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Äîêàçàòåëüñòâî ðåãóëÿðíîé ëîêàëüíîé ðàçðåøèìîñòè

çàäà÷è Êîøè äëÿ äèôôåðåíöèàëüíîãî óðàâíåíèÿ â

÷àñòíûõ ïðîèçâîäíûõ ïåðâîãî ïîðÿäêà ñ íà÷àëüíûìè

äàííûìè â äåêàðòîâûõ êîîðäèíàòàõ íà ëèíèè

áåñêîíå÷íîé äëèíû

c⃝ Ë. E. Ïëàòîíîâà1

Àííîòàöèÿ. Ðàññìîòðåíî êâàçèëèíåéíîå óðàâíåíèå â ÷àñòíûõ ïðîèçâîäíûõ ïåðâîãî ïîðÿäêà
ñ íà÷àëüíûìè óñëîâèÿìè, çàäàííûìè â äåêàðòîâûõ êîîðäèíàòàõ. Äîêàçàíà òåîðåìà, â êîòîðîé
ñôîðìóëèðîâàíû óñëîâèÿ ëîêàëüíîé ðàçðåøèìîñòè è ïîêàçàíî, ÷òî ðåøåíèå èìååò òó æå
ãëàäêîñòü, ÷òî è íà÷àëüíàÿ ôóíêöèÿ.

Êëþ÷åâûå ñëîâà: êâàçèëèíåéíîå äèôôåðåíöèàëüíîå óðàâíåíèå ïåðâîãî ïîðÿäêà, çàäà÷à
Êîøè, ìåòîä äîïîëíèòåëüíîãî àðãóìåíòà

Îñíîâíûì îáúåêòîì èññëåäîâàíèÿ â äàííîé ðàáîòå ÿâëÿåòñÿ êâàçèëèíåéíîå óðàâ-
íåíèå â ÷àñòíûõ ïðîèçâîäíûõ ïåðâîãî ïîðÿäêà

∂x2u+ u∂x1u = −U(x1, x2, u)u, (1.1)

ãäå ∂iu = ∂u
∂xi
, i = 1, 2, U(x1, x2, u) ∈ C

2,1,2
. Ðåøåíèå èùåòñÿ â îêðåñòíîñòè íåêîòîðîé

ëèíèè L , êîòîðàÿ çàäàåòñÿ óðàâíåíèåì x2 = ϕ(x1), −∞ < x1 < +∞ . Ñîîòâåòñòâåííî,
çàäà÷à Êîøè ñòàâèòñÿ ñëåäóþùèì îáðàçîì:

u(x1, x2)|L = γ(x1), x1 ∈ (−∞; +∞). (1.2)

Ôóíêöèè ϕ(x1) , γ(x1) ∈ C
2
(−∞; +∞) , ãäå C

2
(−∞; +∞) � ìíîæåñòâî äâàæäû íåïðåðûâ-

íî äèôôåðåíöèðóåìûõ ôóíêöèé, îãðàíè÷åííûõ âìåñòå ñî ñâîèìè 1-îé è 2-îé ïðîèçâîäíû-
ìè íà (−∞; +∞) . Ïóñòü Nγ = max

(−∞;+∞)
|γ(x1)| . Â îáùèõ ÷åðòàõ ñõåìà ïðèìåíåíèÿ ìåòîäà

äîïîëíèòåëüíîãî àðãóìåíòà (äàëåå ÌÄÀ) ê çàäà÷å Êîøè âèäà (1.1), (1.2) áûëà íàìå÷åíà
â [3].

Â ðàìêàõ äàííîé ðàáîòû ðàññìîòðåí ñëó÷àé, êîãäà ëèíèÿ L è îáëàñòü îïðåäåëåíèÿ
íåèçâåñòíîé ôóíêöèè u(x1, x2) ñîäåðæèòñÿ âî ìíîæåñòâå

Ωβ =

{
(x1, x2) : −∞ < x1 < +∞, min

(−∞;+∞)
(ϕ(x1)− β0) 6 x2 6 max

(−∞;+∞)
(ϕ(x1) + β0)

}
, β0 ∈ R.

Ïðèíöèïèàëüíàÿ îñîáåííîñòü èçó÷àåìîé çàäà÷è ñîñòîèò â òîì, ÷òî íàðÿäó ñ ïîèñêîì
íåèçâåñòíîé ôóíêöèè u(x1, x2) èùåòñÿ è îáëàñòü îïðåäåëåíèÿ ðåøåíèÿ. Ñîîòâåòñòâåí-
íî, ïîñòîÿííàÿ β0 äîëæíà áûòü äîñòàòî÷íî âåëèêà, ÷òîáû èñêîìàÿ îáëàñòü îïðåäåëåíèÿ
u(x1, x2) âõîäèëà â Ωβ . Îáîçíà÷èì ýòó çàðàíåå íåèçâåñòíóþ îáëàñòü îïðåäåëåíèÿ ðåøå-
íèÿ çàäà÷è (1.1), (1.2) ÷åðåç Q = {(x1, x2, u) : (x1, x2) ∈ Ωβ, |u| 6 10Nγ} . Òàê êàê â äàííîé
ñòàòüå ðå÷ü èäåò î ëîêàëüíîé ðàçðåøèìîñòè, òî îáëàñòü Q ïðåäñòàâëÿåò ñîáîé íåêîòîðóþ
îêðåñòíîñòü êðèâîé L .

1 Ñòàðøèé ïðåïîäàâàòåëü êàôåäðû ìàòåìàòèêè è ìàòåìàòè÷åñêîãî îáðàçîâàíèÿ, Íèæåãîðîäñêèé ãîñó-
äàðñòâåííûé ïåäàãîãè÷åñêèé óíèâåðñèòåò èìåíè Ê.Ìèíèíà, ã. Í.Íîâãîðîä; �u�13@yandex.ru
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Â ðàáîòàõ [1], [2] ñ ïîìîùüþ ìåòîäà äîïîëíèòåëüíîãî àðãóìåíòà áûëè óñòàíîâëåíû
óñëîâèÿ ëîêàëüíîé ðàçðåøèìîñòè â èñõîäíûõ êîîðäèíàòàõ "îäíîîñíîé"çàäà÷è Êîøè:

a(x, y, z)∂1z + b(x, y, z)∂2z = f(x, y, z),

z|x=0 = ϕ(y), y ∈ (−∞; +∞), x ∈ [0;X]

áåç èñïîëüçîâàíèÿ ïðåäïîëîæåíèé î ïîâåäåíèè õàðàêòåðèñòèê. Â [4], [5] áûë ðàññìîòðåí
ñëó÷àé, êîãäà ëèíèÿ L , íåñóùàÿ äàííûå Êîøè, çàäàåòñÿ ïàðàìåòðè÷åñêèìè óðàâíåíèÿìè
x = α(t), y = β(t), 0 6 τ 6 T , â ñâÿçè ñ ÷åì çàäà÷à Êîøè ñòàâèëàñü ñëåäóþùèì îáðàçîì:
z|L = γ(t) . Â ðàáîòàõ [9], [10] ðàññìîòðåíà çàäà÷à:

a1(x1, x2, z)∂1z + a2(x1, x2, z)∂2z = f(x1, x2, z),

z|L = γ(x1), x1 ∈ (−∞; +∞).

Â íåêîòîðûõ èç ñòàòåé [1] � [10] ïðè äîêàçàòåëüñòâå ëîêàëüíîé ðàçðåøèìîñòè çàäà÷è Êî-
øè íå óäàåòñÿ äîñòè÷ü òîãî, ÷òîáû ãëàäêîñòü ïîëó÷åííîãî ðåøåíèÿ áûëà íå íèæå, ÷åì
ãëàäêîñòü íà÷àëüíîé ôóíêöèè. Ïðè èññëåäîâàíèè çàäà÷è (1.1) � (1.2) òàêàÿ ãëàäêîñòü
áûëà ïîëó÷åíà. Áóäåì íàçûâàòü ëîêàëüíóþ ðàçðåøèìîñòü çàäà÷è Êîøè, â êîòîðîé ïîëó-
÷åííîå ðåøåíèå èìååò ãëàäêîñòü íå íèæå, ÷åì ãëàäêîñòü íà÷àëüíîé ôóíêöèè ðåãóëÿðíîé
ëîêàëüíîé ðàçðåøèìîñòüþ çàäà÷è Êîøè.

Ïðîäèôôåðåíöèðóåì óðàâíåíèå (1.1) ïî x1 :

∂2x1x2u+ u∂2x1x1u+ (∂x1u)
2 = −U(x1, x2, u)∂x1u− ∂x1U(x1, x2, u) · u− ∂uU(x1, x2, u) · u · ∂x1u.

Ââåäåì îáîçíà÷åíèÿ:
q = ∂x1u, U1 = ∂x1U, U2 = ∂uU. (1.3)

Òîãäà ïðåäûäóùåå óðàâíåíèå ïåðåïèøåòñÿ â âèäå:

∂x2q + u∂x1q = −q2 − U(x1, x2, u)q − U1(x1, x2, u) · u− U2(x1, x2, u) · u · q, (1.4)

Ñ ó÷åòîì (1.3) çàäàäèì íà÷àëüíîå óñëîâèå äëÿ ôóíêöèè q(x1, x2) :

q(x1, x2)|L = γ′(x1). (1.5)

Ââåäåì îáîçíà÷åíèå:

A (x1, x2, ) = U (x1, x2, u) + U2 (x1, x2, u) · u.

Òîãäà óðàâíåíèå (1.4) ïðèìåò âèä:

∂x2q + u∂x1q = −q2 − A(x1, x2, u)q − U1(x1, x2, u) · u. (1.6)

Â ðàìêàõ ìåòîäà äîïîëíèòåëüíîãî àðãóìåíòà [3] çàïèøåì äëÿ çàäà÷è (1.1),(1.2),(1.5),(1.6)
ðàñøèðåííóþ õàðàêòåðèñòè÷åñêóþ ñèñòåìó:

dη1
ds

= V, (1.7)

dη2
ds

= 1, (1.8)

dV

ds
= −U (η1, η2, V ) · V (1.9)
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dW

ds
= −W 2 − A(η1, η2, V ) ·W − U1(η1, η2, V ) · V (1.10)

ñ íà÷àëüíûìè äàííûìè

η1|s=ω(x1,x2) = x1, η2|s=ω(x1,x2) = x2, V |L = γ(η1(0, x1, x2)),W |L = γ′(η1(0, x1, x2)). (1.11)

Çäåñü ω(x1, x2), η1(s, x1, x2), η2(s, x1, x2), V (s, x1, x2), W (s, x1, x2) � íîâûå íåèçâåñòíûå
ôóíêöèè, íåïðåðûâíî äèôôåðåíöèðóåìûå ïî âñåì ïåðåìåííûì, s � äîïîëíèòåëüíûé àð-
ãóìåíò, 0 6 s 6 ω(x1, x2) .

Çíà÷åíèå ω íà êðèâîé, çàäàííîé óðàâíåíèåì x2 = ϕ(x1) ïîëàãàåì ðàâíîé íóëþ, òî
åñòü ω(x1, ϕ(x1)) = 0 .

Äëÿ ïîëó÷åíèÿ ðåøåíèÿ â èñõîäíûõ êîîðäèíàòàõ ðåøåíèÿ óðàâíåíèé (1.7), (1.8) äîëæ-
íû èìåòü âîçìîæíîñòü áûòü ïðåäñòàâëåííûìè â âèäå:

η1 = x1 −
ω(x1,x2)∫
s

V (δ, x1, x2)dδ,

η2 = x2 − ω(x1, x2) + s.

(1.12)

Ïðåäñòàâëåíèå (1.12) îïðàâäàíî, åñëè ìîæíî îïðåäåëèòü íîâóþ çàðàíåå íåèçâåñòíóþ
ôóíêöèþ θ(x1, x2) , äëÿ êîòîðîé â íåêîòîðîé îáëàñòè èçìåíåíèÿ åå àðãóìåíòîâ áûëè áû
ñïðàâåäëèâû ñîîòíîøåíèÿ:

θ (x1, x2) = x1 −
ω(x1,x2)∫

0

V (δ, x1, x2)dδ,

φ (θ (x1, x2)) = x2 − ω (x1, x2) .

(1.13)

Èç ñîîòíîøåíèé (1.9)�(1.11) ïðè äîïóñòèìîñòè (1.12):

V (s, x1, x2) = γ(θ(x1, x2))−
s∫

0

U(η1(δ, x1, x2), η2(δ, x1, x2), V (δ, x1, x2))V (δ, x1, x2)dδ. (1.14)

À èç ñîîòíîøåíèé (1.10)�(1.11) ïðè äîïóñòèìîñòè (1.12):

W (s, x1, x2) = γ′(θ(x1, x2))−
s∫

0

(
W 2 + A(η1, η2, V ) ·W + U1(η1, η2, V ) · V

)
dδ. (1.15)

Ë å ì ì à 1.1. Íåïðåðûâíî äèôôåðåíöèðóåìîå ðåøåíèå ñèñòåìû èíòåãðàëüíûõ
óðàâíåíèé (1.12), (1.14), (1.15), (1.11) äàåò ðåøåíèå çàäà÷è Êîøè (1.1)�(1.2).

Àíàëîãè÷íàÿ ëåììà äîêàçûâàåòñÿ â ðàáîòå [4]. Â íåé áûëî âûâåäåíî îñíîâíîå óñëîâèå
ðàçðåøèìîñòè. Ïîëó÷èì òàêîå óñëîâèå äëÿ íàøåé çàäà÷è. Äëÿ âûâîäà ýòîãî óñëîâèÿ ïðî-
âåäåì ñëåäóþùèå âûêëàäêè: ïðîäèôôåðåíöèðóåì ïåðâîå è âòîðîå óðàâíåíèå (1.13) ïî x1
è x2 . Ïîëó÷èì:

∂θ

∂x1
= 1− V (ω, x1, x2)

∂ω

∂x1
−

ω(x1,x2)∫
0

∂V

∂x1
dδ,

∂θ

∂x2
= −V (ω, x1, x2)

∂ω

∂x2
−

ω(x1,x2)∫
0

∂V

∂x2
dδ.

(1.16)
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ϕ′ ∂θ

∂x1
= − ∂ω

∂x1
,

ϕ′ ∂θ

∂x2
= 1− ∂ω

∂x2
.

(1.17)

Óìíîæèì ïåðâîå óðàâíåíèå ñèñòåìû (1.16) íà u(x1, x2) = V (ω, x1, x2) è ñëîæèì ñî âòîðûì.
Áóäåì èìåòü:

∂θ

∂x2
+ u

∂θ

∂x1
= u − V (ω, x1, x2)

(
∂ω

∂x2
+ u

∂ω

∂x1

)
−

ω(x1,x2)∫
0

(
∂V

∂x2
+ u

∂V

∂x1

)
dδ. (1.18)

Óìíîæèì ïåðâîå óðàâíåíèå ñèñòåìû (1.17) íà u(x1, x2) = V (ω, x1, x2) è ñëîæèì ñî âòîðûì.
Ïîëó÷èì:

ϕ′
(
∂θ

∂x2
+ u

∂θ

∂x1

)
= 1−

(
∂ω

∂x2
+ u

∂ω

∂x1

)
. (1.19)

Îáîçíà÷èì

ζ =
∂ζ

∂x2
+ u

∂ζ

∂x1
.

Ìû ïîëó÷èì ñëåäóþùóþ ñèñòåìó:

θ + u (ω − 1) = −
ω(x1,x2)∫

0

V dδ,

ϕ′θ + (ω − 1) = 0.

(1.20)

Ñèñòåìà (1.20) ðàçðåøèìà, êîãäà

J =

∣∣∣∣ 1 u
ϕ′ 1

∣∣∣∣ ̸= 0. (1.21)

Äîêàçàíî, ÷òî ðåøåíèå çàäà÷è (1.1)�(1.2) äàåò ðåøåíèå ñèñòåìû óðàâíåíèé (1.14)�(1.15)
è íàîáîðîò, ÷òî íåïðåðûâíî äèôôåðåíöèðóåìîå ðåøåíèå çàäà÷è (1.14)�(1.15) ïðè s =
= ω(x1, x2) áóäåò ðåøåíèåì çàäà÷è (1.1)�(1.2).

Ë å ì ì à 1.2. Ïóñòü γ ∈ C
2
(R1), U(ξ1, ξ2, ξ3) ∈ C

0,2,2
(R(ΩβK)) , ïðè÷åì |ω| è K

ïîäîáðàíû òàêèì îáðàçîì, ÷òî âûïîëíÿåòñÿ íåðàâåíñòâî

Nγ + |ω|M(K) 6 K.

Òîãäà ïðè 0 6 |ω| 6 ω∗ , ãäå ω∗ = min {l(K)l1; l(K)M4(K)} ñèñòåìà óðàâíåíèé (1.14) �
(1.15) èìååò åäèíñòâåííîå ðåøåíèå V (s, x1, x2), W (s, x1, x2) ∈ C(Q) .

Íàìåòèì îñíîâíûå ýòàïû äîêàçàòåëüñòâà. ×òîáû äîêàçàòü ñóùåñòâîâàíèå ðåøåíèÿ ñè-
ñòåìû (1.14)�(1.15), âîñïîëüçóåìñÿ ìåòîäîì ïîñëåäîâàòåëüíûõ ïðèáëèæåíèé. Çà íà÷àëü-
íûå óñëîâèÿ ïðèíÿòû ôóíêöèè µ0

1(s, x1, x2) = 0, µ0
2(s, x1, x2) = 0, V 0(s, x1, x2) = γ(x1),

W 0(s, x1, x2) = γ′(x1) , à îñòàëüíûå îïðåäåëåíû èç ðåêóððåíòíîé ñèñòåìû:

V n(s, x1, x2) = γ(θn(x1, x2))−

−
s∫

0

U(x1 − µn−1
1 (δ, x1, x2), x2 − µn−1

2 (δ, x1, x2), V
n−1(δ, x1, x2))V

n−1(δ, x1, x2)dδ, (1.22)
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W n(s, x1, x2) = γ′(θn(x1, x2))−
s∫

0

(
(W n−1)2 + A(x1 − µn−1

1 , x2 − µn−1
2 , V n−1) ·W n−1+

+ U1(x1 − µn−1
1 , x2 − µn−1

2 , V n−1) · V n−1
)
dδ, (1.23)

θn (x1, x2) = x1 −
x2−φ(θn(x1,x2))∫

0

V n−1(δ, x1, x2)dδ, (1.24)

ωn(x1, x2) = x2 − φ(θn(x1, x2)), (1.25)

µn1 (s, x1, x2) =

ωn(x1,x2)∫
s

V n−1(δ, x1, x2)dδ, (1.26)

µn2 (s, x1, x2) = ωn(x1, x2)− s, (1.27)

ãäå µn1 = x1 − ηn1 , µ
n
2 = x2 − ηn2 .

Äîêàçàíà îãðàíè÷åííîñòü ïîñëåäîâàòåëüíûõ ïðèáëèæåíèé (1.22). ×òîáû äîêàçàòü ñõîäè-
ìîñòü ïîñëåäîâàòåëüíûõ ïðèáëèæåíèé (1.22), ðàññìîòðèì ðàçíîñòè n+1 �ãî è n �ãî ïðè-
áëèæåíèé. Òàê êàê â ïðàâîé ÷àñòè óðàâíåíèÿ (1.22) â àðãóìåíòå ôóíêöèè γ ñîäåðæèòñÿ
ôóíêöèÿ θn , à â àðãóìåíòå ôóíêöèè U ñîäåðæàòüñÿ ôóíêöèè µn−1

1 , µn−1
2 , íàì ïðèäåòñÿ

òàê æå ðàññìîòðåòü ðàçíîñòè n + 1 �ãî è n �ãî ïðèáëèæåíèé äëÿ ôóíêöèé θn, µn1 , µ
n
2 .

Îöåíèâ ïîëó÷åííûå âûðàæåíèÿ, ñëîæèâ èõ è ââåäÿ îáîçíà÷åíèÿ:

Ṽ n = colon
(
µn1 , µ

n
2 , V

n
)
,
∥∥∥Ṽ n+1 − Ṽ n

∥∥∥ =
∥∥µn+1

1 − µn1
∥∥+ ∥∥µn+1

2 − µn2
∥∥+ ∥∥V n+1 − V n

∥∥ ,
l1 = max

{
M1(K), M2(K),

M3(K)(1−NϕK) +Nγ +Nϕ + 1

1−NϕK

}
, l(K) =

K −Nγ

M(K)

áóäåì èìåòü: ∥∥∥Ṽ n+1 − Ṽ n
∥∥∥ 6 l(K)l1

∥∥∥Ṽ n − Ṽ n−1
∥∥∥ , (1.28)

ãäå l(K)l1 < 1 , à M(K), M1(K), M2(K), M3(K), Nϕ, Nγ � ïîëîæèòåëüíûå êîíñòàíòû.
Ââåäåì îáîçíà÷åíèÿ: I1 = ∥(µ0

1, µ
0
2, V

0)∥ , I2 = ∥(µ1
1, µ

1
2, V

1)∥ , òîãäà∥∥∥Ṽ 0
∥∥∥ 6 I1, . . . ,

∥∥∥Ṽ i − Ṽ i−1
∥∥∥ 6 (l(K)l1)

i−1 I2, 1 6 i 6 n.

Èìååì äëÿ ðÿäà Ṽ 0 + Ṽ 1 − Ṽ 0 + Ṽ 2 − Ṽ 1 + . . . + Ṽ n − Ṽ n−1 + . . . îöåíêó åãî ÷àñòè÷íîé
ñóììû:∥∥∥Ṽ n

∥∥∥ 6
∥∥∥Ṽ 0

∥∥∥+ ∥∥∥Ṽ 1 − Ṽ 0
∥∥∥+ ∥∥∥Ṽ 2 − Ṽ 1

∥∥∥+ ...+
∥∥∥Ṽ n − Ṽ n−1

∥∥∥ 6

6 I1 + I2
(
1 + l(K)l1 + (l(K)l1)

2 + . . .+ (l(K)l1)
n−1) ,∥∥∥Ṽ n
∥∥∥ 6 I1 +

I2
1− l(K)l1

.

Ýòî çíà÷èò, ÷àñòè÷íàÿ ñóììà
∞∑
i=0

Ṽ i ñõîäèòñÿ ê ôóíêöèè ψ1 ∈ C(Q) ïî íîðìå ýòîãî ïðî-

ñòðàíñòâà.
Ïåðåõîäÿ ê ïðåäåëó ïðè n → ∞ â ðàâåíñòâå (1.22), ïîëó÷èì, ÷òî ôóíêöèÿ V (s, x1, x2)
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áóäåò óäîâëåòâîðÿòü óðàâíåíèþ (1.14). Åäèíñòâåííîñòü ñëåäóåò èç òîãî ôàêòà, ÷òî äëÿ
ðàçíîñòè äâóõ âîçìîæíûõ ðåøåíèé VI è VII áóäåò âûïîëíÿòüñÿ íåðàâåíñòâî âèäà (1.28),
òî åñòü ∥VII − VI∥ 6 l(K)l1 ∥VII − VI∥ , ãäå l(K)l1 < 1 .
Àíàëîãè÷íî äîêàçûâàåòñÿ ñóùåñòâîâàíèå óðàâíåíèÿ (1.15).

Ë å ì ì à 1.3. Ïðè âûïîëíåíèè óñëîâèé ëåììû 2 V (s, x1, x2) ∈ C
1,2,1

(Q),

W (s, x1, x2) ∈ C
1,1,1

(Q) .
Íàìåòèì îñíîâíûå ýòàïû äîêàçàòåëüñòâà. ×òîáû äîêàçàòü ñóùåñòâîâàíèå, íåïðåðûâ-

íîñòü è îãðàíè÷åííîñòü ÷àñòíîé ïðîèçâîäíîé ïî x2 ó ôóíêöèè V (s, x1, x2) , ïðîäèôôå-
ðåíöèðóåì ïî x2 ñîîòíîøåíèå (1.22), îïðåäåëÿþùåå ïîñëåäîâàòåëüíûå ïðèáëèæåíèÿ äëÿ
V (s, x1, x2) . Òàê êàê â àðãóìåíòàõ ôóíêöèé, ñîäåðæàùèõñÿ â ïðàâîé ÷àñòè óðàâíåíèÿ
(1.22), ïðèñóòñòâóþò ôóíêöèè θn(x1, x2), µ

n−1
1 , µn−1

2 , ïðîäèôôåðåíöèðóåì òàê æå ïî x2
ñîîòíîøåíèÿ (1.24), (1.26), (1.27) ñ ó÷åòîì (1.25). Îöåíèâ âûðàæåíèÿ äëÿ ∂µn1

∂x2
,
∂µn2
∂x2

, ∂V
n

∂x2
,

ñëîæèâ èõ è ââåäÿ îáîçíà÷åíèÿ:

ˆ̂
V n =

∥∥∥∥∂µn1∂x2

∥∥∥∥+ ∥∥∥∥1− ∂µn2
∂x2

∥∥∥∥+ ∥∥∥∥∂V n

∂x2

∥∥∥∥ , N1 =
K(Nγ +Nφ + 1)

1−NφK
,

áóäåì èìåòü: ˆ̂V n 6 N1 + l(K)l1
ˆ̂
V n−1.

Â ñèëó òîãî, ÷òî ∂µ01
∂x2

= 0, 1− ∂µ02
∂x2

= 1, ∂V
0

∂x2
= 0 , òî ˆ̂

V 0 = 1 , ïîýòîìó

ˆ̂
V 1 6 N1 + l(K)l1,

. . .

ˆ̂
V n 6 N1

(
1 + l(K)l1 + (l(K)l1)

2 + . . .+ (l(K)l1)
n−1)+ (l(K)l1)

n .

Èç ïîñëåäíåãî íåðàâåíñòâà áóäåì èìåòü: ˆ̂V n 6 N1

1− l(K)l1
+ (l(K)l1)

n .

Òàê êàê l(K)l1 < 1 , òî è (l(K)l1)
n < 1 . Ýòèì ìû ïîëó÷èëè, ÷òî ˆ̂

V n � îãðàíè÷åíà, à,

ñëåäîâàòåëüíî, îãðàíè÷åíû è
∥∥∥∂µn1∂x2

∥∥∥ , ∥∥∥1− ∂µn2
∂x2

∥∥∥ , ∥∥∥∂V n

∂x2

∥∥∥ .
×òîáû äîêàçàòü ñõîäèìîñòü ∂V n

∂x2
ê ∂V

∂x2
, ðàññìîòðèì ëèíåéíûå èíòåãðàëüíûå óðàâíåíèÿ

îòíîñèòåëüíî íåèçâåñòíûõ ôóíêöèé E1(s, x1, x2), E2(s, x1, x2), E3(s, x1, x2), E4(x1, x2) :

E1(s, x1, x2) = γ′(θ) · E4 −
s∫

0

(
⟨U(x1 − µ1, x2 − µ2, V )V ⟩1 · E2+

+ ⟨U(x1 − µ1, x2 − µ2, V )V ⟩2 · E3 + ⟨U(x1 − µ1, x2 − µ2, V )V ⟩3 · E1

)
dδ, (1.29)

E4(x1, x2) = −V (x2 − φ(θ), x1, x2) · (1− φ′(θ) · E4)−
x2−φ(θ)∫

0

E1dδ, (1.30)

E3(s, x1, x2) = φ′(θ) · E4, (1.31)

E2(s, x1, x2) = −V (x2 − φ(θ), x1, x2) · (1− φ′(θ) · E4)−
x2−φ(θ)∫
s

E1dδ. (1.32)

Ñ ïîìîùüþ ìåòîäà ïîñëåäîâàòåëüíûõ ïðèáëèæåíèé äîêàçûâàåòñÿ, ÷òî óðàâíåíèå (1.29),
à, ñëåäîâàòåëüíî è óðàâíåíèÿ (1.30)�(1.32) èìååò ðåøåíèå, ïðèíàäëåæàùåå ïðîñòðàíñòâó
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C(Q) . Îöåíèâ ðàçíîñòè E1 − ∂V n

∂x2
, E2 − (−∂µn1

∂x2
), E1 − (1 − ∂µn2

∂x2
), E4 − ∂θn

∂x2
è, ïîäñòàâèâ

âûðàæåíèå äëÿ E4 − ∂θn

∂x2
â E1 − ∂V n

∂x2
, E2 − (−∂µn1

∂x2
), E1 − (1 − ∂µn2

∂x2
) , ñëîæèì îñòàâøèåñÿ

âûðàæåíèÿ è ââåäåì îáîçíà÷åíèÿ: ν = colon (E2, E3, E1) , ν
n = colon

(
∂µn1
∂x2

, 1− ∂µn2
∂x2

, ∂V
n

∂x2

)
,

áóäåì èìåòü:
∥ν − νn∥ 6 l(K)l1

∥∥ν − νn−1
∥∥+ En.

Â ñèëó îãðàíè÷åííîñòè ∂V n

∂x2
, ∂θn

∂x2
,
∂µn1
∂x2

, 1 − ∂µn2
∂x2

, ñõîäèìîñòè V n → V, θn → θ, µn1 → µ1,
µn2 → µ2 ïðè âñåõ n ∀ϵ > 0 ∃N òàêîå, ÷òî ∀n > N ∥En∥ < ϵ .
Ïðåäûäóùåå íåðàâåíñòâî ïðèìåò âèä:

∥ν − νn∥ 6 l(K)l1
∥∥ν − νn−1

∥∥+ ϵ.

Òàê êàê l(K)l1 < 1 , òî äëÿ ëþáîãî p > 0 áóäåì èìåòü:∥∥ν − νn+p
∥∥ 6 (l(K)l1)

p+1
∥∥ν − νn−1

∥∥+ ϵ

1− l(K)l1
.

Ïåðåõîäÿ ê ïðåäåëó, áóäåì èìåòü: ∥ν − νn+p∥ 6 ϵ

1− l(K)l1
. Â ñèëó òîãî, ÷òî l(K)l1 < 1

∀σ > 0 ∃Ñ ∀p > Ñ áóäåò ∥ν − νn+p∥ 6 σ , ãäå σ =
ϵ

1− l(K)l1
.

Ýòèì ìû äîêàçàëè, ÷òî ∂V n

∂x2
→ E1 ïðè n → ∞ . Àíàëîãè÷íî äîêàçûâàåòñÿ, ÷òî ∂V n

∂x1
ñõîäèòñÿ ê íåêîòîðîé ôóíêöèè e1 ∈ C(Q) .
Â ðåçóëüòàòå äëÿ ïîñëåäîâàòåëüíîñòè V n óñòàíîâëåíû ñëåäóþùèå ñâîéñòâà:

V n → V,
∂V n

∂x2
→ E1,

∂V n

∂x1
→ e1 ïðèn→ ∞.

Èìååì, ÷òî V n ∈ C1,1,1(Q) ïðè ëþáîì n ñõîäÿòñÿ ïî íîðìå ýòîãî ïðîñòðàíñòâà. Â ñèëó
ïîëíîòû è çàìêíóòîñòè C1,1,1(Q) èìååì, ÷òî V ∈ C1,1,1(Q) , à, çíà÷èò, îáëàäàåò ÷àñòíûìè
ïðîèçâîäíûìè ïî s, x1, x2 , ïðè÷åì ∂V n

∂x2
→ ∂V

∂x2
≡ E1,

∂V n

∂x1
→ ∂V

∂x1
≡ e1 .

Òàêæå ìû äîêàçàëè, ÷òî µn1 , µ
n
2 ∈ C1,1,1(Q) ïðè ëþáîì n ñõîäÿòñÿ ïî íîðìå ýòîãî ïðî-

ñòðàíñòâà. Â ñèëó ïîëíîòû è çàìêíóòîñòè C1,1,1(Q) èìååì, ÷òî µ1, µ2 ∈ C1,1,1(Q) , à, çíà-
÷èò, îáëàäàþò ÷àñòíûìè ïðîèçâîäíûìè ïî s, x1, x2 , ïðè÷åì −∂µn1

∂x2
→ −∂µ1

∂x2
≡ E2, 1− ∂µn1

∂x1
→

→ 1− ∂µ1
∂x1

≡ e2, 1− ∂µn2
∂x2

→ 1− ∂µ2
∂x2

≡ E3, − ∂µn2
∂x1

→ −∂µ2
∂x1

≡ e3 .
Àíàëîãè÷íûå ðàññóæäåíèÿ ïðîâîäÿòñÿ ïðè äîêàçàòåëüñòâå ñóùåñòâîâàíèÿ, íåïðåðûâíî-
ñòè, îãðàíè÷åííîñòè ÷àñòíûõ ïðîèçâîäíûõ ñíà÷àëà ïî x2 , à ïîòîì è ïî x1 äëÿ ôóíê-
öèè W (s, x1, x2) . Â õîäå äîêàçàòåëüñòâà óñòàíîâëåíà ñõîäèìîñòü ∂Wn

∂x2
ê ∂W

∂x2
è ∂Wn

∂x1
ê

∂W
∂x1

. Ôóíêöèè ∂Wn

∂x2
è ∂Wn

∂x1
ïîëó÷åíû äèôôåðåíöèðîâàíèåì (1.15) ïî x2 è ïî x1 . ×òîáû

íåñêîëüêî îáëåã÷èòü äîêàçàòåëüñòâî ñõîäèìîñòè, ðàññìàòðèâàþòñÿ ëèíåéíûå èíòåãðàëü-
íûå óðàâíåíèÿ:

G(s, x1, x2) = γ′′(θ(x1, x2)) · E4 −
s∫

0

(
2W ·G+ ⟨A(x1 − µ1, x2 − µ2, V ) ·W ⟩1 · E2+

+ ⟨A(x1 − µ1, x2 − µ2, V ) ·W ⟩2 · E3 + ⟨A(x1 − µ1, x2 − µ2, V ) ·W ⟩3 · E1+

+ A(x1 − µ1, x2 − µ2, V ) ·G+ ⟨U1(x1 − µ1, x2 − µ2, V ) · V ⟩1 · E2+

+ ⟨U1(x1 − µ1, x2 − µ2, V ) · V ⟩2 · E3 + ⟨U1(x1 − µ1, x2 − µ2, V ) · V ⟩3 · E1

)
dδ,
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g(s, x1, x2) = γ′′(θ(x1, x2)) · e4 −
∫ s

0

(
2W · g + ⟨A(x1 − µ1, x2 − µ2, V ) ·W ⟩1 · e2+

+ ⟨A(x1 − µ1, x2 − µ2, V ) ·W ⟩2 · e3 + ⟨A(x1 − µ1, x2 − µ2, V ) ·W ⟩3 · e1+
+ A(x1 − µ1, x2 − µ2, V ) · g + ⟨U1(x1 − µ1, x2 − µ2, V ) · V ⟩1 · e2+

+ ⟨U1(x1 − µ1, x2 − µ2, V ) · V ⟩2 · e3 + ⟨U1(x1 − µ1, x2 − µ2, V ) · V ⟩3 · e1
)
dδ.

Äëÿ ïîñëåäîâàòåëüíîñòè {W n} óñòàíîâëåíû ñëåäóþùèå ñâîéñòâà:

W n → W,
∂W n

∂x2
→ G,

∂W n

∂x1
→ g ïðèn→ ∞.

Äîêàçàíî, ÷òî W n ∈ C1,1,1(Q) ïðè ëþáîì n ñõîäèòñÿ ïî íîðìå ýòîãî ïðîñòðàíñòâà. Â ñèëó
ïîëíîòû è çàìêíóòîñòè C1,1,1(Q) èìååì, ÷òî W ∈ C1,1,1(Q) , à, çíà÷èò, îáëàäàåò ÷àñòíûìè
ïðîèçâîäíûìè ïî s, x1, x2 , ïðè÷åì ∂Wn

∂x2
→ ∂W

∂x2
≡ G, ∂Wn

∂x1
→ ∂W

∂x1
≡ g .

Òàêèì îáðàçîì äëÿ âñåõ 0 6 s 6 ω 6 ω∗, −∞ < x1 < +∞ :

|V (s, x1, x2)| 6 K, |W (s, x1, x2)| 6 K,

∣∣∣∣∂V (s, x1, x2)

∂x2

∣∣∣∣ 6 Nx2
V ,

∣∣∣∣∂V (s, x1, x2)

∂x1

∣∣∣∣ 6 Nx1
V ,∣∣∣∣∂W (s, x1, x2)

∂x2

∣∣∣∣ 6 N2

1− l(K)M4(K)
,

∣∣∣∣∂W (s, x1, x2)

∂x1

∣∣∣∣ 6 N4

1− l(K)M4(K)
.

Ôóíêöèÿ u(x1, x2) = V (ω(x1, x2), x1, x2) áóäåò èñêîìûì ðåøåíèåì çàäà÷è Êîøè (1.1)�(1.2),
à ôóíêöèÿ q(x1, x2) = W (ω(x1, x2), x1, x2) áóäåò óäîâëåòâîðÿòü çàäà÷å Êîøè (1.4)�(1.5) ⇔
⇔ (1.6)�(1.5). À òàêæå

|u(x1, x2)| = |V (ω(x1, x2), x1, x2)| = |V (x2 − φ(θ), x1, x2)| 6 K,

|q(x1, x2)| = |W (ω(x1, x2), x1, x2)| = |W (x2 − φ(θ), x1, x2)| 6 K,∣∣∣∣∂u(x1, x2)∂x2

∣∣∣∣ = ∣∣∣∣∂V (ω(x1, x2), x1, x2)

∂x2

∣∣∣∣ 6 Nx2
V ,

∣∣∣∣∂u(x1, x2)∂x1

∣∣∣∣ = ∣∣∣∣∂V (ω(x1, x2), x1, x2)

∂x1

∣∣∣∣ 6 Nx1
V ,∣∣∣∣∂q(x1, x2)∂x2

∣∣∣∣ = ∣∣∣∣∂W (ω(x1, x2), x1, x2)

∂x2

∣∣∣∣ 6 N2

1− l(K)M4(K)
,∣∣∣∣∂q(x1, x2)∂x1

∣∣∣∣ = ∣∣∣∣∂W (ω(x1, x2), x1, x2)

∂x1

∣∣∣∣ 6 N4

1− l(K)M4(K)

äëÿ âñåõ (x1, x2) ∈ Ω0 ãäå Ω0 = {(x1, x2) : 0 6 ω 6 ω∗, −∞ < x1 < +∞} . Ó÷èòûâàÿ, ÷òî
ω = x2 − φ(θ) , áóäåì èìåòü: Ω0 = {(x1, x2) : φ(θ) 6 x2 6 φ(θ) + ω∗, −∞ < x1 < +∞} , ãäå
ω∗ = min {l(K)l1; l(K)M4(K)} .
Òàêèì îáðàçîì, ìû ïîëó÷èëè, ÷òî u ∈ C

1,1
(Ω0), q ∈ C

1,1
(Ω0) . Ñëåäóþùèì ýòàïîì ÿâëÿåòñÿ

äîêàçàòåëüñòâî ÷òî ñóùåñòâóþò ∂2x1x1u è ∂2x1x2u , íî íà γ(x1) íå èñïîëüçóåòñÿ áîëüøå, ÷åì

γ ∈ C
2
(R) .Äîêàçàòåëüñòâî îñíîâàíî íà ìåòîäå ïîñëåäîâàòåëüíûõ ïðèáëèæåíèé. Äîêàçàíà

îãðàíè÷åííîñòü
∂2V n

∂x21
,
∂2V n

∂x1x2
. Óñòàíîâëåíî, ÷òî

∂2V n

∂x21
ñõîäèòñÿ ê íåêîòîðîé ôóíêöèè

Y1 , à
∂2V n

∂x1x2
ê y1 . Â ðåçóëüòàòå, ïîëó÷åíî,

∂2V n

∂x21
→ ∂2V

∂x21
≡ Y1,

∂2V n

∂x1x2
→ ∂2V

∂x1x2
≡ y1 è

∂2V

∂x21
=
∂2u

∂x21
,
∂2V

∂x1x2
=

∂2u

∂x1x2
.
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Äîêàæåì, ÷òî ∂x2u = q .Äëÿ ýòîãî ïðîäèôôåðåíöèðóåì óðàâíåíèå (1.1) ïî x1 :

∂2x1x2u+(∂x1u)
2+u∂2x1x1u = −∂x1U(x1, x2, u) ·u−∂uU(x1, x2, u) ·∂x1u ·u−U(x1, x2, u)∂x1u.

(1.33)

Âçÿâ ðàçíîñòü (1.33) è (1.4) è îáîçíà÷èâ ∂x1u = c, c − q = z, H = −c − q − U(x1, x2, u) −
−u · U2(x1, x2, u) äëÿ ôóíêöèè z ïîëó÷èì ñèñòåìó:{

∂x2z + u∂x1z = Hz,

z|L = 0.

Èç ïîëó÷åííîé ñèñòåìû íàéäåì, ÷òî ôóíêöèÿ z = c − q ≡ 0 , à, ñëåäîâàòåëüíî, c = q .
Òàêèì îáðàçîì, äîêàçàíî, ÷òî ∂x1u = q . Òàê êàê c = q, ∂x1c = ∂x1q , òî ∂2x1x1u = ∂x1q .
Äîêàçàíà òåîðåìà.

Ò å î ð å ì à 1.1. Ïóñòü γ (x1) ∈ C
2
(−∞,+∞) , U(ξ1, ξ2, ξ3) ∈ C

2,1,2
(R(ΩβK)) , ãäå

R(ΩβK) = Ωβ × [K;K], K = 10Nγ - ïðîèçâîëüíî çàôèêñèðîâàííîå ïîëîæèòåëüíîå ÷èñëî;
L � îäíîíàïðàâëåíî ðåãóëÿðíàÿ êðèâàÿ x2 = ϕ(x1) ; âûïîëíåíî îñíîâíîå óñëîâèå ðàçðåøè-
ìîñòè |J | ≥ KJ , ãäå J = 1− ϕ′u .Òîãäà ïðè 0 6 |ω| 6 ω∗ , ãäå
ω∗ = min {l(K)l1; l(K)M4(K); l(K)l3} , ãäå

l1 = max

{
M1(K),M2(K),

1 +M3(K)(1−NφK) +Nϕ +Nγ

(1−NϕK)

}
,

l3 = max

{
P1(K), P2(K),

Nγ +Nφ + 1 + P3(K)(1−NϕK)

1−NϕK

}
,

çàäà÷à Êîøè (1.1) � (1.2) èìååò åäèíñòâåííîå ðåøåíèå u (x1, x2) ∈ C
2,1

(Q) , êîòîðîå ïðè
s = ω ñîâïàäàåò ñ ôóíêöèåé V (s, x1, x2) , îïðåäåëÿåìîé èç ñèñòåìû (1.12), (1.14), (1.15),
(1.11).
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Proof of regular local solvability of the Cauchy problem for

di�erential equations in partial derivatives of the �rst

order with initial data in Cartesian coordinates on line

in�nite length

c⃝ L. E. Platonova2

Abstract. The Cauchy problem for a quasi-linear �rst order partial di�erential equation is studied
in case when initial data is given on an in�nite length smooth line with non-vertical gradient. A
system of integral equations, a solution of which gives a solution of the considered Cauchy problem
in original coordinates and the solution has the same smoothness that the initial function, is
constructed. Local solvability conditions, which do not include in itself assumptions about behavior
of the characteristic lines, are presented in a theorem which proved here.

Key Words: quasi-linear �rst order partial di�erential equation, Cauchy problem, method of an
additional argument
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