
152 Ñ.Â. Çóáîâ, Ì.Â. Ñòðåêîïûòîâà

ÓÄÊ ÓÄÊ 517.929

Çàäà÷à î ñóùåñòâîâàíèè ðàâíîâåñíîãî ðåøåíèÿ ñèñòåìû

c⃝ Ñ.Â. Çóáîâ1, Ì.Â. Ñòðåêîïûòîâà2

Àííîòàöèÿ. Â äàííîé ñòàòüå ðåøàåòñÿ âîïðîñ î ñóùåñòâîâàíèè ðàâíîâåñíîãî ðåøåíèÿ ñè-
ñòåìû äèôôåðåíöèàëüíûõ óðàâíåíèé è î ïîâåäåíèè ðåøåíèé ýòîé ñèñòåìû óðàâíåíèé, íà÷è-
íàþùèõñÿ â íåêîòîðîé îêðåñòíîñòè ðàâíîâåñíîãî ðåøåíèÿ.

Êëþ÷åâûå ñëîâà: ëèíåéíîå ïðåîáðàçîâàíèå, ðÿä, ñòåïåíü, íóëåâîå ðåøåíèå, êîýôôèöèåíò,
ïåðåìåííàÿ, óñòîé÷èâîñòü, ôóíêöèÿ.

Çàäà÷à ïðîíîçèðîâàíèÿ ïîâåäåíèÿ ìîäåëèðóåìûõ ñèñòåì â êîëè÷åñòâåííîì ïëàíå ñâî-
äèòñÿ ê ÷èñëåííîìó èíòåãðèðîâàíèþ óðàâíåíèé äèíàìèêè. Â êà÷åñòâåííîì ïëàíå - ê àíà-
ëèòè÷åñêîìó èññëåäîâàíèþ ñèñòåìû äëÿ óñòàíîâëåíèÿ ñòðóêòóðíûõ îñîáåííîñòåé ìîäå-
ëèðóåìîé ñèñòåìû - íàëè÷èÿ èíâàðèàíòíûõ ìíîæåñòâ, õàðàêòåðà ïðåäåëüíîãî ïîâåäåíèÿ
ðåøåíèé [1].

1. Ïîñòàíîâêà çàäà÷è

Ðàññìîòðèì ñèñòåìó âèäà

Ẋ = PX + µF (X, z),
ż = r + µh(X, z).

(1.1)

Çäåñü X = (x1, . . . , xN)
∗ , P − N × N - ìàòðèöà, r > 0 , µ - ìàëûé ïàðàìåòð, F =

(f1, . . . , fn) - âåêòîðíàÿ, h(X, z) - ñêàëÿðíàÿ ôóíêöèÿ ïåðåìåííûõ x1, . . . , xN , z .
Åñëè F (0, z) ≡ 0 , h(0, z) ≡ 0 , òî ó ñèñòåìû (1.1) ñóùåñòâóåò ñåìåéñòâî íåîãðàíè÷åííûõ

ðàâíîâåñíûõ ðåøåíèé

x1 = x2 = . . . = xn = 0, z = z0 + rt, (1.2)

ïðåäñòàâëÿþùåå ïëîñêîñòü â (N + 1) - ìåðíîì ïðîñòðàíñòâå. Áåç îãðàíè÷åíèÿ îáùíîñòè
ìîæíî ñ÷èòàòü, ÷òî z0 = 0 . Çàäà÷à ñîñòîèò â èçó÷åíèè ñâîéñòâà ýòîãî ðåøåíèÿ. Çäåñü è
äàëåå áóäåì ïðåäïîëàãàòü îòíîñèòåëüíî ôóíêöèé F, h ñëåäóþùåå:

1) ôóíêöèè f1, . . . , fN , h ðàçëàãàþòñÿ â ðÿäû ïî öåëûì ïîëîæèòåëüíûì z , êîãäà âå-
ëè÷èíà ∥X∥ äîñòàòî÷íî ìàëà;

2) ðàçëîæåíèÿ ôóíêöèé f1, . . . , fN , h íå ñîäåðæàò ÷ëåíîâ, ëèíåéíûõ îòíîñèòåëüíî
x1, . . . , xN ;

3) èìååò ìåñòî îöåíêà |h| < k0|z|b(
∑N

i=1 xj)
α , ãäå k0 > 0 , a ≥ 0 , b ≥ 0 .

Ðàññìîòðèì ñëåäóþùèé ñëó÷àé. Ñëó÷àé íåñêîëüêèõ ïàð ÷èñòî ìíèìûõ êîðíåé [2].
Ñèñòåìà (1.1) ëèíåéíûì ïðåîáðàçîâàíèåì ïðèâîäèòñÿ ê âèäó

ẋs = −λsys + µFs, ẏs = λsxs + µGs,

ξ̇j =
∑n

i=1 pjiξi + µgi, ż = r + µh,
s = 1, . . . , k, j = 1, . . . , n.

(1.3)

Çäåñü N - ìåðíûé (2k + n = N) âåêòîð X ïåðåøåë â âåêòîð
(x1, y1, . . . , xk, yk, ξ1, . . . , ξn) . Ñîáñòâåííûå ÷èñëà ìàòðèöû {pij} , i, j = 1, . . . , n , èìå-
þò îòðèöàòåëüíûå âåùåñòâåííûå ÷àñòè.
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À.Ì. Ëÿïóíîâ â ñâîåé çíàìåíèòîé äèññåðòàöèè îòìå÷àë, ÷òî, åñëè âìåñòî âðåìåíè âçÿòü
êàêóþ-ëèáî íåïðåðûâíóþ ÷àñòíóþ ôóíêöèþ, âìåñòå ñî âðåìåíåì âîçðàñòàþùóþ, òî ïî-
ñëåäíÿÿ ïðè ðåøåíèè âîïðîñà îá óñòîé÷èâîñòè ìîæåò èãðàòü òàêóþ æå ðîëü, êàê è âðåìÿ
[3].

Èññëåäóåì, êàê âåäóò ñåáÿ ïåðåìåííûå xk, yk, ξj â êà÷åñòâå ôóíêöèè z . Ðàçäåëèì ïåð-
âûå 2k + n óðàâíåíèé ñèñòåìû (1.3) íà ïîñëåäíåå óðàâíåíèå:

dxs

dz
= −λ̄sys + µF̄s,

dys
dz

= λ̄sxs + µḠs,
dξj
dz

=
∑n

i=1 pjiξi + µḡj.
(1.4)

Î÷åâèäíî, ÷òî λ̄s > 0 . Ñîáñòâåííûå ÷èñëà ìàòðèöû {pji} èìåþò îòðèïöàòåëüíûå
âåùåñòâåííûå ÷àñòè, è ó ñèñòåìû (1.4) èìååòñÿ íóëåâîå ðåøåíèå. Ôóíêöèè F̄s , Ḡs , ḡj
óäîâëåòâîðÿþò ñëåäóþùèì óñëîâèÿì:

1) îíè ðàçëàãàþòñÿ â ðÿäû ïî öåëûì ïîëîæèòåëüíûì ñòåïåíÿì âåëè÷èí xk, yk, ξj ðàâ-
íîìåðíî ñõîäÿùèåñÿ îòíîñèòåëüíî z ïðè äîëñòàòî÷íî ìàëûõ |xk| , |yk| , |ξj| ;

2) ðàçëîæåíèÿ ôóíêöèé F̄s , Ḡs , ḡs íå ñîäåðæàò ÷ëåíîâ, ëèíåéíûõ îòíîñèòåëüíî
xk, yk, ξj .

Åñëè ìû èìååì äåëî ñ îáùèì ïî êëàññèôèêàöèè À.Ì. Ëÿïóíîâà ñëó÷àåì, òî ñ ïîìîùüþ
ïðåîáðàçîâàíèé Ëÿïóíîâà

xs = rs cos θs, ys = rs sin θs,

rs = ρs +
m∑
i=z

ris(θ1, . . . , θk, ρ1, . . . , ρk, z),

à çàòåì

ξj =
m∑
i=1

r(i)s (θ1, . . . , θk, ρ1, . . . , ρk, z) + ηi,

íå íàðóøàþùèõ âîïðîñà îá óñòîé÷èâîñòè, ãäå r
(i)
j , ξ

(i)
j - îäíîðîäíûå ôîðìû îòíîñèòåëü-

íî ρ1, . . . , ρk ñòåïåíè l ñ ïåðèîäè÷åñêèìè êîýôôèöèåíòàìè îòíîñèòåëüíî θ1, . . . , θk,m -
ïîëîæèòåëüíîå öåëîå ÷èñëî, ñèñòåìà (1.4) â îáùåì ñëó÷àå ïðèâîäèìà ê âèäó

dρs
dz

= µRs,
dθs
dz

= λ̄s + µθs,
dηj
dz

=
m∑
i=1

pjiηi + µpj. (1.5)

Íàïîìíèì, ÷òî m îïðåäåëÿåòñÿ êàê íàèíèçøàÿ ñòåïåíü ôîðì îòíîñèòåëüíî ρ1, . . . , ρk ,
îáëàäàþùèõ ïåðèîäè÷åñêèìè ïî θ1, . . . , θk êîýôôèöèåíòàìè, âû÷èñëÿåìûìè ïîäñòàíîâ-
êîé â ñèñòåìó (1.4) âûðàæåíèé

rs = ρs +
m∑
i=z

r(i)s (θ1, . . . , θk, ρ1, . . . , ρk, z)

è ïðèðàâíèâàíèåì ÷ëåíîâ îäíîãî ïîðÿäêà â ïîëó÷èâøèõñÿ âûðàæåíèÿõ [4].
Ðàçëîæåíèå ôóíêöèé Rs â ðÿäû ïî ñòåïåíÿì ρ1, . . . , ρk ïðè η1 = 0, . . . , ηn = 0 íà÷è-

íàåòñÿ ñ ôîðì ñòåïåíè m , êîòîðûå îáëàäàþò íå çàâèñÿùèìè îò thetas êîýôôèöèåíòàìè.
Ðàçëîæåíèå ôóíêöèé pj ïî ñòåïåíÿì ρ1, . . . , ρk ïðè η1 = 0, . . . , ηn = 0 íà÷èíàþòñÿ ñ ôîðì
ñòåïåíè ν ≥ m+1 . Ðÿäû, â êîòîðûå ðàçëàãàþòñÿ ôóíêöèè Rs, θs, pj , ñõîäÿòñÿ ðàâíîìåðíî
îòíîñèòåëüíî z .

Îáîçíà÷èì R(0) ôîðìó ïîðÿäêà m , ñ êîòîðîé íà÷èíàåòñÿ ðàçëîæåíèå ôóíêöèè Rs

ïðè η1 = 0 , . . . , ηn = 0 .
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Ò å î ð å ì à 1.1. Åñëè íóëåâîå ðåøåíèå ñèñòåìû

dρs
dz

= µR(0), s = 1, . . . , k, (1.6)

àñèìïòîòè÷åñêè óñòîé÷èâî, òî íóëåâîå ðåøåíèå ñèñòåìû (1.4) òàêæå àñèìïòîòè÷å-
ñêè óñòîé÷èâî. Ïðè ýòîì èìåþò ìåñòî îöåíêè ïðè z ≥ 0

|ρs| ≤ ψ(z), |ηj| ≤ ψ(z),

ãäå

ψ(z) = c1(
k∑

s=1

(ρ(0)s +
n∑

j=1

|η(0)j |)× (1 + c2(
k∑

s=1

|ρ(0)s |+
n∑

j=1

|η(0)j |)m−1z)−1/m−1).

Çäåñü c1, c2 - ïîëîæèòåëüíûå ïîñòîÿííûå, ρ
(0)
s , η

(0)
j - çíà÷åíèÿ ρs, ηj , z = 0 .

Ä î ê à ç à ò å ë ü ñ ò â î. Â ñèëó àñèìïòîòè÷åñêîé óñòîé÷èâîñòè íóëåâîãî ðåøåíèÿ
óðàâíåíèÿ (1.6) ñóùåñòâóþò ïîëîæèòåëüíî îïðåäåëåííûå ôóíêöèè V è W , îáëàäàþùèå
ñâîéñòâàìè:

1) ôóíêöèÿ V èìååò ïîðÿäîê l + 1−m , ôóíêöèÿ W èìååò ïîðÿäîê l ;

2) ∂V
∂z

+
∑k

s=1
∂V
∂ρs

−R
(0)
s = −W .

Ïîñòðîèì ïîëîæèòåëüíî îïðåäåëåííóþ êâàäðàòè÷íóþ ôîðìó, óäîâëåòâîðÿþùóþ óðàâ-
íåíèþ

n∑
j=1

∂V1
∂ηj

n∑
i=1

p̄jiηi = −
m∑
i=1

η2i .

Ðàññìîòðèì ïîëíóþ ïðîèçâîäíóþ ôóíêöèè U = V + V1 â ñèëó ñèñòåìû (1.6):

dU

dz
=
dV

dz
+
dV1
dz

= −W −
n∑

i=1

η2i +
k∑

s=1

∂V

∂ρs
× (Rs −R(0)

s ) +
n∑

j=1

∂V1
∂ηj

pj.

Â ìàëîé îêðåñòíîñòè íà÷àëà êîîðäèíàò ñïðàâåäëèâû îöåíêè

|
k∑

s=1

∂V

∂ρs
(Rs −R(0)

s )| ≤ a[
k∑

s=1

|ρs|]i+1, (1.7)

n∑
j=1

∂V1
∂nj

pj| ≤ a[
k∑

s=1

|ps|]m+1

k∑
s=1

|ηj|+ b
n∑

j=1

|ηj|2
k∑

s=1

|ρs|,

ãäå a > 0, b > 0 .
Ôóíêöèÿ U ÿâëÿåòñÿ ïîëîæèòåëüíî îïðåäåëåííîé, à å¼ ïðîèçâîäíàÿ dU/dt , âû÷èñëåí-

íàÿ â ñèëó ñèñòåìû (1.6), ÿâëÿåòñÿ îòðèöàòåëüíî îïðåäåëåííîé ôóíêöèåé ïðè l = m+ 1 .
Ñëåäîâàòåëüíî, ðåøåíèå

ρ1 = . . . = ρk = 0, η1 = . . . = ηm = 0,

θ1 = λ1z, θ2 = λ2z, . . . , θk = λkz

ñèñòåìû (1.6) àñèìïòîòè÷åñêè óñòîé÷èâî ïðè l = m+1 , è U óäîâëåòâîðÿåò íåðàâåíñòâàì
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a1(
k∑

j=1

|ρs|2 +
n∑

j=1

|ηj|2) ≤ U ≤ a2(
k∑

s=1

|ρs|2 +
n∑

j=1

|η + j|2), (1.8)

ãäå a1 > 0 , a2 > 0 .
Â ìàëîé îêðåñòíîñòè íà÷àëà êîîðäèíàò ñïðàâåäëèâû íåðàâåíñòâà

−b1U ≤ dU

dz
≤ −b2U (m+1)/2, (1.9)

ãäå b1 > 0 , b2 > 0 .
Îòñþäà ñëåäóåò

U ≤ U0(1 +
m− 1

2
b2U

(m−1)/2
0 z)−2/(m−1). (1.10)

Èç (1.8), (1.9) ñëåäóåò

U ≤ a2(
k∑

j=1

|ρ(0)s |2 +
n∑

j=1

|η(0)j |2)×

×(1 +
m+ 1

2
b2a1 × (

k∑
s=1

|ρ(0)s |2 +
n∑

j=1

|η(0)j |2)(m−1)/2z)−2/(m−1).

Îòñþäà è èç íåðàâåíñòâà (1.10) è ñëåäóþò äîêàçûâàåìûå îöåíêè (1.7).
Ä î ê à ç à ò å ë ü ñ ò â î ç à ê î í ÷ å í î.

Ç à ì å ÷ à í è å 1.1. Èç òåîðåìû è îïðåäåëåíèÿ âåëè÷èí ρs , ηj ñëåäóåò, ÷òî ïðè
z ≥ 0 ñïðàâåäëèâû îöåíêè

|xs| ≤ ψ̄(z), |ys| ≤ ψ̄(z),
|ξj| ≤ ψ̄(z), s = 1, . . . , k, j = 1, . . . , k,

(1.11)

ãäå

ψ̄(z) = c1(
k∑

s=1

(|x(0)s |+ |y(0)s |) +
n∑

j=1

|ξ(0)j |)×

×(1 + c2(
k∑

s=1

(|x+ s(0)|+ |y(0)s |) +
n∑

j=1

|ξ(0)j |)m−1z)−1/(m−1);

ïàðàìåòðû c1, c2 â ôóíêöèè ψ̄(z) áóäóò çàâèñåòü îò êîýôôèöèåíòîâ â ðàçëîæåíèÿõ
rs , ξ̄j . Ïîëó÷èâ îöåíêè äëÿ |xs| , |ys| , |ξj| , âåðíåìñÿ ê óðàâíåíèþ ż = r + µh . Îöåíèì
âåëè÷èíó h :

h ≤ k0z
bc1(

k∑
s=1

(|x(0)s |+ |y(0)s |) +
n∑

j=1

|ξ(0)j |)×

×(1 + c2(
k∑

s=1

(|x(0)s |+ |y(0)s |) +
n∑

j=1

|ξ0j |)m−1z)−α/(m−1).

Èññëåäóåì, ïðè êàêèõ óñëîâèÿõ z → ∞ ïðè t→ ∞ . Âîçìîæíû òðè ñëó÷àÿ:
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1) D = b− a/(m− 1) = 0 ;
2) D < 0 ;
3) D > 0 .

Â ïåðâûõ äâóõ ñëó÷àÿõ çà ñ÷åò âûáîðà x
(0)
s , y

(0)
s , ξ

(0)
j , µ ìîæíî ñäåëàòü |µh| <

r/2 . Òîãäà z → ∞ ïðè t → ∞ . Â òðåòüåì ñëó÷àå ìîæíî ïîêàçàòü, ÷òî äëÿ ëþáîãî
êîíå÷íîãî z̄ íàéäåòñÿ òàêîå µ0 , ÷òî ïðè |µ| ≤ µ0 íà ëþáîì äâèæåíèè, íà÷èíàþùåìñÿ

â îáëàñòè |x(0)s | < δ , |y(0)s | < δ , |ξ(0)j | < δ , áóäóò ñîõðàíÿòüñÿ íåðàâåíñòâà (1.11), à z
áóäåò ïîñòîÿííî âîçðàñòàòü îò 0 äî z̄ ïðè âîçðàñòàíèè âðåìåíè.

2. Âûâîäû

Ðåçóëüòàòû, ïîëó÷åííûå â íàñòîÿùåì ðàáîòå, îòíîñÿòñÿ ê òîìó ñëó÷àþ, êîãäà ïàðàìåòð
µ ìàë. Íî ó÷èòûâàÿ, ÷òî ôóíêöèÿ Ëÿïóíîâà áóäåò ïðåäñòàâëÿòü ñîáîé ðÿä ïî ñòåïåíÿì
ïàðàìåòðà, ðåçóëüòàòû áóäóò îñòàâàòüñÿ âåðíûìè è â òîì ñëó÷àå, êîãäà ôóíêöèÿ Ëÿïóíîâà
ñóùåñòâóåò (ñîîòâåòñòâóþùèå ðÿäû ñõîäÿòñÿ), îòðèöàòåëüíà è z → ∞ ïðè t→ ∞ .

Ðàáîòà âûïîëíåíà ïðè ôèíàíñîâîé ïîääåðæêå ÐÔÔÈ (ïð. � 10-08-000624).
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The task about existing equally measure solution of system

c⃝ S.V. Zubov3, M.V. Strecopitova4

Abstract. In giving article is solves the question about existing equally weight solution of system
di�erential equations and about behavior solutions this system equations, is beginning in same
region equally weight solution.
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