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Íåïðåðûâíûé ðåãóëÿðèçîâàííûé àíàëîã ìåòîäà

Íüþòîíà äëÿ m-àêêðåòèâíûõ óðàâíåíèé

c⃝ È. Ï. Ðÿçàíöåâà1

Àííîòàöèÿ. Â áàíàõîâîì ïðîñòðàíñòâå äëÿ íåëèíåéíîãî óðàâíåíèÿ ïðè ïðèáëèæåííîì çà-
äàíèè äàííûõ (îïåðàòîðà è ïðàâîé ÷àñòè çàäàííîãî îïåðàòîðíîãî óðàâíåíèÿ) ñ äèôôå-
ðåíöèðóåìûì ïî Ôðåøå m-àêêðåòèâíûì îïåðàòîðîì ïîñòðîåí íåïðåðûâíûé ðåãóëÿðèçîâàí-
íûé àíàëîã ìåòîäà Íüþòîíà, ïîëó÷åíû äîñòàòî÷íûå óñëîâèÿ åãî ñèëüíîé ñõîäèìîñòè ê íåêî-
òîðîìó ðåøåíèþ çàäàííîãî óðàâíåíèÿ, îïðåäåëÿåìîìó îäíîçíà÷íî. Ïðåäâàðèòåëüíî äîêà-
çûâàþòñÿ âñïîìîãàòåëüíûå óòâåðæäåíèÿ î íåïðåðûâíîñòè âåëè÷èí, îïðåäåëÿåìûõ ÷åðåç ðå-
ãóëÿðèçîâàííûå ðåøåíèÿ è èõ ïðîèçâîäíûå. Ïðèáëèæåíèÿ îïåðàòîðà ïðåäïîëàãàþòñÿ äèô-
ôåðåíöèðóåìûìè. Äîêàçûâàåòñÿ îäíîçíà÷íàÿ ðàçðåøèìîñòü äèôôåðåíöèàëüíîãî óðàâíåíèÿ,
îïðåäåëÿþùåãî èçó÷àåìûé ìåòîä ðåãóëÿðèçàöèè, äîêàçûâàåòñÿ. Ïðè äîêàçàòåëüñòâå ñõîäè-
ìîñòè íåïðåðûâíîãî ìåòîäà èñïîëüçóåòñÿ èçâåñòíàÿ ñõîäèìîñòü îïåðàòîðíîãî ìåòîäà ðåãó-
ëÿðèçàöèè äëÿ àêêðåòèâíûõ óðàâíåíèé. Òðåáîâàíèÿ íà ãåîìåòðèþ áàíàõîâà ïðîñòðàíñòâà, â
êîòîðîì ñòðîèòñÿ íåïðåðûâíûé ìåòîä, è åãî ñîïðÿæåííîãî âûïîëíÿþòñÿ äëÿ øèðîêîãî êëàññà
áàíàõîâûõ ïðîñòðàíñòâ. Ïðè ïðèáëèæåííîì çàäàíèè ïðàâîé ÷àñòè óðàâíåíèÿ îòäåëüíî èçó-
÷åíû ñëó÷àè íåâîçìóùåííîãî è âîçìóùåííîãî îïåðàòîðà. Ïîñòðîåíû ïðèìåðû ïàðàìåòðè÷å-
ñêèõ ôóíêöèé, èñïîëüçóåìûõ â óðàâíåíèè, îïðåäåëÿþùåì èçó÷àåìûé ìåòîä. Óêàçàí ïðèìåð
îïåðàòîðà, âîçíèêàþùåãî â òåîðèè ñêàëÿðíîé ôóíêöèè ïëîòíîñòè, äëÿ êîòîðîãî âûïîëíåíû
óñëîâèÿ ñõîäèìîñòè ìåòîäà.
Êëþ÷åâûå ñëîâà: áàíàõîâî ïðîñòðàíñòâî, m-àêêðåòèâíûé îïåðàòîð, äóàëüíîå îòîáðàæå-
íèå, ìåòîä Íüþòîíà, íåïðåðûâíûé ìåòîä, âîçìóù¼ííûå äàííûå, ðåãóëÿðèçàöèÿ, ñõîäèìîñòü.

1. Îñíîâíûå ïðåäïîëîæåíèÿ, âñïîìîãàòåëüíûå óòâåðæäåíèÿ è ïî-

ñòàíîâêà çàäà÷è

Ïóñòü X � âåùåñòâåííîå ðåôëåêñèâíîå áàíàõîâî ïðîñòðàíñòâî. Íå òåðÿÿ îáùíîñòè,
ñ÷èòàåì, ÷òî X è ñîïðÿæ¼ííîå åìó ïðîñòðàíñòâî X∗ ñòðîãî âûïóêëû.

Ïóñòü J : X → X∗ � äóàëüíîå îòîáðàæåíèå (ñì. [1] � [3]), ò.å.

∥Jx∥ = ∥x∥, ⟨Jx, x⟩ = ∥x∥2 ∀x ∈ X, (1.1)

çäåñü ⟨u, v⟩, u ∈ X∗, v ∈ X åñòü îòíîøåíèå äâîéñòâåííîñòè ìåæäó ïðîñòðàíñòâàìè X
è X∗.

Â íàøèõ óñëîâèÿõ D(J) = X, R(J) = X∗, J � îäíîçíà÷íîå ñòðîãî ìîíîòîííîå è
êîýðöèòèâíîå îòîáðàæåíèå â X (ñì., íàïðèìåð, [3]). Ðàññìîòðèì â X óðàâíåíèå

Ax = f, (1.2)
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ãäå f � íåêîòîðûé ôèêñèðîâàííûé ýëåìåíò èç X, A : X → X � àêêðåòèâíûé íà X
îïåðàòîð, ò.å.

⟨J(x− y), Ax− Ay⟩ ≥ 0 ∀x, y ∈ X. (1.3)

Ïðåäïîëîæèì, ÷òî (1.2) èìååò íåïóñòîå ìíîæåñòâî ðåøåíèé N, è îïðåäåëèì (ñì. [2],
c.143) åäèíñòâåííîå ðåøåíèå x∗ óðàâíåíèÿ (1.2), óäîâëåòâîðÿþùåå íåðàâåíñòâó

⟨J(x∗ − x), x∗⟩ ≤ 0 ∀x ∈ N. (1.4)

Äàëåå ñ÷èòàåì, ÷òî íîðìà â X ðàâíîìåðíî äèôôåðåíöèðóåìà ïî Ãàòî (ñì. [4]). Êðîìå
òîãî, ïðåäïîëîæèì, ÷òî îïåðàòîð A äèôôåðåíöèðóåì ïî Ôðåøå íà X, òîãäà èç (1.3)
âûòåêàåò íåðàâåíñòâî (ñì., íàïðèìåð, [1], ñ.316)

⟨Jh,A′(x)h⟩ ≥ 0 ∀x, h ∈ X. (1.5)

Ïóñòü A � m-àêêðåòèâíîå îòîáðàæåíèå, ò.å. R(A+ αE) = X ïðè ëþáîì α > 0, çäåñü
E : X → X � åäèíè÷íûé îïåðàòîð.

Îòìåòèì, ÷òî èç (1.5) ñëåäóåò àêêðåòèâíîñòü ëèíåéíîãî îïåðàòîðà A′(x) : X → X ïðè
âñåõ x ∈ X, êîòîðûé òàêæå ñ÷èòàåì m-àêêðåòèâíûì.

Â íàøèõ óñëîâèÿõ óðàâíåíèå (1.2) ïðåäñòàâëÿåò ñîáîé íåêîððåêòíóþ çàäà÷ó. Â äàííîé
çàìåòêå äëÿ óðàâíåíèÿ (1.2) áóäåò ïîñòðîåí è èññëåäîâàí íåïðåðûâíûé ðåãóëÿðèçîâàííûé
àíàëîã ìåòîäà Íüþòîíà. Â ãèëüáåðòîâîì ïðîñòðàíñòâå äëÿ ìîíîòîííîãî îïåðàòîðà ýòîò
ìåòîä èçó÷àëñÿ â [5].

Â [2], [4] äëÿ ðåøåíèÿ (1.2) èçó÷àëñÿ îïåðàòîðíûé ìåòîä ðåãóëÿðèçàöèè âèäà

Axα(t) + α(t)xα(t) = f, t ≥ t0 ≥ 0, (1.6)

ãäå α(t) � ïîëîæèòåëüíàÿ ôóíêöèÿ, ïðè÷¼ì

lim
t→+∞

α(t) = 0. (1.7)

Â íàøèõ ïðåäïîëîæåíèÿõ èìååò ìåñòî óòâåðæäåíèå (ñì.[2, 4]):

lim
t→+∞

∥xα(t)− x∗∥ = 0, (1.8)

ãäå x∗ ∈ N è óäîâëåòâîðÿåò (1.4).
Äàëåå ñ÷èòàåì, ÷òî α(t) ∈ C1[t0,+∞) è óáûâàåò íà [t0,+∞).
Ïóñòü äàííûå A è f çàäà÷è (1.2) èçâåñòíû ïðèáëèæ¼ííî, ò.å. âìåñòî A è f èçâåñòíû

èõ ïðèáëèæåíèÿ A(t) è f(t) ñîîòâåòñòâåííî, êîòîðûå ïðè âñåõ t ≥ t0 ≥ 0 îáëàäàþò
ñâîéñòâàìè:
1). A(t) : X → X � m-àêêðåòèâíûé äèôôåðåíöèðóåìûé ïî Ôðåøå îïåðàòîð, ïðè âñåõ
u ∈ X ñóùåñòâóåò A′(t)u = (A(t)u)′t, ò.å. îïðåäåë¼í îïåðàòîð A′(t) : X → X, ïðè÷åì
ýëåìåíò A′(t)u(t) íåïðåðûâíî çàâèñèò îò t ïðè t ∈ [t0,+∞) äëÿ ëþáîé ôèêñèðîâàííîé
u(t) ∈ C[t0,+∞) ñî çíà÷åíèÿìè â X, è ëèíåéíûé îïåðàòîð (A(t)u)′u : X → X ÿâëÿåòñÿ
îãðàíè÷åííûì íà X ïðè ôèêñèðîâàííûõ u ∈ X è t ∈ [t0,+∞), ïðîèçâîäíàÿ (A(t)u(t))′u
íåïðåðûâíà ïî t íà [t0,+∞) ïðè ëþáîé u(t) ∈ C[t0,+∞), è (A(t)u)′u íåïðåðûâíî çàâèñèò
îò u ∈ X ïðè ëþáîì t ∈ [t0,+∞);

∥A(t)z − Az∥ ≤ h(t)g(∥z∥) ∀z ∈ X, (1.9)

∥A′(t)z∥ ≤ h1(t)q(∥z∥) ∀z ∈ X, (1.10)
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ïðè÷åì ôóíêöèè g(s) è q(s) îïðåäåë¼ííûå ïðè s ≥ 0, íåîòðèöàòåëüíû è ïåðåâîäÿò âñÿêîå
îãðàíè÷åííîå ìíîæåñòâî â îãðàíè÷åííîå, ôóíêöèè h(t) è h1(t), âõîäÿùèå â (1.9) è (1.10)
ñîîòâåòñòâåííî, ÿâëÿþòñÿ áåñêîíå÷íî ìàëûìè ïðè t→ +∞;
2). Ôóíêöèÿ f(t) ∈ X è èìååò íåïðåðûâíóþ ïðîèçâîäíóþ f ′(t),

∥f(t)− f∥ ≤ δ(t); (1.11)

ãäå δ(t) → 0 ïðè t→ ∞.
Ïîäîáíî [5] íåïðåðûâíûé ðåãóëÿðèçîâàííûé àíàëîã ìåòîäà Íüþòîíà äëÿ óðàâíåíèÿ

(1.2) îïðåäåëèì â ôîðìå ñëåäóþùåé çàäà÷è Êîøè

(A(t)w(t))′ww
′(t) + α(t)w′(t)− f ′(t) + γ(t)[A(t)w(t) + α(t)w(t)− f(t)] = 0, (1.12)

w(t0) = w0 ∈ X, (1.13)

ò.å. ðåãóëÿðèçàöèþ ïðîâîäèì ïî àêêðåòèâíîìó îïåðàòîðó A(t) è åãî ïðîèçâîäíîé Ôðåøå
(A(t)x)′x.

Äîêàæåì âñïîìîãàòåëüíûå óòâåðæäåíèÿ.

Ë å ì ì à 1.1. Â íàøèõ ïðåäïîëîæåíèÿõ âåëè÷èíà

ξ(t, u(t)) = (A(t) + α(t)E)−1 u(t),

íåïðåðûâíà ïî t ïðè âñåõ t ≥ t0 äëÿ ëþáîé ôóíêöèè u(t) ∈ C[t0,+∞) ñî çíà÷åíèÿìè â
X è íåïðåðûâíà ïî u íà X ïðè ôèêñèðîâàííîì t.

Äîêàçàòåëüñòâî. Äëÿ ôèêñèðîâàííîé ôóíêöèè u(t) ∈ C[t0,+∞) è äëÿ t1, t2 ∈
[t0,+∞) íàéäåì ýëåìåíòû ξi = ξ(ti, u(ti)), ò.å. (A(ti) + α(ti)E)

−1u(ti) = ξi. Çíà÷èò,
A(ti)ξi + α(ti)ξi = u(ti) ïðè i = 1, 2. Îòñþäà èìååì ðàâåíñòâî

⟨J(ξ1 − ξ2), A(t1)ξ1 − A(t2)ξ2⟩+ ⟨J(ξ1 − ξ2), α(t1)ξ1 − α(t2)ξ2⟩ = ⟨J(ξ1 − ξ2), u(t1)− u(t2)⟩.

Îòñþäà, ïîäîáíî [5], ïîëó÷àåì íåðàâåíñòâî

∥ξ1 − ξ2∥ ≤ 1

α(t2)

(
∥A(t2)ξ1 − A(t1)ξ1∥+ |α(t2)− α(t1)|∥ξ1∥+ ∥u(t1)− u(t2)∥

)
. (1.14)

Òåïåðü, ïðèíÿâ âî âíèìàíèå íåïðåðûâíîñòü A(t)u ïî t ïðè ôèêñèðîâàííîì u,
íåïðåðûâíîñòü α(t) è u(t) ïðè t ∈ [t0,+∞), èìååì íåïðåðûâíîñòü ξ(t, u(t)) ïî t.

Òåïåðü çàôèêñèðóåì t ≥ t0, è çàäàâ u1 è u2 èç X, îïðåäåëèì ýëåìåíòû ξ̃i = (A(t) +
α(t)E)−1ui, ò.å. A(t)ξ̃i + α(t)ξ̃i = ui, i = 1, 2. Çíà÷èò, ñïðàâåäëèâî ðàâåíñòâî

⟨J(ξ̃1 − ξ̃2), A(t)ξ̃1 − A(t)ξ̃2⟩+ α(t)∥ξ̃1 − ξ̃2∥2 = ⟨J(ξ̃1 − ξ̃2), u1 − u2⟩,

îòñþäà â ñèëó àêêðåòèâíîñòè îïåðàòîðà A(t) èìååì

∥ξ̃1 − ξ̃2∥ ≤ 1

α(t)
∥u1 − u2∥. (1.15)

Ñëåäîâàòåëüíî, ëåììà äîêàçàíà ïîëíîñòüþ.
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Ë å ì ì à 1.2. Ïóñòü

χ(t, u(t), w(t)) =
[
(A(t)u(t))′u + α(t)E

]−1
w(t),

ãäå u(t) è w(t) � íåïðåðûâíûå íà [t0,+∞) ôóíêöèè ñî çíà÷åíèÿìè â X. Òîãäà â íàøèõ
ïðåäïîëîæåíèÿõ χ(t, u(t), w(t)) íåïðåðûâíà ïî t íà [t0,+∞) è íåïðåðûâíà ïî u ïðè
ôèêñèðîâàííûõ t è w(t).

Äîêàçàòåëüñòâî. Ïóñòü u(t), w(t) � ôóíêöèè èç C[t0,+∞), è t1 è t2 åñòü çíà÷åíèÿ
èç [t0,+∞), χi = χ(ti, u(ti), w(ti)), i = 1, 2. Ñëåäîâàòåëüíî,[

(A(ti)u(ti))
′
u + α(ti)E

]−1
w(ti) = χi ò.å. (A(ti)u(ti))

′
u χi + α(ti)χi = w(ti), i = 1, 2.

Ïîñêîëüêó àêêðåòèâíûé äèôôåðåíöèðóåìûé ïî Ôðåøå îïåðàòîð A îáëàäàåò ñâîé-
ñòâîì (1.5), òî ïîäîáíî [5] (ñì. ëåììó 2 â [5]) ïîëó÷àåì íåðàâåíñòâî

∥χ1 − χ2∥ ≤ 1

α(t2)

[
∥(A(t2)u(t2))′u − (A(t1)u(t1))

′
u∥∥χ1∥+

+|α(t2)− α(t1)|∥χ1∥+ ∥w(t1)− w(t2)∥
]
.

Òåì ñàìûì â íàøèõ óñëîâèÿõ íåïðåðûâíîñòü χ(t, u(t), w(t)) ïî t äîêàçàíà.
Ïóñòü ïðè ôèêñèðîâàííûõ t ≥ t0, w = w(t), u1 è u2 èç X âåðíû ðàâåíñòâà[

(A(t)ui)
′
ui
+ α(t)E

]−1
w = zi, èëè (A(t)ui)

′
ui
zi + α(t)zi = w, i = 1, 2.

Òîãäà ñïðàâåäëèâî ðàâåíñòâî⟨
J(z1 − z2), (A(t)u1)

′
u1
z1 − (A(t)u1)

′
u1
z2
⟩
+ α(t)∥z1 − z2∥2+

+
⟨
J(z1 − z2), [(A(t)u1)

′
u1

− (A(t)u2)
′
u2
]z2
⟩
= 0.

Îòñþäà, ó÷èòûâàÿ ñâîéñòâî (1.5) äëÿ îïåðàòîðà (A(t)u1)
′
u1
, èìååì íåðàâåíñòâî

∥z1 − z2∥ ≤ 1

α(t)
∥(A(t)u1))′u1 − (A(t)u2)

′
u2
∥ ∥z2∥.

Â ñèëó íåïðåðûâíîñòè (A(t)u)′u ïî u ïðè ëþáîì ôèêñèðîâàííîì t ≥ t0 (ñì. óñëîâèå
(i)) ëåììà äîêàçàíà ïîëíîñòüþ.

Óñòàíîâèì óñëîâèÿ ñõîäèìîñòè ðåøåíèÿ çàäà÷è (1.12), (1.13) ïðè t → ∞ ê ðåøåíèþ
x∗ óðàâíåíèÿ (1.2).

2. Ñõîäèìîñòü ìåòîäà ïðè òî÷íîì çàäàíèè îïåðàòîðà

Ïóñòü îïåðàòîð A â (1.2) èçâåñòåí, à âìåñòî ýëåìåíòà f èçâåñòíû åãî ïðèáëèæå-
íèÿ f(t), óäîâëåòâîðÿþùèå óñëîâèÿì (ii). Íåïðåðûâíûé ðåãóëÿðèçîâàííûé àíàëîã ìåòîäà
Íüþòîíà (1.12), (1.13) â íàøåì ñëó÷àå ïðèìåò âèä

A′(v(t))v′(t) + α(t)v′(t)− f ′(t) + γ(t)[Av(t) + α(t)v(t)− f(t)] = 0, (2.1)

v(t0) = v0 ∈ X. (2.2)
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Ïåðåïèøåì (2.1) â ñëåäóþùåì âèäå

du(t)

dt
= −γ(t)u(t) + α′(t)v(t), (2.3)

ãäå
u(t) = Av(t) + α(t)v(t)− f(t). (2.4)

Òàê êàê
v(t) = (A+ α(t)E)−1 (u(t) + f(t)) , (2.5)

òî îò (2.3) ïðèäåì ê óðàâíåíèþ

du(t)

dt
= −γ(t)u(t) + α′(t) (A+ α(t)E)−1 (u(t) + f(t)) . (2.6)

Óñòàíîâèì óñëîâèÿ îäíîçíà÷íîé ðàçðåøèìîñòè çàäà÷è Êîøè äëÿ óðàâíåíèÿ (2.6) ïðè
ëþáîì íà÷àëüíîì óñëîâèè u(t0) = u0 ∈ X. Â ñèëó íåïðåðûâíîñòè ôóíêöèé γ(t), α′(t), f(t)
è ëåììû 1.1. äåëàåì âûâîä î íåïðåðûâíîñòè îïåðàòîðà

F (t, u) = −γ(t)u+ α′(t) (A+ α(t)E)−1 (u+ f(t)) . (2.7)

ïî t íà [t0,+∞) ïðè ëþáîì ôèêñèðîâàííîì ýëåìåíòå u èç X.

Äàëåå ñäåëàåì äîïîëíèòåëüíûå ïðåäïîëîæåíèÿ îòíîñèòåëüíî ïàðàìåòðè÷åñêèõ ôóíê-
öèé α(t) è γ(t) : ïóñòü ñïðàâåäëèâû íåðàâåíñòâà

γ(t) ≤ γ0 ∀t ≥ t0, (2.8)

|α′(t)|
α(t)

≤ λ0 ∀t ≥ t0, (2.9)

ãäå γ0 è λ0 � íåêîòîðûå ïîëîæèòåëüíûå ÷èñëà.
Òîãäà, èñïîëüçóÿ îöåíêó (1.15), óñòàíîâèì ñïðàâåäëèâîñòü óñëîâèÿ Ëèïøèöà äëÿ îïå-

ðàòîðà F (t, u) ïî ïåðåìåííîé u ñ ïîñòîÿííîé γ0+λ0. Òåïåðü îäíîçíà÷íàÿ ðàçðåøèìîñòü
çàäà÷è Êîøè äëÿ óðàâíåíèÿ (2.6) â êëàññå ôóíêöèé C1[t0,+∞) ñëåäóåò èç [6], ñ. 399 �
401. Òàêèì îáðàçîì, îäíîçíà÷íî îïðåäåëÿåòñÿ ýëåìåíò v(t) ïðè âñåõ t ≥ t0 ïî ôîðìóëå
(2.5). Êðîìå òîãî, â íàøèõ ïðåäïîëîæåíèÿõ ñóùåñòâóåò íåïðåðûâíàÿ ïðîèçâîäíàÿ (ñì. [5]
è ëåììó 1.2.).

v′(t) = [A′(v(t)) + α(t)E]−1(u′(t)− α′(t)v(t) + f ′(t)). (2.10)

Ñëåäîâàòåëüíî, óñòàíîâëåíî ñóùåñòâîâàíèå åäèíñòâåííîãî ðåøåíèÿ v(t) ∈ C1[t0,+∞)
çàäà÷è Êîøè (2.1), (2.2).

Ïóñòü ñóùåñòâóåò ïîñòîÿííàÿ ρ0 > 0 òàêàÿ, ÷òî

⟨J(Az + α(t)z − f(t)), z⟩ ≥ 0 ïðè ∥z∥ ≥ ρ0 ∀t ≥ t0. (2.11)

Äàëåå èç (2.3) èìååì⟨
Ju(t),

du(t)

dt

⟩
+ γ(t)∥u(t)∥2 = α′(t)⟨Ju(t), v(t)⟩. (2.12)

Ïóñòü ∥v(t)∥ ≥ ρ0 ïðè íåêîòîðîì t ∈ [t0,+∞), òîãäà â ñèëó (2.4) è (2.11) ñïðàâåäëèâî
íåðàâåíñòâî ⟨Ju(t), v(t)⟩ ≥ 0. Ïîñêîëüêó ôóíêöèÿ α(t) ïî óñëîâèþ óáûâàåò, òî ñ ó÷¼òîì
ðàâåíñòâà (ñì., íàïðèìåð, [3], ïðèìåð 5.7)

⟨Ju(t), u′(t)⟩ =
(
1

2
∥u(t)∥2

)′

t

= ∥u(t)∥d∥u(t)∥
dt
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îò (2.12) ïðè âûáðàííîì t ïðèõîäèì ê íåðàâåíñòâó

d∥u(t)∥
dt

+ γ(t)∥u(t)∥ ≤ 0. (2.13)

Ïóñòü t ∈ [t0,+∞) è ∥v(t)∥ < ρ0, òîãäà èç (2.12) âûâîäèìì íåðàâåíñòâî

d∥u(t)∥
dt

+ γ(t)∥u(t)∥ < −α′(t)ρ0. (2.14)

Òåïåðü, ïðèíÿâ âî âíèìàíèå (2.13), çàêëþ÷àåì, ÷òî (2.14) âåðíî ïðè âñåõ t ≥ t0. Ñëå-
äîâàòåëüíî, ñïðàâåäëèâà îöåíêà (ñì. [7], ñ. 264)

∥u(t)∥ ≤ a0exp

(
−
∫ t

t0

γ(s)ds

)
− ρ0

∫ t

t0

α′(θ)exp

(
−
∫ t

θ

γ(s)ds

)
dθ, (2.15)

ãäå ïîëîæèòåëüíàÿ ïîñòîÿííàÿ a0 óäîâëåòâîðÿåò íåðàâåíñòâó ∥Av0+α(t)v0−f(t)∥ ≤ a0, v0
� ýëåìåíò èç íà÷àëüíîãî óñëîâèÿ (2.2).

Èç (1.6) è (2.4) èìååì

⟨J(v(t)− xα(t)), Av(t)− Axα(t)⟩+ α(t)⟨J(v(t)− xα(t)), v(t)− xα(t)⟩ =

= ⟨J(v(t)− xα(t)), f(t)− f + u(t)⟩.

Ñâîéñòâî àêêðåòèâíîñòè îïåðàòîðà A ïîçâîëÿåò îòñþäà âûâåñòè íåðàâåíñòâî

α(t)∥v(t)− xα(t)∥2) ≤ ⟨J(v(t)− xα(t)), f(t)− f⟩+ ⟨J(v(t)− xα(t)), u(t)⟩.

Îòñþäà â ñèëó ïðåäïîëîæåíèÿ (1.11) è îïðåäåëåíèÿ îïåðàòîðà J (ñì. (1.1)) ïîëó÷àåì
îöåíêó

∥v(t)− xα(t)∥ ≤ δ(t)

α(t)
+

∥u(t)∥
α(t)

,

êîòîðàÿ íà îñíîâàíèè (2.15) ïðèíèìàåò âèä

∥v(t)− xα(t)∥ ≤ a1

 δ(t)
α(t)

+
exp

(
−
∫ t
t0
γ(s)ds

)
α(t)

−

∫ t
t0
α′(θ)exp

(
−
∫ t
θ
γ(s)ds

)
dθ

α(t)

 ,
ãäå a1 � ïîëîæèòåëüíàÿ ïîñòîÿííàÿ, äàëåå ÷åðåç ak áóäåì îáîçíà÷àòü ïîëîæèòåëüíûå
ïîñòîÿííûå.

Òåïåðü, ïîäîáíî [5], óñòàíàâëèâàåì óòâåðæäåíèå.

Ò å î ð å ì à 2.1. Ïóñòü X � ðåôëåêñèâíîå ñòðîãî âûïóêëîå âìåñòå ñî ñâîèì ñî-
ïðÿæ¼ííûì áàíàõîâî ïðîñòðàíñòâî, íîðìà â X ðàâíîìåðíî äèôôåðåíöèðóåìà ïî Ãà-
òî, A : X → X � m-àêêðåòèâíûé äèôôåðåíöèðóåìûé ïî Ôðåøå îïåðàòîð, ïðè÷¼ì
A′(u) � îãðàíè÷åííûé è íåïðåðûâíà ïî u íà X îïåðàòîð, óðàâíåíèå (1.2) èìååò íåïó-
ñòîå ìíîæåñòâî ðåøåíèé N, α(t) è γ(t) � ïîëîæèòåëüíûå ôóíêöèè, ïðè÷åì α(t) ∈
C1[t0,+∞), γ(t) ∈ C[t0,+∞), α(t) óáûâàåò, âûïîëíåíû óñëîâèÿ (1.7), (2.8), (2.9) è

lim
t→+∞

exp
(
−
∫ t
t0
γ(s)ds

)
α(t)

= 0, (2.16)

È. Ï. Ðÿçàíöåâà. Íåïðåðûâíûé ðåãóëÿðèçîâàííûé àíàëîã ìåòîäà Íüþòîíà äëÿ . . .



Æóðíàë ÑÂÌÎ. 2017. Òîì 19, � 1 83

lim
t→+∞

α′(t)

α′(t) + α(t)γ(t)
= 0. (2.17)

Ïðåäïîëîæèì, ÷òî ïðàâàÿ ÷àñòü f óðàâíåíèÿ (1.2) èçâåñòíà ïðèáëèæ¼ííî, å¼ ïðè-
áëèæåíèÿ f(t) óäîâëåòâîðÿþò óñëîâèÿì (ii), ïðè÷åì

lim
t→+∞

δ(t)

α(t)
= 0, (2.18)

è ñïðàâåäëèâî íåðàâåíñòâî (2.11).

Òîãäà çàäà÷à Êîøè (2.1), (2.2) èìååò åäèíñòâåííîå ðåøåíèå êëàññà C1[t0,+∞), êî-
òîðîå ïðè t → +∞ ñèëüíî ñõîäèòñÿ ê ýëåìåíòó x∗ ∈ N, îïðåäåëÿåìîìó íåðàâåíñòâîì
(1.4).

3. Ñëó÷àé ïðèáëèæ¼ííî çàäàííîãî îïåðàòîðà

Ïóñòü âûïîëíåíû ïðåäïîëîæåíèÿ òåîðåìû 2.1. è óñëîâèÿ (i). Òîãäà íåïðåðûâíûé
ðåãóëÿðèçîâàííûé àíàëîã ìåòîäà Íüþòîíà èìååò âèä (1.12), (1.13). Ââåä¼ì íîâóþ ôóíê-
öèþ

ũ(t) = A(t)w(t) + α(t)w(t)− f(t), (3.1)

òîãäà (1.12) äà¼ò ðàâåíñòâî

dũ(t)

dt
+ γ(t)ũ(t) = A′(t)w(t) + α′(t)w(t). (3.2)

Èç (3.1) íàéäåì
w(t) = (A(t) + α(t)E)−1 (ũ(t) + f(t)) (3.3)

è ïåðåïèøåì (3.2) â ñëåäóþùåì âèäå

dũ(t)

dt
= −γ(t)ũ(t) + (A′(t) + α′(t)E) (A(t) + α(t)E)−1 (ũ(t) + f(t)) . (3.4)

Ïóñòü ñïðàâåäëèâî íåðàâåíñòâî

∥A′(t)u1 − A′(t)u2∥ ≤ L̃(t)∥u1 − u2∥, L̃(t) > 0 ∀u1, u2 ∈ X, ∀t ≥ t0, (3.5)

ãäå ôóíêöèÿ L̃(t) îáëàäàåò ñâîéñòâîì

L̃(t)

α(t)
≤ L0 ∀t ≥ t0, L0 > 0. (3.6)

Òåïåðü, ïîäîáíî [5], â íàøèõ ïðåäïîëîæåíèÿõ óñòàíàâëèâàåòñÿ îäíîçíà÷íàÿ ðàçðåøè-
ìîñòü óðàâíåíèÿ (1.12) â êëàññå ôóíêöèé C1[t0,+∞) äëÿ ëþáîãî íà÷àëüíîãî óñëîâèÿ
(1.13).

Íà îñíîâàíèè ëåììû 1.1. äåëàåì âûâîä î íåïðåðûâíîñòè w(t) íà [t0,+∞). Â òî æå
âðåìÿ

w′(t) = [(A(t)w(t))′w + α(t)E]−1(ũ′(t)− (A′(t) + α′(t)E)w(t) + f ′(t)).

Äàëåå, â íàøèõ ïðåäïîëîæåíèÿõ ïî ëåììå 1.2. óñòàíàâëèâàåì, ÷òî w′(t) ∈ C[t0,+∞),
ò.å. w(t) ∈ C1[t0,+∞).

È. Ï. Ðÿçàíöåâà. Íåïðåðûâíûé ðåãóëÿðèçîâàííûé àíàëîã ìåòîäà Íüþòîíà äëÿ . . .



84 Æóðíàë ÑÂÌÎ. 2017. Òîì 19, � 1

Ïðåäïîëîæèì, ÷òî w(t) � îãðàíè÷åííàÿ íà [t0,+∞) ôóíêöèÿ, è ñóùåñòâóåò ïîñòîÿí-
íàÿ ρ̃ > 0 òàêàÿ, ÷òî

⟨J(A(t)z + α(t)z − f(t)), z⟩ ≥ 0 ïðè ∥z∥ ≥ ρ̃ ∀t ≥ t0. (3.7)

Èç (3.2) ïîëó÷àåì ðàâåíñòâî⟨
Jũ(t),

dũ(t)

dt

⟩
+ γ(t)∥ũ(t)∥2 = ⟨Jũ(t), A′(t)w(t)⟩+ α′(t)⟨Jũ(t), w(t)⟩.

Îòñþäà òåìè æå ðàññóæäåíèÿìè, ÷òî è ïðè âûâîäå (2.14), ïðèõîäèì ê íåðàâåíñòâó

d∥ũ(t)∥
dt

+ γ(t)∥ũ(t)∥ ≤ ∥A′(t)w(t)∥ − α′(t)ρ̃0.

Òåïåðü ïðåäïîëàãàåìàÿ îãðàíè÷åííîñòü w(t) íà [t0,+∞) è íåðàâåíñòâî (1.10) ïîçâî-
ëÿþò îò ïîñëåäíåãî íåðàâåíñòâà ïåðåéòè ê ñëåäóþùåìó

d∥ũ(t)∥
dt

+ γ(t)∥ũ(t)∥ ≤ a2[h1(t)− α′(t)].

Âíîâü ïðèìåíèâ ëåììó èç [7], èìååì îöåíêó

∥ũ(t)∥ ≤ a3

[
exp

(
−
∫ t

t0

γ(s)ds

)
+

∫ t

t0

[h1(θ)− α′(θ)]exp

(
−
∫ t

θ

γ(s)ds

)
dθ

]
. (3.8)

Äàëåå, âû÷èòàÿ èç (3.1) ðàâåíñòâî (1.6) è íàõîäÿ çíà÷åíèÿ ôóíêöèîíàëà J(w(t)−xα(t))
íà ýëåìåíòàõ ïðàâîé è ëåâîé ÷àñòåé ïîëó÷åííîãî ðàâåíñòâà, èìååì

⟨J(w(t)− xα(t)), A(t)w(t)− A(t)xα(t)⟩+ α(t)∥w(t)− xα(t)∥2 =

= ⟨J(w(t)− xα(t)), Axα(t)− A(t)xα(t)⟩+ ⟨J(w(t)− xα(t)), f(t)− f + ũ(t)⟩.

Àêêðåòèâíîñòü îïåðàòîðà A(t), îãðàíè÷åííîñòü ∥xα(t)∥ íà [t0,+∞) (ñì. (1.8)), ïðåä-
ïîëîæåíèÿ (1.9), (1.11) ïîçâîëÿþò èç ïîñëåäíåãî ðàâåíñòâà âûâåñòè îöåíêó

∥w(t)− xα(t)∥ ≤ a4
δ(t) + h(t)

α(t)
+

∥ũ(t)∥
α(t)

∀t ≥ t0.

Ïðèìåíèâ ïðàâèëî Ëîïèòàëÿ â ïðàâîé ÷àñòè (3.8), çàêëþ÷àåì, ÷òî ïðè âûïîëíåíèè
óñëîâèé

lim
t→+∞

h(t)

α(t)
= lim

t→+∞

h1(t)

α′(t) + α(t)γ(t)
= 0, (3.9)

è (2.16) � (2.18) èç ïîñëåäíåãî íåðàâåíñòâà âûòåêàåò ñõîäèìîñòü ∥w(t) − xα(t)∥ → 0 ïðè
t→ +∞.

Ñôîðìóëèðóåì ïîëó÷åííîå óòâåðæäåíèå.

Ò å î ð å ì à 3.1. Ïóñòü â óñëîâèÿõ òåîðåìû 2.1. îïåðàòîð A âîçìóùåí, è âû-
ïîëíåíû óñëîâèÿ (i), (3.5), (3.6), è âìåñòî (2.11) âûïîëíåíî íåðàâåíñòâî (3.7). Òîãäà
çàäà÷à Êîøè (1.12), (1.13) èìååò åäèíñòâåííîå ðåøåíèå w(t) ∈ C1[t0,+∞). Ïðåäïîëî-
æèì, ÷òî ýòî ðåøåíèå îãðàíè÷åíî íà [t0,+∞), è ñïðàâåäëèâû óñëîâèÿ (3.9), òîãäà w(t)
ïðè t → +∞ ñõîäèòñÿ ïî íîðìå ïðîñòðàíñòâà X ê ðåøåíèþ x∗ óðàâíåíèÿ (1.2), îïðå-
äåëÿåìîìó íåðàâåíñòâîì (1.4).
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Ç à ì å ÷ à í è å 3.1. Ïðèìåðû ïàðàìåòðè÷åñêèõ ôóíêöèé, óäîâëåòâîðÿþùèõ
óñëîâèÿì òåîðåì 2.1. è 3.1., ïðèâåäåíû â [5].

Ç à ì å ÷ à í è å 3.2. Óñëîâèå (3.7) åñòü îäíî èç èçâåñòíûõ äîñòàòî÷íûõ óñëîâèé
ðàçðåøèìîñòè óðàâíåíèÿ (ñì., íàïðèìåð, [1])

J(A(t)x+ α(t)x− f(t)) = 0, t ≥ t0. (3.10)

Ïîñêîëüêó â íàøèõ óñëîâèÿõ íà ïðîñòðàíñòâà X è X∗ ðàâåíñòâî Jz = 0 âîçìîæíî
òîãäà è òîëüêî òîãäà, êîãäà z = 0, òî èç (3.10) ïîëó÷àåì, ÷òî A(t)x+α(t)x = f(t). Òàê
êàê îïåðàòîðû A(t) ïî óñëîâèþ ÿâëÿþòñÿ m-àêêðåòèâíûìè, òî (3.7) íå ïðîòèâîðå÷èò
ðàíåå ïðèíÿòûì ïðåäïîëîæåíèÿì. Àíàëîãè÷íî óñòàíàâëèâàåòñÿ, ÷òî (2.11) åñòü îäíî
èç äîñòàòî÷íûõ óñëîâèé ðàçðåøèìîñòè îïåðàòîðíîãî óðàâíåíèÿ Ax+ α(t)x = f(t).

Ç à ì å ÷ à í è å 3.3. Ïîäîáíî [5] âûâîäèòñÿ îãðàíè÷åííîñòü w(t) íà [t0,+∞) èç
íåðàâåíñòâà

⟨Jw(t), ((A(t)w(t))′w + α(t)E)−1(γ(t)[A(t)w(t) + α(t)w(t)− f(t)] + f ′(t))⟩ ≥ 0

ïðè ∥w(t)∥ ≥ R0 > 0.

Ç à ì å ÷ à í è å 3.4. Â îòëè÷èå îò [5] (ñì. òåîðåìó 2) â òåîðåìå 3.1. îòñóò-
ñòâóåò òðåáîâàíèå îãðàíè÷åííîñòè ôóíêöèè g(s)/s ïðè s → ∞. Â [5] âûïîëíåíèå â H
íåðàâåíñòâ âèäà (2.11) è (3.7) (ïðè J = E ) íå ïðåäïîëàãàëîñü. Îíè âûâîäèëèñü íà îñíîâà-
íèè (1.9) è (1.11) èç íåðàâåíñòâà (Ax− f, x) ≥ 0 ïðè ∥x∥ ≥ ρ > 0, x ∈ H. Äëÿ îïåðàòîðà
A â áàíàõîâîì ïðîñòðàíñòâå X óêàçàííîå íåðàâåíñòâî ïðèíèìàåò âèä ⟨J(Ax−f), x⟩ ≥ 0
ïðè ∥x∥ ≥ ρ > 0, x ∈ X. ×òîáû âûâåñòè îòñþäà íåðàâåíñòâà (2.11) è (3.7) íåîáõîäèìû
ðàâíîìåðíàÿ ìîíîòîííîñòü J íà X è âûïîëíåíèå íåðàâåíñòâà Ã¼ëüäåðà äëÿ J íà X.
Ïðèìåðû áàíàõîâûõ ïðîñòðàíñòâ ñ òàêèìè ñâîéñòâàìè îïåðàòîðà J íåèçâåñòíû (ñì.,
íàïðèìåð, [2], [3]). Îòìåòèì, ÷òî íåïîñðåäñòâåííàÿ ïðîâåðêà óêàçàííûõ íåðàâåíñòâ â
H è X ìîæåò áûòü íåâîçìîæíà, òàê êàê A è f â îáùåì ñëó÷àå íåèçâåñòíû.

Ç à ì å ÷ à í è å 3.5. Â [5] ïîêàçàíî êàê íàñòðîèòü ìåòîä (1.12), (1.13) äëÿ ñëó-
÷àÿ, êîãäà èçâåñòíû åäèíñòâåííûå ïðèáëèæåíèÿ Ah è f δ îïåðàòîðà A è ýëåìåíòà f
ñîîòâåòñòâåííî.

Ï ð è ì å ð 3.1. Ðàññìîòðèì îïåðàòîð A : Lp[a, b] → Lp[a, b] (p > 1) ñëåäóþùåãî
âèäà

Az(x) =

{
z(x)/[b1 + b2z(x)], z(x) ≥ 0,
0, z(x) < 0,

ãäå b1 è b2 � ïîëîæèòåëüíûå ïîñòîÿííûå. Ïîêàæåì àêêðåòèâíîñòü A.

Ïîñêîëüêó â Lp[a, b] îïåðàòîð J : Lp[a, b] → Lq[a, b] èìååò âèä

Jz(x) = ∥z∥2−p|z(x)|p−2z(x) ∀z(x) ∈ Lp[a, b], z(x) ̸≡ 0

è J(0) = 0, òî ïðè z1(x) > 0 è z2(x) > 0 ïîëó÷àåì

⟨J(z1(x)− z2(x)), Az1(x)− Az2(x)⟩ =

= ∥z1 − z2∥2−p
∫ b

a

|z1(x)− z2(x)|p−2[z1(x)− z2(x)]

[
z1(x)

b1 + b2z1(x)
− z2(x)

b1 + b2z2(x)

]
dx =
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= b1∥z1 − z2∥2−p
∫ b

a

|z1(x)− z2(x)|p

[b1 + b2z1(x)][b1 + b2z2(x)]
dx ≥ 0.

Ïóñòü âîçìóù¼ííûé îïåðàòîð A(t), t ∈ [t0,+∞) îïðåäåëÿåòñÿ ñëåäóþùèì îáðàçîì

A(t)z(x) =

{
z(x)/[b1(t) + b2(t)z(x)], z(x) ≥ 0,
0, z(x) < 0,

ãäå b1(t) è b2(t) � ïîëîæèòåëüíûå ôóíêöèè èç C1[t0,+∞), ïðè÷åì

bi(t) ≥ ai > 0, |bi − bi(t)| ≤ h(t), i = 1, 2, t ≥ t0, h(t) → 0 ïðè t→ +∞.

Àêêðåòèâíîñòü îïåðàòîðîâ A(t) : Lp[a, b] → Lp[a, b] ïðîâåðÿåòñÿ òåìè æå ðàñ-
ñóæäåíèÿìè, ÷òî è äëÿ îïåðàòîðà A. Ñïðàâåäëèâîñòü íåðàâåíñòâ (1.9), (1.10)
óñòàíàâëèâàåòñÿ ïîäîáíî [5].

Êàê ñëåäóåò èç äîêàçàòåëüñòâ òåîðåì 1 è 2, âûïîëíåíèå íåðàâåíñòâ (2.11) è (3.7)
òðåáóåòñÿ òîëüêî íà ðåøåíèÿõ çàäà÷ (2.1), (2.2) è (1.12), (1.13) ñîîòâåòñòâåííî. Çíà-
÷èò, ñïðàâåäëèâîñòü (2.11) è (3.7) ìîæíî óñòàíîâèòü ÷èñëåííî.
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Ñontinuous regularization analog of Newton method for

m-accretive equations

c⃝ I. P. Ryazantseva2

Abstract. Paper studies nonlinear equations with approximate data (i.e. the operator and the
right-hand side of an operator equation) with the Frechet-di�erentiable m-accretive operator
in Banach space. For such equation a regularized continuous analog of Newton's method is
constructed; su�cient conditions for method's strong convergence to a certain uniquely determined
solution of the given equation are obtained. Previously we prove auxiliary assertions of continuity
of values that are determined in terms of regularized solutions and their derivatives. The
approximations of the operator are assumed to be di�erentiable. One-valued solvability of the
di�erential equation de�ning the investigated regularization method is proved. In the proof of the
continuous method convergence known convergence of operator regularization method for accretive
equations is used. Requirements on the geometry of Banach space and its conjugate are performed
for a wide class of Banach spaces. For approximate right-hand side de�nition of the equation
the cases of the unperturbed and of the perturbed operator are studied separately. Examples are
built for parametric functions that are used in the equation that de�nes the method studied. The
example is speci�ed of an operator arising in the theory of a scalar density function, for which the
conditions of convergence of the method are performed.
Key Words: Banach space, m-accretive operator, duality mapping, Newton's method, continuous
method, perturbed data, regularization, convergence.
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