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Íåëîêàëüíàÿ çàäà÷à äëÿ ñìåøàííîãî

äèôôåðåíöèàëüíîãî óðàâíåíèÿ ÷åòâåðòîãî ïîðÿäêà â

òðåõìåðíîé îáëàñòè
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Àííîòàöèÿ. Ðàññìîòðåíû âîïðîñû îäíîçíà÷íîé ðàçðåøèìîñòè è ïîñòðîåíèÿ ðåøåíèÿ íåëî-
êàëüíîé ñìåøàííîé çàäà÷è äëÿ òðåõìåðíîãî îäíîðîäíîãî ñìåøàííîãî äèôôåðåíöèàëüíîãî
óðàâíåíèÿ ÷åòâåðòîãî ïîðÿäêà. Èñïîëüçîâàí ñïåêòðàëüíûé ìåòîä, îñíîâàííûé íà ðàçäåëå-
íèè ïåðåìåííûõ. Óñòàíîâëåí êðèòåðèé îäíîçíà÷íîé ðàçðåøèìîñòè ïîñòàâëåííîé çàäà÷è è
äîêàçàíà ñîîòâåòñòâóþùàÿ òåîðåìà.

Êëþ÷åâûå ñëîâà: óðàâíåíèå ñìåøàííîãî òèïà, óðàâíåíèå ÷åòâåðòîãî ïîðÿäêà, òðåõìåðíàÿ
îáëàñòü, èíòåãðàëüíûå óñëîâèÿ, îäíîçíà÷íàÿ ðàçðåøèìîñòü

1. Ïîñòàíîâêà çàäà÷è

Ìàòåìàòè÷åñêîå ìîäåëèðîâàíèå ìíîãèõ ïðîöåññîâ, ïðîèñõîäÿùèõ â ðåàëüíîì ìèðå,
ïðèâîäèò ê èçó÷åíèþ ñìåøàííûõ, êðàåâûõ è îáðàòíûõ çàäà÷ äëÿ óðàâíåíèé â ÷àñòíûõ
ïðîèçâîäíûõ. Òåîðèÿ ñìåøàííûõ è êðàåâûõ çàäà÷, â ñèëó åå ïðèêëàäíîé âàæíîñòè â íà-
ñòîÿùåå âðåìÿ ÿâëÿåòñÿ îäíèì èç âàæíåéøèõ ðàçäåëîâ òåîðèè äèôôåðåíöèàëüíûõ óðàâ-
íåíèé.

Èçó÷åíèå ìíîãèõ çàäà÷ ãàçîâîé äèíàìèêè, òåîðèè óïðóãîñòè, òåîðèè ïëàñòèí è îáî-
ëî÷åê ïðèâîäèò ê ðàññìîòðåíèþ äèôôåðåíöèàëüíûõ óðàâíåíèé â ÷àñòíûõ ïðîèçâîäíûõ
âûñîêèõ ïîðÿäêîâ. Ñ òî÷êè çðåíèÿ ôèçè÷åñêèõ ïðèëîæåíèé ïðåäñòàâëÿþò áîëüøîé èíòå-
ðåñ äèôôåðåíöèàëüíûå óðàâíåíèÿ ÷åòâåðòîãî ïîðÿäêà (ñì., íàïðèìåð, [1]� [6]). Èññëåäî-
âàíèþ äèôôåðåíöèàëüíûõ óðàâíåíèé ÷åòâåðòîãî ïîðÿäêà ïîñâÿùåíî áîëüøîå êîëè÷åñòâî
ïóáëèêàöèé ìíîãèõ ìàòåìàòèêîâ, â ÷àñòíîñòè ðàáîòû àâòîðà [7]� [10].

Â ñëó÷àÿõ, êîãäà ãðàíèöà îáëàñòè ïðîòåêàíèÿ ôèçè÷åñêîãî ïðîöåññà íåäîñòóïíà äëÿ
èçìåðåíèé, â êà÷åñòâå äîïîëíèòåëüíîé èíôîðìàöèè, äîñòàòî÷íîé äëÿ îäíîçíà÷íîé ðàçðå-
øèìîñòè çàäà÷è, ìîãóò ñëóæèòü íåëîêàëüíûå óñëîâèÿ â èíòåãðàëüíîé ôîðìå [11]� [13].

Çàäà÷è, ãäå ìåíÿåòñÿ òèï äèôôåðåíöèàëüíîãî óðàâíåíèÿ â ðàññìàòðèâàåìîé îáëàñòè,
èìåþò âàæíûå ïðèëîæåíèÿ (ñì. [14]� [16]). Äèôôåðåíöèàëüíûå óðàâíåíèÿ ñìåøàííîãî
òèïà èçó÷àëèñü â ðàáîòàõ ìíîãèõ àâòîðîâ, â ÷àñòíîñòè, â [17]� [26].

Â íàñòîÿùåé ðàáîòå èçó÷àåòñÿ îäíîçíà÷íàÿ ðàçðåøèìîñòü íåëîêàëüíîé ñìåøàííîé çà-
äà÷è äëÿ òðåõìåðíîãî ñìåøàííîãî äèôôåðåíöèàëüíîãî óðàâíåíèÿ ÷åòâåðòîãî ïîðÿäêà.
Èòàê, â òðåõìåðíîé îáëàñòè Ω = {(t, x, y) | − α < t < β, 0 < x, y < l} ðàññìàòðèâàåòñÿ
ñìåøàííîå óðàâíåíèå âèäà

ℑU ≡ U tt − (U ttxx + U ttyy) + (sgn t)(Uxx + U yy) = 0, (1.1)

ãäå α , β è l � çàäàííûå ïîëîæèòåëüíûå äåéñòâèòåëüíûå ÷èñëà.
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Çàäà÷à. Íàéòè â òðåõìåðíîé îáëàñòè Ω ôóíêöèþ U(t, x, y) , óäîâëåòâîðÿþùóþ óñëî-
âèÿì

U(t, x, y) ∈ C
(
Ω
)
∩ C 1

(
Ω ∪ {x = 0} ∪ {x = l} ∪ {y = 0} ∪ {y = l}

)
∩ C 2(Ω+ ∪ Ω−), (1.2)

ℑU(t, x, y) ≡ 0, (t, x, y) ∈ (Ω+ ∪ Ω−), (1.3)

U(t, 0, y) = U(t, l, y) = U(t, x, 0) = U(t, x, l) = 0, −α 6 t 6 β, (1.4)∫ β

0

U(t, x, y) t dt = φ(x, y),

∫ 0

−α

U(t, x, y) t dt = ψ(x, y), 0 6 x, y 6 l, (1.5)

ãäå φ(x, y) è ψ(x, y) � çàäàííûå äîñòàòî÷íî ãëàäêèå ôóíêöèè, φ(0, y) = φ(l, y) =
ψ(0, y) = ψ(l, y) = 0 , φ(x, 0) = φ(x, l) = ψ(x, 0) = ψ(x, l) = 0 , Ω− = {(t, x, y) | − α <
t < 0, 0 < x, y < l} , Ω+ = {(t, x, y) | 0 < t < β, 0 < x, y < l} .

Îòìåòèì, ÷òî â äâóìåðíîì ñëó÷àå óðàâíåíèå (1.1) ïðè äðóãèõ ãðàíè÷íûõ óñëîâèÿõ
ðàññìîòðåíî â [25].

2. Ïîèñê ÷àñòíûõ ðåøåíèé

Íåòðèâèàëüíûå ÷àñòíûå ðåøåíèÿ óðàâíåíèÿ (1.1) â îáëàñòè Ω áóäåì èñêàòü â âèäå
U(t, x, y) = T (t)V (x, y) . Òîãäà èç óðàâíåíèÿ (1.1) ïîëó÷àåì

T ′′(t)V (x, y)− T ′′(t)Vxx(x, y)− T ′′(t)V yy(x, y) = −(sgn t)
(
T (t)Vxx(x, y) + T (t)V yy(x, y)

)
.

Çäåñü ïî÷ëåííî ðàçäåëèì íà −(sgn t)T (t)V (x, y) :

− T ′′(t)

(sgn t)T (t)
+

T ′′(t)

(sgn t)T (t)

(
Vxx(x, y))

V (x, y)
+
V yy(x, y))

V (x, y)

)
=
Vxx(x, y))

V (x, y)
+
V yy(x, y))

V (x, y)
.

Â ïîñëåäíåì ðàâåíñòâå ïîëîæèì, ÷òî

Vxx(x, y))

V (x, y)
+
V yy(x, y))

V (x, y)
= −µ 2, − T ′′(t)

(sgn t)T (t)
+

T ′′(t)

(sgn t)T (t)

(
Vxx(x, y))

V (x, y)
+
V yy(x, y))

V (x, y)

)
= −µ 2,

ãäå −µ 2 � ïîñòîÿííàÿ ðàçäåëåíèÿ, 0 < µ .
Îòñþäà ñ ó÷åòîì ãðàíè÷íûõ óñëîâèé (1.4) ïîëó÷àåì

Vxx(x, y) + V yy(x, y) + µ 2V (x, y) = 0, 0 < x, y < l, (2.1)

V (0, y) = V (l, y) = V (x, 0) = V (x, l) = 0, (2.2)

T ′′(t)− λ 2T (t) = 0, 0 < t < β, (2.3)

T ′′(t) + λ 2T (t) = 0, −α < t < 0, (2.4)

ãäå λ 2 =
µ 2

1 + µ 2
.

Ñïåêòðàëüíàÿ çàäà÷à (2.1) è (2.2) èìååò ðåøåíèå

Vn,m(x, y) = Xn(x)Ym(y), (2.5)

ãäå Xn(x) =

√
2

l
sin

πn

l
x , Ym(y) =

√
2

l
sin

πm

l
y , n, m = 1, 2, . . . ; µn,m =

π(n+m)

l
.
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Òîãäà îáùèå ðåøåíèÿ äèôôåðåíöèàëüíûõ óðàâíåíèé (2.3) è (2.4) èìåþò âèä

Tn,m(t) =

{
an,me

λn,mt + bn,me
−λn,mt, t > 0,

cn,m cosλn,mt+ dn,m sinλn,mt, t < 0,
(2.6)

ãäå an,m, bn,m, cn,m, dn,m � ïðîèçâîëüíûå ïîñòîÿííûå, λn,m =

√
µ 2

n,m

1 + µ 2
n,m

.

Ïîñêîëüêó ðåøåíèÿ Un,m(t, x) = Tn,m(t)Xn(x)Ym(y) äîëæíû óäîâëåòâîðÿòü óñëîâèþ
(1.2), òî ïîñòîÿííûå an,m, bn,m, cn,m, dn,m ïîäáåðåì òàê, ÷òîáû âûïîëíÿëèñü óñëîâèÿ

Tn,m(0 + 0) = Tn,m(0− 0), T ′
n,m(0 + 0) = T ′

n,m(0− 0). (2.7)

Èç (2.6) ñ ó÷åòîì óñëîâèé (2.7) ïîëó÷àåì, ÷òî cn,m = an,m+bn,m è dn,m = an,m−bn,m .
Òîãäà ôóíêöèè (2.6) ïðèíèìàþò âèä

Tn,m(t) =

{
cn,m chλn,mt+ dn,m shλn,mt, t > 0,

cn,m cosλn,mt+ dn,m sinλn,mt, t < 0.
(2.8)

Ñ ó÷åòîì ôóíêöèé (2.5) ðåøåíèå çàäà÷è (1.2)�(1.5) â òðåõìåðíîé îáëàñòè Ω , ñîãëàñíî
ìåòîäó Ôóðüå ðàçäåëåíèÿ ïåðåìåííûõ, ïðåäñòàâèì â âèäå

U(t, x, y) =
2

l

∞∑
n,m=1

un,m(t) sin
πn

l
x sin

πm

l
y,

ãäå

un,m(t) =
2

l

∫ l

0

∫ l

0

U(t, x, y) sin
πn

l
x sin

πm

l
y dx dy, n, m = 1, 2, . . . . (2.9)

3. Îïðåäåëåíèå êîýôôèöèåíòîâ Ôóðüå (2.9)

Ïîêàæåì, ÷òî ôóíêöèè (2.9) óäîâëåòâîðÿþò óðàâíåíèÿì (2.3), (2.4) â ñîîòâåòñòâóþùèõ
èíòåðâàëàõ è óñëîâèþ (2.7). Äèôôåðåíöèðóÿ ïî t ðàâåíñòâà (2.9) äâà ðàçà è ó÷èòûâàÿ
óðàâíåíèå (1.1), ïîëó÷èì

u′′n,m(t) =
2

l

∫ l

0

∫ l

0

U tt(t, x, y) sin
πn

l
x sin

πm

l
y dx dy =

=
2

l

∫ l

0

∫ l

0

(U ttxx + U ttyy − Uxx − U yy) sin
πn

l
x sin

πm

l
y dx dy =

=
2

l

∫ l

0

∫ l

0

(U ttxx − Uxx) sin
πn

l
x sin

πm

l
y dx dy+

+
2

l

∫ l

0

∫ l

0

(U ttyy − U yy) sin
πn

l
x sin

πm

l
y dx dy, t > 0, (3.1)

u′′n,m(t) =
2

l

∫ l

0

∫ l

0

U tt(t, x, y) sin
πn

l
x sin

πm

l
y dx dy =

=
2

l

∫ l

0

∫ l

0

(U ttxx + U ttyy + Uxx + U yy) sin
πn

l
x sin

πm

l
y dx dy =
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=
2

l

∫ l

0

∫ l

0

(U ttxx + Uxx) sin
πn

l
x sin

πm

l
y dx dy+

+
2

l

∫ l

0

∫ l

0

(U ttyy + U yy) sin
πn

l
x sin

πm

l
y dx dy, t < 0. (3.2)

Èíòåãðèðóÿ äâà ðàçà ïî ÷àñòÿì ïî x â ïåðâûõ èíòåãðàëàõ â ïðàâûõ ÷àñòÿõ (3.1) è
(3.2), çàòåì èíòåãðèðóÿ äâà ðàçà ïî ÷àñòÿì ïî y âî âòîðûõ èíòåãðàëàõ â ïðàâûõ ÷àñòÿõ
(3.1) è (3.2), ñ ó÷åòîì óñëîâèé (1.4) ïîëó÷àåì ñëåäóþùèå óðàâíåíèÿ

u′′n,m(t)− λ 2
n,mun,m(t) = 0, t > 0, (3.3)

u′′n,m(t) + λ 2
n,mun,m(t) = 0, t < 0, (3.4)

ãäå λ 2
n,m =

µ 2
n,m

1 + µ 2
n,m

, µn,m =
π(n+m)

l
.

Äèôôåðåíöèàëüíûå óðàâíåíèÿ (3.3) è (3.4) ïðè λ = λn,m ñîâïàäàþò ñîîòâåòñòâåííî ñ
óðàâíåíèÿìè (2.3) è (2.4). Äàëåå ñ ó÷åòîì óñëîâèé (1.2) èç (2.9) ïîëó÷àåì

un,m(0 + 0) =
2

l

∫ l

0

∫ l

0

U(0 + 0, x, y) sin
πn

l
x sin

πm

l
y dx dy =

=
2

l

∫ l

0

∫ l

0

U(0− 0, x, y) sin
πn

l
x sin

πm

l
y dx dy = un,m(0− 0). (3.5)

Äèôôåðåíöèðóÿ ôóíêöèè (2.9) îäèí ðàç ïî t , â ñèëó óñëîâèé (1.2) èìååì

u′n,m(0 + 0) =
2

l

∫ l

0

∫ l

0

U t(0 + 0, x, y) sin
πn

l
x sin

πm

l
y dx dy =

=
2

l

∫ l

0

∫ l

0

U t(0− 0, x, y) sin
πn

l
x sin

πm

l
y dx dy = u′n,m(0− 0). (3.6)

Óñëîâèÿ (3.5) è (3.6) ñîâïàäàþò ñ óñëîâèÿìè (2.7). Òîãäà äëÿ çàäà÷è (3.3)�(3.6) àíàëî-
ãè÷íî ôîðìóëå (2.8) èìååì

un,m (t) =

{
cn,m chλn,m t+ dn,m shλn,m t, t > 0,

cn,m cosλn,m t+ dn,m sinλn,m t, t < 0.
(3.7)

Äëÿ íàõîæäåíèÿ ïîñòîÿííûõ cn,m è dn,m âîñïîëüçóåìñÿ èíòåãðàëüíûìè óñëîâèÿìè
(1.5) è ôîðìóëîé (2.9)∫ β

0

un,m (t) t dt =
2

l

∫ l

0

∫ l

0

∫ β

0

U(t, x, y) t dt sin
πn

l
x sin

πm

l
y dx dy =

=
2

l

∫ l

0

∫ l

0

φ(x, y) sin
πn

l
x sin

πm

l
y dx dy = φn,m, (3.8)∫ 0

−α

un,m (t) t dt =
2

l

∫ 1

0

∫ 1

0

∫ 0

−α

U(t, x, y) t dt sin
πn

l
x sin

πm

l
y dx dy =

=
2

l

∫ l

0

∫ l

0

ψ(x, y) sin
πn

l
x sin

πm

l
y dx dy = ψn,m. (3.9)

Æóðíàë ÑÂÌÎ. 2016. Ò. 18, � 3



74 Ò. Ê. Þëäàøåâ, À. Â. Áàãðîâà

Ïðè t > 0 èç (3.7) è (3.8) ïîëó÷àåì

φn,m =

∫ β

0

un,m (t) t dt =

∫ β

0

(cn,m chλn,m t+ dn,m shλn,m t) t dt = cn,m

[
β

λn,m

shλn,m β−

− 1

λ 2
n,m

(chλn,m β − 1)

]
+ dn,m

[
β

λn,m

chλn,m β − 1

λ 2
n,m

shλn,m β

]
. (3.10)

Ïðè t < 0 èç (3.7) è (3.9) ïîëó÷àåì

ψn,m =

∫ 0

−α

un,m (t) t dt =

∫ 0

−α

(cn,m cosλn,m t+ dn,m sinλn,m t) t dt = cn,m

[
− α

λn,m

sinλn,m α−

− 1

λ 2
n,m

(cosλn,mα− 1)

]
+ dn,m

[
− α

λn,m

cosλn,m α +
1

λ 2
n,m

sinλn,m α

]
. (3.11)

Èç (3.10) è (3.11) ïîëó÷àåì ñèñòåìó óðàâíåíèé äëÿ îïðåäåëåíèÿ íåèçâåñòíûõ êîýôôè-
öèåíòîâ cn,m è dn,m :

cn,m

[
1 + λn,mβ shλn,m β − chλn,m β

]
+

+dn,m

[
λn,m β chλn,m β − shλn,m β

]
= λ 2

n,mφn,m,

cn,m

[
1− λn,m α sinλn,m α− cosλn,m α

]
+

+dn,m

[
− λn,m α cosλn,m α + sinλn,m α

]
= λ 2

n,m ψn,m.

(3.12)

Ñèñòåìà îäíîçíà÷íî ðàçðåøèìà, åñëè åå îïðåäåëèòåëü íå îáðàùàåòñÿ â íóëü ïðè ëþáûõ
0 < α è 0 < β :

∆n,m(α, β) = An,m

[
− λn,m α cosλn,m α + sinλn,m α

]
−

−Bn,m

[
1− λn,m α sinλn,m α− cosλn,m α

]
̸= 0, (3.13)

ãäå An,m = 1+λn,m β shλn,m β− chλn,m β , Bn,m = λn,m β chλn,m β− shλn,m β . Òàê êàê

0 < λn,m < 1 è 0 < β <∞ , òî
∣∣∣An,m

∣∣∣ <∞ ,
∣∣∣Bn,m

∣∣∣ <∞ .

Ïóñòü âûïîëíÿåòñÿ óñëîâèå (3.13). Òîãäà èç (3.12) íàõîäèì

cn,m =
λ 2

n,m

∆n,m(α, β)

[
φn,m

(
− λn,m α cosλn,m α + sinλn,m α

)
− ψn,mBn,m

]
,

dn,m =
λ 2

n,m

∆n,m(α, β)

[
φn,m

(
λn,m α sinλn,m α + cosλn,m α− 1

)
+ ψn,mAn,m

]
.

Ïîäñòàâëÿÿ ýòè êîýôôèöèåíòû â ôîðìóëû (3.12), ïîëó÷èì

un,m(t) =
λ 2

n,m

∆n,m(α, β)

{
φn,m

[
λn,m α

(
− chλn,m t cosλn,m α + shλn,m t sinλn,m α

)
+

+
(
chλn,m t sinλn,m α+ shλn,m t cosλn,m α

)
− shλn,m t

]
+

+ψn,m

[
− λn,m β chλn,m (t− β)− shλn,m (t− β) + shλn,m t

]}
, t > 0, (3.14)
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un,m (t) =
λ 2

n,m

∆n,m(α, β)

{
φn,m

[
− λn,m α cosλn,m (t− α) + sinλn,m (t+ α)− sinλn,m t

]
+

+ψn,m

[
λn,m β

(
sinλn,m t shλn,m β)− cosλn,m t chλn,m β

)
+

+
(
cosλn,m t shλn,m β − sinλn,m t chλn,m β

)
+ sinλn,m t

]}
, t < 0. (3.15)

Òåïåðü ïðåäïîëîæèì, ÷òî φ(x, y) ≡ 0 , ψ(x, y) ≡ 0 . Òîãäà φn,m = 0 , ψn,m = 0 è èç
ôîðìóë (2.9), (3.14) è (3.15) ñëåäóåò, ÷òî∫ l

0

∫ l

0

U(t, x, y) sin
πn

l
x sin

πm

l
y dx dy = 0, n, m = 1, 2, . . . .

Îòñþäà, â ñèëó ïîëíîòû ñèñòåì ñîáñòâåííûõ ôóíêöèé

{√
2

l
sin

πn

l
x

}
,{√

2

l
sin

πm

l
y

}
â L 2[0, l] , çàêëþ÷àåì, ÷òî U(t, x, y) ≡ 0 äëÿ âñåõ x, y ∈ [0, l] è

t ∈ [−α, β] .

4. Ñóùåñòâîâàíèå ðåøåíèÿ

Ðàññìîòðèì ñëó÷àé, êîãäà íàðóøàåòñÿ óñëîâèå (3.13). Ïóñòü ∆n,m(α, β) = 0 ïðè íåêîòî-
ðûõ çíà÷åíèÿõ α . Ýòî óñëîâèå ýêâèâàëåíòíî ðàâåíñòâó(

Bn,m − An,m λn,m α
)
cosλn,m α +

(
Bn,m + An,m λn,m α

)
sinλn,mα = Bn,m,

ãäå 0 < λn,m =

√
µ 2

n,m

1 + µ 2
n,m

< 1 , µn,m =
π (n+m)

l
, λn,m → 1 ïðè n, m→ ∞ .

Ïîñëåäíåå óðàâíåíèå çàïèñûâàåì â ñëåäóþùåì âèäå

cos(λn,m α− θn,m) =
Bn,m√(

1 + λ 2
n,m α

2
) (
A 2

n,m +B 2
n,m

) ,
ãäå θn,m = arcsin

An,m +Bn,m λn,m α√(
1 + λ 2

n,mα
2
) (
A 2

n,m +B 2
n,m

) . Äàííîå óðàâíåíèå èìååò äâå ñåðèè ðå-

øåíèé:

α k =
θn,m
λn,m

± ξn,m
λn,m

+
2πk

λn,m

, k ∈ N,

ãäå ξn,m = arccos
Bn,m√(

1 + λ 2
n,m α

2
) (
A 2

n,m +B 2
n,m

) , N � ìíîæåñòâî íàòóðàëüíûõ ÷èñåë.

Äðóãèå çíà÷åíèÿ α , äëÿ êîòîðûõ óñëîâèå (3.13) âûïîëíÿåòñÿ, íàçûâàþòñÿ ðåãóëÿðíû-
ìè.

Èòàê, äëÿ ðåãóëÿðíûõ çíà÷åíèé α èìåþò ìåñòî ôîðìóëû (3.14), (3.15). Ïîýòîìó ïðè
âûïîëíåíèè óñëîâèÿ (3.13) ñ ó÷åòîì ÷àñòíûõ ðåøåíèé (2.5), (3.14), (3.15) ðåøåíèå çàäà÷è
(1.2)�(1.5) â òðåõìåðíîé îáëàñòè Ω ìîæíî ïðåäñòàâèòü â âèäå ðÿäà

U(t, x, y) =
2

l

∞∑
n,m=1

un,m(t) sin
πn

l
x sin

πm

l
y. (4.1)
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Ïîêàæåì, ÷òî ïðè îïðåäåëåííûõ óñëîâèÿõ îòíîñèòåëüíî ôóíêöèé φ(x, y) è ψ(x, y)
ñóììà U(t, x, y) ðÿäà (4.1) óäîâëåòâîðÿåò óñëîâèÿì (1.2).

Òàê êàê 0 < λn,m < 1 , òî äëÿ ëþáûõ n è m ñïðàâåäëèâû îöåíêè∣∣un,m (t)
∣∣ 6 C 1

(∣∣φn,m

∣∣+ ∣∣ψn,m

∣∣), (4.2)

∣∣u′n,m (t)
∣∣ 6 C 2

(∣∣φn,m

∣∣+ ∣∣ψn,m

∣∣), (4.3)∣∣u′′n,m (t)
∣∣ 6 C 3

(∣∣φn,m

∣∣+ ∣∣ψn,m

∣∣), (4.4)

ãäå 0 < C i = const, i = 1, 3 .
Äåéñòâèòåëüíî, òàê êàê 0 < λn,m < 1 , λn,m → 1 ïðè n, m → ∞ , òî äëÿ ðåãóëÿðíûõ

çíà÷åíèé α íà îñíîâàíèè ôîðìóë (3.14) è (3.15) íàéäåì

∣∣un,m (t)
∣∣ 6


1

C 0

[∣∣φn,m

∣∣ (α + 2) eβ +
∣∣ψn,m

∣∣ eβ], t > 0,

1

C 0

[∣∣φn,m

∣∣ (α + 1) +
∣∣ψn,m

∣∣ ((β + 1) eβ + 1
)]
, t < 0.

Îòñþäà ñëåäóåò îöåíêà (4.2), ãäå C 0 =
∣∣∆n,m (α, β)

∣∣ > 0 , C 1 =
1

C 0

max
{
(α + 2) eβ; (β +

1) eβ + 1
}
.

Äèôôåðåíöèðóÿ âûðàæåíèÿ (3.14), (3.15), ïîëó÷àåì

∣∣u′n,m (t)
∣∣ 6


1

C 0

[∣∣φn,m

∣∣ (α + 1) eβ +
∣∣ψn,m

∣∣ (1 + eβ
)]
, t > 0,

1

C 0

[∣∣φn,m

∣∣ (α + 1) +
∣∣ψn,m

∣∣ (1 + (1 + β) eβ
)]
, t < 0.

Îòñþäà ñëåäóåò îöåíêà (4.3), ãäå C 2 =
1

C 0

max
{
(α + 1) eβ; 1 + (1 + β) eβ

}
.

Äèôôåðåíöèðóÿ âûðàæåíèÿ (3.14), (3.15) äâà ðàçà, ïîëó÷àåì

∣∣u′′n,m (t)
∣∣ 6


1

C 0

[∣∣φn,m

∣∣ (α + 2) eβ +
∣∣ψn,m

∣∣ eβ], t > 0,

1

C 0

[
2
∣∣φn,m

∣∣α+
∣∣ψn,m

∣∣ (1 + (1 + β) eβ
)]
, t < 0.

Îòñþäà ñëåäóåò îöåíêà (4.4), ãäå C 3 =
1

C 0

max
{
(α + 2) eβ; 1 + (1 + β) eβ

}
.

Óñëîâèÿ À. Ïóñòü ôóíêöèè φ(x, y) ∈ C 3
(
[0; l]× [0; l]

)
, ψ(x, y) ∈ C 3

(
[0; l]× [0; l]

)
íà

ñåãìåíòå [0; l] èìåþò êóñî÷íî-íåïðåðûâíûå ïðîèçâîäíûå ÷åòâåðòîãî ïîðÿäêà è φ(0, y) =
φ(l, y) = ψ(0, y) = ψ(l, y) = 0 , φ(x, 0) = φ(x, l) = ψ(x, 0) = ψ(x, l) = 0 , φxx(0, y) =
φxx(l, y) = ψxx(0, y) = ψxx(l, y) = 0 , φ yy(x, 0) = φ yy(x, l) = ψ yy(x, 0) = ψ yy(x, l) = 0 .

Ïóñòü âûïîëíÿþòñÿ óñëîâèÿ À. Òîãäà ñïðàâåäëèâû ñîîòíîøåíèÿ

φn,m = −
(
l

π

) 4
pn,m

n 4
, φn,m = −

(
l

π

) 4
pn,m

m 4
,

ψn,m = −
(
l

π

) 4
qn,m
n 4

, ψn,m = −
(
l

π

) 4
qn,m
m 4
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è
∞∑

n,m=1

p 2
n,m 6 4

l 2

∫ l

0

∫ l

0

[φxxxx(x, y)]
2 dx dy,

∞∑
n,m=1

p 2
n,m 6 4

l 2

∫ l

0

∫ l

0

[φ yyyy(x, y)]
2 dx dy,

∞∑
n,m=1

q 2
n,m 6 4

l 2

∫ l

0

∫ l

0

[ψxxxx(x, y)]
2 dx dy,

∞∑
n,m=1

q 2
n,m 6 4

l 2

∫ l

0

∫ l

0

[ψ yyyy(x, y)]
2 dx dy.

Ñ ïîìîùüþ ýòèõ îöåíîê íåòðóäíî óáåäèòüñÿ, ÷òî ðÿä (4.1) ðàâíîìåðíî ñõîäèòñÿ â îá-
ëàñòè Ω .

Òàêèì îáðàçîì äîêàçàíî, ÷òî ñïðàâåäëèâà ñëåäóþùàÿ òåîðåìà.

Ò å î ð å ì à 4.1. Ïóñòü âûïîëíÿþòñÿ óñëîâèÿ À. Òîãäà çàäà÷à (1.2) � (1.5) îäíî-
çíà÷íî ðàçðåøèìà â îáëàñòè Ω , åñëè âûïîëíÿåòñÿ óñëîâèå (3.13) .

Äàòà ïîñòóïëåíèÿ 21.10.2016
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Nonlocal problem for a mixed type fourth order

di�erential equation in three dimensional domain

c⃝ T. K. Yuldashev3 A. V. Bagrova 4

Abstract. This article considers solvability of nonlocal mixed-value problem for a three-
dimensional homogeneous mixed-type fourth-order di�erential equation. Solution construction for
such equation is examined, too. Spectral method based on separation of variables is used in the
article. The criterion of one-value solvability of the problem considered is installed. Under this
criterion one-valued solvability of the problem is proved.

Key Words: mixed-type di�erential equation, fourth-order equation, three-dimensional domain,
integral conditions, one-valued solvability
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