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Àïïðîêñèìàöèÿ çàäà÷ îïòèìàëüíîãî óïðàâëåíèÿ äëÿ
ïîëóëèíåéíûõ ýëëèïòè÷åñêèõ óðàâíåíèé
êîíâåêöèè-äèôôóçèè ñ ðàçðûâíûìè êîýôôèöèåíòàìè è
ñîñòîÿíèÿìè, ñ óïðàâëåíèÿìè â êîýôôèöèåíòàõ
îïåðàòîðîâ äèôôóçèîííîãî è êîíâåêòèâíîãî ïåðåíîñà
c⃝ Ô. Â. Ëóáûøåâ1, À. Ð. Ìàíàïîâà*2, Ì. Ý. Ôàéðóçîâ3

Àííîòàöèÿ. Â äàííîé ðàáîòå èçó÷àåòñÿ îñíîâíîé ñïåêòð ïðîáëåì àïïðîêñèìàöèè íåëèíåé-
íûõ çàäà÷ îïòèìàëüíîãî óïðàâëåíèÿ, îïèñûâàåìûõ ýëëèïòè÷åñêèìè óðàâíåíèÿìè êîíâåêöèè-
äèôôóçèè ñ ðàçðûâíûìè êîýôôèöèåíòàìè è ñîñòîÿíèÿìè, ñ óïðàâëåíèÿìè â êîýôôèöèåíòàõ
îïåðàòîðîâ äèôôóçèîííîãî è êîíâåêòèâíîãî ïåðåíîñà. Ðàññìàòðèâàþòñÿ âîïðîñû ïîñòðîå-
íèÿ äèñêðåòíûõ àíàëîãîâ îïòèìèçàöèîííûõ çàäà÷, âîïðîñû ñõîäèìîñòè àïïðîêñèìàöèé ïî
ñîñòîÿíèþ, ôóíêöèîíàëó, óïðàâëåíèþ, ðåãóëÿðèçàöèè àïïðîêñèìàöèé.
Êëþ÷åâûå ñëîâà: çàäà÷à îïòèìàëüíîãî óïðàâëåíèÿ, ïîëóëèíåéíûå ýëëèïòè÷åñêèå óðàâíå-
íèÿ, îïåðàòîðû äèôôóçèîííîãî è êîíâåêòèâíîãî ïåðåíîñà, ðàçíîñòíûé ìåòîä ðåøåíèÿ

1. Ââåäåíèå

Ïðè èññëåäîâàíèè ìíîãèõ ïðîöåññîâ â äâèæóùèõñÿ ñðåäàõ â êà÷åñòâå îñíîâíûõ ìîæ-
íî âûäåëèòü äèôôóçèîííûé ïåðåíîñ òîé èëè èíîé ñóáñòàíöèè è ïåðåíîñ, îáóñëîâëåííûé
äâèæåíèåì ñðåäû, òî åñòü êîíâåêòèâíûé ïåðåíîñ (ñì. [1]). Çàäà÷è êîíâåêöèè-äèôôóçèè
ÿâëÿþòñÿ òèïè÷íûìè äëÿ ìàòåìàòè÷åñêèõ ìîäåëåé ìåõàíèêè æèäêîñòè è ãàçà. Òàê, ðàñ-
ïðåäåëåíèå òåïëà, ïðèìåñåé ìîæåò ïðîèñõîäèòü íå òîëüêî çà ñ÷åò äèôôóçèè, íî è áûòü
îáóñëîâëåíûì äâèæåíèåì ñðåäû. Ïðèíöèïèàëüíûå îñîáåííîñòè ôèçèêî-õèìè÷åñêèõ ïðî-
öåññîâ â ìåõàíèêå æèäêîñòè è ãàçà ìîãóò áûòü ïîðîæäåíû èìåííî ó÷åòîì äâèæåíèÿ ñðåä
ïîä äåéñòâèåì òåõ èëè èíûõ ñèë. Êîíâåêòèâíûé-äèôôóçèîííûé ïðîöåññ ìîæåò èãðàòü
îïðåäåëÿþùóþ ðîëü ïðè ìîäåëèðîâàíèè ñàìûõ ðàçíîîáðàçíûõ ïðîöåññîâ. Â ÷àñòíîñòè,
âàæíîå çíà÷åíèå ïðèîáðåòàþò ýêîëîãè÷åñêèå ïðîáëåìû, ñâÿçàííûå ñ îïèñàíèåì ïðîöåññîâ
ðàñïðåäåëåíèÿ ïðèìåñåé â àòìîñôåðå è âîäîåìàõ, ñ ìîäåëèðîâàíèåì çàãðÿçíåíèÿ ãðóíòî-
âûõ âîä. Â ãàçî- è ãèäðîäèíàìèêå â êà÷åñòâå áàçîâûõ ìîäåëåé ìíîãèõ ïðîöåññîâ âûñòóïà-
þò êðàåâûå çàäà÷è êàê äëÿ ñòàöèîíàðíûõ, òàê è íåñòàöèîíàðíûõ óðàâíåíèé êîíâåêöèè-
äèôôóçèè � ýëëèïòè÷åñêèå èëè ïàðàáîëè÷åñêèå óðàâíåíèÿ âòîðîãî ïîðÿäêà ñ ìëàäøèìè
÷ëåíàìè. Â íàñòîÿùåå âðåìÿ â òåîðèè ÷èñëåííûõ ìåòîäîâ ðåøåíèÿ çàäà÷ ÓÌÔ è çàäà÷
îïòèìàëüíîãî óïðàâëåíèÿ íàèáîëåå ãëóáîêèå ðåçóëüòàòû ïîëó÷åíû ïðè ðàññìîòðåíèè ïðî-
öåññîâ ñ ñàìîñîïðÿæåííûìè îïåðàòîðàìè. Ýòî îòíîñèòñÿ êàê ê ìåòîäàì, áàçèðóþùèìñÿ
íà êîíå÷íî-ðàçíîñòíûõ àïïðîêñèìàöèÿõ ñîñòîÿíèÿ, òàê è ê ìåòîäàì íà îñíîâå êîíå÷íî-
ýëåìåíòíûõ àïïðîêñèìàöèé.
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Äàííàÿ ðàáîòà ïîñâÿùåíà èññëåäîâàíèþ ÷èñëåííûõ ìåòîäîâ ðåøåíèÿ íàèáîëåå âàæ-
íûõ äëÿ òåîðèè è ïðàêòèêè çàäà÷ îïòèìàëüíîãî óïðàâëåíèÿ äëÿ ýëëèïòè÷åñêèõ óðàâíåíèé
âòîðîãî ïîðÿäêà ñ íåñàìîñîïðÿæåííûìè îïåðàòîðàìè � çàäà÷ êîíâåêöèè-äèôôóçèè. Ïðî-
öåññû óïðàâëåíèÿ îïèñûâàþòñÿ ïîëóëèíåéíûìè óðàâíåíèÿìè êîíâåêöèè-äèôôóçèè ñ ðàç-
ðûâíûìè êîýôôèöèåíòàìè è ñîñòîÿíèÿìè ñ óïðàâëåíèÿìè â êîýôôèöèåíòàõ îïåðàòîðîâ
äèôôóçèîííîãî è êîíâåêòèâíîãî ïåðåíîñà. Âûäåëåí êëàññ çàäà÷ äëÿ ñîñòîÿíèÿ ïðîöåññà,
êîòîðûé ñâÿçàí ñ èñïîëüçîâàíèåì íåäèâåðãåíòíîé ôîðìû çàïèñè îïåðàòîðà êîíâåêòèâíî-
ãî ïåðåíîñà (õîòÿ âîçìîæíî òàêæå âûäåëèòü äâà äðóãèõ îñíîâíûõ êëàññà çàäà÷, êîòîðûå
ñâÿçàíû ñ èñïîëüçîâàíèåì äèâåðãåíòíîé, èëè æå òàê íàçûâàåìîé ñèììåòðè÷íîé ôîðìû
çàïèñè îïåðàòîðîâ êîíâåêòèâíîãî ïåðåíîñà).

Íàñòîÿùàÿ ðàáîòà ïðèìûêàåò ïî òåìàòèêå ê [2]-[4] (ñì. òàêæå öèòèðóåìóþ òàì ëè-
òåðàòóðó) è ñóùåñòâåííî îáîáùàåò ðåçóëüòàòû ðàáîòû [5]. Â ðàáîòå èçó÷àåòñÿ îñíîâíîé
ñïåêòð ïðîáëåì àïïðîêñèìàöèè çàäà÷ îïòèìàëüíîãî óïðàâëåíèÿ, îïèñûâàåìûõ óðàâíå-
íèÿìè êîíâåêöèè-äèôôóçèè (ðàññìàòðèâàþòñÿ âîïðîñû ïîñòðîåíèÿ äèñêðåòíûõ àíàëîãîâ
îïòèìèçàöèîííûõ çàäà÷, âîïðîñû ñõîäèìîñòè àïïðîêñèìàöèé ïî ñîñòîÿíèþ, ôóíêöèîíàëó,
óïðàâëåíèþ, ðåãóëÿðèçàöèè àïïðîêñèìàöèé).

2. Ïîñòàíîâêà çàäà÷ è èõ êîððåêòíîñòü

Ïóñòü Ω =
{
r = (r1, r2) ∈ R2 : 0 < rα < lα, α = 1, 2

}
� ïðÿìîóãîëüíèê â R2 ñ

ãðàíèöåé ∂Ω = Γ . Ïóñòü îáëàñòü Ω ðàçäåëåíà ïðÿìîé r1 = ξ , ãäå 0 < ξ < l1 (¾âíóò-
ðåííåé êîíòàêòíîé ãðàíèöåé¿ S =

{
r1 = ξ, 0 ≤ r2 ≤ l2

}
, 0 < ξ < l1 ) íà ïîäîáëàñòè

Ω1 ≡ Ω− =
{
0 < r1 < ξ, 0 < r2 < l2} è Ω2 ≡ Ω+ =

{
ξ < r1 < l1, 0 < r2 < l2} (íà ëåâóþ

è ïðàâóþ ïîäîáëàñòè Ω1 è Ω2 ñîîòâåòñòâåííî) ñ ãðàíèöàìè ∂Ω1 ≡ ∂Ω− è ∂Ω2 ≡ ∂Ω+ .
Òàê ÷òî îáëàñòü Ω åñòü îáúåäèíåíèå îáëàñòåé Ω1 è Ω2 è âíóòðåííèõ òî÷åê ¾êîíòàêòíîé¿
ãðàíèöû S ïîäîáëàñòåé Ω1 è Ω2 , à ∂Ω � âíåøíÿÿ ãðàíèöà îáëàñòè Ω . Äàëåå, ÷åðåç Γk
áóäåì îáîçíà÷àòü ãðàíèöû îáëàñòåé Ωk áåç S , k = 1, 2 . Òàê ÷òî ∂Ωk = Γk ∪S , ãäå ÷àñòè
Γk , k = 1, 2 , � îòêðûòûå íåïóñòûå ïîäìíîæåñòâà â ∂Ωk , k = 1, 2 ; Γ1 ∪ Γ2 = ∂Ω = Γ .
×åðåç nα , α = 1, 2 , áóäåì îáîçíà÷àòü âíåøíþþ íîðìàëü ê ãðàíèöå ∂Ωα îáëàñòè Ωα ,
α = 1, 2 . Ïóñòü, äàëåå, n = n(x) � åäèíè÷íàÿ íîðìàëü ê S â êàêîé-ëèáî åå òî÷êå x ∈ S ,
îðèåíòèðîâàííàÿ, íàïðèìåð, òàêèì îáðàçîì, ÷òî íîðìàëü n ÿâëÿåòñÿ âíåøíåé íîðìàëüþ
ê S ïî îòíîøåíèþ ê îáëàñòè Ω1 , òî åñòü íîðìàëü n íàïðàâëåíà âíóòðü îáëàñòè Ω2 .
Íèæå, ïðè ïîñòàíîâêå êðàåâûõ çàäà÷ äëÿ ñîñòîÿíèé ïðîöåññîâ óïðàâëåíèÿ, S � ýòî ïðÿ-
ìàÿ, âäîëü êîòîðîé áóäóò ðàçðûâíû êîýôôèöèåíòû è ðåøåíèÿ êðàåâûõ çàäà÷, êîòîðûå â
îáëàñòÿõ Ω1 è Ω2 îáëàäàþò íåêîòîðîé ãëàäêîñòüþ. Ïóñòü óñëîâèÿ óïðàâëÿåìîãî ôèçè-
÷åñêîãî ïðîöåññà ïîçâîëÿþò ìîäåëèðîâàòü åãî â îáëàñòè Ω = Ω1 ∪ Ω2 ∪ S , ñîñòîÿùåé èç
äâóõ ÷àñòåé (ïîäîáëàñòåé) Ω1 è Ω2 , ðàçáèòîé íà ÷àñòè âíóòðåííåé ãðàíèöåé S , ñëåäóþ-
ùåé çàäà÷åé Äèðèõëå äëÿ ïîëóëèíåéíîãî óðàâíåíèÿ ýëëèïòè÷åñêîãî òèïà ñ ðàçðûâíûìè
êîýôôèöèåíòàìè è ðåøåíèÿìè:

Òðåáóåòñÿ íàéòè ôóíêöèþ u(r) , îïðåäåëåííóþ íà Ω âèäà u(r) = u1(r) , r ∈ Ω1 ≡ Ω− ,
u(r) = u2(r) , r ∈ Ω2 = Ω+ , ãäå êîìïîíåíòû up(r) , p = 1, 2 , óäîâëåòâîðÿþò óñëîâèÿì:

1) ôóíêöèè up(r) , p = 1, 2 , îïðåäåëåííûå íà Ωp = Ωp ∪ ∂Ωp , p = 1, 2 , óäîâëåòâîðÿþò
â Ωp , p = 1, 2 , óðàâíåíèÿì

Lp up = −
2∑

α=1

∂

∂rα

(
kp(r)

∂up
∂rα

)
+

2∑
α=1

ϑ(α)
p (r)

∂up
∂rα

+ dp(r)qp(up) = fp(r), â Ωp, p = 1, 2, (2.1)

à íà ãðàíèöàõ ∂Ω1 \ S = Γ1 , ∂Ω2 \ S = Γ2 óñëîâèÿì

u1(r) = 0, r ∈ Γ1, u2(r) = 0, r ∈ Γ2; (2.2)
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2) èñêîìûå ôóíêöèè up(r) , p = 1, 2 , óäîâëåòâîðÿþò åùå äîïîëíèòåëüíûì óñëîâèÿì íà
S � ãðàíèöå ðàçðûâà êîýôôèöèåíòîâ è ðåøåíèÿ, ïîçâîëÿþùèì ¾cøèòü¿ ðåøåíèÿ u1(r)
è u2(r) âäîëü êîíòàêòíîé ãðàíèöû S îáëàñòåé Ω1 è Ω2 ñëåäóþùåãî âèäà:

G(x) = k1(r)
∂u1
∂r1

= k2(r)
∂u2
∂r1

= θ(r2) (u2(r)− u1(r)) , r ∈ S. (2.3)

Åñëè ââåñòè ôóíêöèè âèäà

u(r) =

{
u1(r), r ∈ Ω1;
u2(r), r ∈ Ω2,

q(ξ) =

{
q1(ξ1), ξ1 ∈ R;
q2(ξ2), ξ2 ∈ R, (2.4)

k(r), d(r), f(r), ϑ(α)(r) =

{
k1(r), q1(r), f1(x), ϑ

(α)
1 (r), r ∈ Ω1;

k2(r), q2(r), f2(r), ϑ
(α)
2 (r), r ∈ Ω2,

α = 1, 2. (2.5)

òî çàäà÷ó (2.1)-(2.3) ìîæíî ïåðåïèñàòü â áîëåå êîìïàêòíîì âèäå:
Òðåáóåòñÿ íàéòè ôóíêöèþ u(r) , îïðåäåëåííóþ íà Ω , óäîâëåòâîðÿþùóþ â êàæäîé èç

îáëàñòåé Ω1 è Ω2 óðàâíåíèþ

Lu(r) = −
2∑

α=1

∂

∂rα

(
k(r)

∂u

∂rα

)
+

2∑
α=1

ϑ(α) ∂u

∂rα
+d(r)q(u) = f(r), r = (r1, r2) ∈ Ω1∪Ω2, (2.6)

è óñëîâèÿì
u(r) = 0, r ∈ ∂Ω = Γ1 ∪ Γ2,[

k(r)
∂u

∂r1

]
= 0, G(r) =

(
k1(r)

∂u1
∂r1

)
= θ(r2)[u], x ∈ S.

(2.7)

Çäåñü [u] = u2(r) − u1(r) = u+(r) − u−(r) � ñêà÷îê ôóíêöèè u(r) íà S , d(r) , f(r)
� èçâåñòíûå ôóíêöèè, îïðåäåëÿåìûå ïî ðàçíîìó â Ω1 è Ω2 , ïðåòåðïåâàþùèå ðàçðûâ
ïåðâîãî ðîäà íà S , ϑ

(p)
2 (r) , p = 1, 2 � çàäàííûå ôóíêöèè, îïðåäåëåííûå â Ω2 , qα(ξα) ,

α = 1, 2 , � çàäàííûå ôóíêöèè, îïðåäåëåííûå äëÿ ξα ∈ R , α = 1, 2 , θ(r2) � çàäàííàÿ
ôóíêöèÿ íà S ,

g(r) = (g1(r), g2(r), g3(r), g4(r)) =
(
k1(r), k2(r), ϑ

(1)
1 (r), ϑ

(2)
1 (r)

)
(2.8)

� óïðàâëåíèå. Îòíîñèòåëüíî çàäàííûõ ôóíêöèé áóäåì ïðåäïîëàãàòü: d(r) ∈ L∞(Ω1) ×
L∞(Ω2) , f(r) ∈ L2(Ω1) × L2(Ω2) , θ(r2) ∈ L∞(S) , ϑ

(p)
2 (r) ∈ L2(Ω2) , p = 1, 2 , 0 ≤ d0 ≤

≤ d(r) ≤ d0 , r ∈ Ω1 ∪ Ω2 , 0 < θ0 ≤ θ(r2) ≤ θ0 , r2 ∈ S , ζp+2 ≤ ϑ
(p)
2 (r) ≤ ζp+2 , p = 1, 2 ,

r ∈ Ω2 , d0 , d0 , θ0 , θ0 , ζp+2 , ζp+2 , � êîíñòàíòû, ôóíêöèè qα(ξα) , α = 1, 2 , îïðåäåëåíû
íà R ñî çíà÷åíèÿìè â R , ïðè÷åì qα(0) = 0 , 0 ≤ q0 ≤ (qα(ξ1)− qα(ξ2))/(ξ1 − ξ2) ≤ Lq <∞
äëÿ âñåõ ξ1, ξ2 ∈ R , ξ1 ̸= ξ2 .

Ââåäåì ìíîæåñòâî äîïóñòèìûõ óïðàâëåíèé

U =
4∏

k=1

Uk ⊂ W 1
∞(Ω1)×W 1

∞(Ω2)× L∞(Ω1)× L∞(Ω1) = B, (2.9)

ñîñòîÿùåå èç g(r) , îïðåäåëåííûõ â (2.8) òàêèõ, ÷òî

gp(r) ∈ Up =
{
gp(r) = kp(r) ∈ W 1

∞(Ωp) = Bp : 0 < νp ≤ gp(r) ≤ νp,∣∣∣∣∂gp(r)∂r1

∣∣∣∣ ≤ R(1)
p ,

∣∣∣∣∂gp(r)∂r2

∣∣∣∣ ≤ R(2)
p ï.â. íà Ωp

}
, p = 1, 2,

g3(r) ∈ U3 =
{
g3(r) = ϑ

(1)
1 (r) ∈ L∞(Ω1) = B3 : ζ1 ≤ g3(r) ≤ ζ1, ï.â. íà Ω1

}
,

g4(r) ∈ U4 =
{
g4(r) = ϑ

(2)
1 (r) ∈ L∞(Ω1) = B4 : ζ2 ≤ g4(r) ≤ ζ2, ï.â. íà Ω1

}
,

(2.10)
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ãäå Bp = W 1
∞(Ωp) , p = 1, 2 , � ïðîñòðàíñòâà óïðàâëåíèé gp(r) = kp(r) , p = 1, 2 , çàäàí-

íûõ íà Ω1 è Ω2 , ñîîòâåòñòâåííî, à Bp = L∞(Ω1) , p = 3, 4 , � ïðîñòðàíñòâà óïðàâëåíèé

gp+2(r) = ϑ
(p)
1 (r) , p = 1, 2 , çàäàííûõ íà Ω1 è Ω2 ñîîòâåòñòâåííî, νp , νp , R

(p)
1 , R

(p)
2 ,

ζp , ζp , p = 1, 2 , � çàäàííûå ÷èñëà. Ïðåäïîëàãàåòñÿ âûïîëíåíèå ñëåäóþùèõ óñëîâèé:

−m1 ≤ ζ1 ≤ ζ1 ≤ m1 , −p1 ≤ ζ2 ≤ ζ2 ≤ p1 , −m2 ≤ ζ3 ≤ ζ3 ≤ m2 , −p2 ≤ ζ4 ≤ ζ4 ≤ p2 ,
mα, pα = const > 0 , α = 1, 2 ,

δα = max
ϵ1, ϵ2 > 0
ϵ1 + ϵ2 ≤ να

{
να − (ϵ1 + ϵ2)

C2
Ωα

+ λ− m2
α

4ϵ1
− p2α

4ϵ2

}
> 0, α = 1, 2,

C2
Ω1

=

(
8

ξ21
+

8

l22

)−1

, C2
Ω2

=

(
8

(l1 − ξ1)2
+

8

l22

)−1

;

(2.11)

çäåñü λ ëþáàÿ èç ñëåäóþùèõ êîíñòàíò: 1) λ = q0 d0, d0 ≥ 0 ; 2) λ = d0 - ëþáàÿ êîíñòàíòà,
êîãäà q(u) = u ; 3) λ = −Lqζ0 , ãäå ζ0 = max

{
|d0| ,

∣∣d0∣∣} .
Çàäàäèì ôóíêöèîíàë öåëè J : U → R1 â âèäå

g → J(g) =

∫
Ω1

|u(r1, r2; g)− u
(1)
0 (r)|2dΩ1 = I(u(r; g)), (2.12)

ãäå u
(1)
0 (r) ∈ W 1

2 (Ω1) � çàäàííàÿ ôóíêöèÿ.
Çàäà÷à îïòèìàëüíîãî óïðàâëåíèÿ ñîñòîèò â òîì, ÷òîáû íàéòè òàêîå óïðàâëåíèå g∗ ∈ U ,

êîòîðîå ìèíèìèçèðóåò íà ìíîæåñòâå U ⊂ B ôóíêöèîíàë öåëè g → J(g) , òî÷íåå, íà
ðåøåíèÿõ u(r) = u(r; g) çàäà÷è (2.1)-(2.3), îòâå÷àþùèõ âñåì äîïóñòèìûì óïðàâëåíèÿì

g(r) =
(
k1(r), k2(r), ϑ

(1)
1 (r), ϑ

(2)
1 (r)

)
∈ U , òðåáóåòñÿ ìèíèìèçèðîâàòü ôóíêöèîíàë öåëè

(2.12).
Ââåäåì â ðàññìîòðåíèå ïðîñòðàíñòâî V (Ω(1,2)) , Ω(1,2) = Ω1 ∪ Ω2 ïàð ôóíêöèé u(r) =

(u1(r), u2(r)) :

V ≡ V (Ω(1,2)) =
{
u(r) = (u1(r), u2(r)) ∈ W 1

2 (Ω1)×W 1
2 (Ω2)

}
, (2.13)

ãäå W 1
2 (Ωk) , k = 1, 2 � Ñîáîëåâñêèå ïðîñòðàíñòâà ôóíêöèé, çàäàííûõ â ïîäîáëàñòÿõ Ωk ,

k = 1, 2 , ñ ãðàíèöàìè ∂Ωk , k = 1, 2 ñîîòâåòñòâåííî è íîðìàìè [6]

∥uk∥2W 1
2 (Ωk)

=

∫
Ωk

[ 2∑
α=1

(
∂uk
∂rα

)2

+ u2k

]
dΩk, k = 1, 2. (2.14)

Ñíàáæåííîå ñêàëÿðíûì ïðîèçâåäåíèåì è íîðìîé

(u, v)V =
2∑

k=1

(uk, vk)W 1
2 (Ωk), ∥u∥2V =

2∑
k=1

∥uk∥2W 1
2 (Ωk)

, (2.15)

V = V (Ω(1,2)) ÿâëÿåòñÿ ãèëüáåðòîâûì ïðîñòðàíñòâîì.
Ìîæíî ïîêàçàòü, ÷òî â ãèëüáåðòîâîì ïðîñòðàíñòâå V (Ω(1,2)) ìîæíî ââåñòè ýêâèâà-

ëåíòíóþ íîðìó

∥u∥2∗ =
2∑

k=1

∫
Ωk

2∑
α=1

(
∂uk
∂rα

)2

dΩk +
2∑

k=1

∫
Γk

u2k dΓk +

∫
S

[u]2 dS, (2.16)
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ãäå [u] = u2(r) − u1(r) = u+(r) − u−(r) � ñêà÷îê ôóíêöèè u(r) ∈ V (Ω(1,2)) íà S . Çäåñü
u2(r) = u+(r) , r ∈ S è u1(r) = u−(r) , r ∈ S � ñëåäû ôóíêöèè u(r) íà S ñî ñòîðîíû
Ω2 = Ω+ è Ω1 = Ω− ñîîòâåòñòâåííî. Ïîíÿòíî, ÷òî èç óñëîâèÿ u(r) ∈ V (Ω(1,2)) ñëåäóåò,
÷òî îòîáðàæåíèÿ ïðîñòðàíñòâ W 1

2 (Ωk) , k = 1, 2 , â ïðîñòðàíñòâà L2(∂Ωk) , k = 1, 2 , îãðà-
íè÷åíû, òàê êàê Ω1 è Ω2 � îáëàñòè ñ ëèïøèöåâûìè ãðàíèöàìè ∂Ω1 è ∂Ω2 . Â ÷àñòíîñòè,
èç óñëîâèÿ u(r) ∈ V (Ω(1,2)) ñëåäóåò, ÷òî [u(r)] ∈ L2(S) , òàê êàê â äàííîì ñëó÷àå òåîðåìà î
ñëåäàõ [6]-[10] ñïðàâåäëèâà äëÿ êàæäîé èç ñòîðîí S+ , S− ãðàíèöû êîíòàêòà S (îïåðàòîð
ñóæåíèÿ èç W 1

2 (Ω
±) â L2(S) íåïðåðûâåí). Çàìåòèì òàêæå, ÷òî ïðèìåíåíèå òåîðåìû î

ñëåäàõ ê Ω1 è Ω2 ïîçâîëÿåò îïðåäåëèòü äëÿ ëþáîé ôóíêöèè u(r) ∈ V (Ω(1,2)) äâà ñëåäà
ñ ïîìîùüþ îïåðàòîðîâ ñóæåíèÿ íà S± . Ñ äðóãîé ñòîðîíû, åñëè ýëåìåíò u(r) ∈ V (Ω(1,2)) ,
òî åãî ñëåäû íà S ñ ðàçíûõ ñòîðîí (ñî ñòîðîíû Ω1 è ñî ñòîðîíû Ω2 ) â îáùåì ñëó÷àå
ðàçëè÷íû. Ñóæåíèÿ ôóíêöèè u(r) íà îáëàñòè Ωk , k = 1, 2 : u|Ωk

, k = 1, 2 , ïðèíàäëåæàò
ïðîñòðàíñòâàì W 1

2 (Ωk) , k = 1, 2 , ñîîòâåòñòâåííî, íî ïðîñòðàíñòâó W 1
2 (Ω) ñàìà ôóíêöèÿ

u(r) íå ïðèíàäëåæèò, ïîñêîëüêó íà ìíîæåñòâå S (ïðè ïåðåõîäå èç Ω1 â Ω2 ) îíà èìååò
ðàçðûâ ( δ(r) = u2(r)− u1(r) = u+(r)− u−(r) , r ∈ S ). Çàìåòèì òàêæå, ÷òî íåîáõîäèìûì è
äîñòàòî÷íûì óñëîâèåì äëÿ ïðèíàäëåæíîñòè ôóíêöèè v(r) ∈ W 1

2 (Ω) = W 1
2 (Ω1 ∪ Ω2 ∪ S) ,

ÿâëÿåòñÿ óñëîâèå ñêëåéêè: v(r) ∈ W 1
2 (Ωk) , k = 1, 2 ; v1(r)|S = v2(r)|S (ñì. [10], [11]).

Äàëåå, òàê êàê Ωk � îáëàñòè ñ ãðàíèöàìè Ëèïøèöà ∂Ωk , k = 1, 2 , à Γ1 è Γ2 � ñîîò-
âåòñòâåííî èõ (îòêðûòûå) ÷àñòè (êóñêè ãðàíèö ∂Ω1 è ∂Ω2 ) ñ ïîëîæèòåëüíûìè ìåðàìè
Ëåáåãà, mesΓk > 0 , k = 1, 2 , òî [12] ñóùåñòâóþò íåêîòîðûå ïîñòîÿííûå C1 è C2 , çàâèñÿ-
ùèå òîëüêî îò äàííûõ îáëàñòåé Ωk , k = 1, 2 è îò êóñêîâ Γ1 è Γ2 ñîîòâåòñòâåííî, òàêèå,
÷òî äëÿ êàæäîé ôóíêöèè uk(r) ∈ W 1

2 (Ωk) , k = 1, 2 èìåþò ìåñòî ñîîòíîøåíèÿ:

∥uk(r)∥2W 1
2 (Ωk)

≤ C2
k

[∫
Ωk

2∑
α=1

(
∂uk
∂xα

)2

dΩk +

∫
Γk

u2kdΓk

]
, k = 1, 2. (2.17)

Òàê êàê äëÿ ðàññìàòðèâàåìûõ îáëàñòåé Ωk , k = 1, 2 îòîáðàæåíèÿ ïðîñòðàíñòâ
W 1

2 (Ωk) , k = 1, 2 , â ïðîñòðàíñòâà L2(∂Ωk) , k = 1, 2 , îãðàíè÷åíû, òî ñóùåñòâóþò òà-
êèå ïîñòîÿííûå C3 è C4 ñîîòâåòñòâåííî, íå çàâèñÿùèå îò ôóíêöèè uk(r) , ÷òî äëÿ ëþáûõ
ôóíêöèé uk(r) ∈ W 1

2 (Ωk) ñïðàâåäëèâû îöåíêè [13],[14]:

∥uk(r)∥2L2(∂Ωk)
≤ C2

k+2∥uk(r)∥2W 1
2 (Ωk)

, k = 1, 2, (2.18)

âûòåêàþùèå èç òåîðåì âëîæåíèÿ ïðîñòðàíñòâ W 1
2 (Ωk) â L2(∂Ωk) .

Ïóñòü
◦
Γk � ÷àñòü ∂Ωk . ×åðåç W

1
2

(
Ωk;

◦
Γk

)
îáîçíà÷èì çàìêíóòîå ïîäïðîñòðàíñòâî ïðî-

ñòðàíñòâà W 1
2 (Ωk) , ïëîòíûì ìíîæåñòâîì â êîòîðîì ÿâëÿåòñÿ ìíîæåñòâî âñåõ ôóíêöèé èç

C1(Ωk) , ðàâíûõ íóëþ âáëèçè
◦
Γk⊂ ∂Ωk , k = 1, 2 , � êàêîãî-ëèáî ó÷àñòêà

◦
Γk ãðàíèöû

∂Ωk , k = 1, 2 . Ïîä ó÷àñòêàìè
◦
Γk ãðàíèöû ∂Ωk ïîíèìàþòñÿ êóñêè ãðàíèöû ∂Ωk , åñòå-

ñòâåííî, ìû íå ðàññìàòðèâàåì ñëó÷àé, êîãäà êàêîé-ëèáî èç ó÷àñòêîâ
◦
Γk âûðîæäàåòñÿ â

òî÷êó, W 1
2 (Ωk;

◦
Γk) ñîâïàäàåò ñ W 1

2 (Ωk) ïðè
◦
Γk= ∅ ; W 1

2 (Ωk;
◦
Γk) =

0

W
1

2 (Ωk) ïðè
◦
Γk= ∂Ωk .

Çàìåòèì, ÷òî äëÿ ýëåìåíòîâ uk(r) ∈ W 1
2 (Ωk;

◦
Γk) ñïðàâåäëèâî íåðàâåíñòâî [7]∫

Ωk

u2k(r) dΩk ≤ Ck+4(Ωk,
◦
Γk)

∫
Ωk

2∑
α=1

(
∂uk
∂rα

)2

dΩk, k = 1, 2, (2.19)

ñ ïîñòîÿííîé Ck+4(Ωk,
◦
Γk) , çàâèñÿùåé òîëüêî îò Ωk è

◦
Γk , ïðè ýòîì ¾ïëîùàäü¿ êóñêà

◦
Γk

ïîâåðõíîñòè ∂Ωk äîëæíà áûòü ïîëîæèòåëüíîé: mes
◦
Γk> 0 .
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Ââåäåì â ðàññìîòðåíèå íîðìèðîâàííîå ïðîñòðàíñòâî
◦
V Γ1,Γ2 (Ω(1,2)) ïàð ôóíêöèé

u(r) = (u1(r), u2(r)) :

◦
V Γ1,Γ2 (Ω

(1,2)) =
{
u(r) = (u1(r), u2(r)) ∈ W 1

2 (Ω1; Γ1)×W 1
2 (Ω2; Γ2)

}
, (2.20)

∥u∥2◦
V Γ1,Γ2

(Ω(1,2))
=

2∑
k=1

∫
Ωk

2∑
α=1

(
∂uk
∂rα

)2

dΩk +

∫
S

[u]2dS. (2.21)

Ïîä ðåøåíèåì ïðÿìîé çàäà÷è (2.1)-(2.3) ïðè ôèêñèðîâàííîì óïðàâëåíèè g(r) =

= k(r) ∈ U ïîíèìàåòñÿ ôóíêöèÿ u(r) ≡ u(r; g) ∈
◦
V Γ1,Γ2 (Ω(1,2)) , óäîâëåòâîðÿþùàÿ äëÿ

âñåõ v ∈
◦
V Γ1,Γ2 (Ω

(1,2)) òîæäåñòâó

Q(u, v) =

∫
Ω1∪Ω2

[
2∑

α=1

(
k(r)

∂u

∂rα

∂v

∂rα
+

2∑
α=1

ϑ(α) ∂u

∂rα
v + d(r)q(u)v

]
dΩ0+

+

∫
S

θ(x)[u][v] dS =

∫
Ω1∪Ω2

f(r)v dΩ0 = l(v).

(2.22)

Ðàçðåøèìîñòü çàäà÷è (2.1)-(2.3) â ñìûñëå åå îïðåäåëåíèÿ (2.22) ãàðàíòèðóåò

Ò å î ð å ì à 2.1. Ïðè ëþáîì g(r) ∈ U ñóùåñòâóåò åäèíñòâåííîå îáîáùåííîå ðå-

øåíèå u(r) = u(r; g) ∈
◦
V Γ1,Γ2 (Ω(1,2)) çàäà÷è (2.1)-(2.3), îïðåäåëÿåìîå èç èíòåãðàëüíîãî

òîæäåñòâà (2.22), ïðè÷åì

∥u(r; g)∥ ◦
V Γ1,Γ2

≤ C7

2∑
k=1

∥fk(r)∥L2(Ωk)
= C7, , (2.23)

ãäå C7 = const > 0 .

Ä î ê à ç à ò å ë ü ñ ò â î. 2.1. îïèðàåòñÿ íà òåîðèþ ìîíîòîííûõ îïåðàòîðîâ [8], [9],
[12], [15], ïðè ýòîì ñóùåñòâåííî èñïîëüçóþòñÿ, ââåäåííûå âûøå Ãèëüáåðòîâû ïðîñòðàíñòâà

V (Ω(1,2)) ,
◦
V Γ1,Γ2 (Ω(1,2)) è ââåäåííûå â íèõ ýêâèâàëåíòíûå íîðìû, à òàêæå íåðàâåíñòâà

(2.16)-(2.18).
Ä î ê à ç à ò å ë ü ñ ò â î ç à ê î í ÷ å í î.

Ðàññìîòðèì òåïåðü çàäà÷ó îïòèìàëüíîãî óïðàâëåíèÿ (2.12), (2.1)-(2.10). Ñïðàâåäëèâà
ñëåäóþùàÿ òåîðåìà î ðàçðåøèìîñòè ýêñòðåìàëüíîé çàäà÷è (2.12), (2.1)-(2.10).

Ò å î ð å ì à 2.2. Ñóùåñòâóåò, ïî êðàéíåé ìåðå, îäíî îïòèìàëüíîå óïðàâëåíèå
g∗ ∈ U çàäà÷è (2.12), (2.1)-(2.10), ò.å. J∗ = inf{J(g) : g ∈ U} > −∞ , U∗ = {g∗ ∈ U :
J(g∗) = J∗} ̸= ∅ . Ìíîæåñòâî òî÷åê ìèíèìóìà U∗ ôóíêöèîíàëà öåëè J(g) â ýêñòðåìàëü-
íîé çàäà÷å (2.12), (2.1)-(2.10) ñëàáî êîìïàêòíî â H =W 1

2 (Ω1)×W 1
2 (Ω2)×L2(Ω1)×L2(Ω1) .

Ëþáàÿ ìèíèìèçèðóþùàÿ ïîñëåäîâàòåëüíîñòü
{
g(n)
}∞
n=1

⊂ U ôóíêöèîíàëà J(g) ñëàáî â
H ñõîäèòñÿ ê ìíîæåñòâó U∗ .

3. Ðàçíîñòíàÿ àïïðîêñèìàöèÿ çàäà÷ óïðàâëåíèÿ. Êîððåêòíîñòü

àïïðîêñèìàöèé

Â ñâÿçè ñ ÷èñëåííûì ðåøåíèåì çàäà÷ îïòèìàëüíîãî óïðàâëåíèÿ ñóùåñòâåííûé èíòå-
ðåñ ïðåäñòàâëÿåò âîïðîñ îá àïïðîêñèìàöèè áåñêîíå÷íîìåðíûõ çàäà÷ îïòèìèçàöèè (2.12),
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(2.1)-(2.10) ïîñëåäîâàòåëüíîñòüþ êîíå÷íîìåðíûõ çàäà÷ îïòèìàëüíîãî óïðàâëåíèÿ. Íèæå
ïîñòðîèì è èçó÷èì àïïðîêñèìàöèè çàäà÷ íà îñíîâå ìåòîäà ñåòîê (ñì. [16]-[19]) è èññëåäóåì
ñõîäèìîñòü ýòèõ àïïðîêñèìàöèé ïðè íåîãðàíè÷åííîì èçìåëü÷åíèè øàãà h ñåòêè äèñêðå-
òèçàöèè. Äëÿ àïïðîêñèìàöèè çàäà÷ îïòèìèçàöèè (2.12), (2.1)-(2.10) íàì ïîíàäîáÿòñÿ íåêî-
òîðûå ñåòêè íà [0, lα] , α = 1, 2 è â Ω . Ââåäåì â ðàññìîòðåíèå îäíîìåðíûå íåðàâíîìåðíûå

ñåòêè ïî x1 è x2 : ω̂α = {x(iα)α ∈ [0, lα] : iα = 0, Nα, x
(0)
α = 0, x

(Nα)
α = lα, hαiα = x

(iα)
α −x(iα−1)

α } ,
α = 1, 2 , à òàêæå ââåäåì íåðàâíîìåðíóþ ñåòêó ïî x1 è x2 â îáëàñòè Ω = Ω1 ∪ Ω2 :
ω̂ = ω̂1 × ω̂2 . Î÷åâèäíî, âñåãäà ìîæíî ïîñòðîèòü ñåòêó ω̂1 íà [0, l1] òàê, ÷òîáû òî÷êà
x1 = ξ áûëà åå óçëîì. Ïðè ðåøåíèè ïðàêòè÷åñêèõ çàäà÷ öåëåñîîáðàçíî âûáèðàòü â îá-
ëàñòÿõ Ω1 è Ω2 ðàâíîìåðíûå øàãè h

(1)
1 è h

(2)
1 ñîîòâåòñòâåííî, è, èñõîäÿ èç ïîëîæåíèÿ

òî÷êè x1 = ξ , ÷èñëî óçëîâ íàõîäèòü èç ïðåäïîëîæåíèÿ h
(1)
1 ≈ h

(2)
1 . Îáîñíîâàíèÿ ðàçíîñò-

íûõ ñõåì íà íåðàâíîìåðíûõ ñåòêàõ äëÿ äàííîé ýêñòðåìàëüíîé çàäà÷è (2.12), (2.1)-(2.10)
íå íîñÿò ïðèíöèïèàëüíîãî õàðàêòåðà, è â äàëüíåéøåì äëÿ íàãëÿäíîñòè èññëåäîâàíèÿ âî
âñåé îáëàñòè Ω ñåòêó ïî x1 è x2 áóäåì ñ÷èòàòü ðàâíîìåðíîé, ïîëàãàÿ x

(i1)
1 −x(i1−1)

1 = h1 ,

i1 = 1, N1 è x
(i2)
2 − x

(i2−1)
2 = h2 , i2 = 1, N2 . Çíà÷åíèå x1 â òî÷êå x1 = ξ îáîçíà÷èì ÷åðåç

xξ , à ñîîòâåòñòâóþùèé íîìåð óçëà îáîçíà÷èì ÷åðåç N1ξ , 1 < N1ξ < N1 − 1 .

Ââåäåì ñåòêè óçëîâ: ω̄
(1)
1 = {x(i1)1 = i1h1 ∈ [0, ξ] : i1 = 0, N1ξ, N1ξh1 = ξ} , ω̄(2)

1 = {x(i1)1 =

i1h1 ∈ [ξ, l1] : i1 = N1ξ,N1 , N1h1 = l1} , ω(1)
1 = ω̄

(1)
1 \{x1 = 0, x1 = ξ} , ω(2)

1 = ω̄
(2)
1 \{x1 = ξ, x1 =

l1} ; ω̄2 = {x(i2)2 = i2h2 ∈ [0, l2] : i2 = 0, N2, N2h2 = l2} , ω2 = ω̄2 \ {x2 = 0, x2 = l2} ; ω̄1 =

ω̄
(1)
1 ∪ω̄(2)

1 ; ω1 = ω
(1)
1 ∪ω(2)

1 ; ω̄(1) = ω̄
(1)
1 ×ω̄2 ; ω̄

(2) = ω̄
(2)
1 ×ω̄2 ; ω

(1) = ω
(1)
1 ×ω2 ; ω

(2) = ω
(2)
1 ×ω2 ;

ω̄ ≡ ω̄(1,2) = ω̄(1)∪ω̄(2) = (ω̄
(1)
1 ∪ω̄(2)

1 )×ω̄2 = {x(i1)1 = i1h1, i1 = 0, N1, N1/xih1 = ξ, (N1−N1ξ)h1 =

l1−ξ, 1 < N1ξ < N1−1}×ω̄2 , ω ≡ ω(1,2) = ω(1)∪ω(2) ; ω
(1)+
1 = ω̄

(1)
1 ∩(0, ξ] , ω(1)−

1 = ω̄
(1)
1 ∩[0, ξ) ,

ω
(2)−
1 = ω̄

(2)
1 ∩ [ξ, l1) , ω

(1)+ = ω
(1)+
1 × ω̄2 ; γξ = {x1 = ξ, x2 = h2, 2h2, ..., (N2 − 1)h2} =

{x1 = ξ, x
(i2)
2 = i2h2, i2 = 1, N2 − 1} ; γ(k) = ∂ω(k)\γS ; ω(1)+

1 × ω2 = ω(1) ∪ γS = ω̄(1)\γ(1) ;
∂ω(k) = ω̄(k)\ω(k) � ìíîæåñòâî ãðàíè÷íûõ óçëîâ ñåòêè ω̄(k) , k = 1, 2 . Ïðè èññëåäîâàíèè
ñõîäèìîñòè ðàçíîñòíûõ àïïðîêñèìàöèé íàì ïîòðåáóþòñÿ ñêàëÿðíûå ïðîèçâåäåíèÿ, íîðìû
è ïîëóíîðìû ñåòî÷íûõ ôóíêöèé, çàäàííûõ íà ðàçëè÷íûõ ñåòêàõ. Ìíîæåñòâî ñåòî÷íûõ
ôóíêöèé yk(x) , x ∈ ω̄(k) ⊂ Ω̄k , k = 1, 2 , ñíàáæåííîå ñêàëÿðíûì ïðîèçâåäåíèåì è íîðìîé

(yk, vk)L2(ω̄(k)) =
∑
ω̄(k)

yk(x)vk(x)~1~2, ∥yk∥L2(ω̄(k))) = (yk, yk)
1/2

L2(ω̄(k))
, (3.1)

îáîçíà÷èì ÷åðåç L2(ω̄
(k)) , k = 1, 2 . Çäåñü ~1 = ~1(x) � ñðåäíèé øàã ñåòîê ω̄(1)

1 è ω̄
(2)
1 , ~2 =

~2(x) � ñðåäíèé øàã ñåòêè ω̄2 [11]. ×åðåç W 1
2 (ω̄

(1)) è W 1
2 (ω̄

(2)) îáîçíà÷èì ïðîñòðàíñòâà
ñåòî÷íûõ ôóíêöèé, çàäàííûõ íà ñåòêàõ ω̄(1) è ω̄(2) ñî ñêàëÿðíûìè ïðîèçâåäåíèÿìè è
íîðìàìè:

(yk, vk)W 1
2 (ω̄

(k)) =
∑

ω
(k)+
1 ×ω̄2

ykx̄1vkx̄1h1~2 +
∑

ω̄
(k)
1 ×ω+

2

ykx̄2vkx̄2~1h2 + (yk, vk)L2(ω̄(k)),

∥y∥2W 1
2 (ω̄

(k)) = ∥∇yk∥2 + ∥yk∥2L2(ω̄(k)), ∥∇yk∥
2 =

∑
ω
(k)+
1 ×ω̄2

y2kx̄1h1~2 +
∑

ω̄
(k)+
1 ×ω̄+

2

y2kx̄2~1h2, k = 1, 2.

(3.2)
Ââåäåì â ðàññìîòðåíèå ïðîñòðàíñòâî Vh ≡ Vh(ω̄

(1,2)) ïàð ñåòî÷íûõ ôóíêöèé y(x) =
(y1(x), y2(x)) , îïðåäåëÿåìîå ñîîòíîøåíèåì Vh ≡ Vh(ω̄

(1,2)) = {y(x) = (y1(x), y2(x)) ∈
W 1

2 (ω̄
(1))×W 1

2 (ω̄
(2))} . Ñíàáæåííîå ñêàëÿðíûì ïðîèçâåäåíèåì è íîðìîé

(yk, vk)Vh(ω̄(1,2)) =
2∑

k=1

(yk, vk)W 1
2 (ω̄

(k)), ∥yk∥Vh(ω̄(1,2)) =
2∑

k=1

∥yk∥2W 1
2 (ω̄

(k)), (3.3)
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Vh(ω̄
(1,2)) ÿâëÿåòñÿ ãèëüáåðòîâûì ïðîñòðàíñòâîì.

Ïóñòü γ(k) = ∂ω(k) \ γS � ïîäìíîæåñòâî ãðàíè÷íûõ óçëîâ ∂ω(k) ñåòêè ω̄(k) ⊂ Ω̄k ,
k = 1, 2 . ×åðåç L2(ω̄

(k), γ(k)) îáîçíà÷èì ïîäïðîñòðàíñòâî ïðîñòðàíñòâà ñåòî÷íûõ ôóíêöèé
L2(ω̄

(k)) , îáðàùàþùèõñÿ â íóëü íà γ(k) , k = 1, 2 , ñ íîðìàìè

∥yk∥2L2(ω̄(k);γ(k)) =
∑
x∈ω(k)

y2k(x)h1h2 +
1

2

∑
x∈γS

y2k(x)h1h2, k = 1, 2. (3.4)

èíäóöèðîâàííûìè ñêàëÿðíûìè ïðîèçâåäåíèÿìè

(yk, vk)L2(ω̄(k);γ(k)) =
∑
x∈ω(k)

yk(x)vk(x)h1h2 +
1

2

∑
x∈γS

yk(x)vk(x)h1h2, k = 1, 2. (3.5)

×åðåç W 1
2 (ω̄

(k), γ(k)) îáîçíà÷èì ïîäïðîñòðàíñòâî ïðîñòðàíñòâà ñåòî÷íûõ ôóíêöèé
W 1

2 (ω̄
(k)) , îáðàùàþùèõñÿ â íóëü íà γ(k) , k = 1, 2 .

Ââåäåì â ðàññìîòðåíèå ïðîñòðàíñòâî
◦
Hγ(1),γ(2) (ω̄(1,2)) è

◦
V γ(1),γ(2) (ω̄(1,2)) ïàð y(x) =

(y1(x), y2(x)) :

◦
Hγ(1),γ(2) (ω̄

(1,2)) = {y = (y1(x), y2(x)) ∈ L2(ω̄
(1), γ(1))× L2(ω̄

(2), γ(2))}, (3.6)

◦
V γ(1),γ(2) (ω̄

(1,2)) = {y = (y1(x), y2(x)) ∈ W 1
2 (ω̄

(1), γ(1))×W 1
2 (ω̄

(2), γ(2))}, (3.7)

∥y∥2◦
H

γ(1),γ(2)

=
2∑

k=1

∥yk∥2L2(ω̄(k);γ(k)), ∥y∥2◦
V

γ(1),γ(2)

=
2∑

k=1

∥∇yk∥2 + ∥[y]∥2L2(γS)
. (3.8)

Çàäà÷àì îïòèìàëüíîãî óïðàâëåíèÿ (2.12), (2.1)-(2.10) ïîñòàâèì â ñîîòâåòñòâèå ñëåäó-
þùèå ðàçíîñòíûå àïïðîêñèìàöèè: ìèíèìèçèðîâàòü ñåòî÷íûé ôóíêöèîíàë

Jh(Φh) =
∑
x∈ω̄(1)

|y(x; Φh)− u
(1)
0h |

2~1~2 = ∥y(x; Φh)− u
(1)
0h ∥

2
L2(ω̄(1)), (3.9)

ïðè óñëîâèÿõ, ÷òî ñåòî÷íàÿ ôóíêöèÿ y(x) ≡ y(x,Φh) = (y1(x,Φh), y2(x,Φh)) ∈
◦
V γ(1),γ(2)

(ω̄(1,2)) , íàçûâàåìàÿ ðåøåíèåì ðàçíîñòíîé êðàåâîé çàäà÷è (ðàçíîñòíîé ñõåìîé) äëÿ çàäà÷è

(2.1)-(2.3), óäîâëåòâîðÿåò äëÿ ëþáîé ñåòî÷íîé ôóíêöèè v(x) = (v1(x), v2(x)) ∈
◦
V γ(1),γ(2)

(ω̄(1,2)) ñóììàòîðíîìó òîæäåñòâó

Qh(y, v) =

{∑
ω
(1)+
1

∑
ω2

b
(1)
1h (Φ1h(x1, x2))y1x̄1v1x̄1h1h2 +

(∑
ω
(1)
1

∑
ω+
2

b̃
(1)
1h (Φ1h(x1, x2))y1x̄1v1x̄1h1h2+

+
1

2

∑
ω+
2

b̃
(1)
1h (Φ1h(ξ, x2))y1x̄2(ξ, x2)v1x̄2(ξ, x2)h1h2

)}
+

{∑
ω
(2)+
1

∑
ω2

b
(2)
2h (Φ2h(x1, x2))y2x̄1v2x̄1h1h2+

+

(∑
ω
(2)
1

∑
ω+
2

b̃
(2)
2h (Φ2h(x1, x2))y2x̄2v2x̄2h1h2 +

1

2

∑
ω+
2

b̃
(2)
2h (Φ2h(ξ, x2))y2x̄2(ξ, x2)v2x̄2(ξ, x2)h1h2

)}
+

+
∑
ω(1)

2∑
α=1

Φα+2,h(x)y
1
0
xα
(x)v1(x)h1h2 +

1

2

∑
ω2

2∑
α=1

Φα+2,h(ξ, x2)y
1
0
xα
(ξ, x2)v1(ξ, x2)h1h2+

+
∑
ω(2)

2∑
α=1

ϑ
(α)
2h (x)y20

xα
(x)v2(x)h1h2 +

1

2

∑
ω2

2∑
α=1

ϑ
(α)
2h (ξ, x2)y20

xα
(ξ, x2)v2(ξ, x2)h1h2+

(3.10)
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+

{(∑
ω(1)

d1h(x)q1(y1(x))v1(x)h1h2 +
1

2

∑
ω2

d1h(ξ, x2)q1(y1(ξ, x2))v1(ξ, x2)h1h2

)
+

+

(∑
ω(2)

d2h(x)q2(y2(x))v2(x)h1h2 +
1

2

∑
ω2

d2h(ξ, x2)q2(y2(ξ, x2))v2(ξ, x2)h1h2

)}
+

+
∑
ω2

θh(x2)[y(ξ, x2)] [v(ξ, x2)]h2 =

(∑
ω(1)

f1h(x)v1(x)h1h2 +
1

2

∑
ω2

f1h(ξ, x2)v1(ξ, x2)h1h2

)
+

+

(∑
ω(2)

f2h(x)v2(x)h1h2 +
1

2

∑
ω2

f2h(ξ, x2)v1(ξ, x2)h1h2

)
= lh(v),

à ñåòî÷íûå óïðàâëåíèÿ Φh(x) ïðèíàäëåæàò ìíîæåñòâó äîïóñòèìûõ ñåòî÷íûõ óïðàâëåíèé

Uh =
4∏

k=1

Ukh ⊂ W 1
∞(ω̄(1))×W 1

∞(ω̄(2))× L∞(Ω1)× L∞(Ω1) = Bh (3.11)

è ñîñòîÿò èç ÷åòâåðîê

Φh(x) =


Φ1h(x), x ∈ ω̄(1);
Φ2h(x), x ∈ ω̄(2);
Φ3h(x), x ∈ ω̄(1);
Φ4h(x), x ∈ ω̄(1),

(3.12)

Φph(x) ∈ Uph =
{
Φph(x) ∈ W 1

∞(ω̄(p)) = Bph : 0 < νp ≤ Φph(x) ≤ ν̄p, x ∈ ω̄(p),

|Φphx1(x)| ≤ R(1)
p , x ∈ ω

(p)−
1 × ω̄2, |Φphx2(x)| ≤ R(2)

p , x ∈ ω
(p)
1 × ω̄−

2

}
, p = 1, 2,

Φph(x) ∈ Uph =
{
Φph(x) ∈ L∞(ω̄(1)) = Bph : ζp−2 ≤ Φph(x) ≤ ζ̄p−2, x ∈ ω̄(1),

}
, p = 3, 4,

(3.13)
ãäå B1h = W 1

∞(ω̄(1)) , B2h = W 1
∞(ω̄(2)) � ïðîñòðàíñòâà ñåòî÷íûõ óïðàâëåíèé Φ1h(x) ,

Φ2h(x) , çàäàííûõ íà ñåòêàõ ω̄(1) , ω̄(2) ñ íîðìàìè

∥Φ1h(x)∥W 1
∞(ω̄(1)) = max

ω̄(1)
|Φ1h(x)|+ max

ω
(1)−
1 ×ω̄2

|Φ1hx1(x)|+ max
ω̄
(1)
1 ×ω−

2

|Φ1hx2(x)|,

∥Φ2h(x)∥W 1
∞(ω̄(2)) = max

ω̄(2)
|Φ2h(x)|+ max

ω
(2)−
1 ×ω̄2

|Φ2hx1(x)|+ max
ω̄
(2)
1 ×ω−

2

|Φ2hx2(x)|,
(3.14)

ñîîòâåòñòâåííî. Çäåñü

b
(1)
1h (Φ1h(x1, x2)) =

Φ
(−12)
1h (x) + Φ

(−11,−12)
1h (x) + Φ

(+12)
1h (x) + Φ

(−11,+12)
1h (x)

4
,

b̃
(1)
1h (Φ1h(x1, x2)) =

Φ1h(x) + Φ
(−12)
1h (x)

2
,

b
(2)
2h (Φ2h(x1, x2)) =

Φ
(−12)
2h (x) + Φ

(−11,−12)
2h (x) + Φ

(+12)
2h (x) + Φ

(−11,+12)
2h (x)

4
,

b̃
(2)
2h (Φ2h(x1, x2)) =

Φ2h(x) + Φ
(−12)
2h (x)

2
,

(3.15)

Φ
(−11,−12)
1h (x) = Φ1h(x1 − h1, x2 − h2) , Φ

(−12)
1h (x) = Φ1h(x1, x2 − h2) , Φ

(−11,+12)
1h (x) = Φ1h(x1 −

h1, x2 + h2) , Φ
(+12)
1h (x) = Φ1h(x1, x2 + h2) , Φ

(−11,−12)
2h (x) = Φ2h(x1 − h1, x2 − h2) , Φ

(−12)
2h (x) =

Φ2h(x1, x2−h2) , Φ(−11,+12)
2h (x) = Φ2h(x1−h1, x2+h2) , Φ(+12)

2h (x) = Φ1h(x1, x2+h2) , à ϑ
(α)
2h (x) ,

dαh(x) , α = 1, 2 , θh(x2) , fαh(x) , α = 1, 2 , u
(1)
0h (x) � ñåòî÷íûå àïïðîêñèìàöèè ôóíêöèé

ϑ(α)(r) , dα(r) , α = 1, 2 , θ(r2) , fα(r) , α = 1, 2 , u
(1)
0 (r) , îïðåäåëÿåìûå ÷åðåç óñðåäíåíèÿ

ïî Ñòåêëîâó:
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ϑ
(α)
2h (x) =

1

h1h2

∫∫
e2(x)

ϑ
(α)
2 (r1, r2) dr1dr2, x ∈ ω(2);

ϑ
(α)
2h (ξ, x2) =

2

h1h2

ξ+0.5h1∫
ξ

∫
e2(x2)

ϑ
(α)
2 (r1, r2) dr1dr2, x2 ∈ ω2,

dαh(x) =
1

h1h2

∫∫
e(α)(x)

dα(r1, r2) dr1dr2, x ∈ ω(α), α = 1, 2;

d1h(ξ, x2) =
2

h1h2

ξ∫
ξ−0.5h1

∫
e2(x2)

d1(r1, r2) dr1dr2, x2 ∈ ω2,

d2h(ξ, x2) =
2

h1h2

ξ+0.5h1∫
ξ

∫
e2(x2)

d2(r1, r2) dr1dr2, x2 ∈ ω2,

f1h(x) =
1

h1h2

∫∫
e(1)(x)

f1(r1, r2) dr1dr2, x2 ∈ ω
(1)
1 ,

f1h(ξ, x2) =
2

h1h2

ξ∫
ξ−0.5h1

∫
e2(x2)

f1(r1, r2) dr1dr2, x2 ∈ ω2;

f2h(x) =
1

h1h2

∫∫
e(2)(x)

f2(r1, r2) dr1dr2, x ∈ ω(2),

f2h(ξ, x2) =
2

h1h2

ξ+0.5h1∫
ξ

∫
e2(x2)

f2(r1, r2) dr1dr2, x2 ∈ ω2;

θh(x2) =
1

h2

∫
e2(x2)

θ(r2) dr2, x2 ∈ ω2; u
(1)
0h (x) =

1

~1~2

∫∫
e(1)(x)

u
(1)
0 (r1, r2) dr1dr2, x ∈ ω̄(1).

(3.16)

Çäåñü óñðåäíåíèÿ áåðóòñÿ ïî ýëåìåíòàðíûì ÿ÷åéêàì [16].

Ò å î ð å ì à 3.1. Çàäà÷à î íàõîæäåíèè ðåøåíèÿ ðàçíîñòíîé ñõåìû (3.10) ïðè ëþ-
áîì ôèêñèðîâàííîì óïðàâëåíèè Φh ∈ Uh îäíîçíà÷íî ðàçðåøèìà, ïðè÷åì ñïðàâåäëèâà
àïðèîðíàÿ îöåíêà

∥y(x; Φh)∥ ◦
V

γ(1),γ(2)
(ω̄(1,2))

≤M
2∑

k=1

∥fkh(x)∥L2(ω(k))∪γS = M̂, ∀Φh ∈ Uh, (3.17)

ãäå M = const > 0 .

Âûïèøåì ÿâíûé âèä ðàçíîñòíîé ñõåìû (3.10) â óçëàõ ñåòêè ω = ω1 ∪ ω2 = ω(1,2) .
Òðåáóåòñÿ íàéòè ôóíêöèþ y = (y1, y2) , îïðåäåëåííóþ íà ω = ω1∪ω2 = ω(1,2) , y(x) = y1(x)
äëÿ x ∈ ω(1) , y(x) = y2(x) äëÿ x ∈ ω(2) , ãäå êîìïîíåíòû y1(x) è y2(x) óäîâëåòâîðÿþò
ñëåäóþùèì óñëîâèÿì:

1) ñåòî÷íàÿ ôóíêöèÿ y1 óäîâëåòâîðÿåò â ω(1) óðàâíåíèþ

L1hy1(x) = −
(
b
(1)
1h (Φ1h(x))y1x̄1

)
x1

−
(
b̃
(1)
1h (Φ1h(x))y1x̄2

)
x2

+
2∑

α=1

Φα+2,h(x)y
1
0
xα
(x)+

+d1h(x)q1(y1) = f1h(x), x ∈ ω(1),

(3.18)

Æóðíàë ÑÂÌÎ. 2016. Ò. 18, � 1



64 Ô. Â. Ëóáûøåâ, À. Ð. Ìàíàïîâà, Ì. Ý. Ôàéðóçîâ

à íà ãðàíèöå γ(1) = ∂ω(1) \ γS óñëîâèþ y1(x) = 0 , x ∈ γ(1) ;
2) ñåòî÷íàÿ ôóíêöèÿ y2 óäîâëåòâîðÿåò â ω(2) óðàâíåíèþ

L2hy2(x) = −
(
b
(2)
2h (Φ2h(x))y2x̄1

)
x1

−
(
b̃
(2)
2h (Φ2h(x))y2x̄2

)
x2

+
2∑

α=1

ϑ
(α)
2h (x)y20

xα
(x)+

+d2h(x)q2(y2) = f2h(x), x ∈ ω(2),

(3.19)

à íà ãðàíèöå γ(2) = ∂ω(2) \ γS óñëîâèþ y2(x) = 0 , x ∈ γ(2) ;
3) èñêîìûå ôóíêöèè y1 è y2 ñâÿçàíû ìåæäó ñîáîé äîïîëíèòåëüíûìè óñëîâèÿìè íà

γS = {x1 = ξ, x2 ∈ ω2} :

L̃1hy1(x) =
2

h1

[
b
(1)
1h (Φ1h(ξ1, x2))y1x̄1(ξ1, x2) + θh(x2)y1(ξ, x2)

]
+

2∑
α=1

Φα+2,h(ξ, x2)y
1
0
xα
(ξ, x2)−

−
(
b̃
(1)
1h (Φ1h(ξ, x2))y1x̄2(ξ, x2)

)
x2

+ d1h(ξ, x2)q1(y1(ξ, x2)) = f1h(ξ, x2) +
2

h1
θh(x2)y2(ξ, x2),

(3.20)

L̃2hy2(x) = − 2

h1

[
b
(2)
2h (Φ2h(ξ1 + h1, x2))y2x1(ξ, x2)− θh(x2)y2(ξ, x2)

]
+

2∑
α=1

ϑ
(α)
2h (ξ, x2)y20

xα
(ξ, x2)−

−
(
b̃
(2)
2h (Φ2h(ξ, x2))y2x̄2(ξ, x2)

)
x2

+ d2h(ξ, x2)q2(y2(ξ, x2)) = f2h(ξ, x2) +
2

h1
θh(x2)y1(ξ, x2), x ∈ γS.

(3.21)

Ò å î ð å ì à 3.2. Äëÿ êàæäîãî h > 0 ñóùåñòâóåò ïî êðàéíåé ìåðå îäíî îïòè-
ìàëüíîå óïðàâëåíèå Φh∗ ∈ Uh â ïîñëåäîâàòåëüíîñòè ñåòî÷íûõ (ðàçíîñòíûõ) ýêñòðå-
ìàëüíûõ çàäà÷ (3.9)-(3.16), ò.å. Jh∗ = inf{Jh(Φh) : Φh ∈ Uh} > −∞ , Uh∗ = {Φh∗ ∈ Uh :
Jh(Φh∗) = Jh∗} ≠ ∅ .

4. Àïðèîðíûå îöåíêè ïîãðåøíîñòè è ñêîðîñòè ñõîäèìîñòè ñåòî÷-

íûõ ýêñòðåìàëüíûõ çàäà÷ ïî ñîñòîÿíèþ

Óñòàíîâèì ñâÿçü ìåæäó u(r, g) � ðåøåíèåì ïðÿìîé çàäà÷è (2.1)-(2.3) ñ ðàçðûâíûìè
êîýôôèöèåíòàìè è ðåøåíèåì è y(x,Φh) = (y1(x,Φh), y2(x,Φh)) � ðåøåíèåì àïïðîêñèìè-
ðóþùåé åå ðàçíîñòíîé çàäà÷è ñîñòîÿíèÿ (3.10) ïðè h → 0 , äëÿ ëþáûõ ôèêñèðîâàííûõ
óïðàâëåíèé g ∈ U è Φh ∈ Uh , ãäå U è Uh � ìíîæåñòâà äîïóñòèìûõ óïðàâëåíèé â çàäà÷àõ
îïòèìàëüíîãî óïðàâëåíèÿ (2.12), (2.1)-(2.10) è (3.9)-(3.16) ñîîòâåòñòâåííî.

Ñïðàâåäëèâà ñëåäóþùàÿ òåîðåìà î òî÷íîñòè àïïðîêñèìàöèé ïî ñîñòîÿíèþ.

Ò å î ð å ì à 4.1. Ïóñòü g ∈ U è Φh ∈ Uh � ïðîèçâîëüíûå óïðàâëåíèÿ, à u(r, g)
è y(x,Φh) � ñîîòâåòñòâóþùèå èì ðåøåíèÿ çàäà÷ ñîñòîÿíèÿ â ýêñòðåìàëüíûõ çàäà÷àõ
(2.12), (2.1)-(2.10) è (3.9)-(3.16). Òîãäà äëÿ ëþáûõ h > 0 ñïðàâåäëèâà ñëåäóþùàÿ îöåí-
êà ñêîðîñòè ñõîäèìîñòè ìåòîäà ñåòîê ïî ñîñòîÿíèþ äëÿ ýêñòðåìàëüíîé çàäà÷è (2.12),
(2.1)-(2.10):

∥y(x,Φh)− u(x; g)∥ ◦
V

γ(1),γ(2)
(ω̄(1,2))

≤ C

{
|h|
[ 2∑
α=1

(
∥kα∥L∞(Ωα) + Lqα∥dα∥L∞(Ωα)+

+∥ϑ(α)
1 ∥L∞(Ωα) + ∥ϑ(α)

2 ∥L∞(Ωα)

)
∥uα∥W 2

2 (Ωα) + ∥θ∥L∞(0,lα)

2∑
α=1

∥uα∥W 2
2 (Ωα)

]
+
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+
2∑

α=1

(∥∥∥∥b(α)αh (Φαh(x1, x2))−
1

h2

∫
e2(x2)

kα(x1 − 0.5h1, r2) dr2

∥∥∥∥
L∞(ω

(α)+
1 ×ω2)

+

+

∥∥∥∥b̃(α)αh (Φαh(x1, x2))−
1

h1

∫
e
(α)
1 (x1)

kα(r1, x2 − 0.5h2) dr1

∥∥∥∥
L∞(ω

(α)
1 ×ω+

2 )

)
∥uα∥W 2

2 (Ωα)+

+

∥∥∥∥b̃(1)1h (Φ1h(ξ, x2))−
2

h1

ξ∫
ξ−0.5h1

k1(r1, x2 − 0.5h2) dr1

∥∥∥∥
L∞(ω+

2 )

∥u1∥W 2
2 (Ω1)+

+

∥∥∥∥b̃(2)2h (Φ2h(ξ, x2))−
2

h1

ξ+0.5h1∫
ξ

k2(r1, x2 − 0.5h2) dr1

∥∥∥∥
L∞(ω+

2 )

∥u2∥W 2
2 (Ω1)+

+
2∑

α=1

(∥∥∥∥Φα+2,h(r)−
1

h1h2

∫
e1(x)

ϑ
(α)
1 (r) dr

∥∥∥∥
L∞(ω(α))

+

+

∥∥∥∥Φα+2,h(ξ, r2)−
2

h1h2

ξ∫
ξ−0.5h1

∫
e2(x2)

ϑ
(α)
1 (r) dr

∥∥∥∥
L∞(ω2)

)
∥uα∥W 2

2 (Ωα)

}
.

(4.1)

5. Îöåíêè ïîãðåøíîñòè ñåòî÷íîãî ôóíêöèîíàëà è ñêîðîñòè ñõî-

äèìîñòè ñåòî÷íûõ àïïðîêñèìàöèé ïî ôóíêöèîíàëó, ñõîäèìîñòü

ïî óïðàâëåíèþ. Ðåãóëÿðèçàöèÿ àïïðîêñèìàöèé

Äëÿ îòâåòà íà âîïðîñ î ñõîäèìîñòè ñåòî÷íûõ çàäà÷ îïòèìàëüíîãî óïðàâëåíèÿ (3.9)-
(3.16) ïî ôóíêöèîíàëó è óïðàâëåíèþ íåîáõîäèìî, ïðåæäå âñåãî, óñòàíîâèòü ñâÿçü ìåæäó
ôóíêöèîíàëàìè Jh(Φh) è J(g) ýêòðåìàëüíûõ çàäà÷ (3.9)-(3.16) è (2.12), (2.1)-(2.10), äëÿ
ëþáûõ ôèêñèðîâàííûõ óïðàâëåíèé Φh ∈ Uh è g ∈ U , è ëþáûõ h > 0 .

Îöåíêó ïîãðåøíîñòè ôóíêöèîíàëà Jh(Φh) ýêòðåìàëüíîé çàäà÷è (3.9)-(3.16) óñòàíàâ-
ëèâàåò

Ò å î ð å ì à 5.1. Äëÿ ëþáûõ óïðàâëåíèé g ∈ U è Φh ∈ Uh ýêñòðåìàëüíûõ çà-
äà÷ (2.12), (2.1)-(2.10) è (3.9)-(3.16) ñîîòâåòñòâåííî è ëþáûõ h > 0 äëÿ ïîãðåøíîñòè
ñåòî÷íîãî ôóíêöèîíàëà Jh(Φh) ýêñòðåìàëüíîé çàäà÷è (3.9)-(3.16) ñïðàâåäëèâà îöåíêà

|J(g)− Jh(Φh)| = |I(u(r; g))− Ih(y(x; Φh))| ≤

≤M

{
|h|+

2∑
α=1

[∥∥∥∥ 1

h2

∫
e2(x2)

kα(x1 − 0.5h1, r2) dr2 − b
(α)
αh (Φαh(x1, x2))

∥∥∥∥
L∞(ω

(α)+
1 ×ω2)

+

+

∥∥∥∥ 1

h2

∫
e
(α)
1 (x1)

kα(r1, x2 − 0.5h2) dr1 − b̃
(α)
αh (Φαh(x1, x2))

∥∥∥∥
L∞(ω

(α)
1 ×ω+

2 )

+

+

∥∥∥∥Φα+2,h(r)−
1

h1h2

∫
e1(x)

ϑ
(α)
1 (r) dr

∥∥∥∥
L∞(ω(α))

+

+

∥∥∥∥Φα+2,h(ξ, r2)−
2

h1h2

ξ∫
ξ−0.5h1

∫
e2(x2)

ϑ
(α)
1 (r) dr

∥∥∥∥
L∞(ω2)

]
+

(5.1)
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+

∥∥∥∥ 2

h1

ξ∫
ξ−0.5h1

k1(r1, x2 − 0.5h2) dr1 − b̃
(1)
1h (Φ1h(ξ, x2))

∥∥∥∥
L∞(ω+

2 )

+

+

∥∥∥∥ 2

h1

ξ+0.5h1∫
ξ

k2(r1, x2 − 0.5h2) dr1 − b̃
(2)
2h (Φ2h(ξ, x2))

∥∥∥∥
L∞(ω+

2 )

}
.

ãäå M = const > 0 , íå çàâèñÿùàÿ îò h , y , u , Φh , g .

Äëÿ èññëåäîâàíèÿ ñõîäèìîñòè ðàçíîñòíûõ àïïðîêñèìàöèé çàäà÷ îïòèìàëüíîãî óïðàâ-
ëåíèÿ (2.12), (2.1)-(2.10) ïî ôóíêöèîíàëó è óïðàâëåíèþ ðàññìîòðèì ïîñëåäîâàòåëüíîñòü
ðàçíîñòíûõ çàäà÷ ìèíèìèçàöèè (3.9)-(3.16), çàâèñÿùèõ îò øàãà h = (h1, h2) ñåòêè ω̄ =
ω̄(1) ∪ ω̄(2) = ω̄(1,2) ⊂ Ω̄1 ∪ Ω̄2 ïðè |h| → 0 .

Ò å î ð å ì à 5.2. Ïóñòü J∗ è Jh∗ � íèæíèå ãðàíè ôóíêöèîíàëîâ J(g) è Jh(Φh)
â çàäà÷àõ (2.12), (2.1)-(2.10) è (3.9)-(3.16) ñîîòâåòñòâåííî. Ñåìåéñòâî ñåòî÷íûõ çàäà÷
(3.9)-(3.16), çàâèñÿùèõ îò øàãà h = (h1, h2) ñåòêè ω̄(1,2) = ω̄(1)∪ ω̄(2) ⊂ Ω̄1∪ Ω̄2 ïðè |h| →
→ 0 àïïðîêñèìèðóåò èñõîäíóþ ýêñòðåìàëüíóþ çàäà÷ó (2.12), (2.1)-(2.10) ïî ôóíêöèîíà-
ëó, ò.å. lim Jh∗ = J∗ ïðè |h| → 0 , è ñïðàâåäëèâà îöåíêà ñêîðîñòè ñõîäèìîñòè

|Jh∗ − J∗| ≤M |h|. (5.2)

Ïðåäïîëîæèì òåïåðü, ÷òî ïðè êàæäîì h = (h1, h2) è ñîîòâåòñòâóþùåé ñåòêå ω̄ = ω̄h =
ω̄(1) ∪ ω̄(2) ñ ïîìîùüþ êàêîãî-ëèáî ìåòîäà ìèíèìèçàöèè ïîëó÷åíî ïðèáëèæåííîå çíà÷åíèå
Jh∗ + ϵh íèæíåé ãðàíè Jh∗ ôóíêöèîíàëà Jh(Φh) íà Uh â çàäà÷å (3.9)-(3.16) è íàéäåíî
ñåòî÷íîå óïðàâëåíèå Φhϵh(x) ∈ Uh , äàþùåå ïðèáëèæåííîå ðåøåíèå çàäà÷è (3.9)-(3.16) â
ñëåäóþùåì ñìûñëå:

Jh∗ ≤ Jh(Φhϵh) ≤ Jh∗ + ϵh, Φhϵh ∈ Uh, (5.3)

ãäå ïîñëåäîâàòåëüíîñòü {ϵh} òàêîâà, ÷òî ϵh ≥ 0 è ϵh → 0 ïðè |h| → 0 .
Âîçíèêàåò âîïðîñ, ìîæíî ëè ïðèíÿòü ñåòî÷íîå óïðàâëåíèå Φhϵh(x) ∈ Uh èç (5.3) â

êà÷åñòâå íåêîòîðîãî ïðèáëèæåíèÿ îïòèìàëüíîãî óïðàâëåíèÿ çàäà÷è (2.12), (2.1)-(2.10).

Ò å î ð å ì à 5.3. Ïóñòü ïîñëåäîâàòåëüíîñòü ñåòî÷íûõ óïðàâëåíèé {Φhϵh(x) ⊂
⊂ Uh} îïðåäåëåíà èç óñëîâèé (5.3). Òîãäà ïîñëåäîâàòåëüíîñòü óïðàâëåíèé {FhΦhϵh(r)} =
=
{(
F1hΦ1hϵh(r), F2hΦ2hϵh(r), F3hΦ3hϵh(r), F4hΦ4hϵh(r)

)}
, ãäå Fh : Hh → H , Fαh , α = 1, 2 ,

� êóñî÷íî-ëèíåéíûå âîñïîëíåíèÿ ñåòî÷íûõ óïðàâëåíèé Φαhϵh(r) , α = 1, 2 , à Fβh , β =
3, 4 , � êóñî÷íî-ïîñòîÿííûå âîñïîëíåíèÿ ñåòî÷íûõ óïðàâëåíèé Φβhϵh(r) , β = 3, 4 (ñì.
äåòàëüíîå îïèñàíèå â ðàáîòàõ [5], [2], ñîîòâåòñòâåííî), ÿâëÿåòñÿ ìèíèìèçèðóþùåé äëÿ
ôóíêöèîíàëà J(g) èñõîäíîé çàäà÷è (2.12), (2.1)-(2.10), ò.å. lim J(FhΦhϵh) = J∗ ïðè |h| →
0 è ñïðàâåäëèâà îöåíêà ñêîðîñòè ñõîäèìîñòè

0 ≤ J(FhΦhϵh)− J∗ ≤ C|h|+ ϵh. (5.4)

Ïîñëåäîâàòåëüíîñòü {FhΦhϵh(r)} ñëàáî ñõîäèòñÿ â H ê ìíîæåñòâó U∗ ̸= ∅ îïòèìàëü-
íûõ óïðàâëåíèé èñõîäíîé ýêñòðåìàëüíîé çàäà÷è (2.12), (2.1)-(2.10).

Ðàññìîòðèì âîïðîñ î ñèëüíîé ñõîäèìîñòè â H ïî àðãóìåíòó (óïðàâëåíèþ) ðàçíîñò-
íûõ àïïðîêñèìàöèé (3.9)-(3.16). Áóäåì äîïóñêàòü, ÷òî âû÷èñëåíèÿ ñåòî÷íûõ ôóíêöèîíà-
ëîâ Jh(Φh) âåäóòñÿ ïðèáëèæåííî, êàê â ñèëó ïðèáëèæåííîé èñõîäíîé èíôîðìàöèè, òàê
è â ñèëó òîãî, ÷òî ñ÷åò âåäåòñÿ ñ îêðóãëåíèÿìè, òàê ÷òî âìåñòî ôóíêöèîíàëà Jh(Φh)
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ôàêòè÷åñêè èñïîëüçóåòñÿ ïðèáëèæåííûé ôóíêöèîíàë Jhδh(Φh) , êîòîðûé ñâÿçàí ñ Jh(Φh)
ñîîòíîøåíèÿìè

Jhδh(Φh) = Jh(Φh) + θδh(Φh), |θδh(Φh)| ≤ δh, ∀Φh ∈ Uh, δh → +0 ïðè |h| → 0. (5.5)

Äëÿ ðåãóëÿðèçàöèè ñåìåéñòâà ñåòî÷íûõ ýêñòðåìàëüíûõ çàäà÷ (3.9)-(3.16) ââåäåì íà U
ôóíêöèîíàë-ñòàáèëèçàòîð Ω(g) = ∥g∥2H , g ∈ U , è åãî ñåòî÷íûé àíàëîã Ω(Φh) = ∥Φh∥2Hh

=
∥Φh∥2W 1

2 (ω̄1)×W 1
2 (ω̄2)×(L2(Ω1))

2 , Φh ∈ Uh . Ïðè êàæäîì h = (h1, h2) ðàññìîòðèì íà Uh ñåòî÷-

íûé ôóíêöèîíàë Òèõîíîâà çàäà÷è (3.9)-(3.16): Thδhαh
(Φh) = Jhδh(Φh)+αhΩh(Φh) , Φh ∈ Uh ,

ãäå {αh} � ïðîèçâîëüíàÿ ïîñëåäîâàòåëüíîñòü ïîëîæèòåëüíûõ ÷èñåë, ñõîäÿùàÿñÿ ê íóëþ
ïðè |h| → 0 . Ðàññìîòðèì òåïåðü çàäà÷ó ìèíèìèçàöèè ôóíêöèîíàëà Thδhαh

(Φh) íà Uh :

ïðè êàæäîì h = (h1, h2) îïðåäåëèì ñåòî÷íîå óïðàâëåíèå Φ̂h = Φhδhαhνh(x) ∈ Uh , óäîâëå-
òâîðÿþùåå óñëîâèÿì

Thδhαh∗ = inf{Thδhαh
(Φh) : Φh ∈ Uh} ≤ Thδhαh

(Φ̂h) ≤ Thδhαh∗ + νh, (5.6)

ãäå νh ≥ 0 è νh → +0 ïðè |h| → 0 . Ââåäåì ìíîæåñòâî Ω -íîðìàëüíûõ ðåøåíèé çàäà÷è
îïòèìàëüíîãî óïðàâëåíèÿ (2.12), (2.1)-(2.10): U∗∗ = {g∗∗ ∈ U∗ : Ω(g∗∗) = inf{Ω(g∗) : g∗ ∈
U∗} = Ω∗} . Òàê êàê ôóíêöèîíàë Ω(g) ÿâëÿåòñÿ ñëàáûì ñòàáèëèçàòîðîì â H çàäà÷è
(2.12), (2.1)-(2.10) è ôóíêöèîíàëû J(g) è Ω(g) � ïîëóíåïðåðûâíû ñíèçó íà U â ñëàáîé
òîïîëîãèè ïðîñòðàíñòâà H , òî U∗∗ ̸= ∅ [20].

Ò å î ð å ì à 5.4. Ïóñòü ïîñëåäîâàòåëüíîñòü ñåòî÷íûõ óïðàâëåíèé {Φ̂h} ⊂ Uh
îïðåäåëåíà èç óñëîâèé (5.6). Òîãäà ïîñëåäîâàòåëüíîñòü óïðàâëåíèé {FhΦ̂h(r)} ⊂ Uh (ñì.
îïðåäåëåíèå âûøå) ÿâëÿåòñÿ ìèíèìèçèðóþùåé äëÿ ôóíêöèîíàëà J(g) èñõîäíîé ýêñòðå-
ìàëüíîé çàäà÷è (2.12), (2.1)-(2.10), ò.å. lim J(FhΦ̂h) = J∗ ïðè |h| → 0 è ñïðàâåäëèâà
îöåíêà ñêîðîñòè ñõîäèìîñòè

0 ≤ J(FhΦ̂h)− J∗ ≤M [|h|+ νh + δh + αh]. (5.7)

Åñëè, êðîìå òîãî, ïàðàìåòðû νh , δh , αh ñîãëàñîâàíû ñ |h| òàê, ÷òî νh, δh, αh → +0 ïðè
|h| → 0 è (|h|+νh+δh)/αh → 0 ïðè |h| → 0 , òî ïîñëåäîâàòåëüíîñòü {FhΦ̂h} ñèëüíî ñõî-
äèòñÿ â H ê ìíîæåñòâó Ω -íîðìàëüíûõ (â ñìûñëå ìèíèìàëüíîé íîðìû) îïòèìàëüíûõ
óïðàâëåíèé U∗∗ çàäà÷è (2.12), (2.1)-(2.10).

Äîêàçàòåëüñòâî òåîðåìû ïðîâîäèòñÿ íà îñíîâå ìåòîäèêè èç [20], [21] è îïèðàåòñÿ íà ïîëó-
÷åííûå âûøå ðåçóëüòàòû.
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Approximation of optimal control problems for semi-linear
elliptic convection-di�usion equations with discontinuous
coe�cients and states, with controls involved in the
coe�cients of di�usion and convective transfer
c⃝ F. V. Lubyshev4, A. R. Manapova5, M. E. Fairuzov6

Abstract. In this paper we study main problems of approximation of nonlinear optimal control
problems described by elliptic convection-di�usion equations with discontinuous coe�cients and
solutions, with controls involved in the coe�cients of di�usion and convective transfer. Issues of
discrete optimization problems construction, convergence of the approximations with respect to
state, functional and control, and regularization of approximations are considered.
Key Words: the problem of optimal control, semi-linear elliptic equations, convective and
di�usion transfer, di�erence method

4 Full professor of Bashkir State University, Department of IT and Computer Mathematics; aygulrm@mail.ru.
5 Associate professor of Bashkir State University, Department of IT and Computer Mathematics;

aygulrm@mail.ru.
6 Associate professor of Bashkir State University, Department of IT and Computer Mathematics;

fairuzovme@mail.ru.

Zhurnal SVMO. 2016. V. 18, No. 1


