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Kiacc ynpaBasgembix cucreM auddpepeHnnaabHbIX
ypaBHEeHHIT 3a 6eCKOHeTHOe BpeMs
© A.IO. ITasaos!

Awnnoramuga. B crarbe momyueHbl HEOOXOIMMBIE YCJIOBHSA YIPABISEMOCTH CHCTEM HeJIWHEH-
HBIX AuddepeHnuaIbHbIX YPABHEHUHN 32 O6CKOHETIHOE BpeMs 0e3 MPEeIIOM0XKEHNS CYIIECTBOBAHIS
ACUMTITOTUYECKOTO PABHOBECHST Y CUCTEMBI JIMHEHHOTO TIPUOINKEHNST. DTO TIO3BOJISIET ONPEIeUTh
HOBBII KJIACC YIIPABJASeMbIX cucTeM mud hepeHnraabHblx ypasHenuii. Pemenne 3anaun 00 yopas-
JITEMOCTH 33 OECKOHEYHOE BpeMsl CBOIUTCS K TIOCTPOEHUIO OTIEPATOPA, 3aBUCSIIErO OT BHIOPAHHOTO
yIPaBJIEHUsT, KOTOPOE, B CBOIO OY€PE/b, 3ABUCAT OT MEPEBOIUMON TOUKH, U JOKAZATEIBCTBY CyIIe-
CTBOBAHWUs €ro HEMOJBUKHON TOUKU. [loKa3aHO, YTO yCIOBHE CYIIECTBOBAHUS ACHMITOTHIECKOTO
PABHOBECHSI HE SIBJISETCs B ODIIEM CJIy4ae HEOOXOAUMBbIM JIJIsI YIIPABJISIEMOCTH CUCTEM 3a GeCKOHed-
Hoe Bpewms. llpuBemen mpumep, WLTIOCTPUPYIONMI MPUMEHEHNE TeOPEeMbl 00 yIPABISIEMOCTH 33
Oeckomeunoe BpemMs. /lajiee B cTaThbe MpHUBeIeHA TeopeMa, 0000IIamast HepaBeHcTBO BaxkeBscKoro.
JokazaTeabCTBO TeopeMbl OCHOBaHO Ha HepaseHcTBe Kommm-Bynakosckoro. Cremano 3aMedanne
O BEPHOCTH TEOPEMBbI sl CAydas, €CIM MATPUIA U BEKTOP-MDYHKIUH, CTOSIINE B MTPABON dacTu
HesMHERHOTO AuddEPEHITNAIbHOrO YPABHEHUSI, ABJIAIOTC KOMIUIEKCHBIME, & T — BEKTODP C KOM-
MJIEKCHBIMY KOMTIOHEHTAMU. Ha OCHOBaHWHU JIeBOM YacTH HEPABEHCTBA W3 TeOPeMbl 00 0000IIeHnn
HEpaBeHCTBa BaKeBCKOro mosiydeHbl HEOOXOIUMbIE YCIOBHUS YIIPABISEMOCTH 33, OECKOHEYHOE Bpe-
Msi. DTU YCJIOBUS MTPOBEPEHBI HA TOM K€ IPUMEPE CKAJIAPHOTO YPABHEHUS.

KiaioueBble ciioBa: HeIWHEHHBIE CHCTEMbI OOBIKHOBEHHBIX MU(MDEPEHINATLHBIX ypPaBHEHMI,
YIPABJILEMOCTD 332 KOHEYHOE BPeMd, YIIPABIAEMOCTh 38 OECKOHEYHOE BpeMsi, HepaBeHCTBO Baxken-
CKOT'0, ACHMIITOTHYECKOE PABHOBECHE.

1. Bsenenwme

B Maremarudeckoil Teopuu yrnpapJieHUs DOJIBITOE 3HAYEHUE UMEIOT 3aJa9u 00 yIrpas-
asieMoct cucreM qudbdepeHnanibHbX ypaBHeHuii 3a Geckoneynoe Bpems [1-4]. 3amaga 06
YIPABJIIEMOCTH 33 OECKOHEUHOE BpeMs 3aKJI0YaeTcs B IepeBojie MPOU3BOJIbHOM (pUKcHpoBaH-
HOl TOYKHU B CKOJIb YI'OJHO MAJIYIO OKPECTHOCTD JAPYyTroit Touku. [Ipuyem B gasibueiineM us3 31oi
OKPECTHOCTHU IIePEBOIMMAas TOYKA He BBIXOAUT. I3BecTHO, 4TO B TeopeMax 00 ylpaB/IsieMOCTH
TpedyeTcst CyIeCTBOBAHNE aCUMITOTHYICCKOTO PABHOBECHS Y CUCTEMbI ITEPBOTO TTPUOIUKEHUS.

B patore [1| E.B. BockpeceHCKIM paccMOTPEH BOIPOC 00 yIpaBIsieMOCTH 3a GeCKOHEUHOe
BpeMsl CHCTeMBI, UMeIOIIei BHI

dx
i A(t)x + B(t)u + f(t,z,u) + F(t) (1.1)
B OIIPEJIEJIEHHOM KJIACCe ITOIYCTUMBIX yipasiaenuii K. lanHas 3aja4da penaercsa MeToI0M CPaB-
Henust [5]. B kauecTBe ypaBHeHUs] CPABHEHUST UCTIOIb3YETCSI

dy _

i Alt)y + B(t)u + F(t). (1.2)

'TTIaBaoB Amapeit FOpbepud, nonent kadeIpsl NPUKIAIHON MATeMATHKH, Tud(ePeHINaNTbHbIX yPaBHe-
uuii u reoperuveckoil mexanuku, DTBOY BO «MI'Y um. H. IT. Orapésa» (430005, Poccus, r. Capanck, yir.
Boubiesucrekas, 4. 68), kanauaar dusuxko-maremarudeckux Hayk, ORCID: https://orcid.org/0000-0003-1664-
898X, pavlovayul8@yandex.ru
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Bajada 06 yIrpaBasieMOCTH 33 0€CKOHEYHOEe BPeMsi CBOJUTCS K TOMY, YTOOBI 1I0I00PaTh Olle-
patop P, 3aBucsmuii 0T BHIOPAHHOTO YIPAaBIEHUS %, KOTOPOE, B CBOIO OYepe/ib, 3aBUCUT OT
nepeBouMoit Touku Yo = P,xo. U jokazars cymecrBoBanue y omneparopa HEemoABUKHON TOU-
K.

Teopembl 13 paborhl [1] o6beauHIET TO, YTO B KayKI0H W3 HUX TPeOYeTCsl CYIIeCTBOBAHUE
ACHMIITOTHIECKOTO paBHOBecHsl, KoTopoe BBén JI. Uesapu B pabore 6], y cucTeMbl mepBoro
npubsukenus s cucrembr (1.1)

dy
i A(t) y. (1.3)

[TonsiTie acummnrornyeckoro pasHosecus paccmorpeno E.B. Bockpecenckum B pabore |7].
O/tHaKO MOXKHO MOKa3aTh, YTO 9TO YCJOBHE HE SIBJIIETCS B OOMIEM CJIydae HEOOXOMUMBIM JIJTsi
yipasisemoctn cucremsl (1.1) 3a GeckoHedHOE BpEMSI.

B paGore [8] npuseien mpuMep CKaISPHOTO YPABHEHUST

dx

dt

[TokazaHo, 4TO JaHHAS CHCTEMA SIBISETCH YIPABJILEMOi 33 6ECKOHEYHOE BPeMsl, XOTS YPaB-
HEeHIE [ePBOro MPUOJINZKEHNsS He UMeeT aCAMITOTHIYECKOIO paBHOBecHd. [lajee ObLIa MOJIyueHa,

=—z+u. (1.4)
TeopeMa 1.2 00 yupasnjisieMocTu 3a OeCKOHe4YHOe BpeMs 0e3 HPeJIOJIOKEeHU CyIeCTBOBAHUS
ACUMIITOTHYECKOI'0 paBHOBECHA Yy CUCTEMbI I1€pPBOTO HpI/I6JH/I)KeHI/IH.

2. Ilpumep cucrembl, ynmpasJjigseMoil 3a 6eckOHeYHOe BpeMd, ypaBHe-
HI€ IIepBOro NpuOJIMKeHNsT KOTOPOro He mMeeT aCUMIITOTHYECKOTO

pPaBHOBECUH.
Ilpumep 2.1 Brosv pacemompum ypasnenue (1.4) uz npumepa 1.1 pabomu (8]
dx N
— =—x+u.
dt

Ioxkasicem, wmo 2mo ypasrerue npu HEKOMOPHIT U, NPOUSBOALHUT To, L1 € R ydosaiemso-
paem meopeme 1.2 uz pabomui (8|.
IIpedcmasum ypasrenue (1.4) 6 eude:

1
T = —Zx — Zx +u
B 0603HAMEHUAT MEOPEM MOHCHO NOAOHCUN
3 1 3
A(t) = A(t) = T f(t,x,u) =—5T+ U(t), Qb(t) = -
4 4 4
Tozda | f(t, y+z1,u)+A(t)z1| = |- fy— o1 +u—321| < Hy|+|u(t)— 1], u, caedosamenvro,
$(t) = Ln(t) = fult) — . Haace
+o00 +oo +00
(M) + (s = [(=5+ s =— [ Sds=
s s))ds = s = 5ds = —00,
to to to
00 ) =
t——+o00 A(t) —+ \Il(t) t—+oo -5
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1
ITyemo u(t) = x1 + 7 Toz0a nocaednuti npeden pasen HyA U

+o00 to +o00 to

/ (L, w(l))exp( / (A(s) + W(s))ds)dl / Terp(- / Sds)dl = +oo.

to l to l

1
Taxum obpazom, npu u(t) = x1 + n BUNOAHAIOMCA 6C€ Ycaosus meopemuvt 1.2 pabomuo: [8].

3. O6o0b6mienne HepaBeHCcTBa BakeBckoro

st oIy deHusI ele OJHOTO KJIacca yIPaBIsIeMbIX CHCTEM TpuBeieM 0000IIeHne Hepa-
BencTna Baxkesckoro.

Teopewma 3.1 /laa mobozo peuenus duppeperiyuarvroti cucmemot

dx
- = Alt)x + f(t,x) + o(t), (3.1)

ede A(t) = (a;j(t)) nxn, aij € C([to; +00);R), f € C([to; +00) x R™;R™), ¢ € C([to; +o0]; R™),
npu ty <t < 400 cNPasedsuso HEPABEHCMEO

t t t

/n(l)ewp(/(A(S) — ¢(s))ds)dl + Hx(to)Hefﬂp((/(A(S) —(s))ds) <

to l to
< [lz@)]] <
t t t

< /77(1)6331?(/(1\(8) +1(s))ds)dl + Hm(to)Heiﬂp((/(A(S) +4(s))ds), (3.2)
to l to
ede N(t) u A(t) — naumenvwud u HAUGOAVWUT TAPAKMEPUCTIUNECKUE KOPHU CUMMEMPUSOEAH-
noti mampuuw AR (t) = §[A(t) + AT(t)] coomeemcmeenno; dynryuu f u ¢ ydosaemsopsarom
nepasencmey || f (L, x) + ¢(O)|] < L @)l +n(t), ¥, 1 € C([to; +00); R).

HokaszarTeanbcrtsollyers 2 = (zy,...,7,)7 — HeTPEBHAILHOE DENIEHHE CHCTEMbI
da” dz
(3.1). Ouesnmno, ||z||* = z'z. B cury cucremsr (3.1) u yuuThiBag, 4To e (E)T =

oT AT () + f1(t, ) + ¢* (), nomyamm

Il ?) = o7 + e =
=2l (A()z + f(t,2) + ¢(1) + (2T AT(t) + fT(t,2) + o7 (t))z =
= 2T (A{t)x + AT(t))x + 2T f(t,2) + fT(t,2)x + 2T o (t) + T (t)z =

= 20T AH () + 2T f(t,2) + fL(t, 2)x + 2T p(t) + T (t)x.

(3.3)

[ockombky matpura A (t) cummerpuana, To |9, ¢.34] Vt € [ty; +00) Gymem umers

Mt)azTe < 2T AR (D < A(t)z"x,
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rae \(t) u A(t) — mammennimmit n mambonbmit kopau ypasuenus det(A” — A\E) = 0. Tlostomy
Ha ocHoBanuu GopmMynl (3.3) maiimem

A |z|)? + 2T f(t,2) + [T (t, )z + 2T o(t) + ¢ () <

d
< dt(Hxll ) <
<20@)||2| > + 2T f(t,2) + Lt 2)r + 2T o(t) + o7 (t)a;

2AO)[J2l* = =" (f(t,2) + O)] = [(f7 (t,2) + 6" (1))2] <

d 2
< —([llF) =
< 2A(O|lal]* + " (f (1 2) + 6(0)) | + |(f7 () + 67 ()] (3.4)

[Tpumenss nepaBencTBo Kormm-ByHIKOBCKOTO, TOTYyINM

2A(O)[l* = 2l=[] [1£(t, 2) + ()] <

4
< (el <
< 200l + 2lall 1 (t,2) + o)

2A(O)[l* = 2l=[] [1£(t, 2) + ()] <

d
< 2ljal - (ll2l) <
<

2A(0)[[[1” + 2l[2l| [1£(t z) + o(B)]];

Al = 1f(z) + o] S%(Ilwll)éf\(tﬂlwll + [IF @ 2) + o).

Hockompxy [[f(¢,2) + o()[] < & @)||2|| + n(t), ro

(AQ@) = o (@)l|]] = n(t) < i(HIEH) (AQ@) + © (@)l + n(t). (3.5)
[Iycrs y(t) = ||z (t)||. Pacemorpum muddepennnaibaoe ypaBHeHue
dy

- =4 (t) + v (#)y +n(t).

YHacTHoe pellieHre 9TOr0 ypaBHeHWsl, Ipoxojsiiiee Yepe3 Touky (to; ||z (to)|]), nmeer Bux

y(t) = cft) exp ( / (A(s) + w<s>>ds) ,

to
l

rae c(t fn exp(— [(A(s) + ¥(s))ds)dl + [|z(to)]]

to
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[Tosromy u3 (3.5) Ha ocHoBanuu Teopembl u3 [10, c.40]| caexyer, aTo

t t t

2(t)]] = y(t) < /nwexp /<A<s>+w<s>>ds Al (to)|Jeap /<A<s>+w<s>>ds . (3.6)

to l to

Anasormano na ocnoBanunu 3amedanust u3 |10, ¢.40] moka3bBaeTCs JTeBast 9aCTh HEPABEHCTBA

B bopmyne (3.2).
HJokazaTealbcTBO 3aKOHYEHO.

SBameuanue 3.1 Joxasannas meopema ocmaemcsa eeproll, ecau A(t) — xom-
naexcnas mampuya, f(t,z) u ¢(t) - Komnaexcnwe sexmop-@ynkuuy, ¢ T — 6EKMOP € KOM-
NAEKCHOLMU KOMNOHERMamy. B amom cayuae emecmo onepayut mparncnoHupo8aHuA 6 meope-
ME HYIHCHO GHINOARATID ONEPAuuI0 apmumosa conpascenua; mampuya A (t) 6 amom cayuae
bydem spmMumoso-cummempuHot.

4. HoBbIil KJIacC yopaBageMbIX CUCTEM 33 O€CKOHEYHOE BpPeMS

BuoBb pacemorpum cucremy (1.6) u3 paborst (8]

dx
o = Az + f(tz,u) (4.1)

x(ty) = xo, x(+00) = a1,

rae z(t) € R"u(t) € R™T <t < +o0,A(-) : [T,4+00) — Hom(R", R") — neupepbiBHOE
orobpazxenne, a € C([T,4+00) X R" x R™ R").

HeoGxoanmo nepesect TOUKY T B TOUKY 1 1O TpaeKTopuu ypasHeHus (4.1) 3a 6eckoned-
HO€e BpeMs.

[TostyauM HA OCHOBAHUH JI€BOII YacTh HepaBeHCTBa (3.2) HeoOXOIMMOE YCJIOBHE YIpaBIsie-
MOCTH 3a GecKomedHoe BpeMs cucremsl (4.1).

[Mosoxum y = x — z1. Torga nepenumenm cucremy (4.1)B Buze [8]:

W AW+ Aty + Sty + 1),
(4.2)
y(to) = mo — 1,  y(+00) =0.

Host cucremsr (4.2) mo Teopeme 3.1 GymeM uMeTh
t t t

ol = = [ 0t uezp( [ (3s) = vs)ds)dl + oo — axlleap( [ (o) = w(s))ds) =

to l to
t t

= cap(_ [ (3s) = vs))ds) [llza = ]| = [ n(t.ue)x

to to
t t

y exp[/(A(s) —4(s))ds — /()\(s) — 1(s))ds] dl} —

— cap( [ () = w()ds) [l — 1]l = [ n(tu@) x exp] [(\) = wl)ds]a]

to to
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[Tocnenee BbIpakenue Mpu ¢ — —+00 JIOJYKHO CTPEMHTHCS K HEMOJIOKUTETHHOMY YHUCTY.

PacemorpuMm
to

70 — | —j“na, u)ean [\ = v()ds)a
cp( [ ((s) — A(s))ds)

to

lim
t——4o0

HpeﬂHOﬂO)KI/IM qT0 BBIHOJIHHGTCH OIHA U3 CﬂeﬂyIO]l[I/IX aJIbTepHaTI/IBZ
to

1. f (s))ds = 400, f n(l,u l))e:cp(lf(/\(s) —(s))ds)dl =

2. f (¥(s) = A(s))ds = —o0, |lvg — 21|l = [ n(l,u(l))exp( [ (A(s) —1(s))ds)dl =0,

0 to l
a dbyHkIus u(t) TaKoBa, YTO K IPEJIeTy MOKHO TPUMEHUTH npasuio Jlonurass. Torma mocie-

HUW Tpeaes paBeH

e (fO@ v

(tut)
T can( [(ls) = A(s)ds) (e — Ay DT

S —

Taxmm 0Opa3oM JoKazaHa CJIedyIoIasa

Teopema 4.1 FEcau cucmema (4.1) ynpasasema 3a 6eCKOHEHOE BPEMA U BVNOAHA-
EMCA 00HG U3 CACOYIOWUL AALVMEPHAMUS

+o0

+o00 to
1) /(zp(s) — A(8))ds = +o0, /n(l,u(l))exp(/()\(s) — w(s))ds)dl = 00, (4.3)

to to l
—+00

2) / (6(5) — A(8))ds = —oo,

to

n(t, u(t))
A sy e =0 (4:5)

IIlpumep 4.1 Pacemompum ypasrenue us npumepa 1.1 pabomos [8]:

T=—x+u. (4.6)

Iokasicem, wmo dannoe ypasuenue npu nekomopuir u ydosaemsopaem meopeme (1.3).
Jlas amozo enoev npedcmasum ypasuenue (1.4) 6 sude

3 1
T = 1% 1% + u. (4.7)
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B obosnauenuaz meopemovs (1.3) mM024CHO NOAOHCUMD

3 1 3
Alt) = At) = =, [t zu) = —coe+ult), o) = -z
4 4 4
1 1 3 1
Tax wax [f(t,y + x1,u) + At)| = | — YT tu— Z$1| < Z|y| + [u(t) — z1], mo
1
Y(t) = T n(t) = |u(t) — x1|. Caedosamenvrio
+o0 +oo 1 3 +oo
/(\IJ(S) — A(9))ds = / (Z + 1) ds = /ds = +00, (4.8)
to to to
on(tu@) o |u(t) — 2
SO0 B S (4.9)

KpOM@ moeo, doNIHCHO BBINOAHAMDCSA Yycaosue

+o00 to

oo
/n(l,u(l))exp /()\(s) —(s))ds | dl = /|u(l) —a1] exp(l —ty)dl = 0o (4.10)

to !

Taxum obpasom, oan ynpasasemocmu ypashenus (1.4) neobxodumo, wmobor u(t) 6Gviia
HenpepueHot Gynkuuetd maxot, 4mo

lim |u(t) — x| > 0.

t——+o0

,ﬂpyeumu cA064GMU, He0bLOOUMO cyutecmeosarue KOHEYH020 npede./m lim \u(t)\ U B8bNoA-
t——+o0

1
nenue yeaosus (4.10). Vnpasaenue u(t) = 1 + 7 U3 npumepa (1.4) ydosaemeopsaem smum

mpebosaHUAM.
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Class of controllable systems of differential equations for
infinite time
© A.Yu. Pavlov!

Abstract. In the article necessary conditions for a controllability of systems of nonlinear differential
equations in an infinite time are obtained without assuming the existence of an asymptotic
equilibrium for the system of linear approximation. Thus, a new class of controlled systems of
differential equations is presented. The problem of controllability for an infinite time (i.e. the
transfer of an arbitrary point into an arbitrary small domain of another point) comes down to
choosing an operator depending on the selected control, which in turn depends on the point being
transferred. Then one is to prove the existence of a fixed point for this operator. It is known
that the theorems on controllability require existence of an asymptotic equilibrium for system of
the first approximation. It is shown in the paper that in general case the condition of asymptotic
equilibrium’s existence is not necessary for controllability of systems in an infinite time. An example
on the theorem on controllability for an infinite time is given. The theorem generalizing Vazhevsky
inequality is proved by implementation of Cauchy-Bunyakovsky inequality. A remark is made about
the theorem’s validity for the case when the matrix and vector from the right-hand side of nonlinear
differential equation are complex and z is vector with complex components. Basing on the left-hand
side of the inequality in the theorem generalizing Vazhevsky inequality, the necessary conditions for
controllability in an infinite time are obtained. These conditions are verified on the same example
of a scalar equation that was mentioned before.

Key Words: nonlinear systems of ordinary differential equations, controllability in finite and
infinite time, Vazhevsky inequality, asymptotic equilibrium
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