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Î ñìåøàííîé çàäà÷å äëÿ îäíîãî íåëèíåéíîãî

èíòåãðî-äèôôåðåíöèàëüíîãî óðàâíåíèÿ â ÷àñòíûõ

ïðîèçâîäíûõ ÷åòâåðòîãî ïîðÿäêà

c⃝ Ò.Ê. Þëäàøåâ1

Àííîòàöèÿ. Â äàííîé ðàáîòå èçó÷àåòñÿ îäíîçíà÷íàÿ ðàçðåøèìîñòü ñìåøàííîé çàäà÷è äëÿ
îäíîãî íåëèíåéíîãî èíòåãðî-äèôôåðåíöèàëüíîãî óðàâíåíèÿ, ñîäåðæàùåãî ñóïåðïîçèöèþ ïà-
ðàáîëè÷åñêîãî è ãèïåðáîëè÷åñêîãî îïåðàòîðîâ â ëèíåéíîé ÷àñòè óðàâíåíèÿ. Ñ ïîìîùüþ ìåòî-
äà ðàçäåëåíèÿ ïåðåìåííûõ ïîëó÷àåòñÿ ñ÷åòíàÿ ñèñòåìà íåëèíåéíûõ èíòåãðàëüíûõ óðàâíåíèé.
Èñïîëüçóåòñÿ ìåòîä ïîñëåäîâàòåëüíûõ ïðèáëèæåíèé. Äîêàçûâàåòñÿ ñõîäèìîñòü ïîëó÷åííûõ
ðÿäîâ.

Êëþ÷åâûå ñëîâà: ñìåøàííàÿ çàäà÷à, èíòåãðî-äèôôåðåíöèàëüíîå óðàâíåíèå ÷åòâåðòîãî
ïîðÿäêà, ñóïåðïîçèöèÿ ïàðàáîëè÷åñêîãî è ãèïåðáîëè÷åñêîãî îïåðàòîðîâ, ìåòîä ðàçäåëåíèÿ
ïåðåìåííûõ, ìåòîä ïîñëåäîâàòåëüíûõ ïðèáëèæåíèé.

Â îáëàñòè D ðàññìàòðèâàåòñÿ óðàâíåíèå(
∂

∂t
− ∂2

∂x2

)(
∂2

∂t2
− ∂2

∂x2

)
u(t, x) = f

t, x, u(t, x), t∫
0

m∑
j=1

Kj(t, s)u(βjs, x)ds

 (1.1)

ñ íà÷àëüíûìè

u(t, x) |t=0= φ1(x), ut(t, x) |t=0= φ2(x), utt(t, x) |t=0= φ3(x) (1.2)

è ãðàíè÷íûìè óñëîâèÿìè

u(t, x) |x=0= u(t, x) |x=l= uxx(t, x) |x=0= uxx(t, x) |x=l= 0, (1.3)

ãäå f(t, x, u, ϑ) ∈ C(D × R2) , 0 < Kj(t, s) ∈ C(D2
T ) , 0 < βj < 1 , j = 1,m , φi(x) ∈ C(Dl) ,

φi(x) |x=0= φi(x) |x=l= φ
′′
i (x) |x=0= φ

′′
i (x) |x=l= 0 , i = 1, 3 , D ≡ DT × Dl , DT ≡ [0, T ] ,

Dl ≡ [0, l] , 0 < l <∞ , 0 < T <∞ .
Îòìåòèì, ÷òî ñìåøàííûå è êðàåâûå çàäà÷è áûëè ðàññìîòðåíû â ðàáîòàõ ìíîãèõ àâ-

òîðîâ, â ÷àñòíîñòè, â [1]-[6]. Ïðåäñòàâëÿþò áîëüøîé èíòåðåñ ñ òî÷êè çðåíèÿ ôèçè÷åñêèõ
ïðèëîæåíèé äèôôåðåíöèàëüíûå óðàâíåíèÿ â ÷àñòíûõ ïðîèçâîäíûõ áîëåå âûñîêèõ ïîðÿä-
êîâ, â ÷àñòíîñòè, óðàâíåíèÿ ÷åòâåðòîãî ïîðÿäêà. Çàäà÷è ãåîìåòðèè è ôèçèêè ïðèâîäÿò
ê íåëèíåéíûì äèôôåðåíöèàëüíûì óðàâíåíèÿì â ÷àñòíûõ ïðîèçâîäíûõ. Èçó÷åíèå ìíî-
ãèõ çàäà÷ ãàçîâîé äèíàìèêè ïðèâîäèò ê ðàññìîòðåíèþ äèôôåðåíöèàëüíûõ óðàâíåíèé â
÷àñòíûõ ïðîèçâîäíûõ áîëåå âûñîêèõ ïîðÿäêîâ [7].

Ðåøåíèå ñìåøàííîé çàäà÷è (1.1)-(1.3) ðàçûñêèâàåòñÿ â âèäå ðÿäà:

u(t, x) =
∞∑
n=1

an(t) · bn(x), (t, x) ∈ D. (1.4)

Ïðèìåíåíèå ìåòîäà ðàçäåëåíèÿ ïåðåìåííûõ â âèäå (1.6) è èñïîëüçîâàíèå èíòåãðàëü-
íîãî òîæäåñòâà ïîçâîëÿåò îòêàçàòüñÿ îò íåïðåðûâíîé äèôôåðåíöèðóåìîñòè ïðàâîé ÷àñòè

1 Äîöåíò êàôåäðû âûñøåé ìàòåìàòèêè, Ñèáèðñêèé ãîñóäàðñòâåííûé àýðîêîñìè÷åñêèé óíèâåðñèòåò
èìåíè àêàäåìèêà Ì. Ô. Ðåøåòíåâà, ã. Êðàñíîÿðñê; tursunbay@rambler.ru.
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óðàâíåíèÿ (1.1). Êðîìå òîãî, òàêîé ïîäõîä ïîçâîëÿåò ñâåñòè ñìåøàííóþ çàäà÷ó ê ñ÷åòíîé
ñèñòåìå íåëèíåéíûõ èíòåãðàëüíûõ óðàâíåíèé (ÑÑÍÈÓ).

Ïóñòü bn(x) � ñîáñòâåííûå ôóíêöèè äèôôåðåíöèàëüíîãî îïåðàòîðà − ∂2

∂x2
, óäîâëåòâî-

ðÿþùèå ãðàíè÷íûì óñëîâèÿì

bn(0) = bn(l) = b
′′

n(0) = b
′′

n(l) = 0

è îáëàäàþùèå ñâîéñòâîì b
′′
n(x) = −λ2nbn(x) , ãäå λ2n � ñîîòâåòñòâóþùèå ñîáñòâåííûå çíà-

÷åíèÿ äàííîãî îïåðàòîðà.
Ëèíåéíîå ìíîæåñòâî {a(t) = (an(t)) | an(t) ∈ C[0, T ], n = 1, 2, . . .} ââåäåíèåì íîðìû

∥a(t)∥Bp(T ) =

[
∞∑
n=1

max
t∈DT

|an(t)|p
]1
p
, p > 1

ñòàíîâèòñÿ áàíàõîâûì ïðîñòðàíñòâîì Bp(T ) .
Äëÿ êàæäîãî a(t) ∈ Bp(T ) îïðåäåëÿåòñÿ îïåðàòîð

Qa(t) = u(t, x) =
∞∑
n=1

an(t) · bn(x).

×åðåç Ep(D) îáîçíà÷àåòñÿ ìíîæåñòâî çíà÷åíèé ýòîãî îïåðàòîðà. Î÷åâèäíî, ÷òî
Q : Bp(T ) → Ep(D) è Ep(D) ⊂ Lp(D) .

Î ï ð å ä å ë å í è å 1.1. Åñëè ôóíêöèÿ u(t, x) ∈
Ep(D) óäîâëåòâîðÿåò ñëåäóþùåìó èíòåãðàëüíîìó òîæäåñòâó
T∫
0

l∫
0

{
u(t, y)

[
∂3

∂t3
Φ +

∂2

∂t2

(
∂2

∂y2
Φ

)
+
∂

∂t

(
∂2

∂y2
Φ

)
− ∂4

∂y4
Φ

]
+ fΦ

}
dydt =

l∫
0

φ1

[
∂2

∂t2
Φ +

∂

∂t

(
∂2

∂y2
Φ

)
+

∂2

∂y2
Φ

]
t=0

dy −
l∫
0

φ2

[
∂

∂t
Φ +

∂2

∂y2
Φ

]
t=0

dy +
l∫
0

φ3[Φ]t=0dy äëÿ

ëþáîãî Φ(t, x) ∈ W
(k)
p (D) , òî ôóíêöèÿ u(t, x) íàçûâàåòñÿ îáîáùåííûì ðåøåíèåì

ñìåøàííîé çàäà÷è (1.1)-(1.3).
Êîýôôèöèåíòû ðàçëîæåíèÿ an(t) îáîáùåííîãî ðåøåíèÿ ñìåøàííîé çàäà÷è (1.1)-(1.3)

óäîâëåòâîðÿþò ñëåäóþùåé ÑÑÍÈÓ:

an(t) = Ψn(t) +
t∫
0

l∫
0

f

(
s, y,

∞∑
ν=1

aν(s) · bν(y),
s∫
0

m∑
j=1

Kj(s, θ)
∞∑
ν=1

aν(βjθ) · bν(y)dθ

)
×

×bn(y)Gn(t, s)dyds, t ∈ DT ,

(1.5)

ãäå

Ψn(t) =
λ2nφ1n + φ3n

λ2n + λ4n
e−λ2

nt +
λ4nφ1n − φ3n

λ2n + λ4n
cosλnt+

λ2nφ1n + (1 + λ2n)φ2n + φ3n

λ3n + λ5n
sinλnt,

Gn(t, s) = µn

[
e−λ2

n(t−s) + λn sinλn(t− s)− cosλn(t− s)
]
, µn =

1

λ2n(1 + λ2n)
.

Äåéñòâèòåëüíî, åñëè Φ = Φm(t, x) = g(t)bm(x) ∈ W
(k)
p (D) , 0 ̸= g(t) ∈ C3(DT ) , òî èç

îïðåäåëåíèÿ îáîáùåííîãî ðåøåíèÿ ñìåøàííîé çàäà÷è (1.1)-(1.3) ñëåäóåò, ÷òî

t∫
0

l∫
0

{
∞∑
n=1

an(s) · bn(y)
[
−g′′′

(s) + λ2mg
′′
(s)− λ2mg

′
(s) + λ4mg(s)

]
−

−f

(
s, y,

∞∑
ν=1

aν(s) · bν(y),
s∫
0

m∑
j=1

Kj(s, θ)
∞∑
ν=1

aν(βjθ) · bν(y)dθ

)
×

×g(s)bm(y)} dyds = 0.

(1.6)
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Òàê êàê ñèñòåìà ôóíêöèé {bn(x)}∞n=1 îðòîíîðìèðîâàíà â Lp(Dl) , òî èíòåãðèðîâàíèåì
ïî ÷àñòÿì èç (1.6) ìîæíî ïîëó÷èòü, ÷òî

T∫
0

g(t)
[
a

′′′
n (t) + λ2ma

′′
n(t) + λ2ma

′
n(t) + λ4man(t)−

−
l∫
0

f

(
t, y,

∞∑
ν=1

aν(t) · bν(y),
t∫
0

m∑
j=1

Kj(t, s)
∞∑
ν=1

aν(βjs) · bν(y)ds

)
×

×bn(y)dy] dt = 0.

(1.7)

Ïîñêîëüêó g(t) ̸= 0 äëÿ âñåõ t ∈ DT , òî èç (1.7) ñëåäóåò

a
′′′
n (t) + λ2ma

′′
n(t) + λ2ma

′
n(t) + λ4man(t) =

=
l∫
0

f

(
t, y,

∞∑
ν=1

aν(t) · bν(y),
t∫
0

m∑
j=1

Kj(t, s)
∞∑
ν=1

aν(βjs) · bν(y)ds

)
bn(y)dy.

(1.8)

Ñèñòåìà (1.8) ðåøàåòñÿ ìåòîäîì âàðèàöèè ïðîèçâîëüíûõ ïîñòîÿííûõ

an(t) = C1ne
−λ2

nt + C2n cosλnt+ C3n sinλnt+

+
t∫
0

l∫
0

f

(
s, y,

∞∑
ν=1

aν(s) · bν(y),
s∫
0

m∑
j=1

Kj(s, θ)
∞∑
ν=1

aν(βjθ) · bν(y)dθ

)
×

×bn(y)Gn(t, s)dyds, t ∈ DT .

(1.9)

Äëÿ îïðåäåëåíèÿ êîýôôèöèåíòîâ Cin(i = 1, 3) â (1.9) èñïîëüçóþòñÿ óñëîâèÿ (1.2), ò.å.

an(0) = φ1n, a
′

n(0) = φ2n, a
′′

n(0) = φ3n,

ãäå φ1n =
l∫
0

φi(y)bn(y)dy , i = 1, 3 . Òîãäà èç (1.9) ñëåäóåò ÑÑÍÈÓ (1.5).

Ò å î ð å ì à 1.1. Ïóñòü âûïîëíÿþòñÿ ñëåäóþùèå óñëîâèÿ:

1.
t∫
0

∥∥∥∥∥f
(
t, x,Qψ(t),

t∫
0

m∑
j=1

Kj(t, s)Qψ(βjs)ds

)∥∥∥∥∥
Lp(Dl)

dt ≤ ∆ <∞;

2.f(t, x, u, ϑ) ∈ Lip{F (t, x)|u,ϑ}, ãäå
t∫
0

∥F (s, x)∥Lp(Dl)ds <∞;

3.∥ψ(t)∥Bp(T ) <∞.

Òîãäà ÑÑÍÈÓ (1.5) èìååò åäèíñòâåííîå ðåøåíèå â ïðîñòðàíñòâå Bp(T ) . Êðîìå òî-
ãî, èìååò ìåñòî îöåíêà

∥ak+1(t)− ak(t)∥Bp(T ) ≤

≤ δ1
k!

[
t∫
0

∥F (s, x)∥Lp(Dl)ds

]k
exp

{
δ2

t∫
0

∥F (s, x)∥Lp(Dl)ds

}
,

(1.10)

ãäå δ1 è δ2 � íåêîòîðûå ïîëîæèòåëüíûå ïîñòîÿííûå.

Ä î ê à ç à ò å ë ü ñ ò â î. Ïðèìåíèì èòåðàöèîííûé ïðîöåññ ìåòîäà ïîñëåäîâàòåëüíûõ
ïðèáëèæåíèé

a0n(t) = ψn(t), t ∈ DT ,
ak+1
n (t) = ψn(t)+

+
t∫
0

l∫
0

f

(
s, y,Qak(s),

s∫
0

m∑
j=1

Kj(s, θ)Qa
k(βjθ)dθ

)
bn(y)Gn(t, s)dyds,

k = 0, 1, 2, 3, . . . , t ∈ DT .

(1.11)
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Ñîãëàñíî óñëîâèÿì òåîðåìû äëÿ ïåðâîé ðàçíîñòè èç (1.11) ñëåäóåò

∥a1(t)− a0(t)∥Bp(T ) ≤

≤
∞∑
n=1

max
t∈DT

t∫
0

l∫
0

∣∣∣∣∣f
(
s, y,Qa0(s),

s∫
0

m∑
j=1

Kj(s, θ)Qa
0(βjθ)dθ

)∣∣∣∣∣ · |bn(y)| · |Gn(t, s)|dyds ≤

≤M1M2l

1

q
T∫
0

∥f∥Lp(Dl)dt ≤M1M2l

1

q∆,

(1.12)

ãäå M1 = ∥b(x)∥Bq(l) , M2 = ∥G(t, s)∥Bp(T ) ,
1

p
+

1

q
= 1 .

Âòîðîå óñëîâèå òåîðåìû ïðè ó÷åòå (1.12) äàåò îöåíêó äëÿ âòîðîé ðàçíîñòè

∥a2(t)− a1(t)∥Bp(T ) ≤M2
1M2

t∫
0

l∫
0

F (s, y)
(
∥a1(s)− a0(s)∥Bp(T )+

+
s∫
0

m∑
j=1

Kj(s, θ)∥a1(βjθ)− a0(βjθ)∥Bp(T )dθ

)
dyds ≤

≤

M2l

1

q


2

M3
1∆γ0

t∫
0

∥F (s, x)∥Lp(Dl)ds,

(1.13)

ãäå γ0 = 1 +max
(t,s)

t∫
0

m∑
j=1

Kj(t, s)ds .

Ïîäîáíî (1.13) äëÿ ëþáîãî íàòóðàëüíîãî k ñïðàâåäëèâà îöåíêà

∥ak+1(t)− ak(t)∥Bp(T ) ≤

≤

M2l

1

q


k+1

γk0M
2k+1
1 ∆

[
t∫
0

∥F (s, x)∥Lp(Dl)ds

]k
k!

(1.14)

è äàëåå, â ñèëó (1.14)

∥a(t)− ak+1(t)∥Bp(T ) ≤

≤

M2l

1

q


k+1

γk0M
2k+1
1 ∆

[
t∫
0

∥F (s, y)∥Lp(Dl)ds

]k
k!

+

+M2
1M2γ0l

1

q
t∫
0

∥F (s, x)∥Lp(Dl)∥a(s)− ak+1(s)∥Bp(T )ds.

(1.15)

Îöåíêà (1.10) ïîëó÷àåòñÿ òåïåðü ïðèìåíåíèåì ê (1.15) íåðàâåíñòâà Ãðîíóîëëà-Áåëëìàíà.
Ñóùåñòâîâàíèå ðåøåíèÿ ÑÑÍÈÓ (1.5) ñëåäóåò èç îöåíêè (1.14), òàê êàê ïðè k → ∞
ïîñëåäîâàòåëüíîñòü ôóíêöèé {ak(t)}∞k=1 ñõîäèòñÿ ðàâíîìåðíî ïî t ê ôóíêöèè a(t) ∈
Bp(T ) . Ïðåäïîëàãàÿ, ÷òî ÑÑÍÈÓ (1.5) èìååò äâà ðåøåíèÿ, äëÿ èõ ðàçíîñòè a(t) è ϑ(t) ∈
Bp(T ) èìååì îöåíêó

∥a(t)− ϑ(t)∥Bp(T ) ≤M2
1M2γ0l

1

q

t∫
0

∥F (s, x)∥Lp(Dl)∥a(s)− ϑ(s)∥Bp(T )ds.

Æóðíàë ÑÂÌÎ. 2012. Ò. 14, � 2



Î ñìåøàííîé çàäà÷å äëÿ îäíîãî íåëèíåéíîãî èíòåãðî-äèôôåðåíöèàëüíîãî . . . 141

Èç ïðèìåíåíèÿ íåðàâåíñòâà Ãðîíóîëëà-Áåëëìàíà ê ïîñëåäíåé îöåíêå ñëåäóåò, ÷òî ∥a(t)−
ϑ(t)∥Bp(T ) = 0 , ò.å. åäèíñòâåííîñòü ðåøåíèÿ ÑÑÍÈÓ (1.5) â ïðîñòðàíñòâå Bp(T ) .

Ïîäñòàíîâêà ðåøåíèÿ ÑÑÍÈÓ (1.5) â ðÿä (1.4) äàåò ôîðìàëüíîå ðåøåíèå ñìåøàííîé
çàäà÷è (1.1)-(1.3):

u(t, x) =
∞∑
n=1

[ψn(t) +
t∫
0

l∫
0

f

(
s, y,Qa(s),

s∫
0

m∑
j=1

Kj(s, θ)Qa
0(βjθ)dθ

)
×

×bn(y)Gn(t, s)dyds] · bn(y).
(1.16)

Ò å î ð å ì à 1.2. Â óñëîâèÿõ òåîðåìû (1.1.) ïîäñòàíîâêà ðåøåíèÿ a(t) ∈ Bp(T )
ÑÑÍÈÓ (1.5) â (1.16) äàåò åäèíñòâåííîå îáîáùåííîå ðåøåíèå ñìåøàííîé çàäà÷è (1.1)-
(1.3).

Ä î ê à ç à ò å ë ü ñ ò â î. Äëÿ äîêàçàòåëüñòâà ñëåäóåò óñòàíîâèòü, ÷òî lim
k→∞

Pk = 0 ,
ãäå

Pk =
T∫
0

l∫
0

{
uk(t, y)[−Φttt − Φttyy − Φtyy + Φyyyy]−

−f

(
t, y, uk(t, y),

t∫
0

m∑
j=1

Kj(t, s)u
k(βjs, y)ds

)
Φ(t, y)

}
dydt+

+
l∫
0

φk
1 [Φtt + Φtyy + Φyy]t=0 dy −

l∫
0

φk
2 [Φt + Φyy]t=0 dy +

l∫
0

φk
3 [Φ]t=0 dy.

(1.17)

Ó÷åò íà÷àëüíûõ óñëîâèé an(0) = φ1n , a
′
n(0) = φ2n , a

′′
n(0) = φ3n è óñëîâèé òåîðåìû ïðè

èíòåãðèðîâàíèè ïî ÷àñòÿì îòäåëüíûõ ñëàãàåìûõ â (1.17) äàåò

Pk =
l∫
0

(
φ1(y)−

k∑
n=1

φ1nbn(y)

)
[Φtt + Φtyy + Φyy]t=0 dy−

−
l∫
0

(
φ2(y)−

k∑
n=1

φ2nbn(y)

)
[Φt + Φyy]t=0 dy +

l∫
0

(
φ3(y)−

k∑
n=1

φ3nbn(y)

)
[Φ]t=0 dy+

+
T∫
0

l∫
0

Φ(t, y)
k∑

n=1

{
l∫
0

f

(
t, y, uk(t, y),

t∫
0

m∑
j=1

Kj(t, s)u
k(βjs, y)ds

)
bn(y)dy−

−f

(
t, z, uk(t, z),

t∫
0

m∑
j=1

Kj(t, s)u
k(βjs, z)ds

)}
· bn(y)dydt.

(1.18)

Ïîñêîëüêó φi(x) ∈ Lp(Dl) , ïåðâûå òðè èíòåãðàëà â (1.18) ñòðåìÿòñÿ ê íóëþ ïðè k → ∞ .
Ñõîäèìîñòü ðàçíîñòè äâóõ ïîñëåäíèõ èíòåãðàëîâ (1.18) ïðè k → ∞ ñëåäóåò èç óñëîâèÿ
òåîðåìû, ò.å. lim

k→∞
Pk = 0 ,÷òî è òðåáîâàëîñü.
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On a mixed value problem for one nonlinear partial

integro-di�erential equation of the fourth order.

c⃝ T.K. Yuldashev2

Abstract. In this article it is studied the solvability of one initial boundary value problem
for a nonlinear partial integro-di�erential equation containing the superposition of parabolic
and hyperbolic operators in the linear left-hand side of the equation. By the method of
separation variables the countable system of nonlinear integral equation is obtained. The successive
approximations method is used. Convergence of obtained series is proved.

Key Words: integro-di�erential equation of the fourth order, superposition of parabolic
and hyperbolic operators, initial boundary value problem, separation variables, successive
approximations methods.
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