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Àííîòàöèÿ. Ïðåäëîæåíà ìàòåìàòè÷åñêàÿ ìîäåëü äèíàìè÷åñêîé ñèñòåìû, ñîäåðæàùåé óïðó-
ãóþ ïëàñòèíó ïðè îäíîñòîðîííåì îáòåêàíèè åå ïîòîêîì èäåàëüíîãî íåñæèìàåìîãî ãàçà ñ îòðû-
âîì ñòðóè ïî ñõåìå Êèðõãîôà. Ïîâåäåíèå óïðóãîãî ìàòåðèàëà îïèñûâàåòñÿ íåëèíåéíîé ìîäå-
ëüþ, ó÷èòûâàþùåé êàê ïðîäîëüíûå, òàê è ïîïåðå÷íûå äåôîðìàöèè óïðóãîé ïëàñòèíû. Äàíî
ðåøåíèå àýðîãèäðîäèíàìè÷åñêîé ÷àñòè çàäà÷è, îñíîâàííîå íà ìåòîäàõ òåîðèè ôóíêöèé êîì-
ïëåêñíîãî ïåðåìåííîãî. Ïîëó÷åíà ñâÿçàííàÿ ñèñòåìà èíòåãðî-äèôôåðåíöèàëüíûõ óðàâíåíèé
ñ ÷àñòíûìè ïðîèçâîäíûìè, ñîäåðæàùàÿ òîëüêî íåèçâåñòíûå ôóíêöèè äåôîðìàöèè ïëàñòè-
íû. Íà îñíîâå ïîñòðîåíèÿ ôóíêöèîíàëà, ñîîòâåòñòâóþùåãî ýòîé ñèñòåìå óðàâíåíèé, ïîëó÷å-
íû äîñòàòî÷íûå óñëîâèÿ óñòîé÷èâîñòè íóëåâîãî ðåøåíèÿ ñèñòåìû. Îïðåäåëåíèå óñòîé÷èâîñòè
óïðóãîãî òåëà ñîîòâåòñòâóåò êîíöåïöèè óñòîé÷èâîñòè äèíàìè÷åñêèõ ñèñòåì ïî Ëÿïóíîâó.
Êëþ÷åâûå ñëîâà: àýðîãèäðîóïðóãîñòü, ìàòåìàòè÷åñêîå ìîäåëèðîâàíèå, äèíàìè÷åñêàÿ
óñòîé÷èâîñòü, óïðóãàÿ ïëàñòèíà, äîçâóêîâîé ïîòîê ãàçà, äèôôåðåíöèàëüíûå óðàâíåíèÿ â
÷àñòíûõ ïðîèçâîäíûõ, ôóíêöèîíàë.

1. Ââåäåíèå

Ïðè ïðîåêòèðîâàíèè êîíñòðóêöèé, ïðèáîðîâ, óñòðîéñòâ, àïïàðàòîâ, ñèñòåì è ò. ä. ðàç-
ëè÷íîãî íàçíà÷åíèÿ, íàõîäÿùèõñÿ âî âçàèìîäåéñòâèè ñ ãàçîæèäêîñòíîé ñðåäîé, íåîáõîäè-
ìî ðåøàòü çàäà÷è, ñâÿçàííûå ñ èññëåäîâàíèåì óñòîé÷èâîñòè óïðóãèõ ýëåìåíòîâ, òðåáóåìîé
äëÿ èõ ôóíêöèîíèðîâàíèÿ è íàäåæíîñòè ýêñïëóàòàöèè.

Â íàñòîÿùåå âðåìÿ ìåõàíèêà äåôîðìèðóåìîãî òâåðäîãî òåëà, ìåõàíèêà æèäêîñòè è ãàçà
è àýðîãèäðîóïðóãîñòü ïðåäñòàâëÿþò ñîáîé õîðîøî ðàçâèòûå ðàçäåëû ìåõàíèêè ñïëîøíîé
ñðåäû.

Ìíîãî èññëåäîâàíèé ïîñâÿùåíî äèíàìèêå, óñòîé÷èâîñòè è ôëàòòåðó ïëàñòèí è îáî-
ëî÷åê, íàõîäÿùèõñÿ â ïîòîêå æèäêîñòè èëè ãàçà (ñðåäè ïîñëåäíèõ â êà÷åñòâå ïðèìåðà
îòìåòèì êàê ðîññèéñêèå [1-4], òàê è çàðóáåæíûå [5-7] èññëåäîâàíèÿ). Áîëüøèíñòâî ðàáîò
ïîñâÿùåíî èññëåäîâàíèþ ôëàòòåðà ïëàñòèí è îáîëî÷åê â ñâåðõçâóêîì ïîòîêå, è òîëüêî
íåáîëüøàÿ ÷àñòü ðàáîò ïîñâÿùåíà îáòåêàíèþ ïëàñòèí è îáîëî÷åê äîçâóêîâûì ïîòîêîì,
÷òî óêàçûâàåò íà ñëîæíîñòü èññëåäîâàíèÿ äèíàìèêè óïðóãèõ òåë ïðè óêàçàííîì ðåæèìå
îáòåêàíèÿ è òðåáóåò áîëåå ïðèñòàëüíîãî è ãëóáîêîãî âíèìàíèÿ ê ýòèì çàäà÷àì.
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Â ðàáîòå èññëåäóåòñÿ äèíàìè÷åñêàÿ óñòîé÷èâîñòü óïðóãîé ïëàñòèíû ïðè îäíîñòîðîí-
íåì îáòåêàíèè åå äîçâóêîâûì ïîòîêîì ãàçà (æèäêîñòè) â ìîäåëè èäåàëüíîé íåñæèìàåìîé
ñðåäû ñ îòðûâîì ñòðóè ïî ñõåìå Êèðõãîôà. Îïðåäåëåíèå óñòîé÷èâîñòè óïðóãîãî òåëà ñîîò-
âåòñòâóåò êîíöåïöèè óñòîé÷èâîñòè äèíàìè÷åñêèõ ñèñòåì ïî Ëÿïóíîâó. Ïîâåäåíèå óïðóãî-
ãî ìàòåðèàëà â ðàáîòå îïèñûâàåòñÿ íåëèíåéíîé ìîäåëüþ. Äëÿ ðåøåíèÿ ñâÿçàííîé çàäà÷è
àýðîãèäðîóïðóãîñòè èñïîëüçóåòñÿ ïîäõîä, îñíîâàííûé íà ïîñòðîåíèè ðåøåíèÿ àýðîãèäðî-
äèíàìè÷åñêîé ÷àñòè äâóìåðíîé êðàåâîé çàäà÷è äëÿ óðàâíåíèÿ Ëàïëàñà ìåòîäàìè êîì-
ïëåêñíîãî àíàëèçà, ïðè ýòîì àýðîãèäðîäèíàìè÷åñêàÿ íàãðóçêà (äàâëåíèå æèäêîñòè èëè
ãàçà) îïðåäåëÿåòñÿ ÷åðåç ôóíêöèè, îïèñûâàþùèå íåèçâåñòíûå äåôîðìàöèè ïëàñòèíû [8].
Ïðè ïîäñòàíîâêå âûðàæåíèÿ äëÿ äàâëåíèÿ â óðàâíåíèÿ êîëåáàíèé ïëàñòèí ðåøåíèå çàäà-
÷è ñâîäèòñÿ ê èññëåäîâàíèþ ñèñòåìû èíòåãðî-äèôôåðåíöèàëüíûõ óðàâíåíèé ñ ÷àñòíûìè
ïðîèçâîäíûìè äëÿ ôóíêöèé äåôîðìàöèé. Íà îñíîâå ïîñòðîåíèÿ ôóíêöèîíàëà, ñîîòâåò-
ñòâóþùåãî ýòîé ñèñòåìå óðàâíåíèé, ïîëó÷åíû äîñòàòî÷íûå óñëîâèÿ óñòîé÷èâîñòè ðåøåíèé
ñèñòåìû.

Ïîäîáíûå çàäà÷è ïî èññëåäîâàíèþ äèíàìè÷åñêîé óñòîé÷èâîñòè ïðè äîçâóêîâîì ðåæè-
ìå îáòåêàíèÿ ðàññìàòðèâàëèñü â [8] � [17]. Êðîìå òîãî, îòëè÷èåì îò ðàíåå ïîëó÷åííûõ
ðåçóëüòàòîâ [9] ÿâëÿåòñÿ òî, ÷òî â äàííîé ðàáîòå ðàññìîòðåíà íåëèíåéíàÿ ìàòåìàòè÷å-
ñêàÿ ìîäåëü óïðóãîãî òåëà, ó÷èòûâàþùàÿ è ïðîäîëüíûå è ïîïåðå÷íûå êîëåáàíèÿ óïðóãîé
ïëàñòèíû.

2. Ìàòåìàòè÷åñêàÿ ìîäåëü

Ðàññìàòðèâàåòñÿ ïëîñêàÿ çàäà÷à î êîëåáàíèÿõ óïðóãîé ïëàñòèíû ïðè îäíîñòîðîííåì
îáòåêàíèè åå ïîòîêîì èäåàëüíîé íåñæèìàåìîé ñðåäû ñ îòðûâîì ñòðóè ïî ñõåìå Êèðõãîôà.
Ïóñòü â ïëîñêîñòè xOy îòðåçîê [0, l] îñè Ox ñîîòâåòñòâóåò óïðóãîé ïëàñòèíå, êîòîðàÿ â
òî÷êå x = 0 ñîåäèíåíà ñ æåñòêîé íåäåôîðìèðóåìîé ïëàñòèíîé, çàíèìàþùåé ïîëîæåíèå
y = 0, x ∈ (−∞, 0) . Â áåñêîíå÷íî óäàëåííîé òî÷êå ñêîðîñòü ñðåäû ðàâíà V è íàïðàâëåíà
âäîëü îñè Ox .

Ìàòåìàòè÷åñêàÿ ïîñòàíîâêà çàäà÷è èìååò âèä:

∆φ = 0, (x, y) ∈ H = {(x, y) ∈ R2 : |x| <∞, y > 0}; (2.1)

φy(x, 0, t) = 0, x ∈ (−∞, 0); (2.2)

φy(x, 0, t) = ẇ(x, t) + V w′(x, t), x ∈ (0, l); (2.3)

φy(x, 0, t) = ḣ(x, t) + V h′(x, t), x ∈ (l,+∞); (2.4)

φt(x, 0, t) + V φx(x, 0, t) = 0, x ∈ (l,+∞); (2.5)

w(0, t) = 0; (2.6)

h(l, t) = w(l, t); (2.7)

|∇φ|2∞ = (φ2
x + φ2

y + φ2
t )∞ = 0; (2.8)

P (x, t) = ρ(φt(x, 0, t) + V φx(x, 0, t)), x ∈ (0, l); (2.9)
−EF

(
u′(x, t) + 1

2
w′2(x, t)

)′
+Mü(x, t)− β2I

−1u̇′′(x, t) = 0,

−EF
[
w′(x, t)

(
u′(x, t) + 1

2
w′2(x, t)

)]′
+Dw′′′′(x, t) +Mẅ(x, t)+

+Nw′′(x, t) + β2ẇ
′′′′(x, t) + β1ẇ(x, t) + β0w(x, t) = P (x, t), x ∈ (0, l).

(2.10)

Çäåñü ââåäåíû îáîçíà÷åíèÿ: ρ � ïëîòíîñòü ãàçà; M = hpρp � ïîãîííàÿ ìàññà ïëàñòè-
íû; hp � òîëùèíà ïëàñòèíû; E , ρp � ìîäóëü óïðóãîñòè è ëèíåéíàÿ ïëîòíîñòü ïëàñòèíû;
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N � ñæèìàþùàÿ (ðàñòÿãèâàþùàÿ) ïëàñòèíó ñèëà; F =
hp

1− ν2
; D = EI � èçãèáíàÿ

æåñòêîñòü ïëàñòèíû; I =
h3p

12(1− ν2)
� ìîìåíò èíåðöèè ïëàñòèíû; β2, β1 � êîýôôèöèåí-

òû âíóòðåííåãî è âíåøíåãî äåìïôèðîâàíèÿ; β0 � êîýôôèöèåíò æåñòêîñòè ñëîÿ îáæàòèÿ;
ν � êîýôôèöèåíò Ïóàññîíà. Èíäåêñû x, y, t ñíèçó îáîçíà÷àþò ÷àñòíûå ïðîèçâîäíûå ïî
x, y, t ; øòðèõ îáîçíà÷àåò ÷àñòíóþ ïðîèçâîäíóþ ïî êîîðäèíàòå x , à òî÷êà � ïî âðåìåíè
t . Íåèçâåñòíûìè ÿâëÿþòñÿ ôóíêöèè: φ(x, y, t) � ïîòåíöèàë ñêîðîñòè ãàçà; w(x, t) , u(x, t)
� ôóíêöèè, îïðåäåëÿþùèå äåôîðìàöèè ïëàñòèíû â íàïðàâëåíèè îñåé Oy è Ox ñîîòâåò-
ñòâåííî (ïîïåðå÷íàÿ è ïðîäîëüíàÿ ñîñòàâëÿþùèå äåôîðìàöèè ïëàñòèíû); h(x, t) � ôóíê-
öèÿ, îïðåäåëÿþùàÿ ôîðìó ñâîáîäíîé ïîâåðõíîñòè; P (x, t) � àýðîäèíàìè÷åñêàÿ íàãðóçêà
íà ïëàñòèíó.

Óñëîâèÿ (2.2 � 2.4) � óñëîâèÿ íåïðîòåêàíèÿ, (2.5) � óñëîâèå íåïðåðûâíîñòè äàâëåíèÿ
íà ñâîáîäíîé ïîâåðõíîñòè, (2.6) � óñëîâèå çàêðåïëåíèÿ ïëàñòèíû â òî÷êå x = 0 , (2.7) �
óñëîâèå ñòûêîâêè; (2.8) � óñëîâèå íà áåñêîíå÷íîñòè.

Â ñèëó íåñæèìàåìîñòè ñðåäû ïîòîê âåêòîðà ñêîðîñòè ÷åðåç âåùåñòâåííóþ îñü ðàâåí
íóëþ, ïîýòîìó ãðàíè÷íûå çíà÷åíèÿ (2.2) � (2.4) äîëæíû óäîâëåòâîðÿòü óñëîâèþ∫ ∞

−∞
φy(x, 0, t)dx =

∫ l

0

(ẇ + V w′)dx+

∫ ∞

l

(ḣ+ V h′)dx = 0. (2.11)

Äëÿ ñõîäèìîñòè íåñîáñòâåííîãî èíòåãðàëà â (2.11) ïîòðåáóåì, ÷òîáû äëÿ äîñòàòî÷íî
áîëüøèõ çíà÷åíèé x

|ḣ+ V h′| ≤ A(t)x−α, (2.12)

ãäå A(t) � íåîòðèöàòåëüíàÿ ôóíêöèÿ âðåìåíè t , t ≥ 0 ; α > 1 .

3. Îïðåäåëåíèå ñèëîâîãî âîçäåéñòâèÿ ïîòîêà

Â âåðõíåé ïîëóïëîñêîñòè H ââåäåì êîìïëåêñíûé ïîòåíöèàë W = f(z, t) = φ+iψ (ãäå
z = x + iy, ψ � ôóíêöèÿ òîêà) è ðàññìîòðèì â íåé àíàëèòè÷åñêóþ ôóíêöèþ ifz(z, t) =
φy + iφx . Ïîëüçóÿñü óñëîâèÿìè (2.2) � (2.4), (2.8), ïðåäñòàâèì ifz(z, t) â H ñ ïîìîùüþ
èíòåãðàëà Ùâàðöà [18] â âèäå

ifz(z, t) =
1

πi

∫ l

0

w1(τ, t)
dτ

τ − z
+

1

πi

∫ ∞

l

h1(τ, t)
dτ

τ − z
, (3.1)

w1(x, t) = ẇ + V w′, h1(x, t) = ḣ+ V h′. (3.2)

Ââåäåì îáîçíà÷åíèÿ

w2(τ, t) =

∫ τ

0

w1(x, t)dx =

∫ τ

0

(ẇ + V w′)dx, h2(τ, t) =

∫ ∞

τ

h1(x, t)dx =

∫ ∞

τ

(ḣ+ V h′)dx.

Ïîñêîëüêó w2(0, t) = 0 , à â ñèëó óñëîâèé (2.11), (2.12)

w2(l, t) + h2(l, t) = 0, lim
τ→∞

h2(τ, t) ln(τ − z) = 0,

òî, èíòåãðèðóÿ â (3.1) ñíà÷àëà ïî z , à çàòåì ïî ÷àñòÿì, áóäåì èìåòü

f(z, t) = − 1

π

∫ l

0

w2(τ, t)
dτ

τ − z
+

1

π

∫ ∞

l

h2(τ, t)
dτ

τ − z
+ C1(t). (3.3)
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Ïðîäèôôåðåíöèðóåì (3.3) ïî t è ïåðåéäåì ïî ôîðìóëàì Ñîõîöêîãî [18] ê ïðåäåëó ïðè
z → x ∈ (l,∞) . Îòäåëÿÿ âåùåñòâåííþ ÷àñòü, ïîëó÷èì ñ ó÷åòîì óñëîâèÿ (2.8):

φt(x, 0, t) = − 1

π

∫ l

0

∂w2

∂t

dτ

τ − x
+

1

π

∫ ∞

l

∂h2
∂t

dτ

τ − x
. (3.4)

Èç âûðàæåíèÿ (3.1) ïðè z → x ∈ (l,∞) íàéäåì

φx(x, 0, t) = − 1

π

∫ l

0

w1(τ, t)
dτ

τ − x
− 1

π

∫ ∞

l

h1(τ, t)
dτ

τ − x
. (3.5)

Óñëîâèå (2.5), òàêèì îáðàçîì, ïðèíèìàåò âèä∫ l

0

w3(τ, t)
dτ

τ − x
=

∫ ∞

l

h3(τ, t)
dτ

τ − x
, x ∈ (l,∞), (3.6)

w3(x, t) =
∂w2

∂t
+ V w1 =

∫ x

0

(ẅ + V ẇ′)dx+ V ẇ + V 2w′, (3.7)

h3(x, t) =
∂h2
∂t

− V h1 =

∫ ∞

x

(ḧ+ V ḣ′)dx− V ḣ− V 2h′. (3.8)

Âûðàçèì h3(x, t) èç (3.6). Ïóñòü τ1 = −1/τ, x1 = −1/x , òîãäà∫ ∞

l

h3(x, t)
dτ

τ − x
= −

∫ 0

−1/l

h3

(
−1

τ
, t

)
dτ1

τ 21 (τ
−1
1 − x−1

1 )
=

∫ 0

−1/l

h3

(
−1

τ
, t

)
x1dτ1

τ1(τ1 − x1)
,

è, ñëåäîâàòåëüíî, (3.6) ìîæíî ïðåäñòàâèòü â âèäå∫ 0

−1/l

1

τ1
h3

(
−1

τ
, t

)
dτ1

τ1 − x1
=

∫ l

0

w3(τ, t)
dτ

τx1 + 1
. (3.9)

Ïîëó÷åííîå ðàâåíñòâî áóäåì ðàññìàòðèâàòü êàê èíòåãðàëüíîå óðàâíåíèå îòíîñèòåëüíî

ôóíêöèè h̃(τ1, t) =
1
τ1
h3

(
− 1
τ1
, t
)
. Îíî èìååò ñëåäóþùèå ðåøåíèÿ [19]:

1) ðåøåíèå, íå îãðàíè÷åííîå íà îáîèõ êîíöàõ îòðåçêà [�1/l,0];
2) ðåøåíèå, îãðàíè÷åííîå íà îäíîì èç êîíöîâ îòðåçêà [�1/l,0];
3) ðåøåíèå, îãðàíè÷åííîå íà îáîèõ êîíöàõ îòðåçêà [�1/l,0], ïðè óñëîâèè, ÷òî∫ 0

−1/l

dx1√
(x1 + 1/l)(−x1)

∫ l

0

w3(τ, t)
dτ

τx1 + 1
= 0. (3.10)

Ðåøåíèÿ, íå îãðàíè÷åííûå íà ëåâîì êîíöå îòðåçêà, íå ïîäõîäÿò ïî ñìûñëó ðàññìàòðè-
âàåìîé çàäà÷è. Ðåøåíèå 3) íàëàãàåò äîïîëíèòåëüíîå óñëîâèå íà w . Â äàëüíåéøåì áóäåì
ïîëüçîâàòüñÿ ðåøåíèåì 2) óðàâíåíèÿ (3.6):

h3(x, t) =

√
x− l

π

∫ l

0

w3(τ, t)
dτ√

l − τ(τ − x)
, x ∈ (l,∞), (3.11)

îãðàíè÷åííûì íà ëåâîì è íå îãðàíè÷åííûì íà ïðàâîì êîíöå îòðåçêà [−1/l, 0] , è ïîëó÷åí-
íûì îáðàùåíèåì èíòåãðàëà òèïà Êîøè â ëåâîé ÷àñòè óðàâíåíèÿ (3.9).

Èíòåãðèðóÿ â (3.11) ïî ÷àñòÿì ñ ó÷åòîì (2.6), (3.7), (3.8) è çàòåì äèôôåðåíöèðóÿ ïî-
ëó÷åííîå ðàâåíñòâî ïî x , ïîëó÷èì äèôôåðåíöèàëüíîå óðàâíåíèå îòíîñèòåëüíî ôóíêöèè
h(x, t)

ḧ+ 2V ḣ′ + V 2h′′ = −V
2w′(0, t)

πx

√
l

x− l
+ (3.12)
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+
1

π
√
x− l

∫ l

0

(ẅ(τ, t) + 2V ẇ′(τ, t) + V 2w′′(τ, t))

√
l − τ

τ − x
dτ, x ∈ (l,∞),

ïðè óñëîâèè
h′(l, t) = w′(l, t). (3.13)

Ïðåîáðàçóåì òåïåðü ïðàâóþ ÷àñòü âûðàæåíèÿ äëÿ äàâëåíèÿ (2.9). Èñõîäÿ èç âûðàæå-
íèé (3.1), (3.3), ïðåäåëüíûì ïåðåõîäîì ïðè z → x ∈ (0, l) ïîëó÷èì ñîîòâåòñòâåííî:

φx(x, 0, t) = − 1

π

∫ l

0

w1(τ, t)
dτ

τ − x
− 1

π

∫ ∞

l

h1(τ, t)
dτ

τ − x
,

φt(x, 0, t) = − 1

π

∫ l

0

∂w2

∂t
(τ, t)

dτ

τ − x
+

1

π

∫ ∞

l

∂h2
∂t

(τ, t)
dτ

τ − x
.

Ñëåäîâàòåëüíî,

φt + V φx = − 1

π

∫ l

0

w3(τ, t)
dτ

τ − x
+

1

π

∫ l

0

h3(τ, t)
dτ

τ − x
, x ∈ (0, l). (3.14)

Ïðåîáðàçóÿ èíòåãðàëû â (3.14) ìåòîäîì èíòåãðèðîâàíèÿ ïî ÷àñòÿì, ñ ó÷åòîì óñëîâèé
(2.6), (2.7), (2.11), (3.13) áóäåì èìåòü:

ϕt + V ϕx =
1

π

∫ l

0

∂w3

∂τ
ln |τ − x|dτ − 1

π

∫ ∞

l

∂h3
∂τ

ln |τ − x|dτ + V 2

π
w′(0, t) ln x.

Ó÷èòûâàÿ ðàâåíñòâà

∂h3
∂τ

(τ, t) = − 1

π
√
τ − l

∫ l

0

∂w3

∂ξ
(ξ, t)

√
l − ξ

ξ − τ
dξ +

V 2w′(0, t)

π

√
l

τ
√
l − τ

,

∫ ∞

0

ln(ω2 + a2)

(ω2 + b2)
dω =

π ln(a+ b)

b
, (a > 0; b > 0),

è ïðîâîäÿ ðÿä ïðåîáðàçîâàíèé, ïîëó÷èì âûðàæåíèå äëÿ äàâëåíèÿ (2.9):

P (x, t) = ρ (φt + V φx)|y=0 = −ρ

π

∫ l

0

∂w3

∂τ
(τ, t) ln

(
√
l − x+

√
l − τ)2

|τ − x|
dτ−

−ρV
2w′(0, t)

π
ln

(
√
l − x+

√
l)2

x
, (3.15)

∂w3

∂x
(x, t) = ẅ(x, t) + 2V ẇ′(x, t) + V 2w′′(x, t), x ∈ (0, l).

Åñëè ðåøåíèå ñèñòåìû óðàâíåíèé (3.15), (2.10) íàéäåíî, òî îòûñêàíèå ôóíêöèè h(x, t) ,
îïðåäåëÿþùåé ãðàíèöó ñâîáîäíîé ïîâåðõíîñòè, ñâîäèòñÿ ê ðåøåíèþ äèôôåðåíöèàëüíîãî
óðàâíåíèÿ (3.12) ñ êðàåâûìè óñëîâèÿìè (2.7), (3.13). Ïðè ýòîì ôóíêöèè w(x, t) è h(x, t)
äîëæíû òàêæå óäîâëåòâîðÿòü óñëîâèÿì (2.11), (2.12). Äàëåå, åñëè ôóíêöèÿ h(x, t) íàé-
äåíà, òî, ïîëàãàÿ â (3.3) z = x + iy è îòäåëÿÿ âåùåñòâåííóþ ÷àñòü, ïîëó÷èì ïîòåíöèàë
φ(x, y, t) .
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4. Èññëåäîâàíèå óñòîé÷èâîñòè

Ââåäåì îáîçíà÷åíèå

K(x, τ) = ln

∣∣∣∣√l − τ +
√
l − x√

l − τ −
√
l − x

∣∣∣∣ , x ̸= τ.

Òîãäà àýðîãèäðîäèíàìè÷åñêàÿ íàãðóçêà (3.15) ïðèìåò âèä

P (x, t) = −ρV
2w′(0, t)

π
K(x, 0)− ρ

π

∫ l

0

(
ẅ(τ, t) + 2V ẇ′(τ, t) + V 2w′′(τ, t)

)
K(x, τ)dτ. (4.1)

Èíòåãðèðóÿ ïî ÷àñòÿì, çàïèøåì (4.1) â âèäå

P (x, t) = −ρ

π

∫ l

0

(ẅ(τ, t) + 2V ẇ′(τ, t))K(x, τ)dτ +
ρV 2

π

∫ l

0

w′(τ, t)
∂K(x, τ)

∂τ
dτ. (4.2)

Ïîäñòàâëÿÿ (4.2) â ñèñòåìó (2.10), îêîí÷àòåëüíî ïîëó÷èì

−EF
(
u′(x, t) + 1

2w
′2(x, t)

)′
+Mü(x, t)− β2I

−1u̇′′(x, t) = 0,

−EF
[
w′(x, t)

(
u′(x, t) + 1

2w
′2(x, t)

)]′
+Dw′′′′(x, t) +Mẅ(x, t)+

+Nw′′(x, t) + β2 ˙w′′′′(x, t) + β1ẇ(x, t) + β0w(x, t) =

= −ρ
π

∫ l

0

(ẅ(τ, t) + 2V ẇ′(τ, t))K(x, τ)dτ +
ρV 2

π

∫ l

0

w′(τ, t)
∂K(x, τ)

∂τ
dτ, x ∈ (0, l).

(4.3)

Ïîëó÷èì äîñòàòî÷íûå óñëîâèÿ óñòîé÷èâîñòè òðèâèàëüíîãî ðåøåíèÿ w(x, t) ≡ 0,
u(x, t) ≡ 0 ñèñòåìû èíòåãðî-äèôôåðåíöèàëüíûõ óðàâíåíèé (4.3) ïî îòíîøåíèþ ê âîç-
ìóùåíèÿì íà÷àëüíûõ óñëîâèé.

Ââåäåì ôóíêöèîíàë:

Φ(t) =

∫ l

0

{
EF

(
u′(x, t) +

1

2
w′2(x, t)

)2

+M(u̇2(x, t) + ẇ2(x, t)) +Dw′′2(x, t)−

−Nw′2(x, t) + β0w
2(x, t) + 4Mθu(x, t)u̇(x, t) + 2Mθẇ(x, t)w(x, t)+

+2β2I
−1θu′2(x, t) + β1θw

2(x, t) + β2θw
′′2(x, t)

}
dx+

4∑
i=1

I i(t), (4.4)

I1(t) =
ρ

π

∫ l

0

dx

∫ l

0

ẇ(x, t)ẇ(τ, t)K(τ, x)dτ, I2(t) = −ρV
2

π

∫ l

0

dx

∫ l

0

w′(x, t)w′(τ, t)K(τ, x)dτ,

I3(t) =
2ρθ

π

∫ l

0

dx

∫ l

0

w(x, t)ẇ(τ, t)K(τ, x)dτ, I4(t) =
2ρθ

π

(∫ l

0

w(x, t)√
l − x

dx

)2

,

ãäå ïàðàìåòð θ ≥ 0 . Íàéäåì ïðîèçâîäíóþ îò Φ ïî t :

Φ̇(t) = 2

∫ l

0

{
EF

(
u′ +

1

2
w′2
)(

u̇′ + w′ẇ′
)
+Mu̇ü+Mẇẅ +Dw′′ẇ′′ −Nw′ẇ′+

+β0wẇ + 2Mθu̇2 + 2Mθuü+Mθẇ2 +Mθwẅ + 2β2I
−1θu′u̇′+ (4.5)

+ β1θwẇ + β2θw
′′ẇ′′
}
dx+

4∑
i=1

İ i(t).
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Ãðàíè÷íûå óñëîâèÿ äëÿ ôóíêöèé w(x, t) , u(x, t) ìîãóò èìåòü âèä
1) æåñòêîå íåïîäâèæíîå çàùåìëåíèå:

w(x, t) = w′(x, t) = u(x, t) = 0; (4.6)

2) æåñòêîå ïîäâèæíîå çàùåìëåíèå:

w(x, t) = w′(x, t) = u′(x, t) = 0; (4.7)

3) øàðíèðíîå íåïîäâèæíîå çàêðåïëåíèå:

w(x, t) = w′′(x, t) = u(x, t) = 0. (4.8)

Ïóñòü íà ëåâîì êîíöå ïëàñòèíû ïðè x = 0 èìåþò ìåñòî óñëîâèÿ (4.6) èëè (4.7), ÷òî
ñîãëàñóåòñÿ ñ óñëîâèåì (2.6), à íà ïðàâîì êîíöå ïëàñòèíû ïðè x = l � óñëîâèÿ (4.6), èëè
(4.7), èëè (4.8).

Òîãäà äëÿ ôóíêöèé w(x, t) , u(x, t) , ÿâëÿþùèõñÿ ðåøåíèåì ñèñòåìû óðàâíåíèé (4.3),
ðàâåíñòâî (4.5) ïðèìåò âèä:

Φ̇(t) = 2

∫ l

0

{
−2EFθ

(
u′ +

1

2
w′2
)2

− β2I
−1u̇′2 − β2ẇ

′′2 − β1ẇ
2 + 2Mθu̇2+

+Mθẇ2 − β0θw
2 −Dθw′′2 +Nθw′2

}
dx+

4∑
i=1

İ i(t)− (4.9)

−2ρ

π

∫ l

0

dx

∫ l

0

ẇ(x, t) (ẅ(τ, t) + 2V ẇ′(τ, t))K(x, τ)dτ+

+
2ρV 2

π

∫ l

0

dx

∫ l

0

ẇ(x, t)w′(τ, t)
∂K(x, τ)

∂τ
dτ−

−2ρθ

π

∫ l

0

dx

∫ l

0

w(x, t) (ẅ(τ, t) + 2V ẇ′(τ, t))K(x, τ)dτ+

+
2ρV 2θ

π

∫ l

0

dx

∫ l

0

w(x, t)w′(τ, t)
∂K(x, τ)

∂τ
dτ.

Ïîëüçóÿñü ñèììåòðè÷íîñòüþ ÿäðà K(τ, x) = K(x, τ) , íàéäåì İi(t) (i = 1, 4) .
Ââåäåì îáîçíà÷åíèå

K1(x) =

∫ l

0

K(τ, x)dτ, K0 = sup
x∈(0,l)

K1(x).

Ïðîèçâåäåì îöåíêó èíòåãðàëîâ İi(t) (i = 1, 4) è ïîñëåäíèõ ÷åòûðåõ èíòåãðàëîâ â (4.9),
èñïîëüçóÿ íåðàâåíñòâà ±2ab ≤ a2+ b2 , K(τ, x) ≥ 0 , K(τ, x) = K(x, τ) . Òîãäà îöåíêà (4.9)
ïðèìåò âèä

Φ̇(t) ≤ 2

∫ l

0

{
−β2ẇ′′2 −

(
β1 −Mθ − 4ρθK0

π

)
ẇ2 − β0θw

2 −
(
Dθ − ρV 3l2

π
− ρV 2θl2

π

)
w′′2 −

+

(
Nθ +

ρθV 2(4K0 + l2)

π

)
w′2 − β2I

−1u̇′2 + 2Mθu̇2
}
dx. (4.10)
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Ïóñòü âûïîëíÿþòñÿ íåðàâåíñòâà

β2 ≥ 0, Dθ − ρV 3l2

π
− ρV 2θl2

π
≥ 0, (4.11)

òîãäà, èñïîëüçóÿ íåðàâåíñòâà Ðåëåÿ [20]∫ l

0

w′′2(x, t)dx ≥ λ1

∫ l

0

w′2(x, t)dx,

∫ l

0

w′′2(x, t)dx ≥ µ1

∫ l

0

w2(x, t)dx,

∫ l

0

u̇′
2
(x, t)dx ≥ η1

∫ l

0

u̇2(x, t)dx, (4.12)

ãäå λ1, µ1− íàèìåíüøèå ñîáñòâåííûå çíà÷åíèÿ êðàåâûõ çàäà÷ ψ′′′′(x) = −λψ′′(x) ,
ψ′′′′(x) = µψ(x) ñ êðàåâûìè óñëîâèÿìè (4.6)�(4.8) äëÿ ôóíêöèè w(x, t) , η1− íàèìåíüøåå
ñîáñòâåííîå çíà÷åíèå êðàåâîé çàäà÷è ψ′′(x) = −ηψ(x) ñ êðàåâûìè óñëîâèÿìè (4.6)�(4.8)
äëÿ ôóíêöèè u(x, t) , ïîëó÷èì

Φ̇(t) ≤ −2

∫ l

0

{(
β2µ1 + β1 −Mθ − 4ρθK0

π

)
ẇ2 + β0θw

2 +
(
β2I

−1η1 − 2Mθ
)
u̇2+

+

[
λ1

(
Dθ − ρV 3l2

π
− ρV 2θl2

π

)
−
(
Nθ +

ρθV 2(4K0 + l2)

π

)]
w′2
}
dx. (4.13)

Åñëè âûïîëíÿþòñÿ óñëîâèÿ

β2µ1 + β1 −Mθ − 4ρθK0
π ≥ 0, β2I

−1η1 − 2Mθ ≥ 0,

Dλ1θ −Nθ − ρV 3l2λ1
π − ρV 2θ(4K0 + l2 + l2λ1)

π ≥ 0,
(4.14)

òî èç (4.13) ïîëó÷èì
Φ̇(t) ≤ 0.

Ïðîèíòåãðèðóåì ýòî âûðàæåíèå îò 0 äî t

Φ(t) ≤ Φ(0). (4.15)

Ïîäñòàâèì âûðàæåíèå äëÿ Φ(0) â íåðàâåíñòâî (4.15)

Φ(t) ≤
∫ l

0

{
EF

(
u′0 +

1

2
w′2

0

)2

+M(u̇20 + ẇ2
0) +Dw′′

0
2 −Nw′2

0 + β0w
2
0 + 4Mθu0u̇0+

+2Mθẇ0w0+2β2I
−1θu′

2
0 + β1θw

2
0 + β2θw

′′
0
2

}
dx+ (4.16)

+
ρ

π

∫ l

0

dx

∫ l

0

ẇ(x, 0)ẇ(τ, 0)K(τ, x)dτ − ρV 2

π

∫ l

0

dx

∫ l

0

w′(x, 0)w′(τ, 0)K(τ, x)dτ+

+
2ρθ

π

∫ l

0

dx

∫ l

0

w(x, 0)ẇ(τ, 0)K(τ, x)dτ +
2ρθ

π

(∫ l

0

w(x, 0)√
l − x

dx

)2

.

Çäåñü èíäåêñ 0 ñíèçó îçíà÷àåò, ÷òî çíà÷åíèå áåðåòñÿ ïðè t = 0 .
Èñïîëüçóÿ íåðàâåíñòâà (4.12), íåðàâåíñòâî ±2ab ≤ a2 + b2 è ó÷èòûâàÿ, ÷òî∫ l

0

dx

∫ l

0

w′(x, 0)w′(τ, 0)K(τ, x)dτ ≥ 0,
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ïîëó÷èì

Φ(t) ≤
∫ l

0

{
EF

(
u′0 +

1

2
w′2

0

)2

+ 2Mθu20 + 2Mθu̇20+

+2β2I
−1θu′

2
0 +

(
M +Mθ +

ρK0(1 + θ)

π

)
ẇ2

0+ (4.17)

+

[
D + β2θ +

1

λ1

(
|N |+ 4ρθl2

π

)
+

1

µ1

(
β0 +Mθ + β1θ +

ρθK0

π

)]
w′′

0
2

}
dx.

Ñ äðóãîé ñòîðîíû, ó÷èòûâàÿ, ÷òî∫ l

0

dx

∫ l

0

ẇ(x, t)ẇ(τ, t)K(τ, x)dτ ≥ 0,

ïîëó÷èì

Φ(t) ≥
∫ l

0

{
EF

(
u′ +

1

2
w′2
)2

+M(u̇2 + ẇ2) + 4Mθuu̇+

+2β2I
−1θu′

2
+ (D + β2θ)w

′′2 −Nw′2 + (β0 + β1θ)w
2 + 2Mθẇw

}
dx−

−ρV
2

π

∫ l

0

dx

∫ l

0

w′(x, t)w′(τ, t)K(τ, x)dτ +
2ρθ

π

∫ l

0

dx

∫ l

0

w(x, t)ẇ(τ, t)K(τ, x)dτ.

Èñïîëüçóÿ ïåðâîå íåðàâåíñòâî (4.12), íåðàâåíñòâî ±2ab ≥ −a2 − b2 , áóäåì èìåòü

Φ(t) ≥
∫ l

0

{
Mu̇2 + 4Mθuu̇+ 2β2I

−1θu′2 +

(
M − ρθK0

π

)
ẇ2+

+

(
λ1D + β2λ1θ −N − ρV 2K0

π

)
w′2 +

(
β0 + β1θ −

ρθK0

π

)
w2 + 2Mθẇw

}
dx. (4.18)

Ïóñòü âûïîëíÿþòñÿ óñëîâèÿ

M − ρθK0

π
> 0, λ1D + β2λ1θ −N − ρV 2K0

π
> 0. (4.19)

Èñïîëüçóÿ íåðàâåíñòâî Ðåëåÿ∫ l

0

w′2(x, t)dx ≥ ϑ1

∫ l

0

w2(x, t)dx, (4.20)

ãäå ϑ1− íàèìåíüøåå ñîáñòâåííîå çíà÷åíèå êðàåâîé çàäà÷è ψ′′(x) = −ϑψ(x) ñ êðàåâûìè
óñëîâèÿìè (4.6)�(4.8) äëÿ ôóíêöèè w(x, t) è òðåòüå íåðàâåíñòâî (4.12), ïîëó÷èì

Φ(t) ≥
∫ l

0

{
Mu̇2 + 4Mθuu̇+ 2β2I

−1η1(1− ψ2)θu
2 + 2β2I

−1ψ2θu
′2 +

(
M − ρθK0

π

)
ẇ2+

+ψ1

(
λ1D + β2λ1θ −N − ρV 2K0

π

)
w′2 + 2Mθẇ+ (4.21)

+

[
ϑ1(1− ψ1)

(
λ1D + β2λ1θ −N − ρV 2K0

π

)
β0 + β1θ −

ρθK0

π

]
w2w

}
dx,
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ãäå ïàðàìåòðû ψ1 ∈ (0, 1) , ψ2 ∈ (0, 1) âûáèðàåì òàê, ÷òîáû âûïîëíÿëèñü íåðàâåíñòâà

β2I
−1η1(1− ψ2)− 2Mθ ≥ 0,

(
M − ρθK0

π

)
×

×
[
ϑ1(1− ψ1)

(
λ1D + β2λ1θ −N − ρV 2K0

π

)
β0 + β1θ − ρθK0

π

]
−M2θ2 ≥ 0.

(4.22)

Ó÷èòûâàÿ íåðàâåíñòâà (4.22) è òî, ÷òî

w2(x, t) ≤ l

∫ l

0

w′2(x, t)dx, u2(x, t) ≤ l

∫ l

0

u′
2
(x, t)dx,

îêîí÷àòåëüíî ïîëó÷èì

Φ(t) ≥
∫ l

0

(
2β2I

−1ψ2θu
′2 + ψ1

(
λ1D + β2λ1θ −N − ρV 2K0

π

)
w′2
)
dx ≥

≥ 2β2I
−1ψ2θ

l
u2 +

ψ1

l

(
λ1D + β2λ1θ −N − ρV 2K0

π

)
w2. (4.23)

Èñïîëüçóÿ îöåíêè (4.17), (4.23), ïîëó÷èì íåðàâåíñòâî

2β2I
−1ψ2θ

l
u2(x, t) +

ψ1

l

(
λ1D + β2λ1θ −N − ρV 2K0

π

)
w2(x, t) ≤

∫ l

0

{
EF

(
u′0 +

1

2
w′2

0

)2

+

+2Mθu20 + 2Mθu̇20 + 2β2I
−1θu′

2
0 +

(
M +Mθ +

ρK0(1 + θ)

π

)
ẇ2

0+

+

[
D + β2θ +

1

λ1

(
|N |+ 4ρθl2

π

)
+

1

µ1

(
β0 +Mθ + β1θ +

ρθK0

π

)]
w′′

0
2

}
dx,

èç êîòîðîãî ñëåäóåò òåîðåìà.

Ò å î ð å ì à 4.1. Åñëè íàéäóòñÿ ÷èñëà θ > 0 , ψ1 ∈ (0, 1) , ψ2 ∈ (0, 1) , òàêèå, ÷òî
âûïîëíÿþòñÿ óñëîâèÿ (4.11), (4.14), (4.19), (4.22), è êðàåâûå óñëîâèÿ èìåþò âèä (4.6)�
(4.8), òî ðåøåíèå w(x, t), u(x, t) ñèñòåìû óðàâíåíèé (4.3) óñòîé÷èâî ïî îòíîøåíèþ ê
âîçìóùåíèÿì íà÷àëüíûõ çíà÷åíèé u̇0, u0, u

′
0, ẇ0, w

′
0, w

′′
0 .

5. Çàêëþ÷åíèå

Íà îñíîâå ïðåäëîæåííîé íåëèíåéíîé ìàòåìàòè÷åñêîé ìîäåëè êîëåáàíèé óïðóãîé ïëà-
ñòèíû ïðè îäíîñòîðîííåì îáòåêàíèè åå äîçâóêîâûì ïîòîêîì èäåàëüíîé íåñæèìàåìîé ñðå-
äû ñ îòðûâîì ñòðóè ïðîâåäåíî èññëåäîâàíèå óñòîé÷èâîñòè ýòîé ïëàñòèíû. Ìîäåëü îïè-
ñûâàåòñÿ ñèñòåìîé äèôôåðåíöèàëüíûõ óðàâíåíèé ñ ÷àñòíûìè ïðîèçâîäíûìè äëÿ íåèç-
âåñòíûõ ôóíêöèé äåôîðìàöèè ïëàñòèíû è ïîòåíöèàëà ñêîðîñòè ãàçà. Íà îñíîâå ìåòî-
äîâ òåîðèè ôóíêöèé êîìïëåêñíîãî ïåðåìåííîãî ïîëó÷åíà ñâÿçàííàÿ ñèñòåìà èíòåãðî-
äèôôåðåíöèàëüíûõ óðàâíåíèé ñ ÷àñòíûìè ïðîèçâîäíûìè, ñîäåðæàùàÿ òîëüêî íåèçâåñò-
íûå ôóíêöèè äåôîðìàöèè ïëàñòèíû. Ñ ïîìîùüþ ïîñòðîåííîãî ôóíêöèîíàëà ïîëó÷åíû äî-
ñòàòî÷íûå óñëîâèÿ óñòîé÷èâîñòè íóëåâîãî ðåøåíèÿ ýòîé ñèñòåìû óðàâíåíèé. Ïîëó÷åííûå
óñëîâèÿ óñòîé÷èâîñòè íàêëàäûâàþò îãðàíè÷åíèÿ íà ïîãîííóþ ìàññó ïëàñòèíû, èçãèáíóþ
æåñòêîñòü ïëàñòèíû, ñæèìàþùåå (ðàñòÿãèâàþùåå) ïëàñòèíó óñèëèå, ñêîðîñòü íåâîçìó-
ùåííîãî îäíîðîäíîãî ïîòîêà, à òàêæå íà êîýôôèöèåíòû âíóòðåííåãî è âíåøíåãî äåìïôè-
ðîâàíèÿ, êîýôôèöèåíò æåñòêîñòè ñëîÿ îáæàòèÿ. Ýòè óñëîâèÿ ÿâíî ñîäåðæàò îñíîâíûå ïà-
ðàìåòðû ìåõàíè÷åñêîé ñèñòåìû, è â òàêîì âèäå îíè íàèáîëåå ïðèñïîñîáëåíû äëÿ ðåøåíèÿ
çàäà÷ îïòèìèçàöèè, àâòîìàòè÷åñêîãî óïðàâëåíèÿ, àâòîìàòèçèðîâàííîãî ïðîåêòèðîâàíèÿ.

À. Â. Àíêèëîâ, Ï. À. Âåëüìèñîâ. Äèíàìè÷åñêàÿ óñòîé÷èâîñòü óïðóãîé ïëàñòèíû . . .



126 Æóðíàë ÑÂÌÎ. 2017. Òîì 19, � 1

Áëàãîäàðíîñòè. Ðàáîòà âûïîëíåíà ïðè ïîääåðæêå ãðàíòîâ ÐÔÔÈ � 15-01-08599 è
� 15-41-02455-ð-ïîâîëæüå-à.

Ñïèñîê ëèòåðàòóðû

1. L. I. Mogilevich, V. S. Popov, L.N. Rabinsky, E. L. Kuznetsova, �Mathematical model of
the plate on elastic foundation interacting with pulsating viscous liquid layer�, Applied
Mathematical Sciences, 10:21 (2016), 1101�1109.

2. V.V. Vedeneev, �E�ect of damping on �utter of simply supported and clamped panels at
low supersonic speeds�, Journal of Fluids and Structures, 40 (2013), 366�372.

3. Â.Á. Êóðçèí, �Ïðîäîëüíûå êîëåáàíèÿ ïëàñòèíû, îáòåêàåìîé âÿçêîé æèäêîñòüþ â
êàíàëå, îáóñëîâëåííûå âûíóæäåííûìè ïîïåðå÷íûìè êîëåáàíèÿìè ïëàñòèíû�, Ïðè-
êëàäíàÿ ìåõàíèêà è òåõíè÷åñêàÿ ôèçèêà, 52:3 (2011), 153�157.

4. Â. Ã. Ñîêîëîâ, È.Î. Ðàçîâ, �Ïàðàìåòðè÷åñêèå êîëåáàíèÿ è äèíàìè÷åñêàÿ óñòîé÷è-
âîñòü ìàãèñòðàëüíûõ ãàçîïðîâîäîâ ïðè íàçåìíîé ïðîêëàäêå�, Âåñòíèê ãðàæäàíñêèõ
èíæåíåðîâ, 43:2 (2014), 65�68.

5. E. Aulisa, A. Ibragimov, E.Y. Kaya-Cekin, �Fluid structure interaction problem with
changing thickness beam and slightly compressible �uid�, Discrete Contin. Dyn. Syst.
Ser. S 7, 6 (2014), 1133�1148.

6. A.N. Kounadis, �Flutter instability and other singularity phenomena in symmetric
systems via combination of mass distribution and weak damping�, Internat. J. Non-Linear
Mech., 42:1 (2007), 24�35.

7. S. Willems, A. Gulhan and B. Esser, �Shock induced �uid-structure interaction on a
�exible wall in supersonic turbulent �ow�, Progress in Flight Physics, 5 (2013), 285�308.

8. Ï.À. Âåëüìèñîâ, Þ.À. Ðåøåòíèêîâ, Óñòîé÷èâîñòü âÿçêîóïðóãèõ ïëàñòèí ïðè àýðî-
ãèäðîäèíàìè÷åñêîì âîçäåéñòâèè, Ñàðàòîâñêèé ãîñóäàðñòâåííûé óíèâåðñèòåò, Ñàðà-
òîâ, 1994, 176 ñ.

9. À.Â. Àíêèëîâ, Ï.À. Âåëüìèñîâ, Äèíàìèêà è óñòîé÷èâîñòü óïðóãèõ ïëàñòèí ïðè
àýðîãèäðîäèíàìè÷åñêîì âîçäåéñòâèè, Óëüÿíîâñêèé ãîñóäàðñòâåííûé òåõíè÷åñêèé
óíèâåðñèòåò, Óëüÿíîâñê, 2009, 220 ñ.

10. À.Â. Àíêèëîâ, Ï.À. Âåëüìèñîâ, Ìàòåìàòè÷åñêîå ìîäåëèðîâàíèå â çàäà÷àõ äèíà-
ìè÷åñêîé óñòîé÷èâîñòè äåôîðìèðóåìûõ ýëåìåíòîâ êîíñòðóêöèé ïðè àýðîãèäðîäè-
íàìè÷åñêîì âîçäåéñòâèè, Óëüÿíîâñêèé ãîñóäàðñòâåííûé òåõíè÷åñêèé óíèâåðñèòåò,
Óëüÿíîâñê, 2013, 322 ñ.

11. À.Â. Àíêèëîâ, Ï.À. Âåëüìèñîâ, Ôóíêöèîíàëû Ëÿïóíîâà â íåêîòîðûõ çàäà÷àõ äèíà-
ìè÷åñêîé óñòîé÷èâîñòè àýðîóïðóãèõ êîíñòðóêöèé, Óëüÿíîâñêèé ãîñóäàðñòâåííûé
òåõíè÷åñêèé óíèâåðñèòåò, Óëüÿíîâñê, 2015, 146 ñ.

12. À.Â. Àíêèëîâ, Ï.À. Âåëüìèñîâ, Óñòîé÷èâîñòü âÿçêîóïðóãèõ ýëåìåíòîâ ñòåíîê
ïðîòî÷íûõ êàíàëîâ, Óëüÿíîâñêèé ãîñóäàðñòâåííûé òåõíè÷åñêèé óíèâåðñèòåò, Óëüÿ-
íîâñê, 2000, 115 ñ.

À. Â. Àíêèëîâ, Ï. À. Âåëüìèñîâ. Äèíàìè÷åñêàÿ óñòîé÷èâîñòü óïðóãîé ïëàñòèíû . . .



Æóðíàë ÑÂÌÎ. 2017. Òîì 19, � 1 127

13. A.V. Ankilov, P.A. Velmisov, �Stability of solutions to an aerohydroelasticity problem�,
Journal of Mathematical Sciences, 219:1 (2016), 14�26.

14. À.Â. Àíêèëîâ, Ï.À. Âåëüìèñîâ, �Óñòîé÷èâîñòü ðåøåíèé íà÷àëüíî-êðàåâîé çàäà÷è
àýðîãèäðîóïðóãîñòè�, Ñîâðåìåííàÿ ìàòåìàòèêà. Ôóíäàìåíòàëüíûå íàïðàâëåíèÿ.,
59 (2016), 35�52.

15. À.Â. Àíêèëîâ, Ï.À. Âåëüìèñîâ, Þ.À. Òàìàðîâà, �Èññëåäîâàíèå äèíàìèêè è óñòîé-
÷èâîñòè óïðóãîãî ýëåìåíòà ïðîòî÷íîãî êàíàëà�,Æóðíàë Ñðåäíåâîëæñêîãî ìàòåìà-
òè÷åñêîãî îáùåñòâà, 18:1 (2016), 94�107.

16. À.Â. Àíêèëîâ, Ï.À. Âåëüìèñîâ, �Óñòîé÷èâîñòü âÿçêîóïðóãèõ ýëåìåíòîâ íåñóùåé ïî-
âåðõíîñòè â äîçâóêîâîì ïîòîêå�,Æóðíàë Ñðåäíåâîëæñêîãî ìàòåìàòè÷åñêîãî îáùå-
ñòâà, 9:1 (2007), 69�81.

17. À.Â. Àíêèëîâ, Ï.À. Âåëüìèñîâ, Å.Ï. Ñåìåíîâà, �Èññëåäîâàíèå äèíàìè÷åñêîé óñòîé-
÷èâîñòè óïðóãèõ ýëåìåíòîâ ñòåíîê êàíàëà�, Âåñòíèê Ñàðàòîâñêîãî ãîñóäàðñòâåííî-
ãî òåõíè÷åñêîãî óíèâåðñèòåòà, 2:1 (38) (2009), 7�17.

18. Ì.À. Ëàâðåíòüåâ, Ìåòîäû òåîðèè ôóíêöèé êîìïëåêñíîãî ïåðåìåííîãî, Íàóêà, M.,
1973, 736 ñ.

19. Ô.Ä. Ãàõîâ, Êðàåâûå çàäà÷è, Èçä-âî ôèç-ìàò. ëèò., M., 1963, 640 ñ.

20. Ë. Êîëëàòö, Çàäà÷è íà ñîáñòâåííûå çíà÷åíèÿ, Íàóêà, M., 1968, 503 ñ.

Ïîñòóïèëà 18.04.2017

À. Â. Àíêèëîâ, Ï. À. Âåëüìèñîâ. Äèíàìè÷åñêàÿ óñòîé÷èâîñòü óïðóãîé ïëàñòèíû . . .



128 Zhurnal SVMO. 2017. Vol. 19, No. 1

MSC2010 74F10

Dynamic stability of elastic plate at jet �ow

c⃝ A.V. Ankilov3, P.A. Velmisov4

Abstract. The mathematical model of the dynamic system containing an elastic plate at
a one-sided �ow of ideal incompressible gas stream with a separation of jet according to
Kirchho�'s scheme is o�ered. The behavior of elastic material is described by the nonlinear model
considering both longitudinal and transversal deformations of an elastic plate. The solution of an
aerohydrodynamic part of a problem is based on methods of the theory of functions of complex
variable. The related system of the integro-di�erential equations with partial derivatives containing
only unknown plate deformations functions is obtained. Basing on the building of the functional
corresponding to this system of the equations the su�cient conditions for stability of system
solutions are established. De�nition of elastic body stability corresponds to the Lyapunov's concept
of stability of dynamic systems.
Key Words: aerohydroelasticity, mathematical modeling, dynamic stability, elastic plate,
subsonic �ow of gas, partial di�erential equations, functional.
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