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Ïðèêëàäíàÿ ìàòåìàòèêà è ìåõàíèêà

ÓÄÊ 533.72

Ìàòåìàòè÷åñêîå ìîäåëèðîâàíèå ïðîöåññà ïåðåíîñà

òåïëà â ïðÿìîóãîëüíîì êàíàëå â çàâèñèìîñòè îò ÷èñëà

Êíóäñåíà

c⃝ Î. Â. Ãåðìèäåð 1, Â. Í. Ïîïîâ 2

Àííîòàöèÿ. Â ðàìêàõ êèíåòè÷åñêîãî ïîäõîäà íàéäåíî ðåøåíèå çàäà÷è î òåïëîïåðåíîñå â
äëèííîì êàíàëå ïðÿìîóãîëüíîãî ñå÷åíèÿ. Â êàíàëå ïîääåðæèâàåòñÿ ïîñòîÿííûé ãðàäèåíò
òåìïåðàòóðû, íàïðàâëåííûé âäîëü îñè ñèììåòðèè êàíàëà. Â êà÷åñòâå îñíîâíîãî óðàâíåíèÿ,
îïèñûâàþùåãî êèíåòèêó ïðîöåññà, èñïîëüçîâàíî êèíåòè÷åñêîå óðàâíåíèå Âèëüÿìñà, à â êà-
÷åñòâå ãðàíè÷íîãî óñëîâèÿ íà ñòåíêàõ êàíàëà - ìîäåëü äèôôóçíîãî îòðàæåíèÿ. Îòêëîíåíèå
ñîñòîÿíèÿ ãàçà îò ðàâíîâåñíîãî ïîëàãàåòñÿ ìàëûì. Ýòî ïîçâîëèëî ðàññìîòðåòü ðåøåíèå çà-
äà÷è â ëèíåàðèçîâàííîì âèäå. Ïîñòðîåí ïðîôèëü âåêòîðà ïîòîêà òåïëà â êàíàëå, à òàêæå
âû÷èñëåí ïîòîê òåïëà ÷åðåç ïîïåðå÷íîå ñå÷åíèå êàíàëà â çàâèñèìîñòè îò îòíîøåíèÿ ñòîðîí
ïðÿìîóãîëüíîãî ñå÷åíèÿ è çíà÷åíèé ÷èñëà Êíóäñåíà. Ïðîâåäåí àíàëèç ïîëó÷åííûõ âûðàæå-
íèé ïðè ïåðåõîäå ê ñâîáîäíîìîëåêóëÿðíîìó è ãèäðîäèíàìè÷åñêîìó ðåæèìàì.

Êëþ÷åâûå ñëîâà: êèíåòè÷åñêîå óðàâíåíèå Áîëüöìàíà, óðàâíåíèå Âèëüÿìñà, ìîäåëü äèô-
ôóçíîãî îòðàæåíèÿ, àíàëèòè÷åñêèå ðåøåíèÿ, ÷èñëî Êíóäñåíà

1. Ââåäåíèå

Èññëåäîâàíèå òå÷åíèé â ìèêðîêàíàëàõ èìååò áîëüøîå çíà÷åíèå äëÿ ïðèìåíåíèÿ íî-
âûõ òåõíîëîãèé [1]. Ïðåäìåòîì èçó÷åíèÿ äèíàìèêè ðàçðåæåííîãî ãàçà ÿâëÿþòñÿ, ãëàâíûì
îáðàçîì, ïðîöåññû òåïëî-ìàññîîáìåíà è äâèæåíèÿ ãàçîâ ïðè çíà÷èòåëüíûõ ñòåïåíÿõ ðàç-
ðåæåíèÿ [2]. Â ñèëó ðàçâèòèÿ íàíîòåõíîëîãèé â ïîñëåäíèå âðåìÿ îñîáîå âíèìàíèå ïðè-
âëåêàþò èññëåäîâàíèÿ òå÷åíèé ðàçðåæåííîãî ãàçà â êàíàëàõ ïðîèçâîëüíîãî ïîïåðå÷íîãî
ñå÷åíèÿ. Òàê â [3], [4], [5] ðàññìàòðèâàëîñü òå÷åíèå ðàçðåæåííîãî ãàçà â ïðÿìîóãîëüíîì
êàíàëå, â [6] � â êàíàëå òðåóãîëüíîãî ñå÷åíèÿ, â [7]-[10] � â öèëèíäðè÷åñêîì êàíàëå, â [11]
� ìåæäó äâóìÿ êîíöåíòðè÷åñêèìè öèëèíäðàìè, â [12] � â êàíàëå ýëëèïòè÷åñêîãî ñå÷åíèÿ.
Â [5] è [10] ïîëó÷åíû ïðîôèëü âåêòîðà ïîòîêà òåïëà è ïîòîê òåïëà ñ ïîìîùüþ óðàâíåíèÿ
Âèëüÿìñà ïðè ïîñòîÿííîì ãðàäèåíòå òåìïåðàòóðû, íî ÿâíîé çàâèñèìîñòè ïîñòðîåííîãî
ðåøåíèÿ óðàâíåíèÿ Âèëüÿìñà îò ÷èñëà Êíóäñåíà íå ïðèâåäåíî. Â [4] ïîñòðîåíû ïðîôè-
ëè ìàññîâîé ñêîðîñòè è ïîòîêà òåëà â ñâîáîäíîìîëåêóëÿðíîì ðåæèìå. Â [3], [6]-[9], [11],
[12] äëÿ îïèñàíèÿ ïðîöåññîâ ïåðåíîñà èñïîëüçîâàëèñü óðàâíåíèÿ ñ ïîñòîÿííîé ÷àñòîòîé
ñòîëêíîâåíèé. Â òî âðåìÿ êàê áîëåå ðåàëèñòè÷íûì ÿâëÿåòñÿ ïðåäïîëîæåíèå î ïîñòîÿíñòâå
äëèíû ñâîáîäíîãî ïðîáåãà ìîëåêóë ãàçà, ïî êðàéíåé ìåðå, äëÿ ìîëåêóë, âçàèìîäåéñòâèå
êîòîðûõ ìåæäó ñîáîé ìîæíî àïïðîêñèìèðîâàòü ìîäåëüþ òâåðäûõ ñôåð. Ýòî ïðåäïîëîæå-
íèå ýêâèâàëåíòíî òîìó, ÷òî ÷àñòîòà ñòîëêíîâåíèé ìîëåêóë äîëæíà áûòü ïðîïîðöèîíàëüíà
àáñîëþòíîé âåëè÷èíå èõ òåïëîâîé ñêîðîñòè [13], [14]. Ïîñëåäíåå ïðåäïîëîæåíèå ïðèâîäèò
ê ñëåäóþùåé êîððåêöèè ÁÃÊ (Áõàòíàãàð, Ãðîññ, Êðóê) ìîäåëè êèíåòè÷åñêîãî óðàâíåíèÿ
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Áîëüöìàíà [13]
df

dt
+ v∇f =

ω

γlg
(f∗ − f).

Çäåñü ω = |v − u(r′)| , v � ñêîðîñòü ìîëåêóë ãàçà, u(r′) � ìàññîâàÿ ñêîðîñòü ãàçà,
r′ � ðàçìåðíûé ðàäèóñ-âåêòîð, lg � ñðåäíÿÿ äëèíà ñâîáîäíîãî ïðîáåãà ìîëåêóë ãàçà,
β = m/(2kBT0) , γ = 5/2 , m � ìàññà ìîëåêóëû ãàçà, kB � ïîñòîÿííàÿ Áîëüöìàíà, T0
� òåìïåðàòóðà ãàçà â íåêîòîðîé òî÷êå, ïðèíÿòîé â êà÷åñòâå íà÷àëà êîîðäèíàò,

f∗ = n∗

(
m

2πkBT∗

)3/2

exp

(
− m

2kBT∗
(v − u∗)

2

)
.

Âñå îñíîâíûå ñâîéñòâà èíòåãðàëà ñòîëêíîâåíèé Áîëüöìàíà ïðè òàêîé êîððåêöèè ñî-
õðàíÿþòñÿ, îäíàêî âåëè÷èíû n∗ , T∗ è u∗ , âõîäÿùèå â f∗ , óæå íå ëîêàëüíûå ïëîòíîñòü,
òåìïåðàòóðà è ñêîðîñòü, à íåêîòîðûå ïàðàìåòðû, êîòîðûå âûáèðàþòñÿ èç óñëîâèÿ, ÷òî
ìîäåëüíûé èíòåãðàë ñòîëêíîâåíèé óäîâëåòâîðÿåò çàêîíàì ñîõðàíåíèÿ ÷èñëà ÷àñòèö, èì-
ïóëüñà è ýíåðãèè [13]. Ïîëó÷åííîå â ðåçóëüòàòå òàêîé êîððåêöèè ìîäåëüíîå óðàâíåíèå
íàçûâàåòñÿ ÁÃÊ ìîäåëüþ êèíåòè÷åñêîãî óðàâíåíèÿ Áîëüöìàíà ñ ÷àñòîòîé ñòîëêíîâåíèé,
çàâèñÿùåé îò ñêîðîñòè, èëè ìîäåëüíûì óðàâíåíèåì Âèëüÿìñà. Ïîëó÷åííûå â [3], [6], [8],
[11], [12] ðåçóëüòàòû îòíîñÿòñÿ ê çàäà÷àì, ñâÿçàííûì ñ ïåðåíîñîì ìàññû ãàçà â êàíàëàõ
ïðè íàëè÷èè ïàðàëëåëüíîãî ñòåíêàì êàíàëà ãðàäèåíòà äàâëåíèÿ. Öåëüþ ïðåäñòàâëåííîé
ðàáîòû ÿâëÿåòñÿ âû÷èñëåíèå ïîòîêà òåïëà ðàçðåæåííîãî ãàçà ïîä äåéñòâèåì ïðîäîëüíîãî
ãðàäèåíòà òåìïåðàòóðû â êàíàëå ïðÿìîóãîëüíîãî ñå÷åíèÿ â çàâèñèìîñòè îò çíà÷åíèé ÷èñ-
ëà Êíóäñåíà. Â êà÷åñòâå îñíîâíîãî óðàâíåíèÿ, îïèñûâàþùåãî êèíåòèêó ïðîöåññà, â ðàáîòå
èñïîëüçîâàíî óðàâíåíèå Âèëüÿìñà, à â êà÷åñòâå ãðàíè÷íîãî óñëîâèÿ - ìîäåëü äèôôóçíîãî
îòðàæåíèÿ.

2. Ïîñòàíîâêà çàäà÷è. Âûâîä îñíîâíûõ óðàâíåíèé

Ðàññìîòðèì ïðÿìîóãîëüíûé êàíàë ñî ñòîðîíàìè ñå÷åíèÿ a′ è b′ , ñòåíêè êîòîðîãî
ðàñïîëîæåíû â ïëîñêîñòÿõ x′ = ±a′/2 è y′ = ±b′/2 . Ïðåäïîëîæèì, ÷òî â êàíàëå ïîääåð-
æèâàåòñÿ ïîñòîÿííûé ãðàäèåíò òåìïåðàòóðû, íàïðàâëåííûé âäîëü îñè ñèììåòðèè êàíàëà
z′ . Êèíåòè÷åñêîå óðàâíåíèå Âèëüÿìñà â âûáðàííîé ñèñòåìå êîîðäèíàò çàïèøåì â âèäå

υx
∂f

∂x′
+ υy

∂f

∂y′
+ υz

∂f

∂z′
=

ω

γlg
(f∗ − f). (2.1)

Â êà÷åñòâå ãðàíè÷íîãî óñëîâèÿ íà ñòåíêàõ êàíàëà áóäåì èñïîëüçîâàòü ìîäåëü äèôôóç-
íîãî îòðàæåíèÿ ìîëåêóë ãàçà ñòåíêàìè êàíàëà. Â ýòîì ñëó÷àå [15]:

f+(r′s,v) = fs(r
′,v), vn > 0, (2.2)

ãäå f+(r′s,v) � ôóíêöèÿ ðàñïðåäåëåíèÿ ìîëåêóë ãàçà, îòðàæåííûõ îò ñòåíîê êàíàëà,
fs(r

′,v) � ëîêàëüíî-ðàâíîâåñíàÿ ôóíêöèÿ ðàñïðåäåëåíèÿ ñ ïàðàìåòðàìè, çàäàííûìè íà
ñòåíêàõ, n � âåêòîð íîðìàëè ê ñòåíêå êàíàëà, íàïðàâëåííûé â ñòîðîíó ãàçà,

fs(r
′,v) = n(z)

(
m

2πkBT0

)3/2

exp

(
− m

2kBT0
v2

)
. (2.3)

Áóäåì ïîëàãàòü èçìåíåíèå äàâëåíèÿ íà äëèíå ñâîáîäíîãî ïðîáåãà ìîëåêóë ãàçà ìà-
ëûì. Â ýòîì ñëó÷àå ðåøåíèå çàäà÷è ìîæíî ïîëó÷èòü â ëèíåàðèçîâàííîì âèäå, ïðåäñòàâèâ
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ôóíêöèè f è f∗ â âèäå

f(r′,v) = f0(C)(1 + h(r,C)), (2.4)

f∗(r
′,v) = f0(C)(1 + h∗(r,C)), (2.5)

h∗(r,C) =
δn∗

n0

+ 2CU∗ +

(
C2 − 3

2

)
δT∗
T0

. (2.6)

Çäåñü f0(C) = n0(β/π)
3/2 exp (−C2) � àáñîëþòíûé ìàñâåëëèàí, C = β1/2v � áåçðàç-

ìåðíàÿ ñêîðîñòü ìîëåêóë ãàçà, n0 � êîíöåíòðàöèÿ ìîëåêóë ãàçà â íà÷àëå êîîðäèíàò, r =
= r′/b′ � áåçðàçìåðíûé ðàäèóñ-âåêòîð, à âåëè÷èíû n∗ , T∗ è u∗ , âõîäÿùèå â (2.6), íàõîäèì
èç ñîîòíîøåíèé [15]: ∫

ωMjf∗d
3v =

∫
ωMjfd

3v, j = 0, 1, . . . , 4, (2.7)

M0 = 1 , Mi = mvi ( i = 1, 2, 3 ), M4 = mυ2/2 .
Ïîäñòàâëÿÿ (2.4)-(2.6) â óðàâíåíèå (2.1), äëÿ îïðåäåëåíèÿ ôóíêöèè h(r,C) ïîëó÷àåì

óðàâíåíèå â áåçðàçìåðíûõ êîîðäèíàòàõ:(
Cx
∂h

∂x
+ Cy

∂h

∂y
+ Cz

∂h

∂z

)
γKn+ Ch(r,C) = Ch∗(r,C), (2.8)

ãäå Kn = lg/b
′ � ÷èñëî Êíóäñåíà. Ïîäñòàâëÿÿ (2.4)-(2.6) â (2.7), íàõîäèì

δn∗

n0

=
3

4π

∫
C exp(−C2)hd3C− 1

8π

∫
C3 exp(−C2)hd3C,

δT∗
T0

=
1

2π

∫
C exp(−C2)hd3C− 1

4π

∫
C3 exp(−C2)hd3C,

U∗ =
3

8π

∫
CC exp(−C2)hd3C.

Ñ ó÷åòîì ñêàçàííîãî, óðàâíåíèå (2.8) ïåðåïèøåì â âèäå(
Cx
∂h

∂x
+ Cy

∂h

∂y
+ Cz

∂h

∂z

)
γKn+ Ch(r,C) =

C

2π

∫
C ′ exp(−C ′2)k(C,C′)h(r,C′)d3C′, (2.9)

ãäå k(C,C′) = 1 + 3CC′/2 + (C2 − 2) (C ′2 − 2) /2 .
Ðåøåíèå óðàâíåíèÿ (2.9) èùåì â âèäå ðàçëîæåíèÿ ïî èíâàðèàíòàì ñòîëêíîâåíèé h0 =

= 1 , h1 = Cx , h2 = Cy , h3 = Cz , h4 = C2 − 3/2 . Ïðèíèìàÿ âî âíèìàíèå, ÷òî îñü z
íàïðàâëåíà âäîëü ãðàäèåíòà òåìïåðàòóðû, ìîæåì çàïèñàòü

h(r,C) = Gnz + ACz +GT z

(
C2 − 3

2

)
+ φ(C). (2.10)

Çäåñü Gn è GT � áåçðàçìåðíûå ãðàäèåíòû êîíöåíòðàöèè ìîëåêóë ãàçà è òåìïåðàòóðû:

Gn =
b′

n0

dn

dz′
, GT =

b′

T0

dT

dz′
.

Ó÷òåì, ÷òî â ëèíåéíîì ïðèáëèæåíèè T (z) = T0(1 + GT z) è n(z) = n0(1 + Gnz) .
Òîãäà èç ðàâåíñòâà p(z) = n(z)kBT (z) â ïðåäïîëîæåíèè ïîñòîÿíñòâà äàâëåíèÿ, ïîëó÷àåì

G
(T )
n = −GT . Ñëåäîâàòåëüíî, âûðàæåíèå (2.10) ïåðåïèøåì â âèäå

h(r,C) = ACz +GT z

(
C2 − 5

2

)
+ φ(C). (2.11)
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Ïîäñòàâëÿÿ (2.11) â (2.9), ïðèõîäèì ê óðàâíåíèþ îòíîñèòåëüíî φ(C) :

CzGT

(
C2 − 5

2

)
γKn+ Cφ(C) =

C

2π

∫
C ′ exp(−C ′2)k(C,C′)φ(C′)d3C′. (2.12)

Íåïîñðåäñòâåííîé ïîäñòàíîâêîé ìîæíî óáåäèòüñÿ, ÷òî ðåøåíèå óðàâíåíèÿ (2.12) èìååò
âèä:

φ(C) = −γKn
(
C2 − 5

2

)
GT

Cz

C
. (2.13)

Òîãäà, èñõîäÿ èç ñòàòèñòè÷åñêîãî ñìûñëà ôóíêöèè ðàñïðåäåëåíèÿ, è òîãî ôàêòà, ÷òî
âåêòîð ìàññîâîé ñêîðîñòè ãàçà èìååò òîëüêî îäíó íåíóëåâóþ z -êîìïîíåíòó U0 [15]:

U0 = π−3/2

∫
exp

(
−C2

)
Czh(r,C)d3C =

GT

3
√
π
+
A

2
,

íàõîäèì A = 2U0 − 2GT/(3
√
π) . Òàêèì îáðàçîì, âûðàæåíèå (2.11) ïðèìåò âèä:

h(r,C) = 2U0Cz +GT

((
z − γKn

Cz

C

)(
C2 − 5

2

)
− 2Gz

3
√
π

)
. (2.14)

Ñîîòíîøåíèÿ (2.4) è (2.14) îïðåäåëÿþò â ëèíåéíîì ïðèáëèæåíèè ðåøåíèå óðàâíåíèÿ
(2.1). Îäíàêî ýòî ðåøåíèå íå óäîâëåòâîðÿåò ãðàíè÷íîìó óñëîâèþ (2.2), òàê êàê â ëèíåéíîì
ïðèáëèæåíèè ôóíêöèÿ fs(r

′,v) , îïðåäåëÿåìàÿ âûðàæåíèåì (2.3), èìååò âèä:

fs(r
′,v) = f0(C)

(
1 +GT

(
C2 − 5/2

)
z
)
. (2.15)

Äëÿ òîãî, ÷òîáû óñëîâèå (2.2) âûïîëíÿëîñü, ðåøåíèå óðàâíåíèÿ (2.1) èùåì â âèäå

f(r′,v) = f0(C) (1 + h(r,C) + CzZ0(x, y, Cx, Cy)) . (2.16)

Ïîäñòàâëÿÿ (2.16) â (2.9), ñ ó÷åòîì (2.15) äëÿ íàõîæäåíèÿ Z0(x, y, Cx, Cy) ïðèõîäèì ê
óðàâíåíèþ(

Cx
∂Z0

∂x
+ Cy

∂Z0

∂y

)
γKn+ CZ0(x, y, Cx, Cy) =

=
C

2π

∫
C ′ exp(−C ′2)C ′

zZ0(x, y, C
′
x, C

′
y)k(C,C

′)d3C′, (2.17)

ñ ãðàíè÷íûì óñëîâèåì

Z0(x, y, Cx, Cy)|s = −2U0 +GTγKn

(
C − 5

2C

)
+

2GT

3
√
π
, Cn > 0. (2.18)

Ïðèíèìàÿ âî âíèìàíèå âèä ãðàíè÷íîãî óñëîâèÿ (2.18), äëÿ íàõîæäåíèÿ ðåøåíèÿ óðàâ-
íåíèÿ (2.17) îáðàçóåì íà ìíîæåñòâå ôóíêöèé, çàâèñÿùèõ îò ìîäóëÿ ìîëåêóëÿðíîé ñêîðî-
ñòè, ñêàëÿðíîå ïðîèçâåäåíèå âåñîì g(C) = C5 exp(−C2) :

(f1, f2) =

+∞∫
0

g(C)f1(C)f2(C)dC.

Ôóíêöèþ Z0(x, y, Cx, Cy) ðàñêëàäûâàåì ïî îðòîãîíàëüíûì ôóíêöèÿì e1 = 1 , e2 =
C − 5/(2C) (îðòîãîíàëüíîñòü ïîíèìàåòñÿ çäåñü êàê ðàâåíñòâî íóëþ çàïèñàííîãî âûøå èí-
òåãðàëà):

Z0(x, y, Cx, Cy) = Z1(x, y, φ, θ) +GTγKn(C − 5/(2C))Z2(x, y, φ, θ). (2.19)
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Ïðè çàïèñè (2.19) ïåðåøëè â ïðîñòðàíñòâå ñêîðîñòåé ê ñôåðè÷åñêîé ñèñòåìå êîîðäèíàò
Cx = C cosφ sin θ , Cy = C sinφ sin θ , Cz = C cos θ , ãäå óãëû φ è θ îòñ÷èòûâàþòñÿ îò
ïîëîæèòåëüíûõ íàïðàâëåíèé îñåé Cx è Cz , ñîîòâåòñòâåííî. Ïîäñòàâëÿÿ (2.19) â (2.17), â
ñèëó îðòîãîíàëüíîñòè ôóíêöèé e1 , e2 ïðèõîäèì ê ñèñòåìå äâóõ íåçàöåïëåííûõ óðàâíåíèé(

∂Z1

∂x
cosφ+

∂Z1

∂y
sinφ

)
γKn sin θ + Z1(x, y, φ, θ) =

=
3

4π

π∫
0

cos2 θ′ sin θ′dθ′
2π∫
0

Z1(x, y, φ
′, θ′)dφ′, (2.20)

(
∂Z2

∂x
cosφ+

∂Z2

∂y
sinφ

)
γKn sin θ + Z2(x, y, φ, θ) = 0. (2.21)

ñ ãðàíè÷íûìè óñëîâèÿìè

Z1(x, y, φ, θ)|s = −2U0 +
2GT

3
√
π
, Cn > 0,

Z2(x, y, φ, θ)|s = 1, Cn > 0. (2.22)

Èç ñòàòèñòè÷åñêîãî ñìûñëà ôóíêöèè ðàñïðåäåëåíèÿ, îòëè÷íàÿ îò íóëÿ êîìïîíåíòà âåê-
òîðà ïîòîêà òåïëà îïðåäåëÿåòñÿ âûðàæåíèåì [15]:

q′z(x, y) =
m

2

∫
(υz − uz(x

′, y′))|v − u(x′, y′)|2f(r′,v)d3v =
p0
β1/2

qz(x, y), (2.23)

ãäå áåçðàçìåðíàÿ êîìïîíåíòà âåêòîðà ïîòîêà òåïëà:

qz(x, y) = π−3/2

∫
exp

(
−C2

)
Cz

(
C2 − 5/2

)
(h(r,C) + CzZ0(x, y, C

′
x, C

′
y))d

3C =

= −3GTγKn

2
√
π

1− 3

4π

π∫
0

cos2 θ sin θdθ

2π∫
0

Z2(x, y, φ, θ)dφ

 . (2.24)

Èç (2.24) ñëåäóåò, ÷òî ôóíêöèÿ Z1(x, y, φ, θ) íå âíîñèò âêëàäà â âåêòîð ïîòîêà òåïëà.
Ñëåäîâàòåëüíî, ðåøåíèå çàäà÷è ñâîäèòñÿ ê îòûñêàíèþ ôóíêöèè Z2(x, y, φ, θ) èç óðàâíå-
íèÿ (2.21) ñ ãðàíè÷íûì óñëîâèåì (2.22). Ãðàíè÷íîå óñëîâèå (2.22) íå ÿâëÿþòñÿ îäíîðîä-
íûì. Äëÿ òîãî ÷òîáû ïðèâåñòè åãî ê îäíîðîäíîìó, ââåäåì ôóíêöèþ

Z(x, y, φ, θ) = Z2(x, y, φ, θ)− 1, (2.25)

äëÿ êîòîðîé ñîãëàñíî (2.21) ïðèõîäèì ê óðàâíåíèþ(
∂Z

∂x
cosφ+

∂Z

∂y
sinφ

)
γKn sin θ + Z(x, y, φ, θ) + 1 = 0. (2.26)

Ãðàíè÷íîå óñëîâèå (2.22) äëÿ Z(x, y, φ, θ) ïåðåïèøåì â âèäå:

Z(±a/2, y, φ, θ) = 0, ± cosφ < 0, (2.27)

Z(x,±1/2, φ, θ) = 0, ± cosφ < 0. (2.28)

ãäå a = a′/b′ .
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Ðåøåíèå óðàâíåíèÿ (2.26) ñ ãðàíè÷íûìè óñëîâèÿìè (2.27) è (2.28) íàõîäèì ìåòîäîì
õàðàêòåðèñòèê [16]. Ñèñòåìà óðàâíåíèé õàðàêòåðèñòèê äëÿ óðàâíåíèÿ (2.26) èìååò âèä

dx

γKn cosφ sin θ
=

dy

γKn sinφ sin θ
= − dZ

Z(x, y, φ, θ) + 1
= dt. (2.29)

Ïîó÷àåì ôóíêöèþ Z(x, y, φ, θ) èç ñèñòåìû (2.29)

Z(x, y, φ, θ) = exp(−t)− 1. (2.30)

Çäåñü çíà÷åíèÿ ïàðàìåòðà t , ó÷èòûâàÿ ãðàíè÷íûå óñëîâèÿ (2.27) è (2.28), íàõîäèì ïðè
îòðàæåíèè ìîëåêóë îò ïðàâîé ñòåíêè

t1 =
2x− a

2γKn cosφ sin θ
, φ0 ≤ φ ≤ φ1, φ0 = arctan

2y + 1

2x− a
+ π,

φ1 = arctan
2y − 1

2x− a
+ π, (2.31)

ïðè îòðàæåíèè ìîëåêóë îò âåðõíåé ñòåíêè

t2 =
2y − 1

2γKn sinφ sin θ
, φ1 ≤ φ ≤ φ2, φ2 = arctan

2y − 1

2x+ a
+ 2π, (2.32)

ïðè îòðàæåíèè ìîëåêóë îò ëåâîé ñòåíêè

t3 =
2x+ a

2γKn cosφ sin θ
, φ2 ≤ φ ≤ φ3, φ3 = arctan

2y + 1

2x+ a
+ 2π, (2.33)

ïðè îòðàæåíèè ìîëåêóë îò íèæíåé ñòåíêè

t4 =
2y + 1

2γKn sinφ sin θ
, φ3 ≤ φ ≤ φ4, φ4 = arctan

2y + 1

2x− a
+ 3π. (2.34)

Ñîîòíîøåíèÿ (2.30)-(2.34) ïîëíîñòüþ îïðåäåëÿþò ðåøåíèå óðàâíåíèÿ (2.26) ñ ãðàíè÷-
íûìè óñëîâèÿìè (2.27) è (2.28). Òàêèì îáðàçîì, ôóíêöèÿ ðàñïðåäåëåíèÿ ìîëåêóë ãàçà
ïîñòðîåíà.

3. Âû÷èñëåíèå ïîòîêà òåïëà â êàíàëå. Àíàëèç ïîëó÷åííûõ ðå-
çóëüòàòîâ

Ïîäñòàâëÿÿ ïîñòðîåííóþ ôóíêöèþ Z(x, y, φ, θ) â (2.25), íàõîäèì îòëè÷íóþ îò íóëÿ
êîìïîíåíòó âåêòîðà ïîòîêà òåïëà ñîãëàñíî (2.24):

qz(x, y) = −3GTγKn

2
√
π

1− 3

4π

4∑
k=1

π∫
0

cos2 θ sin θdθ

φk∫
φk−1

exp(−tk)dφ

 . (3.1)

Ñîîòâåòñòâåííî ïîòîê òåïëà ÷åðåç ïîïåðå÷íîå ñå÷åíèå êàíàëà ðàâåí [1]

J ′
Q =

b′/2∫
−b′/2

a′/2∫
−a′/2

q′z(x
′, y′)dx′dy′ =

p0
2β1/2

JQ, (3.2)
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ãäå JQ � áåçðàçìåðíûé ïîòîê òåïëà:

JQ =
8

a

1/2∫
0

a/2∫
0

qz(x, y)dxdy. (3.3)

Çíà÷åíèÿ JQ , íàéäåííûå ñîãëàñíî (3.3) ñ èñïîëüçîâàíèåì ñèñòåìû êîìïüþòåðíîé àë-
ãåáðû Maple 17 ïðè ðàçëè÷íûõ çíà÷åíèÿõ ÷èñëà Êíóäñåíà è îòíîøåíèÿõ ñòîðîí ïîïåðå÷-
íîãî ñå÷åíèÿ êàíàëà a′ è b′ ïðèâåäåíû â òàáëèöå 1.

Òàáëèöà 1. Çíà÷åíèÿ −JQ/GT ïðè ðàçëè÷íûõ çíà÷åíèÿõ a è Kn.

Kn a = a′/b′

0, 1 0, 5 0, 9 1 1, 01 1, 1 5 10 100
0, 0001 0, 0004 0, 0004 0, 0004 0, 0004 0, 0004 0, 0004 0, 0004 0, 0004 0, 0004
0, 001 0, 0042 0, 0042 0, 0042 0, 0042 0, 0042 0, 0042 0, 0042 0, 0042 0, 0042
0, 01 0, 0380 0, 0411 0, 0415 0, 0415 0, 0415 0, 0416 0, 0418 0, 0419 0, 0419
0, 1 0, 1884 0, 3195 0, 3470 0, 3506 0, 3510 0, 3536 0, 3770 0, 3803 0, 3832
0, 5 0, 3235 0, 7637 0, 9414 0, 9708 0, 9735 0, 9965 1, 2539 1, 2966 1, 3349
1 0, 3661 0, 9344 1, 1988 1, 2456 1, 2500 1, 2875 1, 7821 1, 8837 1, 9776
2 0, 3966 1, 0639 1, 4029 1, 4657 1, 4716 1, 5226 2, 2973 2, 5017 2, 7101
5 0, 4217 1, 1750 1, 5838 1, 6622 1, 6697 1, 7341 2, 8488 3, 2348 3, 7440
10 0, 4326 1, 2248 1, 6667 1, 7528 1, 7610 1, 8321 3, 1403 3, 6608 4, 5252
100 0, 4457 1, 2856 1, 7702 1, 8663 1, 8755 1, 9554 3, 5537 4, 3259 6, 5185
1000 0, 4476 1, 2950 1, 7865 1, 8843 1, 8936 1, 9750 3, 6278 4, 4566 7, 2085

Ïðèâåäåííûé ïîòîê òåïëà, íàéäåííûé ñîãëàñíî (3.3), íå çàâèñèò íåïîñðåäñòâåííî îò
ñòîðîí ïðÿìîóãîëüíîãî ñå÷åíèÿ ýòîãî êàíàëà, à îïðåäåëÿåòñÿ èõ îòíîøåíèåì a = a′/b′ è
÷èñëîì Êíóäñåíà Kn . Äëÿ ðåæèìà òå÷åíèÿ, áëèçêîãî ê ñâîáîäíîìîëåêóëÿðíîìó (Kn≫
≫ 0 ), âûðàæåíèå (3.3) ìîæíî ñóùåñòâåííî óïðîñòèòü. Ðàñêëàäûâàÿ â ðÿä ïî ìàëîìó ïà-
ðàìåòðó 1/Kn ïîäûíòåãðàëüíûå âûðàæåíèÿ â (3.3) è îãðàíè÷èâàÿñü ëèíåéíûìè ÷ëåíàìè
ðàçëîæåíèÿ, íàõîäèì

JQ = − 9

4
√
πa

1/2∫
0

a/2∫
0

 φ1∫
φ0

2x− a

cosφ
dφ+

φ2∫
φ1

2y − 1

sinφ
dφ+

φ3∫
φ2

2x+ a

cosφ
dφ+

φ4∫
φ3

2y + 1

sinφ
dφ

 dxdy.

Èíòåãðàëû â ïîñëåäíåì âûðàæåíèèè ìîãóò áûòü âû÷èñëåíû àíàëèòè÷åñêè [4]:

JQ =
9

4
√
πa

(
a

3
(
1 +

√
a2 + 1

) + a

3
(
a+

√
a2 + 1

)−
− ln

(√
a2 + 1 + a

)
− a ln

(√
1

a2
+ 1 +

1

a

))
. (3.4)

Ïðè ýòîì äëÿ a≫ 0 âûðàæåíèå (3.4) èìååò ëîãàðèôìè÷åñêóþ îñîáåííîñòü JQ =
= −9 ln(2a)/(4

√
π)− 9/(8

√
π) , ÷òî òàêæå ñîâïàäàåò ñ àíàëîãè÷íûìè ðåçóëüòàòàìè, ïðèâå-

äåííûìè â [4] äëÿ ïðÿìîóãîëüíîãî êàíàëà è äëÿ êàíàëîâ ñ áåñêîíå÷íûìè ïàðàëëåëüíûìè
ñòåíêàìè [1] â ñâîáîäíîìîëåêóëÿðíîì ðåæèìå. Äëÿ ðåæèìîâ òå÷åíèÿ, áëèçêèõ ê ãèäðîäè-
íàìè÷åñêîìó, àíàëèç âûðàæåíèÿ (3.3) ïðèâîäèò ê ñëåäóþùåìó ðåçóëüòàòó:

JQ = −15GTKn

2
√
π

. (3.5)
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Òàêèì îáðàçîì, äëÿ ðåæèìîâ, áëèçêèõ ê ãèäðîäèíàìè÷åñêîìó, çíà÷åíèå ïîòîêà òåïëà
íå çàâèñèò îò ðàçìåðîâ ïðÿìîóãîëüíîãî ñå÷åíèÿ a′ è b′ . Ïîñëåäíåå óòâåðæäåíèå ïîäòâåð-
æäàåòñÿ ðåçóëüòàòàìè, ïðèâåäåííûìè â òàáëèöå 1 äëÿ Kn≪ 0.001 , à âûðàæåíèå äëÿ JQ
â (3.5) ñîâïàäàåò ñ ïðèâåäåííûì â [1].

4. Çàêëþ÷åíèå

Â ðàáîòå â ðàìêàõ êèíåòè÷åñêîãî ïîäõîäà ðåøåíà çàäà÷à î ïåðåíîñå òåïëà â êàíàëå
ïðÿìîóãîëüíîãî ñå÷åíèÿ ïîä äåéñòâèåì ïîñòîÿííîãî ãðàäèåíòà òåìïåðàòóðû. Äëÿ ðàçëè÷-
íûõ çíà÷åíèé îòíîøåíèé ñòîðîí ýòîãî ñå÷åíèÿ ïîñòðîåí ïðîôèëü âåêòîðà ïîòîêà òåïëà,
âû÷èñëåíû çíà÷åíèÿ ïîòîêà òåïëà ÷åðåç ïîïåðå÷íîå ñå÷åíèå êàíàëà â øèðîêèõ äèàïàçîíå
èçìåíåíèÿ ÷èñëà Êíóäñåíà. Ïðîâåäåíî ñðàâíåíèå ñ àíàëîãè÷íûìè âûðàæåíèÿìè, ïîëó÷åí-
íûìè ïðè óñëîâèè, ÷òî îäèí èç ðàçìåðîâ êàíàëà ìíîãî ìåíüøå äðóãîãî, � ïðåäñòàâëåííûå
â ðàáîòå ðåçóëüòàòû ïåðåõîäÿò â àíàëîãè÷íûå ðåçóëüòàòû äëÿ êàíàëîâ ñ áåñêîíå÷íûìè ïà-
ðàëëåëüíûìè ñòåíêàìè. Ïîêàçàíî, ÷òî â ïðåäåëüíûõ ñëó÷àÿõ, êîãäà Kn ≪ 1 è Kn ≫ 1
ïîëó÷åííûå â ðàáîòå ðåçóëüòàòû ïåðåõîäÿò â àíàëîãè÷íûå çíà÷åíèÿ ïîòîêà òåïëà äëÿ
ãèäðîäèíàìè÷åñêîãî è ñâîáîäíîìîëåêóëÿðíîãî ðåæèìîâ ñîîòâåòñòâåííî.

Ðàáîòà âûïîëíåíà ïðè ÷àñòè÷íîì ôèíàíñèðîâàíèè â ðàìêàõ Ãîñóäàðñòâåííîãî çàäà-
íèÿ ¾Ñîçäàíèå âû÷èñëèòåëüíîé èíôðàñòðóêòóðû äëÿ ðåøåíèÿ íàóêîåìêèõ ïðèêëàäíûõ
çàäà÷¿ (Ïðîåêò � 3628).
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Mathematical modeling of the heat transfer process in a

rectangular channel depending on Knudsen number

c⃝ O. V. Germider 3, V. N. Popov 4

Abstract. A solution of heat transfer problem in a long rectangular channel has been found using
the kinetic approach. In channel the constant temperature gradient along the axis of symmetry
is supported. For the basic equation that describes the kinetics of the process Williams kinetic
equation is used. For the boundary condition on the channel walls the model of di�use re�ection
is used. The deviation from the state of rare�ed gas equilibrium is assumed to be small. It allows
to consider the solution of the problem in the linearized form. The heat �ow vector pro�le is
constructed in the channel and the heat �ow through the channel cross-section is calculated,
depending on the ratio lengths of rectangular cross-section and values of the Knudsen number.
The results obtained upon transition to the free molecular regime and the hydrodynamic regime
of the gas �ow are analyzed.

Key Words: Boltzmann kinetic equation, Williams equation, model of di�use re�ection,
analytical solutions, Knudsen number
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