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Àïïðîêñèìàöèÿ ñìåøàííîé êðàåâîé çàäà÷è

c⃝ Ô.Â. Ëóáûøåâ1, Ì.Ý. Ôàéðóçîâ2

Àííîòàöèÿ. Ðàññìàòðèâàåòñÿ ñìåøàííàÿ êðàåâàÿ çàäà÷à äëÿ óðàâíåíèÿ ýëëèïòè÷åñêîãî òè-
ïà äèâåðãåíòíîãî âèäà ñ ïåðåìåííûìè êîýôôèöèåíòàìè. Ïðåäïîëàãàåòñÿ, ÷òî îáëàñòü èí-
òåãðèðîâàíèÿ èìååò äîñòàòî÷íî ãëàäêóþ ãðàíèöó, ïðè÷åì ãðàíèöà îáëàñòè èíòåãðèðîâàíèÿ
åñòü îáúåäèíåíèå äâóõ íåïåðåñåêàþùèõñÿ êóñêîâ, íà îäíîì èç êîòîðûõ çàäàíî ãðàíè÷íîå
óñëîâèå Äèðèõëå, à íà äðóãîì çàäàíî ãðàíè÷íîå óñëîâèå Íåéìàíà. Ïîñòàâëåííàÿ çàäà÷à �
ýòî çàäà÷à ñ ðàçðûâíûì ãðàíè÷íûì óñëîâèåì. Ïîäîáíûå çàäà÷è ñî ñìåøàííûìè óñëîâèÿìè
íà ãðàíèöå íàèáîëåå ÷àñòî âñòðå÷àþòñÿ íà ïðàêòèêå ïðè ìîäåëèðîâàíèè ïðîöåññîâ è ïðåä-
ñòàâëÿþò çíà÷èòåëüíûé èíòåðåñ äëÿ ðàçðàáîòêè ìåòîäîâ èõ ðåøåíèÿ. Â ÷àñòíîñòè, ðÿä çàäà÷
òåîðèè óïðóãîñòè, òåîðèè äèôôóçèè, ôèëüòðàöèè, ãåîôèçèêè, ðÿä çàäà÷ ðàñ÷åòà è îïòèìè-
çàöèè ïðîöåññîâ ýëåêòðî-òåïëî-ìàññîïåðåíîñà â ñëîæíûõ ìíîãîýëåêòðîäíûõ ýëåêòðîõèìè÷å-
ñêèõ ñèñòåìàõ ñâîäÿòñÿ ê êðàåâûì çàäà÷àì óêàçàííîãî òèïà. Â íàñòîÿùåé ðàáîòå ïðåäëîæåíà
àïïðîêñèìàöèÿ èñõîäíîé ñìåøàííîé êðàåâîé çàäà÷è òðåòüåé êðàåâîé çàäà÷åé ñ ïàðàìåòðîì.
Èññëåäóåòñÿ ñõîäèìîñòü ïðåäëîæåííûõ àïïðîêñèìàöèé. Óñòàíîâëåíû îöåíêè ñêîðîñòè ñõîäè-
ìîñòè ïðåäëîæåííûõ àïïðîêñèìàöèé â Ñîáîëåâñêèõ íîðìàõ.

Êëþ÷åâûå ñëîâà: ýëëèïòè÷åñêîå óðàâíåíèå, ñìåøàííàÿ êðàåâàÿ çàäà÷à, Ñîáîëåâñêîå ïðî-
ñòðàíñòâî, òåîðåìà âëîæåíèÿ, àïïðîêñèìàöèÿ, ñõîäèìîñòü àïïðîêñèìàöèé

1. Ïîñòàíîâêà ñìåøàííîé êðàåâîé çàäà÷è

Ïóñòü Ω ⊂ R2 � îãðàíè÷åííàÿ îáëàñòü ñ äîñòàòî÷íî ãëàäêîé ãðàíèöåé Γ ≡ ∂Ω.
Ïðåäïîëàãàåòñÿ, ÷òî Γ1 è Γ2 � íåïóñòûå îòêðûòûå ïîäìíîæåñòâà ∂Ω = Γ ñ äîñòàòî÷íî
ãëàäêèìè ãðàíèöàìè, ïðè÷åì Γ1 ∩ Γ2 = ∅, Γ1 ∪ Γ2 = Γ = ∂Ω.

Ðàññìàòðèâàåòñÿ ñëåäóþùàÿ ñìåøàííàÿ ãðàíè÷íàÿ çàäà÷à:

Lu(x) = −
2∑

α=1

∂

∂xα

(
kα(x)

∂u

∂xα

)
= f(x), x ∈ Ω ⊂ R2, (1.1)

u(x) = µ1(x), x ∈ Γ1, (1.2)

∂u

∂N
(x) = µ2(x), x ∈ Γ2. (1.3)

Çäåñü

∂u

∂N
=

2∑
α=1

kα(x)
∂u

∂xα
cos(ν̂, xα) =

2∑
α=1

kα(x)
∂u

∂xα
(x)να(x), x ∈ Γ2,
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� êîíîðìàëüíàÿ ïðîèçâîäíàÿ; να(x); α = 1, 2 � íàïðàâëÿþùèå êîñèíóñû âåêòîðà âíåøíåé
íîðìàëè:

ν =
(
ν1(x), ν2(x)

)
=
(
cos(ν, x1), cos(ν, x2)

)
,

ïðè÷åì kα(x), f(x), µ1(x), µ2(x) � çàäàííûå ôóíêöèè; kα(x) ∈ L∞(Ω),f(x) ∈ L2(Ω),µ1(s) ∈
L2(Γ1),µ2(s) ∈ L2(Γ2),0 < ν0 ≤ kα(x) ≤ ν0,α = 1, 2.

Çàäà÷è òàêîãî òèïà ñî ñìåøàííûìè óñëîâèÿìè íà ãðàíèöå Γ, ñîîòâåòñòâóþùèìè ðàç-
ëè÷íîìó õàðàêòåðó âçàèìîäåéñòâèÿ ðàññìàòðèâàåìîé ñðåäû Ω íà ðàçëè÷íûõ ó÷àñòêàõ
∂Ωi = Γi åå ãðàíèöû Γ = ∂Ω, ÿâëÿþòñÿ íàèáîëåå ÷àñòî âñòðå÷àþùèìèñÿ íà ïðàêòèêå (íà
Γ = ∂Ω çàäàþòñÿ óñëîâèÿ ðàçíûõ òèïîâ).

Ñìåøàííûå êðàåâûå óñëîâèÿ (1.2)�(1.3) ñîîòâåòñòâóþò, íàïðèìåð, çàäàííîìó ðàñïðå-
äåëåíèþ òåìïåðàòóðû íà ó÷àñòêå Γ1 = ∂Ω1 ãðàíèöû Γ = ∂Ω è çàäàííîìó ïîòîêó òåïëà íà
ó÷àñòêå Γ2 = ∂Ω2 ⊂ Γ.

Çàäà÷è òàêîãî òèïà ïðåäñòàâëÿþò çíà÷èòåëüíûé èíòåðåñ äëÿ ïðèëîæåíèé è ðàçðàáîò-
êè ìåòîäîâ èõ èññëåäîâàíèÿ [1]�[23]. Â ÷àñòíîñòè, ðÿä çàäà÷ òåîðèè óïðóãîñòè, òåîðèè
äèôôóçèè, ôèëüòðàöèè, ãåîôèçèêè, ðÿä çàäà÷ ðàñ÷åòà è îïòèìèçàöèè ïðîöåññîâ ýëåêòðî-
òåïëî-ìàññîïåðåíîñà â ñëîæíûõ ìíîãîýëåêòðîäíûõ ýëåêòðîõèìè÷åñêèõ ñèñòåìàõ ñâîäÿòñÿ
ê çàäà÷àì òèïà (1.1)�(1.3)

Êðàåâàÿ çàäà÷à (1.1)�(1.3) ýòî çàäà÷à ñ ðàçðûâíûì ãðàíè÷íûì óñëîâèåì. Âîïðîñû ñó-
ùåñòâîâàíèÿ è åäèíñòâåííîñòè ðåøåíèÿ çàäà÷è òèïà (1.1)�(1.3) èçó÷àëèñü, íàïðèìåð, â
ðàáîòå [21]. Çàäà÷à òèïà (1.1)�(1.3) èññëåäîâàëàñü åùå Çàðåìáîé [21].

Ïîä ðåøåíèåì çàäà÷è (1.1)�(1.3) áóäåì ïîíèìàòü ñëàáîå ðåøåíèå, à èìåííî êîòîðîå
íàõîäèòñÿ ñëåäóþùèì îáðàçîì. Ïóñòü Φ(x) ∈ W 1

2 (Ω) òàêàÿ, ÷òî µ1(s) ∈ L2(Γ1) � ñëåä
ýòîé ôóíêöèè íà Γ1 êàê ýëåìåíò ïðîñòðàíñòâà L2(Γ1) (ò.å. µ1(s) ∈ L2(Γ1) è ôóíêöèÿ
Φ(x) ∈ W 1

2 (Ω) óäîâëåòâîðÿþò ñîîòíîøåíèÿì: Φ(x)|Γ1
= µ(s) íà Γ1 â ñìûñëå òåîðèè ñëåäîâ

[8]� [9]; [11]; [13]; [20]; [22]). Ïóñòü µ2(s) ∈ L2(Γ2), f(x) ∈ L2(Ω), è ïóñòü

V =
{
v(x) ∈ W 1

2 (Ω) : v = 0 íà Γ1 â ñìûñëå òåîðèè ñëåäîâ
}
=

◦
W 1

2 (Ω,Γ1).

Ôóíêöèþ u(x) ∈ W 1
2 (Ω) íàçîâåì ñëàáûì ðåøåíèåì çàäà÷è (1.1)�(1.3), åñëè îíà óäîâëå-

òâîðÿåò ñëåäóþùèì óñëîâèÿì:
1) z = u− Φ ∈ V, (1.4)

2) A(u, v) =

∫
Ω

2∑
α=1

kα(x)
∂u

∂xα

∂v

∂xα
dΩ =

∫
Γ2

µ2(s)v(s) ds+

∫
Ω

f(x)v(x) dΩ (1.5)

äëÿ ëþáîãî v ∈ V .

Ç à ì å ÷ à í è å 1.1 Êðàåâóþ çàäà÷ó (1.1)�(1.3) ñëåäóåò îòíåñòè ê çàäà÷å ñ ðàç-
ðûâíûì ãðàíè÷íûì óñëîâèåì.

Ç à ì å ÷ à í è å 1.2 Íåîäíîðîäíîå ãðàíè÷íîå óñëîâèå (1.2) çäåñü îïðåäåëÿåòñÿ
(âûðàæåíî) ôóíêöèåé Φ(x) ∈ W 1

2 (Ω), äëÿ êîòîðîé

Φ = µ1(s) íà Γ1 â ñìûñëå òåîðèè ñëåäîâ.

Òàêèì îáðàçîì, âûïîëíåíèå ãðàíè÷íîãî óñëîâèÿ (1.2) â äàííîì ñëó÷àå îáåñïå÷èâàåòñÿ
óñëîâèåì (1.4) (çäåñü Φ(x) ∈ W 1

2 (Ω) ýòî ôóíêöèÿ, îïèñûâàþùàÿ íåîðäíîðîäíîå ãðàíè÷-
íîå óñëîâèå (1.2)). Ïîä ñëåäîì ôóíêöèè u(x) ∈ W 1

2 (Ω) íà Γ1 ⊂ Γ = ∂Ω íàäî ïîíèìàòü
îãðàíè÷åíèå ñëåäà (ôóíêöèè) u(s) ∈ L2(Γ). Ñëåäîâàòåëüíî, ðàññìàòðèâàåòñÿ ëèøü òà
¾÷àñòü¿ ôóíêöèè u(s), êîòîðàÿ ¾ïðèíàäëåæè¿ Γ1. Çäåñü ÷åðåç s îáîçíà÷åí ïàðàìåòð
äëèíû äóãè íà Γ.

Ô.Â. Ëóáûøåâ, Ì.Ý. Ôàéðóçîâ. Àïïðîêñèìàöèÿ ñìåøàííîé êðàåâîé çàäà÷è



Æóðíàë ÑÂÌÎ. 2018. Òîì 20, � 4 431

Ñïðàâåäëèâà ñëåäóþùàÿ [13]

Ë å ì ì à 1.1 Ñìåøàííàÿ êðàåâàÿ çàäà÷à (1.1)-(1.3) èìååò îäíî(è òîëüêî îäíî)
ñëàáîå ðåøåíèå u(x) ∈ W 1

2 (Ω); ñóùåñòâóåò òàêàÿ ïîñòîÿííàÿ C > 0, íåçàâèñÿùàÿ îò
ôóíêöèé f , Φ, µ2, äëÿ êîòîðîé âûïîëíÿåòñÿ ñîîòíîøåíèå

∥u(x)∥W 1
2 (Ω) ≤ C

[
∥µ2∥L2(Γ2) + ∥Φ∥W 1

2 (Ω) + ∥f∥L2(Ω)

]
. (1.6)

Ç à ì å ÷ à í è å 1.3 Ïðè ðàññìîòðåíèè ñëó÷àÿ, êîãäà ãðàíè÷íîå óñëîâèå (1.2) ÿâ-
ëÿåòñÿ îäíîðîäíûì, íàäî ïîëîæèòü â îïðåäåëåíèè ñëàáîãî ðåøåíèÿ çàäà÷è (1.1)�(1.3):
Φ(x) = 0 â W 1

2 (Ω), òàê ÷òî Φ(x) � íóëåâàÿ ôóíêöèÿ â äàííîé ñèòóàöèè.

Ç à ì å ÷ à í è å 1.4 Íàïîìíèì íåêîòîðûå ôàêòû. Èçâåñòíî, ÷òî â ñëó÷àå, êî-
ãäà ãðàíèöà Γ = ∂Ω îáëàñòè Ω îãðàíè÷åíà è äîñòàòî÷íî ðåãóëÿðíà, ìîæíî îïðåäåëèòü
åäèíñòâåííûì îáðàçîì ñëåä ôóíêöèè u ∈ W 1

2 (Ω) íà Γ = ∂Ω, êîòîðûé îáîçíà÷èì ÷åðåç
γu = u|Γ. Ïðè ýòîì γu = u|Γ ∈ L2(Γ), ò. å. ñëåä ôóíêöèè u ∈ W 1

2 (Ω) îïðåäåëåí íà Γ = ∂Ω

êàê ýëåìåíò L2(Γ) [13]; [22]; [23] (è äàæåW
1/2
2 (Γ) ñì. äàëåå), è îòîáðàæåíèå u→ γu = u|Γ

ÿâëÿåòñÿ ëèíåéíûì è íåïðåðûâíûì îòîáðàæåíèåì èç W 1
2 (Ω) â L2(Γ) (W

1
2 (Ω) → L2(Γ)).

Îäíàêî äàííîå óòâåðæäåíèå äàëåêî íå ëó÷øèé âîçìîæíûé ðåçóëüòàò â òîì ñìûñëå,
÷òî îòîáðàæåíèå u→ γu = u|Γ íå ñþðüåêòèâíî èç W 1

2 (Ω) â L2(Γ) [23].

Ìîæíî óñèëèòü ýòîò ðåçóëüòàò ââåäåíèåì ïðîñòðàíñòâà ñ äðîáíûì èíäåêñîì W
1/2
2 (Γ):

îáðàçW 1
2 (Ω) ïðè îòîáðàæåíèè γ óæå, ÷åì L2(Γ), è ñîâïàäàåò ñW

1/2
2 (Γ). Îêàçûâàåòñÿ, îòîá-

ðàæåíèå u→ γu = u|Γ ÿâëÿåòñÿ ëèíåéíûì, íåïðåðûâíûì è ñþðüåêòèâíûì îòîáðàæåíèåì

W 1
2 (Ω) → W

1/2
2 (Γ) [14]; [23].

Òàê ÷òî ñïðàâåäëèâà ñëåäóþùàÿ [11]

Ë å ì ì à 1.2 Åñëè Φ ∈ W 1
2 (Ω), òî ñëåä v = Φ|Γ ïðèíàäëåæèò ïðîñòðàíñòâó

W
1/2
2 (Γ), è âûïîëíÿåòñÿ îöåíêà

∥v∥
W

1/2
2 (Γ)

≤ C∥Φ∥W 1
2 (Ω).

Îáðàòíî: äëÿ êàæäîé ôóíêöèè v ∈ W
1/2
2 (Γ) ñóùåñòâóåò ôóíêöèÿ Φ ∈ W 1

2 (Ω) òàêàÿ, ÷òî

Φ|Γ = v(s), s ∈ Γ.

è ñïðàâåäëèâà îöåíêà
∥Φ∥W 1

2 (Ω) ≤ C∗∥v∥W 1/2
2 (Γ)

. (1.7)

Íèæå ìû âîñïîëüçóåìñÿ òåì, ÷òî îòîáðàæåíèå v → Φ ÿâëÿåòñÿ ëèíåéíûì è íåïðå-
ðûâíûì îòîáðàæåíèåì èç W

1/2
2 (Γ) â W 1

2 (Ω) (W
1/2
2 (Γ) → W 1

2 (Ω)). Çäåñü è âûøå [14]; [19]

êëàññ W
1/2
2 (Γ) ïðåäñòàâëÿåò ñîáîé ïðîñòðàíñòâî ñ äðîáíûì èíäåêñîì è ñîñòîèò èç ôóíê-

öèé v(s), s ∈ Γ, ÿâëÿþùèõñÿ ñëåäîì íà Γ äëÿ ôóíêöèé Φ êëàññà W 1
2 (Ω): v(s) = Φ|Γ ñ

íîðìîé â W
1/2
2 (Γ), îïðåäåëÿåìîé ðàâåíñòâîì

∥v∥
W

1/2
2 (Γ)

= inf
Φ∈W1

2 (Ω)

γΦ=v

∥Φ∥W 1
2 (Ω),

ïðè÷åì íèæíÿÿ ãðàíü áåðåòñÿ ïî âñåì òåì ôóíêöèÿì Φ(x) ∈ W 1
2 (Ω), äëÿ êîòîðûõ

Φ(s) = v(s), s ∈ Γ.
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Ïðîñòðàíñòâî W
1/2
2 (Γ) � îáðàç ïðîñòðàíñòâà W 1

2 (Ω) ïðè îòîáðàæåíèè γ, ò. å. W
1/2
2 (Γ) =

= γ[W 1
2 (Ω)] [14].

Êëàññ ôóíêöèé W
1/2
2 (Γ) ÿâëÿåòñÿ ïîäïðîñòðàíñòâîì ïðîñòðàíñòâà L2(Γ).

Òàêèì îáðàçîì, ïðîñòðàíñòâî ôóíêöèé ñ äðîáíîé ïðîèçâîäíîéW
1/2
2 (Γ) ïîçâîëÿåò ïðî-

èçâåñòè áîëåå óãëóáëåííûé àíàëèç ïðîáëåìû ñëåäîâ.
Ïðåîáðàçóåì îöåíêó (1.6). Âûáèðàÿ â ëåììå 1.2 â êà÷åñòâå v(s) ∈ W

1/2
2 (Γ1) ãðàíè÷íóþ

ôóíêöèþ µ1(s) ∈ W
1/2
2 (Γ1) çàäà÷è (1.1)�(1.3):

v(s) = µ1(s), s ∈ Γ1, (1.8)

çàìåòèì, ÷òî (1.7) ïðèìåò âèä (â ñèëó âëîæåíèÿ W
1/2
2 (Γ1) ⊂ W 1

2 (Ω)):

∥Φ∥W 1
2 (Ω) ≤ C∗∥µ1∥W 1/2

2 (Γ1)
. (1.9)

Ñëåäîâàòåëüíî, èç îöåíêè (1.6) íàéäåì àïðèîðíóþ îöåíêó âèäà

∥u∥W 1
2 (Ω) ≤ C∗∗

[
∥µ2∥L2(Γ2) + ∥µ1∥W 1/2

2 (Γ1)
+ ∥f∥L2(Ω)

]
. (1.10)

Ç à ì å ÷ à í è å 1.5 Ñïðàâåäëèâî óòâåðæäåíèå [11]; [19]: åñëè u ∈ W 2
2 (Ω), òî äëÿ

ýòîé ôóíêöèè èìååò ñìûñë ïðîèçâîäíàÿ ïî íîðìàëè
∂u

∂n
, ïðè÷åì ñïðàâåäëèâà îöåíêà∥∥∥∥∂u∂n

∥∥∥∥
W

1/2
2 (∂Ω)

≤ Ĉ∥u∥W 2
2 (Ω), Ĉ > 0. (1.11)

Ç à ì å ÷ à í è å 1.6 Èç îïðåäåëåíèÿ W s
2 (Ω) � ïðîñòðàíñòâ ñ äðîáíûì èíäåêñîì

[11]; [19]� âûòåêàåò íåðàâåíñòâî

∥u∥W γ
2 (Ω) ≤ C∥u∥W s

2 (Ω) ïðè s > γ, (1.12)

ò. å. åñëè ôóíêöèÿ u ∈ W s
2 (Ω), òî îíà ÿâëÿåòñÿ òàêæå ýëåìåíòîì èç W γ

2 (Ω), è ñïðàâåä-
ëèâî (1.12). Ñîîòíîøåíèå, àíàëîãè÷íîå (1.12), ñïðàâåäëèâî è äëÿ ïðîñòðàíñòâ W s

2 (∂Ω).
Çàïèøåì òàêæå íåðàâåíñòâî∥∥∥∥∂u∂n

∥∥∥∥
L2(∂Ω)

≤ C∥u∥W 2
2 (Ω), C > 0. (1.13)

2. Àïïðîêñèìàöèÿ ñìåøàííîé êðàåâîé çàäà÷è òðåòüåé êðàåâîé çà-

äà÷åé. Ñõîäèìîñòü àïïðîêñèìàöèé

Äëÿ ðåøåíèÿ çàäà÷è (1.1)�(1.3) ðàññìîòðèì ìåòîä, çàêëþ÷àþùèéñÿ â ïðèáëèæåí-
íîé çàìåíå ñìåøàííîé çàäà÷è (1.1)�(1.3) òðåòüåé êðàåâîé çàäà÷åé ñ ïàðàìåòðîì ε > 0:

−
2∑

α=1

∂

∂xα

(
kα(x)

∂uε
∂xα

)
= f(x), x ∈ Ω ⊂ R2, (2.14)

∂uε
∂N

+ ε(s)uε = g(s), s ∈ Γ = Γ1 ∪ Γ2, (2.15)

ãäå

ε(s) =

{
ε, s ∈ Γ1,
0, s ∈ Γ2,

g(s) =

{
εµ1(s), s ∈ Γ1,
µ2(s), s ∈ Γ2,

ε = const > 0. (2.16)
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Áóäåì ñ÷èòàòü, ÷òî ïðè ε → +∞ ðåøåíèå çàäà÷è (2.14)�(2.16) ñòðåìèòñÿ ê ðåøåíèþ
èñõîäíîé ñìåøàííîé êðàåâîé çàäà÷è (1.1)�(1.3).

Îáîáùåííûì ðåøåíèåì êðàåâîé çàäà÷è (2.14)�(2.16) íàçûâàåòñÿ ôóíêöèÿ uε(x) ∈
W 1

2 (Ω), óäîâëåòâîðÿþùàÿ èíòåãðàëüíîìó òîæäåñòâó

A1(uε, v) =
∫
Ω

−
2∑

α=1

kα(x)
∂uε

∂xα

∂v
∂xα

dΩ + ε
∫
Γ1

uε(s)v(s) ds =

= ε
∫
Γ1

µ1(s)v(s) ds+
∫
Γ2

µ2(s)v(s) ds+
∫
Ω

f(x)v(x) dΩ = lε(v),
(2.17)

äëÿ âñåõ v(x) ∈ W 1
2 (Ω).

Ñïðàâåäëèâà ñëåäóþùàÿ

Ë å ì ì à 2.1 Çàäà÷à (2.14)�(2.16) îäíîçíà÷íî ðàçðåøèìà â êëàññå W 1
2 (Ω).

Äîêàçàòåëüñòâî ëåììû ìîæåò áûòü ïðîèçâåäåíî íà îñíîâå ëåììû Ëàêñà-Ìèëüãðàììà
[5]; [9]; [13].

Ò å î ð å ì à 2.1 Ïðè ε → +∞ ðåøåíèå çàäà÷è (2.14)�(2.16) ñõîäèòñÿ ïî íîðìå
W 1

2 (Ω) ê ðåøåíèþ çàäà÷è (1.1)�(1.3).

Ä î ê à ç à ò å ë ü ñ ò â î.Ââåäåì ôóíêöèþ ωε(x) = uε(x)− u(x). Ïîêàæåì, ÷òî

uε(x) → u(x) ïðè ε→ +∞ â íîðìå W 1
2 (Ω). (2.18)

Íåòðóäíî óáåäèòüñÿ, ÷òî ôóíêöèÿ ωε(x) ðåøàåò çàäà÷ó:

Lωε(x) = −
2∑

α=1

∂

∂xα

(
kα(x)

∂ωε

∂xα

)
= 0, x ∈ Ω ⊂ R2, (2.19)

∂ωε

∂N
+ ε(s)ωε = − ∂u

∂N
(s), s ∈ Γ1, (2.20)

∂ωε

∂N
= 0, s ∈ Γ2. (2.21)

Óìíîæèì (2.19) íà ωε(x) è ïðîèíòåãðèðóåì ïî Ω. Èñïîëüçóÿ ôîðìóëó Ãðèíà [13], ïî-
ëó÷èì: ∫

Ω2

Lωε(x)ωε(x) dΩ =
∫
Ω

2∑
α=1

kα(x)
∂ωε

∂xα

∂ωε

∂xα
dΩ−

∫
Γ

∂ωε

∂N
(s)ωε(s) ds =

=
∫
Ω

2∑
α=1

kα(x)
(

∂ωε

∂xα

)2
dΩ−

∫
Γ1

∂ωε

∂N
(s)ωε(s) ds−

∫
Γ2

∂ωε

∂N
(s)ωε(s) ds = 0.

(2.22)

Èòàê, ïîëó÷èì ñîîòíîøåíèå∫
Ω

2∑
α=1

kα(x)

(
∂ωε

∂xα

)2

dΩ + ε

∫
Γ1

ω2
ε(s) ds = −

∫
Γ1

∂u

∂N
(s)ωε(s) ds.

Ñëåäîâàòåëüíî,

ν0

∫
Ω

2∑
α=1

(
∂ωε

∂xα

)2

dΩ + ε

∫
Γ1

ω2
ε(s) ds ≤ −

∫
Γ1

∂u

∂N
(s)ωε(s) ds. (2.23)
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Èç (2.23) ïîëó÷èì

ε∥ω∥2L2(Γ1)
≤
∥∥∥∥ ∂u∂N

∥∥∥∥
L2(Γ1)

· ∥ωε∥L2(Γ1), (2.24)

ò. å. íàõîäèì îöåíêó:

∥ωε∥L2(Γ1) ≤
1

ε

∥∥∥∥ ∂u∂N
∥∥∥∥
L2(Γ1).

(2.25)

Äàëåå èç (2.23) çàïèøåì:

ν0

∫
Ω

2∑
α=1

(
∂ωε

∂xα

)2

dΩ ≤
∥∥∥∥ ∂u∂N

∥∥∥∥
L2(Γ1)

· ∥ωε∥L2(Γ1). (2.26)

Ïðèíèìàÿ âî âíèìàíèå îöåíêó (2.25), èç (2.26) ïîëó÷èì:

ν0

∫
Ω

2∑
α=1

(
∂ωε

∂xα

)2

dΩ ≤ 1

ε

∥∥∥∥ ∂u∂N
∥∥∥∥2
L2(Γ1)

. (2.27)

Èòàê, èìååì îöåíêó:∫
Ω

2∑
α=1

(
∂ωε

∂xα

)2

dΩ =

∫
Ω

|∇ωε|2dΩ ≤ 1

ν0ε

∥∥∥∥ ∂u∂N
∥∥∥∥2
L2(Γ1)

. (2.28)

Íàïîìíèì îáîçíà÷åíèÿ:

∇u = gradu =
(

∂u
∂x1
, ∂u
∂x2
, ..., ∂u

∂xn

)
,

|∇u| =
(

n∑
α=1

(
∂u
∂xα

)2)1/2

,

|∇u|2 =
n∑

α=1

∣∣∣ ∂u
∂xα

∣∣∣2 ,∫
Ω

|∇u|2dx =
∫
Ω

n∑
α=1

(
∂u
∂xα

)2
dx,

∥∇u∥L2(Ω) =

(∫
Ω

|∇u|2dx
)1/2

=

(∫
Ω

n∑
α=1

(
∂u
∂xα

)2
dx

)1/2

.

(2.29)

Îöåíêó (2.28) çàïèøåì â âèäå

∥∇ωϵ∥2L2(Ω) =

∫
Ω

|∇ωε|2dx =

∫
Ω

n∑
α=1

(
∂ωε

∂xα

)2

dx ≤ 1

ν0ϵ

∥∥∥∥ ∂u∂N
∥∥∥∥2
L2(Γ1)

. (2.30)

Èç îöåíîê (2.25), (2.30) ïîëó÷èì:

lim
ε→+∞

∥∇ωε∥2L2(Ω) = 0, lim
ε→+∞

∥ωε∥2L2(Γ1)
= 0. (2.31)

Äàëåå, ñïðàâåäëèâî íåðàâåíñòâî [13]

∥ωε∥2L2(Ω) ≤ C0

(
∥∇ωε∥2L2(Ω) + ∥ωε∥2L2(Γ1)

)
=

= C0

{(∫
Ω

n∑
α=1

(
∂ωε

∂xα

)2
dx

)1/2

+

(∫
Γ1

ω2
εds

)1/2}
=

= C0

{(∫
Ω

|∇ωε|2dx
)1/2

+

(∫
Γ1

ω2
εds

)1/2}
,

(2.32)
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ãäå êîíñòàíòà C0 > 0 çàâèñèò ëèøü îò Ω è Γ1.
Èç îöåíîê (2.31)� (2.32) ñëåäóåò, ÷òî

lim
ε→+∞

∥ωε∥L2(Ω) = 0. (2.33)

Èç îöåíîê (2.31)�(2.33) ñëåäóåò, ÷òî

lim
ε→+∞

∥ωε∥W 1
2 (Ω) = 0. (2.34)

Äàëåå èç (2.25) è (2.30) â ñèëó (2.32) ïîëó÷èì

∥ωε∥L2(Ω) ≤ C0

[
1√

ν0
√
ε

∥∥ ∂u
∂N

∥∥
L2(Γ1)

+ 1
ε

∥∥ ∂u
∂N

∥∥
L2(Γ1)

]
=

= C0
1√
ε

(
1√
ν0

+ 1√
ε

)∥∥ ∂u
∂N

∥∥
L2(Γ1)

.
(2.35)

Ïîýòîìó èç (2.25), (2.30), (2.35) ïîëó÷èì

∥ωε∥2W 1
2 (Ω)

=
∫
Ω

[
n∑

α=1

(
∂ωε

∂xα

)2
+ ω2

ε

]
dx = ∥∇ωε∥2L2(Ω) + ∥ωε∥2L2(Ω) ≤

≤ 1
ν0ε

∥∥ ∂u
∂N

∥∥2
L2(Γ1)

+
C2

0

ε

(
1√
ν0

+ 1√
ε

)2 ∥∥ ∂u
∂N

∥∥2
L2(Γ1)

=

=

[
1
ν0

+

(
1

ν
1/2
0

+ 1
ε1/2

)2

C2
0

]
1
ε

∥∥ ∂u
∂N

∥∥2
L2(Γ1)

.

Òàêèì îáðàçîì, óñòàíîâëåíà òàêæå îöåíêà ñêîðîñòè ñõîäèìîñòè:

∥ωε∥W 1
2 (Ω) ≤ θε

1

ε1/2

∥∥∥∥ ∂u∂N
∥∥∥∥
L2(Γ1)

, (2.36)

ãäå

θε =

[
1

ν0
+

(
1

ν
1/2
0

+
1

ε1/2

)2

C2
0

]1/2
→ 1

ν
1/2
0

(1 + C2
0)

1/2 = C1 ïðè ε→ +∞.

Ä î ê à ç à ò å ë ü ñ ò â î ç à ê î í ÷ å í î.

Ç à ì å ÷ à í è å 2.1 Ïóñòü ðåøåíèå u(x) çàäà÷è (1.1)�(1.3) ïðèíàäëåæèò ïðî-
ñòðàíñòâó W 2

2 (Ω), òîãäà, ïðèíèìàÿ âî âíèìàíèå îöåíêó∥∥∥∥ ∂u∂N
∥∥∥∥
L2(Γ1)

≤ C2∥u∥W 2
2 (Ω), (2.37)

óñòàíîâèì ñëåäóþùóþ îöåíêó âåëè÷èíû ∥ωε∥W 1
2 (Ω):

∥ωε∥W 1
2 (Ω) ≤ θε

C2

ε1/2
∥u∥W 2

2 (Ω). (2.38)

Çäåñü ωε(x) = uε(x)− u(x).
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Approximation of a mixed boundary value problem

c⃝ F.V. Lubyshev 1, M. E. Fairuzov 2

Abstract. The mixed boundary value problem for the divergent-type elliptic equation with variable
coe�cients is considered. It is assumed that the integration domain has a su�ciently smooth
boundary that is the union of two disjoint pieces. The Dirichlet boundary condition is given on the
�rst piece, and the Neumann boundary condition is given on the other one. So the problem has
discontinuous boundary condition. Such problems with mixed boundary conditions are the most
common in practice when modeling processes and are of considerable interest in the development
of methods for their solution. In particular, a number of problems in the theory of elasticity, theory
of di�usion, �ltration, geophysics, a number of problems of optimization in electro-heat and mass
transfer in complex multielectrode electrochemical systems are reduced to the boundary value
problems of this type. In this paper, we propose an approximation of the original mixed boundary
value problem by the third boundary value problem with a parameter. The convergence of the
proposed approximations is investigated. Estimates of the approximations' convergence rate in
Sobolev norms are established.
Key Words: Elliptic equations, mixed boundary value problem, Sobolev spaces, embedding
theorems, approximation, convergence of approximations
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