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Ñèíòåç ñòàáèëèçèðóþùåãî óïðàâëåíèÿ â äèñêðåòíûõ

ñèñòåìàõ áåç âûõîäîâ

c⃝ Å. À. Êóäàøîâà1

Àííîòàöèÿ. Â ðàáîòå ïðåäëàãàåòñÿ ðåøåíèå çàäà÷è ñòàáèëèçàöèè êëàññà íåñòàöèîíàðíûõ
íåëèíåéíûõ äèñêðåòíûõ ñèñòåì áåç âûõîäîâ. Ðåøåíèå çàäà÷è ñòàáèëèçàöèè ïðîäåìîíñòðèðî-
âàíî íà ñèñòåìàõ âòîðîãî è òðåòüåãî ïîðÿäêîâ.

Êëþ÷åâûå ñëîâà: ñòàáèëèçàöèÿ, äèñêðåòíûå ñèñòåìû, ñèíòåç óïðàâëåíèÿ, ôóíêöèè Ëÿïó-
íîâà.

1. Ââåäåíèå

Â íàñòîÿùåé ðàáîòå ðàññìàòðèâàþòñÿ âîïðîñû ÷èñëåííîãî êîíñòðóèðîâàíèÿ ñòàáèëè-
çèðóþùåãî óïðàâëåíèÿ íà îñíîâå òåîðåì îá àñèìïòîòè÷åñêîé óñòîé÷èâîñòè íóëåâîãî ðå-
øåíèÿ íåàâòîíîìíîé ñèñòåìû.[1]

2. Ïîñòàíîâêà çàäà÷è

Ðàññìîòðèì çàäà÷ó ãëîáàëüíîé ñòàáèëèçàöèè íåàâòîíîìíûõ íåëèíåéíûõ ñèñòåìû áåç
âûõîäîâ âèäà

x(n+ 1) = f(n, x(n)) + g(n, x(n))u(n), (2.1)

Ïðè÷åì ðàññìàòðèâàåìàÿ ñèñòåìà áóäåò ñèñòåìîé áåç ïîòåðü ñ ïîëîæèòåëüíî îïðåäå-
ëåííîé ôóíêöèåé Ëÿïóíîâà V (n, x) : Z+ × Rm → R+ è îáðàòíîé ñâÿçüþ α(n, x(n)) :
Z+ × Rm → Rm , òàêîé ÷òî âûõîäíîå îòîáðàæåíèå y = y(n, x(n), u(n)) : Z+ × Rm × Rk →
Rm ÿâëÿåòñÿ ëèíåéíûì ïî u = u(n) .

Îïðåäåëèì

Ω̂α =
{
x ∈ Rm : V (n0 + i+ 1, f i+1

αn0
(x))− V (n0 + i, f iαn0

(x)) = 0 ∀i, n0 ∈ Z+

}

Sα =

{
x ∈ Rm :

∂V (n0 = i+ 1, θ)

∂θ

∣∣∣∣
θ=f i+1

αn0
(x)

g(n0 + i, f iαn0
(x)) = 0 ∀i, n0 ∈ Z+

}

ãäå fa(n, x) = f(n, x) + g(n, x)α(n, x) .

Ò å î ð å ì à 2.1. Ïðåäïîëîæèì, ÷òî äëÿ ñèñòåìû (2.1) ñóùåñòâóåò çàêîí îáðàò-
íîé ñâÿçè α(n, x) , α(n, 0) ≡ 0 , äâàæäû íåïðåðûâíî äèôôåðåíöèðóåìàÿ ïîëîæèòåëüíî
îïðåäåëåííàÿ, äîïóñêàþùàÿ áåñêîíå÷íî ìàëûé âåðõíèé ïðåäåë ôóíêöèÿ Ëÿïóíîâà òàêàÿ,
÷òî V (n+ 1, fα(n, x))− V (n, x) ≤ 0 , âûïîëíåíû óñëîâèÿ:

1 Àñïèðàíòêà êàôåäðû èíôîðìàöèîîíîé áåçîïàñíîñòè è òåîðèè óïðàâëåíèÿ, Óëüÿíîâñêèé ãîñóäàð-
ñòâåííûé óíèâåðñèòåò, ã. Óëüÿíîâñê; katherine.kudashova@yandex.ru
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1) V (n+ 1, f(n, x) + g(n, x)u) êâàäðàòè÷íà ïî u

2) V (n, x) âûïóêëà è ∂2V (n+1,θ)
∂θ2

∣∣∣
θ=fα(n,x)

≥ 0

3) Sα ∩ Ω̂α = {0} äëÿ èñõîäíûõ è ïðåäåëüíûõ ôóíêöèé
òî ñèñòåìà (3.1) ãëîáàëüíî ñòàáèëèçèðóåìà ïîñðåäñòâîì îáðàòíîé ñâÿçè:

u(n) = α(n, x(n))−
(
I + 1

2
gT (n, x(n)) ∂2V (n+1,β)

∂β2

∣∣∣
β=fα(n,x(n))

g(n, x(n))

)−1

×

×
(

∂V (n+1,β)
∂β

∣∣∣
β=fα(n,x(n))

g(n, x(n))

)T
Ñ ë å ä ñ ò â è å 2.1. Ðàññìîòðèì ñèñòåìó âèäà

x(n+ 1) = A(n)x(n) + g(n, x(n))u(n) (2.2)

Ïðåäïîëîæèì, ÷òî ñóùåñòâóåò ïîëîæèòåëüíî îïðåäåëåííàÿ îãðàíè÷åííàÿ ìàòðèöà
P (n) ∈ Rm×m : AT (n)P (n+1)A(n)−P (n) ≤ 0 . Ïóñòü SA è ΩA îáîçíà÷àþò ìíîæåñòâà:

SA =

x ∈ Rm : xT

(
n0+i+1∏
n=n0

A(n)

)T

P (n0 + i+ 1)g

(
n0 + i,

n0+i∏
n=n0

A(n)x

)
= 0 ∀i, n0 ∈ Z+


ΩA =

{
x ∈ Rm :

(∏n0+i
n=n0

A(n)x
)T

(AT (n0 + i)P (n0 + i+ 1)A(n0 + i)−

−P (n0 + i))
∏n0+i

n=n0
A(n)x = 0 ∀i, n0 ∈ Z+

}
Åñëè SA ∩ ΩA = {0} äëÿ èñõîäíûõ è ïðåäåëüíûõ ìàòðèö, òî ñèñòåìà (2.2) ãëîáàëüíî

ñòàáèëèçèðóåìà ïîñðåäñòâîì îáðàòíîé ñâÿçè

u(n) = −
(
I +

1

2
gT (n, x(n))P (n+ 1)g(n, x(n))

)−1

gT (n, x(n))P (n+ 1)A(n)x(n) (2.3)

3. Ïðèìåíåíèå ìåòîäèêè íà ïðèìåðàõ

Ï ð è ì å ð 3.1. Ðàññìîòðèì ñèñòåìó âòîðîãî ïîðÿäêà ñî ñêàëÿðíûì óïðàâëåíèåì{
x1(n+ 1) = −x2(n) + 2(

√
1 + x21(n)− 1)u(n),

x2(n+ 1) = x1(n)−
√
2x2(n)

(3.1)

Î÷åâèäíî, ìàòðèöû ëèíåéíîãî ïðèáëèæåíèÿ èìåþò âèä:

A =

(
0 −1

1 −
√
2

)
, B =

(
0
0

)
Òàêèì îáðàçîì, íè÷åãî íåëüçÿ ñêàçàòü èç ëèíåéíîãî ïðèáëèæåíèÿ, òàê êàê çäåñü ïðî-

áëåìà ñòàáèëèçàöèè ÿâëÿåòñÿ êðèòè÷åñêîé. Áîëåå òîãî, ìîæíî çàìåòèòü, ÷òî ê ýòîé
ñèñòåìå íå ìîæåò áûòü ïðèìåíåí ïðèíöèï ñæèìàþùèõ îòîáðàæåíèé.
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Ñ äðóãîé ñòîðîíû, ðàññìàòðèâàÿ ôóíêöèþ Ëÿïóíîâà V (x) = 1
2
xTPx , ãäå P =(

1 − 1√
2

− 1√
2

1

)
- ïîëîæèòåëüíî îïðåäåëåííàÿ, îãðàíè÷åííàÿ ìàòðèöà, äëÿ êîòîðîé âû-

ïîëíÿåòñÿ AT (n)P (n+ 1)A(n)− P (n) ≤ 0 .
Ìîæíî âèäåòü, ÷òî

V (Ax) = V (x) , V (Ax) = = 1
2
(Ax)TP (Ax) = 1

2
xTATPAx .

Íàéäåì ìíîæåñòâî SA , ñîñòîÿùåå èç xòàêèõ, ÷òî xTA(n)TP (n+1)g (n,A(n)x) = 0
è xòàêèõ, ÷òî xT (A(n+ 1))TP (n+ 1)g (n,A(n)x) = 0

Ïðîâåäåì íåïîñðåäñòâåííûå âû÷èñëåíèÿ. Ñîãëàñíî ñëåäñòâèþ 2.2 ïîëó÷èì:

(Ax)TPg(x) = 0 ⇒
((

0 −1

1 −
√
2

)(
x1
x2

))T
·

(
1 − 1√

2

− 1√
2

1

)
·
(

2
√

1 + x21 − 2
0

)
=

=
(
−x2 x1 −

√
2x2

)
·
(

1
− 1√

2

)
· 2
(√

1 + x21 − 1
)
=
(
−x2 − x1√

2
+

√
2x2√
2

)
· 2
(√

1 + x21 − 1
)
=

= −2x1√
2

(√
1 + x21 − 1

)
= 0

,

÷òî âëå÷åòx1 = 0 è

0 = (A2x)TPg(Ax) ⇒ 0 =

((
−1

√
2

−
√
2 1

)(
x1
x2

))T (
1

− 1√
2

)
2
(√

1 + x22 − 1
)
=

=
(
−x1 +

√
2x2 x2 −

√
2x1

)( 1
− 1√

2

)
2
(√

1 + x22 − 1
) ,

÷òî âëå÷åò x2 = 0 .
Ñëåäîâàòåëüíî ìíîæåñòâî SA = {0} . Ïî ñëåäñòâèþ 2.2 ñèñòåìà (3.1) ãëîáàëüíî ðàâíî-
ìåðíî ñòàáèëèçèðóåìà ïîñðåäñòâîì óïðàâëåíèÿ âèäà (2.3) ñ íåïîëíîé îáðàòíîé ñâÿçüþ,
áåç âêëþ÷åíèÿ â óïðàâëåíèå êîìïîíåíòû x2(n) ôàçîâîãî âåêòîðà:

u(n) =

√
2x1(n)

(√
1+x22(n)−1

)
5+2x21(n)−4

√
1+x21(n)

.

Ï ð è ì å ð 3.2. Ðàññìîòðèì íåëèíåéíóþ äèñêðåòíóþ ñèñòåìó òðåòüåãî ïîðÿäêà
ñ âåêòîðíûì óïðàâëåíèåì

x1(n+ 1) = x1(n)x3(n) +
x2(n)

1+x21(n)
+
(
1 + 1

n+1

)
x3(n)u1(n),

x2(n+ 1) = x1(n) sin x2(n)− x23(n) + u2,
x3(n+ 1) = −x3(n) sin x1(n).

(3.2)

Ñîãëàñíî òåîðåìå 2.1 âûáåðåì çàêîí îáðàòíîé ñâÿçè, èñêëþ÷àþùèé êîìïîíåíòó x3 â
ïåðâûõ äâóõ óðàâíåíèÿõ

α(n, x) =

 −x1(n)
(
1− 1

n+2

)
x23
0

 , α(n, 0) ≡ 0,

Òîãäà óïðàâëåíèå â èñõîäíîé ñèñòåìå ìîæíî ïðåäñòàâèòü êàê

u(n, x) = α(n, x) + ũ(n, x)

À ñàìà ñèñòåìà ïðèìåä âèä

Æóðíàë ÑÂÌÎ. 2014. Ò. 16, � 3



Ñèíòåç ñòàáèëèçèðóþùåãî óïðàâëåíèÿ â äèñêðåòíûõ ñèñòåìàõ áåç âûõîäîâ 75


x1(n+ 1) = x2(n)

1+x21(n)
+ x3(n)ũ1(n),

x2(n+ 1) = x1(n) sin x2(n) + ũ2,
x3(n+ 1) = −x3(n) sin x1(n).

Â ýòîì ñëó÷àå, ïðåîáðàçîâàííàÿ ñèñòåìà (3.2) áóäåò èìåòü âèä:

x(n+ 1) = fα(x(n)) + g(x(n))ũ(n),

Ãäå fα(x) =

 x2
1+x21

x1 sin x2
−x3 sin x1

 , g(x) =

 x3 0
0 1
0 0


Èç òåîðåìû îá àñèìïòîòè÷åñêîé óñòîé÷èâîñòè ïî ïåðâîìó ïðèáëèæåíèþ ñëåäóåò,

÷òî ñèñòåìà (3.2) ëîêàëüíî ñòàáèëèçèðóåìà. Ïîêàæåì, ÷òî ñèñòåìà (3.2) ìîæåò áûòü
íå òîëüêî ëîêàëüíî, íî è ãëîáàëüíî ñòàáèëèçèðóåìà.

Ðàññìîòðèì ôóíêöèþ Ëÿïóíîâà V (x) = 1
2
(x21 + x22 + x23) . Ïîëàãàÿ V (fα(x)) = V (x) ,

èìååì

x22
1+x21

+ x21 sin
2 x2 + x23 sin

2 x1 = x21 + x22 + x23

1)x2 = 0 ⇒ x1 = 0 ⇒ x3 = 0 èëè
2)x1 = 0 ⇒ (x3 = 0 è x2 ∈ R) .
Â ïåðâîì ñëó÷àå âñå î÷åâèäíî. Ðàññìîòðèì ïîäðîáíåå âòîðîé ñëó÷àé. Çàìåòèì, ÷òî

â ýòîì ñëó÷àå ∂V
∂θ

∣∣
θ=fα

g(x) = 0 èìååò âèä

(
x22

1+x21
+ x21 sin

2 x2 + x23 sin
2 x1)

 x3 0
0 1
0 0

 = 0, ÷òî âëå÷åò

{ x2x3
1+x21

= 0,

x1 sin x2 = 0

×òî äàåò òå æå ñàìûå ðåøåíèÿ x1 = 0, x3 = 0, x2 ∈ R . Íåïîñðåäñòâåííûå âû÷èñ-
ëåíèÿ ïîêàçûâàþò, ÷òî

f 2
α(x) = fα(fα(x)) =


x1 sinx2

1+
x22

(1+x21)
2

x2
1+x21

sin(x1 sin x2)

x3 sin x1 sin
x2

1+x21

 , g(fα(x)) =

 −x3 sin x1 0
0 1
0 0



x21 cos
2 x2 + x23 cos

2 x1 + x22(
1

1 + x21
) = 0

Èñïîëüçóÿ ñîîòíîøåíèå V (f 2
α(x)) = V (fα(x)) = V (x) , ïîëó÷àåì

èëè

x22

(
1− sin2(x1 sinx2)

(1 + x21)
2

)
= 0.

Òàê êàê x1 = 0 x3 = 0, òî ýòî âëå÷åò x2 = 0 . Ñëåäîâàòåëüíî, â ëþáîì ñëó-
÷àå èìååì Sα ∩ Ω̂α = {0} . Èòàê, ñèñòåìà (3.2) ìîæåò áûòü ãëîáàëüíî ñòàáèëèçèðóåìà
(ðåøåíèå x = 0 ðàâíîìåðíî àñèìïòîòè÷åñêè óñòîé÷èâî) ïîñðåäñòâîì ñëåäóþùåãî íåïðå-
ðûâíî äèôôåðåíöèðóåìîãî ïî ïåðåìåííûì ñîñòîÿíèÿ âåêòîðíîãî óïðàâëåíèÿ ñ îáðàòíîé
ñâÿçüþ:
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u(n, x(n)) = α(n, x(n))−
(
I + 1

2
gT (n, x(n))g(n, x(n))

)−1
gT (n, x(n))fα(n, x(n)) =

=

(
−x1(n)

(
1− 1

n+2

)
− 2x2(n)x3(n)

(x23(n)+2)(x21(n)+1)

x23(n)− 2
3
x1(n) sin x2(n)

)

4. Çàêëþ÷åíèå

Ðàçâèòèå ìåòîäèêè äëÿ àâòîíîìíûõ ñèñòåì â íåïðåðûâíîì âðåìåíè äàíî â ñòàòüå [2].
Ïðåäñòàâëåííûå ðåçóëüòàòû äëÿ äèñêðåòíû÷ íåñòàöèîíàðíû÷ íåëèíåéíû÷ ñèñòåì íåïî-
ñðåäñòâåííî ïðèìûêàþò ê ðåçóëüòàòàì ðàáîò [1],[2]. Îäíàêî, ïåðñïåêòèâíûì ïðåäìåòîì
èññëåäîâàíèÿ ÿâëÿåòñÿ ïîëó÷åíèå àíàëîãè÷íûõ ðåçóëüòàòîâ äëÿ íåïðåðûâíûõ ñèñòåì.

Ñïèñîê ëèòåðàòóðû

1. Áîãäàíîâ À.Þ., Êóäàøîâà Å.À., �×èñëåííûå ìåòîäû ñèíòåçà óïðàâëåíèÿ â íåñòàöè-
îíàðíûõ äèñêðåòíûõ ñèñòåìàõ�, Ó÷åíûå çàïèñêè ÓëÃÓ. Ìàòåìàòèêà è èíôîðìàöè-
îííûå òåõíîëîãèè, 2010, �1(3), 9�18.

2. Byrnes C. I., Lin W., �Losslessness, feedback equivalence and the global stabilization of
discrete-time nonlinear systems�, IEEE Trans. on Aut. Control., 1994, �39(1), 83�98.

On stabilization of discrete systems without outputs
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Abstract. This paper focuses on a question of stabilization of nonstationary nonlinear discrete
systems without outputs. The application of stabilization technique is demonstrated on the second
and third orders systems.
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