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Abstract. Analytical and numerical solutions of the damped Schamel equation, describing
the dynamics of ion-acoustic waves in magnetized plasma, are presented. A small parameter
is introduced in the equation before the dissipative term, ensuring that in its absence the
solution reduces to a solitary wave (soliton). The asymptotic method employed for solving
the equation is a variant of the Krylov-Bogolyubov-Mitropolsky multiple-scale technique.
In the first-order approximation, the solution is described by a traveling solitary wave
with slowly varying parameters. The second-order approximation yields the evolution laws
for the soliton’s amplitude and phase as functions of «slow» time. Additionally, exact
integral conservation laws (mass and energy of the wave field), derived directly from the
original damped Schamel equation, are utilized. These integrals allow estimating the soliton’s
radiative losses, particularly the mass of the so-called tail formed behind the soliton due to
dissipation. Direct numerical solutions of the original equation, obtained via a pseudospectral
method, confirm the asymptotic laws governing the soliton’s amplitude decay caused by
dissipation. Another limiting case — strong dissipation (dominant over nonlinearity and
dispersion), is also investigated, demonstrating that the soliton decays as a linear impulse,
which is validated numerically.
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1. Introduction

The Schamel equation was first introduced in the study of undamped electrostatic
waves in a Maxwellian plasma [1], [2]. Its analytical solutions in the form of solitary
waves taking into account the forcing are obtained in [3], [4]. The interactions between
ions and electrons, considering various factors like distribution functions, plasma density,
temperature gradients, and collisions are analyzed in [5]-[8]. The same equation describe
the nonlinear wave dynamics of cylindrical shells [9]. Unlike the well-known Korteweg—de
Vries (KdV) equation, the Schamel equation incorporates a modular term that modifies
the representation of nonlinearity. This crucial difference renders the Schamel equation
nonintegrable, introducing mathematical challenges due to the non-analytic nature of the
function—challenges that do not arise in integrable equations commonly encountered in
plasma physics, such as the modified KdV (mKdV) equation and the Gardner equation [1],
[2], [10], [11]. The Schamel equation allows for solitary wave solutions of both polarities, but
because of its nonintegrability, their interactions are inelastic, resulting in a small-amplitude
dispersive tail that forms immediately after two solitary waves collide [12], [13]. Flamarion et
al. [14] extended this analysis to an ensemble, examining the interactions of multiple solitary
waves with random phases. They demonstrated that the dispersive tails generated during
each collision can act as a mechanism for the formation of freak waves.

The interaction between solitary waves and an external force has also been explored
within the framework of the Schamel equation. Chowdhury et al. [4] derived a Schamel-type
equation that accounts for the presence of an external force and investigated the interaction
between a solitary wave and a time-dependent external periodic force, using both asymptotic
analysis and numerical simulations. Later, Flamarion and Pelinovsky [15] studied the effects
of a spatially dependent force on solitary waves, identifying conditions for resonance between
the external force and the solitary waves through asymptotic and numerical methods. Since
its derivation in 1972, the Schamel equation continues to present intriguing challenges and
remains a vibrant area of research.

Shan [16] explored the nonlinear characteristics of high-frequency electron-acoustic (EA)
in a dissipative plasma, consisting of a cold beam electron fluid, Schamel-kappa distributed
hot trapped electrons, and stationary ions. Using the multiple scale expansion method,
Shan derived a damped Schamel equation to describe small-amplitude electrostatic potential
disturbances, incorporating dissipative effects. This damped equation was later employed by
Sultana and Kourakis [17] in their study of the electrostatic potential, where they analyzed
the nonlinear properties of dissipative ion-acoustic solitary waves in the presence of trapped
electrons. Although numerical solutions were obtained in both studies, their mathematical
properties were not thoroughly investigated.

The goal of this work is to examine the damped Schamel equation derived in [16], [17]
and obtain an asymptotic solution by assuming that a solitary wave undergoes adiabatic
evolution. We demonstrate that a tail forms behind the solitary wave with negative mass.
The asymptotic results are then compared with direct numerical simulations, revealing good
qualitative agreement.
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The article is structured as follows: Section 2 presents the canonical damped Schamel
equation, while Section 3 covers the asymptotic results. Numerical results are discussed in
Section 4, and final conclusions are provided in Section 5.

2. The damped Schamel equation

As mentioned in the introduction, the damped Schamel equation has appeared in the
literature in various contexts. In this work, we focus on investigating the evolution of solitary
wave solutions in the presence of damping. To achieve this, we consider the Schamel equation
in its canonical form

ur + /||ty + Ugrr + evu = 0. (2.1)

In this equation, u(x,t) represents the wave field at position x and time ¢, v denotes the
damping coeflicient, and € is a small positive parameter that characterizes the strength of
the viscosity. In the absence of damping, the Schamel equation(2.1) admits solitary wave
solutions, which can be expressed as follows

84/
u(z,t) = asech? (k:(:r — ct)), where ¢= 15|a|7 k= 1—66 (2.2)

Here, a denotes the solitary wave amplitude, which can also take on negative values, c
represents the solitary wave speed, and k characterizes the solitary wave wavenumber.

The damped Schamel equation has two important quantities: the mass and momentum
associated with equation (2.1) are, respectively,

+o0 +oo
M(t):/ u(z,t)de and E(t):/ u?(z,t)dx.

— 00 — 00

The momentum equation is

dE
T —2evE(t), (2.3)

which has solution E(t) = Ege 2!, where Fj stands for the initial momentum. Meanwhile
the mass balance equation

dM

W = —61/1\4('t)7 (24)
which has solution

M(t) = Moe " (2.5)

Here, M, represents the initial mass.

3. Asymptotical solitary wave solution of the damped Schamel
equation

When the damping term is introduced into the Schamel equation, solitary wave solutions
of the form (2.2) cease to exist. However, if the damping is weak, it is reasonable to expect
that the solitary wave might nearly preserve its main characteristics, such as amplitude,
speed, and width, over short periods. In other words, it is natural to assume that the solitary
wave undergoes an adiabatic transformation [18]-[20].
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We assume that the solitary wave is expressed asymptotically in the slowly varying time
scale T' = et

T
w(®,T) = a(T)sech* (k:(T)@), ® =0 X(T), X(T)=umz0o+ % /0 o(T)dT,

where a(T) is the modulated amplitude, X (T') is the solitary wave crest position and ¢ its
phase, ¢(T') is the variable speed and k(T') the typical variable solitary wave width. Here,
x¢ is the phase, a is the modulated amplitude and c is the speed. The wave field is given by
the asymptotic expansion [21]-[23]

uw(®,T) = up + euy + ug + -+,

c(T) =co+tec; +€co+ .

The first order solutions, uy and ¢y are directly determined through formula (2.2). We
consider a solitary wave with positive polarity (a > 0). In the first order €, we have

_ 8u1 0 ’ 83u1 _ _ 8u0 8u0
Ly =~ g + g |/ (o] + g = Py = v = G e g

where f(u) = u|u|'/?. The operator L is a self-adjoint operator and
LE=0= £ =uo,
is the only bounded solution. The compatibility condition is
+oo —+oo

Consequently we have that
+o0 auo +o0
/m uoa—Tdcb = 7”/700 uld®.

1d +oo +oo
§CTT/ udd® = —21// udd®.
Using the fact that T = et we obtain

In other words,
— 00 — 00

1d +oo +oo

—— udd® = —261// udd®. (3.1)
— 00 — 00

Notice that equations and (2.3) and (3.1) are the same, it means that tails does not contribute
in the momentum in the first-order approximation. As a result, the momentum can be
computed analytically as follows

E(T) = azéT) /+OO sech® (k®)d® = a22(]3“) /+OC sech®(®)d® = %\/?Ea7/4(T). (3.2)

— 00 — 00

Substituting equation (3.2) in 2.3 leads to the following ordinary differential equation for
the solitary wave amplitude

= ——eva(t). (3.3)
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Consequently, .
a(t) = age™ 7. (3.4)

It is important to note that the asymptotic procedure does not account for the mass
balance. This occurs because the contribution of the tail is neglected in the asymptotic
expansion. Consequently, the total mass of the wave field should be considered as comprising
two components: the mass contribution to the solitary wave and the mass contribution to
its tail, which are separated as follows

M (t) = M(t) + Mq(t),

where M represents the mass contribution of the solitary wave and M; accounts for the tail
mass. The tail mass can be computed in terms of total mass and solitary wave mass as

My(t) = M(t) — Ms(t),
where M (t) is give in equation (2.5). On the other hand, the solitary wave mass is
a(T) e 4 a(T) e 4 4 3/4
M, (T) = —= sech’ (k®)d® = —— sech”(®)d® = g\/%a (7).
Substituting (3.4) into (2.4) that the solitary wave mass is

4
M(t) = g\/%ag/‘le*ge”t

Now, notice that our initial data is a solitary wave, thus the initial mass
_ 4 3/4
My = M4 (0) = g\/SOaO .

Thus the tail mass is given by

4 4
My(t) = M(t) = Mu(t) = 5v30a5 ™" — 5V/30ap/ e # " =

4
= g\/%ag/“e*wtu — €7, (3.5)

This expression shows that for the total mass can be negative. Physically, this means that
a tail forms just behind the solitary waves. Figure 3.1 displays the evolution of the ratio of
the tails mass and the initial solitary wave mass.

4. Numerical simulation of the damped Schamel equation

We solve equation (2.1) using the standard pseudospectral method detailed in [24].
Spatial derivatives are computed spectrally and then equation is integrated over time using
the classical explicit forth-order Runge-Kutta method. The same method has been employed
to solve equation (2.1) in [14], [25], [26].

Figure 4.1 illustrates the evolution of a solitary wave in a weakly damped wave field. As
the solitary wave propagates to the right, a tail forms behind it. The effect of damping
is evident in the solitary wave amplitude, which decreases over time. The tail exhibits
oscillatory behavior with negative mass. A series of snapshots capturing this evolution is

Djamapuon M. B., Ilenmunosckuii E. H., Taaunosa T.I.. AcuMOTorudeckoe u 4HCJIEHHOE HCCJIEAOBAHHE . . .
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Fig. 3.1. The evolution of the tail mass quantity
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Fig. 4.1. The evolution of a solitary wave in the weak damping field. Here,
ev = 0.01

provided in Figure 4.2. The tail, which is of order O(10~%), is small compared to the solitary
wave amplitude at early times. The wave field in the vicinity of v = 0 is smooth, but the
nonlinearity here is not analytic. This is because, in the opposite case, the third derivative
would have a jump.

In the case of strong damping, the solitary wave amplitude decays more rapidly, and
the tail forms more quickly than in the previous scenario. Notably, the amplitude of
the dispersive tail is larger under strong damping. Our simulations indicate that the tail
amplitude scales with O(v?). Figure 4.3 shows the evolution of a solitary wave in a stronger
damping field, where a tail forms behind the solitary wave. For further details, see Figure
4.4. Despite the quantitative differences with higher damping values, the qualitative features
remain consistent.

As we increase further the damping coeflicient to v = 1. In this case, the damping is so
strong the the solitary wave is destroyed in a short period of time. An example of such case

M. V. Flamarion, E. N. Pelinovsky, T. G. Talipova. Asymptotic and numerical study to the damped. ..
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Fig 4.2. Snapshots of the solitary wave evolution. The initial solitary wave
amplitude is ap = 1 and the damping coefficient ev = 0.01.
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Fig. 4.3. The evolution of a solitary wave in the damping field. Here, ev = 0.1

is shown in Figure 4.5.

Finally, Figure 4.6 compares the amplitude of the solitary wave computed asymptotically

Djpamapuon M. B., Ilenmunosckuii E. H., Taaunosa T.I.. AcuMOTorudeckoe u 4HCJIEHHOE HCCJIEAOBAHUE . . .



2Kypnas CpeHeBoKCKOro MareMarnieckoro obrmecrsa. 2025. T. 27, Ne 2. 237

08 2f 1 g

04 @

0.2 r

0.8 -

0.6 [

0.2 4

Puc. 4.4. MomMmenTabHble CHUMKHU 9BOJIIOIAKM COJJMTOHHOrO perreHusi. Haganbuast
aMIUTATY/Ia YEAMHEHHON BOJHBI o = 1, KoaddurmenT 3aryxanus ev = 0.1.

Fig 4.4. Snapshots of the solitary wave evolution. The initial solitary wave
amplitude is ap = 1 and the damping coefficient ev = 0.1.
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Fig. 4.5. The evolution of a solitary wave in the strong damping field. Here, ev = 1

with that obtained from numerical simulations for different values of v. Both approaches
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yield qualitatively similar results. However, the quantitative agreement is observed only at
early times, with discrepancies emerging as time progresses. Notice yet that when damping
is stronger, the solitary wave cannot maintain its shape or behave as a pulse of constant
width, as the effects of nonlinearity and dispersion become smaller compared to damping.
In this scenario, the energy balance (or the direct Schamel equation without nonlinearity
and dispersion) results in a(t) ~ exp(—evt). Consequently, the slope of the curves in Figure
4.6 (right) changes from 8/7 for weak damping to 1 for strong damping, indicating a slower
rate of decay.

1 10° 10
0.9

0.8

0.7 . . O\

0.6
a(t) a(t) a(t)

0.5

0.4

Numerics
Numerics Asymptotics
Asymptotics exp(-t)

Numerics
Asymptotics

3
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t t t

a) ev = 0.01 b) ev =0.1 c)ev=1

Puc. 4.6. CpaBHeHre aMILITUTY/I COJTUTOHHBIX PEIIEHU, MOy YeHHBIX C TTOMOIIBIO
ACHMIITOTHYIECKON TE€OpHH, ¢ PE3yIbTATAMHI YUCJIEHHOTO MOJECTUPOBAHUS B
oJIyJI0OrapuMUIECKOM MacIiTabe.

Fig 4.6. Comparison between the solitary wave amplitudes predicted by the
asymptotic theory and the numerical simulations in the semi-log scale.

5. Conclusion

In the framework of the Schamel equation, we asymptotically determined the solitary
wave amplitude and its decay rate, as well as the solitary wave’s position at any given time.
Additionally, we demonstrated that a tail forms behind the solitary wave and calculated
its mass, showing that the tail mass is negative. To validate the asymptotic results, we
performed numerical simulations. Overall, there is good qualitative agreement between the
asymptotic predictions and the numerical results for weak and strong damping.
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