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Óðàâíåíèÿ Âîëüòåððà â ìîäåëèðîâàíèè íåëèíåéíîãî

èíòåãðàëüíîãî ðåãóëÿòîðà

c⃝ À.Ñ. Àíäðååâ 1, Î.À. Ïåðåãóäîâà 2, Ñ.Þ. Ðàêîâ3

Àííîòàöèÿ. Â ñòàòüå èññëåäóåòñÿ ïðîáëåìà ïîñòðîåíèÿ íåëèíåéíûõ èíòåãðàëüíûõ è
èíòåãðî-äèôôåðåíöèàëüíûõ ðåãóëÿòîðîâ äëÿ óïðàâëÿåìûõ ãîëîíîìíûõ ìåõàíè÷åñêèõ ñè-
ñòåì. Ïðåäëîæåí ïîäõîä, îñíîâàííûé íà àíàëèçå ñâîéñòâ àñèìïòîòè÷åñêîé óñòîé÷èâîñòè è
íåóñòîé÷èâîñòè ðåøåíèé íåëèíåéíûõ èíòåãðî-äèôôåðåíöèàëüíûõ óðàâíåíèé òèïà Âîëüòåð-
ðà. Îïðåäåëåíû ïðåäåëüíûå ñâîéñòâà ðåøåíèé òàêèõ óðàâíåíèé. Äîêàçàíà òåîðåìà, ÿâëÿþùà-
ÿñÿ ðàçâèòèåì ïðèíöèïà èíâàðèàíòíîñòè íà íåëèíåéíûå èíòåãðî-äèôôåðåíöèàëüíûå óðàâíå-
íèÿ òèïà Âîëüòåððà. Ñ èñïîëüçîâàíèåì ìåòîäà ôóíêöèîíàëîâ Ëÿïóíîâà äîêàçàíû òåîðåìû
îá àñèìïòîòè÷åñêîé óñòîé÷èâîñòè è íåóñòîé÷èâîñòè ðåøåíèé òàêèõ óðàâíåíèé. Îòëè÷èå ïî-
ëó÷åííûõ òåîðåì îá àñèìïòîòè÷åñêîé óñòîé÷èâîñòè è íåóñòîé÷èâîñòè îò êëàññè÷åñêèõ ñîñòî-
èò â ïðèìåíåíèè ôóíêöèîíàëîâ Ëÿïóíîâà ñî çíàêîïîñòîÿííîé ïðîèçâîäíîé. Ïðè ýòîì äëÿ
óñòàíîâëåíèÿ ñâîéñòâà ïðèòÿæåíèÿ ê íóëþ àíàëèçèðóåòñÿ ïîëîæèòåëüíîå ïðåäåëüíîå ìíî-
æåñòâî ðåøåíèé èíòåãðî-äèôôåðåíöèàëüíûõ óðàâíåíèé. Äàíî ðåøåíèå çàäà÷è î ïîñòðîåíèè
íåëèíåéíîãî èíòåãðàëüíîãî ðåãóëÿòîðà äëÿ ãîëîíîìíîé ìåõàíè÷åñêîé ñèñòåìû ñ n ñòåïå-
íÿìè ñâîáîäû, îáåñïå÷èâàþùåãî ñòàáèëèçàöèþ çàäàííîãî ïðîãðàììíîãî ïîëîæåíèÿ. Â êà÷å-
ñòâå ïðèëîæåíèÿ ðåøåíà çàäà÷à î ñòàáèëèçàöèè ïðîãðàììíîãî ïîëîæåíèÿ ïðîñòðàíñòâåííîãî
äâóõçâåííîãî ìàíèïóëÿòîðà ïóòåì ïîñòðîåíèÿ íåëèíåéíîãî èíòåãðàëüíîãî ðåãóëÿòîðà. Ïðåä-
ñòàâëåíû ðåçóëüòàòû ÷èñëåííîãî ìîäåëèðîâàíèÿ.

Êëþ÷åâûå ñëîâà: èíòåãðî-äèôôåðåíöèàëüíîå óðàâíåíèå Âîëüòåððà, ïîëîæèòåëüíîå ïðå-
äåëüíîå ìíîæåñòâî, ãîëîíîìíàÿ ìåõàíè÷åñêàÿ ñèñòåìà, ñòàáèëèçàöèÿ, íåëèíåéíûé èíòåãðàëü-
íûé ðåãóëÿòîð, ôóíêöèîíàë Ëÿïóíîâà.

1. Ââåäåíèå

Áîëüøèíñòâî èçâåñòíûõ ñòðàòåãèé óïðàâëåíèÿ ìåõàíè÷åñêèìè ñèñòåìàìè ïîëó÷åíî â
ïðåäïîëîæåíèè, ÷òî äîñòóïíûìè äëÿ èçìåðåíèÿ ÿâëÿþòñÿ êàê êîîðäèíàòû, òàê è ñêîðîñòè
óïðàâëÿåìîãî îáúåêòà. Ïðè ýòîì íà ïðàêòèêå óñòàíîâêà òàõîìåòðîâ ÷àñòî áûâàåò íåîïðàâ-
äàíà èç-çà äîðîãîâèçíû, à òàêæå â ñâÿçè ñ òåì, ÷òî ñèãíàëû, ïîëó÷àåìûå ñ ýòèõ óñòðîéñòâ,
ÿâëÿþòñÿ çàøóìëåííûìè. Ïîýòîìó ïðîáëåìà ïîñòðîåíèÿ ðåãóëÿòîðîâ äëÿ ìåõàíè÷åñêèõ
ñèñòåì áåç èçìåðåíèÿ ñêîðîñòåé ÿâëÿåòñÿ àêòóàëüíîé. Îäèí èç ïîäõîäîâ ê ðåøåíèþ ýòîé
ïðîáëåìû ñîñòîèò â èñïîëüçîâàíèè äèíàìè÷åñêèõ êîìïåíñàòîðîâ (ñì. íàïð. [1]�[3]). Îòìå-
òèì, ÷òî ðåçóëüòàòû, ïîëó÷åííûå â ðàáîòàõ [1]�[3], ïðèìåíèìû ëèøü äëÿ îãðàíè÷åííîãî
êëàññà ìåõàíè÷åñêèõ ñèñòåì è îñíîâàíû íà èñïîëüçîâàíèè ïðèíöèïà èíâàðèàíòíîñòè Ëà-
Ñàëëÿ è òåîðåìû Áàðáàøèíà-Êðàñîâñêîãî îá àñèìïòîòè÷åñêîé óñòîé÷èâîñòè àâòîíîìíîé
ñèñòåìû ñ ïîñòðîåíèåì çíàêîïîñòîÿííîé ôóíêöèè Ëÿïóíîâà.

1 Äåêàí ôàêóëüòåòà ìàòåìàòèêè, èíôîðìàöèîííûõ è àâèàöèîííûõ òåõíîëîãèé, ïðîôåññîð, äîêòîð
ôèçèêî-ìàòåìàòè÷åñêèõ íàóê, çàâåäóþùèé êàôåäðîé èíôîðìàöèîííîé áåçîïàñíîñòè è òåîðèè óïðàâëå-
íèÿ, Óëüÿíîâñêèé ãîñóäàðñòâåííûé óíèâåðñèòåò, ã. Óëüÿíîâñê; andreevas@sv.ulsu.ru

2 Ïðîôåññîð êàôåäðû èíôîðìàöèîííîé áåçîïàñíîñòè è òåîðèè óïðàâëåíèÿ, Óëüÿíîâñêèé ãîñóäàðñòâåí-
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Ïðèìåíåíèå äèíàìè÷åñêèõ êîìïåíñàòîðîâ ïî ñóòè ÿâëÿåòñÿ âêëþ÷åíèåì â ðåãóëÿòîð
èíòåãðàëüíûõ ñëàãàåìûõ. Èñïîëüçóÿ ïðåäñòàâëåíèå èíòåãðàëüíûõ ÷ëåíîâ â ñòðóêòóðå
óïðàâëÿþùèõ ñèãíàëîâ êàê ðåãóëÿòîðîâ ñ íåîãðàíè÷åííûì ïîñëåäåéñòâèåì [4]�[6], äâè-
æåíèå ìåõàíè÷åñêèõ ñèñòåì ñ òàêèìè òèïàìè ðåãóëÿòîðîâ ìîæíî ìîäåëèðîâàòü èíòåãðî-
äèôôåðåíöèàëüíûìè óðàâíåíèÿìè òèïà Âîëüòåððà.

Â ðàáîòå [7] äàíî ðàçâèòèå ìåòîäà ôóíêöèîíàëîâ Ëÿïóíîâà â èññëåäîâàíèè óñòîé÷è-
âîñòè íåàâòîíîìíûõ ôóíêöèîíàëüíî-äèôôåðåíöèàëüíûõ óðàâíåíèé òèïà Âîëüòåððà. Íà
ýòîé îñíîâå ðàçðàáîòàíû ìåòîäèêè ïîñòðîåíèÿ ÏÈ- è ÏÈÄ-ðåãóëÿòîðîâ â çàäà÷àõ óïðàâ-
ëåíèÿ ìåõàíè÷åñêèìè ñèñòåìàìè.

Â ðàáîòå [8] ïðåäëîæåí çàêîí óïðàâëåíèÿ, îñóùåñòâëÿþùèé ñòàáèëèçàöèþ çàäàí-
íîãî ïðîãðàììíîãî äâèæåíèÿ äâóõçâåííîãî ìàíèïóëÿòîðà â âèäå ïðîïîðöèîíàëüíî-
èíòåãðàëüíîé çàâèñèìîñòè äëÿ ñëó÷àÿ, êîãäà îñíîâàíèå ìàíèïóëÿòîðà ñîâåðøàåò çàäàííîå
íåñòàöèîíàðíîå äâèæåíèå. Ïðè ýòîì çàäà÷à ñòàáèëèçàöèè ïðîãðàììíîãî äâèæåíèÿ ðåøåíà
äëÿ ëèíåàðèçîâàííîé ìîäåëè ìàíèïóëÿòîðà.

Â ðàáîòå [9] ðåøåíà çàäà÷à î ñòàáèëèçàöèè ïðîãðàììíîãî äâèæåíèÿ äâóõçâåííîãî ìàíè-
ïóëÿòîðà áåç èçìåðåíèÿ ñêîðîñòåé. Ïðåäñòàâëåíà ìåòîäèêà ñèíòåçà êóñî÷íî-íåïðåðûâíîãî
íåëèíåéíîãî óïðàâëåíèÿ íà îñíîâå ïîñòðîåíèÿ íàáëþäàòåëÿ è ïðèìåíåíèÿ ìåòîäà âåêòîð-
ôóíêöèé Ëÿïóíîâà.

Öåëüþ íàñòîÿùåé ðàáîòû ÿâëÿåòñÿ ðàçðàáîòêà íåëèíåéíûõ çàêîíîâ óïðàâëåíèÿ äëÿ
øèðîêîãî êëàññà ãîëîíîìíûõ ìåõàíè÷åñêèõ ñèñòåì áåç èçìåðåíèÿ ñêîðîñòåé íà îñíîâå
íåëèíåéíûõ èíòåãðàëüíûõ ðåãóëÿòîðîâ.

Ðåçóëüòàòû íàñòîÿùåé ñòàòüè äåëÿòñÿ íà äâå ÷àñòè. Ïåðâàÿ ÷àñòü ñîñòîèò â óñòàíîâ-
ëåíèè ïðåäåëüíûõ ñâîéñòâ ðåøåíèé íåëèíåéíûõ èíòåãðî-äèôôåðåíöèàëüíûõ óðàâíåíèé
âèäà Âîëüòåððà ñ ïîëó÷åíèåì íîâûõ òåîðåì îá àñèìïòîòè÷åñêîé óñòîé÷èâîñòè è íåóñòîé-
÷èâîñòè íà îñíîâå ïðèìåíåíèÿ ôóíêöèîíàëà Ëÿïóíîâà ñî çíàêîïîñòîÿííîé ïðîèçâîäíîé.
Âî âòîðóþ ÷àñòü âîøëè ðåçóëüòàòû ïî ñòàáèëèçàöèè ïðîãðàììíûõ ïîëîæåíèé ãîëîíîì-
íûõ ìåõàíè÷åñêèõ ñèñòåì ïóòåì ïîñòðîåíèÿ èíòåãðàëüíûõ ðåãóëÿòîðîâ ñ íåîãðàíè÷åííûì
ïîñëåäåéñòâèåì íà îñíîâå îáðàòíîé ñâÿçè ñ íåïðåðûâíûì èçìåðåíèåì êîîðäèíàò îáúåêòà.
Ñòðóêòóðà ðåãóëÿòîðà âêëþ÷àåò äâå ñîñòàâëÿþùèå: ïåðâàÿ èìååò ôîðìó ïîòåíöèàëüíûõ
ñèë, êîìïåíñèðóþùèõ äåéñòâèå âíåøíèõ ïîòåíöèàëüíûõ ñèë â âûáðàííîì ïîëîæåíèè, äðó-
ãàÿ � ôîðìó èíòåãðàëüíîãî ðåãóëÿòîðà ñ íåîãðàíè÷åííûì ïîñëåäåéñòâèåì, äåéñòâèå êîðî-
òîðîãî îáåñïå÷èâàåò äèññèïàöèþ. Íà ïðèìåðå äâóõçâåííîãî ìàíèïóëÿòîðà ñ òðåìÿ ñòåïå-
íÿìè ñâîáîäû ïðîâåäåíî ÷èñëåííîå ìîäåëèðîâàíèå, ïîäòâåðæäàþùåå ïîëó÷åííûå òåîðå-
òè÷åñêèå ðåçóëüòàòû.

2. Ïðåäåëüíûå ñâîéñòâà ðåøåíèé íåëèíåéíûõ èíòåãðî-
äèôôåðåíöèàëüíûõ óðàâíåíèé òèïà Âîëüòåððà

Ðàññìîòðèì íåëèíåéíîå èíòåãðî-äèôôåðåíöèàëüíîå óðàâíåíèå òèïà Âîëüòåððà

ẋ = f (x (t)) +

t∫
0

g (s− t, x (t) , x (s)) ds, (2.1)

ãäå x ∈ Rn , Rn � n -ìåðíîå ëèíåéíîå äåéñòâèòåëüíîå ïðîñòðàíñòâî ñ íîðìîé ∥x∥ ; f , g �
ôóíêöèè, îïðåäåëåííûå è íåïðåðûâíûå ñîîòâåòñòâåííî â îáëàñòÿõ D ⊂ Rn è R−×D×D ,
R− = (−∞, 0] , ïðè ýòîì ôóíêöèÿ f óäîâëåòâîðÿåò óñëîâèþ Ëèïøèöà

∥f
(
x(2)
)
− f

(
x(1)
)
∥ 6 L1∥x(2) − x(1)∥, L1 = L1 (K1) (2.2)
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äëÿ êàæäîãî êîìïàêòíîãî ìíîæåñòâà K1 ⊂ D , à ôóíêöèÿ g � ñëåäóþùèì óñëîâèÿì: äëÿ
êàæäîãî êîìïàêòíîãî ìíîæåñòâà K2 ⊂ D × D âûïîëíÿþòñÿ íåðàâåíñòâà

∥g (t, x, y) ∥ 6 g1 (τ,K2) ∀ (t, x, y) ∈ R− ×K2,

0∫
−∞

g1 (τ,K2) dτ < +∞, (2.3)

∥g
(
τ, x(2), y(2)

)
− g

(
τ, x(1), y(1)

)
∥ 6 L21∥x(2) − x(1)∥+ L22∥y(2) − y(1)∥, L2j = L2j (K2) .

(2.4)

Ïðè óñëîâèÿõ (2.2)�(2.4) äëÿ êàæäîé íà÷àëüíîé òî÷êè x0 ∈ D ñóùåñòâóåò åäèíñòâåí-
íîå ðåøåíèå x = x (t, x0) ( x (0, x0) = x0 ) óðàâíåíèÿ (2.1), îïðåäåëåííîå íà èíòåðâàëå
[0, α) , ïðè ýòîì x (t, x0) → ∂D ïðè t→ α− 0 .

Ïóñòü x = x (t, x0) åñòü íåêîòîðîå ðåøåíèå (2.1), îïðåäåëåííîå è îãðàíè÷åííîå íåêî-
òîðûì êîìïàêòîì K ⊂ D ïðè t > 0 . Îïðåäåëèì êëàññè÷åñêèì îáðàçîì ïîëîæèòåëü-
íóþ ïðåäåëüíóþ òî÷êó p ∈ D è ñîîòâåòñòâóþùåå ïîëîæèòåëüíîå ïðåäåëüíîå ìíîæåñòâî
ω+ (x0)

p = lim
tk→+∞

x (tk, x0), ω (x0) = {p ∈ D : x (tk, x0) → p, tk → +∞}.

Â äîïîëíåíèå ê (2.1) ìîæíî ââåñòè óðàâíåíèå Âîëüòåððà ñ áåñêîíå÷íûì çàïàçäûâàíèåì

ẋ = f (x (t)) +

t∫
−∞

g (s− t, x (t) , x (s)) ds, (2.5)

ñóùåñòâîâàíèå êîòîðîãî ñëåäóåò èç óñëîâèÿ (2.3).

Ò å î ð å ì à 2.1. Ïóñòü x = x (t, x0) åñòü íåêîòîðîå ðåøåíèå (2.1), îïðåäåëåííîå
êîìïàêòîì K ⊂ D ïðè âñåõ âñåõ t > 0 . Òîãäà äëÿ êàæäîé ïðåäåëüíîé òî÷êè p ∈ ω+ (x0)
ñóùåñòâóåò ðåøåíèå x = x (t) , t ∈ R , óðàâíåíèÿ (2.5), òàêîå ÷òî x (0) = p , {x (t) , t ∈
R} ⊂ ω+ (x0) .

Ä î ê à ç à ò å ë ü ñ ò â î. Ïóñòü p ∈ ω+ (x0) åñòü íåêîòîðàÿ òî÷êà, îïðåäåëÿåìàÿ
ïîñëåäîâàòåëüíîñòüþ tk → +∞

lim
tk→+∞

x (tk, x0) = p.

Íåñëîæíî íàéòè, ÷òî äëÿ ôèêñèðîâàííîãî T1 = t1/2 ïîñëåäîâàòåëüíîñòü ôóíê-
öèé xk (t) = x (tk + t, t0) , t ∈ [−T1, T1] , ðàâíîìåðíî îãðàíè÷åíà, ðàâíîñòåïåííî íåïðå-
ðûâíà. Îòñþäà íàéäåòñÿ ïîñëåäîâàòåëüíîñòü xkl (t) è ôóíêöèÿ x = x∗ (t) , òàêèå ÷òî
xkl (t) → x∗ (t) ïðè t ∈ [−T1, T1] . Âûáèðàÿ èç {xkl (t)} ïîäïîñëåäîâàòåëüíîñòü {xklm (t)} ,
ñõîäÿùóþñÿ ðàâíîìåðíî ïðè t ∈ [−T2, T1] , T2 = tkl/2 , ê x∗∗ (t) è ïðîäîëæàÿ ýòîò ïðîöåññ
äàëåå, íàéäåì ïîäïîñëåäîâàòåëüíîñòè t∗m → +∞ è T ∗

m → +∞ è ôóíêöèþ x = ϕ (t) , òà-
êèå ÷òî ïîäïîñëåäîâàòåëüíîñòü {x(m) (t) = x (t∗m + t, x0)} ñõîäèòñÿ ê x = ϕ (t) ðàâíîìåðíî
ïî t ∈ [−T ∗

m, T
∗
m] ïðè ôèêñèðîâàííîì T ∗

m . Â ñèëó òîãî, ÷òî x (t, x0) åñòü ðåøåíèå (2.1)
ïîñëåäîâàòåëüíî èìååì

x (t, x0) = x0 +

t∫
0

f (x (τ, x0)) dτ +

t∫
0

 τ∫
0

g (s− τ, x (τ, x0) , x (s, x0)) ds

 dτ,
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x(m) (t) = x (tm) +

t∗m+t∫
t∗m

f (x (τ, x0)) dτ +

t∗m+t∫
t∗m

 τ∫
0

g (s− τ, x (τ, x0) , x (s, x0)) ds

 dτ,

x(m) (t) = x (t∗m) +

t∫
0

f (xm (τ)) dτ +

t∫
0

 τ∫
−tm

g (s− τ, xm (t) , xm (s)) ds

 dτ.

Îòñþäà, ó÷èòûâàÿ óñëîâèÿ (2.2), â ïðåäåëå ïðè m→ +∞ ïîëó÷èì

ϕ (t) = p+

t∫
0

f (ϕ (τ)) dτ +

t∫
0

 τ∫
−∞

g (s− τ, ϕ (τ) , ϕ (s)) ds

 dτ.

Òàêèì îáðàçîì, ôóíêöèÿ x = ϕ (t) ÿâëÿåòñÿ ðåøåíèåì (2.5), ïðè ýòîì ïî ïîñòðîåíèþ
ϕ (0) = p, {ϕ (t) , t ∈ R} ⊂ ω+ (x0) .
Ä î ê à ç à ò å ë ü ñ ò â î ç à ê î í ÷ å í î.

3. Òåîðåìû îá àñèìïòîòè÷åñêîé óñòîé÷èâîñòè è íåóñòîé÷èâîñòè

Ïóñòü äëÿ óðàâíåíèÿ (2.1) ìîæíî íàéòè ôóíêöèîíàë Ëÿïóíîâà âèäà

V (xt) = V1 (x (t)) +

t∫
0

V2 (s− t, x (t) , x (s)) ds, (xt = x (s) , 0 6 s 6 t) , (3.1)

ãäå V1 è V2 åñòü íåêîòîðûå íåîòðèöàòåëüíûå ñêàëÿðíûå ôóíêöèè, îïðåäåëåííûå è íåïðå-
ðûâíûå â îáëàñòÿõ D è R− × D × D .

Ïðåäïîëîæèì ñóùåñòâîâàíèå âåðõíåé ïðàâîñòîðîííåé ïðîèçâîäíîé ôóíêöèîíàëà (3.1)
â ñèëó (2.1)

V̇ + (xt) = lim
h→0+

V (xt+h)− V (xt)

h
,

èìåþùåé ñëåäóþùóþ îöåíêó

V̇ + (xt) 6 −W (xt) , W (xt) = W1 (x (t)) +

t∫
0

W2 (s− t, x (t) , x (s)) ds, (3.2)

ãäå W1 (x) è W2 (τ, x, y) åñòü íåêîòîðûå íåîòðèöàòåëüíûå ôóíêöèè, îïðåäåëåííûå è
íåïðåðûâíûå â îáëàñòÿõ D è R− × D × D è óäîâëåòâîðÿþùèå â ýòèõ îáëàñòÿõ óñëî-
âèÿì âèäà (2.2),(2.3) è (2.4).

Îòñþäà, â ÷àñòíîñòè, äëÿ íåïðåðûâíîé ôóíêöèè x : R → K,K ⊂ D � êîìïàêò, ñëåäóåò
ñóùåñòâîâàíèå

t∫
−∞

W2 (s− t, x (t) , x (s)) ds.
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Ò å î ð å ì à 3.1. Ïðåäïîëîæèì, ÷òî äëÿ óðàâíåíèÿ (2.1) ìîæíî íàéòè ôóíêöè-
îíàë V = V (xt) , âåðõíÿÿ ïðàâîñòîðîííÿÿ ïðîèçâîäíàÿ êîòîðîãî óäîâëåòâîðÿåò íåðàâåí-
ñòâó (3.2). Òîãäà äëÿ êàæäîãî îãðàíè÷åííîãî êîìïàêòîì K ⊂ D ðåøåíèÿ x = x (t, x0)
óðàâíåíèÿ (2.1) ìíîæåñòâî ω+ (x0) ñîñòîèò èç ðåøåíèé óðàâíåíèÿ (2.1), óäîâëåòâîðÿ-
þùèõ ðàâåíñòâàì

W1 (x (t)) = 0, W2 (s− t, x (t) , x (s)) = 0, t > s.

Ä î ê à ç à ò å ë ü ñ ò â î. Äëÿ ðåøåíèÿ x = x (t, x0) â ñèëó óñëîâèÿ (3.2) ôóíêöèÿ
V (xt (x0)) (xt (x0) = x (s, x0)t 0 6 s 6 t ) ÿâëÿåòñÿ ìîíîòîííî óáûâàþùåé, è çíà÷èò
ñóùåñòâóåò

lim
t→+∞

V (xt) = V ∗ > 0. (3.3)

Èç íåðàâåíñòâà (3.1) òàêæå äëÿ êàæäîãî T > 0 íàõîäèì

V (xt+T )− V (xt−T ) 6 −
t+T∫

t−T

W1 (x (τ)) dτ −
t+T∫

t−T

 τ∫
0

W2 (s− τ, x (τ) , x (s)) ds

 dτ.

Ïóñòü ω+ (x0) åñòü ïîëîæèòåëüíîå ïðåäåëüíîå ìíîæåñòâî, à p ∈ ω+ (x0) åñòü ïîëîæè-
òåëüíàÿ ïðåäåëüíàÿ òî÷êà, îïðåäåëÿåìàÿ ïîñëåäîâàòåëüíîñòüþ tk → +∞, x (tk, x0) → p .
Êàê è â òåîðåìå 2.1., íàéäåì ðåøåíèå x = ϕ (t) óðàâíåíèÿ (2.5), ïðîõîäÿùåå ÷åðåç òî÷-
êó p , ϕ (0) = p . Ñîîòâåòñòâåííî äëÿ ïîñòðîåííûõ â òåîðåìå 2.1. ïîñëåäîâàòåëüíîñòåé
t∗m → +∞ è T ∗

m → +∞ èìååì

V
(
x
(m)
t

)∣∣∣
t=t∗m+T ∗

m

− V
(
x
(m)
t

)∣∣∣
t=t∗m−T ∗

m

6

6 −
T ∗
m∫

−T ∗
m

W1

(
x(m) (τ)

)
dτ −

T ∗
m∫

−T ∗
m

 τ∫
−t∗m

W2

(
s− τ, x(m) (τ) , x(m) (s)

)
ds

 dτ.

Îòñþäà, ïåðåõîäÿ ê ïðåäåëó ïðè m→ +∞ è ó÷èòûâàÿ (3.3), äëÿ âñåõ t ∈ R ïîëó÷èì

W1 (ϕ (τ)) = 0,

τ∫
−∞

W2 (s− τ, ϕ (τ) , ϕ (s)) ds = 0,

è ñîîòâåòñòâåííî W2 (s− τ, ϕ (τ) , ϕ (s)) = 0, τ > 0 .
Ä î ê à ç à ò å ë ü ñ ò â î ç à ê î í ÷ å í î.

Òåîðåìà 3.1. ïðåäñòàâëÿåò ñîáîé òåîðåìó ïðèíöèïà èíâàðèàíòíîñòè äëÿ óðàâíåíèÿ
(2.1).

Ïîëîæèì, ÷òî â óðàâíåíèè (2.1) f (0) = 0 , g (τ, 0, 0) = 0 , è çíà÷èò, óðàâíåíèå (2.1)
èìååò íóëåâîå ðåøåíèå x (t, 0) = 0 .

Èç òåîðåìû 3.1. íåñëîæíî âûâåñòè ñëåäóþùèå äîñòàòî÷íûå óñëîâèÿ àñèìïòîòè÷åñêîé
óñòîé÷èâîñòè è íåóñòîé÷èâîñòè ðåøåíèÿ, â êîòîðûõ ÷åðåç a : R+ → R+ îáîçíà÷åíà ôóíê-
öèÿ òèïà Õàíà.

Ò å î ð å ì à 3.2. Ïðåäïîëîæèì, ÷òî äëÿ óðàâíåíèÿ (2.1) ìîæíî íàéòè ôóíêöè-
îíàë âèäà (3.1) ñ ôóíêöèåé V1 (x) > a (∥x∥) , âåðõíÿÿ ïðàâîñòîðîííÿÿ ïðîèçâîäíàÿ êî-
òîðîãî óäîâëåòâîðÿåò íåðàâåíñòâó (3.2). Ïðè ýòîì îòñóòñòâóþò ðåøåíèÿ x = ϕ(t)
óðàâíåíèÿ (2.5), óäîâëåòâîðÿþùèå ïðè âñåõ t ∈ R ðàâåíñòâàì

W1 (t, ϕ(t)) = 0; W2 (s− t, ϕ(t), ϕ(s)) = 0, s 6 t,

êðîìå íóëåâîãî ϕ(t) = 0 . Òîãäà ðåøåíèå x=0 óðàâíåíèÿ (2.1) àñèìïòîòè÷åñêè óñòîé÷èâî.
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Ò å î ð å ì à 3.3. Ïðåäïîëîæèì, ÷òî äëÿ óðàâíåíèÿ (2.1) ìîæíî íàéòè ôóíêöèî-
íàë âèäà (3.1) ñ ôóíêöèåé V1 (x) , ïðèíèìàþùåé â ëþáîé äîñòàòî÷íî ìàëîé îêðåñòíîñòè
x = 0 îòðèöàòåëüíûå çíà÷åíèÿ, è âåðõíåé ïðàâîñòîðîííåé ïðîèçâîäíîé, óäîâëåòâîðÿþ-
ùåé íåðàâåíñòâó (3.2). Ïðè ýòîì îòñóòñòâóþò ðåøåíèÿ x = ϕ (t) óðàâíåíèÿ, óäîâëå-
òâîðÿþùèå ñîîòíîøåíèÿì

V1 (ϕ (t)) < 0, W1 (ϕ (t)) = 0, W2 (s− t, ϕ (t) , ϕ (s)) .

Òîãäà ðåøåíèå x = 0 óðàâíåíèÿ (2.1) íåóñòîé÷èâî.

Äîêàçàòåëüñòâà òåîðåì 3.2. è 3.3. âûâîäÿòñÿ íåïîñðåäñòâåííî èç òåîðåìû 3.1.

4. Ðåøåíèå çàäà÷è î ñòàáèëèçàöèè ïðîãðàììíîãî ïîëîæåíèÿ ãî-
ëîíîìíîé ìåõàíè÷åñêîé ñèñòåìû ïðè ïîìîùè ÏÈ-ðåãóëÿòîðà

Ðàññìîòðèì óïðàâëÿåìóþ ìåõàíè÷åñêóþ ñèñòåìó ñ n ñòåïåíÿìè ñâîáîäû è ñîîòâåò-
ñòâåííî îáîáùåííûìè êîîðäèíàòàìè, îïèñûâàåìûìè óðàâíåíèÿìè Ëàãðàíæà

d

dt

(
∂T

∂q̇

)
− ∂T

∂q
= −dÏ

dq
+Q (q, q̇) + U, (4.1)

ãäå T = q̇′A (q) q̇/2 � êèíåòè÷åñêàÿ ýíåðãèÿ ñèñòåìû ñ èíåðöèîííîé ìàòðèöåé A (q) , q̇ =
dq/dt , Q (q, q̇) � âåêòîð îáîáùåííûõ äèññèïàòèâíûõ è ãèðîñêîïè÷åñêèõ ñèë, Q (qi, 0) = 0 ,
Q′q̇ 6 0 , Ï = Ï (q) � ïîòåíöèàëüíàÿ ýíåðãèÿ, U � îáîáùåííàÿ óïðàâëÿþùàÿ ñèëà, ()′

� îïåðàöèÿ òðàíñïîíèðîâàíèÿ. Ïîëàãàåì, ÷òî ôóíêöèè, âõîäÿùèå â (4.1), îïðåäåëåíû è
íåïðåðûâíû ïðè âñåõ q ∈ Rn , îãðàíè÷åíèÿ íà óïðàâëåíèå U íå íàêëàäûâàþòñÿ.

Óðàâíåíèÿ (4.1), ðàçðåøåííûå îòíîñèòåëüíî q̈ , ïðåäñòàâèì â âèäå:

dq

dt
= q̇,

dq̇

dt
= A−1 (q)

(
C (q, q̇) q̇ +Q (q, q̇)− dÏ

dq
+ U

)
.

Ïðè ýòîì êîýôôèöèåíòû ìàòðèöû C = (cjk) èíåðöèîííûõ ñèë îïðåäåëÿþòñÿ ðàâåí-
ñòâîì

cjk =
1

2

n∑
i=1

(
∂aik
∂qi

− ∂akj
∂qi

− ∂aij
∂qk

)
q̇j; j, k = 1, ...n.

Ðàññìîòðèì çàäà÷ó î ñòàáèëèçàöèè ïðîãðàììíîãî ïîëîæåíèÿ ðàâíîâåñèÿ

q̇ = 0, q = q0 = const. (4.2)

Ïîêàæåì, ÷òî ýòà çàäà÷à ðåøàåòñÿ ïîñðåäñòâîì èíòåãðàëüíîãî ðåãóëÿòîðà âèäà

U = −dÏu(q)

dq
−
(
df

dq

)′ t∫
0

P (ν − t) (f (q (t))− f (q (ν))) dν, (4.3)

ãäå Ïu ∈ Rn → R åñòü íåêîòîðàÿ íåïðåðûâíî äèôôåðåíöèðóåìàÿ ôóíêöèÿ, P : R → Rn×n

åñòü íåêîòîðàÿ íåîòðèöàòåëüíàÿ ìàòðè÷íàÿ ôóíêöèÿ ñ ïðîèçâîäíîé dP (s)
ds

> 0 , x′ dP (s)
ds

>
α (s) ∥s∥2 , α (s) > 0 , f : R → Rn åñòü íåêîòîðàÿ äèôôåðåíöèðóåìàÿ ôóíêöèÿ, èìåþùàÿ
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â ëþáîé îãðàíè÷åííîé îáëàñòè {q ∈ Rm : ∥q∥ 6 µ = const} êîíå÷íîå ÷èñëî ïðîîáðàçîâ
f(c) , èëè, èíà÷å, êîíå÷íîå ÷èñëî ðåøåíèé óðàâíåíèÿ f(q) = c .

Ñäåëàåì çàìåíó x = q − q0, y = q′ . Òîãäà óðàâíåíèÿ äâèæåíèÿ (4.1) ñ óïðàâëåíèåì
(4.3) ïðèìóò ñëåäóþùèé âèä (2.1)

dx(t)

dt
= y(t),

dy(t)

dt
= A−1

1 (x (t)) (C1 (x (t) , y (t)) y (t) +Q1 (x (t) , y (t))− (4.4)

−dÏ1 (x (t))

dt

(
df1 (x (t))

dx

)′ t∫
0

P (ν − t) (f (x (t))− f (x (ν))) dν

 , (4.5)

ãäå èíäåêñîì "1" îáîçíà÷åíû ôóíêöèè, ïîëó÷åííûå èç ñîîòâåòñòâóþùèõ ôóíêöèé, âõî-
äÿùèõ â (4.2) è (4.3), â ðåçóëüòàòå óêàçàííîé çàìåíû ïåðåìåííûõ.

Ââåäåì ôóíêöèîíàë

V =
1

2
y′(t)A1 (x (t)) y(t) +Ï1 (x (t))+

+
1

2

t∫
0

(f (x (t))− f (x (ν)))′ P (ν − t) (f (x (t))− f (x (ν))) dν.

Äëÿ ïðîèçâîäíîé ýòîãî ôóíêöèîíàëà â ñèëó óðàâíåíèé (4.5)

V̇ = −1

2

t∫
0

(f1 (x (t))− f1 (x (ν)))
′ dP (ν − t)

ds
(f1 (x (t))− f1 (x (ν))) dν 6 0.

Òàêèì îáðàçîì, ïðîèçâîäíàÿ óäîâëåòâîðÿåò ðàâåíñòâó âèäà. Ñîîòâåòñòâåííî òåîðåìàì
3.1.-3.3. íåñëîæíî âûâåñòè ñëåäóþùèå ðåçóëüòàòû.

Ò å î ð å ì à 4.1. Ïðåäïîëîæèì, ÷òî óïðàâëåíèå (4.3) òàêîâî, ÷òî ôóíêöèÿ
Ï1 (x) ÿâëÿåòñÿ îïðåäåëåííî-ïîëîæèòåëüíîé, ïðè ýòîì â íåêîòîðîé îáëàñòè {0 <
∥x∥ < ∆} âûïîëíåíî íåðàâåíñòâî dÏ1

dx
> 0 . Òîãäà ýòî óïðàâëåíèå îáåñïå÷èâàåò ñòàáèëè-

çàöèþ ïðîãðàììíîãî ïîëîæåíèÿ (4.2). Ïðè ýòîì, êàæäîå S S äâèæåíèå ñèñòåìû íåîãðà-

íè÷åííî ïðèáëèæàåòñÿ ïðè t→ +∞ ê ìíîæåñòâó äâèæåíèé {ẋ(t) = 0 dÏ(x(t))
dx

= 0} .

Ò å î ð å ì à 4.2. Ïðåäïîëîæèì, ÷òî óïðàâëåíèå (4.3) òàêîâî, ÷òî ôóíêöèÿ
Ï1 (x) ïðèíèìàåò â ëþáîé äîñòàòî÷íî ìàëîé îêðåñòíîñòè x = 0 îòðèöàòåëüíûå çíà-
÷åíèÿ, ïðè ýòîì ∥dÏ1

dx
∥ > 0 â îáëàñòè {0 < ∥x∥ < ∆, Ï1(x) < 0} . Òîãäà óïðàâëåíèå (4.3)

ÿâëÿåòñÿ äåñòàáèëèçèðóþùèì.

Òåîðåìû 4.1. è 4.2. ïðåäñòàâëÿþò ñîáîé îñíîâó äëÿ ïîñòðîåíèÿ êàê ëèíåéíûõ èíòå-
ãðàëüíûõ ðåãóëÿòîðîâ (ïðîïîðöèîíàëüíî-èíòåãðàëüíûõ), òàê è íåëèíåéíûõ, â ðåøåíèè
çàäà÷ î ñòàáèëèçàöèè ïðîãðàììíûõ ïîëîæåíèé ðàâíîâåñèÿ ãîëîíîìíûõ ìåõàíè÷åñêèõ ñè-
ñòåì â íåëèíåéíîé ïîñòàíîâêå.
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5. Ðåøåíèå çàäà÷è î ñòàáèëèçàöèè ïðîãðàììíîãî ïîëîæåíèÿ
äâóõçâåííîãî ìàíèïóëÿòîðà ñ òðåìÿ ñòåïåíÿìè ñâîáîäû

Ðàññìîòðèì çàäà÷ó î ñòàáèëèçàöèè ïðîãðàììíîãî ïîëîæåíèÿ äâóõçâåííîãî ìàíèïóëÿ-
òîðà ñ òðåìÿ ñòåïåíÿìè ñâîáîäû [10]. Âûáåðåì â êà÷åñòâå îáîáùåííûõ êîîðäèíàò q1 , q2
è q3 óãëû ïîâîðîòà â òðåõ öèëèíäðè÷åñêèõ øàðíèðàõ ìàíèïóëÿòîðà: óãîë ïîâîðîòà q1
êîëîíêè âîêðóã âåðòèêàëüíîé îñè, óãîë q2 ïîâîðîòà ïåðâîãî çâåíà äëèíîé l2 è ìàññîé m2

è óãîë q3 ïîâîðîòà âòîðîãî çâåíà äëèíîé l3 è ìàññîé m3 [10]. Ïîëàãàåì, ÷òî íà ñèñòåìó
äåéñòâóþò òîëüêî ñèëû òÿæåñòè, âûðàæàåìûå ïîòåíöèàëüíîé ýíåðãèåé

Π(q2, q3) = µ2 sin q2 + µ3 sin(q2 + q3),

ãäå µ2 = gl2(m3 + 0.5m2) , µ3 = 0.5gl3m3 .
Äëÿ çàäà÷è ñòàáèëèçàöèè ïðîãðàììíîãî ïîëîæåíèÿ q1 = q10, q2 = q20, q3 = q30 ìàíè-

ïóëÿòîðà íàéäåí íåëèíåéíûé èíòåãðàëüíûé ðåãóëÿòîð âèäà

Q1 = −λ1 sin(q1(t)− q01)− cos q1(t)
t∫

t−h(t)

p1(ν − t)(sin q1(t)− sin q1(ν))dν,

Q2 = µ2 cos q
0
2 cos(q2(t)− q02) + µ3 cos(q

0
2 + q03) cos(q2(t) + q3(t)− q02 − q03)−

−λ2 sin(q2(t)− q02)− cos q2(t)
t∫

t−h(t)

p2(ν − t)(sin q2(t)− sin q2(ν))dν,

Q3 = µ3 cos(q
0
2 + q03) cos(q2(t) + q3(t)− q02 − q03)− λ3 sin(q3(t)− q03)−

− cos q3(t)
t∫

t−h(t)

p3(ν − t)(sin q3(t)− sin q3(ν))dν,

(5.1)

ãäå λ1 > 0 , λ2 − µ2 − µ3 ≥ ρ1 > 0 , λ3 − µ3 ≥ ρ2 > 0 , ρ1ρ2 > µ2
3 .

×èñëåííîå ìîäåëèðîâàíèå ïðîâîäèëîñü â ñèñòåìå MathCad ïðè ñëåäóþùèõ çíà÷åíèÿõ
ïàðàìåòðîâ ìàíèïóëÿòîðà

m2 = m3 = 20 êã, l2 = l3 = 1 ì.

Áûëè âûáðàíû ñëåäóþùèå çíà÷åíèÿ ïðîãðàììíîé ïîçèöèè

q01 = π ðàä, q02 =
π

3
ðàä, q03 =

π

4
ðàä.

Íàéäåíû ñëåäóþùèå çíà÷åíèÿ ïàðàìåòðîâ óïðàâëåíèÿ (5.1)

λ1 = 10, λ2 = 500, λ3 = 200, pi(ν − t) = ek(ν−t)+8 (i = 1, 2, 3), k = 10.

Íà ðèñóíêàõ 5.1 � 5.3 ïîêàçàíû ðåçóëüòàòû ìîäåëèðîâàíèÿ íà âðåìåííîì èíòåðâàëå
0 ≤ t ≤ 25c . Ñïëîøíîé ëèíèåé ïîêàçàíû ãðàôèêè äåéñòâèòåëüíîãî äâèæåíèÿ, à øòðè-
õîâîé � çíà÷åíèÿ ñîîòâåòñòâóþùåé ïðîãðàììíîé ïîçèöèè. Âèäíî, ÷òî ïðè íà÷àëüíûõ îò-
êëîíåíèÿõ îò ïðîãðàììíîé ïîçèöèè, ðàâíûõ 0, 8 ðàä , ïðîèñõîäèò ñòàáèëèçàöèÿ äàííîãî
ïîëîæåíèÿ.
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Ð è ñ ó í î ê 5.1

Ãðàôèê çàâèñèìîñòè óãëîâîé êîîðäèíàòû êîëîíêè îò âðåìåíè.

Ð è ñ ó í î ê 5.2

Ãðàôèê çàâèñèìîñòè óãëîâîé êîîðäèíàòû ïåðâîãî çâåíà ìàíèïóëÿòîðà îò âðåìåíè.

Ð è ñ ó í î ê 5.3

Ãðàôèê çàâèñèìîñòè óãëîâîé êîîðäèíàòû âòîðîãî çâåíà ìàíèïóëÿòîðà îò âðåìåíè.
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On Modeling a nonlinear integral regulator on the base of

the Volterra equations

c⃝ A. S. Andreev4, O.A. Peregudova5, S. Yu. Rakov6

Abstract. Synthesis of discrete-time control which solves the problem of stabilization of holonomic
mechanical systems' program motion is considered. Such systems are described by Lagrange
equations of the second kind. Digital control signals are used in computer-containing control
systems for continuous processes. Development of models for such controlled processes leads to
investigation of continuous-discrete systems with state described by a continuous function and
discrete control functions. This paper proposes an approach for constructing of controller taking
into account non-linearity of the system and non-stationarity of program motion. By means
of Lyapunov vector function and the comparison system su�cient conditions of given program
motion's stabilization are obtained. A feature of the article is in solving of the problem by use
of Lyapunov vector function with components that explicitly depend on time, and are nonlinear
with respect to the generalized coordinates. It allows to solve the stabilization problem in general
having the possibility to select the most suitable control parameters for each particular system.

Key Words: stabilization, control, discrete-time control, synthesis of control for mechanical
systems, Lyapunov vector-function, comparison systems, nonstationary nonlinear dynamical
systems
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