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Î íåïðåðûâíîì àíàëîãå ìåòîäà Çåéäåëÿ

c⃝ È.Â. Áîéêîâ1, À.È. Áîéêîâà2

Àííîòàöèÿ. Ðàáîòà ïîñâÿùåíà ïîñòðîåíèþ è èññëåäîâàíèþ ñõîäèìîñòè íåïðåðûâíîãî ìå-
òîäà Çåéäåëÿ ðåøåíèÿ ñèñòåì ëèíåéíûõ è íåëèíåéíûõ àëãåáðàè÷åñêèõ óðàâíåíèé. Ñîãëàñíî
íåïðåðûâíîìó ìåòîäó Çåéäåëÿ, ðåøåíèå ñèñòåìû ëèíåéíûõ è íåëèíåéíûõ àëãåáðàè÷åñêèõ
óðàâíåíèé ñâîäèòñÿ ê ðåøåíèþ ñèñòåì ëèíåéíûõ è íåëèíåéíûõ îáûêíîâåííûõ äèôôåðåí-
öèàëüíûõ óðàâíåíèé. Ýòî ïîçâîëÿåò ïðèâëå÷ü áîãàòûé àðñåíàë ÷èñëåííûõ ìåòîäîâ ðåøå-
íèÿ ñèñòåì îáûêíîâåííûõ äèôôåðåíöèàëüíûõ óðàâíåíèé ê ðåøåíèþ ñèñòåì àëãåáðàè÷åñêèõ
óðàâíåíèé. Îñíîâíûì äîñòîèíñòâîì íåïðåðûâíîãî àíàëîãà ìåòîäà Çåéäåëÿ ïî ñðàâíåíèþ ñ
êëàññè÷åñêèì ìåòîäîì ÿâëÿåòñÿ òî îáñòîÿòåëüñòâî, ÷òî, ïðè ñâîåé ðåàëèçàöèè äëÿ ðåøåíèÿ
ñèñòåì ëèíåéíûõ àëãåáðàè÷åñêèõ óðàâíåíèé, îí íå òðåáóåò, ÷òîáû âñå ýëåìåíòû äèàãîíàëüíîé
ìàòðèöû áûëè îòëè÷íû îò íóëÿ. Àíàëîãè÷íûì ïðåèìóùåñòâîì íåïðåðûâíûé àíàëîã ìåòîäà
Çåéäåëÿ îáëàäàåò è ïðè ðåøåíèè ñèñòåì íåëèíåéíûõ óðàâíåíèé.

Êëþ÷åâûå ñëîâà: ñèñòåìû àëãåáðàè÷åñêèõ óðàâíåíèé, ìåòîä Çåéäåëÿ, ñèñòåìû îáûêíîâåí-
íûõ äèôôåðåíöèàëüíûõ óðàâíåíèé, çàïàçäûâàíèå

1. Ââåäåíèå

Ðàññìîòðèì ñèñòåìó ëèíåéíûõ àëãåáðàè÷åñêèõ óðàâíåíèé

n∑
j=1

aijxj = bi, i = 1, 2, . . . , n. (1.1)

Äëÿ ðåøåíèÿ ñèñòåì óðàâíåíèé âèäà (1.1) ÷àñòî ïðèìåíÿåòñÿ ìåòîä Çåéäåëÿ [1]�[4],
êîòîðûé çàêëþ÷àåòñÿ â ñëåäóþùåì.

Ñèñòåìà óðàâíåíèé (1.1) ïåðåïèñûâàåòñÿ â âèäå

i∑
j=1

aijxj = bi −
n∑

j=i+1

aijxj, i = 1, 2, . . . , n. (1.2)

Ïîñëåäîâàòåëüíûå ïðèáëèæåíèÿ x(k) = (x
(k)
1 , . . . , x

(k)
n ) íàõîäÿòñÿ èç ðåøåíèÿ ñèñòåìû

óðàâíåíèé
i∑

j=1

aijx
(k+1)
j = bi −

n∑
j=i+1

aijx
(k)
j , i = 1, . . . , n, k = 0, 1, . . . . (1.3)
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Î÷åâèäíî, ÷òî äëÿ ðàçðåøèìîñòè ñèñòåìû (1.3) äèñêðåòíûì ìåòîäîì Çåéäåëÿ íåîá-
õîäèìî, ÷òîáû aii ̸= 0, i = 1, 2, . . . , n. Ýòî ÿâëÿåòñÿ ñóùåñòâåííûì íåäîñòàòêîì ìåòîäà,
ïîñêîëüêó ïðè ðåøåíèè áîëüøèõ ñèñòåì óðàâíåíèé òðåáóåòñÿ çíà÷èòåëüíîå âðåìÿ (âîç-
ìîæíî, ñîïîñòàâèìîå ñî âðåìåíåì ðåøåíèÿ çàäà÷è) äëÿ ïðèâåäåíèÿ ñèñòåìû ê êàíîíè÷å-
ñêîìó âèäó (â êîòîðîì âñå äèàãîíàëüíûå ýëåìåíòû îòëè÷íû îò íóëÿ).

Ìåòîä Çåéäåëÿ äëÿ ðåøåíèÿ ñèñòåì íåëèíåéíûõ óðàâíåíèé çàêëþ÷àåòñÿ â ñëåäóþùåì.
Ðàññìîòðèì ñèñòåìó íåëèíåéíûõ óðàâíåíèé

fi(x1, . . . , xn) = 0, i = 1, 2, . . . , n. (1.4)

Ñèñòåìà (1.4) ðåøàåòñÿ èòåðàöèîííûì ìåòîäîì:

x
(k+1)
i = x

(k+1)
i + γifi(x

(k+1)
1 , . . . , x

(k+1)
i , x

(k)
i+1, . . . , x

k
n), i = 1, 2, . . . , n, (1.5)

ãäå k = 0, 1, . . ., γi, i = 1, 2, . . . ;n � ïàðàìåòð, ïîäáèðàåìûé èç óñëîâèÿ ñõîäèìîñòè èòåðàöèé
(1.5).

Âîïðîñû ñõîäèìîñòè ìåòîäà Çåéäåëÿ èññëåäîâàëèñü äëÿ ñèñòåì àëãåáðàè÷åñêèõ óðàâ-
íåíèé â ðàáîòàõ [1]� [3] , à äëÿ îïåðàòîðíûõ óðàâíåíèé â áàíàõîâûõ ïðîñòðàíñòâàõ� â
ðàáîòå [4].

Ïðèâåäåì íåîáõîäèìûå è äîñòàòî÷íûå óñëîâèÿ ñõîäèìîñòè ìåòîäà Çåéäåëÿ.
Ñèñòåìó óðàâíåíèé (1.1) çàïèøåì â âèäå

Bx+ Cx = f,

ãäå B = {bij}, i, j = 1, 2, . . . , n; bij = aij ïðè j ≤ i, i = 1, 2, . . . , n; bij = 0 ïðè j > i; C = {cij},
i, j = 1, 2, . . . , n; cij = 0 ïðè j ≤ i; cij = aij ïðè j > i.

Èçâåñòíî [2, ñ.364], ñëåäóþùåå óòâåðæäåíèå.

Ò å î ð å ì à 1.1 [2]. Äëÿ ñõîäèìîñòè ìåòîäà Çåéäåëÿ íåîáõîäèìî è äîñòàòî÷íî,
÷òîáû âñå êîðíè óðàâíåíèÿ

det


a11λ a12 a13 . . . a1n
a21λ a22λ a23 . . . a2n
. . . . . . . . . . . . . . .
an1λ an2λ an3λ . . . annλ

 = 0

áûëè ïî ìîäóëþ ìåíüøå 1.

Áîëåå óäîáíîå äëÿ ïðîâåðêè äîñòàòî÷íîå óñëîâèå ñõîäèìîñòè ìåòîäà Çåéäåëÿ èìååò
ñëåäóþùèé âèä.

Ò å î ð å ì à 1.2 [2]. Ïóñòü ïðè âñåõ i

n∑
j ̸=i

|aij| ≤ q|aii|, q < 1.

Òîãäà
∥xn+1 − x∗∥3 ≤ q∥xn − x∗∥3,

ãäå x∗ � ðåøåíèå ñèñòåìû óðàâíåíèé (1.1). Çäåñü ∥x∥3 = max
1≤k≤n

|xk|.
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Â ïîñëåäíåå âðåìÿ ïðè ðåøåíèè ðàçëè÷íûõ âû÷èñëèòåëüíûõ çàäà÷ èñïîëüçóåòñÿ íåïðå-
ðûâíûé îïåðàòîðíûé ìåòîä [5]. Åãî ýôôåêòèâíîñòü ïðè ðåøåíèè íåëèíåéíûõ ãèïåðñèí-
ãóëÿðíûõ èíòåãðàëüíûõ óðàâíåíèé ïðîäåìîíñòðèðîâàíà â ðàáîòå [6].

Ïðåäñòàâëÿåò íåñîìíåííûé èíòåðåñ ðàñïðîñòðàíåíèå ïîäõîäà, èñïîëüçóåìîãî â íåïðå-
ðûâíîì îïåðàòîðíîì ìåòîäå, íà ìåòîä Çåéäåëÿ. Âàæíûì ïðåèìóùåñòâîì íåïðåðûâíîé
ìîäèôèêàöèè ìåòîäà Çåéäåëÿ ÿâëÿåòñÿ îòñóòñòâèå òðåáîâàíèÿ îòëè÷èÿ îò íóëÿ âñåõ äèà-
ãîíàëüíûõ ýëåìåíòîâ (â ëèíåéíîì ñëó÷àå) è îòñóòñòâèå òðåáîâàíèÿ ñóùåñòâîâàíèÿ îò-

ëè÷íûõ îò íóëÿ ïðîèçâîäíûõ
∂fi(x1, . . . , xn)

∂xi
, i = 1, 2, . . . , n â îêðåñòíîñòè ðåøåíèÿ (â

íåëèíåéíîì ñëó÷àå).
Íàïîìíèì îñíîâíûå ìîìåíòû íåïðåðûâíîãî îïåðàòîðíîãî ìåòîäà.

2. Íåïðåðûâíûé îïåðàòîðíûé ìåòîä

Ðàññìîòðèì óðàâíåíèå
A(x)− f = 0, (2.1)

ãäå A(x) � íåëèíåéíûé îïåðàòîð, äåéñòâóþùèé èç áàíàõîâà ïðîñòðàíñòâà X â X. Îáîçíà-
÷èì ÷åðåç x∗ ðåøåíèå óðàâíåíèÿ (2.1).

Â ðàáîòå [5] óñòàíîâëåíà ñâÿçü ìåæäó óñòîé÷èâîñòüþ ðåøåíèé îïåðàòîðíûõ äèôôå-
ðåíöèàëüíûõ óðàâíåíèé â áàíàõîâûõ ïðîñòðàíñòâàõ è ðàçðåøèìîñòüþ îïåðàòîðíûõ óðàâ-
íåíèé âèäà (2.1).

Ïðèâåäåì íåîáõîäèìûå îáîçíà÷åíèÿ:

B(a, r) = {z ∈ B : ∥z − a∥ ≤ r}, S(a, r) = {z ∈ B : ∥z − a∥ = r},

ReK = KR = (K +K∗)/2, Λ(K) = lim
h↓0

(∥I + hK∥ − 1)/h.

Çäåñü B � áàíàõîâî ïðîñòðàíñòâî; a, z ∈ B; K � ëèíåéíûé îïåðàòîð, äåéñòâóþùèé èç
B â B; Λ(K) � ëîãàðèôìè÷åñêàÿ íîðìà [7] îïåðàòîðà K; I � òîæäåñòâåííûé îïåðàòîð.

Äëÿ íàèáîëåå óïîòðåáèòåëüñêèõ ïðîñòðàíñòâ ëîãàðèôìè÷åñêèå íîðìû èçâåñòíû.
Ïóñòü äàíà âåùåñòâåííàÿ ìàòðèöà A = {aij}, i, j = 1, 2, . . . , n, â n-ìåðíîì ïðîñòðàíñòâå

Rn âåêòîðîâ x = (x1, . . . , xn) ñ íîðìîé ∥x∥1 =
n∑

k=1

|xk|, ∥x∥2 = [
n∑

k=1

|xk|2]1/2, ∥x∥3 = max
1≤k≤n

|xk|

Ëîãàðèôìè÷åñêàÿ íîðìà ìàòðèöû A ðàâíà [8]:

Λ1(A) = max
j

(ajj +
n∑

i=1,i ̸=j

|aij|),

Λ2(A) = λmax

(
A+ AT

2

)
,

Λ3(A) = max
i

(aii +
n∑

j=1,j ̸=i

|aij|).

Çäåñü λmax((A+ AT )/2) � íàèáîëüøåå ñîáñòâåííîå çíà÷åíèå ìàòðèöû (A+ AT )/2.
Óðàâíåíèþ (2.1) ïîñòàâèì â ñîîòâåòñòâèå çàäà÷ó Êîøè:

dx(t)

dt
= A(x(t))− f, (2.2)

x(0) = x0. (2.3)
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Ò å î ð å ì à 2.1 [5]. Ïóñòü óðàâíåíèå (2.1) èìååò ðåøåíèå x∗, è íà ëþáîé äèô-
ôåðåíöèðóåìîé êðèâîé g(t), ðàñïîëîæåííîé â áàíàõîâîì ïðîñòðàíñòâå B, ñïðàâåäëèâî
íåðàâåíñòâî

lim
t→∞

1

t

t∫
0

Λ(A′(g(τ))dτ ≤ −α, α > 0. (2.4)

Òîãäà ðåøåíèå çàäà÷è Êîøè (2.2)� (2.3) ñõîäèòñÿ ê ðåøåíèþ x∗ óðàâíåíèÿ (2.1) ïðè
ëþáîì íà÷àëüíîì ïðèáëèæåíèè.

Ò å î ð å ì à 2.2 [5]. Ïóñòü óðàâíåíèå (2.1) èìååò ðåøåíèå x∗, è íà ëþáîé äèôôå-
ðåíöèðóåìîé êðèâîé g(t), ðàñïîëîæåííîé â øàðå R(x∗, r), âûïîëíÿþòñÿ ñëåäóþùèå óñëî-
âèÿ:

1) ïðè ëþáîì t(t > 0) âûïîëíÿåòñÿ íåðàâåíñòâî

t∫
0

Λ(A′(g(τ))dτ ≤ 0; (2.5)

2) ñïðàâåäëèâî íåðàâåíñòâî (2.4).
Òîãäà ðåøåíèå çàäà÷è Êîøè (2.3) ñõîäèòñÿ ê ðåøåíèþ óðàâíåíèÿ (2.1).

Ç à ì å ÷ à í è å 2.1 Â íåðàâåíñòâå (2.4) ìîæíî ñ÷èòàòü, ÷òî êàæäîé äèôôå-
ðåíöèðóåìîé êðèâîé g(t) îòâå÷àåò ñâîÿ êîíñòàíòà αg > 0.

Ç à ì å ÷ à í è å 2.2 Èç íåðàâåíñòâ (2.4)�(2.5) ñëåäóåò, ÷òî ëîãàðèôìè÷åñêàÿ
íîðìà Λ(A′(g(τ)) ìîæåò áûòü ïîëîæèòåëüíîé ïðè íåêîòîðûõ çíà÷åíèÿõ τ ; ò. å. ïðî-
èçâîäíàÿ Ôðåøå A′(g(τ)) ìîæåò âûðîæäàòüñÿ â îïåðàòîð, òîæäåñòâåííî ðàâíûé íó-
ëåâîìó.

Ç à ì å ÷ à í è å 2.3 Ðåøåíèå ìîäåëüíîãî ïðèìåðà (ïðèáëèæåííîå ðåøåíèå íåëè-
íåéíîãî ãèïåðñèíãóëÿðíîãî èíòåãðàëüíîãî óðàâíåíèÿ) [6] ïðîäåìîíñòðèðîâàëî ñõîäè-
ìîñòü èòåðàöèîííîãî ïðîöåññà, îñíîâàííîãî íà íåïðåðûâíîì îïåðàòîðíîì ìåòîäå, ïðè
îáðàòèìîñòè â íóëü ïðîèçâîäíîé Ôðåøå íà íà÷àëüíîì ïðèáëèæåíèè.

3. Íåïðåðûâíûé àíàëîã ìåòîäà Çåéäåëÿ äëÿ ëèíåéíûõ àëãåáðàè-

÷åñêèõ óðàâíåíèé

Ïîñòàâèì ñèñòåìå àëãåáðàè÷åñêèõ óðàâíåíèé (2.1) â ñîîòâåòñòâèå ñèñòåìó îáûêíîâåí-
íûõ äèôôåðåíöèàëüíûõ óðàâíåíèé:

dxi(t)

dt
=

i∑
j=1

aijxj(t) +
n∑

j=i+1

aijxj(t− h)− bi, i = 1, 2, . . . , n, (3.1)

â êîòîðóþ ââåäåí ïàðàìåòð çàïàçäûâàíèÿ h; h � äîñòàòî÷íî ìàëåíüêîå ïîëîæèòåëüíîå
÷èñëî.

Ïóñòü ñèñòåìà óðàâíåíèé (3.1) èìååò åäèíñòâåííîå ðåøåíèå x∗ = (x∗1, . . . , x
∗
n).

Íàéäåì äîñòàòî÷íûå óñëîâèÿ, ïðè êîòîðûõ ðåøåíèå ñèñòåìû óðàâíåíèé (3.1) ñõîäèòñÿ
ê ðåøåíèþ ñèñòåìû óðàâíåíèé (2.1) ïðè ëþáîì íà÷àëüíîì çíà÷åíèè.

Èññëåäîâàíèå áóäåì ïðîâîäèòü â ìåòðèêå ïðîñòðàíñòâà ∥x∥3 = max
1≤k≤n

|xk|.
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Ñäåëàåì çàìåíó ïåðåìåííûõ xj = uj + x∗j , j = 1, 2, . . . , n.
Òîãäà ñèñòåìà óðàâíåíèé (3.1) ïðåîáðàçóåòñÿ ê âèäó

dui(t)

dt
=

i∑
j=1

aijuj(t) +
n∑

j=i+1

aijuj(t− h), i = 1, 2 . . . , n. (3.2)

Ââåäåì ìàòðèöû B = {bij} è C = {cij}, i, j = 1, 2, . . . , n.
Çäåñü bij = aij ïðè j = 1, 2, . . . , i, i = 1, 2, . . . , n, è bij = 0 ïðè îñòàëüíûõ çíà÷åíèÿõ i, j;

cij = aij ïðè j = i+ 1, . . . , n, i = 1, 2, . . . , n, è cij = 0 ïðè îñòàëüíûõ çíà÷åíèÿõ i, j.
Â îïåðàòîðíîì âèäå ñèñòåìà óðàâíåíèé (3.2) èìååò âèä

du

dt
= Bu(t) + Cu(t− h), (3.3)

ãäå u(t) = (u1(t), . . . , un(t)).
Ïóñòü

u(t) = 0, t ∈ [t0 − h, t0); u(t0) = u0 −− (3.4)

� íà÷àëüíîå çíà÷åíèå äëÿ óðàâíåíèÿ (3.3).
Ðåøåíèå çàäà÷è Êîøè (3.3)�(3.4) ïðè t ≥ t0 ìîæíî çàïèñàòü â âèäå

u(t) = eB(t−t0)u(t0) +

t∫
t0

eB(t−s)Cu(s− h) ds. (3.5)

Ïóñòü âûïîëíåíû óñëîâèÿ:
1) Λ(B) ≤ −χ, χ > 0;
2) −χ+ ∥C∥ < −χ1, χ1 > 0.
Âíà÷àëå äîêàæåì óñòîé÷èâîñòü ñèñòåìû (3.3) ïðè ëþáîì íà÷àëüíîì óñëîâèè.
Ïóñòü ∥u(t0)∥ = δ, δ > 0. Ïîêàæåì, ÷òî ïðè t ≥ t0 ñïðàâåäëèâî íåðàâåíñòâî

∥u(t)∥ ≤ e−χ1(t−t0)∥u(t0)∥. (3.6)

Äîêàçàòåëüñòâî ïðîâåäåì îò ïðîòèâíîãî. Ïóñòü â ìîìåíò âðåìåíè T , T ≥ t0, íåðàâåí-
ñòâî (3.6) íàðóøàåòñÿ. Òîãäà ∥u(T )∥ = e−χ1(T−t0)∥u(t0)∥ è ∥u(t)∥ > e−χ1(T−t0)∥u(t0)∥ ïðè
t > T . Äëÿ îïðåäåëåííîñòè áóäåì ñ÷èòàòü, ÷òî |u1(T )| = ∥u(T )∥.

Ïðåäñòàâèì ñèñòåìó óðàâíåíèé (3.2) â ñëåäóþùåì âèäå:

dui(t)

dt
=

i∑
j=1

aijuj(t) +
n∑

j=i+1

aij
uj(T − h)

u1(T )
u1(t)+

+
n∑

j=i+1

aij

(
uj(t− h)− uj(T − h)

u1(T )
u1(t)

)
, i = 1, . . . , n. (3.7)

Ñèñòåìó (3.7) çàïèøåì â âèäå

dui(t)

dt
=

i∑
j=1

dijuj(t) + g1(t, u(t− h), u1(t)), i = 1, . . . , n, (3.8)

ãäå di1 = ai1 +
n∑

j=i+1

aij
uj(T − h)

u1(T )
, i = 1, 2, . . . , n; dij = aij, j = 2, . . . , i, i = 1, 2, . . . , n; dij = 0,

j = i + 1, . . . , n, i = 1, 2, . . . , n; ïîñòðîåíèå ôóíêöèé gi(t, u(t − h), u1(t)), i = 1, 2, . . . , n,
î÷åâèäíî.
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Ðåøåíèå ñèñòåìû óðàâíåíèé (3.8) ïðè t ≥ T èìååò âèä

u(t) = eD(t−T )u(T ) +

t∫
T

eD(t−s)g(s, u(s− h), u(s)) ds, (3.9)

ãäå
g(s, u(s− h), u1(s)) = (g1(s, u(s− h), u1(s)), . . . , gn(s, u(s− h), u1(s))).

Ïåðåõîäÿ ê íîðìàì, èìååì

∥u(t)∥ ≤ eΛ(D)(t−T )∥u(T )∥+
t∫

T

eΛ(D)(t−s)∥g(s, u(s− h), u1(s))∥ ds. (3.10)

Ââåäåì ìàòðèöó D̃ = {d̃ij}, i, j = 1, 2, . . . , n, ãäå

d̃i1 = ai1 +
n∑

j=i+1

|aij|, i = 1, 2, . . . , n;

d̃ij = aij, j = 2, . . . , i, i = 1, 2, . . . , n;

d̃ij = 0, j = i+ 1, . . . , n, i = 1, 2, . . . , n.

Íåòðóäíî âèäåòü, ÷òî Λ(D) ≤ Λ(D̃) ≤ Λ(A), ãäå A = {aij}, i, j = 1, 2, . . . , n.
Ñëåäîâàòåëüíî, íåðàâåíñòâî (3.10) ìîæíî óñèëèòü:

∥u(t)∥ ≤ eΛ(A)(t−T )∥u(T )∥+
t∫

T

eΛ(A)(t−s)∥g(s, u(s− h), u1(s))∥ ds. (3.11)

Èç ñòðóêòóðû âåêòîð-ôóíêöèè g(s, u(s−h), u1(s)) ñëåäóåò, ÷òî ñóùåñòâóåò òàêîé ïðîìå-
æóòîê âðåìåíè [T, T+∆T ], â òå÷åíèå êîòîðîãî ∥g(s, u(s−h), u1(s))∥ ≤ ε∥u(s)∥, ε+Λ(A) < 0.

Óñèëèâàÿ íåðàâåíñòâî (3.11), èìååì

∥u(t)∥ ≤ eΛ(A)(t−T )∥u(T )∥+
t∫

T

eΛ(A)(t−s)ε∥u(s)∥ ds. (3.12)

Èç (3.12) ñòàíäàðòíûì ïðèåìîì [7]; [9] ïðèõîäèì ê îöåíêå

∥u(t)∥ ≤ e(Λ(A)+ε)(t−T )∥x(T )∥, (3.13)

ãäå ε > 0� ïðîèçâîëüíîå ÷èñëî, òàêîå, ÷òî Λ(A) + ε < 0. Ïîñêîëüêó Λ(A) + ε < 0, òî èç
(3.13) ñëåäóåò, ÷òî â èíòåðâàëå (T, T +∆T ]

∥x(t)∥ < ∥x(T )∥.

Ïîëó÷åíî ïðîòèâîðå÷èå, èç êîòîðîãî ñëåäóåò, ÷òî ïðè t > t0 âûïîëíÿåòñÿ íåðàâåíñòâî
(3.6).

Îòñþäà âûòåêàåò óñòîé÷èâîñòü ñèñòåìû óðàâíåíèé (3.3)â öåëîì, èç êîòîðîé ñëåäóåò
ñõîäèìîñòü ñèñòåìû óðàâíåíèé (2.2)� (2.3) ê ðåøåíèþ x∗ ñèñòåìû óðàâíåíèé (1.1).

Òàêèì îáðàçîì, äîêàçàíî ñëåäóþùåå óòâåðæäåíèå.
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Ò å î ð å ì à 3.1 Ïóñòü Λ(A) ≤ −χ, χ > 0. Òîãäà ñèñòåìà óðàâíåíèé (1.1) èìååò
åäèíñòâåííîå ðåøåíèå, ê êîòîðîìó ñõîäèòñÿ íåïðåðûâíûé àíàëîã ìåòîäà Çåéäåëÿ (3.2).

Ç à ì å ÷ à í è å 3.1 Â ñèëó âûáðàííîé â ðàáîòå ìåòðèêè Λ(B) + ∥C∥ = Λ(A).

Ç à ì å ÷ à í è å 3.2 Âåëè÷èíà çàäåðæêè h âëèÿåò íà ñêîðîñòü ñõîäèìîñòè ðå-
øåíèÿ ñèñòåìû óðàâíåíèé (3.2) ê ðåøåíèþ x∗; ïîýòîìó çàäåðæêó ñëåäóåò âûáèðàòü
äîñòàòî÷íî ìàëîé.

Ç à ì å ÷ à í è å 3.3 Ïðåèìóùåñòâî íåïðåðûâíîãî àíàëîãà ìåòîäà Çåéäåëÿ ïî
ñðàâíåíèþ ñ íåïðåðûâíûì îïåðàòîðíûì ìåòîäîì çàêëþ÷àåòñÿ â òîì, ÷òî ôàêòè÷å-
ñêè äîñòàòî÷íûå óñëîâèÿ óñòîé÷èâîñòè â öåëîì ñèñòåìû äèôôåðåíöèàëüíûõ óðàâíåíèé
(3.2) îáóñëîâëåíû íåðàâåíñòâîì Λ(D) < 0, à íå Λ(A) < 0, ïðè÷åì Λ(D) ≤ Λ(A) < 0.

Ïîñëåäíåå íåðàâåíñòâî ãàðàíòèðóåò ïðèìåíèìîñòü ìåòîäà Çåéäåëÿ äëÿ áîëåå øèðîêîãî
êëàññà ñèñòåì ïî ñðàâíåíèþ ñ íåïðåðûâíûì îïåðàòîðíûì ìåòîäîì.

Ïðåäñòàâëÿåò èíòåðåñ ñêîðîñòü ñõîäèìîñòè íåïðåðûâíîãî ìåòîäà ê ðåøåíèþ x∗ ñèñòå-
ìû óðàâíåíèé (2.1).

Çàôèêñèðóåì ïðîèçâîëüíîå äîñòàòî÷íî ìàëîå ÷èñëî ε∗ òàêîå, ÷òî Λ(A) + ε∗ < 0, è
ïîêàæåì, ÷òî ïðè t ∈ [t0,∞)

∥u(t)∥ ≤ e(Λ(A)+ε∗)(t−t0)∥u(t0)∥. (3.14)

Äîêàçàòåëüñòâî ïðîâåäåì îò ïðîòèâíîãî. Ïóñòü â ìîìåíò âðåìåíè T1, T1 ≥ t0 íåðà-
âåíñòâî (3.14) íàðóøàåòñÿ. Äëÿ îïðåäåëåííîñòè ïîëîæèì |u1(T1)| = exp{(Λ(A) + ε∗)(T1 −
t0)∥u(t0)∥.

Ïðåäñòàâèì ïðè t ≥ T1 ñèñòåìó óðàâíåíèé (3.2) â âèäå (3.9). Ïåðåõîäÿ ê íîðìàì, ïîëó-
÷èì íåðàâåíñòâî (3.10), ìàæîðèðóÿ êîòîðîå, ïðèõîäèì ê íåðàâåíñòâó (3.11). Â âûðàæåíèÿõ
(3.9) � (3.11) çíà÷åíèå T çàìåíÿåì íà T1.

Èç ñòðóêòóðû âåêòîð-ôóíêöèè g(s, u(s− h), u1(s)) ñëåäóåò, ÷òî ñóùåñòâóåò òàêîé ïðî-
ìåæóòîê âðåìåíè [T1, T1+∆T1], ÷òî ïðè t ∈ [T1, T1+∆T1] ∥g(s, u(s−h), u1(s))∥ ≤ ε∗∥u(s)∥.

Óñèëèâàÿ íåðàâåíñòâî (3.11), ïðèõîäèì ê íåðàâåíñòâó

∥u(t)∥ ≤ eΛ(A)(t−T1)∥u(T1)∥+ ε∗
t∫

T

eΛ(A)(t−s)∥u(s)∥ ds,

èç êîòîðîãî ñòàíäàðòíûìè ðàññóæäåíèÿìè ïðèõîäèì ê íåðàâåíñòâó

∥u(t)∥ ≤ e(Λ(A)+ε∗)(t−T1)∥u(T1)∥.

Òàêèì îáðàçîì, ïîëó÷åíî ïðîòèâîðå÷èå è, ñëåäîâàòåëüíî, äîêàçàíà ñïðàâåäëèâîñòü
íåðàâåíñòâà (3.14) ïðè t ≥ t0.

Èç íåðàâåíñòâà (3.14) ñëåäóåò àñèìïòîòè÷åñêàÿ óñòîé÷èâîñòü ðåøåíèÿ ñèñòåìû óðàâ-
íåíèé (3.2) è îöåíêà ñêîðîñòè ñõîäèìîñòè

∥x(t)− x∗∥ ≤ exp{(Λ(A) + ε∗)(t− t0)}∥x(t0)∥,

ãäå ε∗ � êàê óãîäíî ìàëîå ïîëîæèòåëüíîå ÷èñëî.
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4. Íåïðåðûâíûé àíàëîã ìåòîäà Çåéäåëÿ äëÿ íåëèíåéíûõ óðàâíå-

íèé

Ðàññìîòðèì ñèñòåìó íåëèíåéíûõ àëãåáðàè÷åñêèõ óðàâíåíèé

ai(x1, . . . , xn) = bi, i = 1, 2, . . . , n. (4.1)

Áóäåì ñ÷èòàòü, ÷òî ôóíêöèè ai(x1, . . . , xn), i = 1, 2, . . . , n èìåþò íåïðåðûâíûå ÷àñòíûå
ïðîèçâîäíûå, óäîâëåòâîðÿþùèå óñëîâèþ Ëèïøèöà ñ êîýôôèöèåíòîì A:

|Djai(x
∗
1, ..., x

∗
n)−Djai(y

∗
1, ..., y

∗
n)| ≤ A(|x∗1 − y∗1|+ ...+ |x∗n − y∗n|), j = 1, . . . , n. (4.2)

Çäåñü
Dkai(x1, . . . , xn) = ∂ai(x1, . . . , xn)/∂xk, k = 1, 2. . . . , n.

Àíàëîã ìåòîäà Çåéäåëÿ äëÿ ðåøåíèÿ ñèñòåìû óðàâíåíèé (4.1) èìååò âèä

ai(x
(k+1)
1 , . . . , x

(k+1)
i , x

(k)
i+1, . . . , x

(k)
n ) = bi, i = 1, 2, . . . , n, (4.3)

ãäå k = 0, 1, . . ..
Äëÿ ðåøåíèÿ ñèñòåìû (4.3) íà êàæäîì øàãå èòåðàöèîííîãî ïðîöåññà ìîæíî èñïîëüçî-

âàòü ñòàíäàðòíûå ìåòîäû âû÷èñëèòåëüíîé ìàòåìàòèêè.
Ïðåèìóùåñòâî ìåòîäà Çåéäåëÿ â ñëó÷àå ðåøåíèÿ ñèñòåìû (4.2) ïåðåä ìåòîäîì

Íüþòîíà-Êàíòîðîâè÷à [10] çàêëþ÷àåòñÿ â òîì, ÷òî ïðîèçâîäíàÿ Ôðåøå ëåâîé ÷àñòè ñè-

ñòåìû óðàâíåíèé (4.2) ïî ïåðåìåííûì x
(k+1)
j , j = 1, 2, . . . , i èìååò âèä äèàãîíàëüíîé ìàò-

ðèöû. (Èìååòñÿ â âèäó, ÷òî â j-ñòðîêå ëåâîé ÷àñòè ñèñòåìû óðàâíåíèé (4.2) çíà÷åíèå

x
(k+1)
1 , . . . , x

(k+1)
j−1 , x

(k)
j+1, . . . , x

(k)
n èçâåñòíû.)

Íåïðåðûâíûé àíàëîã ìåòîäà Çåéäåëÿ äëÿ ñèñòåìû óðàâíåíèé (4.1) èìååò âèä

dxi(t)

dt
= ai(x1(t), . . . , xi(t), xi+1(t− h), . . . , xn(t− h))− bi, i = 1, 2, . . . , n, (4.4)

ãäå h � äîñòàòî÷íî ìàëåíüêîå ïîëîæèòåëüíîå ÷èñëî.
Â êà÷åñòâå ïðåäûñòîðèè ïðè ðåøåíèè ñèñòåìû äèôôåðåíöèàëüíûõ óðàâíåíèé (4.4)

åñòåñòâåííî ïîëîæèòü
xi(t) = 0, t ∈ [−h, 0], i = 1, 2, . . . , n. (4.5)

Â ñëó÷àå, åñëè èçâåñòíî äîñòàòî÷íî õîðîøåå íà÷àëüíîå ïðèáëèæåíèå ê ðåøåíèþ ñè-
ñòåìû óðàâíåíèé (4.1), åãî ìîæíî âçÿòü â êà÷åñòâå íà÷àëüíûõ óñëîâèé.

Ïóñòü ñèñòåìà óðàâíåíèé (4.1) èìååò ðåøåíèå x∗ = (x∗1, . . . , x
∗
n).Òîãäà

dx∗i (t)

dt
= ai(x

∗
1(t), . . . , x

∗
i (t), x

∗
i+1(t− h), . . . , x∗n(t− h))− bi, i = 1, 2, . . . , n. (4.6)

Äëÿ åäèíîîáðàçèÿ â îáîçíà÷åíèÿõ ïðè ïðîâåäåíèè äàëüíåéøèõ âûêëàäîê ïîëàãàåì
x∗i (t) ≡ x∗i , t ∈ [t0,∞), i = 1, 2, . . . , n.

Ââåäåì ôóíêöèè ui(t) = xi(t)− x∗i (t), i = 1, 2, . . . , n. Òîãäà

dui(t)

dt
=

= ai(x
∗
1(t) + u1(t), . . . , x

∗
i (t) + ui(t), x

∗
i+1(t− h) + ui+1(t− h), . . . , x∗n(t− h) + un(t− h))−

−ai(x∗1(t), . . . , x∗i (t), x∗i+1(t− h), . . . , x∗n(t− h)), (4.7)
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i = 1, 2, . . . , n.
Âîñïîëüçîâàâøèñü ôîðìóëîé Òåéëîðà, ïîëó÷èì ñèñòåìó óðàâíåíèé

dui(t)

dt
=

i∑
k=1

Dkai(x
∗
1, . . . , x

∗
n)uk(t) +

n∑
k=i+1

Dkai(x
∗
1, . . . , x

∗
n)uk(t− h)]+

+gi(t; x1(t), . . . , xi(t);x
∗
1, . . . , x

∗
i ; xi+1(t− h), . . . , xn(t− h); x∗i+1, . . . , x

∗
n), (4.8)

i = 1, 2, . . . , n.
Îòìåòèì, ÷òî ôóíêöèè

gi(t; x1(t), . . . , xi(t);x
∗
1, . . . , x

∗
i ; xi+1(t− h), . . . , xn(t− h); x∗i+1, . . . , x

∗
n),

i = 1, . . . , n èìåþò ñëîæíûé âèä. Îíè âûïèñàíû â ðàáîòå [11].
Â ñëó÷àå, åñëè òðèâèàëüíîå ðåøåíèå ñèñòåìû óðàâíåíèé (4.7)�(4.8) óñòîé÷èâî, òî

lim
t→∞

(x1(t), . . . , xn(t)) = (x∗1, . . . , x
∗
n), ò. å. ðåøåíèå ñèñòåìû óðàâíåíèé (4.7) ñõîäèòñÿ ê ðå-

øåíèþ ñèñòåìû óðàâíåíèé (4.1).
Äîñòàòî÷íûå óñëîâèÿ óñòîé÷èâîñòè ñèñòåì íåëèíåéíûõ äèôôåðåíöèàëüíûõ óðàâíåíèé

ñ çàïàçäûâàíèåì èññëåäîâàíû â ðàáîòå [11]. Ïîâòîðÿÿ ðàññóæäåíèÿ, ïðèâåäåííûå â [11],
ïðèäåì ê ñëåäóþùåìó óòâåðæäåíèþ.

Ò å î ð å ì à 4.1 Ïóñòü ôóíêöèè ai(x1, . . . , xn), i = 1, 2, . . . , n èìåþò íåïðåðûâíûå
÷àñòíûå ïðîèçâîäíûå ïî ïåðåìåííûì xi, i = 1, . . . , n, óäîâëåòâîðÿþùèå óñëîâèþ Ëèï-
øèöà (4.2). Ïóñòü ñèñòåìà óðàâíåíèé (4.1) èìååò ðåøåíèå x∗ = (x∗1, . . . , x

∗
n). Ïóñòü

âûïîëíÿåòñÿ íåðàâåíñòâî

Diai(x
∗
1(t), ..., x

∗
n(t)) +

i−1∑
j=1

|Djai(x
∗
1(t), . . . , x

∗
n(t))|+

+
n∑

j=i+1

|Djai(x
∗
1(t− h(t)), ..., x∗n(t− h(t)))| < −χ < 0, i = 1, 2, . . . , n.

Òîãäà ðåøåíèå ñèñòåìû óðàâíåíèé (4.4) ñõîäèòñÿ ê ðåøåíèþ ñèñòåìû óðàâíåíèé
(4.1).

5. Ìîäåëüíûå ïðèìåðû

Ïðèâåäåì ïðèìåðû, èëëþñòðèðóþùèå ýôôåêòèâíîñòü íåïðåðûâíîãî àíàëîãà ìåòîäà
Çåéäåëÿ â ñëó÷àÿõ, êîãäà ñòàíäàðòíûé ìåòîä Çåéäåëÿ íå ïðèìåíèì.

Ï ð è ì å ð 5.1 Ðàññìîòðèì ñèñòåìó ëèíåéíûõ àëãåáðàè÷åñêèõ óðàâíåíèé
−2x1 + x2 − 0.5x3 + 0.1x4 = −2.1,

2x1 − 5x2 − x3 + 0.5x4 = −7,

0.5x1 + 2x2 + 3x3 + 0.1x4 = −17.65,

−0.3x1 − 0.4x2 + 0.2x3 + 0 · x4 = 0.25.

(5.1)

Òî÷íîå ðåøåíèå ñèñòåìû: x1 = 0.5, x2 = 1, x3 = 5, x4 = 4.
Ðåøåíèå ñèñòåìû (5.1) êëàññè÷åñêèì ìåòîäîì Çåéäåëÿ íåâîçìîæíî, ò. ê. a44 = 0.
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Ñèñòåìà (5.1) ìîäåëèðîâàëàñü ñèñòåìîé îáûêíîâåííûõ äèôôåðåíöèàëüíûõ óðàâíåíèé

dx1(t)

dt
= −2x1(t) + x2(t− h0)− 0, 5x3(t− h0) + 0, 1x4(t− h0) + 2.1,

dx2(t)

dt
= 2x1(t)− 5x2(t)− x3(t− h0) + 0, 5x4(t− h0) + 7,

dx3(t)

dt
= −0, 5x1(t)− 2x2(t)− 3x3(t)− 0, 1x4(t− h0) + 17.65,

dx4(t)

dt
= −0, 3x1(t)− 0, 4x2(t) + 0, 2x3(t)− 0.25.

(5.2)

Ñèñòåìà (5.2) ïðè h0 = 0, 3 ðåøàëàñü ìåòîäîì Ýéëåðà ñ øàãîì h = 0, 3 è íà÷àëüíûìè
çíà÷åíèÿìè xi(0) = 0, i = 1, 2, 3, 4.

Ðåçóëüòàò ðåøåíèÿ ñèñòåìû óðàâíåíèé (5.1) íåïðåðûâíûì àíàëîãîì ìåòîäà Çåéäåëÿ
ïðèâåäåí íà Ðèñ. 5.1.

Ð è ñ ó í î ê 5.1

Ï ð è ì å ð 5.2 Ðàññìîòðèì ñèñòåìó íåëèíåéíûõ àëãåáðàè÷åñêèõ óðàâíåíèé:
−5x21 + x22 − 0.5x23 + 0.1x24 = −1.134,

2x21 − 5x23 − x23 + 1.5x24 = −0.375,

−0.5x21 − 2x22 + 0 · x23 − 0.1x24 = −0.446,

−0.3x21 − 0.4x22 + 0.2x23 + 0 · x24 = −0.121.

(5.3)

Òî÷íîå ðåøåíèå ñèñòåìû: x1 = 0.5, x2 = 0.4, x3 = 0.3, x4 = 0.1.
Ðåøåíèå ñèñòåìû (5.3) êëàññè÷åñêèì ìåòîäîì Çåéäåëÿ íåâîçìîæíî, ò. ê. a33 = 0, a44 =

0.
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Ñèñòåìà (5.3) ìîäåëèðîâàëàñü ñèñòåìîé îáûêíîâåííûõ äèôôåðåíöèàëüíûõ óðàâíåíèé

dx1(t)

dt
= −5x21(t) + x22(t− h0)− 0.5x23(t− h0) + 0.1x24(t− h0) + 1.134,

dx2(t)

dt
= 2x21(t)− 5x22(t)− x23(t− h0) + 1.5x24(t− h0) + 0.375,

dx3(t)

dt
= −0.5x21(t)− 2x22(t) + 0 · x23(t)− 0.1x24(t− h0) + 0.446,

dx4(t)

dt
= −0.3x21(t)− 0.4x22(t) + 0.2x23(t) + 0 · x24(t) + 0.121.

(5.4)

Ñèñòåìà (5.4) ïðè h0 = 0, 2 ðåøàëàñü ìåòîäîì Ýéëåðà ñ øàãîì h = 0.2 è ñ íà÷àëüíûìè
óñëîâèÿìè xi(0) = 0, i = 1, . . . , 4.

Ðåçóëüòàòû ðåøåíèÿ ñèñòåìû (5.3) íåïðåðûâíûì ìåòîäîì Çåéäåëÿ ïðèâåäåíû íà Ðèñ.
5.2.

Ð è ñ ó í î ê 5.2

Áëàãîäàðíîñòè: Ðàáîòà âûïîëíåíà ïðè ôèíàíñîâîé ïîääåðæêå ÐÔÔÈ. Ãðàíò 16-01-
00594.
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On the continuous analogue of the Seidel method

c⃝ I. V. Boikov1, A. I. Boikova2

Abstract. Continuous Seidel method for solving systems of linear and nonlinear algebraic
equations is constructed in the article, and the convergence of this method is investigated. According
to the method discussed, solving a system of algebraic equations is reduced to solving systems of
ordinary di�erential equations with delay. This allows to use rich arsenal of numerical ODE solution
methods while solving systems of algebraic equations. The main advantage of the continuous
analogue of the Seidel method compared to the classical one is that it does not require all the
elements of the diagonal matrix to be non-zero while solving linear algebraic equations' systems.
The continuous analogue has the similar advantage when solving systems of nonlinear equations.

Key Words: systems of algebraic equations, Seidel method, systems of ordinary di�erential
equations, delay
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