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Àííîòàöèÿ. Íàñòîÿùàÿ ðàáîòà ïîñâÿùåíà ïîñòðîåíèþ ïàðàëëåëüíîãî âû÷èñëèòåëüíîãî àë-
ãîðèòìà äëÿ ðåøåíèÿ çàäà÷ êîíâåêòèâíîãî òåïëîîáìåíà ñ èñïîëüçîâàíèåì ìåòîäà Ãàëåðêèíà ñ
ðàçðûâíûìè áàçèñíûìè ôóíêöèÿìè íà íåñòðóêòóðèðîâàííûõ ðàçíåñåííûõ ñåòêàõ. Âû÷èñëè-
òåëüíûé àëãîðèòì ðåàëèçîâàí íà îñíîâå òåõíîëîãèè ïàðàëëåëüíûõ âû÷èñëåíèé MPI. Îñîáåí-
íîñòüþ àëãîðèòìà ÿâëÿåòñÿ òî, ÷òî â ìåæïðîöåññîðíîì îáìåíå íå ó÷àñòâóþò âñïîìîãàòåëüíûå
ïåðåìåííûå, âîçíèêàþùèå ïðè àïïðîêñèìàöèè äèôôóçèîííûõ ÷ëåíîâ ñ ïîìîùüþ ðàçðûâíîãî
ìåòîäà Ãàëåðêèíà. Ðàçðàáîòàííûé ïàðàëëåëüíûé àëãîðèòì ïðèìåíåí äëÿ ðåøåíèÿ çàäà÷è î
ðàñïðåäåëåíèè òåìïåðàòóðû â íåôòÿíîì ïëàñòå ñ òðåùèíîé ãèäðîðàçðûâà è âåðòèêàëüíîé íà-
ãíåòàòåëüíîé ñêâàæèíîé. Â ðàáîòå ïðåäñòàâëåíû ðåçóëüòàòû âû÷èñëèòåëüíîãî ýêñïåðèìåíòà
è ïðèâåäåíû îöåíêè ýôôåêòèâíîñòè ïàðàëëåëüíîãî àëãîðèòìà.

Êëþ÷åâûå ñëîâà: ìåòîä Ãàëåðêèíà ñ ðàçðûâíûìè áàçèñíûìè ôóíêöèÿìè, âåðòèêàëüíàÿ
íàãíåòàòåëüíàÿ ñêâàæèíà, ãèäðàâëè÷åñêèé ðàçðûâ ïëàñòà, óðàâíåíèå êîíâåêòèâíîãî òåïëî-
îáìåíà, ðàçíåñåííûå ñåòêè, ïàðàëëåëüíûå âû÷èñëåíèÿ, òåõíîëîãèÿ MPI

1. Ââåäåíèå

Ðàáîòà ïîñâÿùåíà ïîñòðîåíèþ ïàðàëëåëüíîãî ÷èñëåííîãî àëãîðèòìà äëÿ ðåøåíèÿ
óðàâíåíèé êîíâåêöèè-äèôôóçèè ñ ïîìîùüþ ìåòîäà Ãàëåðêèíà ñ ðàçðûâíûìè áàçèñíûìè
ôóíêöèÿìè (DG). Ìåòîä DG øèðîêî èñïîëüçóåòñÿ äëÿ ðåøåíèÿ óðàâíåíèé êîíâåêöèè-
äèôôóçèè [1�3]. Â ïîñëåäíåå âðåìÿ àêòèâíî ðàçâèâàþòñÿ ìîäèôèêàöèè DG íà ðàçíåñåí-
íûõ ñåòêàõ, êîòîðûå ïîëó÷èëè íàçâàíèå Staggered Discontinuous Galerkin Method. Ïðèìå-
íåíèå äàííûõ ìîäèôèêàöèé ê ðåøåíèþ ðàçëè÷íûõ çàäà÷ ïîêàçûâàåò õîðîøèå ðåçóëüòàòû
[4�8]. Äàííûé ïîäõîä ïîçâîëÿåò ñî÷åòàòü â ñåáå ïðåèìóùåñòâà DG è ìåòîäîâ íà ðàçíåñåí-
íûõ ñåòêàõ.

1Æàëíèí Ðóñëàí Âèêòîðîâè÷, çàâåäóþùèé êàôåäðîé ïðèêëàäíîé ìàòåìàòèêè, äèôôåðåíöè-
àëüíûõ óðàâíåíèé è òåîðåòè÷åñêîé ìåõàíèêè, ÔÃÁÎÓ ÂÎ ¾ÌÃÓ èì. Í. Ï. Îãàð¼âà¿ (430005,
Ðîññèÿ, ã. Ñàðàíñê, óë. Áîëüøåâèñòñêàÿ, ä. 68/1), êàíäèäàò ôèçèêî-ìàòåìàòè÷åñêèõ íàóê, ORCID:
http://orcid.org/0000-0002-1103-3321, zhrv@mrsu.ru

2Ìàñÿãèí Âèêòîð Ôåäîðîâè÷, ñòàðøèé íàó÷íûé ñîòðóäíèê, ÔÃÁÎÓ ÂÎ ¾ÌÃÓ èì. Í. Ï. Îãàð¼âà¿
(430005, Ðîññèÿ, ã. Ñàðàíñê, óë. Áîëüøåâèñòñêàÿ, ä. 68/1), êàíäèäàò ôèçèêî-ìàòåìàòè÷åñêèõ íàóê, ORCID:
http://orcid.org/0000-0001-6738-8183, vmasyagin@gmail.com

3Ïåñêîâà Åëèçàâåòà Åâãåíüåâíà, ìëàäøèé íàó÷íûé ñîòðóäíèê, ÔÃÁÎÓ ÂÎ ¾ÌÃÓ èì. Í. Ï. Îãà-
ð¼âà¿ (430005, Ðîññèÿ, ã. Ñàðàíñê, óë. Áîëüøåâèñòñêàÿ, ä. 68/1), ORCID: http://orcid.org/0000-0003-2618-
1674, e.e.peskova@mail.ru

Ð.Â. Æàëíèí, Â.Ô. Ìàñÿãèí, Å. Å. Ïåñêîâà. Ïîñòðîåíèå ïàðàëëåëüíîãî . . .



Æóðíàë ÑÂÌÎ. 2018. Òîì 20, � 4 449

Ðàíåå àâòîðàìè áûëà ïðåäëîæåíà îðèãèíàëüíàÿ ìîäèôèêàöèÿ ìåòîäà Ãàëåðêèíà ñ ðàç-
ðûâíûìè áàçèñíûìè ôóíêöèÿìè äëÿ ðåøåíèÿ óðàâíåíèé äèôôóçèîííîãî òèïà íà íåñòðóê-
òóðèðîâàííûõ ðàçíåñåííûõ ñåòêàõ [13�17]. Â äàííîì ïîäõîäå âñïîìîãàòåëüíûå âåëè÷èíû,
âîçíèêàþùèå ïðè àïïðîêñèìàöèè èñõîäíûõ óðàâíåíèé ñ ïîìîùüþ DG, èùóòñÿ íà äâîé-
ñòâåííîé ñåòêå, ÿ÷åéêè êîòîðîé ïðåäñòàâëÿþò ñîáîé ìåäèàííûå êîíòðîëüíûå îáúåìû âî-
êðóã óçëîâ îñíîâíîé ñåòêè.

Íåñìîòðÿ íà î÷åâèäíûå äîñòîèíñòâà ìåòîäà, åãî ðåàëèçàöèÿ òðåáóåò çíà÷èòåëüíûõ âû-
÷èñëèòåëüíûõ çàòðàò. Íàñòîÿùàÿ ðàáîòà ïîñâÿùåíà ïîñòðîåíèþ è ðåàëèçàöèè ïàðàëëåëü-
íîãî àëãîðèòìà íà îñíîâå ìåòîäà Ãàëåêðêèíà ñ ðàçðûâíûìè áàçèñíûìè ôóíêöèÿìè äëÿ
ðåøåíèÿ çàäà÷ êîíâåêòèâíîãî òåïëîîáìåíà íà íåñòðóêòóðèðîâàííûõ ðàçíåñåííûõ ñåòêàõ.

2. Ìåòîä Ãàëåðêèíà ñ ðàçðûâíûìè áàçèñíûìè ôóíêöèÿìè

Ðàññìîòðåíèå ÷èñëåííîãî àëãîðèòìà äëÿ ìåòîäà Ãàëåðêèíà ñ ðàçðûâíûìè áàçèñíûìè
ôóíêöèÿìè ïðîâåäåì íà ïðèìåðå ñëåäóþùåé íà÷àëüíî-êðàåâîé çàäà÷è äëÿ ïåðåíîñà òåïëà:
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Çàäàþòñÿ íà÷àëüíûå è ãðàíè÷íûå óñëîâèÿ:

T (x, y, t) = g(x, y, t), (x, y) ∈ ∂D,

T (x, y, 0) = T0(x, y), (x, y) ∈ D,

ãäå λ � êîýôôèöèåíò òåïëîïðîâîäíîñòè; Vx, Vy � êîìïîíåíòû âåêòîðà ñêîðîñòè äâèæå-
íèÿ òåïëîíîñèòåëÿ; g � òåìïåðàòóðà íà ãðàíèöå îáëàñòè; T0 � òåìïåðàòóðà â íà÷àëüíûé
ìîìåíò âðåìåíè.

Ïðîèçâîäíûå âòîðîãî ïîðÿäêà íå ìîãóò áûòü ñîãëàñîâàíû íàïðÿìóþ â ñëàáîé âàðèà-
öèîííîé ôîðìóëèðîâêå ñ èñïîëüçîâàíèåì ïðîñòðàíñòâà ðàçðûâíûõ ôóíêöèé. Ïîýòîìó îò-
äåëüíî ðàññìàòðèâàþòñÿ ïîòîêîâûå ïåðåìåííûå êàê âñïîìîãàòåëüíûå íåèçâåñòíûå óðàâ-
íåíèÿ òåïëîïðîâîäíîñòè. Èñõîäíîå óðàâíåíèå ïåðåôîðìóëèðóåòñÿ â ñëåäóþùóþ ñîïðÿ-
æåííóþ ñèñòåìó: 
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Äëÿ ïðèìåíåíèÿ ìåòîäà Ãàëåðêèíà ñ ðàçðûâíûìè áàçèñíûìè ôóíêöèÿìè îáëàñòüD, íà
êîòîðîé èùåòñÿ ðåøåíèå, ïîêðûâàåòñÿ òðåóãîëüíîé ñåòêîé, óäîâëåòâîðÿþùåé êðèòåðèþ
Äåëîíå. Òàêæå ââîäèòñÿ â ðàññìîòðåíèå ñåòêà, ïîñòðîåííàÿ èç ìåäèàííûõ êîíòðîëüíûõ
îáúåìîâ Dj, ïîñòðîåííûõ îòíîñèòåëüíî âåðøèí îñíîâíîé òðåóãîëüíîé ñåòêè. Íà êàæäîì
òðåóãîëüíîì ýëåìåíòåKj òåìïåðàòóðà èùåòñÿ â âèäå ïðîåêöèè íà ïðîñòðàíñòâî ïîëèíîìîâ
P (x, y) ñòåïåíè st â áàçèñå

{
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Íà êàæäîì ýëåìåíòå Dj ïîòîêîâûå ïåðåìåííûå èùóòñÿ â âèäå ïðîåêöèè íà ïðîñòðàí-
ñòâî ïîëèíîìîâ P (x, y) ñòåïåíè st â áàçèñå

{
ψj
i (x, y)

}
ñ çàâèñÿùèìè îò âðåìåíè êîýôôè-

öèåíòàìè:
ωxj (x, y, t) =
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Â ðàáîòå â êà÷åñòâå ïðîáíûõ (áàçèñíûõ) ôóíêöèé íà òðåóãîëüíèêàõ èñïîëüçóåòñÿ áàçèñ
Òåéëîðà:
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,

ãäå (xcj, ycj) � êîîðäèíàòû öåíòðà ìàññ òðåóãîëüíèêà Kj; ∆xj, ∆yj � ïðîåêöèè òðåóãîëü-
íèêà Kj íà ñîîòâåòñòâóþùèå îñè êîîðäèíàò.

Â êà÷åñòâå ïðîáíûõ (áàçèñíûõ) ôóíêöèé íà ÿ÷åéêàõ äâîéñòâåííîé ñåòêè òàêæå èñ-
ïîëüçóåòñÿ áàçèñ Òåéëîðà:
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Ïðèáëèæåííîå ðåøåíèå ñèñòåìû (2.2) â ðàçðûâíîì ìåòîäå Ãàëåðêèíà èùåòñÿ êàê ðå-
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Â ñèñòåìå (2.3) çíà÷åíèÿ ïîòîêîâûõ âåëè÷èí T Ã â êîíâåêòèâíûõ ÷ëåíàõ íà ðåáðàõ òðå-
óãîëüíèêîâ âûáèðàþòñÿ â çàâèñèìîñòè îò íàïðàâëåíèÿ âåêòîðà ñêîðîñòè ïîäîáíî òîìó,
êàê ýòî ñäåëàíî äëÿ óðàâíåíèé ãàçîâîé äèíàìèêè â ðàáîòå [9]. Äëÿ âû÷èñëåíèÿ ïîòîêîâûõ
âåëè÷èí â äèôôóçèîííûõ ÷ëåíàõ íà ãðàíèöå ýëåìåíòîâ èñïîëüçóþòñÿ ñòàáèëèçèðóþùèå
äîáàâêè ïîäîáíî òîìó, êàê ýòî ñäåëàíî â ðàáîòå [10]. Äëÿ âû÷èñëåíèÿ èíòåãðàëîâ â ñèñòå-
ìàõ (2.3)�(2.5) èñïîëüçóþòñÿ êâàäðàòóðíûå ôîðìóëû Ãàóññà íåîáõîäèìîé òî÷íîñòè [11].
Ïðèìåíÿåòñÿ äâóõòî÷å÷íûé øàáëîí äëÿ âû÷èñëåíèÿ èíòåãðàëîâ ïî êîíòóðó è òðåõòî÷å÷-
íûé � äëÿ âû÷èñëåíèÿ èíòåãðàëîâ ïî ýëåìåíòàì. Äëÿ îáåñïå÷åíèÿ ìîíîòîííîñòè ðåøåíèÿ
ïðèìåíÿåòñÿ TVD-îãðàíè÷èòåëü íà êàæäîì øàãå ïî âðåìåíè [12]. Äëÿ àïïðîêñèìàöèè ïî
âðåìåíè èñïîëüçóåòñÿ ÿâíàÿ ñõåìà Ýéëåðà.

3. Ïàðàëëåëüíûé âû÷èñëèòåëüíûé àëãîðèòì

Ïîñòðîåíèå ïàðàëëåëüíîãî âû÷èñëèòåëüíîãî àëãîðèòìà îñíîâàíî íà òåõíîëîãèè MPI.
Ñ ïîìîùüþ ïàêåòà METIS ïðîâåäåíî ãåîìåòðè÷åñêîå ðàçáèåíèå ðàñ÷åòíîé îáëàñòè íà
ìíîæåñòâî ñâÿçíûõ ïîäîáëàñòåé ïî êîëè÷åñòâó èñïîëüçóåìûõ ïðîöåññîðîâ (ðèñ. 3.1), íà
êàæäîé èç êîòîðûõ âû÷èñëÿþòñÿ çíà÷åíèÿ òåìïåðàòóðíîãî ïîëÿ ñ èñïîëüçîâàíèåì èç-
âåñòíûõ íà÷àëüíûõ è ãðàíè÷íûõ óñëîâèé. Íà Ðèñ. 3.2 ïðåäñòàâëåí ôðàãìåíò ðàñ÷åòíîé
ñåòêè âîçëå òðåùèíû ãèäðîðàçðûâà, ãäå ãåíåðèðóåòñÿ ïîäðîáíàÿ ñåòêà, ïîñêîëüêó èìåííî
â ýòîé îáëàñòè íàáëþäàåòñÿ âûñîêèé ãðàäèåíò òåìïåðàòóðû. Ïðè òàêîì ðàçáèåíèè â ñåòêå
ìîãóò ïðèñóòñòâîâàòü ñèëüíî âûòÿíóòûå ÿ÷åéêè, íà êîòîðûõ âîçíèêàþò ïðîáëåìû ñ âû-
÷èñëåíèåì ïîòîêîâûõ ïåðåìåííûõ. Ìåòîäèêà íà îñíîâå ìåòîäà Ãàëåðêèíà ñ ðàçðûâíûìè
áàçèñíûìè ôóíêöèÿìè[13�17] ëèøåíà ýòîãî íåäîñòàòêà çà ñ÷åò ðàññìîòðåíèÿ ïîòîêîâûõ
ïåðåìåííûõ íà ìåäèàííûõ êîíòðîëüíûõ îáúåìàõ [18]. Â äðóãèõ îáëàñòÿõ ãåíåðèðóåòñÿ
ìåíåå ïîäðîáíàÿ ñåòêà äëÿ ñîêðàùåíèÿ âðåìåíè âû÷èñëåíèé.

Íà êàæäîé èç ïîäîáëàñòåé äîïîëíèòåëüíî õðàíèòñÿ èíôîðìàöèÿ î ñîñåäÿõ ïåðâîãî
(ñîñåäè ïî ðåáðó) è âòîðîãî (ñîñåäè ïî âåðøèíå, èñêëþ÷àÿ ñîñåäåé ïåðâîãî óðîâíÿ) óðîâ-
íåé. Äëÿ îïðåäåëåíèÿ ãðàíè÷íûõ óñëîâèé ìåæäó ñîñåäíèìè ïîäîáëàñòÿìè îðãàíèçîâàí
ìåæïðîöåññîðíûé îáìåí, äëÿ êîòîðîãî èñïîëüçîâàëèñü êîìàíäû áèáëèîòåêè MPICH. Îí
óñòðîåí òàêèì îáðàçîì, ÷òî ñîñåäíèå ïîäîáëàñòè îáìåíèâàþòñÿ òîëüêî èñêîìûìè ôóíê-
öèÿìè Tj, ïðè ýòîì ïîòîêîâûå âåëè÷èíû ωxj, ωyj íå ó÷àñòâóþò â îáìåíå çà ñ÷åò òîãî, ÷òî
âñÿ íåîáõîäèìàÿ èíôîðìàöèÿ äëÿ èõ âû÷èñëåíèÿ õðàíèòñÿ íà êàæäîì ïðîöåññîðå. Òàêîé
ïîäõîä ñóùåñòâåííî ñíèæàåò îáúåì ïåðåäàâàåìûõ äàííûõ. Äëÿ îòïðàâêè è ïîëó÷åíèÿ
äàííûõ ïðèìåíÿþòñÿ ïàðíûå áëîêèðóþùèå ôóíêöèè MPI_Send(), MPI_Recv(), âûáîð
êîòîðûõ îáóñëîâëåí íàëè÷èåì â ïàðàëëåëüíîì àëãîðèòìå òîëüêî îáìåíîâ ìåæäó äâóìÿ
ïðîöåññîðàìè.

Â îáùåì âèäå âû÷èñëèòåëüíûé àëãîðèòì îïèñûâàåòñÿ ñëåäóþùèì îáðàçîì:

1. íà÷àëüíàÿ èíèöèàëèçàöèÿ äàííûõ;

2. ìåæïðîöåññîðíûé îáìåí äàííûìè îñíîâíîé ñåòêè;

3. âû÷èñëåíèå âñïîìîãàòåëüíûõ ïîòîêîâûõ âåëè÷èí íà ÿ÷åéêàõ äâîéñòâåííîé ñåòêè íà
òåêóùåì øàãå ïî âðåìåíè ñ èñïîëüçîâàíèåì çíà÷åíèé òåìïåðàòóðû íà ïðåäûäóùåì
øàãå ïî âðåìåíè èëè íà÷àëüíîå çíà÷åíèå äëÿ âñåõ âíóòðåííèõ è ãðàíè÷íûõ óçëîâ
ïðîöåññîðà, ñîãëàñíî ñèñòåìàì (2.4)�(2.5);

4. âû÷èñëåíèå òåìïåðàòóðû ñîãëàñíî ñèñòåìå (2.3):

(a) âû÷èñëåíèå êîíâåêòèâíûõ ÷ëåíîâ â ïðàâîé ÷àñòè ñèñòåìû;
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(b) âû÷èñëåíèå äèôôóçèîííûõ ÷ëåíîâ â ïðàâîé ÷àñòè ñèñòåìû;

(c) âû÷èñëåíèå òåìïåðàòóðû íà òåêóùåì øàãå ïî âðåìåíè;

5. âûâîä ïðîìåæóòî÷íûõ ðåçóëüòàòîâ ðàñ÷åòà, åñëè ÷èñëî øàãîâ êðàòíî çíà÷åíèþ ñïå-
öèàëüíîé íàñòðîéêè;

6. óâåëè÷åíèå ¾ñ÷åò÷èêà¿ âðåìåíè;

7. åñëè íå äîñòèãíóòî êîíå÷íîå çíà÷åíèå âðåìåíè, ïåðåõîä ê ï. 2;

8. çàâåðøåíèå ðàáîòû ïðîãðàììû.

Ð è ñ ó í î ê 3.1

Äåêîìïîçèöèÿ ðàñ÷åòíîé îáëàñòè

Ð è ñ ó í î ê 3.2

Ðàñ÷åòíàÿ ñåòêà âîçëå òðåùèíû

Èññëåäîâàíèå ýôôåêòèâíîñòè ïàðàëëåëüíîãî àëãîðèòìà îñóùåñòâëÿëîñü ïîñðåäñòâîì
îöåíêè âðåìåíè âûïîëíåíèÿ ïðîãðàììû íà îäíîì ïðîöåññîðå è íà íåñêîëüêèõ ïðîöåññî-
ðàõ. Ïðè îöåíêå èñïîëüçîâàëèñü ñëåäóþùèå õàðàêòåðèñòèêè � óñêîðåíèå:

Sp =
Tp
T1
, (3.1)

ãäå T1 � âðåìÿ âûïîëíåíèÿ íà îäíîì ïðîöåññîðå; Tp � âðåìÿ âûïîëíåíèÿ íà p ïðîöåññîðàõ;
ýôôåêòèâíîñòü:

Ep =
Sp

p
. (3.2)
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Òàáëèöà 1: Óñêîðåíèå è ýôôåêòèâíîñòü ðàáîòû ïàðàëëåëüíîãî àëãîðèòìà, 60 169 ÿ÷ååê

×èñëî ïðîöåññîðîâ Âðåìÿ ðàáîòû Óñêîðåíèå Ýôôåêòèâíîñòü
ïðîãðàììû, ñ

1 168 � �
2 83 2.024 1.012
4 42 4.000 1.000
8 22 7.636 0.955
16 12 14.000 0.875

Òàáëèöà 2: Óñêîðåíèå è ýôôåêòèâíîñòü ðàáîòû ïàðàëëåëüíîãî àëãîðèòìà, 125 052 ÿ÷ååê

×èñëî ïðîöåññîðîâ Âðåìÿ ðàáîòû Óñêîðåíèå Ýôôåêòèâíîñòü
ïðîãðàììû, ñ

1 354 � �
2 174 2.034 1.017
4 89 3.978 0.994
8 45 7.867 0.983
16 24 14.750 0.922

Â òàáëèöàõ 1 è 2 ïîêàçàíî âðåìÿ âûïîëíåíèÿ ïðîãðàììû â çàâèñèìîñòè îò ÷èñëà èñ-
ïîëüçóåìûõ â ðàñ÷åòàõ ïðîöåññîðîâ ñ êîëè÷åñòâîì ðàñ÷åòíûõ ÿ÷ååê 60 169 è 125 052 ñîîò-
âåòñòâåííî. Ðàñ÷åò ïðîâîäèëñÿ äëÿ 100 øàãîâ ïî âðåìåíè. Èç òàáëèö âèäíî, ÷òî ðàçðàáî-
òàííûé ïàðàëëåëüíûé àëãîðèòì äîñòàòî÷íî ýôôåêòèâåí è äàåò çíà÷èòåëüíîå óñêîðåíèå
ïðè óâåëè÷åíèè ÷èñëà ïðîöåññîðîâ.

Âñå ðàñ÷åòû äëÿ çàäà÷è, îïèñàííîé â ñëåäóþùåì ðàçäåëå,ïðîâîäèëèñü íà êëàñòåðå ñ
âû÷èñëèòåëüíûìè ÿäðàìè CPU Intel Xeon.

4. Ìàòåìàòè÷åñêîå ìîäåëèðîâàíèå ðàñïðîñòðàíåíèÿ òåìïåðàòóðû

â ïëàñòå ñ òðåùèíîé ãèäðîðàçðûâà è âåðòèêàëüíîé íàãíåòà-

òåëüíîé ñêâàæèíîé

Ñ ïîìîùüþ ðàçðàáîòàííîãî ïàðàëëåëüíîãî àëãîðèòìà ïðîâåäåíî ìàòåìàòè÷åñêîå ìî-
äåëèðîâàíèå äèíàìèêè ðàñïðîñòðàíåíèÿ òåìïåðàòóðû â íåôòÿíîì ïëàñòå ñ òðåùèíîé è
âåðòèêàëüíîé íàãíåòàòåëüíîé ñêâàæèíîé [14].

Íà Ðèñ. 4.1�4.4 ïðåäñòàâëåíî ðàñïðîñòðàíåíèå òåìïåðàòóðíîãî ôðîíòà ïî ïëàñòó â ðàç-
ëè÷íûå ìîìåíòû âðåìåíè. Ââèäó ñèììåòðèè ðàññìàòðèâàåìîé îáëàñòè è ãðàíè÷íûõ óñëî-
âèé äîñòàòî÷íî ðàññìàòðèâàòü òîëüêî ÷åòâåðòü ðàñ÷åòíîé îáëàñòè. Èç ðèñóíêîâ âèäíî,
êàê âî âðåìÿ ðàáîòû íàãíåòàòåëüíîé ñêâàæèíû õîëîäíàÿ çàêà÷èâàåìàÿ æèäêîñòü îõëà-
æäàåò ïëàñò. Çíà÷èòåëüíûå èçìåíåíèÿ òåìïåðàòóðû íàáëþäàþòñÿ âáëèçè ñêâàæèíû è
âäîëü ðàñïðîñòðàíåíèÿ òðåùèíû, â ÷àñòíîñòè, íà ñòâîðêàõ òðåùèíû.
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Ð è ñ ó í î ê 4.1

Ðàñïðåäåëåíèå òåìïåðàòóðû íà ìîìåíò âðåìåíè t = 1.0, 60 169 ÿ÷ååê

Ð è ñ ó í î ê 4.2

Ðàñïðåäåëåíèå òåìïåðàòóðû íà ìîìåíò âðåìåíè t = 3.0, 60 169 ÿ÷ååê

Ð è ñ ó í î ê 4.3

Ðàñïðåäåëåíèå òåìïåðàòóðû íà ìîìåíò âðåìåíè t = 5.0, 60 169 ÿ÷ååê
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Ð è ñ ó í î ê 4.4

Ðàñïðåäåëåíèå òåìïåðàòóðû íà ìîìåíò âðåìåíè t = 8.0, 60 169 ÿ÷ååê

Äëÿ âåðèôèêàöèè ðàáîòû ïàðàëëåëüíîãî àëãîðèòìà ïðîâåäåíî ñðàâíåíèå ÷èñëåííûõ
ðåçóëüòàòîâ ïîñëåäîâàòåëüíîé è ïàðàëëåëüíîé âåðñèé ïðîãðàììû íà ðàçíîì êîëè÷åñòâå
ïðîöåññîðîâ ñ èñïîëüçîâàíèåì ñåòîê ðàçëè÷íîé ðàçìåðíîñòè. Ñîâïàäåíèå ðåçóëüòàòîâ ïî-
ëó÷åíî âî âñåõ ñëó÷àÿõ, ÷òî ïîçâîëÿåò ñäåëàòü âûâîä î ïðàâèëüíîñòè ïîñòðîåííîãî ïàðàë-
ëåëüíîãî àëãîðèòìà.

Òàêèì îáðàçîì, ðàçðàáîòàí è ðåàëèçîâàí ýôôåêòèâíûé ïàðàëëåëüíûé àëãîðèòì íà
îñíîâå ìåòîäà Ãàëåðêèíà ñ ðàçðûâíûìè áàçèñíûìè ôóíêöèÿìè äëÿ ðåøåíèÿ óðàâíåíèé
ïåðåíîñà òåïëà íà íåñòðóêòóðèðîâàííûõ ðàçíåñåííûõ ñåòêàõ. Ñ ïîìîùüþ ðàçðàáîòàííîãî
ïðîãðàììíîãî êîìïëåêñà áûëî ïðîâåäåíî èññëåäîâàíèå òåìïåðàòóðíîãî ïîëÿ â íåôòÿíîì
ïëàñòå ñ òðåùèíîé ãèäðîðàçðûâà è âåðòèêàëüíîé íàãíåòàòåëüíîé ñêâàæèíîé. Ïîëó÷åííûå
ðåçóëüòàòû âû÷èñëèòåëüíîãî ýêñïåðèìåíòà õîðîøî ñîãëàñóþòñÿ ñ ïîëó÷åííûìè ðàíåå ðå-
çóëüòàòàìè ñ ïîìîùüþ ìåòîäà êîíå÷íûõ îáúåìîâ íà àäàïòèâíûõ ñåòêàõ [15] è ñ ïîìîùüþ
ìåòîäà Ãàëåðêèíà ñ ðàçðûâíûìè áàçèñíûìè ôóíêöèÿìè áåç èñïîëüçîâàíèÿ ïàðàëëåëüíûõ
òåõíîëîãèé [14].

Áëàãîäàðíîñòè. Ðàáîòà âûïîëíåíà ïðè ïîääåðæêå Ìèíîáðíàóêè ÐÔ
(� 1.6958.2017/8.9), ÐÔÔÈ (ïðîåêò 18-31-00102) è ãðàíòà Ïðåçèäåíòà ÐÔ äëÿ ìî-
ëîäûõ ðîññèéñêèõ ó÷åíûõ � êàíäèäàòîâ íàóê (ÌÊ-2007.2018.1).
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Construction of a parallel computational algorithm based

on the Galerkin discontinuous method for solving

convective heat transfer problems on unstructured

staggered grids

c⃝ R.V. Zhalnin1, V. F. Masyagin2, E. E. Peskova3

Abstract. The present paper is devoted to the construction of a parallel computational algorithm
for solving convective heat transfer problems using the discontinuous Galerkin method on
unstructured staggered grids. The computational algorithm is implemented on the basis of MPI
parallel computing technology. A special feature of the algorithm is that auxiliary variables that
occur when the di�usion terms are approximated by the discontinuous Galerkin method are not
involved in interprocessor exchange. The developed parallel algorithm is applied to modelling of
temperature dynamics in formation with a vertical injection well and hydraulic fracturing. The
paper presents the results of a computational experiment and estimates the e�ectiveness of a
parallel algorithm.

Key Words: discontinuous Galerkin method, vertical injection well, hydraulic fracturing,
convective heat transfer equation, staggered grids, parallel computing, MPI technology

References

1. J. J. Sudirham, J. J.W. van der Vegt, R.M. J. van Damme, “Space-time discontinuous
Galerkin method for advection-diffusion problems on time-dependent domains”, Applied
Numerical Mathematics, 56:2/12 (2006), 1491–1518.

2. I. Oikawa, “Hybridized discontinuous Galerkin method for convection-diffusion
problems”, Japan Journal of Industrial and Applied Mathematics, 31:2 (2014), 335–354.

1Ruslan V. Zhalnin, Head of Department of Applied Mathematics, Di�erential Equations and Theoretical
Mechanics, National Research Mordovia State University (68/1 Bolshevistskaya St., Saransk 430005, Russia),
Ph.D. (Physics and Mathematics), ORCID: http://orcid.org/0000-0002-1103-3321, zhrv@mrsu.ru

2Viktor F. Masyagin, Senior Researcher, National Research Mordovia State University (68/1
Bolshevistskaya St., Saransk 430005, Russia), Ph.D. (Physics and Mathematics), ORCID: http://orcid.org/0000-
0001-6738-8183, vmasyagin@gmail.com

3Elizaveta E. Peskova, Junior Researcher, National Research Mordovia State University
(68/1 Bolshevistskaya St., Saransk 430005, Russia), ORCID: http://orcid.org/0000-0003-2618-1674,
e.e.peskova@mail.ru

R.V. Zhalnin, V. F. Masyagin, E. E. Peskova. Construction of a parallel . . .



458 Zhurnal SVMO. 2018. Vol. 20, No. 4

3. H. Wang, S. Wang, Q. Zhang, C.-W. Shu, “Local discontinuous Galerkin methods with
implicit-explicit time-marching for multi-dimensional convection-diffusion problems”,
ESAIM: M2AN, 50:4 (2016), 1083–1105.

4. L. Zhao, E.-J. Park, “A priori and a posteriori error analysis of a staggered discontinuous
Galerkin method for convection dominant diffusion equations”, Journal of Computational
and Applied Mathematics, 346 (2018), 63–83.

5. J. Du, E. Chung, “An adaptive staggered discontinuous Galerkin method for the steady
state convection-diffusion equation”, Journal of Scientific Computing, 2018, 1–29.

6. M. Tavelli, M. Dumbser, “A pressure-based semi-implicit space-time discontinuous
Galerkin method on staggered unstructured meshes for the solution of the compressible
Navier-Stokes equations at all Mach numbers”, Journal of Computational Physics, 341
(2017), 341–376.

7. E. Chung, W. Leung, “A sub-grid structure enhanced discontinuous Galerkin
method for multiscale diffusion and convection-diffusion problems”, Communications in
Computational Physics, 14:2 (2013), 370–392.

8. M. Tavelli, M. Dumbser, “A staggered space-time discontinuous Galerkin method for
the incompressible Navier-Stokes equations on two-dimensional triangular meshes”,
Computers & Fluids, 119 (2015), 235–249.

9. S.K. Godunov, A.V. Zabrodin, M.YA. Ivanov, A.N. Krajko, G. P. Prokopov, Chislennoe
reshenie mnogomernyh zadach gazovoj dinamiki, Nauka, Moscow, 1976 (In Russ.), 400 p.

10. D.N. Arnold, F. Brezzi, B. Cockburn, L.D. Marini, “Unified analysis of discontinuous
Galerkin methods for elliptic problems”, SIAM Journal on Numerical Analysis, 39:5
(2001), 1749–1779.

11. B.Q. Li, Discontinuous finite elements in fluid dynamics and heat transfer, Springer,
Berlin, 2006, 578 p.

12. A.G. Kulikovskiy, N.V. Pogorelov, A.Yu. Semenov, [Mathematical problems in the
numerical solution of hyperbolic systems], 2nd ed., corrected. and ext., Fizmatlit, Moscow,
2012 (In Russ.), 656 p.

13. R.V. Zhalnin, M.E. Ladonkina, V. F. Masyagin, V. F. Tishkin, “[Solution of 3D
heat conduction equations using the discontinuous Galerkin method on unstructured
grids]”, Vestnik Samarskogo gosudarstvennogo tekhnicheskogo universiteta: Fiziko-
matematicheskiye nauki, 19:3 (2015), 523–533 (In Russ.).

14. V. F. Masyagin, Yu.O. Bobreneva, I.M. Gubaidullin, R.V. Zhalnin, “[Application of
discontinuous Galerkin method for modeling of the temperature field in a vertical well
with hydraulic fracture]”, Sistemy upravleniya i informacionnye tekhnologii, 63:1 (2016),
13–16 (In Russ.).

15. Yu.O. Bobreneva, I.M. Gubaidullin, R.V. Zhalnin, V. F. Masyagin, “[Modelling of
temperature fields in a vertical well with a man-made crack using adaptive grids]”,
PCT 2016 Parallel Computing Technologies Proceedings of the 10th Annual International
Scientific Conference on Parallel Computing Technologies, 2016, 454–462 (In Russ.).

R.V. Zhalnin, V. F. Masyagin, E. E. Peskova. Construction of a parallel . . .



Zhurnal SVMO. 2018. Vol. 20, No. 4 459

16. R.V. Zhalnin, M.E. Ladonkina, V. F. Masyagin, V. F. Tishkin, “[Solving the problem
of non-stationary filtration of substance by the discontinuous Galerkin method on
unstructured grids]”, Zhurnal vychislitelnoy matematiki i matematicheskoy fiziki, 56:6
(2016), 989–998 (In Russ.).

17. I.M. Gubaidullin, R.V. Zhalnin, M.E. Ladonkina, V. F. Masyagin, V. F. Tishkin,
A. S. Shurshina, “[Application of the DG method for solution of inverse problem of
medicine diffusion out from the chitosan film]”, Zhurnal SVMO, 18:2 (2016), 48–54 (In
Russ.).

18. R.V. Zhalnin, M.E. Ladonkina, V. F. Masyagin, V. F. Tishkin, “[Discontinuous finite-
element Galerkin method for numerical solution of two-dimensional diffusion problems on
unstructured grids]”, Zhurnal SVMO, 16:2 (2014), 7–13 (In Russ.).

Submitted 21.10.2018

R.V. Zhalnin, V. F. Masyagin, E. E. Peskova. Construction of a parallel . . .


