
22 Î. Â. Ãåðìèäåð, Â. Í. Ïîïîâ, À. À. Þøêàíîâ

ÓÄÊ 517.9

Ìàòåìàòè÷åñêîå ìîäåëèðîâàíèå ïðîöåññà òåïëîïåðåíîñà
â äëèííîì öèëèíäðè÷åñêîì êàíàëå
c⃝ Î. Â. Ãåðìèäåð1, Â. Í. Ïîïîâ2, À. À. Þøêàíîâ3

Àííîòàöèÿ. Â ðàìêàõ êèíåòè÷åñêîãî ïîäõîäà ðåøåíà çàäà÷à î òå÷åíèè ðàçðåæåííîãî ãà-
çà â öèëèíäðè÷åñêîì êàíàëå ïðè íàëè÷èè ïðîäîëüíîãî ãðàäèåíòà òåìïåðàòóðû. Â êà÷åñòâå
îñíîâíîãî óðàâíåíèÿ, îïèñûâàþùåãî êèíåòèêó ïðîöåññà, èñïîëüçîâàíî êèíåòè÷åñêîå óðàâ-
íåíèå Âèëüÿìñà, à â êà÷åñòâå ãðàíè÷íîãî óñëîâèÿ íà ñòåíêå êàíàëà � ìîäåëü äèôôóçíîãî
îòðàæåíèÿ. Îòêëîíåíèå ñîñòîÿíèÿ ãàçà îò ðàâíîâåñíîãî ïîëàãàåòñÿ ìàëûì. Ýòî ïîçâîëèëî
ðàññìîòðåòü ðåøåíèå çàäà÷è â ëèíåàðèçîâàííîì âèäå. Äëÿ îòûñêàíèÿ ëèíåéíîé ïîïðàâêè ê
ëîêàëüíî-ðàâíîâåñíîé ôóíêöèè ðàñïðåäåëåíèÿ çàäà÷à ñâåäåíà ê ðåøåíèþ ëèíåéíîãî îäíî-
ðîäíîãî äèôôåðåíöèàëüíîãî óðàâíåíèÿ â ÷àñòíûõ ïðîèçâîäíûõ ïåðâîãî ïîðÿäêà. Ðåøåíèå
ïîñëåäíåãî ïîñòðîåíî ñ èñïîëüçîâàíèåì ìåòîäà õàðàêòåðèñòèê. Ñ ó÷åòîì ïîëó÷åííîãî ðåøå-
íèÿ, èñõîäÿ èç ñòàòèñòè÷åñêîãî ñìûñëà ôóíêöèè ðàñïðåäåëåíèÿ ìîëåêóë ãàçà ïî êîîðäèíàòàì
è ñêîðîñòÿì, ïîñòðîåí ïðîôèëü âåêòîðà ïîòîêà òåïëà â êàíàëå è âû÷èñëåí ïîòîê òåïëà ÷åðåç
ïîïåðå÷íîå ñå÷åíèå êàíàëà. Ïðîâåäåí ÷èñëåííûé àíàëèç îêîí÷àòåëüíûõ âûðàæåíèé. Ïðî-
âåäåííîå ñðàâíåíèå ñ àíàëîãè÷íûìè ðåçóëüòàòàìè, ïîëó÷åííûìè ñ èñïîëüçîâàíèåì ìåòîäà
äèñêðåòíûõ îðäèíàò, ïîêàçàëî, ÷òî ïðåäëîæåííàÿ â ðàáîòå ïðîöåäóðà ðåøåíèÿ ïðèâîäèò ê
êîððåêòíûì ðåçóëüòàòàì â øèðîêîì äèàïàçîíå çíà÷åíèé ðàäèóñà êàíàëà

Êëþ÷åâûå ñëîâà: êèíåòè÷åñêîå óðàâíåíèå Áîëüöìàíà, ìîäåëüíûå êèíåòè÷åñêèå óðàâíåíèÿ,
ìåòîä õàðàêòåðèñòèê, òå÷åíèå ãàçà â öèëèíäðè÷åñêîì êàíàëå

1. Ââåäåíèå

Èññëåäîâàíèå âíóòðåííèõ òå÷åíèé ïðåäñòàâëÿåò ñîáîé îäíó èç íàèáîëåå âàæíûõ çàäà÷
äèíàìèêè ðàçðåæåííîãî ãàçà [1]. Äëÿ ñëàáîðàçðåæåííûõ ãàçîâ ñòðîãîå ðåøåíèå ýòîé çà-
äà÷è ïîëó÷àåòñÿ â ðåçóëüòàòå èíòåãðèðîâàíèÿ êèíåòè÷åñêîãî óðàâíåíèÿ Áîëüöìàíà (èëè
ñèñòåìû óðàâíåíèé Áîëüöìàíà, åñëè ãàç ñîñòîèò èç ìîëåêóë ðàçíîé ïðèðîäû) ïðè ñîîò-
âåòñòâóþùèõ ãðàíè÷íûõ è íà÷àëüíûõ óñëîâèÿõ, ïîñëå ÷åãî ñ ïîìîùüþ êâàäðàòóð îïðå-
äåëÿþò ìàêðîïàðàìåòðû ãàçà [2]. Îäíàêî, ó÷èòûâàÿ ñëîæíîñòü êèíåòè÷åñêîãî óðàâíåíèÿ
Áîëüöìàíà, ðåøåíèå çàäà÷è äëÿ ñëàáîðàçðåæåííûõ ãàçîâ â îáùåì ñëó÷àå ìîæåò áûòü ïî-
ëó÷åíî ñ èñïîëüçîâàíèåì ÷èñëåííûõ ìåòîäîâ [1]�[3]. Â ñèëüíî ðàçðåæåííûõ ãàçàõ ñòîëêíî-
âåíèÿìè ìîëåêóë ìåæäó ñîáîé ìîæíî ïðåíåáðå÷ü. Â ýòîì ñëó÷àå êèíåòè÷åñêîå óðàâíåíèå
Áîëüöìàíà ïåðåõîäèò â îäíîðîäíîå ëèíåéíîå äèôôåðåíöèàëüíîå óðàâíåíèå ñ ÷àñòíûìè
ïðîèçâîäíûìè, ðåøåíèå êîòîðîãî ìîæåò áûòü ïîëó÷åíî àíàëèòè÷åñêè [3]. Äî íåäàâíåãî
âðåìåíè èññëåäîâàíèå âíóòðåííèõ òå÷åíèé îãðàíè÷èâàëîñü â îñíîâíîì ïðîöåññàìè ïåðå-
íîñà â êàíàëàõ, ñòåíêè êîòîðûõ îáðàçîâàíû áåñêîíå÷íûìè ïàðàëëåëüíûìè ïëîñêîñòÿìè,
÷òî ïîäòâåðæäàåòñÿ áîëüøèì ÷èñëîì ðàáîò íà ýòó òåìó, ñïèñîê êîòîðûõ ìîæíî íàéòè â
[1]�[5]. Îäíàêî â ïîñëåäíåå âðåìÿ â ñâÿçè ñ ðàçâèòèåì ìèêðî è íàíîðàçìåðíûõ òåõíîëî-
ãèé âñå áîëüøåå âíèìàíèÿ óäåëÿåòñÿ ðàññìîòðåíèþ òå÷åíèé ãàçà â êàíàëàõ ïðîèçâîëüíîãî
ïîïåðå÷íîãî ñå÷åíèÿ. Òàê, íàïðèìåð, â [6] è [7] ðàññìàòðèâàëîñü òå÷åíèå ðàçðåæåííîãî
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ãàçà ñîîòâåòñòâåííî â êàíàëå ïðÿìîóãîëüíîãî è òðåóãîëüíîãî ñå÷åíèé, â [8]�[10] � â êàíàëå
öèëèíäðè÷åñêîãî ñå÷åíèÿ, â [11] � â çàçîðå ìåæäó äâóìÿ êîíöåíòðè÷åñêèìè öèëèíäðàìè,
â [12] � â êàíàëå ýëëèïòè÷åñêîãî ñå÷åíèÿ. Öåëü ïðåäñòàâëåííîé ðàáîòû ñîñòîèò â ïðè-
ìåíåíèè àíàëèòè÷åñêèõ ìåòîäîâ, ðàçðàáîòàííûõ â [13], äëÿ ðåøåíèÿ çàäà÷è î òå÷åíèè
ðàçðåæåííîãî ãàçà â êàíàëå öèëèíäðè÷åñêîãî ñå÷åíèÿ ïðè íàëè÷èè ïðîäîëüíîãî ãðàäè-
åíòà òåìïåðàòóðû. Â êà÷åñòâå îñíîâíîãî óðàâíåíèÿ, îïèñûâàþùåãî êèíåòèêó ïðîöåññà,
èñïîëüçîâàíî ëèíåàðèçîâàííîå óðàâíåíèå Âèëüÿìñà [14], à â êà÷åñòâå ãðàíè÷íîãî óñëîâèÿ
� ìîäåëü äèôôóçíîãî îòðàæåíèÿ.

2. Âûâîä îñíîâíûõ óðàâíåíèé

Ðàññìîòðèì çàäà÷ó î ïåðåíîñå òåïëà â öèëèíäðè÷åñêîì êàíàëå, ðàäèóñà R′ . Ïðåäïî-
ëîæèì, ÷òî â êàíàëå ïîääåðæèâàåòñÿ ïîñòîÿííûé ãðàäèåíò òåìïåðàòóðû dT/dz′ (îñü Oz′

íàïðàâëåíà âäîëü îñè öèëèíäðà). Äëÿ íàõîæäåíèÿ ôóíêöèè ðàñïðåäåëåíèÿ ìîëåêóë ãàçà
ïî êîîðäèíàòàì è ñêîðîñòÿì âîñïîëüçóåìñÿ óðàâíåíèåì Âèëüÿìñà [14], êîòîðîå â öèëèí-
äðè÷åñêîé ñèñòåìå êîîðäèíàò çàïèñûâàåòñÿ â âèäå [3]
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Çäåñü f = f(r′,v) � èñêîìàÿ ôóíêöèÿ ðàñïðåäåëåíèÿ ìîëåêóë ãàçà ïî êîîðäèíàòàì è
ñêîðîñòÿì, ω = |v−u(r′)| ; u(r′) � ìàññîâàÿ ñêîðîñòü ãàçà, r′ � ðàçìåðíûé ðàäèóñ-âåêòîð,
lg � ñðåäíÿÿ äëèíà ñâîáîäíîãî ïðîáåãà ìîëåêóë ãàçà, p è ηg � äàâëåíèå è êîýôôèöèåíò
äèíàìè÷åñêîé âÿçêîñòè ãàçà, γ = 15/8 ,

f∗ = n∗

(
m

2πkBT∗

)3/2

exp

(
−m(v − u∗)

2

2kBT∗

)
.

Ïàðàìåòðû n∗ , T∗ è u∗ âûáèðàþòñÿ èç óñëîâèÿ, ÷òî ìîäåëüíûé èíòåãðàë ñòîëêíî-
âåíèé â (2.1) óäîâëåòâîðÿåò çàêîíàì ñîõðàíåíèÿ ÷èñëà ÷àñòèö, èìïóëüñà è ýíåðãèè. Â
êà÷åñòâå ãðàíè÷íîãî óñëîâèÿ íà ñòåíêàõ êàíàëà áóäåì èñïîëüçîâàòü ìîäåëü äèôôóçíî-
ãî îòðàæåíèÿ. Áóäåì ñ÷èòàòü, îòíîñèòåëüíûé ïåðåïàä òåìïåðàòóðû íà äëèíå ñâîáîäíîãî
ïðîáåãà ìîëåêóë ãàçà ìàëûì. Â ýòîì ñëó÷àå çàäà÷à äîïóñêàåò ëèíåàðèçàöèþ è ðåøåíèå
óðàâíåíèÿ (2.1) â îáúåìå ãàçà ìîæíî çàïèñàòü â âèäå [14]

f∞(r′,v) = f(C)

[
1 + 2CzU0 +GT

[(
z − Cz

C

)(
C2 − 5

2

)
− 2

3
√
π
Cz

]]
. (2.2)

Çäåñü f(C) = n0(β/π)
3/2 exp(−C2) � àáñîëþòíûé ìàêñâåëëèàí, C = β1/2v � áåçðàç-

ìåðíàÿ ñêîðîñòü ìîëåêóë ãàçà, β = m/2kBT0 , m � ìàññà ìîëåêóëû ãàçà, kB � ïîñòîÿííàÿ
Áîëüöìàíà, n0 è T0 � êîíöåíòðàöèÿ ìîëåêóë ãàçà è åãî òåìïåðàòóðà â íåêîòîðîé òî÷êå,
ïðèíÿòîé çà íà÷àëî êîîðäèíàò, z = z′/γlg , GT � áåçðàçìåðíûé ãðàäèåíò òåìïåðàòóðû.
Ôóíêöèÿ f∞(r′,v) , îïðåäåëÿåìàÿ âûðàæåíèåì (2.2), ÿâëÿåòñÿ ðåøåíèåì óðàâíåíèÿ (2.1),
îäíàêî îíà íå óäîâëåòâîðÿåò ãðàíè÷íûì óñëîâèÿì íà ñòåíêàõ êàíàëà. Äëÿ òîãî ÷òîáû ýòî
óñëîâèå âûïîëíÿëîñü, ïîñòóïèì ñëåäóþùèì îáðàçîì. Îáðàçóåì íà ìíîæåñòâå ôóíêöèé,
çàâèñÿùèõ ìîäóëÿ ìîëåêóëÿðíîé ñêîðîñòè, ñêàëÿðíîå ïðîèçâåäåíèå

(f, g) =

+∞∫
0

ρ(C)f(C)g(C) dC, ρ(C) = C5 exp(−C2).
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Âûáåðåì äâå îðòîãîíàëüíûå ôóíêöèè: e1(C) = 1 è e2(C) = C−5/2C (îðòîãîíàëüíîñòü
ïîíèìàåòñÿ çäåñü êàê ðàâåíñòâî íóëþ ââåäåííîãî âûøå ñêàëÿðíîãî ïðîèçâåäåíèÿ) è áóäåì
èñêàòü ðåøåíèå óðàâíåíèÿ (2.1) â âèäå

f(r′,v) = f∞(r′,v)

[
1 +GTCz

[
Z1(ρ, c⊥, ψ) +

(
C − 5

2C

)
Z2(ρ, c⊥, ψ)

]]
. (2.3)

Çäåñü ρ = ρ′/γlg , c2⊥ = c2ρ + c2φ , cρ = Cρ/C = c⊥ cosψ , cφ = Cφ/C = c⊥ sinψ ,
c⊥ = Cz/C = sin θ . Ïðè çàïèñè (2.3) ïåðåøëè ê ñôåðè÷åñêîé ñèñòåìå êîîðäèíàò â ïðî-
ñòðàíñòâå ñêîðîñòåé, îáîçíà÷èâ ÷åðåç ψ è θ ñîîòâåòñòâåííî óãëû, îòñ÷èòûâàåìûå îò ïî-
ëîæèòåëüíûõ íàïðàâëåíèé îñåé Cρ è Cz . Ïîäñòàâëÿÿ (2.3) â (2.1) è ëèíåàðèçîâàâ ôóíê-
öèþ f∗ = f∗(n∗, T∗,u∗) îòíîñèòåëüíî àáñîëþòíîãî ìàêñâåëëèàíà, êàê ýòî ïðèâåäåíî â [14],
ïðèõîäèì ê óðàâíåíèþ

Cz

[
Cρ
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∂ρ
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φ

ρ

∂Z1

∂Cρ
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ρ
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∂Cφ
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+ (2.4)
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∂Cρ
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ρ
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∂Cφ
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)
=

=
C

2π

∫
C ′C ′

z exp(−C ′2)k(C,C′)

[
Z1(ρ, c

′
⊥, ψ
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(
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2C ′

)
Z2(ρ, c

′
⊥, ψ

′)

]
d3C′,

k(C,C′) = 1 +
3

2
CC′ +

1

2
(C2 − 2)(C ′2 − 2).

Âû÷èñëÿÿ èíòåãðàëû, âõîäÿùèå â ïðàâóþ ÷àñòü (2.3), è ñîêðàùàÿ îáå ÷àñòè ïîëó÷åí-
íîãî ðàâåíñòâà íà CCz , óðàâíåíèå (2.3) çàïèñûâàåì â âèäå

cρ
∂Z1

∂ρ
+
c2φ
ρ

∂Z1

∂cρ
− cρcφ

ρ

∂Z1

∂cφ
+ Z1(ρ, c⊥, ψ)+ (2.5)

+

(
C − 5

2C

)(
cρ
∂Z2

∂ρ
+
c2φ
ρ

∂Z2
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− cρcφ

ρ

∂Z2

∂cφ
+ Z2(ρ, c⊥, ψ)

)
=

=
3

4π

π∫
0

2π∫
0

Z1(ρ, c
′
⊥, ψ

′) cos2 θ sin θ dθ dψ.

Ó÷èòûâàÿ îðòîãîíàëüíîñòü â ñìûñëå ââåäåííîãî ñêàëÿðíîãî ïðîèçâåäåíèÿ ôóíêöèé
e1(C) = 1 è e2(C) = C − 5/2C , óðàâíåíèå (2.5) ðàñïàäàåòñÿ íà äâà íåçàöåïëåííûõ óðàâ-
íåíèÿ

cρ
∂Z1

∂ρ
+
c2φ
ρ

∂Z1

∂cρ
− cρcφ

ρ

∂Z1

∂cφ
+ Z1(ρ, c⊥, ψ) =

3

4π

π∫
0

2π∫
0

Z1(ρ, c
′
⊥, ψ

′) cos2 θ sin θ dθ dψ, (2.6)

cρ
∂Z2

∂ρ
+
c2φ
ρ

∂Z2

∂cρ
− cρcφ

ρ

∂Z2

∂cφ
+ Z2(ρ, c⊥, ψ) = 0. (2.7)

Çàìåòèì, ÷òî äëÿ îñåñèììåòðè÷íûõ òå÷åíèé óðàâíåíèÿ (2.6) è (2.7) ìîãóò áûòü óïðî-
ùåíû. Ó÷èòûâàÿ, ÷òî c⊥ =

√
c2ρ + c2φ , tgψ = cφ/cρ è äèôôåðåíöèðóÿ çàïèñàííûå âûøå

âûðàæåíèÿ ïî cρ è cφ , íàõîäèì

∂c⊥
∂cρ

=
cρ
c⊥

= cosψ,
∂ψ

∂cρ
= −sinψ

c⊥
,
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∂c⊥
∂cφ

=
cφ
c⊥

= sinψ,
∂ψ

∂cφ
=

cosψ

c⊥
.

Ñëåäîâàòåëüíî,

c2φ
ρ

∂Z1

∂cρ
− cρcφ

ρ

∂Z1

∂cφ
=
c2⊥ sin2 ψ

ρ

(
∂Z1

∂c⊥
cosψ − ∂Z1

∂ψ

sinψ

c⊥

)
−

−c
2
⊥ cosψ sinψ

ρ

(
∂Z1

∂c⊥
sinψ +

∂Z1

∂ψ

cosψ

c⊥

)
= −c⊥ sinψ

ρ

∂Z1

∂ψ
.

Àíàëîãè÷íûå ïðåîáðàçîâàíèÿ ñïðàâåäëèâû è äëÿ ôóíêöèè Z2(ρ, c⊥, ψ) . Òàêèì îáðà-
çîì, ñèñòåìó óðàâíåíèé (2.6), (2.7) ïåðåïèøåì â âèäå

c⊥ cosψ
∂Z1

∂ρ
− c⊥ sinψ

ρ

∂Z1

∂ψ
+ Z1(ρ, c⊥, ψ) =

3

4π

π∫
0

2π∫
0

Z1(ρ, c
′
⊥, ψ

′) cos2 θ sin θ dθ dψ, (2.8)

c⊥ cosψ
∂Z2

∂ρ
− c⊥ sinψ

ρ

∂Z2

∂ψ
+ Z2(ρ, c⊥, ψ) = 0. (2.9)

Ó÷èòûâàÿ, ÷òî

f(r′,v)|S = f(C)

[
1 + 2CzU0 +GT z

(
C2 − 5

2

)]
,

ïðèíÿòóþ â ðàáîòå ìîäåëü ãðàíè÷íîãî óñëîâèÿ è ñïîñîá ëèíåàðèçàöèè èñêîìîãî ðåøå-
íèÿ, îïðåäåëÿåìûé ðàâåíñòâîì (2.3), ãðàíè÷íûå óñëîâèÿ äëÿ ôóíêöèé Z1(ρ, c⊥, ψ) è
Z2(ρ, c⊥, ψ) çàïèñûâàþòñÿ â âèäå

Z1(R, c⊥, ψ) =
2

3
√
π
, Z2(R, c⊥, ψ) = 1,

π

2
≤ ψ ≤ 3π

2
. (2.10)

Ïðè çàïèñè (2.10) ó÷ëè, ÷òî ïðè îòðàæåíèè ìîëåêóë ãàçà îò âíóòðåííåé ïîâåðõíîñòè
öèëèíäðà cρ = c⊥ cosψ ≤ 0 . Òàêèì îáðàçîì, íàõîæäåíèå ôóíêöèè ðàñïðåäåëåíèÿ ìîëåêóë
ãàçà ïî êîîðäèíàòàì è ñêîðîñòÿì, îïðåäåëÿåìîé âûðàæåíèåì (2.3), ñâîäèòñÿ ê ðåøåíèþ
ñèñòåìû óðàâíåíèé (2.8), (2.9) ñ ãðàíè÷íûìè óñëîâèÿìè (2.10).

3. Ïîñòðîåíèå ôóíêöèè ðàñïðåäåëåíèÿ

Ïåðåä òåì êàê ïåðåéòè ê ïîñòðîåíèþ ôóíêöèè ðàñïðåäåëåíèÿ âû÷èñëèì îòëè÷íóþ îò
íóëÿ êîìïîíåíòó âåêòîðà ïîòîêà òåïëà qz(ρ) . Èñõîäÿ èç ñòàòèñòè÷åñêîãî ñìûñëà ôóíêöèè
ðàñïðåäåëåíèÿ [14], ñ ó÷åòîì (2.3) íàõîäèì

qz(ρ) =
γ

π3/2

∫
exp(−C2)Cz

(
C2 − 5

2

)[
2CzU0 +GT

[(
z − Cz

C

)(
C2 − 5

2

)
− 2

3Cz

√
π

]
+

+GTCz

[
Z1(ρ, c⊥, ψ) +

(
C − 5

2C

)
Z2(ρ, c⊥, ψ)

]]
d3C =

=
GT

π3/2

∫
exp(−C2)C2

z

(
C2 − 5

2

)(
C − 5

2C

)
(Z2(ρ, c⊥, ψ)− 1) d3C.
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Òàê êàê ôóíêöèÿ Z1(ρ, c⊥, ψ) íå âíîñèò âêëàäà â ïîòîê òåïëà, òî â ðàñìàòðèâàåìîé
çàäà÷å ìîæíî îãðàíè÷èòüñÿ îòûñêàíèåì ôóíêöèè Z2(ρ, c⊥, ψ) , îïðåäåëÿåìîé óðàâíåíèåì
(2.7) ñ ãðàíè÷íûì óñëîâèåì (2.10). Ðåøåíèå óðàâíåíèÿ (2.7) èùåì â âèäå

Z2(ρ, c⊥, ψ) = Z(ρ, c⊥, ψ) + 1. (3.1)

Ñ ó÷åòîì (3.1) óðàâíåíèå è ãðàíè÷íûå óñëîâèÿ äëÿ íàõîæäåíèÿ ôóíêöèè Z(ρ, c⊥, ψ)
ïðèìóò âèä

c⊥ cosψ
∂Z

∂ρ
− c⊥ sinψ

ρ

∂Z

∂ψ
+ Z(ρ, c⊥, ψ) + 1 = 0, (3.2)

Z(R, c⊥, ψ) = 0,
π

2
≤ ψ ≤ 3π

2
. (3.3)

Ðåøåíèå óðàâíåíèÿ (3.2) ñ ãðàíè÷íûì óñëîâèåì (3.3) èùåì ìåòîäîì õàðàêòåðèñòèê,
ðàçâèòûì â [13]. Ñèñòåìà óðàâíåíèé õàðàêòåðèñòèê óðàâíåíèÿ (3.2) èìååò âèä

dρ

c⊥ cosψ
= − ρ dψ

c⊥ sinψ
= − dZ

Z(ρ, c⊥, ψ) + 1
. (3.4)

Èíòåãðèðóÿ óðàâíåíèå
dρ

c⊥ cosψ
= − ρ dψ

c⊥ sinψ
,

íàõîäèì îäèí ïåðâûé èíòåãðàë ñèñòåìû õàðàêòåðèñòèê (3.4)

ρ| sinψ| = C1. (3.5)

Ñ ó÷åòîì (3.5) óðàâíåíèå

dρ

c⊥ cosψ
= − dZ

Z(ρ, c⊥, ψ) + 1
ïåðåïèøåì â âèäå

± ρ dρ

c⊥
√
ρ2 − C2

1

= − dZ

Z(ρ, c⊥, ψ) + 1
. (3.6)

Çäåñü âåðõíèé çíàê èìååò ìåñòî ïðè −π
2

≤ ψ ≤ π

2
, íèæíèé � ïðè

π

2
≤ ψ ≤ 3π

2
.

Èíòåãðèðóÿ óðàâíåíèå (3.6), íàõîäèì äðóãîé ïåðâûé èíòåãðàë ñèñòåìû õàðàêòåðèñòèê

Z(ρ, c⊥, ψ) exp

(
±
√
ρ2 − C2

1

c⊥

)
= C2. (3.7)

Äëÿ îïðåäåëåíèÿ ïîñòîÿííûõ èíòåãðèðîâàíèÿ C1 è C2 âîñïîëüçóåìñÿ óñëîâèÿìè

C1 = R| sinψ0|, C2 = exp

(
R cosψ0

c⊥

)
.

Çäåñü (R,ψ0) � êîîðäèíàòû òî÷êè îòðàæåíèÿ ìîëåêóëû ãàçà îò ïîâåðõíîñòè öèëèíäðà
â ïëîñêîñòè, ïåðïåíäèêóëÿðíîé åãî îñè. Èñêëþ÷àÿ èç (3.5) è (3.7) ïîñòîÿííûå èíòåãðèðî-
âàíèÿ C1 è C2 , ïðèõîäèì ê ñèñòåìå óðàâíåíèé îòíîñèòåëüíî Z(ρ, c⊥, ψ) è ψ0

ρ| sinψ| = R| sinψ0|, (Z(ρ, c⊥, ψ) + 1) exp

(
ρ cosψ

c⊥

)
= exp

(
R cosψ0

c⊥

)
, (3.8)

ðàçðåøèâ êîòîðóþ íàõîäèì

Z(ρ, c⊥, ψ) = exp

(
−ρ cosψ +

√
R2 − ρ2 sin2 ψ

c⊥

)
− 1. (3.9)

Òàêèì îáðàçîì, ðåøåíèå óðàâíåíèÿ (2.7) ñ ãðàíè÷íûì óñëîâèåì (2.10) è ñîîòâåòñòâåííî
èñêîìàÿ ôóíêöèÿ ðàñïðåäåëåíèÿ ìîëåêóë ãàçà ïî êîîðäèíàòàì è ñêîðîñòÿì ïîñòðîåíû.
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4. Âû÷èñëåíèå ïîòîêà òåïëà â êàíàëå

Ñ ó÷åòîì ïîëó÷åííûõ ðåçóëüòàòîâ íàõîäèì îòëè÷íóþ îò íóëÿ êîìïîíåíòó âåêòîðà ïî-
òîêà òåïëà qz(ρ) è ïîòîê òåïëà JQ , ÷åðåç ïîïåðå÷íîå ñå÷åíèå êàíàëà

qz(ρ) =
GTγ

π3/2

∫
exp(−C2)C2

z

(
C2 − 5

2

)(
C − 5

2C

)
(Z(ρ, c⊥, ψ)− 1) d3C = (4.1)

=
GTγ

π3/2

+∞∫
0

exp(−C2)C3

(
C2 − 5

2

)2

dC

π∫
0

cos2 θ sin θdθ·

·
2π∫
0

[
exp

(
−ρ cosψ +

√
R2 − ρ2 sin2 ψ

sin θ

)
− 1

]
dψ =

= − 3γ

2
√
π
GT

1− 3

4π

π∫
0

cos2 θ sin θdθ

2π∫
0

[
exp

(
−ρ cosψ +

√
R2 − ρ2 sin2 ψ

sin θ

)
− 1

]
dψ

 ,
JQ =

4

γR3

R∫
0

qz(ρ)ρ dρ. (4.2)

Íà ñòåíêå êàíàëà ïðè ρ = R âûðàæåíèå (4.1) ïðèíèìàåò âèä

qz(ρ) = − 3γ

2
√
π
GT

1− 3

2π

π∫
0

cos2 θ sin θdθ

π/2∫
−π/2

exp

(
−2R cosψ

sin θ

)
dψ

 , (4.3)

Çíà÷åíèÿ qz(ρ/R)/GT äëÿ êàíàëà ðàäèóñà R = 2 , ðàññ÷èòàííûå ñîãëàñíî (4.1), ïðè-
âåäåíû â òàáëèöå 1. Òàì æå ïðèâåäåíû àíàëîãè÷íûå çíà÷åíèÿ, ïîëó÷åííûå â [8] ñ èñïîëü-
çîâàíèåì ìåòîäà äèñêðåòíûõ îðäèíàò íà îñíîâå ìîäåëè Øàõîâà.

ρ/R 0.00 0.10 0.20 0.50 0.90 0.95 1.00
(4.1) 1.3234 1.3206 1.3118 1.2431 0.9233 0.8231 0.6428
[8] 1.4586 1.4550 1.4410 1.3579 0.9711 0.8536 0.6401

Òàáëèöà 1. Çíà÷åíèÿ qz(ρ/R)/GT äëÿ êàíàëà ðàäèóñà R = 2.

Çíà÷åíèÿ ïîòîêà òåïëà JQ/GT , ðàññ÷èòàííûå ñîãëàñíî (4.2), è àíàëîãè÷íûå çíà÷åíèÿ,
ïîëó÷åííûå â [8], ïðèâåäåíû â òàáëèöå 2.

R′/lg 0.001 0.01 0.02 0.1 1.0 2.0 10.0
(4.2) 3.3742 3.3086 3.2462 2.9337 1.6188 1.0953 0.2951
[8] 3.3695 3.2848 3.2167 2.8801 1.6745 1.1794 0.3410

Òàáëèöà 3. Çíà÷åíèÿ JQ/GT ïðè ðàçëè÷íûõ çíà÷åíèÿõ R = R′/lg.

Çíà÷åíèÿ qz(R)/GT , âû÷èñëåííûå ñîãëàñíî (4.3) íà ñòåíêå êàíàëà ïðè ðàçëè÷íûõ çíà-
÷åíèÿõ åãî ðàäèóñà R = R′/lg , è àíàëîãè÷íûå çíà÷åíèÿ, ïîëó÷åííûå â [8], ïðèâåäåíû â
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òàáëèöå 3.

R′/lg 0.001 0.01 0.02 0.1 1.0 2.0 10.0
(4.3) 0.0013 0.0125 0.0240 0.1061 0.5108 0.6428 0.7653
[8] 0.0013 0.0122 0.0237 0.1022 0.4973 0.6406 0.8215

Òàáëèöà 3. Çíà÷åíèÿ qz(R)/GT ïðè ðàçëè÷íûõ çíà÷åíèÿõ R = R′/lg.

Èç ïðèâåäåííûõ òàáëèö âèäíî, ÷òî ïîëó÷åííûå â ðàáîòå ðåçóëüòàòû õîðîøî ñîãëàñó-
þòñÿ ñ àíàëîãè÷íûìè ðåçóëüòàòàìè [8] ïðè R′/lg << 1 . Îòëè÷èå ñîîòâåòñòâóþùèõ ðåçóëü-
òàòîâ ïðè R′/lg > 1 îáóñëîâëåíî òåì, ÷òî ïðè ïåðåõîäå ê ãèäðîäèíàìè÷åñêîìó ïðåäåëó
óðàâíåíèå Âèëüÿìñà ïðèâîäèò ê çíà÷åíèþ ÷èñëà Ïðàíäëòÿ, îòëè÷àþùåìóñÿ îò ñîîòâåò-
ñòâóþùåãî çíà÷åíèÿ äëÿ îäíîàòîìíîãî ãàçà [14].

5. Çàêëþ÷åíèå

Èòàê, â íàñòîÿùåé ðàáîòå ïîëó÷åíî àíàëèòè÷åñêîå ðåøåíèå çàäà÷è î ïåðåíîñå òåïëà
â öèëèíäðè÷åñêîì êàíàëå ïðè íàëè÷èè ïðîäîëüíîãî ãðàäèåíòà òåìïåðàòóðû. Äëÿ ïðîèç-
âîëüíûõ çíà÷åíèé ðàäèóñà öèëèíäðà ïîñòðîåí ïðîôèëü âåêòîðà ïîòîêà òåïëà è âû÷èñëåí
ïîòîê òåïëà ÷åðåç ïîïåðå÷íîå ñå÷åíèå êàíàëà. Ïðîâåäåí ÷èñëåííûé àíàëèç ïîëó÷åííûõ
âûðàæåíèé. Ïîêàçàíî, ÷òî ïðåäñòàâëåííûå â ðàáîòå ðåçóëüòàòû ñîâïàäàþò ñ àíàëîãè÷íû-
ìè ðåçóëüòàòàìè, ïîëó÷åííûìè ñ èñïîëüçîâàíèåì ìåòîäà äèñêðåòíûõ îðäèíàò.

Ðàáîòà âûïîëíåíà ïðè ôèíàíñîâîé ïîääåðæêå â ðàìêàõ âûïîëíåíèÿ Ãîñóäàðñòâåííîãî
çàäàíèÿ ¾Ñîçäàíèå âû÷èñëèòåëüíîé èíôðàñòðóêòóðû äëÿ ðåøåíèÿ íàóêîåìêèõ ïðèêëàä-
íûõ çàäà÷¿ (ïðîåêò � 3628).
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Mathematical modeling of the process heat transfer in a
long cylindrical channel
c⃝ O. V. Germider 4, V. N. Popov 5, À. À. Yushkanov6

Abstract.Within the framework of the kinetic approach the problem of the �ow of rare�ed gas in
a cylindrical channel with longitudinal temperature gradient is solved. As the basic equation, that
describes the kinetics of the process, the Williams kinetic equation, and as a boundary condition on
the wall of the channel - a model of di�use re�ection are used. The deviation from the equilibrium
state of the gas is assumed small. It allowed to consider the solution of the problem in the linearized
form. In order to �nd a linear correction to the local equilibrium distribution function the problem
is reduced to solving a linear homogeneous di�erential equation of the �rst order. It's solution is
constructed using the method of characteristics. The obtained solution is used to construct the
pro�le of the heat �ux vector in the channel and the heat �ux through the cross section of the
channel. The numerical analysis of the �nal expressions is done. A comparison with similar results
obtained by using the method of discrete ordinates, showed that the procedure proposed in the
decision leads to the correct result in a wide range of channel radius.

Key Words: Boltzmann kinetic equation, model kinetic equations, method of characteristics,
models of boundary conditions
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