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ÓÄÊ 51.7:532.546

Ïîñòðîåíèå ñèñòåìû ðàçíîñòíûõ óðàâíåíèé ìåòîäîì

Ãàëåðêèíà ñ èñïîëüçîâàíèåì äâóìåðíîãî ñèìïëåêñà

c⃝ Å. Ï. Åðåìèíà1, Ä. È. Áîÿðêèí2

Àííîòàöèÿ. Ðàññìàòðèâàåòñÿ çàäà÷à Äèðèõëå äëÿ óðàâíåíèÿ Ïóàññîíà. Â ðàáîòå ïîñòðî-
åíà ñèñòåìà áàçèñíûõ ôóíêöèé äëÿ òðåóãîëüíîé ñåòêè. Ñãåíåðèðîâàíà ñèñòåìà óðàâíåíèé,
ïîñòðîåíà ðàçíîñòíàÿ ñõåìà. Ïîëó÷åíû îöåíêè äëÿ ïîïåðå÷íèêîâ Êîëìîãîðîâà äëÿ òðåóãîëü-
íîé è ïðÿìîóãîëüíîé ñåòîê, è ïðîâåäåí èõ ñðàâíèòåëüíûé àíàëèç.

Êëþ÷åâûå ñëîâà: áàçèñíûå ôóíêöèè, ôîðìà Ãàëåðêèíà, ïîïåðå÷íèê Êîëìîãîðîâà, ñëàáîå
ðåøåíèå

1. Àïïðîêñèìàöèÿ ìíîãîóãîëüíîé îáëàñòè

Ïîä ìíîãîóãîëüíîé îáëàñòüþ ïîíèìàåòñÿ ëèáî íåêîòîðàÿ îáëàñòü â ôîðìå
ìíîãîóãîëüíèêà, ëèáî àïïðîêñèìàöèÿ îáëàñòè äðóãîé ôîðìû. Ìíîãîóãîëü-
íèê ðàçáèâàåòñÿ íà òðåóãîëüíèêè. Ðàññìîòðèì ëèíåéíóþ ôîðìó, ïðèáëèæà-
þùóþ ôóíêöèþ f(x, y) íà òèïè÷íîì òðåóãîëüíîì ýëåìåíòå ñ âåðøèíàìè
(xi, yi) , (i = 1, 2, 3) (Ðèñ.1.1).

Ð è ñ ó í î ê 1.1

Îíà èìååò âèä

p1(x, y) =
3∑

i=1

αi(x, y)fi, (1.1)

ãäå fi = f(xi, yi), (i = 1, 2, 3). Êîýôôèöèåíòû αi(x, y)(i = 1, 2, 3) çàäàþòñÿ
ôîðìóëàìè

1 Ìàãèñòðàíò 2-ãî ãîäà îáó÷åíèÿ, Ìîðäîâñêèé ãîñóäàðñòâåííûé óíèâåðñèòåò èìåíè Í. Ï. Îãàðåâà,
ã. Ñàðàíñê; tremasovaep@gmail.ru.

2 Äîöåíò êàôåäðû ïðèêëàäíîé ìàòåìàòèêè, Ìîðäîâñêèé ãîñóäàðñòâåííûé óíèâåðñèòåò èìåíè
Í. Ï. Îãàðåâà, ã. Ñàðàíñê; boyarkindi@gmail.ru.
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α1(x, y) =
1

C123
(τ23 + η23x− ξ23y), (1.2)

α2(x, y) =
1

C123
(τ31 + η31x− ξ31y), (1.3)

α3(x, y) =
1

C123
(τ12 + η12x− ξ12y), (1.4)

ãäå |C123| - óäâîåííàÿ ïëîùàäü òðåóãîëüíèêà, à

τij = xiyj − xjyi, (1.5)

ξij = xi − xj, (1.6)

ηij = yi − yj (i, j = 1, 2, 3). (1.7)

Ïîëíàÿ áàçèñíàÿ ôóíêöèÿ îòíîñèòåëüíî íåêîòîðîé âåðøèíû ïîëó÷àåòñÿ ñóì-
ìèðîâàíèåì ÷àñòåé, ñâÿçàííûõ ñ òðåóãîëüíèêàìè, êîòîðûå ïðèìûêàþò ê âåð-
øèíå.

2. Ïîñòðîåíèå ñèñòåìû áàçèñíûõ ôóíêöèé äëÿ ñëó÷àÿ êîíå÷íîãî
ýëåìåíòà äâóìåðíîãî ñèìïëåêñà

Ëþáóþ îáëàñòü â äâóìåðíîì ïðîñòðàíñòâå ìîæíî àïïðîêñèìèðîâàòü ìíî-
ãîóãîëüíèêàìè, êîòîðûå âñåãäà ìîæíî ðàçáèòü íà êîíå÷íîå ÷èñëî òðåóãîëü-
íèêîâ. Ïîëíûé ïîëèíîì ïîðÿäêà m

m∏
k+l=0

aklx
kyl (2.1)

ìîæåò áûòü èñïîëüçîâàí äëÿ ïðåäñòàâëåíèÿ ôóíêöèè U(x, y) , ïî çíà÷åíèÿì,
â
1
2(m+ 1)(m+ 2) óçëàõ òðåóãîëüíèêà. Äëÿ ñëó÷àÿ m = 1 èíòåðïîëÿöèîííûé
ïîëèíîì èìååò âèä:∏

1

(x, y) = α1 + α2(x) + α3y =
3∑

j=1

Ujp
1
j(x, y). (2.2)

Çíà÷åíèÿ Uj ( j = 1, 2, 3 ) ÿâëÿþòñÿ çíà÷åíèÿìè èñêîìîé ôóíêöèè U(x, y)
ñîîòâåòñòâåííî â âåðøèíàõ pj (j = 1, 2, 3) , à pj èìåþò ñëåäóþùèé âèä:

p1j =
1

Cjkl
(τkl + ηklx− ξkly) =

Dkl

Cjkl
, (2.3)
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ãäå τkl , ξkl , ηkl çàäàþòñÿ ôîðìóëàìè (1.5)- (1.7),

Dkl = det

 1 x y
1 xk yk
1 xl yl

 , (2.4)

Cjkl = det

 1 xj yj
1 xk yk
1 xl yl

 . (2.5)

Íåòðóäíî çàìåòèòü, ÷òî

p1j =

{
1, j = k;
0, j ̸= k (1 ≤ j, k ≤ 3).

(2.6)

Ðàññìîòðèì ñåòêó, èçîáðàæåííóþ íà ðèñóíêå 2.1.

Ð è ñ ó í î ê 2.1

Òî÷êó (i, j) áóäåì îêðóæàòü ïðÿìîóãîëüíûìè òðåóãîëüíèêàìè ñ âûñîòîé h è
îñíîâàíèåì 2h . Çàôèêñèðóåì âåðøèíó (i, j) è ðàññìîòðèì òðåóãîëüíèê (1) .
Äëÿ òðåóãîëüíèêà (1) íàéäåì ôóíêöèè pi,j , pi−1,j−1 , pi+1,j−1 .

pi,j =
Dk,l

Cp,k,l
=

2h(yj−1 − y)

−2h2
=
y − yj−1

h
, (2.7)

pi+1,j−1 =
(x− xi) + (yj − y)

2h
, (2.8)

pi−1,j−1 =
(xi − x) + (yj − y)

2h
. (2.9)

Æóðíàë ÑÂÌÎ. 2014. Ò. 16, � 1



64 Å. Ï. Åðåìèíà, Ä. È. Áîÿðêèí

Íåòðóäíî çàìåòèòü, ÷òî äëÿ ôóíêöèé pi,j , pi−1,j−1 , pi+1,j−1 âûïîëíÿåòñÿ
óñëîâèå (2.6). Íàéäåì àíàëîãè÷íûì îáðàçîì ôóíêöèè pi,j , pi−1,j+1 , pi+1,j−1 ,
pi−1,j−1 , pi+1,j+1 . Ïîëó÷èì ñèñòåìó ôóíêöèé è èõ ïðîèçâîäíûõ.

Áàçèñíàÿ ôóíêöèÿ Òðåóãîëüíèê Ïðîèçâîäíàÿ
∂p
∂x

Ïðîèçâîäíàÿ
∂p
∂y

pij =
y − yj−1

h
(1) 0 1

h

pij =
x− xi−1

h
(2) 1

h 0

pij =
yj+1 − y

h
(3) 0 − 1

h

pij =
xi+1 − x

h
(4) − 1

h 0

pi−1j−1 =
(xi − x) + (yj − y)

2h

(1),(2)

pi−1j+1 =
(xi − x) + (y − yj)

2h

(3),(2)

pi+1j−1 =
(x− xi) + (yj − y)

2h

(1),(4)

pi+1j+1 =
(x− xi) + (y − yj)

2h

(3),(4)

Òàêèì îáðàçîì ïîëó÷èì ñèñòåìó áàçèñíûõ ôóíêöèé äëÿ 1 ≤ i, j ≤ m− 1

φi,j(x, y) =



y − yj−1

h
, yj−1 ≤ y ≤ yj; y − yj−1 − xi−1 ≤ x ≤ y − yj−1 − xi+1 ;

x− xi−1

h
, xi−1 ≤ x ≤ xi; x− xi−1 + yj−1 ≤ y ≤ xi−1 − x+ yj+1 ;

yj+1 − y

h
, yj ≤ y ≤ yj+1; yj − y + xi ≤ x ≤ y − yj − xi ;

xi+1 − x

h
, xi ≤ x ≤ xi+1; xi − x+ yj ≤ y ≤ x− xi + yj ;

0, ïðè äðóãèõ çíà÷åíèÿõ àðãóìåíòà.
(2.10)

×àñòíûå ïðîèçâîäíûå áàçèñíûõ ôóíêöèé áóäóò èìåòü âèä äëÿ 1 ≤ i, j ≤
m− 1
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∂φi,j(x, y)

∂x
=


1

h
, xi−1 ≤ x ≤ xi; x− xi−1 + yj−1 ≤ y ≤ xi−1 − x+ yj+1 ;

−1

h
, xi ≤ x ≤ xi+1; xi − x+ yj ≤ y ≤ x− xi + yj ;

0, ïðè äðóãèõ çíà÷åíèÿõ àðãóìåíòà.
(2.11)

∂φi,j(x, y)

∂y
=


1

h
, yj−1 ≤ y ≤ yj; y − yj−1 − xi−1 ≤ x ≤ y − yj−1 − xi+1 ;

−1

h
, yj ≤ y ≤ yj+1; yj − y + xi ≤ x ≤ y − yj − xi ;

0, ïðè äðóãèõ çíà÷åíèÿõ àðãóìåíòà.
(2.12)

3. Ãåíåðàöèÿ ñèñòåìû ðàçíîñòíûõ óðàâíåíèé

Ðàññìîòðèì çàäà÷ó Äèðèõëå äëÿ óðàâíåíèÿ Ïóàññîíà

∂2u(x, y)

∂x2
+
∂2u(x, y)

∂y2
= f(x, y), (x, y) ∈ D (3.1)

u(x, y)|∂D = 0. (3.2)

Ôîðìà Ãàëåðêèíà äëÿ çàäà÷è Äèðèõëå äëÿ çàäà÷è (3.1)-(3.2) èìååò âèä

m−1∑
k,l=1

ũk,l

∫∫
D

(
∂φk,l(x, y)

∂x

∂φi,j(x, y)

∂x
+

+
∂φk,l(x, y)

∂y

∂φi,j(x, y)

∂y

)
dxdy +

∫∫
D

f(x, y)φi,j(x, y)dxdy= 0. (3.3)

Ïîñòðîèì ðàçíîñòíóþ ñõåìó íà îñíîâå âûðàæåíèÿ äëÿ íàõîæäåíèÿ êîýô-
ôèöèåíòîâ ũk,l .
Äëÿ íàõîæäåíèÿ êîýôôèöèåíòîâ ðàññìîòðèì ñëó÷àè, êîãäà k, l ïðèíèìàþò
çíà÷åíèÿ i + 1, j + 1 , i − 1, j + 1 , i + 1, j − 1 , i − 1, j − 1 , i, j . Ïðè
äðóãèõ çíà÷åíèÿõ k, l çíà÷åíèÿ èíòåãðàëîâ ïåðåä êîýôôèöèåíòàìè ũk,l
áóäóò ðàâíû íóëþ, òàê êàê áàçèñíûå ôóíêöèè èìåþò ëîêàëüíûé íîñèòåëü.
Ðàññìîòðèì ñëó÷àé k = i+ 1, l = j + 1
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Ð è ñ ó í î ê 3.1

∫∫
D

(
∂φk,l(x, y)

∂x

∂φi,j(x, y)

∂x
+
∂φk,l(x, y)

∂y

∂φi,j(x, y)

∂y

)
dxdy = (3.4)

=

xi+1∫
xi

yj+(x−xi)∫
yj

(
∂φi+1,j+1(x, y)

∂x

∂φi,j(x, y)

∂x
+
∂φi+1,j+1(x, y)

∂y

∂φi,j(x, y)

∂y

)
dxdy+

(3.5)

+

yj+1∫
yj

xi+(y−yj)∫
xi

(
∂φi+1,j+1(x, y)

∂x

∂φi,j(x, y)

∂x
+
∂φi+1,j+1(x, y)

∂y

∂φi,j(x, y)

∂y

)
dxdy =

(3.6)

= −1

2
. (3.7)

Àíàëîãè÷íî êîýôôèöèåíòû ïåðåä çíà÷åíèÿìè ũi−1,j−1 , ũi+1,j−1 , ũi−1,j+1

áóäóò ðàâíû −1
2 , à ïåðåä çíà÷åíèåì ũi,j ðàâåí 2. Òàêèì îáðàçîì ïîëó÷èì

ðàçíîñòíóþ ñõåìó

Æóðíàë ÑÂÌÎ. 2014. Ò. 16, � 1



Ïîñòðîåíèå ñèñòåìû ðàçíîñòíûõ óðàâíåíèé ìåòîäîì Ãàëåðêèíà . . . 67

2ũi,j−
1

2
ũi−1,j−1−

1

2
ũi−1,j+1−

1

2
ũi+1,j+1−

1

2
ũi+1,j−1 = −

1 1∫∫
0 0

f(xi, yj)φi,j(x, y)dxdy,

(3.8)

1 ≤ i, j ≤ m− 1 .

4. N-ìåðíûé êîëìîãîðîâñêèé ïîïåðå÷íèê

Ââåäåì ñëåäóþùèå îáîçíà÷åíèÿ:
W - ëèíåéíîå ïðîñòðàíñòâî âñåõ íåïðåðûâíûõ â îáëàñòè D è íà ãðàíèöå
∂D ôóíêöèé, îáëàäàþùèõ îãðàíè÷åííûìè ïðîèçâîäíûìè ïåðâîãî ïîðÿäêà,
êîòîðûå ìîãóò èìåòü ðàçðûâû ëèøü íà êîíå÷íîì ìíîæåñòâå ïðÿìûõ.
W̃ - ëèíåéíîå ïðîñòðàíñòâî ôóíêöèé, ñîñòîÿùåå èç òåõ æå ôóíêöèé, ÷òî è
W , íî ñî ñêàëÿðíûì ïðîèçâåäåíèå (w, v)

(w, v) =

∫∫
D

(
∂w

∂x

∂v

∂x
+
∂w

∂y

∂v

∂y

)
dxdy. (4.1)

Ýòî ñêàëÿðíîå ïðîèçâåäåíèå èíäóöèðóåò íîðìó ∥w∥2w̃ = (w,w) â ïðîñòðàí-
ñòâå W̃ .
W̃ o - ïîäïðîñòðàíñòâî ôóíêöèé w ⊂ W̃ , óäîâëåòâîðÿþùèõ óñëîâèþ w|∂D =
0 .
Âûáîð áàçèñíûõ ôóíêöèé íàäî ïî âîçìîæíîñòè îñóùåñòâèòü òàê, ÷òîáû äëÿ
êàæäîé ôóíêöèè v ∈ U ⊂ W̃ o íàøëàñü òàêàÿ ôóíêöèÿ wN ∈ W̃N , "áëèçêàÿ"
ê íåé, äëÿ êîòîðîé âåëè÷èíà

∥w̃N − u∥2W = min
w∈W̃N

(w − u,w − u). (4.2)

Òàêèì îáðàçîì, íàèëó÷øèì áûë áû òàêîé âûáîð áàçèñíûõ ôóíêöèé, ïðè êî-
òîðîì ÷èñëî

KN = KN(U, w̃N) = sup
v∈U

min
w∈W̃N

∥w̃N − u∥W̃ (4.3)

áûëî áû íàèìåíüøèì âîçìîæíûì. Îáîçíà÷èì κ(U, W̃ o) ÷èñëî

κ(U, W̃ o) = inf
w∈W̃N

KN(U, w̃N). (4.4)
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Ýòî ÷èñëî íàçûâàåòñÿ N-ìåðíûì êîëìîãîðîâñêèì ïîïåðå÷íèêîì êëàññà
ôóíêöèé U îòíîñèòåëüíî íîðìèðîâàííîãî ïðîñòðàíñòâà W̃ o ∈ W . Î÷åâèä-
íî, ÷òî íàèëó÷øèì âûáîðîì áàçèñíûõ ôóíêöèé áûë áû òàêîé, ïðè êîòîðîì
÷èñëî (4.3) ñîâïàäàëî áû ñ ïîïåðå÷íèêîì À.Í. Êîëìîãîðîâà.

Òåîðåìà 1. Ïóñòü U - ìíîæåñòâî âñåõ ôóíêöèé, âòîðûå ïðîèçâîäíûå
êîòîðûõ íåïðåðûâíû è íå ïðåâîñõîäÿò ïî ìîäóëþ íåêîòîðîãî ÷èñëà M, è
êîòîðûå îáðàùàþòñÿ â íóëü íà ãðàíèöå ∂D . Ïóñòü äëÿ êàæäîãîN èç íåêî-
òîðîé âîçðàñòàþùåé ïîñëåäîâàòåëüíîñòè íàòóðàëüíûõ ÷èñåë îñóùåñòâëåí
âûáîð òî÷åê QN

1 , Q
N
2 , ..., Q

N
m ,ãäå m = m(N) , ðàçáèåíèå ìíîãîóãîëüíèêà

DN = QN
1 Q

N
2 ...Q

N
m íà òðåóãîëüíèêè, ïîðîæäàþùåå ñåòêó PN

1 , P
N
2 , ..., P

N
m .

Ïóñòü ïðè ýòîì âûïîëíåíû óñëîâèÿ:

10 . Äëèíà l ëþáîé ñòîðîíû òðåóãîëüíèêà ðàçáèåíèÿ óäîâëåòâîðÿåò íåðàâåí-
ñòâó

l ≤ C1h, (4.5)

h =

[
SD

N

]1/2
, (4.6)

SD - ïëîùàäü òðåóãîëüíèêà.
20 . Ïëîùàäü SN îáëàñòè D\DN óäîâëåòâîðÿåò îöåíêå

SN ≤ C2
2h, C2 = const. (4.7)

30 . Êàæäûé óãîë α ëþáîãî èç òðåóãîëüíèêîâ ðàçáèåíèÿ óäîâëåòâîðÿåò
îöåíêå

α > α0 = const > 0. (4.8)

Òîãäà ïðè ñôîðìóëèðîâàííûõ óñëîâèÿõ äëÿ âåëè÷èíû

KN(U, w̃N) = sup
v∈U

inf
w∈W̃ o

∫∫
D

((
∂(w − v)

∂x

)2

+

(
∂(w − v)

∂y

)2
)
dxdy (4.9)

èìååò ìåñòî îöåíêà

KN(U, w̃N) ≤ C3h, (4.10)

ãäå C3 - íåêîòîðàÿ ïîñòîÿííàÿ.
Íåòðóäíî óâèäåòü âûïîëíåíèå óñëîâèé òåîðåìû äëÿ ðàçáèåíèÿ ïîëó÷åííîãî
â ïóíêòàõ 2-4.
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Äëÿ äîêàçàòåëüñòâà òåîðåìû èíòåãðàë (4.9) ìîæíî ðàçáèòü íà ñóììó èíòåãðà-
ëîâ ïî ìíîãîóãîëüíèêó DN , âïèñàííîìó â îáëàñòü D , è ïî åãî äîïîëíåíèþ
D \DN . Çàìåòèì,÷òî äëÿ ïðÿìîóãîëüíîé îáëàñòè D ≡ DN .

Ð è ñ ó í î ê 4.1

Ïîýòîìó äëÿ ïðÿìîóãîëüíîé îáëàñòè íåò ñóùåñòâåííûõ ðàçëè÷èé ïðè âû-
÷èñëåíèè íà ïðÿìîóãîëüíîé è òðåóãîëüíîé ñåòêàõ. Ðàññìîòðèì ñëó÷àé, êîãäà
îáëàñòü D íå ÿâëÿåòñÿ ïðÿìîóãîëüíîé, è ðàâåíñòâî D ≡ DN íå âûïîëíÿåò-
ñÿ. Îáðàòèìñÿ ê äîêàçàòåëüñòâó òåîðåìû 1. Â õîäå äîêàçàòåëüñòâà ïîëó÷åíà
ñèñòåìà êîíñòàíò. Äëÿ êàæäîãî èç ñëàãàåìûõ èíòåãðàëà (4.9) ïîëó÷åíû îöåí-
êè ∫∫

DN

(
∂(w − v)

∂x

)2

dxdy ≤ A1, (4.11)

∫∫
D\DN

(
∂(w − v)

∂y

)2

dxdy ≤ A2, (4.12)

ãäå

A1 =
8A3h

2

sin2(α0)
, (4.13)

A2 = 2M 2L2C2h
2. (4.14)

Äëÿ ñëó÷àÿ ñåòêè íà îñíîâå ïðÿìîóãîëüíîãî òðåóãîëüíèêà è ñëó÷àÿ ïðÿìî-
óãîëüíîé ñåòêè sin2(α0) = 1 . Îöåíèì ìíîæèòåëü C2 . Äëÿ ñëó÷àÿ ïðÿìî-
óãîëüíîé ñåòêè êîíñòàíòà C2 áóäåò áîëüøå êîíñòàíòû C2 äëÿ òðåóãîëüíîé
ñåòêè, òàê êàê òðåóãîëüíèêàìè ìîæíî ïîêðûòü áîëüøóþ ïëîùàäü îáëàñòè
D , ÷åì ïðÿìîóãîëüíèêàìè. Ïîýòîìó ÷èñëî KN äëÿ òðåóãîëüíîé ñåòêè ìåíü-
øå, ñëåäîâàòåëüíî èñïîëüçîâàíèå òðåóãîëüíîé ñåòêè ïðåäïî÷òèòåëüíåå.
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Building a system of di�erence equations by the Galerkin

method using two-dimensional simplex

c⃝ E. P. Eremina3,D. I. Boyarkin4

Abstract. The Dirichlet problem for the Poisson equation is considered. The system of basic
functions for the triangular grid is constructed. The system of equations is generated, the di�erence
scheme is constructed. Estimates for the Kolmogorov widths for triangular and rectangular grids
are obtained. Comparative analysis was performed.

Key Words: basis functions, Galerkin form, weak solution, Kolmogorov width.

3 Magister of Applied Mathematics Chair, Mordovian State University after N.P. Ogarev, Saransk;
tremasovaep@gmail.ru.

4 Docent of Applied Mathematics Chair, Mordovian State University after N.P. Ogarev, Saransk;
boyarkindi@gmail.ru.

MVMS journal. 2014. V. 16, No. 1


