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Óñòîé÷èâîñòü ïî Òüþðèíãó äèíàìè÷åñêèõ ñèñòåì,

îïèñûâàåìûõ óðàâíåíèÿìè ñ äðîáíûìè ïðîèçâîäíûìè

c⃝ È. Â. Áîéêîâ1, Â. À. Ðÿçàíöåâ2

Àííîòàöèÿ. Ðàññìàòðèâàþòñÿ ìîäåëè ðåàêöèè-äèôôóçèè, îïèñûâàåìûå ñèñòåìàìè äèôôå-
ðåíöèàëüíûõ óðàâíåíèé â ÷àñòíûõ ïðîèçâîäíûõ ñ äðîáíûìè ïðîèçâîäíûìè. Èññëåäóþòñÿ
óñòîé÷èâîñòü è íåóñòîé÷èâîñòü ïî Òüþðèíãó ýòèõ ñèñòåì.

Êëþ÷åâûå ñëîâà: óðàâíåíèÿ â ÷àñòíûõ ïðîèçâîäíûõ, ìîäåëè ðåàêöèè-äèôôóçèè, óñòîé-
÷èâîñòü ïî Òüþðèíãó, ëîãàðèôìè÷åñêàÿ íîðìà, äðîáíûå ïðîèçâîäíûå

1. Ââåäåíèå

Òåîðèÿ óñòîé÷èâîñòè ðåøåíèé äèôôåðåíöèàëüíûõ óðàâíåíèé, íåñìîòðÿ íà ñâîþ áî-
ëåå ÷åì âåêîâóþ èñòîðèþ, ïðîäîëæàåò àêòèâíî ðàçâèâàòüñÿ è îáîãàùàåòñÿ íîâûìè íà-
ïðàâëåíèÿìè èññëåäîâàíèé. Â ïîñëåäíåå âðåìÿ ê ÷èñëó òàêèõ íàïðàâëåíèé äîáàâèëàñü
íåóñòîé÷èâîñòü ïî Òüþðèíãó. Ýòî îáóñëîâëåíî òåì, ÷òî îòêðûòèå À. Òüþðèíãîì ïðè ðàñ-
ñìîòðåíèè ïðîñòåéøåé ìàòåìàòè÷åñêîé ìîäåëè ìîðôîãåíåçà äèôôóçèîííîé íåóñòîé÷èâî-
ñòè âûçâàëî îãðîìíîå êîëè÷åñòâî ðàáîò êàê ïî èññëåäîâàíèþ ìàòåìàòè÷ñåêèõ ìîäåëåé
ðåàêöèè-äèôôóçèè, ïðèâîäÿùèõ ê ñòðóêòóðîîáðàçîâàíèþ ïî Òüþðèíãó, òàê è ïî ýêñïåðè-
ìåíòàëüíîìó èõ ìîäåëèðîâàíèþ. Óêàæåì íà ìîíîãðàôèè [1], [2], â êîòîðûõ áèáëèîãðàôèÿ
ïî óïîìÿíóòîìó íàïðàâëåíèþ ïðåâûøàåò 600 íàèìåíîâàíèé.

Òåîðèÿ ìîðôîãåíåçà Òüþðèíãà îáúÿñíèëà ìíîãèå ÿâëåíèÿ â õèìèè, áèîëîãèè, ñîöèàëü-
íûõ íàóêàõ è ñïðîãíîçèðîâàëà ìíîãèå ýôôåêòû êàê â òåîðèè íåëèíåéíûõ ïàðàáîëè÷åñêèõ
óðàâíåíèé, òàê è â ïðåäìåòíûõ îáëàñòÿõ.

Íîâûé èìïóëüñ èçó÷åíèþ óðàâíåíèé âèäà "ðåàêöèÿ-äèôôóçèÿ"äàëè ðàáîòû È. Ð. Ïðè-
ãîæèíà è åãî øêîëû. Áûëè èññëåäîâàíû ïðîöåññû îáðàçîâàíèÿ áèôóðêàöèé â ðåàêöèîííî-
äèôôóçèîííîé ìîäåëè õèìè÷åñêîé ñðåäû � "áðþññåëÿòîðå"[3]. Ïðè ýòîì ñêîíñòðóèðîâàí-
íàÿ Ëåôåâðîì è Ïðèãîæèíûì ìîäåëü îêàçàëàñü áîëåå îáùåé, íåæåëè ìîäåëü Òüþðèíãà,
è ñíÿëà ðÿä âîçðàæåíèé ñî ñòîðîíû õèìèêîâ è áèîëîãîâ ê ìîäåëè äèôôóçèè Òüþðèíãà.

Â ðåçóëüòàòå ýòèõ ðàáîò îáðàçîâàëîñü íîâîå íàïðàâëåíèå èññëåäîâàíèé � ñèíåðãåòèêà,
îêàçàâøåå çíà÷èòåëüíîå âëèÿíèå íà ðàçâèòèå ìàòåìàòèêè â êîíöå XX ñòîëåòèÿ.

Ôîðìàëüíî ïîäõîä Òüþðèíãà çàêëþ÷àåòñÿ â âîçìóùåíèè èñõîäíîé îäíîðîäíîé ïî îò-
íîøåíèþ ê ïðîñòðàíñòâåííûì ïåðåìåííûì ñèñòåìû äèôôåðåíöèàëüíûõ óðàâíåíèé äèñ-
ñèïàòèâíûìè ñëàãàåìûìè.

Î ï ð å ä å ë å í è å 1.1. [4] Îäíîðîäíîå ïî ïåðåìåííîé x ðåøåíèå u∗(t, x) =(
u∗1(t, x), u

∗
2(t, x)

)T
ñèñòåìû óðàâíåíèé

∂u1(t, x)

∂t
= a11(t)u1 + a12(t)u2 + g1(t, u1, u2),

∂u2(t, x)

∂t
= a21(t)u1 + a22(t)u2 + g2(t, u1, u2),

(1.1)

1 Çàâåäóþùèé êàôåäðîé âûñøåé è ïðèêëàäíîé ìàòåìàòèêè, Ïåíçåíñêèé ãîñóäàðñòâåííûé óíèâåðñèòåò,
ã. Ïåíçà; boikov@pnzgu.ru.

2 Àñïèðàíò êàôåäðû âûñøåé è ïðèêëàäíîé ìàòåìàòèêè, Ïåíçåíñêèé ãîñóäàðñòâåííûé óíèâåðñèòåò, ã.
Ïåíçà; ryazantsevv@mail.ru.
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ïðè íå çàâèñÿùèõ îò ïðîñòðàíñòâåííûõ êîîðäèíàò íà÷àëüíûõ çíà÷åíèÿõ

u∗k(t0, x) = u0k, u0k = const, k = 1, 2, (1.2)

îïðåäåëåííîå â îáëàñòè Ω :
{
(t, x) : (t0,∞)×(−∞,∞)

}
, óñòîé÷èâî ïî Òüþðèíãó, åñëè äëÿ

ëþáîãî ε > 0 íàéäóòñÿ òàêèå δ1 = δ1(ε) è δ2 = δ2(ε) , ÷òî ïðè âûïîëíåíèè íåðàâåíñòâ∣∣δjk∣∣ ≤ δ1 , j, k = 1, 2 ðåøåíèå u(t, x) =
(
u1(t, x), u2(t, x)

)T
çàäà÷è Êîøè

∂u1(t, x)

∂t
= a11(t)u1 + a12(t)u2 + g1(t, u1, u2) + δ11

∂νu1(t, x)

∂xν
+ δ12

∂νu2(t, x)

∂xν
,

∂u2(t, x)

∂t
= a21(t)u1 + a22(t)u2 + g2(t, u1, u2) + δ21

∂νu1(t, x)

∂xν
+ δ22

∂νu2(t, x)

∂xν
,

(1.3)

uk(t0, x) = u0k + ũ0k(x),
∣∣ũ0k(x)∣∣ ≤ δ2, (1.4)

k = 1, 2 , −∞ < x <∞ , óäîâëåòâîðÿåò íåðàâåíñòâó sup
t0≤t<∞,−∞<x<∞

∣∣uk(t, x)− u∗k(t, x)
∣∣ ≤

ε . Â ïðîòèâíîì ñëó÷àå ðåøåíèå u∗(t, x) ñèñòåìû (1.1) íåóñòîé÷èâî ïî Òüþðèíãó.

Ç à ì å ÷ à í è å 1.1. Â ñëàãàåìûõ δjk
∂νuk(t, x)

∂xν
, j, k = 1, 2 â ïðàâûõ ÷àñòÿõ óðàâ-

íåíèé ñèñòåìû (1.3) ïîä
∂νuk(t, x)

∂xν
ñëåäóåò ïîíèìàòü ïðîèçâîäíóþ äðîáíîãî ïîðÿäêà â

ñìûñëå Ðèìàíà-Ëèóâèëëÿ, îïðåäåëÿåìóþ ôîðìóëîé [5]

∂νuk(t, x)

∂xν
= −∞Dν

xuk =
1

Γ(n− ν)

∂n

∂xn

x∫
−∞

uk(t, ξ)

(x− ξ)ν+1−n dξ,

ãäå n åñòü ÷èñëî, íà åäèíèöó áîëüøåå öåëîé ÷àñòè èñõîäíîãî ïîðÿäêà ν > 0 ðàññìàòðè-
âàåìîé äðîáíîé ïðîèçâîäíîé: n = ⌈ν⌉ .

Ç à ì å ÷ à í è å 1.2. Ïðè èññëåäîâàíèè óñòîé÷èâîñòè ïî Òüþðèíãó ðåøåíèÿ ñè-
ñòåìû (1.1), êàê ïðàâèëî, ïðåäïîëàãàåòñÿ óñòîé÷èâîñòü â ñìûñëå Ëÿïóíîâà ðåøåíèÿ
èñõîäíîé ñèñòåìû (1.1) ê âîçìóùåíèþ íà÷àëüíûõ óñëîâèé.

Â ðàáîòå èññëåäóåòñÿ óñòîé÷èâîñòü ïî Òüþðèíãó ðåøåíèé ñèñòåì îáûêíîâåííûõ äèô-
ôåðåíöèàëüíûõ óðàâíåíèé ñ êîýôôèöèåíòàìè, ìåäëåííî èçìåíÿþùèìèñÿ âî âðåìåíè. Ðàñ-
ñìîòðåí ñëó÷àé, êîãäà â êà÷åñòâå äèññèïàòèâíûõ ñëàãàåìûõ áåðóòñÿ äèôôåðåíöèàëüíûå
îïåðàòîðû ñ ïðîèçâîäíûìè äðîáíîãî ïîðÿäêà ïî ïðîñòðàíñòâåííîé ïåðåìåííîé. Ìåòîä
èññëåäîâàíèÿ çàêëþ÷àåòñÿ â ïåðåõîäå íà îñíîâå èíòåãðàëüíûõ ïðåîáðàçîâàíèé ê ñèñòåìå
îáûêíîâåííûõ äèôôåðåíöèàëüíûõ óðàâíåíèé ñ ïàðàìåòðîì è èññëåäîâàíèè óñòîé÷èâîñòè
ðåøåíèé ýòîé ñèñòåìû.

2. Ócòîé÷èâîñòü ïî Òüþðèíãó ðåøåíèé ñèñòåì íåëèíåéíûõ óðàâ-
íåíèé c ïðîèçâîäíûìè äðîáíîãî ïîðÿäêà

Äëÿ èññëåäîâàíèÿ óñòîé÷èâîñòè ïî Òüþðèíãó îäíîðîäíîãî ïî ïåðåìåííîé x ðåøåíèÿ
u∗(t, x) çàäà÷è (1.1)-(1.2) ââåäåì íîâóþ íåèçâåñòíóþ âåêòîð-ôóíêöèþ v(t, x) ïî ôîðìóëå

v(t, x) = u(t, x)− u∗(t, x), (2.1)

ãäå v(t, x) =
(
v1(t, x), v2(t, x)

)T
, à u(t, x) � ðåøåíèå çàäà÷è Êîøè (1.3)-(1.4).
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Èñïîëüçóÿ âûðàæåíèå (2.1), ïîëó÷àåì, ÷òî âåêòîð-ôóíêöèÿ v(t, x) ÿâëÿåòñÿ ðåøåíèåì
çàäà÷è Êîøè 

∂v1
∂t

= a11(t)v1 + a12(t)v2 + h1(t, v1, v2) + δ11
∂νv1
∂xν

+ δ12
∂νv2
∂xν

,

∂v2
∂t

= a21(t)v1 + a22(t)v2 + h2(t, v1, v2) + δ21
∂νv1
∂xν

+ δ22
∂νv2
∂xν

,
(2.2)

v1(t0, x) = v01(x), v2(t0, x) = v02(x), (2.3)

ãäå v01(x) = ũ01(x) è v02(x) = ũ02(x) , à ôóíêöèè h1(t, v1, v2) , h2(t, v1, v2) ïîëó÷åíû èç
ôóíêöèé g1(t, u1, u2) , g2(t, u1, u2) ñîîîòâåòñòâåííî ïðè ïåðåõîäå ê íîâûì íåèçâåñòíûì
ôóíêöèÿì v1(t, x) , v2(t, x) .

Â ïðåäïîëîæåíèè, ÷òî ôóíêöèè v01(x) , v02(x) ñóììèðóåìû ñ êâàäðàòîì ïî ïåðåìåííîé
x , ïðèìåíèì ê çàäà÷å (2.2)-(2.3) ïðåîáðàçîâàíèå Ôóðüå ïî ïðîñòðàíñòâåííîé ïåðåìåííîé,
ó÷èòûâàÿ [5], ÷òî F

(
−∞Dν

xv(t, x)
)
=
(
−iω

)ν
V (t, ω) . Â ðåçóëüòàòå ïîëó÷èì ñëåäóþùóþ

ñèñòåìó íåëèíåéíûõ äèôôåðåíöèàëüíûõ óðàâíåíèé ñ ïàðàìåòðîì:
∂V1
∂t

=
[
a11(t) + δ11

(
−iω

)ν]
V1 +

[
a12(t) + δ12

(
−iω

)ν]
V2 +H1(t, ω),

∂V2
∂t

=
[
a21(t) + δ21

(
−iω

)ν]
V1 +

[
a22(t) + δ22

(
−iω

)ν]
V2 +H2(t, ω),

(2.4)

V1(t0, ω) = V01(ω), V2(t0, ω) = V02(ω), (2.5)

Ââåäåì çàìåíó íåèçâåñòíûõ ôóíêöèé V1(t, ω) , V2(t, ω) ïî ôîðìóëàì

V1(t, ω) = P1(t, ω) + iP2(t, ω), V2(t, ω) = P3(t, ω) + iP4(t, ω).

Èìååò ìåñòî ñëåäóþùåå ïðåäñòàâëåíèå [6]:

(−iω)ν = |ω|ν ·
(
cos(πν/2)− i sin(πν/2)sgn(ω)

)
. (2.6)

Èñïîëüçóÿ (2.6), èç ñèñòåìû (2.4) ïîëó÷àåì ñèñòåìó äëÿ íåèçâåñòíîé âåêòîð-ôóíêöèè
P (t, ω) =

(
P1(t, ω), P2(t, ω), P3(t, ω), P4(t, ω)

)T
:

∂P

∂t
= Ψ(t, ω)P +R(t, ω), (2.7)

ãäå R(t, ω) =
(
R1(t, ω), R2(t, ω), R3(t, ω), R4(t, ω)

)T
, Ψ(t, ω) =

{
Ψjk(t, ω)

}
, j, k = 1, 2 ,

Ψjk(t, ω) =

(
ajk(t) + δjk|ω|ν cos(πν/2) δjk|ω|νsgn(ω) sin(πν/2)
−δjk|ω|νsgn(ω) sin(πν/2) ajk(t) + δjk|ω|ν cos(πν/2)

)
,

à ôóíêöèè Rk(t, ω) , k = 1, 4 îïðåäåëÿþòñÿ èç âûðàæåíèé

H1(t, ω) = R1(t, ω) + iR2(t, ω), H2(t, ω) = R3(t, ω) + iR4(t, ω).

Âåêòîð-ôóíêöèþ P (t, ω) áóäåì ðàññìàòðèâàòü â ïðîñòðàíñòâå âåêòîð-ôóíêöèé(
P1(t, ω), P2(t, ω), P3(t, ω), P4(t, ω)

)T
c íîðìàìè

∥P (t, ω)∥ =

√√√√ 4∑
k=1

∣∣Pk(t, ω)∣∣2, ∥P (t, ω)∥1 = max
k=1,4

[∣∣Pk(t, ω)∣∣],
Æóðíàë ÑÂÌÎ. 2013. Ò. 15, � 4
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∥P (t, ω)∥2 =

 4∑
k=1

 ∞∫
−∞

∣∣Pk(t, ω)∣∣2 dω
1/2

.

Íîðìû ∥P (t, ω)∥ è ∥P (t, ω)∥1 ñâÿçàíû ñëåäóþùèì äâóñòîðîííèì íåðàâåíñòâîì [6]:

1

2
∥P (t, ω)∥ ≤ ∥P (t, ω)∥1 ≤ ∥P (t, ω)∥. (2.8)

Ò å î ð å ì à 2.1. Ïóñòü âûïîëíåíû óñëîâèÿ:
1) ëîãàðèôìè÷åñêàÿ íîðìà Λ

(
Ψ(t, ω)

)
, âû÷èñëÿåìàÿ ïî ôîðìóëå

Λ
(
Ψ(t, ω)

)
= sup

j=1,4

Re[ψjj(t, ω)]+ 4∑
k=1
k ̸=j

∣∣ψjk(t, ω)∣∣
 . (2.9)

íà ìíîæåñòâå çíà÷åíèé ω ∈ R è t ∈ [t0,∞) îãðàíè÷åíà ñâåðõó ÷èñëîì −γ , γ > 0 ;
2) ôóíêöèè h1

(
t, v1, v2

)
, h2

(
t, v1, v2

)
íåïðåðûâíû ïî âñåì ïåðåìåííûì;

3) âåêòîð-ôóíêöèÿ h(t, v) =
(
h1(t, v), h2(t, v)

)T
óäîâëåòâîðÿåò íåðàâåíñòâó

∥h(t, v)∥2 ≤ β∥v∥2; (2.10)

4) ôóíêöèè ajk(t) , j, k = 1, 2 íåïðåðûâíû ïðè t ≥ t0 , ïðè÷åì èõ çíà÷åíèÿ ïðèíàäëå-
æàò èíòåðâàëó

(
ajk(T ) − εjk, ajk(T ) + εjk

)
, εjk ≥ 0 ïðè T ≤ t ≤ T + θ , ãäå T ≥ t0 �

ëþáîå, à çíà÷åíèÿ θ è εjk îïðåäåëÿþòñÿ èç íåðàâåíñòâà

2
√
2e

(
− γ

2
+

4(β+ε)2

γ

)
θ
≤ 1− α, ε = max

j,k
εjk,

ãäå 0 < α < 1 �ôèêñèðîâàííîå ÷èñëî, íå çàâèñÿùåå îò T ;
5) ïîñòîÿííûå β è γ ñâÿçàíû íåðàâåíñòâîì

β + ε <
γ

2
√
2
. (2.11)

Òîãäà ðåøåíèå u∗(t) çàäà÷è (1.1)-(1.2) óñòîé÷èâî ïî Òüþðèíãó.

Ä î ê à ç à ò å ë ü ñ ò â î. Çàìåíèì îïåðàòîðíîå óðàâíåíèå (2.7) ñëåäóþùèì óðàâíåíèåì:

∂P

∂t
= Ψ(T, ω)P +Rε(t, ω), (2.12)

ãäå Rε(t, ω) =
[
Ψ(t, ω)−Ψ(T, ω)

]
+R(t, ω) .

Ðåøåíèå îïåðàòîðíîãî óðàâíåíèÿ (2.12) ïðè êàæäîì ôèêñèðîâàííîì ω ∈ R è ïðè
çíà÷åíèÿõ t , óäîâëåòâîðÿþùèõ íåðàâåíñòâó t0 ≤ T < t , ìîæíî ïðåäñòàâèòü â âèäå [7]:

P (t, ω) = eΨ(T,ω)(t−T )P (T, ω) +

t∫
T

eΨ(T,ω)(t−s)Rε

(
s, ω
)
ds. (2.13)

Â ñèëó î÷åâèäíîãî íåðàâåíñòâà (a + b)2 ≤ 2a2 + 2b2 , ãäå a , b � ïðîèçâîëüíûå âåùå-
ñòâåííûå ÷èñëà, èìååì îöåíêó

∥P (t, ω)∥2 ≤ 2
∥∥eΨ(T,ω)(t−T )P (T, ω)

∥∥2 + 2

∥∥∥∥∥∥
t∫

T

eΨ(T,ω)(t−s)Rε(s, ω) ds

∥∥∥∥∥∥
2

. (2.14)
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Ïðèìåíÿÿ äâóñòîðîííåå íåðàâåíñòâî (2.8) è èñïîëüçóÿ ïåðâîå óñëîâèå äîêàçûâàåìîé
òåîðåìû, ïîëó÷àåì îöåíêó ñâåðõó äëÿ ïåðâîãî ñëàãàåìîãî â ïðàâîé ÷àñòè íåðàâåíñòâà
(2.14).

2
∥∥eΨ(T,ω)(t−T )P (T, ω)

∥∥2 ≤ 8
∥∥eΨ(T,ω)(t−T )P (T, ω)

∥∥2
1
≤

≤ 8
∥∥eΨ(T,ω)(t−T )∥∥2

1
·
∥∥P (T, ω)∥∥2

1
≤ 8
∥∥eΛ(Ψ(T,ω))(t−T )∥∥2

1
·
∥∥P (T, ω)∥∥2

1
≤

≤ 8e−2γ(t−T )∥∥P (T, ω)∥∥2
1
≤ 8e−γ(t−T )

∥∥P (T, ω)∥∥2.
Èíòåãðèðîâàíèå ïîñëåäíåãî íåðàâåíñòâà äàåò:

2
∥∥eΨ(T,ω)(t−T )P (T, ω)

∥∥2
2
≤ 8e−γ(t−T )

∥∥P (T, ω)∥∥2
2
. (2.15)

Àíàëîãè÷íî, äëÿ âòîðîãî ñëàãàåìîãî â ïðàâîé ÷àñòè (2.14) èìååì:

2

∥∥∥∥∥∥
t∫

T

eΨ(T,ω)(t−s)Rε

(
s, ω
)
ds

∥∥∥∥∥∥
2

≤ 8

∥∥∥∥∥∥
t∫

T

eΨ(T,ω)(t−s)Rε

(
s, ω
)
ds

∥∥∥∥∥∥
2

1

≤

≤ 8

 t∫
T

∥∥eΨ(T,ω)(t−s)∥∥
1
·
∥∥Rε

(
s, ω
)∥∥

1
ds

2

≤

≤ 8

 t∫
T

e−γ(t−s)
∥∥Rε

(
s, ω
)∥∥ ds

2

. (2.16)

Ââåäåì â ðàññìîòðåíèå âåêòîð-ôóíêöèþ hε(t, x) ïî ôîðìóëå

hε(t, x) =

([
a11(t)− a11(T )

]
v1 +

[
a11(t)− a11(T )

]
v2 + h1(t, v1, v2)[

a11(t)− a11(T )
]
v1 +

[
a11(t)− a11(T )

]
v2 + h1(t, v1, v2)

)
.

Êðîìå òîãî, ââåäåì âåêòîð-ôóíêöèþ Hε(t, ω) , ïðåäñòàâëÿþùóþ ñîáîé Ôóðüå-
òðàíñôîðìàíòó ôóíêöèè hε(t, v1, v2) . Ñïðàâåäëèâû ñëåäóþùèå î÷åâèäíûå ðàâåíñòâà:

∥P (t, ω)∥2 = ∥V (t, ω)∥2, ∥Hε(t, v)∥2 = ∥Rε(t, ω)∥2. (2.17)

Â ñèëó ôîðìóëû Ïëàíøåðåëÿ èìååò ìåñòî ðàâåíñòâî∥∥hε(t, v1, v2)∥∥2 = ∥∥Hε(t, ω)
∥∥
2
. (2.18)

Òîãäà èç ñòðóêòóðû âåêòîð-ôóíêöèè hε(t, v) , à òàêæå èç óñëîâèé 2-4 òåîðåìû ñëåäóåò
ñïðàâåäëèâîñòü ïðè T ≤ t ≤ T + θ ñëåäóþùåãî íåðàâåíñòâà:∥∥hε(t, v)∥∥2 ≤ (β + ε)∥v∥2. (2.19)

Èíòåãðèðóÿ íåðàâåíñòâî (2.16) ïî ïåðåìåííîé ω è ïðèìåíÿÿ íåðàâåíñòâî Êîøè-
Áóíÿêîâñêîãî, à òàêæå ôîðìóëó Ïëàíøåðåëÿ è íåðàâåíñòâî (2.19), èìååì:

2

∥∥∥∥∥∥
t∫

T

eΨ(ω)(t−s)Rε(s, ω) ds

∥∥∥∥∥∥
2

2

≤ 8

∞∫
−∞

 t∫
T

e−
γ
2
(t−s)e−

γ
2
(t−s) ∥Rε(s, ω)∥ ds

2

dω ≤

≤ 8

 t∫
T

e−γ(t−s) ds

 t∫
T

e−γ(t−s)∥Rε(s, ω)∥22 ds ≤
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≤ 8(β + ε)2

γ

[
1− e−γ(t−T )

] t∫
T

e−γ(t−s)∥P (s, ω)∥22 ds ≤

≤ 8(β + ε)2

γ

t∫
T

e−γ(t−s)∥P (s, ω)∥22 ds. (2.20)

Íàêîíåö, èíòåãðèðîâàíèå îöåíêè (2.14) ïî ïåðåìåííîé ω è èñïîëüçîâàíèå íåðàâåíñòâ
(2.15) è (2.20) äàåò:

∥P (t, ω)∥22 ≤ 8e−γ(t−T )
∥∥P (T, ω)∥∥2

2
+

8(β + ε)2

γ

t∫
T

e−γ(t−s)∥P (s, ω)∥22 ds. (2.21)

Ïóñòü φ(τ) = e−γ(t−τ)
∥∥P (τ, ω)∥∥2

2
, òîãäà íåðàâåíñòâî (2.21) ìîæåò áûòü çàïèñàíî â âèäå:

φ(t) = 8φ(T ) +
8(β + ε)2

γ

t∫
T

φ(s) ds.

Ïðèìåíÿÿ ê ýòîìó íåðàâåíñòâó ëåììó Ãðîíóîëëà-Áåëëìàíà, ïîëó÷àåì íåðàâåíñòâî

φ(t) ≤ 8e
8(β+ε)2

γ
(t−T )φ(T ) , îòêóäà, âîçâðàùàÿñü ê èñõîäíûì îáîçíà÷åíèÿì, èìååì:

∥P (t, ω)∥22 ≤ 8e

(
−γ+ 8(β+ε)2

γ

)
(t−T )

∥P (T, ω)∥22. (2.22)

Â ñèëó ïåðâîãî ðàâåíñòâà (2.17) èç íåðàâåíñòâà (2.22) ñëåäóåò îöåíêà

∥V (t, ω)∥22 ≤ 8e

(
−γ+ 8(β+ε)2

γ

)
(t−T )

∥V (T, ω)∥22,

èç êîòîðîé, èñïîëüçóÿ ôîðìóëó Ïëàíøåðåëÿ è èçâëåêàÿ êâàäðàòíûé êîðåíü, èìååì îêîí-
÷àòåëüíî:

∥v(t, x)∥2 ≤ 2
√
2e

(
− γ

2
+

4(β+ε)2

γ

)
(t−T )

∥v(T, x)∥2. (2.23)

Èç óñëîâèÿ 4 âûòåêàåò, ÷òî â èíòåðâàëå
(
t0,∞

)
ñóùåñòâóåò ìíîæåñòâî òî÷åê tk =

t0 + kθ , â êîòîðûõ âûïîëíÿåòñÿ ðàâåíñòâî ∥v(tk, x)∥2 ≤ (1 − α)k
∥∥v(t0, x)∥∥2. Ñòàëî áûòü,

lim
k→∞

∥∥v(tk, x)∥∥2 = 0 . Ïîñêîëüêó âñÿêèé ñåãìåíò
[
tk, tk+1

]
èìååò äëèíó θ , òî ïðè tk ≤ t ≤

tk+1 ñïðàâåäëèâî íåðàâåíñòâî

∥v(t, x)∥2 ≤ 2
√
2e

(
− γ

2
+

4(β+ε)2

γ

)
(t−tk)∥v(tk, x)∥2 ≤ 2

√
2∥v(tk, x)∥2.

Òåì ñàìûì, lim
t→∞

∥v(t, x)∥2 = 0 . Àñèìïòîòè÷åñêàÿ óñòîé÷èâîñòü ðåøåíèÿ ñèñòåìû (2.2)

äîêàçàíà. Ñòàëî áûòü, ðåøåíèå u∗(t, x) ñèñòåìû (1.1) óñòîé÷èâî ïî Òüþðèíãó.
Ä î ê à ç à ò å ë ü ñ ò â î ç à ê î í ÷ å í î.

Ç à ì å ÷ à í è å 2.1. Ðàññìàòðèâàåìûé â íàñòîÿùåé ñòàòüå ñëó÷àé ñèñòåìû èç
äâóõ óðàâíåíèé, çàâèñÿùèõ îò îäíîé ïðîñòðàíñòâåííîé ïåðåìåííîé, âûáðàí èç ñîîáðà-
æåíèé ïðîñòîòû. Òåîðåìà 2.1. âìåñòå ñ äîêàçàòåëüñòâîì ïðàêòè÷åñêè áåç èçìåíåíèé
ïåðåíîñèòñÿ íà îáùèé ñëó÷àé ñèñòåì èç m óðàâíåíèé ñ n ïðîñòðàíñòâåííûìè ïåðå-
ìåííûìè, ãäå m è n � ïðîèçâîëüíûå öåëûå ïîëîæèòåëüíûå ÷èñëà.
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3. Íåóñòîé÷èâîñòü ïî Òüþðèíãó ðåøåíèé ñèñòåì íåëèíåéíûõ
óðàâíåíèé ñ ïðîèçâîäíûìè äðîáíîãî ïîðÿäêà

Òåïåðü, èñïîëüçóÿ èçëîæåííûé ðàíåå ïîäõîä, âûâåäåì óñëîâèÿ, ïðè êîòîðûõ èìååò
ìåñòî íåóñòîé÷èâîñòü ïî Òüþðèíãó ôèêñèðîâàííîãî ðåøåíèÿ u∗(t, x) çàäà÷è (1.1)-(1.2).

Ðåøåíèå îïåðàòîðíîãî óðàâíåíèÿ (2.12) äàåòñÿ âûðàæåíèåì (2.13). Îöåíèì ýòî ðåøåíèå
ñíèçó, âîñïîëüçîâàâøèñü èçâåñòíûì íåðàâåíñòâîì ∥x + y∥ ≥

∣∣∥x∥ − ∥y∥
∣∣ . Ïðè êàæäîì

ôèêñèðîâàííîì ω ∈ R èìååò ìåñòî íåðàâåíñòâî

∥P (t, ω)∥ ≥

∣∣∣∣∣∣∥∥eΨ(T,ω)(t−T )P (T, ω)
∥∥− ∥∥∥∥

t∫
T

eΨ(T,ω)(t−s)Rε(s, ω) ds

∥∥∥∥
∣∣∣∣∣∣ . (3.1)

Ïðåäïîëîæèì, ÷òî
∥∥eΨ(T,ω)(t−T )P (T, ω)

∥∥ ≥
∥∥∥∥

t∫
T

eΨ(T,ω)(t−s)Rε(s, ω) ds

∥∥∥∥ ; ýòîãî âñåãäà ìîæ-
íî äîáèòüñÿ, åñëè ðàññìàòðèâàòü îöåíêó (3.1) íà äîñòàòî÷íî ìàëîì ïðîìåæóòêå t ∈[
T, T +∆t

]
. Òîãäà îöåíêó (3.1) ìîæíî ïåðåïèñàòü ñëåäóþùèì îáðàçîì:

∥P (t, ω)∥ ≥
∥∥eΨ(T,ω)(t−T )P (T, ω)

∥∥− ∥∥∥∥
t∫

T

eΨ(T,ω)(t−s)Rε(s, ω) ds

∥∥∥∥. (3.2)

Â ïðàâîé ÷àñòè (3.2) îöåíèì âû÷èòàåìîå ñâåðõó, à óìåíüøàåìîå ñíèçó. Èçâåñòíî, ÷òî
òîæäåñòâî eAeB = eA+B èìååò ìåñòî, åñëè ìàòðèöû A è B êîììóòèðóþò [7]. Ïîýòîìó
ïðè âñåõ ω ∈ R ñïðàâåäëèâî ñîîòíîøåíèå

eΨ(T,ω)(t−T )e−Ψ(T,ω)(t−T ) = e−Ψ(T,ω)(t−T )eΨ(ω)(t−T ) = e(Ψ(T,ω)−Ψ(T,ω))(t−T ) = I,

ãäå I � åäèíè÷íàÿ ìàòðèöà. Ñëåäîâàòåëüíî, îïåðàòîð e−Ψ(T,ω)(t−T ) ÿâëÿåòñÿ îáðàòíûì ê
îïåðàòîðó eΨ(T,ω)(t−T ) . Äëÿ îïåðàòîðà e−Ψ(T,ω)(t−T ) èìååò ìåñòî îöåíêà

∥∥e−Ψ(T,ω)(t−T )
∥∥ ≤

eΛ(−Ψ(T,ω))(t−T ) . Ïóñòü ëîãàðèôìè÷åñêàÿ íîðìà Λ
(
−Ψ(t, ω)

)
ìàòðèöû −Ψ(t, ω) ïðè âñåõ

çíà÷åíèÿõ t ≥ t0 , ω ∈ R óäîâëåòâîðÿåò óñëîâèþ

Λ
(
−Ψ(t, ω)

)
≤ −γ, γ > 0. (3.3)

Òîãäà â ñèëó ñóùåñòâîâàíèÿ ó îïåðàòîðà eΨ(T,ω)(t−T ) íåïðåðûâíîãî îáðàòíîãî îïåðàòî-
ðà e−Ψ(T,ω)(t−T ) ïðè êàæäîì ôèêñèðîâàííîì ω ∈ R èìååì [8] íåðàâåíñòâî∥∥eΨ(T,ω)(t−T )P (T, ω)

∥∥ ≥
∥∥eΛ(−Ψ(T,ω))(t−T )∥∥−1 ·

∥∥P (T, ω)∥∥ ≥
≥ e−Λ(−Ψ(T,ω))(t−T )∥∥P (T, ω)∥∥ ≥ eγ(t−T )

∥∥P (T, ω)∥∥. (3.4)

Òåïåðü îöåíèì âû÷èòàåìîå èç ïðàâîé ÷àñòè íåðàâåíñòâà (3.2) ñâåðõó. Ïóñòü ïðè êàæäîì
ôèêñèðîâàííîì ω ∈ R âûïîëíÿåòñÿ íåðàâåíñòâî

∥R(t, ω)∥ ≤ β(ω)∥P (t, ω)∥, (3.5)

ãäå β(ω) � îïðåäåëåííàÿ ïðè âñåõ ω ∈ R îãðàíè÷åííàÿ ôóíêöèÿ.

Ç à ì å ÷ à í è å 3.1. Â ÷àñòíîñòè, ìîæíî ïîëîæèòü β(ω) = β = const . Òîãäà
â ñèëó ôîðìóë (2.17)-(2.18) è ôîðìóëû Ïëàíøåðåëÿ óñëîâèå (3.5) ìîæíî çàìåíèòü óñëî-
âèåì (2.10).
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Ïóñòü ôóíêöèè ajk(t) , j, k = 1, 2 , íåïðåðûâíû ïðè t ≥ t0 . Òîãäà íåòðóäíî óáåäèòüñÿ,
÷òî èç (3.5) ñëåäóåò íåðàâåíñòâî ∥Rε(t, ω)∥ ≤

[
β(ω) + ε

]
∥P (t, ω)∥ , ãäå âåëè÷èíà ε ìîæåò

áûòü ñäåëàíà ñêîëü óãîäíî ìàëîé çà ñ÷åò âûáîðà ïðîìåæóòêà ∆t èçìåíåíèÿ t , T ≤ t ≤
T +∆t .

Ðàññóæäàÿ ïî àíàëîãèè ñ âûâîäîì îöåíêè (2.20), ïîëó÷àåì:

∥∥∥∥
t∫

T

eΨ(T,ω)(t−s)Rε(s, ω) ds

∥∥∥∥ ≤ 2

t∫
T

eΛ(Ψ(T,ω))(t−s)∥Rε(s, ω)∥ ds ≤

≤ 2

 t∫
T

e2Λ(Ψ(T,ω)) ds

1/2

·

 t∫
T

∥Rε(s, ω)∥2 ds

1/2

≤

≤
√
2
[
β(ω) + ε

]√e2Λ(Ψ(T,ω))(t−T ) − 1

Λ(Ψ(T, ω))

 t∫
T

∥P (s, ω)∥2 ds

1/2

(3.6)

Òàêèì îáðàçîì, äëÿ íîðìû ∥V (t, ω)∥ ïðè t ∈ [T, T +∆t] èìååò ìåñòî îöåíêà ñâåðõó:

∥P (t, ω)∥ ≥ eγ(t−T )
∥∥P (T, ω)∥∥−√

2
[
β(ω) + ε

]√e2Λ(Ψ(T,ω))(t−T ) − 1

Λ(Ψ(T, ω))

 t∫
T

∥P (s, ω)∥2 ds

1/2

.

(3.7)
Ïîêàæåì, ÷òî ôóíêöèÿ ∥P (t, ω)∥ ïðè âñÿêîì ôèêñèðîâàííîì ω ∈ R ÿâëÿåòñÿ âîçðàñ-

òàþùåé. Ïðåäïîëîæèì ïðîòèâíîå: ïóñòü íà ïðîìåæóòêå t ∈ [T, T + ∆t] ïðè íåêîòîðîì
ω = ω̃ èìååò ìåñòî íåðàâåíñòâî ∥P (t, ω)∥ ≤ ∥P (T, ω)∥ . Òîãäà íà ýòîì ïðîìåæóòêå èíòå-

ãðàë
t∫
T

∥P (s, ω)∥2 ds îöåíèì ñâåðõó ïðè ïîìîùè ôîðìóëû ëåâûõ ïðÿìîóãîëüíèêîâ:

t∫
T

∥P (s, ω)∥2 ds ≤ (t− T )∥P (T, ω)∥.

Òîãäà â ïðåäïîëîæåíèè, ÷òî Λ
(
Ψ(t, ω)

)
̸= 0 ïðè âñåõ t ≥ t0 , ω ∈ R , íåðàâåíñòâî (3.7)

çàïèøåòñÿ ñëåäóþùèì îáðàçîì:

∥P (t, ω̃)∥ ≥ σ(ω̃, t)∥P (T, ω̃)∥. (3.8)

ãäå σ(ω̃, t) = eγ(t−T ) −
√
2
[
β(ω̃) + ε

]√e2Λ(Ψ(T,ω̃))(t−T ) − 1

Λ(Ψ(T, ω̃))

√
t− T .

Íàéäåì ïðîèçâîäíóþ ôóíêöèþ σ(ω̃, t) ïî ïåðåìåííîé t :

∂σ

∂t
= γeγ(t−T ) −

√
2
[
β(ω̃) + ε

] e2Λ(Ψ(T,ω̃))(t−T )√t− T√
e2Λ(Ψ(T,ω̃))(t−T )−1

Λ(Ψ(T,ω̃))

+
1

2

√
e2Λ(Ψ(T,ω̃))(t−T )−1

Λ(Ψ(T,ω̃))√
t− T

 .
Âû÷èñëèì çíà÷åíèå ïðîèçâîäíîé

∂σ

∂t
ïðè t→ T :

lim
t→T

∂σ

∂t
= γ − 2

[
β(ω̃) + ε

]
.
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Ïóñòü ïðè âñåõ ω ∈ R èìååò ìåñòî óñëîâèå

γ ≥ 2β(ω) + α, (3.9)

ãäå α > 0 � ôèêñèðîâàííîå ÷èñëî.
Òîãäà ïðè âñÿêîì ôèêñèðîâàííîì ω = ω̃ âûïîëíÿåòñÿ íåðàâåíñòâî lim

t→T
σ(ω̃, t) ≥ 1 ,

è, êðîìå òîãî, ñóùåñòâóåò ïðîìåæóòîê âðåìåíè [T, T + ∆t(T ) , íà êîòîðîì ôóíêöèÿ
σ(ω̃, t) âîçðàñòàåò. Ñòàëî áûòü, äëÿ âñÿêîãî T ≥ t0 ìîæíî óêàçàòü òàêîå çíà÷åíèå
∆t(T ) , ÷òî ïðè t ∈ (T, T + ∆t(T )] ôóíêöèÿ σ(t, ω̃) áóäåò ñòðîãî âîçðàñòàþùåé è áîëü-
øåé 1 . Ñëåäîâàòåëüíî, íà ïðîìåæóòêå t ∈ [T, T + ∆t(T )] ôóíêöèÿ σ(t, ω̃) äîñòèãàåò
ñâîåãî ìèíèìàëüíîãî çíà÷åíèÿ â ìîìåíò âðåìåíè t = T . Íî òîãäà â ñèëó (3.8) èìååì
∥P (t, ω̃)∥ ≥ ∥P (T, ω̃)∥ . Òàêèì îáðàçîì, èìååì ïðîòèâîðå÷èå ñ ïåðâîíà÷àëüíî ñäåëàííûì
ïðåäïîëîæåíèåì ∥P (t, ω̃)∥ < ∥P (T, ω̃)∥ , îòêóäà ñëåäóåò, ÷òî äëÿ âñÿêîãî ôèêñèðîâàííîãî
T ≥ t0 ìîæíî óêàçàòü òàêîé èíòåðâàë t ∈ [T, T +∆t(T )] , íà êîòîðîì ôóíêöèÿ ∥P (t, ω̃)∥
áóäåò âîçðàñòàþùåé. Â ñèëó ïðîèçâîëüíîñòè ω̃ äëÿ âñÿêîãî ôèêñèðîâàííîãî ω ∈ R ïî-
ëó÷àåì íåðàâåíñòâî ∥P (t, ω)∥ > ∥P (T, ω)∥ , ãäå T < t < T +∆t(T ) . Òîãäà â ñèëó ïåðâîãî
ðàâåíñòâà (2.17) èìååì îêîí÷àòåëüíî:

∥V (t, ω)∥ > ∥V (T, ω)∥, T < t < T +∆t(T ). (3.10)

Äëÿ äîêàçàòåëüñòâà íåóñòîé÷èâîñòè ðåøåíèÿ íóæíî ïîêàçàòü, ÷òî ∥V (t, ω)∥ âîçðàñ-
òàåò ñ âîçðàñòàíèåì âåëè÷èíû t . Âûøå áûëî ïîêàçàíî, ÷òî äëÿ êàæäîãî T , T ≥ t0 ,
ñóùåñòâóåò ïðîìåæóòîê âðåìåíè (T, T + ∆t(T )] , â òå÷åíèå êîòîðîãî ôóíêöèÿ ∥V (t, ω)∥
âîçðàñòàåò. Áîëåå òîãî, ìîæíî âûáðàòü òàêîé ïðîìåæóòîê âðåìåíè [T, T +∆t(T )] , ÷òî

∥V (T +∆t(T ), ω)∥ ≥
(
1 +

α

2

)
∥V (T, ω)∥.

Âîçüìåì ïîñëåäîâàòåëüíîñòü t0 = T0, T1, . . . , Tn, . . . òàêóþ, ÷òî ïðè t ∈
(
Tk, Tk+1

]
ôóíêöèÿ ∥V (t, ω)∥ âîçðàñòàåò. Çäåñü èìååòñÿ äâå âîçìîæíîñòè: 1) lim

n→∞
Tn = ∞ ; 2)

lim
n→∞

Tn = T∗ . Â ïåðâîì ñëó÷àå î÷åâèäíî, ÷òî lim
n→∞

∥∥V (Tn, ω)
∥∥ = ∞ . Âî âòîðîì ñëó÷àå

ôóíêöèÿ ∥V (t, ω)∥ âîçðàñòàåò ïðè t ∈
[
t0, T∗

)
. Òàê êàê ôóíêöèÿ ∥V (t, ω)∥ íåïðåðûâíà,

òî ñóùåñòâóåò ïðåäåë lim
t→T∗

∥V (t, ω)∥ = ∥V (T∗, ω)∥ , ïðè÷åì ∥V (T∗, ω)∥ ≥ sup
t∈[t0,T∗)

∥V (t, ω)∥ .

Çäåñü âîçìîæíû òàêèå äâà ñëó÷àÿ: à)
∥∥V (T∗, ω)∥ = ∞ ; á)

∥∥V (T∗, ω)∥ = A(ω) <∞ . Ñëó÷àé
à) î÷åâèäåí. Ðàññìîòðèì ñëó÷àé á). Ïðåäïîëîæèì, ÷òî â òî÷êå T∗ ïðåäïîëîæåíèå î âîç-
ðàñòàíèè ôóíêöèè ∥V (t, ω)∥ íàðóøàåòñÿ. Òîãäà, âçÿâ T∗ çà íà÷àëüíóþ òî÷êó è ïîâòîðÿÿ
ïðèâåäåííûå âûøå ðàññóæäåíèÿ, óáåæäàåìñÿ, ÷òî ýòî ïðåäïîëîæåíèå íåâåðíî. Àíàëîãè÷-
íî, åñëè â êàêîé-íèáóäü òî÷êå T∗∗ óñëîâèå âîçðàñòàíèÿ ∥V (t, ω)∥ íàðóøàåòñÿ, òî âçÿâ åå
çà íà÷àëüíóþ, ïðèõîäèì ê ïðîòèâîðå÷èþ. Òàêèì îáðàçîì, ∥V (t, ω)∥ ïðè âîçðàñòàíèè t
ñòðåìèòñÿ ê áåñêîíå÷íîñòè. Òåì ñàìûì, äîêàçàíà ñëåäóþùàÿ òåîåðåìà.

Ò å î ð å ì à 3.1. Ïóñòü âûïîëíåíû óñëîâèÿ:
1) ëîãàðèôìè÷åñêàÿ íîðìà Λ

(
−Ψ(t, ω)

)
ìàòðèöû −Ψ(t, ω) , âû÷èñëÿåìàÿ ïî ôîðìóëå

(2.9), ïðè âñåõ t ≥ t0 è ω ∈ R óäîâëåòâîðÿåò íåðàâåíñòâó (3.3);
2) âåêòîð-ôóíêöèÿ h(t, v) íåïðåðûâíà ïî îáåèì ïåðåìåííûì è óäîâëåòâîðÿåò óñëîâèþ

(2.10);
3) ôóíêöèè ajk(t) , j, k = 1, 2 , íåïðåðûâíû ïðè t ≥ t0 ;
4) êîíñòàíòû β è γ ñâÿçàíû íåðàâåíñòâîì γ ≥ 2β + α , ãäå α > 0 .
Òîãäà ðåøåíèå u∗(t, x) ñèñòåìû óðàâíåíèé (1.1) íåóñòîé÷èâî ïî Òüþðèíãó.
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Turing instability of dynamical systems which are

described by equations with fractional derivatives

c⃝ I. V. Boikov3 V. A. Ryazantsev4

Abstract. Reaction-di�usion models, that are decribed by systems of partial di�erential equations,
are under consideration. Turnig stability and instability of solutions of these systems are
investigated in the paper.
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