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Abstract. In the present paper, a nonlinear countable-dimensional system of integro-
differential equations is investigated, whose vector of unknowns is a countable set of
functions of two variables. These variables are interpreted as spatial coordinate and time.
The nonlinearity of this system is constructed from two simultaneous convolutions: first
convolution is in the sense of functional analysis and the second one is in the sense of
linear space of double-sided sequences. The initial condition for this system is a double-
sided sequence of functions of one variable defined on the entire real axis. The system itself
can be written as a single abstract equation in the linear space of double-sided sequences.
As the system may be resolved with respect to the time derivative, it may be presented
as a dynamical system. The solution of this abstract equation can be interpreted as an
approximation of the solution of a nonlinear integro-differential equation, whose unknown
function depends not only on time, but also on two spatial variables. General representation
for exact solution of system under study is obtained in the paper. Also two kinds of particular
examples of exact solutions are presented. The first demonstrates oscillatory spatio-temporal
behavior, and the second one shows monotone in time behavior. In the paper typical graphs
of the first components of these solutions are plotted. Moreover, it is demonstrated that
using some procedure one can generate countable set of new exact system’s solutions from
previously found solutions. From radio engineering point of view this procedure just coincides
with procedure of upsampling in digital signal processing.
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Tounble pereHns OAHOI HeJMHEITHOII CYETHOMEPHOII

cucteMbl MHTerpo-andpepeHImaIbHbIX YPpaBHEHU
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Huorcnem Hoszopode (2. Huocnut Hoszopod, Poccutickas ®Pedepavun)

1.

AnHoranusi. B mpe/icTaB/IeHHOII cTaThe WCC/IEAYyeTCsl HeJIMHEHAsi CYETHOMEPHAs CUCTe-
Ma HUHTEerpo-auddepeHnnaaIbHbIX yPABHEHNH, BEKTOPOM HEU3BECTHBIX Y KOTOPOI SBJISET-
csl CU6THOE MHOXKECTBO (DYHKIIUN JBYX IEPEMEHHBIX. DTH IIepEMEHHbIE HHTEPIPETUPYIOTCS
KaK MPOCTPAHCTBEHHAsl KOOpJAWHATAa W BpeMsi. HelmHeHHOCTH paccMaTpUBAEMON CHCTEMBI
CKOHCTPYHUPOBAHA U3 JIBYX OJHOBPEMEHHBIX CBEPTOK, & MMEHHO, U3 CBEPTKHU B CMBIC/IE PYHK-
[IMOHAJIHLHOTO AHAJIN3a U U3 CBEPTKU B CMBICIE JIUHEHHOIO TPOCTPAHCTBA IBYCTOPOHHUX IO~
cremoBaTebHOCTEN. HadambHoe ycoBue JJTst 3TON CHCTEMBI SIBJISIETCSI IBYCTOPOHHEH TOCTe-
J[OBATELHOCTHIO (DYHKIINIA OTHOIO MEPEMEHHOIO, ONPENeEHHBIX Ha BCEil AefCTBUTEIBLHOMN
ocu. Cama cucreMa MOXKeT ObITH 3aIllUCAHA B BUJE OIHOrO abCTPAKTHOIO YPABHEHWS B JIU-
HEWHOM TPOCTPAHCTBE JBYCTOPOHHUX IOCJIEI0BATEILHOCTEN, PA3PENIEHHOIO OTHOCUTETHLHO
IPOM3BOJHON MO BPEMEHHU, TO €CTh KaK JUHAMUYECKasl CHCTeMa. Perrernne 3T0oro abCTpakT-
HOTO ypaBHEHUsI MOXKHO TPAKTOBATHh KaK ANMPOKCHUMAIINIO PENIeHNsT HEJIMHEIHOTO HHTErPO-
nudepeHInaIbHOIO ypaBHEHNsI, HEM3BECTHAST (DYHKIINS KOTOPOTO 3aBUCHUT HE TOJBKO OT
BPEMEHH, HO U OT IBYX IIPOCTPAHCTBEHHBIX ITepeMeHHBIX. B pabore HaiigeHo obiee mpeicTas-
JIEHWe TOYHOT'O PEIEHUsI UCCIEyeMO CUCTEMBI. Tak»Ke JaHbl JBa TUIA KOHKPETHBIX MPU-
MepOB TOYHBIX PeIlleHuil 3Toi cucrteMbl. [lepBblit U3 HUX JTEMOHCTPUPYET MPOCTPAHCTBEHHO-
BPEMEHHOE IIOBEIeHNEe KOJIEDATEILHOTO XapaKTepa, a BTOPOI THUI pelleHuit BeIéT cebsi BO
BpPEMEHU MOHOTOHHO. B cTaTbe NpHBEIEHBI TUMUYHBIE IPAMPUKHN MEPBBIX KOMIIOHEHT 3TUX
pemenuii. BoJsiee Toro, mokasaHo, 4TO M3 ITUX TOYHBIX PEIIEHUI B paMKaxX HEKOTOPOIi mMpo-
1€y PbI MOYKHO CT€HEPUPOBATH CIETHOE MHOXKECTBO HOBBIX TOYHBIX PEIEHUIl pacCMaTpPUBa-
eMoit cucrembl. C TOYKM 3peHUsI PAJMOTEXHUKU 9Ta MPOIEAypa COBIAJAET C IPOIEILy POt
MTOBBIIIEHUsT YACTOTHI JIUCKPETU3AINH B IU(PPOBOIl 06pabOTKE CUTHAJIOB.

Kurouessbie caoBa: 3aga4ua Komm, nmpousBossiiiast dyHKIwms, psix Jlopana, mpeobpasoBaHue
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Introduction

Integro-differential equations is known often to arise in physical kinetics

(1],

hydrodynamics [2], viscoelasticity [3], biology [4] etc. Currently, the theory of solving both
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nonlinear integro-differential equations and their systems is quite developed (see [5] and
references therein). However, in all examples of such systems in this book, the number
of unknown functions is a finite one, because of theory of systems of nonlinear integro-
differential equations with denumerable set of unknown functions deals only with some quite
abstract theorems [6], [7]. On the other hand it is obvious that presentation of a number
of exact solutions of some nonlinear countable-dimensional systems of integro-differential
equations stimulates the development of the theory of these systems.

In this article the following nonlinear countable-dimensional system of integro-differential
equations is under consideration:

OQug(z,1)
n (e, Z / (T — € ) un_i(6,)dE =0, nez, (1.1)
k=—o0
where {u,,(x,t)}"="% is denumerable set of unknown functions.

System (1.1) is provided by the next denumerable set of initial conditions:
un(2,0) =ud(z), zeR. (1.2)

In this work countable set of exact solutions {uy(z,#)}"="2 of the Cauchy problem (1.1)
— (1.2) has been constructed by means of technique of generating functions.

The rest of the article is organized as follows: in section 2 the procedure of construction
of general representation of exact solution of the Cauchy problem (1.1) — (1.2) has
been described. Section 3 deals with concrete examples of exact solutions of input
nonlinear countable-dimensional system of integro-differential equations. Final section

contains discussion of obtained results and of perspectives of further investigations.

2. General solution of the system

For the Cauchy problem (1.1) — (1.2) the following statement is valid.

Theorem 2.1. General representation of exact solution of the Cauchy problem
(1.1) - (1.2) is equal to:

@) 7{/*“’ U°(z:k)  explika) dk dz 1)

1+t0%zk) 2"t1 27 27

where N
U%z k) = / U%(z;x) exp(—i k) dx (2.2)
is the Fourier transform from the gemerating function of its initial condition:
+oo
U(z;2) = Z ud (z) 2™, (2.3)

integration along the circle C, ={z € C|| z |= p} being counter clockwise.

First of all let us introduce for solution {u, (x,t)}"=*% of system (1.1) the generating
function:
+ o0
U(z;z,t) = Z Un(x,t) 2" . (2.4)
n=-—o0o
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Using definition (2.4) it is easy to find that this Cauchy problem can be rewritten as
follows:

: +oo
76U(§}x’t)+ / Uz =60 U(EENE =0, Ulz2,0)=0"2).  (25)

— 00

To solve the Cauchy problem (2.5) let one consider the Fourier transform of the generating
function (2.4):

Ulz;k,t) = /+00 U(z;x,t)exp(—ikx)dzx. (2.6)

Further it is obvious that for the new unknown function (2.6) the Cauchy problem (2.5)
is reduced to the next one:

oU (z; k, )

5 + U%(2;k,t) =0, Uz k,0) = Uz k). (2.7)

Exact solution of the Cauchy problem (2.7) is equal to:

UO(z; k)

(ehty = —0ER)
(z3k,7) 1+tU%z k)

(2.8)

hence one can determine spatiotemporal evolution of the generating function (2.4) from
formula (2.8) by means of the inverse Fourier transform:

oo U025 k) dk
N t = ~7, .k - . 2.
U= | e oRkn 5 29)

At last calculating coefficients of the Laurent series from expression (2.9) one can
establish the statement of the theorem.

3. Examples of exact solutions of the system

In practice instead of application of formula (2.1) it is more suitable to derive the Laurent
expansion (2.4) and to extract exact solution {u,(z,t)}"=%° of the input Cauchy problem
(1.1) - (1.2) from formula (2.9) straightforwardly. Two examples of such tricks are presented
below.

3.1. Exact solution with oscillatory behavior

n=+oo
n=-—oo

0 _ n_O et} o Ll
u,(x) = (-1) Tag {Jnﬂ (ao) Jn—1 (ao , neN,

uf(z) = Ao J1 <m> ;o (z) = (= 1) (z), (3.1)

Let one consider the following vector {ul (z) of initial conditions:

2 ag ap

where J,, () are Bessel functions of the first kind and A, ag > 0.
Typical graphs of the first functions (3.1) are presented on Fig. 3.1.
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Puc. 3.1. I'padukn nepsoix dynxmmit ub () mpu Ao = 1 1w ap = 1

(komebarenbublii pexxum): a) n =0; b)) n=1;¢)n=2;d)n=3
Fig. 3.1. Graphs of the first functions u’

n

(z) under Ag =1 and ap = 1 (oscillatory
behavior): a) n=0;b)n=1,¢c) n=2;d) n =3

The next theorem proves to be true.

Theorem 3.1. Ezact solution of the Cauchy problem (1.1) — (1.2) with initial
conditions (3.1) is equal to (n € N):

wn(at) = Ao VIT Al (VIFAd ]
mn ) 4@0\/% n+1 a n—1

; =)
. Ap V14 Agt |.Z'| o 1\n
uo(z,t) = P e J ( o ) ) U_p(x,t) = (=1)"up(a,t). (3.2)

Substituting expressions (3.1) into the definition (2.3) of the generating function of initial

condition for the Cauchy problem (1.1) — (1.2) and using the well-known Laurent series for
a generating function of Bessel functions with integer order [8]:

exp {g (z— %)} _ Y e

(3.3)
one can find that:

A 1 || 1
0 0
Y= 1 _E LY 4
U®(z;x) Tag (z z) exp{ 2 ag (z z)] (3.4)
In accordance with formula (2.2) the Fourier transform of function (3.4) is equal to:
2a0z 2

1+ 5=

* (22 - 1) ]
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Inserting expression (3.5) into formula (2.8) it is easy to calculate that temporal evolution
of the Fourier image of the generating function (2.4) is described as follows:

z2 -1

N 2 2
U(zk,t) = A 1—|—A0t+k:2( “02) (3.6)

Further the inverse Fourier transform of function (3.6) represents temporal evolution of
the generating function (2.4) itself:

Uit - Ao ( i)exp [_@ (,z—l>:|

M 3.7
dag+/1+ Aot 2ag z ( )

At last applying the Laurent expansion (3.3) to expression (3.7) one can obtain the
statement of the theorem.

Typical graphs of the first functions (3.2) are shown on Fig. 3.2.

u1(x,t)
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u_(x,t)

u_(x,t)

Puc. 3.2. IIpocTpaHCTBEHHO-BPEMEHHAST SBOIIONUS EPBBIX DYHKIUN Un (2, 1) Tpn
Ao =1wu ag =1 (konebarenbHblil pexxum): a) n=0; b)) n=1;¢c)n=2;d) n=3
Fig 3.2. Spatiotemporal evolution of the first functions un(z,t) under Ag = 1 and
ao = 1 (oscillatory behavior): a) n =0;b) n=1;c¢) n =2;d) n =3

3.2. Exact solution with monotone behavior

Let us consider the following vector {ul(x)}"="% of initial conditions:
Ao |z] ]

= (1) —= I, — I —
Un(.’E) ( ) 4aq n+1 ao +1Ipa

, neN]
ao

A. 3. Paccaaun. Touuble penieHus OqHONH HEJIUHEHHOH CYETHOMEPHOH CHCTEMBI HHTETPO- . . .



2Kypnas CpeiHeBOJIZKCKOro MareMarudeckoro obmiecrsa. 2023. T. 25, Ne 1. 549

N (M) W0 (2) = (). (3.8)

2 ag ap

where I,,(¢) are modified Bessel functions and Ag, ag > 0.
Typical graphs of the first functions (3.8) are presented on Fig. 3.3.

A /

s

c)n=2 dn=3

Puc. 3.3. I'padukn nepsoix dynxmmit ub () mpu Ao = 1 1w ap = 1
(MoHOTOHHBIH pexkuM): a) n=0; ) n=1;¢c) n=2;d) n=3
Fig 3.3. Graphs of the first functions u (x) under Ap = 1 and ao = 1
(monotone behavior): a) n=0;b)n=1;¢c)n=2;d)n=3

The following statement is valid.

Theorem 3.2. Ezact solution of the Cauchy problem (1.1) - (1.2) with initial
conditions (3.8) is equal to (n € N):

(—=1)"+1 A, V1+ Aot |z] V1 + Agt |z
Un(l',t) = In—i—l + In—l P
4ag\/1+ Aot ao agp
Ao VIF Aot ||
t) = — I Lol t) = up(x, ). 3.9
wiwt) =g () @) —we. (39)

Completely analogous to the proof of the previous theorem substitution of expressions
(3.9) into the definition (2.3) of the generating function of initial condition for the input
Cauchy problem and usage of the well-known Laurent series for a generating function of
modified Bessel functions with integer order [8]:

exp [g <z+ %)] - io I(¢) 2" (3.10)

n=—oo
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brings us to the next formula for the generating function (2.4):

A
U(z;x,t) = 0

1 \/1+A0t|$| 1
=—— (24 - |exp|——
4dag+/1+ Apt z

— 3.11
2 ag * z ( )

At last application of the Laurent expansion (3.10) to the expression (3.11) gives one the
statement of the theorem.

Typical graphs of the first functions (3.9) are shown on Fig. 3.4.

u_(x,t)
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Ao =1uap =1 (monoroHHSBI! pexuM): a) n=0;b) n=1;c¢) n=2;d) n=3
Fig 3.4. Spatiotemporal evolution of the first functions wu,(z,t) under Ag = 1 and
ap = 1 (monotone behavior): a) n=0;b) n=1;¢) n=2;d) n=3

4. Conclusion

In this article general form of exact solution of nonlinear countable-dimensional system
of integro-differential equations (1.1) has been obtained. This result has been supplemented
by construction of exact solutions of this system with both oscillatory behavior (formulas
(3.2)) and monotone behavior (formulas (3.9)) corresponding to special choices of initial
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conditions (1.2).

Further, one can do the following nontrivial observation, namely, in the Cauchy problem
(2.5) variable z is a free parameter. It means that if generating function U(z; x, t) represents
exact solution of the Cauchy problem (1.1) — (1.2) with initial condition representing by
generating function U°(z;z) then for any p = 2,3,4,... generating function U(zP;z,t)
represents exact solution of the Cauchy problem (1.1) — (1.2) with initial condition
representing by generating function U°(zP; z).

In other words the Laurent expansion for transformed generating function U(z?;z,t)
gives one exact solution {i,,(z,t)}"="% of the Cauchy problem (1.1) — (1.2) too as follows:

Unp(z,t) = un(z,t), nez, (4.1)

where up(z,t) are functions (3.2) or (3.9), and place between components of double-sided
vector {dy, (z,t)}"=12° with numbers n p and n p+p are filled by zeros. The initial condition

m=—oo
{40 (z)}M=12° in this case has the same structure as the formulas (4.1).

Thus, in fact exact solutions (3.2) and (3.9) generates countable set of exact solutions of
input nonlinear countable-dimensional system of integro-differential equations (1.1).

At last let us consider the following nonlinear integro-differential equation:

o +oo +o00
%+/m /m u( =&y —mt)ul§,n,t)dgdn =0, (4.2)

provided by initial condition:
u(z,y,0) =u’(z,y),  (,y) € R (4.3)

It is easy to see that the Cauchy problem (1.1) — (1.2) arises from the Cauchy problem
(4.2) — (4.3). Indeed, quantization of plain R? in y-direction with step § generates from
function w(z,y,t) countable set of functions w,(x,t) = u(x,nd,t), n € Z. And after that
change of integral in equation (4.2) by corresponding to it integral sum and further scaling
d up — u, ought to give rise to the input system (1.1) exactly. Hence, results of this article
may be applied to the investigation of approximation of solutions of equation (4.2).
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