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Ïðèìåíåíèå àëãåáð è ãðóïï Ëè ê ðåøåíèþ çàäà÷

÷àñòè÷íîé óñòîé÷èâîñòè äèíàìè÷åñêèõ ñèñòåì

c⃝ Â.È. Íèêîíîâ1

Àííîòàöèÿ. Ñòàòüÿ ïîñâÿùåíà àíàëèçó ÷àñòè÷íîé óñòîé÷èâîñòè íåëèíåéíûõ ñèñòåì îáûê-
íîâåííûõ äèôôåðåíöèàëüíûõ óðàâíåíèé ñ èñïîëüçîâàíèåì àëãåáð è ãðóïï Ëè. Ïîêàçûâà-
åòñÿ, ÷òî ñóùåñòâîâàíèå ó èññëåäóåìîé ñèñòåìû ãðóïïû ïðåîáðàçîâàíèé, èíâàðèàíòíîé îò-
íîñèòåëüíî ÷àñòè÷íîé óñòîé÷èâîñòè, ïîçâîëÿåò óïðîñòèòü àíàëèç ÷àñòè÷íîé óñòîé÷èâîñòè
èñõîäíîé ñèñòåìû. Äëÿ ýòîãî íåîáõîäèìî, ÷òîáû àññîöèèðîâàííûé ëèíåéíûé äèôôåðåíöè-
àëüíûé îïåðàòîð ëåæàë â îáåðòûâàþùåé àëãåáðå Ëè èñõîäíîé ñèñòåìû, à îïåðàòîð, îïðåäå-
ëÿåìûé îäíîïàðàìåòðè÷åñêóþ ãðóïïó Ëè áûë êîììóòàòèâåí ñ ýòèì îïåðàòîðîì. Ïðè ýòîì,
åñëè íàéäåííàÿ ãðóïïà îáëàäàåò èíâàðèàíòíîñòüþ îòíîñèòåëüíî ÷àñòè÷íîé óñòîé÷èâîñòè, òî
íàéäåííîå ïðåîáðàçîâàíèå ïðèâîäèò ê äåêîìïîçèöèè èññëåäóåìîé ñèñòåìû, à âîïðîñ ÷àñòè÷-
íîé óñòîé÷èâîñòè ñâîäèòñÿ ê èññëåäîâàíèþ âûäåëåííîé ïîäñèñòåìû. Íàõîæäåíèå èñêîìîãî
ïðåîáðàçîâàíèÿ èñïîëüçóåò ïåðâûå èíòåãðàëû èñõîäíîé ñèñòåìû. Ïðèâåäåíû ïðèìåðû, èë-
ëþñòðèðóþùèå ïðåäëàãàåìûé ïîäõîä.

Êëþ÷åâûå ñëîâà: íåëèíåéíûå ñèñòåìû îáûêíîâåííûõ äèôôåðåíöèàëüíûõ óðàâíåíèé, àë-
ãåáðà Ëè, ãðóïïà Ëè, ÷àñòè÷íàÿ óñòîé÷èâîñòü, äåêîìïîçèöèÿ.

1. Ââåäåíèå

Êàê èçâåñòíî [1], îñíîâíûìè íàïðàâëåíèÿìè èññëåäîâàíèÿ óñòîé÷èâîñòè îòíîñèòåëüíî
çàäàííîé ÷àñòè êîîðäèíàò ôàçîâîãî âåêòîðà äèíàìè÷åñêèõ ñèñòåì ÿâëÿþòñÿ:

� ìåòîä ôóíêöèé è âåêòîð-ôóíêöèé Ëÿïóíîâà [2];
� èññëåäîâàíèå íà îñíîâå óðàâíåíèé ëèíåéíîãî ïðèáëèæåíèÿ [3];
� ìåòîä íåëèíåéíûõ ïðåîáðàçîâàíèé ïåðåìåííûõ [4]�[5].
Â äàííîé ðàáîòå ïðåäëàãàåòñÿ èñïîëüçîâàíèå äâóõ ïîñëåäíèõ ïîäõîäîâ.
Êàê îòìå÷åíî â [6], ôóíäàìåíòàëüíîå îòêðûòèå Ëè ñîñòîÿëî â òîì, ÷òî ñëîæíûå íåëè-

íåéíûå óñëîâèÿ èíâàðèàíòíîñòè ñèñòåìû îòíîñèòåëüíî ïðåîáðàçîâàíèé èç ãðóïïû â ñëó-
÷àå íåïðåðûâíûõ ãðóïï ìîæíî çàìåíèòü ýêâèâàëåíòíûìè, íî ãîðàçäî áîëåå ïðîñòûìè ëè-
íåéíûìè óñëîâèÿìè, îòðàæàþùèìè ¾èíôèíèòîçèìàëüíóþ èíâàðèàíòíîñòü¿ ýòîé ñèñòåìû
îòíîñèòåëüíî îáðàçóþùèõ ýòîé ãðóïïû.

Èìåííî ýòîò ìîìåíò ïîñëóæèë äëÿ àâòîðà äàííîé ðàáîòû ìîòèâîì ê èñïîëüçîâàíèþ
àëãåáð è ãðóïï Ëè ê ðåøåíèþ çàäà÷ ÷àñòè÷íîé óñòîé÷èâîñòè íåëèíåéíûõ ñèñòåì äèôôå-
ðåíöèàëüíûõ óðàâíåíèé.

Â ðàáîòàõ [6]�[8] ïðèâîäÿòñÿ îñíîâû òåîðèè àëãåáð è ãðóïï Ëè äëÿ ðåøåíèÿ çàäà÷
äåêîìïîçèöèè è ïðèâîäèìîñòè ñèñòåì íåëèíåéíûõ äèôôåðåíöèàëüíûõ óðàâíåíèé.

Äàííàÿ ñòàòüÿ ïîñâÿùåíà ïðèìåíåíèþ ýòîãî ïîäõîäà ê çàäà÷å àíàëèçà ÷àñòè÷íîé
óñòîé÷èâîñòè íåëèíåéíûõ àâòîíîìíûõ ñèñòåì äèôôåðåíöèàëüíûõ óðàâíåíèé.

1Íèêîíîâ Âëàäèìèð Èâàíîâè÷, äîöåíò êàôåäðû àëãåáðû è ãåîìåòðèè, ÔÃÁÎÓ ÂÎ ¾ÌÃÓ
èì. Í. Ï. Îãàðåâà¿ (430005, Ðîññèÿ, ã. Ñàðàíñê, óë. Áîëüøåâèñòñêàÿ, ä. 68/1), êàíäèäàò ôèçèêî-
ìàòåìàòè÷åñêèõ íàóê, ORCID: http://orcid.org/0000-0001-7202-9679, nik_vl_@mail.ru
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2. Îñíîâíûå ïîíÿòèÿ, îïðåäåëåíèÿ è òåîðåìû

Èçâåñòíî [7], ÷òî ïðîèçâîëüíîå ëèíåéíîå îòîáðàæåíèå ìíîãîîáðàçèÿ D(G) ôóíêöèé
D, çàäàííûõ â îáëàñòè G, óäîâëåòâîðÿþùåå óñëîâèþ

X(fg) = X(f)g + fX(g), f, g ∈ D(G), (2.1)

íàçûâàåòñÿ âåêòîðíûì ïîëåì.
Ìíîæåñòâî D1(G) âåêòîðíûõ ïîëåé íà ìíîãîîáðàçèè D(G) îáðàçóåò ñòðóêòóðó ëè-

íåéíîãî ïðîñòðàíñòâà è ñîâìåñòíî ñ îïåðàöèåé óìíîæåíèÿ

[X, Y ] = XY − Y X, (2.2)

êîòîðóþ ïðèíÿòî íàçûâàòü ñêîáêîé Ïóàññîíà, ñòàíîâèòñÿ àëãåáðîé Ëè. Ïðè ýòîì ïðîèç-
âîëüíîå ïîëå X èìååò âèä

X =
n∑

i=1

vi(x)
∂

∂xi
, (2.3)

ãäå v1(x), ..., vn(x) � ôóíêöèè èç ìíîãîîáðàçèÿ D(G).
Ðàññìîòðèì àâòîíîìíóþ ñèñòåìó îáûêíîâåííûõ äèôôåðåíöèàëüíûõ óðàâíåíèé âèäà

dx

dt
= f(x), (2.4)

â îáëàñòè Ḡ = I ×G , I ⊂ R , G ⊂ Rn ñóùåñòâîâàíèÿ è åäèíñòâåííîñòè ðåøåíèÿ.
Åñëè φ(x) ∈ D(G), òî íà òðàåêòîðèÿõ ðåøåíèé ñèñòåìû (2.4) èìååì

dφ =
n∑

i=1

∂φ

∂xi

dxi
dt

=
n∑

i=1

∂φ

∂xi

dxi
dt

= X(φ)dt,

ãäå X =
n∑

i=1

fi(x)
∂

∂xi
� àññîöèèðîâàííûé äèôôåðåíöèàëüíûé îïåðàòîð ñèñòåìû (2.4) [7].

Ïîñêîëüêó ïðàâûå ÷àñòè ñèñòåìû çàâèñÿò îò íåêîòîðûõ ïàðàìåòðîâ � ñêàëÿðîâ íåêî-
òîðîãî ïîëÿ P, òî ïîëó÷èì áåñêîíå÷íóþ ñîâîêóïíîñòü äèôôåðåíöèàëüíûõ îïåðàòîðîâ
σ = {X1, X2, ...}.

Îáåðòûâàþùåé àëãåáðîé Ëè B ñèñòåìû (2.4) íàçûâàåòñÿ àëãåáðà äèôôåðåíöèàëüíûõ
îïåðàòîðîâ, îáðàçîâàííàÿ ðåêóððåíòíîé ïîñëåäîâàòåëüíîñòüþ ìíîæåñòâ

σ1 = σ ∪ [σ, σ], σ2 = σ1 ∪ [σ1, σ1], ..., σk = σk−1 ∪ [σk−1, σk−1],

[σi, σi] = Z,Z = [X, Y ], X, Y ∈ σi−1.

Î ï ð å ä å ë å í è å 2.1 [7] Ïóñòü X ∈ D1(G) � ïðîèçâîëüíûé ëèíåéíûé äèôôå-
ðåíöèàëüíûé îïåðàòîð ïåðâîãî ïîðÿäêà, òîãäà ðÿäîì Ëè íàçûâàåòñÿ ðÿä

esX(x)f(x) =
∞∑
i=0

si

i!
X i(x)f(x), f ∈ D(G). (2.5)
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Î ï ð å ä å ë å í è å 2.2 [7] Ñèñòåìà (2.4) íàçûâàåòñÿ ïðèâîäèìîé (àãðåãèðóå-
ìîé) â îáëàñòè G(locG), åñëè ñóùåñòâóåò îáðàòèìàÿ çàìåíà ïåðåìåííûõ

z = ψ(x), x = ψ−1(z), ψ, ψ−1 ∈ D(G),

ïðåîáðàçóþùàÿ èñõîäíóþ ñèñòåìó ê ñîâîêóïíîñòè g ïîñëåäîâàòåëüíî èíòåãðèðóåìûõ
ïîäñèñòåì

dzν1
dt

= fν1(zν1),

dzν2
dt

= fν2(zν1 , zν2),

. . .

dzνg
dt

= fνg(zν1 , zν2 , ..., zνg).

(2.6)

Ò å î ð å ì à 2.1 [7] Ïóñòü ðÿä Ëè (2.5) èñïîëüçóåòñÿ â êà÷åñòâå çàìåíû ïåðå-
ìåííûõ

x
′

1 = e(s−s0)X(x)x1, ..., x
′

n = e(s−s0)X(x)xn. (2.7)

Òîãäà ïðåîáðàçîâàíèÿ (2.7) ÿâëÿþòñÿ òî÷å÷íûìè, ò. å. äëÿ ëþáîé ôóíêöèè φ(x) ∈
D(G) èìååò ìåñòî òîæäåñòâî

φ(e(s−s0)X(x)x1, ..., e
(s−s0)X(x)xn) = e(s−s0)X(x)φ(x1, ..., xn). (2.8)

Äîêàçàòåëüñòâî òåîðåìû 2.1 ñîäåðæèòñÿ â [7].
Ñèñòåìà (2.4) íàçûâàåòñÿ èíâàðèàíòíîé îòíîñèòåëüíî ïðåîáðàçîâàíèÿ x = φ(x′)

(x′ = φ−1(x)), îïðåäåëåííîãî â îáëàñòè G , åñëè â ðåçóëüòàòå ïðåîáðàçîâàíèÿ îíà îñòàåòñÿ

íåèçìåííîé, ò. å. ïåðåõîäèò â ñèñòåìó
dx′

dt
= f(x′).

Âîïðîñ îá èíâàðèàíòíûõ ïðåîáðàçîâàíèÿõ îäíîïàðàìåòðè÷åñêèõ ãðóïï âèäà

xj = esX
′(x′)x

′

i, x
′

j = e−sX(x)xj, j = 1, n, (2.9)

äåéñòâóþùèõ ëîêàëüíî â îáëàñòè G, ðàññìàòðèâàåòñÿ ñëåäóþùåé òåîðåìîé.

Ò å î ð å ì à 2.2 [7] Äëÿ òîãî ÷òîáû óðàâíåíèå (2.4) áûëî èíâàðèàíòíî îòíîñè-
òåëüíî îäíîïàðàìåòðè÷åñêîé ãðóïïû (2.9), íåîáõîäèìî è äîñòàòî÷íî, ÷òîáû îïåðàòîð
X áûë êîììóòàòèâåí ñ àññîöèèðîâàííûì îïåðàòîðîì ñèñòåìû, ò. å. âûïîëíÿëîñü òîæ-
äåñòâî [U,X] ≡ 0 .

Îòìåòèì, ÷òî çíàíèå ïðåîáðàçîâàíèÿ (2.9) îáëåã÷àåò èíòåãðèðîâàíèå èñõîäíîé ñèñòå-
ìû. Ïðè ýòîì ñòðóêòóðà îïåðàòîðà X ìîæåò áûòü ñóùåñòâåííî ïðîùå, ÷åì U. Ïîýòî-
ìó åñëè óðàâíåíèå Xf = 0 äîïóñêàåò íåêîòîðûå ðåøåíèÿ Ω1 = {ψ1(x), ..., ψm(x)}, òî
ýòè ðåøåíèÿ ìîãóò áûòü ðàñøèðåíû ñ ïîìîùüþ àññîöèèðîâàííîãî îïåðàòîðà ñèñòåìîé
{Uψ1(x), ..., Uψm(x)}. Òàêèì îáðàçîì, âûáèðàÿ èç îáúåäèíåíèÿ ñèñòåì ðåøåíèé ôóíê-
öèîíàëüíî íåçàâèñèìóþ ñèñòåìó Ω2 è ïðèìåíÿÿ ê íåé ïîäîáíóþ ïðîöåäóðó, ïðèäåì íà
íåêîòîðîì øàãå ê íåïîïîëíÿåìîé ñèñòåìå ðåøåíèé Ω. Òàêàÿ ñîâîêóïíîñòü èíòåãðàëîâ
íàçûâàåòñÿ ïîëíîé îòíîñèòåëüíî îïåðàòîðà U.
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Ò å î ð å ì à 2.3 [7] Åñëè èìååòñÿ ñîâîêóïíîñòü èíòåãðàëîâ Ω =
{ψ1(x), ..., ψm(x)}, ïîëíàÿ îòíîñèòåëüíî îïåðàòîðà U, òî ìîæíî óêàçàòü çàìåíó
ïåðåìåííûõ x′ = ψ(x), x = ψ−1(x′) êîòîðàÿ, ïî êðàéíåé ìåðå ëîêàëüíî â îáëàñòè G,
ïðèâîäèò ñèñòåìó ê êâàçèòðåóãîëüíîìó âèäó

dxi
dt

= Fi(x1, ..., xm), i = 1,m,

dxj
dt

= Fj(x1, ..., xn), j = m+ 1, n.
(2.10)

Ò å î ð å ì à 2.4 [7] Ïóñòü îáåðòûâàþùàÿ ãðóïïà G ñèñòåìû (2.4) òðàíçèòèâíà
íàä D(G). Ñèñòåìà (2.4) ïðèâîäèìà (àãðåãèðóåìà) òîãäà è òîëüêî òîãäà, êîãäà âûïîë-
íÿåòñÿ îäíî èç ñëåäóþùèõ ýêâèâàëåíòíûõ óñëîâèé.

1. Îáåðòûâàþùàÿ àëãåáðà B ñèñòåìû èìååò öåïî÷êó èäåàëîâ

B ≡ B0,B1, ...,Bg−1;

B0 ⊃ B1 ⊃ ... ⊃ Bg−1; [Bj,Bj+p] ⊃ Bj−p, p ≥ 1,

â êîòîðîé ôàêòîð-àëãåáðû B(j) = Bj−1/Bj èìåþò ðàçìåðíîñòè νj, ν1 + ...+ νg = n.
2. Îáåðòûâàþùàÿ ãðóïïà G ñèñòåìû èìååò g ñèñòåì èìïðèìèòèâíîñòè Mj , îïðå-

äåëÿåìûõ ôóíêöèÿìè

Mj = {u1ν1(x), ..., uν1ν1(x), ..., u1νj(x), ..., uνjνj(x)}, j = 1, g,

òàêèõ, ÷òî äëÿ âñåõ TX ∈ G èìåþò ìåñòî ñîîòíîøåíèÿ

TXu1νj(x) = ΦX1νj(u1ν1 , ..., uν1ν1 , ..., u1νj , ..., uνjνj);

TXuνjνj(x) = ΦXνjνj
(u1ν1 , ..., uν1ν1 , ..., u1νj , ..., uνjνj), j = 1, g.

3. Îáåðòûâàþùàÿ ãðóïïà G îáëàäàåò êàìïîçèöèîííûì ðÿäîì G,G(1), ...,G(g−1), 1, ñî-
ñòàâëåííûì èç íîðìàëüíûõ äåëèòåëåé, è ðÿäîì ôàêòîð-ãðóïï U,U1, ...,Ug−1,Ug, Uj ≡ ≡
G(j)/G(j+1), dimUj = νj, ïðè÷åì UjUj+p ⊃ Uj+p, p ≥ 1.

Çàìåíà ïåðåìåííûõ

z1νj = u1νj(x), ..., zνjνj = uνjνj(x), j = 1, g,

ïðåîáðàçóåò ñèñòåìó (2.4) ê âèäó (2.6).

Ò å î ð å ì à 2.5 [7] Äëÿ òîãî ÷òîáû ïåðåìåííûå â ïðåîáðàçîâàííîé ñèñòåìå ðàç-
äåëÿëèñü, íåîáõîäèìî è äîñòàòî÷íî, ÷òîáû ñóùåñòâîâàëè n − s íåñâÿçíûõ îïåðàòîðîâ
Xs+1, ..., Xn , êîììóòàòèâíûõ ñ áàçèñíûìè îïåðàòîðàìè X1, ..., Xs :

[Xi, Xj] ≡ 0, i = 1, s, j = s+ 1, n.

3. Äîñòàòî÷íûå óñëîâèÿ óñòîé÷èâîñòè ïî ÷àñòè ïåðåìåííûõ

Ðàññìîòðèì íåëèíåéíóþ ñèñòåìó îáûêíîâåííûõ äèôôåðåíöèàëüíûõ óðàâíåíèé âè-
äà

dx

dt
= X(x), (3.1)
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ãäå x = (x1, ..., xn) = (y1, ..., ym, z1, ..., zp) = (y, z), X(0) = 0,m > 0, p ≥ 0, n = m+ p.
Ïðåäïîëîæèì, ÷òî èññëåäóåòñÿ óñòîé÷èâîñòü íåâîçìóùåííîãî äâèæåíèÿ x = 0 îòíî-

ñèòåëüíî ïåðåìåííûõ y1, ..., ym.
Ïðåäñòàâèì ñèñòåìó (3.1) â âèäå

dy

dt
= Y (y, z),

dz

dt
= Z(y, z),

(3.2)

ãäå y ∈ Rm, z ∈ Rp, Y (0, 0) = 0, Z(0, 0) = 0.

Ò å î ð å ì à 3.1 Åñëè äëÿ ñèñòåìû (3.1)�(3.2) èìååòñÿ ñîâîêóïíîñòü èíòåãðàëîâ
Ω = {ψ1(x), ..., ψm(x)}, ïîëíàÿ îòíîñèòåëüíî îïåðàòîðà U è òàêàÿ, ÷òî ìîæíî óêàçàòü
çàìåíó ïåðåìåííûõ x = ψ(x′) , x′ = ψ−1(x) ñîõðàíÿþùóþ ÷àñòè÷íóþ óñòîé÷èâîñòü ïî
êðàéíåé ìåðå ëîêàëüíî â îáëàñòè G, òî ýòà çàìåíà ïðèâîäèò ñèñòåìó ê êâàçèòðåóãîëü-
íîìó âèäó:

dxi
dt

= Fi(x1, ..., xk), i = 1, k,

dxj
dt

= Fj(x1, ..., xn), j = k + 1, n,
(3.3)

à âîïðîñ y -óñòîé÷èâîñòè èñõîäíîé ñèñòåìû ñâîäèòñÿ ê âîïðîñó óñòîé÷èâîñòè ñèñòåìû
íåâîçìóùåííîãî äâèæåíèÿ ñèñòåìû

dxi
dt

= Fi(x1, ..., xk), i = 1, k. (3.4)

.

Äîêàçàòåëüñòâî äàííîé òåîðåìû ïîëíîñòüþ ïîâòîðÿåò äîêàçàòåëüñòâî òåîðåìû 2.3 [7].
Îòëè÷èå ñîñòîèò â òîì, ÷òî ê ïðåîáðàçîâàíèþ ïåðåìåííûõ ïðåäúÿâëÿþòñÿ áîëåå æåñò-
êèå òðåáîâàíèÿ. Ïðåîáðàçîâàíèå äîëæíî ñîõðàíÿòü ñâîéñòâî óñòîé÷èâîñòè îòíîñèòåëüíî
êîìïîíåíò y1, ..., ym ôàçîâîãî âåêòîðà x.

Ðàññìîòðèì ïðèìåðû àíàëèçà ÷àñòè÷íîé óñòîé÷èâîñòè íåëèíåéíûõ àâòîíîìíûõ ñè-
ñòåì.

Ï ð è ì å ð 3.1 Äëÿ ñèñòåìû òðåòüåãî ïîðÿäêà
ẏ1 = ay1 + z21z2,

ż1 = bz1 + y1z1,

ż2 = cz2 − 2y1z2,

(3.5)

ãäå a, b, c− ïîñòîÿííûå, ñòàâèòñÿ çàäà÷à îá èññëåäîâàíèè óñòîé÷èâîñòè íóëåâîãî ïîëî-
æåíèÿ ðàâíîâåñèÿ ñèñòåìû ïî îòíîøåíèþ ê ïåðåìåííîé y1.

Àññîöèèðîâàííûé ëèíåéíûé äèôôåðåíöèàëüíûé îïåðàòîð ñèñòåìû (3.5) èìååò âèä

X = (ay1 + z21z2)
∂

∂y1
+ (bz1 + y1z1)

∂

∂z1
+ (cz2 − 2y1z2)

∂

∂z2
.
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Î÷åâèäíî, ÷òî îïåðàòîð X ïðåäñòàâèì â âèäå

X = y1(a
∂

∂y1
+ z1

∂

∂z1
− 2z2

∂

∂z2
) + z21z2

∂

∂y1
+ bz1

∂

∂z1
+ cz2

∂

∂z2
= X1 +X2,

ãäå

X1 = y1(a
∂

∂y1
+ z1

∂

∂z1
− 2z2

∂

∂z2
), X2 = z21z2

∂

∂y1
+ bz1

∂

∂z1
+ cz2

∂

∂z2
.

Íàéäåì îáåðòûâàþùóþ àëãåáðó Ëè èñõîäíîé ñèñòåìû:

σ = {X1, X2}; [X1, X1] = 0,

[X1, X2] = X3 = −z21z2(a
∂

∂y1
+ z1

∂

∂z1
− 2z2

∂

∂z2
), [X1, X3] = −aX3, [X2, X3] = (2b+ c)X3;

σ1 = {X1, X2, X3}.
Îòìåòèì, ÷òî îïåðàòîð X3 ÿâëÿåòñÿ ëèíåéíî ñâÿçíûì ñ îïåðàòîðàìè X1 è X2, òàê

êàê

X3 = −z
2
1z2
y1

X1.

Òàêèì îáðàçîì, òàáëèöà êîììóòèðîâàíèé îáåðòûâàþùåé àëãåáðû Ëè èñõîäíîé ñèñòåìû
èìååò âèä

X1 X2 X3

X1 0 X3 −aX3

X2 −X3 0 (2b+ c)X3

X3 aX3 −(2b+ c)X3 0

Î÷åâèäíî, ÷òî â îáåðòûâàþùåé àëãåáðå Ëè èìååòñÿ ïîäàëãåáðà B1 = {X3} , êîòîðàÿ
ÿâëÿåòñÿ äâóñòîðîííèì èäåàëîì ýòîé àëãåáðû. Ñëåäîâàòåëüíî, ñîãëàñíî òåîðåìå 3.1, èñ-
õîäíàÿ ñèñòåìà ïðèâîäèòñÿ ê êâàçèòðåóãîëüíîìó âèäó.

Òàêèì îáðàçîì, ñèñòåìà îïåðàòîðîâ {X1, X2} ÿâëÿåòñÿ ïîëíîé.
×òîáû ïîíèçèòü ïîðÿäîê ñèñòåìû íà åäèíèöó, äîñòàòî÷íî íàéòè îäèí ïåðâûé èíòåãðàë

è ñôîðìèðîâàòü çàìåíó ïåðåìåííûõ, èíâàðèàíòíóþ îòíîñèòåëüíî óñòîé÷èâîñòè îòíîñè-
òåëüíî ïåðåìåííîé y1.

Îò óðàâíåíèÿ X1ψ = 0 ïðèõîäèì ê ñèñòåìå

dy1
a

=
dz1
z1

=
dz2
−2z2

.

Îòêóäà íàéäåì îäèí ïåðâûé èíòåãðàë, íå çàâèñÿùèé îò ïåðåìåííîé y1 :

z21z2 = C1.

Ñëåäîâàòåëüíî, ψ1 = z21z2. Ïðè ýòîì X2(ψ1) = ψ1. Ïîýòîìó

X(ψ1) = (2b+ c)ψ1.

Äëÿ íàõîæäåíèÿ âòîðîé ôóíêöèè äëÿ çàìåíû ïåðåìåííûõ íàéäåì ÷àñòíîå ðåøåíèå
óðàâíåíèÿ

X1(v(z1, z2)) = y ⇔ z1
∂v

∂z1
− 2z2

∂v

∂z2
= 1,
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èíòåãðèðóÿ êîòîðîå, ïîëó÷èì ÷àñòíîå ðåøåíèå

ψ2 =
1

z1
+ z21z2.

Òàêèì îáðàçîì, èñêîìàÿ çàìåíà ïåðåìåííûõ, èíâàðèàíòíàÿ îòíîñèòåëüíî y -
óñòîé÷èâîñòè, èìååò âèä

z1 = z21z2, z2 =
1

z1
+ z21z2. (3.6)

Óêàçàííàÿ çàìåíà ÿâëÿåòñÿ ëîêàëüíî îáðàòèìîé, ò. ê. ÿêîáèàí ñèñòåìû èìååò âèä

∂(ψ1, ψ2)

∂(z1, z2)
= 1.

Íàéäåì âèä àññîöèèðîâàííîãî îïåðàòîðà èñõîäíîé ñèñòåìû â íîâûõ êîîðäèíàòàõ:

X = (ay1 + z1)
∂

∂y1
+ (2b+ c)z1

∂

∂z1
+ ((2b+ c)z1 − (b+ y1)(z2 − z1))

∂

∂z2
.

Òîãäà èñõîäíàÿ ñèñòåìà äèôôåðåíöèàëüíûõ óðàâíåíèé â íîâûõ êîîðäèíàòàõ ïðèíèìà-
åò âèä 

ẏ1 = ay1 + z1,

ż1 = (2b+ c)z1,

ż2 = ((2b+ c)z1 − (b+ y1)(z2 − z1)).

(3.7)

Èç ýòîãî ñëåäóåò, ÷òî âîïðîñ y1− óñòîé÷èâîñòè ðåøàåòñÿ ïîäñèñòåìîé{
ẏ1 = ay1 + z1,

ż1 = (2b+ c)z1.
(3.8)

Òîãäà, ó÷èòûâàÿ ïðåîáðàçîâàíèå (3.6), èç óñòîé÷èâîñòè ëèíåéíîé ñèñòåìû (3.8) ñëåäóåò
óñòîé÷èâîñòü íóëåâîãî ðåøåíèÿ íåëèíåéíîé ñèñòåìû (3.5) îòíîñèòåëüíî ïåðåìåííîé y1.

Ï ð è ì å ð 3.2 Äëÿ ñèñòåìû ÷åòâåðòîãî ïîðÿäêà

ẏ1 = −y1 + y2z1z2,

ẏ2 = −2y2,

ż1 = 2z1,

ż2 = −z2

(3.9)

ñòàâèòñÿ çàäà÷à îá èññëåäîâàíèè óñòîé÷èâîñòè ïîëîæåíèé ðàâíîâåñèÿ ñèñòåì ïî ïåðå-
ìåííûì y1 è y2.

Àññîöèèðîâàííûé ëèíåéíûé äèôôåðåíöèàëüíûé îïåðàòîð ñèñòåìû (3.9) èìååò âèä

X = (−y1 + y2z1z2)
∂

∂y1
− 2y2

∂

∂y2
+ 2z1

∂

∂z1
− z2

∂

∂z2
.

Ïîñêîëüêó X(y2z1z2) = −y2z1z2, òî ìîæíî ââåñòè çàìåíó

z1 = y2z1z2, z2 = z2. (3.10)
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Â íîâûõ êîîðäèíàòàõ àññîöèèðîâàííûé îïåðàòîð ïðèíèìàåò âèä

X = (−y1 + z1)
∂

∂y1
− 2y2

∂

∂y2
− z1

∂

∂z1
− z2

∂

∂z2
.

Òîãäà èñõîäíàÿ ñèñòåìà äèôôåðåíöèàëüíûõ óðàâíåíèé â íîâûõ êîîðäèíàòàõ ïðèíèìà-
åò âèä 

ẏ1 = −y1 + z1,

ẏ2 = −2y2,

ż1 = −z1,
ż2 = −z2.

(3.11)

Èç ýòîãî ñëåäóåò, ÷òî âîïðîñ y1, y2 -óñòîé÷èâîñòè ðåøàåòñÿ ïîäñèñòåìîé
ẏ1 = −y1 + z1,

ẏ2 = −2y2,

ż1 = −z1.
(3.12)

Òîãäà, ó÷èòûâàÿ ïðåîáðàçîâàíèå (3.10), èç óñòîé÷èâîñòè ëèíåéíîé ñèñòåìû (3.12) ñëå-
äóåò óñòîé÷èâîñòü íóëåâîãî ðåøåíèÿ íåëèíåéíîé ñèñòåìû (3.9) ïî ïåðåìåííûì y1 è y2.
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The application of Lie algebras and groups to the solution

of problems of partial stability of dynamical systems

c⃝ V. I. Nikonov1

Abstract. The article is devoted to the analysis of partial stability of nonlinear systems of ordinary
di�erential equations using Lie algebras and groups. It is shown that the existence of a group of
transformations invariant under partial stability in the system under study makes it possible to
simplify the analysis of the partial stability of the initial system. For this it is necessary that
the associated linear di�erential operator Lie in the enveloping Lie algebra of the original system,
and the operator de�ned by the one-parameter Lie group is commutative with this operator. In
this case, if the found group has invariance with respect to partial stability, then the resulting
transformation performs to the decomposition of the system under study, and the partial stability
problem reduces to the investigation of the selected subsystem. Finding the desired transformation
uses the �rst integrals of the original system. Examples illustrating the proposed approach are
given.

Key Words: nonlinear ordinary di�erential equations, Lie algebra, Lie groups, partial stability,
decomposition
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