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Âîññòàíîâëåíèå ïîëèíîìèàëüíîãî ïîòåíöèàëà â çàäà÷å
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Àííîòàöèÿ. Ðàññìîòðåíà çàäà÷à èäåíòèôèêàöèè ïîëèíîìèàëüíîãî êîýôôèöèåíòà óïðóãî-
ñòè ñðåäû ïî ñîáñòâåííûì ÷àñòîòàì êîëåáëþùåéñÿ â ýòîé ñðåäå ñòðóíû. Ïðèâåäåí ìåòîä
ðåøåíèÿ çàäà÷è, îñíîâàííûé íà ïðåäñòàâëåíèè ëèíåéíî íåçàâèñèìûõ ðåøåíèé äèôôåðåíöè-
àëüíîãî óðàâíåíèÿ â âèäå ðÿäîâ Òåéëîðà ïî ïåðåìåííûì x è λ . Ðàçðàáîòàí òàêæå ìåòîä,
êîòîðûé ïîçâîëÿåò äîêàçûâàòü íå îäíîãî èëè ìíîãèõ âîññòàíîâëåííîãî ïîëèíîìèàëüíûõ êî-
ýôôèöèåíòîâ óïðóãîñòè ñðåäû ïî êîíå÷íîìó ÷èñëó ñîáñòâåííûõ ÷àñòîò êîëåáàíèé ñòðóíû.
Äàííûé ìåòîä îñíîâàí íà ìåòîäå âàðèàöèè ïðîèçâîëüíîé ïîñòîÿííîé. Ïðèâåäåíû ïðèìåðû
ðåøåíèÿ çàäà÷è è îöåíêà ïîãðåøíîñòè ðåçóëüòàòà. Â ðàáîòå ïîêàçàíî, ÷òî äëÿ îäíîçíà÷íîé
èäåíòèôèêàöèè n+ 1 êîýôôèöèåíòîâ ïîëèíîìà ñòåïåíè n , ÿâëÿþùèìñÿ ïîòåíöèàëîì â çà-
äà÷å Øòóðìà-Ëèóâèëëÿ, äîñòàòî÷íî èñïîëüçîâàòü n + 1 ñîáñòâåííîå çíà÷åíèå. Ïðè ýòîì
ñîáñòâåííûå çíà÷åíèÿ áåðóòñÿ èç äâóõ ðàçíûõ êðàåâûõ çàäà÷, îòëè÷àþùèõñÿ îäíèì èç êðàå-
âûõ óñëîâèé. Êîëè÷åñòâî ñîáñòâåííûõ çíà÷åíèé â êàæäîé çàäà÷å áåðåòñÿ ïî ïîëîâèíå. Åñëè
ýòî ÷èñëî ÿâëÿåòñÿ íå÷åòíûì, òî êîëè÷åñòâî ñîáñòâåííûõ çíà÷åíèé èç ñïåêòðà îäíîé èç çàäà÷
áóäåò íà åäèíèöó áîëüøèì. Ïðèâåäåí êîíòðïðèìåð, èç êîòîðîãî ñëåäóåò, ÷òî èñïîëüçîâàíèå
ñîáñòâåííûõ ÷àñòîò òîëüêî èç îäíîãî ñïåêòðà íå ïîçâîëÿåò íàéòè åäèíñòâåííîå ðåøåíèå. Ïî
ñóòè, ïðèâåäåííûå ðåçóëüòàòû óòî÷íÿþò èçâåñòíóþ òåîðåìó Áîðãà íà ñëó÷àé, êîãäà ïîòåíöè-
àë ÿâëÿåòñÿ ïîëèíîìîì. Êðîìå ýòîãî, ìåòîä, ïîçâîëÿþùèé âûÿâèòü êëàññ èçîñïåêòðàëüíûõ
çàäà÷, äëÿ êîòîðûõ ñïåêòð ñîáñòâåííûõ ÷àñòîò ñîâïàäàåò.

Êëþ÷åâûå ñëîâà: ñïåêòðàëüíàÿ çàäà÷à, èäåíòèôèêàöèÿ ïîòåíöèàëà, ñòðóíà, îá-
ðàòíàÿ çàäà÷à, ñîáñòâåííûå çíà÷åíèÿ, ïîëèíîìèàëüíûé ïîòåíöèàë, çàäà÷à Øòóðìà-
Ëèóâèëëÿ,âîññòàíîâëåíèå ïîòåíöèàëà.

1. Ââåäåíèå

Â 1929 ã. Â. À. Àìáàðöóìÿí ïîêàçàë [1], ÷òî äëÿ êðàåâîé çàäà÷è ñ äèôôåðåíöèàëü-
íûì óðàâíåíèåì

ly = −y′′ + q(x)y = λy = s2y (1.1)

è êðàåâûìè óñëîâèÿìè y′(0) = y′(π) = 0 , ãäå q(x) � äåéñòâèòåëüíàÿ íåïðåðûâíàÿ
ôóíêöèÿ, è åñëè λn = n2 , (n = 0, 1, . . . ) , òî q(x) ≡ 0 . Äðóãèìè ñëîâàìè, áûëî ïîêàçàíî,
÷òî åñëè ñïåêòð óðàâíåíèÿ y′′+λy = 0 ïðè òåõ æå êðàåâûõ óñëîâèÿõ ñîõðàíèëñÿ, òî âåðî-
ÿòíîñòü âîçìóùåíèÿ îòñóòñòâîâàëà. Â 1946 ã. [2] Ã. Áîðã ïîêàçàë (ñì. òàêæå [3]), ÷òî îäèí
ñïåêòð íå îïðåäåëÿåò óðàâíåíèÿ, è ñëó÷àé Àìáàðöóìÿíà ÿâëÿåòñÿ èñêëþ÷åíèåì. Ã. Áîð-
ãîì áûëè ðàññìîòðåíû ñïîñîáû ïîñòðîåíèÿ óðàâíåíèÿ ïî äâóì ñïåêòðàì. Â äàëüíåéøåì
â 50-õ è 60-õ ã. XX â. â ðàáîòàõ Â. À. Ìàð÷åíêî, Á. Ì. Ëåâèòàíà è Ì. Ã. Ãàñûìîâà áûëè

1Àõòÿìîâ Àçàìàò Ìóõòàðîâè÷, ïðîôåññîð êàôåäðû ìàòåìàòè÷åñêîãî ìîäåëèðîâàíèÿ, ÔÃÁÎÓ ÂÎ
"Áàøêèðñêèé ãîñóäàðñòâåííûé óíèâåðñèòåò" (450074, Ðîññèÿ, ã. Óôà, óë. Ç. Âàëèäè, ä. 32), ÔÃÁÍÓ
Èíñòèòóò ìåõàíèêè èì. Ð. Ð. Ìàâëþòîâà ÓÔÈÖ ÐÀÍ (450054, Ðîññèÿ, ã. Óôà, ïð. Îêòÿáðÿ, ä. 71), äîêòîð
ôèçèêî-ìàòåìàòè÷åñêèõ íàóê, ORCID: https://orcid.org/0000-0002-2080-6648, akhtyamovam@mail.ru
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ìàòåìàòè÷åñêèõ íàóê, ORCID: https://orcid.org/0000-0002-2342-0492, utyashevim@mail.ru
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íàéäåíû íåîáõîäèìûå è äîñòàòî÷íûå óñëîâèÿ, ïðè êîòîðûõ îïåðàòîð Øòóðìà-Ëèóâèëëÿ
ñ äèñêðåòíûì ñïåêòðîì îäíîçíà÷íî îïðåäåëÿåòñÿ äâóìÿ ñïåêòðàìè êðàåâûõ çàäà÷ ñ ðàç-
ëè÷íûìè ãðàíè÷íûìè óñëîâèÿìè â íóëåâîé òî÷êå è îäèíàêîâûìè ãðàíè÷íûìè óñëîâèÿìè
íà äðóãîì êîíöå. Â ÷àñòíîñòè, íåïðåðûâíàÿ ôóíêöèÿ q(x) ìîæåò áûòü îäíîçíà÷íî îïðå-
äåëåíà ïî ñïåêòðàì äâóõ çàäà÷ L0 è L1 , ãäå ÷åðåç L0 è L1 îáîçíà÷åíû ñëåäóþùèå çàäà÷è
Øòóðìà-Ëèóâèëëÿ:

Ç à ä à ÷ à L0 :

ly = −y′′ + q(x)y = λy; y(0) = y(1) = 0, λ = s2; (1.2)

Ç à ä à ÷ à L1 :

ly = −y′′ + q(x)y = λy, y′(0) = y(1) = 0, λ = s2. (1.3)

Ïîñëå ïóáëèêàöèè êëàññè÷åñêèõ ìîíîãðàôèé Â. À. Ìàð÷åíêî [4] è Á. Ì. Ëåâèòàíà [5],
ãäå ïîòåíöèàë q(x) ïðåäñòàâëÿë ñîáîé ëèáî íåïðåðûâíóþ, ëèáî ñóììèðóåìóþ ôóíêöèþ,
îñíîâíûå óñèëèÿ ó÷åíûõ áûëè íàïðàâëåíû íà îáîáùåíèå ïîëó÷åííûõ ðåçóëüòàòîâ êàê â
íàïðàâëåíèè âîññòàíîâëåíèÿ áîëåå îáùèõ ïîòåíöèàëîâ è äèôôåðåíöèàëüíûõ óðàâíåíèé
[6]� [9] , òàê è â íàïðàâëåíèè èñïîëüçîâàíèÿ áîëåå îáùèõ êðàåâûõ óñëîâèé [10]�[15]. Âî âñåõ
óêàçàííûõ ðàáîòàõ äëÿ âîññòàíîâëåíèÿ íåïðåðûâíîé ôóíêöèè èëè áîëåå îáùåé ôóíêöèè
q(x) òðåáóåòñÿ ìèíèìóì äâà áåñêîíå÷íûõ íàáîðà ñîáñòâåííûõ ÷èñåë. Îäíàêî äëÿ çàäà÷
ôèçèêè è ìåõàíèêè òàêîé ïîäõîä ìàëî ýôôåêòèâåí, ò. ê. â ðåàëüíûõ óñëîâèÿõ ñ ïîìîùüþ
÷àñòîòîìåðîâ ìîæíî îïðåäåëèòü ëèøü êîíå÷íûå íàáîðû ñîáñòâåííûõ ÷àñòîò. Êðîìå ýòîãî,
êàê ïðàâèëî, îá èäåíòèôèöèðóåìîì îáúåêòå èìååòñÿ íåêîòîðàÿ äîïîëíèòåëüíàÿ èíôîð-
ìàöèÿ, êîòîðàÿ ïîçâîëÿåò êîíêðåòèçèðîâàòü êëàññ èñêîìûõ ôóíêöèé. Ïîýòîìó âîçíèêàåò
çàäà÷à èäåíòèôèêàöèè ïîòåíöèàëà ñïåöèàëüíîãî âèäà ïî êîíå÷íîìó ÷èñëó ñîáñòâåííûõ
÷àñòîò. Òåì íå ìåíåå ýôôåêòèâíûõ ìåòîäîâ ðåøåíèÿ ýòîé çàäà÷è ïðåäëîæåíî íå áûëî. Ðà-
íåå ðåøàëèñü çàäà÷è èäåíòèôèêàöèè âèäîâ è ïàðàìåòðîâ êðàåâûõ óñëîâèé ïî êîíå÷íîìó
÷èñëó ñîáñòâåííûõ ÷àñòîò [16]�[18]. Äëÿ èäåíòèôèêàöèè êðàåâûõ óñëîâèé çàäà÷èØòóðìà-
Ëèóâèëëÿ ñ ïîòåíöèàëîì ñïåöèàëüíîãî âèäà àâòîðàìè áûë èñïîëüçîâàí ìåòîä ðàçëîæåíèÿ
â ðÿä Òåéëîðà ïî ïåðåìåííûì x è λ ëèíåéíî íåçàâèñèìûõ ðåøåíèé äèôôåðåíöèàëüíî-
ãî óðàâíåíèÿ. Â ðàáîòàõ [17]� [18] áûëî çàìå÷åíî, ÷òî åñëè ðàçëîæèòü â ðÿäû ðåøåíèÿ
óðàâíåíèÿ Øòóðìà-Ëèóâèëëÿ ñ ëèíåéíûì ïîòåíöèàëîì q(x) , òî êðàåâûå óñëîâèÿ ìîæ-
íî äîñòàòî÷íî òî÷íî âîññòàíîâèòü ïî ñîáñòâåííûì çíà÷åíèÿì çàäà÷è Øòóðìà-Ëèóâèëëÿ,
èñïîëüçóÿ òîëüêî ãëàâíóþ ÷àñòü ðÿäà. Â íàñòîÿùåé ðàáîòå ýòîò ìåòîä ïðåäëàãàåòñÿ èñ-
ïîëüçîâàòü äëÿ âîññòàíîâëåíèÿ ïîëèíîìèàëüíîãî ïîòåíöèàëà âèäà

q(x) = q0 + q1x+ . . .+ qn−1x
n−1, (1.4)

ãäå qm ∈ R (m = 1, 2, . . . , n− 1 ).

Ï ð è ì å ð 1.1 Ïóñòü èñêîìûé êîýôôèöèåíò óïðóãîñòè ñðåäû îïèñûâàåòñÿ
ëèíåéíûì ïîòåíöèàëîì q(x) ≡ q0 + q1x , à ñîáñòâåííûìè çíà÷åíèÿìè çàäà÷è

ly = −y′′ + q(x)y = λy; y(0) = y(1) = 0, λ = s2, (1.5)

ÿâëÿþòñÿ ÷èñëà s21 = 6, 44052 , s22 = 9, 53032 . Ïî ýòèì äâóì ñîáñòâåííûì ÷èñëàì λi ,
i = 1, 2 çàäà÷è (1.5) òðåáóåòñÿ âîññòàíîâèòü ëèíåéíûé ïîòåíöèàë q(x) .

Åñëè y1(x, λ) è y2(x, λ) � ëèíåéíî íåçàâèñèìûå ðåøåíèÿ óðàâíåíèÿ (1.5), óäîâëåòâî-
ðÿþùèå óñëîâèÿì

y1(0, λ) = 1, y′1(0, λ) = 0, y2(0, λ) = 0, y′2(0, λ) = 1, (1.6)
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òî õàðàêòåðèñòè÷åñêèì îïðåäåëèòåëåì çàäà÷è (1.5) ÿâëÿåòñÿ ôóíêöèÿ

∆0(λ) = y2(1, λ). (1.7)

Ðåøåíèÿ y1(x, λ) è y2(x, λ) ìîæíî íàéòè â âèäå ðÿäà Òåéëîðà ñ ïîìîùüþ ïàêåòà àíà-
ëèòè÷åñêèõ âû÷èñëåíèé. Äàííûå ðåøåíèÿ áóäóò ñîäåðæàòü íåèçâåñòíûå êîýôôèöèåíòû
q0 è q1 Ïîäñòàâèâ ÷èñëà s21 = 6, 44052 , s22 = 9, 53032 è ãëàâíóþ ÷àñòü ðÿäà Òåéëîðà (150
ïåðâûõ ÷ëåíîâ ðÿäà) äëÿ y2(x, λ) â (1.7), ïîëó÷èì ñèñòåìó äâóõ íåëèíåéíûõ óðàâíåíèé
îòíîñèòåëüíî q0 è q1 . Ðåøèâ ýòó ñèñòåìó â ïàêåòå àíàëèòè÷åñêèõ âû÷èñëåíèé, íàéäåì:
q0 = 1, 0000 è q1 = 2, 0000 , îòêóäà q(x) = 1 + 2x . Ïàêåò àíàëèòè÷åñêèõ âû÷èñëåíèé íà-
õîäèò òîëüêî îäíî èç ðåøåíèé. Ìû íå ìîæåì ãàðàíòèðîâàòü, ÷òî íå ñóùåñòâóåò äðóãèõ
çíà÷åíèé q0 è q1 , êîòîðûå òàêæå ÿâëÿþòñÿ ðåøåíèÿìè. Äëÿ äîêàçàòåëüñòâà åäèíñòâåííî-
ñòè èëè íååäèíñòâåííîñòè ðåøåíèÿ, à òàêæå îòûñêàíèÿ êëàññà èçîñïåêòðàëüíûõ êðàåâûõ
çàäà÷ (êðàåâûõ çàäà÷ ñ îáùèì ñïåêòðîì) ìû ïðåäëàãàåì ìåòîä, îñíîâàííûé íà ñëåäóþùåé
ëåììå.

Ë å ì ì à 1.1 Ïðîèçâîëüíîå ðåøåíèå y(x) = y(x, λ) óðàâíåíèÿ (1.1) ìîæåò áûòü
çàïèñàíî â âèäå

y(x) = y(0) cos(sx) + C2
sin(sx)

s
+

+q0(− cos(sx)
∫ x
0

sin(sξ)

s
y(ξ)dξ +

sin(sx)

s

∫ x

0

cos(sξ)y(ξ)dξ)+

+q1(− cos(sx)
∫ x
0
ξ
sin(sξ)

s
y(ξ)dξ +

sin(sx)

s

∫ x

0

ξ cos(sξ)y(ξ)dξ)+

+ . . .+

+qn−1(− cos(sx)
∫ x
0
ξn−1 sin(sξ)

s
y(ξ)dξ +

sin(sx)

s

∫ x

0

ξn−1 cos(sξ)y(ξ)dξ),

(1.8)

ãäå C2 � íåêîòîðîå ïîñòîÿííîå ÷èñëî.
Ä î ê à ç à ò å ë ü ñ ò â î. Óðàâíåíèå (1.1) ìîæíî ïåðåïèñàòü â âèäå

y′′ + s2y = q(x)y. (1.9)

Îäíîðîäíîå óðàâíåíèå y′′+ s2y = 0 èìååò ôóíäàìåíòàëüíóþ ñèñòåìó ðåøåíèé cos(sx)

è
1

s
sin(sx) . Ïîýòîìó, ðàññìàòðèâàÿ (1.9) êàê íåîäíîðîäíîå óðàâíåíèå ñ ïðàâîé ÷àñòüþ

q(x)y è ïðèìåíÿÿ ìåòîä âàðèàöèè ïðîèçâîëüíûõ ïîñòîÿííûõ, ïîëó÷èì

y = C1 cos(sx) + C2
sin(sx)

s
− cos(sx)

∫ x

0

sin(sξ)

s
q(ξ)y(ξ)dξ +

sin(sx)

s

∫ x

0

cos(sξ)q(ξ)y(ξ)dξ

.
Ðàññìàòðèâàÿ ôóíêöèþ íà ãðàíèöå x = 0 , èç ïîñëåäíåãî óðàâíåíèÿ ïîëó÷èì y(0) =

C1 · 1 + 0 , îòêóäà

y = y(0) cos(sx) + C2
sin(sx)

s
− cos sx

∫ x

0

sin(sξ)

s
q(ξ)y(ξ)dξ +

sin(sx)

s

∫ x

0

cos(sξ)q(ξ)y(ξ)dξ.

Ïîñêîëüêó q(ξ) = q0 + q1ξ + . . . + qn−1ξ
n−1 , òî âûïîëíÿåòñÿ óðàâíåíèå (1.8). Äîêàçà-

òåëüñòâî çàâåðøåíî.
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Â ïðèìåðå 1.1 áûë íàéäåí ëèíåéíûé ïîòåíöèàë q(x) = 1 + 2x . Ïðîâåðèì, ÿâëÿåòñÿ ëè
äàííûé ïîòåíöèàë åäèíñòâåííûì ðåøåíèåì îáðàòíîé çàäà÷è. Ïîäñòàâèâ y2(x, λ) , ïîëó-
÷åííûé ñ ó÷åòîì q(x) = 1 + 2x , â êà÷åñòâå y â ôîðìóëó (1.8) è ó÷èòûâàÿ, ÷òî y2(0) = 0 ,
ïîëó÷èì:

y2(x, λ) = C2 ·
sin(s)

s
+

+q0

(
− cos(sx)

∫ x
0

sin(sξ)

s
y2(ξ, s)dξ +

sin(sx)

si

∫ x

0

cos(sξ)y2(ξ, s)dξ

)
+

+q1

(
− cos(sx)

∫ x
0
ξ
sin(sξ)

s
y(ξ, s)dξ +

sin(sx)

s

∫ x

0

ξ cos(sξ)y(ξ, s)dξ

)
.

(1.10)

Èç (1.10) è òîãî, ÷òî y′2(0, λ) = 1 , ñëåäóåò, ÷òî C2 = 1 . Ïîäñòàâèâ ïåðâûå äâà ñîá-
ñòâåííûõ çíà÷åíèÿ λi , i = 1, 2 çàäà÷è (1.5) è x = 1 â (1.10), ïîëó÷èì ñèñòåìó äâóõ
óðàâíåíèé:

y2(1, λi) =
sin(si)

si
+

+q0

(
− cos(si)

∫ 1

0

sin(siξ)

si
y2(ξ, si)dξ +

sin(si)

si

∫ 1

0

cos(siξ)y2(ξ, si)dξ

)
+

+q1

(
− cos(si)

∫ 1

0
ξ
sin(siξ)

si
y2(ξ, si)dξ +

sin(si)

si

∫ 1

0

ξ cos(siξ)y2(ξ, si)dξ

) (1.11)

èëè

0, 024− 0, 012q0 − 0, 006q1 = 0, −0, 011 + 0, 0055q0 + 0, 0027q1 = 0. (1.12)

Ýòè óðàâíåíèÿ ýêâèâàëåíòíû îäíîìó óðàâíåíèþ 4 − 2q0 − q1 = 0 . Òàêèì îáðàçîì,
çàäà÷è ñ ïîòåíöèàëàìè

q(x) = C + (4− 2C)x, (1.13)

ãäå C � ïðîèçâîëüíàÿ êîíñòàíòà, èìåþò îäèíàêîâûå ñîáñòâåííûå çíà÷åíèÿ. Ñëó÷àé q(x) =
= 1 + 2x ñîîòâåòñòâóåò ñëó÷àþ C = 1 . Ñëó÷àþ C = 3 ñîîòâåòñòâóåò ïîòåíöèàë q(x) =
3−2x . Äëÿ ýòîãî ïîòåíöèàëà è ïîòåíöèàëà q(x) = 1+2x ñîâïàäàþò íå òîëüêî ñîáñòâåííûå
çíà÷åíèÿ s21 = 6, 44052 , s22 = 9, 53032 , íî è âñå îñòàëüíûå. Íàïðèìåð, ïåðâûå ïÿòü çíà÷åíèé
si äëÿ çàäà÷ ñ ïîòåíöèàëàìè q(x) = 1+ 2x è q(x) = 3− 2x , âû÷èñëåííûå ñ òî÷íîñòüþ äî
40 çíà÷àùèõ öèôð, ñîâïàäàþò è ðàâíû ñëåäóþùèì ÷èñëàì:

s1 = 3, 444592241548059895610761118187224604007,
s2 = 6, 440475610421840155099076164164271139007,
s3 = 9, 530331543667758339267096856447256452604,
s4 = 12, 64571658723299479266848704707473243409,
s5 = 15, 77150681554023652826610297003474673742.

Òàêèì îáðàçîì, çàäà÷à èäåíòèôèêàöèè ëèíåéíîãî ïîòåíöèàëà ïî ñîáñòâåííûì çíà÷å-
íèÿì êðàåâîé çàäà÷è L0 èìååò íå îäíî ðåøåíèå. Îäíàêî êàê áûëî îòìå÷åíî âûøå, q(x)
îäíîçíà÷íî îïðåäåëÿåòñÿ ïî ñïåêòðàì äâóõ çàäà÷ L0 è L1 . Ýòî íàâîäèò íà ìûñëü, ÷òî
ëèíåéíàÿ ôóíêöèÿ q(x) ìîæåò áûòü îäíîçíà÷íî îïðåäåëåíà ïî äâóì ñîáñòâåííûì çíà÷å-
íèÿì, ïåðâîå èç êîòîðûõ ÿâëÿåòñÿ ñîáñòâåííûì çíà÷åíèåì çàäà÷è L0 , à âòîðîå � çàäà÷è
L1 .

À.Ì. Àõòÿìîâ, È.Ì. Óòÿøåâ. Âîññòàíîâëåíèå ïîëèíîìèàëüíîãî ïîòåíöèàëà â . . .



152 Æóðíàë ÑÂÌÎ. 2018. Òîì 20, � 2

Ïóñòü q(x) ≡ q0 + q1x ; îäíèì èç ñîáñòâåííûõ çíà÷åíèé çàäà÷è L0 ÿâëÿåòñÿ 6, 44052 ;
îäíèì èç ñîáñòâåííûõ çíà÷åíèé çàäà÷è L1 ÿâëÿåòñÿ 2, 01342 . Ïî ýòèì äâóì ñîáñòâåí-
íûì ÷èñëàì òðåáóåòñÿ âîññòàíîâèòü ëèíåéíûé ïîòåíöèàë q(x) = q0 + q1x . Åñëè y1(x, λ)
è y2(x, λ) � ëèíåéíî íåçàâèñèìûå ðåøåíèÿ óðàâíåíèÿ (1.5), óäîâëåòâîðÿþùèå (1.6), òî
õàðàêòåðèñòè÷åñêèì îïðåäåëèòåëåì çàäà÷è L0 ÿâëÿåòñÿ ôóíêöèÿ (1.7), à L1 � ôóíêöèÿ

∆1(λ) = y1(1, λ). (1.14)

Ïîäñòàâèâ ãëàâíóþ ÷àñòü ðÿäà Òåéëîðà äëÿ y2(x, 6, 4405
2) â (1.7), à äëÿ y1(x, 2, 0134

2)
â (1.14), ïîëó÷èì ñèñòåìó óðàâíåíèé îòíîñèòåëüíî q0 è q1 . Ðåøèâ äàííóþ ñèñòåìó â
ïàêåòå àíàëèòè÷åñêèõ âû÷èñëåíèé, íàéäåì q0 = 1, 0000 è q1 = 2, 0000 îòêóäà q(x) =
1 + 2x . Äëÿ äîêàçàòåëüñòâà åäèíñòâåííîñòè ðåøåíèÿ âîñïîëüçóåìñÿ ëåììîé 1.1

Ïîäñòàâèâ ñîáñòâåííîå çíà÷åíèå 6, 44052 çàäà÷è (1.5) è x = 1 â (1.10), ïîëó÷èì ïåðâîå
óðàâíåíèå èç ñèñòåìû (1.12):

0, 024− 0, 012q0 − 0, 006q1 = 0. (1.15)

Ïîäñòàâèâ ñîáñòâåííîå çíà÷åíèå 2.01342 è y1(x, 2, 0134
2) = ∆1(2.0134

2) = 0 â êà÷åñòâå
y â ôîðìóëó (1.8), ïîëó÷èì óðàâíåíèå

y1(1, λ1) = y1(0) · cos(2.0134) + C2 ·
sin(2.0134)

2.0134
+

+q0

(
−cos(2.0134)

2.0134

∫ 1

0

sin(2.0134ξ)y1(ξ, 2.0134)dξ +

+
sin(2.0134π)

2.0134

∫ 1

0

cos(2.0134ξ)y1(ξ, 2.0134)dξ

)
+

+q1

(
−cos(2.0134π)

2.0134

∫ 1

0

ξ sin(2.0134ξ)y1(ξ, 2.0134)dξ +

+
sin(2.0134)

2.0134

∫ 1

0

ξ cos(2.0134ξ)y1(ξ, 2.0134)dξ

)
.

(1.16)

Íàéäåì C2 , âîñïîëüçîâàâøèñü óñëîâèåì (1.6) äëÿ y1 : y
′
1(0, λ) = 0 + C2 · 1 + 0 = 0.

Îòñþäà è èç (1.16) ïîëó÷èì:

−0.42 + 0.26q0 + 0.08q1 = 0. (1.17)

Ðåøèâ ñèñòåìó óðàâíåíèé (1.15) è (1.17), ïîëó÷èì åäèíñòâåííîå ðåøåíèå q0 = 1.00 ,
q1 = 2.00 . Òàêèì îáðàçîì, ïîòåíöèàë q(x) = 1 + 2x îäíîçíà÷íî èäåíòèôèöèðóåòñÿ ïî
äâóì ñîáñòâåííûì çíà÷åíèÿì, ãäå îäíî âçÿòî èç çàäà÷è L0 , à äðóãîå � èç L1 .

Ðàññìîòðèì åùå îäèí ïðèìåð.

Ï ð è ì å ð 1.2 Ïóñòü q(x) ≡ q0 + q1x + q2x
2 + q3x

3 + q4x
4 ; ñîáñòâåííûìè

çíà÷åíèÿìè çàäà÷è L0 ÿâëÿþòñÿ ÷èñëà s21 = 3.72002 , s22 = 6.65312 , s23 = 9.68232 ; à
ñîáñòâåííûìè çíà÷åíèÿìè çàäà÷è L1 � ÷èñëà s24 = 2.19362 , s25 = 5.17102 . Ïî ýòèì ïÿòè
ñîáñòâåííûì ÷èñëàì òðåáóåòñÿ âîññòàíîâèòü ïîëèíîì q(x) ≡ q0+q1x+q2x

2+q3x
3+q4x

4 .
Ïîäñòàâèâ ãëàâíóþ ÷àñòü ðÿäà Òåéëîðà äëÿ y2(x, s

2
i ) , i = 1, 2, 3 â (1.7), à äëÿ y1(x, s

2
i ) ,

i = 4, 5 â (1.14), ïîëó÷èì ñèñòåìó óðàâíåíèé îòíîñèòåëüíî q0 , q1 , q2 , q3 è q4 . Ðåøèâ ýòó
ñèñòåìó óðàâíåíèé â ïàêåòå àíàëèòè÷åñêèõ âû÷èñëåíèé, íàéäåì: q0 = 1.0000 , q1 = 2.0000 ,
q2 = 3.0000 , q3 = 4.0000 è q4 = 5.0000 . Îòêóäà q(x) = 1 + 2x + 3x2 + 4x3 + 5x4 . Äëÿ
äîêàçàòåëüñòâà åäèíñòâåííîñòè ðåøåíèÿ âîñïîëüçóåìñÿ ëåììîé 1.1
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Ïîäñòàâèâ ñîáñòâåííûå çíà÷åíèÿ s2i , i = 1, 2, 3 çàäà÷è L0 è x = 1 â

y2(1, λi) =
sin(si)

si
+

+q0

(
− cos(si)

∫ 1

0

sin(siξ)

si
y2(ξ, si)dξ +

sin(si)

si

∫ 1

0

cos(siξ)y2(ξ, si)dξ

)
+

+q1

(
− cos(si)

∫ 1

0
ξ
sin(siξ)

si
y2(ξ, si)dξ +

sin(si)

si

∫ 1

0

ξ cos(siξ)y2(ξ, si)

)
+

+ . . .+

+q4

(
− cos(si)

∫ 1

0
ξ4
sin(siξ)

si
y2(ξ, si)dξ +

sin(si)

si

∫ 1

0

ξ4 cos(siξ)y2(ξ, si)

)
.

(1.18)

ïîëó÷èì óðàâíåíèÿ

−0.14696 + 0.03233q0 + 0.01773q1 + 0.01043q2 + 0.00655q3 + 0.00434q4 = 0,
0.05434− 0.01089q0 − 0.00570q1 − 0.00370q2 − 0.00268q3 − 0.00204q4 = 0,
−0.02630 + 0.00524q0 + 0.00269q1 + 0.00177q2 + 0.00131q3 + 0.00103q4 = 0.

(1.19)

Ïîäñòàâèâ ñîáñòâåííûå çíà÷åíèÿ s2i , i = 4, 5 çàäà÷è L1 è x = 1 â

y2(1, λi) = cos(si)+

+q0

(
− cos(si)

∫ 1

0

sin(siξ)

si
y2(ξ, si)dξ +

sin(si)

si

∫ 1

0

cos(siξ)y2(ξ, si)dξ

)
+

+q1

(
− cos(si)

∫ 1

0
ξ
sin(siξ)

si
y2(ξ, si)dξ +

sin(si)

si

∫ 1

0

ξ cos(siξ)y2(ξ, si)

)
+

+ . . .+

+q4

(
− cos(si)

∫ 1

0
ξ4
sin(siξ)

si
y2(ξ, si)dξ +

sin(si)

si

∫ 1

0

ξ4 cos(siξ)y2(ξ, si)

)
,

(1.20)

ïîëó÷èì óðàâíåíèÿ

−0.58332 + 0.22989q0 + 0.07130q1 + 0.03159q2 + 0.01670q3 + 0.00985q4 = 0,
0.44268− 0.09763q0 − 0.04614q1 − 0, 03012q2 − 0.02124q3 − 0.01549q4 = 0.

(1.21)

Ðåøèâ ñèñòåìó óðàâíåíèé (1.19)è (1.21), ïîëó÷èì åäèíñòâåííîå ðåøåíèå q0 = 1.0000 ,
q1 = 2.0000 , q2 = 3.0000 , q3 = 4.0000 , q4 = 5.0000 . Òàêèì îáðàçîì, ïîòåíöèàë q(x) =
= 1+2x+3x2+4x3+5x4 îäíîçíà÷íî èäåíòèôèöèðóåòñÿ ïî ïÿòè ñîáñòâåííûì çíà÷åíèÿì,
ãäå òðè âçÿòû èç çàäà÷è L0 , à äâå � èç L1 .

2. Î ìåòîäàõ, èñïîëüçîâàííûõ â ðàáîòå

Ìåòîä ïîèñêà ñîáñòâåííûõ çíà÷åíèé ñ ïîìîùüþ ðàçëîæåíèÿ â ñòåïåííîé ðÿä áûë ïðè-
ìåíåí â êíèãå [19], îäíàêî ñîáñòâåííûå çíà÷åíèÿ íàõîäèëèñü íå ïóòåì îáðûâà ðÿäà è ðåøå-
íèÿ ñîîòâåòñòâóþùåãî àëãåáðàè÷åñêîãî óðàâíåíèÿ, à ñ ïîìîùüþ ïîëó÷åíèÿ ðåêóððåíòíûõ
ôîðìóë.

Ìåòîä, îñíîâàííûé íà ìåòîäå âàðèàöèè ïðîèçâîëüíîé ïîñòîÿííîé è èñïîëüçîâàííûé
íàìè äëÿ äîêàçàòåëüñòâà åäèíñòâåííîñòè èëè íååäèíñòâåííîñòè íàéäåííîãî ïîëèíîìèàëü-
íîãî ïîòåíöèàëà, áûë èñïîëüçîâàí ðàíåå (ñì., íàïðèìåð, [20]) äëÿ äðóãîé öåëè � ïîëó÷åíèÿ
àñèìïòîòè÷åñêèõ ñîîòíîøåíèé äëÿ ôóíäàìåíòàëüíîé ñèñòåìû ðåøåíèé ïðè áîëüøèõ |λ| .
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3. Îöåíêà ïîãðåøíîñòè âû÷èñëåíèÿ ñîáñòâåííûõ çíà÷åíèé

Äëÿ âû÷èñëåíèé â ïàêåòå àíàëèòè÷åñêèõ âû÷èñëåíèé èñïîëüçîâàíèå ïåðâûõ 50�60 ÷ëå-
íîâ ðÿäà (íåêîòîðûå êîýôôèöèåíòû êîòîðîãî ìîãóò áûòü ðàâíû íóëþ) äàåò óäîâëåòâî-
ðèòåëüíûå ðåçóëüòàòû êàê ïðè âû÷èñëåíèè ñîáñòâåííûõ çíà÷åíèé, òàê è ïðè îòûñêàíèè
ïîòåíöèàëà. Ñâÿçàíî ýòî ñ òåì, ÷òî õàðàêòåðèñòè÷åñêèé îïðåäåëèòåëü îêàçûâàåòñÿ çíàêî-
÷åðåäóþùèìñÿ ðÿäîì. Íàïðèìåð, äëÿ q(x) = 1 + 2x îí ïðåäñòàâëÿåò ñîáîé ñëåäóþùóþ
ñóììó:

∆(λ) = 1.3679− 0.2025s2 + 0.0096s4 + . . .+ 2.4884 · 10−77s56 − 7.2107 · 10−81s58.

Èçâåñòíî, ÷òî ïî ïðèçíàêó Ëåéáíèöà îñòàòîê ðÿäà R56 = −7.210682962 · 10−81s58 + . . .
ìîæíî îöåíèòü åãî ïåðâûì ñëàãàåìûì, ò. å.

|R56| ≤ 7.21069 · 10−81s58.

Äëÿ si < 10 îñòàòîê |R56| < 10−22 , ïîýòîìó ïîãðåøíîñòè â âû÷èñëåíèè ñîáñòâåííûõ
çíà÷åíèé ÿâëÿþòñÿ ìàëûìè.

Ïðè q(x) = 1 + 2x + 3x2 + 4x3 + 5x4 õàðàêòåðèñòè÷åñêèé îïðåäåëèòåëü äëÿ êðàåâûõ
óñëîâèé y(0) = y(1) = 0 ïðè èñïîëüçîâàíèè ïåðâûõ 56 ÷ëåíîâ ðÿäà èìååò âèä

∆0(λ) = 1, 9130− 0, 25616s2 + 0, 011489s4 + . . .+ 2, 48841 · 10−77s56 − 7, 21068 · 10−81s58,

à õàðàêòåðèñòè÷åñêèé îïðåäåëèòåëü äëÿ êðàåâûõ óñëîâèé y′(0) = y(1) = 0 �

∆1(λ) = 2, 0798− 0, 27320 · s2 + 0, 012101 · s4 + . . .+ 2, 4884 · 10−77s56 − 7, 2107 · 10−81s58.

Ïîýòîìó äëÿ ïîòåíöèàëà q(x) = 1 + 2x + 3x2 + 4x3 + 5x4 , òàê æå êàê äëÿ ñëó÷àÿ
q(x) = 1 + 2x , îñòàòîê ðÿäà |R56| < 10−22 ïðè si < 10 .

4. Îöåíêà ïîãðåøíîñòè ðåøåíèÿ îáðàòíîé çàäà÷è

Äëÿ îöåíêè òîãî, êàê ìåíÿåòñÿ ïîãðåøíîñòü â ðåøåíèè îáðàòíîé çàäà÷è ïðè èçìåíåíèè
ïîãðåøíîñòè ÷àñòîò, áûë ïðîâåäåí ñëåäóþùèé âû÷èñëèòåëüíûé ýêñïåðèìåíò. Â êà÷åñòâå
¾òî÷íûõ¿ çíà÷åíèé ðåøåíèÿ îáðàòíîé çàäà÷è áûëè âçÿòû çíà÷åíèÿ q0 , q1 , q2 , q3 , q4 ,
âû÷èñëåííûå ñ òî÷íîñòüþ äî 40 çíà÷àùèõ öèôð. Ïðè ðàñ÷åòàõ áûëî èñïîëüçîâàíî ðàçëî-
æåíèå ôóíäàìåíòàëüíîé ñèñòåìû ðåøåíèé â ñòåïåííîé ðÿä äî 60-é ñòåïåíè. Äàëåå âñå ïÿòü
ñîáñòâåííûõ ÷àñòîò ïîäâåðãëèñü âîçìóùåíèþ, ïîñëå ÷åãî áûëè îïðåäåëåíû ñîîòâåòñòâóþ-
ùèå àáñîëþòíûå ïîãðåøíîñòè ðåøåíèÿ. Â òàáëèöå 1 ïðèâåäåíû àáñîëþòíûå ïîãðåøíîñòè
ñîáñòâåííûõ çíà÷åíèé λ1 è íàéäåííîãî êîýôôèöèåíòà q0 à òàêæå èõ îòíîøåíèå, èç êîòî-
ðîãî âèäíî, ÷òî àáñîëþòíàÿ ïîãðåøíîñòü ðåçóëüòàòà ïðèáëèçèòåëüíî â 17�18 ðàç áîëüøå
àáñîëþòíîé ïîãðåøíîñòè âõîäíûõ äàííûõ.

Òàáëèöà 1: Îòíîøåíèå àáñîëþòíûõ ïîãðåøíîñòåé âûõîäíûõ äàííûõ ê âõîäíûì

∆(λ1) ∆(q0) ∆(q0)/∆(λ1)
10-2 1,74356·10-1 17,43559
10-3 1,75764·10-2 17,57644
10-4 1,75907·10-3 17,59066
10-5 1,75921·10-4 17,59208
10-6 1,75922·10-5 17,59222
10-7 1,75922·10-6 17,59224
10-8 1,75922·10-7 17,59224
10-9 1,75922·10-8 17,59224
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5. Çàêëþ÷åíèå

Â ðàáîòå ïîêàçàíî, ÷òî ïîòåíöèàë, çàäàííûé â âèäå ïîëèíîìà ñòåïåíè n , èäåíòèôèöè-
ðóåòñÿ ïî êîíå÷íîìó íàáîðó ñîáñòâåííûõ çíà÷åíèé. Ïðèâåäåí êîíòðïðèìåð, èç êîòîðîãî
ñëåäóåò, ÷òî ÷àñòîòû èç îäíîãî ñïåêòðà íå äàþò îäíîçíà÷íîãî ðåøåíèÿ. Ïðåäëîæåí ìå-
òîä, ïîçâîëÿþùèé âûÿâèòü êëàññ èçîñïåêòðàëüíûõ çàäà÷, äëÿ êîòîðûõ ñïåêòð ñîáñòâåí-
íûõ ÷àñòîò ñîâïàäàåò. Äàííûé ìåòîä áûë ïðèìåíåí äëÿ äîêàçàòåëüñòâà òîãî ôàêòà, ÷òî
îäíîçíà÷íî èäåíòèôèöèðîâàòü ïîòåíöèàë ìîæíî ïî äâóì êîíå÷íîì íàáîðàì ñîáñòâåííûõ
÷àñòîò, âçÿòûõ èç ðàçíûõ ñïåêòðîâ îäíîé è òîé æå çàäà÷è ïðè ðàçëè÷íûõ êðàåâûõ óñëî-
âèÿõ (ïî ñóòè, òàêèì îáðàçîì áûëà äîêàçàíà òåîðåìà Áîðãà äëÿ ñëó÷àÿ, êîãäà ïîòåíöèàë
ÿâëÿåòñÿ ïîëèíîìîì).

Èññëåäîâàíèå âûïîëíåíî ïðè ôèíàíñîâîé ïîääåðæêå ÐÔÔÈ â ðàìêàõ íàó÷íûõ ïðîåê-
òîâ �� 17-41-020230-ð_à, 17-41-020400-ð_à, 18-01-00150-À.
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Restoration of the polynomial potential in the

Sturm-Liouville problem

c⃝ A.M. Akhtyamov 1, I.M. Utyashev 2

Abstract. The problem of identi�cation of medium elasticity by eigenfrequencies of the string
oscillating in this medium is considered. The elasticity is supposed to be some polynomial. A
solution method based on the representation of linearly independent solutions of the di�erential
equation in the form of Taylor series by variables x and λ is presented. A method is also developed
that allows to prove uniqueness or non-uniqueness of reconstructed polynomial elasticity coe�cient
by a �nite number of natural frequencies of string vibrations. The latter method is based on the
method of arbitrary constant variation. The examples of the problem solution and of the error
estimation for the result are given. It is shown that for the unambiguous identi�cation of n + 1
coe�cients of the n th power polynomial, which is a potential in the Sturm-Liouville problem,
it is su�cient to use n + 1 eigenvalue. These eigenvalues are found from two di�erent boundary
value problems, that di�er in one of the boundary conditions. Only a half of eigenvalues' number
in each problem must be taken into account. If this number is odd, the number of eigenvalues that
should be taken from one of the problems' spectra must be increased by one. A counterexample is
given showing that eigenfrequencies taken only from one spectrum don't allow to �nd the unique
solution. In fact, these results improve the well-known Borg theorem in the case when the potential
is a polynomial. Also the method is proposed that helps to �nd the isospectral class of problems
for which the range of frequencies is the same.

Key Words: eigenvalue problem, potential identi�cation, string, inverse problem, eigenvalues.
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