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OO0 mHTErpmpyeMocT AMHAMUYIECKNX CHCTEM B

MIPOCTPAHCTBE JIBYCTOPOHHUX I10CJI€40BaTEIbHOCTEN

A. 3. Paccagun

Ha’LQUOHa./LbH’bL’J uceaedosamens crull YyHusepcumem «Boicuas wroaa IKOHOMUKU S

(e.

1.

Huoicnut Hoszopod, Poccutickas Pedepavusn,)

Awnnortanusi. CTaThs MOCBANIEHA AHAIN3Y IUHAMUYECKUX CUCTEM B CIEIUAIHHBIM 00pa3oM
CKOHCTPYUPOBAHHOM CIETHOMEPHOM (hpa30BOM ITPOCTPAHCTBE, & UMEHHO, B TTPOCTPAHCTBE JIBY-
CTOPOHHUX MocJieoBaresbHocTeil. OHO AB/eTCs He TOIbKO JIMHEHHBIM IIPOCTPAHCTBOM, HO U
6anaxoBoit aarebpoit. C mOMONIBIO OTIepaIiy yMHOYKEHUsT B 3TOH aJiredpe B CTaThe CTPOSITCS
JBa MpUMeEpA JIUHAMUYECKUX CHUCTEM B TAKOM MPOCTPAHCTBE, JOMYCKAIONINX WCYEPIIHIBAIO-
mee uccaenoBanue. OJHA JUHAMUYECKAs CUCTEMA SBJISIETCH COCPEINOTOYEHHOI, TO eCTh eé
JUHAMUYIECKUE TIePEMEHHBIE 3aBUCAT TOJHKO OT BPEMEHW, a Apyras JWHAMUYECKas CHCTe-
Ma FABJISETCA PACIPEIETEHHON, TO €CTh €€ JTUHAMUYECKUE IEPEMEHHBbIE 3aBUCAT HE TOJIHKO
OT BPEMEHHU, HO M OT MPOCTPAHCTBEeHHOU mnepemenHoi. CocpenoroyeHHas CUCTEMa MOMKET
OBITH TIOJIydeHa AByMs crocobamu. IlepBwiit crmoco6 cocrouT B ympomennn 3agaun Kommwm
nns ypasuenus Kosmoroposa-Ilerposckoro-IluckyHoBa ¢ mepuogudeckuM HAYAJIbHBIM yCJI0-
BueM. Bropoii criocob 3akmo9aercs B BbIBOZE SBOJIIOIMOHHOIO Y PABHEHUS [1J1s CIETHOMEPHOMN
SHEPrUU B CUETHOMEPHOM CUCTEME OOBIKHOBEHHBIX A (DepeHITNATHLHBIX YPABHEHMUIA, SBIISIO-
meiics HopMmaabHOH dopmoit mis anasora budypkanuu Auaponosa-Xormda B IPOCTPAHCTBE
ABYCTOPOHHUX IIOCJIeJ0BarenbHocTeil. Pacupenenénnas quHaMudeckas CUCTEMa BO3HUKAET
B pe3y/IbTaTe MPOCTPAHCTBEHHOM IUCKPETU3AINA HEKOTOPOTO HEJIMHEHHOTO WHTEerpoaud de-
PeHNuaIbHOTO ypaBHeHusi. B manHoit pabote obmume pernrenus 3amad Ko ayis 9tux quHa-
MHMYECKUX CUCTEM CTPOATCH C UCIOJIb30BAHUEM METOAa Hpou3BoAsinux dyHKuuil B dhopme
pana Jlopana. B craTbe Takke MPUBOMSATCS KOHKPETHBIE TPUMEPHI TOYHBIX PEITeHui 33134
Komu pns atux nmuHamudeckux cucreM. [loka3aHo, KaK [0 aHAJIOTUHA C METOJAMU I po-
BOI 00pabOTKU CUIHAJIOB 3THU TOYHBIE PEIIEHUs ILIOPOXKJIAIOT CUYETHOE MHOXKECTBO TOYHBIX
pelenuii Ijisi pAaCCMaTPUBAEMBIX JTUHAMUIECKUX CHCTEM.

KuroueBsie ciioBa: psiabl Pypbe, KOMMYTATUBHAS airedpa ¢ eJUHUIEH, OTKPBITOE KOJIBIIO,
IPOPEKUBAHUE
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Introduction

Dynamical system is a mathematical model of the evolution of a real (physical, chemical,
biological, economic, etc.) system, the states of which at any given time is uniquely
determined by its initial state [1].
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Let one remind strict definition of dynamical system with phase space X and continuous
time ¢ [2—4].

Definition 1.1. A continuous mapping ¥ : X x R +— X is called continuous
dynamical system, if for all x € X and allt,s € R it obeys to the following group properties:

i. Y(x,0) = x;

it Y((x,t),8) = Y(x,t + s).

If phase space X of the system is infinite-dimensional Banach space over field C, then
this continuous dynamical system is called a distributed dynamical system, a lot of these
systems in various applications being polynomially nonlinear.

If such Banach space possesses by unconditional Schauder basis, then input distributed
dynamical system can be reduced to countable-dimensional system of ordinary differential
equations (see, for instance, works [5-6] and references therein).

According to the article 7] let one demonstrate this procedure on example of the Cauchy
problem for the Kardar—Parizi-Zhang equation:

o o 1 (or\T . i
ot = 92 + 5 <a$(}> s U(I,O) = UO(I’), reR (].1)

with periodic initial condition:
Uz +27) =U%). (1.2)

This equation describes epitaxial growth of crystals.
Restriction (1.2) means that one can seek solution of equation (1.1) as the Fourier series:

+oo
Ulx,t) = Z un(t) exp(ine), u_n(t) =u)(t). (1.3)

n=—oo

Substituting expansion (1.3) into input equation (1.1) one obtains the next countable-
dimensional system of ordinary differential equations:

+oo
. 1
un:—nzun—§ Z k(n—k)ugup—r, nez, (1.4)

k=—o00

the Fourier amplitudes of initial condition (1.2) being initial conditions for system (1.4).

Carefully peering into system (1.4) we can observe that in this system set of independent
variables {u,}"=*%° may be considered as a vector of some linear space of the complex-
valued double-sided sequence. Countable-dimensional system (1.4) of ordinary differential
equations generates a flow in this space. However, the peculiarity of this example is that
the right-hand side of this system includes both the components of this vector and their
numbers. Other examples of such systems have the same properties [5-6].

The imposition of an exclusion on the dependence of the right-hand side of such system
on the numbers of the vector components leads to the consideration of the following set of

dynamical systems.

Definition 1.2. Let u = (..., U_p, .., U_1,U0, UL, .-, Up,...) be the complex-
valued double-sided sequence. We shall say that uw is an element of the linear
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space of complex-valued double-sided sequences 1L, if for all z € K, where K =
n=-+oo

{zeC|r<|z|<R,r>0,R<o0} is some open ring, series Yy, upz" is the Laurent
n=—oo

series for some analytical on K function U(z).

Definition 1.3. Analytical on the ring K function

“+o0
Uz)= Y upz" (1.5)

n=—oo
is called generating function for vector u € L.

If w € L and v € L, then it is easy to find that product of corresponding them generating
functions U(z) and V (z) is equal to:

“+oo

U(z)V(z) = Z (u*xv), 2", (1.6)

n=—oo

where u x v denotes double-sided sequence with components:

+oo
(u*xv), = Z Uk Vg, NEL. (1.7)

k=—o0

Formula (1.7) means that one can define product of two vectors from L without usage
of generating functions.

It is well-known [8] that linear space L with multiplication (1.7) of two vectors is
commutative algebra with unit e = (...,0,1,0,...). In particular uxe = e xu = u for
all u € L.

Let the elements of algebra L be functions of continuous time ¢: u(t), v(t),w(t),... € L,
then flows can be set on L using countable-dimensional systems of ordinary differential
equations, the right-hand sides of which are constructed using addition and multiplication
operations in the algebra L.

For example, in work [9] the next system for vectors v(t) € L and w(t) € L was
considered:

t=pv—w—vx(Vxvtwrw), w=v+tpw-—wx@Wrkv+wrw), p>0. (1.8)

This system is countable-dimensional analog of the normal form of the Andronov—Hopf
bifurcation, phase space of system (1.8) being X = L L.

Further, the suggested construction can be generalized, namely, let the elements of
algebra IL be both functions of continuous time ¢ and variable z € R™: u(x,t), v(x,t),
w(x,t), ... € L, then distributed dynamical systems can be set on L using countable-
dimensional systems of integro-differential equations or partial differential equations, the
right-hand sides of which are constructed using both addition and multiplication operations
in the algebra IL and partial derivatives and integrals.

In particular, to illustrate this generalization the following Cauchy problem for vector
u(z,t) € L has been solved exactly in article [10]:

+oo
+ /u(x—f,t)*u(f,t) d¢ =0, wu(z,0)=u’(z) €L, xcR. (1.9)

— 00

du(x,t)
ot
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The paper continues investigation of the integrability of dynamical systems in the space
of double-sided sequences determined by Definition 1.2. The rest of this work is organized as
follows: the next section deals with construction of general solution of countable-dimensional
analog of the well-known logistic equation. Section 3 is devoted to the description in explicit
form of a number of exact solutions of this nonlinear countable-dimensional system of
ordinary differential equations. In section 4 general solution of one countable-dimensional
system of nonlinear partial differential equations is found. Section 5 presents a number
of exact solutions of this system of partial differential equations. Final section contains
discussion of obtained results and of perspectives of further investigations.

2. General solution of the analog of the logistic model

Let us consider the next Cauchy problem for vector u(t) € L:
t=u—uxu, u0)=u’cl. (2.1)

Equation (2.1) looks like the well-known logistic equation in which multiplication is
replaced by an asterisk ("x") denoting multiplication in IL according to formula (1.7).

Using this formula one can rewrite equation (2.1) in components as countable-dimensional
system of ordinary differential equations:

+o00
Uy, = Uy — Z Uk Un_1, un(0)=ud, necZ. (2.2)

k=—o0

The system (2.1) (or (2.2)) may arise by means of three different ways.
First of all, it is easy to see that system (2.2) can be obtained from the Cauchy problem
for the following integro-differential equation:
+oo
— O t) — / O(e—6,0) U, ) de, U(2,0)= %), zeR,  (23)

—00

oU (x,t)
ot

namely, discretization of straight line R with step d generates from function U (z, t) countable
set of functions u,(t) = U(nd,t), n € Z. And after that change of integral in equation (2.3)
by corresponding to it integral sum and further scaling d uw,, — wu, ought to give rise to
system (2.2) exactly.

Further, let us consider the next Cauchy problem for the Kolmogorov-Petrovskii-
Piskunov equation [11]:

oUu 02U . . . o
E—D@‘FU(I*U), U(z,0)=U"(x), reR, (2.4)

where D is a diffusion coefficient.

If initial condition for this Cauchy problem is periodic (1.2), then one ought to seek
solution of equation (2.4) as the Fourier series (1.3).

Substituting expansion (1.3) into input equation (2.4) one obtains:

+oo
un =-D nzun + up — Z Uk Un—k, N E Z: (25)

k=—oc0
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the Fourier amplitudes u? of initial condition

27
W0 - L

U, = 27T/ U%z) exp(—inz)dx (2.6)
0

being initial conditions for system (2.5).
If the diffusion coefficient D is small: 0 < D << 1, and values (2.6) vanishes under
1 .
In| > 75 as o(n~?), that is if Fourier spectrum (2.6) of initial condition U°%(z) is
1
concentrated in the strip with |n| << ﬁ’ then it is obvious that the solution of the

Cauchy problem (2.5)-(2.6) is close to the solution of the Cauchy problem (2.2) with the
same initial conditions at the initial stage of its temporal evolution.
At last let one construct from solutions v(t) € L and w(t) € L of the system (1.8) the

following value:

u:v*v—;w*w. (2.7)

In analogy with the Andronov-Hopf bifurcation in two-dimensional space this value
characterize energetic relations in the system (1.8).
Calculating the derivative of value (2.7) due to the system (1.8) one can easily find that:

t=2pu—4duxu. (2.8)

After rescaling of time ¢ — 2 ut and value (2.7) u +— 2 2 the Cauchy problem for equation
u

04 0 04 00
(2.8) is reduced to the Cauchy problem (2.1) with initial condition u® = G ,
I

where v° € L and w® € LL are initial conditions for the system (1.8).

Thus, the Cauchy problem (2.1) (such as the problem (2.2)) meets quite often in different
applications.

For the Cauchy problem (2.2) the following theorem is valid.

Theorem 2.1. General representation of exact solution of the Cauchy problem (2.2)
s equal to:

1 U°(2) dz
n t) = - , 2.
() 2mi ]{UO(Z)+6XP(—25)[1—UO(Z)] zntl (2.9)
CP
where
n=-+-o0o
Yool zeK (2.10)

and K is the ring of analyticity of the integrand in formula (2.9), integration along the circle
C,={2€C||z|=p} € K being counter clockwise.

HJokaszaTeabcCcTBo.
Let us introduce for solution u(t) € L of equation (2.1) the generating function:

n=-+oo

U(z,t)= > un(t)z", z€K. (2.11)

n=—oo

A. E. Rassadin. On the Integrability of Dynamical Systems in the Space of Double-Sided Sequences



34 Zhurnal Srednevolzhskogo Matematicheskogo Obshchestva. 2026. Vol. 28, No. 2.

We stress that unlike the generating function (1.5) the generating function (2.11) depends
both complex variable z and real variable ¢.

Applying formula (1.6) to the system (2.2) it is not difficult to observe that the input
Cauchy problem (2.2) is reduced to the next one:

% =U(zt) = U(2,1), Ulz,0) =U), (2.12)

where initial condition for equation (2.12) is equal to the generating function (2.10) for
vector u® € LL:
Further it is well-known that exact solution of the Cauchy problem (2.12) is equal to:

U°(2)

U = 5002 Fexp(—) [T = 090

(2.13)

Combining formulas (2.11) and (2.13) in the framework of the theory of analytical
functions one can obtain expression (2.9).
JoxkaszarTenbcTBO 3aBepueHO.

Remark 2.1. Singular points of expression (2.13) may depend on time t hence
internal and external radii of the analyticity ring K for function (2.13) may depend on
time t too: r = r(t) and R = R(t). Therefore radius p of the circle of integration C, C K in
expression (2.9) generally speaking also depends on time t: p = p(t).

3. Examples of exact solutions of countable-dimensional logistic
model

In practice instead of application of expression (2.9) it is more suitable to derive the
Laurent expansion (2.11) and hence to extract exact solution u(t) € L of the input Cauchy
problem (2.1) directly from formula (2.13) using initial condition (2.10).

The next statement demonstrate this procedure.

Theorem 38.1. Ezact solution of the Cauchy problem (2.2) under the following
nonzero values for initial condition u® € L:

ud =a, u?:u(ll:g, 0O<a—-b<a+b<1, (3.1)
15 equal to
1 B
A2(t) — B2(t) A(t) + /A2(t) — B2(¢)
and

b exp(—t) B (1)
A2(t) — B2(t) (A(1) + A2(t) — B2(t)"

Un(t) = u_p(t) = (=1)"! , neN, (3.3)

where A(t) = a+ (1 —a)exp(—t) and B(t) = b (1 — exp(—t)).

A.B. Paccagnu. O6 HHTErpupyeMOCTH JUHAMHYIECKHX CHCTEM B IPOCTPAHCTBE JBYCTOPOHHUX . . .
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P r oo f First of all let one restore on values (3.1) corresponding to them initial
generating function (2.10):

Uo(z):a+g(z+i> , z € K. (3.4)

The result of substitution of formula (3.4) into expression (2.13) is equal to

2a2+b(22+1)

U = 5 am -+ B (241 (35)
Denominator of formula (3.5) has two zeros, namely, z; = ((t) and z3 = %, where
Bt
() = - ) , (3.6)

A(t) + VA1) - B2(2)

hence expansion of function (3.5) into the Laurent series on the open ring K; is equal to
U(z,t) = up(t) +uy(t ZC" Yy (" +27™), z¢€ Ky, (3.7)

whereKt:{ze(C| 1) < |z < [C(B)|~ 1}

B a+b((t)
uo(t) = NI Y OEE0) (3.8)
and
2 a
u1(t):b< (t)+2al(t)+0b (3.9)

A2(t) — B2(t)
Thus from formula (3.7) it is obvious that exact solution of the Cauchy problem (2.2)
under initial condition (3.1) is equal to

Un(t) = u_n(t) = us(t) ("71(t), neN. (3.10)

Inserting expression (3.6) into formulas (3.8), (3.9) and (3.10), one can easily obtain
formulas (3.2) and (3.3) in the statement of the theorem.
Proof finished.
Temporal evolution of the first functions (3.8), (3.9) and (3.10) assuming a = 0.5 and
b = 0.25 is shown on Figure 3.1.
From formulas (3.2) and (3.3) it is easy to find that:
lim wo(t) =1, tl}gloo u,(t) =0, neN. (3.11)

t—4o00
It means that . lir+n u(t) = e, where e is the unit of commutative algebra L. On the
——+o0

other side the result (3.11) can be reformulated on the language of generating function
(3.5), namely, \ li+m U(z,t) = 1. Both languages are useful.
— 100

Further in correspondence with Remark 2.1 in this case the ring of analyticity K, for

generating function (3.5) evolves in time, namely, its internal r(¢) and external R(t) radii
1
depend on ¢ as follows: r(t) = |((¢)| and R(t) = KGR Typical graphs of these functions are

presented on Figure 3.2.
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Puc. 3.1. 3aBUCHMOCTD OT BPEMEHU TIEPBBHIX TPEX MYHKIWIA Uy () mpm a = 0.5
b=0.25

Fig. 3.1. Temporal evolution of the first functions u,(¢) under ¢ = 0.5 and b = 0.25
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PAMyCOB KOJIBIIA aHATUTHIHOCTH npomusBoagameii dbyukmuu U(z,t) npu a = 0.5 u

b=0.25

Fig. 3.2. Temporal evolution of internal (on the left) and external (on the right)
radii of the ring of analyticity of generating function U(z,t¢) under a = 0.5 and
b=0.25

From this Figure 3.1 one can see that graph of r(¢) is monotone increasing and graph
of R(t) is monotone decreasing. Moreover using expression (3.6) it is not difficult to obtain
that:

lim r(t) = b 1 lim R(t) = STV 3.12
Jmorlt) = s < dm Rl = ————>1. (3.12)

It means graphs r(¢) and R(t) possesses by horizontal asymptotes (see Figure 3.2). And
inequalities (3.12) claim that there is a gap between this asymptotes therefore under t — +o00

b /a2 — 12
there is a limit ring Ko, = {2 € C| < |z| < (a+aT
a

_ on which the
Ve -» }
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generating function (3.5) is always analytical. Thus one can consider this generating function
only on K, at once. Further due to inequalities (3.12) the unit circle C; C K hence in
formula (2.9) it is possible to integrate along the unit circle |z|] = 1 always because of
deformation of the contour of integration.

In conclusion of this section let us perform the following observation, namely, let on
change in the Laurent expansion (3.7) complex variable z on some its degree zP, where
p=2,3,4,..., then:

+oo
Ulz,t) = U(2P,t) = ug(t) + uy () Z CHE) (2P 4 2P (3.13)

n=1

On the other hand equation (2.12) do not contain variable z explicitly therefore expression
(3.13) represents exact solution of equation (2.12) too. But this solution corresponds to the
next initial condition: .

~ 1
0 — 770/.p\ _ _ p _
U(z)U(z)a+2<z +Zp>. (3.14)

In other words expansion (3.13) gives one exact solution of the Cauchy problem (2.1) as
follows:

Uo(t) = up(t), Utnp(t) = up (1), neN, (3.15)

where u,,(t) are functions (3.2) and (3.3), and place between components of vector 4(t) € L
with numbers np and np + p both in initial condition (3.14) and exact solution (3.13) are
filled by zeros.

From point of view of radio engineering procedure (3.15) just coincides with procedure
of upsampling in digital signal processing [12].

This observation one may formulate as the following statement.

Theorem 3.2. If generating function U(z,t) represents exact solution of the Cauchy
problem (2.1) with initial condition representing by generating function U°(z), then for all
p=2,3,4,... generating function U(2P,t) represents exact solution of the Cauchy problem
(2.1) with initial condition representing by generating function U°(2P).

4. General solution of countable-dimensional system of nonlinear
partial differential equations

Let one consider the following Cauchy problem for vector u(z,t) € L:

ou ou
EJrc%Jru*u:O, u(z,0) =u’(z) €L, zcR, ceR. (4.1)
This Cauchy problem may be interpreted as nonlinear transfer of initial condition u°(x)
in the space L.
Using formula (1.7) one can rewrite equation (4.1) in components as countable-
dimensional system of partial differential equations:

Oup(z,t) Ouy (x,t) = _ )
5 +c e + k;@ Un—g (2, t) ug(z,t) =0, up(z,0) =u,(x), necZ. (4.2)
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It is easy to see that system (4.2) arises from the Cauchy problem for the following
nonlinear integro-differential equation:

. X oo
ou t oU t . .
(g;y’ ) +e (gf’ ) + / Ux,y —n,t) Uz, n,t)dn=0. (4.3)

namely, quantization of plain R? in y-direction with step § generates from function u(z,y,t)
countable set of functions u,, (x,t) = U(z,nd,t), n € Z. And after that change of integral in
equation (4.3) by corresponding to it integral sum and further scaling 6 v,, — u,, ought to
give rise to system (4.2) exactly.

Exact solution of the Cauchy problem (4.1) (such as (4.2)) can be obtained by means of

the following theorem.

Theorem 4.1. General representation of exact solution of the Cauchy problem (4.2)

s equal to:
1 Uz — ct) dz
t) = 4.4
Un(l'y ) 27 %1—|—tUO(Z;£U—Ct) ont+l? ( )
Cp
where
“+o0
Uz z) = Z u(z) 2", z€K, (4.5)

and K is the ring of analyticity of the integrand in formula (4.4), integration along the circle
C,={2€C| |z| = p} € K being counter clockwise.

P roof. Letusintroduce the generating function for the solution u(z,t) € IL of the

Cauchy problem (4.2):
+oo

Ulziz,t) = Y upla,t)2". (4.6)

n=—oo

Then, using the Laurent expansion (4.6) and formula (1.6) one can rewrite system (4.2)
as follows:

oU (z; z,t) n U (z;z,t)

2(z; = : — 770/,
ot c o +U(z;2,t) =0, U(z;2,0)=U"(2;2). (4.7)

Equation (4.7) is the first order partial differential equation, therefore, the Cauchy
problem (4.7) can be easily solved in the framework of the well-known method of
characteristics:

Uz — ct)
1+tU%z;2 —ct)’

Uz x,t) = (4.8)

Expression (4.8) describes the nonlinear transfer of the initial condition (4.5) along the
r-axis at a speed c.

Comparing expressions (4.6) and (4.8) and using the theory of analytical functions it
is not difficult to find general representation (4.4) of exact solution of the Cauchy problem
(4.2) (such as (4.1)).

Proof finished.
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Remark 4.1. Singular points of expression (4.8) may depend on time t and coordinate
x hence internal and external radii of the analyticity ring K for function (4.8) may depend
on time t and coordinate x too: r = r(x,t) and R = R(x,t). Therefore radius p of the
integration circle C, C K in expression (4.4) generally speaking also depends on time t and
coordinate x: p = p(x,t).

5. Examples of exact solutions of countable-dimensional system of
nonlinear partial differential equations

In practice instead of usage of formula (4.4) it is more convenient to derive the Laurent
expansion (4.6) and to extract exact solution u(z,t) € L of the Cauchy problem (4.1) from
formula (4.8) straightforwardly.

The next theorem illustrates this approach.

Theorem 5.1. Ezact solution of the Cauchy problem (4.2) under the following
nonzero values for initial condition u°(z) € L:

b(x)

ud(z) = a(z), ui(z)=u’(z)= — 5 TE R, (5.1)
1s equal to

(. f) — a(x —ct) + blx — ct) {(x, 1) 59
ole?) VA, t) - B2(x,t) (5:2)

_b(@—ct) C(a,t) + 2a(z — ct) ((x,t) + bz — ct)
ui(z,t) = 5 \/A2(x,t) —B21) , (5.3)
U (2,t) = u_p(x,t) = uy(z,t) (" (z,t), neEN. (5.4)
Clart) = b (5:5)

z,t) + /A% (x,t) — BX(x,t)
and A(z,t) =1+ ta(x — ct), Bz, ) tb(x — ct).

Proof
First of all let us construct from initial conditions (5.1) initial generating function (4.5):

U9(2:2) = a(z) + @ <z + i) . (5.6)

After that substituting function (5.6) in formula (4.8) one can obtain:

2a(z —ct)z+ bz —ct) (2 + 1)

Uzt = = a2+ Ba) (2 1)

(5.7)

The structure of expression (5.7) coincides with the structure of expression (3.5).
In particular, the denominator of the expression (5.7) has two zeros: z; = ((z,t) and

29 = Thus, in full analogy with formula (3.7), the Laurent series expansion of

¢(x,

t)
function (5.7) is

“+o00
U(z;z,t) = ug(z,t) + ui(x, t) Z M, t) (2" 27 (5.8)

n=1
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The series (5.8) converges in the variable z in an open ring:

Kot = {ze(C| ()] < 2] < ‘C(;’t))}. (5.9)

Proof finished.

Remark 5.1. The ezact solution (5.2)—(5.5) of the Cauchy problem (4.2) is given by
two arbitrary functions a(x) and b(x). It is obvious that these functions must be differentiable
on the entire number line. In addition, at each point (x,t), these functions must allow the
existence of the open ring (5.9).

To illustrate the application of Theorem 5.1, let us choose the following initial conditions:

1 1
b(x) = 1 + g 08T, (5.10)
and let the transfer rate be ¢ = 0.2.
The functions (5.10) are periodic with a period 27, so in this case the exact solution
(5.2)=(5.5) can only be considered for x € [0, 27].
Let t € [0, 10]. Figure 5.1 shows the graph of the auxiliary function (5.5), which
corresponds to the functions (5.10), on the open rectangle IT = (0, 27) x (0, 10).

t X

Puc. 5.1. IIpocTpaHCTBEHHO-BPEMEHHAS SBOJIIONNS BCIIOMOTATEIHLHOM
bynaxmpm ((z, t)

Fig. 5.1. Spatiotemporal evolution of auxiliary function {(z,t)

It can be seen from Figure 5.1 that supy |((z,t)| < 1, therefore, infy > 1

il
¢(x,1)
C(;t)'} For all (z,t) € II this

open ring lies inside the open ring (5.9): Ky C K, ;. It means that the Laurent series (5.8)
converges in the open ring Ky, and for the integration contour C, in formula (4.4) we can
set p=1.

Further, let Ky = {z € C | supy [¢(z,t)] < |2| < infp
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t X
Puc. 5.2. [IpocTpancTBeHHO-BpeMeHHAA SBOMONMs GyHKIWAN Uo (T, t)

Fig. 5.2. Spatiotemporal evolution of function ug(z,t)

t X

Puc. 5.3. [IpocTpancTBenno-BpeMeHHasA 3BOMONMs GyHKmn u1 (T, t)

Fig. 5.3. Spatiotemporal evolution of function u;(z,t)

The graphs of the first four functions u, (x,t) (n = 0,3) on the rectangle IT are presented
in Figures 5.2-5.5.

In conclusion of this section let one observe that equation (4.7) do not contain variable
z explicitly. This means that the following statement is true, which is quite similar to
Theorem 3.2, namely:

Theorem 5.2. If generating function U(z;x,t) represents exact solution of the
Cauchy problem (4.1) with initial condition representing by genmerating function U°(z;x),
then for all p = 2,3,4,... generating function U(zP;x,t) represents exact solution of the
Cauchy problem (4.1) with initial condition representing by generating function U°(2P;x).

To illustrate Theorem 5.2, consider the following Laurent series expansion, constructed
using the functions (5.2), (5.3) and (5.5):

+oo
Uzix,t) = U(2P; 2, t) = uo(x,t) + ui(z,t) Z ¢, t) (2P 4 2P (5.11)

n=1
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t X

Puc. 5.4. [IpocTpancTBeHHO-BpeMeHHAA SBOMONMs GyHKIWMn U2 (T, t)

Fig. 5.4. Spatiotemporal evolution of function uz(z, t)

t X

Puc. 5.5. IIpocrpancrsenno-spemennas ssosonua Gyaxuymm us(x, t)

Fig. 5.5. Spatiotemporal evolution of function us(x,t)

According to Theorem 5.2, the function (5.11) is an exact solution of the equation (4.7),
with the initial condition given by the function:

- b 1
U%z2) = U%2P;2) = a(z) + % (zp + p) . (5.12)
z
Thus, expansion (5.11) gives one exact solution of the countable-dimensional system of
partial differential equations (4.2) with initial condition (5.12) as follows:
Uo(z,t) = uo(z,t), Utmp (2, 1) = un(z,t), neN, (5.13)

where uy, (z,t) are functions (5.2)—(5.4), and place between components of vector @(z,t) € L
with numbers np and np + p both in initial condition (5.12) and exact solution (5.11) are
filled by zeros.

Structure of exact solution (5.13) is completely analogous to structure of signal under
procedure of unsumpling in digital signal processing [12].
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6. Conclusion

The work deals with dynamical systems in the linear space L of double-sided sequences.
This countable-dimensional space is described by Definition 1.2.

In the article general solution (2.9) of the Cauchy problem (2.1) in this space has been
done. This dynamical system arises from the spatial discretization of nonlinear integro-
differential equation (2.3). Theorem 3.1 provides specific example of exact solution to Cauchy
problem (2.1), and Theorem 3.2 demonstrates how this exact solution generates a countable
set of exact solutions for the dynamical system (2.1). These specific examples of exact
solutions are important for illustrating the application of general theorems in the theory
of countable-dimensional systems of ordinary differential equations, which was introduced
in article [13]. In addition, this result extends and complements our knowledge of the
integrability of nonlinear countable-dimensional systems of ordinary differential equations,
which dates back to works [14-15].

General solution (4.4) of the Cauchy problem (4.1) extends above-described approaches
on the case of distributed dynamical system in the space of double-sided sequences.

Of significant interest is the extension of the approaches developed in this article to both
analogues of discrete dynamical systems in the space L. and countable-dimensional analogues
of systems of ordinary differential equations with the property of deterministic chaos [16-18].
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