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Àííîòàöèÿ. Ðàáîòà ïîñâÿùåíà ïîèñêó ÷èñëåííîãî ðåøåíèÿ ñèñòåì ëèíåéíûõ àëãåáðàè÷åñêèõ
óðàâíåíèé, ñîäåðæàùèõ ïàðàìåòð (â êà÷åñòâå êîòîðîãî ìîæåò âûñòóïàòü âðåìÿ) è èìåþùèõ
ïëîõóþ îáóñëîâëåííîñòü ïðè îïðåäåëåííûõ çíà÷åíèÿõ ïàðàìåòðà.Ðåøåíèå òàêîé ñèñòåìû,
íàïðèìåð, ïî ïðàâèëó Êðàìåðà èëè ñ ïîìîùüþ ìåòîäà Ãàóññà íåâîçìîæíî â îêðåñòíîñòè ñèí-
ãóëÿðíîñòè ìàòðèöû ñèñòåìû óðàâíåíèé. Ïðåäëîæåí àëãîðèòì, êîòîðûé ïîçâîëÿåò óñïåøíî
ïðîõîäèòü êàê îêðåñòíîñòè ñèíãóëÿðíîñòè, òàê è ñàìè îñîáûå òî÷êè, â êîòîðûõ ìàòðèöà ñèñòå-
ìû âûðîæäàåòñÿ. Äàííûé àëãîðèòì ïðåäïîëàãàåò ïðèìåíåíèå ìåòîäà ïðîäîëæåíèÿ ðåøåíèÿ
ïî íàèëó÷øåìó ïàðàìåòðó ñîâìåñòíî ñ ìåòîäîì Ãàóññà ðåøåíèÿ ñèñòåì ëèíåéíûõ àëãåáðàè-
÷åñêèõ óðàâíåíèé.
Êëþ÷åâûå ñëîâà: ñèñòåìà ëèíåéíûõ àëãåáðàè÷åñêèõ óðàâíåíèé, îñîáûå òî÷êè, ìåòîä ïðî-
äîëæåíèÿ ðåøåíèÿ ïî ïàðàìåòðó, íàèëó÷øèé ïàðàìåòð ïðîäîëæåíèÿ, ÷èñëåííûå ìåòîäû,
îáûêíîâåííûå äèôôåðåíöèàëüíûå óðàâíåíèÿ.

1. Ââåäåíèå

Â ðàáîòàõ [1, 2], ïîñâÿùåííûõ ðåøåíèþ ñèñòåì ëèíåéíûõ àëãåáðàè÷åñêèõ óðàâíåíèé
(ÑËÀÓ) ñ ïëîõîé îáóñëîâëåííîñòüþ, ðàññìàòðèâàëîñü ðåøåíèå ñèñòåì, ìàòðèöû êîòîðûõ
ñòàíîâÿòñÿ ñèíãóëÿðíûìè ïðè íåêîòîðûõ çíà÷åíèÿõ ïàðàìåòðà çàäà÷è. Â îêðåñòíîñòè òà-
êèõ òî÷åê çàäà÷è ñòàíîâÿòñÿ ïëîõî îáóñëîâëåííûìè, ò.å. ìàëûì èçìåíåíèÿì ýëåìåíòîâ
ìàòðèöû îòâå÷àþò áîëüøèå èçìåíåíèÿ ýëåìåíòîâ ðåøåíèÿ. Íåñìîòðÿ íà òî, ÷òî ïëîõî
îáóñëîâëåííûå ñèñòåìû èìåþò åäèíñòâåííîå ðåøåíèå, íà ïðàêòèêå ýòî ðåøåíèå ÷èñëåí-
íî ïîëó÷èòü ñëîæíî, òàê êàê äàæå íåçíà÷èòåëüíûå âû÷èñëèòåëüíûå îøèáêè îêðóãëåíèÿ,
íåìèíóåìî íàêàïëèâàåìûå ïðè ðàñ÷åòå, ïðèâîäÿò ê áîëüøèì ïîãðåøíîñòÿì.

Â ýòèõ ðàáîòàõ èññëåäîâàëèñü ïðåäåëüíûå îñîáûå òî÷êè, â êîòîðûõ ðàíã ìàòðèöû n -
ãî ïîðÿäêà ÑËÀÓ ñ n íåèçâåñòíûìè ïðèíèìàåò çíà÷åíèå, ðàâíîå n− 1 . Òàêèå ñèòóàöèè
âîçíèêàþò, íàïðèìåð, ïðè ðåøåíèè çàäà÷ óïðóãîâÿçêîïëàñòè÷íîñòè â ìåõàíèêå äåôîðìè-
ðóåìîãî òâåðäîãî òåëà. Áûë ïðåäëîæåí àëãîðèòì, êîòîðûé îñíîâàí íà ïðèìåíåíèè ìåòîäà
ïðîäîëæåíèÿ ðåøåíèÿ ïî ïàðàìåòðó. Ðåøåíèå ïðåîáðàçîâàííîé ñèñòåìû íàõîäèëîñü ïó-
òåì ïðèìåíåíèÿ ïðàâèëà Êðàìåðà è ÷èñëåííûõ ìåòîäîâ èíòåãðèðîâàíèÿ íà÷àëüíîé çàäà÷è
äëÿ ñèñòåì îáûêíîâåííûõ äèôôåðåíöèàëüíûõ óðàâíåíèé.

1 Áîëîòèí Ëåîíèä Áîðèñîâè÷, ñòóäåíò êàôåäðû äèôôåðåíöèàëüíûõ óðàâíåíèé, Ìîñêîâñêèé àâèà-
öèîííûé èíñòèòóò (íàöèîíàëüíûé èññëåäîâàòåëüñêèé óíèâåðñèòåò) (125993, Ðîññèÿ, ã. Ìîñêâà, Âîëîêî-
ëàìñêîå øîññå, 4.), ORCID: http://orcid.org/0000-0001-5473-9458, yourleo@yandex.ru

2Êóçíåöîâ Åâãåíèé Áîðèñîâè÷, ïðîôåññîð êàôåäðû äèôôåðåíöèàëüíûõ óðàâíåíèé, Ìîñêîâñêèé
àâèàöèîííûé èíñòèòóò (íàöèîíàëüíûé èññëåäîâàòåëüñêèé óíèâåðñèòåò) (125993, Ðîññèÿ, ã. Ìîñêâà, Âîëî-
êîëàìñêîå øîññå, 4.), äîêòîð ôèçèêî - ìàòåìàòè÷åñêèõ íàóê, ORCID: http://orcid.org/0000-0001-5759-0062,
kuznetsov@mai.ru
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Íåäîñòàòîê òàêîãî àëãîðèòìà çàêëþ÷àåòñÿ â òîì, ÷òî ïðè ïðèìåíåíèè ïðàâèëà Êðàìå-
ðà ê ðåøåíèþ ÑËÀÓ n -ãî ïîðÿäêà íåîáõîäèìî çíàòü n + 1 îïðåäåëèòåëü n -ãî ïîðÿäêà,
âû÷èñëåíèå êîòîðûõ ñ çàäàííîé òî÷íîñòüþ ñèëüíî óñëîæíÿåòñÿ ïðè óâåëè÷åíèè ïîðÿä-
êà ÑËÀÓ. Ýòîò íåäîñòàòîê îñîáåííî î÷åâèäåí ïðè ðåøåíèè ïëîõî îáóñëîâëåííûõ ÑËÀÓ.
Ïîýòîìó äëÿ ðåøåíèÿ òàêèõ ñèñòåì çäåñü ïðèìåíÿåòñÿ ìåòîä Ãàóññà.

2. Ïîñòàíîâêà çàäà÷è

Ðàññìîòðèì ñèñòåìó ëèíåéíûõ àëãåáðàè÷åñêèõ óðàâíåíèé âèäà:

A(t)x = b(t), (2.1)

ãäå A � êâàäðàòíàÿ ìàòðèöà ∥aij∥nn , x = (x1, ..., xn)
T , b = (b1, ..., bn)

T , ïàðàìåòð çàäà÷è

t ∈ R .
Ðàññìîòðèì ðåøåíèå ñèñòåìû (2.1) ñ ìàòðèöåé âèäà

A(t) =


a11 · · · a1n
... · · · ...

a11 + ε1(1− t) · · · a1n + εn(1− t)
... · · · ...
an1 · · · ann


ãäå ñòðîêà a11 + ε1(1 − t), . . . , a1n + εn(1 − t) � k -àÿ ñòðîêà, k = 1, n, εi ≪ 1 , i =
1, n, t ∈ [0.2] .

3. Ìåòîä ðåøåíèÿ çàäà÷è

Â îêðåñòíîñòè t = 1 ðåøåíèå xi(t) ñèñòåìû (2.1) áóäåò ïëîõî îáóñëîâëåííûì, à ïðè
t = 1 ìàòðèöà ñèñòåìû ñòàíîâèòñÿ âûðîæäåííîé. Äëÿ ðåøåíèÿ ñèñòåìû ïðèìåíèì ìåòîä
ïðîäîëæåíèÿ ðåøåíèÿ ïî íàèëó÷øåìó ïàðàìåòðó [3].

Ïðîäèôôåðåíöèðóåì ñèñòåìó (2.1) ïî ïåðåìåííîé t :

A(t)ẋ = ḃ(t)− Ȧ(t)x. (3.1)

Ïîñëå ââåäåíèÿ îáîçíà÷åíèÿ

e(t) = −ḃ(t) + Ȧ(t)x (3.2)

ñèñòåìó óðàâíåíèé (3.1) ìîæíî çàïèñàòü â âèäå

A(t)ẋ+ e(t)ṫ = 0. (3.3)

Ïðåäïîëàãàÿ, ÷òî ïåðåìåííûå x è t ÿâëÿþòñÿ ôóíêöèÿìè íàèëó÷øåãî ïàðàìåòðà λ ,
êîòîðûé ÿâëÿåòñÿ äëèíîé äóãè êðèâîé ìíîæåñòâà ðåøåíèé ñèñòåìû óðàâíåíèé (2.1), ñì.
[3], ïåðåïèøåì ñèñòåìó (3.3) â ìàòðè÷íîé ôîðìå

a11 · · · a1n e1(t)
... · · · ...

...
a11 + ε1(1− t) · · · a1n + εn(1− t) e2(t)

... · · · ...
...

an1 · · · ann en(t)




x′1
...
x′k
...
t′

 =


0
...
0
...
0

 .
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Çäåñü øòðèõ îïðåäåëÿåò äèôôåðåíöèðîâàíèå ïî íàèëó÷øåìó ïàðàìåòðó λ , êîòîðûé
óäîâëåòâîðÿåò ðàâåíñòâó

n∑
i=1

(x′i)
2 + (t′)2 = 1, (3.4)

ãäå x′i è t′ � ïðîèçâîäíûå ôóíêöèé xi è t ïî ïàðàìåòðó λ .
Íàèëó÷øèé ïàðàìåòð ñ ó÷åòîì óðàâíåíèÿ (3.4) äåëàåò çàäà÷ó (3.3) íåëèíåéíîé â ñèëó

ïîñëåäíåãî óðàâíåíèÿ ïðåîáðàçîâàííîé ñèñòåìû

a11 · · · a1n e1(t)
... · · · ...

...
a11 + ε1(1− t) · · · a1n + εn(1− t) e2(t)

... · · · ...
...

an1 · · · ann en(t)
x′1 · · · x′n t′




x′1
...
x′k
...
t′

 =


0
...
0
...
1

 .

Ëèíåàðèçóåì ýòó ñèñòåìó, ïåðåïèñàâ ïîñëåäíåå óðàâíåíèå â âèäå

n∑
i=1

(x′i∗)(x
′
i) + (t′∗)(t

′) = 1, (3.5)

ãäå èíäåêñ "çâåçäî÷êà"îáîçíà÷àåò çíà÷åíèå ôóíêöèè, âû÷èñëåííîå íà ïðåäûäóùåì øà-
ãå ïðîöåññà ïîøàãîâîãî èíòåãðèðîâàíèÿ. Òîãäà ñ ó÷åòîì (3.5) ëèíåàðèçîâàííàÿ ñèñòåìà
çàïèøåòñÿ â âèäå

a11 · · · a1n e1(t)
... · · · ...

a11 + ε1(1− t) · · · a1n + εn(1− t) e2(t)
... · · · ...
an1 · · · ann en(t)
x′1∗ · · · x′n∗ t′∗




x′1
...
x′k
...
t′

 =


0
...
0
...
1

 .

Ýòî óæå ñèñòåìà ëèíåéíûõ àëãåáðàè÷åñêèõ óðàâíåíèé, êîòîðàÿ ìîæåò áûòü ðåøåíà,
íàïðèìåð, ìåòîäîì Ãàóññà. Â ëèíåàðèçîâàííîé ñèñòåìå çâåçäî÷êîé ïîìå÷åíû êîìïîíåí-
òû åäèíè÷íîãî âåêòîðà X ′

∗ = (x′1∗, · · · , x′n∗, t′∗)T � âåêòîðà ïðîèçâîäíûõ, âû÷èñëåííûõ íà
ïðåäûäóùåì øàãå ïðîöåññà ïðîäîëæåíèÿ ðåøåíèÿ, à âåêòîð X ′ = (x′1, · · · , x′n, t′)T � âåêòîð
ïðîèçâîäíûõ, âû÷èñëåííûõ íà ðàññìàòðèâàåìîì øàãå â ðåçóëüòàòå ðåøåíèÿ ëèíåàðèçî-
âàííîé ñèñòåìû. Êàê è âåêòîð X ′

∗ , âåêòîð X ′ íàïðàâëåí ïî êàñàòåëüíîé ê èíòåãðàëüíîé
êðèâîé çàäà÷è, íî íå ÿâëÿåòñÿ åäèíè÷íûì, êàê ýòî òðåáóåò ïîñëåäíåå óðàâíåíèå ïðåîáðàçî-
âàííîé ñèñòåìû, òàê êàê â ñèëó ïîñëåäíåãî óðàâíåíèÿ ëèíåàðèçîâàííîé ñèñòåìû ïðîåêöèÿ
âåêòîðà X ′ íà íàïðàâëåíèå åäèíè÷íîãî âåêòîðà X ′

∗ ðàâíà åäèíèöå. Íî åãî ìîæíî ñäåëàòü
åäèíè÷íûì, ïðîèçâåäÿ íîðìèðîâêó ïî ôîðìóëå

X ′
∗ =

X ′

||X ′||
,

ãäå ||X ′|| � êâàäðàòè÷íàÿ íîðìà ìàòðèöû X ′ .
Ïîëó÷åííûé òàêèì îáðàçîì âåêòîð áóäåò ðåøåíèåì íà äàííîì øàãå èñõîäíîé çàäà÷è

è åå ìîæíî èíòåãðèðîâàòü ëþáûì ÷èñëåííûì ìåòîäîì èíòåãðèðîâàíèÿ çàäà÷è Êîøè ñ
íà÷àëüíûìè óñëîâèÿìè, âçÿòûìè èç ïðåäûäóùåãî øàãà.
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Ïðè ðåøåíèè ïðåîáðàçîâàííîé ñèñòåìû íà÷àëüíîå ïðèáëèæåíèå åäèíè÷íîãî âåêòîðà
X ′

∗ âûáèðàåòñÿ èç óñëîâèÿ, ÷òîáû îí íå áûë îðòîãîíàëüíûì ê âåêòîðó êàñàòåëüíîé â
íà÷àëüíîé òî÷êå èíòåãðàëüíîé êðèâîé. Åñëè ýòà òî÷êà íå ÿâëÿåòñÿ ïðåäåëüíîé ïî ïåðå-
ìåííîé t′ , òî âåêòîð X ′

∗ ìîæíî ïðèíÿòü, íàïðèìåð, ðàâíîì X ′
∗ = (0, 0, · · · , 1)T .

4. Ïðèìåð

Â êà÷åñòâå ïðèìåðà ðàññìàòðèâàëîñü ÷èñëåííîå ðåøåíèå ñëåäóþùåé ÑËÀÓ òðåòüåãî
ïîðÿäêà:  2 1 3

2 + 0.1(1− t) 1 + 0.2(1− t) 3 + 0.3(1− t)
3 4 −1

xy
z

 =

2
1
3

 .

×èñëåííîå ðåøåíèå çàäà÷è íà îòðåçêå t ∈ [0, 2] áûëî ïîëó÷åíî â âû÷èñëèòåëüíîé ñðåäå
MathCAD 14 íåñêîëüêèìè ÷èñëåííûìè ìåòîäàìè èíòåãðèðîâàíèÿ íà÷àëüíîé çàäà÷è [4].

Ïðèìåíÿëèñü ñëåäóþùèå ìåòîäû:
1. Ìåòîä Ýéëåðà.
2. Ìåòîä Ðóíãå-Êóòòû ÷åòâåðòîãî ïîðÿäêà.

Íà pèc. 4.1 ïðèâåäåíû ãðàôèêè ðåøåíèÿ ñ ïðèìåíåíèåì îáîèõ ìåòîäîâ â îêðåñòíîñòè
îñîáîé òî÷êè t = 1 . Çàìåòèì, ÷òî ãðàôèêè, ïîëó÷åííûå ïðè ïîìîùè ïðàâèëà Êðàìåðà è
ìåòîäà Ãàóññà ðåøåíèÿ ÑËÀÓ ïðàêòè÷åñêè íå îòëè÷àëèñü.

Ð è ñ ó í î ê 4.1

Îòìåòèì, ÷òî äîñòîâåðíîå ðåøåíèå íåïðåîáðàçîâàííîé çàäà÷è ýòèìè ìåòîäàìè ïîëó-
÷èòü íå óäàëîñü èç-çà ïåðåïîëíåíèÿ ïàìÿòè ÝÂÌ â îêðåñòíîñòè îñîáîé òî÷êè.
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5. Âûâîäû

Òàêèì îáðàçîì, ïðåäëîæåí àëãîðèòì è ðàçðàáîòàíà âû÷èñëèòåëüíàÿ ïðîãðàììà ïðè-
ìåíåíèÿ ìåòîäà Ãàóññà äëÿ ðåøåíèÿ ÑËÀÓ ñ îñîáåííîñòÿìè, ñîäåðæàùåé ïàðàìåòð. Äàí-
íûé àëãîðèòì ïðè ðåøåíèè ÑËÀÓ íèçêîãî ïîðÿäêà äàåò òàêèå æå ðåçóëüòàòû, êàê è
àëãîðèòì, èñïîëüçóþùèé ïðàâèëî Êðàìåðà [1, 2], íî ìîæåò ñ óñïåõîì èñïîëüçîâàòüñÿ è
ïðè ðåøåíèè ñèñòåì âûñîêîãî ïîðÿäêà. Â íàñòîÿùåå âðåìÿ âåäåòñÿ ðàáîòà ïî ïðèìåíåíèþ
äëÿ ðåøåíèÿ çàäà÷ ðàññìîòðåííîãî êëàññà èñêóññòâåííûõ íåéðîííûõ ñåòåé.

Ðàáîòà âûïîëíåíà ïðè ôèíàíñîâîé ïîääåðæêå ÐÔÔÈ, ïðîåêò � 16-08-00943.
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Gauss method application to solution of ill-conditioned

systems of linear algebraic equations

c⃝ L.B. Bolotin 3 E.B. Kuznetsov 4

Abstract. The paper deals with the numerical solution of the system of linear algebraic equations
that is singular under certain values of the problem parameter, which can be, for example, time. The
solution of such system by the Kramer's rule or using Gaussian elimination method is impossible
in the neighborhood of singularity of the system matrix. The algorithm is proposed which can
successfully overcome the neighborhood of the singularity and singular points where the system
matrix degenerates. The algorithm implies the application of the method of solution continuation
with respect to the best parameter and Gaussian elimination method for linear algebraic equations'
system.
KeyWords: system of linear algebraic equations, singular points, method of solution continuation
with respect to a parameter, the best parameter of continuation, numerical methods, ordinary
di�erential equations.
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