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Îá îäíîé àïðèîðíîé îöåíêå äëÿ ýëëèïòè÷åñêîãî

îïåðàòîðà âòîðîãî ïîðÿäêà, âûðîæäàþùåãîñÿ âäîëü îñè

êîîðäèíàò, ïåðïåíäèêóëÿðíîé ê ãðàíèöå ïîëóïëîñêîñòè

c⃝ Ã. À. Ñìîëêèí1

Àííîòàöèÿ. Âîïðîñû ðàçðåøèìîñòè, ñâîéñòâ ðåøåíèé äèôôåðåíöèàëüíûõ óðàâíåíèé ñ ÷àñò-
íûìè ïðîèçâîäíûìè è ñîîòâåòñòâóþùèõ êðàåâûõ çàäà÷ ÷àñòî ñâîäÿòñÿ ê àïðèîðíûì îöåíêàì
â ïðîñòðàíñòâàõ Ñ.Ë. Ñîáîëåâà è èõ îáîáùåíèé, èññëåäîâàíèÿì êîòîðûõ ïîñâÿùåíû ìíîãî-
÷èñëåííûå ðàáîòû ðÿäà àâòîðîâ. Ê íèì îòíîñèòñÿ è äàííàÿ ðàáîòà. Â íåé äàåòñÿ ìåòîä ñâå-
äåíèÿ îöåíîê Ñîáîëåâñêèõ íîðì, îïðåäåëåííûõ â åâêëèäîâîì ïîëóïðîñòðàíñòâå, ê îöåíêàì
íîðì, îïðåäåëåííûõ íà âñåì åâêëèäîâîì ïðîñòðàíñòâå. Â ðàáîòå ïîëó÷åíî íåðàâåíñòâî, ëåâàÿ
÷àñòü êîòîðîãî ÿâëÿåòñÿ íîðìîé ïðîèçâîäíîé âòîðîãî ïîðÿäêà ôóíêöèè ïî íîðìàëè ê ãðàíèöå
ïîëóïëîñêîñòè, à ïðàâàÿ � ëèíåéíîé êîìáèíàöèåé íîðì îáðàçà, ïîðîæäàåìîãî äåéñòâóþùèì
íà ýòó ôóíêöèþ âûðîæäàþùèìñÿ ýëëèïòè÷åñêèì îïåðàòîðîì, è ñëåäà ôóíêöèè íà ãðàíèöå
ïîëóïëîñêîñòè. Â äîêàçàòåëüñòâå íåðàâåíñòâà èñïîëüçîâàíû äâà ïðîäîëæåíèÿ ôóíêöèè èç ïî-
ëóïëîñêîñòè íà âñþ ïëîñêîñòü. Ñ ïîìîùüþ ïåðâîãî ïðîäîëæåíèÿ, ïîäðîáíî èçó÷åííîãî Ë.Í.
Ñëîáîäåöêèì, èìåþùåãî ïðîèçâîäíûå äî òðåòüåãî ïîðÿäêà âêëþ÷èòåëüíî, íåðàâåíñòâî ñâî-
äèòñÿ ê îöåíêàì ñìåøàííûõ ïðîèçâîäíûõ è ïðîèçâîäíîé ÷åòâåðòîãî ïîðÿäêà ïî êàñàòåëüíîìó
íàïðàâëåíèþ ê ãðàíèöå ïîëóïëîñêîñòè, êîòîðûå ïîëó÷àþòñÿ íà îñíîâå âòîðîãî ïðîäîëæåíèÿ
� äâàæäû äèôôåðåíöèðóåìîé ôóíêöèè. Ïîëó÷åííûå ðåçóëüòàòû ìîæíî ðàñïðîñòðàíèòü íà
áîëåå øèðîêèé êëàññ îïåðàòîðîâ, îíè ìîãóò áûòü ïðèìåíåíû ïðè èçó÷åíèè êðàåâûõ çàäà÷
äëÿ âûðîæäàþùèõñÿ ýëëèïòè÷åñêèõ è êâàçèýëëèïòè÷åñêèõ îïåðàòîðîâ.

Êëþ÷åâûå ñëîâà: ïðåîáðàçîâàíèå Ôóðüå, ïðîñòðàíñòâà Ñ.Ë. Ñîáîëåâà, àïðèîðíûå îöåíêè,
âûðîæäàþùèéñÿ ýëëèïòè÷åñêèé îïåðàòîð, ïðîäîëæåíèå ôóíêöèè.

Â ñòàòüå ïðèíÿòû ñëåäóþùèå îáùåïðèíÿòûå îáîçíà÷åíèÿ [1]-[4]:

x = (x1, x2), y = (y1, y2), ξ = (ξ1, ξ2)− òî÷êè ïëîñêîñòè R2; xξ = x1ξ1 + x2ξ2,

λ(t) = (1 + |t|2)1/2, ∂jk =
∂j

∂xjk
, i2 = −1, Dj

k = i−j ∂
j

∂xjk
, k = 1, 2; j = 1, 2, . . . ;

w̃(ξ) =

∫
e−ixξw(x)dx, w̃(ξ1, x2) =

∫
e−ix1ξ1w(x)dx1,

w̃(x1, ξ2) =

∫
e−ix2ξ2w(x)dx2

� ïðåîáðàçîâàíèÿ Ôóðüå ôóíêöèè w(x) ïî ïåðåìåííûì x , x1, x2 ñîîòâåòñòâåííî. Ïðè
ýòîì

w(x) = (2π)−2

∫
eixξw̃(ξ)dξ, åñëè

∫
|w̃(ξ)|dξ <∞;

Ñêàëÿðíîå ïðîèçâåäåíèå (w(x),W (x)) , ôóíêöèè A(x,D)w , A(x,D1)w ,
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A(x,D2)w , íîðìû ∥w(x)∥ , ∥w(x)∥x2>0 îïðåäåëÿþòñÿ ðàâåíñòâàìè

(w(x),W (x)) =

∫
w(x)W (x)dx =

∫ ∫
w(x1, x2)W (x1, x2)dx1dx2,

A(x,D)w = (2π)−2

∫
eixξA(x, ξ)w̃(ξ)dξ,

A(x,D1)w = (2π)−1

∫
eix1ξ1A(x, ξ1)w̃(ξ1, x2)dξ,

A(x,D2)w = (2π)−1

∫
eix2ξ2A(x, ξ2)w̃(x1, ξ2)dξ,

∥w(x)∥2 = (w(x), w(x)), ∥w(x)∥2x2>0 =

∫
x2>0

|w(x)|2dx

ñîîòâåòñòâåííî.
Ïîñòîÿííûå, âîçíèêàþùèå â íåðàâåíñòâàõ â êà÷åñòâå êîýôôèöèåíòîâ, áóäåì îáîçíà-

÷àòü áóêâîé C , áûòü ìîæåò ñ èíäåêñàìè (â ñëó÷àå íåîáõîäèìîñòè).
×àñòî áóäåì èñïîëüçîâàòü íåðàâåíñòâà [1, 2]

∥w(x)∥2 ≤ C1(w̃(x1, ξ2), w̃(x1, ξ2)) ≤ C2(w̃(ξ1, x2), w̃(ξ1, x2)) ≤
C3(w̃(ξ), w̃(ξ)) ≤ C4∥w(x)∥2,

∥λs(D2)z(t)∥2 ≤ C5(

∫
|z(t)|2dt+

∫ ∫
|z(t)− z(τ)|2

|t− τ |1+2s
dtdτ) ≤

C6∥λs(D2)z(t)∥2, (1.1)

êîòîðûå ñïðàâåäëèâû ïðè íåêîòîðûõ ïîëîæèòåëüíûõ è íåçàâèñèìûõ îò w(x) ∈
C∞

0 (R2), z(t) ∈ C∞
0 (R), êîíñòàíòàõ Cj, j = 1, ..., 6. 0 < s < 1.

Íàì ïîòðåáóþòñÿ ðàâíîñèëüíûå îöåíêè [3, 4]

∥λ1/2(D2)w(x)∥2 ≤ C((D1w(x), D1w(x)) +

(x1D2w(x), x1D2w(x)) + ∥w(x)∥2), (1.2)

∥λ1/2(ξ2)w̃(x1, ξ2)∥2 ≤ C((D1w̃(x1, ξ2), D1w̃(x1, ξ2)) +

(x1ξ2w̃(x1, ξ2), x1ξ2w̃(x1, ξ2)) + ∥w(x)∥2), (1.3)

êîòîðûå ñïðàâåäëèâû äëÿ ëþáîé äèôôåðåíöèðóåìîé ôóíêöèè w(x) ñ êîìïàêòíûì íîñè-
òåëåì.

Ïðèñòóïèì ê èçëîæåíèþ ðåçóëüòàòîâ ðàáîòû.
Âñþäó íèæå u(x) ∈ C∞

0 (K) , K � êîìïàêò èç R2.

P (x,D) = D2
1 + x21D

2
2, f(x) = P (x,D)u,

F (x) =

{
f(x), åñëè x2 ≥ 0
f(x1,−x2), åñëè x2 < 0,

U(x) =

{
u(x), åñëè x2 ≥ 0
u(x1,−x2), åñëè x2 < 0,

h(t) ∈ C∞
0 (R), 0 ≤ h(t) ≤ 1; h(t) = 1, åñëè |t| ≤ 1; h(t) = 0, åñëè |t| ≥ 2 . Ïóñòü

v1 = v1(x) =

{
u(x), åñëè x2 ≥ 0
2h(x2λ

2(D1))u(x1, 0)− u(x1,−x2), åñëè x2 < 0,
(1.4)
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Ë å ì ì à 1.1. Äëÿ ëþáûõ ïîñòîÿííûõ ε > 0, γ > 0 ñïðàâåäëèâî íåðàâåíñòâî

∥h(x1εµ(D2))D
2
2v1(x)∥ ≤

C1(ε)C2(γ)(∥(λ2+γ(D1) + λγ(D1)λ(D2))f(x)∥x2>0 +

∥λ3+γ(D1)u(x1, 0)∥+ |D2
1P (x,D)h(x2λ

2(D1))u(x1, 0)∥+ ∥v1(x)∥) +
C(ε∥λ3/2(D2)D1v1(x)∥+ ε2∥λ2(D2)v1(x)∥), (1.5)

ïðè ýòîì

lim
ε→0

C1(ε) = ∞, lim
γ→0

C2(γ) = ∞.

Ä î ê à ç à ò å ë ü ñ ò â î. Ïóñòü

T = ∥h(x1ελ1/2(ξ2))λ2(ξ2)ṽ1(x1, ξ2)∥2. (1.6)

Ïîëîæèâ â íåðàâåíñòâå (1.3) w̃(x1, ξ2) = h(x1ελ
1/2(ξ2))λ

3/2(ξ2)ṽ1(x1, ξ2) , ïîëó÷èì

T ≤ C((D1h(x1ελ
1/2(ξ2))λ

3/2(ξ2)ṽ1(x1, ξ2), D1h(x1ελ
1/2(ξ2))λ

3/2(ξ2)ṽ1(x1, ξ2)) +

(x1ξ2h(x1ελ
1/2(ξ2))λ

3/2(ξ2)ṽ1(x1, ξ2), x1ξ2h(x1ελ
1/2(ξ2))λ

3/2(ξ2)ṽ1(x1, ξ2)) +

∥v1(x)∥2).

Îòñþäà, èíòåãðèðóÿ ïî ÷àñòÿì, ïîëó÷àåì

T ≤ C(I + ∥v1(x)∥2) + ε∥λ3/2(D2)D1v1(x)∥2 + ε2∥λ2(D2)v1(x)∥2, ãäå (1.7)

I =

∫ ∫
|h(x1ελ1/2(ξ2))λ(ξ2)F̃1(x1, ξ2)|2dx1dξ2,

F̃1(x1, ξ2) = (D2
1 + x21ξ

2
2)ṽ1(x1, ξ2). (1.8)

Îöåíèì èíòåãðàë I .
Ñîãëàñíî ôîðìóëå Íüþòîíà-Ëåéáíèöà

F̃1(x1, ξ2) = F̃1(0, ξ2) + x1∂1F̃1(0, ξ2) +

∫ x1

0

∫ t1

0

∂21 F̃1(t2, ξ2)dt2dt1.

Ïîýòîìó

I ≤ C(J0 + J1 + J2), ãäå

J0 =

∫ ∫
|h(x1ελ1/2(ξ2))λ(ξ2)F̃1(0, ξ2|2dx1dξ2 ≤

C

ε

∫
λ3/2(ξ2)|F̃1(0, ξ2|2dξ2,

J1 =

∫ ∫
|h(x1ελ1/2(ξ2))x1λ(ξ2)∂1F̃1(0, ξ2|2dx1dξ2 ≤

C

ε3

∫
λ1/2(ξ2)|D1F̃1(0, ξ2|2dξ2,

J2 =

∫ ∫
|h(x1ελ1/2(ξ2))λ(ξ2)

∫ x1

0

∫ t1

0

∂21 F̃1(τ1, ξ2))dτ1dt1|2dx1dξ2.
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Èç íåðàâåíñòâà Êîøè-Áóíÿêîâñêîãî ïîëó÷àåì

J2 ≤ C

∫ ∫
h2(x1ελ

1/2(ξ2))|x1|3dx1λ2(ξ2)
∫

|D2
1F̃1(τ1, ξ2)|2dτ1dξ2 ≤

C(ε) ≤
∫ ∫

|D2
1F̃1(τ1, ξ2)|2dτ1dξ2 ≤

C(ε)(|D2
1P (x,D)h(x2λ

2(D1))u(x1, 0)∥2 + |D2
1f(x)∥2x2>0). (1.9)

Èç ðàâåíñòâà

Dj
1F1(0, x2) = Dj

1F (0, x2) +Dj
1F0(0, x2), ãäå j = 0, 1,

Dj
1F0(0, x2) =

{
0, åñëè x2 ≥ 0

2h(x2λ(D1))D
j+2
1 U(0)− 2Dj

1F (0, x2), åñëè x2 < 0

ñëåäóåò

Jj ≤ Cε−1−2j

∫
λ3/2−j(ξ2)(|Dj

1F̃ (0, ξ2)|2 + |Dj
1F̃0(0, ξ2)|2)dξ2. (1.10)

Èç (1.1) èìååì ∫
λ3/2−j(ξ2)|Dj

1F̃0(0, ξ2)|2dξ2 ≤ C(

∫
|Dj

1F0(0, x2)|2dx2 +∫ ∫
|Dj

1F0(0, x2)−Dj
1F0(0, y2)|2/|x2 − y2|1−j+3/2dx2dy2) ≤

C(

∫
x2<0

∫
y2<0

|Dj
1F0(0, x2)−Dj

1F0(0, y2)|2/|x2 − y2|1−j+3/2dx2dy2 +∫
x2<0

|Dj
1F0(0, x2)|2/|x2|−j+3/2dx2) ≤ C(I1 + I2 + I3), ãäå (1.11)

I1 =

∫
|λ3/4−j/2(D2)h(x2λ

2(D1))D
j+2
1 U(0)|2dx2,

I2 =

∫
λ3/2−j(ξ2)|Dj

1F̃ (0, ξ2)|2dξ2, (1.12)

I3 =

∫
|Dj

1F (0, x2)− h(x2λ
2(D1))D

j+2
1 U(0)|2/|x2|3/2−jdx2.

Îöåíèì èíòåãðàëû I1, I2, I3.
Èç ñîîòíîøåíèé

I1 ≤ C

∫
λ3/2−j(ξ2)|

∫
e−ix2ξ2

∫
h(x2λ

2(ξ1))ξ
j+2
1 Ũ(ξ1, 0)dξ1dx2|2dξ2 =

C

∫
λ3/2−j(ξ2)|

∫
ξj+2
1 Ũ(ξ1, 0)

∫
e−ix2ξ2h(x2λ

2(ξ1))dx2dξ1|2dξ2,

èñïîëüçóÿ íåðàâåíñòâî Êîøè-Áóíÿêîâñêîãî, ïîëó÷àåì

I1 ≤

C(γ)

∫
λ2j+4+1+2γ(ξ1)|Ũ(ξ1, 0)|2

∫
λ3/2−j(ξ2)|

∫
e−ix2ξ2h(x2λ

2(ξ1))dx2|2dξ2dξ1.
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Îòñþäà, çàìåíèâ ïåðåìåííóþ x2 íà x2λ
−2(ξ1) , ξ2 íà ξ2λ

2(ξ1) , ïîëó÷èì

I1 ≤ C(γ)

∫
λ2j+4+1+2γ+(3/2−j)2−2(ξ1)|Ũ(ξ1, 0)|2dξ1 =

C(γ)

∫
λ6+2γ(ξ1)|Ũ(ξ1, 0)|2dξ1 ≤ C(γ)∥λ3+γ(D1)u(x1, 0)∥2. (1.13)

Äàëåå, èìååì

I2 ≤ C

∫
λ3/2−j(ξ2)|

∫
ξj1F̃ (ξ)dξ1|2dξ2 ≤

C

∫ ∫
(|ξ1|+ λ1/2(ξ2))

−2dξ1

∫
(|ξ1|+ λ1/2(ξ2))

2λ3/2−j(ξ2)|ξj1F̃ (ξ)|2dξ1dξ2 ≤

C

∫ ∫
(|ξ1|+ λ1/2(ξ2))

2λ1−j(ξ2)|ξj1F̃ (ξ)|2dξ1dξ2 =

C(

∫ ∫
|ξ1|≤λ1/2(ξ)

(|ξ1|+ λ1/2(ξ2))
2λ1−j(ξ2)|ξj1F̃ (ξ)|2dξ1dξ2 +∫ ∫

|ξ1|≥λ1/2(ξ)

(|ξ1|+ λ1/2(ξ2))
2λ1−j(ξ2)|ξj1F̃ (ξ)|2dξ1dξ2) ≤

C∥(D2
1 + λ(D2))f(x)∥2x2>0. (1.14)

Î÷åâèäíî,

I3 ≤ J1 + J2, ãäå

J1 =

∫
|W (x2)|2/|x2|3/2−jdx2,

W (x2) = h(x2λ
2(D1))D

j
1F (0, x2)− h(x2λ

2(D1))D
j+2
1 U(0),

J2 =

∫
|(1− h(x2λ

2(D1)))D
j
1F (0, x2)|2/|x2|3/2−jdx2.

Ó÷èòûâàÿ äèôôåðåíöèðóåìîñòü ôóíêöèè W (x2), ðàâåíñòâî W (0) = 0, èíòåãðèðóÿ
ïî ÷àñòÿì, ïîëó÷àåì∫

|W (x2)|2/|x2|3/2−jdx2 ≤ C

∫
|W (x2)D2W (x2)|/|x2|1/2−jdx2 ≤

C(

∫
|W (x2)|2/|x2|3/2−jdx2)

1/2(

∫
|D2W (x2)|2|x2|1/2+jdx2)

1/2.
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Ïîýòîìó ∫
|W (x2)|2/|x2|3/2−jdx2 ≤ C

∫
|x2|1/2+j|D2W (x2)|2dx2 ≤

C(

∫
|x2|1/2+j|D2

∫
h(x2λ

2(ξ1))ξ
j
1F̃ (ξ1, x2)dξ1|2dx2 +∫

|x2|1/2+j|D2

∫
h(x2λ

2(ξ1))ξ
j+2
1 Ũ(ξ1, 0)dξ1|2dx2) ≤

C(

∫
(

∫
λ3/2(ξ1)|F̃ (ξ1, x2)|dξ1)2dx2 +∫

(

∫
λ−1/2(ξ1)|D2F̃ (ξ1, x2)|dξ1)2dx2 +∫ ∫

λ2j+4+1+2γ(ξ1)|Ũ(ξ1, 0)D2h(x2λ
2(ξ1))|2|x2|1/2+jdx2dξ1) ≤

C(

∫ ∫
λ4+2γ(ξ1)|F̃ (ξ1, x2)|2dξ1dx2 +

∫ ∫
|λγ(ξ1)D2F̃ (ξ1, x2)|2dξ1dx2 +∫

λ2j+4+1+2γ+4−(3/2+j)2(ξ1)|Ũ(ξ1, 0)|2dξ1) ≤

C(γ)(∥(λ2+γ(D1) + λγ(D1)λ(D2))f(x)∥2x2>0 + ∥λ3+γ(D1)u(x1, 0)∥2). (1.15)

J2 ≤ C

∫
|
∫

(1− h(x2λ
2+γ(ξ1)))ξ

j
1F̃ (ξ1, x2)dξ1|2/|x2|3/2−jdx2 ≤

C

∫
(

∫
λ3/2(ξ1)|F̃ (ξ1, x2)|dξ1)2dx2 ≤

C

∫ ∫
λ4+2γ(ξ1)|F̃ (ξ1, x2)|2dξ1dx2.

Îòñþäà è èç (1.6 � 1.15) ñëåäóåò äîêàçàòåëüñòâî Ëåììû.
Ä î ê à ç à ò å ë ü ñ ò â î ç à ê î í ÷ å í î.

Ò å î ð å ì à 1.1. Äëÿ ëþáîé ïîñòîÿííîé γ > 0 ñóùåñòâóåò ïîñòîÿííàÿ C(γ) ,
íå çàâèñÿùàÿ îò u(x) ∈ C∞

0 (K) è òàêàÿ, ÷òî

∥D2
2u(x)∥x2>0 ≤ C(γ)(∥(λ2γ(D1) + λγ(D1)λ(D2))P (x,D)u(x)∥x2>0 +

∥λ3+γ(D1)u(x1, 0)∥+ |D2
1P (x,D)h(x2λ

2(D1))u(x1, 0)∥) (1.16)

Ä î ê à ç à ò å ë ü ñ ò â î.
Ïîëîæèì

v = v(x) =

{
u(x), åñëè x2 ≥ 0
α1u(x1,−x2) + α2u(x1,−2x2) + α3u(x1,−3x2), åñëè x2 < 0;

αj óäîâëåòâîðÿþò ñèñòåìå óðàâíåíèé

(−1)kα1 + (−2)kα2 + (−3)kα3 = 1, k = 0, 1, 2.

Î÷åâèäíî,

∥D2
2u(x)∥x2>0 ≤ C∥λ2(D2)v(x)∥.

Ã. À. Ñìîëêèí. Îá îäíîé àïðèîðíîé îöåíêå äëÿ ýëëèïòè÷åñêîãî îïåðàòîðà âòîðîãî . . .
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Ïîëîæèâ â íåðàâåíñòâå (1.2) w(x) = λ3/2(D2)v(x) è èíòåãðèðóÿ ïî ÷àñòÿì, ïîëó÷àåì

∥λ2(D2)v(x)∥2 ≤ C(∥D2P (x,D)v(x)∥2 + ∥P (x,D)v(x)∥2 + ∥v(x)∥2).

Îòñþäà, ó÷èòûâàÿ, ÷òî ôóíêöèÿ v(x) èìååò íåïðåðûâíûå ïðîèçâîäíûå äî âòîðîãî
ïîðÿäêà âêëþ÷èòåëüíî, ïîëó÷àåì

∥λ2(D2)u(x)∥x2>0 ≤ C(∥λ(D2)P (x,D)u(x)∥x2>0 + ∥u(x)∥x2>0 +

∥D2D
2
1u(x)∥x2>0). (1.17)

Îöåíêà ∥D2D
2
1u(x)∥x2>0.

ßñíî, ÷òî

∥D2D
2
1u(x)∥x2>0 ≤ C∥D2D

2
1v1(x)∥ ≤

C(∥h(x1ελ1/2(D2))D2D
2
1v1(x)∥+ ∥(1− h(x1ελ

1/2(D2)))D2D
2
1v1(x)∥). (1.18)

( ε � ïîëîæèòåëüíàÿ êîíñòàíòà). Îöåíèì êàæäîå ñëàãàåìîå ïðàâîé ÷àñòè ïîñëåäíåãî íåðà-
âåíñòâà.

Îöåíêà ∥(1− h(x1εµ(D2)))D
2
1D2v1(x)∥.

Ïîñêîëüêó

1− h(x1ελ
1/2(ξ2)) ≤ Cε(1− h(x1ελ

1/2(ξ2)))x1λ
1/2(ξ2), òî

∥(1− h(x1ελ
1/2(ξ2)))D

2
1ξ2ṽ1(x1, ξ2)∥2 ≤

Cε2((x1λ
1/2(ξ2)D

2
1ξ2ṽ1(x1, ξ2), x1λ

1/2(ξ2)D
2
1ξ2ṽ1(x1, ξ2)) +

(λ1/2(ξ2)D
3
1ṽ1(x1, ξ2), λ

1/2(ξ2)D
3
1ṽ1(x1, ξ2))) ≤

Cε2(∥D2
1P (x,D)v1∥2 + ∥(1 +D2

2)v1∥2 + ∥D2
1D2v1∥2) ≤

Cε2(∥D2
1P (x,D)u∥2x2>0 + ∥(1 +D2

2)u∥2x2>0 + ∥D2
1u∥2x2>0 +

|D2
1P (x,D)h(x2λ

2(D1))u(x1, 0)∥).

Îòñþäà è èç íåðàâåíñòâ (1.17), (1.18) ñëåäóåò

∥λ2(D2)u(x)∥x2>0 ≤ C(∥(D2
1 + λ(D2))P (x,D)u(x)∥x2>0 +

|D2
1P (x,D)h(x2λ

2(D1))u(x1, 0)∥+ ∥u(x)∥x2>0 +

∥h(x1ελ1/2(D2))D2D
2
1v1(x)∥). (1.19)

Èíòåãðèðóÿ ïî ÷àñòÿì è ïðèìåíÿÿ íåðàâåíñòâî Êîøè-Áóíÿêîâñêîãî, ïîëó÷àåì

∥h(x1ελ1/2(D2))D2D
2
1v1(x)∥2 ≤

C(ε1/2∥D4
1v1(x)∥2 + ε1/2∥D2

2v1(x)∥2 + ε−1/2∥h(x1ελ1/2(ξ2))D2
2v1(x)∥2). (1.20)

Îöåíêà ∥D4
1v1(x)∥.

Èç íåðàâåíñòâà

∥D4
1v1(x)∥2 ≤ (D4

1v1(x), D
4
1v1(x)) + (D3

1x1D
3
1D2v1(x), x1D

3
1D2v1(x))

ñëåäóåò

∥D4
1v1(x)∥2 ≤ C(∥D2

1P (x,D)v1(x)∥2 + ∥D2
2v1(x)∥2.

Ïîýòîìó, âûáèðàÿ ε äîñòàòî÷íî ìàëûì, èñïîëüçóÿ âûøåïðèâåäåííóþ ëåììó è îöåíêè
(1.19), (1.20), ïîëó÷àåì äîêàçàòåëüñòâî òåîðåìû.
Ä î ê à ç à ò å ë ü ñ ò â î ç à ê î í ÷ å í î.
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About an a priori estimate for the second order elliptic

operator degenerate alog coordinate axis orthogonal to

semi-plane boundary

c⃝ G.A. Smolkin 2

Abstract. In the paper the methodology is demonstrated to derive an inequality of special type.
The left-hand side of this inequality is a norm of the second-order derivative of a function along
the normal to a half-plane boundary. The right-hand side of the inequality is a linear combination
of two terms. The �rst is a norm of a function image generated by degenerate elliptic operator, and
the second is a trace of function on the half-plane boundary. Paper deals with norms in Sobolev
spaces and in Slobodetzky spaces. In the inequality proof two function continuations from half-
plane to the entire plane are used. Using the �rst continuation which has derivatives up to the
third order the inequality is reduced to estimation of mixed derivatives and derivatives with respect
to boundary's tangents. This derivatives are obtained using the second continuation that is twice
di�erentiable.
Key Words: Fouries transform, Sobolev spaces, a priori estimates, degenerate elliptic operator,
function continuation.
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