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X{ypHaH Cpe,ZLHeBOJI)KCKOFO MaTeMaTn4eCKoro O6HJ;€CTB&

Hayunbrit xxypnat

Hayunbriit penensupyemsrii 2kypHasl «2Kypuan CpegHeBoIKCKOro MaTeMaTHIeCKOro 00-
eCTBa» MyOJNKyeT OPUTHHAJBHBIE CTATBA U 0030PBI O HOBBIX 3HAYMMBIX PE3yJIbTaTax Ha-
YYHBIX UCCJIEJOBAHMI B 00/IaCTH (DYHIAMEHTAJBHON U MPUKJIAIHON MATEMATHKH, a TaKyKe
CTaThU, OTparKalole COObITHSI B MaTeMaTHIeCcKoit ku3un B Poccun u 3a pybezkom.

Ocuosuble pyopukn )xypuasa: «Maremarukas, «[IpukiajHas MaTeMaTnKa 1 MEXaAHUKA,
«MareMaTuIeckoe MOJIETUPOBAHNE U HHMDOPMATHKAS.

Kypuan sxonut B Ilepeuens penensupyembix Hayanbix u3ganuii (BAK) no caemyromumm
HaydqHBIM crerpagbaocTsaM (¢ 20.03.2023):

1.1.1. DBemecTBeHHBIl, KOMIUIEKCHBIA ¥  (QYHKIMOHAJBHBIN aHamm3  (dbusuko-
MaTeMATUIECKIe HAyKN)

1.1.2. Muddepennnanbuple ypaHeHHss § MaTeMaTudyeckas dusnka (dbusuko-
MaTeMaTHIECKUEe HAYKH)

1.1.5. Maremarudeckasi JIOTHKa, ajredpa, TeOpWs 4YUCe] W JUCKPETHAS MATEMATHKA
(dbusuko-maTemMarnyecKue HayKu)

1.1.6. BeruncauressHast MaTeMaTuka ((bU3NKO-MATEMATHIECKHE HAYKH)

1.1.8. Mexanuka JiehopMUPyeMOro TBEPJIOro TeJia (TeXHUIECKHNe HayKH )

1.1.8. Mexanuka nedopmupyeMoro TBepiaoro rena ((pusnko-MareMaTudecKue HayKin)

1.1.9. MexaHuKa »KUJKOCTH, Ta3a ¥ IJIa3Mbl (TEXHNYIECKHE HAYKH )

1.1.9. MexaHnuka »KHJKOCTH, Ia3a U IJIa3Mbl ((DU3NKO-MaTEeMATHIECKHE HAYKN)

1.2.2. MaremaTuveckoe MOJEJNPOBAHIE, TUCIEHHBIE METOMIbI M KOMILIEKCHI ITPOrPaMM
(dusuro-maTemaTHIeCKnE HAYKN)

ZKypuan BxomuT B MeXKIyHapojaHble 6a3bl ganubix Scopus (¢ 9.05.2023) u Zentralblatt
MATH (zbMATH), sritouer B DOAJ (Directory of Open Access Journals) u CrossRef.

C 2024 rona )xypHaJy B 6a3e JaHHBIX SCOPUS MPUCBOEHBI KBAPTIWIN Q3 TI0 HATIPABICHUSIM
Applied Mathematics, Computational Mathematics, Mathematics (miscellaneous) u Q4 o
namnpassieanio Control and Optimization.

2Kypnas uagekcupyercs: B bubsmorpadudeckoii 6a3e JaHHBIX HAYIHBIX IIyOJIMKAIII pOC-
cuiickux yueHbix — Poccuitckuii unzgekc naygnoro nuruposanus (PUHIL) u pasmemen na
obrmepoccuiickom maremarndeckom moprase Math-Net.Ru.

[Monmucka Ha KypHAI OCYIECTBIISETCS Ye€pe3 WHTePHET-Mara3uH MePUOTUIECKUX U3a-
unit «IIpecca mo nmoanuckes. Iloanucuoit uuaexkc n3manus — £94016.

MarepuaJibl xKypHaJia gocTynab o jmnensun Creative Commons Attribution
4.0 International License.

YYPEIUTEJIN: mexxperunonaiabuas obmecTBeHHas opranusanus «Cpenne-Bomkckoe MaTemMaTmaeckoe 06-
LIECTBO», (bellepalIbHOE roCyJapCTBEHHOE OI0[P)KETHOE 06pa30BaTEILHOE yIPEXK/IEHIE BBICIIEr0 0Opa30BaHus
«Hanuonansusiil ucciregoBarensckuit Mopaosckuii rocynapcrsenustil yuusepcurer uM. H. IT. Orapésa». Ax-
pec yupemureneit: 430005, Poccusi, Peciybsimka Mopposus, r. Capanck, yi. Boabmesucrckasi, 1. 68.
N3AATEJIb: denepansroe rocyapcTBeHHOE GIOIXKETHOE 06PAa30BATEIBLHOE YUPEXKIEHUE BBICIIEro 00pa3o-
BaHus «Hanmonanbusblil ncciaenosarensckuit Mopgosckuii rocynapcrBennsit yausepcurer uMm. H. IT. Orapé-
Ba». Anpec uzmaresns: 430005, Poccus, Pecniybiuka Mopnosus, r. Capanck, yi. Boabimesucrckast, 1. 68.

PEJAKIVA: mexxpernonanbHas obiiecrBeHHas opranunsanus «Cpenne-Boikckoe MaTeMaTniecKoe ooIe-
cTBO». Anpec penaxiuu: 430005, Poccusi, Pecriybiiuka Mopaosus, r. Capasck, yi. BosbineBucrckast, 1. 68.

Tes.: 8(8342)270-256, e-mail: journal@svmo.ru, web: http://journal.svmo.ru
(© ®I'BOY BO «MTI'Y um. H.II. Orapesas, 2025
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PEJIAKIIMOHHAST KOJIJIETMSI

Tumkuna Baaguvup ®PemopoBud — rIaBHBIN pemakTop, diaeH-KoppecnongenT PAH, mpo-
deccop, JOKTOP (DU3MKO-MATEMATHIECKUX HAYK, 3aBEAYIOMINN OT/IEJIOM UNCIEHHBIX METOJOB B Me-
xanuke ciutomHoii cpeast UIIM um. M. B. Kengeima PAH (Mocksa, Poccust)

IITamanaeB IlaBes1 AHATOJILEBUY — 3aMECTUTEJb [VIABHOIO PEJAKTOPA, KAHUAAT (DUIUKO-
MaTEMATUIECKUX HAyK, BEIYIIUN WHIKEHEP-UCCJIEeI0BATEh HAYYHOTO IMEHTPa WHMOOPMAIMOHHBIX
TEXHOJIOTMH U UCKYCCTBEHHOTO MHTEJIIEKTa, Hayano-Texuonmornaeckuii ynusepcurer «Cupuycs (dbe-
nepasibHas reppuropus «Cupnycs, Pocens)

Asmmvos ITaskat ApudgxkanoBud — akajgemuk Axkanemun Hayk Pecriybsimku Y36ekucras,
mpodeccop, TOKTOP (PU3UKO-MATEMATHIECKAX HAyK, mpodeccop dbmmana MIY nmernn M. B. Jlo-
MoHocoBa B TI. Tarmkenre, nmpodeccop HanmonanbHoro ynusepcurera Y30ekucrana uMmeHun Mupso
Vayr6eka (Tamkent, Pecy6inka Y3bekucras)

AnnpeeB Anekcanap CepreeBud — mpodeccop, TOKTOP PU3NKO-MATEMATHIECKUX HAYK, 38~
Beaytomuii Kadeapoit nadopManonHoit 6esonacHoct u Teopun yupasienns PI'BOY BO «Vibs-
HOBCKUI IOCYZIaDCTBEHHBIN yHUBepcuTer»> (YibsiHOBCK, Poccust)

AronoB IMTaBkar AGmynnaeBud — akajgeMuk Axkanemnu Hayk Pecniybiuku Yzbekucran,
npodeccop, HOKTOp (PU3UKO-MATEMATUIECKUX HAyK, JUpeKTop MHCTUTyTa MareMaTHKU WMEHU
B. 1. Pomanosckoro Axkanemun Hayk Peciy6imkn Y36ekucran (Tamkent, Pecriy6inka YaGekucras)

Beasmucos IIérp AsnekcanapoBud — npodeccop, JOKTOP (PU3NKO-MATEMATHIECKUX HAYK,
npodeccop Kadenpsl «Boicmas maremarukay @PI'BOY BO «YibsiHOBCKUIA roCyIapCTBEHHBIN TeX-
Huueckuil yHuBepcurer» (YibsiHOBCK, Poccust)

Top6ynos Baagumup KoHcTanTMHOBUY — mpodeccop, JT0KTOp (PUBNKO-MATEMATHIECKUX
HayK, upodeccop kadeapsl 1udposoit skonomukn OT'BOY BO «YibsHOBCKHI rocyapcTBeHHBIM
yHuBepcuters> (YIbsiHOBCK, Poccust)

T'y6aiinynnua Upek MapcoBud — n0KTOp PU3NKO-MATEMATHIECKUX HAYK, TPOdeccop, 3a-
Be/LyIOIIMii JlabopaTopueil MaTeMaTHuIecKOi XUMUN, BeJlyIINi Hay IHbIH cOTPpyAHUK VHCcTHTyTa Hed-
TEXUMUU U KaTajn3a — 000COOJIEHHOTO CTPYKTYPHOTO noapasaesenns PerepaibHOro rocyaapcTBeH-
HOTO OIO/I?KETHOTO HAYYHOTO yUIpEeXKIeHUsi ¥ GUMCKOro (denepaibHOTO UCCIEI0BATEIbCKOTO IIEHTPA
Poccuiickoii akanemun Hayk (Yda, Poccus).

Heprorun F0puit HukosiaeBud — 10KTOp PU3MKO-MATEMATUIECKUX HAYK, TTPOMECCOD, TIaB-
HBII HayJHBINA coTpyaHUK MHCcTHTyTa Teopernyeckoii u Mmaremarudeckoil dpusuku OIYIT "POLAI]
BHUN>®"(Capos, Poccus)

2Kabko Augekceii IlerpoBud — mpodeccop, TOKTOp (PUBUKO-MATEMATHIECKUX HAYK, 3aBe-
nytommuit kadenpoit reopun ynpasienus PT'BOY BO «Caunkr-Ilerepbyprekuii rocyiapCTBeHHbBIH
yuusepcurers (Cankr-Ilerepbypr, Poccus)

2Kerasos Banenrun IBanoBuy — mpodeccop, TOKTOP (pU3UKO-MATEMATHIECKUX HAYK, TIPO-
deccop radenpor quddepennuanbubix ypapuenunit PTAOY BO «Kazanckuit dbemepasibablii yHEA-
Bepcurer» (Kasanb, Poccust)

Bousoreix Hukoumaii FOpseBuy — mpodeccop, J0KTOp PU3UKO-MATEMATHIECKAX HAYK, TU-
pekrop Mucruryra nudopManoHHbIX TexHosioruii, Maremaruku u mexanuku @TAOY BO «Hanwm-
OHAJIbHBIN ucciieoBaTenbekuit Huxkeropomackuit rocymaperBennbiii yausepcurer um. H. W. Jloba-
uesckoro» (Hmxuuit Hosropox, Poccust)

KanbmenoB Twiabicoek IllapunoBuu — akagemuk HAH PK, npodeccop, nokrop dpusuko-
MaTeMaTHu4eCKuX HayK, mpodeccop kadeapbl MaTeMaTHKu VHCTATYTa MATEMATUKNA ¥ MaTeMaThde-
ckoro mozenmpoBanusi Komurera Hayk MOH PK, mpodeccop otnmena muddepennunaabHbIx ypas-
nenniit Kazaxckoro Haimonasbaoro yausepcurera umenn Asnb-Qapabu (Ammvars, Pecnybiuka Ka-
3aXCTaH)

Kamaukun Agekcanap MuxaitimoBud — npodeccop, JOKTOp PU3UKO-MATEMATHIECKAX Ha-
VK, 3aBemayronmiit kadeapoii Boicuieii Maremaruku PTBOY BO «Cankr-Tlerepbyprekuii rocynap-
crBenublii yausepcurer» (Caukt-Ilerepbypr, Poccust)
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Kpuscknii Banagumup HukosaeBuu — mpodeccop, JTOKTOp (bU3UMKO-MATEMATHIECCKAX Ha-
yK, npodeccop Kadeapsr umHdoOpMaTuku n KoMmnbiorepHbix Texnosoruit PI'BOY BIIO «Cankr-
IMerepbyprekwuit ropubrtit yansepcuter» (Cankrt-Ilerepbypr, Poccns)

KysbmunueB Hukouaii JImMmurpueBud — npodeccop, JTOKTOp PU3UKO-MATEMATHIECKUX HAYK,
npodeccop Kadeapbl KOHCTPYKTOPCKO-TexHoorndeckoii nadopmaruku PT'BOY BO «MI'Y wuwm.
H.TII. Orapésa» (Capanck, Poccus)

Kysnenos EBrenuit BopucoBu4 — npodeccop, 10KTOp (pU3uKO-MaTeMaTHIeCKUX HAYK, PO~
deccop kadeapsl mojenuposanus quHamudeckux cucreM PI'BOY BO «MockoBckuii aBuaninoHHbII
nHCTUTYT (HALMOHAJIBHBIA HccIenoBaTenbekuit yausepcurer)» (Mocksa, Poccust)

Kysnenmos Muxauna MBanoBu4 — npodeccop, JOKTOp PUUKO-MATEMATUIECKUX HAYK, PO~
deccop kadenpsl anrebpbl, reOMETPpUU U JUCKPETHON Maremarnky MHcTHTyTa HHPOPMAIMOH-
HBIX TEXHOJIOTHI, MATEMATHKN W MeXaHUKW, HUKeropoackuit rocyJapCTBEHHBIN YHIUBEPCUTET WM.
H. U Jlo6a4esckoro (Huxunit Hosropox, Poccust)

JleoutreB BukTop JleoHTbeBUY — JOKTOD (DU3MKO-MaTEMATHIECKUX HayK, podeccop Ha-
YYHOTO IeHTpa MupoBoro ypoBHsi «llepemosbie mmdposbie Texmonornn» Cankr-IleTepbyprckoro
nosuTexHnIeckoro yuusepcurera Ilerpa Besukoro (Caunxr-IlerepGypr, Poccust)

Magsnues JImurpuit CepreeBuud — mpodeccop, JOKTOp (DU3NKO-MATEeMaTUIeCKUX HAyK,
mpodeccop Kadeapsl npukaamaHoit marematuku u nHbopMmaruku OPI'BOY BO «Harmmonanbubrit
nccenoBarenbckuit yuusepcurer "Broicimas mkosa sxonomuku"» (Huxnuit Hosropos, Poccust)

MapTteinos Cepreii IBanoBu4 — npodeccop, JOKTOp (DU3MKO-MATEMATHIECKUAX HAYK, TJIaB-
uotit Hayanslil corpyaauk HOL Iommrexuntueckoro uncrturyra BY BO «Cypryrckuit rocyzapcTsen-
uplii yausepcurer» (Cypryr, Poccus)

Maryc Ilerp IlaBmoBuu — wwien-koppecnonnenr HAH Benapycn, nokrop dusuko-
MATEeMATUIECKUX HAyK, MPOodeccop, TIABHBI HaydHBIN coTpyaHuk VHcTuTyra Maremarwmku Ha-
MOHAJIbHON akajemun HayK Bemapycu (Munck, Benapycs)

Mopozkun Hukosaii JaunmaoBud — npodeccop, JOKTOP (PUUMKO-MATEMATHIECKAX HAYK,
npesunear PT'BOY BO «Bamkupckuii rocyzapcrsennstii yausepceurer» (Y dba, Poccust)

ITouynuka Ousbra BuranbeBHa — npodeccop, TOKTOp PU3NKO-MATEMATHIECKUX HAYK, 3aBe-
nyroruit Kadenpoit dyngamentanbaoi maremaruku PI'BOY BO «HanmonaabHBIN ncceIoBaTe b=
ckmit yamsepcuter "Bpicmas mkosa sxkonomuku'» (Hukanit Hosropoa, Poccus)

Paguyenko Baamumup IlaBiaoBuu — mpodeccop, TOKTOp (PpU3UKO-MATEMATUIECKUX HAYK,
3aBeayronmii kadenpoit «IIpuknannas maremarnkn u nadopmarukas PI'BOY BO «Camapckwuit
rOCY/IApCTBEHHBIA TexHmaeckuii yuusepcurer» (Camapa, Poccns)

PazanneBa Mpuna IlpokodbeBHa — mpodeccop, JTOKTOp (PUBMKO-MaTEMATHIECKUX HAYK,
npodeccop kKadeaprl npukiaauaoit marematuku PI'BOY BO «Hukeroposackuit rocymapcTBeHHBIH
rexundecknii yausepcurer uMm P. E. AnekceeBa» (Hmxumit Hosropog, Poccust)

Cennn IIérp BacuabeBud — npodeccop, JOKTOPp TEXHUYECKUX HAYK, IIEPBbIi [IPOPEKTOP
OTBOY BO «MI'Y um. H.II. Orapésa» (Capanck, Poccust)

Cupopos Hukousait AsiekcangpoBud — mpodeccop, TOKTOP (PU3NKO-MATEMATHIECKIX HAYK,
npodeccop Kadeapbl MaTeMaTUIECKOr0 aHaan3a u auddepeHnuaabHbIX ypaBHeHni MlHcTuTyTa Ma-
Temaruku, skoHoMuku u nHpopmarukn PI'BOY BO «Mpkyrckuit rocyjapCTBEeHHBIN YHUBEPCATET»
(Upkyrck, Poccust)

Crapoctur Hukounait BaagumupoBud — npodeccop, JTOKTOPp TEXHUYIECKUX HAYK, HAYAIIb-
HUK oTaesenusi, ucTuTyT Teopernyeckoit u maremarudeckoir pusuku LY «POAI-BHUNI D,
(Capos, Poccust)

CyxapesB JleB AJjsieKcaHAPOBUY — KaHUJIAT (DU3MKO-MATEMATHIECKUX HAYK, JOLUEHT Kade -
pbl MaTeMaTHYeckoro aHayumsa, aiarebpsr u reomerpun, PI'BOY BO «MI'Y um. H. II. Orapésas,
npesunent Cpenne-Boskckoro maremarndeckoro obmecrsa (Capanck, Poccus)

Apymknaa Hagexxga I'meGoBHa — nipodeccop, JJOKTOp TEXHUYECKUX HayK, pekTop PI'BOY
BO «VYabaHOBCKHI rOCYIapPCTBEHHBIN TEXHUYECKUH yHUBEpCHTET> (YIbAHOBCK, Poccwst)
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O meTojie perieHns HEJIMHEHOTO MHTETPaJIbHOTO
ypaBHeHnuss ®pearosibMa BTOPOTO pPojia

C KYCOYHO-IVIaAKHNMMHA sdJpaMn
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Awnnoranus. [Ipeacrasmennas paboTa MOCBSIEHA PA3BUTHIO UTEPAITMOHHBIX METOJIOB Perire-
HUsl HEJINHEHHBIX NHTErPAJILHBIX ypaBHeHuit penrosbMa BTOPOro poja ¢ KyCOIHO-TIIaIKUMK
snpamu. [Ipe/ioykeH HOBBIN IOAXO/] K IIOCTPOEHUIO UX DEIIEHHH, OCHOBAHHBII Ha MCIIOIB30-
BaHUU METO/Ia MMOCIEIOBATEIbHBIX TPUOIMKEHNI U TTOJTMHOMUAJILHON UHTEPHOIATNNA DYHK-
uwii Ha orpeske [—1, 1]. IIpu 9TOM HCXOLHOE HHTErPAJIbHOE yPABHEHHUE CBEIEHO K YPABHEHUIO
Tuna Boabreppa, B KOTOpOM Hem3BecTHAs (DYHKINS IOJJIEXKHUT OIPEIEJIEHUI0 HA OTPE3Ke
[—1, 1]. B xauecTBe HAYMAJIBLHOrO NPUOIMKEHNS TIPUHUMAETCS CBOOOIHBIA WIEH PACCMATPH-
BaeMoro ypasHeHusi. Ha KaxK[10il urepanun MeTo/[a I10CJIeI0BATEIbHBIX TPUOINKEHNH OCy-
IIIECTBJIEHO [IPEJICTABJIEHUE si/IPa WHTErPAJILHOIO YPABHEHHS B BHJI€ YaCTHUIHON CyMMBI Psijia
0 OPTOroHANbHBIM Ha orpeske [—1, 1] muorowrenam Yeboimesa. Kosdbdunuentor B 3anm-
CAHHOM PA3JIO’KEHWUH HANJIEHBI C UCIIOJIb30BAHNEM OPTOIOHAJILHOCTU CUCTEMBI BEKTOPOB, 00-
PA30BAHHDIX 3HAYMEHUSIMI ITUX MHOIOWJIEHOB B HYJISIX MHOI'OYJIEHA CO CTEIEHBIO, PABHOM UnC-
JIy HEHM3BEeCTHBIX K03ddunneHToB. ITyTeM HHTEPIIOISINN 110 IOJIy YIeHHBIM 3HAYUEHUSM (DYHK-
MU peleHust B y3yax JebbleBa Ha KaxK10i uTepaluy IPOU3BeIeHO IPUOINKEHNE HCKOMO-
ro pemrenusi. B pabore Takrke BBIIOJHEHO IIOCTPOEHUE PEIICHNsT HHTETPAJILHOIO YPaBHEHUSI,
CBOOOHBIN WIEH KOTOPOT'O UMEET TOYKY Pa3pbiBa mepBoro poja. IlpencraBiensr pe3yabTraThl
[IPOBEJIEHHBIX BBIYUCJIMTEIBHBIX IKCIIEPUMEHTOB, KOTOPBIE JEMOHCTPUPYIOT 3(pDEKTUBHOCTD
MIPE/ITIO’KEHHOT'O TIOIXOA.
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1. Bseaenwue

MHorue KJ1acChl HEJIMHEHHBIX NHTEIPAIBHBIX YPABHEHUN HCIIOJIB3YIOTCS B KAYEeCTBE YHU-
BEpPCaJIbHONO MHCTPYMEHTA TIPH MOJeJMpoBanny ¢usudeckux mporneccos [1], [2]. K ognomy
U3 TaKUX KJIACCOB OTHOCATCS ypaBHeHUS DpenrosibMa BTOPOTO poja ¢ KyCOTHO-TJIQIKIMU

O.V. Germider, V.N. Popov. On the method of solving nonlinear Fredholm integral equation of the. ..
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sapamu. ToYHBIE peleHuns 9TUX ypPABHEHUN B OOJILINIMHCTBE HETPUBUAJIBHBIX CIydaeB He
MOTYT OBITH HaMIEHbI AHAJUTUIECKHU, TOITOMY AKTYaJbHBIM SIBJISIETCS pa3paboTka dhder-
TUBHBIX YHCJIEHHBIX METOJIOB UX DEINeHWsl U Pa3sBUTHE yKe cylecTByomumx. Tak B [3] ms
pelleHusT HeJTMHEHHBIX MHTErPaJIbHbIX ypasHenuil dpejrosbma BTOPOro poja paspaboran
YUCJIEHHBI METOJ], OCHOBAHHBIN Ha TPUTOHOMETPUYIECKUX 6a3uCHBIX (GyHKIusx. [Ipumene-
HUE 9TOT0 METO/Ia IIPY MOCTPOECHUH PEIIEHUS HHTErPATHLHOIO YPABHEHUSI IPUBOJIUT K CUCTEME
HEJIMHEHHBIX aJreOpanvecKuX ypaBHEHUN il oJrydeHusi KodGMUIINEHTOB B PA3JIOXKEHUN
periernst o GasucHbIM yHKIMsIM. OCHOBHAS KOHIEINIHST METO/A, IIPEJIOXKEHHOTO B [2],
3aKJIIOYAETCS B IIPEJICTABICHNN HEN3BECTHON (DYHKIIUU C TOMOIIBIO JBYXTOYETHOTO METO/IA
WHTEPIOJISIIN DPMUTA WK JByXToYedHOi hopmyibl Teitiopa. B aTom MeTose mjist anmpok-
CUMAITAY DEIeHUs] UCIOIb30BaHbl 3HAUYEHUsT (DYHKIUHN U €€ TPOU3BOJIHBIX B KOHEUYHBIX TOU-
KaX pacCMaTpUBaeMOro mHTepBata. B [4] u [5] mast anmpokcumanuym permenns: HeTMHEHHBIX
WHTErPAJbHBIX YPABHEHWI UCIOIL30BAHbl (QYHKIIMA U BEHBJIETHl Xaapa, IIPU 3TOM IUCJIEH-
HOe MHTerpupoBanve B [2] BbimosreHo Meronom Hetorona—Koreca. Bonpoc cymecrBoBanust
U eJMHCTBEHHOCTH DEIeHus! paccMOTpeH B [6]. HucaeHHOe ncciieioBaHue CHCTEM HeJIMHEN-
HBIX WHTErpajbHBIX ypaBHeHuil Bosibreppa mepBoro poja ¢ sjipaMu, UMEIOIIUMU KOHEIHbIe
Pa3pBIBBI BIIOJIb HEIIPEPBIBHBIX KPUBBIX, IPOBEJEHO B | 7| UTEPAIIMOHHBIM METOJOM C UIIOJIB30-
BaHHUeM JIMHEAPU3AIIH HHTEPAJIBLHBIX OIIEPATOPOB 0 MoauduinpoBanuoii cxeme Hoiorona-
KanToposuta.

B npescraBiennoit pabore IpeJyIoyKEH HOBBII MTEPAIMOHHDIN [TO/IX0JI, TOCTPOEHUSI pe-
[IEHUs HEeJIMHEIHOr0 WHTErpajbHOro ypaBHeHuss Dpeirosbma BTOPOTO POJa € KyCOIHO-
DJIAJKUME sSIJIPAMU, OCHOBAHHBIN HA MCIOJb30BAHUN METOJIA TOCTIEI0BATEIbHBIX TPUOIHKE-
HUil (8] M MOSMHOMMATBLHON WHTEPNOJIANWMA S7pa WHTErPAJLHOTO YPABHEHUS Ha KarKJION
ureparuu. OCyIIecTBIeH mepexo/] K HOBBIM [IEPEMEHHBIM, KOTOPbIE MPUHUMAIOT 3HAYMEHUSI,
npuHaJIeXxanme oTpe3ky [—1, 1], a ucxopHoe ypaBHEHHe IPU STOM CBEJEHO K yPaBHEHUIO
tuna Bosbreppa. B kadecTBe 6a3ucHoil cucrembl GyHKINNA IPU PA3JIOKEHUHN S/IPA UCIIOJIb-
30BaHbl MHOrOWIeHb UebbimeBa [9], 06/acThIO ONpe/e/ieHnsT KOTOPhIX BJISETCH OTPE30K
[—1, 1]. KoaddunuenTsl B 3aluCaHHOM Pa3JIOKEHUM HAWIEHBI C HCIIOJIB30BAHUEM OPTO-
TOHAJIBHOCTH CHUCTEMbI BEKTOPOB, 0OPA30BAHHBIX 3HAYEHUSIMU ITHX MHOTOYJIEHOB B HYJISIX
MHOT'OYJIEHA CO CTEIEHBIO, PABHOW YHCIIy Hen3BeCTHBIX Kodddurmenton. IIpu Ttakom BbI-
6ope y3JI0B WHTEPIOJISINY MUHUMU3UPYETCS OMIMOKA OKPYTIJIEHWH MMOJIyJIeHHBIX 3HAYEHUH
st koapdburnmentos [9] u [10]. Ha kaxzoit ureparuu ducio y3noB Jebblmesa ocTaeTcs
HEU3MEHHBIM, 9TO TMO3BOJISIET CHU3UTH BBIYUCIUTEIHLHBIE 3ATPATHI TPU PeaTM3alid METO/Ia
€ UCIIOJIb30BAHUEM OIEpAIil HaJl MATPUIIAME. B pesysibraTe perenne HHTErpaJbHOIO ypaB-
HEHUsI Ha KayKJIOM MTepaluu 1oJIydaeTcsl IyTeM HOJMHOMUAJIBHON MHTEPIIOJIAINNA IOy Y€H-
HBIX 3HAUYEHUI MCKOMOW (DYHKIMKM B PACCMaTpPUBAEMBbIX y3jaX. lIpejcraBiieHbl pe3y/IbTaThl
MIPOBEJIEHHBIX BHIYUCIUTEIBHBIX 9KCIIEPUMEHTOB, KOTOPBIE JIEMOHCTPUPYIOT 3(D(HEKTUBHOCTD
MPEJJIOKEHHOT0 To/1X01a. B paboTe TakzKke BBIMOJHEHO IOCTPOEHUE DEIIEHUST HHTEMPATBLHOTO
ypaBHEHUSsI, CBOOOJHBIN WJIEH KOTOPOTO MMeeT TOUYKY pas3pbiBa HepBoro poja. IIpesmoxen-
HBI 110/1X0/T 0600IaeT pereHus HeJTMHERHBIX HHTErPAJILHBIX ypaBHeHuit @pearosibma BTo-
pOro pojia € TVIAJIKUMU si[paMu, He TpeOyeT PEIeHns] CUCTeMbl aIrebpandecKnx ypaBHEHHIT,
HEOOXOIMMasT TOYHOCTD [TOCTPOEHHOIO PEIIEHUSI IIPU ITOM JIOCTUTAETCS Ha OCHOBE UTEPATHB-
HBIX TPUOJIMZKEHWI PEIIeHNH HeJTMHEHHBIX WHTErPAJIbHBIX YPABHEHUN WHTEPIOJISIITHOHHBIME
MHOTOUIEHAMH IO y3aM deObIrena.

TI'epmugep O. B., Ilonos B. H.. O Mmeroze peniennst HeIHHEHHOrO HHTErpajabHoro ypapuenus Ppearoabma. . .



14 Zhurnal Srednevolzhskogo Matematicheskogo Obshchestva. 2025. Vol. 27, No. 1.

2. IlocranoBka 3ajiauym. IlocTpoenme penienusi ypaBHeHus Ppe-
roJibMa

PaccMOTprM CIIeIyIONIY IO By XTOYEIHYIO KPAEBYIO 33/1a1y, KOTOPAas MPEICTaBIseT GOIb-
oii uaTepec B MaruuTHO rugpoxunamuxe (3], [4] u [11]

d?u(x)

- expu(z), 0<z<1, (2.1)

¢ rpaanaabivMu yesosuamu 4(0) = 0 u u(1) = 0. Aramuruyeckoe perieHue 3TOH JByXTOUEY-
HOI KpaeBoii 3aja4uu umeer Bug [4]:

=

Ijie ¢ — KOpeHb ypaBHenus ¢ = /2 cos(c/4), npunajyiexamuii orpesky [0, 7], ¢ TOUHOCTBIO
110 10710 pasasriit ¢ = 1.3360556949.

Wurerpupys ypasuenue (2.1), mojydaeMm clefyomiee OZHODPOJHOE HEJUHEHHOE HMHTe-
rpanbHoe ypasaenne ®pearosbma Broporo poja [3] u [4]

u(z) =—In2+2In

(2.2)

u(x) — /K(w,y,U(y))dy =0, 0<z<1, (2.3)

e K(z,y,u(y)) — sitapo uHTerpassHoro ypasHerus (2.3):

{ —y(1—z)expu(y) 0<

Y x

st nostyvenust penienus ypasaenusi (2.3) ¢ UCHOJIb30BAHUEM MHOrO4IeHoB JeObimesa
IIePBOTrO POJIa BBEJEM HOBBIE IepeMmeHnble x* u y*: ¥ = 2z — 1, y* = 2y — 1. Sanumem
ypasuenue (2.3) B Bu/e

1
1
u(x™) — 3 /K(x*,y*,u(y*))dy* =0, —-1<z*<1. (2.4)
21

Pemmenne unrerpanbHoro ypasHerus (2.4) HAXOMUM IIyTeM CBeJIHWsI K YPABHEHUIO THUIIA
Boabreppa

z* 1
uet)— 5 [ Kyl Dy~ 5 [ Kale gl =0, (29)
-1 x*

e
(y" + (A —a*) expu(y”*)

Kl(x*ay*7u(y*)):_ 4 ’

O.V. Germider, V.N. Popov. On the method of solving nonlinear Fredholm integral equation of the. ..
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Ko(z*,y* u(y™)) = _@ Dy ; Yexpuly”),

Haiinem perenne ypasHeHust (2.5) METOMOM TOCTIEI0BATEIBHBIX TPUOJIIKEHN [§]

z* 1
Sui(z*) = / Ky (e*,y wioa (")) dy + / Kole®, " tir (7)) dy", (2.6)
71 *

x

rae up(x*) = 0 u ¢ > 1. IomyunmM w; METOIOM KOJUIOKAIIUK C UCIHOJIB30BAHIEM MOJIMHOMOB
YebblImeBa mepBOro pojia U KOPHEl 9TUX MOJNHOMOB B KadeCTBe TOUYEK KoJuaokarmit. /loka-
3aTEJILCTBO CYIIECTBOBAHUS U €MHCTBEHHOCTU DENIeHU MHTerpaibHbIX ypaBHeHuil (2.4) u
(2.5) mpusegeno B [6] u [12], cooTBeTCTBEHHO.

IIpeacraBisiem dyukimuun K1 u Ko B BHUje JACTUIHON CYMMBI Psia IO MHOTOYUJIEHAM
YebbIM1eBa IEPBOTO POJIA

Ki(z*, " uni-1(y")) = Zal,z‘—l,j(ﬂﬁ*)Tj(y*) =T(y")Ari-1(z"), (2.7)
=0

rie Up,;—1 — OpUOIMKEHHOe pelleHne ypasHenus (2.5), moiydennoe Ha (i — 1)-it urepa-
nuu pu paznoxkennnu ¢yuknuit K u Ko 1o mHOro4senam debbIieBa cTEreHN He BBIIIE 7,

T
T(y*) = (To(y) T1(y") - - Tu(y™)):  Avim1 = (@i—1,0 Q-1 - ri-1,0) (1=1,2
i > 1). 3/1ech ¥ HUKE HYMEPAIMIO CTPOK U CTOJIGIOB B MATPHUIAX HAYUHAEM C HyJIsd. MHOTO-
wrenbl YelbImeBa onpeeseM coraacHo [9] caemyommm ofpasom

T;(y*) = cos(jarccosy™), y*€[—-1,1],j>0. (2.8)
PexyppenTnas dbopmysia mis MmuoroweHoB ebbimesa umeer Bug, [6]
To(y") =1, T) =y, Tjaly") =2T(y") T ("), j=1. (2.9)

B kauectse y3108 B (2.6) u (2.7) BeIiGepem KopHU MHOTOWIeHA Th, 11 (9] u [13]

m(2n — 2k + 1)
2(n+1) ) ’

x) = yj = COS ( k=0,n. (2.10)

Ucnounn3ys npencrasienue (2.7), st uarerpaios B (2.6) nosaydaem

/ Kr(a®, 3" i (y*)dy” = / Ty | A (), (2.11)
—1 —1
1 1
/ Ko,y wia (y*))dy* = / T(y")dy" | Anir(a®). (2.12)

Haiinem unrerpass: B (2.11) u (2.12) or muorounenos Yebbiniesa nepsoro poga. 113 (2.9)
BBITEKAET, 9TO

* *

xT x

[ =1i@) + 1), [ =2 B e

-1 —1

TI'epmugep O. B., Ilonos B. H.. O Mmeroze peniennst HeIHHEHHOrO HHTErpajabHOro ypapuenus Ppearoabma. . .
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1

/ To(y")dy* = ~T (") — To(z"), / Ty(y)dy* = — 2

*

st mommaOMOB UebblmeBa crenenu j > 2 coryacHo [13] nmeem

Tivi(y")  Tj-1(y")
2 T (v* * Jj+1 27 )
/ i (y")dy . 1

Torna, yaursisag, aro Tj(1) =1 u T;(—1) = (—1)7 [13], moayuaem

*
x

Tioa(z*)  Ty_i(z*)  (—1)i+12
2 T * d * J+ _ I
/g(y)y i 1 T

-1

1

T; 1(£E*) T-,l(x*) 2
2 [ Ti(y*)dy* = —=LF J . .
/J(y)y S aa i w

T*

(2.14)

(2.15)

(2.16)

IMoncrasiss (2.13) u (2.15) B (2.11) u ucnons3ys pasenctso T,y (z}) = 0, umeem

*
x

/Kl(x*ay*vui—l(y*))dy* =T(z")H1Aq1(27), (2.17)
21
rame H; — kBagparnas marpura pasmepom n' X n' (n’ = n 4+ 1), B KOTOpOii 3/1€MEHTBI,
OTJIMYHBIE OT HYyJIA:
1 —1)i+1 _
Higo=1, Hig1= - Hip; = 22)_1, Jj=2,n,
Hi10=1,Hi12=-1/2, Hy , n—1 = 1/(2n), napHble 3jeMEHTLI OCTAJILHBLIX CTPOK:
P —
Hyj i = T 0 T L2, j=2n-1
Amnasnornano, u3 (2.14) u (2.16) B (2.12), nomyanm
1
/KQ(x*,y*,ui,l(y*))dy* = T(2")HaAz;-1(z"), (2.18)
e

rJie 3JIeMeHThI KBajpaTHoi maTpuiibl Hy omnpenesisiem Ha ocHOBe 3jieMeHTOB Hi

Hoor = (—1)"Hior, Hojr=—Hijr, j=1,n;k=0n.

O.V. Germider, V.N. Popov. On the method of solving nonlinear Fredholm integral equation of the. ..
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st n = 6 xBagparnas matpuna Hy nvmeer Bug

21111
3 8 15 24 35
1 0 —= 0 0 0
1 1
0 7 0 -3 0 0 0
1 1
H=|0 0 = 0 - 0 0
! 6 6
1 1
00 0 = 0 —— 0
8 8
1 1
000 0 0 S 0 -
1
000 0 0 0 = 0

Ioxcrasiss roukn xj (k= 0,n) B (2.7), npuXoANM K yPaBHEHHUIO OTHOCUTEJBHO Ay, 1

JAi-1(2y) = Kiioa(zg), (2.19)
rme J - KpagpaTHadg MaTpuma pasMepoM n’ X n/, B KOTOpoil k-1 cTpo-
ka  T(yz) (k = 0,n), wmarpuma K;;_i(z}) wumeer pasmep n' x L

Kiio1(x}) = (K2}, yg, tni—1 (05)) Ki(@h, ytunic1(y7)) - Ki(@h, v, tngi—1(yy))) " Us
(2.19) maxomum Ay ,_q:
A1 =3"K;; 4 1=1,2. (2.20)

B cumy pasencrsa [13]

n

ST W) T (97) = 475281
k=0

rye 6j, 5, — cumson Kpouekepa, yro =n+ 1, yr; = (n+1)/2 (j > 0), nonyuaem J~! uz
marpunpt 2/ (n + 1)J7, B KoTopoit 3/eMeHTE TepBoil CTPOKHI e nM Ha, 2.
IMoncrasnsas (2.17) u (2.18) B (2.6), mosy4aem Juist 4 > 1

20, = ((JHI ) o Wi+ (JH3 1) o Wg,m_1> vV, i>1, (2.21)
* * * T
rne U, ,; = (um(xo) Uni(27) .. .un,i(xn)) , Wi, i1 — KBaZpaTHas MaTpHUIa PasMepOM
T [

n' xn', B xotopoii k-1 crpoka pasna (K;;—1(z}))" (k=0,n;1=1,2); V=(111... 1)T.
3HaKoM o 0GO3HAUEHO MOBJIEMEHTHOE IIPOoU3BejieHne AaMapa aByx marpur, [14].

DYHKIWMIO Uy, ;(T*) HAXOMUM, UCIOJB3Ysl €e IIPEeJCTABICHUE B BHUJE YACTUIHON CyMMBI
psiia 1o moauHoOMaM JebbIleBa ¢ onpeaeaeHneM Ko3(M@UIMEHTOB B 9TOM PAa3JIOXKEHIH aHa-
gorumaHo (2.7). B urore

Uni(x) =Y b Tj(a*) = T(x*)I Uy, (2.22)

=0

TI'epmugep O. B., Ilonos B. H.. O Mmeroze peniennst HeITHHEHHOrO HHTErpajabHOro ypapuenus Ppearoabma. . .
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B ciyaae, korja ¢cBOOOMHBIN W/I€H HHTEMPAJIHHOIO YPABHEHIS NMEET TOUKY PA3PbIBa Iep-
BOT'O PO/IA, PACCMOTPHUM CJIe/IyIOlIee HeJNHEHOe HHTerpasibHOoe ypaBHeHue Ope/irosbma BTO-

poro poza [3] u [5]

1
/Ka:y, Ndy =b(z), 0<ax<l1, (2.23)
0

re K(z,y,u(y)) = zy/u(y),

1

22 4 ax xgi,

b(x) = 1

VT + ax z> 3,
a=—10cos1 + — cos——81r121—i-6sin1—951nL
V22 8 V2

Ananmruueckoe pemnenue ypasaenust (2.23) numeer Bu [3]:
1
_ 2
w(z) = 2 (2.24)
2

C ucrnonp30BaHUEM METOJIA TOCJIEI0BATEILHBIX TPUOIMKEHIH U TTOJTMHOMUAIBLHOW WH-
TEPIOJIAIUY HaliJIeM pellleHe HHTerPaJIbHOro ypaBHenus (2.23), B KOTOPOM CBOOO/IHBILI dJieH

uMeeT TOYKY Pa3pblBa IEPBOTO POJia & = 5 Vpasuenue (2.23) 1pu 9T0OM CBOJUM K PEIICHUIO

CUCTEMbI UHTEI'PAJIbHBIX YD aBHEHUN

Bi,2
5 B
=> / K(ze, g wi(y)dye + bi(), By <@ < Broy 1=1,2 (2.25)

=g,

1
rae f11 =0, f12 = P21 = ok Bo2 =1, bi(x) = 2% + a, ba(z) = Vo + az.
BBoaum HOBBIE mepemennsle z}, y; € [—1, 1]:

_ B2 =B . n Bia + B2

5 s 1=12 (2.26)

Pemenne cucrembl ypasHenuii (2.25) B HOBLIX IepeMeHHLIX ), y; € [—1, 1] maxomum
METOJIOM TOCJIEI0BATENBHBIX TPUOIKEHNI

=1

1
i) = 3w [ K0t () + o), (2.1
21

1
tae upn0(xf) = bi(z}), ki = 1 u(l=121i>1).

O.V. Germider, V.N. Popov. On the method of solving nonlinear Fredholm integral equation of the. ..
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IIpencrasngem dbyukmun Ki(a*, y*, wni—1(y*)) = K(@*, y*, wni-1(y*)) ( = 1,2) B
BUJIe YACTUYHON CyMMBI psjia 110 MHOrowienaMm debbimesa (2.7). st uarerpaios B (2.27
nMeeM

1 1
/ Ki(eh, s i (97))dyf = / T )yt | Aioa(af) = GAL(e]),  (2.28)

—1 —1

rme G — maTpuna pasmMepoM 1 X n/, B KOTOPOI 3JIeMEHTBI, OTJINYIHBIC OT HYJIS:

2 I
1_7]_2, j_qu., ]:].,n

Goo =2, Go;=

Hnst n = 6 maTpunia G umeeT B

p P 2
G-= _z _Z 2 ).
<2 0 =3 0 = 0 35>

IMoncrasnss (2.7) B (2.27) u ucnonbays (2.28), nonyuaem jyisi ¢ > 1
Upni= GJ! (Wl,n,i—l + W27n’1‘71) +B;, i>1, (2,29)

rne Uy, = (Ul,n,i(xl*,o) ul’nﬂ-(xf’l) “l,mi(xzn))v 9JIEMEHTBI KBaJPATHOH MATPHUIILI
W n,i—1 ompemensiorcs aapoM ypasuenus (2.27): Wi, i—1,56 = K (.137’]-, yz"k,ul,m_l(yzk))
(J, k=0,n;1=1,2); By = (bi(x) bi(27) bu(23) ... biz},)).

DyHKIWMIO U,y ;(Z]) HAXOAUM, UCIOIb3Ys €e IPEeJICTaB/IeHNe B BHUJE YACTHIHON CyMMBI
pgaa 1o mojanHoMaM ebbIrieBa

wni(zf) = T(af)I U (2.30)

ln,i*

3. Amnanus moJry4YeHHBIX PEe3yJIbTATOB

B rabiuie 3.1 nupuBeieHbl 3HAYEHNUsI OTKJIOHEHUsI TIOCTPOEHHOro pemienus (2.22) or aHa-
JuTHYeckKoro perterns (2.2) 1mo G6eCKOHEUHON HOpMe BEKTOPOB 3Ha4YeHUil Tux (QyHKUuUii,
BBIUUCJIEHHBIX B PABHOMEPHO DACIIPEIEIEHHBIX TOUKax Ha orpeske [0, 1]:

€oo,n,i = |U(Z‘]) - Un7i(l'j)|,

max

0<5<100
rje ¢ — MUHIMaJIbHBIC 3HAYEHHs, TP KOTOPBIX COOTBETCTBEHHO (p, ; < 1020 » Cn,i < 10730,
Bemuuuna (,,; onpexnensercs ciemyommm obpasoM: (i = ||Upi — Upitillco, THE BeK-
Topel Uy ; n U, ;41 COCTOAT U3 3JI€MEHTOB, HAWJEHBIX B TOYKAX Tj, KOTOPBIE COOTBET-
crByor y3aaM (2.10). Pe3ynnTarhl BBLIMHCIEHUS € p; LIPEACTaBIeHbl B Tabmmme 3.1, B

KOTODOIl TaKrKe IPUBEJCHBI 3HAYCHUS BEJIUYHH €y, ; o <mz<i>1(00|un7i(xj) — Up—1,i(z;)|
<<

boon = lu(z;) — gn(z;)|, e gn(z*) — uHTepHOMAIMOHHBIE MHOTOUIEH Jlarpamxa

max
0<;<100
st byskiwn u(x*) upu Beibope yzios (2.10).

N3 Tabaunst 3.1 BUAHO, ITO C yBEJUUEHNEM 3HAYEHUN YUCJIa y3J0B N + 1 HAOIIOIaeTCs
YMeHbIIIeHIe BEJIMUNHBI OTKJIOHEHUsI TIOCTPOEHHOTO pertieHnst (2.22) oT aHAJINTHIECKOrO Pe-
1enus 110 6eckonednoit Hopme. Ilpu BbinosHenun ycnosus C, ; < 1072° MuaumasnbHOe 3HAME-
Hue ¢ paBHO 20 JI7Is BeeX 3HAUEeHUI n, IpUBeIeHHbIX B Tabmune 3.1. B caywae ¢, ; < 10739 s1o

TI'epmugep O. B., Ilonos B. H.. O meroze peniennst HeIHHEHHOrO0 HHTErpajabHoro ypapuenus Ppearoabma. . .
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Tabuna 3.1. 3HaueHns! BEJIMYUH €oo p. iy €n,i U €oo,n JJIS yDABHEHUS (2.3)
Table 3.1. Values of €co,n,i, €n,i and €co,n for equation (2.3)

n Cni < 10770 Cnyi < 10730 Coom
€co,n,i €n,i €oo,n,i €n,i

81397-107 [ 151-10°8 [ 397-1072 [ 1.51-10°% [3.34-10" 1

1214.92-107[1.19-10"2[4.92-10"13]1.19-10" 2| 3.2. 10~ ™

15[1.64-10"[5.65-10"™|1.64-10"10]5.65-10"1°[1.64- 1016

20[8.55-10"21[9.59 - 10721 [8.38-10"21[9.59 - 10~21 [ 3.65 - 10~ 22

3HadeHue ¢ cranoBuTcd paBHbIM 30. 113 cpaBHeHUs 3HAYCHU] €op py i U €op s CAEIYET TTO Uy,
npubIMzKaeTCd K PE3yJIbTaTy HOJIMHOMUAILHON unTeprossuuu dbyukuun u(z) = exp(—z).
ITpu ToM 15t PUKCHPOBAHHOIO YUC/IA y3JI0B N+ 1 MOJTydeHHbIE 3HAUEHUs OTKJIOHEHUIT €y, ;
MEXKIY Up,; U Up_1,; HE IPEBBIIAIOT 10 GECKOHEUHON HOPME COOTBETCTBYIOIMX 3HAYCHUH
OTKJIOHEHUH €0 p i, ITO COIVIACYETCH C KPUTEPUEM IIPAKTHYIECKON OLIEHKU IIOIPEIIHOCTH B
cilydyae MOJMHOMUAJIBHOM MHTEpHosAnuy HenpepbiBHOH dyHkuuu [9]. B kauecTse cpabHe-
HS IOJIYI€HHBIX Pe3yIbTaToB ¢ [3| u [4] mpuBemeM 3HateHUe € ; IPU 1 = 15. B [3] €co.ni
pasno 2.2 - 1077, B [4] €ooni < 1076,

SHAYEHUS €ng p ;i JJIST YDABHEHHS (2.23) mpencrasiens B Tabsune 3.2 mpw Cni < 1020
B cpaBHeHuu ¢ pesyabraramu [3] u [5]. B sToM ciyuae MuUHMMAJIBHOE 3HAUEHUE i paBHO 29
JUIsL BCeX 3HAYEHUIT m, NpUBEJICHHBIX B Tabsmme 3.2.

Tabauua 3.2. 3HaUeHUs] BEJINYUHBI €oo p,; I ypaBHeHus (2.23)
Table 3.2. Values of e n,; for the equation (2.23)

n 7 15 31
(2.30) | 2.41-107% | 5.61-107"° | 6.64- 10722

3] [407-107%] 1.01-107% | 2.06-10~°

5] | 7.27-107* | 1.88-107% | 4.77-107°

W3 Tabsur 3.1, 3.2 Buano, uTo pernenust ypasuenuii ®pearosbma BTOPOro pojia, IO-
JIyYEHHBIE MIPEJICTABJIEHHBIM METOJIOM C HUCIIOJIb30BAHUEM MHOIOYJIEHOB UeObIleBa IepBOro
PO, ¢ BBICOKOM TOYHOCTHIO COBIAIAIOT C AHAJUTHIECCKUMU PEIMIEHUSIMU IIPU CPABHUTETHHO
HeOOMBIIX 3HaYeHNAX n. lloTydennble 3HaYeHNa OTKIOHEHHH ey, ; JJId 9UCa y37a0B n + 1
1 1 He IPEBBINAIOT 110 O€CKOHEYHO HOPME COOTBETCTBYIONINX 3HAYCHHN OTKJIOHEHHAHN €o r i
U MOTYT HCIOJIb30BAHBI JIJIs IIPAKTHYIECKOH OIIEHKN HOTPEITHOCTH.

Pacrpesiesienue seauaunbl u(z) — Uy, ;(z) #a orpeske [0, 1] mpu n = 15 u ¢,; < 10720
I ypasHenusi (2.3) NpOJEMOHCTPUPOBAHO Ha pucyHke 3.1.

Otxionenne u(x) — up, () npun =15 u ¢,; < 1072° 1y ypasuenns (2.23) nmokazano
Ha pucyske 3.2. 13 pucynka 3.2 BuaHO, 9T0 BOIM3U TOYKM pas3pbiBa & = 1/2, OTKJIOHEHUE
HOCTPOEHHOT'O pellleHns OT aHAJUTHYecKoro e mpesocxomut 0.6 - 107 u npubmmkaercs K
TOYHOMY 3HaY€HUIO.

O.V. Germider, V.N. Popov. On the method of solving nonlinear Fredholm integral equation of the. ..
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u(@) = tn,i(x)

-16
1.5x 10

1Lx10

5.x10

-5.x10

“1.x10°

-16 |

-1.5x%x 10

Puc. 3.1. Orkionenue u(z) — Un,;(2) tpu n = 15 u (s < 10720 aua ypasnenus
(2.3)
Fig. 3.1. The deviation of u(z) — wn:(z) for n = 15 and ¢,; < 1072° for the
equation (2.3)

u(x) = un,i(2)

0.2 0.4 .6

Puc. 3.2. Orkionenne u(z) — Un,i(x) mpu n = 15 u Cnia < 1072° ma ypasuenus
(2.23)
Fig. 3.2. The deviation of u(x) — un,i(z) for n = 15 and ¢,,; < 1072° for the
equation (2.23)

4. 3akJroyeHue

B pabore npe iyiozkeH HOBBIT KOMOMHUPOBAHHBIN TO/IX0], KOTOPBIN TO3BOJISIET HAXOIAUTH
peIleHns NHTEerPAJIBHBIX ypaBHeHuit tuna Ppearoabma B OTCY TCTBUY BBITTOJTHEHUS YCIOBHUS

TI'epmugep O. B., Ilonos B. H.. O meroze peniennst HeJITHHEHHOro HHTErpajabHoro ypapueaus Ppearoabmva. . .
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TIAIKOCTH JJIsI SApa WHTErPAIHLHOTO ypaBHEHNS W BOJM3M TOYEK pa3pbiBa, MIPU ITOM HEOD-
XO/IUMAasi TOYHOCTh JIOCTHTAETCH HAa OCHOBE MTEPATUBHBIX AIIIPOKCUMAIIAN SIpa M PerteHui
HEJIMTHEHHBIX MHTErPAJbHBIX yPABHEHUII OPTONOHAJILHON CHCTEMOIT MHOTOYJICHOB eObIrne-
Ba. [lpencraBiieHHble pe3y/bTaThl BBIYUCIUTE/IBHBIX KCIIEPUMEHTOB MMOKAa3BbIBAIOT 3D deK-
TUBHOCTD TPEJJIOKEHHOTO MOIX0Ja, KOTOPBIN MOXKET TMPUMEHEH JJI TOCTPOEHUS PeNTeHmit
HEJIMHEHHBIX THTETPAJIbHBIX ypaBHenuii Tua Boabreppa, @penronbma—Bonbreppa n ux cn-
CTEeM.

®dunancupoBauue. VccieqoBanme BBITOIHEHO 32 CUeT I'panTa Poccuiickoro Hay<HOTO
donma Ne 24-21-00381 «PaszBuTne MeTOMOB IMOJMHOMHUAJILHON AIIPOKCHUMAIMN deObIIeBa,
JIJIsI PeIleHns] HeJTMHERHBIX 3a1a9 MaTeMaTHIeCKON (pU3nKm».
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OyHaaMeHTAJIbHbIE MPeJCTaBJIeHNsS OPTOrOHAJILHOM
aareopsl JIu 1 HOBBIE MpoOCTHIE TTOIAITEOPHI

HeaJIbTEPHUPYIONINX TAMIJIbTOHOBBLIX aJjredop JIn
A. B. KouaparbeBa, M. . Ky3neros

HHT'Y um. HH. Jlobauescrozo (2. Huocnut Hoszopod, Poccus)

Awnnoramusi. B pabore it BEKTOPHOTO MPOCTPAHCTBA V' pa3sMEPHOCTHU 7. HAJI, COBEPIIIEH-
HBIM TTojieM K XapaKTepuCTHKa JBa C 3aJaHHON HEBBIPOXKIEHHON OPTOrOHAJIBLHON (POpMOIL
paccMaTpuBaeTcs JedcTBIe OPTOroHaIbHON anre6pel Jlu o(V) Ha BHENIHUX CTENEHSAX IIPO-
crpancTBa V. BHemHsisi anrebpa OTOXKIECTBJISIETCST C aarebpoil Cpe3aHHBIX MHOTOYJIEHOB
OT N HEM3BECTHBIX, & BHENIHWE CTeleHW Kak Mmomyau Hag o(V) — ¢ OJHOPOJHBIME MOJIIPO-
CTPAHCTBAMH HEAJLTEPHUPYIONIEH raMUJILTOHOBON asreOpbl Jlu P(n) oTHOCHTEIBHO CKOG-
ku [lyaccoHa, COOTBETCTBYOIIIEH OPTOHOPMUPOBAHHOMY 0Ga3UCy MPOCTPAHCTBA MEPEMEHHBIX.
JloKa3pIBaeTCs1, 9TO BCE BHEIIHUE CTENEHU CTAHAAPTHOTO mpeicrasiaenns aaredpor Jlu o(V)
HENPUBOIUMBI ¥ IIONAPHO HEdKBUBaJIeHTHBI. OTHOCHTENbHO momanrebpsl so(V), n = 21 + 1
wi n = 2l, cymecTByer | MOMAPHO HEIKBUBAJEHTHBIX (DYHIAMEHTAIBHBIX MIPEICTaBICHUN
B npocrparcTBax A"V, r = 1,... 1. Bce oHM HOIIyCKAIOT HEBBIPOXKJIEHHYIO MWHBAPUAHTHYIO
OpTOroHaJIbHYI0 hbopMy U HenpuBoxuMbl npu n = 21 + 1. Ilpu n = 2] upexncrasienus so(V')
wa A"V, r =1,...,1 — 1 HeNpuBOAUMBI, a TPOCTPAHCTBO AV nmeer €/IJMHCTBEHHOE HETPHU-
BHAJIbHOE COOCTBEHHOE MHBAPUAHTHOE MOAIPOCTPAHCTBO M, KOTOPOE SIBJISIETCST MAKCHMAJIb-
HBIM M30TPOIHBIM ITOJIIPOCTPAHCTBOM OTHOCUTEIBHO MHBapUaHTHON dopmbl. Halinensr nse
HCKJTIOYUTE/IbHBIE POCThIe moanrebpnr Jlu Py (6), Px(6) B P(6), pasmepuocru 2° — 1 u
26 — 1, cooTBeTCTBEHHO, COMEPIKAIITE TTIOAMOAYIL M, KOTOPBIE CYIIECTBYIOT TOIBKO B CIyYae
6 HEM3BECTHBIX.
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Abstract. In the paper the action of the orthogonal Lie algebra o(V) on the exterior
powers of a space V' is considered for n-dimensional vector space V' over a perfect field K of
characteristic two with a given nondegenerate orthogonal. The exterior algebra is identified
with the algebra of truncated polynomials in n variables. The exterior powers of V taken as
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invariant subspace M, which is a maximal isotropic subspace with respect to an invariant
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1. Bsegenne

esb paboThl — onucaTh CTPOEHNE BHEIIHIX CTEIeHel CTaHJaPTHOrO IIPE/ICTABIEHUS OP-
TOrOHAJIbHOI ajreOphl JIu HaJ| COBEPIIEHHBIM II0JIEM XapaKTEePUCTUKHU p = 2.
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ITycrs V' — n-MepHOe BEKTOPHOE HPOCTPAHCTBO HaJl IosieM K XxapakrepucTuku p, ()
— HEBBIPOXKJIEHHAs] CUMMETPUYIECKas HeaJIbTEepHUPYIoIas bununeitnas gpopma Ha V, KOTO-
pyto GyziemM HasblBaTh opmozonasvrot. Oproronanbhas anrebpa JIu o(V) cocrour us Beex
JIMHeRHbIX onepaTopos A Ha V takux, uro (Az,y) + (z, Ay) = 0 jys m06eix z,y € V.

Cayuau p # 2 u p = 2 cymecrBenuo ormvaiorca. Eceau p # 2, ro o(V) usomopdua

n(n—1

anrebpe [lesasute tuna By, upu n = 20+ 1, wiu Dy, upu n = 21, dimo(V) = (T (11D,
nepsoe npogokenne Kaprama (V,0(V))M) = 0 (cm. [2]), He cymecTByeT TpaH3UTHBHBIX
amrebp Jlu L=L_1+ Lo+ Ly + ... takux, aro L_1 =V, Ly C o(V), L1 # 0.

s p = 2 anrebpa JIu o(V) we uzomopdua anrebpe Illesasne tuna B; wim Dy,

. n(n+1

dim U(V) = %
HEYHOE MHOXKECTBO NPOCTBIX HEAJbTEPHUPYIOIUX TaMUJIBTOHOBBIX anarebp Jlnm L =

=L 1+ Lo+ L1+ ... takux, yro L_1 =V, Ly C o(V), L1 # 0. Crpoenue anrebpst Jlu
o(V) man cosepmennabM mosiem K ommcano B [3]. Onpenenienne n cBoOfiCTBA HEATBTEPHUDY-
IOIUX FAMIIBTOHOBBIX anrebp Jlu npusenens! B [3-6]. Hekoropsie croiictsa Lo-momymeit Ly,
paccMaTpUBAJINCH B [7].

B manpreitimem npeanonaraercs, uro K — COBEPIIEHHOE IOJI€ XapaKTEPUCTUKU p = 2.
s mamux neneit yuno6uo pacemarpusarh Mogesb mapbl (V,0(V)) Kak HENOJIOKUTEIBHYTO
4acTh HeaJlbTepHUpYoNIeil raMuibronoBoi airebpst JIu P(n) = L =L_1+ Lo+ L1 + ...,
e P(n) — mpocrpancrso muorodaeHoB O(n) B Pa3/esIeHHBIX CTEIEHSX OT IEPEMEHHBIX
T1,...,T, 0e3 cBODOJHOTO *eHa co cKOOKoit Ilyaccona

, lepsoe mpogoskenne Kaprana (V,0(V))®) # 0 u cymecrsyer Gecko-

{f.9}=>_0ifoig.
i=1

Koneunomepubie nogasnrebpst Jlu P(n,m) orHocuTesbHO 310l cKoOKu Ilyaccona pac-
cMarpusaiuch B [6]. B axrebpe Jlu P(n) L_1 =V = (21,...,%y), 18e {z1,...,2Zn} — OpTO-
HOPMUPOBAHHBI 6a3uc oTHOCHTENbHO bopmel (x,y) = {z,y}, ,y € V. 3necs {z,y} € K. C
TIOMOIIBIO TTPUCOETUHEHHOTO TPEICTaBICHUS [ — adl| L, OTOXIECTBUM Lo u o(V). Takum

obpazom, o(V) = (z;2;5, :UZ(-Q), 1,7 =1,...,n). Ham nonanobsrcs cieyiomue pe3ysibTaTbl O
crpoernu o(V'), upuseaennsie B [3]:

e Tlpoussommas amreépa o(V) = o(V) = (z;25, i,5=1,...,n);
o T = <x§2), i=1,...,n) — MakcUMaJbHbI TOp asnre6ps! Jlu o(V);

2 2) . "
o T\ = (xE )+ 335 +)1, i=1,...,n— 1) — MAKCHMaJIBHBIN TOP P-3aMbIKaHUA AIreGpol Jlun

o(V)' B gl(V),
o(V) N sl(V) = so(V) = o(V) +T.

Tak kax z? = 0, anrebpa pazenennbix creneneit O(n, 1) cosmagaer ¢ T(V). Tlostomy
OJIHOPOJIHYI0 KOMIOHeHTY L/, anrebper P(n,1) Mbl Gynem paccmarpusaTh kak A7V s
r=1,2,...,n. lIpu srom meiicreue 0(V) va A"V cooTBETCTByeT NMPHUCOEIUHEHHOMY IIPEI-
cTaBiieHnIO nogasre6pst JIu Lo va L] _,.

B pabore BHelIHue cTeNeHU CTAHIAAPTHOrO HpeicrasieHus aarebpsl JIu o(V') nasbisa-
10TcA QyHIaMEHTAIbHBIMY 110 aHAJIOIHN ¢ QyHIaMeHTAIbHBIME IPECTABICHIAMHI aJreOphI

Ju si(V).

Konaparbesa A. B., Kysuenjop M. .. @ynapaMeHTa bHBIE IPEICTABICHAS OPTOrOHAJIBHON aarebpor Jlu u . . .



28 Zhurnal Srednevolzhskogo Matematicheskogo Obshchestva. 2025. Vol. 27, No. 1.

OyrmaMeHTaIbHBIE TPEICTABICHNS pacCMaTpuBaioTcsa B maparpade 2. JlokasbiBaercs,
yro (byHmaMeHTaIbHbIE pejcTraBienns ajarebpsl o(V) wenpusomgumel. Eciu n nedersno, To
A"V — menpusomumbiit so(V)-momyis st Beex 7. Ecom n = 21, ro A"V — HenpuBomuMBbIit
so(V)-momynnb mpu r # 1, T'V comepsKuT eJuHCTBEeHHbII HeHYIeBOH COOCTBEHHBIIN TOIMOJLY/Ib
M, dim M = 1(”)

2\

B cBsi3u ¢ npobiiemoii Kitaccudukanuy npocThix aaredp JIu Ha 1 mosisiMu MaJjIoi XapakTe-
puUCTHKY p = 2, 3 IIPeJICTaBJIsIeT HHTEPEC OCTPOEHNE UCKJIIOUNTEIBHBIX TPOCTHIX aareop Jlu,
KOTOPBIE HE BCTPEYAIOTCS TIPU OOJIBIIEH XapaKTePUCTUKE OCHOBHOTO 1oJist. OTrcanme uCKJIo-
YUTEJNbHBIX IIPOCTHIX aiarebp Jlu Haj mosiem xapakrepuctuku 3 npusezeHo B [8]. B cayugae,
KOIyIa p = 2, WCKJIOYMTENbHBIE TpocThie anreGpsl Jlu mocrpoensr B padorax [6], [9-15].
OrMmernuM, 94TO TIpobIeMa H30MOPMU3IMa MEXK LY IOCTPOEHHBIME AJIredPaMU IIPEICTABIISIETCST
oueHb caoxkHON. st anre6p JIu HeGoubmoii pasmepHocT B paborax [12-15] ¢ momomnipio
KOMITBIOTEPa HAIEHbBI TPOCThIE aareOpol JIu Ha Zs U yCTAHOBJIEHO, YTO HEKOTOPHIE U3BECT-
ubie anredpst JIn mzomopdubr. Ho yaxke mitst 15-mepubix anredp Jlu mostHbiil ClinCOK MpOCTHIX
asire6p JIu Hem3BecTeH, a IIOCTPOEHNE CIICKA B CIydail pasmepHocTr 31 MpU UCIOTB30BAHIN
CYIIECTBYIONUX METOJOB TIPEBBINIaeT BO3MOXKHOCTH KommbioTepa (cM. [15]). B HacTosmei
paboTe TIOCTPOEHBI JiBe MCKJIFOYUTEIbHBIE TIpocThie anreGpst Jlu Py (6), Pa(6) pasmepHocTn
31 u 63, COOTBETCTBEHHO, KaK MOAAJreOpbl HeabTepHUPYIOIIEH TaMuIbTOHOBOI ayrebpbt JIu
P(6), KOTOpbIe HE UMEIOT AHAJIOIOB IIPU JPYTOM KOJMYECTBE [EPEMEHHbBIX.

2. ®dDyspamenrtasbHble Momysu Has so(V)

Hna mopmuoxecrsa [ = {i1,...,4,} C N ={1,...,n} momoxum X; =x;, ...z, € A"V,
I' = N\I. O6ozuauum uepes Iy nogamuoxkectBo B N, HOJLyd9eHHOE 3aMeHO ssiemenTa s € 1
mat¢l.

Cunietytoriee yTBEpXK/I€HIE TPOBEPSIETCST HETIOCPEICTBEHHO

JIemma 2.1. IIyemv zsz, € 0(V), I CN, |I| =r. Toeda

0, ecau {s,t} C I uau {s,t} C I,

1. {zsze, X1} =
{oswe X1} Xr1,,, ecau {s,t}NI=s.

2. (Ist) = (I')ss.-

ITpumeHsist MHYKIMIO [0 YUCJIY Pa3aMdYHbIX uHiekcoB B I,J, |I| = |J|, u3 jsemmer 2.1
oIy 9aeM

CunepgcrBue 2.1. Jas mobux nodmnoscecne I,J C N maxuz, wmo |I| = |J|
cywecmeyem nocaedosamesbHOCmMb INEMENMOB Ts, Ty, , .. ., Ts, Xy, € 0(V) makas, wmo

{xs, 2ty {xs 2, X1}...} = X,
{xskwtk,...{:cslxtl,Xp}...} = XJ/.

Teopema 2.1. I[lycmv K — cosepwenroe noae xapaxmepucmuky dea, V —n-meproe
sexmoproe npocmparcmeo wad K, (,) — He8uposcennas CumMmMempuieckas Heaabmeprupy-
wan ousunetnas gopma na V', o(V) — coomeememeyrowan opmozonasvhas anzebpa Ju.
Tozda

A.V. Kondrateva, M. I. Kuznetsov. Fundamental representations of orthogonal Lie algebra and new . ..
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1. A"V — nenpusodumoiti o(V)-modyav dasr=1,...,n— 1.
2. Ecoun = 21, mo npu r # 1, A"V — nenpusodumwiti so(V)-modyav. Ipu r = 1, A'V

1
codeporcum eduncmsernvili hempusuasvhviti so(V)-nodmodyas M, dim M = 3 (7)

3. Ecaun=2l+1, mo A"V — nenpusodumwviti so(V)-modyav dasr=1,...,n—1.
4. C mounocmoio do uzomoppusma, dyroamermanvrowmu moodyaamu wad so(V) aeasn-
n
romes modyau A"V, r=1,..., 3| Ha A"V cywecmeyem un8apuaHmmas ommocu-

meavro so(V) opmozonarvhas dopma.

HoxazaTeunbcTso. 1l dueMeHTs X = T;, ... T;, ABIAIOTCA BECOBBIMU BCKTOPAMHU

.. 2) .
Beca £, +...+¢;,. Becaey,. .., &, InHeliHO HE3aBUCHMBI Ha TOpe 1’ = (xf ), i1=1,...,n) =
(Eii, i =1,...,n) C gl(n), rme E;; — crannapTHble MaTpudiHble enuHuisl. Ciie10BaTebHO,

Bce Becosble ipoctpancTBa 0(V)-momynst A”V ogromepHsl. U3 ciegctsust 2.1 nosydaem, 9To
J060i#t Herpusnaabubiii o(V)-nmogmonyns 8 A"V cosmamaer ¢ ATV,

2-3. Orpanudenus €1, . ..,e, Ha Ty C so(V), tne T = (xl(?) +$§2), i < j) y/ZIOBJIETBODSIIOT
€IMHCTBEHHOMY COOTHOMIEHUIO £1+-. . .+€, = (. [losTomy nBa Beca £, . . g, mEf +. L tEy
paBHBI Ha 1] TOIJa M TOJBKO TOLJA, KOrJa €;, + ...+ €, + €5, + ...+ ¢ = 0. Orciona
noaygaem, aton = 2r, IUJ = N, INJ = &. Takum obpasom, korma n = 21+ 1 win n = 21,
7 # [, BCce BecoBble ITPOCTPaHCTBa OTHOCUTEILHO 17 B A"V ojHOMEDPHBI, 9TO, TaK:Ke KakK B
.1, Birever wenpusogumoctb A"V kak so(V')-monyirs.

Iycts n = 2l, r = [. Torma Becosble mpoctpancTsa so(V)-momyna AV apymepnbl u
mveror 6asuc X7, Xpr. Ilycts M — so(V)-ommomyas B A'V. Ecim M comepsKuT aByMepHOe
BECOBO€ IIOIIPOCTPAHCTBO, TO U3 cjencTBus 2.1 mosaydaem, uro M COAEPKUT BCe BECOBBIE
nompocrpanctea AV, 1o ecte M = A'V. Ecim M comepsxut BekTop X; + aXp, a €
K, to, npumensisi cieicreue 2.1, monydaem, uro Xp + aX; € M. 3uaunr, upu a # 1,
X1, X € M. Kax 66110 nokasano, B stom ciayuae M = A'V. Tak xax M — npsmasi cymma,
OJJHOMEPHBIX BECOBBIX IOANPOCTPAHCTB orHOcuTebHo T, a =1u M C (X;+ Xy, I C N).

U3 caencrBus 2.1 3akiouaem, uro (X; + Xp, I C N) — umenpusogumbliit so(V)-Moyib.

1
Tascant obpasont, M = (X; + Xp, 1€ N), dim M = 5 <’Z)

4. Uz jemmbr 2.1 caemyer, uro JjimHelnoe orobpaxkenue @: A"V — A™™"V Takoe, 4rTo
o(X1) = X, asaserca uzomopduzmom so(V)-monyueii. [ycrs &: A"V x A"V — K —
UMHBADUAHTHOE ClapUBaHue, KOTopoe onpejessercs ymuoxkenuem B A(V). dna uw € A"V,
ve ATV

uAv=>(u,v)ry ... Ty

Kombunupys ¢ ¢ @, nosyuaem uaBapuanTHyo ouinneitnyo dopmy (u,v) na A"V,
(u,v) = ®(u, p(v)).
Tax kak g X7, X; € A"V
(X1, X)) =X, Xp) =015 =(Xs,X1),
(u,v) — cummerpuueckasi popma u { Xy, |I| = r} — opronopMuposanusbiii 6azuc A"V

ILOKa3aTeJIbCTBO 3aBepIaeHo.
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Bameganue 21. 1 Tax xax so(V) — p-samoanue o(V)', nenpusodumoii
o(V) -modyav 6 A"V seanemcs nenpusodumvim so(V)-modysem. Caedosamervho, 60 6cex
ymeeporcerusr meopemuvt 2.1 mootcno samerums so(V) wa o(V)'.

2. B cayuae newemmozo n ece gyndamenmanvhuoie npedemasaenus so(V) nenpusodu-
moe. IIpu n = 21 npedcmasaenue na AV codeporcum unsapuarmmoe nodnpocmparcmeo
M, xomopoe ABAACTNCA MAKCUMANDHOLM USOMPONHBIM NOONDOCTAPAHCTEOM OTHOCUMEALHO
dopmos (u,v) uz doxasamesvcmea ymeepoicdernus 4 meopemos 2.1. B xaaccuneckols meopuu
PpyrdamernmanvHovie NPEICTNABAEHUS NO ONPEJEACHUIND HENPUBOOUMDL, TOIMOMY Npu 1 = 2| %
pyndamenmanvrom modyaam nad so(V) caedosano 6v ommuecmu modyav M emecmo AV

3. Hosbie npocThie nmogaaredopsbl JIu HeaIbTEPHUPYIOIUAX TAMUJIb-
TOHOBBIX aJjireop JIu

it mccJieIoBaHUs IIPOCTBIX KOHEYHOMEPHBIX 1-IrpalyupoBaHHbIX ajrebp Jlu mpegcras-
JIsieT MHTEPeC OIMCAHNE OJHOPOIHBIX KOHETHOMEPHBIX MPOCTHIX mojaaredp Jlu G = G_1 +
Go+ G1 +. .. HeasbTepHUpYOIIEH raMuibToHOBOM asrebpst JIu P(n) = L1+ Lo+ L1 +. ..
rakux, 9r0 G_1 = L_1, Ljy C Gy C Lo, Gy C Ly. Hust sroro HyxkHa uHbOpMAIUs
0 cTpyKType L{-nommosyneii mpoctpaHcTBa Li. Mbl OrpaHHYIMBaeMCs 3/1eCh HOCTPOCHUEM
JBYX HCKJIIOUNTEJBHBIX [POCTHIX MOJAJIIredp, CyIIeCTBOBAHNE KOTOPBIX CJIEAyeT U3 Teope-
MBI 2.1. CorjiacHO 9TOi# TeopeMe TOJBKO Ipu 1 = 6 IPOCTPAHCTBO L1 COMEPXKUT IIOAMOLYJIb
M= (X;+ Xy, |J]| =3). O6oznaunm depe3 P (6) nmomanrebpy anre6pst JIu P(6), mopox-
JIEHHYIO JIOKaJIbHOU YacThio G_1 + Gy + G1, T1e

G_1 = <331,...,:L‘6>,
GO = <$i$j, Za] = 1a"'76>a
Gy= M= (Xy+ Xy, |7 =3).

Jlerko nposeputs, uro [G1,G1] = 0, ciemoBaresbHO,
P1(6) =G_1+Go+ Gy

ABJjiserTcss mpoctoit anrebpoit Jlu, dim Py (6) = 6 4+ 15+ 10 = 25 — 1.

Ipocrpancrso L C P(n) comepxur o(V)-nommonyns V = (zx;, i = 1,...,n), rae
z= x§2) +.. .—l—acgf), adz’Lk = k-id. Jlerko nposepursb, uro nojgaiarebpa G = G_1+ Gy + Gy
takast, ur0 G_1 = L_1, Go = L{ + (), G1 = V, m3omopdua mpocToii anrebpe Ju o(n + 2)
upu n > 2. HeiicrBurenbho, Boibepem 6asuc {yi,...,Ynt2} Upocrpancrsa V rak, 9TOObI
dbopma w = (dz1)? + ... + (dz,42)? nvena sus

w=(dy1))® + ...+ (dyn)? + dy,11dyn 1.

Aurebpa JIn P(n+2) OTHOCHTEIBHO HEPEMEHHBIX {Y1, . . ., Ynt2 | 3aj1aeTcst ckoOKoit Ilyac-
COHA

n
{f,9} =D 0:f0ig + Ony1fOn129 + Ony2fOnirg.
i=1
Pacemorpum rpaayuposky I tuna (0,...,0,—1,1) B P(n+2) 0OTHOCHTEIBHO IEpEMEHHBIX
{yi}. Homanrebpa JIu o(n + 2)" = (z;z;, 4,5 =1,....,n+2) = (yy;, 4,7 =1,...,n+2)
couepxkurcsd B P(n + 2). Ornocuresnsuo rpaayuposku I' o(n + 2)" uzomopdua nonanrebpe
G=G_1+Gy+ Gy CP(n),tme Gy =V =(zz;, i=1,...,n).

A. V. Kondrateva, M. I. Kuznetsov. Fundamental representations of orthogonal Lie algebra and new . ..
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ITycts n = 6. B aroM cirydae MOXKHO HOCTPOUTH Hoaairedpy Po(6), IOpoXKIeHHYIO JI0-
KaJibHOI yacTteio G_1 + Gy + Gy, 11e

G*l = <£C17...,CE6>7
G'O = <xil'ja ivj:17~~'76>+<z>a
Gi=M+V ={(X;+Xy, |J] =3+ (za;, i=1,...,6).

Yuanreisas, aro {M, M} = {V,V} = 0, mocienoBaTesbHO HAXOAUM, UTO

G2 = <XI+ZX]/, |I| :4>7
G3 =zM = <Z(XJ +XJ’)7 |J| = 3>7
G4 =0.

Baecs I C N ={1,...,6}, I' = N\I.

Hoxaxem, uro G = P5(6) — npocras anrebpa Jlu. Ilycrs () — HeHyseBO#l 0THOPOHbII
upeas ajrebpol Jlu G. B cuiy tpansutuBaocTn Q1 # 0. Tak kak G_1 — HEIPUBOIMMBIIL
Go-momynb, Q1 = G_1. Orcroga mostyuaem, G_1 + Gy + G C Q, caenosarenbho, Q = G,
dim P»(6) =6 + 16 + 16 + 15 + 10 = 2% — 1.

Aurebpst JIu Py (6) u P2(6) He mMeroT aHaJIoroB npu n # 6.

dunancupoBaHue. Pabora BbimosiHeHa 1pu (hUHAHCOBOH moaaep:xkke Munucrepcrsa
obpaszoBanus u nayku P®, npoekt FSWR-2023-0034, u HayIHO-00pa30BaTEILHOIO MATEMA-
TUYIeCKOro meHTpa «MaTreMaTnKa TeXHOJIOTHH OYIyIIEeros.
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OPUZUH(l/LbHaﬂ cmambvsa

VIIK 512.577+512.548.2+512.534.2

O6 ogHOM yHUBEpCAJbHOM KPUTEPUN HEIIOABUYKHOM

TOYKU
A.B. JIuraBpun

Cubupcruti Pedepanvrods Yrnusepcumem (2. Kpacroapcr, Poccutickan Pedepayus,)

Awnnoranusi. Kpurepun HEMOIBUKHOM TOUYKYM HAXO/ISIT TPUMEHEHNE B PA3JIMIHBIX 00IACTIX
MaTEMATUKHU. XOPOIIO M3BECTEH MHTEpeC K MpobJeMe HAXOXKIEHUS JOCTATOYHBIX YCIOBHI
TOTO, 4TO IPe0OPa30BaHNe U3 HEKOTOPOT'O KJIACCa MMeeT HEIIOIBUKHYIO TOUKY. B KOHTeKcTe
U3yYEHUsI MPOBJIEMBI TTO3JIEMEHTHOTO OIUCAHWS MOHOW/IA BCEX HIAOMOP(MU3MOB I'DYTIIION 1A
ObLTH CHOPMYTUPOBAHBL: OUTIOISIPHAS KIACCUMUKAINS IHIOMOPMU3MOB U COIIYTCTBYIOIINE
MareMaruvdeckue oO0beKThl. B gacTHOCTH, OBLIO CHOPMYJTUPOBAHO IMOHATHE «OUIIOJISTPHBIMA
Tun sHHoMOpduU3May rpynnonia (MM NpocTo «GUIOIsIpHBI TuI ). Besikuii snmoMopdusm
MIPOU3BOJILHOTO TPYIIION A UMEET POBHO ONWH OUMOISpHBIA Tuil. B mannoit pabore ¢ momo-
I[bIO OUIIOJISIPHBIX THUIOB (POPMYJIMPYETCS U JIOKA3BIBAETCS KPUTEPHUIl HEIOJBHKHON TOUKHU
[IPOU3BOJIBHOIO IIPEOOPA30BAHNSI HEKOTOPOI'O HEIlyCTOIO MHOXKECTBA (Jlajlee YHUBEPCAJIbHBII
KPHUTEPHIi HENOABUKHON TOYKN). J{aHHBIN KPUTEPHii HE ABJISAETCSA MPOCTHIM B MIPUMEHEHWN.
HanpHeliee pacuinpenre Kpyra 3a4ad, K KOTOPBIM MOXKHO IIPUMEHSATH JAHHBIH KPUTEPUit,
HAIPSIMYIO 3aBHCHUT OT YCIIEXOB B HCCJIEJOBAHWM CBOWCTB SHIOMOP(MU3MOB I'DYMIIONUI0B. B
pabore GOPMYMUPYIOTCI OTKPBITHIE OOIIme MPOOJIEMBbI, YCIEXW B HCCICIOBAHUI KOTOPBIX
pPACIIUPAT BO3MOXKHOCTHY [IPUMEHEHHs] YHUBEPCAJILHOI'O KpUTepuUs HENOABUKHOM Touku. O6-
CYyXKJIAeTCsl CBsI3b MEXKIY CPOPMYJMPOBAHHBIMYU TPOGIEMaMU U TOJYIYEHHBIM KPUTEPHEM.
ITosy4aennbr HeoOXOMMMBIE U JOCTATOYHBIE YCIOBUS TOTO, YTO BBIMTOJHSIETCS TUIOTe3a Pruma-
Ha 0 HyJIAX A3era-byHKIUU PuMana. DTH yc/I0BUs HOJYYEHBI C IIOMOIIBIO yHUBEPCAIHLHOIO
KPUTEPHUsT HETIOJIBUKHOU TOYKU.

KuroueBbie ciioBa: rpymnmnon, SHI0MOPMU3M, GUITOJSIPHBINA TUI, OUIOJIsIpHAST KJIaCCUDU-
Kalus SHAOMOP(MU3IMOB T'PYIIION 1A, HEMTOIBUKHAS TOYKA, YHUBEPCAJTbHBIN KPUTEPHUIl HEITO-
JIBMXKHOI TOYKH, TUIIoTe3a Pumana o Hy/sax ja3era-yHKINH, 13eTa~-pyHKIMA Pumana
Hnst qurupoBauus: Jluraspun A.B. O6 ogHoM yHUBEpCAIbHOM KPUTEPUN HEIOIBUNKHON
touku // ZKypuas CpeaHeBo/KCKOro MmareMarudeckoro obmecrsa. 2025. T. 27, Ne 1. C. 34-
48. DOI: 10.15507,/2079-6900.27.202501.34-48

06 asmopax:

JIutaBpuH AHgpeit BukropoBu4, kana. Gu3.-MaT. HaAyK, JOIEHT Kadeapbl BBICIIEH Ma-
remaruku Ne 2, IMu®U OTAOY BO «Cubupckuit denepanbublii yausepcurers (660041,
Poccus, . Kpacuosipck, np. Ceo6omusiit, 1. 79), ORCID: https://orcid.org/0000- 0001-6285-
0201, anm11@rambler.ru

1. Introduction

Information on fized point methods can be found in the review [1]. Fixed point methods
are widely used in functional analysis, differential equations and other areas of mathematics.
All fixed point methods are characterized by the identification of sufficient (and sometimes
necessary) conditions for some partial transformation f (i.e., a mapping of the form f :
A — X, where A C X) of some set X to have a fixed point (i.e., there exists z € X such
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that f(z) = ). For example, according to Brouwer’s fixed point theorem, any continuous
mapping of a closed ball into itself (in a finite-dimensional Euclidean space) has a fixed point.
Let us denote some well-known theorems that give sufficient conditions for the existence of
a fixed point: Hopf’s Theorem ([2]), Birkhoff-Kellogg’s Theorem ([3]), Schauder’s Theorem
([4]). Methods for constructive construction of a fixed point have also been developed. The
Banach contraction mapping Theorem (the case of a metric space) is well known.

The main result of the paper is Theorem 3.1 (see Section 2), which gives necessary and
sufficient conditions for a point x to be a fixed point of a mapping f : X — X (le. fisa
transformation of X). Theorem 3.1 is valid for any nonempty set X and any transformation
f of X. The necessary and sufficient conditions are formulated using the concept of a bipolar
type of endomorphism of a groupoid with pairwise distinct left translations. In addition,
sufficient conditions are obtained for a point not to be a fixed point of a transformation
of some nonempty set. These conditions are expressed as Theorem 3.2 and are formulated
using bipolar types of endomorphism of an arbitrary groupoid. The restrictions on left
translations disappear. The latter makes Theorem 3.2 easier to use than Theorem 3.1; but
the latter gives a stronger statement. The bipolar type of groupoid endomorphism arises in
([5]) in the context of bipolar classification of groupoid endomorphisms, which aims to study
the following general problems.

Problem 1.1. For a fized groupoid G, give an element-wise description of the monoid
of all endomorphisms.

Problem 1.2. For a fized groupoid G, give an element-wise description of the group
of all automorphisms.

The fixed point criterion given by Theorem 3.1 is not easy to use. The difficulties
in working with it are explained by its universality and problems in working with
endomorphisms of a groupoid (as specific transformations). In this paper, we formulate
general Problems 4.1-4.5 (see Section 3). Successes in studying these problems should
facilitate working with endomorphisms of a groupoid in the context of Theorem 3.1.
Consequently, the possibilities in applying the obtained fixed point criterion should be
expanded.

The fixed point criterion of Theorem 3.1 is formulated for a transformation. Every partial
transformation of any nonempty set can be represented as an ordinary transformation on the
new set. In analysis, the connection between fixed points and zeros of some function is well
known. All this allows us to apply Theorem 3.1 to the study of the Riemann hypothesis on
the zeros of the zeta function. In this paper, we obtain necessary and sufficient conditions for
the Riemann hypothesis to be satisfied. The result is expressed as Theorem 5.1 (see Section
4). Theorem 5.1 demonstrates how the results of Theorem 3.1 can be adapted to partial
transformations.

Progress in solving Problems 4.1-4.5 may be useful for proving or disproving the Riemann
Hypothesis. It is possible that Theorem 5.1 together with accumulated experience with
the Riemann zeta function will lead to significant results on its own (without solving
the indicated problems). Corollaries 5.1 and 5.2 (see Section 4) of Theorem 5.1 clearly
demonstrate that the results of studying Problems 4.1-4.5 can be applied to studying the
Riemann Hypothesis.
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In 2024, the material ! «Michael Francis Atiyah. The Riemann Hypothesis»> with a proof
of the truth of the Riemann hypothesis (open access since 2018) is easily found on the
Internet. This work is not published in a peer-reviewed scientific journal (it appeared in
the fall of 2018). The author is the outstanding mathematician Michael Francis Atiyah.
Criticism of Atiyah’s proof is found on the Internet, which is also not published in peer-
reviewed scientific journals. A rigorous assessment (and publication of this assessment) of
Atiyah’s results is complicated by the lack of detail in the proof. Indeed, due to the style
of presentation of the material, any assessment of it can only be based on assumptions.
The situation is aggravated by Atiyah’s death in January 2019. Due to the lack of detail in
the proof and the lack of publication in a peer-reviewed journal, the author of this paper
considers the Riemann hypothesis about the zeros of the zeta function to be unproven.

2. Basic Definitions and Preliminary Results

A groupoid (or magma) is a tuple G = (G, %), where (x) is a binary algebraic operation
on a set G. The set G is called the support of the groupoid G = (G, *). In this paper, the
name of the groupoid and its support will be denoted differently where appropriate.

The set of all transformations of a set X will be denoted by I(X) (other notations are
also available). The set I(X) is called the symmetric semigroup of transformations of the set
X (since it is a semigroup with respect to composition). A homomorphism of a groupoid G
into itself is called an endomorphism of the groupoid G. The set of all endomorphisms of a
groupoid G is denoted by End(G). A transformation « of a groupoid G is an endomorphism
of the groupoid G if and ouly if for any z,y € G the equality a(x * y) = a(z) * a(y) holds.

In [5], the definition of a bipolar type of endomorphism of a groupoid is introduced.
We present this definition and related objects. By Bte(G) we denote the set of all possible
mappings of the set G into the set {1,2}. Mappings from this set will be called bipolar types
of endomorphisms of the groupoid G (or simply bipolar types). In [5], for each bipolar type 7,
a base set of endomorphisms D(7y) of the bipolar type 7 is introduced (see Definition 3 in [5]).
It follows from Theorem 1 of [5] that every endomorphism of an arbitrary groupoid lies in
exactly one base set of endomorphisms. Therefore, each endomorphism of a groupoid can be
assigned its bipolar type in a unique way (this is the bipolar classification of endomorphisms).

The bipolar type of endomorphism « is denoted by T'y,. A left translation (or an internal
translation) of an element x € G of a groupoid G = (G, ) is a transformation h, of a set
G such that for any z,y € G the equality h,(y) = = x y holds. We say that G is a groupoid
with pairwise distinct left translations if for any x,y € G the equivalence hy = hy & 2 =y
holds. Theorem 2.2 from [6] is formulated below as Lemma 2.1.

Lemma 2.1. Let G be a groupoid with pairwise distinct left translations. Then for an
arbitrary g € G and any endomorphism ¢ of the groupoid G the following equivalences hold:

Ty(9) =14 d(9) =g, Ty(9) =24 é(9) # g. (2.1)

Let G be a groupoid. For each g € G, we introduce the set M, := {m € G | hy, = hy}.
Theorem 2.1 from [6] is formulated below as Lemma 2.2.

Lemma 2.2. Let G be a groupoid. Then for any g € G and any endomorphism ¢ of
the groupoid G, the following equivalences hold:

Lolg) =1 d(g) € My,  Ty(g) =2« olg) € G\ M.
Thttps://drive.google.com/file/d /17NBICP60cUSucrXKNWvzLmrQpfUrEKuY /view
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3. Universal Fixed Point Criterion

In this section we formulate and prove Theorem 3.1, which will give a universal fixed
point criterion for an arbitrary transformation of a set in terms of bipolar types. We will
preface it with the preliminary results.

A groupoid G = (G, *) is called a singular semigroup if for any z,y € G the equality
2 xy = x holds (more precisely, a left zero semigroup). This groupoid is associative. The
following lemma is trivially established.

Lemma 3.1. On any non-empty set G, we can define a singular semigroup G = (G, *).
For a singular semigroup G = (G, %), the equality of sets End(G) = I(G) holds. The singular
semigroup G = (G, ) is a groupoid with pairwise distinct left translations.

Proposition 3.1. Let ¢ be some transformation of the set G, G1 = (G, *1) and
Gy = (G,*q) be two groupoids with pairwise distinct left translations such that ¢ is an
endomorphism of both groupoids. We assume that I‘gl 18 the bipolar endomorphism type ¢

of the groupoid G1 and ng is the bipolar endomorphism type ¢ of the groupoid G. Then
the equality Fgl = I‘% holds.

Proof. The assertion follows directly from Lemma 2.1.

In general, the following assertion holds.

Proposition 3.2. One can specify a set G and its transformation ¢ such that there
will exist two groupoids G1 = (G, x1) and Gy = (G, *2) satisfying the conditions

¢ € End(G1), ¢ € End(Gy), TG #TG2.

Proof Take the groupoid from Example 1 of [6]. In this example, the base set
D(1,1,2,1) contains an endomorphism (2,2,2,3). For this groupoid I'y(1) = 1, but 1 is
mapped to 2 by ¢ = (2,2,2,3). On the other hand, one can construct a singular semigroup
with the same support (see Lemma 3.1). In a singular semigroup, the bipolar endomorphism
¢ =(2,2,2,3) on 1 will be equal to 2, since 1 is not a fixed point of this endomorphism and
the singular semigroup has pairwise distinct left translations (i.e., it satisfies the conditions
of Lemma 2.1). The assertion is proved.

Theorem 3.1. Let G be an arbitrary nonempty set and « be an arbitrary
transformation of G. Then a point g € G is a fized point of the transformation « if and
only if the following conditions are simultaneously satisfied:

1) there exists a groupoid Go = (G, *) with pairwise distinct left translations such that the
transformation « is an endomorphism of this groupoid;

2) the equality Iy (g) = 1 holds, where I'y, is the bipolar type of the endomorphism « of the
groupoid Gyg.

Proof  Let us show necessity. Let ¢ € G be an arbitrary fixed point of the
transformation «. Introduce a singular semigroup Gy = (G, *) with support G (this is
possible by Lemma 3.1). The transformation « is an endomorphism of the semigroup Gy
(follows from Lemma 3.1). Since all left translations of elements of the semigroup Gy are
distinct, the equality T'y(g) = 1 holds (the latter follows from the equivalence (2.1)). Thus,
we have shown that if g € G is a fixed point of the transformation «, then statements 1 and
2 from the hypothesis of the Theorem hold.
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Let us show sufficiency. If statements 1 and 2 from the conditions of the current Theorem
are satisfied, then by virtue of the equivalence (2.1) from Lemma 2.1 we obtain that g is a
fixed point of the transformation . The Theorem is proved.

In [5], © denotes the bipolar type of a groupoid G such that for any g € G, Q(g) = 2
(the second bipolar type) holds. Theorem 3.1 implies

Corollary 3.1. A transformation « of a nonempty set G has at least one fixed point
if and only if there exists a groupoid Gy = (G, %) with pairwise distinct left translations such
that o is an endomorphism of the given groupoid and the bipolar type of the endomorphism
a of this groupoid does not coincide with €.

It follows from Lemma 3.1 that every transformation of the set G is an endomorphism
of the singular semigroup with support G. This makes it possible to apply the fixed point
criterion from Theorem 3.1 to any transformation of an arbitrary set G. The latter indicates
the universality of the above criterion.

If we abandon the condition of pairwise distinctness of left translations in the groupoid,
then we can obtain sufficient (but not necessary) conditions for the point g € G not to be a
fixed point of the transformation «.

Theorem 3.2. Let G be an arbitrary nonempty set and « be an arbitrary
transformation of G. We assume that for an element g € G the following conditions are
simultaneously satisfied:

1) there exists a groupoid Gy = (G, *) such that the transformation « is an endomorphism
of this groupoid;

2) the equality T'o(g) = 2 holds, where T, is the bipolar type of the endomorphism « of the
groupoid Gyg.

Then the element g is not a fixed point of the transformation c.

Proof Suppose that g is a fixed point of the transformation a and statements 1 and
2 from the condition of the Theorem hold. Since a(g) = g, the set M, contains the element
a(g). Therefore, a(g) ¢ G\ M,. The latter leads to a contradiction with the assertion of
Lemma 2.2. Thus, ¢ is not a fixed point of . The Theorem is proved.

The above Theorem gives sufficient conditions for a point g € G not to be a fixed point
of a. These conditions are precisely sufficient. They trivially imply necessary conditions for
a point g to be a fixed point of ar. We formulate these conditions as

Corollary 3.2. If a transformation « of a nonempty set G has a fized point g € G,
then there is no groupoid with support G and endomorphism « such that T',(g) = 2 in this
groupoid.

Example 3.1. Let p(x) :=(1/2)x + 1 be a transformation of the set R, where (4),
(/) are the usual operations on real numbers. Let us show that x = 2 is a fized point of the
transformation ¢. Consider the groupoid G = (R, x*), where for any z,y € R the equality
cxy:=x+y—2 holds. For any x,y € R we have the equalities

plaxy) =(1/2)(z+y—-2)+1=(1/2)(z +y),

p(a) xp(y) = (1/2)z+ 1+ (1/2)y +1-2=(1/2)(z + y).
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These equalities show that ¢ is an endomorphism of the groupoid G. The element e = 2
is the neutral element of the groupoid G. It is easy to verify that the groupoid G is a group.
Therefore, G has pairwise distinct left translations of elements. It is well known that the
neutral element is invariant under all endomorphisms. Therefore e is a fixed point of ¢ and
I',(e) =1 (the last equality holds by Lemma 3.1).

Another way to check that e = 2 is a fixed point of ¢ (and the only one at that) is to
directly check that I',,(e) = 1. We will do this using equivalence (2) from [6]. The definitions
of the sets L(V)(g) can be found in [5] or [6] (type-forming sets). Thus I',(g) = 1 if and only
if o € LM (g). Let p € LW (x) for z € R. Then for any y € R the following equalities hold:
ho(@y(y) = he(y), @ - he = hy - . Each of these equalities holds if and only if 2 = 2. Indeed,
the latter follows from the relations:

ho@)(y) = ¢(@) xy=(1/2)xr +1+y -2, ho(y)=z+y—2,

¢ ho(d) = (1/2)(x+d—2)+1, hy-o(d)=((1/2)d+1)+z—2, (VdeR).

Therefore, only for = 2 does the equality I',(x) = 1 hold, hence x = 2 is the only fixed
point of the transformation ¢ (follows from Theorem 3.1).

In Example 3.1 above, we established that 2 is a fixed point of ¢ by using the well-known
fact that a group-to-group homomorphism maps an identity element to an identity element
(in this case, we did not use linear equation solving methods). On the other hand, when
we computed T',(g) by definition, we were forced to work with linear equations (i.e., we
used methods that could by themselves give a fixed point of ¢). The latter circumstance
illustrates that further investigations of the properties of groupoid endomorphisms and the
properties of bipolar types are needed to make productive use of the fixed point criterion
given by Theorem 3.1. In the next section we formulate general problems 4.1, 4.2, 4.3, 4.4,
and 4.5. Advances in the study of these problems will expand the possibilities of applying
the fixed point criterion from Theorem 3.1.

Theorem 3.1 can be applied to a wider range of problems than the statement about
the image of the neutral element under a group homomorphism into a group. Indeed, for a
particular transformation ¢, it is easier to find a groupoid whose endomorphism is ¢ than
to construct a group with a similar condition.

Remark 3.1. In recent years, groupoids have found applications. For example, an
application of groupoids in biology can be found in [7]. An application of groupoids (more
precisely, non-associative groupoids) in cryptography can be found in [8], [9], [10]. There are
works aimed at modeling various processes associated with neural networks using groupoids.
In this context, the study of the fixed point criterion from Theorem 3.1 seems relevant from
the standpoint of algebra applications.

4. Open Problems

For any nonempty set G, let Gru(G) denote the set of all groupoids with universe G.
This set is equivalent to the set Hom(G x G, G). For any transformation « of a nonempty
set G, let Gru(G, o) denote the set of all groupoids S = (G, ) in Gru(G) such that « is an
endomorphism of the groupoid S. In the context of Theorem 3.1, there is a natural interest
in the following general problem.

JluraBpun A. B.. O6 ogHOM yHHUBEPCAJIbHOM KPUTEPHUH HEHOJBHXKHOH TOYKH



2Kypnais CpemHeBosKCKOro MareMarnieckoro obmecrsa. 2025. T. 27, Ne 1. 41

Problem 4.1. For a fized set G and a fized transformation « of I(G), solve the
following problems.

(a) Give an element-wise description of the set Gru(G, «v).

(b) Give an element-wise description of all groupoids from Gru(G,«) that have pairwise
distinct left translations.

(¢) Give an element-wise description of all groupoids S = (G,*) from Gru(G,«a) such
that for any x € G the transformation inequality h, # o holds, where h, is the left
translation of element x in groupoid S.

Lemma 3.1 shows that on every non-empty set one can introduce a singular semigroup.
The operation in the singular semigroup is structured quite simply, and the set of all
endomorphisms coincides with the symmetric semigroup. Consequently, all base sets of
endomorphisms of the singular semigroup are non-empty (follows from Lemma 2.1).
Therefore, the singular semigroup does not have specificity that can be applied for productive
use of Theorem 3.1. There is a natural interest in having a list of all groupoids with pairwise
distinct left translations and endomorphism «, which is studied for fixed points. This explains
the interest in Problem 4.1, items (a) and (b). Problem 4.1, item (a) is relevant in the context
of Theorem 3.2.

If there is a problem in finding fixed points of the transformation c, then this can be
explained by the complex conditions of the definition of the transformation « (i.e. it is
difficult to find images of elements under the action of this transformation). In order for
the difficulties in working with the transformation « not to transfer to working with the
groupoid in which the work with the bipolar type of endomorphism « will take place, it is
necessary to be able to work in a groupoid, all left translations of which are different from
the transformation « itself. This explains the interest in Problem 4.1, point (c).

There are situations when the transformation « is specified by simple conditions (i.e.
there is no fundamental difficulty in finding the a-images of elements). But the method of
specifying the transformation « is not convenient for solving the corresponding equations.
For example, the Riemann zeta function can be attributed to such partial transformations
(partial transformations can be reduced to ordinary transformations of a new set). The
Riemann zeta function is defined by fairly simple conditions and there is no fundamental
difficulty in calculating its values on specific complex numbers. At the same time, the
Riemann zeta function zeros hypothesis is associated with it (the function zeros and fixed
points are closely related, see the next section). The latter indicates that the Riemann zeta
function is simply inconvenient for solving equations written with its help.

Problem 4.1 is a general problem. It can be seen as a template for similar problems solved
for a particular set G and a particular transformation «. In this case, together with Theorem
3.1, the results of solving Problem 4.1 will be useful for finding fixed points of a particular
transformation «. Problem 4.1 can also be investigated in a general form. The results of
such investigations will be useful for solving Problem 4.1 for particular G and «. Partial
solutions of Problem 4.1 (i.e., not all groupoids with the required properties are found) can
also be useful in the context of Theorem 3.1. An element-wise description of a groupoid in
Problem 4.1 is any description of a groupoid that allows one to write out left translations
of this groupoid (i.e., to define its arithmetic).

For a particular groupoid G = (G, %), let Bte*(G) denote the subset of the set Bte(G)
defined by the equivalence: v € Bte*(G) < D(v) # @. For any groupoid G, the set Bte™(G)
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is not empty. Indeed, it always contains the first bipolar type A (i.e., A(g) = 1 for any
g€ @)

Problem 4.2. For a fixed groupoid G, give a description of the elements of set
Bte* (G).

Problem 4.2 is relevant in the context of Problem 1.1 (describing the monoid of all
endomorphisms) and Problem 1.2 (describing the group of all automorphisms) without
the condition of pairwise distinctness of left translations. Solving Problem 4.2 may cause
difficulties even for groupoids for which Problem 1.1 has been solved. In the context of
Theorem 3.1, the following proposition indicates the relevance of solving Problem 4.2.

Proposition 4.1. Let G = (G,x) be a groupoid with pairwise distinct left
translations, g € G be some element of G, and « be an endomorphism of G distinct from
the identity transformation. If the set Bte*(G) \ {A} does not contain a bipolar type v such
that v(g) = 1, then g is not a fized point of the endomorphism a.

Proof Since G is a groupoid with pairwise distinct left translations, the base
set of D(A) (of endomorphisms of the first bipolar type) consists only of the identity
transformation (this follows directly from Lemma 2.1). Therefore, the endomorphism «
from the conditions of the proposition is not contained in D(A). By the conditions of the
proposition, the endomorphism « is contained in the base set of endomorphisms D(v) such
that y(g) # 1 (hence, v(g) = 2). Therefore, g is not a fixed point of the endomorphism «.
Indeed, the latter follows from both Theorem 3.1 and Theorem 3.2 (independently). The
proposition is proved.

In this case, it is not important for us to know the bipolar type of the endomorphism «.
It is enough to know that « is an endomorphism of the groupoid G that is distinct from the
identity transformation. Problem 4.2 can be considered for specific groupoids G. It is also
relevant to study Problem 4.2 in the general case.

Let G = (G, %) be an arbitrary groupoid and A be the first bipolar type. Let us distinguish
subsets APriori(G, 1) and APriori(G,2) in the set G:

APriori(G,i) :=={g € G | ¥y € Bte*(G) \ {A} : ~(9) =i}, i=1,2.

The exclusion of the bipolar type A from the set Bte*(G) is done so that the set
APriori(G, 2) can be calculated. The base set of endomorphisms of the first type is always
non-empty. Therefore, if we do not remove the first bipolar type from the conditions
introducing APriori(G, 2), then APriori(G, 2) will always be the empty set. The values of all
bipolar types from Bte*(G)\ {A} on elements of APriori(G,2) and APriori(G, 2) are known
a priori. Indeed, this follows directly from the definition of these sets.

Problem 4.3. For a fized groupoid G, give an element-wise description of the sets
APriori(G, 1) and APriori(G,2).

The solution of the above problem can be difficult even if we know the element-wise
description of the monoid of all endomorphisms of the groupoid G.
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Problem 4.4. For a fivred set G and a fized transformation a of set G, solve the
following problems:

(a) For a fized set H C G, give a description of all groupoids S = (G, ) from Gru(G, «)
such that H C APriori(S,1).

(b) For a fived set H C G, give a description of all groupoids S = (G, x) from Gru(G, «)
such that H C APriori(S, 2).

In Example 3.1 we used the fact that the neutral element of a group is a fixed point
for any endomorphism. Hence, e € APriori(G,1) when G is a group. Thus, successes in
solving Problems 4.3 and 4.4 will allow us to construct (or select, if there are successes in
solving Problem 4.1) groupoids from the conditions of Theorem 3.1 (analogously to Theorem
3.2) such that the analysis of the condition I',(g) = 1 (analogously to T',(g) = 2) will be
significantly simplified. Successes in investigating Problem 4.4, item (a), are not necessarily
necessary to lead to success in investigating item (b), and vice versa.

In [11], the possibility of computing the bipolar type of the composition ¢ - ¢ of two
endomorphisms ¢ and 9 of some groupoid G is investigated using the bipolar types I'y and
Ty (i.e., it is necessary to compute I ., without computing the composition ¢-1). In [11], the
concept of alternating pair of endomorphisms arises. Thus, a pair of endomorphisms (¢, ¢)
of a groupoid G is called alternating if for any g € G the condition (I's(g),T'y(¢(9))) # (2,2)
is satisfied. For every alternating pair of endomorphisms, the equality I's.,,(9) = I's(g) X
I'y(é(g)) holds, where (x) is the product of two natural numbers (see Theorem 2 in [11]).
For non-alternating pairs of endomorphisms, the above equality obviously does not hold
(since the values of the bipolar type on an element are 1 or 2). In the context of this result,
the following general problem is of interest.

Problem 4.5. Let G = (G,*) be an arbitrary groupoid and (¢, $) be an arbitrary
non-alternating pair of endomorphisms of the groupoid G. For all g € G such that the

equality (Ty(9),Ty(6(9))) = (2,2) holds, compute T'4.,,(g).

Example 1 of [11] suggests that the solution to Problem 4.5 will be considerably more
difficult than the analogous result for alternating pairs of endomorphisms. The solution
to Problem 4.5 provides additional properties that allow one to calculate the value of the
bipolar type of an arbitrary endomorphism on elements of a groupoid. Therefore, progress
in the study of Problem 4.5 may be useful in the context of Theorems 3.1 and 3.2.

Remark 4.1. Each of Problems 4.1-4.5 can be solved for specific parameters (for
example, a specific G and a specific «) that define the problem (let’s call such solutions —
particular solutions). These problems can also be solved in the general case. In the latter
case, it is necessary to use systems of mathematical objects that allow working with arbitrary
groupoids. Problems 4.1-4.5 in the general case can be solved differently (i.e., the solution
will be implemented using different systems of mathematical objects). In the context of
Theorem 3.1, different solutions to one problem can be relevant. Thus, one solution is
conveniently applied to one class of specific problems, and another solution to another class.
The latter also applies to the general Problems 1.1 and 1.2.

Remark 4.2. Corollaries 5.1 and 5.2 from the next section indicate a direct
connection between Problems 4.1-4.4 and the Riemann hypothesis on the zeros of the zeta
function.
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5. Riemann’s hypothesis on the zeros of the zeta function

In this section, Theorem 5.1 will be formulated and proved. We will preface this Theorem
with the necessary theoretical information about the zeta function and Lemma 5.1.

The Riemann zeta function ((s) is defined for any s € C except for the number s = 1.
Therefore, the zeta function ((s) is a partial transformation of the set C. If {z} := x — [z] is
the fractional part of a number x € R, then the values of the zeta function can be obtained
from the equalities (see paper [12]):

+oo 1
() =3 & Re(s)> 1
n=1
+oo
o) = ws [ M 0<re <1 s 2L (5.1)

Information on the values of the zeta function on other complex numbers are not required
in this paper. This information can be found, for example, in the papers: [12],[13],[14] and
[15]. Other methods for calculating the zeta function values can also be found there.

Non-trivial zeros of the zeta function ¢ are the zeros of ¢ that lie in the strip 0 < Re(s
(this set of complex numbers is called the critical strip). The line {s € C | Re(s) =
called the critical line.

<1
%} is

Riemann Hypothesis. All non-trivial zeros of the Riemann zeta function lie on the
critical line.

If z is a zero of the zeta function, then the zeros of the zeta function are complex numbers:
1—2,%Z,1 —Z (see [12]). The zeros of the zeta function do not lie on the lines: Re(s) = 0
and Re(s) = 1. The absence of zeros of the zeta function on the line Re(s) = 1 follows from
Theorem 7.1 in the review paper [15]. If the line Re(s) = 0 contains a zero z = it of the
zeta function, then 1 —z =1 — (0 +4t) = 1 — it is a zero of the zeta function. The latter
is impossible, in view of what was said above. Thus, to study the Riemann hypothesis, it
will be sufficient for us to define the zeta function ¢ on the set 0 < Re(s) < 1 (for example,
using the relation (5.1)).

Auxiliary set and transformation. Next, we introduce the set C° and the
transformation © on it, which will help us apply Theorem 3.1 to study the properties of the
zeros of the zeta function.

By ¢ we denote the symbol, which by definition is not a complex number. Next, we
introduce the set C° := C U {o}. As usual, (\) is the difference of sets. On the set C°, we
define the transformation

_ Jd(s)+s se{seC|0<Re(s) <1}
6(s) '_{ o, s€C°\{s€C|0<Re(s) <1}. (52)

The mapping O(s) is a transformation of the set C°. It follows from (5.2) that o is a
fixed point of the transformation O(s). For any complex number s from the set {s € C | 0 <
Re(s) < 1} the following implications hold:

C(s)=0 = O(s)=((s)+s=s, O(s)=s = ((s)+s=s = ((s)=0.
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Therefore, the point s € {s € C | 0 < Re(s) < 1} is a fixed point of © if and only if it is
a nontrivial zero of the Riemann zeta function ((s). The connection between a fixed point
of a function and a zero of the function used above is well known in analysis. Since ¢ by
definition does not belong to the set C, then for any point s € C\ {s € C | 0 < Re(s) < 1}
the condition O(s) # s holds. Thus, the following lemma is proved.

Lemma 5.1. Every fized point of © is either ¢ or a nontrivial zero of the Riemann
zeta function. Every nontrivial zero of the Riemann zeta function is a fixed point of ©.

Theorem 5.1. The Riemann Hypothesis is true if and only if the following statements
hold.
1) There exists a groupoid (C°, x) with pairwise distinct left translations such that the
transformation © is an endomorphism of this groupoid.
2) For any point s € C° the following implications hold:

To(s) = 1= (Re(s) - ;) V(s =0, (Re(s) + ;) As#0)=To(s) =2,  (5.3)

where Tg is the bipolar endomorphism type © of the groupoid (C°, x).

P roof Suppose the Riemann hypothesis. Then for every nontrivial zero s of the
1

zeta function ¢ the equality Re(s) = 5 holds. By Lemma 5.1 the transformation © has
fixed points (at least one point: ¢). Therefore, by Theorem 3.1, there exists a groupoid
C° = (C°, %) with pairwise distinct left translations and an endomorphism ©. Moreover,
the equality I'g(s) = 1 holds if and only if s € C° is a fixed point of the endomorphism
O of the groupoid C° (the latter follows from Theorem 3.1). Since the fixed points of the
transformation © are exhausted by the nontrivial zeros of the zeta function and the symbol
o, then if s € C° is a fixed point of ©, then either s = ¢ or Re(s) = 3. Therefore, the first
implication (5.3) holds. This implication cannot be replaced by an equivalence, since the
critical line contains not only the zeros of the zeta function. The second implication of (5.3)
follows from the assumption that the Riemann hypothesis is true.

Let statements 1 and 2 from the statement of the current Theorem be true. Consequently,
any fixed point of the transformation © lies on the critical line or is a symbol of ¢ (deduced
from Theorem 3.1). Therefore, Lemma 5.1 implies that all nontrivial zeros of the zeta
function lie on the critical line (i.e., the Riemann hypothesis is true). The Theorem is proved.

The following corollaries follow from Theorem 5.1 and the definitions of the sets
Gru(G, a), APriori(S, 1), and Bte*(.59).

Corollary 5.1. If there exists a groupoid S € Gru(C°, ©) with pairwise distinct left
translations and there exists a set

HC{seC|0<Re(s) <1,Re(s) # %}7

such that H C APriori(S, 1), then the Riemann hypothesis does not hold.

If the premises of Corollary 5.1 hold, then there exist nontrivial zeros of the zeta function
that do not lie on the critical line. In this case, the Riemann hypothesis does not hold.

Corollary 5.2, If there exists a groupoid S € Gru(C°, ©) with pairwise distinct left
translations such that for any v € Bte(S) the implication

’yEBte*(S)\{A}:>(‘V’SE{SG(C|O<Re(s)<1}:'y(s):1:>Re(s):;),
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then the Riemann hypothesis holds.

If the premises of Corollary 5.2 hold, then there exists a groupoid S € Gru(C?, ®) with
pairwise distinct left translations such that all endomorphisms, except those lying in D(A), of
this groupoid have fixed points only on the critical line. Since S is a groupoid with pairwise
distinct left translations, the base set of endomorphisms D(A) contains only the identity
transformation. In this case, the Riemann Hypothesis holds.

Corollaries 5.1 and 5.2 demonstrate that the solution of Problems 3-6 for G = C° and
a = 0 is useful for investigating the Riemann Hypothesis.

If the Riemann hypothesis is not satisfied, then the existence of the groupoid S from
Corollary 5.1 does not follow. Similarly, the existence of the groupoid S from Corollary 5.1
does not follow from the Riemann hypothesis. At the same time, the author of this paper is
inclined to believe that the following hypotheses are satisfied.

Hypothesis 5.1. If the Riemann hypothesis is not satisfied, then the groupoid S
from Gru(C°,©) from the conditions of Corollary 5.1 exists.

Hypothesis 5.2. If the Riemann hypothesis is satisfied, then the groupoid S from
Gru(C®,0) from the conditions of Corollary 5.2 exists.
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I'pynnoBasi kjaccudukaliys HeJINHEHHOTrO YpaBHEHUS
TeIJIOIIPOBOAHOCTU C APOOHO-Iud P epeHnInaIbHbIM

MaJIbIM ,ZLBYXd)aSHbIM 3al1a3AblBaHUIEM
B. O. JIykammyk, C. FO. JIykamiyk

OI'BOY BO «Ypumerui yrusepcumem wayku u mexnoso2uls (2. Yda, Poccutickan
Dedepayusn)

Awnnoranusi. B crarpe pemaercs 3agada rpynnoBoil KiacCHPUKAIIAN HEJINHEHHOIO OHO-
MEPHOTro ApoOHO-AuddEPEeHINAIBLHOTNO YPABHEHUST TEIJIONPOBOIHOCTH C MIOJIHON MaMATHIO 1
IByX}a3HBIM 3ala3/[bIBAHIEM, BKJIIOYAIONAM TEIJIOBYIO PEJIAKCAIIMIO U TEPMUYECKOE JIeMII-
dupoBanne. XapakTepHble BpEMEHA PEJIAKCAIMOHHBIX IIPOIECCOB CUUTAIOTCH MAJIbIMH, ITO
VYUTBIBAETCH B yPABHEHUU BBEJEHUEM MAJIOrO IapamMeTpa npu apobHo-auddepeHuaibHbIX
peJIaKCAIMOHHBIX cjlaraeMbix. Bce Temiodusnyeckre mapamMeTpbl CUUTAIOTCS (OyHKIHSIMI
TemmepaTypsl. ['pynmnoBas kiaccuduKalus BBIIOIHSIETCS C TOYHOCTBIO /10 IIPeo0pa3oBaHuit
9KBHUBAJIEHTHOCTH [0 JOIYCKAEMBIM YDABHEHMEM I'DYIIIAM MPUOJIMIKEHHBIX TOYEYHBIX IIPe-
obpa3oBaHUil B JIMHEHOM HPHOJIMKEHNU 110 MaJjoMy mapamerpy. Jlokasano, 4ro B obrieMm
ciIydae JOIyCKaeMasl ypaBHEHUEM NPUOIIKEHHAs IPYIIINa SBJISIETCS IATHIIAPAMETPUIECKOI.
Boizesiennl ciydan ee pacHIMpeHusi JO CEMH- W JIEBATHIIAPAMETPUYECKON, COOTBETCTBEH-
no. IlokazaHo TakzKe, 4TO paccMaTpUBaeMoOe HeJIMHEHHOe ypaBHeHHe o0safaerT GecKoHed-
HOI TPyIITIOi TPUOIMKEHHBIX CUMMETPHI B C/Iydae, KOIIa COOTBETCTBYIOIIEE HEBO3MYIIECH-
HOE ypaBHEHHUE sBJIsIeTCs JIMHEHHBbIM. JloKa3aHo, 94TO paccMaTpUBaeMOe ypaBHEHHE BCErjia
TOYHO HACJIE/lyeT CUMMETPHUH HEBO3MYIIEHHOIO ypaBHeHUs. llojydeHHBIE pe3ysibraTbl Ja-
IOT BO3MOXKHOCTH IIOCTPOEHUSI HIPUOJINKEHHO-NHBAPUAHTHBIX PEIIEHAN PacCMaTPUBAEMOIO
ypaBHeHusi. B gacTHOCTH, U3 HaljieHHON KyaccuUKAIMKU CJIEIYEeT, YTO PacCMaTPUBAEMOe
ypaBHeHHe Bcerjia 6yer 00s1a/1aTh peleHneM Tuia 6eryuieii BOJHbI, a aBTOMO/IEJIbHbIE Dellie-
HH$I BO3MOXKHBI TOJIBKO B CJIydae CTEIEHHBIX 3aBHCHUMOCTEN TeIIOMU3NIECKUX ITapaMeTpPOB
or Temieparypbl. [losiyueHbl aH3arpbl JaHHBIX THUIIOB PEIIEHUN W BBIIOJHEHA CHMMETDUIi-
Hasl PEJIyKIHs PACCMATPUBAEMOI0 YPABHEHHSI K COOTBETCTBYIONUM OOBIKHOBEHHBIM JIPOOHO-
nuddepeHnraIbHbBIM YPABHEHHSIM.

KirodeBrnie cioBa: gpobuo-auddepeHnnagIbHoe ypaBHEHNE TEIJIONPOBOIHOCTH, APOOHAST
npoussogHas ['epacumoBa—KaryTo, masibiii mapaMerp, oIycKaeMas TPyIIa MPUOJIMsKEeHHBIX
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Group classification of nonlinear time-fractional

dual-phase-lag heat equation with a small parameter
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Abstract. In this paper, we solve the group classification problem for a nonlinear one-
dimensional time-fractional heat conduction equation with full memory and dual-phase-lag,
including thermal relaxation and thermal damping. The characteristic times of relaxation
processes are assumed to be small enough and therefore a small parameter for fractional
differential relaxation terms is introduced. All thermal properties of a medium are considered
as functions of temperature. Group classification is performed with respect to groups of
approximate point transformations (groups of approximate symmetries) admitted by the
equation up to equivalence transformations. We prove that generally the equation admits
five-parameter group of approximate transformations, and the cases of its extension to seven-
and nine-parameters groups are found. Also, it is shown that the considered nonlinear
equation has an infinite approximate symmetry group if the corresponding unperturbed
equation is linear. We find that the equation in question always exactly inherits the
symmetries of the unperturbed equation. The obtained results make it possible to construct
approximately invariant solutions of equation under consideration. In particular, it follows
from the classification found that the equation always has a traveling wave solution. The
self-similar solutions can be constructed only if the medium thermal properties have power-
law dependences on temperature. Ansatzes of these types of solutions are obtained and
symmetry reductions of the equation under consideration to the corresponding ordinary
fractional differential equations are performed.
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1. Bsegenue

Knacenuecknit rpynmosoit anamns muddepennmanbabix ypasaennit [1-3] ssistercst ad-
(dEKTUBHBIM MaTeMaTUYEeCKUM WHCTPYMEHTOM HCCJIEJOBAHUS UX CHMMETDPHUITHBIX CBOMCTB,
HaXOXKJIEHUsI WHBAPUAHTHBIX PEIIeHUl U TOCTPOEHMs 3aKOHOB coxpaHeHusi. (OCHOBBI
TEOPETUKO-TPYIIIIOBOIO MOAX01a Obuin 3aioxkeHbl B paborax C. Jlu u B masnpHeiimem pas-
BUBAJINCh MHOTUMHU OTEYECTBEHHBIMU U 3aPyO€KHBIMHU HCCJIETOBATEISIMI. B COBpeMEHHOM
IpymmnoBoM aHajuse [4—6] obacTu IPUMEHMMOCTH TEOPETUKO-TDYIIIIOBBIX METOIOB ObLIU CY-
IIIECTBEHHO PaCIIUPeHbl. B HacTosAIlee BpeMs 3TU METOJbI YCIEITHO a/[AIITHPOBAHBI JIJIsI UC-
cyteioBaHust nHTErpo-auddepeHnnanbHbIX ypasHernii [7-8] u quddepennnanbHbIX ypaBHe-
HUI ¢ IIPOM3BOHBIMU JIPOOHBIX HOPsIIKOB pa3inaHbix THIOB [9-10]. B [10-14] 6bu1a passura
Teopus TPUOJIMKEHHBIX TPYIII TPe0OPA30BAHMIL JIJIsT UCCIEOBAHUST CAMMETPUITHBIX CBONCTB
nuddepeHIMaIbHBIX YPaBHEHHH ¢ MaJsibiM apaMerpoM. OTHocuTebHO HepasHo [15-17] na
OCHOBe 3TO# Teopuu ObLIN IPEJIOKEHBI AJITOPUTMbBI HAXOXKJIEHHUS TPUOINKEHHBIX CHMMET-
puit 1 TpUOIMKEHHBIX 3aKOHOB COXPAaHEHUs I APOOHO-nbdepeHITnaIbHBIX YPABHEHUT B
ciydae, KOrjia HOPsJIOK JIPOOHOrO JudhepeHInpoBaHisl OKa3bIBACTCSI OJIM30K K IEJIOMY 1,
CJIe/I0BaTe/IbHO, B YpaBHEHUE MOYXKET OBbITh BBEJIEH MaJIblil TapaMerp.

Knaccuaeckoit n mpakTrdeckn BaXKHOU 3a/1adeil TPYIIIOBOTO aHAJIN3A SBJISIETCS 3a7a4a
rpymmosoit knaccndukanun [1]. st o6prkaOBeHEBIX muddepeHImaIbHbIX yPABHEHNH BTO-
pOro TopsiKa 3Ta 3aja4a ObUIa BHEpBble TocTaBieHa u dactuaHo pemtera C. JIu [18] (cm.
rakke [19]). OHON W3 NePBBIX MOJHOCTHIO PEIIEHHBIX 3aJad IPYIHOBOH KiaccuduKamm
b depeHnuaIbHbIX YPABHEHUN B YACTHBIX IIPOU3BOJHBIX CTAJIa PEIIeHHAs AKaJIEMUKOM
JI. B. OBcaHHUKOBBIM 3a/a49a KIaCCU(PUKAINA HEJTMHEIHHOTO YPaBHEHUS TEIIOMPOBOIHOCTH
[20]. B pab6ore [21] nannas kiaccudukalms ObUIa pacIIupeHa Ha CJydail ypaBHeHUs TeILIo-
[TPOBOJIHOCTH ¢ HEJIMHEWHBIM UCTOYHUKOM. AHaJOrMIHast 3a/1a49a Jiyist ypaBHeHus 1uddy3un
¢ ApobHO# pousBosiHOH Tua PuMana—JInyBuiis o BpeMeHn paccMaTpuBaJach B [22-23].
B [24] BbinosiHeHa rpyioBast KiaaccudbuKaIys 10 TpUOIINKEHHBIM IPYIIaM TOYeYHbIX Ipe-
00pa30BaHUil JOITyCKAEMBIX JIPOOHO-1nddOEpPEHITNATBHBIM YPABHEHUEM TEILIOMPOBOIHOCTH C
OIM3KUM K I[EJIOMY TOPSIKOM JIPOOHOrO auddepeHnnpoBanms, ABISIOMAIC TAJTbHEAIIM
pacmupennem kiaccudurarnun JI. B. OBesnaukosa.

Xopomo uzsectro [25] (cm.rakzke [26]), 9T0 KIACCHYIECKOE yPABHEHHUE TEIIONPOBOIHO-
CTH, OCHOBaHHOE Ha (DEHOMEHOJIOTMYIECKOM 3akoHe Pypbe, He I03BOJISeT aJIEKBATHO OITU-
CBIBATH OBICTPOIIPOTEKAIOINIUE IIPOIECCHl TEIJIONEPeHoca (HalpuMep, IPU MHTEHCUBHOM Jia-
3eproM Harpese [27]). Takke 910 ypaBHeHHE 9aCTO OKA3BIBAETCS HECIIPABEIJIMBBIM Ha MUK~
pomacmTabax [28] m B reTeporeHHBIX CJIOKHBIX cpefax [29]. B srom ciaywae menonbsyorces
pasmmunble Mogudukanun 3akoHa Oypbe [30]. Hanbosee n3BeCTHBIM U3 HUX SIBJISIETCSI 3a-
koH Makcsejia—Karraneo, yauTbiBarommii 3(p¢eKT TeIIoBoil peslakcaluu U IPUBOISIIIHIA
K IHIepO0JINUecKOMY yPaBHEHHIO TerionpoogaocTr [31-32]. JanbHeitmeit Mogudukarmei
9TOrO 3aKOHA SIBJISIETCS MOJIEb C JBYX(a3HBIM 3aIa3/IbIBAHNEM, U3BECTHAS B 3apy0e:KHOM
Jureparype Kak dual-phase-lag model [33]. Ona BBOIUT B ypaBHEHHUE JIONOJHUTEILHBIA KO-
3 durmenT 3ana3abIBaHNs 11 TPAJIMEHTa TEMIIEPATYPbI, HA3bIBAEMbIil TEPMIYECKUM JIEMII-
dupoBaHHEM, KOTOPBI TO3BOJISIET YYECTh BJIMSHUE MUKPOCTPYKTYPhI IIPH MaKPOCKOIIUYIe-
CKOM OIIMCAHMU GBICTPONPOTEKAOIINX TEIIOBbIX Iporeccos. Henasuo B padore [34] Gbuia
petozKeHa IpobHO-1uddepeHIaibHas IO BpeMeH! MOIUMPUKAIMSA ITONH MOJMEJIN, TO3BO-
JISTONIAS JIOTIOJHATEBHO yIECTh IMMEKT MAMATH CPEIbl, 3aTYXAIOIIEH 110 CTEIIEHHOMY 3aKO-
uy. [lomumo 6motornTecknx TKameit, Takoi MaKpOCKOMIMIecKuit 3(hHeKT B MPOIeccax TeIIo-
IepeHoca HabJII0IaeTcst B HEKOTOPBIX TIOPHUCTHIX cpefiax [35], kommosuTax [36], TparsucTop-
HBIX CTPYKTYpax [37]. BIBoJ 9T0 MO/IEIN Ha OCHOBE OOIIEro PeOJIOrHIECKOro COOTHOIIEHH S
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JIJIsT OJIHOPOJIHOM ¥ M30TPOIHOIN Cpeiibl IpeicTaBiieH B pabdore [38].

ITensro mamHOil pabOTHI ABJISIETCS PEIIeHne 3a/[a9r IPYIIIOBOit KaaccruduKaimmm 1poOHo-
b depeHIuaIbHOrO 110 BpEMEH! YPaBHEHUsI TEILIOIPOBOJHOCTU C JIBYX(Da3HbIM 3al1a3/1bl-
BAHUEM B IIPEJIIIOJIOXKEHUN 3aBUCUMOCTHU OT TeMIIEPATYPbl BCEX TeIIO(PU3NIECKUX TapaMeT-
poB mogenu. Takske MperosaraeTcs, 9TO BJINSHHAE PEIAKCAIMOHHBIX 3(PHEKTOB MAaJo 1o
cpaBHEHUIO ¢ 3(DHEKTOM MOJIEKYJISIPHON TEIJIONPOBOIHOCTH, OMMCHIBAEMOI KJIACCHIECKIM
3akoHOM Dypbe. DTO JaeT BO3ZMOXKHOCTH BBECTH B ypaBHEHHE MaJIblil IapaMeTp MpHU BCEX
IPOU3BOIHBIX JIPOOHOTO TOPsijika. B pe3ysbrare rpyinoBast KiaccuduKaIus IIPOBOIUTCS 10
pubJINKEHHBIM TPYIIIAM IPeodbpa30BaHuUil, JOMYCKAEMbIM PACCMATPUBAEMBIM ypPaBHEHUEM
B JIMHETHOM NpUOJIMKEHNH 10 MaJjioMy mHapamerpy. HacKoJabKo M3BeCTHO aBTOpam, 3aja-
9a TpuOJIMKEHHONH TPYIIIOBOH KiiaccuduKkanuu 1podHO-1uddepeHITnaIbHOIO YPABHEHUS C
MaJIbIM TIAPAMETPOM IIPH JIPOOHBIX ITPOU3BOIHBIX B JIAHHON paboTe peInaeTcs: BIEpBLIE.

2. ITocTanoBka 3aJlad 1 MeTO/Jl pelieHusd

OO6bEKTOM MCCIIEIOBAHNA B JaHHON paboTe siBIseTCs HEJUHEHHOe OJHOMEPHOE JPOOHO-
b depeHnnaabHOEe YyPABHEHNE TEILIONPOBOIHOCTH

u +eg(u)Dffuy = (k(u)ug) 4+ (f(u)Dfug) , 0<a <l (2.1)

3aech ¢, © — He3aBUCHMBbIE [IepeMeHHbIe (BpeMs U IPOCTPAHCTBEHHAS KOODAMHATA), U =
= u(t,x) — 3aBucuMast nepeMenHas (Temieparypa), 0 < ¢ < 1 — mablit mapamerp, k(u) —
ko3 dunment Temueparypounposoguoctd, g(u) u f(u) — nepemernsle KO3(MOUIMEHTE, CBsI-
3aHHBIE C TEIUIOBOI peslakcalyeil 1 TepMUIecKuM JieMIbUpOBaHIeM, COOTBETCTBEHHO,

(D)t ) = F(ll— 5 /m z’tfsfi ds (2.2)

— JpobHas npoussoaHas Tuna [epacumosa—Kamyro [39] nopsinka o € (0, 1), oupenesnensas
Ha Beell BpeMeHHO# ocu t € (—00,00), ['(2) — ramma-dysknus.

VYpasuenne (2.1) mosyvaercst u3 ypaBHeHUs! SHEPTUH B (DOPMe MEPBOTO 3aKOHA TEPMOJIH-
HAMHUKHA U 0GOOMIEHHOTO (hEHOMEHOJIOTUIECKOTO COOTHOIIEHUS JJIsl IIPOIECCa TEIIOIPOBO/I-
HOCTH B CPEJIE C TIOJHOM NaMAThio U By X(a3HbIM 3anas3/blBanueM (TerIoBoil perakcanueii
U TEPMHUYIECKUM JIEMI(UPOBAHUEM) B TPEJIIONOKEHIN 3aBUCUMOCTH OCHOBHBIX TETLIOMU3U-
YECKHX XapPaKTEPHUCTHK CPeJbl OT TeMIepaTypbl. Masblil IIapaMeTp € yY4uThIBAEeT MAJIOCTh
XapaKTEPHOTO BPEMEHHU COOTBETCTBYIOMIMX PEIAKCAIIMOHHBIX IIPOIECCoB. 110IHad TAMATD CH-
CTEeMBI OpeeNsieTcst GECKOHETHBIM HIKHUM TIPENeoM B mHTerpase (2.2). 3amernm, [UTo
B 3TOM CJIydae U3 eCTeCTBEHHOTO (PU3UUECKOro TPeOOBaHUA KOHEYHOCTH SHEPIUH CHCTEMBI
CJIeJlyeT CIPAaBEJINBOCTb PABEHCTB Ut|t—y—0o = Uzlt——co = 0. B aTOM cirydae npoGHble
npousBoanbe Tuma [epacumosa—KarmyTo B ypasuennn (2.1) 6ygyT coBmagarh ¢ JpOOHBIME
nponsBogubiME THIA Pumana—JInysmis [40].

Pemaercst 3a7a1a rpynmosoit kinaccndukanun ypasaerus (2.1) mo JOMyCcKaeMbIM TPYTI-
raM NpUGJINZKEHHBIX TOUEYHBIX TIpeobpa3oBanuit oTHocuTenbHo dyHkumii k(u), f(u) u g(u).
IIpu 3TOM BCe BLIYHMCJICHUS BLINOJIHSIIOTCS TIPUOJNZKEHHO OTHOCUTEIBHO MAJIOTO MapaMeTpa
€ € TOYHOCTBIO JI0 0(€).

B nanbueitimem Oyzuer yao6HO UCHOIB30BATh Pa3BepHYTYIO (hopmy ypashenus (2.1):

up = k(u)tae + K (u)uy + & [f (u) D uar + f'(w)ue Dfug — g(u) Dfuy] - (2.3)
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31ech yareHo, 9To oneparop ApobHoro mauddepennnpoBanus Dyt KOMMYTHPYET € OEpaTO-
poM b depeHITnpOBaHus 0 TPOCTPAHCTBEHHON TTEPEMEHHON .

NudunrnresnmanbHbIii oneparop (resepaTop) NpubIMKEHHONH ¢ TOUHOCTHIO J10 0(€) TPyII-
1Bl TOYEYHBIX IpeobpasoBanuii umeer Buj [11-12]

0
X=(r"+4er
(T +emh) o o
rae 70, 71, €0, &1 m p! apaarorca bymkmmavu t, x, u. Ypasmenne (2.3) BKIOUaeT B
cebst uddepeHIIaIbHbIE Ut, Uy, Ugg U JAPOOHO-TUDdepernmanbable Difus, Diug, Dy,
nepeMeHHble. J[JIsl pellleHnsl MOCTaBJIeHHON 3ajaun onepaTop (2.4) mpomoskaercst Ha 5TH
repeMeHHbIe:

o o
(€°+E€1)37 +(n0+6n1)%, (2.4)

0
0 1
0 0 7]

o o (2
+Ct OD?ut +Cx aD?‘u + zzaDa ( 5)

X =X+ (¢ +ec3)a% + (@ +e¢)

31ech yuaTeno, 4To Bce apobHO-IuddepenuaibHbe epeMeHHble BXOJAT B PaccMaTpuBae-
MoOe ypaBHEHHe TOJIbKO B £-TIOPSIKE, II03TOMY B IIPOJIOKEHUH OIIEPATOPa JIJISi COOTBETCTBY-
IOIIUX KOOPJMHAT OCTABJIEH TOJBLKO HYJICBOH HOPSIOK IO €.

JI1st HAXOZKJIEHUsT KOOPJIMHAT TIPOJIOJZKEHHOTO onepaTropa (2.5) MOXKeT GBITh MCIOIB30-
BaHa enuHast hopmysia (JOKA3aTeNbCTBO CM., HapuMep, B [10])

(=C"+el' =D(W) + (r° + e7") D¢(Du) + (£° + £") D (Du),

rmue
W =n"+en! - (TO + sTl)ut - (50 + sfl)um

W B KavecTse oreparopa D BwicTynaior onepatopsl Dy, D,, D% D$D;, D¥D, u D{D?

Juist HaxoKaeHuA Ct, (o, (o, ¢, ¢ u (2, cooTBeTCcTBEHHO. IIpy BBIYHCICHUN KOODIUHAT

IPOOHO- MM DEPEHITUATBHBIX TEPEMEHHBIX UCIOJIb3YIOTCsT (DOPMYJIBI
D¢ Dy (tu) = tDfu, + aDY u,
DDy (tu) = tD M u 4 (a + 1) D,
D¢ D, (tuy) = tDX u, + aDu,,
D¢ Dy (tug) = tDI 20 + (o + 1) DXy,
D, (t?u;) = ? DO, + 20t D¢ uy + ol — 1) DY Ly,

D?Dt(tQut) = 2Dy + 2(a + DD u + a(a + 1) D,

CIPaBeJIMBOCTL KOTOPBIX IPOBEPSIETCsl HEMOCPEACTBEHHLIMI BBIYUCICHUSIME C yIeTOM CO-
ornomenust DDy = D+,

Kak u B KyaccuyeckoM rpymmnoBoM anajuse [l], JeficTBue IPOJIOJIKEHHOIO OLepaTopa
(2.5) na apobuo-nuddepenuaibHOe ypaBHeHue (2.3) naeT olpeelisioliee ypaBHeHe

(770 + Enl)(k/uwx + k”“;zv) - Eno(f/D?ua:w + f”uwD?ua: - ng?ut) + ( a(v)m + EC;z)k""

2(C0 4 ey )hua + (¢ f + G fus + QL f' Diug — (g) — ¢ — e¢f =o(e), (2.7)

(2:3)
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KOTOPOE JIOJI2KHO BBIIOJIHATBCS ¢ TOYHOCTBIO 10 0(€) zist JII00O0H OIyCKaeMOll ypaBHEHUEM
IpUOJIMKEHHOI IPYIIIBI B CHILY CaMOro ypasHeHus. IIpn 3ToM OoTMeTHM OHY BasKHYIO OCO-
GeHHOCTH. Tak Kak HMCIOJIB3YIOTCsI JPOOHBIE IIPOU3BOJIHBIE HA BCEl OCH, TO €CTh KOHEYHBI
[IOCTOSIHHBIN TIPeJiesl HHTErPUPOBaHUS B IPOOHO-Iud HepEeHINaILHOM OIIEPATOPE OTCY TCTBY-
€T, TO HUKAKUX JIOTIOJIHATEIbHBIX TPeOOBAHUI HA COXPaHEHUE TAKOIO IIpeesia, P IPyIIo-
BOM IIpeobpa30BaHUN He BO3HUKAET. JleraspHoe 0OCYKIEHHEe 9TOTO BOIMPOCA ISt JTPOOHBIX
IPOM3BOJIHBIX HA OTPE3KEe MOXKHO HaiiTh, HampuMmep, B [9].

Herpynao sameruTs, uto npu ¢ = 0 ypasHenue (2.1) mpespaimaercss B KJIaCCUIECKOE
HeJINHETHOe ypaBHEHNE TEILIONPOBOIHOCTH

ur = (k(u)ug)z, (2.8)

3a/1a4a IPYIIIOBOI KilaccuduKaImm KOToporo oblta periena akajgemukom J1. B. OBcsHHUIKO-
BbiM [20]. CooTBercTByIONIME 3HAYEHNST KOODANHAT 70, 50 u 770 U1 PA3JIMYHbIX HEIKBUBA-
JIeHTHBIX caydaes dyHKuun k(u) MOryT GbITH 3allCaHbl caeayomum obpasom [1]:

1) k(u) — npomssosbHas,

0 =0 +203t, €¥=Co+Csz, n°=0; (2.9)

2) k(u) = e,
0= Ch+ (203 — C4)t, 50 = Cy + Csx, ?70 = Cy; (210)

3) k(u) =u” (o #0),

70 =0y +2C5t, €Y =Cy + Csz + Cyox — Cs2®, n° = (2C4 + 3Csx)u,  (2.11)

upudeM Cs # 0 Tosibko upu o = —4/3;
4) k(u) =1,
70 =01 + 205t — 40512, €9 = Cy + Cyx — 2C,4t — 4C5st,
10 = (Cs + Cyz + Cs22 + 2C5t)u + h(t, z), (212)
rie dyukuust h(t, ) — IpPOU3BOJBHOE pellleHne ypaBHeHust hy = hy.
B (2.9)—(2.12) uepes C; (i = 1,2,...,6) 0603HaYEHBI IPOU3BOJIBHBIE NOCTOsSIHHBIE. B pe-

3yJbTaTe 3aJa4a IpynnoBoil Kiaccudukanun ypasaeans (2.1) mo rpymmnamM nmpub/InKeHHbIX
peobpPa30BAHUI CBOJIUTCS K UCCJIEIOBAHIIO HACIEOBAHUS U3BECTHBIX IPYIIN PA3JIMIHBIX BU-
JIOB HEBO3MYIIIEHHOI'O YPABHEHHUsI [PU €r0 COOTBETCTBYIOIIEM JIPOOHO- T dOEPEHITHATBHOM
BO3MYIIEHUN.

OrmeTuM elne OJIMH BaXKHbINM MOMeHT. PellleHne 3aa4n rpyoBoil KjaccuuKaiuu Bee-
A JIOJ2KHO [MIPOBOUTHCS C TOYHOCTHIO JI0 MPeoOpa3s0BaHuil IKBUBAJIEHTHOCTH, ODIIAs METO-
JIIKA [MOCTPOEHUsI KOTOPbIX n3Jjioxkena B [1]. KoHCTpyKTUBHBIH a/iropuT™ [OCTpOEHHs IPyII-
bl IPeOOPA30BAHMI YKBUBAJEHTHOCTH ObLI IpeioxkeH B pabore [41] u pacupocrpanen
Ha JpobHO-Iudbepenmanbable ypagHeHust B pabore [22]. OmHako st paccMaTpUBAEMO-
ro ypasaenus (2.1) BCieICTBHE HAJIMYUS OJHOBPEMEHHO MAJIOIO I1apaMerpa U IIPOM3BO/HBIX
JIPOOHOIO TIOpsiJIKA 3aJ1a9a IOCTPOEHMs ITOJTHON I'PYIIIbl MPUOJIMKEHHBIX IPeobpa3oBaHuil
9KBUBAJIEHTHOCTH CTAHOBUTCS JOCTATOYHO CJIOXKHOW W TpymoeMkon 3amadeit. Tem He Mme-
Hee, MOCKOJIbKY Kiaccudukanus no dbyukimun k(u) yxke ussecrna, a dynkuun f(u) u g(u)
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CTOSAT IPU MaJIOM HapaMeTpe, JJIs BbIJeJIeHUs UX KJIacCOB SKBUBAJICHTHOCTH OKA3blBaeT-
¢S TOCTATOYHO 3HATH IPEOOPA30OBAHNSA SKBUBAJECHTHOCTH TOJIBKO B HYJIEBOM IOPSIKE IIO €.
DT npeobpa3oBaHus JIETKO MOJIyYaloTCs U3 U3BECTHBIX JJIs yPaBHEHUs TeILIONPOBOIHOCTH
€ UCTOYHUKOM [21] n umeror BuJ

t=a%t, T=ajasz, U=azu+ay, k()= adk(azu+ as),
(2.13)

f(a) = (afa2)?f(azu+as), g(a) = ai®*g(asu+ as).

3nech a; (i =1,2,3,4) — IPOU3BOJIBbHBIE TIOCTOSTHHBIE.

st paceMarprBaeMoii 3a1a4au npeobpasopanust (2.13) He J0JIKHBI U3MEHSITh IIPUBEJIEH-
HyI0 Bbiie Kiaccudukanuio dyuknuu k(u). TlosToMy mjis KOHKPETHBIX BUIOB TOH (DyHKIUY
JaHHbIE [IPe00Pa30BaHMs JOIOJHATEILHO yIIpoIaoTcs. Mmeem

1) k(u) — npousBosibHas: crupasBeniuBbl nupeobpasoanus (2.13);
2) k(u) =e“ a2 =1, a3 =1, aq = 0, caesoBaTeHLHO

t=ait, T=+azx, u=u, [f(@)=a*f(u), g(a)=a?*g(u); (2.14)

t=ajt, == iala;g/zx, U = asu,
) (2.15)
f(a) = ai%az” f(azu), g(a) = ai*g(asu);
4) k(u) = 1: a2 = 1, cremoBaTenbHO
t=a%t, z=+az, U=azu+ay,
(2.16)

B nanHo# paGore rpymmnosas kiaccudbukanyu ypasHeHust (2.1) IPOBOAUTCS ¢ TOYHOCTHIO JI0
npeoGpaszoBanuit sxkBuBastenTHocTH (2.13) — (2.16).

3. PesyabpraTrnl rpymnmnoBoit Kjaaccudukanum

Pacemorpum Hacsmemosanme ypasHeHmeM (2.1) IpyNIbl HEBO3MYIIEHHOTO HEJUHEHHOTO
YPABHEHHS TEIIOIPOBOIHOCTH OT/IEJIBHO JIJIst KaxKI0ro u3 ciaydaes (2.9)—(2.12) ero kiaccn-
duxarmm.

1) Cayuat npoussoavhozo k(u).

IMoxcranoska (2.9) B (2.7) maer oupezensiomee ypaBHEHUE, KOTOPOe OYIET CoJeprKaTh
TOJIBKO CJTATaeMbIe TIEPBOTO MOPSIIKA TI0 €. PacIIemienre moTyIeHHOTO yPABHEHUS 110 He3a-
BucHMBIM mepemennnid DYy u Dy, TpuBOANT K ypaBHeHmAM

C39=0, C3f=0.

Pemenne f = g = 0 gBisercs TpUBHAJIBHBIM, TaK KaK IPUBOJAUT K BBIPOXKJICHUIO ypaBHE-
mug (2.1) B KJIaCCHMYECKOE ypaBHEHUE TEIIONPOBOAHOCTH (2.8), MOITOMY B JaJbHEHIIeM He
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paccMaTpuBaercsa. B pesysbrare u3 1moJyIeHHBIX ypaBHeHuii ciaemayer, uro Cs = 0, a dbyHK-
mun f(u) u g(u) gBisoTes npousBosibHbIMU. [IprMenne npeobpazoBaHuii SKBUBAJIECHTHOCTH
(2.13) B maHHOM Ciiyuae He TPEOyeTcsl.

OcraBiiasicst 9acTh OIPEIEIAIONIEro ypasHenus: He cojepxkut nocroguabix Ch, Co u oKa-
3BIBAETCS WJIEHTUYIHOI OlpeesisioneMy ypasaenuio s (2.8). B pesysibrare maxomum

=i +2cst, & =co+cgx, nt=0, (3.1)

IJIe €1, Co, C3 — TPOU3BOJIbHBIE TIOCTOSTHHBIE.

TaxumM 06pa3oM, B cIydae MPOU3BOIbHBIX GyHKIWm k(u), f(u) n g(u) nomyckaemast ypas-
HenveM (2.1) npubimrKeHHAs! TPYINA TOYEIHBIX IPEOOPA3OBAHUN SIBIISETCS ISITUIIAPAMET-
PUYECKOI, cooTBeTcTByIommei nsaru nocrosuubiM Cp, Co, ¢1, o, C3.

2) Caywat k(u) = e™.

IMopcrasisas (2.10) B (2.7) u upupaBHUBas K HYJIO BBbIPDAYXKEHHUs LDPU JPOOHO-
auddepeHnnaaTbHbIX TePEeMEHHBIX Df‘“u, D gy m Uy DUy, IpUXOINM K CJIEAYIONIEH CH-
creme:

C4g/ — Oé(203 — 04)9 = 0,
Caf' = [(a = 1)(2C3 — Cu) +2C35]f =0, (3:2)
Cuf" — [(a — 1)(2C5 — Cy) + 2Cs]f" = 0.

Jlerko BuzeTh, 4T0 Tperbe ypasHenue B (3.2) spisiercs auddepeHIuaibHbIM CIeACTBUEM
Broporo. Takum obpasoM, mepBoe ypasHeHue B (3.2) sBiisiercsl KIacCHMUIUPYOMUM JIJIst
dbyuxmn g(u), a Bropoe — st dyukiwn f(u). Oba ypaBHeHHsI BBINOIHSIIOTCS TOXK 1CTBEH-
w0 nipu C3 = Cy = 0 1 IpOU3BOJIBHBIX f U g. DTOT Caydail BKIOYIAETCS B YK€ PACCMOTPEH-
wobiit Boime. Tak kak a € (0,1), To Kk Hemy ke cBogurcs cayudail Cy = 0. ITosromy BazKHBIM
JLJIsT KJIAcCUDUKAINY SIBJIsieTCs TOJIbKO ciydaii Cy # 0, npu sroM pemnenue (3.2) uMeer Bu

flu) = foe' P g(u) = goe, (3.3)

rjae f07 g0, B — IIPOU3BOJIbHbBIC ITIOCTOAHHBIE U BBIIIOJIHEHO YCJIOBUE
2aC3 — (Ol + 5)04 =0. (34)

B pesysbrare GyseT Hacae0BaThCs IPYIa, Olpe/eseMast JuHeiiHoi kombuHanmeit (3.4).
ITpnmenenne npeobpasoBanmii SKBUBaJIEHTHOCTH (2.14) K (3.3) 03BOJISET BBLIEIUTH JIBA
HEIKBHUBAJICHTHDIX CJLydas:

fu) = eI+ g(u) = goe®™, go = const;
(3.5)
f(w) =0, g(u)==+e™

Paspemenne ocrasmreiics 9acTu ONpeeNIsIONIET0 YPABHEHUS JaeT £-TMOPSIOK JOIyCcKae-
MO I'pYIIIBI:

l= 2c5 —ca)t, &' = t= 3.6

T =ca+ (2 —ca)t, & =cntear, N =c, (3.6)

rie ¢; (i =1,2,3,4) — IpoU3BOJIbHBIE TTIOCTOSTHHBIE.
Taxum obpasoM, B oboux ciydasx u3 (3.5) ypasuenue (2.1) moryckaer ceMuiapamMmeTpu-
YECKYIO TPYIILY NPUOIUKEHHBIX TOYEUHBIX IPEOOPAZ0OBAHMIA.

3) Caywat k(u) =u® (o #0).
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B nanHOM citydae olpeielisiioniee ypaBHeHUE, OJIy Jaloleecs 1ocje nojcranosku (2.11)
B (2.7), Gyzer comepKarh yxe geTnipe apobro-auddepenuabbe nepemenpie: DYy,
Du, Diugy n Difuy. IlpupaBHuBaHMe K HY/IIO BBIDAYKEHNH, BBICTYIAIONINX MHOMKUTEISIMA
[IPU STUX [IEPEMEHHBIX, IPUBOJIUT K CUCTEME

(2C4 + 3C52)ug’ — 2aCsg = 0,

Csf' =0,

(2C4 + 3Csz)uf’ — (200, + 2aC5 — 4C52) f =0,

uz[(2C4 + 3Csz)uf” — (2004 + 2aC5 — 2Cy — 2C5x) '] + 3Csuf’ + 10Cs f = 0.

Tak kak f u g gBAsItOTCS DYHKIUAMEA TOJBKO IEPEMEHHON u, JaHHAsI CUCTEMA MOXKET
OBITH JIOMOJHUTEIHLHO paciierieHa mo u, u . Orciona ciaemyer, aro ecau Cy # 0, TO eCcThb
o= —4/3, To

f(u) =0, g(u)=go= const. (3.8)

ITpu srom u3 nepsoro ypashenus (3.7) mouosnuresnsHo caepyer Cs = 0. [lpumenenne
npeoGpaszoBanuit sxBuBasenTHOCTH (2.15) no3BOMIsteT puBecTH (3.8) K BULY

flu) =0, g(u)==£1. (3.9)

ITpu C5 = 0 gerBeproe ypasHenue B (3.7) cranosurcst nuddepeHImaIbHbIM CIIeCTBH-
eM Tperbero. B pesysbrare Kiaaccuduimpyonme coorHomenns st dynknuii f(u) u g(u)
[IPUHUMAIOT BH/L

Caug’ — aCszg =0, Cyuf' — (cCy + aC3) f = 0.

I[Ipu C4 = 0 momygaem smbo C3 = 0 u mpousBosbable [ u g, mbo f = g = 0 u mpo-
uzBosibHOEe C3. Oba 5TH citydast y»Ke pacCMOTpeHbI paHee. [oaTomy HacIeI0BAHIE TPYIIIIHI
BO3MOKHO TOJIbKO 1ipu Cy # 0. B aTOoM ciiyvae mnrerpupoBanuie IpUBEIEHHBIX yPABHEHUI
JaeT

f(u) = fOu’H_J) g(u) = gou’77 (310)

riae fo7 go U 7y — IPOU3BOJIbHBIE IIOCTOAHHBIE U BBIIIOJIHEHO YCJIOBUE
")/04 — 0403 =0.

ITpumenenue k (3.10) npeoGpasosauuii sKkBuBaseHTHOCTH (2.15) NaeT 1Ba HEIKBUBAJIEHT-
HBIX CJIydasi:
flu) = 2w, g(u) = gou”, go = const,

(3.11)
fu)=0, g(u) ==u.
OcTraBmasics 9acThb OUPE/IEISIONEr0 YPaBHEHHA 1aeT £-IOPSAI0K IPYIIIBL:
= 4+ 2cs3t, &' =co+ czx +cqor — sz, 0t = (24 + 3cs2)u, (3.12)
rie ¢; (i =1,...,5) — IpOM3BOJIbHBIE IOCTOSIHHBIE, TpUIeM ¢5 # 0 ToabKo npu o = —4/3.

Taxum obpasoM, JoryckaeMas ypasHenuem (2.1) npubiuzkeHHasi IPyIIa sBJISETCA Ce-
MUIIAPAMETPUIECKOl B ciaydasx u3 (3.11) u geBarunapamerpudeckoii B ciaydae (3.9).
4) Cayuati k(u) = 1.
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Jlannblit ciaydail COOTBETCTBYET JIMHEHHOMY HEBO3MYIIEHHOMY YPABHEHUIO U SBJISIETCS
C TOYKHM 3PEHUs] aHAJIM3a HamboJee TPyJoeMKnM. B pesysbrare nomcraHosku (2.12) B (2.7)
IIOJIYYaeTCs OIIPEIEJISIONIee YpaBHEHNE, Co/lepKalliee BOCEMb PA3JIMYHBIX IIEPEMEHHBIX JTPO0-
HOTO nopsaka. Paciensienne mo HIM ONPeeIsAoNnero ypaBHeHUs IPUBOINT K CJIeIyIOIeit
cucTeMe ypaBHEHUIA:

D Mupyy i (Cy +2Cs52)f =0,

Dfuy, f'h+ (Cs + Cyx + Cs2? + 2Cst)uf'+
+2(4a — 1)Cst — 2aC5 + 4o+ 1)Cs) f =0,

Df‘_lum : (C4 + 2C’5x)f’um =0,

Dfuy [(Co + Cyz + Cs2% + 2C5t)u + h) f"uy + f'he + (Cy + 2Csz)uf'+
+(Cs + Cax + Cs2* + 2C5t — 2aC3) fuy + 2(Cy + 2Csz) f— (3.13)
—2(a + 1)(64 + 2C5x)g =0,

DY tuy: Csfluy =0,

Df‘“u : (Cs + Cyx + Cs52% + 2Cs5t)ug’ + hg' + 2a(4Cst — C3)g = 0,
D{: (Cy +2C52 + 8aCst) f'uy — 2(2a + 1) (v + 1)Cs9 + 2C5 f = 0,
DXty Csf =0.

W3 nepBoro ypaBHeHust cpa3y ciejayert, 9To jaubo f = 0, aubo
Cy=0C5=0. (3.14)

Torna u3 nocieHero ypasserust u3 (3.13) BbiTekaer, uro ecau (3.14) He BBINOJIHEHO, TO
g = 0. OmHAKO 3TOT CiIydail SIBISETCA TPUBHAJBLHBIM. [[09TOMY HAC/IEIOBAHUE TPYIIIHI BO3-
MOKHO TOJIBKO IIPU BBINOJHEHUU ycjioBus (3.14), npu 9T0M 1epBoe, TpeThe, IAToe, CelbMOe
u BocbMOe ypaBHenus u3 (3.13) BBIIOJHAIOTCS TOXKIECTBEHHO. 13 ocraBmmxcs ypaBHeHUi
YeTBepToe JOIOJHUTEILHO PACHICIUIAIOTCA 110 U;. B pesysbrare onpejelsionas CUCTeMa
st ynkiwit f(u) u g(u) npuobperaer ciaeayromuii BIT:

(Cgu + h)f/ —2aCs3f =0,

(C'ﬁu + h)f" + (06 - 20[03)]” = 0,
(3.15)
(Cou+ h)g —2aC39 =0,

f'hy = 0.

Jlerko 3aMeTHTB, UTO BTOpOE ypaBHEHHE sIBisieTcs UMD DEPEHINAIBHBIM CJIeJICTBIEM
[IEPBOrO U II0O3TOMY MOXKET OBITH OIYIIEHO. VI3 Moc/eaHero ypaBHeHUs CIELyeT, 9T0 Jubo
fw) = fo = const, mbo h(t,x) = hg = const (Tak Kak hy = hyy).

IIpu f = fo # 0 u3 nepsoro ypasuenus B (3.15) ciemyer C3 = 0. Torma tperbe ypas-
Henue gaer Jubo g(u) = go = const, mubo Cg = h = 0 upu npousBoabHOil dyukuuu g(u).
[Mocsepnmii cirydaii cOOTBETCTBYET IPOU3BOIBHOMY k(1) U II09TOMY OTJIEJLHO HE BbLIEJISAET-
csa. Takum o6pa3oM, BbLIEISAETCA CIydail

f(u) = fo=const £0, g(u)=go=const, Cs=Cy=Cs5=0. (3.16)
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Eciu f = 0, To u3 Tperbero ypasrenus B (3.15) upu h # const caenyer g = go = const u
C5 = 0, upu s1om coxpansiercd Cg # 0. Drotr ciydail Briouaercs B (3.16) Kak paciupenue

fo=0.
3amerum, uro npu (3.16) ypasmenue (2.1) cranoBurca JuHelnbM. B cuiy odeBuj-
HOI'O IIPH 3TOM COOTHOINEHHS EU = EUyy NOJNydaeM, 4T0 €Dfu,, = Dfu, m npobHo-

nuddepeHIuaibable caaraeMble B ypaBHeHuu (2.1) OObeJUHAIOTC B €IMHOE CJIaraeMoe
(90 — fo)Dguy. HosTomy ¢ TounocThIO 110 Hpeobpa3oBanuil skBuBaseHTHOCTH (2.16) MOJTY-
qaeM

flu)=0, g(u)==£1. (3.17)

IIpu h = hy = const BbLIETAIOTCS CIIyYan

fw) = foe®,  g(u) = goe®™, 2aC5 —hg=0, Cs=0 (3.18)

flu) = fo(u+a)”, g(u)=go(u+a)’, Csa—ho=0, 2aC3—~Cs=0. (3.19)

3mech fo, go, 9, @ U Y — IPOU3BOJILHBIE ITOCTOSIHHBIE.
[Mpumenenue npeobpazosanuii sxksusajtenTrocTu (2.16) x (3.18) u (3.19) naer

flu) ==xe*, g(u) = goe™ go = const;

(3.20)
flu) =0, g(u)==xe"
n
fu) =Fu?, g(u) = gou?, go = const;
(3.21)
flw) =0, g(u) ==+u.
Pazperiast ocTaBIIyrocst 9aCTh ONPEJIESAIONIEr0 YPABHEHUST, HAXO M
Tl = ¢y 4+ 2c3t — dest?, €' = co + cax — 2c4t — 4destx,
(3.22)
n' = (co + cax + e5a® + 2est)u + q(t, x),
rue ¢; (1 =1,...,6) — Dpou3BOJIbHBIE IOCTOAHEDBIE U DyHKIUA ¢ = q(t, T) ABJISLETCS IPOU3-

BOJIBHBIM DEIIeHUEM YPaBHEHUS ¢; = Guq + (fo — go) D hy.

Taxum 06pa3oM, JIOMyCKaeMas IPYIIIIa IPUOIMKEHHBIX TPEOOPA30BAHUI BO BCEX CIIydasax
(3.17), (3.20), (3.21) stBasiercsi GECKOHEUHOMN, P 3TOM HETPHBUAJBbHAS KOHEYHOMEDHAsI ee
YaCTh SIBJIACTCS JICBATHIIAPAMETPHIECKOI.

Ha sTom 3asada rpynmmoBoit KiaaccuduKamuu permena MOJHOCTBIO. 110y Y9enHbIi pesy -
TaT MOXKET ObITh CHOPMYJIMPOBAH B TEPMHUHAX N-MepHBIX ajaredp JIu L™ madunnresnmainb-
HBIX OIIEPATOPOB I'PYII IPUOJINKEHHBIX TOYEUHBIX TPe0OPA3OBaHMIN, JOMYCKAEMBIX ypaBHE-
HueM (2.1). Takue aare6pbl HA3BIBAIOTCST KPATKO ajireGpamu JIn npubiinyKeHHbBIX CAMMETDPHH
JaHHoro ypasHeHust. Takum o6pa3oM, JoKa3aHa

Teopewma 3.1. Hewunetnoe ypasrerue (2.1) 6 cayuae npoussosvuve k(u), f(u)
u g(u) obaadaem anzebpoti JIu L® npubiustcennviz moueunsis cummemputi ¢ bazucom

0 0 0 0
X2 = X3:2€t*+€$7, X4 :EXl, X5 :EXQ.

X, = — -
T o’ ot or

Jlannan anzebpa pacuwupaemes 6 CACOYOUUT CAYUAAT:
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1) do L7 npu k(u) = e* u f(u) = £+ g(u) = goeP™ uau f(u) =0, g(u) = +e*:

0
ou’ ou’

2) do L™ npu k(u) = u® (o # 0,-4/3) u f(u) = £u*7, g(u) = gou? uau f(u) = 0,
g(u) = u?:

X6 = QBt% + (o + ﬁ)x2 +2a—, X7=ceu-—

3} 0 3} 0 0
X¢ = 29t— — 4+ 20u—, X;= 2
6 vtat +(v+ aa):z:aw + aug-, 7= 0TS + eug -

3) do L npu k(u) = u~3, f(u) =0, g(u) = +1:
13} 8 50
% a X7 =X % — 3%‘“%,
) =1u f(u) =+e", g(u) = goe" wau f(u) =0, g(u) = +e":

X6 =2z XS = 8X6, Xg = €X7;

4) do L @ L™ npu k(u

0 0 0 0 0
X6—2 at+xaf+2aua X7—EU%, X8—2€t%75f17u%,
0 0 0 0
— 27 _ —
Xg = 4et 5 + 4€txa e(z? 4+ 2t)u 0 Xoo = €q(t, x) B

2de q(t, ) — npoussoavroe pewenue YpasHEHUs G = Quz;
5) do LY © L™ npu k(u) =1 u f(u) = £u?, g(u) = gou” uau f(u) =0, g(u) = +u?:

8 0 8 0 0
n +vr— +20u—, X7=cu—, Xg=2&t— —czu

Xo =g oz ou ou’ oz ou’

X9 = 4575262 + 4Et$a% —e(x? + 2t)u ;u

2de q(t, ) — nPou3coALHOE PEWEHUE YPABHENUA Gt = (ug;
6) do L & L>™ npu k(u) =1, f(u) =0, g(u) = £1:

0
Xoo = Eq(t,x)%,

)(6:’[1,2

0 0
au, X7 = €X6, XS = 2€t% — EXU——

ou’

0 0 0 0
Xg = 4det’ — 4 detz— — e(2® 4+ 2t)u=—, Xoo = [h(t eq(t, z)] =
9 8t+ Iax (‘T + )u8u7 oo [ (,I)+ q(7x)]6u7
20e h(t, ) — npoussoavroe pewerue ypasnenus hy = hy, u q(t, ) — npouzsosvhoe pewerue
YPasHEHUA Gt = Quy F Dihy.
3deco o € (0,1) w go, B, ¥, T — NPOUIBOALHBIE MOCTNOAHHDLIE.

4. O6cykaeHne pe3yabTAaTOB I'PyNNOBOil KiIaccuduKam

Teopema 3.1 nokasbiBaer, 4ro ypasHeHue (2.1) TOYHO HaCJeIyeT ONepAaTOPbI PYIIIbI
CUMMETPHUIl COOTBETCTBYIOIIETO HEBO3MYIIEHHOI'O yYPaBHEHUs, TO €CTh £-49aCTh B HMHMUHU-
Te3UMAJbHBIX OllepaTopax He BO3HMKaeT. lIpuamHa 3TOTro 3aK/II09aeTCs B TOM, UTO BO3MY-
HIeHHAsT 9acTh ypasHenus (2.1) gBJgercs MCKIOUUTENbHO ApobHOo-nmuddepennuaibaoii. B
OIIPeIEJIAIONIeM ypaBHeHnn a1 depeHIiuabHble TIepeMeHHbIE TIEJI0r0 U JIPOOHOTO MOPSIIIKOB
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SIBJISIIOTCST HE3aBUCUMBIMU, YTO U OIPEJIEJISIET MOy IeHHY IO CTPYKTYPY orneparopos. OueBu/I-
HO, 9TO 3TO Oy/IeT CIIpaBe/JINBO st JIIOOBIX YPABHEHUI C MAJIBIM [IAPAMETPOM, SBJISIONIIXCS
b depeHInaIbHBIMU yPABHEHUSIMHE 1€JI0I0 MTOPSIJIKA B HYJIEBOM ITPUOJINKEHUN U COJIepKa-
UMY B BO3MYIIEHHOM YaCTH TOJIBKO JIPOOHO-1uddpepeHInaibHbie caaraeMble.

Hanuuune apobuo-muddepeHnuaibsHoro Bo3Mylnenus B ypasHenuu (2.1) npuBogur K
YMEHBIIEHUIO KOJUIECTBA CUMMETPHUN B HYJEBOM IOpsIKe o €. B 1memomMm, 910 Xapakrep-
HO I JTI00BIX duddepeHnnaabHbIX yPaBHEHNH ¢ MAJIbIM MapaMeTpoM. B mpubmKeHHOM
IPYIIIOBOM aHAJIA3€ [I0JIHOE HACJIeJOBaHUE I'PYIIIIbI HEBO3MYIIIEHHOIO YPaBHEHUs YDaBHEHU-
eM C MaJIbIM I[IapaMeTpPOM SIBJISIETCS CKOpee HCKJ/IFOUeHMeM, YeM IIPaBUJIOM. 1eM He MeHee,
pa3MepHOCTH anareOpsl JIu mpub/IMKEeHHBIX CHUMMETPHIT BCera OKa3bIBAETCsI DOJIBIIE Pa3Mep-
HOCTH aJiredpbl JIu cuMMeTprit COOTBETCTBYIONIETO HEBO3MYIIEHHOTO YPABHEHNUsI, UTO JAET
BO3MOXKHOCTD ITOCTPOEHUsT DOJIBINETr0 YUC/Ia HENOAOOHBIX MPUOIMKEHHO-NHBAPUAHTHDBIX Pe-
IIEeHU.

Ypasuenue (2.1) BO Beex cirydasix JOIIyCKaeT Npeobpa3oBaHus ePeHoCca 110 ¢t U &, Olpe-
nensieMbie oreparopamu X1 u Xo, coorBercTBeHHO. CJieI0BATE/IFHO, 9TO yPABHEHNE BCEra
Oyzaer 0b/1aaTh perreHneM TUIa OeryIeil BOJHBI BUIA

u(t, z) = p(kx — wt), (4.1)

ABJISTIONIEr0Csd MHBAPUAHTHBIM PEIIeHIEM, COOTBETCTBYIOIIUM I'PYIIIIE Ipeobpa3oBaHuii ¢ ome-
paropom X = kX +wXs. [ogcranoska (4.1) B (2.1) upuBoauT K peayupoBaHHOMY OOBIK-
HOBEHHOMY JPOOHO-IuddepeHnnaIbHOMy YPABHEHIIO

k()" + K (0)(¢)* + ag’ + e(—w)*[f () Dg¢” + [ (0)¢'Dg¢’ + ag(p) D¢’ =0, (4.2)

re ¢ = ¢(£), £ = kx — wt, a = wk™ 2. B npocreiimem cirydae, npubimkennoe permenne (4.2)
MOKHO ucKaTh B Bujie p(§) = po(€) +ep1(€), 9T0 cBOAMT 3a1a4y K IIOUCKY OOLIErO PEIleHusT
CHCTEMBI IByX OOBIKHOBEHHBIX M depeHnnaabHbIX YPaBHEHUT BTOPOTO TOPsIIKa. Bo3moxk-
HOCTB TIOCTPOEHUs PEIleHUsI STON CUCTEMbI B sIBHOM BHUJIE OIPEJIENSIETCs] UCKIIOIUTETBHO
BuzioM Gyukimit k(u), f(u) u g(u).

U3 reopemsbr 3.1 cienyer, uro ypasuenue (2.1) He HacjemyeT onepaTop TPYIIIBI PACTs-
JKEeHUI

0 0

x=22 1.2
TR TS

KOTODBII JIOIYCKAETCsI HEBO3MYIIEHHBIM ypaBHeHueM npu 6ot dyaxmun k(u). JaHHbIH
OIepaTop BXOIUT B JIOIYCKAEMYIO I'PYIILY BO3MYIIEHHOI'O yPABHEHHS TOJBKO B IIEPBOM IIO-
pAIKe 10 €. DTO O3HAYAET, 4TO B 0011eM ciydae ypasHenue (2.1) He obsiajiaer aBTOMOIEb-
HBIM DEIIeHUEeM.

Tem He MeHee, ypasHeHue (2.1) Oymer 06a1aTh AaBTOMOIEIBHBIM DEIlIeHueM TIPH CTeIeH-
HOIT 3aBUCHMOCTH ero Ko3(hMUIMEHTOB OT % — IyHKTHI 2) 1 5) Teopembl 3.1. B arux ciayuasx
aBTOMO/IEJILHOE DEIeHUe SIBJISIeTCS WHBAPUAHTHBIM PEIeHIeM, COOTBETCTBYIOIIIM OJ[HOIIA~
paMeTpuyecKoii rpyiie npeobpazoBaHuii pacrszkenus ¢ omneparopom Xg. [lpu v+ ao # 0
9TO perreHue OYJIeT MMETb BUJ

U = mviﬁcp (tm_%) ,
rue dyukuus () ABiseTcs pelleHreM PeLy[UPOBAHHOIO yPaBHEHMs
(v + a0)’[¢’ +egop DE¢'] = 207 [(2a — a0 = 7)ip — 296¢"] +dop™ 1P £
+ 9e o1 [(aa + 20 — 7)pDgY — 2y(y + )¢ Dg — 27EpDeDEY] . (4.3)
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2
31ech [y COKpaIeHust BBeIeHbl obo3Hadenus & = tx~ Tres 7 P(&) = ap(§) — &' (€).
Ilpu v = —o uHBapuaHTHOE pelleHue yIpoaeTcs U IPUHIMAET BHI

u=1t"7p(z),

a COOTBETCTBYIOIEe PeIyTAPOBAHHOE YPABHEHNE CTAHOBUTCS OOBIKHOBEHHBIM Judpbepen -
AJIbHBIM yPABHEHUEM BTOPOTO TOPSIIKA
r <1 —a— i) [0(e7¢") + @] + el (i) (909" %7 F (174 = 0. (4.4)
BamernM, 9TO B Ccayvasx 3) U 4) TEOPEMBI TaK¥Ke MMEIOTCS aBTOMOJIE/ILHBIE DEIleHus],
COOTBETCTBYIOIHAE ONepaTopaM X¢ B KaXkKJIOM U3 CIy9IaeB. [I0CKOIbKY 3TH OIEPATOPHI SIBJIs-
FOTCSI TACTHBIMU CJIyIasMU YK€ PACCMOTPEHHOTO OIMEPATOPa IPYIIIBI MPe0bpasoBaHmil pac-
TSIXKEHUS, TO COOTBETCTBYIOIINE AH3aI[bl HHBAPUAHTHBIX PEIICHUN U PEyIUPOBAHHBIC YPaB-
HEHUS TAKXKe SABJISIOTCH YACTHBIMU CIy4asMU YK€ PACCMOTPEHHBIX Bbile. B 3aBepiuenue
OTMETHM, 9TO HAXOXKIEHWUE PEIIeHUI! MOy YeHHBIX PelyIuPOBaHHbIX ypasaenuit (4.1), (4.3),

(4.4) aBisiercs HETPUBUAJIBLHOI 3a/adeil, peleHre KOTOPOil MOXKET PacCMaTPUBATHCA B Ka-
9eCcTBE OJTHOTO W3 BO3MOXKHBIX HAIPABJICHUIT Ja/IbHelelr paboThl.

5. 3akJjrodyeHue

B pabore perriena 3a/1ata rpynnoBoil KiaacCuUKAIUI HeJNHEHTHOIO OJITHOMEPHOTO YPaB-
HEHUsI TEIJIOIPOBOJHOCTH € MAJIBIMU JIPOOHO- T dDEPEHITNATBHBIMI CJIATAEMBIMY, YINTHIBA-
omuMu 3O dEKTH TEII0BON PETAKCAIINYA U TEPMUIECKOTO IeMII(UPOBAHUS B IIPUOJINKEHIT
[TOJTHOW CTENeHHON MaMATH cpefibl. JIoKa3zaHo, 9To pacCMATPHBAEMOE yPABHEHHE C MAJIBIM
[apaMeTPOM TOYHO HACJELyeT CHMMETPUU COOTBETCTBYIONIErO HEBO3MYIIIEHHOTO yPABHEHMSI.
DT1oT aKT SIBJISETCsT OOIUM JjIsl TeX JIPOOHO-IUM@EPEHITUABHBIX YPABHEHUIT, KOTOPhIE
cojiepaKaT ApOOHBIE MTPOM3BOJHBIE TOJBKO IpU MaJjoM napamerpe. [lokazano, aro addekr
TIOJTHOM MTAMSITH CPEIbl COXPAHSIET B PACCMATPUBAEMOM yPABHEHUH TEIJIONPOBOIHOCTH TPYII-
Iy Tpeobpa30BaHUil MepeHoca Mo BPEMEHH, UTO JAET BOZMOKHOCTb CTPOUTH TPHUOIHKEHHO-
VHBapUaHTHBIE DeIlleHnst TUla Oeryieil BoiaHbl. TakyKe B cydae CTENEeHHON 3aBUCHMOCTH
TerIopU3nIecKuX MapaMeTpoB OT TEMIIEPATYPBI paccMaTpuBaeMoe ypaBHeHue Oyer obJia-
JIaTh aBTOMOJIE/IbHBIMU PEIIEHUSIMHE.
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O HO,Z[O6I/II/I Ha/J KOJIbIIOM IIEJIbIX YHncCeJl BEepXHHUX
TPEYIroJIbHbIX HUJIBIIOTEHTHBIX MaATPHUI]L 4-ro u 5-ro

MMOPSIAKOB 00OOIIEHHOI YKOP/JaHOBOI KJIETKE
C.B. Cunopos, I'. B. YTrkuu

OI'AOY BO <«Hayuonarvhoili uccaedosamenveruli Huotcezopodexkutl 2ocydapemeen-
nouli yrusepcumem um. H. H. Jlobauwesckozos (2. Huorcnuii Hoszopod, Poccutickas
Dedepavus)

AnHoTanusa. B pabore craBuTCS BOIPOC O TOM, IPU KAKUX YCJIOBHUSX BEPXHsISI TPEYTOJIb-
Hasl HUJIBIIOTEHTHAS MATPUIA MOJ00HA HaJ] KOJIBI[OM IIEeJTbIX Yrcesl 0G00IEHHOM KOPIAHOBON
KJIETKE, T. €. MATPHUIE, B KOTOPO! HEHYJIEBBIMU SBJISTIOTCS 9JIEMEHTHI TOJTBKO TIEPBOI HA A~
roHasu. [losy4yeHnbr HEOOXOMUMBIE M JIOCTATOYHBIE YCJIOBUS 1OI00MsT OOOOIIEHHOM »KOP/1aHO-
BOU KJIETKE JIJIsI CJIEIYIOINX KJIACCOB MATPUIL: JIJIS MATPUIL YeTBEPTOrO MOPSIKa PAHra 3 ¢
HEHYJIEBBIMH 3JIEMEHTaMU TEPBOIl HAIMATOHAJN; JJis MATPHI[ ISITOTO MOPsSaka panra 4 u
HEKOTOPBIMHU JIONIOJIHUTEJIbHBIMA OTPAHUYEHUSIMU Ha, SJIEMEHTBI [I€PBOIl HA/IIMArOHAIN. DTH
yCa0BUsi CPOPMYTUPOBAHBI B IIPOCTHIX TEPMUHAX JIEJIMMOCTH U HAUOOJIBIITNX OOIIUX JETUTe-
Jieit MaTPUIHBIX 371eMeHTOB. JloKa3aHo, 9TO eciii B MATPUIIE TTEPBBIA U MOCIEIHUA SJIEMEH-
ThI [I€PBOIl HAJMATOHAJIA B3aMMHO IPOCTHI, & IPOU3BEJEHNE OCTAJbHBIX 3JIEMEHTOB JTOM
HaIIMaroHajn paBHO 1, To 3ra MaTpui@a 1Hog06Ha 000OIIEHHOM YKOPAAHOBON KieTke. Jlyst
MOJTyI€HUsT KPUTEPHUsI MTOA00MS MCIOIB3YETCsT CIEAYIONNN (DAKT: €CJN ABE HUJIBIIOTEHTHBIE
BEpXHME TPEYroJbHbIe MATPUILI MOPSAKa 1 U paHra n — 1 momoOHBI HaJ KOJIBIIOM IIJIBIX
qucesl, TO Cpeau TPaHCPOPMUPYIONINX MATPUIL CYIIECTBYEeT TPEyrojbHas MaTpHIa. JTOT
daKT CBOAUT 3a71a9y PACIO3HABAHUS TTOJ00WS K PEIEHUIO B IEJIBIX YUCIAX CUCTEMBbI JINHEH-
HBbIX ypaBHeHu. OCHOBHBIM MHCTPYMEHTOM [IJIsl [IOJIYYEHUs PE3YJILTATOB B CTAThe sIBJISE€TCS
KPUTEPHUIl COBMECTHOCTHU B IEJIBIX YKMC/IAX CUCTEMBI JJUHENHBIX YPaBHEHUIA.

KuroueBsbie ciioBa: 11o100ume MaTpuil, 0606MEHHAST YKOPIAHOBA KJIETKA, KOJIBIIO IEJIbIX Yh-
CeJi, HUJIBIIOTEHTHAS MaTPUIA, BEPXHsisi TPEYTOJbHAS MAaTPHUIIA

Hnsa murupoBanusi: Cugopos C.B., ¥Yrkuu I'. B. O nmomobun Ha KOJIBIOM IIEJIBIX YHCEJT
BEPXHUX TPEYTOJbHBIX HUJIBIOTEHTHBIX MATPHUIL 4-10 U 5-T0 MOPAAKOB OOOOIIEHHOM 2KOPIa-
HoBoit kieTke // 2Kypran CpeHeBOIKCKOro MaTeMarndeckoro obmecrsa. 2025. T. 27, Ne 1.
C. 69-80. DOI: 10.15507/2079-6900.27.202501.69-80
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1. BsBeaenue

U3 suuelinoit aarebpbl XOpoIio u3BecTHo (cM., Hanpumep, [1]), aro aobast HuIbIOTEHT-
Has Marpuna A nmopsika n panra n — 1 mogobHa HaJI TOJIeM PanuoHaJbHBIX gucen Q sxop-
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JAHOBOM KJeTKe J,

010 0
0 1 0
Jo=1 1 1+ 1 - (1.1)
000 ... 1
000 ... 0

1o ozuavaer, uro AX = X J,, ayis vekoropoii marpunst X € GL(n, Q).

[Tousitue momobust marpuil Haj Q ecrecTBEHHBIM 00PA30M IIEPEHOCUTCS HA KOJIBIO Ile-
abix aucen Z. Yepes GL(n,Z), kak 06bIYHO, 0603HAYAETCSI MHOXKECTBO OOPATUMBIX HaJl 7
IeJIOUNCEHHBIX MaTpHIl mopsiika n. Jdpyruvu ciaosamu, GL(n,Z) — 5T0 MHOKECTBO BCEX
YHUMOJLYJISIPHBIX MaTPWIL TOPSIKA 7, T. €. TeJIOYUCTEHHBIX MATPUI], OIPEIEIUTEb KOTOPBIX
paBeH 1 mam —1.

Onpeageaeunune 1.1. Bydem 2060pumnb, wmo mampuuya A € Z™*™ nodobra mampuye
B € Z™*" nad xoavyom yeavx wucea L, ecau cyuecmeyem maxas mampuya X € GL(n,Z),
ymo AX = X B. IIpu amom mampuya X Ha3668GEMCA MPAHCHOPMUPYIOWET MAMPUUET.

OrmernM, 9TO 3a/1a49a KJIacCuPUKAIUHI [I€I0IUCIEHHBIX MaTPUIL OTHOCUTEILHO 1101001l
HaJl Z HAXOIUT NPUIJIOYKEHWE B TOMOJIOrUU (CM., HampuMmep, (2, 3, 4]).
Ecmu maTpuria A nogobua uaj Z marpune B, To 6ymem obo3Hayarh 310 yepe3 A ~ B.
Hap kobIioM neasix quces Z yrnoMsHYTHIA BbIlie (hakT Mogo0us KOPJAHOBON KJIETKE
Jy, 1epecTaér ObITh BEpHBIM y2Ke it n = 2 (cM., Hanpumep, [5, 6, 7, 8]). K upumepy, mobas
0 a
MarTpuna A = ( 0 o ) tAea € Z, a # 0, nonobua wax Q marpune Jo. Ho Hasr Z Takast
Mmarpuna A 1nomobHa JKOPJAHOBON KJeTKe Jy TOrJa M TOJIBKO Torja, korga ¢ € {1, —1}.
0606wérnot 21copdanosoti Kaemkoli Ha30BEM MEJIOUNCICHHYI0 MATPHUILy BUIA

0 aq 0 e 0
0 0 as ... 0
superdiag(ay, ag,...,ap_1) = oo : , (1.2)

0 0 0 ... ap-
0o 0 0 ... 0

e a; #0, (i =1,2,...,n —1). 910 HazBaHue 00YCJIOBJIEHO TEM, YTO OObIYHAS YKOPAAHOBA

kjerka J, = superdiag(l,...,1).

N——
n—1

Bozuukaer ecrecTBeHHBIN BOIpoc: J00ast JIU MEJIOYUCIEHHAS HUJIBIIOTEHTHAS MATPHUIA
nopsizika n panra n — 1 nomobua uag Z 0606mEnHoil kopaanoBoii kierke (1.2)7 Orser

HA HEro oTpuiaresbHbli g n > 3. Heiicrurensuo, nycrs HO(ay, as,...,an—1) > 1.
Pacemorpum marpuny A, nosmydennyto u3 marpunpl Bujga (1.2) 3ameHoit xorst 661 omHOrO 0
Bhile quaronanu Ha 1. Torga serko Buzers, uro A He 1m07100Ha superdiag(ay, ag, ..., Gp—1)
HaJ1 Z.

Nsgecrro (cM. [7, 9, 10]), uro ecau Bce cobeTBeHHbIe uncaa Marpunbsl A € Z"*™ jpexar
B Z, To A nomobHa Haj 7 BepxHell TpeyroabHON MaTpuie ¢ COOCTBEHHBIMHU YHCJIAMU Ha
guaronasu. [IoCKOIBKY y HHJIBIIOTEHTHBIX MAaTPHI] BCE COOCTBEHHDBIE UHCJIA HYJIEBbIE, TO,
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6e3 orpanmyeHust OOITHOCTH, OYIEeM PACCMATPUBATH BEPXHUE TPEYTOIbHbIE HUJIHIIOTEHTHBIE

MAaTPHUITHL:
0 a2 a13 ais ... GQip-1 ain
0 0 @23 AaA24 ... a2,n—1 a.n
0 0 0 as4 ... a3.n—1 as.n
A= : : : , (1.3)
0 0 0 0 oo Op—2n—1 Aan—2n
0 0 0 0o ... 0 n—1,n
0 0 0 0o ... 0 0
rie ;41 # 0, (i = 1,2,...,n — 1). Xoresoch 6Bl mOIYyIUTh KpuTepuii 1m0100us Takux

MaTpUIl 0OODIIEHHOI YKOPJIAHOBOM KJIETKE.

Takas monbITKa Obl1a caenana B [11] musa marpur Buga (1.3) ¢ J[ByMsl HEHYJIEBBIME CY-
[epINaroHaSIMH, T.e. IIPU JONOJIHUTENbHLIX OrpaHmdueHusx a;; = 0, j > ¢+ 3. B [11]
OBLT TTOJTyIeH Psi/T HEOOXOANMBIX YCJIOBUI MOm00uUsT HAM Z s TaKUX MATPHUIl 0O0OIIEHHOMN
JKOPJIAHOBOH KJIETKe. DTH YCJIOBHs C(OOPMYJIUPOBAHBI B IPOCTHIX TEPMUHAX JIEUMOCTU H
HanOOJIBIITNX OOIUX JIEJUTEIEN 3JIEMEHTOB MATPHIIL.

Kpowme toro, npu n = 3 un = 4 B [11] 6bw1u nosryyens Kpurepun 110106ust. B uacTHOCTH,
B [11] mokazano, 4T0 MATPHUIIBL

0 aq bl 0 al 0
0 0 a2 y 0 0 az )
0 0 O 0O 0 O

rje ai, as # 0, moJ00HBI HAJ| 7 TOTJA W TOJIBKO TOTJa, KOTaa by fHO,Z[(al, az).

3amMeTHM, 4TO U3 JIOKA3ATEIbCTB TEOPEM O KAHOHUYECKUX MATPHIAX KJIACCOB MOJI00HS
st n = 3 B paborax [5, 6] MOXKHO BBIBECTH TOT K€ Pe3yJIbTAT.

Takzke B [11] 661 nOMy9en caemyomuii Kpurepuii mogobust mis n = 4.

Teopema 1.1 (cm. [11]). Hyemo

0 aa b O 0 az 0 O

_ 0 0 as b2 _ 0 0 as 0
4= 0 0 0 asz |’ B= 0 0 0 as |’

0 0 0 O 0 0 0 O

2de ay,az,a3 # 0, d = HO/(a1, az,a3). Tozda

1. by deaumcea na d, by deaumcs wa d.
A~B < 2 bby deaumea na (d- HO/(a1,a3)).

3. (a1be + bras) deaumces na das.

B nmannOil cTaThe MBI 00600IIAEM 3Ty TEOpEMY Ha MIPOU3BOJIbHBIE BEPXHUE TPEYTOJIbHBIE
HWJIBIIOTEHTHBIE MATPUILI 4-T0 MOPsIKA paHra 3, a TakxKe obobmaeMm pesyiabrar u3 [12| B
cilydae m = 5 IPHU HEKOTOPBIX JIOMOJHUTEIHHBIX OIPAHMIEHUSX.

Emé oxuoit n3 npuvmnH, 110 KOTOPOii IPeJICTaBIIseT NHTEPEC 10Ty YeHIe KPUTEPHUs 11010015
Hax Z marpur suza (1.3) u (1.2), aBisercs cienyomee 06cToATeNbCTBO. Ecnu a1 0 = a3 =
... =ap—1,, = 1, T0o MaTpuma Buga (1.3) nozobua Han Z KOPpIAHOBOI KI€TKe J,, IPH JTIOObIX
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a;,; € Z, j > i+ 2 (cM. Kpurepuit momobus xopnanosoil kiaerke B [13]). OkasbiBaercs, 1aTo
€CTb ¥ JAPYTHe 3HAYEHUS 41,2, 42,3, - - - , Un—1,n, TAKHE, ITO MaTpUIa Bua (1.3) mogobua naj Z
0600IIEHHO JKOpIaHOBOI KieTKe superdiag(ai 2, as 3, ..., an_1,n) IPU JIOOBIX a; ; € Z, j >
i+ 2 (cm. Cuencrue 2.3 u Coiesicriue 3.2 Huxke).

OrmernM gBa BaxKHBIX MoMeHTa. Ilycts A = (a; ;) u B = (b; j) — IBe HIUIBIIOTEHTHLIE
BEpPXHIE TPEYTOJIbHBIE MATPHUIEI IIOPAIKA, 1, IPHYEM BCE 3JIEMEHTBI HX IMEPBBIX CyIepIuaro-
nasteit orimaast o1 0 (T.e. ;41 # 0,041 #0,i=1,2,...,n—1). Ecim A ~ B, T0

l.oajit1 = b1 (@ = 1,2,...,n — 1) (Jlemma 2.1 m3 [11]). Orcioma mer-
Ko BobiBecTH, 4T0 ecaum A ~ superdiag(fais,*as3,...,fan_1,), TO A ~
superdiag(ai 2,a2,3,-..,0n—1) (JTemma 3.1 u3 [11]).

2. (em. [11, 14]) ecnu a; i41 = biiy1, (6 =1,2,...,n — 1), TO CyIIeCTBYeT yHUTPEYTOIb-
Has TpaHcdopMupyionias marpuna X (r.e. AX = XB u X — BepxHss TpeyrojibHasi
MATPUIA C €JUHUIHON JMATOHAJIBIO):

1 xgl) xgz) e x§n72) xﬁ"*”
1 n—3 n—2
0 1 mé ) x; ) mé )
n—4 (n—3
x=]0 0 1 2 (1.4)
oo o .. 1 2
0 0 0o ... 0 1
(3mecn xz(.j ) it s;mement Jj-#i cynepauaronany (HaJMaroHajm), T.e. B CTaHIAPTHBIX
obosHatenusix V) = z;44;).

CiiesioBaTesIbHO, JUIS NOJTyYeHUs] KpuTepust mogobust Hay Z marpur Bujga (1.3) u (1.2)
MBI MOYKEM CPa3y PacCMaTpPHBATh MATPHIILI C OIUHAKOBLIMU HEPBLIMHU CYHEepAUArOHAISIMU:

0 a ai3 ... Qain-1 a1.n 0 al 0 NN 0 0

0 0 as cee Q2n—1 ag.n 0 0 as ... 0 0

: , : , (1.5)
0 0 0 e Ap—2 Un—2n 0 0 0 Ap—2 0

0 0 0o ... 0 Gn—1 0 0 O 0 Gn—1

0 0 0o ... 0 0 0 0 O 0 0

rmea; #0, (i=1,...,n—1).

Tax kak yuurpeyrosibhuas marpuiia X suga (1.4) asromaruuecku jexur B GL(n,Z), To
st Mmarpui; A u B Buga (1.5) ycioBue A ~ B paBHOCHIIBHO COBMECTHOCTH B IIEJIBIX UCJIAX
cucteMmbl JuHEeHHBIX ypaBHenuit AX = X B. Jlerko BujeTnb, 910 eciim X — yHUTPEYTOJbHAS

Mmarpuna, To cucrema AX = XB cogepxur (n —2)+ (n—3)+...+2+1= %
ypaBrHenuii u (n— 1)+ (n—2)+...+2 = W HEeU3BECTHBIX (xgn_l) BXO/IUT C HYJIEBBIM

koabdunmentom). B gacTtHOCTH, 1UIst n = 4 MMeeM 3 ypaBHeHWsI W 5 HEM3BECTHBIX, & st
n =15 — 6 ypaBHeHUl 1 9 HEM3BECTHBIX.

OCHOBHBIM WHCTPYMEHTOM J[jisl IIOJIYY€HUsI PE3YJIbTATOB HACTOSINEH CTATHU SIBJISETCS
CHeYIOMUNA KPATEPA COBMECTHOCTH B IIEJIBIX YHACJIaX CACTEMBl JMHEHHBIX YPaBHEHUIL.
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Teopewma 1.2. (kpumepuii COBMECTIHOCTIU 8 UEADIT YUCAAT CUCTNEMDbL AUHETHDIT
ypasuenud, cm. [15, c. 51]). ITyemv P € Z™*™ — mampuya panza m u b € Z™. Toeda
cucmema Px = b umeem uesouucaennvie peuwerus moz0a u moavko moezda, x020a 6ce Mu-
Hopve nopadka m pacwupentol mampuyos (P,b) deasmes ma naubosvwud, obugud desumens
A, (P) scex munopos nopsdka m mampuiyss P.

2. Cuaywyaii maTpurs 4-ro Topsika

B srom paszaesie Mbl IIOJIYYINM KpI/ITepI/Iﬂ IIO}IO6I/I$I HaJl, KOJIBIIOM IIeJIbIX YuceJl HUJIbIIO-
TEHTHbIX MaTPpHIL CJICAYIOIIEro Bujia:

0 ay b1 C1 0 aq 0 0
. 0 0 as bg o 0 0 a9 o .
A= 00 0 a "2l 0 0 0 a = superdiag(ay, az, as), (2.1)
0 0 0 O 0 0 0 O

e a; #0, (1 =1,2,3).
Kak yxke 6b110 oTMedeHo Bbiiie, ecian mMarpuiibl A u B Buga (2.1) mogobus: wan Z, o
CYIIECTBYeT YHUTPEYTOJbHAS TPAHCHOPMUPYIOIIAsT MATPUIA

1 21 y1 oz
01 =z oy

X=|g o T (2.2)
0 O 1

B csienyromieit TeopeMe ycraHaBiIMBaeTCs KpuTepuil 1m0106us Haz Z marpun Bujga (2.1)
upu yesosun, uro HO (a1, as, ag) = 1.

Teopewma 21. Pacemompum mampuyss euda (2.1). ITycmo ay,az,a3 # 0 u
HO/l(a1,az2,a3) = 1. Toeda A ~ B moezda u moavko mozda, k0204 GoINONHAIOMCS CACOYIO-
WUE YCNOBUSA:

1. (a1by + asby) deaumcea wa as.
2. (b1by — agcy) deaumes na HO(aq, as).

HoxaszaTeuanbcTs o. [lockonbky Tpanchopmupyiomas Marpuiia X uMeeT BHUT
(2.2), To ycioeue AX = X B paBHOCHIIbHO CUCTEME JIMHEHHBIX ypPaBHEHUIL:

b1 + a1z2 = aszq,
by + asw3 = asxs,
c1 + bixs + a1y2 = azyi.

Bermumiem MaTpuity 3TOi CHCTEMBI:

1 X2 T3 Y1 Y2 ‘

as —ay 0 0 0 b1
0 as —as9 0 0 b2
0 0 —b1 az —ay C1
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Brorisicnum, npu Kakmx yc/IOBHSIX 9Ta CHCTEMA MMEET IeJI0UUCIeHHOoe perrenne. Panr oc-
HOBHOU MAaTpPHUIBI 9TOM CHCTEMBI PaBeH 3, IOCKOJIBKY OJUH U3 €€ MHHODPOB 3-TO IOPSIIKa
paBen ajagasg # 0. CiaenoBaresbro, corsacHo Teopeme 1.2 jaHHast cucTeMa COBMECTHA HAJL
Z Torja M TOJIBKO TOTJIa, KOTJIa BCE MHHOPBI 3-TO TOPsJIKa €€ PACITUPEHHON MaTpPUIILI Jie-
asres Ha Az — HOJI MuHOpPOB OCHOBHO# MaTpuiibl cucreMbl. VimMeem

Az = HO(—aza3by, azazas, —aiazas, —azazas, ayazaz, 410203, —G10102) =

= ay - HO(asb1, agas, a1as, azas, a1az2, a1a1) =
= ay - HO (a3 - HOH(by1, a1, az,as3),a1az2,a1a1) =
= ay - HO(as, a1 - HO[(a1, a2)) = as - HO(a1, as).

HeitcrBuresbho, Tak Kak 110 yciaouio Teopembl HO (a1, aq,a3) = 1, 10, Bo-IEPBbBIX,
HO/I(b1,a1,a2,a3) = 1, a, Bo-Bropeix, uucia az u HO (a1, as) B3auMHO 1pocrble, cieio-
saresasno, HOl(as, a; - HOl(a1, a2)) = HOd (a1, a3).

Bermuirem MEHOPBI 3-T0 TOPsiJIKa PACIIUPEHHON MAaTPHUIIBI, OTJIMIHBIE OT MUHOPOB OCHOB-
HOI MaTpUIIbL:

M1 = a2a3Cq, M2 = ag(blbg — a201), M3 = —a2a3b27 M4 = alagbg,

Ms = —by(azby + a1ba) + arazcy, Mg = az(azby + aibz),
M7 = —ay(agby + aibe), Mg = —azazby, My = ajasb;.
BamernM, uro Munopst My, Ms, My, Mg, My 3aBeomo jnensitest Ha As = ag-HOI (a1, ag).

Musrop My aenmrest Ha Ag Torja U TOJIBLKO Torga, Korja (bibs — agcy) :HOM(aq, a3). O6o-
3HadnB s = agb; + aiby, umeem M5 = —bys + ajascy, Mg = azs, M7 = —ays. Illockonbky

aras : Az, to Ms, Mg, M7 kxparasl A3 Toraa u TOJALKO TOrZa, Korga bis,ass,a;s: Az, 910 B
CBOIO OY€pe/ib PABHOCUIILHO YCJIOBUIO:

HO(ays,as3s,b1s) = s - HOH(ay,as,b1): (a2 - HOA(a1, as)).

DTO 03HAYAET, YTO
Hoﬂ(al ; 0/3)

HO (a1, as,b1) (23

S JIeIUTCS Ha a2 -

HO/(a1,a3)

IMockonsky HO/I(aq, as, az) = 1, TO COMHOKHUTENHN Ao 1 O (ar.a3,60)

B3aUMMHO IIDOCTDBIE.

CuretoBaresbHO, CBOUCTBO (2.3) paBHOCHIBHO TOMY, 410 s = (agby + a1bs) “as.
JJoka3aTeadbCTBO 3aBepIlIeHo.

Ormernm, uro pokazannas Teopema 2.1 (1151 IPOU3BOILHOIO ¢ € Z) aBJsierca 06001e-
HueMm Teopemsr 4.2 u3 [11] (B Heit ¢; = 0).

CunepncrBue 2.1. Paccmompum mampuys suda (2.1). Iyemos aq,as,a3 # 0 u
d = HO/[(a1, az2,a3). Toeda A ~ B mozda u moavko mozda, xozda

1. by, bo, ¢ deasmes ma d.

2. (b1by — ascy) deaumes na d - HOJ[(aq, as).

Cugopos C. B., Yrkunu I. B.. O nogobun HaJ[ KOJbIIOM LEJIBIX YUCEJ BEPXHUX TPEYTOJbHBIX . . .
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3. (a1by + agby) deaumcs na das.

Hdokaszareuasncrtso. lycrs d = HO(ay,as, a3). Yeiosue A ~ B paBHOCUTIBHO

TOMY, 9TO €1, by, by :du S A ~ éB. IlockombKy MaTpPUITHI éA u éB VAOBJIETBOPAIOT YCJIOBUAM
Teopewmsr 2.1, To éA ~ 4 B Torma m TOIBKO TOTa, KOrma

a1 by azbi -az biby azcr) - a, as
(dd+dd> ik <dd_dd> +HOZ (d’d)'

D10 paBHOCWILHO TOMY, 9TO (a1bs + azby) “das u (b1be — ascy) (d-HO(ay,as3)). C yuérom

ycJIOBHi ¢1, b1, be 1 d osygaem Tpebyemoe.
JokaszaTeabCcTBO 3aBepIIeHo.

CunepncrBue 2.2. Paccmompum mampuuse suda (2.1). yems aq,as,a3 # 0 u

HO/l(a1,a3) = 1. Toeda A ~ B mozda u moavko mozda, xozda (a1bs + asby) “as.

CnepgcrBue 2.3. Paccmompum mampuuyve suda (2.1). Ecau HOH(ay,a3) =1
wag € {1,—1}, mo A ~ B das amobwoix by, ba,c1 € Z.

3. Cuayuaii maTpuii 5-ro nopsika

3/ech pacCMaTPUBAEM MATPUIIBI CJIEIYIONIETO BUIA

0 ar b1 ¢ di 0 agz 0 O O
0 0 ag bg Co 0 0 ag 0 0
A= 0 0 0 a3 b3 [, B=l0 0 0 a3 0 |, (3.1)
0 0 0 0 ag 0 0 0 0 aa
0O 0 0 0 O 0o 0 0o 0 O

rae a; 0, (i =1,2,3,4).
Kak yke 6b1710 0OTMeUeHO Bbllle, ecsim Matpuitel A u B Buga (3.1) momobubl Hax Z, TO
CyIIECTBYeT YHUTPEYTOJibHAsST TPAHCHOPMUPYIOIIAsT MATPUILA

1 T yl Z1 w1
0 1 To Y2 zZ92
X=|0 0 1 a5 ys |. (3.2)
0 0 0 1 a4
0O 0 0 o0 1

B ciuegyromeit Teopeme ycraHaBIMBaeTCs Kpurepuil nonobust Ha Z marpun suga (3.1)
IIPU HEKOTOPBIX JONOJHUTEbHBIX OI'PDAHUYEHUSIX.

Teopewma 3.1. Pacemompum mampuyv, euda (3.1). Hyemo HOH(a1,a4) = 1
u HO/(a1a9, asas, azay) = 1. Tozda A ~ B mozda u moavko mozda, k020a GuNOAHAIOMCS
CAEQYIOULUE YCAOBUS:

1. (a1bs + asby) deaumcs na as.

2. (agbs + agbs) deaumcs na az.
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3. (aragbs + arasbs + azagby) deaumes na asas.

Hoxkaszareubctso. [lockonbky TpancdopMupyioiias Marpuia uMeer Bug (3.2),
T0 ycaopue AX = X B paBHOCWJIBHO CHCTEME JIMHEHHBIX ypaBHEeHUi. BoimuimeM MaTpuiry

cucrembl AX = XB:

1 T2 T3 T4 Y1 Y2 Y3 <1 22

ag —a; O 0 0 0 0 0 0 | b
0 as —a9 0 0 0 0 0 0 bg
0 0 Qa4 —as 0 0 0 0 0 b3
0 0 *bl 0 a3 —aj 0 0 0 C1
0 0 0 —bz 0 a4 —as9 0 0 C2
0 0 0 —C1 0 0 —b1 as —ap d1

¥ BBISICHUM, IIPU KAKUX YCJOBHSX 3Ta CHUCTEMA HMMeeT IeJIOUMC/IeHHOe pernenune. Cucrema
AX = X B cocrout u3 Tpex MOJICUCTEM.
Tperbs moacucTeMa, COCTOAIIAS U3 OJHOTO YpaBHEHUS G421 — G122 = biys + c1x4 + d,
UMeeT IIeJI0UUCIIeHHbIE PEIleHusT 21, 22 IpH JI06oit npasoil yactu, Tak Kak HO (a1, as) = 1.
Bropas noacucrema
azyr — a1y2 = birz + 1
a4y — a2ys = bas + C2

COBMECTHA B IEJIbIX YHCJIAX OTHOCUTEIBHO Y1, Y2, Y3 IIPHU JIIOOBIX MPABBIX YaCTsIX 10 Teopeme
1.2, Tak Kak HAMOOJIBITIHIT OOIIHIL [I€JINTEIH MIUHOPOB BTOPOT'O MOPSI/IKA €€ OCHOBHOM MaTPHUIILI

a3z —ajp 0
0 a4 —as
paser HO/(ayas, asas,azay) = 1.
OcTasioch BBICHUTD, KOTJa IIepBasl HOJICUCTEMA,

a1 — A1X9 = b1
azry — asx3 = by (3.3)
a4w3 — a3y = b3

MeeT IeJIounc/ieHHble pernernst. Haubosbiuit obmuii e mmreib MUHOPOB TPETHEro MOPSIIKa
€€ OCHOBHOM MaTPHITHI

ag —ay 0 0
0 as —ag 0
0 0 Q4 —as

paBeH
Az = HOd(a1aza3, azazas, azasas, azazas) = azazHO(a1, az, a3, as).

[Mockosbky 10 yemosuio Teopembl HO(a1,a4) = 1, To HOI(ay, az,as,as) = 1, nosromy
Ag = a20as.

Cornacuo Teopeme 1.2 mozpcucrema (3.3) coBMecTHa Has Z TOTJA M TOJBKO TOTJA, KOTIA
BCE MHMHOPBI 3-T'0 TOPsJIKA €€ PACIIUPEHHON MATPHUILI JeATcsd Ha Az = agaz. Boimumem Te
U3 HUX, KOTOPbIE OTJINYHBI OT MUHOPOB OCHOBHOMN MaTPUIILI (MUHOPBI 3-I'0 MOPSIIKA OCHOBHO
MATPUIIBI ABTOMATUIECKH Jessarcs Ha Ag):

My = asagbs, My = —as(asbs + asbs), Mz = asasbs,

Cugopos C. B., Yrkuu I. B.. O nogobun HaJ| KOJbIIOM LEJIBIX YUCEJ BEPXHUX TPEYTOJIbHBIX . . .
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M4 = a1a2b3 —+ a1a4b2 —+ a3a4b1, M5 = 70,3((1162 —+ a3b1), Mg = a2a3b1.
Munopsr M7, M3, Mg 3aBemomo jnensrcs Ha A3 = asaz. Munop My nennrcst Ha
A3 = asas TOra U TOIBKO TOrIA, Kora (asbs+asbs) : as. Munop My nemures na As = agas
TOrJIA U TOJIBKO Tora, Koraa (aibs + aszby) * ay. Hakowner, munop M, nemurest Ha Ag = asas

TOIJIA M TOJIBKO TOTa, Koraa (ajasbs + ajasbs + agaqshy) @ asas.
HJokazaTealbCcTBO 3aBepIIeHO.

OxazbiBaercs, uro eciaun HOZ(bg, azaz) = 1, To Tperbe ycjoBue B UpeAbLIylleii TeopeMe
BBITEKAET U3 TIEPBBIX JIBYX.

CunencrBue 3.1. Paccmompum mampuyv euda (3.1). Hyemov HOM(a1,a4) = 1,
HO/[(ayaz2,a2a3,as3a4) = 1, HO/[(b2, asas) = 1. Toeda A ~ B mozda u moavko moada, xo2da
BBINOAHAIOMCA CACOYIOULUE YCAOCUA:

1. (a1bay + asby) deaumcea wa as.
2. (agbs + agbs) deaumca wa as.
HoxkazartemancTso. [Iycts

f=a1ba +asbi, g = azbz + asba, h = a1a2b3 + arasbs + azasb,.

Teopema 3.1 rooput 0 Tom, uro A ~ B Torja u ToJabK0 Toraa, Koraa f az, g as, 0 h Sasas.
Sameru™, uto fg = (a1bs + asby)(azbs + asbs) = bah + azasby bz, mosromy eciu f tas, g as,

10 bah :agzas. Crano 6birh, ecau HO(bs, azas) = 1, To h:asas.
JoxaszaTelbCcTBO 3aBepIlleHo.

CunemcrBue 3.2. Paccmompum mampuys, euda (3.1). Ecau HO/(ay,a4) = 1
u agaz =1, mo A ~ B daa aobwvix by, by, bz, c1,co,dy € 7.

®dunancupoBanue. Pabora BbIoJHEHA TpU (DUHAHCOBON IMOJJIEpKKEe HAyJIHO-
00pa30BaTEILHOTO MATEMATHIECKOTO IeHTpa «MaTreMaTnka TeXHOJIOTHI OYIyIIeros.
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Awnnoranusi. HaiiieHbl TOUHBIE OIIEHKY MOYJTEl HAYATBHBIX TEHIOPOBCKUX KOIPDUITIEH-
TOB Ha KJlacce B orpaHnYeHHBIX HE OOPAIIAIONIMXCs B HOJIb B €IMHUYHOM Kpyre dyHKIui f.
ITosyaeno npa THIla OLEHOK: P «GoJsbux» 3HadeHnsX |f(0)| u npu «Majblx» 3HAYEHUAX
|£(0)|. IlepBblil THII OLEHOK SBJISAETCS ACUMITOTHYECKAM B TOM CMBICJIE, YTO 4eM 6OoJIblie
|£(0)|, Tem fust GoBIIErO KOMMYIECTBA HAYAJIBHBIX KO3(bDMUIMEHTOB OH IPUMEHUM. Bropoit
THUII OLIEHOK SIBJISIETCS ACUMITOTHYECKAM B TOM CMbICJe, 4To 4eM Mesbiie |f(0)], Tem s
OOJIBITIETO KOJTMIECTBA HAYAIbHBIX KO3 dunmenToB o mpuMennM. O6a THIA OIEHOK MTOTy Ie-
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1. Bsegenune

1.1. Tunoresza Kmmxka

Teitnoposckue koadbduimentsr Gyukuun f Gyzaem obozuadars {f},, n € {0} UN. Kuac-
coM B OyJeM Ha3bIBATbL MHOXKECTBO rojoMopdubix B equnudnoMm kpyre A = {z : |z] < 1}
dyukuuit f, rakux, yro 0 < |f(2)| < 1, z € A.

B 1968 1. du Kk, pacrosiaras TOYHBIMEA OIEHKAME MIEPBBIX JIBYX KOI(MDPUITUEHTOB HA
kiacce B, Beickazad runoresy [1] o Tom, uro ecaun f € B, To

2
|{f}n|<g’ n€N7
IpHUYeM PaBEHCTBO JOCTHTACTCA TOTLKO Ha yHKIHAX Buma €'V F* (el?z" 1), Tie
Frzt)=e "5, gy eR, tel0,+oo). (1.1)
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Basady o Tounoii orenke |{f}n], n € N, Ha xmacce B Oyjgem Ha3bBaTh mpobiemoit Kmxka.

lNunoresza Krmmka mpusiiekaer BHUMAaHUE Psifia MATEMaTHKOB. B Hacrosiiee BpeMsi OHA
JIOKa3aHa TOJIBKO JIJIs [IEPBBIX IIATH TEHI0POBCKUX KO3 DUIMEHTOB BKIIIOUMTEIHHO. JloKa-
3aTeJIbCTBO JJIsl CJIydast 1 = 3 BIepBble ObLI0 omybmmkoBano B 1977 romy B pabore JIx. Xawm-
mesist, C. Mefinbepra u JI. Sanbimana [2]. i ciaydag n = 4 ynoMsHeM JI0Ka3aTeIbCTBO
B. IManens [3]. Buepsble ouenka usitoro xoaddunuenta mMerogom B. IMlamess nossuiack
B pabore H. Camapmuca [4]. Asrop manHoit crateu B padore [5] cTp. 81 mpu momonm MeTo-
na IMManens momyunsn onenky |{f}¢] < 2/e + 0.00116077, a B pabore [6] ctp. 114 onenky
{f}s| < 2/e uncnennbiMm MeToIOM.

CymrecTBoBaHUE KCTpEMAaJieil B 9TOHM 3ajade OYEBHUIHO, MOCKOJBKY IOCIE H0DaBJIEHUST
K kiaaccy B dyuknuu f(z) = 0 nosydaercss KOMIAKTHOe B cebe (B TOIOJIOTUH JIOKAJIBHO
PABHOMEPHOM CXOAUMOCTHU) ceMeiicTBO (byHKIHIA.

1.2. Ileap paboThl M aKTyaJIbHOCTDb

[esib JaHHOI CTATHBU COCTOUT B TOM, YTOOBI YCTAHOBUTD CBSI3b MEXK]1y HAYAJbHBIMU Teii-
Joposckumu Koaddunuenramu byuxmuit F*(z,t) n HavaabapiMu reitioposckumu Ko3dbdu-
[MEHTAMU BBITYKJIBIX OJHOJUCTHBIX yHKnmit. Kak mokazano jasiee, 9Ta CBI3b MOXKET OBITDH
YCTaHOBJICHA HETPUBHAIHLHBIM 00PA30M IIPH JIOCTATOYHO HOJIBINNAX U JIOCTATOYHO MAJIBIX 3HA~
qeHUsIX Iapamerpa t.

Muorue 331891 TeOMETPUIECKO Teopun (PYHKINIT KOMIIJIEKCHOM TTePEeMEHHON CBOIATCS
K U3YYEHUIO CBOMCTB (PYHKIUU Yepe3 e€ TelIOPOBCKUE KOI(DPUIIMEHTHI. DTa TEOPUs UMeeT
[IPUJIOXKEHUsI B THIPO- U a3pOJAMHAMUKE, Ha €€ OCHOBE C(DOPMUPOBAJIACH, B YaCTHOCTH, TEO-
pusi pocTpancTB TeiixMrosiepa, UMeEIOIIasi EPCIEKTUBHBIE TPUJIOKEHNS B COBPEMEHHO
MaTeMaTHIECKOH U TeopeTudeckoil dusuke (coauToHuKe, KOHMOPMHON, KAJIUOPOBOUHON 1
CTPYHHO! TEOPHSX II0JIS).

[Ipobsema Kimmxa nmeer HermocpeacTBEHHYIO ¢BA3b ¢ mosmuoMamu Jlareppa, ®@abepa, a
Tak»ke ¢ IpodsieMoit Koo PUIMEHTOB Ha KJIacCaX OrPAHMYEeHHBIX (DYHKIUI, KOTOpasi, B CBOIO
04epe/ib, TECHO CBsI3aHA C TeopHell Mo TInHEHHBIX QyHKIWMI [7] 1 Teopueit npocTpancTs Xap-
nu [2]. TIpo6mema Kimeka st koaddunuenta ¢ HOMEpOM 1 IIpeCTaBjsier coboi 3amady
Ha 9KCTPeMyM (DYHKIMOHAIA, KOTOPYIO MOXKHO CBECTH K 3ajade 00 dKCTpeMyMe JeiiCTBU-
TeNbHO3HATHON byHKINHM 2n — 3 NefiCTBUTEbHBIX epeMeHHBIX [8]. 3amaun Ha SKCTpeMyM
IIIPOKO PACIIPOCTPAHEHBI B HAYKe M TEXHUKE U UMEIOT PA3HOOOPAa3HbIE [IPUJIOKEHUS.

Kirace B mocpencTBoM M3BecTHOTO Kiracca KapaTeo/opu CBsI3aH ¢ KJIaCCAMU OJTHOJIUCT-
HBIX (DYHKIHiT, B 9aCTHOCTH, C KJIACCAMU BBIYKJIBIX U 3BE31HBIX MyHKIMiT. COOTBETCTBEHHO,
pobitema K03 duImenTos 1jid B cBsa3ana ¢ mpobsiemoit K03 UIMEHTOB I YIIOMSIHY THIX
KaccoB. TakxKe CyTIIeCTBYIOT apaJLIes i MexK 1y rurnore3oit Kmmmka u Teopemoit /Ie Bpamxka
(panee rumoresoit Bubepbaxa).

YnomsaeMm, uto JiemMma 2.2, Teopema 2.1 u Teopema 2.2 ObLIu OMyOJUKOBAHBI paHee B
BUJIe IPENPUHTA HA PYCCKOM si3bike [9], B BHJie IpenpuHTa Ha aHIIMACKOM si3bike [10], a
Takke TeopeMbl 2.1 m 2.2 GbLiu ynoMsHyTHl B Tpyaax koHdepenryu [11]. B macrosmee
BpeMsI 4epe3 MHTEPHET JIOCTYIEeH TOJIBKO MPEIPUHT Ha AHIVIMICKOM, TIO9TOMY YIIOMSHYTHIE
pPe3yJIbTaThl IPUBOAATCH 3/IECh KAaK JJIsl IIOJIHOTHI M3JI0YKEHUs, TaK U B IEJIIX 0DeCredeHust
AX JOCTYIIHOCTHU B PEIEH3UPYyEeMOM U3IAHUU.
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1.3. BcnomorarenbHble COOOpa>kKeHUS

Kitace B nHBapmaHTEH OTHOCUTEJLHO BpallleHnil B IIIOCKOCTH TiepeMeHHol w (w = f(z)).
CiiejoBaTeIBHO, MOKHO OIPAHUIUTHCs M3ydeHneM (yHKmil st koropeix f(0) > 0. Tak
kak 0 < {f}o < 1, To Moo nostoxxutsb {f}o = 7!, rae napamerp ¢ € [0, +00). DTu noj-
KJacchl 06o3uaunM yepe3 By. Kak ussecTHo U3 Teopun HoqauHEHHBIX GyHKIMA [7], KaxKmpyto
byHKIHO K1acca By MOXKHO ITPE/ICTABUTHL B BHUJIE

(=)

fR)=e"T=E, we, (1.2)

rre ) — KJacce, COCTOSMUA n3 roJIoMOPGHBIX B A QYHKIMIA W, TAKUX, 9TO
lw(z)| <1, z€A, w(0) =0.

OrmernMm, uto npu kaxzgoMm t > 0 dopmyna (1.2) ycraHaBamBaeT B3aMMHO OTHOZHATHOE
COOTBETCTBHE MexK 1y Kiaccamu 2y u By.

W3 reomerpndeckux coobpakeHuii sicHo [7], 4ro Kax iy dhyHKIUO 13 Kiaacca By MOKHO
[IPEJICTABUTH B BHUJIE

f(z)=etM  phec, (1.3)

rze kaace C' cocrout u3 rosoMopdHbIX B Kpyre A dbyukuuit h ¢ Hopmuposkoit h(0) = 1 u
Reh(z) >0, upu z € A.

BameTnM Tak)ke, 9TO Kjaacc By cocTrout ToJIBKO U3 onHON dbyHKImn f = 1, moatomy By
MOXKHO CYUTATH IMOJTHOCTHIO U3YYEHHBIM. B majbHeiiieM Mbl BOSMOXKHO OYIeM ISt TIOJTHOTHI
yKa3biBaTh, 9To ¢ > 0, ofiHaKo (haKTUIECKN MOXKHO BCIOJY JaJjiee CuuTaTh, 9ro t > 0. Dra
OTOBOPKA MO3BOJISIET HAM, HAIIPUMED, CBOOOJIHO JIEUTH Ha, t.

Knace dynkmit ¢, peryiasipHBIX U OMHOJUCTHBIX B Kpyre A, ¢ Hopmuposkoii ¢(0) = 0,
¢ (0) = 1, otobpazkaromux A Ha BBITYK/IyIo 06/1acTh, obosHagaercs S°.

Ormerum, ato 1ipu t > 0 dopmyita (1.3) sagaér 6uexmmio By u C, a 6uexmuio SO u C
3a1a8T popMyJIa

ceS’ hec. (1.4)
U3 (1.4) crenyer, aro

1

{c}o =0, {ch =1, {c}n = G =Tn i: kE{c}r{h}n—r, neN\{1}. (1.5)
k=1

Hobasum, ato dopmysnst (1.4) u (1.5) xopomo ussectast [12] crp. 89.
ITpomuddepennuposas (1.3) BbiBeseM, 9T0

o= {fla=-13 =B lhbus, neN (16)
k=0

TTo Bceit BugumocTn, Brepsbie hopmyiia (1.6) nogsunack B crarbe [13]. UaTepecHo, aro eciu
B3aTh t = 1/(n — 1), To (1.6) MOXKHO 3amHCATH CJIELYIONIM 06pa30M:

o= 2 Sk — 2 S (bbb neN\ (1)
k=1 k=0

(n—1)n
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[TepBoe ciraraemoe B paBoOil YaCTU MOCJIETHETO PABEHCTBA B TOYHOCTH ITOBTOPSIET BBIPAYKE-
uue (1.5) amsa {c}, npu n > 1. Bropoe ciaraemoe nmeer Buj 04eHb OJu3Kuil K dopmye,
anasorngroit (1.5), HO JuIst Kytacca 3BEé3mHBIX GyHKIM [12] cTp. 88.:

=0, fsh=1  {sho= =3 (shelbhur, neN\ {1}

Kuace dyukuuii s, peryjisipHbIX U OJHOJUCTHBIX B Kpyre A, ¢ mopmuposkoii s(0) = 0,
s'(0) = 1, orobpazkarormux A Ha 3B€3aHYI0 oTHOCUTENHHO () 0bs1acTh, ob6o3navaerca S*. B
MEeJISX TTOJTHOTHI U3JI0KEHUsT OTMEeTHM, 9To buekiuio S* u C 3amaér dopmyiia

h(z) = seS*, heC.

1.4. TloguuHEHHBbIE DYHKIINN

Ocranosumcst Ha npejcrapiaenusix suja (1.2). Iycrs dynknun F u f romomopdusr B A.
Oyuknus f Ha3BIBACTCS MOTIMHEHHOM B A mytst byHKINN F, ecin 0Ha MOYKET OBITH IIPE/ICTaB-
neHa B A B dopme f(z) = F(w(z)), rae w € Qp. Pakrr noqdnHeHns 0603HAIACTCS CHMBOJIOM
«=», KOTOPBI UcHoJIb3yeTcs caenyomum obpazoM: f(z) < F(z), z € A. @yuknuio F Gynem
Ha3bIBaTh MakKopaHToi st f B A.

[Mongrue nomuunenus: Bocxogur K E. Jlunmenédy [14], ommako Tepmun ObLI BBeIEH
. U. JIntasynom [15] u B. Porosunrckum [7], oHn ke paspaboTajm MeTOf W MOJIyYUSId C
€ro IOMOIIBI0 HEKOTOpbIe pe3y/abrarhl. [IpuHnun noguunenus Jlurisyga u Porosuackoro
YaCTO UCIIOJIb3YeTCsi IPU BBIBOJIE ONEHOK KoaddupenTos B Kaacce B (cm. [2], [16]).

B ciywae mpobsembr Kmmmka, TpyJHOCTH HPUMEHEHUSI 3TOTO METO/a 3aKJII09aeTCs B
cioxkHocTu koabdunnenros {F*}(t) dyuxnun F*(z,t).

OTMmeTuM, 9TO TEOpUsl TOMIUHEHUS TI0O3BOJISIET OYEHD JIEMKO HAXOIUTH TOYHBIE OIEHKH
[EPBOro 1 BTOPOro kodduineHTos Ha Kiacce GYyHKIWA f, moaqanHéHHbIX dDyHkiun F. 13-
secriio, w10 {fto = {F}o, [{/h] < [{Fhl, [{f}2] < max({F}i], {F}al); sce onermc tos-
Hble [7] n paBeHCTBO IoCTHTAETCs TOJTLKO Ha Bpamenusx dynxmmit F(z) n F(z?) B mmockocTn
HepeMeHHON z.

Crezyroriee yTBep:KieHue [7] BbIparkaer oJ[Hy M3 OCHOBHBIX UJIeil IIPUHIUIIA IO HHEHNS:

YrBepxgeuune 1.1. Ecau pynkuyuu f u F 20n0mopdrv 6 A u natidémes
w € Qg makaa, umo f(z) = F(w(z)) 8 A, mo ecmwv f(z) < F(z) ¢ A, mo {f}o={F}o u

n

(=3 {F}{w'}n,  neN (1.7)

Jj=1

Nnmeer MecTo cireyromee IpoCToe, HO BAXKHOE JIIS JIAJIbHERINEro yTBepK/ieHue [7]:

o0
JlemmwMma 1.1. Ecau dynruyusn f(2) = > {f}nz", peeyaspnas ¢ A, nodwunena
n=1

dynxyuu F € SO, mo cnpasedauev, mounvie ouernwu |{ f}n| < |[{Fh| =1, n € N. Pasencmeo
docmuzaemes moavko na Pynkyuaxr F(e?z"), o e R, n € N.
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1.5. Kpurepuii Kapareogopu—Ténauiia
ITpuseném Jyist JaabHERIIX CCBUIOK CJIEYIONHi Kiaccuueckuil pesysbrar [17], [18]:

Teopewma 1.1 (Kapareonopu, Témwmun). ITyems n € N, {h}q,...,{h}, € C.
Mrozounen

z)=1+ Z {h}2"
k=1

MOo21CHO npodoasicums do gynryuu h(z) = py(2) +0o(z") € C mozda u moavko moezda, xoeda
onpedesument

2 {htr o A{hbk—1 {h}k
{h} 2 oAbtk {h}r—
M, = , k=1,...,n,
hbpr by - 2 {h}1

{h}k {h}kq T {h}l

AUBO BCE NOAOHCUMENHDL, AUOO NOAOAHCUMEALHBL DO KAKO20-MO HOMEDAE M, HAYUHAA C KO-
mopozo 6ce pashvl Hyato. B nocaednem cayuae npodossicerue euHncmeerto u

m

14 e¥rz "
Zakl—ewlaz Zakzl, ap >0, 0<p <... <, <27

2. Cuyyait majbix t

2.1. CBg3b C BBIIYKJBIMHU OJHOJUCTHBIMU (PYHKITAIMUA
Beeném obosnauenue
F*(z,t) — {F*}o(t
Pty F0 —(F o0
{F*}(t)

Tenepsb eCcTeCTBEHHO HAIPAIIMBAETCSI BOIPOC: CYIIECTBYIOT JIX BBIMYKJIBIE OHOJIMCTHBIE
dbyukmmm f € S, mMeronue HeCKOIBKO HAMAIBHELIX TEHIOPOBCKIX KO3(hQHUIIEHTOB, COBIIa-
JAIOIUX ¢ HAYaIbHbIMU KO dunuenramu dbyuxiyuu F(z,t)?

=2+ {Fla(t)z® + ... (2.1)

JlemmMma 2.1. Hmeem mecmo caedyrowsee coommowenue

2F"(z,1) z >
=1 g =1 = e a0 0P 22)

Mexny dyukuusavu F(z,1) 1 BBIIYKJIBIMA OJHOJMCTHBIME (DYHKIUSIMU €CTh CBSI3b.
Oyuknus F(z,t) cylecTBeHHO HEJIMHEHHAS 1 UMEeT JOCTATOYHO CJIOXKHO YCTPOEHHBIE KO-
dburmentor. Tem He MeHee, TIpH OICTAHOBKE €€ B hopmyity (1.4) HeaMHERHOCTHh «paCKpPyYH-
BaeTCs» U MBI HOJydIaeM Gopmyiry (2.2), u3 koropoit Bunmo, uro {h}; = 2(1 — jt) asaserca
JIMHEHHbIM 1o t. 3aMeTnM, 9T0 npu Jjorapudmuposanun F(z,t) (cm. (1.3)) HesmHEHHOCTH

TaKXKe <«PACKPy4uBaeTCs», HO ApyrumM crocobom. Hanpumep, eciau g(z,t) = In F(z,t), o
{h}; = —2t.
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ITo nosomy dopmynsr (2.2) 3amerum em@, 4ro MEGuycoBo npeobpazoBanue z/(1 — z)
ABJIIETCS SKCTPEMATbHBIM BO MHOTHX 3aadax /s Kiaacca SO, a dynxmus Kébe z/(1 — 2)?,
SIBJISIETCS IKCTPEMAaJILHON BO MHOIUX 3ajadax I KJIACCa BCEX OJHOJUCTHBIX OTOOParKeHM
S, JJIsl ero MOJKJIAcCa 3BE3HBIX 0TOOpaXKeHuit S™ u Jjist APYTUX MOJKIACCOB OJHOJMCTHBIX

dbyHKIIMIA.

JlemMa
n € NU{0}.

2.2 ([10]). Ecau {h}; = 2(1 — jt), j € N, mo M,, = 2*""(2 — nt),

JoxaszaTennbcTso. Munop M, /2" pasen onpememreo

1 1t 1- 2t 1—(n—1)t 1-nt
1t 1 1t 1—(n—2)t 1—(n—1)t
1-—2t 1—t¢ 1 1-(n=3)t 1—(n-2)t

1—-(n=1)t 1—-(n—=2)t 1—(n—3)t 1 1—t¢
1—nt 1—(n—=1t 1—(n-—2)t 1—t 1

OTHSB OT KayKJON CTPOKH, 38 MCKJIIOYEHUEM MEPBOIi, IPEIBIIYILYIO0 TOJIy TiM

1 1—-¢t 1-2¢ 1—-(n—-1t 1—nt
—t t t . t t
-t -t t 4 4
-t =t —t t t
-t -t —t —t 4

K kaxjpomy crosibiry, Kpome mocJieIHero, TpubaBuM MOCIEIHUN CTOJIOeL]

2—nt 1—(n+1)t 1—(n+2)t 1-C2n—-1)t 1—mnt
0 2t 2t 2t t
0 0 2t 2t t
= 2" (2 — nt).
0 0 0 2t t
0 0 0 0 t

JokazaTeabCTBO 3aBepPIIeHO.

Teopema 2.1 ([10]). Las moboeot >0 un < 2/t+1, n €N, noaunom
n
Pu(zt) =2+ Y {F}(t)2"
k=2

mooicem 6vmy donoanen do dynxuuu f(2) = pu(z,t) + o(z") € SO Ipu t = 2/(n — 1),
n > 1, npodoasicenue eduncmeento.

HJokaszarTeubcTs o OcHOBHAd uied J0KA3aTEIHCTBA COCTOUT B TOM, UTOODLI
obpammarbes ¢ dyuknueir F' Kak ¢ BbIIyKJIo# (yHKIueil u, nojcrasus ee B dhopmyiy (1.4),
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moJy9uTh (BYHKIUIO A ¢ TeM, YTOObl U3YUUTh BO3MOYKHOCTDH ITPOJIOJIZKEHUsI OTPE3KOB Psi-
na Teiutopa dyukmum h g0 dyskmnuit kiaacca C. s 9TOro BOCHOIB3YeMCs KPUTEPUEM
Kapareonopu-Térumma (teopema 1.1) npomomxaemoctn noanaoMa 10 dhyakmn Kiaacca C'.

Orpesky psina Teitsopa dyHkimu F' IMHBL 7, TO €CTh MHOTOUWIEHY Py, 110 hopmyte (1.4)
COOTBETCTBYET OTPE30K psifa Teitmopa dyukiun h gauael n— 1. CormacHo jiemme 2.1 mveem
{h}; = 2(1 — jt), a no memme 2.2 mmeem M;_; = 220" D=1 (2 — (j —1)t), j =1,...,n — 1.
Ouesuzno, uro My, ..., M, _1 HEOTPHIATEILHBI TOIJIA U TOJIBKO TOrMa, Korja t < 2/(n—1),
npun>1l,ut>2 npun=1 wmn <2/t + 1.

W3 teopemst 1.1 coresryer, uro npooskeHne euHCTBeHHO Korma t = 2/(n—1), n € N\{1}.
JJokazaTealbCcTBO 3aBepIIeHO.

2.2. OcHOBHOII pe3yJibTaT JJisl MAJIBIX

[Monb3ysick Teopemoii 2.1, dbopmysoii (1.7) u cBsa3aHubIM ¢ Hell MeToz0M, JemMoii 1.1, ¢
yuérom HOpMUPOBKHU (2.1), mosryuaeMm cJieiyomuil SBHbLA Pe3yJIbTaT:

Teopewma 2.2 ([10]). Jas amobozo t > 0, npouseoavrozo nomepa N < 2/t +1 u
xaotcdoti f* € By, cnpasedausv, MmouHbie 0UuenKu

Ul <HFR@I=5,  n=1...N (2.3)

Pasencmea 6 amuz oyenkax docmuzaiomes moavko na @ynryuar F*(ePz" 1), p € [0,2m),
2de pynryua F* onpedeaena dopmyaoi (1.1).

HdokazaTeuabctso. Pukcupyem w € Qp, t >0u N <2/t + 1, N € N. Bozpmém
HATYDPAJBHBINA HOMED N, He npeBocxomsamuii anciaa N. Ucnoassyst dopmyny (1.7), sanumem
n-it KoaddurmeT GyHKIUT

f(2) = F(w(2),1),

rue F onpegnenena B dopmydoit (2.1), B Buge
n .
{fhn =D {F}i{o'}n.
j=1

Teneps npumennM TeopeMy 2.1 K m-My OTpe3Ky TeHIOPOBCKOTO pa3jioKeHus (PyHKIUN
F(z,t), xoropblit Mbl 00603HauMIn Yepe3 pn(z,t). Iycrs S(z) — uposoizKeHue MOJUHOMA
pn(2,t) 10 bynxman xkracca S°. Torma, ncnonssysa dopmyity (1.7), n-it Kosddumment dbynk-
087071

MOYKHO 3aIliCaTh B BUJIE
n
{s}n = Z{S}j{wj}n'
j=1
Orkyma, coracuo jemme 1.1 mosrygaem, 9To
{s}nl < 1.
Ho {S}; = {F};, tme j =1,...,n, caegosaremasro {f}, = {s},, orkyza

HfInl < 1.
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Ucnons3yss HopMupoBKy (2.1), Mbl nosydaeMm onesku (2.3). Tounocts onenok (2.3) u Buj
9KCTPEMAJIbHBIX (PYHKIMi BbITeKaeT u3 jgeMMbl 1.1.
JoxkaszaTeJlbcTBO 3aBepIIeHO.

W3 Teopemsr 2.2 caemyer, 9T0 YeMm MeHbIee Yucyo ¢ > 0 Mbl 3adukcupyem, TeMm OoJbIlee
KOJTTYIECTBO TEHIOPOBCKUX KOI(MDMUITMEHTOB CMOXKEM OIEHUTDh Ha Kiacce By. IIpu saToMm, Ha-
IIIM OLIEHKU OY/LyT TOYHBIME B TOM CMBICJIE, YTO DABEHCTBO B HepaBeHCTBe (2.3), ocTuraercst
Ha Gynxmuax F* (2" t).

Dtor pesyabrar unrepeced npu ¢t < 2. Tak, Hanpumep, npu ¢t > 2 MbI MOXKEM OIEHUTH
TOJILKO OIMH K03 durment, npu t < 2 — aa kodpdurmenta, npu t < 1 — Tpu Koadpdurm-
enTa, a ipu t < 1/2 — mwaTh, u TaK ganee.

Teopemy 2.2 MOXKHO ITOHHMATh KaK JI0KA3aTeJILCTBO CIIPABEIIMBOCTU rUtoTe3bl Kimmka
JIJIs Ha9aJIbHBIX Ko3hduimenToB Ha Kjaaccax B;. Hampumep, MoKHO yTBEpK1aTh, 9TO I'Ui-
nore3a Kimka mokazana Jijist IEPBBIX [IATH TEMIOPOBCKUX KOI(DDUIMEHTOB Ha MHOXKECTBE

dbyukuuit  |J By
tel0,1/2]

2.3. IlpuioxkeHue K Teopum MHOro4wieHoB Jlareppa

Kak yzke ynomunanoco Bo BBejenun, GyHkuu F*(z, 1) TeCHO CBA3aHbI ¢ MHONOYJIEHAMU
Jlareppa [19]. U3 cooTHomennit qyist F*(z,t) MOXKHO BBIBOJUTE CBOHCTBA 3TUX MHOTOUJIEHOB.

O606ménnble MHOTOWIEeHB! Jlareppa L2 (t), tne n € NU {0}, « € R, ¢t > 0, oupexe-
JuM, ciaenys [19], Kak 10c/e10BaTeIbHOCTD TeHIOPOBCKUX KOIMDMDUIMEHTOB MPOU3BOAIIelt
byuxmm (1 — z)~(@+t)e 1= 10 ecrn dopmymoii

eIt = (1 - z)*H! Z Lo (t)2".
n=0
dAcno, uro
eH{F*},(t) = L1 (2t), n € NU{0}. (2.4)
Coruacuo dopmyie (2.2) — {h}; =2(1 — jt), j € N, a coruacuo dopmyie (1.5) —

n—1

(W} = (0= Dn{fe = S hudhbucs, 123,

k=2

Nmes seuzsy dopmyist (2.4), (2.1) u nogcrasus cooga

{f={Fyw=L7'@2), jeNu{o},

HO.J'IyLIa.el\I
(n—1)nL;(2t) — i k(1— (n— k)L 2t) =2(1— (n—1)t),  n>3.
k=2

3. Ciyuaii 6osbaux t

[Ipu mocraTodno GOMBIINX 3HAYEHUSX MMapaMerpa t HadajbHble KOIMMUIUEHTH (DYHK-
mun F*(—z,t) NOJOKUTEIBHBI U UMEIOT TeHJEHIUIO K Bo3pacranuio. Puxcupyem n € N.

Crynun /1. JI.. I'nnoreza Kinnrka u BbILYKJ/IbIe OZHOJIUCTHBIE (DYHKIUH



90 Zhurnal Srednevolzhskogo Matematicheskogo Obshchestva. 2025. Vol. 27, No. 1.

Hopmupyem dyuknuto F*(—z,t) Tak, 41066l n-blit K03bdUIUEHT B €6 TeHI0POBCKOM pas-
JIOXKeHUHU cTaJs paBeH 1. Beegém obo3Haxenme

F*(—z,t)
{E* 3 ()]
CyIecTBYIOT BBIIYKJIbIE OQHOIUCTHLIE GyHKIuE f € SY, mMeromnme HeCKOIbKO HAaYAIb-

HBIX TE€HJIOPOBCKUX KOIDDUIMEHTOB, COBIAIAIONINX CO BCEMU EPBLIMU 71 KOIDMOUITHEHTAMEI
dyukuuu F(z,t), B3arbiMu B 06paTHOM HODsijiKe. VIMeeT MecTo CJIeflyoliee yTBEPKICHUE:

F(z,t) =

Teopewma 3.1. Ilycmv n € N. Muozounren

Pulzt) = 24+ S {F i ()2

k=2

mooicem 6oums donoaner do dynkyuu f(z) = pp(z,t) + o(z") € SO dan moboeo t > ta(n),
2de ta(n) ecmov Hauboavwuld nosodcumessrul Kopens ypasuenus M,_1(t) = 0, a M,
amo munop u3 meopemwv: 1.1, cocmasaernmnviti us xosgduryuenmos Gynxyuu h, nosyuennot
no gopmyae (1.4) uz gynruuu f. Ipu t = ta(n) npodoasicenue edurcmeerno.

Hoxaszarenbctso. lpun=1wumeem p;(z,t) = 2. OueBumno, uro p; € S°. Bosee
TOT0, OYEBUJIHO, UTO CYIIECTBYeT HDECKOHETHOE MHOXKECTBO ITPOJOJIKEHUN MHOTOWIEHA P1 10
bynxmuit kmacca SY Tax xkax Bee dbynkmun Knacca SO mvetor B f(z2) =z + ...

ITycrs momep n > 1. Cormacuo [16], Teitmoposckme xosdbdummentsr aj GyHKIMMT
F*(—z,t) samansr hopmMyIioi

1
]Ci y

k—t
ar = ( E 7, k=1,...,n,

CTaJIo OBITh,

k

akw%tke%, t—o0, k=1,...,n,

a Q9 2 Qp—1 n
pn(z,t)wz—i—Tz +'“+t"*12’ t — oo,

rge o, j =2,...,n — 1, — HEKOTOpbIe KOHCTAHTBI, He 3aBucsmue or t. IJockoabKy

s+ B2 (Z::llz"rvz, t — o0,
TO

Dn(2,t) ~ 2z, t — oo,

U, CJIEIOBATENLHO, Dp(2,t) Moxker ObiTh npogosked 10 dyukuuu f(z) = pu(z,t) + o(z")
kmacca SO,
JokaszaTeJlbcTBO 3aBepIleH o.

Nmeer mecro [20] crp. 11

Teopewma 3.2 (Mapke, Hlrpoxekxep). Ecau h(z) = 2g(2)/2 —1 u g € §%, mo
heC.

Nnmeer mecro [7]
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Teopewma 3.3 (Porosunckuit). [lycmon € N, f, F 20a0mopprv 6 A u f(z) < F(z)
6 A. Ecau {F'}, > 0 u natidémea gynwyua h maxas, wmo Reh(z) >0, z € A, 2de

h(z) = %{F}n {Fhaz o (Fe S R,

k=n

{ftnl < {F}n.

Pasencmeo docmuzaemes moavko ecau f(z) = F(nz), In| = 1, uau ecau
n n
{Fh=)_ a0, k=2,...n, 2 aj={F},, a;>20, j=1,...n

CdopmynupyeM OCHOBHOI pPE3YJIbTAT JJisd Caydasi OOJIbINNX t:

Teopewma 34 IHyemv n € N. Jaa moboeo t > ta(n) u kaorcdoti f € By,
CNPAGEdAUBH, MOUHDBIE OUEHKU

{Fhel <HF @ k=1, (3.5)

DKRCMPEMANAMU 6 DMUT OUEHKAT AGAANOMNCA Moavko dynkuuu F* (€2 1), ¢ € [0,27), 20e
Pynruua F* onpedesena dopmyaot (1.1).

HokaszaTeabcTB o. 3apukcupyeM pousBojibHbI HOMeED n. Tak Kak f € By,
o f(2) < F*(—z,t), z € A, crenosarenvro f(z)/|[{F*},(t)] < F(z,t), z € A. Cormnacro
reopeMme 3.1, mHOrOWwIeH P,(z,t) (U3 Teopembr 3.1) MoxKeT OBITH JOIOJHEH 10 (DYHKIUH
g € 8% tne g(2) = pn(z,t)+o(z"). Hyers h(z) = 2g(z)/z—1. Tak kax h € C 10 Teopeme 3.2,
TO MBI MOYKEM IIPUMEHUTDH TeopeMy 3.3 K dyukuuu [{F*},(t)|/2 - h, orkyzna cpa3y mosrydum,
ato [{f}n| < [{F*}n(¢)|. IIpoBenst aTu paccy K ieHust JJist BCEX HOMEPOB k HE TIPEBOCXOISAIINX
n MBI TIOJYIMM BCe HepaBeHCTBa (3.5).

Coyuan 1OCTHXKeHUs] PaBEHCTB B HepaBeHCTBax (3.5) mosrydarorcst U3 Teopembl 3.3 ¢
yuérom Toro dakra, 9T0 Ha By HeT BBILYKJIONH CTPYKTYDDL.
JdokasarenbcTBO 3aBepIIeHo.

B ommmanu or citydast MaJIbIX 3HaYEHUH apamerpa t, BbIpaskeHue Jisi ta(n) J0CTaTOIHO
citoxkHoe. [TpuBe/IéM HECKOIBKO HEPBBIX 3HadeHuit {1 (n) u ta(n):

t1(1) = 400, ta(1) =0,
t1(2) =2, t2(2) = 2,
t1(3) =1, t5(3) = 4.575885. ..,
t1(4) = 2/3, t5(4) = 6.880020.. .. ,
t1(5) = 1/2, t5(5) = 9.005605 . .. ,
£1(6) = 2/5, t5(6) = 11.03609 . ...

W3 Teopemsr 3.4 ciremyer, uro geM Oouibiiiee duciio t > 0 Mmbl 3adukcupyem, Tem OoJbIliee
KOJIMIECTBO TEMIOPOBCKUX KOI(MMUIIMEHTOB CMOYXKEM OIeHUTD Ha Kiacce By. Ilpu stom, Ha-
1M OIeHKHU Oy/1yT TOYHBIMU B TOM CMBICJIE, YTO PABEHCTBO B HepaseHCTBe (3.5), jmocTuraercs
Ha dbynxmuax F*(e'¥z,t).
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Dror pesysabrar unrepeced npu t > 2. Tak, Hanpumep, npu ¢ < 2 MbI MOXKEM OIEHUTH
TOJIBKO OJH Koddduiment, npu ¢t > 2 — asa xkoabdunuenta, upu t > t2(3) — Tpu K0ID-
dburmenra, a npu t > t2(4) — weThIpe, U Tak Jasee.

Teopemy 3.4 MOXKHO MTOHUMATH KaK JTOKA3aTEIHLCTBO CIPABEIJIMBOCTU rUNIOTE3bl KITmKa
JI7IsI HAYaJbHBIX KO3 DuimenToB Ha kiaaccax B;. Hampumep, MOXKHO yTBEpKIaTh, ITO T'H-
nore3a Kinyka mokazaHa Jijisl IEPBLIX [ISITH TEMIOPOBCKUX KO(DDUIIMEHTOB Ha MHOXKECTBE

dbyuxkmuit  |J By
t>t2(5)

4. AcuMmnroTuveckue OlleHK!u KO3 PUIMEeHTOB

[Monb3ysicy Teopueit nomaunenus [7] u kpurepuem Kapareomopu-Ténmna (Teopema 1.1)
P. Tlepen chopmymuposad [16] mBe Teopembl, cofepzKaliue acCUMITOTHIECKHE OeHKN |{ f }, |
JIIST TOCTATOYHO GOJIBITIX U IS TOCTATOYHO MAJLIX HEOTPUIATEILHBIX 3HAUCHNIT t.

Teopewma 4.1 (Tlepen). Hyemo n € N. Cywecmseyem wucao t1(n) > 0 maxoe,
wmo das 060t f € By npu 0 < t < t1(n) cnpasedausvr mounvie ouenKy

il SHF 1 ()]

Pasencmso docmuzaemes ecau u moavko ecau f(z) = F*(nz™,t), |n| = 1.

Teopewma 4.2 (Ilepen). Hycmv n € N. Cywecmeyem wucao ta(n) = 0 maxoe,
wmo das f € By npu t = ta(n) cnpasediusvl mownvie oueHku

Sl S HE" 1 (®)]-

Pasencmeo docmuzaemes ecau u moavko ecau f(z) = F*(nz,t), |n| = 1.

Teopema 2.2 maér sieuble rpanunsl 0 < ¢ < 2 / (n — 1). B nokazaresnbcTBe TeopeMsl 4.1
conepxkatcs acumirorudeckue rparuibl 0 < ¢ < 2/n. TakuM 06pa3oM, TPaHUIBI U3 TEOpe-
MBI 2.2 aCHMITOTHYECKH Jiydie rpanur; u3 TeopeMbl 4.1 Heobxoanmo ormMeTnTh, 9TO yKa-
3aHHBIE B TeopeMe 2.2 TpaHuIlbl s t He Hamaydmue. Mbl BOCIIOIB30BAINCH TEM, UTO IIPU
KaxKJIoM ¢ > 0 HEKOTODBIil OTPE30K TEeHI0POBCKOro pasioxkenus (yukuuu F(z,t) MoxkHO
IPOJIOJI?KUTD JI0 BBIIYKJIOW OJHOJIMCTHONW (DYHKIMH, 9TO JAJI0 IPOCTYIO 3aKOHOMEDPHOCTb,
CBA3BIBAIOIYIO 1 1 T.

Samernm, 9TO U3 Teopembl 2.2 cpazdy ciaemyer teopema 4.1. Omxmaxo, Ileper moxazan
CBOIO TeopeMy HAaMHOroO panbIie. OH MOIB30BAJICST TE€M, UTO IPHU KaxXKIoM t > 0 HEKOTODBIi
OTPE30K TeHJIOPOBCKOIO pasiiokeHus MyHKImu F*(z,t) MOXKHO IPOIO/KATL 10 (DYHKIUK
kutacca Kapareomopu. Vcnonb3yst 9TOT moAX01 Ipu £ = 2 MBI IIO-TIPE2KHEMY CMOKEM OIEHUTD
TOJIBKO JIBa KOaduIlmeHTa Ha KJjacce By, 3aTo nipu t = 1 3TOT MeTO1 II03BOJISIET OIEHUTH
y2Ke MecTb KO(p UIMEHTOB.

. B. IIpoxopos u C. B. PomanoBa meromaMu OnTUMAabHOIO yIPABJICHUS ITOJIY THJIH
AHAJIOTWYHBIE, HO MeHee siBHblEe pedysabrarsl [21], [22]. B wacrrocTH, B crarse [22] mosy-
9eHbl TOYHBIE OIEHKU JJI MAJIBIX ¢, TapAHTUPYIOIUE JIOKAJIbHBIII MaKCUMYM MOJYJISI N-TO
KoddurmeHTa.

B dopmysuposkax Ilepena He yrmoMuHAKOTCST TPAHUIBL IjIst 12 U L, OJHAKO st (DUKCH-
POBAHHOTO 7 3TU T'PAHUIBI MOYKHO MOJYIUTh UCHOJB3ys KpuTepuit Kapareomopu-Témmma
(reopema 1.1) B Bujie HAUMEHBIIIETO IIOJOXKUTEIHLHOIO KOPHS HEKOTOPOIO MHOIOYJIEHA OT ¢

D. L. Stupin. The Krzyz conjecture and convex univalent functions



2Kypnais CpemHeBosKCKOro MareMarnieckoro obmecrsa. 2025. T. 27, Ne 1. 93

JJIsE Cydasl MaJbIX ¢ U B BHJIe HAUOOJBIIETO IOJIOKUTEIHHOIO KOPHSI HEKOTOPOTO MHOIO-
qjIeHa OT ¢ JijIs ciiydasi OObIuX t.

t1(1) = 400, t2(1) =0,
t1(2) = 2, t2(2) = 2,

. 2%
t1(3) = 3/2, t2(3) =2+23 + 5
t1(4) = 3 — /3, ta(4) = 6,
t1(5) = 1.129457 . t2(5) = 7.899361 .
£1(6) = 1.037289 . t2(6) = 9.785796 .

Taxum obpazom, MbI BHAUM, 9TO /it n = 1 u n = 2 npobiema Kmmmka, npu momorn
M3y9aeMoro B 3TOH cTaTbhe MO/IX0j1a, perteHa HaMu MoTHOCTRIo. OHako, mpobiaema Kmxka,
yIKe Ipu 1 > 3, B paMKaX IIPEJJIOKEHHOTO 3/IeCh IO/IX0/1a, PEIIeHa HAMHU TOJBKO YaCTHYIHO.
C zipyroit CTOpOHBI, MHTEPBAJIbI, Ha KOTOPBIX 33/1a9a HE PeIIeHa KOHEIHBI.

SamMeTnM, 9TO 9T IPAHUITHI TAKYKE KAK W IPAHUIILI TeopeMbl 2.2 He Hamty4mue. [1omapob-
Hee 06 9TOM cMoTpHTE B padore [6].

Boob1ie, s1r06b1€ METOIBI OIEHKY MOIYIei HAadbHBIX TEHIOPOBCKUX KOI(PMDUITMEHTOB Ha
KJlacce B cienyer cauTaTh ACHMITOTHIECKUME, €CJIM OHU He TOYHBI Ha By npu Beex t > 0.

5. 3akJrodyeHue

B nmacrosmeit crarbe HaiijleHa CBsA3b KOI(MMUIIMEHTOB MaXKOPUPYIOMUX (DYHKIHIA KJ1ac-
cos B; ¢ xosbdunuentamu dynkmuit kiaacca S°. [Ipu OMOIIN 3Tofi CBA3M HANIEHBI TOUHbIE
OIIEHKH MO/IyJIell Ha9aJIbHBIX TEHJIOPOBCKUX KOI(MMUIIMEHTOB IIPU MAJIBIX U OOJIBIINX 3HAYE-
HUAX TIapaMeTpa t Ha Kjaaccax Bi.

ITpu MajbIx ¢ OIEHKU SIBJISIFOTCS ACUMIITOTUYECKMMEU B TOM CMBICJIE, UYTO 9eM MEHbIIIe
t, TeM OOJIBbIIIE HAYAJIBHBIX KOI(PMUIIMEHTOB MOXKHO OIEHUTH. [Ipm GoabImux ¢ OIEHKN sIB-
JIATOTCS ACUMIITOTHIECKAMHA B TOM CMBICJIE, 9TO 4eM OoJbIme t, TeM OOoJbIle HavYaAJIbHBIX
KO3 PUIMEHTOB MOXKHO OICHUT.

OTU pe3y/bTaThl IMOJIYyYEHbI IPU ITOMOIIUA METOJIOB TEOPHM HOJYUHEHHBIX (DYHKIWH U
teopembl Kapareomopu-Térmna, garoreil pemenue nmpodiemMbl KO3M@UIIMEHTOB Ha, KJIAacce
Kapareomopu. YkazaHbl rpaHuIlbl IPUMEHUMOCTH METOJIa B 3aBUCUMOCTU OT { U OT HOMe-
pa koaddunmenta. JaHo mpuiokeHHe MOTYyJIEHHBIX PE3YyIbTATOB K TEOPUU MHOTOUJICHOB
Jlarrepa. IIpoBemerno cpaBHEHHE MTOTYYIEHHBIX PE3yAbLTATOB C M3BECTHLIMHU paHee acHMIITO-
TUYECKUMU OIEHKAMHU.

Metosibl, U3/I0KEHHBIE 3/1eCh HE SABJSIOTCS CIHEIUMUIHBIMUA JIsT KJIaccoB By m MoryTt
OBITH IPUMEHEHBI Ha, IPOU3BOJIBHBIX KJIACCAX MOIINHEHHBIX (DYHKIIUIA.
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IIpaBusia odpopmiieHns pyKorucei

Penaknus »xypHasa IpuHIMaeT PyKOIUCH Ha PYCCKOM ¥ aHIVIMACKOM sI3bIKaX, HE OIlyOJIMKOBaH-
HblE U He IIpeJHA3HAYeHHbIE K IIyOJUKAIUN B IPDYTOM H3IAHIH.

Crarbs JIOJIZKHA COJIEPXKATD CJIEJYIOIIAE PA3esibl HA PYCCKOM U aHIVIMICKOM $S3bIKAX:

— YK (TOIbKO Ha PyCCKOM);

— MSC2020 (TospKO Ha aHIHICKOM);

— Ha3BaHUE CTATBHU;
addunsinus apropa(-os);

— undopmanust 06 aprope(-ax);

— aHHOTAIINS;

— KJIIOYEBbBIE CJIOBA;

— TEKCT CTaTh¥ (Ha PYCCKOM WJIM AHTJIUHCKOM);

— CIIUCOK JIUTEPATYPHI.

VIAK. YuusepcasnbHast gecsaruatas kinaccudukamus (YIK) sieisiercst cucremoii kinaccuduka-
nuu nHGOPMAIUH, IIUPOKO UCIIOJIB3YETCA BO BCEM MUPE JJIsl CUCTEMATU3AIUN ITPOU3BEICHUI HAYKHY,
JINTEPaTyPbl U MUCKYCCTBA, IIEPUOIMYIECKON TeIaTH.

MSC2020. Nnzekc npeamerHoii kinaccuduxanun (Mathematics Subject Classification) ucmoss-
3yeTcst JUIsi TEMATHIeCKOTO DPa3JIeJIeHnsl CChLIOK B JBYX pedeparmBHbIX 6azax — Mathematical
Reviews (MR) Awmepukanckoro maremarmdeckoro obmecrsa (American Mathematical Society,
AMS) u Eponeiickoro maremarnueckoro cowsa (Zentralblatt MATH, zbMATH).

Cropasounnkn komoB Y/IK n MSC2020 moxxuHO ckavuaTh u3 passena Ilose3Hbie MaTepuasibl
Menio Jyis1 aBTOpa Ha caiite yKypHaJa.

Addunnsanus apropa(-0B): Ha3BaHNE OPraHU3AIUY 110 MECTY OCHOBHOMN pabGoTHI WM OpraHu-
3a1yu, i€ TPOBOIMIACH UCC/IEIOBAHNUS, TOPOJI, CTPAHA.

Nudopmanus 06 aBrope(-ax). Pasmes coaepKuT cieyomume CBeJEHNs 110 KayKJI0OMY aBTODY:

a) @amvuns Vims Oraectso (111 paszgena Ha pyc.), Ums O. @amuius (ist pas/esia Ha aHIIL);

6) JOKHOCTD, TOApa3esieHne (yKa3bIBAETCsl DU HAJINIHE);

B) adbdunmuanus aBTopa: Ha3BAHKE OPTAHU3AIMH 10 MECTY OCHOBHOI PaGOTBI MM OPraHU3AIUHY,
r7ie IPOBOIIINCH UCCJIEIOBAHMUS;

') TIOYTOBBIA aJpec YKa3bIBAETCA B BHJE: MHIEKC, CTPaHa, TOPOJ, YIWUNa, A0M (Ha Pyc.) U JOM
YJIMIA, TOPOJ, MHJEKC, CTpaHa (Ha aHIVL);

J1) ydeHasl cTelleHb (YKa3bIBAeTCsl IIPU HAJINIKe);

e) ORCID. Jua nonyuenns unearudukannoraoro nomepa ORCID reo6xoaumMo 3aperucTpupo-
BaTbCs Ha caiite https://orcid.org/;

K) 9JIEKTPOHHASI [I0YTa ABTODA.

AnHOoTanuus 10/2KHA ObITH Y€TKO CTPYKTYPUPOBaHA, U3JI0KEHNE MATEPUAJIA JIOJIZKHO CJIEI0BATD
JIOTMKE OIUCAHUS PE3YJIbTATOB B CTaThe. 1€KCT JOJKEH ObITh JIAKOHWYEH M Y€TOK, CBOOOJEH OT
BTOPOCTEIIEHHOH NH(POPMAIUHN, OTINIATHCHA YOeUTeIbHOCTHIO (hOPMYINPOBOK.

O0beM aHHOTAIUI HA PYCCKOM M aHIVIMHACKOM sI3bIKAX JIOJIKHBI ObITH B cpemaeM oT 150 mo
250 cJjos.

Pekomenyercss BKio9aTh B AHHOTAIUIO CJIELYIOIINE ACHEKTHI COJEPXKAHUS CTATbU: IIPEIMET,
11eJ1b pabOThI, METOJ, MJIM METOOJIOTUIO IPOBEIeHIUsT pabOThI, PE3yIbTATBI pabOThI, 00JIACTH TTPUME-
HEHUsl Pe3YJIbTATOB, BBIBOJbL.

IIpenmer u 1eap paboTHl yKa3bIBAIOTCS B TOM CJIydae, €CJIM OHM HE SICHBI U3 3aIVIaBHs CTATHU;
METOJI, WJIM METOJOJIOTUIO IIPOBEJIeHUsT paboThl 11eJ1eCO00PA3HO OMUCHIBATL B TOM CJIydae, €ClIu OHU
OTJIMYAIOTCS] HOBU3HON MJIM IPEJICTABIISIIOT HHTEPEC C TOYKHU 3PEHUs JAHHON pabOThI.

Enuanns dusudecknx BeIUUIUH CIEAyeT IPUBOAUTL B MexkayHapoxuoii cucreme CU. Homyc-
KaeTcsl IPUBOJIUTh B KPYIVIBIX CKOOKAaX PsjioM ¢ BeanduHoil B cucreme CUl 3HaveHne BeIUYUHBI B
cUCTeMe €JIMHUIL, UCIIOJIL30BAHHON B MCXOJHOM JIOKYMEHTE.

B amnOTanun He eIal0TCS CCHUIKKM Ha HOMEp IIyOJIMKAIMK B CIHCKE JINTEPATYDPHL K CTATHE.

IIpu Hanucanuu aHHOTAIMM HEOOXOAUMO IOMHUTDH CJIEIYIONUE MOMEHTHI:
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— HEOOXO/IMMO CJIEJIOBATH XPOHOJIOTUN CTATHU U UCIOJIb30BATH €€ 3arOJIOBKU B KadeCTBe PYKO-
BOJICTBA;

~ WCTIOJIB30BATh TEXHUIECKYIO (CIENUATHHYIO) TEPMUHOJOTHIO BAINEH JMCIMILIMHLI, IETKO W3-
Jlarasi CBoe MHEHME M MMesi TaKXKe B BU/LY, YTO BBI IIUIIETE JJIsi MEXKLyHAPOJIHOM &y INTOPHH;

— TEKCT JIOJIZKEH OBbITh CBSI3HBIM C WCIIOJIb30BAHUEM CJIOB «CJIEJIOBATEIbHOY», «DO0OJiee TOro», «Ha-
puMep», «B pe3yabrare» u T.J. («consequently», «moreovers, «for example», «the benefits of this
study», «as a result» etc.), 1160 paspo3HEHHbIE M3JIAracMble MOJIOXKEHUs JOJKHBI JIOTUYHO BbITE-
KaTb OJIHO U3 JIPYrOro;

— HeOOXOMMO WCITOIb30BATh AKTUBHBIN, a He TACCUBHBIHN 3aJ0r, T. €. «The study tested», Ho He
«It was tested in this study».

Ilepeuncanm obsi3aTeTbHBIE KAYECTBA AHHOTAIMA Ha aHTJIMIACKOM SI3BIKE K PYCCKOSI3BIYHBIM CTa-
ThaM. AHHOTAIMU JOJZKHBI ObITh:

- nHdOPMATUBHBIMUA (HE COIEPKATH OBIIUX CJIOB);

- OpHUI'MHAJIbHBIME (He OBITH KaJIbKOH PYCCKOSI3BIYHON AHHOTAIWN);

- COEPKATENHLHBIMA (OTPAYKATh OCHOBHOE COZCPKAHME CTATHU U PE3YJIBTATHI UCCIIEIOBAHUM);

- CTPYKTYPHUPOBAHHBIMU (CJI€JIOBATDH JIOTUKE ONUCAHUS PE3YJILTATOB B CTATHE);

- "aHr10s13bI9HbIMNI " (HAIIMCAHBI KAI€CTBEHHBIM AHTJIMACKUM SI3BIKOM).

Kirouessie caoBa. Kiouesbie ¢jioBa, COCTABIAIONNE CEMAHTUYIECKOE AJIPO CTATHY, ABJISIOTCS
[epevYHeM OCHOBHBIX IOHSITHII M KaTeropuil, CILy>KallluX i ONUCAHUS MCCJEyeMOil IpOobJIeMbl.
OTH CJI0Ba CIIy?KAT OPUEHTUPOM JIJTIsT YUTATEJST M UCTIOJIB3YIOTCsI JJIsT IONCKA CTATEN B 3JIEKTPOHHBIX
6a3ax, MOITOMY JOJKHBI OTPAXKATh MUCIUILIAHY (06JaCTh HAYKH, B PAMKAX KOTODOH HAIMCAHA
CTaThsl), TEMY, [EJb U OOBEKT UCCIIECA0BAHUS.

B kadecTBe KJII0YEBBIX CJIOB MOT'YT HMCIIOJIB30BAThCS KAK OJUHOYHBIE CJIOBA, TAK U CJIOBOCOYETA-
HUsl B €IMHCTBEHHOM YHUCJI€ U UMEHUTEJIbHOM TaJieyke. PeKOMeHIyeMoe KOJIMYeCTBO KIIOYEBbIX CJIOB
— 5—7 Ha PYCCKOM U AHIVINICKOM S3BbIKaX, KOJUIECTBO CJIOB BHYTPH KJIIOUeBOil (dpa3nl — He Gostee
Tpex.

TekcT crarbu. [Ipu U3/I0:K€HUU TEKCTA CTATHUA PEKOMEHIYETCH MPUICPKUBATHCS CJIELYIOIIei
CTPYKTYPBI.

— Beedenue. B arom pasnesne ciaemyer ommcaTb IpobJIeMy, ¢ KOTOPO# CBSI3aHO HMCCJIEIOBAaHIUE;
npuBecTu 0030p JIATEPATYPHI IO TEME HCCJICJAOBAHMS; YKA3aTh 3aJ@9d, PEIIEeHNe KOTOPBIX HE W3-
BECTHO Ha CErOHSIIHUN JIEHb U PENIEHUI0 KOTOPBIX IOCBAIIEHA 3Ta PYKOIUCH; c(OOPMYJINPOBATH
[eJIM U 3aJ1a9H MCCJIEIOBAHUsI, & TAKXKe MMOKAa3aTh WX HOBU3HY U MPAKTUIECKYIO 3HAUYUMOCTb.

— Teopemuueckue ocrhogvl, memodv, pewerus 3a0aywu U npuramose donywerus. B aTtom pasmerre
oipOOHO MTPUBOAMTCs O0Iasl CXeMa HCCJIEJOBAHUsI, B JETAJISIX OMUCBHIBAIOTCS METOJbI M IOIXO/IbI,
KOTOPBIE UCITOJB30BAJIUCE JJIsI TIOJIYIE€HUsT PE3YIBTATOB.

IIpu ucnosb30BaHUU CTAHIAPTHBIX METOJOB U IMPOILELYP JIydllle CIAeJIaTh CChLIKA Ha COOTBET-
CTBYIOIIME UCTOYHUKHU, HE 3a0bIBasi ONUCATH MOAUMUKAIMY CTAHIAPTHBIX METOJIOB, €CJIM TAKOBBIE
uMench. Kcn »ke ncmobp3yercst COOCTBEHHBIM HOBBIN METOT, KOTOPBIH eIlle HUr/le paHee He IyO/u-
KOBAJICsI, Ba2KHO JIaTh BCe HeOOXommmble Jetatu. Keam panee meTos 6bLT OMyOJIMKOBAH B N3BECTHOM
JKypHaJie, MOXKHO OIPAHUYUTBCs CChUIKOM. OIHAKO PEKOMEHIyeTCsl ITOJIHOCTBIO IIPEJICTABUTH METO/]
B PYKOIINCH, €CJIU paHee OH OBLI OMMyOJMKOBAH B MAJIOM3BECTHOM KYpDHAJe W HE Ha AHTJIUHCKOM
SABBIKE.

— Pesayavmamot. DTO OCHOBHOI pa3ie, B KOTOPOM H3JIaraeTcsl aBTOPCKUN OPUTIMHAIBHBIN Ma-
TEpHUAJI, COAEPXKAIINIA TOJyIeHHBIE B XOJI€ UCCAEIOBAHNUS TEOPETUIECKUE WU KCIIEPUMEHTATHHBIE
nauapie. [To 06beMy 3Ta 9acThb 3aHUMAET HEHTPAJILHOE MECTO B HAYYIHON CTaTbhe.

Pesysbprarsl 1poBeIeHHOr0 MCCIEeI0BaHUsT HEOOXOAMMO OIUCHIBATH JOCTATOYHO IIOJIHO, YTOOBI
qUTATE b MOT MPOCJIEIUTh €r0 3TAIbl U OIEHUTh OOOCHOBAHHOCTH CJIEJIAHHBIX aBTOPOM BBIBOJIOB.

Pesynbrars mpn HEOOX0IMMOCTH TOATBEPKIAIOTCS UILIIOCTPAIUSIMY — TabInaMu, rpaduKaMi,
PUCYHKaMU, KOTOPBIE IPEJCTaBJISIIOT UCXOAHBIA MaTepruaJl Wil J0Ka3aTeJbCTBA B CBEPHYTOM BHUJIE.

Ecnu pykonmuck HOCHUT TeOpeTHYecKuii XapaKTep, TO B 9TOM pazjesie MPUBOIAITCS MaTeMaTHIe-
CKUE BBIKJIAJIKU C TAKON CTEIEHbIO TIOAPOOHOCTH, YTOOBI MOXKHO OBLIIO KOMIIETEHTHOMY CIIEIIUAJIACTY
JIEFKO BOCIPOU3BECTU MX M [IPOBEPUTH IPABUJILHOCTD [OJIYIEHHBIX PE3YyJIbTATOB.
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— Obcyotcdenue u GHAAU3 NONYHEHHBLT PE3YALINATNOE U CONOCTNABAECHUE UL C PGHEE U3BECTIHDL-
MU. DTOT Pa3/esl COJEPKUT NHTEPIPETAINIO [IOJIyIEHHBIX PE3yJIbTaTOB UCCJIEOBAHUS, IIPEJIITIOI0-
JKEHUSI O TOJIYyYeHHBIX (PaKTaX, CPABHEHUE [IOJIYI€HHBIX COOCTBEHHBIX PE3yJIbTATOB C Pe3yIbTaTaMu
JAPYTUX aBTOPOB.

— 3axmovernue. 3aKIIOYEHNE COJEPXKUT IVIABHBIE MJIEM OCHOBHOI'O TEKCTa CTAaTbU. PekomeH-
JIyeTCsl CPDABHUTH IOJIyIE€HHBIE PE3Y/IbTATHI C TEMH, KOTOPhIE ILIAHHPOBAJIOCH MOJYYUTh. B KOHIE
NIPUBOATCS BBIBOZBI M PEKOMEH AN, OIIPEEISIOTCsl OCHOBHBIE HAIIPABJIEHUsI TAJIbHEHINNX UCCIIe-
JIOBaHU B JIAHHOI 006Js1aCcTH.

— Baazodaprocmu. B manHOM passesie TpUHSITO BBIPAaXKaTh OJIATOJAPHOCTH KOJIIEraM, KOTOPbIE
OKa3bIBAJIU IIOMOIIb B BBIIIOJIHEHUU WCCJIEJOBAHUS WJIM BBICKA3BIBAJIN KPUTHYECKUE 3aMEYaHUs B
anpec Bameil crarbu. Tak ke yKasblBAIOTCs MCTOYHUKHU (DUHAHCHPOBAHWs UCCJe0BaHusl (IpaHT,
TOCY/IAPCTBEHHOE 33JIAHUE, TOCYIAPCTBEHHBIA KOHTPAKT, CTUTICHINS U T.1T.).

Crucok JmmrepaTryphbl J0JKEH COIePKATh TOJILKO T€ UCTOYHUKH, Ha, KOTOPbIE UMEIOTCsI CChLII-
KM B TeKCTe paboThl. VICTOUHUKY pacCIoaraloTcs B MOPSIIKE UX YIIOMUHAHUSI B CTATHE.

Crucok Jimreparypbl Ha PYCCKOM si3bIKe 0(DOPMJISIETCS B COOTBETCTBUU C TPEOOBAHUAMUI
I'oCT P 7.0.5.-2008 Bubauoepapuveckas ccoinka. VIx MoxkHO ckadaTh u3 paszesa Ilosiesnsbie
marepuaJjbl MeHio JIJist aBTOpa Ha caiiTe XKypHaJa.

CHiucok JiuTepaTypbl Ha PYCCKOM a3bIKE Tak Ke Heobxomaumo odopmuthb B dopmare AMSBIB
(cM. HMKE) M IPUBECTH B 3aKOMMEHTHPOHHOM BHJIE IIOCJE CIMCKA, O(OPMIIEHHOIO IO CTAHAAPTY
I'OCT.

Crucok JaurepaTypbl HA aHIVIMMCKOM s3bIKE O(QOPMIIAETCS COTJIACHO CTUJIIO IUTUDPOBa-
HUsl, IPUHSITOMY JJIsl MCIIOJIb30BaHUs B OOJACTH MATeMaTUKU AMEPUKGHCKUM MAMEMATNUNECKUM
obwecmeom (American Mathematical Society) m Eeponelickum mamemamuueckum obuecmeom
(Furopean Mathematical Society). dns storo mcnonbsyerca dopmar AMSBIB, peanusosanubiii B
CTUJIEBOM TakeTe svmobib.sty. 9ToT naker paspaboran Ha OCHOBe nakera amsbib.sty.

Omnucanue cxeMm dbubisimorpaduyuecKknx CChbLIIOK Jist pasaenaa References.

Eciu crarbs mim KHATA HA PYCCKOM s3bIKE W HET MApaJUIEILHOIO 3arjiaBUs Ha AHTJIMACKOM
s3bIKE, TO HEOOXO/MMO IIPUBECTH B KBaJPATHBIX CKOOKAX IIePEBOJI 3arJIaBUsl Ha aHTJIMACKUN sA3BIK.

Cmamvu 6 orcyprane 1a PYCCKom A3vike:

— Asrop(st) (TpanciuTepanusi);

— IMTapaJsutesbHOE 3arIaBUE CTATHY HA AaHIVINACKOM A3bIKe (63 KBaAPATHBIX CKOOOK ) MJIH [IIepeBoy
3arJIaBUsl CTAThU Ha aHIVIMICKOM si3bIKe (B KBaPATHBIX CKOOKax)|;

— HasBaume pyCcCKOSI3bIMHOIO MCTOYHUKA (TPAHCIUTEPAIINS );

— [ITepeBox Ha3BaHUS MCTOYHMKA HA AHIVIMACKUIA A3bIK — napadpas (I *KypHAJIOB MOXKHO He
Jiesiarh)|;

— Boxonmbie nanable ¢ 0G03HAYEHUAMA HA AHIJIMHACKOM S3BIKE, JH00 TOJLKO mudposbie (1o-
cJleJiHee, B 3aBUCUMOCTH OT [IPHMEHSIEMOTO CTAHAAPTa OIKMCAHMUS);

— Vkazanue Ha #3bIK craThi (in Russ.) mocie omucanust craTbi.

Knueu (monoepaguu u c60pruku) na pycckom asvike:

— Aprop(»1) (TpanciauTepanys);

— [IlepeBox Ha3BaHUSI KHUI'M HA AHIVIMHACKOM $I3BIKE B KBaJPATHBIX CKOOKax|;

— Bpxommble maHHBIE: MECTO HW3JaHWS HA AHVIMACKOM sa3bike (Hanpumep, Moscow, St.
Petersburg); m3naresancTBo Ha AHIVIMICKOM s3bIKe, ecyid 9TO opraxusanus ((mampumep, Moscow
St. Univ. Publ.) u Tpanc/mTepanus ¢ yka3aHWEM Ha AHTJMHACKOM, 9TO TO U3JATETHCTBO, €CJIH
M3IATENBCTBO nMeeT cobcTBenHoe Haszanue (Hanpumep, Nauka Publ.);

— KoumnuecTBo crpanui B u3jganuy,

— Vkazanue Ha 36K (in Russ.) mociie onmcamust KHUTH.

s TpaHCIWTEpAIUU PYCCKOro ajidaBUTA JIATMHUIEH MOYXKHO BOCIOJIB30BATHCA CANTOM
https://translit.ru/ru/bgn/. 3necs HeobxomuMo ucnoab3oBaTh cucremy BGN (Board of Geographic
Names).
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IIpumepsr odopmienust GubnauorpadnyecKkux CChUIOK st pa3zaena References.

CraTbu B >XypHaJlaX Ha PYCCKOM SsI3BIKE.

a) OTCYyTCBYyeT IapaJljieibHOe Ha3BaHUE Ha AHTVIMIICKOM sI3BIKE:

P.A. Shamanaev, “[On the local reducibility of systems of differential equations with
perturbation in the form of homogeneous vector polynomials]”’, Trudy Srednevolzhskogo
matematicheskogo obshchestva, 5:1 (2003), 145-151 (In Russ.).

6) mapaJuleJbHOE Ha3BaHMEe Ha AHIVIMICKOM si3bIKEe MMeeTCs:

P. A. Shamanaev, “The branching of periodic solutions of inhomogeneous linear differential
equations with a the perturbation in the form of small linear term with delay”, Zhurnal SVMO,
18:3 (2016), 6169 (In Russ.).

Crarbu B >XXKypHaJlaX Ha aHIJIMMCKOM sI3bIKe.

M. J. Berger, J. Oliger, “Adaptive mesh refinement for hyperbolic partial differential equations”,
Journal of Computational Physics, 53 (1984), 484-512.

CraTbu B 9JIEKTPOHHOM >KyPHAaJle HA PYCCKOM sI3bIKE.

M.S. Chelyshov, P.A. Shamanaev, “An algorithm for solving the problem of minimizing a
quadratic functional with nonlinear constraints by the method of orthogonal cyclic reduction”,
Ogarev-online, 20 (2016) (In Russ.), Available at: http://journal.mrsu.ru/arts/algoritm-resheniya-
zadachi-minimizacii-kvadratichnogo-funkcionala-s-nelinejnymi-ogranicheniyami-s-ispolzovaniem-
metoda-ortogonalnoj-ciklicheskoj-redukcii

Crarbu B CGOPHUKaX HA PYCCKOM SI3bIKE.

A.V. Ankilov, P. A. Velmisov, A.V. Korneev, “[Investigation of pipeline dynamics for delay of
external influences|”, Prikladnaya matematika i mekhanika [Applied Mathematics and Mechanics],
10, UIGTU Publ., Ulyanovsk, 2014, 4-13 (In Russ.).

Kuuru (MoHorpaduu u cGOpHUKN) HA PYCCKOM SI3BIKE.

B.F. Bylov, R. E. Vinograd, D. M. Grobman, V. V. Nemyitskiy, Teoriya pokazateley Lyapunova
i ee prilozheniya k voprosam ustoychivosti [The theory of Lyapunov exponents and its applications
to stability problems|, Nauka Publ., Moscow, 1966 (In Russ.), 576 p.

Crarbu B MaTepuajiax KOH(MEPEHIMII Ha PYCCKOM sI3bIKE.

P. A. Shamanaev, “[On the question of the perturbation of a linear equation by two small
linear terms|”, Mezhdunarodnoy konferentsii po differentsial'nym uravneniyam i dinamicheskim
sistemam [International Conference on Differential Equations and Dynamical Systems|, Tezisy
dokladov [Abstract| (Suzdal, 6-11 July 2018), 218-219 (In Russ.).

ITogpoGHble TeXHUUIECKHNE WHCTPYKIUUA MO O(POPMIIEHUIO PYKOIKCEH COIEPYKATCS B MaTepuae
IIpaBusa BepcTku pykornuceit B cucreme LaTex.
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The rules of article design

The editorial staff accepts manuscripts in Russian and English that are not published and not
intended for publication in another edition.

The article should contain the following sections in Russian and English:

— UDC (only in Russian);

— MSC2020 (only in English);

— article title;

— affiliation of the author(s);

— information about every author(s);

— abstract;

— keywords;

— text of the article (in English);

— references.

UDC. The Universal Decimal Classification (UDC) is a system for classifying information widely
used all over the world to systematize works of science, literature and art, periodicals.

MSC2020 codes The Subject Classification Index (MSC 2020) by AMS is used for thematic
link separation in two abstract databases — the Mathematical Reviews (MR) of the American
Mathematical Society (AMS) and Zentralblatt MATH (zbMATH) of the European Mathematical
Union. The directories of MSC 2020 codes can be downloaded from the Useful Materials section
of the For Authors section of the journal website.

The UDC and MSC2020 codes can be downloaded from the Useful materials section of the
For author menu on the journal’s website.

Affiliate author(s): the name of the organization at the place of main work or organization
where the research was carried out, city, country.

Information about the author(s). The section contains the following information for each
author:

a) Surname, First name, Patronymic (for the section in Russian); First name, P., Surname (for
the section in English);

b) Position, Department (indicated if available);

c) the affiliation of the author: the name of the organization at the place of the main work or
organization where the research was conducted;

d) the postal address is indicated in the form: postcode, country, city, street, house (in Russian)
and house street, postcode, country (in English);

e) academic degree (indicated if available);

f) ORCID. To obtain an ORCID, you must register at https://orcid.org)/.

g) email of the author.

Abstract should be clearly structured, the material presentation should follow the logic of
the result description in the article. The text should be concise and clear, free from background
information, and have convincing wording.

bf The volume of annotations in Russian and English should be on average bf from 150 to 250
words.

It is recommended to include in the abstract the following aspects of the article’s content: the
subject, purpose of the work, method or methodology of the work, the results of the work and the
scope of their application, conclusions.

The subject and purpose of the work are indicated if they are not clear from the title of the
article; the method or methodology of the work should be described if they show some novelty or
they are of interest from the point of view of this work.

Units of physical quantities should be given in the international SI system. It is allowed to give
the value of the physical quantity in original system of units in parentheses next to its value in the
SI system.
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The abstract should not contain references to the publication numbers in the article’s
bibliography.

When writing annotations author(s) should remember the following points:

— it is necessary to follow the article’s chronology and to use its headings as a guide;

— do not include non-essential details;

— use the technical (special) terminology of your scientific area, clearly expressing your opinion
and bearing in mind that you write for an international audience;

— the text should be connected by the use of words «consequently», «<moreovers, «for example»,
«as a result», etc., or separate statements should logically follow from one another;

— it is better to use active voice rather than passive, i.e. «The study tested», but not «It is
tested in this study».

Keywords. The keywords that make up the semantic core of the article are a list basic concepts
and categories that serve to describe the problem under study. These words serve as a guide for the
reader and are used to search for articles in electronic bases, therefore, should reflect the discipline
(the field of science within which the article), topic, purpose and object of research.

As keywords, both single words and nominative and singular phrases. Recommended the number
of keywords — 5-7 in Russian and English, the number of words within a key phrase - no more than
three.

Text of the article.When presenting the text of the article, it is recommended to adhere to
the following structure.

— Introduction. In this section, you should describe the problem with which the research is
connected; review the literature on the research topic; indicate the problems, the solution of which
is not known today and the solution of which this manuscript is devoted to; to formulate the goals
and objectives of the study, as well as to show their novelty and practical significance.

— Theoretical foundations, methods of solving the problem and accepted assumptions. This
section details the general design of the study, detailing the methods and approaches that were
used to obtain the results.

When using standard methods and procedures, it is best to refer to relevant sources,
remembering to describe modifications of standard methods, if any. If you use your own new method,
which is still has not been published anywhere before, it is important to give all the necessary details.
If previously the method was published in a well-known journal, you can limit yourself to a link.

— Results. This is the main section that sets out the author’s original material containing
theoretical or experimental data obtained in the course of the research. In terms of volume, this
part is central to the scientific article.

The results of the study must be described in sufficient detail, so that the reader can trace its
stages and assess the validity of the conclusions made by the author.

The results, if necessary, are confirmed by illustrations - tables, graphs, figures, which present
the original material or evidence in a collapsed form.

If the manuscript is of a theoretical nature, then this section provides mathematical calculations
with such a degree of detail that a competent specialist can easily reproduce them and check the
correctness of the results obtained.

— Discussion and analysis of the obtained results and their comparison with the previously known
ones. This section contains the interpretation of the obtained research results, assumptions about
the obtained facts, comparison of the obtained results with the results of other authors.

— Conclusion. The conclusion contains the main ideas of the main text of the article. It is
recommended to compare the results obtained with those that it was planned to receive. At the
end, conclusions and recommendations are given, and the main directions for further research in
this area are determined.

- Thanks. In this section, it is customary to express gratitude to colleagues who assisted with
research or criticized your article. The sources of research funding (grant, state assignment, state
contract, scholarship, etc.) are also indicated.

The rules of article design
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References formatted according to the citation style adopted for use in mathematics
American Mathematical Society (American Mathematical Society) and Furopean Mathematical
Society (Furopean Mathematical Society). To do this, use the AMSBIB format, implemented in
the svmobib.sty style package. This package is developed based on the amsbib.sty package.

References should contain only those sources that are referenced in the text of the work.
Sources are arranged in the order of their mention in the article and their number should not
exceed 20.

Description of the bibliographic reference schemes for the References section.

Articles in the journal in Russian:

— Author(s) (transliteration);

- Parallel title of the article in English (without square brackets) or [translation of the title of
the article in English (in square brackets)|;

— The name of the Russian-language source (transliteration);

— [Translation of the source name into English — paraphrase (for journal one may not do it)[;

— Output data with notation in English, or only digital (the latter, depending on the description
standard used);

— An indication of the article language (in Russ.) after the article’s description.

Books (monographs and collections) in Russian:

— Author(s) (transliteration);

— title of the book (transliteration);

— [Translation of the book’s name in square brackets|;

— Imprint: place of publication in English — Moscow, St. Petersburg; English name of publishing
house if it is an organization (Moscow St. Univ. Publ.) and transliteration, if the publisher has its
own name, indicating in English that it is a publisher: Nauka Publ.;

— The number of pages in the book;

— Reference to the language (in Russ.) after the description of the book.

For transliteration of the Russian alphabet in Latin it is necessary to use the BGN (Board of
Geographic Names) system. On the website https://translit.ru/ru/bgn/ you can use the program of
transliteration of the Russian alphabet into the Latin alphabet for free.

Examples of bibliographic references for the section References.

Journal articles in Russian.

a) there is no parallel name in English:

P.A. Shamanaev, “[On the local reducibility of systems of differential equations with
perturbation in the form of homogeneous vector polynomials]”’, Trudy Srednevolzhskogo
matematicheskogo obshchestva, 5:1 (2003), 145-151 (In Russ.).

b) a parallel name in English is available:

P. A. Shamanaev, “The branching of periodic solutions of inhomogeneous linear differential
equations with a the perturbation in the form of small linear term with delay”, Zhurnal
Srednevolzhskogo matematicheskogo obshchestva, 18:3 (2016), 61-69 (In Russ.).

Journal articles in English:

M. J. Berger, J. Oliger, “Adaptive mesh refinement for hyperbolic partial differential equations”,
Journal of Computational Physics, 53 (1984), 484-512.

Articles in the electronic journals in Russian:

M.S. Chelyshov, P. A. Shamanaev, “[An algorithm for solving the problem of minimizing a
quadratic functional with nonlinear constraints by the method of orthogonal cyclic reduction]”,
Ogarev-online, 20 (2016) (In Russ.), Available at: http://journal.mrsu.ru/arts/algoritm-resheniya-
zadachi-minimizacii-kvadratichnogo-funkcionala-s-nelinejnymi-ogranicheniyami-s-ispolzovaniem-
metoda-ortogonalnoj-ciklicheskoj-redukcii
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Articles in collections in Russian:

A.V. Ankilov, P. A. Velmisov, A.V. Korneev, “Investigation of pipeline dynamics for delay of
external influences|”, Prikladnaya matematika i mekhanika [Applied Mathematics and Mechanics],
10, UIGTU Publ., Ulyanovsk, 2014, 4-13 (In Russ.).

Books (monographs and collections) in Russian:

B.F. Bylov, R. E. Vinograd, D. M. Grobman, V. V. Nemyitskiy, Teoriya pokazateley Lyapunova
i ee prilozheniya k voprosam ustoychivosti [The theory of Lyapunov exponents and its applications
to stability problems|, Nauka Publ., Moscow, 1966 (In Russ.), 576 p.

Conference proceedings in Russian:

P. A. Shamanaev, “[On the question of the perturbation of a linear equation by two small
linear terms|”, Mezhdunarodnoy konferentsii po differentsial’'nym uravneniyam i dinamicheskim
sistemam [International Conference on Differential Equations and Dynamical Systems|, Tezisy
dokladov [Abstract| (Suzdal, 6-11 July 2018), 218-219 (In Russ.).

Detailed technical instructions on the design of manuscripts are contained in the Rules for the
layout of manuscripts in the LaTex system.
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IIpaBuia BepcTtku pykomnuceii B cucreme LaTex

Obpawaem Bawe snumanue Ha mo, 4mo yYka3aHHbE HUNCE NPABUAL OOAHCHDBL BBINOAHATNBGCA
abcoaromuo mouno. B cayuae, ecau npasuaa ofopmaerun pyrkonucu we 6ydym evinosnens, Bawa
cmamova 6ydem 6036pawiera Ha AopabomKy.

Komnuisinmio crarbu HEOOXOMMO TpOou3BoAUTh ¢ momorlpio nmakera MiKTeX, muctpubyrus
KOTOPOI'O MOXKHO IIOJIyIMTh Ha odunuaabHoM caiite — hitp://www.miktex.org.

1t BEpCTKU PYKOMMCH WCIIOIB3YIOTCs ciaeayomue daitabr: daita-npeambysa, daii-mmabiioH,
CTHJIEBBIE ITAKETHI SVINO.sty u svimobib.sty. VIx MoxkHO moryanTh Ha caiiTe KypHaJia B pas;iese IlTpa-
Busia opopMiteHns pykonucei. Apec gocryna: hitp: //www.journal.svmo.ru/page/rules. Texcr
PYKOIIHCH JOJI2KEeH ObITH mToMerteH B (aitn-mabion ¢ nmernem < PamummuallO>.tex. On BriIogaeTcs
koMmaHzoit \input B dair-npeambysny. Hanpumep, \input{shamanaev.tex}

Conepxanue aitma-npeaMOysIbl U CTHIEBBIX NAKETOB U3MEHATH Hesb3s. OpeJie/leHne HOBBIX
KOMAHJ[ aBTOPOM CTATbhH HE JIONMYCKACTCA I MPEAYNPEKICHNsT KOHMIINKTOB UMEH ¢ KOMAHIAMM,
KOTOPBIE MOIJIA ObI ObITH ONIPEJIEJIEHBI B CTAThAX APYTUX aBTOPOB.

OdopmiieHrEe 3aroI0BKOB CTATbU. EC/M cTaThs Ha PYCCKOM sI3BIKE, TO JJIsT ODOPMJICHUS
3arO0JIOBKOB CTATHH Ha PYCCKOM M AHTJIMICKOM SI3BIKE CJIE/IyeT MCIIOIb30BaTh KoMan bl \headerRus
n \headerEn, coorBercTBeHHO.

Komanna \headerRus umeer cienyrompue aprymentsr: { YK} {Hassanue crareu} { Asrop(sr)}
{ABrop(sl) co cHockamu Ha opraum3anuu} {Opranuzannu (HasBaHUe, FOPOJ, CTPAHA) CO CHOCKAMHU
Ha aBropoB} {Annoranusi} {Kiouesble cioBa} {Hassanwe crarbu Ha aHrimilckoM si3bike} {ABb-
Top(Bl) Ha AHITIAACKOM si3bIKe }

Komanga \headerEn nmeer cieayromue apryments: {MSC 2020} {Hassauue crarsu} {As-
rop(s1)} {ABrop(s1) co cHockamu Ha opraHuzanuu} {Opranusanuu (HasBaHHUe, TOPOJ, CTPAHA) CO
caockamu Ha aBTopoB} {Auuoranums} {Kiouessle ciosa}

Ecau oice cmamva ma  GH2AUUCKOM  A3bKE, MO OAA IMO20 UCNOALIYEMCH  KOMAHIG
\headerFirstEn ¢ maxumu orce napamempamu, xax s xomando \headerEn.

Odopmitenne Tekcra crarbu. CTaTbs MOXKET CO/EPKATH I10/13aTr0JI0BKH JIIOOON BJIOXKEHHO-
cru. IToa3arooBKu caMOro BEpXHEro YpPOBHsI BBOJSTCS IPU IIOMOIIM KOMaHIBLI \S€Ct ¢ OIHUM Ia-
pamerpom: \sect{3arosioBok}

IToxzaronoBku Gojlee HU3KMX YPOBHEH BBOZATCA KakK OObIMHO KoMaHzaMmu \subsection,
\subsubsection u \paragraph.

Cremyer uMerhb B BHJY, 9TO BHE 3aBUCUMOCTH OT YPOBHsSI BJIOXKEHHOCTHU II0/I3arOJIOBKOB B Ba-
meit crarbe, HyMepanus 00bekToB (PopMyJ1, TeopeM, JeMM U T.J.) Beerna Oyaer ABoiiHON u Gyzer
MO/TYMHEHA II03ar0JIOBKAM CAMOI'O BEPXHEI'O YPOBHSI.

st opopMmiteHnsT 3aHYMEPOBAHHBIX (DOPMYJI CJIEIYeT UCIOJIb30BaTh OKpyKeHne equation. Hy-
MEepOBaTh HYKHO TOJBKO Te (DOPMYJIbI, HA KOTOPBIE €CTh CCHUIKH B TEKCTE CTaTbu. J[Jisi OCTaIbHBIX
dopMyIT coleryeT HCIoIb30BaTh OKpyKenue equation™.

st mymepoBanus GOPMYJT U CO3AHMS ITOCTIEIYIOIIINX CCHIIOK Ha 3TU (DOPMYJIBI HEOOXOIMMO UC-
osIb30BaTh coorBercTBeHHO KoMmaHzpbl \label{merka} u \eqref{merka}, rine B KauecTBe MerTku
HY?KHO WCIOJIB30BaTh CTPOKY cienytomero sujga: Pamuius_AsropaHomep  @Popmynsr’. Hampu-
Mmep, dopmyny (14) B crarhe VBanosa myxxuo nomeruts \label{ivanov14}, reopemy 5 u3 sroii
crarbu — \label{ivanovt5} u . n. (lys1 cCbUIOK Ha T€OpPeMBI, JIEMMBI U IpyTue 00bEKTHI, OTIAY-
Hble 0T (GOPMYJI, Hy’KHO HCIOJb30BaTh KoMaHty \ref{merka}).

st odbopmiienns TeopeM, JIeMM, TPEJTOXKEHNN, CJIEICTBUIM, ONPE/ICJICHNI, 3aMEeIaHuil U IPHU-
MEpOB CJIEyeT UCIIOIb30BaTh cOOTBeTCTBeHHO OoKpy:kenusi Th, Lemm, Prop, Cor, Defin, NB u
Example. Ecsin B Bameii craTrbe npuBosTCs OKA3aTEIbCTBA Y TBEPXK ICHUHN, X CJIELyeT OKPYKUTh
xomaagamu \proof u \ proofend (s mosryuenns crpok *okazarenberso.’ u ’Jloka3aTeabeTBo 3a-
KOHYEHO.” COOTBETCTBEHHO).

s obopmierust TabiIuIy CIeayeT UCIOIb30BaTh OKpyKeHue table ¢ BioXxkeHHBIM OKpy2KeHIEM
tabular:
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\begin{table}[h!]

\caption{HasBanue  rtabuunbr Ha  pycckom  s3bike  \\  \textbf{Table
\ref{shamanaevtablel}.} HasBanue Ha aHrimuiickoM s3bIKe }

\label{shamanaevtablel}

\begin{center}

\begin{tabular}{|C{6cm}|C{6cm}|}

\hline

HasBaune nepsoro croubia & Hassaume Broporo crosbna \\

Hassanmne nepsoro crojibna Ha aHrymiickoM s3bike & Haszpanue BTOpOro crosbna
HA aHIVIUMCKOM s3bIKe \\

\hline

1& 2\\

\hline

3 & 4\

\hline

\end{tabular}

\end{center}

\end{table}

OdopmiteHne pucyHKOB. /1 BCTABKU B TEKCT CTATHU PUCYHKOB HEOOXOINMO TOJIB30BATHCS
CJIEJIYIOIIMMU KOMAHIaAMU:

a) BCTaBKa 3aHYMEPOBAHHOI'O PUCYHKa C IIOAIINCHIO

\insertpicturewcap {merka} {ums caiina.eps} {mommmcs moxm_ pucymxom} {mon-
UCh_II0Ji, PUCYHKOM Ha aHIJIMACKOM _SI3BIKE }

6) BCTaBKa 3aHYMEPOBAHHOI'O PUCYHKA C MOANUCHIO U C YKA3AHUEM CTEIIEHU CXKATOCTU

\insertpicturecapscale{merka}{umsa caiina.eps}{cremennr cxxarusa}{noamuce} {mon-
MUCh 10/, PUCYHKOM Ha _aHIJIMACKOM _SI3BIKE}

B) BCTaBKa JIBYX PUCYHKOB C JABYMs¢ IIOJAIIUCAMMU IIOL PUCYHKaMU U 061116171 IIOAIINCBHIO

\inserttwopictures {merka} {umsa daiina.eps} {moamuce mox_puc} {moamuce
MoJ,_ PUC_HA _aHIJIMICKOM _A3bIKe} {ums daiina.eps} {moamuce mox_ puc}
{mognucey mox_puc_ mHa anriwmiickom sisbike} {obmas  mommuck} {obmjas  mon-
UCh _HA_aHMJIMACKOM _sI3BIKE }

') BCTABKA JABYX PUCYHKOB C JBYMsl HOAIMCAMU 107, PUCYHKAMH, C YKA3AHUEM CTEICHU CXKATUSI
KaXKJI0r0 PUCYHKa U OOIIEil MOAIUChHIO.

\inserttwopictureswithcompression {merka}{ums aiina.eps}{nognuce mopn
puc\\NOAINCh IIOA_ PUC_HA _AaHIVIMICKOM _ssbike}{crenenr cxkarus} {ums daii-
na.eps} {moammucek mnox_ puc\\IOANNChL HA AHTIUWCKOM _s3biKe} {CTemeHb c>KaTus }
{o6mmas mognuce} {obmas  moamMCch HA AHIIMIICKOM _s3bIKe}

1) BCTaBKa JBYX PHCYHKOB TOJIbKO C OOLIEH IOANUCHIO II0J] PUCYHKAMH.

\inserttwopictureswithonecaptiononly {merka} {umsa_ caiina.eps} {uma_caii-na.eps}
{o6mas_moamuce} {oGIas moamuMCh Ha _aHIMJIMACKOM _SI3BIKE }

e) BCTaBKa /IBYyX PUCYHKOB TOJIBKO C 06meﬁ IIOAIINCHIO IO/ PUCYHKAMU U C YKa3aHUEM CTeIleHU
CXKaTUA KazKJ0ro pUCyHKa.
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\inserttwopictureswithonecaptiononlywithcompression {merka} {umsa aii-
Jga.eps} {crenens cxarusi} {ums_ daiina.eps}{crenens cxxkarus}{obmas mnoxa-
nuck 1oy pucynkom} {obmiasi moaAnuCh Ha AHIVIMACKOM A3BIKE }

2K) BCTaBKa TPEX PUCYHKOB TOJIHKO C OOIIEH MOJIIMCHIO IO/ PUCY HKAMH.

\insertthreepictures{merka}{umsa dcaiina.eps} {ums_ caiina.eps} {ums_ caii-na.eps}
{obmasa moanucek} {o6mIas MmOANNCHL HA AHTIMKCKOM _sA3bIKe}

3) BCTABKA TPEX PUCYHKOB TOJLKO C OOMIEH MOJIUCHIO MOJ PUCYHKAMHU W C YKA3aHUEM CTEIEeHU
CXKaThA KaXKJI0r0 PUCYHKa.

\insertthreepictureswithcompression{merka}{umsa daiina.eps}{crenenn cxka-tus}
{umsi_aiima.eps} {crenmenms cxkarmsa} {ums_daiima.eps} {cremennr crxa-Tus}
{obmas moanuces} {ob6mias moamMCH HA AHTIMKCKOM _sI3bIKe}

Bce BcTapssieMble KapTUHKY TOJIPKHBI HAXOIUTHCS B (baitiax B dpopmare jpg.

Odopmiienne cuuckos Jiuteparypsbl. st oopMiteHnsT CIIMCKOB JINTEPATYPHI Ha PYCCKOM U
AHTJIMIICKOM sI3BIKAX CJIeyeT UCIOoJIb30BaTh OKpyxkenus thebibliography u thebibliographyEn,
COOTBETCTBEHHO.

Kazxmas pycckosizpranast 6ubanorpadudeckast CCbLIKa 0POPMIISIETCST KOMAHIOM

\RBibitem{Merka A CCbLIKM HA UCTOYHUK },

a aHIrJIosI3blYHas Gubsmorpaduyeckas CCblJIKA — KOMAHIOM

\Bibitem{merka [JIs1 CCBIKM HA MCTOYHUK }.

Hanee nist onucanmns 6ubanorpaduaecKoil CCbIIKH CJIEIYET UCIOIB30BATH KOMAHJIBI, PeaIn3y-
romue dpopmar AMSBIB u oTHOcsmuecss K cTumeBoMy makeTy svmobib.sty. OcHOBoIT 3Toro maxe-
Ta sABJIeTCsS cTUieBOil daitn amsbib.sty. Bosee mogpobHO 9TH KOMAaHIBI ONMCAHBI B MHCTPYKIUN
amsbib.pdf.

JIJ1s1 CCHIOK Ha MCTOYHUKY U3 CIIMCKA JINTEPATYPhl HEOOXOAMMO HCIIOIb30BaTh CIIEAYIONUE KO-
MaHzpl: \cite, \citetwo, \citethree, \citefour, \citetire, \pgcite (napamerper cm. B daiine-
npeamOyiie). B KadecTBe MMEHH METOK JIsl PyCCKOA3BIMTHBIX OMOMIMOrpadnIecKux CChIIOK Hy?KHO
ncnob3oBaTh 'PavumnsgsRBibHomepCeblku’, a j11s1 aHIJIOA3BIYHBIX OUOUINOrpadUIeCKUX CChIIIOK
— ’@avunusBibHomepCebriku’.

Metku Bcex 0OBEKTOB CTATBH JIOJKHBI OBITh YHUKAJIbHBIMHU.

IIpumeps! opopmienust 6ubanorpadmuuecKnx CChIJIOK C MOMOMIbI0O KOMaH/ U3 CTH-
JieBoro makera svmobib.sty

CraTbH B >KypHaJjlaX Ha PYCCKOM sI3bIKe
B paspgesne thebibliography:

\RBibitem{shamanaevBib1}

\by II. A. Illamanaes

\paper O JioKaJIbHON IpUBOAUMOCTH cucTeM AudPEepeHInAIbHbIX yPABHEHNH ¢ BO3MYIIEHHEM B
BH/JIe OJTHOPOJHBIX BEKTOPHBLIX MOJIMHOMOB

\jour Tpyzasr CpesHeBOIKCKOrO MATEMATHIECKOTO OOIIECTBA

\yr 2003

\vol 5

\issue 1

\pages 145-151
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B pazaesie thebibliographyEn:

\Bibitem{shamanaevBiblEn}

\by P. A. Shamanaev

\paper [On the local reducibility of systems of differential equations with perturbation in the form
of homogeneous vector polynomials]

\jour Trudy Srednevolzhskogo matematicheskogo obshchestva

\yr 2003

\vol 5

\issue 1

\pages 145-151

\lang In Russ.

Crarbu B >KypHajaxXx Ha AaHINIMWCKOM s3blKe (B pasgenax thebibliography wu
thebibliographyEn odopmisirorcsi oquHaKOBO):

\Bibitem{shamanaevBib2}

\by M. J. Berger, J. Oliger

\paper Adaptive mesh refinement for hyperbolic partial differential equations
\jour Journal of Computational Physics

\yr 1984

\vol 53

\pages 484-512

CraTrby B JIEKTPOHHOM >KYPHAJIE HA PYCCKOM SI3BIKE
B pasznesie thebibliography:

\RBibitem{shamanaevBib3}

\by M. C. Yensimos, IT. A. IITamanaes,

\paper AJITOpUTM peIIeHus 3aJa91 MUHUMU3AIUA KBAJAPATHIHOTO (DYHKIIMOHAA C HEJTMHEHHBIMUI
OTPAHUYEHUSIME C UCIIOJIB30BAHUEM METO/a OPTOTOHAJBHON IMUKINIECKON PeIyKITHH

\jour Orapés-online

\vol 20

\yr 2016

\elink Tocrynno no azxpecy: http://journal.mrsu.ru/arts/algoritm-resheniya-zadachi-minimizacii-
kvadratichnogo-funkcionala-s-nelinejnymi-ogranicheniyami-s-ispolzovaniem-metoda-ortogonalnoj-
ciklicheskoj-redukcii

B pazpgesnie thebibliographyEn:

\Bibitem{shamanaevBib3En}

\by M.S. Chelyshov, P. A. Shamanaev,

\paper [An algorithm for solving the problem of minimizing a quadratic functional with nonlinear
constraints by the method of orthogonal cyclic reduction]

\jour Ogarev-online

\vol 20

\yr 2016

\lang In Russ.

\elink  Available  at:  http://journal.mrsu.ru/arts/algoritm-resheniya-zadachi-minimizacii-
kvadratichnogo-funkcionala-s-nelinejnymi-ogranicheniyami-s-ispolzovaniem-metoda-ortogonalnoj-
ciklicheskoj-redukcii
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CraTrpu B cCOOpHHUKaX HAa PYCCKOM sI3BIKE:
B pasgesnie thebibliography:

\RBibitem{shamanaevBib4}

\by A. B. Aukunos, II. A. Benrbmucos, A. B. Kopuees

\paper UccieioBanne auHaMuKy TpyGOIPOBO/ia P 3ala3/(bIBAHIN BHEIIHUX BO3IEACTBHI
\inbook IIpukiajHas MaTeMaTuKa U MEXaHUKA

\publaddr YabsHOBCK

\publ Yal' Ty

\yr 2014

\issue 10

\pages 4-13

B paszgesie thebibliographyEn:

\Bibitem{shamanaevBib4En}

\by A.V. Ankilov, P. A. Velmisov, A.V. Korneev

\paper [Investigation of pipeline dynamics for delay of external influences|

\inbook Prikladnaya matematika i mekhanika [Applied Mathematics and Mechanics]
\publaddr Ulyanovsk

\publ UIGTU Publ.

\yr 2014

\issue 10

\pages 4-13

\lang In Russ.

Kuuru (MmoHorpaduu u cGOpHUKU) HA PYCCKOM sI3bIKeE:
B pazpgesie thebibliography:

\RBibitem{shamanaevBib5}

\by 1O. H. Bubukos

\book Kypc o6bikHOBEHHBIX muddepeHIralbHbIX yPaBHEHUH
\publaddr M.

\publ Bericmr. mk.

\yr 1991

\totalpages 303

B pazzaesie thebibliographyEn:

\Bibitem{shamanaevBib5En}

\by Yu. N. Bibikov

\book Kurs obyknovennykh differentsial'nykh uravneniy [The course of ordinary differential
equations]

\publaddr Moscow

\publ Visshay shkola Publ.

\yr 1991

\totalpages 303

\lang In Russ.

CraTbu B MaTepuaiax KOH(EPeHIUl Ha PyCCKOM SI3bIKE:
B pasgesnie thebibliography:
\RBibitem{shamanaevBib6}
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\by B.T. Manunos

\paper HenpepbIBHBII MeTO/] MUHUMHU3AIIUA BTOPOTO MOPSIJIKA ¢ OEPATOPOM IIPOEKIIUH B TIEPEMEH-
HOU MeTpuKe

\inbook VIII MockoBckast MexX tyHapozHast KoHdepeHus 1o ucciaenoBannio oneparmii (ORM2016):
Tpyapt

\bookvol II

\procinfo Mocksa. 17-22 oktabps 2016 r.

\yr 2016

\pages 48-50

\publ UL 1Y PAH

\publaddr M.

B pazzgesie thebibliographyEn:

\Bibitem{shamanaevBib6En}

\by V. G. Malinov

\paper Continuous second order minimization method with variable metric projection operator
\inbook VIIT Moscow International Conference on Operations Research (ORM2016): Proceedings
\bookvol II

\procinfo Moscow, October 17-22, 2016

\yr 2016

\pages 48-50

\publ FRC CSC RAS Publ.

\publaddr Moscow
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The rules for article layout in the LaTex system

Please note that the rules below must be strictly followed. In case the rules are not fulfilled, your
manuscript will be returned for revision.

The article should be compiled using the MiKTeX package. The distribution kit of this package
can be downloaded from the official website — hitp://www.miktez.org.

The following files are used for manuscript layout: the preamble file, the template file and style
package svmo.sty and svmobib.sty. They can be downloaded from the website of the journal in the
section Rules for Manuscripts: http://www.journal.svmo.ru/page/rules. The article text should
be placed in a template file named <LastName>.tex. It is enabled with the command \input in
the preamble file. For example, \input{shamanaev.tex}

The contents of the preamble file can not be changed. The definition of new commands by the
author of the article is not allowed to prevent name conflicts with commands that could be defined
in articles of other authors.

Design of article titles. If the article is in Russian, then the following commands should
be used to format the article headings in Russian and English \headerRus and \headerEn,
respectively.

The command \headerRus has the following arguments: {UDC} {Article title} {The
author(s)} {The author(s) with footnotes to organizations} { The organizations (name, city, country)
with footnotes to authors} {Abstract} {Keywords} {Title of the article in English} {Author(s) in
English}

The command \headerEn has the following arguments: {MSC 2010 } {Article title} {The
authors) } {The author(s) with footnotes to organizations} {The organizations (name, city, country)
with footnotes to authors} {Abstract} {Keywords}

If the article is in English, then the title of the article is in English only. To do this, use the
command \headerFirstEn with the same parameters as for the command \headerEn.

Design of the article text. The article may contain subheadings of any nesting. Top-level
subheadings are entered using the command \sect with one parameter:\sect{Header}

Subheadings of lower levels are entered as usual by commands \subsection, \subsubsection
and \paragraph.

It should be borne in mind that regardless of the nesting level of subheadings in your article, the
numbering of objects (formulas, theorems, lemmas, etc.) will always be double and will be subject
to the subheadings of the highest level.

To design numbered formulas, use the environment equation. Numbering is needed only for
those formulas that are referenced in the text of the article. For other formulas, use the equation*
environment.

For numbering formulas and creating subsequent references to these formulas authors must
use the commands \label{label} and \eqref{label}, where the following string must be used
as a label: ’Author’sLastNameFormulaNumber’. For example, formula (14) in Ivanov’s article
should be marked \label{ivanov14}, Theorem 5 of this articles — \label{ivanovt5}, etc.
(For references to theorems, lemmas and other objects other than formulas, one need to use the
command \ref{label}).

For the design of theorems, lemmas, sentences, corollaries, definitions, comments and examples
the authors should use corresponding environments Th, Lemm, Prop, Cor, Defin, NB and
Example. If the article provides evidences of the statements, they should be surrounded by
commands \ proof and \proofend (to get strings 'Evidence.” and ’The proof is complete.’
respectively).

To format tables, use the table environment with the nested tabular environment:

\begin{table}|h!]

\caption{Table name \\ \textbf{Table \ref{shamanaevtablel}.} Table name in
English} \label{shamanaevtablel}
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\begin{center}
\begin{tabular}{|C{6cm}|C{6cm}|}

\hline

First column name & Second column name \\
First column name in English & Second column name in English \\
\hline

1& 2\\

\hline

3 & 4\\

\hline

\end{tabular}

\end{center}

\end{table}

Design of pictures. To insert pictures into the text of an article, one must use following
commands:
a) insert a numbered picture with the signature

\insertpicturewcap {label} {file name.eps} {caption of the figure} {caption
of the figure in English}

b) insert a numbered picture with a caption and indicating compression ratio

\insertpicturecapscale {label} {file_name.eps} {degree of compression}
{caption of the figure} {caption of the figure in English}

c) insert two pictures with two captions under the pictures and common caption

\inserttwopictures {label} {file_name.eps} {caption of the figure}
{caption of the figure in English} {file name.eps} {caption_of the
figure}  {caption of the figure in English} {common_caption} {common

caption in English}

d) insert two pictures with two captions under the pictures, the compression ratio of each picture
and common caption

\inserttwopictureswithcompression = {label}  {file name.eps} {caption of the
figure \\ caption of the figure in English} {degree of compression} {file
name.eps} {caption of the figure \\ caption of the figure in English}
{degree of compression} {common caption} {common caption in English}

e) insert two pictures with common caption only

\inserttwopictureswithonecaptiononly {label} {file name.eps} {file name.eps}
{common _caption} {common caption in English}

f) insert two pictures with common caption and the compression ratio of each picture

\inserttwopictureswithonecaptiononlywithcompression {label} {file_name.eps}
{degree of compression} {file__name.eps} {degree of compression}
{common caption} {common caption in English}

g) insert of three pictures with common caption only
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\insertthreepictures {label} {file name.eps} {file name.eps} {file name.eps}
{common _caption} {common caption in English}

h) insert of three pictures with common caption and the compression ratio of each picture

\insertthreepictureswithcompression {label} {file_name.eps} {degree of
compression}  {file name.eps} {degree of compression} {file name.eps}
{degree of compression}{common caption}{common caption in English}

All inserted images must be in format jpg.

Design of references. For design of references in Russian and in English authors should use
the environment thebibliography and thebibliographyEn, respectively.

Each Russian bibliographic reference is made by a command

\RBibitem{label for a link to the source },

and every English reference — by a command

\Bibitem{label for a link to the source }.

Further, to describe the bibliographic reference, authors must use the commands that implement
the AMSBIB format and refer to the svmobib.sty style package. The basis of this package is the
amsbib.sty style file. These commands are described in more detail in the amsbib.pdf instruction.

To make the reference to element of the reference list in the article text authors must
use the commands \cite, \citetwo, \citethree, \citefour, \citetire, \pgcite (parameters,
see the preamble file). For the name of tags for Russian-language bibliographic references,
use the ’LastNameRBibNumberOfReference’, and for English-language bibliographic references -
’LastNameBibNumberOfReferences’.

Labels of all article’s objects must be unique.

Examples of bibliographic references’ using commands from the svmobib.sty
package

Journal articles in Russian:

\Bibitem{shamanaevBibl1En}

\by P. A. Shamanaev

\paper [On the local reducibility of systems of differential equations with perturbation in the form
of homogeneous vector polynomials]

\jour Trudy Srednevolzhskogo matematicheskogo obshchestva

\yr 2003

\vol 5

\issue 1

\pages 145-151

\lang In Russ.

Journal articles in English:

\Bibitem{shamanaevBib2}

\by M. J. Berger, J. Oliger

\paper Adaptive mesh refinement for hyperbolic partial differential equations
\jour Journal of Computational Physics

\yr 1984

\vol 53

\pages 484-512
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Articles in the electronic journals in Russian

\Bibitem{shamanaevBib3En}

\by M.S. Chelyshov, P. A. Shamanaev,

\paper [An algorithm for solving the problem of minimizing a quadratic functional with nonlinear
constraints by the method of orthogonal cyclic reduction]

\jour Ogarev-online

\vol 20

\yr 2016

\lang In Russ.

\elink Available at: http://journal.mrsu.ru/arts/algoritm-resheniya-zadachi-minimizacii-
kvadratichnogo-funkcionala-s-nelinejnymi-ogranicheniyami-s-ispolzovaniem-metoda-ortogonalnoj-
ciklicheskoj-redukcii

Articles in collections in Russian:

\Bibitem{shamanaevBib4En}

\by A.V. Ankilov, P. A. Velmisov, A.V. Korneev

\paper [Investigation of pipeline dynamics for delay of external influences]

\inbook Prikladnaya matematika i mekhanika [Applied Mathematics and Mechanics|
\publaddr Ulyanovsk

\publ UIGTU Publ

\yr 2014

\issue 10

\pages 4-13

\lang In Russ.

Books (monographs and collections) in Russian:

\Bibitem{shamanaevBib5En}

\by Yu. N. Bibikov

\book Kurs obyknovennykh differentsial’'nykh uravneniy [The course of ordinary differential
equations]|

\publaddr Moscow

\publ Visshay shkola Publ.

\yr 1991

\totalpages 303

\lang In Russ.

Conference proceedings in Russian:

\Bibitem{shamanaevBib6En}

\by V. G. Malinov

\paper Continuous second order minimization method with variable metric projection operator
\inbook VIIT Moscow International Conference on Operations Research (ORM2016): Proceedings
\bookvol II

\procinfo Moscow, October 17-22, 2016

\yr 2016

\pages 48-50

\publ FRC CSC RAS Publ.

\publaddr Moscow
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B 2008 r. ra XVI MexkaynapogHoii mpodeccnoHabHOI
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TEXHUKA, HAYYHO-TIONYJIIpPHAas IIpeccay.

KypHan
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C 2009 roga >xkxypHaJj HocuT Ha3BaHue «2Kypnuana Cpea-
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