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Àííîòàöèÿ. Â ðàáîòå ðàññìàòðèâàåòñÿ íåðåãóëÿðíàÿ êðàåâàÿ çàäà÷à äëÿ ýëëèïòè÷åñêîãî
óðàâíåíèÿ ñ âûðîæäåíèåì íà ãðàíèöå îáëàñòè. Ãëàäêîå ìíîãîîáðàçèå âûðîæäåíèÿ ìîæåò
èìåòü êîðàçìåðíîñòü áîëüøå äâóõ. Ïîëó÷åíû àïðèîðíûå îöåíêè äëÿ ðåøåíèÿ çàäà÷è è îïðå-
äåëåíà åãî ãëàäêîñòü. Ïðè èññëåäîâàíèè èñïîëüçóþòñÿ ìåòîäû ôóíêöèîíàëüíîãî àíàëèçà è
ãåîìåòðèè ãëàäêèõ ìíîãîîáðàçèé

Êëþ÷åâûå ñëîâà: ýëëèïòè÷åñêèå îïåðàòîðû, ãëàäêîå ìíîãîîáðàçèå, ïðåîáðàçîâàíèå Ôóðüå,
óñëîâèå Ëîïàòèíñêîãî

1. Êëàññèôèêàöèÿ ìíîãîîáðàçèÿ âûðîæäåíèÿ êîðàçìåðíîñòè

k ≥ 2

Çàâèñèìîñòü ñâîéñòâ ðåøåíèé ãðàíè÷íîé çàäà÷è îò ïðèðîäû êàñàíèÿ âåêòîðíîãî ïîëÿ
ãðàíèöû âäîëü ìíîãîîáðàçèÿ êîðàçìåðíîñòè k = 2 è èññëåäîâàíèå ýòèõ ñâîéñòâ, âïåðâûå
áûëî ïðîäåëàíî R. Borrelli â ðàáîòe [1].

Ïóñòü G - îãðàíè÷åííàÿ îáëàñòü â Rn , n ≥ 3 , ñ êóñî÷íî-ãëàäêîé ãðàíèöåé Γn−1 è
µ - ãëàäêîå âåêòîðíîå ïîëå, îïðåäåëåííîå íà Γn−1 , êàñàåòñÿ Γn−1 âäîëü (n− k) - ìåðíîãî
ãëàäêîãî ìíîãîîáðàçèÿ Γn−k , k ≥ 2 , íî íå êàñàåòñÿ Γn−k .

Îïðåäåëèì ãëàäêèå (n− i) - ìåðíûå ìíîãîîáðàçèÿ n−i , 2 ≤ i ≤ k − 2 , òàêèì îáðàçîì,
÷òîáû Γn−1 ⊃ . . . ⊃ Γn−i ⊃ ... ⊃ Γn−(k−1) ⊃ Γk . Ìíîãîîáðàçèå Γk ÿâëÿåòñÿ îðèåíòèðóåìûì
â Γk−1 ñ ïîìîùüþ ïîëÿ µ . Ïóñòü β = ⟨µ, n⟩ - ñêàëÿðíîå ïðîèçâåäåíèå µ è n , ãäå n -
âåêòîð âíåøíåé íîðìàëè ê Γn−1 â òî÷êàõ Γk−1 . Â òî÷êàõ Γk ôóíêöèÿ β = 0 . Îáîçíà÷èì
÷åðåç Γk−1

+ ìíîæåñòâî òî÷åê Γk−1 , â êîòîðûõ β > 0 , à ÷åðåç Γk−1
− - ìíîæåñòâî òî÷åê

Γk−1 , ãäå β < 0 . Ïóñòü βk = ⟨µ, nk⟩ - ñêàëÿðíîå ïðîèçâåäåíèå µ è nk , ãäå nk - íîðìàëü
ê Γk , ëåæàùàÿ â êàñàòåëüíîé ïëîñêîñòè ê Γk è íàïðàâëåííàÿ â ñòîðîíó Γk−1

+ .

Â çàâèñèìîñòè îò ñòðóêòóðû ïîëÿ µ (n − k) -ìåðíîå ìíîãîîáðàçèå Γn−k îòíåñåì ê
îäíîìó èç êëàññîâ:

• ê ïåðâîìó êëàññó, åñëè β > 0, βk > 0 ;

• êî âòîðîìó êëàññó, åñëè β > 0, βk < 0 ;

• ê òðåòüåìó êëàññó, åñëè Γk−1
+ = ∅ ëèáî k−1

− = ∅ .

Çàìåòèì ÷òî, òàê êàê ïîëå µ íå êàñàåòñÿ ñàìîãî ìíîãîîáðàçèÿ Γk , òî Γk ìîæåò îòíî-
ñèòüñÿ òîëüêî ê îäíîìó êëàññó.

Â íàñòîÿùåé ðàáîòå ðàññìàòðèâàåòñÿ ñëó÷àé, êîãäà Γk ïðèíàäëåæèò ê ïåðâîìó êëàññó.

1Äîöåíò êàôåäðû ïðèêëàäíîé ìàòåìàòèêè, Ìîðäîâñêèé ãîñóäàðñòâåííûé óíèâåðñèòåò èì Í.Ï. Îãàðå-
âà, ã. Ñàðàíñê; boyarkindi@gmail.com
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2. Ïîñòàíîâêà çàäà÷è êðàåâîé çàäà÷è

Ðàññìîòðèì êðàåâóþ çàäà÷ó

Lu = fâG, (2.1)

µ(x,D)u = φíàn− 1, (2.2)

u = φkíàn− k, (2.3)

ãäå L - ýëëèïòè÷åñêèé îïåðàòîð âòîðîãî ïîðÿäêà ñ ãëàäêèìè êîýôôèöèåíòàìè; µ(x,D) -
äèôôåðåíöèðîâàíèå âäîëü ãëàäêîãî âåêòîðíîãî ïîëÿ µ .

Îáîçíà÷èì ÷åðåç Nn−k - (n− k + 1) -ìåðíîå ãëàäêîå ìíîãîîáðàçèå, ïðîõîäÿùåå ÷åðåç
Γn−k òðàíñâåðñàëüíî ê ïîëþ µ . Ïðîäîëæèì ãëàäêèì îáðàçîì ïîëÿ µ â äîñòàòî÷íî ìàëóþ
îêðåñòíîñòü Ωk ìíîãîîáðàçèÿ Γn−k â Nn−k+1

∩
G . Òàê êàê Γn−k îòíîñèòñÿ ê ïåðâîìó

êëàññó, òî êàæäóþ òî÷êó èç Ωk ìîæíî ñîåäèíèòü ñ Nn−k+1 èíòåãðàëüíîé êðèâîé ïîëÿ
µ .

Äàëåå, îïðåäåëèì (n − i + 1) -ìåðíûå ïëîñêîñòè íîðìàëåé Nn−i ê , 2 < i ≤ k − 1 ,
ïðîõîäÿùèå ñîîòâåòñòâåííî ÷åðåç Γn−i . Çàìåòèì, ÷òî Nn−i ∈ Nn−i+1 . Ïðåäïîëîæèì, ÷òî
â ìàëîé îêðåñòíîñòè Ω ìíîãîîáðàçèÿ Γn−k â G âûïîëíÿåòñÿ óñëîâèå [ni, µ] = 0 , ãäå ni -
íîðìàëü ê ïëîñêîñòè Nn−i , [ , ] - ñêîáêà Ïóàññîíà.

Â ðàáîòå Åãîðîâà Þ. Â. - Êîíäðàòüåâà Â. À. [1] ïðè èññëåäîâàíèè çàäà÷è ñ êîñîé ïðîèç-
âîäíîé äëÿ ýëëèïòè÷åñêîãî îïåðàòîðà âòîðîãî ïîðÿäêà áûëè ïðåäëîæåíû ìåòîäû, êîòîðûå
îñíîâûâàëèñü íà òåîðèè ýëëèïòè÷åñêèõ êðàåâûõ çàäà÷ è ãåîìåòðèè ãëàäêèõ ìíîãîîáðà-
çèé. Ýòè ìåòîäû ïîçâîëÿþò èññëåäîâàòü êðàåâûå çàäà÷è äëÿ ýëëèïòè÷åñêîãî îïåðàòîðà
ïðè áîëåå îáùèõ ãðàíè÷íûõ óñëîâèÿõ [2]. Ïîäîáíûå çàäà÷è âîçíèêàþò ïðè ìîäåëèðîâàíèè
ÿâëåíèé óïðóãîñòè, ôèëüòðàöèè è ìíîãèõ äðóãèõ ôèçè÷åñêèõ ïðîöåññîâ.

Ò å î ð å ì à 2.1. Åñëè u ∈ Hs+1(G) , d > 0 - äîñòàòî÷íî ìàëîå ÷èñëî è s > 3
2
,

òî ñóùåñòâóåò òàêàÿ ïîñòîÿííàÿ C > 0 , íå çàâèñÿùàÿ îò u , ÷òî
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,

ãäå f = Lu â G , φ = µ(x,D)u íà Γn−1 , φk = u íà Γn−k , h ∈ C∞(G) è h = 1 âíå
(
d
2

)
- îêðåñòíîñòè ìíîãîîáðàçèÿ Γn−1 , hi ∈ C∞(G) , i = 2, ..., k− 2 , ïðè÷åì hi ðàâíà 1 â

(
d
2

)
îêðåñòíîñòè ìíîãîîáðàçèÿ Γn−i è ðàâíà íóëþ âíå d îêðåñòíîñòè ýòîãî ìíîãîîáðàçèÿ,
hk ∈ C∞(G) è h = 1 âíå

(
d
2

)
- îêðåñòíîñòè ìíîãîîáðàçèÿ Γn−k .

Ñ ë å ä ñ ò â è å 2.1. Ïðîñòðàíñòâî ðåøåíèé îäíîðîäíîé çàäà÷è

• Lu = 0 â G

• µ(x,D)u = 0 íà n−1

Æóðíàë ÑÂÌÎ. 2011. Ò. 13, � 1



Íåðåãóëÿðíàÿ ýëëèïòè÷åñêàÿ êðàåâàÿ çàäà÷à ñ âûðîæäåíèåì íà ãðàíèöå 53

• u = 0 íà n−k

êîíå÷íîìåðíî

Ñ ë å ä ñ ò â è å 2.2. Îáîçíà÷èì ÷åðåç Πs(G) ïðîñòðàíñòâî ôóíêöèé ñ êîíå÷íîé
íîðìîé

∥u∥Πs(G) = ∥u∥s + ∥µ(hu)∥s +
∑k−1

i=1 ∥ni(h
iu)∥N

n−i

s +
∥∥hku∥∥

s
.

×åðåç Γn−i
s ( i = 2, ..., k−1 ) - ïðîñòðàíñòâà ôóíêöèé, îïðåäåëåííûõ íà Γn−i ñ êîíå÷íîé

íîðìîé
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s - ïðîñòðàíñòâî ôóíêöèé, îïðåäåëåííûõ íà Γn−1 ñ êîíå÷íîé íîðìîé
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Γn−k
s - ïðîñòðàíñòâî ôóíêöèé, îïðåäåëåííûõ íà Γn−k ñ êîíå÷íîé íîðìîé

∥u∥Γn−k
S

= ∥u∥Γ
n−k

s + ∥hu)∥Γ
n−k

s+1 , ãäå h , hi hk ôóíêöèè, îïðåäåëåííûå â òåîðåìå 2.1..

Òîãäà îáëàñòü çíà÷åíèé îïåðàòîðà
u→ (Lu, µ(x,D)u|Γn−1 , ni(x,D)u|Γn−i) u|Γn−k , i = 2, . . . , k − 1, äåéñòâóþùåãî èç
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2
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2
(Γn−k) çàìêíóòà.

Ò å î ð å ì à 2.2. Åñëè ìíîãîîáðàçèå n−k ïðèíàäëåæèò ê ïåðâîìó êëàññó è èç-
âåñòíî, ÷òî

u ∈ Hs(G), Lu ∈ Hs(G), µ(x,D)u ∈ H
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1
2
(Γn− k) , ãäå s > 0 òî u ∈ Hs+1(G) è ñóùåñòâóåò òàêàÿ ïîñòîÿííàÿ C > 0 ,

íå çàâèñÿùàÿ îò u , ÷òî
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Irregular elliptic regional problem degenerating on border
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Abstract. In work the irregular regional problem for the elliptic equation is considered. Aprioristic
estimations for the decision of a problem are received. At research methods of the functional analysis
and geometry of smooth varieties are used
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