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Àííîòàöèÿ. Â äàííîé ñòàòüå óñòàíîâëåíû óñëîâèÿ, ïðè êîòîðûõ ðåøåíèÿ ëèìèíàëüíîãî äèñ-
ñèïàòèâíîãî óðàâíåíèÿ èìåþò òðåòüè ïðîèçâîäíûå ïî ïðîñòðàíñòâåííûì ïåðåìåííûì. Òàê
æå, êàê áûëè ïîëó÷åíû ãëàâíûå óñëîâèÿ äëÿ ïðîäëåíèÿ ðåøåíèÿ äëÿ âòîðûõ ïðîèçâîäíûõ,
ñòðîèòñÿ óðàâíåíèå ñî âòîðûìè ïðîèçâîäíûìè. Îñîáåííîñòüþ ýòîãî óðàâíåíèÿ ÿâëÿåòñÿ òî,
÷òî îíî, ïðèâåäåííîå ê ðàñøèðåííîé õàðàêòåðèñòè÷åñêîé ñèñòåìå, èìååò óäîáíóþ äëÿ âûâå-
äåíèÿ ãëîáàëüíûõ îöåíîê ôîðìó.

Êëþ÷åâûå ñëîâà: ïëîòíîñòü äèñëîêàöèé, íåëèíåéíîå äèôôåðåíöèàëüíîå óðàâíåíèå ïåð-
âîãî ïîðÿäêà â ÷àñòíûõ ïðîèçâîäíûõ, ìåòîä äîïîëíèòåëüíîãî àðãóìåíòà, ëèìèíàëüíîñòü.

Â äèññèïàòèâíîé ìåõàíèêå ìàòåðèàëîâ, îïðåäåëÿåìîé âçàèìîäåéñòâèåì äèñëîêàöèé è
òî÷å÷íûõ äåôåêòîâ, ñîâéñòâà ïëàñòè÷åñêîé äåôîðìàöèè îïðåäåëÿþòñÿ ñ ïîìîùüþ ñêà-
ëÿðíîé ïëîòíîñòè äîñëîêàöèé [1]. Óêàçàííîå âçàèìîäåéñòâèå ïðèâîäèò ê ïåðåïîëçàíèþ
êðàåâûõ è ñêðó÷èâàíèþ âèíòîâûõ äèñëîêàöèé, ÷òî âî âíåøíèõ ñèëîâûõ ïîëÿõ âûçûâàåò
ðàçðóøåíèå. Êàê áûëî îòìå÷åíî â [2], âçàèìîäåéñòâèå äèñëîêàöèé ñ òî÷å÷íûìè äåôåêòàìè
ïðèñóòñòâóåò â áîëüøîì ÷èñëå ÿâëåíèé è àêòóàëüíî äëÿ òâåðäîòåëüíûõ òåõíîëîãèé.

Îñíîâûâàÿñü íà ðÿäå ôèçè÷åñêèõ äîïóùåíèé â [2] áûëî âûâåäåíî íåëèíåéíîå äèô-
ôåðåíöèàëüíîå óðàâíåíèå äëÿ îïèñàíèÿ äèíàìèêè ïëîòíîñòè ïåðåïîëçàþùèõ äèñëîêàöèé
äëÿ îäíîêîìïîíåíòíîãî èçãèáà ïëîñêîé ïëàñòèíû

∂ν

∂t
+
(
g − γ

ν

) 1

ν3

(
∂ν

∂x

)3

+Bν2 − Aν = 0, (1.1)

ãäå ïîñòîÿííûå âåëè÷èíû γ , A , g , B èìåþò âïîëíå îïðåäåëåííûå âûðàæåíèÿ ÷åðåç
îñíîâíûå ôèçè÷åñêèå êîíñòàíòû è âåëè÷èíû. Äèôôèðåíöèàëüíîå óðàâíåíèå (1.1) áûëî
íàçâàíî ëèìèíàëüíûì, ïîòîìó ÷òî äëÿ åãî ðåøåíèé âîçìîæíû êðèòè÷åñêèå çíà÷åíèÿ,
êàðäèíàëüíî ìåíÿþùèå õàðàêòåð ïîâåäåíèÿ ðåøåíèé.

Ïðèìåì, ÷òî x ∈ R1 . Íà÷àëüíîå óñëîâèå äëÿ óðàâíåíèÿ (1.1) çàäàäèì â âèäå:

ν (0, x) = φ (x) , −∞ < x <∞. (1.2)

Äëÿ èññëåäîâàíèÿ ðàçðåøèìîñòè ïîñòàâëåííîé çàäà÷è áóäåì ïðèìåíÿòü ìåòîä äîïîë-
íèòåëüíîãî àðãóìåíòà. Â íà÷àëå ïðåîáðàçóåì çàäà÷ó (1.1)-(1.2) ê ñèñòåìå êâàçèëèíåéíûõ
óðàâíåíèé. Äëÿ ýòîãî ïðîäèôôåðåíöèðóåì (1.1) ïî x è, ââåäÿ íîâóþ íåèçâåñòíóþ ôóíê-
öèþ p(t, x) = ∂xν(t, x) , ïîëó÷èì óðàâíåíèå

∂p

∂t
+ 2p

gν − γ

ν4
∂p

∂x
=

3gν − 4γ

ν5
p3 − 2Bpν − Ap. (1.3)

1 Ïðîôåññîð êàôåäðû ïðèêëàäíîé ìàòåìàòèêè, Íèæåãîðîäñêèé ãîñóäàðñòâåííûé òåõíè÷åñêèé óíèâåð-
ñèòåò èì. Ð.Å.Àëåêñååâà, ã. Íèæíèé Íîâãîðîä; sn-alekseenko@yandex.ru

2 Ìàãèñòðàíò êàôåäðû ïðèêëàäíîé ìàòåìàòèêè, Íèæåãîðîäñêèé ãîñóäàðñòâåííûé òåõíè÷åñêèé óíè-
âåðñèòåò èì. Ð.Å.Àëåêñååâà, ã. Íèæíèé Íîâãîðîä; geheimberater@yandex.ru
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Èç (1.1) "ñêîíñòðóèðóåì"åùå îäíî óðàâíåíèå ñ òåì æå ñàìûì äèôôåðåíöèàëüíûì îïå-
ðàòîðîì

∂ν

∂t
+ 2p

gν − γ

ν4
∂ν

∂x
= −Bν2 + Aν + p2

gν − γ

ν4
. (1.4)

Èç (1.2) åñòåñòâåííûì îáðàçîì ñëåäóåò íà÷àëüíîå óñëîâèå äëÿ p :

p (0, x) = φ′(x). (1.5)

Ñîñòàâèì äëÿ çàäà÷è (1.2), (1.3), (1.4), (1.5) ðàñøèðåííóþ õàðàêòåðèñòè÷åñêóþ ñèñòåìó
ñ äîïîëíèòåëüíûì àðãóìåíòîì

dη(s, t, x)

ds
= 2

gw0(s, t, x)− γ

w4
0(s, t, x)

w1(s, t, x), (1.6)

η(t, t, x) = x, (1.7)

dw1(s, t, x)

ds
=

3gw0(s, t, x)− 4γ

w5
0(s, t, x)

w3
1(s, t, x)− 2Bw0(s, t, x)w1(s, t, x) + Aw1(s, t, x), (1.8)

w1(0, t, x) = φ′(η(0, t, x)), (1.9)

dw0(s, t, x)

ds
= Aw0(s, t, x)−Bw2

0(s, t, x) +
gw0(s, t, x)− γ

w4
0(s, t, x)

w2
1(s, t, x), (1.10)

w0(0, t, x) = φ(η(0, t, x)). (1.11)

Â ðåçóëüòàòå ìû ïðèõîäèì ê ñèñòåìå èíòåãðàëüíûõ óðàâíåíèé:
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s∫
0

w1ds+

+φ′

x+ 2γ

t∫
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t∫
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 , (1.12)
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s∫
0
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0
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 . (1.13)

Ñ ïîìîùüþ ìåòîäà ïîñëåäîâàòåëüíûõ ïðèáëèæåíèé äîêàçûâàåòñÿ ëîêàëüíîå ñóùåñòâî-
âàíèå äâàæäû íåïðåðûâíî äèôôåðåíöèðóåìîãî ðåøåíèÿ ñèñòåìû èíòåãðàëüíûõ óðàâíå-
íèé (1.12) - (1.13). Ïðè ýòîì ïðîìåæóòîê ðàçðåøèìîñòè 0 < t ≤ T0 îïðåäåëÿåòñÿ àëãåáðà-
è÷åñêè íà îñíîâàíèè èçâåñòíûõ âåëè÷èí, âõîäÿùèõ â çàäà÷ó Êîøè (1.1) - (1.2). Ôóíêöèè
p(t, x) = w1(t, t, x) , ν(t, x) = w0(t, t, x) äàäóò ðåøåíèå çàäà÷è (1.3), (1.4), (1.2), (1.5), à
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ôóíêöèÿ ν(t, x) áóäåò ðåøåíèåì çàäà÷è (1.1) - (1.2). Ñîîòâåòñòâóþùàÿ òåîðåìà ïðèâåäåíà
â ðàáîòå [2].

×òîáû èìåòü âîçìîæíîñòü ïðîäëåâàòü ëîêàëüíîå ðåøåíèå, íàì ïîòðåáóþòñÿ ãëîáàëü-
íûå îöåíêè ôóíêöèé w0 , w1 , èõ ïåðâûõ è âòîðûõ ïðîèçâîäíûõ. À äëÿ ýòîãî íóæíî
âûâåñòè óäîáíîå äëÿ ïîëó÷åíèÿ îöåíîê óðàâíåíèå, êîòîðîìó óäîâëåòâîðÿåò âòîðàÿ ïðî-
èçâîäíàÿ ïî x îò ôóíêöèè ν(t, x) . Îñîáåííîñòüþ ýòîãî óðàâíåíèÿ êàê ðàç è ÿâëÿåòñÿ
òî, ÷òî îíî, ïðèâåäåííîå ê ðàñøèðåííîé õàðàêòåðèñòè÷åñêîé ñèñòåìå, èìååò óäîáíóþ äëÿ
âûâåäåíèÿ ãëîáàëüíûõ îöåíîê ôîðìó [3]. Ñîîòâåòñòâåííî, íàäî äîêàçàòü ñóùåñòâîâàíèå
äèôôåðåíöèðóåìîãî ðåøåíèÿ òàêîãî óðàâíåíèÿ è îáîñíîâàòü ñâÿçü åãî ðåøåíèÿ ñ ôóíê-
öèÿìè ν(t, x) è p(t, x) . Ýòîìó ïî ñóùåñòâó è ïîñâÿùåíà äàííàÿ ðàáîòà.

Â íà÷àëå óòî÷íèì ñâÿçü ôóíêöèé ν(t, x) è p(t, x) . Äèôôåðåíöèðóÿ óðàâíåíèå (1.4)
ïî x è âû÷èòàÿ ðåçóëüòàò äèôôåðåíöèðîâàíèÿ èç (1.3), ïîëó÷èì äëÿ ðàçíîñòè ω(t, x) =
p(t, x)− ∂xν(t, x) óðàâíåíèå

∂ω

∂t
+ 2p

gν − γ

ν4
∂ω

∂x
= ω

[
3gν − 4γ

ν5
p2 + 2

3gν − 4γ

ν5
p
∂ν

∂x
− 2

∂p

∂x

gν − γ

ν4
− 2Bν + A

]
ñ íà÷àëüíûì óñëîâèåì ω(0, x) = 0 . Ïðèìåíÿÿ ê ýòîé çàäà÷å Êîøè ìåòîä äîïîëíèòåëü-

íîãî àðãóìåíòà, ïîëó÷àåì, ÷òî ω(t, x) = 0 , ñëåäîâàòåëüíî

p(t, x) = ∂xν(t, x). (1.14)

Ñîáñòâåííî ãîâîðÿ, ýòî ðàññóæäåíèå âõîäèò ñîñòàâíîé ÷àñòüþ â îáîñíîâàíèå òîãî, ÷òî
ðåøåíèå ñèñòåìû èíòåãðàëüíûõ óðàâíåíèé (1.12) - (1.13) äàåò ðåøåíèå èñõîäíîé çàäà÷è
(1.1) - (1.2). Íî â [2] íà ýòîì íå áûëî àêöåíòèðîâàíî âíèìàíèå, à äëÿ äàííîé ðàáîòû îíî
èãðàåò ñóùóñòâåííóþ ðîëü.

Èç (1.14) ñëåäóåò âàæíûé âûâîä:
Åñëè φ ∈ C̄3(R1) , òî ν(t, x) ∈ C̄1,3([0, T0] × R1) . È èìåííî òàêàÿ ãëàäêîñòü ôóíêöèè

ν(t, x) íóæíà äëÿ ïðîäëåíèÿ ðåøåíèÿ çàäà÷è (1.1) - (1.2).
Òåïåðü äîáàâèì ê ñèñòåìå äâóõ óðàâíåíèé (1.3), (1.4) óðàâíåíèå îòíîñèòåëüíî ϑ =

∂xp = ∂xxν . Ñ ýòîé öåëüþ ïðîäèôôåðåíöèðóåì (1.3) ïî x è, çàìåíèâ ∂xp íà ϑ , áóäåì
èìåòü

∂ϑ

∂t
+ 2p

gν − γ

ν4
∂ϑ

∂x
= −2

gν − γ

ν4
ϑ2 + 5

3gν − 4γ

ν5
p2ϑ+

+(A− 2Bν)ϑ+ 4
5γ − 3gν

ν6
p4 − 2Bp2. (1.15)

Â êà÷åñòâå íà÷àëüíîãî óñëîâèÿ äëÿ ϑ âîçüìåì

ϑ|t=0 = φ′′ (η(0, t, x)) . (1.16)

Òîãäà ê ïðèâåäåííîé âûøå ðàñøèðåííîé õàðàêòåðèñòè÷åñêîé ñèñòåìå (1.6) - (1.11) äî-
áàâèòñÿ óðàâíåíèå äëÿ ôóíêöèè w2(s, t, x) :

dw2

ds
= −2

gw0 − γ

w4
0

w2
2 +

[
5
3gw0 − 4γ

w5
0

w2
1 + A− 2Bw0

]
w2 + 4

5γ − 3gw0

w6
0

w4
1 − 2Bw2

1 (1.17)

ñ íà÷àëüíûì óñëîâèåì
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w2(0, t, x) = φ′′ (η(0, t, x)) . (1.18)

Ñîîòâåòñòâåííî, ê ñèñòåìå èíòåãðàëüíûõ óðàâíåíèé (1.12) - (1.13) òàêæå äîáàâèòñÿ
óðàâíåíèå

w2 = 6g

s∫
0

w2
1

w4
0

ds− 8γ

s∫
0

w2
1

w5
0

ds+ 20γ

s∫
0

w4
1

w6
0

ds− 12g

s∫
0

w4
1

w5
0

ds− 2B

s∫
0

w2
1ds+

+9g

s∫
0

w2
1

w4
0

w2ds− 12γ

s∫
0

w2
1

w5
0

w2ds− 2g

s∫
0

w2

w3
0

ds+ γ

s∫
0

w2

w4
0

ds− 2B

s∫
0

w2w0ds−

−A
s∫

0

w2ds+ φ′′

x+ 2γ

t∫
0

w1

w4
0

ds− 2g

t∫
0

w1

w3
0

ds

 . (1.19)

Ñ ïîìîùüþ ìåòîäà ïîñëåäîâàòåëüíûõ ïðèáëèæåíèé äîêàçûâàåòñÿ, ÷òî ïðè 0 < t < ϑ2 ,
ãäå

ϑ2 = min

∣∣∣∣M1,M2,
kNφ

M3

∣∣∣∣ , (1.20)

M1 =
9Nφ[

3|g| (10Nφ)3(
Cφ
2

)4 + 4|γ| (10Nφ)3(
Cφ
2

)5 + 2|B|
(
Cφ

2
+Nφ

)
10Nφ + |A|10Nφ

] , (1.21)

M2 =
Cφ

2[
|g| (10Nφ)2(

Cφ
2

)3 + |γ| (10Nφ)2(
Cφ
2

)4 + 2|B|
(
Cφ

2
+Nφ

)2

+ |A|
(
Cφ

2
+Nφ

)] , (1.22)

M3 = 6|g|(10Nφ)
2(

Cφ

2

)4 + 8|γ|(10Nφ)
2(

Cφ

2

)5 + 20|γ|(10Nφ)
4(

Cφ

2

)6 + 12|g|(10Nφ)
4(

Cφ

2

)5 + 2|B| (10Nφ)
2 +

+9|g|(10Nφ)
2(k + 1)Nφ(
Cφ

2

)4 + 12|γ|(10Nφ)
2(k + 1)Nφ(
Cφ

2

)5 + 2|g|(k + 1)Nφ(
Cφ

2

)3 +

+|γ|(k + 1)Nφ(
Cφ

2

)3 + 2|B|
(
Cφ
2

+Nφ

)
(k + 1)Nφ + |A|(k + 1)Nφ, (1.23)

Nφ = max|sup|φ(x)|, sup|φ′(x)|, sup|φ′′(x)||, φ ≥ Cφ > 0, k = const, (1.24)

âûïîëíÿþòñÿ íåðàâåíñòâà

|w1
n| ≤ 10Nφ, |w0

n| ≤
Cφ
2

+Nφ, |w0
n| ≥

Cφ
2
, |w2

n| ≤ (k + 1)Nφ (1.25)

è èíòåãðàëüíîå óðàâíåíèå (1.19) èìååò åäèíñòâåííîå äèôôåðåíöèðóåìîå ïî t è ïî x
ðåøåíèå w2(s, t, x) .
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Â ñèëó îñíîâíîãî ïðèíöèïà ìåòîäà äîïîëíèòåëüíîãî àðãóìåíòà ôóíêöèÿ ϑ(t, x) =
w2(s, t, x) áóäåò óäîâëåòâîðÿòü óðàâíåíèþ (1.15) è íà÷àëüíîìó óñëîâèþ (1.16).

Àíàëîãè÷íûì îáðàçîì, êàê ýòî áûëî ïðîäåëàíî âûøå äëÿ ôóíêöèé ν(t, x) è p(t, x) ,
äîêàçûâàåòñÿ, ÷òî ϑ(t, x) = ∂xp(t, x) , à çíà÷èò ϑ(t, x) = ∂xxν(t, x) .

Â ðåçóëüòàòå ïðèõîäèì ê òåîðåìå, êîòîðàÿ ïðåäíàçíà÷åíà ñëóæèòü îñíîâîé äëÿ âûâîäà
ãëîáàëüíûõ àïðèîðíûõ îöåíîê. Â åå ôîðìóëèðîâêå âîñïîëüçóåìñÿ îáîçíà÷åíèåì ìíîæå-
ñòâà ∆Υ := {(s, t) : 0 ≤ s ≤ t ≤ Υ} .

Òåîðåìà. Ïóñòü φ ∈ C̄3(R1) . Òîãäà ñóùåñòâóåò òàêîå ÷èñëî Υ > 0 , ÷òî ïðè 0 < t ≤ Υ
çàäà÷à Êîøè (1.1) - (1.2) èìååò ðåøåíèå ν(t, x) ∈ C̄1,3 ([0, γ]×R1) , êîòîðîå îïðåäåëÿåò-
ñÿ èç ðàñøèðåííîé õàðàêòåðèñòè÷åñêîé ñèñòåìû (1.6) - (1.11) â âèäå ν(t, x) = w0(t, t, x) .
Ïðè ýòîì ∂xν(t, x) = p(t, x) = w1(t, t, x) , à ∂xxν(t, x) = ∂xp(t, x) = ϑ(t, x) = w2(t, t, x) ,
ãäå ôóíêöèÿ w2(s, t, x) óäîâëåòâîðÿåò óðàâíåíèþ (1.17) è íà÷àëüíîìó óñëîâèþ (1.18).
Ãëàäêîñòü ôóíêöèé w0 , w1 , w2 îïðåäåëÿåòñÿ ñîîòíîøåíèÿìè w0 ∈ C̄1,1,3 (∆Υ ×R1) ,
w1 ∈ C̄1,1,2 (∆Υ ×R1) , w2 ∈ C̄1,1,1 (∆Υ ×R1) .

Çàìå÷àíèå. Çíà÷åíèå Υ îïðåäåëÿåòñÿ âåëè÷èíàìè g , γ , B , A , Cφ = infφ è Nφ =
max{sup|φ|, sup|φ′|, sup|φ′′|, sup|φ′′′|} .
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On the di�erentiability of solutions of the liminal

dissipative equation

c⃝ S. N. Alekseenko3, D. V. Khiteva4

Abstract. There is established the conditions under which the solutions of the liminal dissipative
equation have third derivatives with respect to the spatial variables. As principal conditions for
a prolongation of solutions are formulated for the second derivatives, the equation for the second
derivative of a solution to considered problem is constructed. The peculiarity of this equation is
that its in the extended characteristic system has a convenient to deducing of global estimates
form.
Key Words: dislocation density, nonlinear �rst-order partial di�erential equation, liminality
method of an additional argument
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