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MoauduimpoBaHHBIA METO/, IIOCTPOEHUS MUHUMAJILHOI'O
MHOI'oO4JieHa
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Annoranmsi. B craree npuBomuTCs MOIuGWIMPOBAHHBIN METOI TOCTPOEHUS MWUHWUMAJIBHOTO
MHOTOYJIEHA C TIOMOIIIBIO PEIEHNsT CACTEM JIMHEHHBIX anrebpandeckux ypaBraenwuit. [Ipepnaraemsrit
MOXO0J, HE M3MEHsIsi OCHOBHON WIEW MEeTONa, JaeT BO3MOXKHOCTH B BBICIIEH CTENEHW COKPATHTH
uncyio Berancienuii. Ecian panee misi moctpoennsi KO3 GUIMEHTOR MUHMUMAJIBHOTO MHOTQYJIEHA
MAaTPHUIIBI N - OTO TIOPSIIKA, TTPY UCTIOJIB30BAHUN METOIA HEOOXOAMMO OBIJIO UCKATE PEIIEHNE CUCTEM
JVHEHHBIX aNreGpanyecKnX ypaRHeHHH opsaaKa n° X m , n < m , T0 B MOIU(pHUIMPOBAHHOM METO/IE
JIJIsi 3TOTO JOCTATOYHO UCKATH DEIIEHUE CHCTEM JIMHEHHBIX anrebpandecKux yPABHEHUM MOPSIKA
nxm, n<m.

KuaroueBbie cioBa: MWHWMAJIBHBIM MHOTOYJIEH, ajlreOpandeckoe ypaBHEHWE, MATPHILA,
K03 uLmeHT, cOOCTBEHHOE YHUCIIO.

Jns Beramcienus Ko3(UIMEHTOB MMHMMAJIBHOIO MHOIOYJIEHA MAaTpuibl A M3BECTHO
BCETO HECKOJBKO TIOAXOJ0B, KOTOPHIE YCJIOBHO MOXKHO PA3JEIUTh HA AHAJATHUYECKHE U
BhIauCnTesIbHBE MeTonbl [2], [3]. K mepBoii rpymnme MoKHO OTHECTH NMPWBEJIEHWE MATPHIIHI
K ¢dopme 2Kopmana u k dpopme Cwmura. Bo BTOpyIo rpynmy BXoguT Meron JlaHWIEBCKOTO
npuBeaeHust MaTpuibl K popme @pobernyca. OapHako 00a I0aX0aa IEPBOH IPyHbl (PaKTUYECKH
BBIYUCISIOT COOCTBEHHBIE YHCTIA STON MATPHUIIBI, YTO HABJISETCS OTIEJbHOM M HEIPOCTOMH
3agadeir. [lpeanoururensuee MCNOIB30BATE METOIBI, HE TPEOYIONIME BBIYUCIECHUS] CHEKTPA.
Meron JlauuieBcKOro JjaetT KO3I(D@UIMEHTH XapaKTEPUCTHUYECKOITO MHOTOYJIEHA, €CJIM OH
COBIIAJAeT ¢ MUHUMAJbHBIM, WHaYe maTpuna Ppobenuyca Oymer 10J0YHON M oauH U3 OJIOKOB
naer Ko3PUIUeHTH MUHAMAIBHOIO HOJIHHOMA.

s KpaTKOCTH HAIOMHHM CyTh METO/Ia TOCTPOEHUsS MUHHUMAJBHOTO MHOTOYJIEHA IyTEM
DEINEHNs] CUCTEMBI JIMHEHHBIX aIre0pandecKux ypaBHEHWH W3JI0XKEHHOTO B pabore [2].

[Iycth A - BemecTBeHHAasl, MOCTOsSIHHAs MarTpuna pasmepa n X n. [locraBum 3amady
MOVCKA MUHUMAJIFHOTO WHOTQYJIEHA 3TOW MATPWIBI, T. €. MHOTOYJIEHA HAWMEHBINEH CTerneHn
AHYIMPYIOMEro MaTpuiry A ¢ Ko3ddUIMEeHTOM IpH cTapIneil CTeneHn PABHBIM equHuIe. TakuMm
00pa3oM MUHUMAJIbHBIM MHOTOYJIEH UMEET BU/I:

FO) =N 4o N+ ol +¢=0. (1.1)

IPpUYEM BBITIOJITHACTCA MATPUYHOE TOXKIECTBO:

Ak + Ck_lAk_l + ...+ aA+ coll =0 (12)

3aMerrM, 9TO BEMECTBEHHBIE MATPHIIBI Pa3Mepa 1 X 1. 00pa3yioT BENIECTBEHHOE JIMHEHHOE
IPOCTPAHCTBO PA3MEPHOCTH M2, Ile MOXKHO WMCIOJIb30BATH BCE PE3YJILTATHI, TOJYYEHHBIE B
nmHeitHO# anrebpe [1].

Wcxoast u3 31010, MOXKHO ¢pOpMYyIMPOBATH OYEBUIHOE YTBEPIKICHHE.
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Teopema 1.3. Cmenenv MUHUMAABHOZ0 MHO20YAEHA pasHa k + 1, ecau mampuuysi

Ak AR A A% A= (1.3)

- AUHETHO HE3ABUCUMDBL, A MATNPUUDL

ARFL AR ARL AR (1.4)

yace AUHETHO 3A6UCUMDL.

JokaszatTeancTB o Jelicreurenpro, ecam marpunsl (1.4) auneidHO
3aBUCHMBI, TO MYIIECTBYET BEIIECTBEHHBIE YMCIA Cg,Cl,...,Ckr1 HE BCE PABHBIE HYJIIO TAKWeE,
YTO BBIOJHAETCA MATPUYHOE TOXKIECTBO:

k+1
ZciAi = 0,]qquadA°® = E. (1.5)
i=0

N3 31010 MHOXECTBA Cjeayer, 4To Cxy1 7 0, ub60 B MPOTUBHOM cCiiydae 3T0 OyJer 03HAdYaTh,
9yro marpuisl (1.3) - smuedHo 3aBucuMbl. OTCIOA BBITEKAET, YTO CHPABEIJIMBO MATPUYHOE
PABEHCTRO:

A gk Sap Dpo. (1.6)
Ck+1 Ck+1 Ck+1
Takum 06pa3om, K03(pHUIMEHTH ITOTO0 MATPUYHOTO TOXKJIECTBA, SIBJISIOTCS Ko3dduipertamu
MHUHUMAJLHOTO MHOTOYJIEHA. 3aMETUM, 9TO B cuiny Teopembl Kanu-Tamunbsrona matpuist (1.4)
JIMHEHHO 3aBUCUMBI ipu kK =n — 1.
Jloka3zaTeabhCTBO 3aKOHYEHO.

Brenem monsitme passepHyToit marpuibl By st marpuwanoit coBokynHocth (1.3). Dra
marpuna pasmepa n? X (k + 1) cToabupl KOTOpO# cocTaBaeHbl U3 CTOIONOB Ay, 1 = 1,71

Marpun, A™, m = k,0 3anuMcaHHBIX OJWH NOJ JPYIUM TOAPS), HAYMHAA C IIEPBOrO CTOJIOIA
910l Matpunsl (Ajy,), KoHYas nocaeauuM (A, ) :

Alk Alk—l <o El Alm

Aoy Agpq1 ... E Ao, _
By=|"" = Ak A Aw=| L m=Ro (1)

Ank Ank—l cee En Anm

Ouerngno, 49rT0 JmHelHAst He3aBucuMocTh Marpui (1.3) SKBUBaJeHTHA JIMHEHHOl
HE3aBMCUMOCTH CTOJIONOB MaTpuIlkl ), T. K. CIpaBeyInBO COOTHOIIEHNE

k
Z ' T
bC =0« A" =0, C = (Ck7Ck_1,...7C()) . (18)
i=0
D10 03Ha4aeT, 9TO JnHelHas He3aBucuMocTh Marpurl ((1.3)) IKkBUBaAJIEHTHA TOMY, YTO MATPULA
By, pasmepa n? x (k + 1), aBisiercs MaTpuei TOJIHOTO PaHra, T. €. ee PaHT pased k + 1.
OTcioga BeITEKAET, 9TO TeopeMy 1 MOKHO niepedopMyIupoBaTh CJIEAYIOMKAM 00Pa30M.

Teopewma 1.4. Ilyemv k naumenvwee u3 wucen (k € 0,n— 1) npu xomopom
CUCTNEMA AUHETHBLT AN2e0PAUMECKUT YPASHEHUT
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BrC = Apqa, C = (ChsChty---+00)", (1.9)

uMeem pewenue, mozoa MUHUMAALHYIT MHO20MAEH Mampuybl A umeem 6ud:
FO) =M g XF — e AL e N~ =0 (1.10)

CropaBeniuBo M 00OpaTHOE YTBEPXKIEHHE O TOM, YTO KOIPPUIUEHTH MHUHUMATIHHOTO
vuorounena (1.10) C' = (¢, Cr_1,---,C0)7
anrebpanveckux ypasuenuii (1.9).

JokaszareuabcTBso. Paspemmmocrs ypaBrenusi (1.9) o3Hauaer paspenmmocTtb
MATPUYHOTO TOXKIECTBA

, ABJIAIOTCA PEMEHUAMNU CHUCTEMbDI JIMTHERHBIX

Ak+1 :CkAk—i—Ck_lAk_l + ...+C]_A+COE- (11]‘)

Tak kak k siBasiercss MuUHMMATIBHBIM u3 uucea 0,n — 1, 1o muorownen (1.10), siBasiercs
MHHUMAJTBHBIM MHOTOYJIEHOM.

C apyroit croponsi, ecim MHorouseH (1.10), siBjisiercsi MUHMMAJIBHBIM MHOTOYJIEHOM, TO
cripaBeyInBO MaTpudHoe TOXkAecTBO (1.11), KOTOpOE SKBHBAJIEHTHO PA3PEITUMOCTH CHCTEMBI
JMHEHHBIX asireOpandeckux ypasaenwnit (1.9).

JJokazaTeaAbCcTBO 3aKOHYEHO.

Sameuanne 1.3. Umax, memoduka nocmpoeHus MUHUMAABHOZ0 MHO20MNAEHA
saxmovaemcsa 6 noucke peuierus C = (cy, Cr_1,...,¢0)T cucmemvl MUHETHBIT aN2e6PAUNECKUT
ypasnenuti (1.9) daa naumenvuiezo yeaozo wucaa k,k = 1,n. Ilpu smom eeaunumnvi —cy,
—Ck—1, ..., —Co bYdym xospduyuenmamu MUHUMANLHOZO MHO2ouAeHa (1.10). 3amemum,
umo 6 cuay meopemv, Keau - Tamuavmona mampuunoe ypasuenue (1.11) ecezda umeem,
peULeHUE.

Sameuaunune 1.4. Ecaupewenue ypasrenus (1.9) npu naumenvuem us vuces k =
0,n ydosaemeopaem ycaosuro co = 0, mo mampuuya A - ewiposcoennan. Boaee mozo, ecau
6 9MOM PEUEHUU P NMEPEHLT KOMNOHEHM HYAesble Cyp = ¢ = ... = C,_; = 0, mo Kpamnocmb
HYNEB020 CODCMBEHHO20 YUCAG MAMPUUDL A He MeHbULe Yem P .

Sameuaunune 1.5. Ecau mampuuyse (1.3) aunelino Hesasucumov, a MAmpuybl
(1.4) aumetino sasucumnv, mo mampuya Bl By aeasemca noaoscumenavno onpedesennoti, a
MAMPUYG B,?HB;CH HEOMPUUAMENLHOT U UMEEM 00HO CODCMBEHHOE YUCAO PasHoe HYA0. Kax
uaeecmo [1], das npamoyzorvhot mampuys, A pazmepa nXm paHe T CuUH2YAAPHOT MAMPUYDL
AT A cosnadaem ¢ parzom mampuuvt A, a ee CUHEYAADHDIE YUCAG p; HEOMPUUAMEALHDLE.
Ilpunem, ecau, Hanpumep, m < n, MO YUCAO HYAEBHL p; pasHo m — r. Taxum obpasom,
ymobvl Hatimu Ko3hOUUUEHMBL MUHUMANDHOZ0 MHOZ0YAEHA He 00A3GMENBHO UCKATD DEULEHUS
cucmemni (1.9) npu k= 0,1,2,..., a docmamouro nposepums npu Kaxom wucae k mampuya
Bg+1Bk+1 CMAHOBUMCA HEOMPUYUAMEALHOT (NPU MEHBUUT BeAUNUHAT kK 3Ima mampuya
ABAAEMCA NONOHCUMENLHO ONPEENEHHOT). IMO CUABHO COKPAMUM HUCAO BbIHUCAEHUL U 0N
NOAYYEHUA KOIPHUUUEHNO08 MUHUMAALHOZ0 MHOZ0YMAEHG HEODTOOUMO HATMU PEULEHUE MOALKO
0010t cucmemni aszebpaudeckut ypashenuti (1.9) umenno dan amozo wucaa k .

[lo amanorum c wugessMH, HINOKEHHBIMHU BBHITIIE MOXKHO CHOPMYIUDPOBATEL CJIEIYIONIEE
OYEeBUJIHOE yTBEDPXKJIEHNUE.
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Teopewma 1.5. Ilyemv k naumenvwee u3 wucen (k € 0,n— 1) npu xomopom
CUCTNEMDL NUHETHBIT AA2E0PAUYECKUT YPABHEHUT]

I
=
S

k
E Aijcj = Airy1, i

J=0

(1.12)

umerom 00no u mo sce pewenue C = (Cg,Cr_1,- - ,CO)T, moz20a MUHUMANGHBIT MHO20MNAEH

mampuuvt, A umeem eud (1.10).

HoxkazarenscTBo. To, uro cucrembl ypaBrenwii (1.12) umeroT OmHO M TO »Ke perieHne
o3Havaer, 4T0 k HammeHbinee u3 uucesa (kK € 0,n —1) npu KOTOPOM cHCTEMA JIMHEHHBIX
anreOpandeckux ypasHenuil (1.9) umeer pemeHue. DTO 03HAYAET, YTO BHINOIHSIOTCS BCE
YCIIOBUS TEOPEMBI 2.

Jloka3zaTeabhCTBO 3aKOHYEHO.

S3ameugaunune 1.6. Xoma doxazannoe ymeepocdenue docmamovHo 04YEBUIHO, HO
U3 HE20 MOHCHO COENQTND BANHCHBIL 661800, KOMOPLILT NO360AAET. NOCTPOUMD ONMUMAALHBLT
AAZ0PUMM NOCMPOEHUA KOIPPHUUUEHMOE8 MUHUMAALHOZ0 MHO20YAeHA. [leticmeumensvHo Ha
NepPeoM IMane 00CMAMOYHO HATUMU PEUEHUE BCE20 AUUDL O00HOT U3 CUCMeM AUHETIHBLT
anzebpauneckus ypaerenutd (1.12) daa nepeozo u3 wucea k = 0,n u nposepumv A6AAEMCA
AU MO  PEULCHUE PEUWEHUEM OAf 6CEL OCMANLHBLL CUCTEM AUHETHBLIT AA2e0PaUNECKUT
ypasnenut (1.12) npu dannoti seauvune k. Ecau amo max, mo xosduyuenmo, MUHUMAADHOZO0
MHO20UAEHA HATiOeHbl. B npomuenom cayuae HeobLo0uMo 6ui6pams my cucmemy AUHETHBIL
anzebpauveckux ypasnenut (1.12) % xomopotli 3mo pewenue He NOGTOUM U MPOIOAHCAMD
uckamov pewenue smoti cucmemwvs npu k = k + 1. Hempyono eudemwv, uwmo, 6 KoHue
KOHU08, Mbl Halidem KOIPOUUUEHMDB. MUHUMAABHO20 MHO20YAEHA UMY  KOIPOUUUEHMbL
TOPAKMEPUCTNUYECKO20 MHOZOYNAECHA 6 CAYYAE €20 COBNAJEHUSA ¢ MUHUMAALHDBIM.

Pa6ota Bemonrena npu noggepskke PO®U rpant Ne 07-07-00104 u rpant Ne 06-01-00244.
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Modification methods of building minimum polynomials
© S.A. Dutov 4,0.A. Zubova 5, A.I. Ivanov ©

Abstract. In this article is leading modification method of building minimum polynomial with
help solution systems of linear algebraic equations. The proposed approach, isn’t changes base idea
of method is gives possibility in higher degree is reduces number of calculations. If early for building
coefficients of minimum polynomial of matrix n - order by employment the method sufficiently was
researched the solution of systems linear algebraically equations order to n? x m, n < m, then
in modification method for this sufficiently is researches solution of systems linear algebraically
equations in order to n x m, n <m.
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