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Ñóììàðíî-ðàçíîñòíîå óðàâíåíèå â ÷àñòíûõ ðàçíîñòÿõ

âûñîêîãî ïîðÿäêà

c⃝ Ò. Ê. Þëäàøåâ 1 À. Ñ. Õðèòîíåíêî2

Àííîòàöèÿ. Â äàííîé ðàáîòå ïðåäëàãàåòñÿ ìåòîäèêà èçó÷åíèÿ êîíå÷íîé çàäà÷è äëÿ íåëè-
íåéíîãî ñóììàðíî-ðàçíîñòíîãî óðàâíåíèÿ ñ ðàçíîñòíûì ãèïåðáîëè÷åñêèì îïåðàòîðîì ïðîèç-
âîëüíîé íàòóðàëüíîé ñòåïåíè. Äîêàçûâàþòñÿ ñóùåñòâîâàíèå è åäèíñòâåííîñòü ðåøåíèÿ ðàñ-
ñìàòðèâàåìîé çàäà÷è.

Êëþ÷åâûå ñëîâà: ðàçíîñòíîå óðàâíåíèå ïåðâîãî ïîðÿäêà, íåëèíåéíàÿ ïðàâàÿ ÷àñòü, îäíî-
çíà÷íàÿ ðàçðåøèìîñòü, ìåòîä ïîñëåäîâàòåëüíûõ ïðèáëèæåíèé, ìåòîä ñæèìàþùèõ îòîáðàæå-
íèé

1. Ïîñòàíîâêà çàäà÷è

Ïðåäñòàâëÿþò áîëüøîé èíòåðåñ ñ òî÷êè çðåíèÿ ôèçè÷åñêèõ ïðèëîæåíèé äèôôåðåí-
öèàëüíûå óðàâíåíèÿ â ÷àñòíûõ ïðîèçâîäíûõ âûñîêèõ ïîðÿäêîâ. Èçó÷åíèå ìíîãèõ çàäà÷
ãàçîâîé äèíàìèêè, òåîðèè óïðóãîñòè, òåîðèè ïëàñòèí è îáîëî÷åê ïðèâîäèò ê ðàññìîòðå-
íèþ äèôôåðåíöèàëüíûõ óðàâíåíèé â ÷àñòíûõ ïðîèçâîäíûõ âûñîêèõ ïîðÿäêîâ [1].

Âûðàæåíèå óðàâíåíèé â ÷àñòíûõ ïðîèçâîäíûõ âûñîêîãî ïîðÿäêà ÷åðåç ñóïåðïîçèöèþ
äèôôåðåíöèàëüíûõ îïåðàòîðîâ â ÷àñòíûõ ïðîèçâîäíûõ ïåðâîãî ïîðÿäêà ïîçâîëÿåò ïðè-
ìåíÿòü ìåòîäîâ ðåøåíèÿ äèôôåðåíöèàëüíûõ óðàâíåíèé â ÷àñòíûõ ïðîèçâîäíûõ ïåðâîãî
ïîðÿäêà [2] - [5]. Ëîêàëüíàÿ òåîðèÿ äèôôåðåíöèàëüíûõ óðàâíåíèé â ÷àñòíûõ ïðîèç-
âîäíûõ ïåðâîãî ïîðÿäêà, îñíîâàííàÿ íà ïîíÿòèÿõ ïðîèçâîäíîé ïî íàïðàâëåíèþ è õàðàê-
òåðèñòèê, õîðîøî ðàçâèòà. Õàðàêòåðèñòèêè çàìå÷àòåëüíû òåì, ÷òî âûðàæåíèÿ â ëåâîé
÷àñòè óðàâíåíèé â ÷àñòíûõ ïðîèçâîäíûõ ïåðâîãî ïîðÿäêà ïðåäñòàâëÿþò ñîáîé ïðîèçâîä-
íóþ íåèçâåñòíîé ôóíêöèè ïî íàïðàâëåíèþ âäîëü õàðàêòåðèñòèêè. Ýòî ïîçâîëÿåò, ïåðåé-
äÿ ê íîâîé ïåðåìåííîé, ïðåäñòàâèòü óðàâíåíèå â ÷àñòíûõ ïðîèçâîäíûõ êàê îáûêíîâåííîå
äèôôåðåíöèàëüíîå óðàâíåíèå, îïèñûâàþùåå èçìåíåíèå íåèçâåñòíîé ôóíêöèè âäîëü ëè-
íèè õàðàêòåðèñòèê.

Â äàííîé ðàáîòå êàê äèñêðåòíûé àíàëîã óðàâíåíèé â ÷àñòíûõ ïðîèçâîäíûõ âûñîêîãî
ïîðÿäêà ðàññìàòðèâàåòñÿ ñóììàðíî-ðàçíîñòíîå óðàâíåíèå ñ ðàçíîñòíûì ãèïåðáîëè÷åñêèì
îïåðàòîðîì ïðîèçâîëüíîé íàòóðàëüíîé ñòåïåíè. Òàêîå óðàâíåíèå ïðè êîíå÷íûõ óñëîâè-
ÿõ çàìåíÿåòñÿ ñ ñóììàðíûì óðàâíåíèåì. Äîêàçûâàþòñÿ ñóùåñòâîâàíèå è åäèíñòâåííîñòü
ðåøåíèÿ ïîëó÷åííîãî ñóììàðíîãî óðàâíåíèÿ.

Íà ìíîæåñòâå D ðàññìàòðèâàåòñÿ íåëèíåéíîå óðàâíåíèå â ÷àñòíûõ ðàçíîñòÿõ ñëåäó-
þùåãî âèäà (

∆2
n −∆2

m

)k
u(n,m) = f

(
n,m,

N−1∑
ν=n0

N−1∑
µ=−N

K(ν, µ)u(ν, µ)

)
(1.1)

ñ êîíå÷íûìè óñëîâèÿìè

u(n,m)|n=N = φ1(m),∆i
nu(n,m)|n=N = φi+1(m), i = 1, 2k − 1, (1.2)

1 Äîöåíò êàôåäðû âûñøåé ìàòåìàòèêè, Ñèáèðñêèé ãîñóäàðñòâåííûé àýðîêîñìè÷åñêèé óíèâåðñèòåò
èìåíè àêàäåìèêà Ì. Ô. Ðåøåòíåâà, ã. Êðàñíîÿðñê, tursunbay@rambler.ru;

2 Ñòóäåíòêà èíñòèòóòà èíôîðìàòèêè è òåëåêîììóíèêàöèè, Ñèáèðñêèé ãîñóäàðñòâåííûé àýðîêîñìè÷å-
ñêèé óíèâåðñèòåò èìåíè àêàäåìèêà Ì. Ô. Ðåøåòíåâà, ã. Êðàñíîÿðñê
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ãäå u(n,m) � íåèçâåñòíàÿ ôóíêöèÿ, f
(
n,m, u(n,m)

)
îïðåäåëåíà äëÿ âñåõ n ≥ n0 , φi(m)

îïðåäåëåíû äëÿ âñåõ m ∈ Z , i = 1, 2k , 0 <
N−1∑
ν=n0

N−1∑
µ=−N

K(ν, µ) < ∞ , D ≡ DN × Z ,

DN ≡ {n0 ≤ n ≤ N} , 0 < n0, n,N � íàòóðàëüíûå ÷èñëà, Z � ìíîæåñòâî öåëûõ ÷èñåë, k
� ïðîèçâîëüíîå íàòóðàëüíîå ÷èñëî, ∆2

nu(n,m) = ∆
(
∆nu(n + 1,m) − ∆nu(n,m)

)
= u(n +

1,m)−2u(n,m)+u(n−1,m) , ∆2
mu(n,m) = ∆

(
∆mu(n,m+1)−∆mu(n,m)

)
= u(n,m+1)−

2u(n,m)+u(n,m−1) , ∆nu(n,m) = u(n+1,m)−u(n,m) , ∆mu(n,m) = u(n,m+1)−u(n,m) .

2. Ñâåäåíèå çàäà÷è (1.1), (1.2) ê ñóììàðíîìó óðàâíåíèþ

Ïðè ðåøåíèè çàäà÷è (1.1), (1.2) èñïîëüçóåì äèñêðåòíûé àíàëîã ìåòîäà õàðàêòåðèñòèê.
Ëåâóþ ÷àñòü óðàâíåíèÿ (1.1) çàïèøåì â âèäå(

∆2
n −∆2

m

)k
u(n,m) =

(
∆n −∆m

)k(
∆n +∆m

)k
u(n,m) = Lk

1

[
Lk
2[u]
]
,

ãäå L1

[
Lk
2[u]
]
≡
(
∆n −∆m

)
Lk
2[u] , L2[u] ≡

(
∆n +∆m

)
u(n,m) .

Òîãäà óðàâíåíèå (1.1) ïðèîáðåòàåò âèä

Lk
1

[
Lk

2[u]
]
= f

(
n,m,

N−1∑
ν=n0

N−1∑
µ=−N

K(ν, µ)u(ν, µ)

)
. (2.1)

Èç (2.1) âèäíî, ÷òî ðàçíîñòíîå óðàâíåíèå (1.1) èìååò äâà k � êðàòíûå õàðàêòåðèñòèêè:
1) m+N − n− 1 = C1 ; 2) m−N + n+ 1 = C2 , ãäå C1 , C2 � ïðîèçâîëüíûå ïîñòîÿííûå.

Ñóììèðóÿ óðàâíåíèÿ (2.1) k ðàç âäîëü ëèíèè âòîðîé õàðàêòåðèñòèêè, ïîëó÷àåì

Lk−1
1

[
Lk
2[u]
]
= Φ1

(
m−N + n+ 1

)
−

−
N−1∑
ν=n

f

(
ν,m,

N−1∑
θ=n0

N−1∑
µ=−N

K(θ, µ)u(θ, µ)

)
, (2.2)

Lk−2
1

[
Lk
2[u]
]
= Φ2

(
m−N + n+ 1

)
− Φ1

(
m−N + n+ 1

)
(N − n− 1)+

+
N−1∑
ν1=n

N−1∑
ν2=ν1

f

(
ν2,m,

N−1∑
θ=n0

N−1∑
µ=−N

K(θ, µ)u(θ, µ)

)
, (2.3)

. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .

Lk
2[u] =

k∑
i=1

Φi

(
m−N + n+ 1

)(−1)i+1(N − n− 1)k−i

(k − i)!
+

+(−1)k
N−1∑
ν1=n

N−1∑
ν2=ν1

· · ·
N−1∑

νk=νk−1

f

(
νk,m,

N−1∑
θ=n0

N−1∑
µ=−N

K(θ, µ)u(θ, µ)

)
, (2.4)

ãäå Φi(i = 1, k) � ïðîèçâîëüíûå öåëûå ôóíêöèè, êîòîðûå ïîëåæàòü îïðåäåëåíèþ.
Èç (2.2)-(2.4), â ñèëó êîíå÷íûõ óñëîâèé (1.2), ïîëó÷àåì

Φ1(m) = φ2k(m), Φ2(m) = φ2k−1(m), . . . , Φk(m) = φk+1(m). (2.5)
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Ïîäñòàâëÿÿ (2.5) â óðàâíåíèå (2.4), èìååì

Lk
2[u] =

k∑
i=1

φk+i

(
m−N + n+ 1

)(−1)i+1(N − n− 1)i−1

(i− 1)!
+

+(−1)k
N−1∑
ν1=n

N−1∑
ν2=ν1

· · ·
N−1∑

νk=νk−1

f

(
νk,m,

N−1∑
θ=n0

N−1∑
µ=−N

K(θ, µ)u(θ, µ)

)
. (2.6)

Àíàëîãè÷íî, ñóììèðóÿ óðàâíåíèÿ (2.6) k ðàç âäîëü ëèíèè ïåðâîé õàðàêòåðèñòèêè,
ïîëó÷àåì

Lk−1
2 [u] = Φk+1

(
m+N − n− 1

)
−

−
k∑

j=1

N−1∑
ν=n

(−1)j+2(N − ν − 1)j−1

(j − 1)!
φk+j

(
m−N + ν + 1

)
+

+(−1)k+1

N−1∑
ν1=n

N−1∑
ν2=ν1

· · ·
N−1∑

νk+1=νk

f

(
νk+1,m,

N−1∑
θ=n0

N−1∑
µ=−N

K(θ, µ)u(θ, µ)

)
, (2.7)

Lk−2
2 [u] = Φk+2

(
m+N − n− 1

)
− Φk+1

(
m+N − n− 1

)
(N − n− 1)+

+
k∑

j=1

N−1∑
ν1=n

N−1∑
ν2=ν1

(−1)j+3(N − ν2 − 1)j−1

(j − 1)!
φk+j

(
m−N + ν2 + 1

)
+

+(−1)k+2

N−1∑
ν1=n

N−1∑
ν2=ν1

· · ·
N−1∑

νk+2=νk+1

f

(
νk+2,m,

N−1∑
θ=n0

N−1∑
µ=−N

K(θ, µ)u(θ, µ)

)
, (2.8)

. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .

u(n,m) =
2k∑

i=k+1

(−1)i+1(N − n− 1)2k−i

(2k − i)!
Φi

(
m+N − n− 1

)
+

+
k∑

j=1

N−1∑
ν1=n

N−1∑
ν2=ν1

· · ·
N−1∑

νk=νk−1

(−1)j+k+1(N − νk − 1)j−1

(j − 1)!
φk+j

(
m−N + νk + 1

)
+

+(−1)2k
N−1∑
ν1=n

N−1∑
ν2=ν1

· · ·
N−1∑

ν2k=ν2k−1

f

(
ν2k,m,

N−1∑
θ=n0

N−1∑
µ=−N

K(θ, µ)u(θ, µ)

)
, (2.9)

ãäå Φi(i = k + 1, 2k) ïðîèçâîëüíûå öåëûå ôóíêöèè, ïîäëåæàùèå îïðåäåëåíèþ.
Èç (2.7)-(2.9), â ñèëó óñëîâèÿ (1.2), ïîëó÷àåì

Φk+1(m) = φk(m), Φk+2(m) = φk−1(m), . . . , Φ2k(m) = φ1(m). (2.10)

Ñ ó÷åòîì (2.10) äëÿ êîíå÷íîé çàäà÷è (1.1), (1.2) ïîëó÷àåì ñëåäóþùåå íåëèíåéíîå ñóì-
ìàðíîå óðàâíåíèå:

u(n,m) ≡ Θ(n,m;u) =
k∑

i=1

(−1)i+1(N − n− 1)i−1

(i− 1)!
φi

(
m+N − n− 1

)
+

+
k∑

j=1

N−1∑
ν1=n

N−1∑
ν2=ν1

· · ·
N−1∑

νk=νk−1

(−1)j+k+1(N − νk − 1)j−1

(j − 1)!
φk+j

(
m−N + νk + 1

)
+
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+(−1)2k
N−1∑
ν1=n

N−1∑
ν2=ν1

· · ·
N−1∑

ν2k=ν2k−1

f

(
ν2k,m,

N−1∑
θ=n0

N−1∑
µ=−N

K(θ, µ)u(θ, µ)

)
, (2.11)

ãäå m � ïàðàìåòð.

3. Ðàçðåøèìîñòü çàäà÷è (1.1), (1.2)

Èñïîëüçóåì ñëåäóþùèå îáîçíà÷åíèÿ: Bnd(M) � êëàññ öåëûõ ôóíêöèé, îãðàíè÷åííûõ
íîðìîé ñ ïîëîæèòåëüíûì ÷èñëîì M ; Lip{L|u,v,...} � êëàññ ôóíêöèé, óäîâëåòâîðÿþùèõ
óñëîâèþ Ëèïøèöà ïî ïåðåìåííûì u, v, . . . ñ ïîëîæèòåëüíûì ÷èñëîì L .

Â êà÷åñòâå íîðìû â îáëàñòè D äëÿ ïðîèçâîëüíîé öåëîé ôóíêöèè x(n,m) ìû áåðåì
åâêëèäîâó íîðìó

∥x(n,m)∥ = max{|x(n,m)| : n ∈ DN ,m ∈ Z}.

Ò å î ð å ì à 3.1. Ïóñòü ñëåäóþùèå óñëîâèÿ âûïîëíÿþòñÿ:

1. φi(m) ∈ Bnd(Mi), 0 <
2k∑
i=1

Mi
(N − 1)i−1

(i− 1)!
≤ δ0 <∞ ;

2. f(n,m, u) ∈ Bnd(M0)
∩
Lip

{
L|u
}
, 0 < L = const ;

3. 0 < M0
(N − 1)2k

(2k)!
≤ δ1 <∞ ;

4. ρ = L
(N − 1)2k

(2k)!

N−1∑
ν=n0

N−1∑
µ=−N

K(ν, µ) < 1 .

Òîãäà çàäà÷à (1.1), (1.2) èìååò åäèíñòâåííîå ðåøåíèå â îáëàñòè D .

Ä î ê à ç à ò å ë ü ñ ò â î. Èñïîëüçóåì ìåòîä ïîñëåäîâàòåëüíûõ ïðèáëèæåíèé â
ñî÷åòàíèè åãî ñ ìåòîäîì ñæèìàþùèõ îòîáðàæåíèé (ñì., íàïð. [6] - [8]). Ðàññìîòðèì
ñëåäóþùèé èòåðàöèîííûé ïðîöåññ Ïèêàðà:{

u0(n,m) = 0,

uγ+1(n,m) = Θ(n,m;uγ), γ = 0, 1, 2, . . . ,
(3.1)

ãäå m � ïàðàìåòð.
Òîãäà, â ñèëó óñëîâèé òåîðåìû, èç (3.1) ïîëó÷àåì, ÷òî ñïðàâåäëèâû ñëåäóþùèå îöåíêè:∥∥u1(n,m)− u0(n,m)

∥∥ ≤

≤
2k∑
i=1

Mi
(N − 1)i−1

(i− 1)!
+

(N − n− 1)2k

(2k)!

∥∥f(n,m, 0)∥∥ ≤ δ0 + δ1, (3.2)

∥∥uγ+1(n,m)− uγ(n,m)
∥∥ ≤

≤ (N − n− 1)2k

(2k)!

N−1∑
ν=n0

N−1∑
µ=−N

K(ν, µ)
∥∥uγ(ν, µ)− uγ−1(ν, µ)

∥∥ ≤

≤ ρ ·
∥∥uγ(n,m)− uγ−1(n,m)

∥∥ < ∥∥uγ(n,m)− uγ−1(n,m)
∥∥. (3.3)

Èç îöåíîê (3.2) è (3.3) ñëåäóåò, ÷òî îïåðàòîð â ïðàâîé ÷àñòè (2.11) ÿâëÿåòñÿ ñæèìàþ-
ùèì. Ñëåäîâàòåëüíî, çàäà÷à (1.1), (1.2) èìååò åäèíñòâåííîå ðåøåíèå â îáëàñòè D .
Ä î ê à ç à ò å ë ü ñ ò â î ç à ê î í ÷ å í î.
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Partial summary di�erence equation of the higher order

c⃝ T. K. Yuldashev3 A. S. Kharitonenko4

Abstract. It is proposed in this paper the method of studying the end-point problem for a nonlinear
partial summary di�erence equation with di�erence hyperbolic operator of the arbitrary natural
power. It is proved the theorem of existence and uniqueness of solution of the considering problem.

Key Words: di�erence equation of the �rst order, nonlinear right-hand side, one-value solvability,
the method of successive approximations, the method of compressing mapping
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