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Î âëîæåíèè èíâàðèàíòíûõ ìíîãîîáðàçèé ïðîñòåéøèõ

ïîòîêîâ Ìîðñà-Ñìåéëà ñ ãåòåðîêëèíè÷åñêèìè

ïåðåñå÷åíèÿìè

c⃝ Å.ß. Ãóðåâè÷1, Ä.À. Ïàâëîâà2

Àííîòàöèÿ. Â ðàáîòå èçó÷àåòñÿ ñòðóêòóðà ðàçáèåíèÿ ÷åòûðåõìåðíîãî ôàçîâîãî ïðîñòðàí-
ñòâà íà òðàåêòîðèè ïîòîêîâ Ìîðñà-Ñìåéëà, äîïóñêàþùèõ ãåòåðîêëèíè÷åñêèå ïåðåñå÷åíèÿ. À
èìåííî, ðàññìàòðèâàåòñÿ êëàññ G(S4) ïîòîêîâ Ìîðñà-Ñìåéëà íà ñôåðå S4 òàêèõ, ÷òî íåáëóæ-
äàþùåå ìíîæåñòâî ëþáîãî ïîòîêà f ∈ G(S4) ñîñòîèò â òî÷íîñòè èç ÷åòûðåõ ñîñòîÿíèé ðàâ-
íîâåñèÿ: èñòî÷íèêà, ñòîêà è äâóõ ñåäåë. Áëóæäàþùåå ìíîæåñòâî òàêèõ ïîòîêîâ ñîäåðæèò
êîíå÷íîå ÷èñëî ãåòåðîêëèíè÷åñêèõ êðèâûõ, ëåæàùèõ â ïåðåñå÷åíèè èíâàðèàíòíûõ ìíîãîîá-
ðàçèé ñåäëîâûõ ñîñòîÿíèé ðàâíîâåñèÿ. Â ðàáîòå îïèñûâàåòñÿ òîïîëîãèÿ âëîæåíèÿ èíâàðè-
àíòûõ ìíîãîîáðàçèé ñåäëîâûõ ñîñòîÿíèé ðàâíîâåñèÿ òàêèõ ïîòîêîâ, ÷òî ÿâëÿåòñÿ ïåðâûì
øàãîì â ðåøåíèè ïðîáëåìû òîïîëîãè÷åñêîé êëàññèôèêàöèè. Â ÷àñòíîñòè, äîêàçûâàåòñÿ, ÷òî
çàìûêàíèÿ èíâàðèàíòíûõ ìíîãîîáðàçèé ñåäëîâûõ ñîñòîÿíèé ðàâíîâåñèÿ, íå ó÷àñòâóþùèõ â
ãåòåðîêëèíè÷åñêèõ ïåðåñå÷åíèÿõ, ÿâëÿþòñÿ ðó÷íûìè 2-ñôåðîé è äóãîé. Ýòè ìíîãîîáðàçèÿ
ÿâëÿþòñÿ àòòðàêòîðîì è ðåïåëëåðîì ïîòîêà. Â ìíîæåñòâå îðáèò, ïðèíàäëåæàùèõ îáëàñòè
ïðèòÿæåíèÿ àòòðàêòîðà (îòòàëêèâàíèÿ ðåïåëëåðà) ñòðîèòñÿ ñåêóùàÿ, ÿâëÿþùàÿñÿ ìíîãîîá-
ðàçèåì, ãîìåîìîðôíûì ïðÿìîìó ïðîèçâåäåíèþ S2 × S1. Èçó÷àåòñÿ òîïîëîãèÿ ïåðåñå÷åíèÿ
èíâàðèàíòíûõ ìíîãîîáðàçèé ñåäëîâûõ ñîñòîÿíèé ðàâíîâåñèÿ ñ ýòîé ñåêóùåé.

Êëþ÷åâûå ñëîâà: òîïîëîãè÷åñêàÿ ýêâèâàëåíòíîñòü, ïîòîêè Ìîðñà-Ñìåéëà, ãåòåðîêëèíè÷å-
ñêèå êðèâûå

1. Ââåäåíèå è ôîðìóëèðîâêà ðåçóëüòàòîâ

Ãëàäêèé ïîòîê f t :Mn →Mn, çàäàííûé íà çàìêíóòîì ãëàäêîì ìíîãîîáðàçèè Mn ðàç-
ìåðíîñòè n, íàçûâàåòñÿ ïîòîêîì Ìîðñà-Ñìåéëà, åñëè âûïîëíÿþòñÿ ñëåäóþùèå óñëîâèÿ:

• íåáëóæäàþùåå ìíîæåñòâî Ωf t ïîòîêà f t ñîñòîèò èç êîíå÷íîãî ÷èñëà ãèïåðáîëè÷åñêèõ
ñîñòîÿíèé ðàâíîâåñèÿ è çàìêíóòûõ òðàåêòîðèé;

• èíâàðèàíòíûå ìíîãîîáðàçèÿ ñîñòîÿíèé ðàâíîâåñèÿ è çàìêíóòûõ òðàåêòîðèé ïåðåñå-
êàþòñÿ òðàíñâåðñàëüíî3.

Ïóñòü G(S4) � êëàññ ïîòîêîâ Ìîðñà-Ñìåéëà íà ñôåðå S4 òàêèõ, ÷òî íåáëóæäàþùåå
ìíîæåñòâî ëþáîãî ïîòîêà f ∈ G(S4) ñîñòîèò â òî÷íîñòè èç ÷åòûðåõ ñîñòîÿíèé ðàâíîâåñèÿ:
èñòî÷íèêà α, ñòîêà ω è äâóõ ñåäåë σi, σj èíäåêñîâ Ìîðñà i, j ∈ {1, 2, 3} ñîîòâåòñòâåííî.

1Ãóðåâè÷ Åëåíà ßêîâëåâíà, äîöåíò êàôåäðû ôóíäàìåíòàëüíîé ìàòåìàòèêè, ÍÈÓ ÂØÝ (603155,
Ðîññèÿ, ã. Íèæíèé Íîâãîðîä, óë. Áîëüøàÿ Ïå÷åðñêàÿ, ä. 25/12), êàíäèäàò ôèçèêî-ìàòåìàòè÷åñêèõ íàóê,
ORCID: http://orcid.org/0000-0003-1815-3120, egurevich@hse.ru

2Ïàâëîâà Äàðüÿ Àëåêñàíäðîâíà, ñòóäåíòêà ÍÈÓ ÂØÝ (603155, Ðîññèÿ, ã. Íèæíèé Íîâãîðîä, óë.
Áîëüøàÿ Ïå÷åðñêàÿ, ä. 25/12), ORCID: http://orcid.org/0000-0001-8634-4143, dapavlova_1@mail.ru

3Íàïîìíèì, ÷òî ãëàäêèå ïîäìíîãîîáðàçèÿ L,N ìíîãîîáðàçèÿ Mn ïåðåñåêàþòñÿ òðàíñâåðàëüíî, åñëè
ëèáî L∩N = ∅, ëèáî â êàæäîé òî÷êå ïåðåñå÷åíèÿ x ∈ L∩N êàñàòåëüíûå ïðîñòðàíñòâà ê L,N ïîðîæäàþò
êàñàòåëüíîå ïðîñòðàíñòâî ê Mn.
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Èç ôîðìóëû Ïóàíêàðå-Õîïôà ñëåäóåò, ÷òî (−1)i + (−1)j = 0, ïîýòîìó èíäåêñ Ìîðñà
îäíîãî èç ñåäåë ðàâåí 2, à âòîðîãî � 1 èëè 3. Åñëè gt ∈ G(S4) � ïîòîê, äëÿ êîòîðîãî
èíäåêñû Ìîðñà ñåäåë ðàâíû 2, 3, òî äëÿ íåãî íàéäåòñÿ ïîòîê f t ∈ G(S4), èìåþùèé ñåäëà
èíäåêñîâ Ìîðñà 1 è 2 è òàêîé, ÷òî f t = g−t. Ïîýòîìó â äàëüíåéøåì áóäåì ñ÷èòàòü, ÷òî äëÿ
ïðîèçâîëüíîãî ïîòîêà f t ∈ G(S4) èíäåêñû Ìîðñà ñåäëîâûõ ñîñòîÿíèé ðàâíîâåñèÿ ðàâíû
1 è 2.

Èç òðàíñâåðñàëüíîñòè ïåðåñå÷åíèÿ èíâàðèàíòíûõ ìíîãîîáðàçèé ñëåäóåò, ÷òî ïåðåñå÷å-
íèå W u

σ1
∩W s

σ2
ïóñòî. Èç ðàáîò [1�2] ñëåäóåò, ÷òî ïåðåñå÷åíèå W s

σ1
∩W u

σ2
íåïóñòî è ñîñòîèò

èç êîíå÷íîãî ÷èñëà êðèâûõ, êîòîðûå áóäåì íàçûâàòü ãåòåðîêëèíè÷åñêèìè.
Èç òåîðåìû Ñ. Ñìåéëà (ñì. [3], Theorem 2.3) ñëåäóåò, ÷òî çàìûêàíèå cl W u

σ1
(cl W s

σ2
)

ìíîãîîáðàçèÿ W u
σ1
(W s

σ2
) ñîäåðæèò, êðîìå ñàìîãî ìíîãîîáðàçèÿ W u

σ1
(W s

σ2
), åäèíñòâåííóþ

òî÷êó ω (α). Òàêèì îáðàçîì, ìíîæåñòâî Af t = cl W u
σ1
(Rf t = cl W s

σ2
) ÿâëÿåòñÿ ñôåðîé ðàç-

ìåðíîñòè 1 (2), âëîæåííîé â S4 ãëàäêî âî âñåõ òî÷êàõ, êðîìå òî÷êè ω (α). Ìû äîêàçûâàåì
ñëåäóþùèå ôàêòû.

Ò å î ð å ì à 1.1 Ñôåðû Af t, Rf t ÿâëÿþòñÿ ëîêàëüíî ïëîñêèìè â êàæäîé òî÷êå4.

Ðåçóëüòàò ïðåäëîæåíèÿ 1.1 êîíòðàñòèðóåò ñ òåîðåìîé 6 ðàáîòû [4], ãäå óòâåðæäàåòñÿ,
÷òî ñóùåñòâóþò ìíîãîîáðàçèÿ ðàçìåðíîñòè 4 è âûøå, äîïóñêàþùèå ãðàäèåíòíî-ïîäîáíûå
ïîòîêè ñ íåáëóæäàþùèì ìíîæåñòâîì, ñîñòîÿùèì â òî÷íîñòè èç ÷åòûðåõ ñîñòîÿíèé ðàâíî-
âåñèÿ: äâóõ óçëîâ è äâóõ ñåäåë, òàêèå, ÷òî çàìûêàíèå èíâàðèàíòíîãî ìíîãîáðàçèÿ ñåäëîâîé
òî÷êè êîðàçìåðíîñòè 2 ÿâëÿåòñÿ äèêî âëîæåííîé ñôåðîé.

Ïîëîæèì Vf t = S4 \ (Af t ∪Rf t).

Ò å î ð å ì à 1.2 Ñóùåñòâóåò ãèïåðïîâåðõíîñòü áåç êîíòàêòà Σf t ⊂ Vf t òàêàÿ,
÷òî:

1. Σf t ãîìåîìîðôíî ïðÿìîìó ïðîèçâåäåíèþ S2 × S1;

2. ìíîæåñòâî Vf t ãîìåîìîðôíî ïðÿìîìó ïðîèçâåäåíèþ Σf t × R;

3. îãðàíè÷åíèå ïîòîêà f t íà ìíîæåñòâî Vf t òîïîëîãè÷åñêè ýêâèâàëåíòíî ïîòîêó
f t
0(s, r) = (s, r + t), ãäå s ∈ Σf t , r ∈ R;

4. ìíîæåñòâî W s
σi
∩ Σf t ÿâëÿåòñÿ ãëàäêîé ñôåðîé S2

f t, íå îãðàíè÷èâàþùåé øàð â Σf t,

ìíîæåñòâî W u
σj

∩ Σf t ÿâëÿåòñÿ ãëàäêîé çàìêíóòîé äóãîé S1
f t, èíäåêñ ïåðåñå÷åíèÿ

êîòîðîé ñî ñôåðîé S2
f t ðàâåí 1.

2. Ðàçëîæåíèå ñôåðû S4 íà ðó÷êè, èíäóöèðîâàííîå ïîòîêîì f t ∈
G(S4), è òîïîëîãèÿ âëîæåíèÿ åãî èíâàðèàíòíûõ ìíãîîáðàçèé

Íàïîìíèì, ÷òî ìíîãîîáðàçèå M ðàçìåðíîñòè n ïîëó÷åíî èç ìíîãîîáðàçèÿ N c êðàåì
∂N ïðèêëåèâàíèåì k-ðó÷êè Hk = Bk × Bn−k, åñëè ñóùåñòâóåò âëîæåíèå φ : Sk−1 × Bn−1 →
∂N òàêîå, ÷òî M ïîëó÷åíî èç äèçúþíêòíîãî îáúåäèíåíèÿ N ∪Hk îòîæäåñòâëåíèåì òî÷åê
x ∈ Sk−1 × Bn−1 è φ(x).

Ïóñòü K ⊂ S3 � ãëàäêî âëîæåííàÿ ïðîñòàÿ çàìêíóòàÿ äóãà (óçåë), N(K) � åå òðóá÷à-
òàÿ îêðåñòíîñòü, N = B2 × S2 è ψ : ∂ N(K) → ∂N � äèôôåîìîðôèçì. Òîãäà ãîâîðÿò, ÷òî

4Çàìêíóòîå ìíîãîîáðàçèå X ⊂ Mn ðàçìåðíîñòè m íàçûâàåòñÿ ëîêàëüíî ïëîñêèì â Mn â òî÷êå x ∈ X,
åñëè ñóùåñòâóåò îêðåñòíîñòü Ux ⊂ Mn òî÷êè x è ãîìåîìîðôèçì h : Ux → Rn òàêîé, ÷òî h(X∩Rn ÿâëÿåòñÿ
êîîðäèíàòíîé ãèïåðïëîñêîñòüþ Rm ⊂ Rn)
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ìíîãîîáðàçèå M3, ïîëó÷åííîå èç îáúåäèíåíèÿ S3 \ intN(K) è N îòîæäåñòâëåíèåì òî÷åê
x ∈ ∂ N(K) è ψ(x) ∈ N , ïîëó÷åíî õèðóðãè÷åñêîé îïåðàöèåé Äýíà âäîëü óçëà K.

Íàïîìíèì, ÷òî äâàæäû äèôôåðåíöèðóåìàÿ ôóíêöèÿ φ : Mn → R íà ãëàäêîì çàì-
êíóòîì îðèåíòèðóåìîì ìíîãîîáðàçèè Mn íàçûâàåòñÿ ôóíêöèåé Ìîðñà, åñëè âñå åå êðè-
òè÷åñêèå òî÷êè íåâûðîæäåíû, òî åñòü äëÿ ëþáîé êðèòè÷åñêîé òî÷êè p ∈ Mn îïðåäåëè-

òåëü ìàòðèöû Ãåññå

(
∂2φ

∂xi∂xj

)
|p â ýòîé òî÷êå îòëè÷åí îò íóëÿ. Ñîãëàñíî ëåììå Ìîðñà, â

íåêîòîðîé îêðåñòíîñòè íåâûðîæäåííîé êðèòè÷åñêîé òî÷êè p ñóùåñòâóþò ëîêàëüíûå êî-
îðäèíàòû y1, . . . , yn íàçûâàåìûå êîîðäèíàòàìè Ìîðñà, â êîòîðûõ ôóíêöèÿ φ èìååò âèä
φ(y1, . . . , yn) = φ(p)−y21−· · ·−y2k+y2k+1+· · ·+y2n. ×èñëî k ∈ {0, . . . , n} íå çàâèñèò îò âûáîðà
ëîêàëüíûõ êîîðäèíàò è íàçûâàåòñÿ èíäåêñîì òî÷êè p. Áóäåì îáîçíà÷àòü èíäåêñ êðèòè÷å-
ñêîé òî÷êè ÷åðåç ind(p). Ãëàäêèé ïîòîê, èíäóöèðîâàííûé âåêòîðíûì ïîëåì X = −gradφ,
íàçûâàåòñÿ ãðàäèåíòíûì ïîòîêîì.

Èç ðàáîòû [5] âûòåêàåò ñëåäóþùåå óòâåðæäåíèå:

Ï ð å ä ë î æ å í è å 2.1 Äëÿ ïîòîêà f t ∈ G(S4) ñóùåñòâóåò ñàìîèíäåêñèðóþ-
ùàÿñÿ ýíåðãåòè÷åñêàÿ ôóíêöèÿ � òàêàÿ ôóíêöèÿ φ : S4 → [0, 4], ÷òî:

1. ôóíêöèÿ φ ÿâëÿåòñÿ ôóíêöèåé Ìîðñà;

2. ìíîæåñòâî êðèòè÷åñêèõ òî÷åê ôóíêöèè φ ñîâïàäàåò ñ íåáëóæäàþùèì ìíîæå-
ñòâîì Ω(f t) ïîòîêà f t;

3. φ(f t(x)) < φ(x) äëÿ ëþáîé òî÷êè x ̸∈ Ω(f t) è ëþáîãî t > 0;

4. φ(p) = ind(p) äëÿ ëþáîãî p ∈ Ω(f t).

Íåïîñðåäñòâåííî èç îïðåäåëåíèÿ ôóíêöèè φ ñëåäóåò, ÷òî äëÿ ëþáîé òî÷êè p ∈ Ω(f t)
÷èñëî ind(p) òàêæå ñîâïàäàåò ñ èíäåêñîì Ìîðñà òî÷êè p, ðàâíûì ðàçìåðíîñòè åå íåóñòîé-
÷èâîãî ìíîãîîáðàçèÿ.

Äîêàçàòåëüñòâî òåîðåìû 1.1. Â ñèëó [3] (Theorem 2.3) äëÿ ëþáîãî ñîñòîÿíèÿ ðàâ-
íîâåñèÿ p ïîòîêà Ìîðñà-Ñìåéëà åãî óñòîé÷èâîå (íåóñòîé÷èâîå) ìíîãîîáðàçèå ÿâëÿåòñÿ
ãëàäêèì ïîäìíîãîîáðàçèåì. Ïîýòîìó äóãà Af t = cl W u

σ1
=W u

σ1
∪ ω è ñôåðà Rf t = cl W s

σ2
=

=W s
σ2

∪ α ÿâëÿþòñÿ ãëàäêî âëîæåííûìè è, ñëåäîâàòåëüíî, ëîêàëüíî-ïëîñêèìè âî âñåõ
òî÷êàõ, êðîìå òî÷åê ω, α. Èç ðàáîòû [6] ñëåäóåò, ÷òî çàìêíóòàÿ äóãà â S4 ëèáî ÿâëÿåòñÿ
ëîêàëüíî ïëîñêîé âî âñåõ ñâîèõ òî÷êàõ, ëèáî èìååò áîëåå ÷åì ñ÷åòíîå ìíîæåñòâî òî÷åê, â
êîòîðûõ íàðóøàåòñÿ óñëîâèå ëîêàëüíîé ïëîñêîñòíîñòè. Èç ýòîãî ñëåäóåò, ÷òî çàìêíóòàÿ
äóãà Af t ÿâëÿåòñÿ ëîêàëüíî ïëîñêîé è â òî÷êå ω.

Ïîêàæåì, ÷òî äâóìåðíàÿ ñôåðà Rf t ÿâëÿåòñÿ ëîêàëüíî-ïëîñêîé â òî÷êå α.
Ïóñòü ε ∈ (0; 1). Ïîëîæèì M0 = φ−1[0; 1 − ε];M1 = φ−1[0; 1 + ε];M2 = φ−1[0; 2 + ε],

M4 = S4, Σi = ∂Mi. Èç òåîðèè Ìîðñà (ñì., íàïðèìåð, [7], òåîðåìû 3.1, 3.2) ñëåäóåò, ÷òî
ìíîãîîáðàçèåM0 ÿâëÿåòñÿ çàìêíóòûì øàðîì, ìíîãîîáðàçèåMk ïðè k ∈ {1, 2} ïîëó÷àåòñÿ
ïðèêëåèâàíèåì k-ðó÷êè ê Mk−1, ìíîãîîáðàçèå M4 ïîëó÷àåòñÿ ïðèêëåèâàíèåì 4-ðó÷êè ê
M2.

Èç ýòîãî ñëåäóåò, ÷òî ìíîãîîáðàçèÿ Σ0,Σ2 ÿâëÿþòñÿ 3-ñôåðàìè, à Σ1 äèôôåîìîðôíî
S2 × S1. Èç òåîðåìû 3.2 èç [7], ïðèìåíåííîé ê ôóíêöèè φ−1, ñëåäóåò, ÷òî ìíîãîîáðàçèå
M4 \ int M1 ïîëó÷åíî èç M4 \ int M2 ïðèêëåèâàíèåì 2-ðó÷êè è ìíîãîîáðàçèå Σ1 = ∂M1 =
= ∂M4\int M1 ïîëó÷åíî èç ñôåðû Σ2 = ∂M4\int M2 ïðè ïîìîùè õèðóðãè÷åñêîé îïåðàöèè
Äýíà âäîëü çàìêíóòîé êðèâîé c = Σ2 ∩ W s

σ2
. Èç [8] (òåîðåìà 3) ñëåäóåò, ÷òî êðèâàÿ c

òðèâèàëüíî âëîæåíà â S3 (òî åñòü îãðàíè÷èâàåò 2-äèñê).
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Ïóñòü at � ïîòîê â ïðîñòðàíñòâå R4, çàäàííûé ôîðìóëîé at(x1, . . . , x4) =

= ((
1

2
)tx1, . . . , (

1

2
)tx4), S3

r = {(x1, . . . , x4) ⊂ R4| x21 + · · · + x24 = r2}, S1 = {(x1, . . . , x4) ⊂
R4| x21 + x22 = 1, x3 = x4 = 0}. Èç [8] (òåîðåìà 1) ñëåäóåò, ÷òî ñóùåñòâóåò ãîìåîìîðôèçì
h : Σ2 → S3

1 òàêîé, ÷òî h(Σ2 ∩W s
σ2
) = S1. Äëÿ êàæäîé òî÷êè x ∈ Σ2 îáîçíà÷èì ÷åðåç lx åå

òðàåêòîðèþ è äëÿ ëþáîé òî÷êè y ∈ lx ïîëîæèì ty = tg
π(2 + ε− φ(y)

2
+1, H(y) = aty(h(x)).

Ãîìåîìîðôèçì H : W u
α \ α→ R4 \ {O} ïåðåâîäèò òðàåêòîðèè ïîòîêà f t|Wu

α \α â òðàåêòîðèè
ïîòîêà at|{R4 \ {O} ñ ñîõðàíåíèåì îðèåíòàöèè íà òðàåêòîðèÿõ, ìíîæåñòâî W s

σ2
\ σ2 � íà

ìíîæåñòâî Ox1x2 \ {O} è ïðîäîëæàåòñÿ ïî íåïðåðûâíîñòè íà òî÷êó α. Ñëåäîâàòåëüíî,
ñôåðà Rf t =W s

σ2
∪ α âëîæåíà ëîêàëüíî ïëîñêî â òî÷êå α.

Äîêàçàòåëüñòâî òåîðåìû 1.2. Ïåðâûå òðè óòâåðæäåíèÿ ëåììû ÿâëÿþòñÿ íåïî-
ñðåäñòâåííûìè ñëåäñòâèÿìè óòâåðæäåíèÿ 2.1. Äåéñòâèòåëüíî, åñëè φ : S4 → [0, 4] �
ñàìîèíäåêñèðóþùàÿñÿ ýíåðãåòè÷åñêàÿ ôóíêöèÿ äëÿ ïîòîêà f t, òî äîñòàòî÷íî ïîëîæèòü
Σf t = φ−1(1, 5).

Ïåðåñå÷åíèå W s
σ1

∩ Σf t ÿâëÿåòñÿ ïîâåðõíîñòüþ áåç êîíòàêòà äëÿ îãðàíè÷åíèÿ ïîòî-
êà f t íà ìíîæåñòâî W s

σ1
\ σ1, ïîýòîìó W s

σ1
\ σ1 äèôôåîìîðôíî ïðÿìîìó ïðîèçâåäåíèþ

(W s
σ1
∩Σf t)×R, è (W s

σ1
∩Σf t) � äåôîðìàöèîííûé ðåòðàêò äëÿ W s

σ1
\σ. Ïîñêîëüêó W s

σ1
\σ1

ãîìåîìîðôíî R3 \ {O} è, ñëåäîâàòåëüíî, îäíîñâÿçíî, òî W s
σ1

∩ Σf t òàêæå îäíîñâÿçíî. Òî-
ãäà W s

σ1
∩ Σf t ãîìåìîðôíî ëèáî ïëîñêîñòè R2, ëèáî äâóìåðíîé ñôåðå. Â ïåðâîì ñëó÷àå

ìíîæåñòâî W s
σ1

\ σ1 ãîìåîìîðôíî R3, ÷òî íåâîçìîæíî, ïîýòîìó W s
σ1

∩ Σf t ãîìåîìîôíî
ñôåðå.

Ïîëîæèì S2
f t = W s

σ1
∩ Σf t . Ñôåðà S2

f t îãðàíè÷èâàåò øàð B3 ⊂ W s
σ1

òàêîé, ÷òî σ1 ∈
int B3. Ñëåäîâàòåëüíî, êîýôôèöèåíò çàöåïëåíèÿ ñôåðû S2

f t è äóãè Af t ðàâåí åäèíèöå.

Ïîýòîìó ñôåðà S2 íå îãðàíè÷èâàåò íèêàêîãî øàðà â Σf t (ò. ê. â ýòîì ñëó÷àå êîýôôèöèåíò
çàöåïëåíèÿ ñôåð S2 è Af t áûë áû ðàâåí íóëþ).

Àíàëîãè÷íî äîêàçûâàåòñÿ, ÷òî ìíîæåñòâî W u
σ2

∩ Σf t ÿâëÿåòñÿ çàìêíóòîé äóãîé S1
f t ,

èìåþùåé ñ 2-ñôåðîé Rf t êîýôôèöèåíò çàöåïëåíèÿ, ðàâíûé åäèíèöå. Ïóñòü N ⊂ Σf t �
çàìêíóòàÿ òðóá÷àòàÿ îêðåñòíîñòü äóãè S1

f t . Ïîòîê f t èíäóöèðóåò ãîìåîìîðôèçì ψ : Σf t \
int N → Σ2 \ int Ñ , ãäå Σ2 = φ−1(2, 5), Ñ ⊂ Σ2 � íåêîòîðàÿ çàìêíóòàÿ îêðåñòíîñòü äóãè

W s
σ2
∩Σ2. Ïî äîêàçàííîìó âûøå Σ2\ int Ñ ÿâëÿåòñÿ ïîëíîòîðèåì, ñëåäîâàòåëüíî, Σf t \

∫
N

òàêæå ÿâëÿåòñÿ ïîëíîòîðèåì, è ñóùåñòâóåò ãîìåîìîôèçì h : Σf t → Sn−1 × S1 òàêîé, ÷òî
h(S1

f t) = {x} × S1, x ∈ Sn−1. Òàê êàê ñôåðà h(S2
f t) ãîìîëîãè÷íà ñôåðå S2 × {s}, s ∈ S1, è

èíäåêñ ïåðåñå÷åíèÿ ÿâëÿåòñÿ ãîìîëîãè÷åñêèì è òîïîëîãè÷åñêèì èíâàðèàíòîì, òî èíäåêñ
ïåðåñå÷åíèÿ ñôåðû h(S2

f t) è äóãè {x} × S1, à òàêæå èíäåêñ ïåðåñå÷åíèÿ ñôåðû S2
f t è äóãè

S1
f t ðàâåí åäèíèöå.
Áëàãîäàðíîñòè. Àâòîðû áëàãîäàðÿò Â.Ñ. Ìåäâåäåâà è Â.Ç. Ãðèíåñà çà âíèìàíèå ê ðà-

áîòå è ïëîäîòâîðíûå îáñóæäåíèÿ. Ðàáîòà, çà èñêëþ÷åíèåì äîêàçàòåëüñòâà òåîðåìû 1.2 âû-
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On embedding of invariant manifolds of the simplest

Morse-Smale �ows with heteroclinical intersections

c⃝ E. Y. Gurevich1, D. A. Pavlova2

Abstract. We study a structure of four-dimensional phase space decomposition on trajectories
of Morse-Smale �ows admitting heteroclinical intersections. More precisely, we consider a class
G(S4) of Morse-Smale �ows on the sphere S4 such that for any �ow f ∈ G(S4) its non-wandering
set consists of exactly four equilibria: source, sink and two saddles. Wandering set of such �ows
contains �nite number of heteroclinical curves that belong to intersection of invariant manifolds of
saddle equilibria. We describe a topology of embedding of saddle equilibria's invariant manifolds;
that is the �rst step in the solution of topological classi�cation problem. In particular, we prove
that the closures of invariant manifolds of saddle equlibria that do not contain heteroclinical curves
are locally �at 2-sphere and closed curve. These manifolds are attractor and repeller of the �ow.
In set of orbits that belong to the basin of attraction or repulsion we construct a section that
is homeomoprhic to the direct product S2 × S1. We study a topology of intersection of saddle
equlibria's invariant manifolds with this section.

Key Words: topological equivalence, Morse-Smale �ows, heteroclinic curves
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