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Óñëîâèÿ ñóùåñòâîâàíèÿ èíòåãðàëîâ ñèñòåìû óðàâíåíèé
äâèæåíèÿ
c⃝ À. Â. Çóáîâ 1, À. Ô. Çóáîâà 2, Î. À. Ïóñòîâàëîâà 3

Àííîòàöèÿ. Â äàííîé ðàáîòå ïîëó÷åí àíàëîã èçâåñòíîé òåîðåìû Õàðèòîíîâà íà ñëó÷àé îäíî-
ðîäíûõ êëàññîâ ýêâèâàëåíòíîñòè íåóñòîé÷èâûõ èíòåðâàëüíûõ ïîëèíîìîâ. Â.Ë. Õàðèòîíîâûì
óñòàíîâëåíî, ÷òî äëÿ óñòîé÷èâîñòè èíòåðâàëüíîãî ïîëèíîìà íåîáõîäèìî è äîñòàòî÷íî, ÷òîáû
÷åòûðå åãî óãëîâûõ ïîëèíîìà áûëè óñòîé÷èâû [5]. Îñíîâíîé ðåçóëüòàò íàøèõ èññëåäîâàíèé
çàêëþ÷àåòñÿ â òîì, ÷òî ïîëó÷åíû íåîáõîäèìûå è äîñòàòî÷íûå óñëîâèÿ òîãî, ÷òî íåóñòîé-
÷èâûé èíòåðâàëüíûé ïîëèíîì ÿâëÿåòñÿ îäíîðîäíûì, ò. å. ñîñòîèò èç ïîëèíîìîâ, èìåþùèõ
îäèíàêîâîå ÷èñëî êîðíåé, ëåæàùèõ êàê â ëåâîé, òàê è â ïðàâîé ïîëóïëîñêîñòè. Ïîëó÷åííûå
óñëîâèÿ íåñêîëüêî ñëîæíåå, ÷åì ó Â.Ë. Õàðèòîíîâà, íî îíè ïîçâîëÿþò òàêæå êàê è â ñëó÷àå
óñòîé÷èâûõ ïîëèíîìîâ, áåñêîíå÷íîìåðíóþ çàäà÷ó ñâåñòè ê êîíå÷íîìåðíîé çàäà÷å.

Êëþ÷åâûå ñëîâà: ïîëèíîì, ñòåïåíü, âåùåñòâåííûé êîýôôèöèåíò, êîðåíü, êëàññ ýêâèâà-
ëåíòíîñòè, ïðÿìîóãîëüíèê, ðàäèóñ - âåêòîð, êîìïëåêñíàÿ ïëîñêîñòü, ïàðàëëåëüíàÿ îñü, ÷àñî-
âàÿ ñòðåëêà

Î ï ð å ä å ë å í è å 1.1. Ïîëèíîì ñòåïåíè n ñ âåùåñòâåííûìè êîýôôèöèåíòà-
ìè

φ(s) = a0 + a1s+ . . .+ ans
n, a0 ̸= 0, an ̸= 0,

íå èìåþùèé íóëåâûõ è ÷èñòî ìíèìûõ êîðíåé, ïðèíàäëåæèò êëàññó (n, k) - ýêâèâàëåíò-
íîñòè, åñëè k åãî êîðíåé (ñ ó÷åòîì èõ êðàòíîñòåé) ëåæàò â ïðàâîé ïîëóïëîñêîñòè [1].

Î ï ð å ä å ë å í è å 1.2. Èíòåðâàëüíûé ïîëèíîì ñ âåùåñòâåííûìè êîýôôèöèåí-
òàìè

F (s) =

{
f(s) = a0 + a1s+ . . .+ ans

n, ai ≤ ai ≤ āi,

i = 0, n, a0 · ā0 > 0, an · ān > 0
(1.1)

íàçûâàåòñÿ èíòåðâàëüíûì ïîëèíîìîì êëàññà (n, k) - ýêâèâàëåíòíîñòè, åñëè ëþáîé ïî-
ëèíîì èç ýòîãî ñåìåéñòâà ïðèíàäëåæèò êëàññó (n, k) - ýêâèâàëåíòíîñòè.

Î ï ð å ä å ë å í è å 1.3. Óãëîâûìè ïîëèíîìàìè f1(s) , f2(s) , f3(s) , f4(s) èí-
òåðâàëüíîãî ïîëèíîìà (1.1) áóäåì íàçûâàòü óãëîâûå ïîëèíîìû Õàðèòîíîâà, çàäàâàåìûå
ñëåäóþùèìè ðàâåíñòâàìè:

f1(s) = a0 + a1s+ ā2s
2 + ā3s

3 + . . . ,

f2(s) = ā0 + a1s+ a2s
2 + ā3s

3 + . . . ,

f3(s) = ā0 + ā1s+ a2s
2 + a3s

3 + . . . , (1.2)

f4(s) = a0 + ā1s+ ā2s
2 + a3s

3 + . . .
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Ò å î ð å ì à 1.1. Äëÿ òîãî ÷òîáû èíòåðâàëüíûé ïîëèíîì (1.1) ÿâëÿëñÿ èíòåð-
âàëüíûì ïîëèíîìîì êëàññà (n, k) - ýêâèâàëåíòíîñòè íåîáõîäèìî è äîñòàòî÷íî, ÷òîáû:
1. Óãëîâûå ïîëèíîìû (1.2) ïðèíàäëåæàëè êëàññó (n, k) - ýêâèâàëåíòíîñòè; 2. Äëÿ âñåõ
âåùåñòâåííûõ êîðíåé ω ïîëèíîìîâ

ḡ(ω) = ā0ω
2 + ā4ω

4 − . . . , g(ω) = a0 − ā2ω
2 + a4ω

4 − . . . ,

h̄(ω) = ā1ω − a3ω
3 + ā5ω

5 − . . . , h(ω) = a1ω − ā3ω
3 + a5ω

5 − . . . ,

âûïîëíÿþòñÿ ñîîòíîøåíèÿ:

åñëè h̄(ω) = 0 èëè h(ω) = 0, òî g(ω) · ḡ(ω) > 0;

åñëè ḡ(ω) = 0 èëè g(ω) = 0, òî h(ω) · h̄(ω) > 0. (1.3)

Ä î ê à ç à ò å ë ü ñ ò â î. Íåîáõîäèìîñòü. Ïóñòü èíòåðâàëüíûé ïîëèíîì (1.1) ÿâëÿë-
ñÿ èíòåðâàëüíûì ïîëèíîìîì êëàññà (n, k) - ýêâèâàëåíòíîñòè. Òîãäà "óãëîâûå"ïîëèíîìû
(1.2) ïðèíàäëåæàò ýòîìó êëàññó, ò. ê. âõîäÿò â ýòî ñåìåéñòâî. Äàëåå î÷åâèäíî, ÷òî êîíöû
âñåõ ðàäèóñ - âåêòîðîâ f(iω) = g(ω)+ ih(ω) , ïîëó÷àþùèõñÿ èç ïîëèíîìîâ f(s) , âõîäÿùèõ
â èíòåðâàëüíûé ïîëèíîì (1.1) ïîäñòàíîâêîé â íèõ s = iω , ïðèíàäëåæàò ïðÿìîóãîëüíèêó
Γ(ω) êîìïëåêñíîé ïëîñêîñòè ñ âåðøèíàìè îáðàçîâàííûìè "óãëîâûìè"ðàäèóñ - âåêòîðàìè:

f1(iω) = Γ1(ω) = g(ω) + ih(ω), f2(iω) = Γ2(ω) = g(ω) + ih̄(ω),

f3(iω) = Γ3(ω) = ḡ(ω) + ih(ω), f4(iω) = Γ4(ω) = ḡ(ω) + ih̄(ω).

Ýòî óòâåðæäåíèå âûòåêàåò èç î÷åâèäíûõ íåðàâåíñòâ

g(ω) ≤ g(ω) ≤ ḡ(ω), h(ω) ≤ h(ω) ≤ h̄(ω), (1.4)

êîòîðûå ñïðàâåäëèâû ó ýòèõ ïîëèíîìîâ äëÿ âñåõ ω ∈ [0,+∞) . Â ñïðàâåäëèâîñòè ïåðâîãî
íåðàâåíñòâà ìîæíî óáåäèòüñÿ, óìíîæèâ íåðàâåíñòâà, çàäàííûå â îïðåäåëåíèè 1

a0 ≤ a0 ≤ ā0, −ā2 ≤ −a2 ≤ −a2, a4 ≤ a4 ≤ ā4, . . . (1.5)

ñîîòâåòñòâåííî íà 1, ω2, ω4, . . . , à çàòåì ñëîæèâ. Âòîðîå íåðàâåíñòâî äîêàçûâàåòñÿ àíàëî-
ãè÷íî.

Ïðè èçìåíåíèè ω îò 0 äî +∞ ïðÿìîóãîëüíèê Γ(ω) ïåðåìåùàåòñÿ ïî êîìïëåêñíîé
ïëîñêîñòè, à åãî ñòîðîíû îñòàþòñÿ ïàðàëëåëüíûìè îñÿì êîîðäèíàò. Ïðè ýòîì, ñîãëàñíî
ïðèíöèïó àðãóìåíòà, "óãëîâûå"ðàäèóñ-âåêòîðû Γ1(ω) , Γ2(ω) , Γ3(ω) , Γ4(ω) ïîâîðÿ÷è-
âàþòñÿ ïðîòèâ ÷àñîâîé ñòðåëêè íà óãîë π

2
(n − 2k) , òàê êàê ñîîòâåòñòâóþùèå èì "óãëî-

âûå"ïîëèíîìû ïðèíàäëåæàò êëàññó (n, k) - ýêâèâàëåíòíîñòè. Ïðè äîñòàòî÷íî áîëüøèõ
çíà÷åíèÿõ âåëè÷èíû ω ïðÿìîóãîëüíèê Γ(ω) ïðåêðàùàåò "âðàùàòüñÿ"è îñòàåòñÿ â îäíîì
èç êâàäðàíòîâ, òàê êàê Argfj(iω) → π

2
(n− 2k) ïðè ω → +∞ , j = 1, 4 .

Äîêàæåì, ÷òî ïðÿìîóãîëüíèê Γ(ω) ïðè ñâîåì ïåðåìåùåíèè íå ìîæåò ïåðåñåêàòüñÿ ñ
íà÷àëîì êîîðäèíàò íè ïî îäíîé èç ñâîèõ ñòîðîí. Ýòî è áóäåò ýêâèâàëåíòíî âûïîëíåíèþ
óñëîâèé (1.3).

Çàìåòèì, ÷òî íè îäíà èç âåðøèí ïðÿìîóãîëüíèêà Γ(ω) íå ìîæåò ïåðåñåêàòüñÿ ñ íà÷à-
ëîì êîîðäèíàò. Èáî ýòî áóäåò îçíà÷àòü, ÷òî óãëîâîé ïîëèíîì èìååò ìíèìûé êîðåíü.

Æóðíàë ÑÂÌÎ. 2015. Ò. 17, � 1



142 À. Â. Çóáîâ, À. Ô. Çóáîâà, Î. À. Ïóñòîâàëîâà

Äîïóñòèì, íàïðèìåð, ÷òî èìååò ìåñòî ïåðåñå÷åíèå ïðÿìîóãîëüíèêà Γ(ω) ïî ñâîåé íèæ-
íåé ñòîðîíå ñ íà÷àëîì êîîðäèíàò. Ýòî îçíà÷àåò, ÷òî äëÿ íåêîòîðîãî ω0 > 0 ñïðàâåäëèâû
ñîîòíîøåíèÿ h(ω0) = 0 , g(ω0) < 0 , ḡ(ω0) > 0 .

Ïîêàæåì, ÷òî ñóùåñòâóåò ïîëèíîì g(ω) òàêîé, ÷òî êîýôôèöèåíòû ýòîãîïîëèíîìà óäî-
âëåòâîðÿþò èíòåðâàëüíûì îãðàíè÷åíèÿì (1.5) è, ñëåäîâàòåëüíî, óñëîâèÿì (1.4) g(ω) ≤
g(ω) ≤ ḡ(ω) , à, êðîìå òîãî, âûïîëíÿåòñÿ ðàâåíñòâî g(ω0) = 0 .

Äëÿ ýòîãî ðàññìîòðèì ïîëèíîì g̃(t, ω) ñ êîýôôèöèåíòàìè, çàâèñÿùèìè îò ïàðàìåòðà
t

g̃(t, ω) = a0 + t(ā0 − a0)− (ā2 + t(a2 − ā2))ω
2+

+(a4 + t(ā4 − a4))ω
4 − (ā6 + t(a6 − ā6))ω

6 + . . . .

Íåòðóäíî âèäåòü, ÷òî äëÿ ëþáîãî ôèêñèðîâàííîãî t ∈ [0, 1] êîýôôèöèåíòû ýòîãî ïîëè-
íîìà óäîâëåòâîðÿþò èíòåðâàëüíûì îãðàíè÷åíèÿì (1.5) è, ñîîòâåòñòâåííî óñëîâèÿì (1.4).
Ýòî îçíà÷àåò, ÷òî ïðè t ∈ [0, 1] ïîëèíîì f(s) = g̃(t,−si) + ih(−si) âõîäèò â ñåìåéñòâî
èíòåðâàëüíûõ ïîëèíîìîâ (1.1) ïðèíàäëåæàùèõ êëàññó (n, k) - ýêâèâàëåíòíîñòè.

Äàëåå ðàññìîòðèì ëèíåéíóþ ôóíêöèþ îäíîé ïåðåìåííîé t , g̃(t, ω0) . Òàê êàê ñïðàâåä-
ëèâû íåðàâåíñòâà g̃(0, ω0) = g(ω0) < 0 è g̃(1, ω0) = ḡ(ω0) > 0 , òî ñóùåñòâóåò t0 ∈ (0, 1)
òàêîå, ÷òî g̃(t0, ω0) = 0 .

Îòñþäà âûòåêàåò, ÷òî ïîëèíîì f(s) = g̃(t0,−si) + ih(−si) èìååò ìíèìûé êîðåíü iω0 ,
ò. ê. âåùåñòâåííàÿ è ìíèìàÿ ÷àñòü åãî ãîäîãðàôà Ìèõàéëîâà â ýòîé òî÷êå ðàâíà íóëþ
g̃(t0, ω0) = h(ω0) = 0 . Ýòî ïðîòèâîðå÷èò òîìó, ÷òî ïîëèíîì f(s) = g̃(t0,−si) + ih(−si)
ïðèíàäëåæèò êëàññó (n, k) - ýêâèâàëåíòíîñòè, êàê áûëî óñòàíîâëåíî âûøå.

Çàìåòèì, ÷òî íàìè ïàðàëëåëüíî äîêàçàíî áîëåå ñèëüíîå óòâåðæäåíèå î òîì, ÷òî äëÿ
ëþáîãî ω ∈ [0,+∞) ìíîæåñòâî çíà÷åíèé ãîäîãðàôîâ Ìèõàéëîâà ñåìåéñòâà èíòåðâàëüíûõ
ïîëèíîìîâ (1.1), ïðèíàäëåæàùèõ êëàññó (n, k) - ýêâèâàëåíòíîñòè, ïîëíîñòüþ çàïîëíÿåò
ïðÿìîóãîëüíèê Γ(ω) .

Äîñòàòî÷íîñòü. Âûïîëíåíèå óñëîâèé òåîðåìû îçíà÷àåò, ÷òî ïðÿìîóãîëüíèê Γ(ω) -
ñîäåðæàùèé âñå ðàäèóñ - âåêòîðà f(iω) = g(ω)+ih(ω) , ïîëó÷àþùèåñÿ èç ïîëèíîìîâ f(s) ,
âõîäÿùèõ â èíòåðâàëüíûé ïîëèíîì (1.1) ïîäñòàíîâêîé â íèõ s = iω , ïðè èçìåíåíèè ω îò
0 äî +∞ , ïîâîðÿ÷èâàåòñÿ ïðîòèâ õîäà ÷àñîâîé ñòðåëêè íà óãîë π

2
(n − 2k) , íå ïåðåñåêà-

ÿñü ñ íà÷àëîì êîîðäèíàò. Ýòî îçíà÷àåò, ÷òî âñå ãîäîãðàôû Ìèõàéëîâà ïîëèíîìîâ ýòîãî
ñåìåéñòâà, ÿâëÿþùèåñÿ êðèâûìè îáðàçîâàííûìè êîíöàìè ýòèõ ðàäèóñ-âåêòîðîâ ïðè èç-
ìåíåíèè ω îò 0 äî +∞ , ïîâîðÿ÷èâàþòñÿ ïðîòèâ õîäà ÷àñîâîé ñòðåëêè íà óãîë π

2
(n−2k) ,

íå ïåðåñåêàÿñü ñ íà÷àëîì êîîðäèíàò, òî åñòü, ñîãëàñíî ïðèíöèïó àðãóìåíòà, ïðèíàäëåæàò
êëàññó (n, k) - ýêâèâàëåíòíîñòè. Òåîðåìà äîêàçàíà.

Ç à ì å ÷ à í è å 1.1. Òåîðåìó Õàðèòîíîâà [5] ìîæíî ðàññìàòðèâàòü êàê ÷àñò-
íûé ñëó÷àé äàííîé òåîðåìû, ò. ê. óñòîé÷èâûå ïîëèíîìû ñîîòâåòñòâóþò êëàññó (n, 0)
- ýêâèâàëåíòíîñòè, à óñëîâèÿ (1.3) òåîðåìû áóäóò âûòåêàòü èç ìîíîòîííîñòè "âðà-
ùåíèÿ"ïðÿìîóãîëüíèêà Γ(ω) ïðîòèâ õîäà ÷àñîâîé ñòðåëêè ïðè èçìåíåíèè ω îò 0 äî
+∞ .

Ç à ì å ÷ à í è å 1.2. Äëÿ ïðîâåðêè ïðèíàäëåæíîñòè "óãëîâûõ"ïîëèíîìîâ êëàññó
(n, k) - ýêâèâàëåíòíîñòè äîñòàòî÷íî ïðèìåíèòü ìåòîä ïîíèæåíèÿ ïîðÿäêà [4], íî äëÿ
ïðîâåðêè ñîîòíîøåíèé (1.3) íåîáõîäèìî íàéòè âñå âåùåñòâåííûå êîðíè ïîëèíîìîâ ḡ(ω) ,
h̄(ω) , g(ω) , h(ω) , òîãäà êàê äëÿ óñòîé÷èâûõ ïîëèíîìîâ (òåîðåìà Õàðèòîíîâà) ýòî íå
òðåáóåòñÿ.
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Ç à ì å ÷ à í è å 1.3. Ïîëó÷åííûé êðèòåðèé ëåãêî ìîæíî îáîáùèòü íà ñëó÷àé,
êîãäà êîýôôèöèåíòû èíòåðâàëüíîãî ïîëèíîìà áóäóò çàâèñåòü îò ïàðàìåòðîâ [2], îäíà-
êî, â ýòîì ñëó÷àå ïðîâåðêà óñëîâèé (1.3) ñòàíåò âåñüìà çàòðóäíèòåëüíîé.

Ç à ì å ÷ à í è å 1.4. Ìîæíî äîêàçàòü ïðèíàäëåæíîñòü èíòåðâàëüíîãî ïîëèíî-
ìà (1.1) êëàññó (n, k) - ýêâèâàëåíòíîñòè, åñëè ïîòðåáîâàòü ïðèíàäëåæíîñòü êëàññó
(n, k) - ýêâèâàëåíòíîñòè 4-õ óãëîâûõ ïîëèíîìîâ è ëèíåéíûõ ïîëèòîïîâ, ñîîòâåòñòâó-
þùèõ ðåáðàì, èõ ñîåäèíÿþùèõ. Õîòÿ çàäà÷à ñòàíîâèòñÿ áåñêîíå÷íîìåðíîé, íî ïðèíàä-
ëåæíîñòü ïîëèòîïîâ êëàññó (n, k) - ýêâèâàëåíòíîñòè ïðîâåðÿåòñÿ ñ ïîìîùüþ îáîáùå-
íèÿ êðèòåðèÿ Íàéêâèñòà.
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The conditions of existing integrals system equations of
motion
c⃝ A. V. Zubov 4, A. F. Zubova 5, O. A. Pustovalova 6

Abstract. In giving work is receives analog know theorem Haritonov's on case homogeneous classes
of equivalent instability interval polynomials. V.L. Haritonov is installs that for stability interval
polynomial necessary and su�ciently that four this angle polynomial was stabilizes. The base result
own investigations is contains in that is gives necessary and su�ciently conditions that instability
interval polynomial is appears homogeneous, i.e. is consists from polynomials is have equal number
roots is lies as in left, so in right half-plane. Is giving conditions several composite, than by V.L.
Haritonov, but they is allows so as in case stability polynomials, in�nitely measure task is reduces
to last measure task.
Key Words: Polynomial, degree, material coe�cient, root, class of equivalent, rectangle, radius
- vector, integrated plane, parallel axis, hands of a clock
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