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Àííîòàöèÿ. Â ñòàòüå ïîëó÷åíî ðàñøèðåíèå êëàññà ëîêàëüíî ïðèâîäèìûõ íåëèíåéíûõ ñè-
ñòåì îáûêíîâåííûõ äèôôåðåíöèàëüíûõ óðàâíåíèé ñ âîçìóùåíèÿìè â âèäå îäíîðîäíûõ âåê-
òîðíûõ ïîëèíîìîâ ê ëèíåéíûì ñèñòåìàì ñ ïîñòîÿííîé ìàòðèöåé. Ìåòîä äîêàçàòåëüñòâà îñ-
íîâàí íà ïîñòðîåíèè íåëèíåéíîãî ëÿïóíîâñêîãî ïðåîáðàçîâàíèÿ, ñâÿçûâàþùåãî ñîîòâåòñòâó-
þùèå ðåøåíèÿ ëèíåéíîé è íåëèíåéíîé ñèñòåì. Äîêàçàòåëüñòâî ñóùåñòâîâàíèÿ íåëèíåéíîãî
ëÿïóíîâñêîãî ïðåîáðàçîâàíèÿ îñíîâàíî íà ïðèìåíåíèè òåîðåìû î íåïîäâèæíîé òî÷êè îïå-
ðàòîðà, â ÷àñòíîñòè ïðèíöèïà ñæèìàþùèõ îòîáðàæåíèé. Èñïîëüçóÿ ïîëó÷åííûå â ñòàòüå
äîñòàòî÷íûå óñëîâèÿ ïðîäîëæèìîñòè ðåøåíèé âïðàâî íà áåñêîíå÷íûé ïîëóèíòåðâàë è âëåâî
íà êîíå÷íûé èíòåðâàë, à òàê æå îöåíêè íîðì ðåøåíèé íåëèíåéíûõ ñèñòåì, ïîêàçàíî, ÷òî
íåëèíåéíûé îïåðàòîð, íà îñíîâå êîòîðîãî ïîñòðîåíî íåëèíåéíîå ëÿïóíîâñêîå ïðåîáðàçîâàíèå
ÿâëÿåòñÿ îïåðàòîðîì ñæàòèÿ. Ðàññìîòðåí ïðèìåð íåëèíåéíîãî äèôôåðåíöèàëüíîãî óðàâíå-
íèÿ, äëÿ êîòîðîãî äîñòàòî÷íûå óñëîâèÿ ëîêàëüíîé ïðèâîäèìîñòè ÿâëÿþòñÿ íåîáõîäèìûìè.

Êëþ÷åâûå ñëîâà: ëîêàëüíàÿ ïðèâîäèìîñòü, íåëèíåéíûå ëÿïóíîâñêèå ïðåîáðàçîâàíèÿ,
íåëèíåéíûå ñèñòåìû îáûêíîâåííûõ äèôôåðåíöèàëüíûõ óðàâíåíèé, îïåðàòîð ñæàòèÿ, íåïî-
äâèæíàÿ òî÷êà îïåðàòîðà, ïðîäîëæèìîñòü ðåøåíèé.

1. Ââåäåíèå

Äëÿ ëèíåéíûõ ñèñòåì äèôôåðåíöèàëüíûõ óðàâíåíèé ïîíÿòèå ïðèâîäèìîñòè ââåäåíî â
çíàìåíèòîé ðàáîòå À.Ì.Ëÿïóíîâà "Îáùàÿ çàäà÷à îá óñòîé÷èâîñòè äâèæåíèÿ"[1]. Â ñëó÷àå
íåëèíåéíûõ ñèñòåì äèôôåðåíöèàëüíûõ óðàâíåíèé ïîíÿòèå ïðèâîäèìîñòè áóäåì ïîíèìàòü
â ñìûñëå îïðåäåëåíèÿ Å.Â.Âîñêðåñåíñêîãî, ïðèâåäåííîãî â ðàáîòå [2].

Ðàññìîòðèì ìíîæåñòâî âñåõ ñèñòåì äèôôåðåíöèàëüíûõ óðàâíåíèé âèäà

dx

dt
= f(t, x), (1.1)

ãäå x ∈ Rn , à âåêòîð-ôóíêöèÿ f(t, x) òàêàÿ, ÷òî

f ∈ C (k,l)(T × Rn,Rn), k ≥ 0, l ≥ 1, T = [T,+∞), f(t, 0) ≡ 0. (1.2)

Íå îãðàíè÷èâàÿ îáùíîñòè áóäåì ñ÷èòàòü T ≥ 0 .
Ïðåäïîëîæèì, ÷òî ó ñèñòåì âèäà (1.1) ñóùåñòâóåò ñîâîêóïíîñòü ðåøåíèé, îïðåäåëåí-

íûõ ïðè âñåõ t ≥ T , ïðè÷åì ýòè ðåøåíèÿ çàïîëíÿþò íåêîòîðóþ îáëàñòü D ïðîñòðàíñòâà
Rn+1 :

D =
{
(t, x) : t ∈ T , x ∈ Xt, Xt ⊆ Rn

}
,

ãäå Xt (t ∈ T ) � îáëàñòè, ñîäåðæàùèå îêðåñòíîñòü íóëÿ, ïðè÷åì ñóùåñòâóåò øàð Sp ⊂ Rn ,
ôèêñèðîâàííîãî ðàäèóñà p > 0 , òàêîé, ÷òî Sp ⊂ Xt ïðè âñåõ t ∈ T .

1 Äîöåíò êàôåäðû ïðèêëàäíîé ìàòåìàòèêè, äèôôåðåíöèàëüíûõ óðàâíåíèé è òåîðåòè÷åñêîé ìåõàíèêè,
Ìîðäîâñêèé ãîñóäàðñòâåííûé óíèâåðñèòåò èì. Í. Ï. Îãàðåâà, ã. Ñàðàíñê; korspa@yandex.ru
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Åñëè ó ñèñòåìû âèäà (1.1) ðåøåíèÿ x(t : t0, x0) , ãäå (t0, x0) ∈ T × Rn , îïðåäåëåíû ïðè
âñåõ t ≥ T , òî ìíîæåñòâî âñåõ ñèñòåì äèôôåðåíöèàëüíûõ óðàâíåíèé âèäà (1.1) îáîçíà÷èì
ñèìâîëîì Ξ [2], [3].

Åñëè æå ó ñèñòåìû âèäà (1.1) ñóùåñòâóåò ñîâîêóïíîñòü ðåøåíèé x(t : t0, x0) , îïðå-
äåëåííûõ ïðè âñåõ t ≥ T , ëèøü òîëüêî ïðè (t0, x0) ∈ D , òî ìíîæåñòâî âñåõ ñèñòåì
äèôôåðåíöèàëüíûõ óðàâíåíèé âèäà (1.1) îáîçíà÷èì ñèìâîëîì Ω .

Î÷åâèäíî, ÷òî åñëè Xt = Rn ïðè âñåõ t ∈ T , òî â ýòîì ñëó÷àå D = T × Rn . Îòêóäà
ñëåäóåò, ÷òî äëÿ ëþáûõ (t0, x0) ∈ T ×Rn âñå ðåøåíèÿ ñèñòåì èç ìíîæåñòâà Ω îïðåäåëåíû
ïðè âñåõ t ≥ T . Ñëåäîâàòåëüíî, ìíîæåñòâà Ω è Ξ ñèñòåì äèôôåðåíöèàëüíûõ óðàâíåíèé
ñîâïàäàþò. Â îáùåì ñëó÷àå Ξ ⊆ Ω .

Ðàññìîòðèì ïðåîáðàçîâàíèå x = φ(t, y) èç ëÿïóíîâñêîé ãðóïïû (LG,Ξ) (ñì. [2]) íà
ìíîæåñòâå Ω . Ïðè êàæäîì ôèêñèðîâàííîì t ∈ T ýòî ïðåîáðàçîâàíèå ïðåäñòàâëÿåò ñîáîé
âçàèìíî îäíîçíà÷íîå îòîáðàæåíèå

x = φt(y), x, y ∈ Rn.

Òàê êàê îòîáðàæåíèå φt ÿâëÿåòñÿ âçàèìíî îäíîçíà÷íûì îòîáðàæåíèåì ïðîñòðàíñòâà
Rn íà ñåáÿ, òî

x = φt(y), y ∈ Vt, x ∈ Ut = φt
(
Vt
)
, (1.3)

(ãäå Vt ⊂ Rn � îáëàñòü, ñîäåðæàùàÿ îêðåñòíîñòü íóëÿ) òàêæå ÿâëÿåòñÿ âçàèìíî îäíîçíà÷-
íûì îòîáðàæåíèåì îáëàñòè Vt íà îáëàñòü Ut .

Â ðàáîòå [9] ââåäåíî îïðåäåëåíèå ëîêàëüíîé ïðèâîäèìîñòè ñèñòåì äèôôåðåíöèàëüíûõ
óðàâíåíèé. Äîïîëíèì åãî ñëåäóþùèì îáðàçîì

Î ï ð å ä å ë å í è å 1.1. Äâå ñèñòåìû èç ìíîæåñòâà Ω íàçîâåì ëîêàëüíî ïðè-
âîäèìûìè, åñëè ñóùåñòâóåò ïðåîáðàçîâàíèå φ ∈ (LG,Ξ) òàêîå, ÷òî ïðè êàæäîì ôèê-
ñèðîâàííîì t ∈ T äèôôåîìîðôèçì

φt : Vt 7→ Ut, (1.4)

(çäåñü, Xt ⊃ Vt , Ut � îáëàñòè, ñîäåðæàùèå îêðåñòíîñòè íóëÿ, ïðè÷åì ñóùåñòâóåò øàð
Sp ⊂ Rn ôèêñèðîâàííîãî ðàäèóñà p > 0 , òàêîé, ÷òî Sp ⊂ Vt, Ut ïðè âñåõ t ∈ T ), ïå-
ðåâîäèò òî÷êè y ∈ Vt , ïðèíàäëåæàùèå ðåøåíèÿì îäíîé ñèñòåìû, â ñîîòâåòñòâóþùèå
òî÷êè x ∈ Ut äðóãîé ñèñòåìû.

Ç à ì å ÷ à í è å 1.1. Ïóñòü Xt = Rn ïðè âñåõ t ∈ T , è êðîìå ýòîãî, Vt è Ut ïðè
âñåõ t ∈ T òàêæå ñîâïàäàþò ñî âñåì ïðîñòðàíñòâîì Rn Òîãäà, åñëè äâå ñèñòåìû äèô-
ôåðåíöèàëüíûõ óðàâíåíèé ÿâëÿþòñÿ ëîêàëüíî ïðèâîäèìûìè ñîãëàñíî îïðåäåëåíèþ (1.1.),
òî, âñå ðåøåíèÿ îäíîé ñèñòåìû ïåðåâîäÿòñÿ ïðåîáðàçîâàíèåì φ ∈ (LG,Ξ) â ðåøåíèÿ
äðóãîé ñèñòåìû, à ýòî îçíà÷àåò, ÷òî ýòè ñèñòåìû ÿâëÿþòñÿ ïðèâîäèìûìè â ñìûñëå
ðàáîò [2], [3].

Ç à ì å ÷ à í è å 1.2. Åñëè Ω ÿâëÿåòñÿ ìíîæåñòâîì âñåõ ëèíåéíûõ ñèñòåì äèô-
ôåðåíöèàëüíûõ óðàâíåíèé, òî èç ëîêàëüíîé ïðèâîäèìîñòè äâóõ ñèñòåì èç Ω ñëåäóåò
èõ ïðèâîäèìîñòü ïî Ëÿïóíîâó.

Â ðàáîòàõ [4], [5] è [9] ïîëó÷åíû äîñòàòî÷íûå óñëîâèÿ ïðèâîäèìîñòè íåëèíåéíûõ ñèñòåì
äèôôåðåíöèàëüíûõ óðàâíåíèé. Äîñòàòî÷íûå óñëîâèÿ ëîêàëüíîé ïðèâîäèìîñòè íåëèíåé-
íûõ ñèñòåì äèôôåðåíöèàëüíûõ óðàâíåíèé ïðèâåäåíû â ðàáîòàõ [9], [10]�[14].
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2. Ïîñòàíîâêà çàäà÷è î ëîêàëüíîé ïðèâîäèìîñòè

Ðàññìîòðèì ñèñòåìó äèôôåðåíöèàëüíûõ óðàâíåíèé èç Ω âèäà

dx

dt
= Ax+ P (t, x), (2.1)

ãäå P (t, x) � îäíîðîäíûé âåêòîðíûé ïîëèíîì ñòåïåíè q ≥ 1 îòíîñèòåëüíî x , ïðè÷åì
âåêòîð-ôóíêöèÿ P (t, x) ÿâëÿåòñÿ íåïðåðûâíîé ïî t ( t ∈ T ). Ïðèìåíÿÿ îáîçíà÷åíèÿ èç
ðàáîòû [6], ïîëó÷èì

P (t, x) =

P
(q)
1 (t, x)
. . .

P
(q)
n (t, x)

 (2.2)

P
(q)
i (t, x) =

∑
|p|=q

ψ(i)
p (t)xp, i = 1, . . . , n, (2.3)

çäåñü xp = xp11 . . . xpnn ,ψ
(i)
p (t) = ψ

(i)
p1,...,pn(t) , |p| = p1 + . . .+ pn , p = (p1, . . . , pn) , pi ∈ N0 , N0

� ìíîæåñòâî íåîòðèöàòåëüíûõ öåëûõ ÷èñåë.
Ïðåäïîëîæèì, ÷òî ñïðàâåäëèâû îöåíêè

|ψ(i)
p (t)| ≤ ψ(t) ≤ C ∀ t ≥ T, i = 1, . . . , n; |p| = q,

ãäå C ∈ R .
Ñòàâèòñÿ çàäà÷à î ëîêàëüíîé ïðèâîäèìîñòè ñèñòåìû äèôôåðåíöèàëüíûõ óðàâíåíèé

(2.1) ê ëèíåéíîé ñèñòåìå
dy

dt
= Ay, (2.4)

ãäå y ∈ Rn , A � ïîñòîÿííàÿ (n× n) � ìàòðèöà.
Ââåäåì ñëåäóþùèå îáîçíà÷åíèÿ: Λ � ìàêñèìàëüíîå ÷èñëî èç âåùåñòâåííûõ ÷àñòåé

ñîáñòâåííûõ çíà÷åíèé ìàòðèöû A ; λ � ìèíèìàëüíîå ÷èñëî èç âåùåñòâåííûõ ÷àñòåé ñîá-
ñòâåííûõ çíà÷åíèé ìàòðèöû A ; m1 + 1 � ìàêñèìàëüíûé ïîðÿäîê æîðäàíîâîé êëåòêè
ìàòðèöû A , ñîîòâåòñâóþùèé ñîáñòâåííîìó çíà÷åíèþ, âåùåñòâåííàÿ ÷àñòü êîòîðîãî ðàâ-
íà λ ; m2+1 � ìàêñèìàëüíûé ïîðÿäîê æîðäàíîâîé êëåòêè ìàòðèöû A , ñîîòâåòñâóþùèé
ñîáñòâåííîìó çíà÷åíèþ, âåùåñòâåííàÿ ÷àñòü êîòîðîãî ðàâíà Λ .

Ïóñòü Y (t−s) � ìàòðèöà Êîøè ëèíåéíîé ñèñòåìû (3.2), íîðìèðîâàííàÿ â íóëå. Òîãäà
äëÿ íåå ñïðàâåäëèâû îöåíêè [7, ñ.302]

||Y (t− s)|| ≤ K1e
Λ(t−s)ρm2(t− s) t ≥ s, (2.5)

∥Y (t− s)∥ ≤ K2e
λ(t−s)ρm1(t− s) t ≤ s, (2.6)

ãäå K � êîíñòàíòà;

ρβ(t) =

{
1 åñëè | t | < 1,

| t |β åñëè| t | ≥ 1.
(2.7)

ãäå β � öåëîå íåîòðèöàòåëüíîå ÷èñëî.
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3. Äîñòàòî÷íûå óñëîâèÿ ëîêàëüíîé ïðèâîäèìîñòè

Ñôîðìóëèðóåì äîñòàòî÷íûå óñëîâèÿ, êîòîðûå ïîçâîëÿþò ïîëó÷èòü áîëåå øèðîêèé
êëàññ ñèñòåì âèäà (2.1), îáëàäàþùèå ïðîäîëæèìûìè ðåøåíèÿìè âïðàâî íà ïîëóèíòåðâàë
[t0,+∞) , ïî ñðàâíåíèþ ñ óñëîâèÿìè ëåììû 2.1 ðàáîòû [10].

Ë å ì ì à 3.1. Ïóñòü ïðè Λ < 0 âûïîëíÿåòñÿ óñëîâèå

|t qm2ψ(t)| ≤ d1 ∀ t ≥ T, (3.1)

à ïðè Λ ≥ 0 ñõîäèòñÿ èíòåãðàë

+∞∫
T

e(q−1)Λττ qm2ψ(τ)dτ. (3.2)

Òîãäà ðåøåíèÿ x(t : t0, x0) ñèñòåìû (2.1), íà÷àëüíûå äàííûå êîòîðûõ (t0, x0) ∈ D1 , ãäå

D1 = {(t, v) : (q − 1)K1||v||q−1

+∞∫
t

e(q−1)Λ(τ−t)τ qm2ψ(τ)dτ < 1}, (3.3)

ïðîäîëæèìû âïðàâî ïðè âñåõ t ≥ t0 , ïðè÷åì äëÿ íèõ ñïðàâåäëèâà îöåíêà

∥x(t : t0, x0)∥ ≤ KD1e
Λ(t−t0)ρm2(t− t0)||x0||, t ≥ t0. (3.4)

ãäå

KD1 =
11− (q − 1)K1||v||q−1

+∞∫
t0

e(q−1)Λ(τ−t0)τ qm2ψ(τ)dτ

q−1 .

Äîêàçàòåëüñòâî ïðîâîäèòñÿ àíàëîãè÷íî äîêàçàòåëüñòâó ëåììû 2.1 èç ðàáîòû [10]

Ë å ì ì à 3.2. Ïóñòü 0 < λ < Λ < qλ . Òîãäà ðåøåíèÿ x(t : t0, x0) ñèñòåìû (2.1),
íà÷àëüíûå äàííûå êîòîðûõ (t0, x0) ∈ D2 , ãäå

D2 = {(t, v) : (q − 1)K2||v||q−1

t∫
T

e(q−1)λ(τ−t)τ qm1ψ(τ)dτ < 1}, (3.5)

ïðîäîëæèìû âëåâî ïðè âñåõ t ≤ t0 , ïðè÷åì äëÿ íèõ ñïðàâåäëèâà îöåíêà

∥x(t : t0, x0)∥ ≤ KD2e
λ(t−t0)ρm1(t− t0)||x0||, t ≤ t0. (3.6)

ãäå

KD2 =
11− (q − 1)K2||v||q−1

t0∫
T

e(q−1)λ(τ−t0)τ qm1ψ(τ)dτ

q−1 .
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Ä î ê à ç à ò å ë ü ñ ò â î. Çàïèøåì ðåøåíèå x(t : t0, x0) ñèñòåìû (2.1) â èíòåãðàëüíîé
ôîðìå

x(t) = Y (t− t0)x0 −
t0∫
t

Y (t− s)P (s, x(s))ds, t ≤ t0. (3.7)

Ó÷èòûâàÿ îöåíêó (2.6), ïîëó÷èì

∥x(t : t0, x0)∥ ≤ K2e
λ(t−t0)ρm1(t− t0)||x0||+

+ K2

t0∫
t

eλ(t−τ)ρm1(t− τ)ψ(τ) ∥x(τ : t0, x0)∥q dτ. (3.8)

Ïðåîáðàçóåì íåðàâåíñòâî (3.8) ñëåäóþùèì îáðàçîì

∥x(t : t0, x0)∥ e−λ(t−t0)
1

ρm1(t− t0)
≤ K2||x0||+

+K2

t0∫
t

e(q−1)λ(τ−t0)ρqm1(τ − t0)ψ(τ)

[
||x(τ : t0, x0)||e−λ(τ−t0)

1

ρm1(τ − t0)

]q
dτ. (3.9)

Ââîäÿ âñïîìîãàòåëüíóþ ôóíêöèþ

ξ(t) = ∥x(t : t0, x0))∥ e−λ(t−t0)
1

ρm1(t− t0)
, (3.10)

è äåëàÿ çàìåíó â íåðàâåíñòâå (3.9), ïîëó÷èì

ξ(t) ≤ K2||ξ0||+K2

t0∫
t

e(q−1)λ(τ−t0)τ qm1ψ(τ)[ξ(τ)]qdτ, t ≤ t0.

Äàëåå, ïðîâîäÿ ðàññóæäåíèÿ àíàëîãè÷íî äîêàçàòåëüñòâó ëåììû Áèõàðè ([8, ñ.112]) â
ñëó÷àå t ≤ t0 è ïîëàãàÿ â îáîçíà÷åíèÿõ ðàáîòû [8] Φ(u) = um , ïîëó÷èì

ξ(t) ≤ KD2ξ0, t ≤ t0.

Äåëàÿ îáðàòíóþ çàìåíó ïî ôîðìóëå (3.10), ïîëó÷èì îöåíêó (3.6). Ëåììà 3.2. äîêàçàíà.
Â ðàáîòå [10] ïðèâåäåíû äîñòàòî÷íûå óñëîâèÿ ëîêàëüíîé ïðèâîäèìîñòè ñèñòåì (2.1) è

(3.2), òðåáóþùèå ïðè qΛ− λ < 0 âûïîëíåíèÿ óñëîâèÿ

tm1+qm2ψ(t) → 0 t→ +∞, (3.11)

à ïðè qΛ− λ ≥ 0 ñõîäèìîñòü èíòåãðàëà

+∞∫
T

e(qΛ−λ)ssm1+qm2ψ(s)ds. (3.12)

Ñôîðìóëèðóåì äîñòàòî÷íûå óñëîâèÿ, ïîçâîëÿþùèå ïîëó÷èòü áîëåå øèðîêèé êëàññ ëî-
êàëüíî ïðèâîäèìûõ ñèñòåì âèäà (2.1).
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Ò å î ð å ì à 3.1. Ïóñòü ñïðàâåäëèâû âñå óñëîâèÿ ëåìì 3.1. è 3.2. Òîãäà, äëÿ òîãî
÷òîáû ñèñòåìû (2.1) è (3.2) áûëè ëîêàëüíî ïðèâîäèìûìè äîñòàòî÷íî âûïîëíåíèÿ îäíîãî
èç óñëîâèé

1) ïðè qΛ < λ ≤ Λ < 0 ñïðàâåäëèâà îöåíêà

|tm1+qm2ψ(t)| ≤ C1 <
λ− qΛ

K2

∀ t ≥ T, (3.13)

2) ïðè qΛ− λ ≥ 0 è Λ− qλ ≥ 0 ñõîäèòñÿ èíòåãðàë (3.12),

3) ïðè 0 < λ < Λ < qλ ñïðàâåäëèâà îöåíêà

|tqm1+m2ψ(t)| ≤ C2 <
qλ− Λ

K1C2

∀ t ≥ T. (3.14)

Ä î ê à ç à ò å ë ü ñ ò â î. Â ñëó÷àå âûïîëíåíèÿ óñëîâèÿ 2), äîêàçàòåëüñòâî ïðîâîäèòñÿ
àíàëîãè÷íî ðàññóæäåíèÿì ðàáîòû [10].

Ïóñòü ñïðàâåäëèâî óñëîâèå 1) qΛ < λ ≤ Λ < 0 .
Îïðåäåëèì âåêòîð-ôóíêöèþ φ0(s, t, v) ñëåäóþùèì îáðàçîì

φ0(s, t, v) =

x(s : t, v), ïðè ||v|| < R(t)

x

(
s : t,

v

||v||
R(t)

)
, ïðè ||v|| ≥ R(t),

(3.15)

ãäå

R(t) =

[
−Λ

K1d1

]q−1

eΛt.

Èç îïðåäåëåíèÿ ìíîæåñòâà D1 â ëåììå 3.1. ñëåäóåò, ÷òî

φ0(s, t, v) = x(s : t, v), åñëè (t, v) ∈ D1. (3.16)

Ïðèìåíèì ïðèíöèï ëèíåéíîãî âêëþ÷åíèÿ [7, ñ.557] ê ðàçíîñòè ðåøåíèé x(1)(t : t0, u) è
x(2)(t : t0, v) ñèñòåìû (2.1). Ó÷èòûâàÿ îöåíêó (3.4), ïîëó÷èì

∥x(1)(t : t0, u)− x(2)(t : t0, v)∥ ≤ K2e
Λ(t−t0)ρm2(t− t0)||u− v||, t ≥ t0. (3.17)

Òîãäà âåêòîð-ôóíêöèÿ φ0(s, t, v) , îïðåäåëåííàÿ ïî ôîðìóëå (3.15), óäîâëåòâîðÿåò óñëî-
âèþ Ëèïøèöà ïî ïåðåìåííîé v âî âñåì ïðîñòðàíñòâå Rn [7, ñ.555]

||φ0(s, t, v)− φ0(s, t, u)|| ≤ K2e
Λ(t−t0)ρm2(t− t0)||u− v||, t ≥ t0, ∀u, v ∈ Rn. (3.18)

Â ïðîñòðàíñòâå Rn ïðè êàæäîì ôèêñèðîâàííîì t ðàññìîòðèì îïåðàòîð

Φv = −
+∞∫
t

Y (t− s)P (s, φ0(s, t, v))ds, (3.19)

ãäå φ0 � îïðåäåëåí ïî ôîðìóëå (3.15).
Ïîêàæåì, ÷òî îïåðàòîð Φ ÿâëÿåòñÿ îïåðàòîðîì ñæàòèÿ â Rn . Ïóñòü u , v ∈ Rn . Òîãäà,

ó÷èòûâàÿ óñëîâèå 1) òåîðåìû è (3.18), ïîëó÷èì

||Φu− Φv|| ≤ K2e
(λ−qΛ)t

+∞∫
t

e(qΛ−λ)ssm1+qm2ψ(s)ds||u− v||.

Æóðíàë ÑÂÌÎ. 2015. Ò. 17, � 3



62 Ï.À. Øàìàíàåâ

Ó÷èòûâàÿ îöåíêó (3.13), ïîëó÷èì

||Φu− Φv|| ≤ θ1||u− v||, θ1 =
K2C1

λ− qΛ
< 1, ∀ u, v ∈ Rn.

Ðàññìîòðèì ñëó÷àé 3) 0 < λ ≤ Λ < qλ .
Îïðåäåëèì âåêòîð-ôóíêöèþ φ0(s, t, v) ïî ôîðìóëå (3.15), ãäå

R(t) =

(
λ

K2

) 1
q−1

 t∫
T

e(q−1)λ(τ−t)τ qm1ψ(τ)dτ

− 1
q−1

.

Èç îïðåäåëåíèÿ ìíîæåñòâà D2 â ëåììå 3.2. ñëåäóåò, ÷òî

φ0(s, t, v) = x(s : t, v), åñëè (t, v) ∈ D2.

Â ïðîñòðàíñòâå Rn ïðè êàæäîì ôèêñèðîâàííîì t ðàññìîòðèì îïåðàòîð

Φv = −
t∫

T

Y (t− s)P (s, φ0(s, t, v))ds. (3.20)

Ïîêàæåì, ÷òî îïåðàòîð Φ ÿâëÿåòñÿ îïåðàòîðîì ñæàòèÿ â Rn . Ïóñòü u , v ∈ Rn . Òîãäà,
ó÷èòûâàÿ óñëîâèå 3) òåîðåìû è (3.18), ïîëó÷èì

||Φu− Φv|| ≤ K1e
(Λ−qλ)t

t∫
T

e(qλ−Λ)ssqm1+m2ψ(s)ds||u− v||.

Ó÷èòûâàÿ îöåíêó (3.14), ïîëó÷èì

||Φu− Φv|| ≤ θ2||u− v||, θ2 =
K1C2

qλ− Λ
< 1, ∀ u, v ∈ Rn.

Ñëåäîâàòåëüíî, îïåðàòîð Φ ÿâëÿåòñÿ îïåðàòîðîì ñæàòèÿ â Rn . Êðîìå òîãî, îïåðàòîð
Φ ïåðåâîäèò Rn â Rn .

Òàê êàê Rn � áàíàõîâî ïðîñòðàíñòâî, òî âñå óñëîâèÿ òåîðåìû ï.10.1 [7, ñ.506] âûïîë-
íåíû, è ñëåäîâàòåëüíî, ïðè ëþáîì u ∈ Rn óðàâíåíèå

v = u+ Φv (3.21)

èìååò â Rn åäèíñòâåííîå ðåøåíèå è îíî ìîæåò áûòü ïîëó÷åíî ìåòîäîì ïîñëåäîâàòåëüíûõ
ïðèáëèæåíèé, íà÷èíàþùèõñÿ ñ ëþáîãî ýëåìåíòà v(0) ∈ Rn .

Ïîëàãàÿ L = I−Φ , ãäå I � òîæäåñòâåííûé îïåðàòîð â Rn , çàïèøåì óðàâíåíèå (3.21)
â âèäå

Lv = u.

Òàê êàê îíî èìååò åäèíñòâåííîå ðåøåíèå ïðè ëþáîì u ∈ Rn , òî ñóùåñòâóåò [7] îáðàò-
íûé îïåðàòîð L−1 òàêîé, ÷òî

L−1u = v.

Ïîëîæèì
φ(t, v) ≡ Lv ∀ t ≥ T, (3.22)
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φ−1(t, u) ≡ L−1u ∀ t ≥ T. (3.23)

Ñëåäîâàòåëüíî, ïðåîáðàçîâàíèå φ ïðè êàæäîì ôèêñèðîâàííîì t ≥ T ÿâëÿåòñÿ
âçàèìíî-îäíîçíà÷íûì îòîáðàæåíèåì [7], ïðè÷åì

∥φ(t, u)∥ ≤ c1∥u∥, u ∈ Rn, t ≥ T.

∥φ−1(t, v)∥ ≤ c2∥v∥, v ∈ Rn, t ≥ T.

Êðîìå ýòîãî, ïðåîáðàçîâàíèÿ φ è φ−1 ÿâëÿþòñÿ íåïðåðûâíûìè ïî ïåðâîé è
íåïðåðûâíî-äèôôåðåíöèðóåìûìè ïî âòîðîé ïåðåìåííûì [9].

Çàìåòèì, ÷òî ïðåîáðàçîâàíèå y = φ(t, x) ïðè (t, x) ∈ D1 â ñëó÷àå 1) è (t, x) ∈ D2

â ñëó÷àå 3) óñòàíàâëèâàåò âçàèìíî-îäíîçíà÷íîå ñîîòâåòñòâèå ìåæäó ðåøåíèÿìè ñèñòåì
(2.1) è (3.2).

Òàêèì îáðàçîì, ïðåîáðàçîâàíèÿ (3.22) è (3.23) óäîâëåòâîðÿþò îïðåäåëåíèþ 1.1 è ÿâëÿ-
åòñÿ ëÿïóíîâñêèìè. Ñëåäîâàòåëüíî, ñèñòåìû (2.1) è (3.2) ÿâëÿþòñÿ ëîêàëüíî ïðèâîäèìû.
Òåîðåìà 3.1 äîêàçàíà.

4. Ïðèìåð ëîêàëüíî ïðèâîäèìîãî äèôôåðåíöèàëüíîãî óðàâíåíèÿ

Ï ð è ì å ð 4.1. Ðàññìîòðèì äèôôåðåíöèàëüíîå óðàâíåíèå

dx

dt
= αx+ ψ(t)xq, t ≥ 0, (4.1)

ãäå x ∈ R , q ≥ 2 , α � âåùåñòâåííûé ïàðàìåòð, ψ(t) � ñêàëÿðíàÿ ôóíêöèÿ, íåïðåðûâíàÿ
ïî t ∈ [0,+∞) , 0 < ψ(t) ≤ C ïðè âñåõ t ≥ 0 , C � êîíñòàíòà.

Ðåøåíèå çàäà÷è Êîøè ñ íà÷àëüíûì óñëîâèåì x(t0) = x0 äëÿ óðàâíåíèÿ (4.1) èìååò
âèä

x(t : t0, x0) =
x0 e

α (t−t0)[
1− (q − 1)xq−1

0

t∫
t0

eα (q−1)(s−t0)ψ(s)ds

] 1
q−1

(4.2)

Èç ôîðìóëû (4.2) ñëåäóåò, ÷òî ñóùåñòâóþò êàê ïðîäîëæèìûå, òàê è íåïðîäîëæèìûå
ðåøåíèÿ âïðàâî íà ïîëóèíòåðâàë [t0,+∞) . Äëÿ òîãî, ÷òîáû ðåøåíèÿ óðàâíåíèÿ (4.1)
áûëè ïðîäîëæèìû âïðàâî íà ïîëóèíòåðâàë [t0,+∞) , íåîáõîäèìî è äîñòàòî÷íî, ÷òî áû
âûïîëíÿëîñü óñëîâèå

1− (q − 1)xq−1
0

t∫
t0

eα (q−1)(s−t0)ψ(s)ds > 0, ∀ t ≥ t0. (4.3)

Èç óñëîâèÿ (4.3), ñëåäóåò, ÷òî äëÿ ïðîäîëæèìîñòè âïðàâî ðåøåíèé ïðè âñåõ t ≥ t0 ,
íåîáõîäèìî è äîñòàòî÷íî, ÷òî áû íà÷àëüíûå äàííûå (t0, x0) óäîâëåòâîðÿëè óñëîâèþ

(q − 1)xq−1
0

+∞∫
t0

eα (q−1)(s−t0)ψ(s)ds < 1. (4.4)

Â ïðåäïîëîæåíèè ñïðàâåäëèâîñòè óñëîâèÿ (4.4), èññëåäóåì íà ëîêàëüíóþ ïðèâîäè-
ìîñòü óðàâíåíèå (4.1) ê óðàâíåíèþ

dy

dt
= αy, (4.5)
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Äëÿ ýòîãî ïðîâåðèì âûïîëíèìîñòü óñëîâèé ëåììû 3.1. è òåîðåìû 3.1.
Äëÿ óðàâíåíèÿ (4.1) íàéäåì Λ = λ = α , m1 = m2 = 0 . Ñðàâíèâàÿ óñëîâèå (4.4) ñ

óñëîâèÿìè (3.1), (3.3) è (3.3) ëåììû 3.1., çàêëþ÷àåì, ÷òî óñëîâèÿ ëåììû âûïîëíÿþòñÿ
è ÿâëÿþòñÿ êàê äîñòàòî÷íûìè, òàê è íåîáõîäèìûìè, äëÿ ñóùåñòâîâàíèÿ ïðîäîëæèìûõ
ðåøåíèé âïðàâî íà ïîëóèíòåðâàë [t0,+∞) äèôôåðåíöèàëüíîãî óðàâíåíèÿ (4.1).

Äëÿ ïðîâåðêè óñëîâèé òåîðåìû ðàññìîòðèì îòäåëüíî ñëó÷àè êîãäà α < 0 , α = 0 è
α > 0 .

Ïóñòü α < 0 . Ýòîò ñëó÷àé ñîîòâåòñòâóåò óñëîâèþ 1) qΛ < λ ≤ Λ < 0 òåîðåìû, ïðè÷åì
îöåíêà (3.13) ïðèíèìàåò âèä

|ψ(t)| ≤ C1 < −(q − 1)α ∀ t ≥ T, (4.6)

Ñëåäîâàòåëüíî, äëÿ ëîêàëüíîé ïðèâîäèìîñòè äèôôåðåíöèàëüíûõ óðàâíåíèé (4.1) è (4.5)
äîñòàòî÷íî âûïîëíåíèÿ îöåíêè (4.6).

Ïóñòü α = 0 . Ýòîò ñëó÷àé ñîîòâåòñòâóåò óñëîâèþ 2) λ ≤ 0 ≤ Λ < qΛ è èíòåãðàë (3.12)
ïðèíèìàåò âèä

+∞∫
T

ψ(s)ds. (4.7)

Òîãäà, äëÿ ëîêàëüíîé ïðèâîäèìîñòè äèôôåðåíöèàëüíûõ óðàâíåíèé (4.1) è (4.5) ïðè âñåõ
q ≥ 2 äîñòàòî÷íî ñõîäèìîñòè èíòåãðàëà (4.7).

Ïóñòü α > 0 . Ýòîò ñëó÷àé òàê æå ñîîòâåòñòâóåò óñëîâèþ 2) òåîðåìû è èíòåãðàë (3.12)
ïðèíèìàåò âèä

+∞∫
T

eα (q−1)sψ(s)ds. (4.8)

Ñëåäîâàòåëüíî, ïðè óñëîâèè ñõîäèìîñòè èíòåãðàëà (4.8) äèôôåðåíöèàëüíûå óðàâíåíèÿ
(4.1) è (4.5) ÿâëÿþòñÿ ëîêàëüíî ïðèâîäèìûìè ïðè âñåõ q ≥ 2 .
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On a class of locally reducible nonlinear systems of

ordinary di�erential equations with perturbations in the

form of homogeneous vector polynomials

c⃝ P.A. Shamanaev2

Abstract. The article received a extension of the class is locally reducible nonlinear systems of
ordinary di�erential equations with perturbations in the form of homogeneous vector polynomials
to linear systems with constant matrix. The method of proof is based on constructing a nonlinear
Lyapunov transformation, linking the corresponding solutions of linear and nonlinear systems.
The proof of the existence of a nonlinear Lyapunov transformation based on the application of
the theorem on a �xed point operator, in particular the contraction mapping principle. Using
the information in the article su�cient conditions of extendibility decisions right on the endless
pollinterval and left on the �nal interval, as well as estimates for the norms of solutions of nonlinear
systems, the author showed that the nonlinear operator based nonlinear Lyapunov transformation
is an operator of compression. The article considers the example of a nonlinear di�erential equation,
for which su�cient conditions for local reducibility are necessary.

Key Words: local reducibility, nonlinear Lyapounov transformations, nonlinear systems of
ordinary di�erential equations, compression operator, a �xed point of the operator, extendibility
of solutions
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