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Î âîçìóùåíèÿõ â ñïåêòðå Ý.Øìèäòà ëèíåéíûõ

îïåðàòîðîâ â ãèëüáåðòîâûõ ïðîñòðàíñòâàõ

c⃝ Ä. Ã. Ðàõèìîâ1

Àííîòàöèÿ. Â òåîðèè âîçìóùåíèé äèñêðåòíîãî ñïåêòðà ôðåäãîëüìîâûõ îïåðàòîðîâ â ðàáî-
òàõ [5], [6] ïðåäëîæåíà ðåãóëÿðèçàöèÿ, ïîçâîëÿþùàÿ ñâîäèòü ñëó÷àè âîçìóùåíèé êðàòíûõ
ñîáñòâåííûõ çíà÷åíèé ê ïðîñòûì. Â äàííîé ðàáîòå ðåãóëÿðèçîâàííûå ìåòîäû âîçìóùåíèé, â
òîì ÷èñëå è â àñïåêòå ëîæíûõ âîçìóùåíèé ïî Ì.Ã.Ãàâóðèíó [8], ïðèìåíÿþòñÿ ê ñïåêòðàëü-
íûì çàäà÷àì ïî Ý.Øìèäòó.

Êëþ÷åâûå ñëîâà: ìåòîäû òåîðèè âåòâëåíèÿ, ñïåêòð Ý.Øìèäòà, òåîðèÿ âîçìóùåíèé, óðàâ-
íåíèå ðàçâåòâëåíèÿ, îáîáùåííûå æîðäàíîâû öåïî÷êè (ÎÆÖ), ðåãóëÿðèçàöèÿ

1. Ââåäåíèå.

Â íà÷àëå ïðîøëîãî âåêà Ý.Øìèäò â ðÿäå ñâîèõ ñòàòåé ðàññìàòðèâàÿ ëèíåéíûå è íåëè-
íåéíûå èíòåãðàëüíûå óðàâíåíèÿ ââåë ñîáñòâåííûå çíà÷åíèÿ λk îïåðàòîðà äåéñòâóþùåãî
â ãèëüáåðòîâîì ïðîñòðàíñòâå B : H → H è ñîîòâåòñòâóþùèå ñîáñòâåííûå ýëåìåíòû
{uk}∞1 , {vk}∞1 óäîâëåòâîðÿþùèå îòíîøåíèÿì Buk = λkvk, B

∗vk = λkuk. Â äàëüíåéøåì
[1-4] ýòè ñîáñòâåííûå çíà÷åíèÿ ñòàëè íàçûâàòüñÿ "ñïåêòðîì Ý.Øìèäòà".

Â ðàáîòå [2] îïðåäåëÿåòñÿ ôðåäãîëüìîâîñòü ñîáñòâåííûõ çíà÷åíèé Ý.Øìèäòà è îáîá-
ùåííûå æîðäàíîâûå öåïî÷êè (ÎÆÖ). Ðàññìàòðèâàåòñÿ ÷èñëåííûé ìåòîä, îñíîâàííûé íà
ìåòîäå ëîæíûõ âîçìóùåíèé äëÿ îïðåäåëåíèÿ ñîáñòâåííûõ çíà÷åíèé Ý.Øìèäòà è ñîîòâåò-
ñòâóþùèõ èì ñîáñòâåííûõ ýëåìåíòîâ.

Â äàííîé ðàáîòå ìåòîäàìè ðåãóëÿðèçàöèè (ïðåäñòàâëåííûìè â [5, 6]) â çàäà÷àõ òåîðèè
âåòâëåíèÿ [7] èññëåäóåòñÿ âîçìóùåíèå ñïåêòðà Ý.Øìèäòà. Ïðèìåíåíèåì ìåòîäà äèàãðàì-
ìû Íüþòîíà ê óðàâíåíèþ ðàçâåòâëåíèÿ óñòàíàâëèâàþòñÿ ïîðÿäêè çàâèñèìîñòè ñîáñòâåí-
íîãî çíà÷åíèÿ âîçìóùåííîãî îïåðàòîðà îò ïàðàìåòðà âîçìóùåíèÿ ε.

2. Ïîñòàíîâêà çàäà÷è

Ïóñòü H− ãèëüáåðòîâî ïðîñòðàíñòâî, è B0, A0 : H → H - ëèíåéíûå îïåðàòîðû.

Î ï ð å ä å ë å í è å 2.1. ×èñëî λ ∈ C íàçûâàåòñÿ ñîáñòâåííûì çíà÷åíèåì
Ý.Øìèäòà, åñëè ñèñòåìà óðàâíåíèé

B0φ = λA0ψ, B
∗
0ψ = λA0φ (2.1)

èìååò íåòðèâèàëüíûå ðåøåíèÿ (φ, ψ). Ïàðó (φ, ψ) íàçûâàþò A0 -ñîáñòâåííûì
ýëåìåíòîì Ý.Øìèäòà ñîîòâåòñòâóþùèì ñîáñòâåííîìó çíà÷åíèþ λ.

Â ïðÿìîé ñóììå H
⊕

H ðàâåíñòâà ( 2.1) ìîæíî íàïèñàòü â ìàòðè÷íîì âèäå

(B0 − λA0)⊕ =

(
−λA∗

0 B∗
0

B0 −λA0

)(
φ
ψ

)
= 0,

1 äîöåíò, Íàöèîíàëüíûé óíèâåðñèòåò Óçáåêèñòàíà, ã. Òàøêåíò; Davranaka@yandex.ru.
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ãäå

B0 =

(
0 B∗

0

B0 0

)
, A0 =

(
A∗

0 0
0 A0

)
.

Àíàëîãè÷íî îïðåäåëÿþòñÿ A∗
0 -ñîáñòâåííûå ýëåìåíòû Ý.Øìèäòà îïåðàòîðà B0,

îòâå÷àþùèå òåì æå ñîáñòâåííûì çíà÷åíèÿì λ

B0φ̃ = λA∗
0ψ̃, B

∗
0ψ̃ = λA0φ̃

èëè

(B∗
0 − λA∗

0)Ψ =

[(
0 B∗

0

B0 0

)
− λ

(
A0 0
0 A∗

0

)](
φ̃

ψ̃

)
= 0.

Ïóñòü N (B0 − λA0) = {Φi}n1 , N (B∗
0 − λA∗

0) = {Ψi}m1 .

Î ï ð å ä å ë å í è å 2.2. Åñëè m = n, òî ñîáñòâåííîå çíà÷åíèå λ íàçûâàåòñÿ
ôðåäãîëüìîâûì, â èíîì ñëó÷àå λ íàçûâàåòñÿ íåòåðîâûì.

Ïóñòü λ0 - ôðåäãîëüìîâà òî÷êà ñïåêòðà Øìèäòà îïåðàòîð-ôóíêöèè B0 − tA0 ñ ñîîò-
âåòñòâóþùèìè A0− è A∗

0− æîðäàíîâûìè öåïî÷êàìè ñ äëèíàìè p1 ≤ p2 ≤ · · · ≤ pn :

(B0 − λ0A0) Φ
(k)
i0 = A0Φ

(k−1)
i0 , (B∗

0 − λ0A∗
0)Ψ

(k)
i0 = A∗

0Ψ
(k−1)
i0 , k = 2, pi, i = 1, n,

K = det
∥∥∥⟨A0Φ

(pi)
i0 ,Ψ

(1)
j0 ⟩
∥∥∥ ̸= 0, L = det ∥Lij∥ ̸= 0, Lij = det

∥∥∥⟨A0Φ
(pi+1−k)
i0 ,Ψ

(l)
j0 ⟩
∥∥∥ ,

k(l) = 2, pi(pj), i(j) = 1, n.

Ñîãëàñíî [2, 4] ýëåìåíòû Φ
(j)
i0 , Ψ

(l)
k0, j(l) = 2, pi(pk), i(k) = 1, n A0 - è A∗

0 -æîðäàíîâûõ
íàáîðîâ, îòâå÷àþùèõ λ0 îïåðàòîð-ôóíêöèè B0 − λ0A0 ìîãóò áûòü âûáðàíû òàê, ÷òîáû
âûïîëíÿëèñü ñëåäóþùèå ñîîòíîøåíèÿ áèîðòîãîíàëüíîñòè

⟨Φ(j)
i0 ,Γ

(l)
k0⟩ = δikδjl, ⟨Z(j)

i0 ,Ψ
(l)
k0⟩ = δikδjl,

ãäå Γ
(l)
k0 = A∗

0Ψ
(pk+1−l)
k0 , Z

(j)
i0 = A0Φ

(pi+1−j)
i0 . Äëÿ íàøåé çàäà÷è ýòè ñîîòíîøåíèÿ èìåþò âèä

⟨Φ(j)
i0 ,Γ

(l)
k0⟩ = ⟨φ(j)

i0 , A
∗
0φ̃

(pk+1−l)
k0 ⟩+ ⟨A0ψ

(j)
i0 , ψ̃

(pk+1−l)
k0 ⟩ = δikδjl,

⟨Z(j)
i0 ,Ψ

(l)
k0⟩ = ⟨φ(pi+1−j)

i0 , A∗
0φ̃

(l)
k0⟩+ ⟨A0ψ

(pi+1−j)
i0 , ψ̃

(l)
k0⟩ = δikδjl.

Ïóñòü ε ⊂ C− ìàëûé ïàðàìåòð, |ε| ≤ ϱ0 è A (ε) =
∞∑
k=0

Akε
k : H → H, âîçìóùåííàÿ

îïåðàòîð-ôóíêöèÿ, òàêàÿ ÷òî A (0) = A0.
Ñòàâèòñÿ çàäà÷à: íàéòè ñîáñòâåííûå çíà÷åíèÿ λ0 + µ(ε) çàäà÷è

B0φ = λA (ε)ψ, B∗
0ψ = λA∗ (ε)φ (2.2)

òàêèå, ÷òî µ(ε) → 0 ïðè ε → 0, à òàêæå ñîáñòâåííûå ýëåìåíòû Φi(ε), îòâå÷àþùèå
ýòèì ñîáñòâåííûì çíà÷åíèÿì.
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2.1. Ïîñòðîåíèå óðàâíåíèÿ ðàçâåòâëåíèÿ.

Ïîñòàâëåííóþ çàäà÷ó çàïèøåì â ìàòðè÷íîé ôîðìå:

(B0 − λ0A0) Φ = µA(ε)Φ + λ0A1(ε)Φ

ãäå

A(ε) =

(
A∗(ε) 0
0 A(ε)

)
, A1(ε) = A(ε)−A0.

Ñòðîèì îïåðàòîðû

(B0 − λA(ε))i = B0 − λA(ε) +
∑
j ̸=i

⟨·,Γj0⟩Zj0. (2.3)

Ò å î ð å ì à 2.1. Ïðè êàæäîì i = 1, n è äîñòàòî÷íî ìàëûõ ε ñóùåñòâóþò
ïîñòîÿííûå cis, dis, s ̸= i òàêèå, ÷òî λi(ε) ÿâëÿåòñÿ ïðîñòûì ñîáñòâåííûì çíà÷åíè-
åì îïåðàòîðà (2.3) ñ ñîîòâåòñòâóþùèì ñîáñòâåííûì ýëåìåíòîì Φ̃i(ε) = Φi +

∑
s ̸=i

cisΦs

è äåôåêòíûì ôóíêöèîíàëîì Ψ̃i(ε) = Ψi +
∑
s̸=i

disΨs.

Ä î ê à ç à ò å ë ü ñ ò â î. Ïóñòü λi(ε) - ñîáñòâåííîå çíà÷åíèå ñ ñîîòâåòñòâóþùèì
ñîáñòâåííûì ýëåìåíòîì Φ̃i(ε) îïåðàòîðà (2.3). Òîãäà

0 = (B0 − λi(ε)A(ε))iΦ̃i(ε) =
=
∑
j ̸=i

cij (B0 − λi(ε)A(ε)) Φj(ε) +
∑
j ̸=i

⟨Φi(ε),Γj0⟩Zj0 +
∑
j ̸=i

∑
s ̸=i

cis ⟨Φs(ε),Γj0⟩Zj0

èëè ïîñëå ïðèìåíåíèÿ ôóíêöèîíàëîâ Ψk0, k ̸= i ê îáåèì ÷àñòÿì ðàâåíñòâà∑
j ̸=i

cij [⟨Φj(ε),Γk0⟩+ ⟨(B0 − λi(ε)A(ε)) Φj(ε),Ψk0⟩] = −⟨Φi(ε),Γk0⟩ , k ̸= i. (2.4)

Çäåñü â ñèëó ðàçëîæåíèé Φs(ε) = Φs0 +O(ε) è A (λi; ε) = A (λ0; 0) +O(ε) èìååì

(B0 − λi(ε)A(ε)) Φs(ε) = (B0 − λi(ε)A(ε)) Φi(ε)+

+ (B0 − λi(ε)A(ε)) (Φs(ε)− Φi(ε)) = (B0 − λi(ε)A(ε)) (Φs(ε)− Φi(ε)) =

= [(B0 − λ0A0) +O(ε)] [Φs0 − Φi0 +O(ε)] = O(ε).

Òàê êàê ⟨Φi(ε),Γj0⟩ = ⟨Φi0 +O(ε),Γj0⟩ = δij+O(ε), òî îïðåäåëèòåëü ñèñòåìû (2.4) îòëè÷åí
îò íóëÿ è ïîýòîìó îíà èìååò åäèíñòâåííîå ðåøåíèå. Åäèíñòâåííîñòü Ψ̃i(ε) äîêàçûâàåòñÿ
àíàëîãè÷íî.

Äëÿ êàæäîãî i = 1, n óðàâíåíèå (B0 − λi(ε)A(ε))iΦ̃i(ε) = 0 çàïèñûâàåòñÿ â âèäå

(B0 − λ0A0) Φ̃i(ε) = µi(ε)A(ε)Φ̃i(ε) + λ0A1(ε)Φ̃i(ε)−
∑
j ̸=i

⟨
Φ̃i(ε),Γj0

⟩
Zj0.

Ñ ïîìîùüþ ðåãóëÿðèçàòîðà Øìèäòà [7] îíî ñâîäèòñÿ ê ñèñòåìå{
Φ̃i(ε) = ξi [I − µiΓA(ε)− λ0ΓA1(ε)]

−1 Φi0,

ξi = ⟨Φ̃i(ε),Γi0⟩,
(2.5)
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ãäå Γ =

[
B0 − λ0A0 +

n∑
i=1

⟨·,Γi0⟩Zi0

]−1

. Ïîäñòàâëÿÿ Φ̃i(ε) âî âòîðîå óðàâíåíèå (2.5)

ñòðîèì óðàâíåíèå ðàçâåòâëåíèÿ:

Li (µi, ε) ≡
∞∑

k+s=1

L
(i)
ksµ

k
i ε

s ≡

≡
⟨
(µiA(ε) + λ0A1(ε)) [I − µiΓA(ε)− λ0ΓA1(ε)]

−1 Φi0,Ψi0

⟩
= 0.

(2.6)

ãäå â ÷àñòíîñòè L
(i)
s0 =

⟨
A0 (ΓA0)

s−1 Φi0,Ψi0

⟩
, s = 1, 2, ..., L

(i)
0k =

=

⟨
k∑

α=1

λαo
∑

k1+k2+···+kα=k

ΓAk1 . . .ΓAkαΦi0,Γi0

⟩
, k = 1, 2, ....

Ä î ê à ç à ò å ë ü ñ ò â î ç à ê î í ÷ å í î.

Ò å î ð å ì à 2.2. Ïóñòü N (B0 − λA0) = {Φi}n1 , N (B∗
0 − λA∗

0) = {Ψi}n1 . Ïðè îò-
ñóòñòâèè ÎÆÖ äëÿ äîñòàòî÷íî ìàëûõ ε ñóùåñòâóåò ðîâíî n ïðîñòûõ ñîáñòâåí-
íûõ çíà÷åíèé λi(ε) (λi(0) = λ0 ) ñ ñîîòâåòñòâóþùèìè ñîáñòâåííûìè ýëåìåíòàìè Φ̃i(ε)
è äåôåêòíûìè ôóíêöèîíàëàìè Ψ̃i(ε), ïðåäñòàâèìûå â âèäå ñõîäÿùåãîñÿ ðÿäà ïî öåëûì
ñòåïåíÿì ε.

Ä î ê à ç à ò å ë ü ñ ò â î. Â ñèëó óñëîâèÿ òåîðåìû L
(i)
10 = ⟨A0Φi0,Ψi0⟩ ̸= 0, i = 1, n.

Åñëè L
(i)
0q ïåðâûé îòëè÷íûé îò íóëÿ êîýôôèöèåíò èç ïîñëåäîâàòåëüíîñòè {L(i)

0j }∞1 , òî
ïðèìåíÿÿ ê (2.6) äèàãðàììó Íüþòîíà [4], îïðåäåëÿåì óáûâàþùóþ ÷àñòü, ñîñòîÿùóþ èç
îòðåçêà, ñîåäèíÿþùåãî òî÷êè (1, 0) è (0, q). Îòñþäà ñëåäóåò, ÷òî λi(ε) è Φ̃i(ε) ïðåä-
ñòàâëÿþòñÿ ðÿäàìè ïî ñòåïåíÿì εq.
Ä î ê à ç à ò å ë ü ñ ò â î ç à ê î í ÷ å í î.

Ò å î ð å ì à 2.3. Åñëè äëÿ êàæäîãî i = 1, n ÎÆÖ èìåþò äëèíû pi , ïðè÷åì⟨
A0Φ

(pi)
i0 ,Ψ

(1)
i0

⟩
̸= 0, òî äëÿ äîñòàòî÷íî ìàëûõ ε ñóùåñòâóþò ðîâíî N = p1 + p2 +

· · ·+ pn íåïðåðûâíûõ ïî ε ñîáñòâåííûõ çíà÷åíèé λi(ε) = λ0 + µi(ε) ñ îòâå÷àþùèìè
èì ñîáñòâåííûìè ýëåìåíòàìè Φ̃i(ε) , ïðåäñòàâèìûå ñõîäÿùèìèñÿ ðÿäàìè ïî öåëûì

ñòåïåíÿì ε è ïî ñòåïåíÿì ε
1

pi−1 .

Ä î ê à ç à ò å ë ü ñ ò â î. Ðàññìîòðèì ñíà÷àëà ñëó÷àé, êîãäà L
(i)
0j = 0, j = 1,∞, è

L
(i)
11 ̸= 0. Òîãäà óáûâàþùàÿ ÷àñòü äèàãðàììû Íüþòîíà äëÿ óðàâíåíèÿ ðàçâåòâëåíèÿ (2.6)

ñîñòîèò èç îòðåçêà ñîåäèíÿþùåãî òî÷êè (1, 1) è (pi, 0) . Îòñþäà ñëåäóåò, ÷òî λi(ε)

è Φ̃i(ε) ïðåäñòàâëÿþòñÿ ñõîäÿùèìèñÿ ðÿäàìè ïî ñòåïåíÿì ε
1

pi−1 , ò.å. çàäà÷à (2.2) èìååò
ðîâíî N = p1+ p2+ · · ·+ pn ñîáñòâåííûõ çíà÷åíèé, ïðåäñòàâèìûõ ñõîäÿùèìèñÿ ðÿäàìè

ïî ñòåïåíÿì ε
1

pi−1 .
Åñëè æå L

(i)
0j = 0, j = 1, qi−1, L

(i)
0qi−1

̸= 0 è L
(i)
11 ̸= 0, òî óáûâàþùàÿ ÷àñòü äèàãðàììû

Íüþòîíà ñîñòîèò èç äâóõ îòðåçêîâ, îäèí èç êîòîðûõ ñîåäèíÿåò òî÷êè (1, 1) è (pi, 0) ,
à âòîðîé òî÷êè (1, 1) è (0, qi). Ïåðâîìó îòðåçêó îòâå÷àåò ïîêàçàòåëü 1

pi−1
, à âòîðîìó

îòðåçêó â ëþáîì ñëó÷àå - öåëî÷èñëåííûé ïîêàçàòåëü. Ñëåäîâàòåëüíî, çàäà÷à (2.2) èìååò
n ñîáñòâåííûõ çíà÷åíèé, ïðåäñòàâèìûõ ñõîäÿùèìèñÿ ðÿäàìè ïî öåëûì ñòåïåíÿì ε è

N − n ñîáñòâåííûõ çíà÷åíèé,ïðåäñòàâèìûx ñõîäÿùèìèñÿ ðÿäàìè ïî ñòåïåíÿì ε
1

pi−1 .
Êàæäîìó λi(ε) îòâå÷àåò ñîáñòâåííûé ýëåìåíò Φ̃i(ε), ïðåäñòàâèìûé ñõîäÿùèìñÿ ðÿäîì
ïî òåì æå ñòåïåíÿì ε , ÷òî è ñîîòâåòñòâóþùèé åìó λi(ε).
Ä î ê à ç à ò å ë ü ñ ò â î ç à ê î í ÷ å í î.

Ç à ì å ÷ à í è å 2.1. Óñëîâèå òåîðåìû
⟨
A0Φ

(pi)
i0 ,Ψ

(1)
i0

⟩
̸= 0 äîïóñêàåò âîçìîæ-

íîñòü íåïîëíîòû îáîáùåííîãî æîðäàíîâà íàáîðà [7].
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Ç à ì å ÷ à í è å 2.2. Ïîëó÷åííûå ðåçóëüòàòû îáîáùàþòñÿ íà áàíàõîâû ïðî-
ñòðàíñòâà E1, E2 ñ îïåðàòîðàìè B0, A0(A(ε)) ∈ L(E1, E2), ïðè ïëîòíîì âëîæåíèè
E1 ⊂ E2 ⊂ H.

3. Óòî÷íåíèå ñîáñòâåííûõ çíà÷åíèé Ý. Øìèäòà ìåòîäîì ëîæíûõ
âîçìóùåíèé

Òåïåðü íà îñíîâå ìåòîäà ðåãóëÿðèçàöèè ðàññìîòðèì óòî÷íåíèå ïðèáëèæåííî çàäàííûõ
ñîáñòâåííûõ çíà÷åíèé Øìèäòà è ñîîòâåòñòâóþùèõ èì ýëåìåíòîâ ÎÆÖ ìåòîäîì ëîæíûõ
âîçìóùåíèé. Ðåçóëüòàòû ïðåäñòàâëåíû â ãèëüáåðòîâûõ ïðîñòðàíñòâàõ äëÿ óïðîùåíèÿ èç-
ëîæåíèÿ (ñì. çàìå÷àíèå 2.2.).

Â ïðÿìîé ñóììå H ⊕H ðàññìîòðèì ñïåêòðàëüíóþ çàäà÷ó Ý. Øìèäòà (2.1). Ïóñòü
äëÿ n -êðàòíîãî ñîáñòâåííîãî ÷èñëà Øìèäòà λ è îòâå÷àþùèõ åìó ñîáñòâåííûõ è ïðè-
ñîåäèíåííûõ ýëåìåíòîâ Øìèäòà {φ(j)

k , ψ
(j)
k }j=1,pk

k=1,n
, {φ̃(j)

k , ψ̃
(j)
k }j=1,pk

k=1,n
èçâåñòíû äîñòàòî÷íî

õîðîøèå ïðèáëèæåíèÿ |λ − λ0| ≤ ε, ∥φ(j)
i − φ

(j)
i0 ∥ ≤ ε, ∥ψ(j)

i − ψ
(j)
i0 ∥ ≤ ε, ∥φ̃(j)

i − φ̃
(j)
i0 ∥ ≤

ε, ∥ψ̃(j)
i −ψ̃(j)

i0 ∥ ≤ ε. Òåì ñàìûì îïðåäåëåíû äîñòàòî÷íî õîðîøèå ïðèáëèæåíèÿ λ0,Φ
(j)
k0 ,Ψ

(j)
k0

ê ñîáñòâåííîìó ÷èñëó λ è ýëåìåíòàì ÎÆÖ Φ
(j)
k ,Ψ

(j)
k , k = 1, n, j = 1, pk ñîîòâåòñòâó-

þùèõ ñïåêòðàëüíûõ çàäà÷ â ïðÿìûõ ñóììàõ ãèëüáåðòîâûõ ïðîñòðàíñòâ.
Ñïðàâåäëèâà (ñì. [2], [3]) ëåììà.
Ïåðåõîäÿ ê ëèíåéíûì êîìáèíàöèÿì, îïðåäåëÿåì ñèñòåìû

{Γ(l)
k0}

l=1,pk
k=1,n

, Γ
(l)
k0 = A∗Ψ

(pk+1−l)
k0 , {Z(l)

k0}
l=1,pk
k=1,n

, Z
(l)
k0 = AΦ

(pk+1−l)
k0 ,

óäîâëåòâîðÿþùèå ñîîòíîøåíèÿì áèîðòîãîíàëüíîñòè

⟨Φ(j)
i0 ,Γ

(l)
k0⟩ = δikδjl, ⟨Z(j)

i0 ,Ψ
(l)
k0⟩ = δikδjl.

Ïðîèçâîäèì ðåãóëÿðèçàöèþ

B − tA = B − tA+

p1∑
k=2

⟨
·,Γ(k)

10

⟩
Z

(p1+1−k)
10 +

n∑
i=2

pi∑
k=1

⟨
·,Γ(k)

i0

⟩
Z

(p1+1−k)
i0 . (3.1)

Ñîãëàñíî òåîðåìå 2.1. èñêîìîå ñîáñòâåííîå çíà÷åíèå λ ÿâëÿåòñÿ ïðîñòûì ôðåä-
ãîëüìîâûì ñîáñòâåííûì çíà÷åíèåì îïåðàòîð-ôóíêöèè (3.1). Áîëåå òîãî, ñóùåñòâóþò ïî-
ñòîÿííûå cis, dis, s = 1, pi, i = 1, n, òàêèå, ÷òî ñîîòâåòñòâóþùèå ñîáñòâåííûé ýëåìåíò è
äåôåêòíûé ôóíêöèîíàë áóäóò èìåòü âèä

Φ̃ = Φ
(p1)
1 +

n∑
i=1

ci1Φi +
n∑

i=2

pi∑
s=2

cisΦ
(s)
i +

p1−1∑
s=1

c1sΦ
(s)
1 ,

Ψ̃ = Ψ1 +
n∑

i=2

di1Ψi +
n∑

i=1

pi∑
s=2

disΨ
(s)
i . (3.2)

Â êà÷åñòâå íà÷àëüíûõ ïðèáëèæåíèé ê Φ̃, Ψ̃ âûáèðàåì ýëåìåíòû Φ̃0 = Φ
(p1)
10 −

Φ
(p1−1)
10 , Ψ̃0 = Ψ10. Çà íà÷àëüíîå ïðèáëèæåíèå ê ñîáñòâåííîìó çíà÷åíèþ λ áåðåì ðå-

øåíèå óðàâíåíèÿ
⟨
(B − tA)Φ̃0, Ψ̃0

⟩
= 0, ò.å. λ0 =

⟨BΦ̃0,Ψ̃0⟩
⟨AΦ̃0,Ψ̃0⟩ .

Òàê êàê k̃0 =
⟨
AΦ̃0, Ψ̃0

⟩
=
⟨
AΦ

(p1)
10 ,Ψ10

⟩
−
⟨
AΦ

(p1−1)
10 ,Ψ10

⟩
=
⟨
AΦ

(p1)
10 ,Ψ10

⟩
̸= 0, òî

áèîðòîãîíàëüíûå ýëåìåíòû ê Φ̃0, Ψ̃0 ìîæíî âûáðàòü â âèäå Γ̃0 =
1

k̃0
A∗Ψ10, Z̃0 =

1

k̃0
AΦ̃0.

Æóðíàë ÑÂÌÎ. 2013. Ò. 15, � 3



Î âîçìóùåíèÿõ â ñïåêòðå Ý.Øìèäòà ëèíåéíûõ îïåðàòîðîâ â ãèëüáåðòîâûõ . . . 131

Îïåðàòîð ëîæíîãî âîçìóùåíèÿ îïðåäåëèì ñëåäóþùèì îáðàçîì:

D0x =
⟨
x, Γ̃0

⟩
(B − λ0A)Φ̃0 +

⟨
x, (B∗ − λ0A∗)Ψ̃0

⟩
Z̃0,

D∗
0y =

⟨
(B − λ0A)Φ̃0, y

⟩
Γ̃0 +

⟨
Z̃0, y

⟩
(B∗ − λ0A∗)Ψ̃0.

Òîãäà D0Φ̃0 = (B − λ0A)Φ̃0, D∗
0Ψ̃0 = (B∗ − λ0A∗)Ψ̃0, ò.å. N(B − λ0A) = {Φ̃0} ,

N(B∗ − λ0A∗) = {Ψ̃0}.
Èçìåíåíèåì ðåãóëÿðèçàòîðàØìèäòà [7] óðàâíåíèå (B − tA)x = 0 ñâîäèòñÿ ê ñèñòåìå{

x = ξ
[
I + Γ0 (D0 − (t− λ0)A)

]−1
Φ̃0,

ξ = ⟨x, Γ̃0⟩.
(3.3)

ãäå Γ0 =
[
B − λ0A−D0 + ⟨·, Γ̃0⟩Z̃0

]−1

.

Ïîäñòàíîâêà ïåðâîãî ðàâåíñòâà âî âòîðîå äàåò óðàâíåíèå ðàçâåòâëåíèÿ

F (t) ≡ 1−
⟨[
I + Γ0 (D0 − (t− λ0)A)

]−1
Φ̃0, Γ̃0

⟩
= 0, (3.4)

Èñêîìîå λ ÿâëÿåòñÿ ïðîñòûì êîðíåì óðàâíåíèÿ ðàçâåòâëåíèÿ.
Òîãäà ñîãëàñíî òåîðåìå 2.1. ðàáîòû [6] ïðè äîñòàòî÷íî õîðîøèõ íà÷àëüíûõ ïðèáëèæå-

íèé óðàâíåíèå (3.4) èìååò åäèíñòâåííîå ðåøåíèå, êîòîðîå ìîæíî îïðåäåëèòü ìîäèôèöè-
ðîâàííûì ìåòîäîì Íüþòîíà:

λm+1 = λm − [F ′(λ0)]
−1
F (λm), m = 0, 1, 2, . . . ,

Çàìåòèì, ÷òî íà êàæäîì øàãå íåîáõîäèìî ðåøàòü îäíî îïåðàòîðíîå óðàâíåíèå[
B − λmA+ ⟨·, Γ̃0⟩Z̃0

]
x = Z̃0.

Ýëåìåíòû ÎÆÖ Φ
(j)
i ,Ψ

(l)
k , i = 1, n, j = 1, pi, l = 1, pk, k = 1,m îïðåäåëÿþòñÿ èç

ñëåäóþùèõ ðåêóððåíòíûõ óðàâíåíèé:[
B − λA+

n∑
s=1

⟨·,Γs0⟩Zs0

]
X = Zi0,

[
B∗ − λA∗ +

n∑
s=1

⟨Zs0, ·⟩Γs0

]
Y = Γi0,

[
B − λA+

n∑
s=1

⟨·,Γs0⟩Zs0

]
Xj,i = AXj−1,i + Zi0, X1i = Φi, Xj,i = Φ

(j)
i ;

j = 1, pi, i = 1, n;[
B∗ − λA∗ +

n∑
s=1

⟨Zs0, ·⟩Γs0

]
Yj,i = A∗Yj−1,i + Γi0, Y1i = Ψi, Yj,i = Ψ

(j)
i ;

j = 1, pi, i = 1,m.
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On the perturbations in the E.Schmid's spectrum of the

linear operators in Hilbert spaces.

c⃝ D. G. Rakhimov2

Abstract. In perturbation theory of discrete spectrum of Fredholm operators in the articles [5],
[6] it is suggested the regularization, allowing to reduce the multiple eigenvalues cases to simple
ones. In this article the regularized perturbation methods among them in pseudoperturbation
aspect on M.K.Gavurin [8] are applied to E.Schmidt spectral problems.

Key Words: bifurcation theory methods, E.Schmidt spectrum, perturbation theory, branching
equation,generalized Jordan chains, regularization
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