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Èññëåäîâàíèå óñòîé÷èâîïîäîáíûõ ñâîéñòâ ¾÷àñòè÷íîãî¿

ïîëîæåíèÿ ðàâíîâåñèÿ îäíîé íåëèíåéíîé ñèñòåìû

äèôôåðåíöèàëüíûõ óðàâíåíèé.

c⃝ Â. È. Äîáêèí 1, Â. Í. Ùåííèêîâ2, Å. Â. Ùåííèêîâà3

Àííîòàöèÿ. Èññëåäóåòñÿ àñèìïòîòè÷åñêàÿ óñòîé÷èâîñòü è óñòîé÷èâîñòü ¾÷àñòè÷íîãî¿ ïî-
ëîæåíèÿ ðàâíîâåñèÿ ïðè ïîñòîÿííî äåéñòâóþùèõ âîçìóùåíèÿõ, ìàëûõ â êàæäûé ìîìåíò
âðåìåíè, íåëèíåéíîé ñèñòåìû äèôôåðåíöèàëüíûõ óðàâíåíèé, ñèñòåìà ïåðâîãî ïðèáëèæåíèÿ
êîòîðîé ñîäåðæèò îäíîðîäíûå âåêòîðíûå ôóíêöèè ïîðÿäêà µ > 1 .

Êëþ÷åâûå ñëîâà: àñèìïòîòè÷åñêàÿ óñòîé÷èâîñòü, âîçìóùåíèÿ, ôóíêöèÿ Ëÿïóíîâà, ôàçî-
âûå ïåðåìåííûå, ïîëîæåíèå ðàâíîâåñèÿ

Ðàññìîòðèì ñèñòåìó

dy
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= X

(µ)
1 (y) +X

(µ)
2 (z) + F1(t, y, z),

dz

dt
= X

(µ)
3 (y) +X

(µ)
4 (z) + F2(t, y, z),

(1.1)

ãäå X
(y)
1 , X

(z)
2 , X

(y)
3 , X

(z)
4 ÿâëÿåòñÿ îäíîðîäíûìè âåêòîðíûìè ôóíêöèÿìè ïîðÿäêà µ =

p/q > 1, p è q - íå÷¼òíûå. Âåêòîðíûå ôóíêöèè F1(t, y, z) è F2(t, y, z) îïðåäåëåíû â
îáëàñòè G = {t, y, z : t ≥ t0 ≥ 0, ∥y∥ ≤ h, ∥z∥ ≤ ∞} , y = (y1, . . . , ym)

T , z = (z1, . . . , zn−m)
T .

Áóäåì ñ÷èòàòü, ÷òî ïðàâûå ÷àñòè ñèñòåìû (1.1) óäîâëåòâîðÿþò óñëîâèÿì ñóùåñòâîâàíèÿ
è åäèíñòâåííîñòè ðåøåíèÿ çàäà÷è Êîøè â îáëàñòè G . Èíäåêñ T îçíà÷àåò òðàíñïîíèðî-
âàíèå.

Êàê èçâåñòíî [1], åñëè äëÿ ñèñòåìû (1.1) èçó÷àòü âîïðîñ îá óñòîé÷èâîïîäîáíûõ ñâîé-
ñòâàõ ðåøåíèé ïî ÷àñòè ôàçîâûõ ïåðåìåííûõ (íàïðèìåð, îòíîñèòåëüíî y1, . . . , ym ), òî
ñèñòåìà (1.1) â ïåðâîì ïðèáëèæåíèè äîëæíà èìåòü âèä

dy

dt
= X

(µ)
1 (y),

dz

dt
= X

(µ)
3 (y) +X

(µ)
4 (z),

(1.2)

Ïðåäïîëîæèì äàëåå, ÷òî y = 0 ÿâëÿåòñÿ ¾÷àñòè÷íûì¿ ïîëîæåíèåì ðàâíîâåñèÿ ñèñòå-
ìû (1.1), ò.å. X

(µ)
1 (0) ≡ 0 , F1(t, 0, z) ≡ 0 . Ñëåäóåò îòìåòèòü, ÷òî îïðåäåëåíèå ¾÷àñòè÷íîãî¿

ïîëîæåíèÿ ðàâíîâåñèÿ äàíî â ìîíîãðàôèè [2]. Ïóñòü ∥F1(t, y, z)∥ ≤ α1 ∥y∥µ , ãäå α1 > 0
åñòü íåêîòîðîå âåùåñòâåííîå ÷èñëî. Áóäåì ñ÷èòàòü, ÷òî çäåñü è äàëåå ïî òåêñòó íîðìà
âåêòîðà ÿâëÿåòñÿ åâêëèäîâîé.

Ïîìèìî óêàçàííûõ ïðåäïîëîæåíèé âûïîëíÿåòñÿ óñëîâèå: ñèñòåìà

dy

dt
= X

(µ)
1 (y), X

(µ)
1 (0) ≡ 0, (1.3)

1 Ìàãèñòð êàôåäðû ïðèêëàäíîé ìàòåìàòèêè, äèôôåðåíöèàëüíûõ óðàâíåíèé è òåîðèòè÷åñêîé ìåõàíè-
êè, Ìîðäîâñêèé ãîñóäàðñòâåííûé óíèâåðñèòåò èìåíè Í. Ï. Îãàðåâà, ã. Ñàðàíñê; valeradz@rambler.ru

2 Ïðîôåññîð êàôåäðû ïðèêëàäíîé ìàòåìàòèêè, äèôôåðåíöèàëüíûõ óðàâíåíèé è òåîðèòè÷åñêîé ìåõà-
íèêè, Ìîðäîâñêèé ãîñóäàðñòâåííûé óíèâåðñèòåò èìåíè Í. Ï. Îãàðåâà, ã. Ñàðàíñê; du@math.mrsu.ru

3 Äîöåíò êàôåäðû ôóíäàìåíòàëüíîé èíôîðìàòèêè, Ìîðäîâñêèé ãîñóäàðñòâåííûé óíèâåðñèòåò èìåíè
Í. Ï. Îãàðåâà, ã. Ñàðàíñê; schennikova8000@yandex.ru

Æóðíàë ÑÂÌÎ. 2016. Ò. 18, � 2



26 Â. È. Äîáêèí, Â. Í. Ùåííèêîâ, Å. Â. Ùåííèêîâà

àñèìïòîòè÷åñêè óñòîé÷èâà. Òîãäà ñîãëàñíî óñëîâèÿì òåîðåì [3] è [4] îá àñèìïòîòè÷åñêîé
óñòîé÷èâîñòè íóëåâîãî ðåøåíèÿ ñèñòåìû (1.3) äëÿ ýòîé ñèñòåìû ñóùåñòâóåò ôóíêöèÿ Ëÿ-
ïóíîâà, óäîâëåòâîðÿþùàÿ óñëîâèÿì:

a1 ∥y∥m+1−µ ≤ V (y) ≤ a2 ∥y∥m+1−µ ,∥∥∥∥∂V (y)

∂y

∥∥∥∥ ≤ α3 ∥y∥m−µ ,

dV (y)

dy

∣∣∣
(1.3)

≤ −α4 ∥y∥m ,

(1.4)

ãäå a1 , a2 , a3 è a4 - ïîëîæèòåëüíûå âåùåñòâåííûå ÷èñëà. Çäåñü m > 0 - äîñòàòî÷íî
áîëüøîå ÷¼òíîå âåùåñòâåííîå ÷èñëî.

Ñ èñïîëüçîâàíèåì ôóíêöèè V (y) , óäîâëåòâîðÿþùåé óñëîâèÿì (1.4), äîêàæåì àñèìï-
òîòè÷åñêóþ óñòîé÷èâîñòü ñèñòåìû (1.1) îòíîñèòåëüíî ôàçîâûõ ïåðåìåííûõ y1, . . . , ym ,
(àñèìïòîòè÷åñêóþ y - óñòîé÷èâîñòü). Äëÿ ýòîãî íàéä¼ì ïîëíóþ ïðîèçâîäíóþ ïî âðåìåíè
t âäîëü ðåøåíèé ñèñòåìû (1.1), ò.å.

dV (y)

dy

∣∣∣
(1.1)

≤ −α3 ∥y∥m + (gradyV (y), F1(t, y, z)). (1.5)

Ñ ó÷¼òîì îöåíîê (1.4) è îãðàíè÷åíèé íà âåêòîðíóþ ôóíêöèþ F1(t, y, z) íåðàâåíñòâî
(1.5) îêîí÷àòåëüíî ïðèíèìàåò âèä

dV (y)

dy

∣∣∣
(1.2)

≤ (−a4 + a3α1) ∥y∥m . (1.6)

Òàêèì îáðàçîì, åñëè −a4 + a3α1 < 0 , òî íóëåâîå ðåøåíèå ñèñòåìû (1.1) áóäåò àñèìï-
òîòè÷åñêè óñòîé÷èâûì îòíîñèòåëüíî ôàçîâûõ ïåðåìåííûõ y1, . . . , ym , (àñèìïòîòè÷åñêè y
- óñòîé÷èâûì).

Ýòîò âûâîä ñëåäóåò èç òåîðåìû Ëÿïóíîâà îá àñèìïòîòè÷åñêîé óñòîé÷èâîñòè [3].
Äàëåå äîêàæåì, ÷òî àñèìïòîòè÷åñêàÿ y - óñòîé÷èâîñòü â ýòîì ñëó÷àå èìååò ñòåïåí-

íîé âèä. Äëÿ ýòîãî ââåä¼ì â íåðàâåíñòâå (1.6) ïðåîáðàçîâàíèå ρ = (V (x))
1

m+1−µ [1]. Òîãäà
íåðàâåíñòâî (1.6) ïîëó÷èò âèä

dV

dt
≤ −γV

1
m+1−µ

a
m

m+1−µ

2

, (1.7)

ãäå γ = −a4 + a1α1 . Èíòåãðèðóÿ íåðàâåíñòâî (1.7), ïîëó÷èì

V (x)
1−µ

m+1−µ ≤ (V (x0))
1−µ

m+1−µ + γ1(t− t0),

ãäå γ1 =
1−µ

m+1−µ
· −a4+a3α1

a
m

m+1−µ
2

. Ñ ó÷¼òîì íåðàâåíñòâ (1.4) â ðåçóëüòàòå áóäåì èìåòü

∥x(t)∥ ≤

(a2
a1

) 1−µ
m+1−µ

∥x0∥
m(1−µ)
m+1−µ +

γ1

a
m 1−µ

m+1−µ

1

(t− t0)

−m(µ−1)
m+1−µ

.

Òàêèì îáðàçîì ïîëó÷åíî, ÷òî àñèìïòîòè÷åñêàÿ y - óñòîé÷èâîñòü ñèñòåìû (1.1) èìååò
ñòåïåííîé õàðàêòåð.Òåîðåìà äîêàçàíà.

Òåîðåìà 1. Åñëè äëÿ ñèñòåìû (1.1) âûïîëíÿþòñÿ îãðàíè÷åíèÿ íà âåêòîðíóþ ôóíêöèþ
F1(t, y, z) , ñóùåñòâóåò ôóíêöèÿ V (y) , óäîâëåòâîðÿþùàÿ óñëîâèÿì (1.4), è γ =
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= −a4 + a3α1 < 0 òî ¾÷àñòè÷íîå¿ ïîëîæåíèÿ ðàâíîâåñèÿ ñèñòåìû (1.1) àñèìïòîòè÷åñêè y
� óñòîé÷èâî ñòåïåííîãî òèïà.

Ïðèìå÷àíèå. Åñëè ïðåäïîëîæèòü, ÷òî ∥F1(t, y, z)∥ ≤ α1 ∥y∥m+k , k > 0 , òî â ýòîì
ñëó÷àå òåîðåìà 1 áóäåò òàê æå ñïðàâåäëèâà ñ òåì ëèøü îòëè÷èåì, ÷òî àñèìïòîòè÷åñêàÿ y
- óñòîé÷èâîñòü ñèñòåìû (1.1) áóäåò èìåòü ëîêàëüíûé õàðàêòåð.

Â äàëüíåéøåì çàéì¼ìñÿ èññëåäîâàíèåì âîïðîñà óñòîé÷èâîñòè ¾÷àñòè÷íîãî¿ ïîëîæå-
íèÿ ðàâíîâåñèÿ y = 0 ïðè ïîñòîÿííî äåéñòâóþùèõ âîçìóùåíèÿõ, ìàëûõ â êàæäûé ìîìåíò
âðåìåíè. Äëÿ ýòîãî ïðèâåä¼ì íåîáõîäèìûå îïðåäåëåíèÿ äëÿ ñèñòåìû áîëåå îáùåãî âèäà,
÷åì ñèñòåìà (1.1).

Ðàññìîòðèì ñèñòåìó äèôôåðåíöèàëüíûõ óðàâíåíèé

dy

dt
= f1(y) + F1(t, y, z),

dz

dt
= f2(y) + f3(z) + F2(t, y, z),

(1.8)

ãäå f1(0) ≡ 0, F1(t, 0, z) ̸= 0 .
Áóäåì ïðåäïîëàãàòü, ÷òî ïðàâûå ÷àñòè ñèñòåìû (1.8) îïðåäåëåíû â îáëàñòè G1 =

= {t, y, z : t ≥ t ≥ 0, ∥y∥ ≤ h, ∥z∥ <∞, h > 0} , è óäîâëåòâîðÿþò óñëîâèÿì, îáåñïå÷èâàþ-
ùèõ ñóùåñòâîâàíèå è åäèíñòâåííîñòü ðåøåíèÿ çàäà÷è Êîøè â îáëàñòè G1 . Áóäåì òàêæå
ñ÷èòàòü, ÷òî âåêòîðíàÿ ôóíêöèÿ äîïóñêàåò îöåíêó ∥F1(t, y, z)∥ ≤ v∗ , ãäå v∗ > 0 ÿâëÿåòñÿ
âåùåñòâåííîé ïîñòîÿííîé.

Ïðåäïîëîæèì, ÷òî âñå ðåøåíèÿ ñèñòåìû ñóùåñòâóþò ïðè âñåõ t ≥ t0 ≥ 0 . Èç çàäàíèÿ
ñèñòåìû (1.8) ñëåäóåò, ÷òî y = 0 ÿâëÿåòñÿ å¼ ¾÷àñòè÷íûì¿ ïîëîæåíèåì ðàâíîâåñèÿ.

Îïðåäåëåíèå. Áóäåì ãîâîðèòü, ÷òî ¾÷àñòè÷íîå¿ ïîëîæåíèå ðàâíîâåñèÿ y = 0 ñèñòå-
ìû (1.1) óñòîé÷èâî ïðè ïîñòîÿííûõ âîçìóùåíèÿõ, ìàëûõ â êàæäûé ìîìåíò âðåìåíè, åñëè
äëÿ ëþáûõ ϵ > 0 è t0 ≥ 0 ìîæíî íàéòè δ(ϵ, t0) > 0 è v∗(t0, ϵ0) > 0 òàêèå, ÷òî ïðîèç-
âîëüíàÿ ôàçîâàÿ ïåðåìåííàÿ y(t, t0, y0, z0) ðåøåíèÿ ñèñòåìû (1.8) ñ ∥y0∥ ≤ δ, ∥z∥ < ∞ ,
ñèñòåìû (1.1), äëÿ êîòîðîãî â îáëàñòè G1 âûïîëíÿåòñÿ óñëîâèå ∥F1(t, y, z)∥ < v∗ , v∗ > 0
óäîâëåòâîðÿåò óñëîâèþ ∥y(t, t0, y0, z0)∥ < ϵ ïðè t ≥ t0 ≥ 0 .

Ïðèìå÷àíèå. Ðåøåíèå ñèñòåìû (1.8) ÿâëÿåòñÿ âåêòîðíîé ôóíêöèåé (y(t, t0, y0, z0))
T ,

(z(t, t0, y0, z0)
T )T . Â îïðåäåëåíèå âêëþ÷åíî òîëüêî y(t, t0, y0, z0) .

Ïðåäïîëîæèì, ÷òî äëÿ ñèñòåìû

dy

dt
= f1(y), f1(0) ≡ 0, (1.9)

ñóùåñòâóåò ôóíêöèÿ Ëÿïóíîâà V1(y) , óäîâëåòâîðÿþùàÿ óñëîâèÿì

a(∥y∥) ≤ V1(y) ≤ b(∥y∥), (1.10)

dV1(y)

dt

∣∣∣
(1.9)

≤ −c(∥y∥). (1.11)

Çäåñü ôóíêöèè a(∥y∥) è b(∥y∥) îïðåäåë¼ííî-ïîëîæèòåëüíûå è îòíîñÿòñÿ ê êëàññó
ôóíêöèé Õàíà, c(∥y∥) - îïðåäåë¼ííî-ïîëîæèòåëüíàÿ ôóíêöèÿ, à ïîëíàÿ ïðîèçâîäíàÿ ïî
âðåìåíè íà ðåøåíèÿõ ñèñòåìû (1.9) ôóíêöèè V1(y) îïðåäåëÿåòñÿ ïî ôîðìóëå

dV1(y)

dt

∣∣∣
(1.9)

= lim
h→∝

1

h
{V1(y + hf1(y))− V1(y)} ,

ãäå V1(y) ∈ Clip(∥y∥ ≤ h) .
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Òåîðåìà 2. Åñëè äëÿ ñèñòåìû (1.9) ñóùåñòâóåò ôóíêöèÿ Ëÿïóíîâà V = V1(y) , óäî-
âëåòâîðÿþùàÿ óñëîâèÿì (1.10) - (1.11), òî ïðè äîñòàòî÷íî ìàëîì v∗ > 0 , ¾÷àñòè÷íîå¿
ïîëîæåíèå ðàâíîâåñèÿ y = 0 ñèñòåìû (1.8) áóäåò óñòîé÷èâûì ïðè ïîñòîÿííî äåéñòâóþ-
ùèõ âîçìóùåíèÿõ, ìàëûõ â êàæäûé ìîìåíò âðåìåíè.

Ä î ê à ç à ò å ë ü ñ ò â î. Ñ ó÷¼òîì îöåíîê (1.10) - (1.11) è òîãî, ÷òî ôóíêöèÿ V1(y)
ÿâëÿåòñÿ ëèïøèöåâîé, ïîëíàÿ ïðîèçâîäíàÿ V (y) ïî âðåìåíè t íà ðåøåíèÿõ ñèñòåìû (1.8)
èìååò îöåíêó

dV1(y)

dt

∣∣∣
(1.8)

≤ −c(∥y∥) + Lv∗. (1.12)

Âûáåðåì äàëåå íåêîòîðîå ϵ ∈ (0, h) . Ïîëîæèì, ÷òî δ(ϵ) = b−1(a(ϵ)) , v∗ = c1(b−1(a(ϵ)))
L

.
Çäåñü L > 0 - ïîñòîÿííàÿ Ëèïøèöà. Åñëè â îáëàñòè G1 âûïîëíÿåòñÿ óñëîâèå ∥r(t)∥ ≤ v∗ ,
òî ïóò¼ì âûáîðà δ(ϵ) èç (1.12) ïðè äîñòàòî÷íî ìàëûõ v∗ è ñ ó÷¼òîì òîãî, ÷òî L åñòü
îãðàíè÷åííàÿ âåëè÷èíà, ìîæíî äîáèòüñÿ òîãî, ÷òî áóäåò ñïðàâåäëèâî íåðàâåíñòâî

dV1(y(t, t0, y0, z0))

dt

∣∣∣
V (y)≡a(ϵ)

< 0. (1.13)

Ðàññìîòðèì äàëåå ôàçîâóþ ïåðåìåííóþ y(t, t0, y0, z0) ðåøåíèÿ ñèñòåìû (1.8) ïðè t0 ≥
≥ 0, ∥y0∥ < h, ∥z0∥ <∞ . Ñ ó÷¼òîì (1.12) è â ñèëó òîãî, ÷òî (a(∥y∥)∧ (∥y∥)) åñòü ôóíêöèÿ
Õàíà, ìîæíî äîáèòüñÿ òîãî, ÷òî V1(y0) < a(ϵ) . Äîêàæåì, ÷òî V1(y(t, t0, y0, z0)) < a(ϵ) ïðè
t ≥ t0 .

Äîêàçàòåëüñòâî ïðîâåä¼ì îò ïðîòèâíîãî, ò.å. ïóñòü ïðè t ∈ t0, t1 âûïîëíÿåòñÿ íåðàâåí-
ñòâî (1.13), à ïðè t = t1 , V1(y(t, t0, y0, z0)) = a(ϵ) . Íî òîãäà áóäåò V̇1(y(t, t0, y0, z0)) > 0 . Â
ðåçóëüòàòå ïîëó÷èëè ïðîòèâîðå÷èå ñ (1.9). Ñëåäîâàòåëüíî, òåîðåìà äîêàçàíà.
Äîêàçàòåëüñòâî çàêîí÷åíî.
Ðàññìîòðèì ñèñòåìó (1.1) Ïðåäïîëîæèì, ÷òî è ñèñòåìà ïåðâîãî ïðèáëèæåíèÿ èìååò âèä
(1.2). Ïóñòü òåïåðü âåêòîðíàÿ ôóíêöèÿ F1(t, y, z) â ñèñòåìå (1.1) èìååò âèä

F1(t, y, z) = f (1)(t, y, z) + ω(t),

ãäå
∥∥f (1)(t, y, z)

∥∥ ≤ α2 ∥y∥µ ïðè ∥y∥ ≤ r , r <∞ , r > 0 , f (1)(t, 0, z) ≡ 0 , à ω(t) îïðåäåëÿåò
ïîñòîÿííî äåéñòâóþùèå âîçìóùåíèÿ, ìàëûå â êàæäûé ìîìåíò âðåìåíè, ∥ω(t)∥ < v1 ,
v1 > 0 - ìàëîå âåùåñòâåííîå ÷èñëî.

Ñíîâà ïðåäïîëîæèì, ÷òî äëÿ ñèñòåìû (1.3) ñóùåñòâóåò ôóíêöèÿ V (y) , óäîâëåòâîðÿþ-
ùàÿ óñëîâèÿì (1.4). Âûáåðåì äëÿ ñèñòåìû (1.1) ôóíêöèþ Ëÿïóíîâà V (y) , óäîâëåòâîðÿþ-
ùóþ óñëîâèÿì (1.4). Òîãäà áóäåì èìåòü

dV (y)

dt

∣∣∣
(1.1)

≤ −a4 ∥(y)∥m+a3 ∥y∥m−µ·a2 ∥y∥µ+a3 ∥y∥m·µ·v1 = (−a4+a3α2) ∥y∥m+a3v1 ∥y∥m−µ .

(1.14)
Ïóñòü α2 òàêîå, ÷òî â (1.14) −a4 + a3α2 < 0 . Âûáåðåì v1 > 0 òàêèì, ÷òîáû âûïîëíè-

ëîñü íåðàâåíñòâî
dV (y)

dt

∣∣∣
(1.1)

< 0

ïðè r1 ≤ ∥y∥ ≤ r , r1 è r - ïîëîæèòåëüíûå.
Èñõîäÿ èç òåîðåìû îá óñòîé÷èâîñòè ïðè ïîñòîÿííî äåéñòâóþùèõ âîçìóùåíèÿõ, ìàëûõ

â êàæäûé ìîìåíò âðåìåíè [4],[5],[6], íåðàâåíñòâî (1.14) çà ñ÷¼ò âûáîðà âåëè÷èíû v1 > 0
èìååò ìåñòî â îáëàñòè r1 ≤ ∥y∥ ≤ r . Òàêèì îáðàçîì,òåîðåìà äîêàçàíà.

Æóðíàë ÑÂÌÎ. 2016. Ò. 18, � 2



29

Òåîðåìà 3. ¾×àñòè÷íîå¿ ïîëîæåíèå ðàâíîâåñèÿ y = 0 ñèñòåìû (1.7) óñòîé÷èâî ïðè
ïîñòîÿííî äåéñòâóþùèõ âîçìóùåíèÿõ, ìàëûõ â êàæäûé ìîìåíò âðåìåíè, åñëè äëÿ ñèñòå-
ìû (1.9) ñóùåñòâóåò ôóíêöèÿ Ëÿïóíîâà V (y) , óäîâëåòâîðÿþùàÿ óñëîâèÿì (1.10) - (1.11),
−a4 + a3α2 < 0 è v1 > 0 - äîñòàòî÷íî ìàëîå â êàæäûé ìîìåíò âðåìåíè.
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Abstract. We study the asymptotic stability and stability of partial equilibrium state under
constantly acting perturbations, small at any time, of nonlinear system of di�erential equations,
for which a system of the �rst approximation includes homogeneous vector-functions of order
µ > 1 .

Key Words: asymptotic stability, perturbations, Lyapunov function, phase variables, equilibrium
position

4 Master of Applied Mathematics, Di�erential Equations and Theoretical Mechanics Chair, Mordovian State
University after N.P. Ogarev, Saransk; valeradz@rambler.ru

5 Professor of Applied Mathematics, Di�erential Equations and Theoretical Mechanics Chair, Mordovian
State University after N.P. Ogarev, Saransk; du@math.mrsu.ru

6 Àssistant professor of Fundamental Informatics Chair, Mordovian State University after N.P. Ogarev,
Saransk; schennikova8000@yandex.ru

Zhurnal SVMO. 2016. V. 18, No. 2


