
Æóðíàë ÑÂÌÎ. 2018. Òîì 20, � 4 439

DOI 10.15507/2079-6900.20.201804.439-447

ÓÄÊ 517.9

Êëàññ óïðàâëÿåìûõ ñèñòåì äèôôåðåíöèàëüíûõ

óðàâíåíèé çà áåñêîíå÷íîå âðåìÿ

c⃝ À.Þ. Ïàâëîâ1

Àííîòàöèÿ. Â ñòàòüå ïîëó÷åíû íåîáõîäèìûå óñëîâèÿ óïðàâëÿåìîñòè ñèñòåì íåëèíåé-
íûõ äèôôåðåíöèàëüíûõ óðàâíåíèé çà áåñêîíå÷íîå âðåìÿ áåç ïðåäïîëîæåíèÿ ñóùåñòâîâàíèÿ
àñèìïòîòè÷åñêîãî ðàâíîâåñèÿ ó ñèñòåìû ëèíåéíîãî ïðèáëèæåíèÿ. Ýòî ïîçâîëÿåò îïðåäåëèòü
íîâûé êëàññ óïðàâëÿåìûõ ñèñòåì äèôôåðåíöèàëüíûõ óðàâíåíèé. Ðåøåíèå çàäà÷è îá óïðàâ-
ëÿåìîñòè çà áåñêîíå÷íîå âðåìÿ ñâîäèòñÿ ê ïîñòðîåíèþ îïåðàòîðà, çàâèñÿùåãî îò âûáðàííîãî
óïðàâëåíèÿ, êîòîðîå, â ñâîþ î÷åðåäü, çàâèñèò îò ïåðåâîäèìîé òî÷êè, è äîêàçàòåëüñòâó ñóùå-
ñòâîâàíèÿ åãî íåïîäâèæíîé òî÷êè. Ïîêàçàíî, ÷òî óñëîâèå ñóùåñòâîâàíèÿ àñèìïòîòè÷åñêîãî
ðàâíîâåñèÿ íå ÿâëÿåòñÿ â îáùåì ñëó÷àå íåîáõîäèìûì äëÿ óïðàâëÿåìîñòè ñèñòåì çà áåñêîíå÷-
íîå âðåìÿ. Ïðèâåäåí ïðèìåð, èëëþñòðèðóþùèé ïðèìåíåíèå òåîðåìû îá óïðàâëÿåìîñòè çà
áåñêîíå÷íîå âðåìÿ. Äàëåå â ñòàòüå ïðèâåäåíà òåîðåìà, îáîáùàþùàÿ íåðàâåíñòâî Âàæåâñêîãî.
Äîêàçàòåëüñòâî òåîðåìû îñíîâàíî íà íåðàâåíñòâå Êîøè-Áóíÿêîâñêîãî. Ñäåëàíî çàìå÷àíèå
î âåðíîñòè òåîðåìû äëÿ ñëó÷àÿ, åñëè ìàòðèöà è âåêòîð-ôóíêöèè, ñòîÿùèå â ïðàâîé ÷àñòè
íåëèíåéíîãî äèôôåðåíöèàëüíîãî óðàâíåíèÿ, ÿâëÿþòñÿ êîìïëåêñíûìè, à x � âåêòîð ñ êîì-
ïëåêñíûìè êîìïîíåíòàìè. Íà îñíîâàíèè ëåâîé ÷àñòè íåðàâåíñòâà èç òåîðåìû îá îáîáùåíèè
íåðàâåíñòâà Âàæåâñêîãî ïîëó÷åíû íåîáõîäèìûå óñëîâèÿ óïðàâëÿåìîñòè çà áåñêîíå÷íîå âðå-
ìÿ. Ýòè óñëîâèÿ ïðîâåðåíû íà òîì æå ïðèìåðå ñêàëÿðíîãî óðàâíåíèÿ.

Êëþ÷åâûå ñëîâà: íåëèíåéíûå ñèñòåìû îáûêíîâåííûõ äèôôåðåíöèàëüíûõ óðàâíåíèé,
óïðàâëÿåìîñòü çà êîíå÷íîå âðåìÿ, óïðàâëÿåìîñòü çà áåñêîíå÷íîå âðåìÿ, íåðàâåíñòâî Âàæåâ-
ñêîãî, àñèìïòîòè÷åñêîå ðàâíîâåñèå.

1. Ââåäåíèå

Â ìàòåìàòè÷åñêîé òåîðèè óïðàâëåíèÿ áîëüøîå çíà÷åíèå èìåþò çàäà÷è îá óïðàâ-
ëÿåìîñòè ñèñòåì äèôôåðåíöèàëüíûõ óðàâíåíèé çà áåñêîíå÷íîå âðåìÿ [1�4]. Çàäà÷à îá
óïðàâëÿåìîñòè çà áåñêîíå÷íîå âðåìÿ çàêëþ÷àåòñÿ â ïåðåâîäå ïðîèçâîëüíîé ôèêñèðîâàí-
íîé òî÷êè â ñêîëü óãîäíî ìàëóþ îêðåñòíîñòü äðóãîé òî÷êè. Ïðè÷åì â äàëüíåéøåì èç ýòîé
îêðåñòíîñòè ïåðåâîäèìàÿ òî÷êà íå âûõîäèò. Èçâåñòíî, ÷òî â òåîðåìàõ îá óïðàâëÿåìîñòè
òðåáóåòñÿ ñóùåñòâîâàíèå àñèìïòîòè÷åñêîãî ðàâíîâåñèÿ ó ñèñòåìû ïåðâîãî ïðèáëèæåíèÿ.

Â ðàáîòå [1] Å.Â. Âîñêðåñåíñêèì ðàññìîòðåí âîïðîñ îá óïðàâëÿåìîñòè çà áåñêîíå÷íîå
âðåìÿ ñèñòåìû, èìåþùåé âèä

dx

dt
= A(t)x+B(t)u+ f(t, x, u) + F (t) (1.1)

â îïðåäåëåííîì êëàññå äîïóñòèìûõ óïðàâëåíèé K. Äàííàÿ çàäà÷à ðåøàåòñÿ ìåòîäîì ñðàâ-
íåíèÿ [5]. Â êà÷åñòâå óðàâíåíèÿ ñðàâíåíèÿ èñïîëüçóåòñÿ

dy

dt
= A(t) y +B(t)u+ F (t). (1.2)

1Ïàâëîâ Àíäðåé Þðüåâè÷, äîöåíò êàôåäðû ïðèêëàäíîé ìàòåìàòèêè, äèôôåðåíöèàëüíûõ óðàâíå-
íèé è òåîðåòè÷åñêîé ìåõàíèêè, ÔÃÁÎÓ ÂÎ ¾ÌÃÓ èì. Í. Ï. Îãàð¼âà¿ (430005, Ðîññèÿ, ã. Ñàðàíñê, óë.
Áîëüøåâèñòñêàÿ, ä. 68), êàíäèäàò ôèçèêî-ìàòåìàòè÷åñêèõ íàóê, ORCID: https://orcid.org/0000-0003-1664-
898X, pavlovayu18@yandex.ru
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.
Çàäà÷à îá óïðàâëÿåìîñòè çà áåñêîíå÷íîå âðåìÿ ñâîäèòñÿ ê òîìó, ÷òîáû ïîäîáðàòü îïå-

ðàòîð P , çàâèñÿùèé îò âûáðàííîãî óïðàâëåíèÿ u, êîòîðîå, â ñâîþ î÷åðåäü, çàâèñèò îò
ïåðåâîäèìîé òî÷êè y0 = Pux0. È äîêàçàòü ñóùåñòâîâàíèå ó îïåðàòîðà íåïîäâèæíîé òî÷-
êè.

Òåîðåìû èç ðàáîòû [1] îáúåäèíÿåò òî, ÷òî â êàæäîé èç íèõ òðåáóåòñÿ ñóùåñòâîâàíèå
àñèìïòîòè÷åñêîãî ðàâíîâåñèÿ, êîòîðîå ââ¼ë Ë. ×åçàðè â ðàáîòå [6], ó ñèñòåìû ïåðâîãî
ïðèáëèæåíèÿ äëÿ ñèñòåìû (1.1)

dy

dt
= A(t) y. (1.3)

Ïîíÿòèå àñèìïòîòè÷åñêîãî ðàâíîâåñèÿ ðàññìîòðåíî Å.Â. Âîñêðåñåíñêèì â ðàáîòå [7].
Îäíàêî ìîæíî ïîêàçàòü, ÷òî ýòî óñëîâèå íå ÿâëÿåòñÿ â îáùåì ñëó÷àå íåîáõîäèìûì äëÿ
óïðàâëÿåìîñòè ñèñòåìû (1.1) çà áåñêîíå÷íîå âðåìÿ.

Â ðàáîòå [8] ïðèâåäåí ïðèìåð ñêàëÿðíîãî óðàâíåíèÿ

dx

dt
= −x+ u. (1.4)

Ïîêàçàíî, ÷òî äàííàÿ ñèñòåìà ÿâëÿåòñÿ óïðàâëÿåìîé çà áåñêîíå÷íîå âðåìÿ, õîòÿ óðàâ-
íåíèå ïåðâîãî ïðèáëèæåíèÿ íå èìååò àñèìïòîòè÷åñêîãî ðàâíîâåñèÿ. Äàëåå áûëà ïîëó÷åíà
òåîðåìà 1.2 îá óïðàâëÿåìîñòè çà áåñêîíå÷íîå âðåìÿ áåç ïðåäïîëîæåíèÿ ñóùåñòâîâàíèÿ
àñèìïòîòè÷åñêîãî ðàâíîâåñèÿ ó ñèñòåìû ïåðâîãî ïðèáëèæåíèÿ.

2. Ïðèìåð ñèñòåìû, óïðàâëÿåìîé çà áåñêîíå÷íîå âðåìÿ, óðàâíå-

íèå ïåðâîãî ïðèáëèæåíèÿ êîòîðîãî íå èìååò àñèìïòîòè÷åñêîãî

ðàâíîâåñèÿ.

Ï ð è ì å ð 2.1 Âíîâü ðàññìîòðèì óðàâíåíèå (1.4) èç ïðèìåðà 1.1 ðàáîòû [8]

dx

dt
= −x+ u.

Ïîêàæåì, ÷òî ýòî óðàâíåíèå ïðè íåêîòîðûõ u, ïðîèçâîëüíûõ x0, x1 ∈ R óäîâëåòâî-
ðÿåò òåîðåìå 1.2 èç ðàáîòû [8].

Ïðåäñòàâèì óðàâíåíèå (1.4) â âèäå:

ẋ = −3

4
x− 1

4
x+ u

Â îáîçíà÷åíèÿõ òåîðåì ìîæíî ïîëîæèòü

A(t) = Λ(t) = −3

4
, f(t, x, u) = −1

4
x+ u(t), ϕ(t) = −3

4
x1

Òîãäà |f(t, y+x1, u)+A(t)x1| = |− 1
4
y− 1

4
x1+u− 3

4
x1| ≤ 1

4
|y|+|u(t)−x1|, è, ñëåäîâàòåëüíî,

ψ(t) ≡ 1
4
, η(t) = |u(t)− x1|. Äàëåå

+∞∫
t0

(Λ(s) + Ψ(s))ds =

+∞∫
t0

(−3

4
+

1

4
)ds = −

+∞∫
t0

1

2
ds = −∞,

lim
t→+∞

η(t, u(t))

Λ(t) + Ψ(t)
= lim

t→+∞

|u(t)− x1|
−1

2

.
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Ïóñòü u(t) = x1 +
1

t
. Òîãäà ïîñëåäíèé ïðåäåë ðàâåí íóëþ è

+∞∫
t0

η(l, u(l))exp(

t0∫
l

(Λ(s) + Ψ(s))ds)dl =

+∞∫
t0

1

l
exp(−

t0∫
l

1

2
ds)dl = +∞.

Òàêèì îáðàçîì, ïðè u(t) = x1 +
1

t
âûïîëíÿþòñÿ âñå óñëîâèÿ òåîðåìû 1.2 ðàáîòû [8].

3. Îáîáùåíèå íåðàâåíñòâà Âàæåâñêîãî

Äëÿ ïîëó÷åíèÿ åùå îäíîãî êëàññà óïðàâëÿåìûõ ñèñòåì ïðèâåäåì îáîáùåíèå íåðà-
âåíñòâà Âàæåâñêîãî.

Ò å î ð å ì à 3.1 Äëÿ ëþáîãî ðåøåíèÿ äèôôåðåíöèàëüíîé ñèñòåìû

dx

dt
= A(t)x+ f(t, x) + ϕ(t), (3.1)

ãäå A(t) = (aij(t))n×n, aij ∈ C([t0; +∞);R), f ∈ C([t0; +∞) × Rn;Rn), ϕ ∈ C([t0; +∞];Rn),
ïðè t0 ≤ t < +∞ ñïðàâåäëèâî íåðàâåíñòâî

t∫
t0

η(l)exp(

t∫
l

(λ(s)− ψ(s))ds)dl + ||x(t0)||exp((
t∫

t0

(λ(s)− ψ(s))ds) ≤

≤ ||x(t)|| ≤

≤
t∫

t0

η(l)exp(

t∫
l

(Λ(s) + ψ(s))ds)dl + ||x(t0)||exp((
t∫

t0

(Λ(s) + ψ(s))ds), (3.2)

ãäå λ(t) è Λ(t) � íàèìåíüøèé è íàèáîëüøèé õàðàêòåðèñòè÷åñêèå êîðíè ñèììåòðèçîâàí-

íîé ìàòðèöû AH(t) =
1

2
[A(t) + AT (t)] ñîîòâåòñòâåííî; ôóíêöèè f è ϕ óäîâëåòâîðÿþò

íåðàâåíñòâó ||f(t, x) + ϕ(t)|| ≤ ψ(t)||x||+ η(t), ψ, η ∈ C([t0; +∞);R).
Ä î ê à ç à ò å ë ü ñ ò â î.Ïóñòü x = (x1, . . . , xn)

T � íåòðèâèàëüíîå ðåøåíèå ñèñòåìû

(3.1). Î÷åâèäíî, ||x||2 = xTx. Â ñèëó ñèñòåìû (3.1) è ó÷èòûâàÿ, ÷òî
dxT

dt
= (

dx

dt
)T =

xTAT (t) + fT (t, x) + ϕT (t), ïîëó÷èì

d
dt
(||x||2) = xT dx

dt
+ dxT

dt
x =

= xT (A(t)x+ f(t, x) + ϕ(t)) + (xTAT (t) + fT (t, x) + ϕT (t))x =

= xT (A(t)x+ AT (t))x+ xTf(t, x) + fT (t, x)x+ xTϕ(t) + ϕT (t)x =

= 2xTAH(t)x+ xTf(t, x) + fT (t, x)x+ xTϕ(t) + ϕT (t)x.

(3.3)

Ïîñêîëüêó ìàòðèöà AH(t) ñèììåòðè÷íà, òî [9, ñ.34] ∀t ∈ [t0; +∞) áóäåì èìåòü

λ(t)xTx ≤ xTAH(t)x ≤ Λ(t)xTx,
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ãäå λ(t) è Λ(t) � íàèìåíüøèé è íàèáîëüøèé êîðíè óðàâíåíèÿ det(AH − λE) = 0. Ïîýòîìó
íà îñíîâàíèè ôîðìóëû (3.3) íàéäåì

2λ(t)||x||2 + xTf(t, x) + fT (t, x)x+ xTϕ(t) + ϕT (t)x ≤

≤ d

dt
(||x||2) ≤

≤ 2Λ(t)||x||2 + xTf(t, x) + fT (t, x)x+ xTϕ(t) + ϕT (t)x;

2λ(t)||x||2 − |xT (f(t, x) + ϕ(t))| − |(fT (t, x) + ϕT (t))x| ≤

≤ d

dt
(||x||2) ≤

≤ 2Λ(t)||x||2 + |xT (f(t, x) + ϕ(t))|+ |(fT (t, x) + ϕT (t))x|. (3.4)

Ïðèìåíÿÿ íåðàâåíñòâî Êîøè-Áóíÿêîâñêîãî, ïîëó÷èì

2λ(t)||x||2 − 2||x|| ||f(t, x) + ϕ(t)|| ≤

≤ d

dt
(||x||2) ≤

≤ 2Λ(t)||x||2 + 2||x|| ||f(t, x) + ϕ(t)||;

2λ(t)||x||2 − 2||x|| ||f(t, x) + ϕ(t)|| ≤

≤ 2||x|| d
dt
(||x||) ≤

≤ 2Λ(t)||x||2 + 2||x|| ||f(t, x) + ϕ(t)||;

λ(t)||x|| − ||f(t, x) + ϕ(t)|| ≤ d

dt
(||x||) ≤ Λ(t)||x|| + ||f(t, x) + ϕ(t)||.

Ïîñêîëüêó ||f(t, x) + ϕ(t)|| ≤ ψ(t)||x||+ η(t), òî

(λ(t)− ψ(t))||x|| − η(t) ≤ d

dt
(||x||) ≤ (Λ(t) + ψ(t))||x||+ η(t). (3.5)

Ïóñòü y(t) = ||x(t)||. Ðàññìîòðèì äèôôåðåíöèàëüíîå óðàâíåíèå

dy

dt
= (Λ(t) + ψ(t))y + η(t).

×àñòíîå ðåøåíèå ýòîãî óðàâíåíèÿ, ïðîõîäÿùåå ÷åðåç òî÷êó (t0; ||x(t0)||), èìååò âèä

y(t) = c(t) exp

 t∫
t0

(Λ(s) + ψ(s))ds

 ,

ãäå c(t) =
t∫

t0

η(l)exp(−
l∫

t0

(Λ(s) + ψ(s))ds)dl + ||x(t0)||.
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Ïîýòîìó èç (3.5) íà îñíîâàíèè òåîðåìû èç [10, ñ.40] ñëåäóåò, ÷òî

||x(t)|| = y(t) ≤
t∫

t0

η(l)exp

 t∫
l

(Λ(s) + ψ(s))ds

 dl+||x(t0)||exp

 t∫
t0

(Λ(s) + ψ(s))ds

 . (3.6)

Àíàëîãè÷íî íà îñíîâàíèè çàìå÷àíèÿ èç [10, ñ.40] äîêàçûâàåòñÿ ëåâàÿ ÷àñòü íåðàâåíñòâà
â ôîðìóëå (3.2).
Ä î ê à ç à ò å ë ü ñ ò â î ç à ê î í ÷ å í î.

Ç à ì å ÷ à í è å 3.1 Äîêàçàííàÿ òåîðåìà îñòàåòñÿ âåðíîé, åñëè A(t) � êîì-
ïëåêñíàÿ ìàòðèöà, f(t,x) è ϕ(t) - êîìïëåêñíûå âåêòîð-ôóíêöèè, à x � âåêòîð ñ êîì-
ïëåêñíûìè êîìïîíåíòàìè. Â ýòîì ñëó÷àå âìåñòî îïåðàöèè òðàíñïîíèðîâàíèÿ â òåîðå-
ìå íóæíî âûïîëíÿòü îïåðàöèþ ýðìèòîâà ñîïðÿæåíèÿ; ìàòðèöà AH(t) â ýòîì ñëó÷àå
áóäåò ýðìèòîâî-ñèììåòðè÷íîé.

4. Íîâûé êëàññ óïðàâëÿåìûõ ñèñòåì çà áåñêîíå÷íîå âðåìÿ

Âíîâü ðàññìîòðèì ñèñòåìó (1.6) èç ðàáîòû [8]
dx

dt
= A(t)x+ f(t, x, u)

x(t0) = x0, x(+∞) = x1,

(4.1)

ãäå x(t) ∈ Rn, u(t) ∈ Rm, T ≤ t < +∞, A(·) : [T,+∞) 7→ Hom(Rn, Rn) � íåïðåðûâíîå
îòîáðàæåíèå, a ∈ C([T,+∞)×Rn ×Rm, Rn).

Íåîáõîäèìî ïåðåâåñòè òî÷êó x0 â òî÷êó x1 ïî òðàåêòîðèè óðàâíåíèÿ (4.1) çà áåñêîíå÷-
íîå âðåìÿ.

Ïîëó÷èì íà îñíîâàíèè ëåâîé ÷àñòè íåðàâåíñòâà (3.2) íåîáõîäèìîå óñëîâèå óïðàâëÿå-
ìîñòè çà áåñêîíå÷íîå âðåìÿ ñèñòåìû (4.1).

Ïîëîæèì y = x− x1. Òîãäà ïåðåïèøåì ñèñòåìó (4.1)â âèäå [8]:
dy

dt
= A(t)y + A(t)x1 + f(t, y + x1, u),

y(t0) = x0 − x1, y(+∞) = 0.
(4.2)

Äëÿ ñèñòåìû (4.2) ïî òåîðåìå 3.1 áóäåì èìåòü

||y(t)|| ≥ −
t∫

t0

η(l, u(l))exp
( t∫

l

(λ(s)− ψ(s))ds
)
dl + ||x0 − x1||exp

( t∫
t0

(λ(s)− ψ(s))ds
)
=

= exp
( t∫

t0

(λ(s)− ψ(s))ds
)[

||x0 − x1|| −
t∫

t0

η(l, u(l))×

× exp
[ t∫

l

(λ(s)− ψ(s))ds−
t∫

t0

(λ(s)− ψ(s))ds
]
dl
]
=

= exp
( t∫

t0

(λ(s)− ψ(s))ds
)[

||x0 − x1|| −
t∫

t0

η(l, u(l))× exp
[ t0∫

l

(λ(s)− ψ(s))ds
]
dl
]
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Ïîñëåäíåå âûðàæåíèå ïðè t → +∞ äîëæíî ñòðåìèòüñÿ ê íåïîëîæèòåëüíîìó ÷èñëó.
Ðàññìîòðèì

lim
t→+∞

||x0 − x1|| −
t∫

t0

η(l, u(l))exp(
t0∫
l

(λ(s)− ψ(s))ds)dl

exp(
t∫

t0

(ψ(s)− λ(s))ds)

.

Ïðåäïîëîæèì, ÷òî âûïîëíÿåòñÿ îäíà èç ñëåäóþùèõ àëüòåðíàòèâ:

1.
+∞∫
t0

(ψ(s)− λ(s))ds = +∞,
+∞∫
t0

η(l, u(l))exp
( t0∫

l

(λ(s)− ψ(s))ds
)
dl = ∞,

2.
+∞∫
t0

(ψ(s)− λ(s))ds = −∞, ||x0 − x1|| −
+∞∫
t0

η(l, u(l))exp
( t0∫

l

(λ(s)− ψ(s))ds
)
dl = 0,

à ôóíêöèÿ u(t) òàêîâà, ÷òî ê ïðåäåëó ìîæíî ïðèìåíèòü ïðàâèëî Ëîïèòàëÿ. Òîãäà ïîñëåä-
íèé ïðåäåë ðàâåí

lim
t→+∞

−η(t, u(t))exp
( t0∫

t

(λ(s)− ψ(s))ds
)

exp
( t∫
t0

(ψ(s)− λ(s))ds
)
(ψ(t)− λ(t))

= lim
t→+∞

η(t, u(t))

λ(t)− ψ(t)
.

Òàêèì îáðàçîì äîêàçàíà ñëåäóþùàÿ

Ò å î ð å ì à 4.1 Åñëè ñèñòåìà (4.1) óïðàâëÿåìà çà áåñêîíå÷íîå âðåìÿ è âûïîëíÿ-
åòñÿ îäíà èç ñëåäóþùèõ àëüòåðíàòèâ

1)

+∞∫
t0

(ψ(s)− λ(s))ds = +∞,

+∞∫
t0

η(l, u(l))exp
( t0∫

l

(λ(s)− ψ(s))ds
)
dl = ∞, (4.3)

2)

+∞∫
t0

(ψ(s)− λ(s))ds = −∞,

||x0 − x1|| −
+∞∫
t0

η(l, u(l))exp
( t0∫

l

(λ(s)− ψ(s))ds
)
dl = 0, (4.4)

òî

lim
t→+∞

η(t, u(t))

λ(t)− ψ(t)
≤ 0 (4.5)

Ï ð è ì å ð 4.1 Ðàññìîòðèì óðàâíåíèå èç ïðèìåðà 1.1 ðàáîòû [8]:

ẋ = −x+ u. (4.6)

Ïîêàæåì, ÷òî äàííîå óðàâíåíèå ïðè íåêîòîðûõ u óäîâëåòâîðÿåò òåîðåìå (1.3).
Äëÿ ýòîãî âíîâü ïðåäñòàâèì óðàâíåíèå (1.4) â âèäå

ẋ = −3

4
x− 1

4
x+ u. (4.7)
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Â îáîçíà÷åíèÿõ òåîðåìû (1.3) ìîæíî ïîëîæèòü

A(t) = λ(t) ≡ −3

4
, f(t, x, u) = −1

4
x+ u(t), ϕ(t) = −3

4
x1.

Òàê êàê |f(t, y + x1, u) + A(t)x1| = | − 1

4
y − 1

4
x1 + u − 3

4
x1| ≤

1

4
|y| + |u(t) − x1|, òî

ψ(t) ≡ 1

4
, η(t) = |u(t)− x1|. Ñëåäîâàòåëüíî

+∞∫
t0

(Ψ(s)− λ(s))ds =

+∞∫
t0

(
1

4
+

3

4

)
ds =

+∞∫
t0

ds = +∞, (4.8)

lim
t→+∞

η(t, u(t))

λ(t)−Ψ(t)
= lim

t→+∞

|u(t)− x1|
−1

. (4.9)

Êðîìå òîãî, äîëæíî âûïîëíÿòüñÿ óñëîâèå

+∞∫
t0

η(l, u(l))exp

 t0∫
l

(λ(s)− ψ(s))ds

 dl =

+∞∫
t0

|u(l)− x1| exp(l − t0)dl = ∞ (4.10)

Òàêèì îáðàçîì, äëÿ óïðàâëÿåìîñòè óðàâíåíèÿ (1.4) íåîáõîäèìî, ÷òîáû u(t) áûëà
íåïðåðûâíîé ôóíêöèåé òàêîé, ÷òî

lim
t→+∞

|u(t)− x1| ≥ 0.

Äðóãèìè ñëîâàìè, íåîáõîäèìî ñóùåñòâîâàíèå êîíå÷íîãî ïðåäåëà lim
t→+∞

|u(t)| è âûïîë-

íåíèå óñëîâèÿ (4.10). Óïðàâëåíèå u(t) = x1 +
1

t
èç ïðèìåðà (1.4) óäîâëåòâîðÿåò ýòèì

òðåáîâàíèÿì.
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Class of controllable systems of di�erential equations for

in�nite time

c⃝ A.Yu. Pavlov1

Abstract. In the article necessary conditions for a controllability of systems of nonlinear di�erential
equations in an in�nite time are obtained without assuming the existence of an asymptotic
equilibrium for the system of linear approximation. Thus, a new class of controlled systems of
di�erential equations is presented. The problem of controllability for an in�nite time (i.e. the
transfer of an arbitrary point into an arbitrary small domain of another point) comes down to
choosing an operator depending on the selected control, which in turn depends on the point being
transferred. Then one is to prove the existence of a �xed point for this operator. It is known
that the theorems on controllability require existence of an asymptotic equilibrium for system of
the �rst approximation. It is shown in the paper that in general case the condition of asymptotic
equilibrium's existence is not necessary for controllability of systems in an in�nite time. An example
on the theorem on controllability for an in�nite time is given. The theorem generalizing Vazhevsky
inequality is proved by implementation of Cauchy-Bunyakovsky inequality. A remark is made about
the theorem's validity for the case when the matrix and vector from the right-hand side of nonlinear
di�erential equation are complex and x is vector with complex components. Basing on the left-hand
side of the inequality in the theorem generalizing Vazhevsky inequality, the necessary conditions for
controllability in an in�nite time are obtained. These conditions are veri�ed on the same example
of a scalar equation that was mentioned before.

Key Words: nonlinear systems of ordinary di�erential equations, controllability in �nite and
in�nite time, Vazhevsky inequality, asymptotic equilibrium
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