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Ú+Û*Ü�Ü�Ý¥Û�Þ�ß
à
á�Û*â,Þ�ÜÀãäÜ�à
Ü,Þ�â�Ý¥Û)å�ß.Û*á�æ
â�æ
à
ç%èêé�ë#ì�í¼î�Ü�ï�î�ð�î�å�Ü,Þ�Û*æ
î�á�à
á*ñ¸â�ð�î�ÜÀãäò�â,ó�á�à�ô<ß
â�á�î�ð�îöõ�á�à�÷

ø â�æ
à<ã�à�õ�â�Û�í¼ù�æ
î�ð�îVð�Û�ó=Û¾ì
ß
à)î*Þ�Ü,å�Þ�Ü,Þ�á�à
àPÞ�ß
â�æ
à<ãPàöÞ�â�ì�í¼î�ì
ß
î�á�î�õ�æ
î�Ü,Þ�àcá¾î�ï
ß
â�Ü,Þ�æ
î�Ü,Þ�àcì
î�á�â�ß�ô�÷æ
î�Ü,Þ�àcì
â�ß
â�ô�î�õ�Û[î*Þ¸õ�î*ó�á*å�ï�î�á�úFôPÜ�ï�î�ß
î�Ü,Þ�â�ç�ï)Ü�á�â�ß�ô�ó�á*å�ï�î�á�úLÝLû
{

∂θ(ψ,ϕ)
∂ϕ

− P (W (ψ, ϕ))∂W (ψ,ϕ)
∂ψ

= 0,
∂θ(ψ,ϕ)
∂ψ

+Q(W (ψ, ϕ))∂W (ψ,ϕ)
∂ϕ

= 0,

ü é�ýþé�ÿ
ð�õ�â

P (W (ψ, ϕ)) = (1 − (κ− 1)W 2

2a2
0

)
1

κ−1 ≥ p∗ > 0,

Q(W (ψ, ϕ)) =
(1 − (κ+1)W 2

2a2
0

)

W (1 − (κ−1)W 2

2a2
0

)
−κ

κ−1

≥ q∗ > 0,

W =
√
u2 + v2

÷Wá�â�í¼à � à
æ.Û Ü�ï�î�ß
î�Ü,Þ�à �
u, v

÷WÜ�î�Ü,Þ�Û*á�í.ã ��� à
â)Ü�ï�î�ß
î�Ü,Þ�à ì
îÁî�ÜÀã
Ý
x, y

Ü�î�÷
î*Þ�á�â,Þ�Ü,Þ�á�â�æ
æ
î � æ
îäá�Ý#â�Ü,Þ�î � å�æ
ï � à
ç

u
à
v
á�á�â�õ�â�æ
ú ì
î�í.ã
ß
æ
úLâ�ï�î�î�ß*õ�à
æ.Û�Þ�ú

u = W cos θ
�

v = W sin θ
� ð�õ�â

θ
÷�å�ð�î�í Ý#â ø õ¼åtá�â�ï<Þ�î�ß
î�Ý Ü�ï�î�ß
î�Ü,Þ�à à î�Ü�ù � x

�
κ = cp/cv

÷�ì
î�ï�Û�ó=Û�Þ�â�í¼ù
Û=õ�à.Û*ò�Û�Þ�ú �

a2
0

÷+Ü�ï�î�ß
î�Ü,Þ�ù�ó�á*å�ï�Û�á�ì
î�ï�î=ã � â�Ý#ÜÀãöð�Û�ó�â �
ϕ(x, y)

÷+ì
î*Þ�â�æ � à.Û�íPÜ�ï�î�ß
î�Ü,Þ�â�ç�à
ψ(x, y)÷ � å�æ
ï � à<ã)Þ�î�ï�Û<ý � ß
â�õ�ì
î�í�Û*ð�Û*â�Ý �	� Þ�î

1 < κ < 2
�
W 2(ψ, ϕ) <

2a2
0

κ+1

ý

 à
Ü,Þ�â�Ý¥Û¾å�ß.Û*á�æ
â�æ
à
ç ü é�ýþé�ÿeò*å�õ�â,Þ � í
í¼à
ì<Þ�à � â�Ü�ï�î�ð�î[Þ�à
ì.Û � ï�î�ð�õ�Û¾á�â�í¼à � à
æ.Û¸Ü�ï�î�ß
î�Ü,Þ�àPð�Û�ó=Û

Wò*å�õ�â,ÞJÝ#â�æ
ù*ñ¸âZÜ�ï�î�ß
î�Ü,Þ�àVó�á*å�ï�ÛWà¾ð�à
ì
â�ß
ò�î�í¼à � â�Ü�ï�î�ð�îW÷{ï�î�ð�õ�Ûiá�â�í¼à � à
æ.ÛWÜ�ï�î�ß
î�Ü,Þ�à[ð�Û�ó=Û
W
ò*å�õ�â,Þ

ò�î�í¼ù*ñ¸âLÜ�ï�î�ß
î�Ü,Þ�à[ó�á*å�ï�Û<ý � Þ�ÛWÜ�à
Ü,Þ�â�Ý¥ÛWã
á�í.ã
â,Þ�ÜÀã � Û*Ü,Þ�æ
úLÝ Ü�í.å � Û*â�ÝäÜ�à
Ü,Þ�â�Ý#ú 
 ý � ý 
 ß.Û*æ
ï�í.ãcèêé�ë¢ý
� õ�Û*æ
æ
î�ç)ß.Û*ò�î*Þ�âWß.Û*Ü�Ü�Ý¥Û�Þ�ß
à
á�Û*â,Þ�ÜÀã � í
í¼à
ì<Þ�à � â�Ü�ï
à
ç Ü�í.å � Û*ç'ý

� ¿g­���¬g�¤�����,­[¨=�,¬g���*­�«%£.�����¤£.������¯��¤��¨��,±��V����������ª¤��» � ­�ª¤�,£.�,����¨����7°�������±��,±���¯��¤��¨����7������������ ��À»�±�² � ­�ª¤�,£.�,� �
��� ´ ��� ��� � ��� � �����! "� �$# �&% ² ')( ²* ½e�,®������#¨=�,¬g���*­�«7¦,«	��µe���Z£.�����¤£.������¨���» + ����¨���´ ¿g������­�¶, �­�±¤��¨���� , ���� �����­�����¦,������«��Z¿g����������§=����¯��¤��¨����L ����=´¦,��­����������À»�±�² + ����¨���´ ¿g������­�¶, �­�± � ��-/.10 � 0 �!23��4 � ² ')( ²
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2 � � 1 � 1 � &�
��
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�
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�
� ��� 1 � 1 � 
�!g(
�
�
�¼�

� ï�Û � â�Ü,Þ�á�âJî�ò�í�Û*Ü,Þ�àcî�ì
ß
â�õ�â�í¼â�æ
à<ãcá�î*ó�ù�Ý#â�Ý

Ω̃ = {(ψ, ϕ) : −∞ < ψ < +∞, 0 ≤ ϕ ≤ ϕM , ϕM > 0
ý

� î�Ü,Þ�Û*á�à
Ý õ.í.ãPÜ�à
Ü,Þ�â�Ý#ú å�ß.Û*á�æ
â�æ
à
ç ü é�ýþé�ÿeó=Û=õ�Û � å � î*ñ¸à'û

θ(ψ, 0) = θ0(ψ),W (ψ, 0) = W0(ψ).
ü é�ý 9 ÿ

	 Ì Í^Î¥Ï�Ð 
 Î � Ò�Ù ��
 Ñ¥Ï 
 Ù 
�� Ò�ÒHÎ ��� Ñ 
 Ñ#Ô�Ð ��
 ÙHÏ�Ð{Ù�Ø � Ï�ÔLÎ � Ï�ÙHÏ�Ð �����

� í.ãäà
Ü�Ü�í¼â�õ�î�á�Û*æ
à<ã ó=Û=õ�Û � à ü é�ýþé�ÿ � ü é�ý 9 ÿWì
ß
à
Ý#â�æ<ã
â,Þ�ÜÀã Ý#â,Þ�î�õ õ�î�ì
î�í¼æ
à<Þ�â�í¼ù�æ
î�ð�îtÛ*ß
ð,å�Ý#â�æ<Þ�Û
è 9 ë¢ý � æ.Û � Û�í¼â)à
Ü¤ô�î�õ�æ<å � Ü�à
Ü,Þ�â�Ýgå ì
ß
à
á�î�õ�à
Ý ïäÞ�Û*ï æ.Û�ó�úLá�Û*â�Ý#î�çäô�Û*ß.Û*ï<Þ�â�ß
à
Ü,Þ�à � â�Ü�ï�î�ç � î�ß
Ý#â �
ï�î�ð�õ�Û¸ï�Û ø õ�î�â©å�ß.Û*á�æ
â�æ
à
âiÜ�î�õ�â�ß ø à<Þ[ì
ß
î�à<ó�á�î�õ�æ
úLâHÞ�î�í¼ù�ï�î¾ì
î¾î�õ�æ
î�ç�æ
â�à<ó�á�â�Ü,Þ�æ
î�ç � å�æ
ï � à
à'ý �õ�Û*æ
æ
î�Ý Ü�í.å � Û*â � Þ�î[ò*å�õ�â,Þ7Ü�à
Ü,Þ�â�Ý¥Û[à<óHõ�á*å�ô)å�ß.Û*á�æ
â�æ
à
ç

{ ∂z
∂ϕ

+ ie ∂z
∂ψ

= F,
∂W
∂ϕ

+ ie∂W
∂ψ

= G2,

ü 9 ýþé�ÿ

z(ψ, 0) = Φ(ψ),W (ψ, 0) = W0(ψ).
ü 9 ý 9 ÿ

� õ�â�Ü�ù
e(W (ψ, ϕ)) =

√

P (W (ψ,ϕ))
Q(W (ψ,ϕ))

� � å�æ
ï � à
à
F,G2

á�úLß.Û ø Û � Þ�ÜÀã � â�ß
â,ó7à
Ü¤ô�î�õ�æ
úLâ¾õ�Û*æ
æ
úLâ
Φ,W0

ã
á�æ
úLÝ î�ò�ß.Û�ó�î�ÝLý
� î�ï�Û�ó=Û*æ
îVÜ�í¼â�õ¼å ��� â�â¸ì
ß
â�õ.í¼î ø â�æ
à
â*ý
��� w � v | � wcz � w � r � r  "!$#&%$'&(*) W +-,/.103240657)80:9<;-)=(7>?>4;/2@;/A*(CBED*FHGJI-KLBED*FMDNI-K�(O !$#&%$'&(*) θ K
+-,/.103240657)80:9<;-)P(7>Q>4;/2@;/A*(1R

{

∂θ
∂ϕ

+ ie ∂θ
∂ψ

= Re(z) − iIm(z),

θ(ψ, 0) = θ0(ψ),

ü 9 ý S ÿ
T !$2@!$UV.103WX03#&(80:9Y(8Z\[8+-2@#8+-]^>4;/2@;/A*(_B6G$FHGJI-K`B6G$FMDNIaF
Ú+Û*Ü,ñ¸à
ß
â�æ
æ.Û�ãPô�Û*ß.Û*ï<Þ�â�ß
à
Ü,Þ�à � â�Ü�ï�Û�ã Ü�à
Ü,Þ�â�Ý¥Û7ò*å�õ�â,Þ[à
Ý#â,Þ�ù7á�à�õ































dw1(ψ,ϕ,s)
ds

= G2(w1(ψ, ϕ, s), w2(ψ, ϕ, s)),

w1(ψ, ϕ, 0) = W0(ψr − i
ϕ
∫

0

e(w1(ψ, ϕ, τ))dτ),

dw2(ψ,ϕ,s)
ds

= F (w1(ψ, ϕ, s), w2(ψ, ϕ, s)),

w2(ψ, ϕ, 0) = Φ(ψr − i
ϕ
∫

0

e(w1(ψ, ϕ, τ))dτ).

ü 9 ý b ÿ

� Ü�ï�î�Ý#úLâ � å�æ
ï � à
à
w1(ψ, ϕ, s), w2(ψ, ϕ, s)

ó=Û*á�à
ÜÀã<Þ � ï
ß
î�Ý#â
ψ, ϕ

� â � âWî*ÞVî�õ�æ
î�ð�î�õ�î�ì
î�í¼æ
à�÷
Þ�â�í¼ù�æ
î�ð�îÁÛ*ß
ð,å�Ý#â�æ<Þ�Û

s
ý c Û � Û�í¼ù�æ
úLâ¾õ�Û*æ
æ
úLâ[÷ � å�æ
ï � à
à

W0,Φ
Ü � à<Þ�Û*â�Ý ì
ß
î�õ�î�í ø â�æ
æ
úLÝ#à áï�î�Ý#ì�í¼â�ï�Ü�æ<å � ì�í¼î�Ü�ï�î�Ü,Þ�ù
ý

7 Ü�æ
î�á�æ
úLÝ ì
ß
â�à
Ýgå � â�Ü,Þ�á�î�Ý æ
î�á�î�ç¸ß.Û*Ü,ñ¸à
ß
â�æ
æ
î�ç¸ô�Û*ß.Û*ï<Þ�â�ß
à
Ü,Þ�à � â�Ü�ï�î�ç7Ü�à
Ü,Þ�â�Ý#ú%ì
î�Ü�ß.Û*á�æ
â�÷
æ
à � ÜZÜ�à
Ü,Þ�â�Ý#î�çöå�ß.Û*á�æ
â�æ
à
ç7á�ß.Û*ò�î*Þ�Û�ôcè S ë � è b ë¼ã
á�í.ã
â,Þ�ÜÀã[Þ�î �/� Þ�î�áJæ
â�çöì
î�í¼æ
î�Ü,Þ�ù � î*Þ�Ü,å�Þ�Ü,Þ�á*å � Þ
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2 =

Ü,å�ì
â�ß
ì
î*ó�à � à
àäæ
â�à<ó�á�â�Ü,Þ�æ
úFô � å�æ
ï � à
ç � àÁÜ�â�ç � Û*Ü¾ó�æ.Û � à<Þ�â�í¼ù�æ
îPå�õ�î�ò�æ
â�âVà
Ü�Ü�í¼â�õ�î�á�Û�Þ�ùcâ�â¾Ý#â,Þ�î�÷
õ�î�Ý ì
î�Ü�í¼â�õ�î�á�Û�Þ�â�í¼ù�æ
úFôcì
ß
à
ò�í¼à ø â�æ
à
ç'ý

� æ<Þ�â�ð�ß
à
ß<å*ãPõ�à � � â�ß
â�æ � à.Û�í¼ù�æ
úLâJå�ß.Û*á�æ
â�æ
à<ãcà<ó ü 9 ý b ÿ�ì
î
s
à)å � à<Þ�úLá�Û�ãcæ.Û � Û�í¼ù�æ
úLâWå�Ü�í¼î�÷

á�à<ã�Þ�Û*Ý ø â � ì
ß
à�ô�î�õ�à
Ý ï � ï
á�à
á�Û�í¼â�æ<Þ�æ
î�çcÜ�à
Ü,Þ�â�Ý#â�à
æ<Þ�â�ð�ß.Û�í¼ù�æ
úFôPå�ß.Û*á�æ
â�æ
à
ç'û















w1(ψ, ϕ, s) = W0(ψr − i
ϕ
∫

0

e(w1(ψ, ϕ, τ))dτ) +
s
∫

0

G2(w1(ψ, ϕ, s), w2(ψ, ϕ, s))dτ,

w2(ψ, ϕ, s) = Φ(ψr − i
ϕ
∫

0

e(w1(ψ, ϕ, τ))dτ) +
s
∫

0

F (w1(ψ, ϕ, s), w2(ψ, ϕ, s))dτ.

ü 9 ý 2�ÿ

� î�ï�Û�ó�úLá�Û*â,Þ�ÜÀã � Ü�í¼â�õ¼å ��� â�â�ì
ß
â�õ.í¼î ø â�æ
à
â*ý
��� w � v | � wcz � w � r � r � Z658( .103WX03#&(*) Z3(8Z3UX0:9 � !N. ; � #803#&(&]�BED*F � I�!$24+ � 5103U � + .7) �� U +-,/.10324065103#&# � 9 ! Z651+ � (*)*9 � 58;/2@% +@Z3U (7K�UX+ � 2@; O !$#&%$'&(&( W (ψ, ϕ) = w1(ψ, ϕ, ϕ) K z(ψ, ϕ) =

w2(ψ, ϕ, ϕ) K ) � 57) � UXZ\) .103WX03#&(80:9 >4;/2@;/A*(_BED*FHGJI-K`BED*FMDNIaF
� Þ�Û*ï¸ï�Û*ï�ß.Û*æ
â�â#õ�î�ï�Û�ó=Û*æ
î � � Þ�î � å�æ
ï � à
à

θ(ψ, ϕ),W (ψ, ϕ)
� î�ì
ß
â�õ�â�í.ã
â�Ý#úLâ�à<óFó=Û=õ�Û � à ü 9 ýþé�ÿ �

ü 9 ý 9 ÿ � ü 9 ý S ÿVã
á�í.ã � Þ�ÜÀã ß
â,ñ¸â�æ
à
â�Ý à
Ü¤ô�î�õ�æ
î�ç ó=Û=õ�Û � à ü é�ýþé�ÿ � ü é�ý 9 ÿ � Þ�î Ý#ú ì
î�í.å � Û*â�Ý î�Ü�æ
î�á�æ
î�ç
ß
â,ó�å=í¼ù=Þ�Û�Þ�ý
� à
Ý#â�æ
æ
î �$� Þ�î � å�æ
ï � à
à

θ(ψ, ϕ),W (ψ, ϕ)
� î�ì
ß
â�õ�â�í.ã
â�Ý#úLâLà<ó�ß.Û*Ü,ñ¸à
ß
â�æ
æ
î�ç�ô�Û*ß.Û*ï<Þ�â�ß
à
Ü,Þ�à�÷

� â�Ü�ï�î�ç¸Ü�à
Ü,Þ�â�Ý#ú ü 9 ý b ÿ � ò*å�õ¼å�ÞHß
â,ñ¸â�æ
à
â�ÝÁà
Ü¤ô�î�õ�æ
î�ç¸ó=Û=õ�Û � à ü é�ýþé�ÿ � ü é�ý 9 ÿ � â�Ü�í¼à¸î�æ
àJå�õ�î�á�í¼â,Þ�á�î�ß�ã � Þ
î�ì
ß
â�õ�â�í¼â�æ
æ
úLÝ å�Ü�í¼î�á�à<ã
Ý%ð¤í�Û=õ�ï�î�Ü,Þ�à'ý

� î�ï�Û�ó=Û�Þ�â�í¼ù�Ü,Þ�á�î7í¼î�ï�Û�í¼ù�æ
î�ð�î7Ü,å � â�Ü,Þ�á�î�á�Û*æ
à<ã ß
â,ñ¸â�æ
à<ã�ó=Û=õ�Û � àcÝ#î ø â,Þöò�ú�Þ�ùöì
î�í.å � â�æ
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