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Àííîòàöèÿ. Â ñòàòüå èçó÷àåòñÿ ïîñòðîåíèå èíâàðèàíòíîé ìåðû äëÿ îäíîãî êëàññà êâàçè-
ýíäîìîðôèçìîâ, çàäàâàåìûõ íåïðåðûâíûìè íèãäå íå äèôôåðåíöèðóåìûìè îòîáðàæåíèÿìè.
Ðàññìàòðèâàåòñÿ ñëó÷àé, êîãäà èíâàðèàíòíàÿ ìåðà ñîñðåäîòà÷èâàåòñÿ íà ÷àñòè ïðîñòðàíñòâà
ïåðâîíà÷àëüíîé ìåðû ìåíüøå åäèíèöû.

Êëþ÷åâûå ñëîâà: Èíâàðèàíòíûå ìåðû; íåïðåðûâíûå íèãäå íå äèôôåðåíöèðóåìûå ôóíê-
öèè; êâàçèýíäîìîðôèçìû.

1. Ââåäåíèå

Ïóñòü (M,F, ρ) � ïðîñòðàíñòâî Ëåáåãà, ò.å. ïðîñòðàíñòâî, èçîìîðôíîå îòðåçêó [0, 1)
ñ ìåðîé Ëåáåãà. Êâàçèýíäîìîðôèçìîì íàçûâàåòñÿ èçìåðèìîå íåñèíãóëÿðíîå (ïðîîáðàç
ìíîæåñòâà ìåðû 0 èìååò ìåðó 0 ) ïðåîáðàçîâàíèå ïðîñòðàíñòâà M . Èçìåðèìîå ðàçáèå-
íèå ξ ïðîñòðàíñòâà M åñòü ðàçáèåíèå íà ïðîîáðàçû òî÷åê äëÿ íåêîòîðîãî èçìåðèìîãî
ïðåîáðàçîâàíèÿ ïðîñòðàíñòâà M , íå ñîõðàíÿþùåå ìåðó.

2. Ïîñòàíîâêà çàäà÷è

Ïóñòü M = [0, 1) , T � äåéñòâèòåëüíàÿ ôóíêöèÿ, îïðåäåë¼ííàÿ íà [0, 1) è óäîâëåòâîðÿ-
þùàÿ óñëîâèÿì: 1. T (0) = 0, lim

x→1
T (x) = 1 . 2. T íåïðåðûâíà è íèãäå íå äèôôåðåíöèðóåìà.

3. T íå ñîõðàíÿåò ìåðó. Ïîñòðîåíèå òàêèõ ôóíêöèé, ñîõðàíÿþùèõ ìåðó, îïèñàíî â [1]. Â
äàííîé ñòàòüå ïðèâåä¼í ïðèìåð ïîñòðîåíèÿ òàêîãî êâàçèýíäîìîðôèçìà, êîòîðûé íå ñî-
õðàíÿåò ìåðó, à èíâàðèàíòíàÿ ìåðà ñîñðåäîòî÷åíà íà îòðåçêå [1

4
, 3
4
) .

3. Ïðèâåäåíèå êâàçèýíäîìîðôèçìîâ äàííîãî êëàññà ê èíâàðèàíò-

íîé ìåðå

Ïîñòðîèì êâàçèýíäîìîðôèçì, ò.å. èçìåðèìîå îòîáðàæåíèå, íå ñîõðàíÿþùåå ìåðó, ïðî-
ñòðàíñòâà M . Ïðè ýòîì áóäåì èñïîëüçîâàòü òåõíèêó èç [1]. Ðàçîáü¼ì çàøòðèõîâàííóþ
÷àñòü ðèñ. 1 íà êâàäðàòû ïåðâîãî ïîðÿäêà è çàíóìåðóåì èõ òàê, ÷òîáû A1

i è A1
i+1 äëÿ

ëþáîãî i èìåëè îáùóþ ñòîðîíó èëè âåðøèíó. Äëÿ i = 1, 4 îïðåäåëèì T−1A1
i = {(x, y) :

i−1
12

≤ x < i
12
, 0 ≤ y < 1} .
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Äëÿ i = 5, 12 ïîëîæèì

T−1A1
5 = {(x, y) : 1

4
≤ x <

3

8
,
1

4
≤ y <

3

4
},

T−1A1
6 = {(x, y) : 3

8
≤ x <

1

2
,
1

4
≤ y <

3

4
},

T−1A1
7 = {(x, y) : 1

2
≤ x <

5

8
,
1

4
≤ y <

3

4
},

T−1A1
8 = {(x, y) : 5

8
≤ x <

3

4
,
1

4
≤ y <

3

4
},

T−1A1
9 = {(x, y) : 3

4
≤ x <

13

16
, 0 ≤ y < 1},

T−1A10
1 = {(x, y) : 13

16
≤ x <

7

8
, 0 ≤ y < 1},

T−1A11
1 = {(x, y) : 7

8
≤ x <

15

16
, 0 ≤ y < 1},

T−1A12
1 = {(x, y) : 15

16
≤ x < 1, 0 ≤ y < 1}.

Êàæäûé êâàäðàò ïåðâîãî ïîðÿäêà ðàçáèâàåì ãîðèçîíòàëüíîé è âåðòèêàëüíîé ïðÿìûìè
íà ÷åòûðå êâàäðàòà âòîðîãî ïîðÿäêà. Ïåðåíóìåðóåì êâàäðàòû âòîðîãî ïîðÿäêà òàê, ÷òî-
áû âûïîëíÿëèñü óñëîâèÿ: 1) ñíà÷àëà íóìåðóåì êâàäðàòû, âõîäÿùèå â A1

1 , ïîòîì â A1
2

è ò.ä., ò.å. ñîãëàñîâàíî ñ óïîðÿäî÷åíèåì êâàäðàòîâ ïåðâîãî ïîðÿäêà; 2) âñå êâàäðàòû A2
i

âòîðîãî ïîðÿäêà çàíóìåðîâàíû òàê, ÷òî äëÿ ëþáîãî i = 1, 47 êâàäðàòû A2
i è A2

i+1 èìå-
þò èëè îáùóþ ñòîðîíó èëè îáùóþ âåðøèíó. Ïðîîáðàç êàæäîãî êâàäðàòà A1

i ðàçáèâàåòñÿ
âåðòèêàëüíûìè îòðåçêàìè íà ÷åòûðå ðàâíîâåëèêèõ ïðÿìîóãîëüíèêà, êàæäûé èç êîòîðûõ
ÿâëÿåòñÿ ïðîîáðàçîì îäíîãî èç ÷åòûð¼õ êâàäðàòîâ âòîðîãî ïîðÿäêà, âõîäÿùèõ â A1

i , ïå-
ðåíóìåðîâàííûõ òàê, ÷òî èç êàæäûõ äâóõ ïðîîáðàçîâ ëåâåå òîò, êîòîðûé èìååò ìåíüøèé
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íîìåð. Äàëåå àíàëîãè÷íî ïî èíäóêöèè ñòðîèì êâàäðàòû n -ãî ïîðÿäêà ñ âûïîëíåíèåì
óñëîâèé 1) è 2) äëÿ n = 3,∞ . Òåïåðü âîçüì¼ì ëþáóþ òî÷êó (x, y) , âõîäÿùóþ â çàøòðè-
õîâàííóþ îáëàñòü ðèñ. 1. Äëÿ íå¼ ñóùåñòâóåò ïîñëåäîâàòåëüíîñòü {An

in} êâàäðàòîâ, ñõî-
äÿùàÿñÿ ê òî÷êå (x, y) . Ñîîòâåòñòâóþùàÿ ïîñëåäîâàòåëüíîñòü {T−1An

in} ñõîäèòñÿ ïðè
n → ∞ ê âåðòèêàëüíîìó îòðåçêó, ÿâëÿþùåìóñÿ ïðîîáðàçîì òî÷êè (x, y) . Äëÿ i = 1, 4
îïðåäåëèì íåïðåðûâíîå âçàèìíî îäíîçíà÷íîå ñîõðàíÿþùåå ìåðó îòîáðàæåíèå U êâàäðàòà
A1

i â èíòåðâàë [ i−1
16
, i
16
) äëÿ ïðîîáðàçîâ x îòîáðàæåíèÿ T è îòîáðàæåíèå V â èíòåðâàë

[16−i
16
, 16−(i−1)

16
) äëÿ îáðàçîâ y îòîáðàæåíèÿ T . Àíàëîãè÷íî äëÿ i = 9, 12 îïðåäåëÿåòñÿ

îòîáðàæåíèå U êâàäðàòà A1
i òàê, ÷òî x ∈ [ i+3

16
, i+4

16
) , y ∈ [ i−9

4
, i−8

4
) . Äëÿ i = 5, 8 äëÿ

êâàäðàòîâ A1
i ïîëàãàåì x ∈ [ i−3

8
, i−2

8
) , y ∈ [ i−3

8
, i−2

8
) . Ïîëàãàåì, ÷òî ïðîîáðàçîì òî÷êè

y = V (x, y) ÿâëÿåòñÿ ìíîæåñòâî òî÷åê U(T−1(x, y)) . Ýòèì ñàìûì îïðåäåëÿåòñÿ îòîáðà-
æåíèå òî÷êè x îòðåçêà [0, 1) â òî÷êó y . Ëåãêî âèäåòü, ÷òî ïîëó÷åííîå îòîáðàæåíèå T
íåïðåðûâíî (âñëåäñòâèå óñëîâèé 1) è 2) ïðè íóìåðàöèè êâàäðàòîâ) è íèãäå íå äèôôå-
ðåíöèðóåìî. Åñëè îáîçíà÷èòü A = [1

4
, 3
4
) , òî TA = A , ρ(A) = 1

2
, ρ(T−1A) = 3

4
, ò.å. T

íå ñîõðàíÿåò ìåðó. Äëÿ îòîáðàæåíèÿ T : [0, 1) → [0, 1) ñóùåñòâóåò îòîáðàæåíèå ìåð
T⋆ρ(B) = ρ(T−1B) ,

T⋆ρ(A
1
1 ∪ A1

4) = ρ(T−1(A1
1 ∪ A1

4)) =
1

8
,

T 2
⋆ ρ(A

1
1 ∪ A1

4) = ρ(T−2(A1
1 ∪ A1

4)) =
1

16
,

. . . ,

T n
⋆ ρ(A

1
1 ∪ A1

4) = ρ(T−n(A1
1 ∪ A1

4)) =
1

4

1̇

2n
,

T⋆ρ(A
1
5 ∪ A1

6 ∪ A1
7 ∪ A1

8) = ρ(T−1(A1
5 ∪ A1

6 ∪ A1
7 ∪ A1

8)) =
1

2
+

1

4
,

T 2
⋆ ρ(A

1
5 ∪ A1

6 ∪ A1
7 ∪ A1

8) = ρ(T−1(A1
5 ∪ A1

6 ∪ A1
7 ∪ A1

8)) =
1

2
+

1

4
+

1

8
,

. . . , T n
⋆ ρ(A

1
5∪A1

6∪A1
7∪A1

8) = ρ(T−n(A1
5∪A1

6∪A1
7∪A1

8)) =
1
2
+ 1

4
+ · · ·+ 1

2n+1 . Ïîëîæèì µ =

lim
n→∞

1
n

n∑
k=1

T k
⋆ ρ . Ïîäñòàâëÿåì â ýòó ôîðìóëó ïðåäûäóùèå ðåçóëüòàòû, ïîëó÷àåì µ([0, 1

4
)) =

0 , µ([1
4
, 3
4
)) = 1 , µ([3

4
, 1)) = 0 . Òàêèì îáðàçîì, ïðèâåäåíèå ê èíâàðèàíòíîé ìåðå ñâîäèò

îòîáðàæåíèå T ê åãî ñóæåíèþ T : [1
4
, 3
4
) → [1

4
, 3
4
) , ãäå [1

4
, 3
4
) ñ ìåðîé µ[1

4
, 3
4
) = 1 . Êàê

ïîêàçàíî â [1], ýíäîìîðôèçì T ÿâëÿåòñÿ òî÷íûì, ò.å. ∀A ∈ F ñ µ(A) > 0 lim
n→∞

µ(T nA) =

1 .
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Invariant measures of one class of quasiendomorphisms of
lebesgue space
c⃝ V. G. Sharapov 2

Abstract. In the paper a construction of invariant measure for one class of quasiendomorphisms
given by continuous nowhere di�erentiable maps is studied. It is considered the case when the
invariant measure is concentrated on the interval of primary measure smaller one.

Key Words: Invariant measure, continuous nowhere di�erentiable functions,
quasiendomorphisms.
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