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Àííîòàöèÿ. Â ñòàòüå èññëåäóåòñÿ ïðîáëåìà ñèíòåçà äèñêðåòíîãî ñòóïåí÷àòîãî óïðàâëåíèÿ,
ðåøàþùåãî çàäà÷ó î ñòàáèëèçàöèè ïðîãðàììíûõ äâèæåíèé ãîëîíîìíûõ ìåõàíè÷åñêèõ ñè-
ñòåì. Òàêèå ñèñòåìû îïèñûâàþòñÿ óðàâíåíèÿìè Ëàãðàíæà âòîðîãî ðîäà. Äèñêðåòíûå óïðàâ-
ëÿþùèå ñèãíàëû èñïîëüçóþòñÿ â ñèñòåìàõ óïðàâëåíèÿ íåïðåðûâíûìè ïðîöåññàìè, ñîäåð-
æàùèõ êîìïüþòåðû. Ðàçðàáîòêà ñîîòâåòñòâóþùèõ ìîäåëåé òàêèõ óïðàâëÿåìûõ ïðîöåññîâ
ïðèâîäèò ê íåîáõîäèìîñòè èçó÷åíèÿ íåïðåðûâíî-äèñêðåòíûõ ñèñòåì, â êîòîðûõ ñîñòîÿíèå
îïèñûâàåòñÿ íåïðåðûâíîé ôóíêöèåé, à óïðàâëåíèå ñòðîèòñÿ íà îñíîâå äèñêðåòíûõ ôóíêöèé.
Â ñòàòüå ïðåäëîæåí ïîäõîä â ïîñòðîåíèè óïðàâëåíèÿ, ó÷èòûâàþùèé íåëèíåéíîñòü ñèñòåìû è
íåñòàöèîíàðíîñòü ïðîãðàììíîãî äâèæåíèÿ. Ñ ïîìîùüþ ïîñòðîåíèÿ âåêòîð-ôóíêöèè Ëÿïóíî-
âà è ñèñòåìû ñðàâíåíèÿ ïîëó÷åíû äîñòàòî÷íûå óñëîâèÿ ñòàáèëèçàöèè çàäàííîãî ïðîãðàìì-
íîãî äâèæåíèÿ. Îñîáåííîñòüþ ðåøåíèÿ äàííîé çàäà÷è ÿâëÿåòñÿ ïðèìåíåíèå âåêòîð-ôóíêöèè
Ëÿïóíîâà, ñ êîìïîíåíòàìè, çàâèñÿùèìè ÿâíî îò âðåìåíè, íåëèíåéíûìè îòíîñèòåëüíî îáîá-
ùåííûõ êîîðäèíàò. Ýòî ïîçâîëèëî ðåøèòü çàäà÷ó ñòàáèëèçàöèè â îáùåì âèäå ñ âîçìîæíîñòüþ
ïîäáîðà íàèáîëåå ïîäõîäÿùèõ ïàðàìåòðîâ óïðàâëåíèÿ äëÿ êàæäîé êîíêðåòíîé ñèñòåìû.

Êëþ÷åâûå ñëîâà: ñòàáèëèçàöèÿ, óïðàâëåíèå, äèñêðåòíîå óïðàâëåíèå, ñèíòåç óïðàâëåíèÿ
ìåõàíè÷åñêèìè ñèñòåìàìè, âåêòîð-ôóíêöèè Ëÿïóíîâà, ñèñòåìû ñðàâíåíèÿ, íåñòàöèîíàðíûå
íåëèíåéíûå äèíàìè÷åñêèå ñèñòåìû.

1. Ââåäåíèå

Ïðîáëåìà ïîñòðîåíèÿ äèñêðåòíûõ çàêîíîâ óïðàâëåíèÿ ìåõàíè÷åñêèìè ñèñòåìàìè,
ôóíêöèîíèðóþùèìè â íåïðåðûâíîì âðåìåíè, ÿâëÿåòñÿ àêòóàëüíîé â ñâÿçè ñ øèðîêèì
èñïîëüçîâàíèåì êîìïüþòåðíûõ òåõíîëîãèé. Â íàñòîÿùåå âðåìÿ ñôîðìèðîâàëîñü òðè îñ-
íîâíûõ íàïðàâëåíèÿ â èññëåäîâàíèè äàííîé ïðîáëåìû. Ïåðâîå íàïðàâëåíèå (ñì. íàïð. [1],
[2], [3]) ñîñòîèò â äèñêðåòíîé àïïðîêñèìàöèè âñåé ñèñòåìû ñ ïîñëåäóþùèì ïîñòðîåíèåì
äèñêðåòíîãî óïðàâëåíèÿ äëÿ äàííîé ïðèáëèæåííîé ìîäåëè. Äàííûé ïîäõîä íå ïîçâîëÿåò
ó÷åñòü ïîâåäåíèå ñèñòåìû â ïðîìåæóòêàõ ìåæäó ìîìåíòàìè äèñêðåòèçàöèè, ÷òî ïðèâîäèò
ê íåòî÷íîñòè â ðåøåíèè çàäà÷è óïðàâëåíèÿ. Âòîðîå íàïðàâëåíèå [4] ñâÿçàíî ñ ïîñòðîåíè-
åì íåïðåðûâíûõ çàêîíîâ óïðàâëåíèÿ äëÿ íåïðåðûâíûõ ìîäåëåé ñèñòåì ñ ïîñëåäóþùåé èõ
äèñêðåòèçàöèåé. Òàêîé ïîäõîä äàåò äîñòàòî÷íî òî÷íîå ðåøåíèå çàäà÷è ëèøü äëÿ ìàëûõ
çíà÷åíèé ïåðèîäà äèñêðåòèçàöèè. Îáà ýòèõ íàïðàâëåíèÿ ïîçâîëÿþò ðåøèòü çàäà÷ó ñòà-
áèëèçàöèè äâèæåíèÿ ìåõàíè÷åñêîé ñèñòåìû â ïðàêòè÷åñêîì ñìûñëå, êîãäà îòêëîíåíèÿ îò
ïðîãðàììíîãî äâèæåíèÿ ñ ðîñòîì âðåìåíè ñòàíîâÿòñÿ ìàëûìè, íî íå ñõîäÿòñÿ ê íóëþ.

1 Äåêàí ôàêóëüòåòà ìàòåìàòèêè, èíôîðìàöèîííûõ è àâèàöèîííûõ òåõíîëîãèé, ïðîôåññîð, äîêòîð
ôèçèêî-ìàòåìàòè÷åñêèõ íàóê, çàâåäóþùèé êàôåäðîé èíôîðìàöèîííîé áåçîïàñíîñòè è òåîðèè óïðàâëå-
íèÿ, Óëüÿíîâñêèé ãîñóäàðñòâåííûé óíèâåðñèòåò, ã. Óëüÿíîâñê; andreevas@sv.ulsu.ru

2 Ïðîãðàììèñò êàôåäðû èíôîðìàöèîííîé áåçîïàñíîñòè è òåîðèè óïðàâëåíèÿ ôàêóëüòåòà ìàòåìàòèêè,
èíôîðìàöèîííûõ è àâèàöèîííûõ òåõíîëîãèé, Óëüÿíîâñêèé ãîñóäàðñòâåííûé óíèâåðñèòåò, ã. Óëüÿíîâñê;
katherine.kudashova@yandex.ru
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Òðåòüå íàïðàâëåíèå ñîñòîèò â ïîñòðîåíèè äèñêðåòíûõ çàêîíîâ óïðàâëåíèÿ äëÿ íåïðåðûâ-
íûõ ìîäåëåé ñèñòåì áåç àïïðîêñèìàöèè. Òàêîé ïîäõîä ïîçâîëÿåò ïîëó÷èòü áîëåå òî÷íîå
ðåøåíèå çàäà÷è ñòàáèëèçàöèè ïî ñðàâíåíèþ ñ ïðåäûäóùèìè.

Â íàñòîÿùåé ðàáîòå íà îñíîâå ìåòîäà âåêòîðíûõ ôóíêöèé Ëÿïóíîâà ïîñòðîåíû íåïðå-
ðûâíûé è äèñêðåòíûé çàêîíû óïðàâëåíèÿ äëÿ ãîëîíîìíîé ìåõàíè÷åñêîé ñèñòåìû ñ n
ñòåïåíÿìè ñâîáîäû. Çàäà÷à ñòàáèëèçàöèè íåñòàöèîíàðíîãî ïðîãðàììíîãî äâèæåíèÿ ñè-
ñòåìû ðåøåíà â íåëèíåéíîé ïîñòàíîâêå áåç ïåðåõîäà ê óïðîùåííîé äèñêðåòíîé ëèíåéíîé
ìîäåëè.

2. Ïîñòàíîâêà çàäà÷è î ñòàáèëèçàöèè ïðîãðàììíîãî äâèæåíèÿ

Ðàññìàòðèâàåòñÿ óïðàâëÿåìàÿ ìåõàíè÷åñêàÿ ñèñòåìà, ïîëîæåíèå êîòîðîé îïðåäåëÿ-
åòñÿ n îáîáùåííûìè êîîðäèíàòàìè q1, q2, . . . , qn, à äâèæåíèå îïèñûâàåòñÿ óðàâíåíèÿìè
Ëàãðàíæà [5]

d

dt

(
∂T

∂q̇

)
− ∂T

∂q
= Q+ U, (2.1)

ãäå q = (q1, q2, . . . , qn)
′ ∈ Rn åñòü âåêòîð êîîðäèíàò, T = 1/2q̇′A(q)q̇ � êèíåòè÷å-

ñêàÿ ýíåðãèÿ ñèñòåìû, A ∈ Rn×n ÿâëÿåòñÿ ïîëîæèòåëüíî-îïðåäåëåííîé è íåïðåðûâ-
íî äèôôåðåíöèðóåìîé ìàòðèöåé, Q = Q(t, q, q̇) � âåêòîð îáîáùåííûõ íåóïðàâëÿåìûõ
ñèë, U ∈ Rn � âåêòîð óïðàâëåíèÿ. Çäåñü è äàëåå (·)′ � îïåðàöèÿ òðàíñïîíèðîâàíèÿ,
∥q∥ =

√
q21 + q22 + . . .+ q2n � åâêëèäîâà íîðìà â Rn, âåëè÷èíû, âõîäÿùèå â (2.1), îïðåäå-

ëÿþòñÿ è íåïðåðûâíû, äëÿ ïðîñòîòû, ïî âñåì (t, q, q̇) ∈ R+ × Rn × Rn.
Óðàâíåíèÿ (2.1) ìîæíî ïðåäñòàâèòü â âèäå

A(q)q̈ = {q̇′C(q)q̇}+Q+ U, (2.2)

ãäå {q̇′C(q)q̇} � íàáîð n êâàäðàòè÷íûõ ôîðì ñ ñîâîêóïíîñòüþ n ñèììåòðè÷íûõ ìàòðèö
C = (C(1), C(2), . . . , C(n))

′,

C(k) = (cij(k)), cij(k) =
1

2

(
∂aij
∂qk

− ∂ajk
∂qi

+
∂aik
∂qj

)
.

Ïóñòü X = {(q(0)(t)) : [t0,+∞) → Rn} åñòü çàäàííîå ìíîæåñòâî ïðîãðàììíûõ äâèæå-
íèé, îãðàíè÷åííûõ îáëàñòüþ

G0 = {(q, q̇, q̈) ∈ R3n : ∥q∥ ≤ g0 = const > 0, ∥q̇∥ ≤ g1 = const > 0,
∥q̈∥ ≤ g2 = const > 0} .

Ïóñòü (q(0), q̇(0)) ∈ X åñòü äâèæåíèå, îñóùåñòâëÿåìîå ïîñðåäñòâîì ïðîãðàììíîãî
óïðàâëåíèÿ U = U (0)(t) òàê, ÷òî âûïîëíåíî òîæäåñòâî

A(0)(t)q̈(0)(t)− ({(q̇(0)(t))′C(0)(t)q̇(0)(t)}+Q(0)(t) + U (0)(t)) ≡ 0, (2.3)

ãäå A(0)(t) = A(q(0)(t)), C(0)(t) = C(q(0)(t)), Q(0)(t) = Q(t, q(0)(t), q̇(0)(t)).
Ââåäåì: âîçìóùåíèå x = q − q(0)(t), óïðàâëÿþùåå âîçäåéñòâèå U (1) = U − U (0)(t).

Ñîãëàñíî (2.2), óðàâíåíèÿ âîçìóùåííîãî äâèæåíèÿ ìîãóò áûòü çàïèñàíû â âèäå

A(1)(t, x)ẍ = {ẋ′C(1)(t, x)ẋ}+Q(1)(t, x) +Q(2)(t, x, ẋ) + U (1), (2.4)
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ãäå A(1)(t, x) = A(q(0)(t) + x), C(1)(t, x) = C(q(0)(t) + x), Q(1)(t, x) =
(A(0)(t) − A(1)(t, x))q̈(0)(t) + {(q̇(0)(t))′(C(1)(t, x) − C(0)(t))q̇(0)(t)} + Q(t, q(0)(t) + x, q̇(0)(t)) −
Q(t, q(0)(t), q̇(0)(t)), Q(2)(t, x, ẋ) = Q(t, q(0)(t) + x, q̇(0)(t) + ẋ) − Q(t, q(0)(t) + x, q̇(0)(t)) +
{(q̇(0)(t))′C(1)(t, x)ẋ}+ {ẋ′C(1)(t, x)q̇(0)(t)} .

Çàìåòèâ, ÷òî Q(1)(t, 0) ≡ 0, Q(2)(t, x, 0) ≡ 0, äîïóñòèì, ÷òî â ñîîòâåòñòâèè ñ íàëîæåí-
íûìè ñâÿçÿìè è äåéñòâóþùèìè ñèëàìè èìåþò ìåñòî ñëåäóþùèå ïðåäñòàâëåíèÿ ñîîòâåò-
ñòâóþùèõ ñèë â (2.4)

Q(1)(t, x) = F (t, x)ẋ, {ẋ′C(1)(t, x)ẋ}+Q(2)(t, x, ẋ) = D(t, x, ẋ)ẋ. (2.5)

Ñëåäóÿ [6] è [7], ðàññìîòðèì çàäà÷ó î ñòàáèëèçàöèè íåâîçìóùåííîãî äâèæåíèÿ x =
= ẋ = 0 ñèñòåìû (2.4) óïðàâëÿþùèì âîçäåéñòâèåì âèäà

U (1)(t, x, ẋ) = −B(t)ẋ− P (t)x, (2.6)

ãäå B,P ∈ Rn×n åñòü ìàòðèöû êîýôôèöèåíòîâ óñèëåíèÿ â ñòðóêòóðå îáðàòíîé ñâÿçè,
ïîäëåæàùèå îïðåäåëåíèþ.

3. Ðåøåíèå çàäà÷è î ñòàáèëèçàöèè ñ íåïðåðûâíûì çàêîíîì óïðàâ-
ëåíèÿ

Ñëåäóÿ ïîäõîäó, ïðåäëîæåííîìó â ðàáîòàõ [6] è [7], óðàâíåíèÿ äâèæåíèÿ (2.4) çàïèøåì
â âèäå

A(1)(t, x)ẍ = F (t, x)x+D(t, x, ẋ)ẋ−B(t)ẋ− P (t)x. (3.1)

Ïîäáîð ìàòðèöû êîýôôèöèåíòîâ óñèëåíèÿ B è P ïðîâåäåì íà îñíîâå âåêòîðíîé
ôóíêöèè Ëÿïóíîâà

V = (V1, V2)
′, V1 = ∥x∥, V2 =

√
(ẋ+ Sx)′A(1)(t, x)(ẋ+ Sx), (3.2)

ãäå ìàòðèöà S ∈ Rn×n , S = const , ïîäëåæèò îïðåäåëåíèþ, ïðè ýòîì èñõîäíûå óðàâíåíèÿ
äëÿ íåå ïðèìåì

detS ̸= 0 x′(S ′ + S)x ≥ 2s0∥x∥2, s0 = const > 0. (3.3)

Ïóñòü â îáëàñòè R+ × G1 , G1 = {(x, ẋ) ∈ R2n : ∥x∥ ≤ ε, ∥ẋ∥ ≤ ε, ε > 0} èìåþò ìåñòî
ñëåäóþùèå ñîîòíîøåíèÿ

λ21∥ẋ∥2 ≤ ẋ′A(1)ẋ ≤ λ22∥ẋ∥2,

(ẋ+ Sx)′
(
1

2

dA(1)

dt
+D −B + A(1)S

)
(ẋ+ Sx) ≤ −µ1∥ẋ+ Sx∥2,

(ẋ+ Sx)′(F − P − (D −B + A(1)S)S)x ≤ µ2∥ẋ+ Sx∥∥x∥,

(3.4)

ãäå λ1, λ2, µ1, µ2 � ïîëîæèòåëüíûå ïîñòîÿííûå, óäîâëåòâîðÿþùèå íåðàâåíñòâó

s0λ
2
1µ1 − µ2λ

2
2 > 0 (3.5)

Ïðè ýòèõ ñîîòíîøåíèÿõ âåêòîð-ôóíêöèÿ V ÿâëÿåòñÿ îïðåäåëåííî ïîëîæèòåëüíîé, äî-
ïóñêàþùåé áåñêîíå÷íî ìàëûé âûñøèé ïðåäåë, äëÿ å¼ ïðîèçâîäíûõ â ñèëó (2.4) èìåþò
ìåñòî ñëåäóþùèå îöåíêè

2V1V̇1 = 2x′ẋ = 2x′(ẋ+ Sx− Sx) = −x′Sx+ 2x′(ẋ+ Sx) ≤
≤ −2s0∥x∥2 + 2∥x∥∥ẋ+ Sx∥ ≤ −2s0V

2
1 +

2

λ1
V1V2.
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2V2V̇2 = (ẋ+ Sx)′
dA(1)

dt
(ẋ+ Sx) + 2(ẋ+ Sx)′A(1)(ẍ+ Sẋ) =

= (ẋ+ Sx)′
dA(1)

dt
(ẋ+ Sx) + 2(ẋ+ Sx)′((D −B + A(1)S)ẋ+ (F − P )x) =

= (ẋ+ Sx)′
(
dA(1)

dt
+ 2(D −B + A(1)S)

)
(ẋ+ Sx)+

+2(ẋ+ Sx)′(F − P − (D −B + A(1)S)S)x ≤
≤ −2µ1∥ẋ+ Sx∥2 + 2µ2∥ẋ+ Sx∥∥x∥ ≤ −2

µ1

λ22
V 2
2 + 2µ2

1

λ1
V2V1.

Òàêèì îáðàçîì, ïðè íàëè÷èè ñîîòíîøåíèé (3.3) äëÿ âåêòîð-ôóíêöèè V èìååì ñëåäó-
þùóþ ñèñòåìó ñðàâíåíèÿ 

u̇1 = −s0u1 +
1

λ1
u2,

u̇2 =
µ2

λ1
u1 −

µ1

λ22
u2.

(3.6)

Íóëåâîå äâèæåíèå ñèñòåìû (3.6) â ñèëó íåðàâåíñòâà (3.5) ÿâëÿåòñÿ ðàâíîìåðíî àñèìï-
òîòè÷åñêè óñòîé÷èâûì, è äàæå ýêñïîíåíöèàëüíî. Ñëåäîâàòåëüíî, ïðè âûïîëíåíèè óñëîâèé
(3.3) � (3.5) óïðàâëÿþùåå âîçäåéñòâèå (2.6) ðåøàåò çàäà÷ó î ñòàáèëèçàöèè ïðîãðàììíîãî
äâèæåíèÿ (q0(t), q̇0(t)) .

Ïðè ýòîì çàìåòèì, ÷òî ôîðìà óïðàâëåíèÿ (2.6) è óñëîâèé (3.3) � (3.5) îáåñïå÷èâàåò
ðîáàñòíûé õàðàêòåð óïðàâëåíèÿ.

4. Ðåøåíèå çàäà÷è î ñòàáèëèçàöèè ñ äèñêðåòíûì çàêîíîì óïðàâ-
ëåíèÿ

Ïåðåéäåì ê çàäà÷å î ñòàáèëèçàöèè äâèæåíèÿ ẋ = x = 0 ñèñòåìû (2.4) óïðàâëÿþùèì
âîçäåéñòâèåì äèñêðåòíîãî òèïà

U1[t, x, ẋ] = −B(t)ẋ(t− Tn)− P (t)x(t− Tn),
ẋ(t− Tn) ≡ ẋ(Tn), x(t− Tn) ≡ x(Tn) Tn ≤ t ≤ Tn+1.

(4.1)

Óðàâíåíèÿ äâèæåíèÿ (2.4) ñ ó÷åòîì ñîîòíîøåíèé (2.5) áóäóò èìåòü ñëåäóþùèé âèä

A(1)(t, x)ẍ = F (t, x)ẍ+D(t, x, ẋ)ẋ−B(t)ẋ(t− Tn)− P (t)x(t− Tn). (4.2)

Ñ òî÷íîñòüþ äî T 2 ïðè t ∈ [Tn, Tn+1) ââåäåì ïðåäñòàâëåíèÿ

ẋ(t− Tn) = ẋ(t)− ẍ(t)(t− Tn), x(t− Tn) = x(t)− ẋ(t)(t− Tn).

Â ïåðâîì ïðåäñòàâëåíèè çàìåíèì ẍ çíà÷åíèåì

ẍ = A−1(t, x) (F (t, x)x+D(t, x, ẋ)ẋ−B(t)ẋ− P (t)x)∣∣∣∣∣∣ x = x(t)
ẋ = ẋ(t)

.

Ñ òî÷íîñòüþ äî T 2 íà êàæäîì èíòåðâàëå [Tn, Tn+1) äâèæåíèÿ ñèñòåìû ìîãóò áûòü
îïèñàíû óðàâíåíèÿìè

A(1)(t, x)ẍ = (D(t, x, ẋ) + (t− Tn)B(t)A−1(t, x)D(t, x, ẋ)−B(t)−
−(t− Tn)B(t)A−1(t, x)B(t) + (t− Tn)P (t))ẋ+
(F − P (t)) + (t− Tn)B(t)A−1(t, x)(F − P (t))x.

(4.3)
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Ïîëó÷åííûå óðàâíåíèÿ èìåþò ñòðóêòóðó, àíàëîãè÷íóþ ñòðóêòóðå ñèñòåìû óðàâ-
íåíèé (2.6). Óñòîé÷èâîñòü å¼ ïîëîæåíèÿ ẋ = x = 0 ìîæåò áûòü íàéäåíà ïîñðåäñòâîì
ôóíêöèè (3.1) â âèäå ñîîòíîøåíèé (2.6) è (3.3).

Ïðè ýòîì äëÿ äîñòàòî÷íî ìàëûõ T ìàòðèöû, âõîäÿùèå â (4.3) äîñòàòî÷íî ìàëî îòëè-
÷àþòñÿ îò ìàòðèö, âõîäÿùèõ â (2.6). Îòñþäà âîçíèêàåò ñëåäóþùèé ïîäõîä ê ïîñòðîåíèþ
óïðàâëÿþùåãî âîçäåéñòâèÿ (4.1).

Â êà÷åñòâå íà÷àëüíîé ìîäåëüíîé ñèñòåìû áåðåòñÿ ñèñòåìà (2.6). Äëÿ íåå ïðè ñîîòâåò-
ñòâóþùåì ïîäáîðå ìàòðèöû S íàõîäÿòñÿ, ñîãëàñíî óñëîâèÿì (3.3), êîýôôèöèåíòû óñèëå-
íèÿ óïðàâëÿþùåãî âîçäåéñòâèÿ (2.5). Óñèëåíèåì ýòèõ óñëîâèé âèäà µ1 = µ′

1+ε , µ2 = µ′
2+ε

äîñòèãàåòñÿ âûïîëíåíèå óñëîâèé àñèìïòîòè÷åñêîé óñòîé÷èâîñòè ïîëîæåíèÿ ẋ = x = 0 ñè-
ñòåìû (4.3) ïðè ìàëûõ T > 0 .

Ïðîàíàëèçèðóåì ïðîöåññ ñòàáèëèçàöèè çàäàííîãî ïðîãðàììíîãî äâèæåíèÿ ïðè ïîìî-
ùè èìïóëüñíîãî óïðàâëÿþùåãî âîçäåéñòâèÿ. Äëÿ ýòîãî ïðîâåäåì çàìåíó y = x , z = ẋ .

ẏ = z, ż =
(
A(1)

)−1
(F ż +Dz −Bż(t− Tn)− Px(t− Tn)).

Ïîëàãàÿ

ẏ =
y(Tn+1)− y(Tn)

T
=
y[n+ 1]− y[n]

T
,

ż =
z(Tn+1)− z(Tn)

T
=
z[n+ 1]− z[n]

T
.

ïîëó÷èì äèñêðåòíóþ ìîäåëü âèäà

y[n+ 1] = y[n] + Tz[n],
z[n+ 1] = z[n] + (A(1)[n])−1((D[n]−B[n])z[n] + (F [n]− P [n])y[n])T .

(4.4)

Èññëåäîâàíèå óñòîé÷èâîñòè ïîëîæåíèÿ ðàâíîâåñèÿ y = z = 0 ýòîé ñèñòåìû ìîæíî ïðî-
âåñòè íà îñíîâå âåêòîðíîé ôóíêöèè V = V (n) , àíàëîãè÷íîé ôóíêöèè (3.2) äëÿ ñèñòåìû
(3.1)

V = (V1, V2)
′, V1(n) = ∥y[n]∥,

V2(n) =
√
(z[n] + Sy[n])′A(1)[n](z[n] + Sy[n]).

ãäå ïîäëåæàùàÿ îïðåäåëåíèþ ìàòðèöà S = const óäîâëåòâîðÿåò óñëîâèþ (3.3).
Íàõîäèì ñ òî÷íîñòüþ äî T 2

V 2
1 (n+ 1) = ∥y[n+ 1]∥2 = (y[n] + Tz[n])′(y[n] + Tz[n]) =

= ((E − TS)y[n] + T (z[n] + Sy[n])′)((E − TS)y[n] + T (z[n] + Sy[n])) ≈
≈ y′[n](E − T (S + S ′))y[n] + 2Ty′[n](z[n] + Sy[n]) ≤
≤ (1− 2s0T )∥y[n]∥2 + 2T∥y[n]∥∥z[n] + Sy[n]∥ ≤
≤ (1− 2s0T )V

2
1 (n) + 2T

1

λ1
V1(n)V2(n).

Òàêæå èìååì

V 2
2 (n+ 1) = (z[n+ 1] + Sy[n+ 1])′A(1)[n+ 1](z[n+ 1] + Sy[n+ 1]) =

= (z[n+ 1] + Sy[n+ 1])′(A(1)[n+ 1]− A(1)[n])(z[n+ 1] + Sy[n+ 1])+
+(z[n+ 1] + Sy[n+ 1])′A(1)[n](z[n+ 1] + Sy[n+ 1]).
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Äëÿ âòîðîãî ñëàãàåìîãî â ýòîì ðàâåíñòâå ñ òî÷íîñòüþ äî T 2 ïîëó÷àåì îöåíêó

(z[n+ 1] + Sy[n+ 1])′A(1)[n](z[n+ 1] + Sy[n+ 1]) =
= (z[n] + Sy[n] + T (S + (A(1)[n])−1(D[n]−B[n]))(z[n] + Sy[n])+
+((A(1)[n])−1(F [n]− P [n])− (S + (A(1)[n])−1(D[n]−B[n]))S)y[n])′·
·A(1)[n](z[n] + Sy[n] + T (S + (A(1)[n])−1(D[n]−B[n]))−
−(S + (A(1)[n])−1(D[n]−B[n]))S)y[n]) ≈
≈ (z[n] + Sy[n])′(A(1)[n] + T (A(1)[n]S + (D[n]−B[n])))·
·(z[n] + Sy[n]) + 2T (z[n] + Sy[n])′(F [n]− P [n]−
−(A(1)[n]S +D[n]−B[n])S)y[n].

(4.5)

Âîñïîëüçóåìñÿ ñîîòíîøåíèåì A(1)[n+ 1]− A(1)[n] ≈ dA(1)

dt
[n]T .

Äîïóñòèì, ÷òî äëÿ ìàëûõ ∥z∥ è ∥y∥ âûïîëíåíû ñîîòíîøåíèÿ âèäà (3.4)

λ21∥z∥2 ≤ z′A(1)[n]z ≤ λ22∥z∥2

(z + Sy)′(
dA(1)

dt
[n] +D[n] +D′[n]−B[n]−B′[n]+

+A(1)[n]S + S ′A(1)[n])(z + Sy) ≤ −2µ1∥z + Sy∥2

(z + Sy)(F [n]− P [n]− (D[n]−B[n] + A(1)[n]S)S)y ≤ µ2∥z + Sy∥∥y∥.

Òîãäà äëÿ îöåíêè (4.5) ïîëó÷àåì ñëåäóþùåå íåðàâåíñòâî

V 2
2 (n+ 1) ≤ V 2

2 (n)−
2µ1T

λ22
V 2
2 (n) + 2µ2

T

λ1
V1(n)V2(n).

Òàêèì îáðàçîì, äëÿ âåêòîðíîé ôóíêöèè V èìååì ñëåäóþùóþ ñèñòåìó íåðàâåíñòâ V1(n+ 1) ≤ (1− 2s0T )V1(n) + 2TV2(n),

V2(n+ 1) ≤ 2Tµ2

λ1
V1(n) + (1− 2µ1T

λ22
V2(n)).

Ñîîòâåòñòâóþùàÿ ñèñòåìà ñðàâíåíèÿ u1(n+ 1) ≤ (1− 2s0T )u1(n) + 2Tu2(n),

u2(n+ 1) ≤ 2Tµ2

λ1
u1(n) + (1− 2µ1T

λ22
u2(n)),

áóäåò ýêñïîíåíöèàëüíî óñòîé÷èâà, åñëè âûïîëíåíî íåðàâåíñòâî

s0λ
2
1µ1 − µ2λ

2
2 > 0.

Òàêèì îáðàçîì, ïîëó÷èì, ÷òî ñ òî÷íîñòüþ äî T 2 óñëîâèÿ àñèìïòîòè÷åñêîé óñòîé÷è-
âîñòè ñèñòåìû (4.4), ïîëó÷åííîé èç ñèñòåìû (4.3) äèñêðåòèçàöèåé, ñîâïàäàþò ñ óñëîâèÿìè
óñòîé÷èâîñòè (3.4) ìîäåëüíîé ñèñòåìû (3.1).

Â êà÷åñòâå ïðèìåíåíèÿ òåîðåòè÷åñêèõ ðåçóëüòàòîâ ðàññìîòðèì çàäà÷ó ïîñòðîåíèÿ äèñ-
êðåòíîãî óïðàâëåíèÿ äâóõçâåííûì ìàíèïóëÿòîðîì íà ïîäâèæíîì îñíîâàíèè [8], ìîäåëü
êîòîðîãî ïðåäñòàâëåíà íà ðèñóíêå 4.1.
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Ð è ñ ó í î ê 4.1

Äâóçâåííûé ìàíèïóëÿòîð íà ïîäâèæíîì îñíîâàíèè

Â ðàññìàòðèâàåìîé íàìè ìîäåëè ïåðâîå çâåíî ñâÿçàíî ñ ïîäâèæíûì îñíîâàíèåì ïðè
ïîìîùè øàðíèðà. Ãðóç ïåðåìåùàåòñÿ ìàíèïóëÿòîðîì ïðè ïîìîùè ñõâàòà, óêðåïëåííîãî
íà êîíöå âòîðîãî çâåíà. Çâåíüÿ ìàíèïóëÿòîðà ñâÿçûâàþòñÿ øàðíèðîì, à îñè øàðíèðîâ ïà-
ðàëëåëüíû äðóã äðóãó. Áóäåì ïîëàãàòü, ÷òî çâåíüÿ ìàíèïóëÿòîðà åñòü îäíîðîäíûå ñòåðæ-
íè, à ëèíåéíûå ðàçìåðû ñõâàòà è ãðóçà ìíîãî ìåíüøå, ÷åì äëèíû çâåíüåâ ìàíèïóëÿòîðà,
ñëåäîâàòåëüíî, ïåðåìåùàåìûé ãðóç è ñõâàò ïðèìåì çà ìàòåðèàëüíóþ òî÷êó.

Èññëåäóÿ òðàíñïîðòíûå äâèæåíèÿ ìàíèïóëÿòîðà, áóäåì ñ÷èòàòü, ÷òî ìàíèïóëÿòîð ñî-
âåðøàåò äåéñòâèÿ â ãîðèçîíòàëüíîé ïëîñêîñòè èëè â íåâåñîìîñòè, ò.å. â îòñóòñòâèè ñèëû
òÿæåñòè, ïðè÷åì îñíîâàíèå äâèæåòñÿ ïîñòóïàòåëüíî.

Ïóñòü ïîëîæåíèå öåíòðà ìàññ îñíîâàíèÿ â èíåðöèàëüíîé ñèñòåìå êîîðäèíàò îïèñûâà-
åòñÿ ôóíêöèÿìè x1(t) è x2(t) . Â êà÷åñòâå îáîáùåííûõ êîîðäèíàò ñèñòåìû q1 , q2 âûáåðåì
øàðíèðíûå óãëû çâåíüåâ, îáðàçóåìûå ñ îñüþ Ox2 .

Óïðàâëåíèå ìàíèïóëÿòîðîì ïðîèñõîäèò ïðè ïîìîùè äâóõ íåçàâèñèìûõ ïðèâîäîâ D1 ,
D2 , êîòîðûå íàõîäÿòñÿ â øàðíèðàõ. Ãëàâíûå ìîìåíòû ñèë îòíîñèòåëüíî îñåé øàðíèðîâ,
ñîçäàâàåìûå ïðèâîäàìè D1 , D2 è ïðèëîæåííûå ê çâåíüÿì, ñîîòâåòñòâåííî ðàâíû U1 ,
U2 . Äåéñòâèå äðóãèõ ñèë, çà èñêëþ÷åíèåì ðåàêöèè îñíîâàíèÿ, ó÷èòûâàòü íå áóäåì.

Ââåäåì ñëåäóþùèå îáîçíà÷åíèÿ: m0 � ìàññà ïëàòôîðìû, m1 , m2 � ìàññû çâåíüåâ,
l1 , l2 � äëèíû çâåíüåâ, m3 � ìàññà ãðóçà.

Êèíåòè÷åñêàÿ ýíåðãèÿ ñèñòåìû ðàâíà

T =
1

2

(
a011q̇

2
1 + 2a12q̇1q̇2 + a022q̇

2
2

)
+ b1q̇1 + b2q̇2 +

1

2
M(ẋ21 + ẋ22),

ãäå a011 =
(
m1

3
+m2 +m3

)
l21 , a12 = a012cos(q1−q2) , a012 =

(
m2

2
+m3

)
l1l2 , a

0
22 =

(
m2

3
+m3

)
l22 ,

M = m0 +m1 +m2 +m3 , b1 = b01(ẋ2(t)cos(q1)− ẋ1(t)sin(q1)) , b21 =
(
m1

2
+m2 +m3

)
l1 , b2 =

b02(ẋ2(t)cos(q2)− ẋ1(t)sin(q2)) , b
2
2 =

(
m2

2
+m3

)
l2 .

Óðàâíåíèÿ äâèæåíèÿ ïîä äåéñòâèåì óïðàâëÿþùèõ ìîìåíòîâ, îòíåñåííûõ ê q1 è q2 ,
áóäóò èìåòü ñëåäóþùèé ìàòðè÷íûé âèä

A(q)q̈ + C(q, q̇) +W (t, q) = U, U ′ = (U1, U2), (4.6)
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A =

(
a011 a012cos(q1 − q2)

a012cos(q1 − q2) a022

)
, C(q) =

(
0 a012sin(q1 − q2)q̇2

−a012sin(q1 − q2)q̇1 0

)
,

W (t, q) =

(
−b01(ẍ1(t)sin(q1)− ẍ2(t)cos(q1))
−b02(ẍ1(t)sin(q2)− ẍ2(t)cos(q2))

)
.

Ïóñòü q0(t) = (q01(t), q
0
2(t)) � ïðîãðàììíîå äâèæåíèå, ñîçäàâàåìîå óïðàâëÿþùèì ìî-

ìåíòîì
U0(t) = A(q0(t))q̈0(t) + C(q0(t), q̇0(t))q̇0(t) +W (t, q0(t)).

Ïîëîæèì x = q − q0(t) , U = U0(t) + U1 , ãäå x � âîçìóùåíèå, U1 � óïðàâëÿþùåå
âîçäåéñòâèå, ñîçäàâàåìîå îáðàòíîé ñâÿçüþ.

Óðàâíåíèÿ âîçìóùåííîãî äâèæåíèÿ â ëèíåéíîì ïðèáëèæåíèè áóäóò èìåòü ñëåäóþùèé
âèä

A0(t)ẍ = D0(t)ẋ+ F 0(t)x+ U1, A0(t) = A(q0(t)), D(t) = −2C(q0(t), q̇0(t)),

ãäå

F 0(t) =

(
f11 f12
f21 f22

)
,

f11 = a012(q̈
0
2(t)sin(q

0
1(t) − q02(t)) − (q̇02(t))

2cos(q01(t) − q02(t))) + b10(ẍ1(t)cos(q
0
1(t)) +

ẍ2(t)sin(q
0
1(t))) , f12 = −a012(q̈02(t)sin(q01(t) − q02(t)) − (q̇02(t))

2cos(q01(t) − q02(t))) , f21 =
a012(q̈

0
1(t)sin(q

0
1(t) − q02(t)) + (q̇01(t))

2cos(q01(t) − q02(t))) , f22 = −a012(q̈01(t)sin(q01(t) − q02(t)) −
(q̇01(t))

2cos(q01(t)− q02(t))) + b10(ẍ1(t)cos(q
0
2(t)) + ẍ2(t)sin(q

0
1(t))) .

Â ñîîòâåòñòâèè ñ óñëîâèÿìè (3.4) ìîæåò áûòü íàéäåíî óïðàâëÿþùåå âîçäåéñòâèå âèäà
(3.2), ñòàáèëèçèðóþùåå ïîëîæåíèå x1 = x2 = 0 ñèñòåìû (4.6).

Äâèæåíèå (q01(t), q
0
2(t)) ìîæåò áûòü òàêæå ñòàáèëèçèðóåìî ñîîòâåòñòâóþùèì óïðàâëå-

íèåì âèäà (4.1).
Ïðåäïîëîæèì, ÷òî äâèæåíèå îñíîâàíèÿ ìàíèïóëÿòîðà ìîæåò áûòü îïèñàíî ñëåäóþùèì

çàêîíîì:
x1(t) = cos(2t) ì, x2(t) = sin(2t) ì.

Ïðîãðàììíîå äâèæåíèå ìàíèïóëÿòîðà çàäàäèì êàê:

q01(t) = 1, 1 sin(1, 2t+ 1) ðàä, q̇01(t) = 1, 32 cos(1, 2t+ 1) ðàä/c,
q02(t) = 1, 3 sin(1, 6t+ 1, 9) ðàä, q̇02(t) = 2, 08 sin(1, 6t+ 1, 9) ðàä/c,

ñ íà÷àëüíûìè îòêëîíåíèÿìè:

q1(0) = 0 ðàä, q2(0) = 0.5 ðàä, q̇1(0) = 0 ðàä/c, q̇2(0) = 0 ðàä/c.

Çàäàâ ñëåäóþùèå ïàðàìåòðû ñèñòåìû

m1 = 20 êã, m2 = 10 êã, m3 = 5 êã, l1 = 0.8 ì, l2 = 0.5 ì,

ïîëó÷èì çíà÷åíèÿ ïàðàìåòðîâ óïðàâëåíèÿ äëÿ òàêîãî äâèæåíèÿ

k1 = 319.407, k2 = 114.987, k01 = 170, 478, k02 = 61, 372,

ãäå k01 , k
0
2 � çíà÷åíèÿ ïàðàìåòðîâ óïðàâëåíèÿ, íàéäåííûå ïðè íóëåâîì îòêëîíåíèè. ×èñëà

k01 , k
0
2 èìåþò ñìûñë íèæíèõ ãðàíåé ïàðàìåòðîâ k1 , k2 , ò.å. ïàðàìåòðû k1 , k2 ìîæíî

ïðåäñòàâèò â âèäå k1 = k01 + η1 , k2 = k02 + η2 , ãäå η1 , η2 � ïîëîæèòåëüíûå ïîñòîÿííûå,
çàâèñÿùèå îò âûáîðà íà÷àëüíûõ îòêëîíåíèé.
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Ðåçóëüòàòû ÷èñëåííîãî ìîäåëèðîâàíèÿ ïîâåäåíèÿ ñèñòåìû ïðåäñòàâëåíû íà ðèñóíêàõ
4.2, 4.3. Ïðè ïðîâåäåíèè ìîäåëèðîâàíèÿ øàã äèñêðåòèçàöèè ∆c äëÿ ñèñòåìû âûáðàí ðàâ-
íûì øàãó äèñêðåòèçàöèè ∆y óïðàâëåíèÿ (∆c = ∆y = 0.01 ). Íåïðåðûâíàÿ êðèâàÿ � ñòàáè-
ëèçèðóåìàÿ êîìïîíåíòà, øòðèõîâàÿ êðèâàÿ � ñîîòâåòñòâóþùàÿ êîìïîíåíòà ïðîãðàììíîãî
äâèæåíèÿ. Âðåìÿ ìîäåëèðîâàíèÿ tmax = 5 .

Ð è ñ ó í î ê 4.2

Ãðàôèê çàâèñèìîñòè óãëîâîé êîîðäèíàòû ïåðâîãî çâåíà îò âðåìåíè.

Ð è ñ ó í î ê 4.3

Ãðàôèê çàâèñèìîñòè óãëîâîé êîîðäèíàòû âòîðîãî çâåíà îò âðåìåíè.

Ðåçóëüòàòû, ïîëó÷åííûå â ðàáîòå ÿâëÿþòñÿ äîïîëíåíèåì ðåçóëüòàòîâ [9] è [10].
Ðàáîòà âûïîëíåíà ïðè ôèíàíñîâîé ïîääåðæêå ÐÔÔÈ (ïðîåêò � 15-01-08482).

Äàòà ïîñòóïëåíèÿ 01.11.2016
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On Modeling the controlled mechanical systems with

digital controllers

c⃝ A. S. Andreev3, E.A. Kudashova4

Abstract. Synthesis of discrete-time control which solves the problem of stabilization of holonomic
mechanical systems' program motion is considered. Such systems are described by Lagrange
equations of the second kind. Digital control signals are used in computer-containing control
systems for continuous processes. Development of models for such controlled processes leads to
investigation of continuous-discrete systems with state described by a continuous function and
discrete control functions. This paper proposes an approach for constructing of controller taking
into account non-linearity of the system and non-stationarity of program motion. By means
of Lyapunov vector function and the comparison system su�cient conditions of given program
motion's stabilization are obtained. A feature of the article is in solving of the problem by use
of Lyapunov vector function with components that explicitly depend on time, and are nonlinear
with respect to the generalized coordinates. It allows to solve the stabilization problem in general
having the possibility to select the most suitable control parameters for each particular system.

Key Words: stabilization, control, discrete-time control, synthesis of control for mechanical
systems, Lyapunov vector-function, comparison systems, nonstationary nonlinear dynamical
systems
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