3HAYEHUI PAHIOB IJIAHAPHOCTH JOCTABJISIET BCIOMOTATEIbHBIN Iapa-
merp fn=((1+19)(1+£12)) /((1+£3)(1+18)). Ocrasus Bemymume dbakroper {17, £33 u monosHUB
¥X rmapaMerpoM fn GbLIO MPOU3BEIEHO MOBTOPHOE pa3jesieHre MHOr00bpasuil 10 3HAYEHU M
paHroB mianapaoctu r, merogoM PCA, garo namo npencrasiennbie B Tabaute 4.2 pe3yib-
TaTHI.

Tabauna 4.2. Koppessiun Beaymumx GakKTOPOB MO OCAM

Table 4.2. Correlations of leading factors along the axes

ITo nepsoii ocu (Along the first axis) ITo Bropoii ocu (Along the second axis)
correlation p-value correlation p-value

£33 9.837E-01 2.097E-37 fn 9.998E-01 2.786E-82

f17 9.834E-01 3.210E-37

[Ipu sToM pasmesieHne 3HaYEHWil 7', IO BTOPOH OCH CTaJIO ele 0oJiee CTATHUCTUYECKHE
sanaguMbiM: R2 = 5.703F — 01, p.walue = 7.727TE — 08.

OToT HAOOP MAHHBIX cOMepKUT H0 HAOIIOMEHWI 3a 3HAYECHUSMU DAHIOB ILIAHAPHOCTH,
MEHSIONUMUCS IIPU M3MEHEHUN TOXKIECTB OA3UCHON CHCTEMBI COOTBETCTBYIOIIETO MHOI000-
pa3usi, u 4 nepeMeHHble, | KadeCTBEHHAs IepPEMEHHAas PACCMATPUBAETCS KaK OCHOBHAS.

Anajmm3 rpacdukoB He O0Hapy»KuBaeT HUKakux BbIOpocoB. Ilpejcrasiennas va Puc. 4.1
WHEPIIUs MEPBBhIX M3MEPEHUI MOKA3bIBAET, CYIIECTBYIOT JIM CUJIbHBIE CBS3U MEXKJIy Iiepe-
MEHHBIMH, U yKa3bIBAE€T HA KOJIMIECTBO OCeil, KOTOPBIE CjeayeT n3ydarhb. llepBbie 1Be ocu
aHanm3a BhIpazkaioT 98,04% wmmeprum o0mero mHabopa JaHHBIX, 9TO o3HadaeT, 9To 98,04%
[IePEMEHHBIX 00bICHSIOTCS KOPPEJSIITUOHHON TIIOCKOCTHIO. DTOT MPOIEHT JOBOJIHHO BBICOK,
U TI09TOMY II€pBasi IJIOCKOCTb UJEAJBHO OTPayKaeT U3MEHYUBOCTH JAHHBIX. JTO 3HAUYEHHE
GoJIbIIe STAJOHHOIO 3HadeHus, pasHoro 79,49%, TakuMm 00pa3oM, K3MEHUYUBOCTD, 00bLSICHSI-
eMasl ITOH IIOCKOCTBIO, 3HaUnMa, (ITAJIOHHOE 3HAYEHNE [IpecTaBiger coboit 0,95-KBaHTHIIb
MIPOIIEHTHOTO PACIIPEIeJIEHNsT HHEPIUH, IOy IeHHOIO IIyTeM MojeaupoBanns 14634 Tabimi
JIAHHBIX 9KBUBAJIEHTHOI'O pa3Mepa Ha OCHOBE HOPMAJILHOIO PaCIIpe/IeJICHNs).

Ha Puc. 4.2 npencrapjensl (pakToOpHasl ILJIOCKOCTb M KOPPEJISIIIMOHHBIN Kpyr. 3aeck 10
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Puc. 4.1. Paznoxenue obiieit mHEPIUN JJIs IPABBIX PAHIOB INIAHAPHOCTH

Fig. 4.1. Decomposition of the total inertia for right ranks of planarity
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Puc. 4.2. ®akropHas MJIOCKOCTb U KOPPEJIAIUOHHBINA KPYT JIJIs IPABbIX PAHTOB
IJIaHAPHOCTH

Fig. 4.2. Individuals factor map (PCA) and variables factor map (PCA) for right
ranks of planarity

06o3Ha"aeT OGECKOHEUYHBIN paHT IJIAHAPHOCTH, a Tl, 12, r3 u r4 COOTBETCTBEHHO PAHIU ILjia-
HApPHOCTHU €O 3HadeHUsAMH 1, 2, 3 u 4.

ITepsasi och nporuBonocrasisier Mmuoroobpasus 29, 31, 40, 28, 16, 24 u 30 (B upasoii
[OJIYIUIOCKOCTH, YTO XapaKTEPU3yeTCsl CHJIbHO MOJIOXKUTEJIbHOH KOOPAMHATON HA OCH) MHO-
roobpasusiM tuna 1, 6, 7 u 36 (B J€BOI MOIYINIOCKOCTH, UTO XapaKTEPU3YETCsl CUIBHO OT-
punaTeJIbHON KOOPJAUHATON Ha OCI/I).

Ipynna, B KoTopyio Bxoaar MHoroobpasus 29, 31, 40, 28, 16, 24 u 30 (xapaxrepusyer-
Csl TIOJIOXKUTEJILHON KOOPAUHATON Ha OCH), PA3EIAeTcsl BHICOKUME 3HAYEHUAME (HhaKTOPOB
f17 u £33 (uepeMeHHBIE OTCOPTUPOBAHBI OT CAMBIX CHJIBHBIX) M HU3KUMU 3HAYEHUAME JIJIs
repeMeHHoii fn.

Ipynmna, B KoTOpoit cTosT MHOroo6pasust 1, 6, 7 u 36 (xapakTepusyercsi OTPUIATENb-
HOI KOOD/JIMHATON Ha OCH), Pa3lesigercsd HUSKUMU 3Hadenusamu jjid £33 u f17 (nepemenubie
OTCOPTUPOBAHDI 110 BO3PACTAHUIO OT CAMBIX CJIAOBIX).

Bropast ocb nporusonocrasiser muoroobpasus 27, 45, 50, 33, 34, 35 u 44 (B Bepxwueil
JacTy rpaduKa, XapaKTepu3yIomeicst CHIIbHO [TOJOKATEJIbHO KOOPMHATON HA OCH) MHOIO-
obpazusam 29, 31, 40, 1, 6, 7, 36, 28, 16 u 24 (B HukHeil yacTu rpaduka, XapaKTepu3yoIeiics
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CHJIHO OTPUIIATEIHHON KOOPIUHATON HA OCH).

I'pynna, B KoTopylio BXxogsaT MHOroobpasus 27, 45, 50, 33, 34, 35 u 44 (xapakrepusyercs
OJIOXKUTEIHHON KOOPIMHATON HA OCH), OTJIEJIEHA BHICOKMUMH 3HAYEHUSIMU JIJIsl TIepEMEeHHON
fn. Tpynma, B KoTOpoii crogaT muoroobpasus 1, 6, 7 u 36 (xapakTepusyercs OTPULATEIHHON
KOODJMHATON Ha OCH), OTJEJIeHA HU3KUMU 3HAYCHUAMU Jist nepeMenubix £33 u f17 (mepe-
MEHHbBIE OTCOPTHPOBAHBI [10 BO3PACTAHUIO OT CAMBIX CJIAOBIX ).

I'pynna, B kKoTopyio BxoaaT MHOroobpasus 29, 31, 40, 28, 16, 24 u 30 (xapakrepusyercs
OTPHIATENHHON KOOPANHATON Ha OCH), XapAKTEPHA TEM, UTO UMEET BBICOKHME 3HAUEHUS JIJIst
f17 u £33 (mepeMeHHBIE OTCOPTHPOBAHBI 110 BO3PACTAHUIO OT CAMBIX CHJILHBIX), HO HU3KUE
3HAYEHUs [ lepeMeHHoi fn.

Haxkomer, kraccudukarust MHOT00Opa3uil 10 paHraM INIAHAPHOCTH, TIO3BOJISET BBIIEIATH
3 kiacrepa, Budyasusuposannbie na Puc. 4.3 u Puc. 4.4.
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Puc. 4.3. Uepapxudeckoe 1epeBo Jjist TPABbIX PAHIOB IJIAHAPHOCTH

Fig. 4.3. Hierarchical tree for right ranks of planarity

Knactep 1 cocrout u3 muoroobpasuii 1, 6, 7 u 36. st 9T0i rpynibl XapaKTepPHbI HU3KHE
3HaveHus s epeMeHHbix £33, fn u f17 (mepemeHHbBIE OTCOPTUPOBAHBI OT CAMBIX CJIAGBIX).
Kinacrep 2 cocrour n3 muoroobpazuit 26, 33, 34, 35, 44, 45 u 50. st 310l rpynmnsl xa-
paKTepHBbI BbICOKWE 3HadYeHus i rnepementoit fn. Kimacrep 3 cocrour m3 mHOroobpaswmit
16, 22, 24, 27, 28, 29, 30, 31 u 40. s 910l rpynnbl XapaKTEPHLI BHICOKHME 3HAYEHUS IIJIsI
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Puc. 4.4. Bocxonsamas nepapxmdeckas KIacCupUKAIUsi MHOTO0OPa3nii Mo MpaBbIM
paHraMm IJIAHAPHOCTU

Fig. 4.4. Ascending hierarchical classification of the individuals on right ranks of
planarity

nepemernbix {17 u £33 (mepemeHmble OTCOPTUPOBAHBI OT CAMBIX CHJILHBIX ).
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Puc. 4.5. lepapxudeckoe nepeBo Ha (paKTOPHON KapTe JJIs IPABbIX PAHIOB
[JIAHAPHOCTH

Fig. 4.5. Hierarchical tree on the factorial map for right ranks of planarity

WNepapxuyeckoe JepeBo MOKET ObITh HAPUCOBAHO Ha (DAKTOPHOI KapTe C pacKpallleHHbI-
MM TOYKAMU B COOTBETCTBUU C WX KJIACTEPAMH TaK, KaK 9TO mpejcrasjieHo Ha Puc. 4.5.

[ToBTOpSist aHAIOTWYHBIE PACCYKICHUS JJIsl JIEBBIX PAHIOB IIJIAHAPHOCTHA HAXOIUM BCITO-
MoraresapHbli mapamerp Lin=(1+f4)(14+19)/(1+£3)(1+£3), umeromuii ¢ JeBBIME paHraMu
IUTAHAPHOCTU HAMOOJIBINYIO0 Koppessanuio r = 0.45563657. Ilociie nobasirenus K dhakTopam
f17 u {33, siBysifOIIMMCST BeJIyIUME, HOBOI mepemeHHON Lin aHajm3 rjaBHBIX KOMIIOHEHT
oKa3bIBaeT Ha Puc. 4.6, 4To mepsble JgBe ocu BhIpaxkaroT 97,82% obmieit nneprum Habopa
IAHHBIX, 9TO O3HadaeT, 9To 97,82% obmiell M3MEHYNBOCTH 3HAYCHHI JICBLIX PAHIOB ILJIAHAD-
HOCTH OOBSICHSIOTCS ABYMEPHOM IIOCKOCTHIO. DTOT MPOIEHT JOCTATOYHO BHICOK, U TIOITOMY
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1epBas IUIOCKOCTb MIEAJIBHO OTPaXkaeT M3MEHUYNBOCTD JaHHBIX. DTO 3HAYEHUE OOJIbIIIE ITa-
JIOHHOTO 3HadeHusi, pasHoro 79,49%, Takum 06paszoM, U3MEHUUBOCTL, 00bICHSEMas 3TOil
IUIOCKOCTBIO, 3HAUNMa (ITAJOHHOE 3HAYEHMe NpeCcTaBiser coboii 0, 95-KBaHTUIIb TPOIEHT-
HOT'O pacupejie/ieHns] WHEPIUH, [TOJIy9eHHOI'O IIyTeM MojenpoBanust 14397 tabjul qaHHBIX
9KBHUBAJICHTHOI'O Pa3dMepa Ha OCHOBE HOPMAJLHOIO PACHPEIEIeHNs).

Decomposition of the total inertia

N o
& 2

Percentage of variance
)
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1 2 3
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Puc. 4.6. Paznoxxenue obieil mHepIUy 115 JIEBBIX PAHIOB IIAHAPHOCTH

Fig. 4.6. Decomposition of the total inertia for left ranks of planarity

Ha Puc. 4.7 npencrasiena pakTopHasi IJIOCKOCTh M KOPPEJAIMOHHBIA KPYT IJIs pa3-
JleJIeHnsl JIEBBIX PAHroB IutaHapuoctu. llepsast och mpormBomocrasisieT MHOroobpasust 29,
31, 40, 16, 24, 30, 28 u 27 (7exkamye B NPaBOil MOIYIIOCKOCTH, KOTOPAs XapaKTepu3yeT-
Csl CHJIBHO IIOJIOXKUTEJIBHON KOOPJAMHATONH Ha 9T0i ocu) MHOroobpasusiv 10 u 32 (u3 sieBoit
HOJIYIJIOCKOCTH, KOTOPasl XapaKTePU3yeTcs CUIBHO OTPUIATEIbHON KOODIUMHATON HA OCH).

I'pynna, B KOTOPO#i HaxoAuTCs MHOroobpasue 27 (XapaKTepu3yeTcs: IOJIOKUTEILHON KO-
OpAMHATOI Ha OCH), BbLIEJSETCS BHICOKUM 3HadeHueM iyid {33. I'pynmna, B koropoil Haxo-
nsarcest MEOroobpasust 16, 24, 30 u 28 (ToxKe XapaKTepu3yeTcst MOJIOKUTETHHON KOOPIMHATOM
Ha OCH), BBLJIEJSIETCs] BBICOKMME 3HadeHusMu s f17 u £33 (mepemeHnHBIE OTCOPTUPOBAHBI
110 yOBIBAHUIO OT CAMBIX CHJIbHBIX). ['pymia, B KOTOpoil Haxoiarca muoroobpasusa 29, 31 u
40 (xapakTepusyercs HOJOKUTEIHHOW KOODIMHATON HA OCH), BBIIEJIAETCS BBICOKUME 3HA-
yenusgmu i £17 u £33 (mepemenHblie 0TCOPTUPOBAHBI OT CAMBIX CHJIBHBIX), HO HHU3KUMHU
3HadeHusMu it mepemennoit Lin. ['pymma, B kotopoit Haxossress mHOroodbpasust 10 u 32
(xapakTepusyeTcst OTPHUIATEIBHON KOOPAMHATON Ha OCH), BBIIEJISIETCsI BHICOKMME 3HAUCHNUSI-
mu i nepemennoii Lin. Hakonen, rpynna 5 u rpynmna 6 (xapakrepusyercs OTpUIaTebHOM
KOODJMHATON HA OCH) BBIIEJSIETC HU3KUMU 3HAYCHUAMEU Jjisi epeMennbix {17 u £33 (nepe-
MEHHbBIE OTCOPTHPOBAHBI [10 BO3PACTAHUIO, HAYMHAS OT CAMBIX CJIAOBIX).

Kunaccudukarus paccmarpuBaeMbiXx MHOIOOOPA3 Uil 110 JIEBBIM PAHTaM ILJIAHAPHOCTH, I103-
BOJISIET BBIIEIUTDH 6 KJjlacTepoB, BU3yaJn3npoBaHHbIX Ha Puc. 4.8 u Puc. 4.9.

Knactep 1 cocrout nz muorooopaswmit 10 u 32. st 3T0it rpynnbl XxapaKTepHBI BHICOKHE
suadenust s nepementoit Lfn. Kiacrep 2 cocrour m3 mMHOroobpasmii, KOTOpbIe BBIJIEJIs-
TOTCSI BBICOKMMU 3HAYEHUSIMH T Tepemennoit Lin n auskuvu s3nadennavu s £33 u 17
(mepemMeHHBIE OTCOPTHPOBAHBI [0 BO3PACTAHUIO OT caMbix ciaabbix). Kiacrep 3 cocrour us
MHOroobpasuit 9, 13, 14 u 36. JLjst 3Toit rpymibl XapakTepHbl Hu3kue 3uadenus: Lin. Kiacrep
4 cocrouT U3 MHOrooOpasuii, 3HAYEHUSI OIPeJIEJISIONUX (PAKTOPOB Y KOTOPBIX CYIIECTBEHHO
He oTIMYaTcs or cpeauero. Kitacrep 5 cocront m3 muoroobpasmit 16, 22, 24, 27, 28 u 30.
st 970it rpynel xapakTepHbl Bhicokue 3Hadenus £33 u f17 (mepeMeHHble OTCOPTUPOBAHDI
or caMbIX cuibHBIX). Kiacrep 6 cocrout usz muoroobpasuit 29, 31 u 40. s 910#i rpynns! xa-
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Fig. 4.7. Individuals factor map (PCA) and variables factor map (PCA) for left

ranks of planarity
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Puc. 4.8. Nepapxuueckoe gepeBo Ui JIEBBIX PAHTOB IIJIAHAPHOCTHU

Fig. 4.8. Hierarchical tree for left ranks of planarity

paKTepHBI BbIcOKMe 3HaueHus {17 u £33 (mepemMeHHBIE OTCOPTUPOBAHBI OT CAMBIX CHUJIBHBIX ),
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Puc. 4.9. Bocxogsmas nepapxudeckas KiaacCuduKaIus MHOro0Opasuii 1Mo JIeBbIM
paHraM IJIAHAPHOCTU

Fig. 4.9. Ascending hierarchical classification of the individuals on left ranks of
planarity

HO HU3KWeE 3HadeHus JJjis nepeMentoit Lin.
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Puc. 4.10. Uepapxudeckoe jiepeBo Ha HPaKTOPHON KapTe JJIs JIEBbIX PAHI'OB
[JIAHAPHOCTH

Fig. 4.10. Hierarchical tree on the factorial map for left ranks of planarity

Uepapxuueckoe JepeBo MOXKET ObITH HAPUCOBAHO Ha (DAKTOPHOI KapTe C pacKpalleHHbI-
MM TOYKAMU B COOTBETCTBUU C MX KJIACTEPAMH TaK, KakK 9TO mpezacrasieno Ha Puc. 4.10.

B pesysibrare npuMeneHns CTATUCTUYIECKOTO AHAJIN3a IPUXOIUM K BBIBOJLY O TOM, YTO Be-
AyumMu pakTopaMy U3 PACCMOTPEHHBIX YHUCJIOBBIX XapPAKTEPUCTUK 0a3MCa TOXKIECTB, OKa-
3BIBAIOIINX HAMOOJIBINIEE BJIUSHIE HA 3HAUEHUE PAHTA IIJIAHAPHOCTHA COOTBETCTBYIOIIETO MHO-
roobpasug, asigiorcs: {17) MakcuMaIbHAg PA3HOCTD MEXKILY IIEPBBIM BXOXKJICHUEM OYKBBI 2
B JIEBOM U IIPABOM CJIOBE; £33) MakcuMasbHasi PA3HOCTD MEXKLY IIEPBBIM U [IOCJIEIHUM BXOXK-
JeHreM OYKBBI Z B JIEBOM U IIPABOM CJIOBE.
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5. 3akJroyenue

OcHOBHasT 9aCTh HOBBIX PE3YJIBTATOB, TIOJIYY€HHBIX B CTAThe, ObLJIA AaHOHCHPOBAHA PAHee B
MarTepuasiax paborsl Mexrynapogaoit kondepernun « MAJIBIITEBCKUE YTEHNU A 2024
roga [20].

[Tosyuennble pe3yiabTaThl UMEIOT MPAKTUYECKOe 3HAYEHUE JJIs JUCKPETHON MareMaTu-
KH, TEOPUU MOJIYIPYII U aJTOPUTMHUIECKOH Teopuu rpadoB, CIIOCOOCTBYS JabHERIeMy
WCCJIEIOBAHUIO B3AaUMOCBsI3el MeXKy ajareOpandecKUMU U TOMOJOIMYECKUME CBOHCTBAMU
KOHEYIHBIX CTPYKTYD.

ITosBOIA UTOT, MOKHO CKa3aTh, YTO MOJIYIPYIIIL 9€TBEPTOrO IMOPSAIKa ABJAIOTCH Oora-
TBIM PEJIMETOM U3YYEHHs C JIAJIEKO WJYNIUMU TIOCJIEJICTBAIMU B ajredpe, BBIYUCICHUSIX
U MOJIEJIUPOBAHUN $IBJIEHUIN peaabHOro mMupa. VX mpocToTa B COUETAHUU CO CTPYKTYPHBIM
pasHoobpa3ueM JielaeT UX BayKHEHINM I1aroM Ha IyTH K MOHUMAHUIO H0Jiee CJIOKHBIX aJl-
reOpanvIecKux CUCTEM.
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AcuMriToTudyeckoe m YNCJIEHHOE MCCJIeI0BaHUeE
ypaBuenus Illamens c 3aryxanuem
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Awnnoranus. llpuBeneHo aHamIuTHYeCKOe W YUCIEHHOE PEIIEHUE MOJEIBHOTO yPABHEHUS
[Tamess ¢ 3aTyXaHHeM, ONUCHIBAIONIAM JUHAMUKY MOHHO-3BYKOBBIX BOJIH B 3aMarHUYEHHOM
wra3me. MaJiblit mapaMeTp B ypaBHEHUM BBEJIEH Tepe]] JUCCUIIATUBHBIM CJIAraeMbIM, TaK UTO
B €r0 OTCYTCTBHE perneHueM ypasHenus 1llamesst siBIsieTcsl yeMHEHHAsT BOJHA (COJUTOH).
s ero perieHus IpUMEHEH aCHUMITOTUYECKUN METOJ, SIBJIAIONINNCS Pa3HOBUIHOCTHIO Me-
Toma Muorux macirrtabos Kpsrrosa-Borosobosa-Murpononsckoro. B mepsom npubmkennn
10 MaJIOMy ITapaMeTpy PeIeHre ONMUCHLIBACTCS yEeIMHEHHOW Oeryimeil BOJHOM C mapaMmeTrpa-
MM, M€JIJIEHHO U3MEHSIOIINMUCS cO BpeMeHeM. Bo BTOpoM NnpuOJINKeHNN HAXOAATCS 3aKOHBI
W3MeHeHUsI aMILTUTYIbI U a3kl COJMTOHA, KaK (PYHKIMH «MeIJIEHHOrO» BpeMeHnu. Hapsimy c
9TUM HCIIOIB3YIOTCSI HHTETPAJIbHBIE 3AKOHBI MACCHI M SHEPTUU BOJTHOBOTO TI0JIsI, BHITEKAIOIINE
TOYHO U3 MCXOJHOrOo MoxayibHOro ypasHenus lllamens c auccunarmeit. [lokassiBaercs, 4To
9TU WHTErPAJIbl MO3BOJISIIOT OIEHUTH BEJMYWHY U3JIYIE€HUs] COJMUTOHA, B YaCTHOCTH, MAaCCy
TaK Ha3bIBAEMOI'O XBOCTA, BOZHUKAIOIIETO 33 COJIMTOHOM B Iporiecce ero auccumarmu. [Ips-
MO€ YHCJIEHHOE PeIlleHNe NCXOIHOT'O YPaBHEHUS IICEBOCIIEKTPAJIBHBIM METOOM IIOITBEP/IAIIO
ACHUMIITOTUYECKIE 3aKOHBI U3MEHEHUsI aMIIJIUTYIbl COJTUTOHA W3-3a ero auccumanuu. Vccire-
JOBaH TaKzKe IPYro# IpelleIbHBIA CiIy4dail CUIbHOU NUCCUIIAINA (no CpaBHEHUIO C HEeJIMHEeHR-
HOCTBIO ¥ JIACCUIIAIMEl), KOIJIA COJMUTOH 3aTyXaeT KaK JIMHEHHBIA MMIIYJIbC, TOT IIPOIECC
TMOATBEPXKIEH YUCIEHHO.

KuaroueBrbie cjioBa: mOHHO-3BYKOBbIE BOJTHBI, ypaBHenue [llamerisi, yeinaennast BoHa, Me-
TOJT MHOTHX MAaCIITA0OB, IICEBIOCIIEKTPAILHBIN METOS,

Hns nurupoBauusi: Piaamapuon M. B., ITenunosckuii E. H., Tajgunosa T.T. Acumnrorn-
9ecKoe W IHMCJICHHOE MccenoBanne ypasuenns [lamens ¢ saryxanuem // 2Kypnaa Cpedne-
6001CCK020 Mamemamuseckozo obwecmea. 2025. T. 27, Ne 2. C. 229-242. DOI: 10.15507/2079-
6900.27.202502.229-242

06 asmopax:

diaamapuon Mapceso, Ph.D. o maremaruke, mpodeccop Ilanckoro Kkaroanaeckoro yHu-
Bepcurera llepy, (15088, Ilepy, r. Jluma, Yuusepcurerckoe asenio, g. 1801), ORCID:
http://orcid.org/0000-0001-5637-7454, mvellosoflamarionvasconcellos@pucp.edu.pe
Ilenunosckuit Edbum HaymoBudu, qoKT. dus.-MaT. HayK, IVIABHBIN HAYYHBIA COTPYIHUK
Uucruryra upuknansoit dusukn PAH nmenn A.B. Tamonosa-I'pexosa (603120, Poccwuii-
ckasg Deneparus, r. Hwxuwmit Hosropog, yi. Yiabsasosa, a. 46), npodeccop Hanuonass-
HOTO HCCJIEZI0BATEIHCKOTO yHUBEpCUTeTa — Bbicmas mkosa skonomukn (603120, Poccnii-
ckaa Penepanus, r. Huxnuit Hosropon, yiu. Bombmas Ilewopckas, x. 25/12), ORCID:
http://orcid.org/0000-0002-5092-0302, pelinovsky@ipfran.ru

Djpamapuon M. B., Ilemunosckuii E. H., Taaunosa T.I.. AcuMOTorudeckoe u 4HCJIEHHOE HCCJIEAOBAHUE . . .



2Kypnas CpeHeBoKCKOro MareMarnieckoro obrmecrsa. 2025. T. 27, Ne 2. 231

Tanunosa Tarbsina 'eoprueBHa, JOKT. Hu3.-MaT. HAYK, BEAYIIAN HAYIHBIA COTPYTHUK
Uucruryra npukaaauoit dbusukn PAH nvenn A.B. Fanonosa-I'pexosa (603120, Poccuiickas
Denepanus, r. Hmxuuit Hosropon, yi. Yabauosa, 1. 46), ORCID: http://orcid.org/0000-
0002-1967-4174, tgtalipova@mail.ru

1. Introduction

The Schamel equation was first introduced in the study of undamped electrostatic
waves in a Maxwellian plasma [1], [2]. Its analytical solutions in the form of solitary
waves taking into account the forcing are obtained in [3], [4]. The interactions between
ions and electrons, considering various factors like distribution functions, plasma density,
temperature gradients, and collisions are analyzed in [5]-[8]. The same equation describe
the nonlinear wave dynamics of cylindrical shells [9]. Unlike the well-known Korteweg—de
Vries (KdV) equation, the Schamel equation incorporates a modular term that modifies
the representation of nonlinearity. This crucial difference renders the Schamel equation
nonintegrable, introducing mathematical challenges due to the non-analytic nature of the
function—challenges that do not arise in integrable equations commonly encountered in
plasma physics, such as the modified KdV (mKdV) equation and the Gardner equation [1],
[2], [10], [11]. The Schamel equation allows for solitary wave solutions of both polarities, but
because of its nonintegrability, their interactions are inelastic, resulting in a small-amplitude
dispersive tail that forms immediately after two solitary waves collide [12], [13]. Flamarion et
al. [14] extended this analysis to an ensemble, examining the interactions of multiple solitary
waves with random phases. They demonstrated that the dispersive tails generated during
each collision can act as a mechanism for the formation of freak waves.

The interaction between solitary waves and an external force has also been explored
within the framework of the Schamel equation. Chowdhury et al. [4] derived a Schamel-type
equation that accounts for the presence of an external force and investigated the interaction
between a solitary wave and a time-dependent external periodic force, using both asymptotic
analysis and numerical simulations. Later, Flamarion and Pelinovsky [15] studied the effects
of a spatially dependent force on solitary waves, identifying conditions for resonance between
the external force and the solitary waves through asymptotic and numerical methods. Since
its derivation in 1972, the Schamel equation continues to present intriguing challenges and
remains a vibrant area of research.

Shan [16] explored the nonlinear characteristics of high-frequency electron-acoustic (EA)
in a dissipative plasma, consisting of a cold beam electron fluid, Schamel-kappa distributed
hot trapped electrons, and stationary ions. Using the multiple scale expansion method,
Shan derived a damped Schamel equation to describe small-amplitude electrostatic potential
disturbances, incorporating dissipative effects. This damped equation was later employed by
Sultana and Kourakis [17] in their study of the electrostatic potential, where they analyzed
the nonlinear properties of dissipative ion-acoustic solitary waves in the presence of trapped
electrons. Although numerical solutions were obtained in both studies, their mathematical
properties were not thoroughly investigated.

The goal of this work is to examine the damped Schamel equation derived in [16], [17]
and obtain an asymptotic solution by assuming that a solitary wave undergoes adiabatic
evolution. We demonstrate that a tail forms behind the solitary wave with negative mass.
The asymptotic results are then compared with direct numerical simulations, revealing good
qualitative agreement.
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The article is structured as follows: Section 2 presents the canonical damped Schamel
equation, while Section 3 covers the asymptotic results. Numerical results are discussed in
Section 4, and final conclusions are provided in Section 5.

2. The damped Schamel equation

As mentioned in the introduction, the damped Schamel equation has appeared in the
literature in various contexts. In this work, we focus on investigating the evolution of solitary
wave solutions in the presence of damping. To achieve this, we consider the Schamel equation
in its canonical form

ur + /||ty + Ugrr + evu = 0. (2.1)

In this equation, u(x,t) represents the wave field at position x and time ¢, v denotes the
damping coeflicient, and € is a small positive parameter that characterizes the strength of
the viscosity. In the absence of damping, the Schamel equation(2.1) admits solitary wave
solutions, which can be expressed as follows

84/
u(z,t) = asech? (k:(:r — ct)), where ¢= 15|a|7 k= 1—66 (2.2)

Here, a denotes the solitary wave amplitude, which can also take on negative values, c
represents the solitary wave speed, and k characterizes the solitary wave wavenumber.

The damped Schamel equation has two important quantities: the mass and momentum
associated with equation (2.1) are, respectively,

+o0 +oo
M(t):/ u(z,t)de and E(t):/ u?(z,t)dx.

— 00 — 00

The momentum equation is

dE
T —2evE(t), (2.3)

which has solution E(t) = Ege 2!, where Fj stands for the initial momentum. Meanwhile
the mass balance equation

dM

W = —61/1\4('t)7 (24)
which has solution

M(t) = Moe " (2.5)

Here, M, represents the initial mass.

3. Asymptotical solitary wave solution of the damped Schamel
equation

When the damping term is introduced into the Schamel equation, solitary wave solutions
of the form (2.2) cease to exist. However, if the damping is weak, it is reasonable to expect
that the solitary wave might nearly preserve its main characteristics, such as amplitude,
speed, and width, over short periods. In other words, it is natural to assume that the solitary
wave undergoes an adiabatic transformation [18]-[20].
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We assume that the solitary wave is expressed asymptotically in the slowly varying time
scale T' = et

T
w(®,T) = a(T)sech* (k:(T)@), ® =0 X(T), X(T)=umz0o+ % /0 o(T)dT,

where a(T) is the modulated amplitude, X (T') is the solitary wave crest position and ¢ its
phase, ¢(T') is the variable speed and k(T') the typical variable solitary wave width. Here,
x¢ is the phase, a is the modulated amplitude and c is the speed. The wave field is given by
the asymptotic expansion [21]-[23]

uw(®,T) = up + euy + ug + -+,

c(T) =co+tec; +€co+ .

The first order solutions, uy and ¢y are directly determined through formula (2.2). We
consider a solitary wave with positive polarity (a > 0). In the first order €, we have

_ 8u1 0 ’ 83u1 _ _ 8u0 8u0
Ly =~ g + g |/ (o] + g = Py = v = G e g

where f(u) = u|u|'/?. The operator L is a self-adjoint operator and
LE=0= £ =uo,
is the only bounded solution. The compatibility condition is
+oo —+oo

Consequently we have that
+o0 auo +o0
/m uoa—Tdcb = 7”/700 uld®.

1d +oo +oo
§CTT/ udd® = —21// udd®.
Using the fact that T = et we obtain

In other words,
— 00 — 00

1d +oo +oo

—— udd® = —261// udd®. (3.1)
— 00 — 00

Notice that equations and (2.3) and (3.1) are the same, it means that tails does not contribute
in the momentum in the first-order approximation. As a result, the momentum can be
computed analytically as follows

E(T) = azéT) /+OO sech® (k®)d® = a22(]3“) /+OC sech®(®)d® = %\/?Ea7/4(T). (3.2)

— 00 — 00

Substituting equation (3.2) in 2.3 leads to the following ordinary differential equation for
the solitary wave amplitude

= ——eva(t). (3.3)
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Consequently, .
a(t) = age™ 7. (3.4)

It is important to note that the asymptotic procedure does not account for the mass
balance. This occurs because the contribution of the tail is neglected in the asymptotic
expansion. Consequently, the total mass of the wave field should be considered as comprising
two components: the mass contribution to the solitary wave and the mass contribution to
its tail, which are separated as follows

M (t) = M(t) + Mq(t),

where M represents the mass contribution of the solitary wave and M; accounts for the tail
mass. The tail mass can be computed in terms of total mass and solitary wave mass as

My(t) = M(t) — Ms(t),
where M (t) is give in equation (2.5). On the other hand, the solitary wave mass is
a(T) e 4 a(T) e 4 4 3/4
M, (T) = —= sech’ (k®)d® = —— sech”(®)d® = g\/%a (7).
Substituting (3.4) into (2.4) that the solitary wave mass is

4
M(t) = g\/%ag/‘le*ge”t

Now, notice that our initial data is a solitary wave, thus the initial mass
_ 4 3/4
My = M4 (0) = g\/SOaO .

Thus the tail mass is given by

4 4
My(t) = M(t) = Mu(t) = 5v30a5 ™" — 5V/30ap/ e # " =

4
= g\/%ag/“e*wtu — €7, (3.5)

This expression shows that for the total mass can be negative. Physically, this means that
a tail forms just behind the solitary waves. Figure 3.1 displays the evolution of the ratio of
the tails mass and the initial solitary wave mass.

4. Numerical simulation of the damped Schamel equation

We solve equation (2.1) using the standard pseudospectral method detailed in [24].
Spatial derivatives are computed spectrally and then equation is integrated over time using
the classical explicit forth-order Runge-Kutta method. The same method has been employed
to solve equation (2.1) in [14], [25], [26].

Figure 4.1 illustrates the evolution of a solitary wave in a weakly damped wave field. As
the solitary wave propagates to the right, a tail forms behind it. The effect of damping
is evident in the solitary wave amplitude, which decreases over time. The tail exhibits
oscillatory behavior with negative mass. A series of snapshots capturing this evolution is
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Fig. 3.1. The evolution of the tail mass quantity
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Fig. 4.1. The evolution of a solitary wave in the weak damping field. Here,
ev = 0.01

provided in Figure 4.2. The tail, which is of order O(10~%), is small compared to the solitary
wave amplitude at early times. The wave field in the vicinity of v = 0 is smooth, but the
nonlinearity here is not analytic. This is because, in the opposite case, the third derivative
would have a jump.

In the case of strong damping, the solitary wave amplitude decays more rapidly, and
the tail forms more quickly than in the previous scenario. Notably, the amplitude of
the dispersive tail is larger under strong damping. Our simulations indicate that the tail
amplitude scales with O(v?). Figure 4.3 shows the evolution of a solitary wave in a stronger
damping field, where a tail forms behind the solitary wave. For further details, see Figure
4.4. Despite the quantitative differences with higher damping values, the qualitative features
remain consistent.

As we increase further the damping coeflicient to v = 1. In this case, the damping is so
strong the the solitary wave is destroyed in a short period of time. An example of such case
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Fig 4.2. Snapshots of the solitary wave evolution. The initial solitary wave
amplitude is ap = 1 and the damping coefficient ev = 0.01.
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Fig. 4.3. The evolution of a solitary wave in the damping field. Here, ev = 0.1

is shown in Figure 4.5.

Finally, Figure 4.6 compares the amplitude of the solitary wave computed asymptotically
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Fig 4.4. Snapshots of the solitary wave evolution. The initial solitary wave
amplitude is ap = 1 and the damping coefficient ev = 0.1.
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Fig. 4.5. The evolution of a solitary wave in the strong damping field. Here, ev = 1

with that obtained from numerical simulations for different values of v. Both approaches
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yield qualitatively similar results. However, the quantitative agreement is observed only at
early times, with discrepancies emerging as time progresses. Notice yet that when damping
is stronger, the solitary wave cannot maintain its shape or behave as a pulse of constant
width, as the effects of nonlinearity and dispersion become smaller compared to damping.
In this scenario, the energy balance (or the direct Schamel equation without nonlinearity
and dispersion) results in a(t) ~ exp(—evt). Consequently, the slope of the curves in Figure
4.6 (right) changes from 8/7 for weak damping to 1 for strong damping, indicating a slower
rate of decay.

1 10° 10
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Numerics
Numerics Asymptotics
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Numerics
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Puc. 4.6. CpaBHeHre aMILITUTY/I COJTUTOHHBIX PEIIEHU, MOy YeHHBIX C TTOMOIIBIO
ACHMIITOTHYIECKON TE€OpHH, ¢ PE3yIbTATAMHI YUCJIEHHOTO MOJECTUPOBAHUS B
oJIyJI0OrapuMUIECKOM MacIiTabe.

Fig 4.6. Comparison between the solitary wave amplitudes predicted by the
asymptotic theory and the numerical simulations in the semi-log scale.

5. Conclusion

In the framework of the Schamel equation, we asymptotically determined the solitary
wave amplitude and its decay rate, as well as the solitary wave’s position at any given time.
Additionally, we demonstrated that a tail forms behind the solitary wave and calculated
its mass, showing that the tail mass is negative. To validate the asymptotic results, we
performed numerical simulations. Overall, there is good qualitative agreement between the
asymptotic predictions and the numerical results for weak and strong damping.
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Awnunoranusi. B crarbe pazpaboTaH YMCIEHHBIA aJrOPUTM JJIsi UCCJIEOBAHUS JO3BYKOBBIX
BSI3KMX XUMHUYECKNA aKTUBHBIX TTOTOKOB B IPUCYTCTBUU JIA3€PHOTO U3JIydeHus. Moaens mpo-
mecca onucana B npubiamkenun ypasuenuii Hasbe-Crokca ¢ mornpaBkoil Ha J03BYKOBO# pe-
2KUM Te4eHHsI, J00aBJIeHHEM NCTOYHUKOBBIX UJIEHOB, OTBEYAIONNX XUMUYECKUM IIPEBpAIIle-
HUSIM, U BHEJPEHUEM JIOTOJTHUTETHHONO OOBIKHOBEHHOTO JTudpepeHIInaIbHOr0 yPABHEHNU I,
OIHCHIBAIOIIETO PACIIPOCTPAHEHNE JIA3€PHOTO U3JIYyUEHHUs MO JJIMHE HCCJIeIyeMOil 0OIacTH.
BrrunciurensHbIil aJropuT™M IOCTPOEH C IIPUMEHEHHEM IIPHUHIUIA PACHIelJIeHns 10 husn-
YEeCKMM TIPOIECCaM. DTO TO3BOJISIET OTIEIbHO PACCUNTHIBATH M3MEHEHUsI KOHIIEHTPAIUil B
X0/l XUMHUYIECKUX [PEBPAIEHN, KOHBEKTUBHbIE TIOTOKH, JUCCUMATHBHBIE UJIE€HBI, TIMHAMU-
JecKOe OTKJIOHEHHE JIABJIEHUsI M PAaCIPOCTPAHEHUEe JIa3€PHOI0 u3jydeHus. s ydera amc-
CUIATUBHBIX caraeMbix (muddysusi, BASKOCTb U TEIIONPOBOJHOCTH) UCHOJIB3YETCs METO/
JIOKAJIbHBIX UTEPAINil, OCHOBAHHBII HA YIOPSIIOIMBAHUHT TOJUHOMOB Uebnimesa. [Iporpavm-
Hasl peajiu3alysl IIOCTPOEHHOI'O0 aJITOPUTMA BBIABUJIA 0OJiee KOPOTKHE BPEMEHA PACUETOB C
HCIOJIb30BAaHNEM METO/Ia JIOKAJIBHBIX UTEPAIU JJTsT pacdera JUCCUTATUBHBIX WIEHOB B CPaB-
HEHUU C &JITOPUTMOM, BBIUUC/IAIONIAM UX HA OCHOBE CXEMBI C IEHTPAIBHBIMA PA3HOCTSAMH, 38
C4YeT BO3MOXKHOI'O NCIIOJIb30BAHUS 00JIee KPYITHOIO OOIIET0 PACYETHOrO IIIara 1o BpemeHu. Be-
puduKalus aJIrOPUTMa MMPOBEJIEHa Ha TPUMepe KOHBEPCUU METaHa CPABHEHHEM C PACcUeTOM
CTEXNOMETPHUIECKOTO Oajianca OpyTTO-peakKIuu IPOIEeCCa, a TAKXKe MCCIETOBAHHEM CXOJIU-
MOCTHU DeIIeHUs Ha II0CJIEIOBATEIBHOCTH CIyIIAIoNmxcs ceTok. Ha ocHoBe paspaboTaHHOTO
aJIrOpuTMa MPOBEIEHO UNCIEHHOE MCCIeOBAHNE HEOKHUC/IUTEIBHON KOHBEPCHU METaHa IO
BOB/IECTBUEM JIA3€PHOTO U3JIyUeHUsl B TPyOe KPYIJIOrO CeUeHUs, MOJydIeHbl rpadukm pac-
IIp€JIeJIEHUs] OCHOBHBIX XapPAKTEPUCTUK CMECH.
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Abstract. The article presents a numerical algorithm for studying subsonic viscous
chemically active flows in the presence of laser radiation. The process model is described
in the Navier — Stokes approximation adjusted for the subsonic flow regime, with addition of
source terms corresponding to chemical transformations. An additional ordinary differential
equation describing the propagation of laser radiation along the length of the region under
study is introduced as well. The computational algorithm is based on splitting by physical
processes. This makes it possible to calculate separately changes in concentrations during
chemical transformations, convective fluxes, dissipative terms, dynamic pressure deviation
and propagation of laser radiation. To account for the dissipative terms (diffusion, viscosity,
and thermal conductivity), the local iteration method based on Chebyshev polynomials’
ordering. Due to the possible use of a larger total calculation time step, the software
implementation of the constructed algorithm reveals shorter calculation times using the
local iteration method for calculating dissipative terms in comparison with the algorithm
calculating them based on a scheme with central differences. The algorithm was verified using
the example of methane conversion by comparing it with the calculation of the stoichiometric
balance of the brutto-reaction, as well as by studying the convergence of the solution on a
sequence of thickening grids. Based on the developed algorithm, a numerical study of non-
oxidative conversion of methane under the influence of laser radiation in a circular tube was
carried out, and graphs of the distribution of the main characteristics of the mixture were
obtained.
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1. Bsegenune

MaremaTudeckoe MOJEIMPOBAHNE XUMUYECKN AKTUBHBIX TEYEHUIN B HACTOSIIIEE BPEMsi
SIBJISIETCSL HE JIO KOHI M3y9YEeHHBIM HAIPaBIEHUEM HCCJIEIOBAHUS (PUHMKO-XUMHUIECKUX $B-
seanit. CHCTEMBI CJIOKHBI, HEPA3PEIIUMBI AHAJUTUIECCKH, 8 BBIYUCIUTENbHBIE AITOPUTMbI
TPY/IOEMKHU U TPEOYIOT CHEeNUATU3NPOBAHHBIX [TOIX0/IOB. Bjaromapst HoBCeMECTHOMY Pacpo-
CTPaHEHUIO TAKUX TedeHnii B npupoze (xumus [1], dusnonornu 2|, sxosmorun [3]) paspaborka
BBIYUCJIATEJBHBIX AJTOPUTMOB JIJIsl UCCJIEIOBAHUS TOAOOHBIX CHCTEM OCTAETCs aKTyaJbHON
Ha TPOTSIYKEHUH JIOJITOTO BPEMEHH.

UccrenoBanme XUMUYeCKM AKTUBHBIX TEUEHUIT HANPSIMYIO CBA38HO ¢ HEOOXOIMMOCTBHIO
pa3paboTKN HOBBIX MATEMATHICCKUX MOJIETICH M BBIUUCIUTEIHHBIX AJTOPHTMOB, 0OeCTIetdn-
BAIOIIUX aHAJM3 T€YeHUs] MHOTOKOMIIOHEHTHBIX HEM30TEPMUYECKHUX IIPOIIECCOB C TEJIHIO BbI-
siBJIeHnsT HauboJiee 3(PPeKTUBHBIX 1 6€30ITaCHBIX yCJI0BUii TeyeHus peakiuii. Ocobyro Cox-
HOCTB TIPU MOJIEUPOBAHIN JO3BYKOBBIX TEUEHHUIT IIPEICTABIISET BHIOOP MATEMATUIECKOI MO-
nemn. Bo-mepBhix, TpeOyeTcsi BbISIBIEHNE HEOOXOIMMOCTH yIeTa JUCCUNATUBHBIX UJIEHOB B
MOJIEJ/IN: OIMCAHNE M3MEHEHNS SHEPTUN YPABHEHIEM OTHOCUTEIBHO SHTAIBIINI CMECH JOITYC-
KaeT YIPOIIEHNE, CBI3aHHOE C HE3HAYNTEILHOCTHIO BKJIAJIa BHYTPEHHErO TPEHUS B TOJIHYIO
SHEPIUIO CUCTEMBI [4], HO JUCCUNIATUBHBIE WIEHBI OCTAIOTCS BAYKHOM JACTHIO MOJIEIH B 3aKO-
HAX COXPAHEHUsI MACChl M UMIIYJIbca [5]. Bo-BTOPBIX, BasKeH yUeT W3MeHEHUs JaBJIeHMUs], Cy-
IIIECTBEHHO BJIMSIIOIIEr0 HA CKOPOCTB [6], UTO YCIIOXKHSIET BBIYUCIUTEBHBIN aJIlOPUTM B CHILY
MaJIOCTH ero n3MeHeHusi. Pusntaeckme 0COGEHHOCTH TO3BYKOBBIX XMMUYIECKH PEATUPYIOMINX
ra30BbIX TOTOKOB € YYETOM MHOTMOKOMITOHEHTHOU MG y3un, BI3KOCTH U TEILJIOMPOBOIHOCTH
00yCIaBINBAIOT HECKOJBKO OCHOBHBIX IIPOOJIEM TOCTPOEHUST BBIYUCIUTEHHBIX aJTOPUTMOB
st ux uccqenosanust [7]. IIpu uCmon»30BaHNN SIBHBIX CXeM WHTEIPHUPOBAHUSI [0 BPEMEHH,
KOTOpBIE SIBJISTFOTCSI TIPEJIIIOUTUTEILHBIMU TP yUueTe GOJIBIIOr0 KOJNIECTBA PA3HOMACIITAO-
HBIX TIPOIECCOB, BO3ZHUKAET KECTKOE OTPAHMYEHWE Ha Al WHTETPUPOBAHIS, CBA3AHHOE C
CcaMbIM OBICTPBIM TIPOIECCOM B U3ydaeMoii cucreme. EIne o/lHA CJIOKHOCTH 3aK/II0YaeTCs B
BO3HMKHOBEHUU ypaBHeHus llyaccona mjisi maBjeHUs], pelleHue KOTOPOrO SIBJISIETCS TPYIO-
eMKOIl 3a/1aueil, 0cOOEHHO TIPU MOJIETUPOBAHUU IporieccoB B 3D reomerpumn.

UccnenoBanne XUMUYECKH PEArupYONUX TEIEHUN 0] BO3/IEHCTBUEM JIA3€PHOTO U3JIY-
YeHUsl OCTAETCs AKTYaJbHON poGJIeMoil Ha IpoTsKeHnu MHOrux Jer [8]. Bonpoc nsyuenus
BO3JIEHCTBUST U3JIYY€HUS Ha IPOIECChI XUMUU BO3HUK €IIe JI0 AaKTUBHOTO U3YUCHUS JIA3EPOB.
[TepBbiM MacTabHBIM UCCIIEAOBAHUEM IIPOIECCOB (BOTOXUMUM sABJsgeTcs crarThbs [9]. OcHoB-
HOIi TEOPETUYIECKH 3HAYMMBIN PE3YJIbTAT 3aK/II09aeTCsl B HADJIIOJEHNN AKTUBHOT'O BHY TPHMO-
JIEKYJISIPHOTO TIEPEHOCA, SHEPTHH, U3MEHSIIONIET0 XapaKTep TeUeHus peakiuu. V3menenue xo-
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Jla XUMUYIeCKuX Ipespainenuit nox soszeiicrsuem COq-j1a3epa npejcrasieno B padore [10].
[losiBneHMe HEOXKUTAHHBIX IIPOILYKTOB PEAKIINH OOYCIOBUJIO BOSMOXKHOCTH YIIPABJIEHUS I1a-
PAJUIETILHBIME U [TOCJIE0BATEIHHBIMUA PEAKITUSIMI ¢ UCIIOJIH30BAHNEM JIA3€PHOTO N3y I€HUSI.
Teoperudeckue OIEHKN BEPOSITHOCTH PEKOMOWHAIINY ATOMOB U UX BJIMSIHUE Ha, XOJI, TEPMOXU-
MUYECKOTO TIpoliecca onucanbl B pabore [11]. 3mech ke npuseienbl 060CHOBAHUS 3HAIUMOCTH
HCITOJIb30BAHUS MATEMATHIECKAX METO/IOB JJIsl PEIleHNs 3a/1a4 Jia3epHoit repmoxumun. [los-
BOJI B CUCTEMY JIA3€PHOI'0 U3JIyI€HUs U, KaK CJIEJCTBUE, JOKAJIbHbIE U3MEHEHISI TEMIIEPATY PBI
U KOMIIOHEHTHOI'O COCTaBa CMECH MOXKET HAKJIAJbIBATH CEPbE3Hble OIPDAHMYEHUs Ha IOCTPO-
€HUe BBIYUC/IUTEIFHOIO aJlOPUTMA, B YACTHOCTHU, MOXKET BJIUSTH Ha Al WHTETPUPOBAHUS
110 BpeMeHH OOINeil CUCTeMbl YpaBHEHU.

B cuny meobxomumocTn yaera 60bIoro Habopa (HU3NKO-XUMHUIECKUX ITPOIIECCOB, XapaK-
TEPU3YIONUMUCS CYIIECTBEHHO OTJIMIHBIMA BPEMEHAMU POTEKAHN, & TAKXKE JIOKAJIHHBIMI
U3MEHEHUSIMU XapaKTEPUCTUK TEUYEHUs B MCCJIEIYEMBIX O0JIACTAX, BOIPOC MOCTPOEHUS BbI-
YUCIUTE/IBHBIX aJI'OPUTMOB JIJIs [TOJIOOHBIX TEUYEeHUl 0CTaeTCs aKTyabHbIM. BBIUUC/INTE b
HbIEe AJITOPUTMBI JOJI?KHBI 00J1a/IaTh BHICOKOI TOYHOCTBIO IIPU COXPAHEHUH [TPHEMJIEMOTO Bpe-
MEHU TIOJIyI€HUs PE3yJIbTaTOB Ha BBICOKOIIPOU3BOINTE/BHBIX BBIUACIUTEBHBIX CHCTEMAX.

[Tensro HACTOsIIEI PAOOTHI ABTETCS pa3pabOTKa YUCTEHHOTO aJrOPUTMAa Ha OCHOBE CXe-
MBI JIOKAJIbHBIX UTEPAU 1JIs MOJIEINPOBAHNASA XUMIYECKNA aKTUBHBIX JO3BYKOBBIX IIOTOKOB
I0JT BO3/ICHCTBUEM JIA3€PHOTO M3JIydeHUsi. AJITOPUTM IIPOTECTHPOBAH HA 3aJ1ave HEOKUCIIH-
TeJIbHOIM KOHBEPCUU METaHa B OCECUMMETPUYHOM IPUOJINKEHUN TEYEHUsI CPEJIbI.

2. Maremaruveckass MOJ/IeJib JO03BYKOBOTO XMMHYECKU AKTUBHOTIO
ra3oBOTO MOTOKA B IMPUCYTCTBUU JIA3€PHOI'0 U3JIyY€HUS

B zaBucumocTu oT XapakTepa ra3oBbIX TEUSHHI TPUMEHSIETCS Ta WX MHAST MOTU(DUKATIHS
ypasuenuit Tunia Hasbe-Ctoka. Mbl paccMaTpuBaeM TedeHUs DU MAJOM W3MEHEHWUU JIaB-
JIeHUsI B 00JIACTU ¥ IIPU Majbix ducjiax Maxa. OHako, TedeHre He MOYKET OBbITh IIPU3HAHO
HeCXKMMaeMbIM, IIOCKOJIBKY 3a CUeT HarpeBa CMECH U XMMHUYECKUX PeaKIUil IPOUCXOIUT U3-
MeHeHue obbeMa, [6]. [Tpu MasbIx u3MeHeHusX JapjeHns cucrema ypasHenuit Hasbe-Crokca
MOKeT OBITH 3allUCaHa OTHOCUTEJILHO HOIPABKYU K JABJIEHHIO, IIOCTOAHHOMY B obsiactu [7],
7 00yCJIABJIUBAET CJIOXKHOCTH IIOA00Pa IUCJIEHHOTO METO/IA /I PEIIEHNA CUCTEMBI C IEIbIO
ydeTa BJIASHUS JIABJIEHUs] HA CKOPOCTDH IIOTOKA. YYeT SHEPIHH JIA3€PHOI'0 U3JIydYeHHs pea-
JU3yeTcs KaK JONOJIHUTEJbHBIM NCTOYHUKOBBII YjIeH B ypaBHEHUU SHEPIUU BEJIMYUHBI €r0
WHTEHCUBHOCTHU, U3MEHEHNE KOTOPOH OIPE/IessIeTCs N3 0OBIKHOBEHHOTO JuddepeHnnaibHo-
ro ypastaenusi [12]. Takum oOpa3oM, MaTeMaTHIeCKasl MOJEIb XUMUYECKH PEArupyONuX
TEeYeHUIl 10, BO3AEHCTBUEM JIA3€PHOTO U3JIyYEeHUs OIMMCAaHA MOANMDUIIMPOBAHHON CHCTEMO
ypasuernit Hasbe-Crokca [7], momoHeHHON ypaBHEHWEM J1/1s1 HHTEHCUBHOCTH JIA3€PHOTO W3-
aygenns [13]:

W (Vi) = V- T+ R (2.1)
% — V. (piF) — Va4V -7, (2.2)
% — V. (ph¥) — V- 7+ ab, (2.3)

ab(l) _
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rae m = 1, M, M — KOIMYeCTBO KOMIIOHEHT B Ia30BOil CMECH; p — ILUIOTHOCTL CMeCH; Y, —
MaCCoBast JI0JIsl M-Off KOMIIOHEHTBI CMeCH; U — BEKTOD CKOPOCTH; h — 3HTaJbIHUS CMeCH;
Jyn — BEKTOp nuddy3noHHOTO TOTOKA; R,;, — CKOPOCTH 00Pa30BaHUs WJIA PACXOJa M-Oi
KOMIIOHEHTBLI CMeCH; p — JaBJeHHe; T — TEeH30D BA3KHUX HAIPSXKEHUil; ¢ — BEeKTOp HOTOKA
Temna Jyisi CMecu; o — KOI(PMUIUEHT MOTJIONEHUs; § — MHTEHCUBHOCTH WU3JIyUYeHUs; | —
KOODJMHATA BJOJIb HAIIPABJIEHUS PACIPOCTPAHEHUS JIA3E€PHOIO M3JIYIEHUS; T = P — Po —
OTKJIOHEHWE JIABJICHUST OT JABJIEHUS P, TOCTOSTHHOTO B OOJIACTH; P — MIOJIHOE JABJICHUE, TIPU

3TOM =l O(M?).
Po

Bekrop muddysun onucviBaer auddy3uo MHOTOKOMIOHEHTHOT'O ITOTOKA:

=

Jm = _po,mimvyma (25)

rie Doy miz(Ym, T) — cpenuuii mo cmecu koabduiment auddysun m-oit KOMIOHEHTHL.
BekTop moroka Termia BKIIOYAET B cebsi KOHBEKTUBHBIN TEIJIONEPEHOC M U3MEHEHHE TEM-
epaTyphl B XOIe XUMUIECKUX PEAKIIHIA:

§=—-AVT =Y hnpDum mia V¥, (2.6)

rae Ay, (T) — SHTAIBINS KOMIIOHEHTHI M.
Ten30p BA3KHUX HAIPAKCHUI IPUMET BUI;

7=u(vo+ (V)" - %u (V-9)1, 2.7)

rae (Y, T) — BA3KOCTH CMeCH.
JnHaMuKa TeMIEpaTypbl OIPEIENISeTCs U3MEHEHHEM SHEPIUH B CHCTeMe. JHTAJBINS
CMECH PaCCYUTHIBACTCS KAK CPEJIHEB3BENICHHOE SHTAIBINI KOMIIOHEHT

WT, V) = > Youh(T). (2:8)

VcsioBre Ha IUBEPTEHITUIO BEKTOPA CKOPOCTH BBIBOJIUTCS M3 HEJUBEPIEHTHOIO BUAIA YPAB-
HEHUsI HEePa3PLIBHOCTHU, YPABHEHUsI COCTOSHUS MJI€aIbHOIO Ta3a 1 ypaBHeHus (2.3), 4o emie
pa3 yKa3blBaeT Ha C:KUMAaeMOCTb HCCJIE/IyEMbIX TeUYeHUIA:

1

= — . T D ‘ v )
VU= o | VY +%:p mmiaVYm Vi, +af | + (2.9)

1 M, ) M h i
W zm: My (7 PPmamiaNYn) % Zm (Mwm - CPT) Ry =S, (2.10)

rae Cp (Y, T') — TEIIOEMKOCTD CMECH IIPU IOCTOSHHOM jAaBjiennu; M, — MOJIeKyIsApHAas Mac-
ca cmecu. JluBepreHnus CKOPOCTH JAJlee UCHOJIB3YEeTCs IPH PAcIeTe OTKJIOHEHUS JABJICHUS
T W CKOPOCTH B ypasHeHuu (2.2).

3. BpIuucanuTeAbHBINA AJTOPUTM

3.1. PazpaboTka ajropmrma

B nacrosimeit pabore mocTpoeHne ajropuTMa BBIIOTHEHO HA OCHOBE IIPHHIINIA PACIIIE-
Jienus 1o ¢usngeckum nponeccam [14]. Uarerpuposanue 110 BpeMeHH [IPOU3BOIUTCS IBHBIM
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MEeTOJIOM Diijiepa, Mar BLIOUPAETCsl U3 YCJIOBHsS YCTOWIUBOCTH JIJIsI TUIEPOOJUIECKON da-
CTH cucTeMbl [15] TOCpeICTBOM MCTIOBb30BAHUST CXEMBI JIOKAJIBHBIX UTEPAIUIl JJIsT AUCCHTIA-
TUBHBIX COCTABJISIIOIINX Moziesu. B pabore [16] nmpuseeHa jeraiamnsanysi BBIYACIUTENTEHOTO
aJIrOPUTMa Ha OCHOBE CXEMbl JIOKAJbHBIX WUTEPAIUil JJIsi MHOI'OKOMIIOHEHTHBIX yDPaBHEHMIT
Hagre-Crokca B mpubsmkennn majibix qnces Maxa 6e3 ciraraeMbIX it ydaera JIa3epHO-
ro uzsaydenus. OJHAKO, MOJIBOJ JIA3EPHOTO W3JIyJYeHUs JIOKAJTHLHO MEHSET TeMIEpaTypy W
KOMIIOHEHTHBINI COCTAB CMECH, UTO MOXKET YCHIUTh nuddy3nOHHbIE OIDAHUYEHUs HA IIar
MHTErPUPOBAHUSA II0 BpeMeHH. B HacTosAmeil paboTe IIPOBENEHO PACIINPEHHE AJTOPUTMA,
KOTODBIi TIpejIcTaBJIsieT cODOM CJIEIYIONLYIO ITOC/IeI0BATEIbHOCTD BBIUUCIEHUI:

1. Pemenue cucreMbl ypaBHeHI/Iﬁ XAMHUYECKON KUHETUKH.

s perennsi cucrembl uddepeHIMaIbHbIX yPABHEHU T, TTOIYIeHHON U3 CXEMbI XH-
MHMYeCKUX peakiuii, mogakroder Moayiab RADAUDS, Koropsiii ipeicrasisier coboii mpo-
IPAMMHYIO peajiM3alliio TpexcraauiiHoro Meroga Pyure-KyTThl msgroro mopsijika Tod-
HOCTH C aJIANTHBHBIM IaroM [17].

2. Pemenune 3aa4u Komn JJId ypaBHEHN A MHTEHCUBHOCTU JIA3€PHOTO U3JIYICHUS.

Pacuer unrencusnocTu U3J1yv1eHund BI10JIb OCHU pr6bI IIpoBEAEH C UCIIOJIb30BaHUEM MO-

ayns RADAUS.

3. Pemenne FI/IHep6OJ'II/ILIeCKOI71 3a/1a9M  JJId KOHBEKTHUBHBIX COCTAaBJIAIOIINX CHCTEMbI

(2.1) - (2.3).

Jlns pacyeTa KOHBEKTUBHBIX [OTOKOB NPHMEHEHBI MOTOKN PycanoBa ¢ Moxudunmpo-
BaHHBIM CTAOUIM3UPYIONUM WieHOM [6].

4. Pemenne napaboIMIecKoit 3a7a49u I yIeTa “JIEHOB, OTBEYAIONINX MIpoIeccaM Jud-
dysun, BA3KOCTH, TEIIONPOBOJHOCTH, B cucTeMe (2.1) — (2.3).

Permtenne camoit TpymoeMKoii 3a/1a9u — pacuer JUCCUNATUBHBIX 4jieHoB. s pacdera
[IpUMEHEHA sIBHAs CXeMa JIOKAJIbHBIX UTEPAIiil HA OCHOBE YIIOPSIOIMBAHUS KOPHEH mo-
muHOMa Yebbimesa [15]. TIpuMeHeHre cXeMbl O3BOJIMIIO 3HAYUTEILHO YBEJUIATH II1ar
WHTErpUPOBAHUS IO BPEMEHM 3a CUYET OCJA0JIEHNUsI YCJIOBUSI YCTONINBOCTH — YCTONYIN-
BOCTBH JOCTHUTAETCS 33 CUYET UCIOJb30BAHUS OIMPEIEJICHHOIO MOPsiIKa KOPHEH MOJIMHO-
MOB YeObImeBa KaK UTEPAITHOHHBIX ITapaMETPOB.

5. Pemenne smunruaeckoil 3a1a4u 1 IMHAMAYIECKOTO JABJICHIS U KOPPEKIUS BEKTOPA
CKOPOCTH.

Pacuer muraMudeckoi coCTABIISIIONIEH TABJIEHUsT BBIIOJHEH C UCIIOIH30BAHUEM METO-
na Axobu. Ero sdpdexkTuBHOCTD HA JaHHOM 3Tare 00yCIOBIEHA MAJIOCTHIO N3MEHEHUST
JIABJICHUsT — 33 HAYAJIbHOE TPHUOIMKEHNe OepeTcs JaBjeHe Ha TPEJIbIIYIIEeM BpeMeH-
HOM TIIIare.

3.2. Bepudwukanusa ajgropurma

BBuny orcyTcTBHA B MIIPOKOM JIOCTYIIE SKCIIEPUMEHTATBHBIX JAHHBIX 10 HEOKHUCIUTE b
HOI KOHBEPCHH METaHA B IPUCYTCTBUU JIA3EPHOTO U3JIyIeHNs BePUMUKAIS aJIrOPUTMA IPO-
BOJUJIACH HA OCHOBAHWUH CTEXOMETPHYECKOrO yPABHEHUS [JIsi OPYTTO-PEAKIUHU IIPOIECCa:

9CH, = CoHg + Ho.

E. E. Peskova, O.S. Yazovtseva, M. S. Mustaykin. Numerical study of subsonic flow with chemical. ..



2Kypnas CpeHeBoKCKOro MareMarnieckoro obrmecrsa. 2025. T. 27, Ne 2. 249

N3 crexmoMeTpuvaeckoro ypaBHEHHs CJIYJIET, 9T0 2 Mojib Merana C'Hy mpeBpamiaiorces B
1 mouib Bogopona Ho u 1 moab stana Co Hg.

JLj1st TTpOBEIeHUsT BBIYUCIUTEIBHOIO SKCIIEPUMEHTA PACCMOTPUM IIUJINHIPUIECKYIO TPYOy
sl 0.1 M u paguyca 0.05 M, ma 100% 3amonHenHyo MeTaHoM 6€3 T10/1B0JIa PeAKITMOHHOM
cmecu. [Ipu ogatie sHeprum OT HArpeBa CTEHOK U JIA3ePHOTO U3JIYy9YEeHUsT PACUET JJIsl TIOJTHOTO
pacmazia MeTaHa, JIaeT CJIEAYIONe KOHIIEHTPAIH TpoayKToB: 6.3% Bogopoma u 93.7% stana.

C yderoMm 3HAYEHHIT MOJISIPHON MAaCChl UCHOJb3yEeMbIX BEIECTB:

M(CHy) =16 v/monb, M (Hs) =2 r/mous, M (CyHg) = 28 r/moib

caesIaeM IrepecdeT Ha 1 xr peaKHI/IOHHOﬁ CMeECH II0 pe3yabTaTaM BBIYHCIUTEIBHOTO SKCIIEPU-
MEHTa:

CH, : 1000 r ~ 62.5 monb, Hy : 63 1 ~ 31.2 momb, CoHg : 937 © ~ 31.5 MoJIb.

W3 mepecvera KOIMYIeCTBa TPOJYKTOB Ha 1 KI' PEaKIIMOHHON CMeCH IO CTEXUOMETPHIYe-
CKOMY YpaBHEHHIO

CHy: ~ 62.5 mosb, Hy : ~ 31.25 moub, CoHg : ~ 31.25 MoJIb,

13 xoporrreit coriacoBAHHOCTU PACUYETHBIX JTAHHBIX U PE3YJIBTATOB, BRIYUCIECHHBIX IO CTe-
XUOMETPUIECKOMY YPaBHEHUIO, CJIEIyeT aJIeKBATHOCTH MATEPHUAILHOTO OaJsianca MOJIETN U
BBIUUCTATEILHOTO aJTOPUTMA.

Wccnemnyem cxoInMOCThb aaropuTMa Ha TOC/IE0BATETLHOCTH CTYIIAIONINXCS CETOK. Bblmm
BuIOpaHb! ceTku pasmeprocTu 300 x 10, 600 x 20, 1200 x 40, mHTErpUPOBAHIE BEJIOCH C COXPa-

aAt
menneM uncia Kypanra I ~ 0.01. Puc. 3.1 wutocTpupyeTr pe3ysbTaThl pacdeTa JJisi pas3-

JIMYHBIX PA3MEPOB IIPOCTPAHCTBEHHBIX CETOK (M3MEJIBYAONIUXCS MIArOB [0 IPOCTPAHCTBY ).

0.969 | -h=10
~h=0.5-103 1300
-+h=0.25-10"

-h=10"
~h=0.5-103

0.965 --h=0.25-10"3

0.961

0.957

0.953 700

Maccosast 10J11 MeTaHa
Temmneparypa, K

0.949

%3
1=
S
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w
=3
S
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a) b)

Puc. 3.1. Pacuer Ha mocjie10BaTE€ILHOCTHU CIYIIMAIONIUXCS CETOK:
@) MaccoBasi JoJisl MeTaHa, b) TeMueparypa rasa

Fig. 3.1. Calculation based on a sequence of thickening grids:
a) mass fraction of methane, b) gas temperature

Ha puc. 3.1 pasmep 1mara 0603Ha9eH B JIETE€HE B IIPABBIX BEPXHUX YIJIAX HOJIsI IPADUKOB.
Kak BumHO, aaroputM mokasbBaeT JOCTATOIHO OBICTPYIO CXOAUMOCTD: Tpa(UKA 115 II1aros
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unTerpupoBanus 1o npocrpanctey 0.5 - 1073M u 0.25 - 10™3M oTmualoTes He3HAMUTEILHO.
ITops1 10K AIITPOKCHMAIINH TI0 IIPOCTPAHCTBY PACCUUTaH 10 IpaBuiay Pynre B mopme L2. s
MaCCOBOM JIOJIN MeTaHa IOJIyUeHO 3HadeHne 2.38, /i TeMiepaTypbl ra3a — 1.94.

Briio nposejieHO cpaBHEHHE pacYeTHOIO BPEMEHU pa3pabOTAHHOIO aJrOPUTMa M AJIr0-
puUTMa, B KOTOPOM He IIpeaycMOTpeHo oriervierne auddysuonnnix morokos [6]. ITocpen-
CTBOM BBIYHCUTEIBHBIX SKCIIEPUMEHTOB IIPU CPABHEHUH JIBYX AJTOPUTMOB PACUETHBIN IIIar
10 BPEMEHU yBEJINYEH B 5 pa3 O CPABHEHHUIO ¢ TpeboBaHuAMHI b dy3MOHHBIX OrpaHUYe-
uwuit. [losiyaeno yckopenne pacieTroB MO pa3spabOTaHHOMY AJTOPUTMY HMPUOJIU3UTENHHO B 6
pa3 npu pacuerax Ha Kjacrepe MI'Y um. H.II. Orapesa Ha 12 BBIYHCIUTEIBLHBIX Y3JIaX.

4. YucjeHHOe 3KCIIEPUMEHTHhI II0 HCCJEJOBAHUIO TedeHUusl rasa B
0CECMMMETPUYHOI Tpybe KpyrJjioro cedeHus

JlJ1st IpOBeIeHNsT BEIYUC/IMTETHHOTO SKCIIEPUMEHTA BEIOPAHBI CJIEIYIOIIIE PACIETHDIE TIa-
pamerpnl. Hummaapudeckas tpyba mmust 0.3 M, guamerpa 0.02 m. B magasbublii MOMeHT
Bpemenu Tpyba 3amnosinena metanom remreparypoit 1073 K, remneparypa ee crenok 1173 K.
Ha Bxoz nogana cMech cocrasa Metat (97%), srmien (3%) ¢ o6beMuoit ckopocTsio 60 1/,
remneparypbl 300 K. Uepes JieBblit Toper; TpyObl B/IOJIb OCH CUMMETPUU ITYIIEH JIa3ePHBIi
sgya momuoctu u3nydenust 30 Br. JlaBienwe ma Bohixome u3 Tpyonr 101325 Ila. s onw-
CaHMS CXEMBbl XUMUIECKUX MPEBPAIEHUI IPUHATA PAJANKATIbHAA CXeMa KOHBEPCUU METAHA,
BKJIIOYaoNias 15 KoMmonenT cmecu [1].

s pacyeTa BBIOPAHBI CJIELYIONINE AT WHTETPUPOBAHUS 110 PAJIUYCy PEaKTOpa U ero
ocu: h, = h, = 1073 m. Illar urTerpupoBaHus o BpeMeHu paseH 5 - 107° c¢. B kadectse
HCCJIeyeMOTO TIPOIlecca BhIOpaHa HEOKUCIUTEeIbHas KOHBepcus merana. Ha puc. 4.1 mpej-
CTaBJIEHBI PE3YJIBTATHI PACIETOB, MTOJIYY€HHBIE C UCIOJIH30BAHUEM ITPOTPDAMMHON PEATI3ATIIT
Ppa3paboOTaHHOIO AJTOPUTMA [IPU BPEMEHU 5 CEKYHII.

| e—

0.000e+00 150000 2.591e+05 3.163e+02 500 600 700 800 900 10001100 1.339e+03
— — — | | 1 —
a) b)
6.689e-04 0.040.06 0.08 1.149e-01 9.315e-01 0.94 0.945 0.95 0.955 0.96 9.700e-01
— L — — I I | —
c) d)

Puc. 4.1. Pegynbrarsl pacdyeToB /jisi HEOKUCIUTEIHHON KOHBEPCUU METAHA IO
BOBICHCTBHIEM JIA3EPHOTO U3JTyICHUs: @) HHTeHCHBHOCTD W3jIydeHus, Br/M?,
b) Temneparypa, K, ¢) ckopocts, M/c, d) MaccoBast 40Jisl METAHA

Fig 4.1. Calculation results for non-oxidative conversion of methane under the
influence of laser radiation: a) radiation intensity, W/ m?, b) temperature, K,
c) velocity, m/s, d) mass fraction of methane

JlazepHoe M3/IydeHne MOIJIONIAETCH ITUJIEHOM, YTO OODbSICHAET CHUYKEHUE €r0 WHTEHCHB-
HOCTH OT JIEBOTO TOpHa TPyObl K mpasoMy (puc. 4.1a). Bkia morsomaemoii sHepruun gaer
KaApTUHY PacIpejieieHrs TeEMIIEPATYPHOIO MOJisl — B 00JIaCTH MAKCUMAJIBHOTO IIOTJIOIIEHST
JIa3€pHOI'0 U3JIyUYeHusl TeMiepaTypa yBeanamiach Ha 160 K o cpaBHenunio ¢ Temieparypoit
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crenok (puc. 4.1b). Pacupegenenue ckopocru (puc. 4.1¢) napabGoimdHo, YTO COIIACYETCs
¢ panee HabmomaeMbiMu 3G dEKTaMI B BBIYACIUTENBHBIX dKcnepuMmenTax [6]. IIpu srom B
[epBoii MOJIOBUHE TPYOBI, B KOTOPOil MOIJIOIMAETCs GOJIBINAs YaCTh JIA3EPHOTO HU3JIyYIeHUs,
3AILyCKAeTCsl POIIECe pasjiozkenus Merana (puc. 4.1d) ¢ obpazoBanueM pajyuKaioB U IPOLYK-
TOB peakiuu. Bo BTopoii mosioBuHe TpyObl peaKIUi B OCHOBHOM ITPOTEKAIOT 38 CUET SHEPIHUH,
nozaBaeMoii or crerok (puc. 4.1b).

5. 3akJroyeHnue

B craThe mpejcraBiieH YMC/IEHHBI AJTOPUTM JIJIsl UCCJIEI0BAHUST JTO3BYKOBBIX XHMIYe-
CKU pearupymonux MMOTOKOB ¢ yIEeTOM MHOTOKOMITOHEHTHBIX TEILIOIPOBOIHOCTH, BSI3KOCTH,
mudy3un 1 B MPUCYTCTBUY JIA3€PHOTO M3JIyU€HUs, KOTOPOE CYIIECTBEHHO MEHSET TeMIIe-
paTypy KOMIIOHEHTHBIN cocTtaB cMmecu. Vccnemyemas: MaTeMaTnIecKast MOJIENb IIPeICTaBIIs-
er coboit MmojmbuImpoBannyio cucremy ypasaenuii HaBbe-CTokca B MpUOINKEHUN MAJIBIX
quces Maxa. BbraucanTe pbHbIil aJrOpuT™M OCHOBAH Ha MPUHIUIE PACIIeNsenus 110 (pusn-
YeCKHMM IIPOIeccaM: 3aJiada pasjesieHa Ha HECKOJBKO II0/I3aJ1at, /Uil PEIIeHusT KarXKI0il u3
KOTODBIX IIPUMEHEH aJIeKBATHBIN eif uncyieHHbIi MeTos. OCODEHHOCTHIO aJIrOPUTMA, SIBJISIETCS
aJIANTAISA B HETO CXEMBbI JIOKAJbHBIX UTEPAIMil [t CHATUS MM Y3NOHHBIX OTPDAHUIEHUN
Ha Al UHTEIPUPOBAHUS 110 BPEMEHU. AJITOPUTM HCCIEIOBAH HA CXOIUMOCTH B MOCTAHOBKE
CTYITAIONINXCS CETOK ¢ coxpamenneM uncia Kypanrta. Bepudukanusa ajaropurMa mpoBegeHa
Ha [puMepe OPYTTO-PeakIuy HEOKUCIUTEIbHON KOHBEPCUH METaHa.

B nasbreitieM miaHEpyeTCs paciinpenne pa3padOTaHHOro aJTOPUTMA Ha PEIIeHNe TPeX-
MEPHBIX 33/a4 B [IMJINHIPUIECKON CHCTeMe KOOD/IMHAT, a TAKYKe HA PACIET TeUEHUs] MHOIO-
daszmnoit cpepl ras-nbLIeBas TBepAas (hasa ¢ XUMUYECKUMH PEaKIUsIMU HA ee TIOBEPXHOCTH.

PunancupoBauue. Pabora BoimosHena mpu moaep:kke Poccuiickoro Haywnoro ¢ona,
npoekT N 23-21-002, https://rscf.ru/project/23-21-00202/.
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IIpaBusia odpopmiieHns pyKorucei

Penaknus »xypHasa IpuHIMaeT PyKOIUCH Ha PYCCKOM ¥ aHIVIMACKOM sI3bIKaX, HE OIlyOJIMKOBaH-
HblE U He IIpeJHA3HAYeHHbIE K IIyOJUKAIUN B IPDYTOM H3IAHIH.

Crarbs JIOJIZKHA COJIEPXKATD CJIEJYIOIIAE PA3esibl HA PYCCKOM U aHIVIMICKOM $S3bIKAX:

— YK (TOIbKO Ha PyCCKOM);

— MSC2020 (TospKO Ha aHIHICKOM);

— Ha3BaHUE CTATBHU;
addunsinus apropa(-os);

— undopmanust 06 aprope(-ax);

— aHHOTAIINS;

— KJIIOYEBbBIE CJIOBA;

— TEKCT CTaTh¥ (Ha PYCCKOM WJIM AHTJIUHCKOM);

— CIIUCOK JIUTEPATYPHI.

VIAK. YuusepcasnbHast gecsaruatas kinaccudukamus (YIK) sieisiercst cucremoii kinaccuduka-
nuu nHGOPMAIUH, IIUPOKO UCIIOJIB3YETCA BO BCEM MUPE JJIsl CUCTEMATU3AIUN ITPOU3BEICHUI HAYKHY,
JINTEPaTyPbl U MUCKYCCTBA, IIEPUOIMYIECKON TeIaTH.

MSC2020. Nnzekc npeamerHoii kinaccuduxanun (Mathematics Subject Classification) ucmoss-
3yeTcst JUIsi TEMATHIeCKOTO DPa3JIeJIeHnsl CChLIOK B JBYX pedeparmBHbIX 6azax — Mathematical
Reviews (MR) Awmepukanckoro maremarmdeckoro obmecrsa (American Mathematical Society,
AMS) u Eponeiickoro maremarnueckoro cowsa (Zentralblatt MATH, zbMATH).

Cropasounnkn komoB Y/IK n MSC2020 moxxuHO ckavuaTh u3 passena Ilose3Hbie MaTepuasibl
Menio Jyis1 aBTOpa Ha caiite yKypHaJa.

Addunnsanus apropa(-0B): Ha3BaHNE OPraHU3AIUY 110 MECTY OCHOBHOMN pabGoTHI WM OpraHu-
3a1yu, i€ TPOBOIMIACH UCC/IEIOBAHNUS, TOPOJI, CTPAHA.

Nudopmanus 06 aBrope(-ax). Pasmes coaepKuT cieyomume CBeJEHNs 110 KayKJI0OMY aBTODY:

a) @amvuns Vims Oraectso (111 paszgena Ha pyc.), Ums O. @amuius (ist pas/esia Ha aHIIL);

6) JOKHOCTD, TOApa3esieHne (yKa3bIBAETCsl DU HAJINIHE);

B) adbdunmuanus aBTopa: Ha3BAHKE OPTAHU3AIMH 10 MECTY OCHOBHOI PaGOTBI MM OPraHU3AIUHY,
r7ie IPOBOIIINCH UCCJIEIOBAHMUS;

') TIOYTOBBIA aJpec YKa3bIBAETCA B BHJE: MHIEKC, CTPaHa, TOPOJ, YIWUNa, A0M (Ha Pyc.) U JOM
YJIMIA, TOPOJ, MHJEKC, CTpaHa (Ha aHIVL);

J1) ydeHasl cTelleHb (YKa3bIBAeTCsl IIPU HAJINIKe);

e) ORCID. Jua nonyuenns unearudukannoraoro nomepa ORCID reo6xoaumMo 3aperucTpupo-
BaTbCs Ha caiite https://orcid.org/;

K) 9JIEKTPOHHASI [I0YTa ABTODA.

AnHOoTanuus 10/2KHA ObITH Y€TKO CTPYKTYPUPOBaHA, U3JI0KEHNE MATEPUAJIA JIOJIZKHO CJIEI0BATD
JIOTMKE OIUCAHUS PE3YJIbTATOB B CTaThe. 1€KCT JOJKEH ObITh JIAKOHWYEH M Y€TOK, CBOOOJEH OT
BTOPOCTEIIEHHOH NH(POPMAIUHN, OTINIATHCHA YOeUTeIbHOCTHIO (hOPMYINPOBOK.

O0beM aHHOTAIUI HA PYCCKOM M aHIVIMHACKOM sI3bIKAX JIOJIKHBI ObITH B cpemaeM oT 150 mo
250 cJjos.

Pekomenyercss BKio9aTh B AHHOTAIUIO CJIELYIOIINE ACHEKTHI COJEPXKAHUS CTATbU: IIPEIMET,
11eJ1b pabOThI, METOJ, MJIM METOOJIOTUIO IPOBEIeHIUsT pabOThI, PE3yIbTATBI pabOThI, 00JIACTH TTPUME-
HEHUsl Pe3YJIbTATOB, BBIBOJbL.

IIpenmer u 1eap paboTHl yKa3bIBAIOTCS B TOM CJIydae, €CJIM OHM HE SICHBI U3 3aIVIaBHs CTATHU;
METOJI, WJIM METOJOJIOTUIO IIPOBEJIeHUsT paboThl 11eJ1eCO00PA3HO OMUCHIBATL B TOM CJIydae, €ClIu OHU
OTJIMYAIOTCS] HOBU3HON MJIM IPEJICTABIISIIOT HHTEPEC C TOYKHU 3PEHUs JAHHON pabOThI.

Enuanns dusudecknx BeIUUIUH CIEAyeT IPUBOAUTL B MexkayHapoxuoii cucreme CU. Homyc-
KaeTcsl IPUBOJIUTh B KPYIVIBIX CKOOKAaX PsjioM ¢ BeanduHoil B cucreme CUl 3HaveHne BeIUYUHBI B
cUCTeMe €JIMHUIL, UCIIOJIL30BAHHON B MCXOJHOM JIOKYMEHTE.

B amnOTanun He eIal0TCS CCHUIKKM Ha HOMEp IIyOJIMKAIMK B CIHCKE JINTEPATYDPHL K CTATHE.

IIpu Hanucanuu aHHOTAIMM HEOOXOAUMO IOMHUTDH CJIEIYIONUE MOMEHTHI:
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— HEOOXO/IMMO CJIEJIOBATH XPOHOJIOTUN CTATHU U UCIOJIb30BATH €€ 3arOJIOBKU B KadeCTBe PYKO-
BOJICTBA;

~ WCTIOJIB30BATh TEXHUIECKYIO (CIENUATHHYIO) TEPMUHOJOTHIO BAINEH JMCIMILIMHLI, IETKO W3-
Jlarasi CBoe MHEHME M MMesi TaKXKe B BU/LY, YTO BBI IIUIIETE JJIsi MEXKLyHAPOJIHOM &y INTOPHH;

— TEKCT JIOJIZKEH OBbITh CBSI3HBIM C WCIIOJIb30BAHUEM CJIOB «CJIEJIOBATEIbHOY», «DO0OJiee TOro», «Ha-
puMep», «B pe3yabrare» u T.J. («consequently», «moreovers, «for example», «the benefits of this
study», «as a result» etc.), 1160 paspo3HEHHbIE M3JIAracMble MOJIOXKEHUs JOJKHBI JIOTUYHO BbITE-
KaTb OJIHO U3 JIPYrOro;

— HeOOXOMMO WCITOIb30BATh AKTUBHBIN, a He TACCUBHBIHN 3aJ0r, T. €. «The study tested», Ho He
«It was tested in this study».

Ilepeuncanm obsi3aTeTbHBIE KAYECTBA AHHOTAIMA Ha aHTJIMIACKOM SI3BIKE K PYCCKOSI3BIYHBIM CTa-
ThaM. AHHOTAIMU JOJZKHBI ObITh:

- nHdOPMATUBHBIMUA (HE COIEPKATH OBIIUX CJIOB);

- OpHUI'MHAJIbHBIME (He OBITH KaJIbKOH PYCCKOSI3BIYHON AHHOTAIWN);

- COEPKATENHLHBIMA (OTPAYKATh OCHOBHOE COZCPKAHME CTATHU U PE3YJIBTATHI UCCIIEIOBAHUM);

- CTPYKTYPHUPOBAHHBIMU (CJI€JIOBATDH JIOTUKE ONUCAHUS PE3YJILTATOB B CTATHE);

- "aHr10s13bI9HbIMNI " (HAIIMCAHBI KAI€CTBEHHBIM AHTJIMACKUM SI3BIKOM).

Kirouessie caoBa. Kiouesbie ¢jioBa, COCTABIAIONNE CEMAHTUYIECKOE AJIPO CTATHY, ABJISIOTCS
[epevYHeM OCHOBHBIX IOHSITHII M KaTeropuil, CILy>KallluX i ONUCAHUS MCCJEyeMOil IpOobJIeMbl.
OTH CJI0Ba CIIy?KAT OPUEHTUPOM JIJTIsT YUTATEJST M UCTIOJIB3YIOTCsI JJIsT IONCKA CTATEN B 3JIEKTPOHHBIX
6a3ax, MOITOMY JOJKHBI OTPAXKATh MUCIUILIAHY (06JaCTh HAYKH, B PAMKAX KOTODOH HAIMCAHA
CTaThsl), TEMY, [EJb U OOBEKT UCCIIECA0BAHUS.

B kadecTBe KJII0YEBBIX CJIOB MOT'YT HMCIIOJIB30BAThCS KAK OJUHOYHBIE CJIOBA, TAK U CJIOBOCOYETA-
HUsl B €IMHCTBEHHOM YHUCJI€ U UMEHUTEJIbHOM TaJieyke. PeKOMeHIyeMoe KOJIMYeCTBO KIIOYEBbIX CJIOB
— 5—7 Ha PYCCKOM U AHIVINICKOM S3BbIKaX, KOJUIECTBO CJIOB BHYTPH KJIIOUeBOil (dpa3nl — He Gostee
Tpex.

TekcT crarbu. [Ipu U3/I0:K€HUU TEKCTA CTATHUA PEKOMEHIYETCH MPUICPKUBATHCS CJIELYIOIIei
CTPYKTYPBI.

— Beedenue. B arom pasnesne ciaemyer ommcaTb IpobJIeMy, ¢ KOTOPO# CBSI3aHO HMCCJIEIOBAaHIUE;
npuBecTu 0030p JIATEPATYPHI IO TEME HCCJICJAOBAHMS; YKA3aTh 3aJ@9d, PEIIEeHNe KOTOPBIX HE W3-
BECTHO Ha CErOHSIIHUN JIEHb U PENIEHUI0 KOTOPBIX IOCBAIIEHA 3Ta PYKOIUCH; c(OOPMYJINPOBATH
[eJIM U 3aJ1a9H MCCJIEIOBAHUsI, & TAKXKe MMOKAa3aTh WX HOBU3HY U MPAKTUIECKYIO 3HAUYUMOCTb.

— Teopemuueckue ocrhogvl, memodv, pewerus 3a0aywu U npuramose donywerus. B aTtom pasmerre
oipOOHO MTPUBOAMTCs O0Iasl CXeMa HCCJIEJOBAHUsI, B JETAJISIX OMUCBHIBAIOTCS METOJbI M IOIXO/IbI,
KOTOPBIE UCITOJB30BAJIUCE JJIsI TIOJIYIE€HUsT PE3YIBTATOB.

IIpu ucnosb30BaHUU CTAHIAPTHBIX METOJOB U IMPOILELYP JIydllle CIAeJIaTh CChLIKA Ha COOTBET-
CTBYIOIIME UCTOYHUKHU, HE 3a0bIBasi ONUCATH MOAUMUKAIMY CTAHIAPTHBIX METOJIOB, €CJIM TAKOBBIE
uMench. Kcn »ke ncmobp3yercst COOCTBEHHBIM HOBBIN METOT, KOTOPBIH eIlle HUr/le paHee He IyO/u-
KOBAJICsI, Ba2KHO JIaTh BCe HeOOXommmble Jetatu. Keam panee meTos 6bLT OMyOJIMKOBAH B N3BECTHOM
JKypHaJie, MOXKHO OIPAHUYUTBCs CChUIKOM. OIHAKO PEKOMEHIyeTCsl ITOJIHOCTBIO IIPEJICTABUTH METO/]
B PYKOIINCH, €CJIU paHee OH OBLI OMMyOJMKOBAH B MAJIOM3BECTHOM KYpDHAJe W HE Ha AHTJIUHCKOM
SABBIKE.

— Pesayavmamot. DTO OCHOBHOI pa3ie, B KOTOPOM H3JIaraeTcsl aBTOPCKUN OPUTIMHAIBHBIN Ma-
TEpHUAJI, COAEPXKAIINIA TOJyIeHHBIE B XOJI€ UCCAEIOBAHNUS TEOPETUIECKUE WU KCIIEPUMEHTATHHBIE
nauapie. [To 06beMy 3Ta 9acThb 3aHUMAET HEHTPAJILHOE MECTO B HAYYIHON CTaTbhe.

Pesysbprarsl 1poBeIeHHOr0 MCCIEeI0BaHUsT HEOOXOAMMO OIUCHIBATH JOCTATOYHO IIOJIHO, YTOOBI
qUTATE b MOT MPOCJIEIUTh €r0 3TAIbl U OIEHUTh OOOCHOBAHHOCTH CJIEJIAHHBIX aBTOPOM BBIBOJIOB.

Pesynbrars mpn HEOOX0IMMOCTH TOATBEPKIAIOTCS UILIIOCTPAIUSIMY — TabInaMu, rpaduKaMi,
PUCYHKaMU, KOTOPBIE IPEJCTaBJISIIOT UCXOAHBIA MaTepruaJl Wil J0Ka3aTeJbCTBA B CBEPHYTOM BHUJIE.

Ecnu pykonmuck HOCHUT TeOpeTHYecKuii XapaKTep, TO B 9TOM pazjesie MPUBOIAITCS MaTeMaTHIe-
CKUE BBIKJIAJIKU C TAKON CTEIEHbIO TIOAPOOHOCTH, YTOOBI MOXKHO OBLIIO KOMIIETEHTHOMY CIIEIIUAJIACTY
JIEFKO BOCIPOU3BECTU MX M [IPOBEPUTH IPABUJILHOCTD [OJIYIEHHBIX PE3YyJIbTATOB.

The rules of article design
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— Obcyotcdenue u GHAAU3 NONYHEHHBLT PE3YALINATNOE U CONOCTNABAECHUE UL C PGHEE U3BECTIHDL-
MU. DTOT Pa3/esl COJEPKUT NHTEPIPETAINIO [IOJIyIEHHBIX PE3yJIbTaTOB UCCJIEOBAHUS, IIPEJIITIOI0-
JKEHUSI O TOJIYyYeHHBIX (PaKTaX, CPABHEHUE [IOJIYI€HHBIX COOCTBEHHBIX PE3yJIbTATOB C Pe3yIbTaTaMu
JAPYTUX aBTOPOB.

— 3axmovernue. 3aKIIOYEHNE COJEPXKUT IVIABHBIE MJIEM OCHOBHOI'O TEKCTa CTAaTbU. PekomeH-
JIyeTCsl CPDABHUTH IOJIyIE€HHBIE PE3Y/IbTATHI C TEMH, KOTOPhIE ILIAHHPOBAJIOCH MOJYYUTh. B KOHIE
NIPUBOATCS BBIBOZBI M PEKOMEH AN, OIIPEEISIOTCsl OCHOBHBIE HAIIPABJIEHUsI TAJIbHEHINNX UCCIIe-
JIOBaHU B JIAHHOI 006Js1aCcTH.

— Baazodaprocmu. B manHOM passesie TpUHSITO BBIPAaXKaTh OJIATOJAPHOCTH KOJIIEraM, KOTOPbIE
OKa3bIBAJIU IIOMOIIb B BBIIIOJIHEHUU WCCJIEJOBAHUS WJIM BBICKA3BIBAJIN KPUTHYECKUE 3aMEYaHUs B
anpec Bameil crarbu. Tak ke yKasblBAIOTCs MCTOYHUKHU (DUHAHCHPOBAHWs UCCJe0BaHusl (IpaHT,
TOCY/IAPCTBEHHOE 33JIAHUE, TOCYIAPCTBEHHBIA KOHTPAKT, CTUTICHINS U T.1T.).

Crucok JmmrepaTryphbl J0JKEH COIePKATh TOJILKO T€ UCTOYHUKH, Ha, KOTOPbIE UMEIOTCsI CChLII-
KI B T€KCTe PaboThl. VICTOYHNKY pacnosiaralorcst B MOPsi/IKe UX YIOMUHAHUS B CTAThE.

Crucok Jimreparypbl Ha PYCCKOM si3bIKe 0(DOPMJISIETCS B COOTBETCTBUU C TPEOOBAHUAMUI
I'oCT P 7.0.5.-2008 Bubauoepapuveckas ccoinka. VIx MoxkHO ckadaTh u3 paszesa Ilosiesnsbie
marepuaJjbl MeHio JIJist aBTOpa Ha caiiTe XKypHaJa.

CHiucok JiuTepaTypbl Ha PYCCKOM a3bIKE Tak Ke Heobxomaumo odopmuthb B dopmare AMSBIB
(cM. HMKE) M IPUBECTH B 3aKOMMEHTHPOHHOM BHJIE IIOCJE CIMCKA, O(OPMIIEHHOIO IO CTAHAAPTY
I'OCT.

Crucok JaurepaTypbl HA aHIVIMMCKOM s3bIKE O(QOPMIIAETCS COTJIACHO CTUJIIO IUTUDPOBa-
HUsl, IPUHSITOMY JJIsl MCIIOJIb30BaHUs B OOJACTH MATeMaTUKU AMEPUKGHCKUM MAMEMATNUNECKUM
obwecmeom (American Mathematical Society) m Eeponelickum mamemamuueckum obuecmeom
(Furopean Mathematical Society). dns storo mcnonbsyerca dopmar AMSBIB, peanusosanubiii B
CTUJIEBOM TakeTe svmobib.sty. 9ToT naker paspaboran Ha OCHOBe nakera amsbib.sty.

Omnucanue cxeMm dbubisimorpaduyuecKknx CChbLIIOK Jist pasaenaa References.

Eciu crarbs mim KHATA HA PYCCKOM s3bIKE W HET MApaJUIEILHOIO 3arjiaBUs Ha AHTJIMACKOM
s3bIKE, TO HEOOXO/MMO IIPUBECTH B KBaJPATHBIX CKOOKAX IIePEBOJI 3arJIaBUsl Ha aHTJIMACKUN sA3BIK.

Cmamvu 6 orcyprane 1a PYCCKom A3vike:

— Asrop(st) (TpanciuTepanusi);

— IMTapaJsutesbHOE 3arIaBUE CTATHY HA AaHIVINACKOM A3bIKe (63 KBaAPATHBIX CKOOOK ) MJIH [IIepeBoy
3arJIaBUsl CTAThU Ha aHIVIMICKOM si3bIKe (B KBaPATHBIX CKOOKax)|;

— HasBaume pyCcCKOSI3bIMHOIO MCTOYHUKA (TPAHCIUTEPAIINS );

— [ITepeBox Ha3BaHUS MCTOYHMKA HA AHIVIMACKUIA A3bIK — napadpas (I *KypHAJIOB MOXKHO He
Jiesiarh)|;

— Boxonmbie nanable ¢ 0G03HAYEHUAMA HA AHIJIMHACKOM S3BIKE, JH00 TOJLKO mudposbie (1o-
cJleJiHee, B 3aBUCUMOCTH OT [IPHMEHSIEMOTO CTAHAAPTa OIKMCAHMUS);

— Vkazanue Ha #3bIK craThi (in Russ.) mocie omucanust craTbi.

Knueu (monoepaguu u c60pruku) na pycckom asvike:

— Aprop(»1) (TpanciauTepanys);

— [IlepeBox Ha3BaHUSI KHUI'M HA AHIVIMHACKOM $I3BIKE B KBaJPATHBIX CKOOKax|;

— Bpxommble maHHBIE: MECTO HW3JaHWS HA AHVIMACKOM sa3bike (Hanpumep, Moscow, St.
Petersburg); m3naresancTBo Ha AHIVIMICKOM s3bIKe, ecyid 9TO opraxusanus ((mampumep, Moscow
St. Univ. Publ.) u Tpanc/mTepanus ¢ yka3aHWEM Ha AHTJMHACKOM, 9TO TO U3JATETHCTBO, €CJIH
M3IATENBCTBO nMeeT cobcTBenHoe Haszanue (Hanpumep, Nauka Publ.);

— KoumnuecTBo crpanui B u3jganuy,

— Vkazanue Ha 36K (in Russ.) mociie onmcamust KHUTH.

s TpaHcauTepanuu pycckoro ajdaBuUTa JIATUHUIEH B JKypHaje I[IPUHATA CHCTEe-
mMa BGN/PCGN 06e3 nauakpuUTHYeCKMX 3HAKOB. Kil MOMXKHO BOCIOJIB30BaTbCA Ha caifite
https:/ /www.translit. site /ru/type/bgn-pcgn-simplified. 3mecy Heobxomumo BbIGpars BGN/PCGN

YIpoureHHasd 6e3 JUAKPUTUICCKUX 3HAKOB.
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IIpumepsr odopmienust GubnauorpadnyecKkux CChUIOK st pa3zaena References.

CraTbu B >XypHaJlaX Ha PYCCKOM SsI3BIKE.

a) OTCYyTCBYyeT IapaJljieibHOe Ha3BaHUE Ha AHTVIMIICKOM sI3BIKE:

P.A. Shamanaev, “[On the local reducibility of systems of differential equations with
perturbation in the form of homogeneous vector polynomials]”’, Trudy Srednevolzhskogo
matematicheskogo obshchestva, 5:1 (2003), 145-151 (In Russ.).

6) mapaJuleJbHOE Ha3BaHMEe Ha AHIVIMICKOM si3bIKEe MMeeTCs:

P. A. Shamanaev, “The branching of periodic solutions of inhomogeneous linear differential
equations with a the perturbation in the form of small linear term with delay”, Zhurnal SVMO,
18:3 (2016), 6169 (In Russ.).

Crarbu B >XXKypHaJlaX Ha aHIJIMMCKOM sI3bIKe.

M. J. Berger, J. Oliger, “Adaptive mesh refinement for hyperbolic partial differential equations”,
Journal of Computational Physics, 53 (1984), 484-512.

CraTbu B 9JIEKTPOHHOM >KyPHAaJle HA PYCCKOM sI3bIKE.

M.S. Chelyshov, P.A. Shamanaev, “An algorithm for solving the problem of minimizing a
quadratic functional with nonlinear constraints by the method of orthogonal cyclic reduction”,
Ogarev-online, 20 (2016) (In Russ.), Available at: http://journal.mrsu.ru/arts/algoritm-resheniya-
zadachi-minimizacii-kvadratichnogo-funkcionala-s-nelinejnymi-ogranicheniyami-s-ispolzovaniem-
metoda-ortogonalnoj-ciklicheskoj-redukcii

Crarbu B CGOPHUKaX HA PYCCKOM SI3bIKE.

A.V. Ankilov, P. A. Velmisov, A.V. Korneev, “[Investigation of pipeline dynamics for delay of
external influences|”, Prikladnaya matematika i mekhanika [Applied Mathematics and Mechanics],
10, UIGTU Publ., Ulyanovsk, 2014, 4-13 (In Russ.).

Kuuru (MoHorpaduu u cGOpHUKN) HA PYCCKOM SI3BIKE.

B.F. Bylov, R. E. Vinograd, D. M. Grobman, V. V. Nemyitskiy, Teoriya pokazateley Lyapunova
i ee prilozheniya k voprosam ustoychivosti [The theory of Lyapunov exponents and its applications
to stability problems|, Nauka Publ., Moscow, 1966 (In Russ.), 576 p.

Crarbu B MaTepuajiax KOH(MEPEHIMII Ha PYCCKOM sI3bIKE.

P. A. Shamanaev, “[On the question of the perturbation of a linear equation by two small
linear terms|”, Mezhdunarodnoy konferentsii po differentsial'nym uravneniyam i dinamicheskim
sistemam [International Conference on Differential Equations and Dynamical Systems|, Tezisy
dokladov [Abstract| (Suzdal, 6-11 July 2018), 218-219 (In Russ.).

ITogpoGHble TeXHUUIECKHNE WHCTPYKIUUA MO O(POPMIIEHUIO PYKOIKCEH COIEPYKATCS B MaTepuae
IIpaBusa BepcTku pykornuceit B cucreme LaTex.
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The rules of article design

The editorial staff accepts manuscripts in Russian and English that are not published and not
intended for publication in another edition.

The article should contain the following sections in Russian and English:

— UDC (only in Russian);

— MSC2020 (only in English);

— article title;

— affiliation of the author(s);

— information about every author(s);

— abstract;

— keywords;

— text of the article (in English);

— references.

UDC. The Universal Decimal Classification (UDC) is a system for classifying information widely
used all over the world to systematize works of science, literature and art, periodicals.

MSC2020 codes The Subject Classification Index (MSC 2020) by AMS is used for thematic
link separation in two abstract databases — the Mathematical Reviews (MR) of the American
Mathematical Society (AMS) and Zentralblatt MATH (zbMATH) of the European Mathematical
Union. The directories of MSC 2020 codes can be downloaded from the Useful Materials section
of the For Authors section of the journal website.

The UDC and MSC2020 codes can be downloaded from the Useful materials section of the
For author menu on the journal’s website.

Affiliate author(s): the name of the organization at the place of main work or organization
where the research was carried out, city, country.

Information about the author(s). The section contains the following information for each
author:

a) Surname, First name, Patronymic (for the section in Russian); First name, P., Surname (for
the section in English);

b) Position, Department (indicated if available);

c) the affiliation of the author: the name of the organization at the place of the main work or
organization where the research was conducted;

d) the postal address is indicated in the form: postcode, country, city, street, house (in Russian)
and house street, postcode, country (in English);

e) academic degree (indicated if available);

f) ORCID. To obtain an ORCID, you must register at https://orcid.org)/.

g) email of the author.

Abstract should be clearly structured, the material presentation should follow the logic of
the result description in the article. The text should be concise and clear, free from background
information, and have convincing wording.

bf The volume of annotations in Russian and English should be on average bf from 150 to 250
words.

It is recommended to include in the abstract the following aspects of the article’s content: the
subject, purpose of the work, method or methodology of the work, the results of the work and the
scope of their application, conclusions.

The subject and purpose of the work are indicated if they are not clear from the title of the
article; the method or methodology of the work should be described if they show some novelty or
they are of interest from the point of view of this work.

Units of physical quantities should be given in the international SI system. It is allowed to give
the value of the physical quantity in original system of units in parentheses next to its value in the
SI system.
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The abstract should not contain references to the publication numbers in the article’s
bibliography.

When writing annotations author(s) should remember the following points:

— it is necessary to follow the article’s chronology and to use its headings as a guide;

— do not include non-essential details;

— use the technical (special) terminology of your scientific area, clearly expressing your opinion
and bearing in mind that you write for an international audience;

— the text should be connected by the use of words «consequently», «<moreovers, «for example»,
«as a result», etc., or separate statements should logically follow from one another;

— it is better to use active voice rather than passive, i.e. «The study tested», but not «It is
tested in this study».

Keywords. The keywords that make up the semantic core of the article are a list basic concepts
and categories that serve to describe the problem under study. These words serve as a guide for the
reader and are used to search for articles in electronic bases, therefore, should reflect the discipline
(the field of science within which the article), topic, purpose and object of research.

As keywords, both single words and nominative and singular phrases. Recommended the number
of keywords — 5-7 in Russian and English, the number of words within a key phrase - no more than
three.

Text of the article.When presenting the text of the article, it is recommended to adhere to
the following structure.

— Introduction. In this section, you should describe the problem with which the research is
connected; review the literature on the research topic; indicate the problems, the solution of which
is not known today and the solution of which this manuscript is devoted to; to formulate the goals
and objectives of the study, as well as to show their novelty and practical significance.

— Theoretical foundations, methods of solving the problem and accepted assumptions. This
section details the general design of the study, detailing the methods and approaches that were
used to obtain the results.

When using standard methods and procedures, it is best to refer to relevant sources,
remembering to describe modifications of standard methods, if any. If you use your own new method,
which is still has not been published anywhere before, it is important to give all the necessary details.
If previously the method was published in a well-known journal, you can limit yourself to a link.

— Results. This is the main section that sets out the author’s original material containing
theoretical or experimental data obtained in the course of the research. In terms of volume, this
part is central to the scientific article.

The results of the study must be described in sufficient detail, so that the reader can trace its
stages and assess the validity of the conclusions made by the author.

The results, if necessary, are confirmed by illustrations - tables, graphs, figures, which present
the original material or evidence in a collapsed form.

If the manuscript is of a theoretical nature, then this section provides mathematical calculations
with such a degree of detail that a competent specialist can easily reproduce them and check the
correctness of the results obtained.

— Discussion and analysis of the obtained results and their comparison with the previously known
ones. This section contains the interpretation of the obtained research results, assumptions about
the obtained facts, comparison of the obtained results with the results of other authors.

— Conclusion. The conclusion contains the main ideas of the main text of the article. It is
recommended to compare the results obtained with those that it was planned to receive. At the
end, conclusions and recommendations are given, and the main directions for further research in
this area are determined.

- Thanks. In this section, it is customary to express gratitude to colleagues who assisted with
research or criticized your article. The sources of research funding (grant, state assignment, state
contract, scholarship, etc.) are also indicated.
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References formatted according to the citation style adopted for use in mathematics
American Mathematical Society (American Mathematical Society) and Furopean Mathematical
Society (Furopean Mathematical Society). To do this, use the AMSBIB format, implemented in
the svmobib.sty style package. This package is developed based on the amsbib.sty package.

References should contain only those sources that are referenced in the text of the work.
Sources are arranged in the order of their mention in the article and their number should not
exceed 20.

Description of the bibliographic reference schemes for the References section.

Articles in the journal in Russian:

— Author(s) (transliteration);

- Parallel title of the article in English (without square brackets) or [translation of the title of
the article in English (in square brackets)|;

— The name of the Russian-language source (transliteration);

— [Translation of the source name into English — paraphrase (for journal one may not do it)[;

— Output data with notation in English, or only digital (the latter, depending on the description
standard used);

— An indication of the article language (in Russ.) after the article’s description.

Books (monographs and collections) in Russian:

— Author(s) (transliteration);

— title of the book (transliteration);

— [Translation of the book’s name in square brackets|;

— Imprint: place of publication in English — Moscow, St. Petersburg; English name of publishing
house if it is an organization (Moscow St. Univ. Publ.) and transliteration, if the publisher has its
own name, indicating in English that it is a publisher: Nauka Publ.;

— The number of pages in the book;

— Reference to the language (in Russ.) after the description of the book.

For transliteration of the Russian alphabet into Latin, the journal uses the BGN/PCGN
system without diacritics. It can be used on the website https://www.translit.site/ru/type/bgn-pcgn-
simplified. Here you need to select BGN/PCGN simplified without diacritics.

Examples of bibliographic references for the section References.

Journal articles in Russian.

a) there is no parallel name in English:

P.A. Shamanaev, “[On the local reducibility of systems of differential equations with
perturbation in the form of homogeneous vector polynomials]”’, Trudy Srednevolzhskogo
matematicheskogo obshchestva, 5:1 (2003), 145-151 (In Russ.).

b) a parallel name in English is available:

P. A. Shamanaev, “The branching of periodic solutions of inhomogeneous linear differential
equations with a the perturbation in the form of small linear term with delay”, Zhurnal
Srednevolzhskogo matematicheskogo obshchestva, 18:3 (2016), 61-69 (In Russ.).

Journal articles in English:

M. J. Berger, J. Oliger, “Adaptive mesh refinement for hyperbolic partial differential equations”,
Journal of Computational Physics, 53 (1984), 484-512.

Articles in the electronic journals in Russian:

M.S. Chelyshov, P. A. Shamanaev, “[An algorithm for solving the problem of minimizing a
quadratic functional with nonlinear constraints by the method of orthogonal cyclic reduction]”,
Ogarev-online, 20 (2016) (In Russ.), Available at: http://journal.mrsu.ru/arts/algoritm-resheniya-
zadachi-minimizacii-kvadratichnogo-funkcionala-s-nelinejnymi-ogranicheniyami-s-ispolzovaniem-
metoda-ortogonalnoj-ciklicheskoj-redukcii

IlpaBuia opopmrenus: pykormceit



262 Zhurnal Srednevolzhskogo Matematicheskogo Obshchestva. 2025. Vol. 27, No. 2.

Articles in collections in Russian:

A.V. Ankilov, P. A. Velmisov, A.V. Korneev, “Investigation of pipeline dynamics for delay of
external influences|”, Prikladnaya matematika i mekhanika [Applied Mathematics and Mechanics],
10, UIGTU Publ., Ulyanovsk, 2014, 4-13 (In Russ.).

Books (monographs and collections) in Russian:

B.F. Bylov, R. E. Vinograd, D. M. Grobman, V. V. Nemyitskiy, Teoriya pokazateley Lyapunova
i ee prilozheniya k voprosam ustoychivosti [The theory of Lyapunov exponents and its applications
to stability problems|, Nauka Publ., Moscow, 1966 (In Russ.), 576 p.

Conference proceedings in Russian:

P. A. Shamanaev, “[On the question of the perturbation of a linear equation by two small
linear terms|”, Mezhdunarodnoy konferentsii po differentsial’'nym uravneniyam i dinamicheskim
sistemam [International Conference on Differential Equations and Dynamical Systems|, Tezisy
dokladov [Abstract| (Suzdal, 6-11 July 2018), 218-219 (In Russ.).

Detailed technical instructions on the design of manuscripts are contained in the Rules for the
layout of manuscripts in the LaTex system.
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IIpaBuia BepcTtku pykomnuceii B cucreme LaTex

Komnunsiuro crarby HEOOXOAMMO NpoM3BOAuTH ¢ nomombio nakera MiKTeX, mucrpubyrus
KOTOPOTO MOKHO TMOJIYIUTH Ha OdHUIUaIbHOM caiite — hitp://www.miktez.org.

151 BepCTKMA PYKOIUCH HCIIOJIB3YIOTCS CJieaytonue dainl: daii-npeambysa, daii-mabJioH,
CTHUJIEBBIE TIAKETHI SVMO.Sty u svmobib.sty. Vx MoxkHO mostyunTs Ha caiiTe )KypHaJja B pazaesne IIpa-
Busa odpopMiteHns pykKonuceil. Anpec mocryna: hitp: //www.journal.svmo.ru/page/rules. Texcr
PYKOIIUCH JOJI?KEeH OBbITh 1omelnieH B (aii-mabion ¢ umeneM <PamunuallO>.tex. On BKItouaercs
xomanznoi \input B daiin-upeambysy. Hanpumep, \input{shamanaev.tex}

Codepotcarue Pating-npeambyaivs U CMUAESHLT NAKEMOE USMEHAMD Heab3A. Onpedesenue HOGHLT
KOMAHO ABMOPOM CNAMBU He JONYCKAEMCA ONA NPEQYNPENHCIEHUS KORPAUKMOE UMEH C KOMAHIAMU,
KOmMopvie Mo2au bl 6vMB onpedeneHv 8 CMAMbAL OPY2UL A8MOPOS.

OdopmiteHne 3arojIOBKOB CTAaTbU. Kcim cTaThs HA PYCCKOM S3BIKE, TO JJIsi OOPMIICHUS
3ar0JIOBKOB CTATHH Ha PYCCKOM ¥ AHIVIMIICKOM sI3BbIKE CJIE/LyeT UCI0JIb30BaTh KoMaH bl \headerRus
n \headerEn, coorBercTBeHHO.

Komanga \headerRus umeer caenyrompue aprymentsr: { YK} {Hassanue crarsu} {@avunns
N.0.} {N.0. ®amusus co cuockamu Ha oprauusanuio(-n)} {Oprannszannu (Hazsamue, ropoj, crpa-
Ha) co cHOcKamu Ha asropa(-oB)} {Annoranus} {Kitouessle ciosa} {Haspanne crarbu Ha aHriI
s3.} {11.0. ®ammius Ha aHII. 53.}

Komanga \headerEn umeer cienyromue aprymentst (ua anri): {MSC 2020} {Hassauue cra-
tou} {U1.0. Qammns } {M.O. @amunus co cHockamu Ha opranuzanuio(-un)} {Oprasuzanun (Ha-
3BaHUE, rOPOJ], CTpaHa) co cHockamu Ha aBropa(-oB)} {Annorarus} {Kirodessle ciosa}

Jasn ofopmaenus 3a20406K068 CMAMBY HA GH2ZAUTUCKOM A3BIKE UCNOAL3YIOMCA  KOMAHOL
\headerFirstEn u \headerSecondRus, coomseemcmeenno.

Aprymentst komane!l \headerFirstEn: {MSC2020} {Hassanune crarbu na anri. s3.} {I11.0.
Qamvuius Ha aHri. s13.} {M1.0. @aMuims co CHOCKaMu Ha opraHusanuu Ha asri.} {Opranusanuu
(nasBaHUMe, ropoj, CTpaHa) CO CHOCKAMH Ha aBTOpa(-0B) Ha aHIVI. #3.} {AHHOTAIMS Ha AHIVI. 3.}
{Kurouessle cnosa Ha anri. si3.} {Hassanue crareu na pyc. s13.} {@ammins 1.0. va pyc. 3.}

Aprymentst komanapl \headerSecondRus Ha pyc. a3.: {YIK} {Hassauue crareu } {®amu-
sust M1.0.} {M1.0. ®@amumust co cHockamu Ha opranuzanuio(-u)} {Opranusanuu (HasBaHue, TOpoJ,
crpana) co cuockamu Ha asropa(-oB)} {Aunnoranusi} {Kirouessie ciosa} {@ammmus 11.0. }.

Odopmienune tekcta cratbu. CTaThsi MOXKET COMIEPKATDH MOA3AT0JIOBKH JIIO00M BIIOXKEHHO-
cru. [1oA3aronoBKu caMOro BEpPXHEro YpPOBHsI BBOJATCS LPU IIOMOIM KOMaH/bI \SeCt ¢ OIHUM Ia-
pamerpoM: \sect{3arosoBok}

Ioxzaronosku 6Goslee HU3KMX yPOBHEH BBOAATCA Kak OOBMHO KoMaHmamu \subsection,
\subsubsection u \paragraph.

Crnenyer uMeTh B BUJY, YTO BHE 3aBUCHMOCTH OT yPOBHsI BJIOKEHHOCTH IOJ3ar0JIOBKOB B Ba-
meit crarbe, HyMepanusa 00bekToB (HopMyJ1, TEOpeM, JeMM U T.J.) Beerma Oyaer ABoiHON u Gyzer
[O/IYMHEHA T0/[3ar0JIOBKAM CAMOI'O BEPXHEI'O YPOBHSI.

st opopmieHnsT 3aHyMEPOBaHHBIX (POPMYJI CJIE/IyeT HCIIOIH30BaTh OKpy2KkeHne equation. Hy-
MEpOBATH HYKHO TOJIbKO T€ (DOPMYJIbI, Ha KOTOPBIE €CTh CCHIIKU B TEKCTE CTAThU. JlJjisT OCTaIbHBIX
bOpMyII CItelyeT UCIOIB30BaTh OKpy»KeHne equation®.

st HEymepoBaHust GOPMYJI ¥ CO3aHUS IOCIEAYIONIX CChLIOK Ha 9T (POPMYIIbI HEOOXOIMMO HC-
os1b30BaTh coorsercrBeHHO KoManzp! \label{merka} u \eqref{merka}, rne B kauecrse MeTKH
HY>KHO HCIIOJIb30BaTh CTPOKY ciaemytomero suga: Pamunus AsropaHomep @opmynsr’. Hanpu-
Mmep, dopmyny (14) B craree panosa HykHO nomeruts \label{ivanov14}, teopemy 5 u3 aroit
craren — \label{ivanovt5} u r. m. (s cCcbIok HA TEOPEMBI, JIEMMBI B PYTHE OOBEKTHI, OTINY-
Hble OT POPMYJI, Hy?KHO HMCIIOJIb30BaTh KomaHy \ref{merka}).

st odbopmiennst TeopeM, JIeMM, TIPEJJTIOXKEHUM, CJIEICTBUI, ONpEIe/IEHNI, 3aMeYaHuil U TPU-
MEepPOB CJIEIyeT UCIOJIB30BaTh coOTBeTCcTBEeHHO OKpy2KeHnss Th, Lemm, Prop, Cor, Defin, NB u
Example. Ecsin B Bameii craTbe npuBozsITCs JOKa3aTEILCTBA YTBEPXKIEHUN, X CJIELyeT OKPYKUTh
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komagamu \proof u \ proofend (151 mosryuenus crpok *okazarennerso.’ u ’JIoka3areabeTBo 3a-
KOHY€EHO. COOTBETCTBEHHO).

st opopmiternst TabIHUIL CIEIyeT UCIOIB30BATh OKpYKeHue table ¢ BIOXKeHHBIM OKPY2KEHTEM
tabular:

\begin{table}[h!]

\caption{HasBanue Tabimubl Ha  pycckoMm s3bike \\  \textbf{Table
\ref{shamanaevtablel}.} HasBanmue Ha aHriuiickoM si3bIKe }

\label{shamanaevtablel}

\begin{center}

\begin{tabular}{|C{6cm}|C{6cm}|}

\hline

Hassanune nepsoro cronbua & Hassanue BToporo croabua \\

HasBaume nepsoro crosibiia Ha aHriuiickoM sisbike & HasBaHue BTOpOro crosbia
Ha aHIVIMICKOM sI3BIKe \ \

\hline

1& 2\\

\hline

3 & 4\\

\hline

\end{tabular}

\end{center}

\end{table}

OdopmiteHne pucyHKOB. Bce BcraBiisieMble PUCYHKH B TEKCT CTAThU JIOJKHBI HAXOIUTHCHA
B daitnax B dpopmare EPS (Encapsulated PostScript). B penakuuio »xypHasa Tak:Ke HEOOXOIMMO
IPEIOCTABUTH Te ke pucyHku B dopmare JPG ¢ paspemennem 300 Touek ua mioiim (dpi).

JJ1si BCTAaBKM PUCYHKOB B TEKCT CTATBU MOYKHO TOJIb30BATHCS CJIELYIONIMMI KOMaHIAMU:

a) BCTABKa OJJHOTO PUCYHKA

\insertpicturel{merka}{ums _daiina.eps}{crenens cxxarus}{moamucs} {mox-
UCh_II0J, PUCYHKOM Ha aHIJIMACKOM _SI3BIKE}

€) BCTaBKa JBYX PUCYHKOB

\insertpicture2 {merka} {umsa__daii-na.eps} {crenens cxkarus}
{umsi__aiina.eps}{crenennr cxxarus}{obmas noa-nuce I0J_ PUCYHKOM} {06-
iasi _IOANNCH HA AHIVIMICKOM _si3bIKe}

OdopmiteHnE CIINCKOB JInTEPATYPHI. /151 0bopMIIeHNST CTUCKOB JINTEPATYPHI Ha PYCCKOM 1
AHTJIMIICKOM sI3bIKAX CJIeyeT UCIOoJIb30BaTh OKpyxkenus thebibliography u thebibliographyEn,
COOTBETCTBEHHO.

Kazxxnmas pycckosiapranast 6ubanorpadudeckast CCbLIKa 0(POPMIISIETCST KOMAHIOM

\RBibitem{Merka AJisi cCbLIKM HA MCTOYHUK },

a aHrJIos3blYHas 6ubsmorpaduyueckasi CCblJIKa — KOMAH/IOM

\Bibitem{merka [JIs1 cCCBIKM HA MCTOYHUK }.

Hanee nis onucanms 6ubanorpaduaecKoil CCbIKM CJIEYET UCIOIb30BATH KOMAH/IBI, PeaTn3y-
omue dpopmar AMSBIB u oTHOcsimuecst K cTuieBoMy makeTy svmobib.sty. OcHoBoIt 3TOro maxe-
Ta SIBJIsTETCsT CTUJIeBON daitim amsbib.sty. Bosee moapo6HO 9TH KOMaHIBI OMUCAHBI B WHCTPYKITHU
amsbib.pdf.

JI71s1 CCBUIOK HA MCTOYHMKU U3 CIUCKA JINTEPATYDPhI HEOOXOIMMO HCIIOJIB30BATh CJIE/LYIONIE KO-
mamgp: \cite, \citetwo, \citethree, \citefour, \citetire, \pgcite (mapamerper cm. B daiire-
npeambyiie). B KadecTBe UMEHH METOK JJIsl PYCCKOA3BIYHBIX OUOMIMOrpadundecKux CChUIOK HY2KHO
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ucnosib3oBaTh 'Pavmmnsas RBibHomepCebuikn’, a 11i1st aHNI0A3BIYHBIX OMONIHOrpaduIeCKUX CCHLIIOK
— "®amunuaBibHomepCebriaku’.
Metku Bcex 0OBEKTOB CTATBU JIOJYKHBI OBITH YHUKAJIbHBIMHU.

IIpumepsr odpopmitenust 6GubmorpaduvIecKux CChLJIOK C IIOMOIIbIO KOMaH/[ U3 CTU-
JieBoro maketa svmobib.sty

CraTbu B >KypHaJlaX Ha PYCCKOM sI3bIKE
B pazpgesie thebibliography:

\RBibitem{shamanaevBib1}

\by II. A. Illamanaes

\paper O JokabHON npuBoAUMOCTH cuCTeM AudOEPEHINAIBHBIX YPABHEHAN ¢ BO3MYIIECHUEM B
BIJI€ OZJHOPOJHBIX BEKTOPHBIX [IOJIMHOMOB

\jour Tpyzsr CpesHEBOIKCKOTO MATEMATHIECKOTO OOIIECTBA

\yr 2003

\vol 5

\issue 1

\pages 145-151

B paspgesie thebibliographyEn:

\Bibitem{shamanaevBiblEn}

\by P. A. Shamanaev

\paper [On the local reducibility of systems of differential equations with perturbation in the form
of homogeneous vector polynomials]

\jour Trudy Srednevolzhskogo matematicheskogo obshchestva

\yr 2003

\vol 5

\issue 1

\pages 145-151

\lang In Russ.

Crarbu B >KypHajaXx Ha AaHINIMWUCKOM s3blKe (B pasgenax thebibliography wun
thebibliographyEn odopMiisitorcst oquHaKOBO):

\Bibitem{shamanaevBib2}

\by M. J. Berger, J. Oliger

\paper Adaptive mesh refinement for hyperbolic partial differential equations
\jour Journal of Computational Physics

\yr 1984

\vol 53

\pages 484-512

CraTbu B 9JIEKTPOHHOM >KyPHaJIe HA PYCCKOM SI3bIKE
B paspgesne thebibliography:

\RBibitem{shamanaevBib3}

\by M. C. Yensmmos, II. A. Iamanaes,

\paper AJIrOpuTM pelIeHns 3318491 MUHIMHU3AIUA KBAPATHIHOrO (DYHKIMOHAIA ¢ HEJIMHEHHBIMI
OIDAHMYEHUSIME C UCIOJIB30BAHUEM METOJ/A OPTOIOHAJIBHON [UKJINIECKOH peLyKiun

\jour Orapég-online

\vol 20
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\yr 2016

\elink TocrynHo no anpecy: http://journal.mrsu.ru/arts/algoritm-resheniya-zadachi-minimizacii-
kvadratichnogo-funkcionala-s-nelinejnymi-ogranicheniyami-s-ispolzovaniem-metoda-ortogonalnoj-
ciklicheskoj-redukcii

B paspgesie thebibliographyEn:

\Bibitem{shamanaevBib3En}

\by M.S. Chelyshov, P. A. Shamanaev,

\paper [An algorithm for solving the problem of minimizing a quadratic functional with nonlinear
constraints by the method of orthogonal cyclic reduction]

\jour Ogarev-online

\vol 20

\yr 2016

\lang In Russ.

\elink Available at: http://journal.mrsu.ru/arts/algoritm-resheniya-zadachi-minimizacii-
kvadratichnogo-funkcionala-s-nelinejnymi-ogranicheniyami-s-ispolzovaniem-metoda-ortogonalnoj-
ciklicheskoj-redukcii

Crarbu B CGOpHHUKaX HA PYCCKOM SI3bIKE:
B pasnesie thebibliography:

\RBibitem{shamanaevBib4}

\by A. B. Aukunos, II. A. Bexbmucos, A. B. Kopuees

\paper WccieioBanne quHaMuKy TpyGOIPOBO/ia P 3ala3/(bIBAHIN BHEIIHUX BO3IEHCTBHI
\inbook IlpukiajgHas MaTeMaTuKa U MEXaHUKA

\publaddr YibsiHOBCK

\publ ¥YaI'TVY

\yr 2014

\issue 10

\pages 4-13

B paszgesie thebibliographyEn:

\Bibitem{shamanaevBib4En}

\by A.V. Ankilov, P. A. Velmisov, A.V. Korneev

\paper [Investigation of pipeline dynamics for delay of external influences|

\inbook Prikladnaya matematika i mekhanika [Applied Mathematics and Mechanics|
\publaddr Ulyanovsk

\publ UIGTU Publ.

\yr 2014

\issue 10

\pages 4-13

\lang In Russ.

Kuurn (moHorpaduy u cGOpHUKYN) HA PYCCKOM sI3BbIKE:
B paspgesnie thebibliography:

\RBibitem{shamanaevBib5}

\by }O.H. Bu6uxos

\book Kypc o6b1KHOBEHHBIX tuddepeHIralbHbIX yPaBHEHUH
\publaddr M.

\publ Bercm. mk.
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\yr 1991
\totalpages 303

B pazgesie thebibliographyEn:

\Bibitem{shamanaevBib5En}

\by Yu. N. Bibikov

\book Kurs obyknovennykh differentsial'nykh uravneniy [The course of ordinary differential
equations]

\publaddr Moscow

\publ Visshay shkola Publ.

\yr 1991

\totalpages 303

\lang In Russ.

CraTbu B MaTepuajiax KOHQEPEHIUA Ha PYCCKOM sI3bIKE:
B paspgesie thebibliography:

\RBibitem{shamanaevBib6}

\by B.T. Manunos

\paper HenpepbIBHBII MeTO, MUHUMHU3AIMKA BTOPOTO MOPSIIKA C OEPATOPOM IIPOEKIIUH B IIEPEMEH-
HOI MeTpUuKe

\inbook VIII MockoBckast MexK ryHapoHast KoHdepeHms mo uccaeposanuio onepanmii (ORM2016):
Tpynet

\bookvol II

\procinfo Mocksa. 17-22 okrsi6pst 2016 r.

\yr 2016

\pages 48-50

\publ ®UIT 1Y PAH

\publaddr M.

B paspgesnie thebibliographyEn:

\Bibitem{shamanaevBib6En}

\by V. G. Malinov

\paper Continuous second order minimization method with variable metric projection operator
\inbook VIII Moscow International Conference on Operations Research (ORM2016): Proceedings
\bookvol IT

\procinfo Moscow, October 17-22, 2016

\yr 2016

\pages 48-50

\publ FRC CSC RAS Publ.

\publaddr Moscow
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The rules for article layout in the LaTex system

The article should be compiled using the MiKTeX package. The distribution kit of this package
can be downloaded from the official website — http://www.miktez.org.

The following files are used for manuscript layout: the preamble file, the template file and style
package svmo.sty and svmobib.sty. They can be downloaded from the website of the journal in the
section Rules for Manuscripts: http://www.journal.svmo.ru/page/rules. The article text should
be placed in a template file named <LastName>.tex. It is enabled with the command \input in
the preamble file. For example, \input{shamanaev.tex}

The contents of the preamble file can not be changed. The definition of new commands by the
author of the article is not allowed to prevent name conflicts with commands that could be defined
in articles of other authors.

Design of article titles.

To format article headings in English, use the following commands: \headerFirstEn u
\headerSecondRus, respectively.

Command arguments \headerFirstEn: {MSC2020} {Article title in English} {I. O. Last name
in English} {I. O. Last name with footnotes to organizations in English} {The organizations (name,
city, country) with footnotes to authors in English } {Abstract in English} {Keywords in English}
{Article title in Russian} {Last name I. O. in Russian}

Command arguments \headerSecondRus in Russian: {UDC} {Article title } {Last name I
0. } {I. O. Last name with footnotes to organizations } {The organizations (name, city, country)
with footnotes to authors } {Abstract } {Keywords } {Last name I. O. }.

Design of the article text. The article may contain subheadings of any nesting. Top-level
subheadings are entered using the command \sect with one parameter:\sect{Header}

Subheadings of lower levels are entered as usual by commands \subsection, \subsubsection
and \paragraph.

It should be borne in mind that regardless of the nesting level of subheadings in your article, the
numbering of objects (formulas, theorems, lemmas, etc.) will always be double and will be subject
to the subheadings of the highest level.

To design numbered formulas, use the environment equation. Numbering is needed only for
those formulas that are referenced in the text of the article. For other formulas, use the equation*®
environment.

For numbering formulas and creating subsequent references to these formulas authors must
use the commands \label{label} and \eqref{label}, where the following string must be used
as a label: ’Author’sLastNameFormulaNumber’. For example, formula (14) in Ivanov’s article
should be marked \label{ivanov14}, Theorem 5 of this articles — \label{ivanovt5}, etc.
(For references to theorems, lemmas and other objects other than formulas, one need to use the
command \ref{label}).

For the design of theorems, lemmas, sentences, corollaries, definitions, comments and examples
the authors should use corresponding environments Th, Lemm, Prop, Cor, Defin, NB and
Example. If the article provides evidences of the statements, they should be surrounded by
commands \ proof and \proofend (to get strings ’'Evidence.” and ’The proof is complete.’
respectively).

To format tables, use the table environment with the nested tabular environment:

\begin{table}[h!]

\caption{Table name \\ \textbf{Table \ref{shamanaevtablel}.} Table name in
English} \label{shamanaevtablel}

\begin{center}

\begin{tabular}{|C{6cm}|C{6cm}|}

\hline

First column name & Second column name \\

First column name in English & Second column name in English \\
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\hline
1&2\\
\hline

3 & 4\
\hline
\end{tabular}
\end{center}
\end{table}

Design of pictures. All inserted images must be in EPS format (Encapsulated PostScript).
The editors of the journal must also provide the same images in JPG format with a resolution of
300 dots per inch (dpi).

To insert pictures into the text of an article, one must use following commands:

a) insert one picture

\insertpicturel {label} {file _name.eps} {degree of comression}
{caption of the figure} {caption of the figure in English}

f) insert two pictures with common caption and the compression ratio of each picture

\insertpicture2 {label} {file name.eps} {degree of compression} {file name.eps}
{degree of compression} {common caption} {common caption in English}

Design of references. For design of references in Russian and in English authors should use
the environment thebibliography and thebibliographyEn, respectively.

Each Russian bibliographic reference is made by a command

\RBibitem{label for a link to the source },

and every English reference — by a command

\Bibitem{label for a link to the source }.

Further, to describe the bibliographic reference, authors must use the commands that implement
the AMSBIB format and refer to the svmobib.sty style package. The basis of this package is the
amsbib.sty style file. These commands are described in more detail in the amsbib.pdf instruction.

To make the reference to element of the reference list in the article text authors must
use the commands \cite, \citetwo, \citethree, \citefour, \citetire, \pgcite (parameters,
see the preamble file). For the name of tags for Russian-language bibliographic references,
use the 'LastNameRBibNumberOfReference’, and for English-language bibliographic references -
’LastNameBibNumberOfReferences’.

Labels of all article’s objects must be unique.

Examples of bibliographic references’ using commands from the svmobib.sty
package

Journal articles in Russian:

\Bibitem{shamanaevBibl1En}

\by P. A. Shamanaev

\paper [On the local reducibility of systems of differential equations with perturbation in the form
of homogeneous vector polynomials]

\jour Trudy Srednevolzhskogo matematicheskogo obshchestva

\yr 2003

\vol 5

\issue 1

\pages 145-151

\lang In Russ.
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Journal articles in English:

\Bibitem{shamanaevBib2}

\by M. J. Berger, J. Oliger

\paper Adaptive mesh refinement for hyperbolic partial differential equations
\jour Journal of Computational Physics

\yr 1984

\vol 53

\pages 484-512

Articles in the electronic journals in Russian

\Bibitem{shamanaevBib3En}

\by M.S. Chelyshov, P. A. Shamanaev,

\paper [An algorithm for solving the problem of minimizing a quadratic functional with nonlinear
constraints by the method of orthogonal cyclic reduction]

\jour Ogarev-online

\vol 20

\yr 2016

\lang In Russ.

\ elink Available at: http://journal.mrsu.ru/arts/algoritm-resheniya-zadachi-minimizacii-
kvadratichnogo-funkcionala-s-nelinejnymi-ogranicheniyami-s-ispolzovaniem-metoda-ortogonalnoj-
ciklicheskoj-redukcii

Articles in collections in Russian:

\Bibitem{shamanaevBib4En}

\by A.V. Ankilov, P. A. Velmisov, A. V. Korneev

\paper [Investigation of pipeline dynamics for delay of external influences]

\inbook Prikladnaya matematika i mekhanika [Applied Mathematics and Mechanics|
\publaddr Ulyanovsk

\publ UIGTU Publ

\yr 2014

\issue 10

\pages 4-13

\lang In Russ.

Books (monographs and collections) in Russian:

\Bibitem{shamanaevBib5En}

\by Yu. N. Bibikov

\book Kurs obyknovennykh differentsial'nykh uravneniy [The course of ordinary differential
equations]

\publaddr Moscow

\publ Visshay shkola Publ.

\yr 1991

\totalpages 303

\lang In Russ.

Conference proceedings in Russian:

\Bibitem{shamanaevBib6En}
\by V. G. Malinov

The rules for article layout in the LaTex system



2Kypnas CpeHeBoKCKOro MareMarnieckoro obrmecrsa. 2025. T. 27, Ne 2. 271

\paper Continuous second order minimization method with variable metric projection operator
\inbook VIII Moscow International Conference on Operations Research (ORM2016): Proceedings
\bookvol II

\procinfo Moscow, October 17-22, 2016

\yr 2016

\pages 48-50

\publ FRC CSC RAS Publ.

\publaddr Moscow
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