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Òåîðåìà Ãàìèëüòîíà-Êýëè äëÿ äâóõ âàðèàíòîâ

ìàòðè÷íûõ ñïåêòðàëüíûõ çàäà÷ ïî Ý.Øìèäòó è

ðàçâåðòûâàíèå õàðàêòåðèñòè÷åñêîãî ìíîãî÷ëåíà.

c⃝ À. Í. Êóâøèíîâà1, Á. Â. Ëîãèíîâ2

Àííîòàöèÿ. Â íà÷àëå ïðîøëîãî ñòîëåòèÿ Ý.Øìèäò ââåë äëÿ èíòåãðàëüíûõ îïåðàòîðîâ ñè-
ñòåìó ñîáñòâåííûõ ÷èñåë {λk} , çàñ÷èòûâàåìûõ ñ èõ êðàòíîñòüþ, è íàáîðû ñîáñòâåííûõ ýëå-
ìåíòîâ {φk}∞1 , {ψk}∞1 , äëÿ êîòîðûõ Aφk = λkψk, A

∗ψk = λkφk . Â ðàáîòå ðàññìàòðèâàþòñÿ
îáîáùåííûå ìàòðè÷íûå ñïåêòðàëüíûå çàäà÷è, ïîëèíîìèàëüíî çàâèñÿùèå îò ñïåêòðàëüíîãî
ïàðàìåòðà Øìèäòà. È.Ñ.Àðæàíûõ â 1951 ãîäó äîêàçàë îáîáùåííóþ òåîðåìó Ãàìèëüòîíà-
Êýëè äëÿ ïîëèíîìèàëüíûõ ìàòðèö ñ åäèíè÷íîé ìàòðèöåé ïðè ñòàðøåé ñòåïåíè ñïåêòðàëüíî-
ãî ïàðàìåòðà ñ öåëüþ ïðèìåíåíèÿ â ÷èñëåííûõ ìåòîäàõ ëèíåéíîé àëãåáðû. Íèæå äàíî ðàñ-
ïðîñòðàíåíèå òåîðåìû Ãàìèëüòîíà-Êýëè äëÿ ìàòðè÷íûõ ñïåêòðàëüíûõ çàäà÷ ïî Ý.Øìèäòó,
ïîëèíîìèàëüíî çàâèñÿùèõ îò ñïåêòðàëüíîãî ïàðàìåòðà ñ åäèíè÷íîé ìàòðèöåé ïðè ñòàðøåé
ñòåïåíè ïàðàìåòðà (ï.2), à òàêæå åäèíè÷íîé (îáðàòèìîé) ìàòðèöåé ïðè íóëåâîé ñòåïåíè ïà-
ðàìåòðà (ï.3). Â öåëÿõ äàëüíåéøèõ èññëåäîâàíèé íà îñíîâå ïðåäëîæåííîãî [11-13] È.Ñ. Àð-
æàíûõ ïðèåìà [6, 7] âûïîëíåíî ðàçâåðòûâàíèå ñîîòâåòñòâóþùåãî (1.1) õàðàêòåðèñòè÷åñêîãî
ìíîãî÷ëåíà ïî ñòåïåíÿì ñïåêòðàëüíîãî ïàðàìåòðà Øìèäòà (ï.5).

Êëþ÷åâûå ñëîâà: ñïåêòð Øìèäòà, ñîáñòâåííûå ÷èñëà Øìèäòà, ïîëèíîìèàëüíûå ìàòðèöû
ïî ñïåêòðàëüíîìó ïàðàìåòðó Øìèäòà, òåîðåìà Ãàìèëüòîíà-Êýëè, ðàçâåðòûâàíèå õàðàêòåðè-
ñòè÷åñêîãî ìíîãî÷ëåíà

1. Ââåäåíèå

Â öèêëå ðàáîò íà÷àëà äâàäöàòîãî ñòîëåòèÿ ïî ëèíåéíûì è íåëèíåéíûì èíòåãðàëüíûì
óðàâíåíèÿì [1] Ý. Øìèäò ââåë ñèñòåìû ñîáñòâåííûõ ÷èñåë λk , çàñ÷èòûâàåìûõ ñ èõ êðàò-
íîñòÿìè â ãèëüáåðòîâîì ïðîñòðàíñòâå Í, è ñîáñòâåííûõ ýëåìåíòîâ {φk}∞1 , {ψk}∞1 , óäî-
âëåòâîðÿþùèõ ñîîòíîøåíèÿì Bφk = λkψk, B

∗ψk = λkφk è ïîçâîëèâøèõ ðàñïðîñòðàíèòü
òåîðèþ Ãèëüáåðòà-Øìèäòà íà íåñàìîñîïðÿæåííûå âïîëíå íåïðåðûâíûå îïåðàòîðû â àá-
ñòðàêòíîì ñåïàðàáåëüíîì ãèëüáåðòîâîì ïðîñòðàíñòâå Í [2], [3]. Ïîä íàçâàíèåì s-÷èñåë ýòà
ñèñòåìà íàøëà ìíîãèå ïðèìåíåíèÿ â âû÷èñëèòåëüíîé ìàòåìàòèêå, òåîðèè íåêîððåêòíî ïî-
ñòàâëåííûõ çàäà÷. Ïîñêîëüêó íèêòî èç ïðèìåíÿâøèõ s-÷èñëà íå äàåò ññûëîê íà Ý.Øìèäòà,
äëÿ âîññòàíîâëåíèÿ ñïðàâåäëèâîñòè â íàøèõ ðàáîòàõ ìû ãîâîðèì î ñïåêòðàëüíûõ çàäà÷àõ
ïî Ý. Øìèäòó.

Â ðàáîòàõ È.Ñ.Àðæàíûõ [4], [5], ñîâìåñòíûõ åãî ñòàòüÿõ ñ Â.È. Ãóãíèíîé [6], [7] è äèñ-
ñåðòàöèè Â.È. Ãóãíèíîé [8] äîêàçàíû âàðèàíòû òåîðåìû Ãàìèëüòîíà-Êýëè äëÿ ìàòðèö
ïîëèíîìèàëüíî çàâèñÿùèõ îò ñïåêòðàëüíîãî ïàðàìåòðà ñ åäèíè÷íîé ìàòðèöåé ïðè ñòàð-
øåé åãî ñòåïåíè, ñ öåëÿìè ïðèëîæåíèé ê âû÷èñëèòåëüíûì ìåòîäàì ëèíåéíîé àëãåáðû
(ðàñïðîñòðàíåíèå ìåòîäîâ Êðûëîâà, Ëåâåððüå è Ôàääååâà äëÿ âû÷èñëåíèÿ ñîáñòâåííûõ
çíà÷åíèé), à òàêæå ê òåîðèè óñòîé÷èâîñòè ðåøåíèé ÎÄÓ [9], [10].

Â ñòàòüå [11] äîêàçàíà îáîáùåííàÿ òåîðåìà Ãàìèëüòîíà-Êýëè äëÿ ïîëèíîìèàëüíûõ
ìàòðèö ñ åäèíè÷íîé ìàòðèöåé ïðè íóëåâîé ñòåïåíè ïàðàìåòðà.

1 Àñïèðàíò êàôåäðû ¾Âûñøàÿ ìàòåìàòèêà¿, Óëüÿíîâñêèé ãîñóäàðñòâåííûé òåõíè÷åñêèé óíèâåðñèòåò,
ã. Óëüÿíîâñê; erasya7@rambler.ru.

2 Ïðîôåññîð êàôåäðû âûñøåé ìàòåìàòèêè, Óëüÿíîâñêèé ãîñóäàðñòâåííûé òåõíè÷åñêèé óíèâåðñèòåò,
ã. Óëüÿíîâñê; bvllbv@yandex.ru.
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Â ýòîé ðàáîòå äàíî ðàñïðîñòðàíåíèå òåîðåìû Ãàìèëüòîíà-Êýëè íà ìàòðè÷íûå îáîá-
ùåííûå ñïåêòðàëüíûå çàäà÷è ïî Ý.Øìèäòó âèäà:

(As + λAs−1 + λ2As−2 + ...+ λs−1A1)φ = λsψ

(A∗
s + λA∗

s−1 + λ2A∗
s−2

+ ...+ λs−1A∗
1)ψ = λsφ (1.1)

è
(λsA∗

s + λs−1A∗
s−1 + ...+ λ2A∗

2 + λA∗
1)φ = ψ

(λsAs + λs−1As−1 + ...+ λ2A2 + λA1)ψ = φ. (1.2)

Â îáùèõ ñëó÷àÿõ îáðàòèìûõ ìàòðèö ïåðåõîä ê ñïåêòðàëüíûì çàäà÷àì âèäà (1.1) è (1.2)
âûïîëíÿåòñÿ îáðàùåíèåì ñîîòâåòñòâóþùèõ ìàòðèö. Äàëåå óäîáíî èñïîëüçîâàòü ìàòðè÷-
íûå îáîçíà÷åíèÿ, ò.å. çàïèñàòü îáîáùåííûå çàäà÷è íà ñîáñòâåííûå çíà÷åíèÿ ïî Ý.Øìèäòó
â âèäå óðàâíåíèé

Φ(λ)

(
φ
ψ

)
≡
[
λs
(

0 I
I 0

)
− λs−1

(
A1 0
0 A∗

1

)
− ...−

(
As 0
0 A∗

s

)](
φ
ψ

)
=

=

[
λsI−

∑
1≤k≤s

λs−kak

](
φ
ψ

)
= 0 (1.3)

Φ(λ)

(
φ
ψ

)
≡
[(

0 I
I 0

)
− λ

(
A∗

1 0
0 A1

)
− ...− λs

(
A∗
s 0
0 As

)](
φ
ψ

)
=

=

[
I−

∑
1≤k<s

λs−kbk

](
φ
ψ

)
= 0,

(
0 I
I 0

)
= I (1.4)

ñîîòâåòñòâåííî ñ ìàòðèöåé I ïðè ñòàðøåé è ìëàäøåé ñòåïåíè λ .
Ïðè ïðîäîëæåíèè íàøèõ èññëåäîâàíèé ïî ìíîãîïàðàìåòðè÷åñêèì ìàòðè÷íûì ñïåê-

òðàëüíûì çàäà÷àì Ý.Øìèäòà [11-13] âîçíèêëà íåîáõîäèìîñòü ðàçâåðòûâàíèÿ ñîîòâåòñòâó-
þùåãî õàðàêòåðèñòè÷åñêîãî ìíîãî÷ëåíà ïî ñòåïåíÿì ñïåêòðàëüíîãî ïàðàìåòðà. Â äàííîé
ñòàòüå ýòà çàäà÷à ðåøàåòñÿ íà îñíîâå ñóùåñòâåííîãî èñïîëüçîâàíèÿ ýôôåêòèâíîãî ïðèåìà,
ïðèíàäëåæàùåãî È.Ñ. Àðæàíûõ [6, 7].

Â äèññåðòàöèè [14] ïðèíÿòà äðóãàÿ ìàòðè÷íàÿ çàïèñü çàäà÷è (1.1):[
λs
(
I 0
0 I

)
−
(

0 As
A∗
s 0

)
− λ

(
0 As−1

A∗
s−1 0

)
− ...− λs−1

(
0 A1

A∗
1 0

)](
φ
ψ

)
= 0.

(1.5)
Ñëåäóåò çàìåòèòü, ÷òî ñèñòåìà (1.2) ïðè ïåðåõîäå ê õàðàêòåðèñòè÷åñêèì ÷èñëàì (äå-

ëåíèåì íà λs è çàìåíîé φ íà ψ , à ψ íà φ ) ñâîäèòñÿ ê ñèñòåìå (1.1).

2. Îáîáùåííàÿ òåîðåìà Ãàìèëüòîíà-Êýëè çàäà÷è íà ñîáñòâåííûå
çíà÷åíèÿ ñ ìàòðèöåé I ïðè ñòàðøåé ñòåïåíè λ

Ñëåäóÿ [6] ââåäåì ñèìâîëè÷åñêèå ñòåïåíè ìàòðè÷íûõ îïåðàòîðîâ: a·0 =

(
0 I
I 0

)
= I,

a·(−k) = 0, a·t =
∑

0<m≤t

(
0 I
I 0

)
am
[
a·t−m

]
+

(
0 I
I 0

)
ata

·0, t > 0, a·tr =
∑

r≤m≤s

ama
·t−(m−r),
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0 < r ≤ s, t > 0 . Ïîëîæèì òàêæå φt(a
·) = a·t +

∑
0<m≤t

αta
·t−m , ãäå αt - êîýôôè-

öèåíòû õàðàêòåðèñòè÷åñêîãî ïîëèíîìà ñîîòâåòñòâóþùåãî Φ(λ) , ò.å. detΦ(λ) = λ2ns +∑
0<t≤2ns

αtλ
2ns−t.

Ò å î ð å ì à 2.1. (Îáîáùåííàÿ òåîðåìà Ãàìèëüòîíà-Êýëè). Ìàòðèöû ar , 0 <
r ≤ s óäîâëåòâîðÿþò óðàâíåíèÿì:

a1φ(2n−1)s(a
·) + a2φ(2n−1)s−1(a

·) + ...+ asφ(2n−2)s+1(a
·) + Iα(2n−1)s+1 = 0

asφ(2n−1)s(a
·) + a3φ(2n−1)s−1(a

·) + ...+ asφ(2n−2)s+2(a
·) + Iα(2n−1)s+2 = 0

............................................................................ (2.1)

as−1φ(2n−1)s(a
·) + as−1φ(2n−1)s−1(a

·) + Iα2ns−1 = 0

asφ(2n−1)s(a
·) + Iα2ns = 0, I =

(
I 0
0 I

)
.

Ä î ê à ç à ò å ë ü ñ ò â î. Ïóñòü Ψ(λ) - ìàòðèöà, ïðèñîåäèíåííàÿ ê ìàòðèöå Φ(λ) ,

Φ(λ) ·Ψ(λ) = IdetΦ(λ), (2.2)

ãäå, î÷åâèäíî, ÷òî Ψ(λ)

(
φ
ψ

)
=

[
λ(2n−1)s

(
0 I
I 0

)
+ λ(2n−1)s−1

(
B

(1)
11 B

(1)
12

B
(1)
21 B

(1)
22

)
+ ...+

+ λ

(
B

((2n−1)s−1)
11 B

((2n−1)s−1)
12

B
((2n−1)s−1)
21 B

((2n−1)s−1)
22

)
+

(
B

((2n−1)s)
11 B

((2n−1)s)
12

B
((2n−1)s)
21 B

((2n−1)s)
22

)](
φ
ψ

)
.

Ìåòîä íåîïðåäåëåííûõ êîýôôèöèåíòîâ ïðèâîäèò ê ñëåäóþùèì òðåì ãðóïïàì ðàâåíñòâ,
íà÷èíàÿ ñî ñòàðøåé ñòåïåíè ïàðàìåòðà λ , è çàêàí÷èâàÿ ïåðâîé ñòåïåíüþ (ïðè íóëåâîé
ñòåïåíè λ èìååì I2 = I) :

I ãðóïïà( 1 < t ≤ s ):(
B

(1)
11 B

(1)
12

B
(1)
21 B

(1)
22

)
=

(
0 I
I 0

)(
A1 0
0 A∗

1

)(
0 I
I 0

)
+ α1

(
0 I
I 0

)
⇒ B(1) = Ia1I+ α1I

(
B

(2)
11 B

(2)
12

B
(2)
21 B

(2)
22

)
=

(
0 I
I 0

)(
A1 0
0 A∗

1

)(
B

(1)
11 B

(1)
12

B
(1)
21 B

(1)
22

)
+

(
0 I
I 0

)(
A2 0
0 A∗

2

)
×

×
(

0 I
I 0

)
+ α2

(
0 I
I 0

)
⇒ B(2) = Ia1B

(1) + Ia2I+ α2I

............................................................................(
B

(k)
11 B

(k)
12

B
(k)
21 B

(k)
22

)
=

(
0 I
I 0

)(
A1 0
0 A∗

1

)(
B

(k−1)
11 B

(k−1)
12

B
(k−1)
21 B

(k−1)
22

)
+

(
0 I
I 0

)(
A2 0
0 A∗

2

)
×

×

(
B

(k−2)
11 B

(k−2)
12

B
(k−2)
21 B

(k−2)
22

)
+ ...+

(
0 I
I 0

)(
Ak 0
0 A∗

k

)(
0 I
I 0

)
+ αk

(
0 I
I 0

)
⇒

⇒ B(k) = Ia1B
(k−1) + Ia2B

(k−2) + ...+ Iak−1B
1 + IakI+ αkI

............................................................................
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(
B

(s)
11 B

(s)
12

B
(s)
21 B

(s)
22

)
=

(
0 I
I 0

)(
A1 0
0 A∗

1

)(
B

(s−1)
11 B

(s−1)
12

B
(s−1)
21 B

(s−1)
22

)
+

(
0 I
I 0

)(
A2 0
0 A∗

2

)
×

×

(
B

(s−2)
11 B

(s−2)
12

B
(s−2)
21 B

(s−2)
22

)
+ ...+

(
0 I
I 0

)(
As 0
0 A∗

s

)(
0 I
I 0

)
+ αk

(
0 I
I 0

)
⇒

⇒ B(s) = Ia1B
(s−1) + Ia2B

(s−2) + ...+ Ias−1B
1 + IasI+ αsI

II ãðóïïà ( s < t ≤ (2n− 1)s ):

B(s+1) = Ia1B
(s) + Ia2B

(s−1) + ...+ IasB
(1) + αs+1I

B(s+2) = Ia1B
(s+1) + Ia2B

(s) + ...+ IasB
(2) + αs+2I

............................................................................

B((2n−1)s−r) = Ia1B
((2n−1)s−r−1) + Ia2B

((2n−1)s−r−2) + ...+ IasB
((2n−2)s−r) + α(2n−1)s−rI

............................................................................

B((2n−1)s) = Ia1B
((2n−1)s−1) + Ia2B

((2n−1)s−2) + ...+ IasB
((2n−2)s) + α(2n−1)s

III ãðóïïà ( (2n− 1)s+ r < t ≤ 2ns, 0 < r ≤ s ):

−a1B
((2n−1)s) − a2B

((2n−1)s−1) − ...− as−1B
((2n−2)s+2) − asB

((2n−2)s+1) = Iα(2n−1)s+1

−a2B
((2n−1)s) − a3B

((2n−1)s−1) − ...− as−1B
((2n−2)s+3) − asB

((2n−2)s+2) = Iα(2n−1)s+2

............................................................................

−as−1B
((2n−1)s) − asB

((2n−1)s−1) = Iα2ns−1

−asB
((2n−1)s) = Iα2ns

Ïåðâûå äâå ãðóïïû ðàâåíñòâ îïðåäåëÿþò ìàòðèöû B(t), 1 < t ≤ (2n− 1)s :

B(1) = Ia1I+ α1I = a·1 + α1a
·0 = φ1(a

·)

B(2) = Ia1B
(1) + Ia2I+ α2I = {Ia1}2 I+ Ia1Iα1 + Ia2I+ Iα2 =

= a·2 + α1a
·1 + α2a

·0 = φ2(a
·)

............................................................................

B(k) = Ia1B
(k−1) + Ia2B

(k−2) + ...+ αkI =

= a·k + α1a
·k−1 + α2a

·k−2 + ...+ αk−1a
·1 + αka

·0 = φk(a
·)

............................................................................

B(s−1) = Ia1B
(s−2) + Ia2B

(s−3) + ...+ αs−1I =

= a·s−1 + α1a
·s−2 + α2a

·s−3 + ...+ αs−2a
·1 + αs−1a

·0 = φs−1(a
·)

B(s) = Ia1B
(s−1) + Ia2B

(s−2) + ...+ αsI =

= a·s + α1a
·s−1 + α2a

·s−2 + ...+ αs−1a
·1 + αsa

·0 = φs(a
·)

B(s+1) = Ia1B
(s) + Ia2B

(s−1) + ...+ IasB
(1) + αs+1I =

= a·s+1 + α1a
·s + α2a

·s−1 + ...+ αsa
·1 + αs+1a

·0 = φs+1(a
·)

B(s+2) = Ia1B
(s+1) + Ia2B

(s) + ...+ IasB
(2) + αs+2I =
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= a·s+2 + α1a
·s+1 + α2a

·s + ...+ αs+1a
·1 + αs+2a

·0 = φs+2(a
·)

............................................................................

B((2n−1)s) = Ia1B
((2n−1)s−1) + Ia2B

((2n−1)s−2) + ...+ IasB
((2n−2)s) + α(2n−1)sI =

= a·(2n−1)s + α1a
·(2n−1)s−1 + α2a

·(2n−1)s−2 + ...+ α(2n−1)s−1a
·1 + α(2n−1)sa

·0 = φ(2n−1)s(a
·)

Ïîäñòàíîâêà B(1) = φ1(a
·) , B(2) = φ2(a

·) , B(3) = φ3(a
·), ...,B((2n−1)s) = φ(2n−1)s(a

·) â
òðåòüþ ãðóïïó ôîðìóë äàåò ðàâåíñòâà (2.1), ò.å. îáîáùåííóþ òåîðåìó Ãàìèëüòîíà-Êýëè.�

Ñ ë å ä ñ ò â è å 2.1. (ßâíûé âèä òåîðåìû Ãàìèëüòîíà-Êýëè.) Ìàòðèöû ar , 0 <
r ≤ s óäîâëåòâîðÿþò óðàâíåíèÿì:

a
·(2n−1)s
1 + α1a

·(2n−1)s−1
1 + α2a

·(2n−1)s−2
1 + ...+ α(2n−1)s−1a

·1
1 + Iα(2n−1)s+1 = 0

a
·(2n−1)s
2 + α1a

·(2n−1)s−1
2 + α2a

·(2n−1)s−2
2 + ...+ α(2n−1)s−1a

·1
2 + Iα(2n−1)s+2 = 0

............................................................................

a
·(2n−1)s
s−1 + α1a

·(2n−1)s−1
s−1 + α2a

·(2n−1)s−2
s−1 + ...+ α(2n−1)s−1a

·1
s−1 + Iα2ns−1 = 0

a·(2n−1)s
s + α1a

·(2n−1)s−1
s + α2a

·(2n−1)s−2
s + ...+ α(2n−1)s−1a

·1
s + Iα2ns = 0. (2.3)

Ä î ê à ç à ò å ë ü ñ ò â î. Äëÿ 0 < r ≤ s èìååì:

0 = a1B
((2n−1)s) + a2B

((2n−1)s−1) + ...+ as−1B
((2n−2)s+2) + asB

((2n−2)s+1) + Iα(2n−1)s+1 =

= a1
[
a·(2n−1)s + α1a

·(2n−1)s−1 + α2a
·(2n−1)s−2 + ...+ α(2n−1)s−1a

·1 + α(2n−1)sa
·0]+

+a2
[
a·(2n−1)s−1 + α1a

·(2n−1)s−2 + α2a
·(2n−1)s−3 + ...+ α(2n−1)s−2a

·1 + α(2n−1)s−1a
·0]+

+...+ as
[
a·(2n−2)s+1 + α1a

·(2n−2)s + ...+ α(2n−2)sa
·1 + α(2n−1)s+1a

·0]+ Iα(2n−1)s+1 =

=
[
a1a

·(2n−1)s + a2a
·(2n−1)s−1 + ...+ as−1a

·(2n−2)s+2 + asa
·(2n−2)s+1

]
+

+α1

[
a1a

·(2n−1)s−1 + a2a
·(2n−1)s−2 + ...+ as−1a

·(2n−2)s+1 + asa
·(2n−2)s

]
+

+α2

[
a1a

·(2n−1)s−2 + a2a
·(2n−1)s−3 + ...+ as−1a

·(2n−2)s + asa
·(2n−2)s−1

]
+ ...+

+α(2n−1)s−1

[
a1a

·1 + a2a
·0]+ Iα(2n−1)s+1 =

= I
[
a1a

·(2n−1)s + a2a
·(2n−1)s−1 + ...+ as−1a

·(2n−2)s+2 + asa
·(2n−2)s+1

]
+

+Iα1

[
a1a

·(2n−1)s−1 + a2a
·(2n−1)s−2 + ...+ as−1a

·(2n−2)s+1 + asa
·(2n−2)s

]
+

+...+ Iα(2n−1)s−1

[
a1a

·1 + a2a
·0]+ Iα(2n−1)s+1 =

= a
·(2n−1)s
1 + α1a

·(2n−1)s−1
1 + α2a

·(2n−1)s−2
1 + ...+ α(2n−1)s−1a

·1
1 + Iα(2n−1)s+1

0 = a2B
((2n−1)s) + a3B

((2n−1)s−1) + ...+ as−1B
((2n−2)s+3) + asB

((2n−2)s+2) + Iα(2n−1)s+2 =

= a2
[
a·(2n−1)s + α1a

·(2n−1)s−1 + α2a
·(2n−1)s−2 + ...+ α(2n−1)s−1a

·1 + α(2n−1)sa
·0]+

+a3
[
a·(2n−1)s−1 + α1a

·(2n−1)s−2 + α2a
·(2n−1)s−3 + ...+ α(2n−1)s−2a

·1 + α(2n−1)s−1a
·0]+

+...+ as
[
a·(2n−2)s+2 + α1a

·(2n−2)s+1 + ...+ α(2n−2)s+1a
·1 + α(2n−2)s+2a

·0]+ Iα(2n−1)s+2 =

=
[
a2a

·(2n−1)s + a3a
·(2n−1)s−1 + ...+ as−1a

·(2n−2)s+3 + asa
·(2n−2)s+2

]
+
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+α1

[
a2a

·(2n−1)s−1 + a3a
·(2n−1)s−2 + ...+ as−1a

·(2n−2)s+2 + asa
·(2n−2)s+1

]
+ ...+

+α(2n−1)s−1

[
a2a

·1 + a3a
·0]+ Iα(2n−1)s+2 =

= I
[
a2a

·(2n−1)s + a3a
·(2n−1)s−1 + ...+ as−1a

·(2n−2)s+3 + asa
·(2n−2)s+2

]
+

+Iα1

[
a2a

·(2n−1)s−1 + a3a
·(2n−1)s−2 + ...+ as−1a

·(2n−2)s+2 + asa
·(2n−2)s+1

]
+

+...+ Iα(2n−1)s−1

[
a2a

·1 + a3a
·0]+ Iα(2n−1)s+2 =

= a
·(2n−1)s
2 + α1a

·(2n−1)s−1
2 + α2a

·(2n−1)s−2
2 + ...+ α(2n−1)s−1a

·1
2 + Iα(2n−1)s+2

............................................................................

0 = asB
((2n−1)s) + Iα2ns =

= as
[
a·(2n−1)s + α1a

·(2n−1)s−1 + α2a
·(2n−1)s−2 + ...+ α(2n−1)s−1a

·1 + α(2n−1)sa
·]+

+Iα2ns = asa
·(2n−1)s + α1asa

·(2n−1)s−1 + ...+ α(2n−1)s−1asa
·1 + Iα2ns =

= Iasa
·(2n−1)s + Iα1asa

·(2n−1)s−1 + ...+ Iα(2n−1)s−1asa
·1 + Iα2ns =

= a·(2n−1)s
s + α1a

·(2n−1)s−1
s + α2a

·(2n−1)s−2
s + ...+ α(2n−1)s−1a

·1
s + Iα2ns. �

Ç à ì å ÷ à í è å 2.1. Âìåñòî òîæäåñòâà (2.2) ìîæíî èñïîëüçîâàòü òîæäå-
ñòâî

Ψ(λ)Φ(λ) = IdetΦ(λ) (2.4)

Íà ýòîì ïóòè âîçíèêàþò ñèìâîëè÷åñêèå ñòåïåíè ìàòðèö ·a0 =

(
0 I
I 0

)
= I , ·a(−t) =

0, ·a(t) =
∑

0<m≤t

·a(t−m)amI + ·a0atI, t > 0, ·atr =
∑

r≤m≤s

·a
t−(m−r)
r am, 0 < r ≤ s, t > 0 ,

ïîçâîëÿþùèå ñôîðìóëèðîâàòü àíàëîãè òåîðåìû 2.1. è ñëåäñòâèÿ 2.1.

Ò å î ð å ì à 2.2. Ìàòðèöû ar , 0 < r ≤ s óäîâëåòâîðÿþò óðàâíåíèÿì:

a1φ(2n−1)s(
·a) + a2φ(2n−1)s−1(

·a) + ...+ asφ(2n−2)s+1(
·a) + Iα(2n−1)s+1 = 0

asφ(2n−1)s(
·a) + a3φ(2n−1)s−1(

·a) + ...+ asφ(2n−2)s+2(
·a) + Iα(2n−1)s+2 = 0

............................................................................ (2.5)

as−1φ(2n−1)s(
·a) + as−1φ(2n−1)s−1(

·a) + Iα2ns−1 = 0

asφ(2n−1)s(
·a) + Iα2ns = 0.

Ñ ë å ä ñ ò â è å 2.1. Ìàòðèöû ar , 0 < r ≤ s óäîâëåòâîðÿþò óðàâíåíèÿì:

·a
(2n−1)s
1 + α1

·a
(2n−1)s−1
1 + α2

·a
(2n−1)s−2
1 + ...+ α(2n−1)s−1

·a11 + Iα(2n−1)s+1 = 0

·a
(2n−1)s
2 + α1

·a
(2n−1)s−1
2 + α2

·a
(2n−1)s−2
2 + ...+ α(2n−1)s−1

·a12 + Iα(2n−1)s+2 = 0

............................................................................

·a
(2n−1)s
s−1 + α1

·a
(2n−1)s−1
s−1 + α2

·a
(2n−1)s−2
s−1 + ...+ α(2n−1)s−1

·a1s−1 + Iα2ns−1 = 0

·a(2n−1)s
s + α1

·a(2n−1)s−1
s + α2

·a(2n−1)s−2
s + ...+ α(2n−1)s−1

·a1s + Iα2ns = 0. (2.6)
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3. Îáîáùåííàÿ òåîðåìà Ãàìèëüòîíà-Êýëè çàäà÷è íà ñîáñòâåííûå
çíà÷åíèÿ ñ ìàòðèöåé I ïðè ìëàäøåé ñòåïåíè λ

Ïîäîáíî ï.2 ââîäÿ ñèìâîëè÷åñêèå ñòåïåíè ìàòðè÷íûõ îïåðàòîðîâ a·0 = b·0, bt =(
A∗
t 0
0 At

)
, b·(−k) = 0, b·t =

∑
0<m≤t

Ibmb
·t−m+Ibtb

·0, t > 0, b·tr =
∑

r≤m≤s
bmb

·t−(m−r), 0 < r ≤

s, t > 0 , è ìàòðèöó Ψ(λ) ïðèñîåäèíåííóþ ê ìàòðèöå Φ(λ) ïðè èñïîëüçîâàíèè òîæäåñòâà
(1.4), äîêàçûâàåòñÿ òåîðåìà 3.1.

Ò å î ð å ì à 3.1. Ìàòðèöû br , 0 < r ≤ s óäîâëåòâîðÿþò óðàâíåíèÿì:

b1φ(2n−1)s(b
·) + b2φ(2n−1)s−1(b

·) + ...+ bsφ(2n−2)s+1(b
·) + Iα(2n−1)s+1 = 0

bsφ(2n−1)s(b
·) + b3φ(2n−1)s−1(b

·) + ...+ bsφ(2n−2)s+2(b
·) + Iα(2n−1)s+2 = 0

............................................................................ (3.1)

bs−1φ(2n−1)s(b
·) + bs−1φ(2n−1)s−1(b

·) + Iα2ns−1 = 0

bsφ(2n−1)s(b
·) + Iα2ns = 0.

Ä î ê à ç à ò å ë ü ñ ò â î. Â òîæäåñòâå (2.2) ìàòðèöà Ψ(λ) è detΦ(λ) èìåþò âèä:

Ψ(λ)

(
φ
ψ

)
=

[(
0 I
I 0

)
+ λ

(
B

(1)
11 B

(1)
12

B
(1)
21 B

(1)
22

)
+ λ2

(
B

(2)
11 B

(2)
12

B
(2)
21 B

(2)
22

)
+ ...+

+ λ(2n−1)s−1

(
B

((2n−1)s−1)
11 B

((2n−1)s−1)
12

B
((2n−1)s−1)
21 B

((2n−1)s−1)
22

)
+ λ(2n−1)s

(
B

((2n−1)s)
11 B

((2n−1)s)
12

B
((2n−1)s)
21 B

((2n−1)s)
22

)](
φ
ψ

)
detΦ(λ) = 1 + α1λ+ α2λ

2 + ...+ α2ns−1λ
2ns−1 + α2nsλ

2ns.

Ìåòîä íåîïðåäåëåííûõ êîýôôèöèåíòîâ äàåò òðè ãðóïïû ðàâåíñòâ ñîîòâåò-
ñòâåííî îò ïåðâîé ñòåïåíè äî ñòåïåíè 2ns ïàðàìåòðà λ . Ïðè ýòîì ìàòðèöû
B(1),B(2), ...,B(s),B(s+1), ...,B((2n−1)s) ïðåäñòàâëÿþòñÿ òåìè æå ñàìûìè ôîðìóëàìè
ï.2, ãäå at ñëåäóåò çàìåíèòü íà bt . Èõ ïîäñòàíîâêà â òðåòüþ ãðóïïó ôîðìóë äîêàçûâàåò
òåîðåìó 3.1.

Ñ ë å ä ñ ò â è å 3.1. (ßâíûé âèä òåîðåìû Ãàìèëüòîíà-Êýëè.) Ìàòðèöû br , 0 <
r ≤ s óäîâëåòâîðÿþò óðàâíåíèÿì:

b
·(2n−1)s
1 + α1b

·(2n−1)s−1
1 + α2b

·(2n−1)s−2
1 + ...+ α(2n−1)s−1b

·1
1 + Iα(2n−1)s+1 = 0

b
·(2n−1)s
2 + α1b

·(2n−1)s−1
2 + α2b

·(2n−1)s−2
2 + ...+ α(2n−1)s−1b

·1
2 + Iα(2n−1)s+2 = 0

............................................................................

b
·(2n−1)s
s−1 + α1b

·(2n−1)s−1
s−1 + α2b

·(2n−1)s−2
s−1 + ...+ α(2n−1)s−1b

·1
s−1 + Iα2ns−1 = 0

b·(2n−1)s
s + α1b

·(2n−1)s−1
s + α2b

·(2n−1)s−2
s + ...+ α(2n−1)s−1b

·1
s + Iα2ns = 0. (3.2)

Ç à ì å ÷ à í è å 3.1. Ïðè èñïîëüçîâàíèè ðàâåíñòâà Ψ(λ)Φ(λ) = IdetΦ(λ) ïî-
ëó÷àåì ÿâíûé âèä òåîðåìû Ãàìèëüòîíà-Êýëè ñ ñèìâîëè÷åñêèìè ñòåïåíÿìè âèäà:

·b0 =

(
0 I
I 0

)
= I , ·b(−t) = 0, ·b(t) =

∑
0<m≤t

·b(t−m)bmI + ·b0btI, t > 0, ·btr =∑
r≤m≤s

·b
t−(m−r)
r bm, 0 < r ≤ s, t > 0 .
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4. Âû÷èñëåíèå èíâàðèàíòíûõ êîýôôèöèåíòîâ õàðàêòåðèñòè÷å-
ñêîãî óðàâíåíèÿ ïðè ëèíåéíîé çàâèñèìîñòè îò ñïåêòðàëüíîãî
ïàðàìåòðà

4.1. Ñïåêòðàëüíàÿ çàäà÷à A− λI

Âû÷èñëåíèå êîýôôèöèåíòîâ (èíâàðèàíòîâ) ik îòíîñèòåëüíî çàìåíû áàçèñà â n -
ìåðíîì ïðîñòðàíñòâå En õàðàêòåðèñòè÷åñêîãî óðàâíåíèÿ det(A − λI) = 0 ïðèâîäèòñÿ
çäåñü ñ öåëüþ ðàññìîòðåíèÿ ïðîñòåéøèõ çàäà÷ íà ñïåêòðØìèäòà âèäà: (a−λI)(φ, ψ)T = 0
è (b− λI)(φ, ψ)T = 0 . Ïðè ýòîì ñóùåñòâåííî èñïîëüçóþòñÿ ðåçóëüòàòû ðàáîòû [15], îñíî-
âàííûå íà ñëåäóþùåì óòâåðæäåíèè.

Ë å ì ì à 4.1. Äëÿ ëþáîãî ìàòðè÷íîãî ìíîãî÷ëåíà F (λ) ñòåïåíè n ñïðàâåäëèâî
ðàâåíñòâî

d

dλ
detF (λ) = detF (λ)tr

[
F−1(λ)F ′(λ)

]
(4.1)

Ïðèìåíÿÿ ëåììó 4.1. ê F (λ) = A−λI, F ′(λ) = −I, detF (λ) = (−1)nλn+
n∑
k=1

(−1)n−kikλ
n−k ,

ìîæíî çàïèñàòü

d

dλ
detF (λ) = −(detF (λ))tr

[
(A− λI)−1] = −(detF (λ))tr

[
(−λ)(I− λ−1A)

]−1
=

=
1

λ
detF (λ)tr

[(
I− λ−1A

)−1
]
.

Òàêèì îáðàçîì

λ
d

dλ
detF (λ) = (−1)nnλn + (−1)n−1(n− 1)i1λ

n−1 + ...+ (−1)22in−2λ
2 − in−1λ =

=
[
(−1)nλn + (−1)n−1i1λ

n−1 + ...+ (−1)n−kikλ
n−k + ...+ (−1)2in−2λ

2 − in−1λ+ in
]
×

×
[
n+ λ−1trA+ λ−2trA2 + ...+ λ−strAs + ...

]
. (4.2)

Ìåòîä íåîïðåäåëåííûõ êîýôôèöèåíòîâ ïðèâîäèò ê ñëåäóþùåé ãðóïïå ôîðìóë:

(−1)nn = (−1)nn

(−1)n−1(n− 1)i1 = (−1)ntrA+ (−1)n−1i1n

(−1)n−2(n− 2)i2 = (−1)ntrA2 + (−1)n−1i1trA+ (−1)n−2i2n

............................................................................

(−1)n−k(n− k)ik = (−1)ntrAk + (−1)n−1i1trA
k−1 + ...+ (−1)n−k+1ik−1trA+ (−1)n−kikn

............................................................................ (4.3)

(−1)22in−2 = (−1)ntrAn−2 + (−1)n−1i1trA
n−3 + ...+ (−1)3in−3trA+ (−1)2in−2n

−in−1 = (−1)ntrAn−1 + (−1)n−1i1trA
n−2 + ...+ (−1)2in−2trA− in−1n

0 = (−1)ntrAn + (−1)n−1i1trA
n−1 + ...− in−1trA+ inn,

èç êîòîðîé îïðåäåëÿþòñÿ èíâàðèàíòû i1, i2, ..., i8, ... :

i1 = trA
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i2 =
1

2!
i21 −

1

2
trA2

i3 =
1

3!
i31 −

1

2
i1trA

2 +
1

3
trA3

i4 =
1

4!
i41 −

1

22
i21trA

2 +
1

3
i1trA

3 +
1

23
(
trA2

)2 − 1

4
trA4

i5 =
1

5!
i51 −

1

22 · 3
i31trA

2 +
1

23
i1
(
trA2

)2
+

1

2 · 3
i21trA

3 − 1

22
i1trA

4 − 1

2 · 3
trA2trA3 +

1

5
trA5

i6 =
1

6!
i61 −

1

24 · 3
i41trA

2 +
1

24
i21
(
trA2

)2
+

1

2 · 32
i31trA

3 − 1

23
i21trA

4 +
1

5
i1trA

5 +
1

23
trA2trA4−

− 1

2 · 3
i1trA

2trA3 − 1

24 · 3
(
trA2

)3
+

1

2 · 32
(
trA3

)2 − 1

2 · 3
trA6

i7 =
1

7!
i71 −

1

24 · 3 · 5
i51trA

2 +
1

24 · 3
i31
(
trA2

)2
+

1

23 · 32
i41trA

3 − 1

23 · 3
i31trA

4 +
1

2 · 5
i21trA

5+

+
1

23
i1trA

2trA4 − 1

22 · 3
i21trA

2trA3 − 1

24 · 3
i1
(
trA2

)3
+

1

2 · 32
i1
(
trA3

)2 − 1

2 · 3
i1trA

6−

− 1

2 · 5
trA2trA5 − 1

22 · 3
trA3trA4 +

1

23 · 3
(
trA2

)2
trA3 − 1

7
trA7

i8 =
1

8!
i81 −

1

25 · 32 · 5
i61trA

2 +
1

26 · 3
i41
(
trA2

)2
+

1

23 · 32 · 5
i51trA

3 − 1

25 · 3
i41trA

4 +
1

2 · 3 · 5
i31trA

5

+
1

24
i21trA

2trA4 − 1

22 · 32
i31trA

2trA3 − 1

25 · 3
i21
(
trA2

)3
+

1

22 · 32
i21
(
trA3

)2 − 1

22 · 3
i21trA

6+

+
1

23 · 3
i1
(
trA2

)2
trA3 − 1

2 · 5
i1trA

2trA5 − 1

22 · 3
i1trA

3trA4 +
1

7
i1trA

7 − 1

25
(
trA2

)2
trA4+

+
1

27 · 3
(
trA2

)4 − 1

22 · 32
trA2

(
trA3

)2
+

1

22 · 3
trA2trA6 +

1

3 · 5
trA3trA5 +

1

25
(
trA4

)2 − 1

8
trA8

............................................................................

Îäíàêî ïîëó÷èòü ôîðìóëó îáùåãî âèäà èíâàðèàíòîâ íà ýòîì ïóòè íå óäàëîñü. Òåì íå
ìåíåå, ôîðìóëû (4.2) ìîãóò ñëóæèòü îñíîâîé êîìïüþòåðíîãî ìîäåëèðîâàíèÿ ïî âû÷èñëå-
íèþ êîýôôèöèåíòîâ detF (λ) - èíâàðèàíòîâ ik .

5. Îïðåäåëåíèå êîýôôèöèåíòîâ õàðàêòåðèñòè÷åñêîãî ìíîãî÷ëåíà

Ðàññìàòðèâàåòñÿ ìàòðè÷íàÿ îáîáùåííàÿ ñïåêòðàëüíàÿ çàäà÷à ïî Ý. Øìèäòó (1.1), êî-
òîðóþ äëÿ ïîëó÷åíèÿ ñòàíäàðòíîé çàïèñè õàðàêòåðèñòè÷åñêîãî óðàâíåíèÿ óäîáíî çàïè-
ñàòü â ìàòðè÷íîì âèäå

λs
(
I 0
0 I

)(
φ
ψ

)
=

(
0 A∗

s

As 0

)(
φ
ψ

)
+ λ

(
0 A∗

s−1

As−1 0

)(
φ
ψ

)
+ ...+

+λs−1

(
0 A∗

1

A1 0

)(
φ
ψ

)
. (5.1)
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Â íåêîòîðîì áàçèñå {ek}n1 n -ìåðíîãî âåùåñòâåííîãî (êîìïëåêñíîãî) ïðîñòðàíñòâà φ =
n∑
k=1

ckek, ψ =
n∑
k=1

dkek è (5.1) çàïèñûâàåòñÿ â âèäå ñèñòåìû
λsck = λs−1

n∑
i=1

1
aikdi + ...+ λ

n∑
i=1

s−1
a ikdi +

n∑
i=1

s
aikdi

λsdk = λs−1
n∑
j=1

1
akjcj + ...+ λ

n∑
j=1

s−1
a kjcj +

n∑
j=1

s
akjcj.

k = 1, n. (5.2)

Íàøåé çàäà÷åé ÿâëÿåòñÿ ïðåäñòàâëåíèå â ÿâíîì âèäå ñîîòâåòñâóþùåãî (5.1) õàðàêòå-
ðèñòè÷åñêîãî óðàâíåíèÿ

det

[
λs
(
I 0
0 I

)
− λs−1

(
0 A∗

1

A1 0

)
− ...− λ

(
0 A∗

s−1

As−1 0

)
−
(

0 A∗
s

As 0

)]
≡

≡ λ2sn + α1λ
2sn−1 + ...+ α2sn−1λ+ α2sn = 0, (5.3)

ò.å. âû÷èñëåíèå êîýôôèöèåíòîâ α1, α2, ..., α2sn−1, α2sn .
Ñëåäóÿ [7] ñîñòàâèì ñèñòåìó:

λs+1ck =
n∑
i=1

1
aikλ

sdi + λs−1
n∑
i=1

2
aikdi + ...+ λ2

n∑
i=1

s−1
a ikdi + λ

n∑
i=1

s
aikdi =

=
n∑
i=1

1
aik

[
λs−1

n∑
j=1

1
aijcj + ...+ λ

n∑
j=1

s−1
a ijcj +

n∑
j=1

s
aijcj

]
+ λs−1

n∑
i=1

2
aikdi+

+...+ λ2
n∑
i=1

s−1
a ikdi + λ

n∑
i=1

s
aikdi = λs−1

n∑
j=1

(
1(2)
a kjcj +

2
ajkdj

)
+ ...+

+λ2
n∑
j=1

(
s−2(2)
a kjcj +

s−1
a jkdj

)
+ λ

n∑
j=1

(
s−1(2)
a kjcj +

s
ajkdj

)
+

n∑
j=1

s(2)
a kjcj

λs+1dk =
n∑
j=1

1
akjλ

scj + λs−1
n∑
j=1

2
akjcj + ...+ λ2

n∑
j=1

s−1
a kjcj + λ

n∑
j=1

s
akjcj =

=
n∑
j=1

1
akj

[
λs−1

n∑
i=1

1
aijdi + ...+ λ

n∑
i=1

s−1
a ijdi +

n∑
i=1

s
aijdi

]
+ λs−1

n∑
j=1

2
akjcj+

+...+ λ2
n∑
j=1

s−1
a kjcj + λ

n∑
j=1

s
akjcj = λs−1

n∑
i=1

(
1(2)
a kidi +

2
akici

)
+ ...+

+λ2
n∑
i=1

(
s−2(2)
a kidi +

s−1
a kici

)
+ λ

n∑
i=1

(
s−1(2)
a kidi +

s
akici

)
+

n∑
i=1

s(2)
a kidi.

(5.4)

Äàëåå, óìíîæàÿ (5.4) íà λ è èñïîëüçóÿ (5.2), âû÷èñëÿåì λs+2ck è λs+2dk , ... , λ2snck è
λ2sndk .

Âîçüìåì ïåðâûå óðàâíåíèÿ èç êàæäîé ñèñòåìû, óìíîæåííûå, ñîîòâåòñòâåííî, íà
α2sn−s, α2sn−s−1, ..., α1, 1, è âû÷èñëèì ñóììó c1(λ

2sn + α1λ
2sn−1 + ...+ +α2sn−s−1λ

s+1 +
α2sn−sλ

s) , ñëîæèâ ñîîòâåòñâóþùèå ïðàâûå ÷àñòè. Ñïðàâà âîçíèêàþò ñëàãàåìûå, ñîîòâåò-
ñòâåííî, ñ ìíîæèòåëÿìè c1, c2, ..., cn, d1, d2, ..., dn, âíóòðè êîòîðûõ âûïîëíÿåòñÿ ãðóïïè-
ðîâêà ïî ñòåïåíÿì λ . Äëÿ âûïîëíåíèÿ ïîëó÷åííîãî ðàâåíñòâà íåîáõîäèìî ïðèðàâíÿòü
êîýôôèöèåíòû ïðè c2, ..., cn, d1, d2, ..., dn ê íóëþ. Èç âîçíèêàþùåé ñèñòåìû îïðåäåëÿþòñÿ
α1, α2, ..., α2sn−s , êîòîðûå â ðåçóëüòàòå ïîäñòàíîâêè â êîýôôèöèåíòû ïðè c1 â ïðàâîé ÷àñòè
äàäóò, ñîîòâåòñòâåííî, α2sn−s+1 , êàê êîýôôèöèåíò ïðè λs−1 , α2sn−s+2 , êàê êîýôôèöèåíò
ïðè λs−2 ,..., α2sn , êàê êîýôôèöèåíò ïðè íóëåâîé ñòåïåíè λ .

Èçëîæåííûé ïðèåì ïîçâîëÿåò îïðåäåëèòü âñå êîýôôèöèåíòû õàðàêòåðèñòè÷åñêîãî

ìíîãî÷ëåíà. Â äàííîì ñëó÷àå êîýôôèöèåíò α1 òàêæå èçâåñòåí: α1 = Sp

(
0 A∗

1

A1 0

)
= 0 .

Â òî æå âðåìÿ îí îïðåäåëÿåòñÿ èç ñèñòåìû α1, α2, ..., α2sn−s .
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Ïðèâåäåì âû÷èñëåíèå êîýôôèöèåíòîâ õàðàêòåðèñòè÷åñêîãî óðàâíåíèÿ íà êîíêðåòíîì
ïðèìåðå. Ïóñòü s = 3, n = 2 . Ïðåäñòàâèì â ÿâíîì âèäå ñëåäóþùåå óðàâíåíèå ñòåïåíè
2sn = 12 :

det

[
λ3
(
I 0
0 I

)
− λ2

(
0 A∗

1

A1 0

)
− λ

(
0 A∗

2

A2 0

)
−
(

0 A∗
3

A3 0

)]
= 0, (5.5)

ãäå A1 =

(
1 1
0 0

)
, A2 =

(
1 0
1 0

)
, A3 =

(
−1 0
0 1

)
, I =

(
1 0
0 1

)
. Äëÿ ýòîãî âîçüìåì

ñîîòâåòñòâóþùóþ (5.5) ñèñòåìó
λ3c1 = λ2d1 + λ(d1 + d2)− d1
λ3c2 = λ2d1 + d2
λ3d1 = λ2(c1 + c2) + λc1 − c1
λ3d2 = λc1 + c2

(5.6)

è ïî íåé ñîñòàâèì
λ4c1 = λ2(c1 + c2 + d1 + d2) + λ(c1 − d1)− c1
λ4c2 = λ2(c1 + c2) + λ(c1 + d2)− c1
λ4d1 = λ2(2d1 + c1) + λ(−c1 + d1 + d2) + (−d1 + d2)
λ4d2 = λ2c1 + λc2.

Ïðîäîëæàÿ ïðîöåññ óìíîæåíèÿ íà λ è èñïîëüçóÿ (5.5), âûïèøåì òîëüêî ïåðâûå óðàâ-
íåíèÿ ïîëó÷àþùèõñÿ ñèñòåì:

λ5c1 = λ2(2c1 + c2 + d1) + λ(c1 + d1 + d2) + (−c1 + c2 − d1 + d2)

λ6c1 = λ2(2c1 + c2 + 4d1 + d2) + λ(c2 + d1 + 3d2) + (−c1 − 2d1 + d2)

λ7c1 = λ2(4c1 + 5c2 + 4d1 + 3d2) + λ(4c1 + 3d2) + (−4c1 + c2 − 2d1 + d2)

λ8c1 = λ2(8c1 + 4c2 + 9d1 + 3d2) + λ(3c1 + c2 + 2d1 + 5d2) + (−4c1 + 3c2 − 4d1 + 5d2)

λ9c1 = λ2(12c1 + 10c2 + 14d1 + 5d2) + λ(8c1 + 3c2 + 4d1 + 13d2) + (−9c1 + 3c2 − 8d1 + 4d2)

λ10c1 = λ2(22c1 + 17c2 + 26d1 + 13d2) + λ(10c1 + 3c2 + 4d1 + 16d2)+

+(−14c1 + 5c2 − 12d1 + 10d2)

λ11c1 = λ2(36c1 + 29c2 + 43d1 + 16d2) + λ(25c1 + 5c2 + 10d1 + 32d2)

+(−26c1 + 13c2 − 22d1 + 17d2)

λ12c1 = λ2(68c1 + 48c2 + 85d1 + 32d2) + λ(33c1 + 13c2 + 14d1 + 53d2)

+(−43c1 + 16c2 − 36d1 + 29d2).

Óìíîæàÿ ïîëó÷åííûå ðàâåíñòà íà α9, α8, ..., α1, 1 è ñêëàäûâàÿ ðåçóëüòàòû, ïîëó÷èì

c1(λ
12 + α1λ

11 + α2λ
10 + α3λ

9 + α4λ
8 + α5λ

7 + α6λ
6 + α7λ

5 + α8λ
4 + α9λ

3) =

= c1
[
λ2(68 + 36α1 + 22α2 + 12α3 + 8α4 + 4α5 + 2α6 + 2α7 + α8)+

+λ(33 + 25α1 + 10α2 + 8α3 + 3α4 + 4α5 + α7 + α8)+

+ (−43− 26α1 − 14α2 − 9α3 − 4α4 − 4α5 − α6 − α7 − α8)] +

+c2
[
λ2(48 + 29α1 + 17α2 + 10α3 + 4α4 + 5α5 + α6 + α7 + α8)+
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+λ(13 + 5α1 + 3α2 + 3α3 + α4 + α6) + (16 + 13α1 + 5α2 + 3α3 + 3α4 + α5 + α7)] +

+d1
[
λ2(85 + 43α1 + 26α2 + 14α3 + 9α4 + 4α5 + 4α6 + α7 + α8 + α9)+

+λ(14 + 10α1 + 4α2 + 4α3 + 2α4 + α6 + α7 − α8 + α9)+

+ (−36− 22α1 − 12α2 − 8α3 − 4α4 − 2α5 − 2α6 − α7 − α9)] +

+d2
[
λ2(32 + 16α1 + 13α2 + 5α3 + 3α4 + 3α5 + α6 + α8)+

+λ(53 + 32α1 + 16α2 + 13α3 + 5α4 + 3α5 + 3α6 + α7 + α9)+

+ (29 + 17α1 + 10α2 + 4α3 + 5α4 + α5 + α6 + α7)] .

Ïðèðàâíÿâ êîýôôèöèåíòû ïðè c2, d1 è d2 ê íóëþ, ïîëó÷èì:

α1 = 0, α2 = −2, α3 = −2, α4 = 0, α5 = 2, α6 = −1, α7 = −2, α8 = −1, α9 = 4.

Ïîäñòàâèâ ïîëó÷åííûå çíà÷åíèÿ α â ðàâåíñòâî

λ12 + α1λ
11 + α2λ

10 + α3λ
9 + α4λ

8 + α5λ
7 + α6λ

6 + α7λ
5 + α8λ

4 + α9λ
3 =

= λ2(68 + 36α1 + 22α2 + 12α3 + 8α4 + 4α5 + 2α6 + 2α7 + α8)+

+λ(33 + 25α1 + 10α2 + 8α3 + 3α4 + 4α5 + α7 + α8)+

+(−43− 26α1 − 14α2 − 9α3 − 4α4 − 4α5 − α6 − α7 − α8),

íàéäåì α10 = −1, α11 = −2, α12 = 1. Òàêèì îáðàçîì, õàðàêòåðèñòè÷åñêîå óðàâíåíèå (5.5)
â ÿâíîì âèäå ñëåäóþùåå:

λ12 − 2λ10 − 2λ9 + 2λ7 − λ6 − 2λ5 − λ4 + 4λ3 − λ2 − 2λ+ 1 = 0.

Íåïîñðåäñòâåííîå âû÷èñëåíèå õàðàêòåðèñòè÷åñêîãî óðàâíåíèÿ ïîäòâåðæäàåò ïîëó÷åí-
íûé ðåçóëüòàò.

Ç à ì å ÷ à í è å 5.1. Ïîäîáíî [12] äëÿ ìàòðè÷íîãî ïîëèíîìà âèäà (5.1) òàêæå
ìîæåò áûòü ñôîðìóëèðîâàíà è äîêàçàíà òåîðåìà Ãàìèëüòîíà-Êýëè.
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Cayley-Hamilton theorem for two variants of matrix

spectral problems on E.Shmidt and development of

characteristic polynomial.

c⃝ A. N. Kuvshinova3, B. V. Loginov4

Abstract. At the beginning of previous century E.Schmidt had introduced for integral operators
eigenvalue systems {λk} , counting with their multiplicities and relevant sets of eigenelements
{φk}∞1 , {ψk}∞1 , such that Aφk = λkψk, A

∗ψk = λkφk . In this article generalized matrix spectral
problems polynomially depending on Schmidt's spectral parameter are considered. I.S. Arjanykh
(1951) has proved the generalized Hamilton-Cayley theorem for polynomial matrices with identity
matrix at the parameter highest degree with the aim of application to numerical methods of linear
algebra. Below it is given the extension of Hamilton-Cayley theorem on matrix E.Schmidt spectral
problems polynomially depending on spectral parameter with identity matrix at the highest degree
of spectral parameter (s.2) and also with identity (invertible) matrix at the parameter zero degree
(s.3). With the aimes of further investigations [11-13] on the base of the suggested by I.S.Arzhanykh
[6, 7] approach the development of characteristic polynomial on Schmidt spectral parameter degrees
is made.
Key Words: E.Schmidt spectrum; E.Shmidt eigenvalues; polynomial matrices on E.Shmidt
spectral parameter; Hamilton-Cayley theorem; development of characteristic polynomial.
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