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Ñòàáèëèçàöèÿ ñèíãóëÿðíî âîçìóùåííûõ ñèñòåì ñ

ïîëèíîìèàëüíîé ïðàâîé ÷àñòüþ

c⃝ Ì. Â. Êîçëîâ 1

Àííîòàöèÿ. Â ñòàòüå ðàññìàòðèâàåòñÿ çàäà÷à ñòàáèëèçàöèè ñèíãóëÿðíî âîçìóùåííûõ ñèñòåì
îáûêíîâåííûõ äèôôåðåíöèàëüíûõ óðàâíåíèé ñ îäíîðîäíîé ïðàâîé ÷àñòüþ â âèäå ïîëèíîìîâ
íå÷åòíîé ñòåïåíè ïðè äîñòàòî÷íî ìàëûõ çíà÷åíèÿõ âîçìóùàþùåãî ïàðàìåòðà. Ïîëó÷åíû äî-
ñòàòî÷íûå óñëîâèÿ ñòàáèëèçàöèè íóëåâîãî ðåøåíèÿ óêàçàííûõ ñèñòåì äî àñèìïòîòè÷åñêîé
óñòîé÷èâîñòè óïðàâëåíèåì îáðàòíîé ñâÿçüþ â âèäå ïîëèíîìîâ òîé æå ñòåïåíè, ÷òî è ïðàâàÿ
÷àñòü èñõîäíîé ñèñòåìû. Ïðåäïîëàãàåòñÿ, ÷òî èçìåðåíèþ ïîäëåæàò òîëüêî êîìïîíåíòû âåêòî-
ðà ìåäëåííûõ ïåðåìåííûõ è óïðàâëåíèå ìîæåò âõîäèòü òîëüêî â ìåäëåííóþ ïîäñèñòåìó. Äëÿ
ðàçëè÷íûõ ñëó÷àåâ îïèñàíû ñïîñîáû ïîñòðîåíèÿ ñòàáèëèçèðóþùèõ óïðàâëåíèé. Â êà÷åñòâå
ìåòîäà èññëåäîâàíèÿ ïðèìåíÿåòñÿ äåêîìïîçèöèÿ ñèíãóëÿðíî âîçìóùåííîé ñèñòåìû íà áûñò-
ðóþ è ìåäëåííóþ ïîäñèñòåìû ìåíüøåé ðàçìåðíîñòè. Äëÿ àíàëèçà óñòîé÷èâîñòè ïðèìåíÿåòñÿ
ìåòîä ôóíêöèé Ëÿïóíîâà.
Êëþ÷åâûå ñëîâà: ñèíãóëÿðíûå âîçìóùåíèÿ, ìàëûé ïàðàìåòð, ñòàáèëèçàöèÿ, îäíîðîäíàÿ
ôîðìà.

1. Ââåäåíèå

Ñèíãóëÿðíî âîçìóùåííûå äèôôåðåíöèàëüíûå óðàâíåíèÿ øèðîêî ïðèìåíÿþòñÿ ïðè
ìàòåìàòè÷åñêîì ìîäåëèðîâàíèè àýðîêîñìè÷åñêèõ, ìåõàíè÷åñêèõ, áèîëîãè÷åñêèõ è äðóãèõ
âèäîâ ñèñòåì (ñì. îáçîð [1]). Îäíèì èç íàèáîëåå âàæíûõ íàïðàâëåíèé â èññëåäîâàíèè
ñèíãóëÿðíî âîçìóùåííûõ ñèñòåì ÿâëÿåòñÿ çàäà÷à îá óñòîé÷èâîñòè ïî Ëÿïóíîâó è, êàê
ñëåäñòâèå, çàäà÷à óïðàâëåíèÿ è ñòàáèëèçàöèè. Äàííîé òåìàòèêå ïîñâÿùåíî íåìàëî ðà-
áîò (ñì. [1]�[6]). Äàííàÿ ñòàòüÿ ïîñâÿùåíà ñòàáèëèçàöèè íóëåâîãî ðåøåíèÿ ñèíãóëÿðíî
âîçìóùåííûõ ñèñòåì ñ îäíîðîäíîé ïðàâîé ÷àñòüþ â âèäå ïîëèíîìîâ íå÷åòíîé ñòåïåíè.

Ðàññìîòðèì ñèíãóëÿðíî âîçìóùåííóþ ñèñòåìó äèôôåðåíöèàëüíûõ óðàâíåíèé{
ẋ = A11x

[µ] + A12y
{µ},

εẏ = A21x
[µ] + A22y

{µ},
(1.1)

ãäå x = (x1, . . . , xn)
T ∈ Rn , y = (y1, . . . , ym)

T ∈ Rm , ε > 0 � ìàëûé ïàðàìåòð, µ > 0
� íå÷åòíîå ÷èñëî; x[µ] ∈ RN � âåêòîð-ñòîëáåö, ñîñòàâëåííûé èç âñåâîçìîæíûõ ìîíîìîâ
âèäà xk11 x

k2
2 . . . xknn , k1 + · · · + kn = µ , ñëåäóþùèõ â ëåêñèêîãðàôè÷åñêîì ïîðÿäêå; y{µ} =

(yµ1 , . . . , y
µ
m)

T ; Aij � âåùåñòâåííûå ìàòðèöû ñîîòâåòñòâóþùèõ ðàçìåðíîñòåé. Â ðàáîòå
[5] íà îñíîâå ìåòîäà äåêîìïîçèöèè, âïåðâûå ïðåäëîæåííîãî À. Í. Òèõîíîâûì [7], áûëè
ïîëó÷åíû óñëîâèÿ àñèìïòîòè÷åñêîé óñòîé÷èâîñòè íóëåâîãî ðåøåíèÿ ñèñòåìû (2.1) â âèäå
ñëåäóþùåé òåîðåìû.
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Ò å î ð å ì à 1.1. Åñëè ìàòðèöà A22 ÿâëÿåòñÿ äèàãîíàëüíîé îòðèöàòåëüíî îïðå-
äåëåííîé è íóëåâîå ðåøåíèå ñèñòåìû

ẋ = (A11 − A12A
−1
22 A21)x

[µ]

àñèìïòîòè÷åñêè óñòîé÷èâî, òî ïðè ε < ε0 íóëåâîå ðåøåíèå ñèñòåìû (2.1) àñèìïòîòè-
÷åñêè óñòîé÷èâî â öåëîì ( ε0 � íåêîòîðîå äîñòàòî÷íî ìàëîå ÷èñëî).

Â ðàáîòå [6] áûë ðàññìîòðåí ñëó÷àé, êîãäà èçìåðåíèþ ïîäëåæàò òîëüêî êîìïîíåíòû
âåêòîðà áûñòðûõ ïåðåìåííûõ y . Âñëåäñòâèå ýòîãî, ñòàáèëèçàöèÿ ñèñòåìû (2.1) îñóùåñòâ-
ëÿëàñü äîáàâëåíèåì â ïðàâóþ ÷àñòü óïðàâëåíèÿ, çàâèñÿùåãî òîëüêî îò y , ÷òî ïðèâîäèëî
ê ñèñòåìå {

ẋ = A11x
[µ] + A12y

{µ} +K1y
{µ},

εẏ = A21x
[µ] + A22y

{µ} +K2y
{µ}.

(1.2)

Ìàòðèöû K1 , K2 ïîäáèðàëèñü òàêèì îáðàçîì, ÷òîáû ñèñòåìà (1.2) óäîâëåòâîðÿëà
òåîðåìå 1.1. Â íàñòîÿùåé ðàáîòå ýòî èññëåäîâàíèå ïðîäîëæåíî íà ñëó÷àé, êîãäà èçìåðåíèþ
ïîäëåæèò òîëüêî âåêòîð ìåäëåííûõ ïåðåìåííûõ x , à óïðàâëåíèå ìîæåò âõîäèòü òîëüêî
â ïåðâóþ ïîäñèñòåìó (2.1).

2. Ïîñòàíîâêà çàäà÷è

Ðàññìîòðèì ñèñòåìó (2.1) ñ äîáàâëåíèåì ê íåé óïðàâëÿþùåãî âîçäåéñòâèÿ{
ẋ = A11x

[µ] + A12y
{µ} +BU,

εẏ = A21x
[µ] + A22y

{µ},
(2.1)

ãäå B � çàäàííàÿ ïîñòîÿííàÿ ìàòðèöà ðàçìåðíîñòè (n×r) , U ∈ Rr � âåêòîð óïðàâëåíèÿ.
Óïðàâëåíèå U áóäåì ñòðîèòü ïî ïðèíöèïó îáðàòíîé ñâÿçè â ñëåäóþùåé ôîðìå

U = Kx[µ], (2.2)

ãäå K � ïîñòîÿííàÿ (r × N) �ìàòðèöà, ïîäëåæàùàÿ îïðåäåëåíèþ. Çàäà÷à ñîñòîèò â ïî-
ñòðîåíèè òàêîé ìàòðèöû K , ÷òî íóëåâîå ðåøåíèå ñèñòåìû (2.1) ïðè óïðàâëåíèè (2.2)
ñòàíîâèòñÿ àñèìïòîòè÷åñêè óñòîé÷èâûì ïðè äîñòàòî÷íî ìàëûõ çíà÷åíèÿõ ïàðàìåòðà ε .

Ñîãëàñíî òåîðåìå 1.1., äîñòàòî÷íûå óñëîâèÿ àñèìïòîòè÷åñêîé óñòîé÷èâîñòè íóëåâîãî
ðåøåíèÿ ñèñòåìû (2.1) ìîæíî ñôîðìóëèðîâàòü â âèäå ñëåäóþùåãî óòâåðæäåíèÿ.

Ò å î ð å ì à 2.1. Ïóñòü âûïîëíåíû óñëîâèÿ:
1) ìàòðèöà A22 ÿâëÿåòñÿ äèàãîíàëüíîé îòðèöàòåëüíî îïðåäåëåííîé;
2) ìàòðèöà K òàêîâà, ÷òî íóëåâîå ðåøåíèå ñèñòåìû

ẋ = (A11 − A12A
−1
22 A21 +BK)x[µ] (2.3)

àñèìïòîòè÷åñêè óñòîé÷èâî. Òîãäà íóëåâîå ðåøåíèå ñèñòåìû (2.1) àñèìïòîòè÷åñêè
óñòîé÷èâî ïðè ε < ε0 , ε0 � íåêîòîðîå ÷èñëî.

Òàêèì îáðàçîì, ïðè âûïîëíåíèè ïåðâîãî óñëîâèÿ òåîðåìû 2.1. çàäà÷à ñâîäèòñÿ ê ïî-
ñòðîåíèþ ìàòðèöû K , ñòàáèëèçèðóþùåé íóëåâîå ðåøåíèå ñèñòåìû (2.3).
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3. Ïîñòðîåíèå ìàòðèöû K

Ââåäåì îáîçíà÷åíèå A = A11 − A12A
−1
22 A21 è ïåðåïèøåì ñèñòåìó (2.3) â âèäå

ẋ = (A+BK)x[µ]. (3.1)

Ðàññìîòðèì íåñêîëüêî ñëó÷àåâ ñòàáèëèçèðóåìîñòè ñèñòåìû (3.1).
2.1. Ñëó÷àé, êîãäà ìîæåò áûòü ñòàáèëèçèðîâàíà ñèñòåìà

ẋ = BKx[µ]. (3.2)

Çàäàäèì ìàòðèöó K òàê, ÷òîáû ñòîëáöû, ñîîòâåòñòâóþùèå ñìåøàííûì ìîíîìàì â
âåêòîðå x[µ] , áûëè íóëåâûìè. Îáîçíà÷èì ÷åðåç K0 (r×n) �ìàòðèöó, ïîëó÷åííóþ èç ìàò-
ðèöû K óäàëåíèåì ýòèõ íóëåâûõ ñòîëáöîâ. Òîãäà ñèñòåìó (3.2) ìîæíî ïåðåïèñàòü â âèäå

ẋ = BK0x
{µ}. (3.3)

Â ðàáîòå [8] áûëî ïîêàçàíî, ÷òî äëÿ àñèìïòîòè÷åñêîé óñòîé÷èâîñòè íóëåâîãî ðåøåíèÿ
ñèñòåìû âèäà (3.3) íåîáõîäèìî âûïîëíåíèå óñëîâèÿ

rang B = n. (3.4)

Åñëè óñëîâèå (3.4) âûïîëíåíî, òî ìàòðèöà S = BBT ÿâëÿåòñÿ ñèììåòðè÷åñêîé ïî-
ëîæèòåëüíî îïðåäåëåííîé è ìàòðèöà K0 = −BT ñòàáèëèçèðóåò ñèñòåìó (3.3). Â èòîãå
ïîëó÷àåì ñëåäóþùåå óòâåðæäåíèå.

Ë å ì ì à 3.1. Åñëè âûïîëíåíî óñëîâèå (3.4), òî ñèñòåìà (3.1) ñòàáèëèçèðóåòñÿ
ìàòðèöåé K , â êîòîðîé íà ìåñòå ñòîëáöîâ, ñîîòâåòñòâóþùèõ ìîíîìàì âèäà xµi , ñòî-
ÿò ñòîëáöû ìàòðèöû K0 = −hBT , à îñòàëüíûå ñòîëáöû ÿâëÿþòñÿ íóëåâûìè, h > 0 �
äîñòàòî÷íî áîëüøîå ÷èñëî.

Ä î ê à ç à ò å ë ü ñ ò â î. Ñèñòåìà (3.1) ïðè âûáðàííûõ îáîçíà÷åíèÿõ ïðèíèìàåò âèä

ẋ = Ax[µ] − hSx{µ}. (3.5)

Ðàññìîòðèì ïîëîæèòåëüíî îïðåäåëåííóþ êâàäðàòè÷íóþ ôîðìó v = 1
2
xTS−1x , ïîëíàÿ

ïðîèçâîäíàÿ êîòîðîé â ñèëó ñèñòåìû (3.5) äîïóñêàåò ñëåäóþùóþ îöåíêó

dv

dt
|(3.5) = xTS−1Ax− hxTx{µ} ≤

√
N
∥∥S−1

∥∥ ∥A∥ ∥x∥µ+1 − h
√
n ∥x∥µ+1 ,

è, î÷åâèäíî, ïðè h > h0 = ∥S−1∥ ∥A∥
√
N/n ÿâëÿåòñÿ îòðèöàòåëüíî îïðåäåëåííîé ôóíê-

öèåé. Ñëåäîâàòåëüíî, ïîñòðîåííàÿ ìàòðèöà K ñòàáèëèçèðóåò íóëåâîå ðåøåíèå ñèñòåìû
(3.1) ïðè h > h0 . Óòâåðæäåíèå äîêàçàíî. Ëåììà 3.1..

2.2. Ñëó÷àé, êîãäà ñèñòåìó (3.2) íåâîçìîæíî ñòàáèëèçèðîâàòü. Â ýòîì ñëó÷àå rangB =
k < n . Êàê óêàçàíî â ðàáîòå [8], ñèñòåìó (3.1) ïðè ïîìîùè ëèíåéíîãî ïðåîáðàçîâàíèÿ ôà-
çîâûõ êîîðäèíàò ìîæíî ïðèâåñòè ê âèäó, êîãäà óïðàâëÿþùèå âîçäåéñòâèÿ âõîäÿò òîëüêî
â k óðàâíåíèé ñèñòåìû. Äëÿ îïðåäåëåííîñòè áóäåì ñ÷èòàòü, ÷òî ñèñòåìà (3.1) óæå èìååò
òàêîé âèä, ÷òî óïðàâëåíèå âõîäèò òîëüêî â ïåðâûå k óðàâíåíèé, ò.å. ïîñëåäíèå (n − k)
ñòðîê ìàòðèöû ÿâëÿþòñÿ íóëåâûìè. Òîãäà ñèñòåìà (3.1) ïðåäñòàâëÿåòñÿ â âèäå{

ẋ(1) = (A(1) +B(1)K)x[µ],

ẋ(2) = A(2)x[µ],
(3.6)
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ãäå x(1) = (x1, . . . , xk)
T , x(2) = (xk+1, . . . , xn)

T , A(1) � (k × N) �ìàòðèöà, ñîñòîÿùàÿ èç
ïåðâûõ k ñòðîê ìàòðèöû A , A(2) � ((n − k) × N) �ìàòðèöà, ñîñòîÿùàÿ èç îñòàëüíûõ
ñòðîê ìàòðèöû A , B(1) � k × r �ìàòðèöà, ñîñòîÿùàÿ èç ïåðâûõ k ñòðîê ìàòðèöû B .
Âûäåëèì â ïåðâîé ïîäñèñòåìå ñèñòåìû (3.6) áëîê, ñîäåðæàùèé òîëüêî âåêòîð x(1){µ} , â
ðåçóëüòàòå ÷åãî ïîëó÷èì{

ẋ(1) = (A(1) +B(1)K(1))x[µ] +B(1)K(2)x(1){µ},

ẋ(2) = A(2)x[µ],
(3.7)

ãäå K(1) � (r × N) �ìàòðèöà, â êîòîðîé ñòîëáöû, ñîîòâåòñòâóþùèì ñòåïåíÿì x(1){µ} ,
ÿâëÿþòñÿ íóëåâûìè; K(2) � (r × k) �ìàòðèöà.

Ë å ì ì à 3.2. Ïðè K(2) = −B(1)T ìîæíî ïîäîáðàòü òàêóþ ìàòðèöó K(1) , ÷òî
íóëåâîå ðåøåíèå ñèñòåìû (3.7) áóäåò àñèìïòîòè÷åñêè óñòîé÷èâî ïî âåêòîðó x(1) ñ
êîíòðîëåì íà÷àëüíûõ äàííûõ ïî ýòîìó âåêòîðó.

Ä î ê à ç à ò å ë ü ñ ò â î. Ðàññìîòðèì ëèíåéíóþ ñèñòåìó

A(1) +B(1)K(1) = 0. (3.8)

Ïîñêîëüêó ìàòðèöà B(1) èìååò k ñòðîê è rang B(1) = k , òî ñèñòåìà (3.8) èìååò ðåøå-
íèå K(1) = K(1)∗ . Êðîìå òîãî, ìàòðèöà S = B(1)B(1)T ñèììåòðè÷åñêàÿ è ïîëîæèòåëüíî
îïðåäåëåííàÿ. Ïîäñòàâëÿÿ â ñèñòåìó (3.7) K(2) = −B(1)T è K(1) = K(1)∗ , ïîëó÷àåì{

ẋ(1) = −Sx(1){µ},
ẋ(2) = A(2)x[µ],

(3.9)

Òåïåðü âîñïîëüçóåìñÿ ôóíêöèåé Ëÿïóíîâà v = 1
2
x(1)TS−1x(1) , ïîëíàÿ ïðîèçâîäíàÿ êî-

òîðîé â ñèëó ñèñòåìû (3.9) ÿâëÿåòñÿ îòðèöàòåëüíî îïðåäåëåííîé ôóíêöèåé

dv

dt
|(3.9) = −(xµ+1

1 + · · ·+ xµ+1
n ).

Ñëåäîâàòåëüíî, íóëåâîå ðåøåíèå ñèñòåìû (3.7) àñèìïòîòè÷åñêè x(1) �óñòîé÷èâî ñ x(1) �
êîíòðîëåì íà÷àëüíûõ äàííûõ. Ëåììà 3.2. äîêàçàíà.

Òàêèì îáðàçîì, íóëåâîå ðåøåíèå ñèñòåìû (3.7) ìîæåò áûòü ÷àñòè÷íî ñòàáèëèçèðîâà-
íî (ïî âåêòîðó x(1) ). Äëÿ ñòàáèëèçàöèè ïî âñåìó ôàçîâîìó âåêòîðó íåîáõîäèìî, ÷òîáû
âòîðàÿ ÷àñòü ñèñòåìû (3.7) íå ñîäåðæàëà èçîëèðîâàííûõ ïîäñèñòåì ñ íå àñèìïòîòè÷åñêè
óñòîé÷èâûì íóëåâûì ðåøåíèåì. Ïðåäïîëîæèì, ÷òî èçîëèðîâàííûõ ïîäñèñòåì íåò âîîáùå,
è ðàññìîòðèì ÷àñòíûé ñëó÷àé, êîãäà ñèñòåìà (3.7) èìååò âèä{

ẋ(1) = (A(1) +B(1)K(1))x[µ] +B(1)K(2)x(1){µ},

ẋ(2) = A
(2)
1 x(1){µ} + A

(2)
2 x(2){µ}.

(3.10)

Ïóñòü K(1) = K(1)∗ , K(2) = −hB(1)T , òîãäà ñèñòåìó (3.10) ìîæíî ïåðåïèñàòü â âèäå{
ẋ(1) = −hSx(1){µ},
ẋ(2) = A

(2)
1 x(1){µ} + A

(2)
2 x(2){µ}.

(3.11)
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Ë å ì ì à 3.3. Åñëè íóëåâîå ðåøåíèå ñèñòåìû

ẋ(2) = A
(2)
2 x(2){µ} (3.12)

àñèìïòîòè÷åñêè óñòîé÷èâî, òî ïðè äîñòàòî÷íî áîëüøîì h > 0 íóëåâîå ðåøåíèå ñè-
ñòåìû (3.11) òàêæå àñèìïòîòè÷åñêè óñòîé÷èâî.

Ä î ê à ç à ò å ë ü ñ ò â î. Ñîãëàñíî [9], ñóùåñòâóåò ïîëîæèòåëüíî îïðåäåëåííàÿ
îäíîðîäíàÿ ñòåïåíè 2 ôóíêöèÿ Ëÿïóíîâà v(x(2)) , äëÿ êîòîðîé ñïðàâåäëèâû îöåíêè

∥grad v∥ ≤
∥∥x(2)∥∥ , (3.13)

dv

dt
|(3.12) = gradTv · A(2)

2 x(2){µ} ≤ −c
∥∥x(2)∥∥µ+1

, c > 0. (3.14)

Ðàññìîòðèì ïîëîæèòåëüíî îïðåäåëåííóþ ôóíêöèþ V = 1
2
x(1)TS−1x(1) + v(x(2)) . Åå

ïðîèçâîäíàÿ â ñèëó ñèñòåìû (3.11) èìååò âèä

dv

dt
|(3.11) = −hx(1)Tx(1){µ} + gradTv · A(2)

1 x(1){µ} + gradTv · A(2)
2 x(2){µ}.

Ñ ó÷åòîì (3.13), (3.14) ñïðàâåäëèâà îöåíêà

dv

dt
|(3.11) ≤ −h

√
k
∥∥x(1)∥∥µ+1

+
√
k
∥∥∥A(2)

1

∥∥∥ · ∥∥x(1)∥∥µ · ∥∥x(2)∥∥− c
∥∥x(2)∥∥µ+1

. (3.15)

Äëÿ ëþáîãî δ > 0 ñïðàâåäëèâî íåðàâåíñòâî∥∥x(1)∥∥µ · ∥∥x(2)∥∥ ≤ d

(
δ
∥∥x(1)∥∥µ+1

+
1

δµ
∥∥x(2)∥∥µ+1

)
,

ãäå d > 0 � íàèáîëüøåå çíà÷åíèå ôóíêöèè f(r1, r2) = rµ1 r2 íà ìíîæåñòâå rµ+1
1 +rµ+1

2 = 1 ,
r1,2 > 0 . Ïðîäîëæàÿ îöåíêó (3.15), ïîëó÷àåì

dv

dt
|(3.11) ≤ −h

√
k
∥∥x(1)∥∥µ+1

+ dδ
√
k
∥∥∥A(2)

1

∥∥∥ · ∥∥x(1)∥∥µ+1
+

+
d

δµ

√
k
∥∥∥A(2)

1

∥∥∥ · ∥∥x(2)∥∥µ+1 − c
∥∥x(2)∥∥µ+1

.

(3.16)

Ïðè δ > δ0 =
(
d
c

√
k
∥∥∥A(2)

1

∥∥∥)1/µ è h > h0 = dδ
∥∥∥A(2)

1

∥∥∥ ïðàâàÿ ÷àñòü íåðàâåíñòâà (3.16)

ñòàíîâèòñÿ îòðèöàòåëüíî îïðåäåëåííîé ôóíêöèåé. Ñëåäîâàòåëüíî, ïðè äàííûõ çíà÷åíèÿõ
h íóëåâîå ðåøåíèå ñèñòåìû (3.11) àñèìïòîòè÷åñêè óñòîé÷èâî. Ëåììà 3.3. äîêàçàíà.

4. Ïðèìåð

Ïðèâåäåì ïðèìåð ïîñòðîåíèÿ ìàòðèöû K äëÿ ñèñòåìû âèäà (3.1).

Ï ð è ì å ð 4.1. Ðàññìîòðèì ñèñòåìó ẋ1
ẋ2
ẋ3

 = Ax[3] +

 b1 0 0
0 b2 0
0 0 b3

Kx[3], (4.1)

ãäå x ∈ R3 , x[3] = (x31, x
2
1x2, x

2
1x3, x1x

2
2, x1x2x3, x1x

2
3, x

3
2, x

2
2x3, x2x

2
3, x

3
3)
T , A ∈ R3,10 , K ∈

R3,10 .
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Ðàññìîòðèì ðàçëè÷íûå ñëó÷àè ñòàáèëèçèðóåìîñòè ñèñòåìû (4.1).
1) Ïóñòü b1, b2, b3 ̸= 0 , ò.å. rang B = 3 . Òîãäà, ñîãëàñíî ëåììå 3.1., ñòàáèëèçèðóþùàÿ

ìàòðèöà K ìîæåò èìåòü ñëåäóþùèé âèä

K = −h

 b1 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 b2 0 0 0
0 0 0 0 0 0 0 0 0 b3

 .

2) Ïóñòü b1, b2 ̸= 0 , b3 = 0 , ò.å. rang B = 2 . Òîãäà ñèñòåìó (4.1) ìîæíî ïðåäñòàâèòü â
âèäå (

ẋ1
ẋ2

)
=

(
A1,2 +

(
b1 0 0
0 b2 0

)
K(1)

)
x[3]+

+

(
b1 0 0
0 b2 0

) k11 k17
k21 k27
k31 k37

( x31
x32

)
,

ẋ3 = A3x[3],

(4.2)

ãäå A1,2 åñòü ìàòðèöà, ñîñòîÿùàÿ èç ïåðâûõ äâóõ ñòðîê ìàòðèöû A ; A3 � òðåòüÿ ñòðîêà
ìàòðèöû A ; K(1) åñòü ìàòðèöà K , â êîòîðîé ïåðâûé è ñåäüìîé ñòîëáöû íóëåâûå.

Ñîãëàñíî ëåììå 3.2. ìîæíî ïîäîáðàòü òàêóþ ìàòðèöó K(1) , ÷òîáû

A1,2 +

(
b1 0 0
0 b2 0

)
K(1) = 0.

Êðîìå òîãî ïîäñòàíîâêà  k11 k17
k21 k27
k31 k37

 = −
(
b1 0 0
0 b2 0

)T
ïðèâîäèò ñèñòåìó (4.2) ê âèäó(

ẋ1
ẋ2

)
= −

(
b21 0
0 b22

)(
x31
x32

)
,

ẋ3 = A3x[3],

(4.3)

Î÷åâèäíî, ÷òî íóëåâîå ðåøåíèå ñèñòåìû (4.3) àñèìïòîòè÷åñêè óñòîé÷èâî ïî âåêòîðó
(x31, x

3
2) . Åñëè æå ñòðîêà A3 èìååò âèä

A3 = (a1, 0, 0, 0, 0, 0, a3, 0, 0, a3) , (4.4)

ãäå a1, a2 ∈ R , a3 < 0 , òî íóëåâîå ðåøåíèå ñèñòåìû (4.3) àñèìïòîòè÷åñêè óñòîé÷èâî ïî
âñåìó íàáîðó ôàçîâûõ ïåðåìåííûõ.
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Stabilization of singularly perturbed systems with a

polynomial right-hand side

c⃝ M. V. Kozlov 2

Abstract. The article considers the problem of stabilization of singularly perturbed systems of
ordinary di�erential equations with homogeneous right-hand side in the form of polynomials of
odd degree. The values of the perturbing parameter are supposed to be small. Su�cient conditions
are obtained for stabilizing the zero solution of these systems to asymptotic stability by feedback
control in the form of polynomials of the same degree as the right-hand side of the original system.
It is assumed that only components of the vector of slow variables are subject for measurement and
that control can only enter into the slow subsystem. For various cases, methods for constructing
stabilizing controls are described. As a method of investigation, decomposition of a singularly
perturbed system into a fast and slow subsystems of smaller dimension is applied. For stability
analysis, the Lyapunov function method is used.
Key Words: singular perturbations, small parameter, stabilization, homogenious form.

References

1. Yan Zhang, D. Subbaram Naidu, Chenxiao Cai, and Yun Zou, �Singular Perturbations and
Time Scales in Control Theories and Applications: an overview 2002-2012�, International
Journal of Information and Systems Sciences, 9:1 (2014), 1�36.

2. A. I. Klimushev, N.N. Krasovskiy, �Uniform asymptotic stability of systems of di�erential
Equations with a small parameter for the derivatives�, Prikladnaya matematika i
mekhanika, 25:4 (1961), 680-690.

3. C. Lobry, T. Sari, �Singular Perturbation Methods in Control Theory�, Controle non
lineaire et applications, Travaux en cours 64, Hermann, Paris, 2005, �15, 151-177.

4. Kh.K. Khalil, Nonlinear Systems / per. s angl. I. A. Makarova; pod red. A. L. Fradkova.
- Izd. 3-e., In-t komp'yuternykh issled, Moskva, Izhevsk, 2009, 812 ñ.

5. A.A. Kosov, �On the stability of singular homogeneous systems�, Materialy konf.
¾Lyapunovskie chteniya¿. Irkutsk: IDSTU SO RAN, 2014, 16.

6. A.A. Kosov, M.V. Kozlov, �Stabilization of a class of singular systems based
on decomposition�, Informatsionnye tekhnologii i problemy matematicheskogo
modelirovaniya slozhnykh sistem, 2016, �15, 77-84.

7. A.N. Tikhonov, �Systems of di�erential equations containing small parameters for
derivatives�, Mat. sbornik, 31:3 (1952), 575-586.

8. A.A. Kosov, �On the stabilization of nonlinear controlled systems by homogeneous
approximation�, Kachestvennye svoystva, asimptotika i stabilizatsiya nelineynykh
dinamicheskikh sistem: mezhvuz. sb. nauch. tr, 2010, 74-81.

2Mikhail V. Kozlov, Lecture, Department of Applied Mathematics, Di�erential Equations and Theoretical
Mechanics, National Research Mordovia State University (68 Bolshevistskaya Str., Saransk 430005, Republic of
Mordovia, Russia), ORCID: http://orcid.org/0000-0001-7681-8931, kozlov.mvl@yandex.ru

M. V. Kozlov. Stabilization of singularly perturbed systems with a polynomial . . .



Zhurnal SVMO. 2017. Vol. 19, No. 1 59

9. L. Rossier, �Homogeneous Lyapunov function for homogeneous continuous vector �eld�,
Systems & Control Letters, 1992, �19, 467-473.

Submitted 28.04.2017

M. V. Kozlov. Stabilization of singularly perturbed systems with a polynomial . . .


