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Íåïðåðûâíûé àíàëîã ìîäèôèöèðîâàííîãî ìåòîäà

Íüþòîíà

c⃝ È. Ï. Ðÿçàíöåâà1, Î. Þ. Áóáíîâà2

Àííîòàöèÿ. Â èòåðàöèîííîì ìåòîäå Íüþòîíà íåîáõîäèìî îáðàùàòü ïðîèçâîäíóþ îïåðàòîðà
ðåøàåìîãî óðàâíåíèÿ íà êàæäîì øàãå. Â ìîäèôèöèðîâàííîì ìåòîäå Íüþòîíà îáðàòíûé ê
ïðîèçâîäíîé îïåðàòîð îáðàùàåòñÿ òîëüêî â íà÷àëüíîé òî÷êå èòåðàöèîííîãî ïðîöåññà. Ïðè
ýòîì âû÷èñëåíèÿ ñîêðàùàþòñÿ, à ñêîðîñòü ñõîäèìîñòè ïàäàåò. Èçâåñòåí íåïðåðûâíûé àíàëîã
ìåòîäà Íüþòîíà. Â äàííîé çàìåòêå ïîñòðîåí íåïðåðûâíûé àíàëîã ìîäèôèöèðîâàííîãî ìåòîäà
Íüþòîíà äëÿ óðàâíåíèÿ ñ ñèëüíî ìîíîòîííûì îïåðàòîðîì. Ïîëó÷åíû äîñòàòî÷íûå óñëîâèÿ
ñèëüíîé ñõîäèìîñòè ïðåäëîæåííîãî ìåòîäà â ãèëüáåðòîâîì ïðîñòðàíñòâå.

Êëþ÷åâûå ñëîâà: ãèëüáåðòîâî ïðîñòðàíñòâî, ñèëüíî ìîíîòîííûé îïåðàòîð, ïðîèçâîäíàÿ
Ôðåøå, íåïðåðûâíûé ìåòîä, îïåðàòîð ñæàòèÿ, ñõîäèìîñòü

Ïóñòü H � âåùåñòâåííîå ãèëüáåðòîâî ïðîñòðàíñòâî, (u, v) - ñêàëÿðíîå ïðîèçâåäåíèå
ýëåìåíòîâ u è v èç H, îïåðàòîð A : H → H îáëàäàåò ñâîéñòâàìè:
à) A - ñèëüíî ìîíîòîííûé îïåðàòîð, ò.å.

(Au− Av, u− v) ≥M∥u− v∥2 ∀u, v ∈ H, M > 0; (1.1)

á) A óäîâëåòâîðÿåò íà H óñëîâèþ Ëèïøèöà ñ ïîñòîÿííîé L > 0, ò.å.

∥Au− Av∥ ≤ L∥u− v∥ ∀u, v ∈ H. (1.2)

Êðîìå òîãî, ñ÷èòàåì îïåðàòîð A äèôôåðåíöèðóåìûì ïî Ôðåøå íà H, òîãäà èç (1.1)
ñëåäóåò íåðàâåíñòâî (ñì. [1])

(A′(u)h, h) ≥M∥h∥2 ∀u, h ∈ H. (1.3)

Â íàøèõ óñëîâèÿõ óðàâíåíèå
Ax = f (1.4)

èìååò â H åäèíñòâåííîå ðåøåíèå x ïðè ëþáîì ýëåìåíòå f ∈ H (ñì. [2] ñ. 273).
Äëÿ íàõîæäåíèÿ ðåøåíèÿ (1.4) ìîæíî èñïîëüçîâàòü íåïðåðûâíûé àíàëîã ìåòîäà Íüþ-

òîíà [3]
dy(t)

dt
= −γ(t)[A′(y(t))]−1(Ay(t)− f), (1.5)

y(t0) = y0 ∈ H, t ≥ t0 ≥ 0. (1.6)

Ïðè ÷èñëåííîé ðåàëèçàöèè ýòîãî ìåòîäà íåîáõîäèìî îáðàùàòü ëèíåéíûé îïåðàòîð
A′(y(t)), ÷òî òðåáóåò áîëüøèõ âðåìåííûõ çàòðàò. Òàêàÿ æå ïðîáëåìà âîçíèêàåò ïðè íàõîæ-
äåíèè ðåøåíèÿ (1.4) èòåðàòèâíûì ìåòîäîì Íüþòîíà (ñì. [4], ñ. 401). Ìåòîä Íüþòîíà äëÿ
(1.4) óäàëîñü óïðîñòèòü, ò. å. ïîñòðîèòü ìîäèôèöèðîâàííûé ìåòîä Íüþòîíà ñëåäóþùåãî
âèäà

xn+1 = xn − [A′(x0)]
−1(Axn − f), (1.7)

1 Ïðîôåññîð êàôåäðû ïðèêëàäíîé ìàòåìàòèêè, Íèæåãîðîäñêèé ãîñóäàðñòâåííûé òåõíè÷åñêèé óíèâåð-
ñèòåò èì. Ð.Å. Àëåêñååâà, Íèæíèé Íîâãîðîä; lryazantseva@applmath.ru

2 Äîöåíò êàôåäðû ìàòåìàòèêè, èíôîðìàòèêè è èíôîðìàöèîííûõ òåõíîëîãèé, Íèæåãîðîäñêàÿ àêàäå-
ìèÿ ÌÂÄ Ðîññèè, Íèæíèé Íîâãîðîä; bubnovaoyu@mail.ru
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ãäå x0 - íà÷àëüíàÿ òî÷êà èòåðàöèîííîãî ïðîöåññà. Ïðè ýòîì ñêîðîñòü ñõîäèìîñòè (1.7)
óõóäøèëàñü ïî ñðàâíåíèþ ñî ñêîðîñòüþ ñõîäèìîñòè êëàññè÷åñêîãî ìåòîäà Íüþòîíà. Èíòå-
ðåñ ê íåïðåðûâíûì ìåòîäàì â íàñòîÿùåå âðåìÿ âåñüìà âûñîê, òàê êàê èìåþòñÿ îáøèðíûå
ïàêåòû ïðîãðàìì äëÿ èõ ÷èñëåííîé ðåàëèçàöèè. Â ñèëó ñêàçàííîãî öåëüþ äàííîé çàìåòêè
ÿâëÿåòñÿ ïîñòðîåíèå íà îñíîâå (1.7) íåïðåðûâíîãî ìåòîäà è èññëåäîâàíèå åãî ñèëüíîé ñõî-
äèìîñòè.

Ïîäîáíî (1.5) (ñì. [3]) íà îñíîâàíèè (1.7) ïîñòðîèì íåïðåðûâíûé àíàëîã
ìîäèôèöèðîâàííîãî ìåòîäà Íüþòîíà â ñëåäóþùåé ôîðìå:

dz(t)

dt
= −γ(t)[A′(z0)]

−1(Az(t)− f), (1.8)

z(t0) = z0 ∈ H, t ≥ t0 ≥ 0, (1.9)

ãäå γ(t) - íåïðåðûâíàÿ ôóíêöèÿ ïðè t ≥ t0, è

0 < γ(t) ≤ γ0 ∀t ≥ t0. (1.10)

Èññëåäóåì âîïðîñ î ðàçðåøèìîñòè çàäà÷è Êîøè (1.8), (1.9). Äëÿ ýòîãî ââåäåì îáîçíà-
÷åíèå

G(t, u) = −γ(t)[A′(z0)]
−1(Au− f), t ≥ t0, u ∈ H.

Â íàøèõ óñëîâèÿõ îïåðàòîð G(t, u) íåïðåðûâåí ïî t ïðè t ≥ t0. Ïîñêîëüêó èç (1.3)
âûòåêàåò íåðàâåíñòâî

∥[A′(u)]−1∥ ≤ 1

M
∀u ∈ H, (1.11)

òî ñ ó÷åòîì (1.10) è ñâîéñòâà (1.2) îïåðàòîðà A ïðèõîäèì ê íåðàâåíñòâó

∥G(t, z1)−G(t, z2)∥ ≤ γ0L

M
∥z1 − z2∥ ∀z1, z2 ∈ H.

Ñëåäîâàòåëüíî, çàäà÷à Êîøè (1.8), (1.9) îäíîçíà÷íî ðàçðåøèìà â êëàññå ôóíêöèé
C1[t0,+∞) (ñì. [4], ïóíêò 33.4).

Èññëåäóåì ïîâåäåíèå z(t) ïðè t→ ∞.
Ñäåëàåì äîïîëíèòåëüíûå ïðåäïîëîæåíèÿ:
â) ïóñòü ïðîèçâîäíàÿ A′(u) â îòêðûòîì øàðå

B(z0, r) = {u | ∥u− z0∥ < r}, r > 0

, óäîâëåòâîðÿåò óñëîâèþ Ëèïøèöà ñ ïîñòîÿííîé l > 0, ò. å.

∥A′(u)− A′(v)∥ ≤ l∥u− v∥ ∀u, v ∈ B(z0, r);

ã) âåðíû íåðàâåíñòâà

∥Az0∥ ≤ ρ,
2lρ

M2
< 1, r′ =

Mq

l
< r,

ãäå

q = 1−
√

1− 2lρ

M2
.

Î÷åâèäíî, ÷òî 0 < q < 1.
Ïîñòðîèì îïåðàòîð C : H → H,

Cu = u− [A′(z0)]
−1(Au− f).
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Â [4], ñ. 405 äîêàçàíî, ÷òî â íàøèõ ïðåäïîëîæåíèÿõ îïåðàòîð C îòîáðàæàåò çàìêíó-
òûé øàð B(z0, r′) â ñåáÿ è ÿâëÿåòñÿ ñæèìàþùèì íà B(z0, r′) ñ êîýôôèöèåíòîì ñæàòèÿ
q, ò. å.

∥Cu− Cv∥ ≤ q∥u− v∥ ∀u, v ∈ B(z0, r′). (1.12)

Çíà÷èò, ñóùåñòâóåò åäèíñòâåííàÿ íåïîäâèæíàÿ òî÷êà îïåðàòîðà C â B(z0, r′), êîòîðàÿ
â íàøèõ ïðåäïîëîæåíèÿõ ñîâïàäàåò ñ åäèíñòâåííûì ðåøåíèåì x óðàâíåíèÿ (1.4). Êðîìå
òîãî, îïåðàòîð F : H → H, F = E − C â ñèëó (1.12) îáëàäàåò ñâîéñòâîì

(Fu− Fv, u− v) = ∥u− v∥2 − (Cu− Cv, u− v) ≥ (1− q)∥u− v∥2 ∀u, v ∈ B(z0, r′). (1.13)

Ñëåäîâàòåëüíî, F - ñèëüíî ìîíîòîííûé îïåðàòîð íà B(z0, r′) ñ ïîñòîÿííîé 1− q.
Ïîñòðîèì äëÿ óðàâíåíèÿ Fx = 0 íåïðåðûâíûé ìåòîä ïåðâîãî ïîðÿäêà (ñì., íàïðèìåð,

[5]). Ýòîò ìåòîä ñîâïàäàåò ñ çàäà÷åé Êîøè (1.8), (1.9), ïðè ýòîì (1.8) ìîæíî çàïèñàòü â
ñëåäóþùåé ôîðìå

dz(t)

dt
+ γ(t)Fz(t) = 0. (1.14)

×òîáû âîñïîëüçîâàòüñÿ ñâîéñòâîì (1.13) îïåðàòîðà F íà òðàåêòîðèÿõ çàäà÷è Êîøè
(1.14), (1.9), íåîáõîäèìî ïîêàçàòü, ÷òî

z(t) ∈ B(z0, r′) ∀t ≥ t0. (1.15)

Äëÿ ðåøåíèÿ ýòîé ïðîáëåìû ñäåëàåì åùå îäíî ïðåäïîëîæåíèå:
ïóñòü ñïðàâåäëèâî íåðàâåíñòâî

(Fu, u− z0) ≥ 0 ïðè ∥u− z0∥ ≥ r′. (1.16)

Äîêàçàòåëüñòâî (1.15) âåäåì îò ïðîòèâíîãî: ïóñòü ïðè íåêîòîðîì t = t̄ > t0 âåðíî
íåðàâåíñòâî ∥z(t̄)− z0∥ > r′. Òîãäà â ñèëó (1.16)

(Fz(t̄), z(t̄)− z0) ≥ 0. (1.17)

Â òî æå âðåìÿ èç (1.14) ïðè t = t̄ èìååì(
dz(t)

dt
, z(t)− z0

) ∣∣∣
t=t̄

+ γ(t̄)(Fz(t̄), z(t̄)− z0) = 0.

Îòñþäà, ïðèíÿâ âî âíèìàíèå (1.10) è (1.17), ïðèõîäèì ê íåðàâåíñòâó

d∥z(t)− z0∥
dt

∣∣∣
t=t̄

≤ 0.

Òàêèì îáðàçîì, ∥z(t)−z0∥ íå âîçðàñòàåò ïðè âñåõ t > t0, äëÿ êîòîðûõ ∥z(t)−z0∥ > r′.
Ñëåäîâàòåëüíî, (1.15) äîêàçàíî. Äàëåå, èç (1.14) áåç òðóäà ïîëó÷àåì ðàâåíñòâî(

d(z(t)− x)

dt
, z(t)− x

)
+ γ(t)(Fz(t)− Fx, z(t)− x) = 0,

îòêóäà ñ ó÷åòîì ñâîéñòâà (1.13) îïåðàòîðà F èìååì íåðàâåíñòâî

d∥z(t)− x∥2

dt
≤ −2γ(t)(1− q)∥z(t)− x∥2.

Ñëåäîâàòåëüíî,

∥z(t)− x∥2 ≤ ∥z0 − x∥2 exp
(
−2(1− q)

∫ t

t0

γ(τ)dτ

)
. (1.18)

Òàêèì îáðàçîì, äîêàçàíî óòâåðæäåíèå.
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Ò å î ð å ì à 1.1. Ïóñòü H � âåùåñòâåííîå ãèëüáåðòîâî ïðîñòðàíñòâî, äèôôå-
ðåíöèðóåìûé ïî Ôðåøå îïåðàòîð A : H → H îáëàäàåò ñâîéñòâàìè à), á), â), ã), íåïðå-
ðûâíàÿ ïîëîæèòåëüíàÿ ïðè t ≥ t0 ≥ 0 ôóíêöèÿ γ(t) óäîâëåòâîðÿåò óñëîâèþ (1.10),
è ∫ +∞

t0

γ(t)dt = +∞,

îïåðàòîð F : H → H, Fu = [A′(z0)]
−1(Au − f) îáëàäàåò ñâîéñòâîì (1.16). Òîãäà çàäà÷à

Êîøè (1.8), (1.9) èìååò åäèíñòâåííîå ðåøåíèå z(t) êëàññà C1[t0,+∞) òàêîå, ÷òî ñïðà-
âåäëèâî (1.15), è ∥z(t)− x∥ → 0 ïðè t→ +∞, ïðè÷åì èìååò ìåñòî îöåíêà (1.18), çäåñü
x � åäèíñòâåííîå ðåøåíèå óðàâíåíèÿ (1.4).

Óêàæåì, ÷òî (1.16) åñòü îäíî èç äîñòàòî÷íûõ óñëîâèé ñóùåñòâîâàíèÿ ðåøåíèÿ x óðàâ-
íåíèÿ Fx = 0 ñ ∥x− z0∥ ≤ r′ (ñì. [2], ñ.262; [6], ññ. 15, 104).

Âîïðîñ î ñðàâíåíèè ñêîðîñòè ñõîäèìîñòè íåïðåðûâíûõ ìåòîäîâ íå ñòàâèòñÿ, òàê êàê
ïóòåì çàìåíû ïåðåìåííîé t ìîæíî äîáèòüñÿ ëþáîé ñêîðîñòè ñõîäèìîñòè íåïðåðûâíîãî
ìåòîäà [5]. Â òî æå âðåìÿ ðàçíûå íåïðåðûâíûå ìåòîäû ìîãóò äàâàòü ðàçíûå ïî ñâîéñòâàì
ïðèáëèæåíèÿ ê èñêîìîìó ðåøåíèþ, ÷òî äàåò âîçìîæíîñòü âûáðàòü ïðèáëèæåíèå ê èñêî-
ìîìó ðåøåíèþ ñ àïðèîðíî èçâåñòíûìè ñâîéñòâàìè.

Îòìåòèì, ÷òî ñâîéñòâà à), á) è (1.11) îïåðàòîðà A â äîêàçàòåëüñòâå òåîðåìû áûëè
èñïîëüçîâàíû òîëüêî íà íåêîòîðîì îãðàíè÷åííîì ìíîæåñòâå.
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A continuous analogue of modi�ed Newton method

c⃝ I. P. Ryazantseva3, O. Yu. Bubnova4

Abstract. In the iterative Newton method we invert derivative of operator of equation for every
step. In the modi�ed Newton method we �ndinverse of derivative of operator only at initial point of
iterative process. Then amount of calculations decreases and convergence speed falls. Continuous
analog of Newton method is known. We construct the continuous analog of the modi�ed Newton
method for equation with strongly monotone operator in this note. We obtain su�cient conditions
of strong convergence in Hilbert space for propose method.

Key Words: Hilbert space, strictly monotone operator, Frechet derivative, continuous method,
operator of contraction, convergence
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