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×èñëåííûå ìåòîäû ðåøåíèÿ çàäà÷ â íåëèíåéíûõ

ìàêðîýêîíîìè÷åñêèõ èíòåãðàëüíûõ ìîäåëÿõ

c⃝ À. Í. Òûíäà 1, Í. Þ. Êóäðÿøîâà 2

Àííîòàöèÿ. Â ðàáîòå ïðåäëàãàåòñÿ ðÿä ìåòîäîâ ÷èñëåííîãî èññëåäîâàíèÿ èíòåãðàëüíûõ äè-
íàìè÷åñêèõ ñèñòåì, îïèñûâàåìûõ íåëèíåéíûìè èíòåãðàëüíûìè óðàâíåíèÿìè ñïåöèàëüíîãî
âèäà. Ïåðâàÿ ãðóïïà çàäà÷ ñâÿçàíà ñ ðåøåíèåì ñèñòåìû íåëèíåéíûõ èíòåãðàëüíûõ óðàâíå-
íèé Âîëüòåððà ñ íåèçâåñòíîé ôóíêöèåé â íèæíèõ ïðåäåëàõ èíòåãðèðîâàíèÿ. Ïðåäëîæåíî
äâà ýôôåêòèâíûõ ÷èñëåííûõ ìåòîäà � ïðÿìîé è èòåðàöèîííûé, îñíîâàííûé íà ëèíåàðèçà-
öèè èíòåãðàëüíûõ îïåðàòîðîâ ïî ìîäèôèöèðîâàííîé ñõåìå Íüþòîíà-Êàíòîðîâè÷à. Âòîðàÿ
ãðóïïà ðàññìîòðåííûõ çàäà÷ ñâÿçàíà ñ ïîñòðîåíèåì îïòèìàëüíûõ òðàåêòîðèé â ìàêðîýêîíî-
ìè÷åñêèõ ìîäåëÿõ êëàññà VCM. Ïðåäëîæåíî äâà îðèãèíàëüíûõ ïîäõîäà ðåøåíèÿ òàêèõ çàäà÷
îïòèìàëüíîãî óïðàâëåíèÿ, ïîçâîëÿþùèõ ÷èñëåííî îïðåäåëèòü ýêñòðåìàëè â ïåðâîì ïðèáëè-
æåíèè. Ïðåäëîæåííàÿ ìåòîäèêà ïîñòðîåíèÿ ÷èñëåííûõ ðåøåíèé ïîçâîëÿåò ïîëó÷àòü è áîëåå
òî÷íûå ïðèáëèæåíèÿ ïðè èñïîëüçîâàíèè ñîîòâåòñòâóþùèõ àïïðîêñèìàöèé. Â çàêëþ÷åíèè
ïðèâåäåíû ðåçóëüòàòû ðåøåíèÿ ðÿäà ìîäåëüíûõ çàäà÷, ïîçâîëÿþùèå ñóäèòü îá ýôôåêòèâíî-
ñòè ïðåäëîæåííûõ ïîäõîäîâ.

Êëþ÷åâûå ñëîâà: ñèñòåìû íåëèíåéíûõ èíòåãðàëüíûõ óðàâíåíèé, ìîäåëè VCM, ìåòîä
Íüþòîíà-Êàíòîðîâè÷à, íåëèíåéíûå çàäåðæêè, ýêñòðåìàëè ôóíêöèîíàëà, àïïðîêñèìàöèÿ èí-
òåãðàëîâ.

1. Ââåäåíèå

Ïðè ìîäåëèðîâàíèè ìàêðîýêîíîìè÷åñêèõ è ïðîèçâîäñòâåííûõ ïðîöåññîâ, òàêèõ êàê
çàäà÷è îïðåäåëåíèÿ îïòèìàëüíîãî ñðîêà ñëóæáû ïðîèçâîäñòâåííîãî îáîðóäîâàíèÿ è åãî
çàìåíû â ïðîèçâîäñòâå, ïðèìåíÿþòñÿ èíòåãðàëüíûå äèíàìè÷åñêèå ñèñòåìû. Òàêæå îíè
èñïîëüçóþòñÿ â òåîðèè âîññòàíîâëåíèÿ è ìàòåìàòè÷åñêîé ýêîëîãèè [1]�[4].

Òàêèå ñèñòåìû îïèñûâàþòñÿ ëèíåéíûìè è íåëèíåéíûìè èíòåãðàëüíûìè óðàâíåíèÿìè
Âîëüòåððà è èõ ñèñòåìàìè ñïåöèàëüíîãî âèäà. Ïðè ýòîì íàèáîëåå ïîëíûå ìîäåëè òàêî-
ãî êëàññà ñîäåðæàò ðàçíîãî âèäà âðåìåííûå çàäåðæêè. Â îòëè÷èè îò õîðîøî èçó÷åííûõ
äèíàìè÷åñêèõ ñèñòåì, îïèñûâàåìûõ îáûêíîâåííûìè äèôôåðåíöèàëüíûìè óðàâíåíèÿìè ñ
çàäåðæêàìè, ìîäåëè, îñíîâàííûå íà èíòåãðàëüíûõ è èíòåãðî-äèôôåðåíöèàëüíûõ óðàâíå-
íèÿõ ñ çàäåðæêàìè, îñòàþòñÿ íåäîñòàòî÷íî ðàçðàáîòàííûìè. Íàïðèìåð, â òåîðèè àâòîìà-
òè÷åñêîãî óïðàâëåíèÿ ìàëî èññëåäîâàíà èíòåãðàëüíàÿ ìîäåëü íåëèíåéíîé äèíàìè÷åñêîé
ñèñòåìû ñ íåèçâåñòíûìè âåëè÷èíàìè çàäåðæêè. Â ðàáîòå [5] ïðåäëàãàåòñÿ ðÿä ÷èñëåí-
íûõ ìåòîäîâ ðåøåíèÿ ëèíåéíûõ è íåëèíåéíûõ èíòåãðàëüíûõ óðàâíåíèé ñ ïåðåìåííûìè â
ïðåäåëàõ èíòåãðèðîâàíèÿ, èãðàþùèìè ðîëü âðåìåííûõ çàäåðæåê.

Â ïîñëåäíåå âðåìÿ òàêæå âîçðîñ èíòåðåñ ê îäíîìó èç ïðèìåíåíèé òàêîãî ðîäà ìîäå-
ëåé, à èìåííî ê ìîäåëèðîâàíèþ îïòèìàëüíîãî ñðîêà ñëóæáû îñíîâíîãî îáîðóäîâàíèÿ, êàê
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ïðàâèëî, ñ ó÷åòîì òåõíîëîãè÷åñêèõ èçìåíåíèé. Â ýêîíîìè÷åñêîé òåîðèè òàêèå ìîäåëè èç-
âåñòíû êàê Vintage Capital Models (VCM) [4]. Ìàòåìàòè÷åñêè ìîäåëè VCM îïèñûâàþòñÿ
ñ ïîìîùüþ íåëèíåéíûõ èíòåãðàëüíûõ óðàâíåíèé Âîëüòåððà ñ íåèçâåñòíîé ôóíêöèåé â
ïðåäåëàõ èíòåãðèðîâàíèÿ. Òàêèå ìîäåëè èãðàþò âàæíóþ ðîëü ïðè èçó÷åíèè ýêîíîìèêî-
òåõíîëîãè÷åñêèõ ïðîöåññîâ. Íåñìîòðÿ íà áîëüøîé ïðàêòè÷åñêèé èíòåðåñ ê ìîäåëÿì VCM,
èõ îïòèìàëüíàÿ äèíàìèêà ïîëíîñòüþ íå èçó÷åíà [4],[6] è [7].

2. Ñèñòåìû íåëèíåéíûõ èíòåãðàëüíûõ óðàâíåíèé

Ðàññìîòðèì ñèñòåìó íåëèíåéíûõ èíòåãðàëüíûõ óðàâíåíèé ñëåäóþùåãî âèäà

x(t) =
t∫

y(t)

H(t, τ, x(τ))dτ,

t∫
y(t)

K(t, τ, x(τ))dτ = f(t),

c(t) =
t∫

y(t)

L(t, τ, x(τ))dτ,

t ∈ [t0, T ), t0 < T 6 ∞, (2.1)

îòíîñèòåëüíî íåèçâåñòíûõ ôóíêöèé x(t), y(t) è c(t) ñ çàäàííûìè íà÷àëüíûìè óñëîâèÿìè

y(t0) = Y0 < t0, x(τ) ≡ φ0(τ), τ ∈ (−∞, t0],

ãäå f(t) � ïðèðîñò ïðîèçâîäèòåëüíîñòè â åäèíèöó âðåìåíè íîâûõ ðàáî÷èõ ìåñò, ñîçäàâàå-
ìûõ â ìîìåíò t ; x(t) � êîëè÷åñòâî íîâûõ ðàáî÷èõ ìåñò, ñîçäàâàåìûõ çà åäèíèöó âðåìåíè
â ìîìåíò t ; y(t) � âðåìåííûå ãðàíèöû ëèêâèäàöèè óñòàðåâøèõ ðàáî÷èõ ìåñò; c(t) � îáú-
åì âûïóñêà ïðåäìåòîâ ïîòðåáëåíèÿ çà åäèíèöó âðåìåíè â ìîìåíò t . Òàêæå çäåñü ïðåä-
ïîëàãàåòñÿ, ÷òî çàäàííûå ôóíêöèè H(t, τ, x), K(t, τ, x), L(t, τ, x), f(t), φ0(t) íåïðåðûâíû,
íåîòðèöàòåëüíû ïðè τ ∈ (−∞, T ), t ∈ [t0, T ), x ∈ [0,∞) è óäîâëåòâîðÿþò óðàâíåíèÿì
ñèñòåìû (2.1) â òî÷êå t = t0.

Â ðàáîòå Þ. Ï. ßöåíêî [8] ïðèâåäåíà è äîêàçàíà òåîðåìà î ñóùåñòâîâàíèè è åäèíñòâåí-
íîñòè ðåøåíèÿ ñèñòåìû (2.1).

2.1. Èòåðàöèîííûé ìåòîä

Áëàãîäàðÿ òîìó, ÷òî íåèçâåñòíàÿ ôóíêöèÿ c(t) íå ñîäåðæèòñÿ â ïåðâûõ äâóõ óðàâíå-
íèÿõ ñèñòåìû (2.1), öåëåñîîáðàçíî ðåøàòü ïîäñèñòåìó âèäà

x(t) =
t∫

y(t)

H(t, τ, x(τ))dτ,

t∫
y(t)

K(t, τ, x(τ))dτ = f(t),

t ∈ [t0, T ), t0 < T 6 ∞. (2.2)

Ïîñëå ïîëó÷åíèÿ çíà÷åíèé
(
x(t), y(t)

)
, ïîäñòàâèâ èõ â òðåòüå óðàâíåíèå ñèñòåìû (2.1),

íàõîäèì çíà÷åíèå c(t).
Ïîñòðîèì ïðèáëèæåííûé ìåòîä ðåøåíèÿ ñèñòåìû (2.2) íà îòðåçêå [t0, T ] . Ïåðåïèøåì

ñèñòåìó â âèäå
P1(x(t), y(t)) ≡ x(t)−

t∫
y(t)

H(t, τ, x(τ))dτ = 0,

P2(x(t), y(t)) ≡ f(t)−
t∫

y(t)

K(t, τ, x(τ))dτ = 0,

0 < t0 6 t 6 T, (2.3)
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èëè â îïåðàòîðíîé ôîðìå

P (X) =
(
P1(X), P2(X)

)
= 0, X = (x(t), y(t)). (2.4)

Óðàâíåíèå (2.4) áóäåì ðåøàòü ìîäèôèöèðîâàííûì ìåòîäîì Íüþòîíà-Êàíòîðîâè÷à.
Ïðåäëîæåííûé íèæå àëãîðèòì ÿâëÿåòñÿ îáîáùåíèåì èòåðàöèîííî-ïðîåêöèîííîãî ìåòî-
äà, ïîñòðîåííîãî â [9] è [10], íà ñëó÷àé íåëèíåéíîñòè ïî ïåðåìåííîé x ÿäåð H(t, τ, x) è
K(t, τ, x) èíòåãðàëüíûõ óðàâíåíèé ñèñòåìû (2.1).

Èòåðàöèîííûé ïðîöåññ ïðèìåò âèä

Xm+1 = Xm − [P ′(X0)]
−1(P (Xm)), m = 0, 1, . . . ., (2.5)

ãäå X0 = (x0(t), y0(t)) � íà÷àëüíîå ïðèáëèæåíèå.
Íåòðóäíî ïîêàçàòü, ÷òî ïðîèçâîäíàÿ P ′(X0) íåëèíåéíîãî îïåðàòîðà P (X) â òî÷êå X0

îïðåäåëÿåòñÿ ìàòðèöåé èç ÷àñòíûõ ïðîèçâîäíûõ ∂P1

∂x

∣∣∣
(x0,y0)

∂P1

∂y

∣∣∣
(x0,y0)

∂P2

∂x

∣∣∣
(x0,y0)

∂P2

∂y

∣∣∣
(x0,y0)

 .

Ñëåäîâàòåëüíî, ñèñòåìà îòíîñèòåëüíî ïîïðàâêè íà ïåðâîé èòåðàöèè èìååò âèä
∂P1

∂x(t)

∣∣∣
(x0,y0)

(∆x(t)) + ∂P1

∂y(t)

∣∣∣
(x0,y0)

(∆y(t)) = −P1(x0(t), y0(t)),

∂P2

∂x(t)

∣∣∣
(x0,y0)

(∆x(t)) + ∂P2

∂y(t)

∣∣∣
(x0,y0)

(∆y(t)) = −P2(x0(t), y0(t)),
(2.6)

ãäå ∆x(t) = x1(t)− x0(t), ∆y(t) = y1(t)− y0(t) ;

∂P1

∂x

∣∣∣
(x0,y0)

= lim
s→0

P1(x0 + sx, y0)− P1(x0, y0)

s
= x(t)−

t∫
y0(t)

H3(t, τ, x0(τ))x(τ)dτ ;

∂P1

∂y

∣∣∣
(x0,y0)

= H
(
t, y0(t), x0(y0(t))

)
y(t);

∂P2

∂x

∣∣∣
(x0,y0)

= −
t∫

y0(t)

K3(t, τ, x0(τ))x(τ)dτ ;

∂P2

∂y

∣∣∣
(x0,y0)

= K
(
t, y0(t), x0(y0(t))

)
y(t);

H3(t, τ, x0) =
∂H(t, τ, x)

∂x

∣∣∣∣
x=x0

, K3(t, τ, x0) =
∂K(t, τ, x)

∂x

∣∣∣∣
x=x0

.

Ïðåäïîëàãàåòñÿ, ÷òî ÿäðà H è K äèôôåðåíöèðóåìû ïî ïåðåìåííîé x â òî÷êå x0 .
Òàêèì îáðàçîì, ñèñòåìà (2.6) ïðèíèìàåò âèä

∆x(t)−
t∫

y0(t)

H3(t, τ, x0(τ))∆x(τ)dτ +H
(
t, y0(t), x0(y0(t))

)
∆y(t) =

=
t∫

y0(t)

H(t, τ, x0(τ))dτ − x0(t),

−
t∫

y0(t)

K3(t, τ, x0(τ))∆x(τ)dτ +K
(
t, y0(t), x0(y0(t))

)
∆y(t) =

=
t∫

y0(t)

K(t, τ, x0(τ))dτ − f(t).

(2.7)

À. Í. Òûíäà, Í. Þ. Êóäðÿøîâà. ×èñëåííûå ìåòîäû ðåøåíèÿ çàäà÷ â íåëèíåéíûõ . . .



82 Æóðíàë ÑÂÌÎ. 2017. Òîì 19, � 4

Ñèñòåìà èíòåãðàëüíûõ óðàâíåíèé (2.7) � ëèíåéíà, ðåøàÿ åå îòíîñèòåëüíî ∆x(t) è
∆y(t) , íàõîäèì

(
x1(t), y1(t)

)
. Ïîäñòàâëÿÿ ïîëó÷åííûå çíà÷åíèÿ

(
x1(t), y1(t)

)
â òðåòüå

óðàâíåíèå ñèñòåìû (2.1), íàõîäèì çíà÷åíèå c1(t). Ïðîäîëæèâ ýòîò ïðîöåññ, ïîëó÷èì ïî-
ñëåäîâàòåëüíîñòü ïðèáëèæåííûõ ðåøåíèé

(
xm(t), ym(t), cm(t)

)
, îïðåäåëÿåìûõ èç ñèñòåì

∆xm(t)−
t∫

y0(t)

H3(t, τ, x0(τ))∆xm(τ)dτ +H
(
t, y0(t), x0(y0(t))

)
∆ym(t) =

=
t∫

ym−1(t)

H(t, τ, xm−1(τ))dτ − xm−1(t),

−
t∫

y0(t)

K3(t, τ, x0(τ))∆xm(τ)dτ +K
(
t, y0(t), x0(y0(t))

)
∆ym(t) =

=
t∫

ym−1(t)

K(t, τ, xm−1(τ))dτ − f(t),

(2.8)

ãäå ∆xm(t) = xm(t)− xm−1(t), ∆ym(t) = ym(t)− ym−1(t), m = 2, 3, . . . .
Òàêèì îáðàçîì, äëÿ íàõîæäåíèÿ êàæäîãî ñëåäóþùåãî ïðèáëèæåíèÿ òðåáóåòñÿ ðåøåíèå

ñèñòåìû äâóõ ëèíåéíûõ èíòåãðàëüíûõ óðàâíåíèé Âîëüòåððà. Ïðè ýòîì ÿäðà óðàâíåíèé â
ëåâûõ ÷àñòÿõ íà êàæäîì øàãó îñòàþòñÿ íåèçìåííûìè.

2.2. Óðàâíåíèÿ Âîëüòåððà ñ ïåðåìåííîé çàäåðæêîé

Íà êàæäîì øàãå èòåðàöèîííîãî ïðîöåññà (2.8) âîçíèêàåò íåîáõîäèìîñòü ðåøåíèÿ ëè-
íåéíîãî èíòåãðàëüíîãî óðàâíåíèÿ Âîëüòåððà âòîðîãî ðîäà ñëåäóþùåãî âèäà

x(t)−
t∫

y(t)

h(t, τ)x(τ)dτ = F (t), t ∈ [t0, T ], (2.9)

ãäå y(t) < t � íåóáûâàþùàÿ ôóíêöèÿ, y(t0) = Y0 < t0 , x(t) = φ0(t) ïðè t 6 t0.
Äëÿ ðåøåíèÿ óðàâíåíèÿ (2.9) âîñïîëüçóåìñÿ ìåòîäîì ïîñëåäîâàòåëüíûõ ïðèáëèæåíèé:

xn+1(t) = F (t) +

t∫
y(t)

h(t, τ)xn(τ)dτ, t ∈ [t0, T ], x0(t) = F (t). (2.10)

Ââåäåì íà îòðåçêå [t0, T ] ðàâíîìåðíóþ ñåòêó (w) , ñîñòîÿùóþ èç òî÷åê ti = t0 + (T −
t0)

i
N
, i = 1, N. Êàæäûé èç èíòåðâàëîâ [tk−1, tk], k = 1, N, ðàçîáüåì â ñâîþ î÷åðåäü

òî÷êàìè

tjk =
tk + tk−1

2
+
tk − tk−1

2
ξj, t0k = tk−1 j = 1, r − 2, k = 1, N,

ãäå ξj � íóëè ìíîãî÷ëåíà Ëåæàíäðà ñòåïåíè (r− 2), à ïàðàìåòð r çàâèñèò îò ãëàäêîñòè
âõîäÿùèõ â èíòåãðàëüíîå óðàâíåíèå (2.9) ôóíêöèé.

Çíà÷åíèÿ î÷åðåäíîãî ïðèáëèæåíèÿ â òî÷êàõ tjk áóäåì îïðåäåëÿòü èç ðàâåíñòâ

xn+1(t
j
k) = F (tjk) +

tjk∫
y(tjk)

h(tjk, τ)xn(τ)dτ, j = 0, r − 2, k = 1, N. (2.11)
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Ïðèáëèæåííîå ðåøåíèå íà êàæäîé èòåðàöèè ïðåäñòàâëÿåò ñîáîé íåïðåðûâíûé ïî-
ëèíîìèàëüíûé ñïëàéí x̃n(t) , ñîñòàâëåííûé èç N èíòåðïîëÿöèîííûõ ïîëèíîìîâ ñòå-
ïåíè (r − 1) , ïîñòðîåííûõ ïî óçëàì tjk è tk, j = 0, r − 2, äëÿ êàæäîãî èíòåðâàëà
[tk−1, tk], k = 1, N.

Ââåäåì íà ñåòêå (w) öåëî÷èñëåííóþ ôóíêöèþ

Vw(t) =

{
l, ïðè t ∈ (tl−1, tl], l = 1, N,
0, ïðè t /∈ (t0, T ],

è îáîçíà÷èì Vk,j = Vw(y(t
j
k)). Òîãäà ðàâåíñòâà (2.11) ìîæíî çàïèñàòü â âèäå

xn+1(t
j
k) = F (tjk) +

tVk,j∫
y(tjk)

h(tjk, τ)φ0(τ)dτ+

+
k−1∑

i=Vk,j+1

ti∫
ti−1

h(tjk, τ)xn(τ)dτ +

tjk∫
tk−1

h(tjk, τ)x̃n(τ)dτ, j = 0, r − 2, k = 1, N.

(2.12)

Ïåðâûé èíòåãðàë ïî îòðåçêó [y(tjk), tVk,j ] â ôîðìóëå (2.12) âû÷èñëÿåì ïî êâàäðàòóðíîé

ôîðìóëå Ãàóññà ñ (r− 2) óçëàìè, à â ñëó÷àå åñëè tVk,j − y(tjk) >
T−t0
N

� ïî ñîñòàâíîé ôîð-

ìóëå Ãàóññà ñ øàãîì, íå áîëüøèì T−t0
N

. Äëÿ âû÷èñëåíèÿ îñòàëüíûõ èíòåãðàëîâ â (2.12)
òàêæå èñïîëüçóåòñÿ ôîðìóëà Ãàóññà ñ (r − 2) óçëàìè, ïðè ýòîì â êà÷åñòâå ïðîìåæóòî÷-
íûõ çíà÷åíèé ïðèáëèæåíèÿ xn(t) ïðè àïïðîêñèìàöèè ïîñëåäíåãî èíòåãðàëà èñïîëüçóþòñÿ
çíà÷åíèÿ ñïëàéíà x̃n(t) .

2.3. Ïðÿìîé ìåòîä

Ñèñòåìó (2.2) òàêæå ìîæíî ðåøèòü, îáîáùàÿ ïðÿìîé ÷èñëåííûé ìåòîä ïåðâîãî ïîðÿä-
êà òî÷íîñòè, ïðåäëîæåííûé â [11]. Ýòî ñâÿçàíî ñ òåì, ÷òî ïðè ïðèìåíåíèè èòåðàöèîííûõ
ìåòîäîâ âàæíóþ ðîëü èãðàåò âûáîð äîñòàòî÷íî õîðîøåãî íà÷àëüíîãî ïðèáëèæåíèÿ, îáåñ-
ïå÷èâàþùåãî ñõîäèìîñòü ïðîöåññà.

Îñíîâíàÿ ñëîæíîñòü ïîñòðîåíèÿ ÷èñëåííîãî ìåòîäà äëÿ ñèñòåìû (2.2) ëåæèò â àïïðîê-
ñèìàöèè èíòåãðàëîâ êâàäðàòóðíûìè ñóììàìè. Òàê êàê îäíà èç íåèçâåñòíûõ ôóíêöèé ñî-
äåðæèòñÿ â ïðåäåëå èíòåãðèðîâàíèÿ, äëèíà èíòåðâàëà èíòåãðèðîâàíèÿ îñòàåòñÿ íåèçâåñò-
íîé, äàæå ïðè ôèêñèðîâàííûõ çíà÷åíèÿõ t = tk .

Îïèøåì ÷èñëåííûé ìåòîä ðåøåíèÿ ñèñòåìû (2.2), îñíîâàííûé íà êóñî÷íî-ïîñòîÿííîé
àïïðîêñèìàöèè òî÷íîãî ðåøåíèÿ

(
x(t), y(t)

)
ñ òî÷íîñòüþ O( 1

N
) .

Ðàçäåëèì èíòåðâàë ïëàíèðîâàíèÿ [t0, T ] íà N ÷àñòåé óçëàìè

tk = t0 + (T − t0)
k

N
, k = 0, N.

Ðåøåíèÿ x(t) è y(t) áóäåì àïïðîêñèìèðîâàòü êóñî÷íî-ïîñòîÿííûìè ôóíêöèÿìè xN(t)
è yN(t) , ïîñòðîåííûìè íà çíà÷åíèÿõ x(tk) è y(tk), k = 0, N .

Ïîòðåáóåì, ÷òîáû â òî÷êàõ t = tk óðàâíåíèÿ ñèñòåìû (2.1) îáðàùàëèñü â ðàâåíñòâà
x(tk) =

tk∫
y(tk)

H(tk, τ, x(τ))dτ,

tk∫
y(tk)

K(tk, τ, x(τ))dτ = f(tk),

k = 1, N. (2.13)
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Çàìåòèì, ÷òî çíà÷åíèÿ ôóíêöèé x(t) è y(t) ïðè 0 < t 6 t0 ñ÷èòàþòñÿ èçâåñòíûìè
(çàäàííàÿ ïðåäûñòîðèÿ).

Îáîçíà÷èì ÷åðåç vk íîìåð ñåãìåíòà, íà êîòîðûé ïîïàäàåò çíà÷åíèå yk = y(tk) , ò.å. yk ∈
[tvk−1, tvk ] .

Äàëåå ïðåäñòàâèì ñèñòåìó (2.13) â âèäåx0 =
t0∫
Y0

H(t0, τ, ϕ0(τ))dτ,

y0 = Y0.
xk =

tvk∫
yk

H(tk, τ, x(τ))dτ +
k−1∑
j=vk

tj+1∫
tj

H(tk, τ, x(τ))dτ,

fk =
tvk∫
yk

K(tk, τ, x(τ))dτ +
k−1∑
j=vk

tj+1∫
tj

H(tk, τ, x(τ))dτ,

k = 0, N,

(2.14)

ãäå xk = x(tk), yk = y(tk), fk = f(tk), k = 0, N.
Âîçìîæíû äâà ñëó÷àÿ äëÿ êàæäîãî k
Ñëó÷àé I. vk = k .
Èñïîëüçóÿ íà ìàëûõ ó÷àñòêàõ äëÿ èíòåãðàëîâ êâàäðàòóðíóþ ôîðìóëó ïðÿìîóãîëüíè-

êîâ, èìååì {
xk = (tk − yk)H(tk, tk, xk),

fk = (tk − yk)K(tk, tk, xk), k = 1, N.
(2.15)

Îòñþäà {
xkK(tk, tk, xk) = fk(tk − yk)H(tk, tk, xk),

yk = tk − fk
K(tk,tk,xk)

k = 1, N.
(2.16)

Èñïîëüçóÿ ñîîòâåòñòâóþùèå êâàäðàòè÷íûå àïïðîêñèìàöèè äëÿ H è K , ïîëó÷àåì
[
K(tk, tk, xk−1) +K ′

x(tk, tk, xk−1)(xk − xk−1) +K ′′
xx(tk, tk, xk−1)(xk − xk−1)

2
]
xk =

= fk

[
H(tk, tk, xk−1) +H ′

x(tk, tk, xk−1)(xk − xk−1) +H ′′
xx(tk, tk, xk−1)(xk − xk−1)

2
]
,

yk = tk − fk
K(tk,tk,xk)

k = 1, N.

(2.17)

Èç ïåðâîãî óðàâíåíèÿ ñèñòåìû (2.17) îïðåäåëèì xk . Çàòåì íåèçâåñòíàÿ yk ìîæåò áûòü
íàéäåíà èç ðåøåíèÿ âòîðîãî óðàâíåíèÿ ýòîé ñèñòåìû. Ñîîòâåòñòâóþùåå ðåøåíèå âûáèðà-
åòñÿ èç óñëîâèÿ yk ∈ [tk−1, tk] .

Ñëó÷àé II. vk < k .
Ïðèìåíÿÿ ê èíòåãðàëàì â (2.14) ôîðìóëó ñðåäíèõ ïðÿìîóãîëüíèêîâ, èìååì

xk = (tvk − yk)H(tk, tvk , xvk)+

+(tk − tk−1)H(tk, tk−0.5, xk) + SH(vk),

fk = (tvk − yk)K(tk, tvk , xvk)+

+(tk − tk−1)K(tk, tk−0.5, xk) + SK(vk),

(2.18)

ãäå

SH(vk) =
T − t0
N

k−2∑
j=vk

H(tk, tj+0.5, xj+1),
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SK(vk) =
T − t0
N

k−2∑
j=vk

K(tk, tj+0.5, xj+1),

tk−0.5 =
tk−1 + tk

2
, tk+0.5 =

tk + tk+1

2
.

Ñëåäîâàòåëüíî,

xk = (tvk − yk)H(tk, tvk , xvk) + SH(vk)+

+(tk − tk−1)
[
H(tk, tk−0.5, xk−1) +H ′

x(tk, tk−0.5, xk−1)(xk − xk−1)

+H ′′
xx(tk, tk−0.5, xk−1)

(xk−xk−1)
2

2

]
,

fk = (tvk − yk)K(tk, tvk , xvk) + SK(vk)+

+(tk − tk−1)
[
K(tk, tk−0.5, xk−1) +K ′

x(tk, tk−0.5, xk−1)(xk − xk−1)

+K ′′
xx(tk, tk−0.5, xk−1)

(xk−xk−1)
2

2

]
.

(2.19)

Òàêèì îáðàçîì, ïðè çíàíèè íîìåðîâ vk, k = 1, N, ïðèáëèæåííûå çíà÷åíèÿ xk è yk
èñêîìûõ ôóíêöèé â òî÷êàõ ñåòêè ìîãóò áûòü íàéäåíû ïî ôîðìóëàì (2.18), (2.19).

Èäåÿ îïðåäåëåíèÿ íîìåðîâ vk ñîñòîèò â ïîñëåäîâàòåëüíîì äëÿ êàæäîãî íîìåðà óçëà
k = 1, 2, . . . , N, ïåðåáîðå âîçìîæíûõ çíà÷åíèé vk : vk = 1, vk = 2, . . . , vk = k, è íàõîæ-
äåíèè ñîîòâåòñòâóþùèõ çíà÷åíèé xk è yk ïî ôîðìóëàì (2.15), (2.17). Ïåðåáîð ïðåêðà-
ùàåòñÿ â ñëó÷àå âûïîëíåíèÿ óñëîâèÿ yk ∈ [tvk−1, tvk ], ïîäòâåðæäàþùåãî ïðåäïîëîæåíèå î
ïðèíàäëåæíîñòè yk óêàçàííîìó èíòåðâàëó.

3. Îïòèìèçàöèîííûå çàäà÷è

Ðàññìîòðèì, ñëåäóÿ ðàáîòàì [4], [6], [7] è [12], ñëåäóþùóþ îïòèìèçàöèîííóþ çàäà÷ó,
ñîñòîÿùóþ â íàõîæäåíèè ôóíêöèé a(t) è m(t) , t ∈ [t0, T ) , T <∞ , êîòîðûå ìàêñèìèçè-
ðóþò ôóíêöèîíàë

I(a(t),m(t)) =

t∫
t0

ρ(τ)

 t∫
a(t)

β(τ, t)m(τ)dτ − λ(t)m(t)

 dt −→ max
a,m

(3.1)

ïðè óñëîâèÿõ

P (t) =

t∫
a(t)

m(τ)d(τ), (3.2)

mmin(t) 6 m(t) 6M(t), (3.3)

ãäå mmin(t) = max {0, P ′(t)} ,
a(t0) = a0 6 t0, m(τ) = m0(τ), τ ∈ [a0, t0]. (3.4)

Îïòèìèçàöèîííàÿ çàäà÷à (3.1)�(3.4) îïèñûâàåò ìàêñèìèçàöèþ ÷èñòîãî äîõîäà ýêîíî-
ìè÷åñêîé ñèñòåìû â ýòîé ìîäåëè. Òîãäà a(t) � äàòà ñïèñûâàíèÿ óñòàðåâøåãî êàïèòà-
ëà (âðåìÿ, ïðîøåäøåå ñ ìîìåíòà ââîäà â ýêñïëóàòàöèþ ñòàðåéøåãî îáîðóäîâàíèÿ), m(t)
� íîâûé êàïèòàë, β(τ, t) � óäåëüíàÿ ïðîèçâîäèòåëüíîñòü, λ(t) � óäåëüíàÿ ñòîèìîñòü
íîâîãî îáîðóäîâàíèÿ, P (t) � ðàáî÷èé ðåñóðñ, ρ(t) � êîýôôèöèåíò äèñêîíòèðîâàíèÿ,
0 < ρ(t) 6 1 , ρ′(t) 6 0 . Ïðîèçâîäèòåëüíîñòü β(τ, t) âîçðàñòàåò ïî ïåðåìåííîé τ , ò.ê.
ó÷èòûâàåòñÿ íàó÷íî-òåõíè÷åñêèé ïðîãðåññ. Òàêæå çàâèñèìîñòü β(τ, t) îò òåêóùåãî âðå-
ìåíè t ïîçâîëÿåò ó÷èòûâàòü èçíîñ êàïèòàëà, àâòîíîìíûé ïðîãðåññ è êîëåáàíèÿ âíåøíèõ
ðûíî÷íûõ öåí.
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3.1. Ýêâèâàëåíòíîå óðàâíåíèå

Êàê èçâåñòíî [13], îò îïòèìèçàöèîííîé çàäà÷è (3.1)�(3.4) ìû ìîæåì ïåðåéòè ê ýêâè-
âàëåíòíîé çàäà÷å:

I ′(t) =

b(t)∫
t

ρ(τ)[β(t, τ)− β(a(τ), τ)]dτ − λ(t)ρ(t) = 0, t ∈ [t0, T ), (3.5)

ãäå I ′(t) � ãðàäèåíò ôóíêöèîíàëà (3.1),

b(t) =

{
a−1(t), t ∈ [t0, a(T )],

T, t ∈ (a(t), T ).

Äëÿ òîãî, ÷òîáû m∗(t) , t ∈ [t0, T ) áûëà ðåøåíèåì îïòèìèçàöèîííîé çàäà÷è (3.1)�(3.4)
íåîáõîäèìî è äîñòàòî÷íî [6], ÷òîáû

I ′(a∗; t) < 0, m∗(t) = mmin(t),

I ′(a∗; t) > 0, m∗(t) =M(t),

I ′(a∗; t) ≡ 0, mmin(t) 6 m∗(t) 6M(t), t ∈ [t0, T ).

(3.6)

Òàêèì îáðàçîì, ïðèõîäèì ê íåîáõîäèìîñòè ðåøåíèÿ íåëèíåéíîãî èíòåãðàëüíîãî óðàâ-
íåíèÿ ñïåöèàëüíîãî âèäà îòíîñèòåëüíî íåèçâåñòíîé ôóíêöèè a(t))

b(t)∫
t

ρ(τ)[β(t, τ)− β(a(τ), τ)]dτ = λ(t)ρ(t), t ∈ [t0, T ). (3.7)

Ïðè ýòîì ñ ó÷åòîì ýêîíîìè÷åñêîãî êîíòåêñòà ìîäåëè, ïîëàãàåì, ÷òî a(t) < t � íåóáû-
âàþùàÿ ôóíêöèÿ, îòâå÷àþùàÿ çà óïðàâëåíèå çàìåíîé îáîðóäîâàíèÿ è ñïèñàííûå ìîùíî-
ñòè íèêîãäà íå èñïîëüçóþòñÿ âíîâü.

3.2. Ðåøåíèå óðàâíåíèÿ (3.7)

Ïåðåïèøåì óðàâíåíèå (3.7) â îáîáùåííîì âèäå

b(t)∫
t

H(t, s, a(s))ds = f(t), t ∈ [t0, T ]. (3.8)

Ñëåäóåò îòìåòèòü, ÷òî óðàâíåíèå (3.8) ñîäåðæèò ôóíêöèþ, îáðàòíóþ ê íåèçâåñòíîé
ôóíêöèè a(t) , â âåðõíåì ïðåäåëå èíòåãðèðîâàíèÿ. Ýòî âûçûâàåò çíà÷èòåëüíûå ìàòåìà-
òè÷åñêèå òðóäíîñòè ïðè ïîñòðîåíèè ëþáîãî ÷èñëåííîãî àëãîðèòìà, ñâÿçàííîãî ñ àïïðîê-
ñèìàöèåé èíòåãðàëîâ.

Â ñâÿçè ñ ýòèì ïðåäñòàâëÿåòñÿ ðàçóìíûì âûäåëÿòü êëàññû ôóíêöèé, àïïðîêñèìèðó-
þùèõ ðåøåíèå óðàâíåíèÿ a(t) ñ ó÷åòîì åãî ñïåöèôèêè ( a(t) < t, a′(t) > 0 è ò. ä.) À
èìåííî, ðåøåíèå áóäåì èñêàòü â âèäå

ãn(t) = Φ(t, C1, C2, . . . , Cn), (3.9)

ãäå C1, C2, . . . , Cn � ïàðàìåòðû, ïîäëåæàùèå îïðåäåëåíèþ (n � íåêîòîðîå íàòóðàëüíîå
÷èñëî), à ôóíêöèÿ Φ òàêîâà, ÷òî äîïóñêàåò àíàëèòè÷åñêîå ïîñòðîåíèå îáðàòíîé ôóíêöèè
Φ−1 .
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Ïðèáëèæåííîå óðàâíåíèå ïðèíèìàåò â ýòîì ñëó÷àå âèä

b̃n(t)∫
t

H(t, s, ãn(s))ds = f(t), (3.10)

ãäå

b̃n(t) =

{
Φ−1(t), t ∈ [t0, ãn(T )],

T, t ∈ (ãn(t), T ].

Ïóñòü ÿäðî H(t, s, ãn(s)) óðàâíåíèÿ (3.10) èìååò ïåðâîîáðàçíóþ ïî ïåðåìåííîé s , âû-
ðàæàþùóþñÿ â ýëåìåíòàðíûõ èëè êëàññè÷åñêèõ ñïåöèàëüíûõ ôóíêöèÿõ. Äëÿ àíàëèòè÷å-
ñêîãî âû÷èñëåíèÿ èíòåãðàëà â (3.10) â ýòîì ñëó÷àå ìîæíî ïðèìåíèòü îäèí èç ñîâðåìåííûõ
ïàêåòîâ ñèìâîëüíîé ìàòåìàòèêè. Â ðåçóëüòàòå ïðèõîäèì ê íåëèíåéíîé ôóíêöèîíàëüíîé
çàâèñèìîñòè ïàðàìåòðîâ C1, C2, . . . , Cn ñëåäóþùåãî âèäà:

Ψ(t, C1, C2, . . . , Cn) = f(t). (3.11)

Äëÿ îïðåäåëåíèÿ êîíñòàíò C1, C2, . . . , Cn ïîòðåáóåì âûïîëíåíèÿ ðàâåíñòâà (3.11) â

òî÷êàõ tk = t0 +
(T−t0)k

n
, k = 1, n :

Ψ(tk, C1, C2, . . . , Cn) = f(tk), k = 1, n. (3.12)

Ñèñòåìà íåëèíåéíûõ óðàâíåíèé (3.12) ìîæåò èìåòü âåñüìà ñëîæíûé âèä, ò. ê. âåðõ-
íèé ïðåäåë èíòåãðèðîâàíèÿ â (3.10) ÿâëÿëñÿ ôóíêöèåé, çàäàííîé êóñî÷íî. Îäíàêî ïðè
íåáîëüøèõ n ñèñòåìà ìîæåò áûòü ðåøåíà ÷èñëåííî ñ ïîìîùüþ âñòðîåííûõ ñðåäñòâ ïàêå-
òîâ ñèìâîëüíîé ìàòåìàòèêè.

Äàëüíåéøåå ðàçâèòèå ïðåäëîæåííîãî ïîäõîäà ìîæåò ñîñòîÿòü, â ÷àñòíîñòè, â ñïåöè-
ôèêàöèè âèäà ôóíêöèè H ñ ó÷åòîì åå ðîëè â ìîäåëÿõ VCM. Â ýòîì ñëó÷àå ìîæíî áóäåò
ñòðîèòü ñïåöèàëüíûå ìåòîäû ðåøåíèÿ íåëèíåéíîé ñèñòåìû (3.12), ó÷èòûâàþùèå åå îñî-
áåííîñòè.

3.3. Íåïîñðåäñòâåííàÿ àïïðîêñèìàöèÿ

Â äàííîì ïàðàãðàôå ïðåäëîæèì ïðèáëèæåííûé ìåòîä ðåøåíèÿ îïòèìèçàöèîííîé çà-
äà÷è (3.1)�(3.4) â èñõîäíîé ôîðìå. Ìåòîä îñíîâàí íà àïïðîêñèìàöèè èñêîìûõ ôóíêöèé
îòðåçêàìè ðÿäîâ ïî ëèíåéíî íåçàâèñèìûì ïîëíûì ñèñòåìàì áàçèñíûõ ôóíêöèé. Ñ ó÷å-
òîì ñëîæíîñòè ôóíêöèîíàëà (3.1) â êà÷åñòâå áàçèñíûõ ôóíêöèé ðàçóìíî èñïîëüçîâàòü
ñèñòåìó ñòåïåííûõ ôóíêöèé {tk}∞k=0 .

Ïðèáëèæåííîå ðåøåíèå ã(t) è m̃(t) çàäà÷è (3.1)�(3.4) áóäåì èñêàòü â ñëåäóþùåì âèäå:

ã(t) =
Na∑
i=0

Ait
i, (3.13)

m̃(t) =
Nm∑
i=0

Mit
i, (3.14)

ãäå Ai è Mi � êîýôôèöèåíòû, ïîäëåæàùèå îïðåäåëåíèþ. Óñëîâèå (3.2), òàêèì îáðàçîì,
àïïðîêñèìèðóåòñÿ ñëåäóþùèì óñëîâèåì

P (t) =

t∫
ã(t)

m̃(τ)d(τ). (3.15)
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Ïîäñòàâëÿÿ (3.13) è (3.14) â óñëîâèå (3.15), ïîëó÷èì óðàâíåíèå ñâÿçè:

Nm∑
i=0

Mi

i+ 1

ti+1 −

(
Na∑
k=0

Akt
k

)i
 = P (t). (3.16)

Òàêèì îáðàçîì, ïðèáëèæåíèå Ĩ èñõîäíîãî ôóíêöèîíàëà (3.1) ìîæíî ïðåäñòàâèòü â
âèäå

Ĩ =

t∫
t0

ρ(t)


t∫

Na∑
i=0

Aiti

(
β(τ, t)

Nm∑
i=0

Mit
idτ

)
− λ(t)

Nm∑
k=0

Mkt
k

 dt =
= Φ(A0, A1, ..., ANa ,M0,M1, ...,MNm).

(3.17)

Äëÿ íàõîæäåíèÿ ýêñòðåìàëåé ôóíêöèîíàëà (3.17) ñ óñëîâèåì ñâÿçè (3.16) âîñïîëü-
çóåìñÿ ìåòîäîì íåîïðåäåëåííûõ ìíîæèòåëåé Ëàãðàíæà. Äëÿ ýòîãî ñîñòàâèì ôóíêöèþ
Ëàãðàíæà

L(A0, A1, ..., ANa ,M0,M1, ...,MNm) = Φ + λΨ, (3.18)

ãäå

Ψ(A0, ..., ANa ,M0, ...,MNm) =
Nm∑
i=0

Mi

i+ 1

ti+1 −

(
Na∑
k=0

Akt
k

)i
− P (t).

Ïðè ýòîì îòìåòèì, ÷òî ïîñêîëüêó ñïåöèôèêà ìîäåëè ïîäðàçóìåâàåò âîçìîæíîñòü èñ-
ïîëüçîâàíèÿ äëÿ ôóíêöèé ρ(t), λ(t) è β(τ, t) ñòåïåííûõ è ïîêàçàòåëüíûõ ïðåäñòàâëåíèé,
òî ïðè ôîðìèðîâàíèè ôóíêöèè Φ èíòåãðèðîâàíèå ìîæíî âûïîëíÿòü àíàëèòè÷åñêè.

Òàêèì îáðàçîì, ïðèõîäèì ê ðåøåíèþ íåëèíåéíîé ñèñòåìû ((Na + 1) × (Nm + 1) + 1)
óðàâíåíèé, îïðåäåëÿþùåé íåîáõîäèìûå óñëîâèÿ ñóùåñòâîâàíèÿ ýêñòðåìóìà ôóíêöèîíàëà
(3.17) 

∂(Φ+λΨ)
∂Ai

= 0, i = 0, Na,
∂(Φ+λΨ)
∂Mk

= 0, k = 0, Nm,

Ψ(A0, A1, ..., ANa ,M0,M1, ...,MNm) = 0.

(3.19)

Ñèñòåìà íåëèíåéíûõ óðàâíåíèé (3.19) ìîæåò èìåòü âåñüìà ñëîæíûé âèä. Îäíàêî, ïî
êðàéíåé ìåðå ïðè íåáîëüøèõ âåëè÷èíàõ Na è Nm , ìîæåò áûòü ðåøåíà ÷èñëåííî ñ ïîìî-
ùüþ âñòðîåííûõ ñðåäñòâ ïàêåòîâ ñèìâîëüíîé ìàòåìàòèêè.

Ðåøàÿ ñèñòåìó (3.19), îïðåäåëèì ñòàöèîíàðíûå òî÷êè, â êàæäîé èç êîòîðûõ ïðîâåðèì
îòðèöàòåëüíóþ îïðåäåëåííîñòü ìàòðèöû Ãåññå

∂2(Φ+λΨ)

∂A2
0

∂2(Φ+λΨ)
∂A0∂A1

· · · ∂2(Φ+λΨ)
∂A0∂MNm

∂2(Φ+λΨ)
∂A1∂A0

∂2(Φ+λΨ)

∂A2
1

· · · ∂2(Φ+λΨ)
∂A1∂MNm

...
...

. . .
...

∂2(Φ+λΨ)
∂MNm∂M0

∂2(Φ+λΨ)
∂MNm∂M1

· · · ∂2(Φ+λΨ)

∂M2
Nm

 . (3.20)

Äëÿ ýòîãî âîñïîëüçóåìñÿ êðèòåðèåì Ñèëüâåñòðà, êîòîðûé â äàííîì ñëó÷àå ôîðìóëèðó-
åòñÿ ñëåäóþùèì îáðàçîì: äëÿ òîãî, ÷òîáû ìàòðèöà (3.20) áûëà îòðèöàòåëüíî îïðåäåëåíà
íåîáõîäèìî è äîñòàòî÷íî, ÷òîáû çíàêè åå óãëîâûõ ìèíîðîâ ÷åðåäîâàëèñü, íà÷èíàÿ ñ ¾− ¿.
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Òàêèì îáðàçîì, îïðåäåëèâ íàáîð êîýôôèöèåíòîâ {A0, A1, ..., ANa ,M0,M1, ...,MNm} ,
óäîâëåòâîðÿþùèé êðèòåðèÿì ýêñòðåìàëüíîñòè, ïîëó÷èì ïðèáëèæåííîå ðåøåíèå îïòèìè-
çàöèîííîé çàäà÷è (3.1)-(3.4) â ôîðìå (3.13)-(3.14).

Äàëüíåéøåå ðàçâèòèå ïðåäëîæåííîãî ïîäõîäà ìîæåò ñîñòîÿòü, â ÷àñòíîñòè, â ñïåöè-
ôèêàöèè âèäà ôóíêöèé ρ(t), λ(t) è β(τ, t) ñ ó÷åòîì èõ ðîëè â ìîäåëÿõ VCM. Â ýòîì
ñëó÷àå ìîæíî áóäåò ñòðîèòü ñïåöèàëüíûå ìåòîäû ðåøåíèÿ íåëèíåéíîé ñèñòåìû (3.19),
ó÷èòûâàþùèå âèä åå óðàâíåíèé.

4. ×èñëåííûå ðåçóëüòàòû

4.1. Èòåðàöèîííûé ìåòîä

Äëÿ ðåàëèçàöèè ÷èñëåííûõ ìåòîäîâ ðåøåíèÿ ñèñòåìû (2.2) áûëî ñîçäàíî ïðèëîæåíèå
ñ èñïîëüçîâàíèåì ñðåäû ðàçðàáîòêè Embarcadero C++ Builder XE5 è ÿçûêà ïðîãðàììèðî-
âàíèÿ Ñ++. Äëÿ ïðåäñòàâëåíèÿ ãðàôè÷åñêîãî èíòåðôåéñà ïîëüçîâàòåëÿ (GUI) áûëà èñ-
ïîëüçîâàíà áèáëèîòåêà áûñòðîãî ïðîòîòèïèðîâàíèÿ ïðèëîæåíèé ñ GUI Visual Component
Library (VCL), êîòîðàÿ âõîäèò â ïîñòàâêó èñïîëüçóåìîé ñðåäû ðàçðàáîòêè.

Ðàáîòó ïðåäëîæåííîãî èòåðàöèîííîãî ìåòîäà ïðîèëëþñòðèðóåì íà ñëåäóþùèõ ìîäåëü-
íûõ çàäà÷àõ.

Ìîäåëüíàÿ çàäà÷à 1:

x(t)−
t∫

y(t)

tτx2(τ)dτ = 0,

t∫
y(t)

τ
√
x(τ)dτ = 2

5

(
t5/2 − (t4 − 4)5/8

)
,

c(t) =
t∫

y(t)

t2(τ − x3(τ))dτ,

t ∈ [3, 5]. (4.1)

Òî÷íîå ðåøåíèå ñèñòåìû (4.1) èìååò âèä

x∗(t) = t, y∗(t) = t, c∗(t) =
t2

2

(
t2 −

√
t4 − 4 + 2

)
.

Çäåñü è äàëåå èñïîëüçóþòñÿ ñëåäóþùèå îáîçíà÷åíèÿ: N � ÷èñëî óçëîâ ðàçáèåíèÿ, m
� ÷èñëî èòåðàöèé; εx = max

i
|XN

m (ti)−x∗(ti)|, εy = max
i

|Y N
m (ti)−y∗(ti)|, εc = max

i
|CN

m (ti)−
c∗(ti)| � ïîãðåøíîñòü â óçëàõ ñåòêè.

Ðåçóëüòàòû ðåøåíèÿ ñèñòåìû (4.1) ïðåäñòàâëåíû â òàáëèöå 2.

Òàáëèöà 2: Òî÷íîñòü ðåøåíèÿ ñèñòåìû (4.1)

N m εx εy εc
100 1 6.1 · 10−5 0.55 0.37
100 2 3.21 · 10−7 2.44 · 10−3 2.44 · 10−2

100 3 7.91 · 10−11 9.6 · 10−4 1.27 · 10−3

100 5 7.11 · 10−15 1.46 · 10−6 3.17 · 10−6

100 10 7.11 · 10−15 6.19 · 10−11 9.1 · 10−11

100 20 7.11 · 10−15 6.17 · 10−11 7.21 · 10−11
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Ìîäåëüíàÿ çàäà÷à 2:

x(t)−
t∫

y(t)

etτx3(τ)dτ = 0,

t∫
y(t)

√
x(τ)dτ = et −

(
e2t
[
et

2+6t − t− 6
]) 1

t+6
,

c(t) =
t∫

y(t)

1
tx(τ)

dτ,

t ∈ [3, 4]. (4.2)

Îòìåòèì, ÷òî ïåðâîå óðàâíåíèå ñèñòåìû (4.2) èìååò âûðîæäåííîå áûñòðîðàñòóùåå ÿä-
ðî.

Òî÷íûì ðåøåíèåì ñèñòåìû (4.2) ÿâëÿþòñÿ ñëåäóþùèå ôóíêöèè

x∗(t) = e2t, y∗(t) =
ln(et

2+6t − e2tt− 6e2t)

t+ 6
, c∗(t) =

[
e2t(et

2+4t − t− 6)
]− 2

t+6 − e−2t

2
.

Â êà÷åñòâå íà÷àëüíîãî ïðèáëèæåíèÿ èñïîëüçîâàëèñü ôóíêöèè x0(t) = 10t, y0(t) =
0.8t .

Â òàáëèöå 3 ïîêàçàíû ðåçóëüòàòû äëÿ çàäà÷è (4.2).

Òàáëèöà 3: Òî÷íîñòü ðåøåíèÿ ñèñòåìû (4.2)

N m εx εy εc

100 1 0.049 0.00015 0.0025
100 2 0.0092 1.10 · 10−6 3.15 · 10−4

100 3 0.0014 1.18 · 10−6 2.43 · 10−5

100 5 0.0012 9.07 · 10−10 1.11 · 10−9

100 10 1.1 · 10−4 3.76 · 10−10 7.16 · 10−10

200 10 2.86 · 10−5 1.97 · 10−10 8.43 · 10−10

500 10 4.31 · 10−6 7.92 · 10−11 2.21 · 10−10

1000 10 5.72 · 10−7 9.18 · 10−13 8.02 · 10−12

4.2. Ïðÿìîé ìåòîä

Ïðîèëëþñòðèðóåì ðàáîòó ïðÿìîãî ÷èñëåííîãî ìåòîäà íà ñëåäóþùåé ìîäåëüíîé çàäà-
÷å.

Ìîäåëüíàÿ çàäà÷à 3:

x(t)−
t∫

y(t)

tex(τ)dτ = 0,

25
2
t2 − ln (e5t − 25t) =

t∫
y(t)

x2(τ)
τ
dτ,

c(t) =
t∫

y(t)

(3τx(τ))3dτ,

t ∈ [3, 4]. (4.3)
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Òî÷íîå ðåøåíèå ñèñòåìû (4.3) èìååò âèä

x∗(t) = 5t, y∗(t) =
ln (e5t − 25t)

5
, c∗(t) =

27

20
t3
(
625t4 − 4 ln (e5t − 25t)

)
.

Ðåçóëüòàòû ðåøåíèÿ ñèñòåìû (4.3) ïðåäñòàâëåíû â òàáëèöå 4.

Òàáëèöà 4: Òî÷íîñòü ðåøåíèÿ ñèñòåìû (4.3)

N εx εy εc
10 1.99 · 10−2 7.37 · 10−9 1.11 · 10−2

20 2.77 · 10−3 1.32 · 10−9 1.80 · 10−3

50 1.57 · 10−4 1.04 · 10−10 1.44 · 10−4

100 2.35 · 10−5 1.04 · 10−11 2.50 · 10−5

300 1.22 · 10−5 3.96 · 10−12 7.72 · 10−6

500 1.30 · 10−5 4.46 · 10−12 7.24 · 10−6

4.3. Ðåçóëüòàòû ðåøåíèÿ óðàâíåíèÿ (3.7)

Ïðåäëîæåííûé â ïàðàãðàôå 3.2. ìåòîä áûë ðåàëèçîâàí â ñðåäå Maple. Ïðîèëëþñòðè-
ðóåì åãî ðàáîòó íà ñëåäóþùåì ìîäåëüíîì óðàâíåíèè

b(t)∫
t

(t+ s)2a(s)ds =

{
−31

30
t5 + 1

5
t
5
2 + 1

2
t3 + 1

3
t
7
2 , t ∈ [0.2, 0.81],

−31
30
t5 + 59049

500000
+ 6561

20000
t+ 243

1000
t2, t ∈ (0.81, 0.9],

(4.4)

òî÷íûì ðåøåíèåì êîòîðîãî ÿâëÿåòñÿ ôóíêöèÿ a(t) = t2, t ∈ [0.2, 0.9] .
Åñëè ïðèáëèæåííîå ðåøåíèå èñêàòü â âèäå ã2(t) = C1t

C2 , òî ïðîãðàììà âûäàåò ðå-
çóëüòàò C1 = 1, 000000000, C2 = 2, 000000000, ò.å. ïàðàìåòðû ðåøåíèÿ îïðåäåëÿþòñÿ ñ
òî÷íîñòüþ, îïðåäåëÿåìîé ÷èñëîì çíà÷àùèõ öèôð ïîñëå çàïÿòîé ïðè âûïîëíåíèè àðèô-
ìåòè÷åñêèõ äåéñòâèé (â äàííîì ñëó÷àå 10 öèôð).

Ðàññìîòðèì òåïåðü óðàâíåíèå

b(t)∫
t

(t+ s)2a(s)ds = f(t), t ∈ [0.2, 1], (4.5)

â êîòîðîì ïðàâàÿ ÷àñòü f(t) ïîäîáðàíà òàêèì îáðàçîì, ÷òîáû òî÷íûì ðåøåíèåì áûëà
ôóíêöèÿ a(t) = sin(0, 9t) . Â ýòîì ñëó÷àå èìååì ñëåäóþùèé ðåçóëüòàò C1 = 0, 8007050861,
C2 = 0, 9273393370 . Ïðè ýòîì àáñîëþòíàÿ ïîãðåøíîñòü àïïðîêñèìàöèè ñîñòàâëÿåò ε =
0, 0173781765 .
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Numerical methods for the problems of nonlinear

macroeconomic integral models

c⃝ A. N. Tynda 3, N. Yu. Kudryashova 4

Abstract. In this paper we suggest several methods for numerical treatment of integral dynamical
systems described by nonlinear integral equations of the special form. The �rst group of problems
is connected with solution of nonlinear integral Volterra-type equations' system with unknown
function placed at the lower limits of integration. Two e�ective methods for solution of such
systems are suggested. The �rst method is direct. The second method is iterative; it is based
on the linearization of the integral operators using modi�ed Newton-Kantorovich scheme. The
second group of problems is connected with the optimal control problems in macroeconomical
VCM models. We suggest two original approaches to these problems' solution; these approaches
allow to determine the extremals of functionals in the �rst approximation. Proposed algorithms also
allow to obtain more accurate approximations. In the conclusion several numerical results for model
problems are stated. These results allow to judge the e�ectiveness of the proposed approaches.

KeyWords: Systems of nonlinear integral equations, VCMmodels, Newton-Kantorovich method,
nonlinear delays, extremal of functional, approximation of integrals.
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