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Àííîòàöèÿ. Èññëåäîâàíî êâàçèëèíåéíîå óðàâíåíèå â ÷àñòíûõ ïðîèçâîäíûõ ïåðâîãî ïîðÿäêà
îáùåãî âèäà ñ ðàçëè÷íûìè íà÷àëüíûìè óñëîâèÿìè: â ïåðâîì ñëó÷àå ëèíèÿ, íåñóùàÿ íà÷àëü-
íûå äàííûå, çàäàåòñÿ ïàðàìåòðè÷åñêè; âî âòîðîì ñëó÷àå ëèíèÿ, íåñóùàÿ íà÷àëüíûå äàííûå,
çàäàåòñÿ â äåêàðòîâûõ êîîðäèíàòàõ è èìååò áåñêîíå÷íóþ äëèíó; â òðåòüåì ñëó÷àå ëèíèÿ,
íåñóùàÿ íà÷àëüíûå äàííûå, çàäàåòñÿ â äåêàðòîâûõ êîîðäèíàòàõ è èìååò îãðàíè÷åííóþ äëè-
íó. Â êàæäîì èç ñëó÷àåâ äëÿ ðàññìàòðèâàåìîãî êâàçèëèíåéíîãî óðàâíåíèÿ ñôîðìóëèðîâàíû
óñëîâèÿ ëîêàëüíîé ðàçðåøèìîñòè è ïîêàçàíî, ÷òî ðåøåíèå èìååò òó æå ãëàäêîñòü, ÷òî è
ôóíêöèÿ, çàäàþùàÿ íà÷àëüíûå óñëîâèÿ. Äëÿ èññëåäîâàíèÿ âûøåïåðå÷èñëåííûõ çàäà÷ èñ-
ïîëüçîâàëñÿ ìåòîä äîïîëíèòåëüíîãî àðãóìåíòà. Â ðàìêàõ ýòîãî ìåòîäà ðåøàåòñÿ íåêîòîðàÿ
ñèñòåìà èíòåãðàëüíûõ óðàâíåíèé, ðåøåíèå êîòîðîé äàåò ðåøåíèå çàäà÷è Êîøè äëÿ èñõîäíîãî
óðàâíåíèÿ.

Êëþ÷åâûå ñëîâà: êâàçèëèíåéíîå äèôôåðåíöèàëüíîå óðàâíåíèå ïåðâîãî ïîðÿäêà, çàäà÷à
Êîøè, ìåòîä äîïîëíèòåëüíîãî àðãóìåíòà, ëîêàëüíàÿ ðàçðåøèìîñòü, èíòåãðàëüíîå óðàâíåíèå.

1. Ââåäåíèå

Îñíîâíûì îáúåêòîì èññëåäîâàíèÿ â äàííîé ðàáîòå ÿâëÿåòñÿ êâàçèëèíåéíîå óðàâíåíèå
â ÷àñòíûõ ïðîèçâîäíûõ ïåðâîãî ïîðÿäêà:

a1(x1, x2, z)∂1z + a2(x1, x2, z)∂2z = f(x1, x2, z), (1.1)

ãäå ∂iz = ∂z
∂xi
, i = 1, 2; a1(x1, x2, z), a2(x1, x2, z), f(x1, x2, z) � íåïðåðûâíî äèôôåðåí-

öèðóåìûå ôóíêöèè â ìíîæåñòâå QT , êîòîðàÿ áóäåò îïðåäåëåíà íèæå.
Â ðàáîòàõ [1]�[2] ðåøàåòñÿ çàäà÷à Êîøè ñ íà÷àëüíûì óñëîâèåì

z(x1, x2)|L = γ(τ), (1.2)

ãäå êðèâàÿ L , íåñóùàÿ íà÷àëüíûå äàííûå, çàäàåòñÿ ïàðàìåòðè÷åñêè óðàâíåíèÿìè x1 =
= α1(τ), x2 = α2(τ), 0 6 τ 6 T . Ïðåäïîëàãàåòñÿ, ÷òî ôóíêöèè

1Àëåêñååíêî Ñåðãåé Íèêîëàåâè÷, ïðîôåññîð êàôåäðû ïðèêëàäíîé ìàòåìàòèêè, ÔÃÁÎÓ ÂÎ ¾Íè-
æåãîðîäñêèé ãîñóäàðñòâåííûé òåõíè÷åñêèé óíèâåðñèòåò èì. Ð. Å. Àëåêñååâà¿ (603950, Ðîññèÿ, ã. Íèæíèé
Íîâãîðîä, óë. Ìèíèíà, ä. 24), äîêòîð ôèçèêî-ìàòåìàòè÷åñêèõ íàóê, ORCID:http://orcid.org/0000-0002-
1455-1263, sn-alekseenko@yandex.ru

2Ïëàòîíîâà Ëþáîâü Åâãåíüåâíà, ñòàðøèé ïðåïîäàâàòåëü êàôåäðû ìàòåìàòèêè è ìàòåìàòè÷åñêî-
ãî îáðàçîâàíèÿ, ÔÃÁÎÓ ÂÎ ¾Íèæåãîðîäñêèé ãîñóäàðñòâåííûé ïåäàãîãè÷åñêèé óíèâåðñèòåò èìåíè Ê.
Ìèíèíà¿ (604950, Ðîññèÿ, ã. Íèæíèé Íîâãîðîä, óë. Óëüÿíîâà, ä. 1), ORCID: http://orcid.org/0000-0003-
3601-2276, �u�13@yandex.ru

Ñ.Í. Àëåêñååíêî , Ë.Å. Ïëàòîíîâà. Î ëîêàëüíîé ðàçðåøèìîñòè íåêîòîðîãî . . .



Æóðíàë ÑÂÌÎ. 2018. Òîì 20, � 2 133

α1(τ), α2(τ), γ(τ) ÿâëÿþòñÿ äâàæäû íåïðåðûâíî äèôôåðåíöèðóåìûìè íà [0;T ] .
Â ýòèõ ðàáîòàõ ðàññìîòðåí ñëó÷àé, êîãäà êðèâàÿ L è ìíîæåñòâî, íà êî-
òîðîì îïðåäåëåíî ðåøåíèå z(x1, x2) , ñîäåðæàòñÿ â îãðàíè÷åííîì ìíîæåñòâå
ΩT =

{
(x1, x2) : min

τ∈[0;T ]
(αi(τ) − αi0) 6 xi 6 max

τ∈[0;T ]
(αi(τ) + αi0), i = 1, 2

}
,

α10, α20 ∈ R.
Â ðàáîòàõ [1]�[2] ïðåäïîëàãàëîñü, ÷òî èçâåñòíûå ôóíêöèè óðàâíåíèÿ (1.1) îïðåäåëå-

íû íà ìíîæåñòâå QTK = {ΩT × [−Kz;Kz]}, ãäå âåëè÷èíà Kz ìîæåò áûòü ñêîëü óãîäíî
âåëèêà. Îäíàêî ïîñêîëüêó öåëüþ ðàáîòû ÿâëÿëîñü äîêàçàòåëüñòâî ñóùåñòâîâàíèÿ îãðàíè-
÷åííîãî ðåøåíèÿ çàäà÷è (1.1)�(1.2), îïðåäåëåííîãî â íåêîòîðîé îêðåñòíîñòè êðèâîé L , òî
íà ìíîæåñòâî çíà÷åíèé íåèçâåñòíîé ôóíêöèè íàêëàäûâàëîñü îãðàíè÷åíèå |z| 6 KU , ãäå
KU ìîãëà áûòü ïðîèçâîëüíûì, íî äîëæíî ñîáëþäàòüñÿ óñëîâèå KU 6 Kz. Â çàâèñèìî-
ñòè îò âåëè÷èíû KU îïðåäåëÿåòñÿ òàêæå ìíîæåñòâî ñóùåñòâîâàíèÿ ðåøåíèÿ. Âàæíî, ÷òî
äëÿ êîíå÷íîãî ïîëîæèòåëüíîãî ÷èñëà KU îïðåäåëÿåòñÿ îãðàíè÷åííîå íåïóñòîå ìíîæå-
ñòâî ñóùåñòâîâàíèÿ ðåøåíèÿ. Â íèæåñëåäóþùèõ âûêëàäêàõ è îöåíêàõ âñå èñïîëüçóåìûå
êîíñòàíòû âû÷èñëÿþòñÿ â ïðåäïîëîæåíèè, ÷òî èçâåñòíûå ôóíêöèè óðàâíåíèÿ (1.1) îïðå-
äåëåíû íà ìíîæåñòâå QT = {ΩT × [−KU ;KU ]}.

Â äàííîé ðàáîòå íàðÿäó ñ ïîèñêîì íåèçâåñòíîé ôóíêöèè z(x1, x2) èññëåäóåòñÿ âîïðîñ î
ìíîæåñòâå, íà êîòîðîì îïðåäåëåíî ðåøåíèå. Ïðè ýòîì ïîñòîÿííûå α10, α20 äîëæíû áûòü
äîñòàòî÷íî âåëèêè, ÷òîáû èñêîìîå ìíîæåñòâî, íà êîòîðîì îïðåäåëåíî ðåøåíèå z(x1, x2) ,
âõîäèëî â ΩT . Îáîçíà÷èì ýòî çàðàíåå íåèçâåñòíîå ìíîæåñòâî ÷åðåç Qε . Ïîñêîëüêó ðå÷ü
èäåò î ëîêàëüíîé ðàçðåøèìîñòè, òî ìíîæåñòâî Qε ïðåäñòàâëÿåò ñîáîé íåêîòîðóþ îêðåñò-
íîñòü êðèâîé L .

Ñôîðìóëèðóåì óñëîâèÿ äëÿ L , ïðè âûïîëíåíèè êîòîðûõ ñïðàâåäëèâû ïðèâåäåííûå â
ñòàòüå óòâåðæäåíèÿ.

Ïðåäïîëîæèì, ÷òî â ΩT ñóùåñòâóåò îêðåñòíîñòü D êðèâîé L è ïîñòîÿííîå âî âñåì

ìíîæåñòâå D íàïðàâëåíèå
−→
λ òàêèå, ÷òî êàæäàÿ ïðÿìàÿ, ïðîõîäÿùàÿ ÷åðåç âíóòðåííþþ

òî÷êó ìíîæåñòâà D ïàðàëëåëüíî
−→
λ , ïåðåñåêàåò L ëèøü â îäíîé òî÷êå. Òàêèì îáðà-

çîì êàæäîé òî÷êå èç D ïîñòàâëåíà â ñîîòâåòñòâèå åå ïðîåêöèÿ íà L ïî íàïðàâëåíèþ−→
λ . Ïîñêîëüêó êàæäîé òî÷êå íà L ñîîòâåòñòâóåò îïðåäåëåííîå çíà÷åíèå τ , òî êàæäîé
òî÷êå (x1, x2) ∈ D ñîîòâåòñòâóåò îïðåäåëåííîå çíà÷åíèå ïàðàìåòðà íà êðèâîé ïðè ïðî-

åöèðîâàíèè â íàïðàâëåíèè
−→
λ . Ïðåäïîëîæèì, ÷òî ýòî ñîîòâåòñòâèå çàäàíî â âèäå ôóíê-

öèè θ(x1; x2) = τ . Âñåì òî÷êàì (x1, x2), ëåæàùèì íà îäíîé ïðÿìîé, êîòîðàÿ ïðîõîäèò

÷åðåç D â íàïðàâëåíèè
−→
λ , ñîîòâåòñòâóåò îäíî çíà÷åíèå τ . Ïî ñóùåñòâó ïðåäïîëàãàåò-

ñÿ ñîîòâåòñòâèå ìåæäó ìíîæåñòâîì òàêèõ ïðÿìûõ è ìíîæåñòâîì τ ∈ [0, T ] . Äëÿ öåëåé
íàñòîÿùåãî èññëåäîâàíèÿ äîñòàòî÷íî èìåòü ôóíêöèþ θ(x1;x2) = τ . Áóäåì íàçûâàòü
êðèâóþ, îïèñûâàåìóþ äàííîé ôóíêöèåé, îäíîíàïðàâëåíî ðåãóëÿðíîé. Îáîçíà÷èì ÷åðåç

cosφ1, cosφ2 íàïðàâëÿþùèå êîñèíóñû
−→
λ ; íå íàðóøàÿ îáùíîñòè, ìîæíî ñ÷èòàòü, ÷òî ýòè

êîñèíóñû ïîëîæèòåëüíû. Ìíîæåñòâî Ωε , íà êîòîðîì îïðåäåëåíî ðåøåíèå, áóäåì èñêàòü

â âèäå ïîëîñû øèðèíîé ε â íàïðàâëåíèè
−→
λ , ïðèëåãàþùåé ê L ñ îäíîé ñòîðîíû, òî÷íåå

Ωε = {(x1; x2) : αi(τ) 6 xi 6 αi(τ) + ε cosφi, i = 1, 2, 0 6 τ 6 T }, Ωε ⊂ D ⊂ ΩT . Ïàðà-
ìåòð ε ïîäëåæèò îïðåäåëåíèþ, à îãðàíè÷åíèå íà âåëè÷èíó ε ÿâëÿåòñÿ îäíèì èç îñíîâíûõ
óñëîâèé ðàçðåøèìîñòè çàäà÷è (1.1)�(1.2).
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2. Îáçîð ðåçóëüòàòîâ

Â ðàìêàõ ìåòîäà äîïîëíèòåëüíîãî àðãóìåíòà (ÌÄÀ) [3] çàïèøåì äëÿ çàäà÷è Êîøè
(1.2) ðàñøèðåííóþ õàðàêòåðèñòè÷åñêóþ ñèñòåìó:

dη1
ds

= a1(η1, η2, u),
dη2
ds

= a2(η1, η2, u),
du
ds

= f(η1, η2, u)

(2.1)

ñ íà÷àëüíûìè äàííûìè

η1|s=ω(x1,x2) = x1, η2|s=ω(x1,x2) = x2, u|L = γ(τ). (2.2)

Çäåñü ω(x1, x2), η1(s, x1, x2), η2(s, x1, x2), u(s, x1, x2) � íîâûå íåèçâåñòíûå ôóíêöèè, íåïðå-
ðûâíî äèôôåðåíöèðóåìûå ïî âñåì ïåðåìåííûì; s � äîïîëíèòåëüíûé àðãóìåíò, 0 6 s 6
ω(x1, x2).

Çíà÷åíèå ω íà êðèâîé, çàäàííîé óðàâíåíèÿìè x1 = α1(τ), x2 = α2(τ), ïîëàãàåì ðàâíîé
íóëþ, ò. å. ω(α1(τ), α2(τ)) = 0. Äëÿ ïîëó÷åíèÿ ðåøåíèÿ â èñõîäíûõ êîîðäèíàòàõ ðåøåíèÿ
ñèñòåìû óðàâíåíèé (2.1) äîëæíû áûòü ïðåäñòàâèìû â âèäå:

ηi = x1 −
ω(x1,x2)∫
s

ai(η1(δ, x1, x2), η2(δ, x1, x2), u(δ, x1, x2))dδ, i = 1, 2. (2.3)

Ïðåäñòàâëåíèå (2.3) îïðàâäàíî, åñëè ìîæíî îïðåäåëèòü íîâóþ, çàðàíåå íåèçâåñòíóþ
ôóíêöèþ θ(x1, x2) , äëÿ êîòîðîé â íåêîòîðîì ìíîæåñòâå èçìåíåíèÿ åå àðãóìåíòîâ áûëè
áû ñïðàâåäëèâû ñîîòíîøåíèÿ:

αi(θ (x1, x2)) = xi −
ω(x1,x2)∫

0

ai (η1 (δ, x1, x2) , η2 (δ, x1, x2) , u (δ, x1, x2)) dδ, i = 1, 2. (2.4)

Èç ðàâåíñòâ (2.1)�(2.2) ïðè äîïóñòèìîñòè (2.3) ïîëó÷èì:

u(s, x1, x2) = γ(θ(x1, x2)) +

s∫
0

f(η1(δ, x1, x2), η2(δ, x1, x2), u(δ, x1, x2))dδ. (2.5)

Ë å ì ì à 2.1 Íåïðåðûâíî äèôôåðåíöèðóåìîå ðåøåíèå ñèñòåìû èíòåãðàëüíûõ
óðàâíåíèé (2.2)�(2.3), (2.5) äàåò ðåøåíèå çàäà÷è Êîøè (1.1)�(1.2).

Ïðè äîêàçàòåëüñòâå ëåììû â ðàáîòå [1] áûëî óñòàíîâëåíî, ÷òî

J =

∣∣∣∣α′
1 a1
α′
2 a2

∣∣∣∣ ̸= 0. (2.6)

Â ðàáîòå [1] äëÿ çàäà÷è Êîøè (1.1)�(1.2) ñ ïîìîùüþ ÌÄÀ [3]�[10] áûëà ðàçðàáîòàíà ñõå-
ìà, ïîçâîëÿþùàÿ ñâåñòè âîïðîñ î ðàçðåøèìîñòè çàäà÷è (1.1)�(1.2) â èñõîäíûõ êîîðäèíàòàõ
ê îïðåäåëåíèþ èíòåðâàëà ðàçðåøèìîñòè ñèñòåìû èç 15 èíòåãðàëüíûõ óðàâíåíèé, êîòîðàÿ
áûëà íàçâàíà ðåçîëüâåíòíîé [2]. Ïîñêîëüêó ïðè äîêàçàòåëüñòâå ñóùåñòâîâàíèÿ ðåøåíèÿ
ñèñòåìû èíòåãðàëüíûõ óðàâíåíèé ïðîèçâîäíûå ðàññìàòðèâàþòñÿ êàê íîâûå íåèçâåñòíûå
ôóíêöèè, ââåäåì ñîîòâåòñòâóþùèå îáîçíà÷åíèÿ:

u(s, x1, x2) = U(s, x1, x2), ω =W1, θ = W2, θxi = W2i, uxi = Ui,
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(α1ψ;α2ψ) = (α1(ψ(x1;x2));α2(ψ(x1;x2))), ωxi = W1i, ηi = Hi, ηixj = Hij, (i, j = 1, 2).

Òîãäà çàïèøåì îñíîâíóþ ðåçîëüâåíòíóþ ñèñòåìó çàïèøåòñÿ ñëåäóþùèì îáðàçîì:

U = γ (W2) +

s∫
0

f (H1, H2, U) dδ, (2.7)

Ui = γ′ (W2)W2i +

s∫
0

(f1H1i + f2H2i + fUUi) dδ, (2.8)

Hi = xi −
W1∫
s

ai (H1, H2, U) dδ, (2.9)

Hlk = δlk − alW1k −
W1∫
s

(al1H1k + al2H2k + alUUk) dδ, (2.10)

Wi =


(x1;x2)∫

(α1ψ ;α2ψ)

(W11 cosφ1 +W12 cosφ2)dl, i = 1,

(x1;x2)∫
(α1ψ ;α2ψ)

(W21 cosφ1 +W22 cosφ2)dl +Ψ(x1; x2), i = 2,

(2.11)

W1k = J−1

(−1)kα′
3−k +

W1∫
0

(
α′
2

(
2∑
i=1

a1iHik + a1UUk

)
− α′

1

(
2∑
i=1

a2iHik + a2UUk

))
dδ

 ,

(2.12)

W2l = J−1

(−1)l+1a3−l +

W1∫
0

(
a1

(
2∑
i=1

a2iHil + a2UUl

)
− a2

(
2∑
i=1

a1iHil + a1UUl

))
dδ

 ,

(2.13)
ãäå i, j, k = 1, 2, δlk � ñèìâîë Êðîíåêåðà-Êàïåëëè. Â ñèñòåìå (2.7)�(2.13) îïðåäåëåíû íîâûå
íåèçâåñòíûå ôóíêöèè U(s, x1, x2), U1(s, x1, x2), U2(s, x1, x2), H1(s, x1, x2), H2(s, x1, x2),
H11(s, x1, x2), H12(s, x1, x2), H21(s, x1, x2), H22(s, x1, x2), W1(x1, x2), W11(x1, x2), W12(x1, x2),
W2(x1, x2), W21(x1, x2) W22(x1, x2). Àðãóìåíòû äàííûõ ôóíêöèé â ñèñòåìå (2.7)�(2.13)
äëÿ êðàòêîñòè íå çàïèñàíû.

Ïóñòü ε0 = min

(
9

10 (10ζ1σ1 + σ2)
;

9Nγ

10ζ1Kf

;
10ζ1 −Kγ′σ3

ξ1 + 100ζ21ξ2 + 10ζ1ξ3
;

10ζ1 −Kγ′σ4
ξ1 + 100ζ21ξ2 + 10ζ1ξ4

)
,

ζ1 = K0

(
Kα′

2
+Kα′

1

)
+K0 (Ka1 +Ka2)

(
Kα′

1
+Kα′

2
+Kγ′

)
+ 2 +X1 +X2 +Nγ,

σ1 = K0

(
Ma1Kα′

2
+Ma2Kα′

1

)
(Ka1 +Ka2 + 1) +Kγ′K0 (Ma2Ka1 +Ma1Ka2) +Ma1 +Ma2+

+Mf , σ2 = Ka1 +Ka2 +Kf , σ3 = KΨ̂ +KΨ̃ +KΨ1, σ4 = KΨ̂ +KΨ̃ +KΨ2,

ξ1 = (Ka1 +Ka2)(c1 + c2) +Kγ′ (c3 + c4) , ξ2 =Ma1 +Ma2 +Mf , ξ3 = Ka11 +Ka21 +Kf1,

ξ4 = Ka12 +Ka22 +Kf2, J = α′
1a2 − α

′

2a1, KJ = K−1
0 ,

ãäå êîíñòàíòû îïðåäåëåíû êàê ìàêñèìóìû èçâåñòíûõ ôóíêöèé è èõ ïðîèçâîäíûõ.
Ñïðàâåäëèâî óòâåðæäåíèå (ñì. [1]�[2]).
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Ò å î ð å ì à 2.1 Ïóñòü a1 (x1, x2, z) , a2 (x1, x2, z) , f (x1, x2, z) � íåïðåðûâíî äèô-
ôåðåíöèðóåìûå ôóíêöèè ïî âñåì àðãóìåíòàì â ìíîæåñòâå QT ;L � îäíîíàïðàâëåí-
íàÿ ðåãóëÿðíàÿ êðèâàÿ; α1 (τ) , α2 (τ) , γ (τ) ∈ C2 ([0;T ]) ; âûïîëíåíî îñíîâíîå óñëîâèå ðàç-
ðåøèìîñòè |J | ≥ KJ = const > 0 . Òîãäà ïðè 0 6 ε 6 ε0 çàäà÷à Êîøè (1.1)�(1.2)
èìååò åäèíñòâåííîå ðåøåíèå z ∈ C1(Ωε) , êîòîðîå ïðè s = W1 ñîâïàäàåò ñ ôóíêöèåé
U(s, x1, x2) = U(s, x1, x2) , îïðåäåëÿåìîé èç ðåçîëüâåíòíîé ñèñòåìû (2.7)�(2.13).

Â ðàáîòàõ [11]�[12] çàäà÷à Êîøè ñòàâèòñÿ ñëåäóþùèì îáðàçîì:

z|L = γ(x1), x1 ∈ (−∞; +∞). (2.14)

Êðèâàÿ L çàäàåòñÿ óðàâíåíèåì x2 = φ(x1), −∞ < x1 < +∞ è ìíî-
æåñòâî, íà êîòîðîì îïðåäåëåíî ðåøåíèå z(x1, x2) , ñîäåðæèòñÿ âî ìíîæåñòâå
Ωβ =

{
(x1, x2) : −∞ < x1 < +∞, min

(−∞;+∞)
(φ(x1) − β0) 6 x2 6 max

(−∞;+∞)
(φ(x1) + β0)

}
, β0 ∈ R.

Â íèæåñëåäóþùèõ âûêëàäêàõ è îöåíêàõ âñå èñïîëüçóåìûå êîíñòàíòû âû÷èñëÿþòñÿ â
ïðåäïîëîæåíèè, ÷òî èçâåñòíûå ôóíêöèè a1(x1, x2, z), a2(x1, x2, z), f(x1, x2, z) îïðåäåëåíû
â ìíîæåñòâå Qρ = Ωβ × [−ρNγ; ρNγ] , ãäå ρ � íåêîòîðîå ïîëîæèòåëüíîå ÷èñëî; |γ(x1)| ≤
≤ Nγ; x1 ∈ (−∞; +∞) .

Ìíîæåñòâî Ωε , íà êîòîðîì îïðåäåëåíî ðåøåíèå, èùåòñÿ â âèäå ïîëîñû øèðè-
íîé ε â íàïðàâëåíèè Ox2 , ïðèëåãàþùåé ê L ñ îäíîé ñòîðîíû, ò. å. â âèäå
Ωε = {(x1, x2) : −∞ < x1 < +∞, φ(x1) 6 x2 6 φ(x1) + ε},Ωε ⊂ Ωβ.

Ðàñøèðåííàÿ õàðàêòåðèñòè÷åñêàÿ ñèñòåìà èìååò òàêîé æå âèä, êàê äëÿ çàäà÷è (1.2) ñ
íà÷àëüíûìè äàííûìè

η1|s=ω(x1,x2) = x1, η2|s=ω(x1,x2) = x2, u|L = γ(x1), (2.15)

ãäå ω(x1, x2), η1(s, x1, x2), η2(s, x1, x2), u(s, x1, x2) � íîâûå íåèçâåñòíûå ôóíêöèè, íåïðåðûâ-
íî äèôôåðåíöèðóåìûå ïî âñåì ïåðåìåííûì; s � äîïîëíèòåëüíûé àðãóìåíò, 0 6 s 6
ω(x1, x2).

Çíà÷åíèå ω íà êðèâîé, çàäàííîé óðàâíåíèåì x2 = φ(x1), ïîëàãàåì ðàâíîé íóëþ, ò. å.
ω(x1, φ(x1)) = 0 . Äëÿ ïîëó÷åíèÿ ðåøåíèÿ â èñõîäíûõ êîîðäèíàòàõ ðåøåíèÿ ñèñòåìû óðàâ-
íåíèé (2.1) äîëæíû áûòü ïðåäñòàâèìû â âèäå, àíàëîãè÷íîì (2.3) â ïðåäûäóùåé çàäà÷å.

Ïðåäñòàâëåíèå (2.3) îïðàâäàíî, åñëè ìîæíî îïðåäåëèòü íîâóþ, çàðàíåå íåèçâåñòíóþ
ôóíêöèþ θ(x1, x2), äëÿ êîòîðîé â íåêîòîðîì ìíîæåñòâå èçìåíåíèÿ åå àðãóìåíòîâ áûëè
áû ñïðàâåäëèâû ðàâåíñòâà, ñîâïàäàþùèå ñ ðàâåíñòâàìè (2.4), ïðè α1 = id , α2 = φ .

Èç ñîîòíîøåíèé (2.1), (2.15) ïðè âûïîëíåíèè (2.3) ìû ïîëó÷èì ðàâåíñòâî, ñîâïàäàþùåå
ñ (2.5).

Ñïðàâåäëèâà ëåììà (ñì. [4]).

Ë å ì ì à 2.2 Íåïðåðûâíî äèôôåðåíöèðóåìîå ðåøåíèå ñèñòåìû èíòåãðàëüíûõ
óðàâíåíèé (2.3), (2.5), (2.15) äàåò ðåøåíèå çàäà÷è Êîøè (1.1), (2.14).

Ïîëó÷èì ñèñòåìó èíòåãðàëüíûõ óðàâíåíèé âèäà (2.7)�(2.13), ïîëîæèâ â íåé H1 =
= x1−µ1; H11 = 1−µ11; H12 = −µ12; W21 = 1−µ21; W22 = −µ22; W2 = x1−µ2; α

′
1 = 1; α′

2 =
= φ′ (â óðàâíåíèÿõ äëÿ W11 è W12 ), Ïðè ýòîì óðàâíåíèÿ (2.11) ïðèìóò âèä:

W1 =

x2∫
φ(x1)

W12dx2, µ2 =

W1∫
0

a1 (x1 − µ1, H2, U) dδ. (2.16)

Ïóñòü ε0 = min

(
9

10 (10ζ1σ1 + σ2)
;

9Nγ

10ζ1Kf

;
10ζ1

ξ1 + 10ζ1ξ2
;

10ζ1
ξ3 + 10ζ1ξ2

)
,

ζ1 = K0 (Kφ′ + 1) +K0 (Ka1 +Ka2) (1 +Kφ′ +Kγ′) + 2 +X2 +Nγ,
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σ1 = K0 (Ma1Kφ′ +Ma2) (Ka1 +Ka2 + 1) +Kγ′K0 (Ma2Ka1 +Ma1Ka2) +Ma1 +Ma2 +Mf ,
σ2 = Ka1 +Ka2 +Kf , ξ1 = cKφ′ ((Kγ′ + 1)Ka1 +Ka2) + 10ζ1 ((Kγ′ + 1)Ka11 +Kf1 +Ka21) ,
ξ2 = 10ζ1 ((Kγ′ + 1)Ma1 +Ma2 +Mf ) , ξ3 = c ((Kγ′ + 1)Ka1 +Ka2) , J = a2 − a1φ

′,
KJ = K−1

0 , ãäå êîíñòàíòû îïðåäåëåíû êàê ìàêñèìóìû èçâåñòíûõ ôóíêöèé è èõ ïðîèçâîä-
íûõ.
Ñïðàâåäëèâà òåîðåìà (ñì. [11]�[12]).

Ò å î ð å ì à 2.2 Ïóñòü a1 (x1, x2, z) , a2 (x1, x2, z) , f (x1, x2, z) íåïðåðûâíî äèôôå-
ðåíöèðóåìûå ôóíêöèè ïî âñåì àðãóìåíòàì â ìíîæåñòâå Qρ ;L � êðèâàÿ, íåñóùàÿ íà-

÷àëüíûå äàííûå:x2 = φ(x1) ; φ (x1) , γ (x1) ∈ C
2
(−∞; +∞) ; âûïîëíåíî îñíîâíîå óñëîâèå

ðàçðåøèìîñòè |J | ≥ KJ . Òîãäà ñóùåñòâóåò òàêîå ÷èñëî ε0 > 0 , ÷òî ïðè 0 6 ε 6 ε0 ,

çàäà÷à Êîøè (1.1), (1.2) èìååò åäèíñòâåííîå ðåøåíèå z ∈ C
1
(Ωε) , êîòîðîå ïðè s = ω

ñîâïàäàåò ñ ôóíêöèåé u(s, x1, x2) = U(s, x1, x2) , îïðåäåëÿåìîé èç ðåçîëüâåíòíîé ñèñòåìû
(2.7)�(2.10), (2.12)�(2.13)(ñ ââåäåííûìè âûøå îáîçíà÷åíèÿìè), (2.16).

3. Ïîñòàíîâêà è ðåøåíèå çàäà÷è Êîøè

Ðàññìîòðèì çàäà÷ó Êîøè ñ íà÷àëüíûì óñëîâèåì:

z|L = γ(x1), x1 ∈ [X1;X2], (3.1)

ãäå êðèâàÿ L çàäàåòñÿ â ÿâíîì âèäå óðàâíåíèåì x2 = φ(x1), X1 6 x1 6 X2 .
Ìíîæåñòâî, íà êîòîðîì îïðåäåëåíà íåèçâåñòíàÿ ôóíêöèÿ z(x1, x2) â (1.1), ñîäåðæèòñÿ

â ìíîæåñòâå Ωβ =
{
(x1, x2) : X1 6 x1 6 X2, min

x1∈[X1;X2]
(φ(x1)− β0) 6 x2 6 max

x1∈[X1;X2]
(φ(x1) +

+ β0)
}
, β0 ∈ R.

Ìíîæåñòâî Ωε , íà êîòîðîì îïðåäåëåíî ðåøåíèå, èùåòñÿ â âèäå:
Ωε = {(x1, x2) : X1 6 x1 6 X2, φ(x1) 6 x2 6 φ(x1) + ε} ,Ωε ⊂ Ωβ.

Òàê æå, êàê è ïðè ðåøåíèè ïðåäûäóùèõ äâóõ çàäà÷, áóäåì èñïîëüçîâàòü ÌÄÀ, òàê
êàê îí äàåò âîçìîæíîñòü ïîëó÷èòü ðåøåíèå â èñõîäíûõ êîîðäèíàòàõ ([3]).

Ðàñøèðåííàÿ õàðàêòåðèñòè÷åñêàÿ ñèñòåìà èìååò òàêîé æå âèä, êàê äëÿ çàäà÷è (1.2),
ò. å. ïîëó÷èì ñèñòåìó óðàâíåíèé (2.1) ñ íà÷àëüíûìè äàííûìè âèäà (2.15).

Çäåñü ω(x1, x2), η1(s, x1, x2), η2(s, x1, x2), u(s, x1, x2) � íîâûå íåèçâåñòíûå ôóíêöèè
íåïðåðûâíî äèôôåðåíöèðóåìûå ïî âñåì ïåðåìåííûì; s � äîïîëíèòåëüíûé àðãóìåíò,
0 6 s 6 ω(x1, x2).

Çíà÷åíèå ω íà êðèâîé, çàäàííîé â ÿâíîì âèäå óðàâíåíèåì x2 = φ(x1) , ïîëàãàåì ðàâ-
íûì íóëþ, ò. å. ω(x1, φ(x1)) = 0.

Äëÿ ïîëó÷åíèÿ ðåøåíèÿ â èñõîäíûõ êîîðäèíàòàõ ñ èñïîëüçîâàíèåì ÌÄÀ, ðåøåíèÿ

õàðàêòåðèñòè÷åñêèõ óðàâíåíèé
dη1
ds

= a1(η1, η2, u),
dη2
ds

= a2(η1, η2, u) äîëæíû áûòü ïðåä-

ñòàâèìû â âèäå, àíàëîãè÷íîì (2.3).
Ïðåäñòàâëåíèå (2.3) îïðàâäàíî, åñëè ìîæíî îïðåäåëèòü íîâóþ, çàðàíåå íåèçâåñòíóþ

ôóíêöèþ θ(x1, x2) , äëÿ êîòîðîé â íåêîòîðîì ìíîæåñòâå èçìåíåíèÿ åå àðãóìåíòîâ áûëè
áû ñïðàâåäëèâû ðàâåíñòâà, ñîâïàäàþùèå ñ (2.4), åñëè ïîëîæèòü α1 = id, α2 = φ .

Èç ñîîòíîøåíèé (2.1), (2.15) ïðè âûïîëíåíèè (2.3) èìååì ðàâåíñòâî, ñîâïàäàþùåå ñ
(2.5).

Ë å ì ì à 3.1 Íåïðåðûâíî äèôôåðåíöèðóåìîå ðåøåíèå ñèñòåìû èíòåãðàëüíûõ
óðàâíåíèé (2.3), (2.5), (2.15) äàåò ðåøåíèå çàäà÷è Êîøè (1.1)�(3.1).
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Äëÿ êðàòêîñòè çàïèñè îïóñòèì àðãóìåíòû ôóíêöèé
θ(x1, x2), ω(x1, x2), a1(η1, η2, u), a2(η1, η2, u), η1(s, x1, x2), η2(s, x1, x2), u(s, x1, x2), φ(x1).
Äëÿ âûâîäà îñíîâíîãî óñëîâèÿ ðàçðåøèìîñòè ïðîâåäåì ñëåäóþùèå âûêëàäêè: ïðî-
äèôôåðåíöèðóåì ïåðâîå è âòîðîå óðàâíåíèå (2.4), ãäå α1 = id; α2 = φ ïî x1 è x2 .
Ïîëó÷èì:

∂θ

∂x1
= 1− a1

∂ω

∂x1
−

ω(x1,x2)∫
0

(
∂a1
∂η1

∂η1
∂x1

+
∂a1
∂η2

∂η2
∂x1

+
∂a1
∂u

∂u

∂x1

)
dδ,

∂θ

∂x2
= −a1

∂ω

∂x2
−

ω(x1,x2)∫
0

(
∂a1
∂η1

∂η1
∂x2

+
∂a1
∂η2

∂η2
∂x2

+
∂a1
∂u

∂u

∂x2

)
dδ;

(3.2)

φ′ ∂θ

∂x1
= −a2

∂ω

∂x1
−

ω(x1,x2)∫
0

(
∂a2
∂η1

∂η1
∂x1

+
∂a2
∂η2

∂η2
∂x1

+
∂a2
∂u

∂u

∂x1

)
dδ,

φ′ ∂θ

∂x2
= 1− a2

∂ω

∂x2
−

ω(x1,x2)∫
0

(
∂a2
∂η1

∂η1
∂x2

+
∂a2
∂η2

∂η2
∂x2

+
∂a2
∂u

∂u

∂x2

)
dδ.

(3.3)

Óìíîæèì ïåðâîå óðàâíåíèå ñèñòåìû (3.2) íà a1 , âòîðîå � íà a2 , çàòåì ñëîæèì ïîëó-
÷åííûå âûðàæåíèÿ è ïîëó÷èì ðàâåíñòâî:

a1
∂θ
∂x1

+ a2
∂θ
∂x2

+ a1

(
a1

∂ω
∂x1

+ a2
∂ω
∂x2

− 1
)
= −

ω(x1,x2)∫
0

(
∂a1
∂η1

(
a1

∂η1
∂x1

+ a2
∂η1
∂x2

)
+

+∂a1
∂η2

(
a1

∂η2
∂x1

+ a2
∂η2
∂x2

)
+ ∂a1

∂u

(
a1

∂u
∂x1

+ a2
∂u
∂x2

))
dδ.

(3.4)

Ïðîâåäåì àíàëîãè÷íûå îïåðàöèè ñ ïåðâûì óðàâíåíèåì ñèñòåìû (3.2):

φ′
(
a1

∂θ
∂x1

+ a2
∂θ
∂x2

)
+ a2

(
a1

∂ω
∂x1

+ a2
∂ω
∂x2

− 1
)
= −

ω(x1,x2)∫
0

(
∂a2
∂η1

(
a1

∂η1
∂x1

+ a2
∂η1
∂x2

)
+

+∂a2
∂η2

(
a1

∂η2
∂x1

+ a2
∂η2
∂x2

)
+ ∂a2

∂u

(
a1

∂u
∂x1

+ a2
∂u
∂x2

))
dδ.

(3.5)

Ïóñòü W (ζ) = a1
∂ζ
∂x1

+ a2
∂ζ
∂x2
, òîãäà

W (θ) + a1

(
a1

∂ω
∂x1

+ a2
∂ω
∂x2

− 1
)
= −

ω(x1,x2)∫
0

(
∂a1
∂η1
W (η1) +

∂a1
∂η2
W (η2) +

∂a1
∂u
W (u)

)
dδ,

φ′W (θ) + a2

(
a1

∂ω
∂x1

+ a2
∂ω
∂x2

− 1
)
= −

ω(x1,x2)∫
0

(
∂a2
∂η1
W (η1) +

∂a2
∂η2
W (η2) +

∂a2
∂u
W (u)

)
dδ.

(3.6)
Ïîëó÷åííàÿ ñèñòåìà ðàçðåøèìà, åñëè (ñì. [1]):

J =

∣∣∣∣ 1 a1
φ′ a2

∣∣∣∣ ̸= 0. (3.7)

Â ëåììå 3.1. äîêàçàíî, ÷òî ðåøåíèå çàäà÷è (1.1), (3.1) äàåò ðåøåíèå ñèñòåìû óðàâíåíèé
(2.3), (2.5),
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(2.15) è íàîáîðîò: íåïðåðûâíî äèôôåðåíöèðóåìîå ðåøåíèå çàäà÷è (2.3),(2.5),(2.15) ïðè
s = ω(x1, x2) áóäåò ðåøåíèåì çàäà÷è (1.1), (3.1).

Ñëåäóÿ ðàçðàáîòàííîé â ðàáîòå [1] ñõåìå, ñîñòàâèì ðåçîëüâåíòíóþ ñèñòåìó, èñïîëüçóÿ
òå æå îáîçíà÷åíèÿ, ÷òî â ðàáîòàõ [1],[2],[11]:

U = γ (W2) +

s∫
0

f (H1, H2, U) dδ, (3.8)

Ui = γ′ (W2)W2i +

s∫
0

(f1H1i + f2H2i + fUUi) dδ, (3.9)

Hi = xi −
W1∫
s

ai (H1, H2, U) dδ, (3.10)

Hlk = δlk − alW1k +

W1∫
s

(al1H1k + al2H2k + alUUk) dδ, (3.11)

Wi =


x2∫

φ(x1)

W12dx2, i = 1,

x1 −
W1∫
0

a1 (H1, H2, U) dδ, i = 2,

(3.12)

W11 = J−1

−φ′ +

W1∫
0

(
φ′

(
2∑
i=1

a1iHi1 + a1UU1

)
−

(
2∑
i=1

a2iHi1 + a2UU1

))
dδ

 , (3.13)

W12 = J−1

1 +

W1∫
0

(
φ′

(
2∑
i=1

a1iHi2 + a1UU2

)
−

(
2∑
i=1

a2iHi2 + a2UU2

))
dδ

 , (3.14)

W2l = J−1

(−1)l+1a3−l +

W1∫
0

(
a1

(
2∑
i=1

a2iHil + a2UUl

)
− a2

(
2∑
i=1

a1iHil + a1UUl

))
dδ

 ,

(3.15)

ãäå i, j, k = 1, 2, δlk � ñèìâîë Êðîíåêåðà;
U, U1, U2, H1, H2, H11, H12, H21, H22, W1, W2, W11, W12, W21, W22 � íîâûå íåèçâåñò-

íûå ôóíêöèè. Äëÿ êðàòêîñòè àðãóìåíòû âûøåïåðå÷èñëåííûõ ôóíêöèé áûëè îïóùåíû.

Ïóñòü ε0 = min

(
9

10 (10ζ1σ1 + σ2)
;

9Nγ

10ζ1Kf

;
10ζ1 −Kγ′

ξ1 + 10ζ1ξ2
;

10ζ1
ξ3 + 10ζ1ξ2

)
,

ζ1 = K0 (Kφ′ + 1) +K0 (Ka1 +Ka2) (1 +Kφ′ +Kγ′) + 2 +X1 +X2 +Nγ,
σ1 = K0 (Ma1Kφ′ +Ma2) (Ka1 +Ka2 + 1) +Kγ′K0 (Ma2Ka1 +Ma1Ka2) +Ma1 +Ma2 +Mf ,
σ2 = Ka1 +Ka2 +Kf , ξ1 = cKφ′ ((Kγ′ + 1)Ka1 +Ka2) + 10ζ1 ((Kγ′ + 1)Ka11 +Kf1+

+Ka21) , ξ2 = 10ζ1 ((Kγ′ + 1)Ma1 +Ma2 +Mf ) , J = a2 − a1φ
′, KJ = K−1

0 ,
ξ3 = c ((Kγ′ + 1)Ka1 +Ka2) + 10ζ1 ((Kγ′ + 1)Ka12 +Kf2 +Ka22) ,

ãäå êîíñòàíòû îïðåäåëåíû êàê ìàêñèìóìû àáñîëþòíûõ çíà÷åíèé èçâåñòíûõ ôóíêöèé è
èõ ïðîèçâîäíûõ.

Ñ.Í. Àëåêñååíêî , Ë.Å. Ïëàòîíîâà. Î ëîêàëüíîé ðàçðåøèìîñòè íåêîòîðîãî . . .



140 Æóðíàë ÑÂÌÎ. 2018. Òîì 20, � 2

Óñòàíîâèì ñóùåñòâîâàíèå ðåøåíèÿ ñèñòåìû (3.8)�(3.15) èíòåãðàëüíûõ óðàâíåíèé è
åãî åäèíñòâåííîñòü. Áóäåì èñïîëüçîâàòü ìåòîä ïîñëåäîâàòåëüíûõ ïðèáëèæåíèé. Çà íà-
÷àëüíûå ïðèáëèæåíèÿ ïðèìåì: H0

1 = x1, H
0
2 = x2, U

0 = γ (W 0
2 ) , W

0
1 = 0, W 0

2 = x1,
H0

11 = 1, H0
12 = 0, H0

21 = 0, H0
22 = 1, U0

1 = γ′ , U0
2 = 0,W 0

11 = 0,W 0
12 = 0,W 0

21 = 1, W 0
22 = 0 .

Ïðåæäå, ÷åì çàïèñàòü ðåçîëüâåíòíóþ ñèñòåìó, ñîñòàâëåííóþ äëÿ ïîñëåäîâàòåëüíûõ ïðè-
áëèæåíèé, áóäåì îáîçíà÷àòü âåðõíèì èíäåêñîì n � n -îå ïðèáëèæåíèå ôóíêöèè, âìåñòî
W n

1 â âåðõíåì ïðåäåëå èíòåãðèðîâàíèÿ áóäåì ïèñàòü W1\n . Çàïèøåì ðåçîëüâåíòíóþ ñè-
ñòåìó äëÿ ïîñëåäîâàòåëüíûõ ïðèáëèæåíèé, ñ ó÷åòîì ââåäåííûõ îáîçíà÷åíèé:

Hn+1
i = xi −

W1\n+1∫
s

ani dδ, (3.16)

Un+1 = γ
(
W n+1

2

)
+

s∫
0

fndδ, (3.17)

W n+1
i =


x2∫

φ(x1)

W n
12dx2, i = 1,

x1 −
W1\n+1∫

0

an1dδ, i = 2,

(3.18)

Hn+1
lk = δlk − an+1

l W n+1
1l −

W1\n+1∫
s

(anl1H
n
1k + anl2H

n
2k + anlUU

n
k ) dδ, (3.19)

Un+1
i = γ′

(
W n+1

2

)
W n+1

2i +

s∫
0

(fn1H
n
1i + fn2H

n
2i + fnUU

n
i ) dδ, (3.20)

W n+1
11 = J−1

n+1

(
−φ′ (W n+1

2

)
+

W1\n+1∫
0

(
φ′ (W n

2 )

(
2∑
i=1

an1iH
n
i1 + an1UU

n
1

)
− (3.21)

−

(
2∑
i=1

an2iH
n
i1 + an2UU

n
1

))
dδ

)
,

W n+1
12 = J−1

n+1

1 +

W1\n+1∫
0

(
φ′ (W n

2 )

(
2∑
i=1

an1iH
n
i2 + an1UU

n
2

)
−

(
2∑
i=1

an2iH
n
i2 + an2UU

n
2

))
dδ

 ,

(3.22)

W n+1
2l = J−1

n+1

(
(−1)l+1an+1

3−l +

W1\n+1∫
0

(
an1

(
2∑
i=1

an2iH
n
il + an2UU

n
l

)
−

−an2

(
2∑
i=1

an1iH
n
il + an1UU

n
l

))
dδ

)
, (3.23)

ãäå W1\n åñòü n �îå ïîñëåäîâàòåëüíîå ïðèáëèæåíèå äëÿ ôóíêöèè W1 .
Ðåøåíèå ñèñòåìû óðàâíåíèé (3.16)�(3.23) â ìíîæåñòâå Ωε áóäåì èñêàòü â ïðåäïîëîæå-

íèè, ÷òî |U | 6 KU , è, êðîìå òîãî, |f | 6 Kf , |γ| 6 Kγ . Ïóñòü ε = max
x1,x2∈Ωε

|x2 − φ(x1)|;
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X1 = max
x1∈[X1;X2]

{|X1|; |X2|} ;X2 = max
x1∈[X1;X2]

{|φ (x1)− β0| , |φ (x1) + β0|} . Ñ ó÷åòîì òîãî, ÷òî:

|ami | 6 Kai, |fm| 6 Kf ,
∣∣amij ∣∣ 6 Kaij,

∣∣amiHj∣∣ 6 KaiHj, |amiU | 6 KaiU , |fmHi| 6 KfHi, |fmU | 6
6 KfU , |γ (Wm

2 )| 6 Nγ, |γ′ (Wm
2 )| 6 Kγ′ , |φ′ (Wm

2 )| 6 Kφ′ ,
1

|Jm|
=

1

|am2 − am1 φ
′ (Wm

2 )|
6

6 1

Ka2 +Kφ′Ka1

= K0, ãäå 1 6 m 6 n. Îáîçíà÷èì vn = max
Ωε

|W n
11|+max

Ωε
|W n

12|+max
Ωε

|Hn
1 |+

+max
Ωε

|Hn
2 |+max

Ωε
|Un|+max

Ωε
|Hn

11|+max
Ωε

|Hn
12|+max

Ωε
|Hn

21|+max
Ωε

|Hn
22|+max

Ωε
|Un

1 |+max
Ωε

|Un
2 | ,

ζ1 = K0 (Kφ′ + 1)+K0 (Ka1 +Ka2) (1 +Kφ′ +Kγ′)+2+X1+X2+Nγ, σ2 = Ka1 +Ka2 +Kf ,
σ1 = K0 (Ma1Kφ′ +Ma2) (Ka1 +Ka2 + 1) + Kγ′K0 (Ma2Ka1 +Ma1Ka2) + Ma1 + Ma2 + Mf .
Âûïèøåì îöåíêè äëÿ ïðàâûõ ÷àñòåé óðàâíåíèé ñèñòåìû (3.16)�(3.23):∣∣Hn+1

i

∣∣ 6 Xi +
∣∣W n+1

1

∣∣Kai ,
∣∣W n+1

2

∣∣ 6 X1 +
∣∣W n+1

1

∣∣Ka1 ,
∣∣Un+1

∣∣ 6 Nγ +
∣∣W n+1

1

∣∣Kf ,∣∣W n+1
1

∣∣ 6 ε ∥W n
12∥ ,

∣∣Hn+1
lk

∣∣ 6 δlk +Kal

∣∣W n+1
1k

∣∣+Mal

∣∣W n+1
1

∣∣ (∥Hn
1k∥+ ∥Hn

2k∥+ ∥Un
k ∥) ,∣∣Un+1

i

∣∣ 6 Kγ′
∣∣W n+1

2i

∣∣+Mf

∣∣W n+1
1

∣∣ (∥Hn
1i∥+ ∥Hn

2i∥+ ∥Un
i ∥) ,∣∣W n+1

11

∣∣ 6 K0Kφ′ +K0 (Kφ′Ma1 +Ma2)
∣∣W n+1

1

∣∣ (∥Hn
11∥+ ∥Hn

21∥+ ∥Un
1 ∥) ,∣∣W n+1

12

∣∣ 6 K0 +K0 (Kφ′Ma1 +Ma2)
∣∣W n+1

1

∣∣ (∥Hn
12∥+ ∥Hn

22∥+ ∥Un
2 ∥) ,∣∣W n+1

2i

∣∣ 6 K0Ka3−i +K0

∣∣W n+1
1

∣∣ (Ka1Ma2 +Ka2Ma1) (∥Hn
1i∥+ ∥Hn

2i∥+ ∥Un
i ∥) ,

ãäå i, j, k = 1, 2, δlk � ñèìâîë Êðîíåêåðà.

Ñëîæèâ ëåâûå è ïðàâûå ÷àñòè ïîëó÷åííûõ íåðàâåíñòâ è ó÷èòûâàÿ ââåäåííûå
ðàííåå îáîçíà÷åíèÿ, ïîëó÷èì: vn+1 6 ζ1 + ε

(
σ1 (v

n)2 + σ2v
n
)
. Ïîòðåáóåì, ÷òîáû

ζ1 + ε
(
(10ζ1)

2 σ1 + 10ζ1σ2
)

6 10ζ1 , òîãäà ε 6 9

10 (10ζ1σ1 + σ2)
. Òàêèì îáðàçîì, åñëè

vn 6 10ζ1 ,òî vn+1 6 ζ1 + εσ1 (v
n)2 + εσ2v

n 6 10ζ1 . Ò.å. v
n+1 � êîíå÷íà ïðè 0 6 ε 6

9

10 (10ζ1σ1 + σ2)
, òîãäà èç

∣∣W n+1
11

∣∣+ ∣∣W n+1
12

∣∣+ ∣∣Hn+1
1

∣∣+ ∣∣Hn+1
2

∣∣+
+ |Un+1| +

∣∣Hn+1
11

∣∣ + ∣∣Hn+1
12

∣∣ + ∣∣Hn+1
21

∣∣ + ∣∣Hn+1
22

∣∣ + ∣∣Un+1
1

∣∣ + ∣∣Un+1
2

∣∣ 6 10ζ1 ñëåäóåò, ÷òî∣∣W n+1
11

∣∣ , ∣∣W n+1
12

∣∣ , ∣∣Hn+1
1

∣∣ , ∣∣Hn+1
2

∣∣ , |Un+1| ,
∣∣Hn+1

11

∣∣ , ∣∣Hn+1
12

∣∣ , ∣∣Hn+1
21

∣∣ , ∣∣Hn+1
22

∣∣ , ∣∣Un+1
1

∣∣ , ∣∣Un+1
2

∣∣ òî-
æå îãðàíè÷åíû, à çíà÷èò,

∣∣W n+1
11

∣∣ , ∣∣W n+1
12

∣∣ òàêæå îãðàíè÷åíû. Òîãäà ∣∣W n+1
1

∣∣ 6 ε
∥∥W n+1

12

∥∥ ,∣∣W n+1
1

∣∣ 6 10ζ1ε , à ñëåäîâàòåëüíî,
∣∣W n+1

2

∣∣ 6 X1 + 10ζ1εKa1 .
Òàêèì îáðàçîì, âñå ðàññìàòðèâàåìûå n+1 -ûå ïðèáëèæåíèÿ îãðàíè÷åíû â ìíîæåñòâå

Ωε , ãäå ε 6 min
(

9
10(10ζ1σ1+σ2)

; 9Nγ
10ζ1Kf

)
, è ïîñëåäîâàòåëüíîñòü, ñîñòàâëåííàÿ èç ïîñëåäîâà-

òåëüíûõ ïðèáëèæåíèé, îãðàíè÷åíà â ìíîæåñòâå Ωε .
Îáîçíà÷àÿ V n+1 = colon

(
Hn+1

1 , Hn+1
2 , Un+1,W n+1

1 ,W n+1
11 ,W n+1

12 ,W n+1
2 ,W n+1

21 ,W n+1
22 ,

Hn+1
11 , Hn+1

12 , Hn+1
21 , Hn+1

22 , Un+1
1 , Un+1

1

)
, ∥V n+1 − V n∥ =

∣∣Hn+1
1 −Hn

1

∣∣+ ∣∣Hn+1
2 −Hn

2

∣∣+
+|Un+1 − Un|+

∣∣W n+1
1 −W n

1

∣∣+∣∣W n+1
11 −W n

11

∣∣+∣∣W n+1
12 −W n

12

∣∣+∣∣W n+1
2 −W n

2

∣∣+∣∣W n+1
21 −W n

21

∣∣+
+
∣∣W n+1

22 −W n
22

∣∣+∣∣Hn+1
11 −Hn

11

∣∣+∣∣Hn+1
12 −Hn

12

∣∣+∣∣Hn+1
21 −Hn

21

∣∣+∣∣Hn+1
22 −Hn

22

∣∣+∣∣Un+1
1 − Un

1

∣∣+
+
∣∣Un+1

2 − Un
2

∣∣ , χ = max
16i615

χi ,ãäå χi � ïîñòîÿííûå, êîòîðûå ðàâíû ìàêñèìóìàì èç êîýôôè-

öèåíòîâ, ñòîÿùèõ ñîîòâåòñòâåííî ïðè ∥Hn+1
1 −Hn

1 ∥, ∥Hn+1
2 −Hn

2 ∥, ∥Un+1 −Un∥, ∥W n+1
1 −

−W n
1 ∥, ∥W n+1

11 −W n
11∥, ∥W n+1

12 −W n
12∥, ∥W n+1

2 −W n
2 ∥, ∥W n+1

21 −W n
21∥, ∥W n+1

22 −W n
22∥, ∥Hn+1

11 −
−Hn

11∥, ∥Hn+1
12 −Hn

12∥, ∥Hn+1
21 −Hn

21∥, ∥Hn+1
22 −Hn

22∥, ∥Un+1
1 −Un

1 ∥, ∥Un+1
2 −Un

2 ∥ , è ñêëàäûâàÿ
ðàçíîñòè n + 1 è n ïðèáëèæåíèé äëÿ êàæäîé èç íåèçâåñòíûõ ôóíêöèé, âõîäÿùèõ â ñè-
ñòåìó (3.16)�(3.23) ïîëó÷èì ∥V n+1 − V n∥ 6 εχ ∥V n − V n−1∥ . Ïîäáåðåì ε òàêèì îáðàçîì,

÷òîáû εχ < 1,

(
0 6 ε 6 min

(
9

10 (10ζ1σ1 + σ2)
;

9Nγ

10ζ1Kf

;
1

χ+ 1

))
, à V n = V 0 + V 1 −

− V 0 + V 2 − V 1 + ...+ V n − V n−1 ìîæíî áûëî îöåíèòü ñóììîé.
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Ââåäåì îáîçíà÷åíèÿ:

I1 =
∥∥(H0

1 , H
0
2 , U

0,W 0
1 ,W

0
11,W

0
12,W

0
2 ,W

0
21,W

0
22, H

0
11, H

0
12, H

0
21, H

0
22, U

0
1 , U

0
1

)∥∥ ,
I2 =

∥∥(H1
1 , H

1
2 , U

1,W 1
1 ,W

1
11,W

1
12,W

1
2 ,W

1
21,W

1
22, H

1
11, H

1
12, H

1
21, H

1
22, U

1
1 , U

1
1

)∥∥ ,
òîãäà ∥V 0∥ 6 I1, ∥V i − V i−1∥ 6 εi−1χi−1I2, 1 6 i 6 n.

Òàêèì îáðàçîì, äëÿ ðÿäà V 0+V 1−V 0+V 2−V 1+ . . .+V n−V n−1+ . . . ,áûëà ïîëó÷åíà
îöåíêà åãî ÷àñòè÷íîé ñóììû: ∥V n∥ 6 ∥V 0∥+ ∥V 1 − V 0∥+ ∥V 2 − V 1∥+ ...+ ∥V n − V n−1∥ 6
I1 +

I2
1− εχ

. Ñëåäîâàòåëüíî, ðÿä
∞∑
i=0

V i ñõîäèòñÿ.

Åäèíñòâåííîñòü ðåøåíèÿ ñëåäóåò èç òîãî ôàêòà, ÷òî äëÿ ðàçíîñòè äâóõ âîçìîæ-
íûõ ðåøåíèé uI è uII óðàâíåíèÿ (2.5) áóäåò âûïîëíÿòüñÿ íåðàâåíñòâî ∥uII − uI∥ 6
6 εχ3 ∥uII − uI∥ , ãäå εχ3 < 1 .

Äëÿ çàâåðøåíèÿ äîêàçàòåëüñòâà òåîðåìû â ñîîòâåòñòâèè ñ îáùåé ñõåìîé, èçëîæåí-

íîé â [11], [12], íåîáõîäèìî äîêàçàòü, ÷òî H11 =
∂H1

∂x1
, H12 =

∂H1

∂x2
, H21 =

∂H2

∂x1
,

H22 =
∂H2

∂x2
, U1 =

∂U

∂x1
, U2 =

∂U

∂x2
, W11 =

∂W1

∂x1
, W12 =

∂W1

∂x2
, W21 =

∂W2

∂x1
, W22 =

∂W2

∂x2
.

×òîáû ïîêàçàòü, ÷òî
∂Hn

1

∂x1
→ H11,

∂Hn
1

∂x2
→ H12,

∂Hn
2

∂x1
→ H21,

∂Hn
2

∂x2
→ H22,

∂Un

∂x1
→ U1,

∂Un

∂x2
→ U2 ñëîæèì âûðàæåíèÿ äëÿ |H11 − ∂Hn

1

∂x1
|, |H12 − ∂Hn

1

∂x2
|, |H21 −

∂Hn
2

∂x1
|, |H22 −

∂Hn
2

∂x2
|, |U1 −

∂Un

∂x1
|, |U2 −

∂Un

∂x2
| .

Ââåäÿ îáîçíà÷åíèÿ
⌢

V=
⌢

V (H11, H12, H21, H22, U1, U2) ,

Ṽ n = Ṽ

(
∂Hn

1

∂x1
,
∂Hn

1

∂x2
,
∂Hn

2

∂x1
,
∂Hn

2

∂x2
,
∂Un

∂x1
,
∂Un

∂x2

)
,
∥∥∥⌢V −Ṽ n

∥∥∥ =

∥∥∥∥H11 −
∂Hn

1

∂x1

∥∥∥∥+ ∥∥∥∥H12 −
∂Hn

1

∂x2

∥∥∥∥+
+

∥∥∥∥H21 −
∂Hn

2

∂x1

∥∥∥∥+ ∥∥∥∥H22 −
∂Hn

2

∂x2

∥∥∥∥+ ∥∥∥∥U1 −
∂Un

∂x1

∥∥∥∥+ ∥∥∥∥U2 −
∂Un

∂x2

∥∥∥∥ ,
ïîëó÷èì

∥∥∥⌢V −Ṽ n
∥∥∥ 6 10ζ1ε (Ma1 +Ma2 +Mf ) ·

∥∥∥⌢V −Ṽ n−1
∥∥∥+Πn, ãäå

Πn = (Ka1 +Ka2) ·
(∣∣∣∣W11 −

∂W n
1

∂x1

∣∣∣∣+ ∣∣∣∣W12 −
∂W n

1

∂x2

∣∣∣∣)+ Lγ′ |W2 −W n
2 | · (|W21|+ |W22|)+

+Kγ′ ·
(∣∣∣∣W21 −

∂W n
2

∂x1

∣∣∣∣+ ∣∣∣∣W22 −
∂W n

2

∂x2

∣∣∣∣)+ (La1 + La2)
(∥∥H1 −Hn−1

1

∥∥+
+
∥∥H2 −Hn−1

2

∥∥+ ∥∥U − Un−1
∥∥) · (∣∣∣∣∂W n

1

∂x1

∣∣∣∣+ ∣∣∣∣∂W n
1

∂x2

∣∣∣∣)+

+(Ma1 +Ma2) · |W1 −W n
1 | ·

(
∥H11∥+ ∥H21∥+ ∥U1∥+ ∥H12∥+ ∥H22∥+ ∥U2∥

)
+

+ |W n
1 |
((∥∥∥∥∂Hn−1

1

∂x1

∥∥∥∥+ ∥∥∥∥∂Hn−1
1

∂x2

∥∥∥∥) (La11 + La21)+

+

(∥∥∥∥∂Hn−1
2

∂x1

∥∥∥∥+ ∥∥∥∥∂Hn−1
2

∂x2

∥∥∥∥) (La12 + La22) +

(∥∥∥∥∂Un−1

∂x1

∥∥∥∥+ ∥∥∥∥∂Un−1

∂x2

∥∥∥∥) (La1U + La2U )

)
·

·
(∥∥H1 −Hn−1

1

∥∥+ ∥∥H2 −Hn−1
2

∥∥+ ∥∥U − Un−1
∥∥)+ |s|

((∥∥∥∥∂Hn−1
1

∂x1

∥∥∥∥+
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+

∥∥∥∥∂Hn−1
1

∂x2

∥∥∥∥
)
Lf1 +

(∥∥∥∥∂Hn−1
2

∂x1

∥∥∥∥+ ∥∥∥∥∂Hn−1
2

∂x2

∥∥∥∥)Lf2+
+

(∥∥∥∥∂Un−1

∂x1

∥∥∥∥+ ∥∥∥∥∂Un−1

∂x2

∥∥∥∥)LfU)(∥∥H1 −Hn−1
1

∥∥+ ∥∥H2 −Hn−1
2

∥∥+ ∥∥U − Un−1
∥∥) .

Ïîêàæåì, ÷òî
∂W n

1

∂x1
,
∂W n

1

∂x2
,
∂W n

2

∂x1
,
∂W n

2

∂x2
îãðàíè÷åíû. Äåéñòâèòåëüíî,

∣∣∣∂Wn
1

∂x1

∣∣∣ = ∣∣∣∣ lim
∆x1→0

Wn
1 (x1+∆x1,x2)−Wn

1 (x1,x2)

∆x1

∣∣∣∣ =
=

∣∣∣∣ lim
∆x1→0

1
∆x1

( x2∫
φ(x1+∆x1)

W n−1
12 dx2 −

x2∫
φ(x1)

W n−1
12 dx2

)∣∣∣∣ 6
6
∥∥W n−1

12

∥∥ ∣∣∣∣ lim
∆x1→0

−(φ(x1+∆x1)−φ(x1))
∆x1

∣∣∣∣ = ∥∥W n−1
12

∥∥ · |φ′(x1)| 6
∥∥W n−1

12

∥∥Kφ′ .

Ðàíåå áûëî äîêàçàíî, ÷òî |W n
1 | îãðàíè÷åíà,è,ñëåäîâàòåëüíî, îòñþäà |W n

11| è |W n
12| òàêæå

îãðàíè÷åíû. Ìîæíî ñêàçàòü, ÷òî |W n
12| 6 εc , à çíà÷èò,

∥∥∥∥∂W n
1

∂x1

∥∥∥∥ 6 εcKφ′ .∣∣∣∣∂W n
1

∂x2

∣∣∣∣ = ∣∣∣∣ lim
∆x2→0

W n
1 (x1, x2 +∆x2)−W n

1 (x1, x2)

∆x2

∣∣∣∣ =
=

∣∣∣∣ lim
∆x2→0

1

∆x2

( x2+∆x2∫
φ(x1)

W n−1
12 (x1; δ) dδ −

x2∫
φ(x1)

W n−1
12 (x1; δ) dδ

)∣∣∣∣ 6 ∥∥W n−1
12

∥∥ , òî∥∥∥∥∂W n
1

∂x2

∥∥∥∥ 6 εc.

Ïîñêîëüêó

∣∣∣∣∂W n
2

∂x1

∣∣∣∣ = ∣∣∣∣1− an−1
1

∂W n
1

∂x1
−

W1\n∫
s

(
an−1
11

(
∂Hn−1

1

∂x1
− 1

)
+ an−1

11 + an−1
12

∂Hn−1
2

∂x1
+

+an−1
1U

∂Un−1

∂x1

)
dδ

∣∣∣∣ 6 1 +Ka1

∣∣∣∣∂W n
1

∂x1

∣∣∣∣+ |W n
1 |Ma1

(∥∥∥∥∂Hn−1
1

∂x1
− 1

∥∥∥∥+ ∥∥∥∥∂Hn−1
2

∂x1

∥∥∥∥+ ∥∥∥∥∂Un−1

∂x1

∥∥∥∥)+

+ |W n
1 |Ka1 , òî

∣∣∣∣∂W n
2

∂x1

∣∣∣∣ 6 1 + εcKa1Kφ′ + 10ζ1εMa1

(∥∥∥∥∂Hn−1
1

∂x1
− 1

∥∥∥∥+ ∥∥∥∥∂Hn−1
2

∂x1

∥∥∥∥+ ∥∥∥∥∂Un−1

∂x1

∥∥∥∥)+ 10ζ1εKa1 .

(3.24)

Âûâåäåì îöåíêè äëÿ
∂Hn

1

∂x1
,
∂Hn

2

∂x1
,
∂Un

∂x1
. Ñëîæèâ íåðàâåíñòâà äëÿ

∥∥∥∥∂Hn
1

∂x1
− 1

∥∥∥∥ , ∥∥∥∥∂Hn
2

∂x1

∥∥∥∥ ,∥∥∥∥∂Un

∂x1

∥∥∥∥ , è ââåäÿ îáîçíà÷åíèÿ vn1 = max
Ωε

∣∣∣∣∂Hn
1

∂x1
− 1

∣∣∣∣ + max
Ωε

∣∣∣∣∂Hn
2

∂x1

∣∣∣∣ + max
Ωε

∣∣∣∣∂Un

∂x1

∣∣∣∣ ,
ξ1 = cKφ′ ((Kγ′ + 1)Ka1 +Ka2) + 10ζ1 ((Kγ′ + 1)Ka11 +Ka21 +Kf1) , ξ2 = 10ζ1 ((Kγ′ + 1) ·
·Ma1 +Ma2 +Mf ) , ïîëó÷èì vn1 6 Kγ′ + ε

(
ξ1 + ξ2v

n−1
1

)
. Íàéäåì òàêîå ε , ÷òîáû

Kγ′ + ε (ξ1 + 10ζ1ξ2) 6 10ζ1, ò. å. ε 6
10ζ1 −Kγ′

ξ1 + 10ζ1ξ2
.

Òàêèì îáðàçîì, åñëè vn−1
1 6 10ζ1, òî vn1 6 10ζ1. Ìû ïîëó÷èëè, ÷òî vn1 êîíå÷-

íà ïðè 0 6 ε 6 10ζ1 −Kγ′

ξ1 + 10ζ1ξ2
, òîãäà èç íåðàâåíñòâà

∣∣∣∣∂Hn
1

∂x1
− 1

∣∣∣∣ + ∣∣∣∣∂Hn
2

∂x1

∣∣∣∣ + ∣∣∣∣∂Un

∂x1

∣∣∣∣ 6
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6 10ζ1 ñëåäóåò, ÷òî âåëè÷èíû

∣∣∣∣∂Hn
1

∂x1
− 1

∣∣∣∣ , ∣∣∣∣∂Hn
2

∂x1

∣∣∣∣ , ∣∣∣∣∂Un

∂x1

∣∣∣∣ îãðà-

íè÷åíû, à çíà÷èò, îãðàíè÷åíà è
∂Hn

1

∂x1
. Ñ ó÷åòîì ôîðìóëû (3.24):∣∣∣∣∂W n

2

∂x1

∣∣∣∣ 6 1 + εcKa1Kφ′ + (10ζ1)
2 εMa1 + 10ζ1εKa1 ,

∥∥∥∥∂W n
2

∂x1

∥∥∥∥ 6

6 ε
(
cKa1Kφ′ + (10ζ1)

2Ma1 + 10ζ1Ka1

)
.

Àíàëîãè÷íî ïîêàçûâàåòñÿ, ÷òî ïðè 0 6 ε 6 10ζ1
ξ3 + 10ζ1ξ2

îãðàíè÷åíû
∂Hn

1

∂x2
− 1,

∂Hn
2

∂x2
,
∂Un

∂x2
, à ñëåäîâàòåëüíî, è

∂Hn
1

∂x2
,
∂W n

2

∂x2
. Çäåñü ζ1, ξ2 îïðåäåëåíû âûøå, à ξ3 = c ((Kγ′+

+1)Ka1 +Ka2) + 10ζ1 ((Kγ′ + 1)Ka12 +Ka22 +Kf2) .
Â ñèëó W n

11 → W11, ÷òî
∂W1

∂x1
= W11 è |W n

1 −W1| 6 ε1, ò. ê. W
n
1 → W1, ïîëó÷èì∣∣∣∣W11 −

∂W n
1

∂x1

∣∣∣∣ 6 ε1. Òàêèì îáðàçîì W11 =
∂Wn

1

∂x1
.

Ðàâåíñòâà
∂W n

1

∂x2
= W12,

∂W n
2

∂x1
= W21,

∂W n
2

∂x2
=W22 äîêàçûâàþòñÿ àíàëîãè÷íî.

Ïîñêîëüêó W n
11 →
n→∞

W11, W
n
12 →
n→∞

W12, W
n
21 →
n→∞

W21, W
n
22 →
n→∞

W22 è an1 , a
n
2 , γ

′ (W n
2 ) ,

∂W n
2

∂x1
,
∂W n

2

∂x2
,
∂W n

1

∂x1
,
∂W n

1

∂x2
îãðàíè÷åíû, òî ∀ε̃max > 0 ∃N ∈ N ∀n ≥ N ∥Πn∥ < ε̃max .

Çíà÷èò, ∥
⌢

V −Ṽ n∥ 6 10ζ1ε (Ma1 +Ma2 +Mf ) ∥
⌢

V −Ṽ n−1∥+ ε̃max.
Îáîçíà÷èì Amax = 10ζ1ε (Ma1 +Ma2 +Mf ) , ïðè÷åì Amax < 1. Òîãäà çàïèñàííîå âûøå

íåðàâåíñòâî ïðèìåò âèä ∥
⌢

V −Ṽ n∥ 6 Amax∥
⌢

V −Ṽ n−1∥ + ε̃max. Èç ýòîãî ñëåäóåò, ÷òî äëÿ

ëþáîãî p ∈ N èìååì ∥
⌢

V −Ṽ n+p∥ 6 Ap+1
max∥

⌢

V −Ṽ n−1∥ +
ε̃max

1− Amax

. Ïîñêîëüêó Amax < 1,

ïåðåõîäÿ ê ïðåäåëó ïðè n→ ∞, ïîëó÷èì: ∥
⌢

V −Ṽ n∥ 6 δ, ãäå δ =
ε̃max

1− Amax

.

Ìû äîêàçàëè, ÷òî Ṽ n â ïðîñòðàíñòâå C1 (Ωε) ñõîäèòñÿ ïî íîðìå ∥Ṽ n∥ ïðè n → ∞ ,

òî åñòü
∂Hn

1

∂x1
→ H11,

∂Hn
1

∂x2
→ H12,

∂Hn
2

∂x1
→ H21,

∂Hn
2

∂x2
→ H22,

∂Un

∂x1
→ U1,

∂Un

∂x2
→ U2 â

ïðîñòðàíñòâå C1 (Ωε) ñõîäèòñÿ ïî íîðìå ∥Ṽ n∥ .
Â ðåçóëüòàòå äëÿ ïîñëåäîâàòåëüíîñòåé {Hn

1 } , {Hn
2 } , {Un} áûëè óñòàíîâëåíû ñëå-

äóþùèå ñâîéñòâà: Hn
1 → H1 ∈ C1 (Ωε) , H

n
2 → H2 ∈ C1 (Ωε) , U

n → U ∈ C1 (Ωε) .
Â ñèëó ïîëíîòû è çàìêíóòîñòè C1 (Ωε) ïîëó÷àåì, ÷òî H1 ∈ C1 (Ωϵ) , H2 ∈ C1 (Ωε) ,
U ∈ C1 (Ωε) , à çíà÷èò, îáëàäàþò ÷àñòíûìè ïðîèçâîäíûìè ïî s, x1, x2 , ïðè÷åì
∂Hn

1

∂x1
→ ∂H1

∂x1
≡ H11,

∂Hn
2

∂x1
→ ∂H2

∂x1
≡ H21,

∂Hn
1

∂x2
→ ∂H1

∂x2
≡ H12,

∂Hn
2

∂x2
→ ∂H2

∂x2
≡ H22,

∂Un

∂x1
→ ∂U

∂x1
≡ U1,

∂Un

∂x2
→ ∂U

∂x2
≡ U2. Òàêèì îáðàçîì, òåîðåìà äîêàçàíà.

Ò å î ð å ì à 3.1 Ïóñòü a1 (x1, x2, z) , a2 (x1, x2, z) , f (x1, x2, z) íåïðåðûâíî äèôôå-
ðåíöèðóåìûå ôóíêöèè ïî âñåì àðãóìåíòàì â ìíîæåñòâå Qρ ;L � êðèâàÿ, íåñóùàÿ íà-

÷àëüíûå äàííûå:x2 = φ(x1) ; φ (x1) , γ (x1) ∈ C
2
[X1;X2] ; âûïîëíåíî îñíîâíîå óñëîâèå ðàç-

ðåøèìîñòè |J | ≥ KJ . Òîãäà ñóùåñòâóåò òàêîå ÷èñëî ε0 > 0 , ÷òî ïðè 0 6 ε 6 ε0 ,

çàäà÷à Êîøè (1.1), (3.1) èìååò åäèíñòâåííîå ðåøåíèå z ∈ C
1
(Ωε) , êîòîðîå ïðè s = ω

ñîâïàäàåò ñ ôóíêöèåé u(s, x1, x2) = U(s, x1, x2) , îïðåäåëÿåìîé èç ðåçîëüâåíòíîé ñèñòåìû
(3.8) � (3.15).
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A �rst-order partial di�erential equation of the common

type with di�erent ways of initial data

c⃝ S. N. Alekseenko 1, L. E. Platonova 2

Abstract. The Cauchy problem for a quasi-linear �rst order partial di�erential equation is studied
for di�erent cases of initial data. In the �rst case, the line carrying the initial data is speci�ed
parametrically; in the second case, this line is described in Cartesian coordinates and has an
in�nite length; in the third case, the line is speci�ed in Cartesian coordinates and its length is
�nite. In each case, the local resolvability conditions are formulated for the considered quasi-linear
equation and it is shown that the solution has the same smoothness as the function de�ning the
initial conditions. To study the above problems the method of additional argument was used. Using
this method, some system of integral equations is solved, and the solution of this system gives the
solution of the Cauchy problem for the original equation.

Key Words: quasi-linear �rst order partial di�erential equation, Cauchy problem, method of an
additional argument, local resolvability, integral equation.
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